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Preface

As its title indicates, this book is intended to serve as a textbook for an
introductory course in mathematical analysis. In preliminary form the
book has been used in this way at the University of Michigan, Indiana
University, and Texas A&M University, and has proved serviceable. In
addition to its primary purpose as a textbook for a formal course, however,
it is the authors’ hope that this book will also prove of value to readers
interested in studying mathematical analysis on their own. Indeed, we
believe the wealth and variety of examples and exercises will be especially
conducive to this end.

A word on prerequisites. With what mathematical background might a
prospective reader hope to profit from the study of this book? Our con-
scious intent in writing it was to address the needs of a beginning graduate
student in mathematics, or, to put matters slightly differently, a student
who has completed an undergraduate program with a mathematics ma-
jor. On the other hand, the book is very largely self-contained and should
therefore be accessible to a lower classman whose interest in mathematical
analysis has already been awakened.

The contents of the book may be briefly summarized. Chapters 1
through 3 constitute an overview of the preliminary material on which
the rest of the book is built, viz., set theory, the number systems, and lin-
ear algebra. In no case do we imagine that this brief summary of material
can serve as the reader’s initial encounter with these ideas. Rather we have
gathered together here the basic terminology and facts to be employed in
all that follows. In particular, in Chapters 2 and 3 we introduce only mate-
rial that is assumed to be already familiar to the reader, though perhaps in
different form, and these two chapters may in most cases be treated quite
lightly. Chapter 1, on the other hand, dealing with the rudiments of set
theory, acquaints the reader with inductive proofs based on the mazrimum
principle in its various forms, and is deserving of more careful attention.

In Chapters 4 and 5 we present the essentials from the theory of trans-
finite numbers. This treatment, while concise, presents all of the ideas and
results that will actually be employed in the sequel, and is, in any case,
fuller than is to be found in most other texts. In this connection we note
that the various number systems, formally introduced in Chapter 2, actu-
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Preface

ally make a few brief cameo appearances in Chapter 1 as well. This minor
logical embarrassment could easily be averted, of course, but only at the
cost of unwelcome circumlocutions.

Chapters 6 through 8 constitute the heart of the book. In them we
explore in thoroughgoing fashion the structure of various metric spaces
and the mappings defined on or taking values in such spaces. The topics
and facts adduced are largely standard, though our choice of examples,
problems, and manner of presentation may make some modest claim to
freshness if not to novelty, but many of these lines of inquiry are pursued
in greater detail than will be found in most other recent texts.

The final chapter (Chapter 9) consists of a treatment of general topology.
In this chapter we equip the reader with the full panoply of topological
equipment needed for the transition from the world of classical analysis,
set in metric spaces, to “modern” or “abstract” analysis, the realm of
maximal ideal spaces, kernel-hull topologies, etc.

In formulating the sets of problems that follow each chapter we have
followed current practice. Each problem, or part of a problem, is, in effect,
a theorem to be proved, and it is our intention that the solutions should be
written out with that in mind. Thus a problem posed as a simple yes—or-
no question has for its proper solution not a simple yes—or—no answer, but
rather an argument showing which is, in fact, correct. Similarly, a problem
posed as a statement of fact is really a disguised invitation to the reader
to establish the validity of that fact. No conscious attempt was made to
grade the problems-according to difficulty, but they are arranged in loosely
chronological order, so that the first problems in each chapter relate to
the earlier parts of that chapter and subsequent problems to later parts.
Thus the earlier problems in any one chapter do turn out, in general, to
be somewhat easier than the later ones. (The problem sets are an integral
part of the text; an independent reader is advised to begin to look into the
problem set at the end of a chapter as soon as he begins the perusal of
the chapter itself, just as he would do if assigned homework problems in a
formal classroom setting.)

Finally, the authors take this opportunity to express their appreciation
to the Mathematics Department of Texas A&M University for its support
during the preparation of the manuscript. In particular, the existence of
the associated TEX file is due almost entirely to the efforts of Professor
N. W. Naugle, a leading expert in this area, and Ms. Jan Want, who
cheerfully and conscientiously produced the entire file.

ArLEN Brown
CarL Pearcy
June 1994
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The rudiments of set theory 1

Sets and relations

We assume the reader to be familiar with the basic concepts of set and
element (or member or point) of a set, as well as with the idea of a subset
of a set, and the notions of union and intersection of a collection of sets.
We write £ € A to mean that x is an element of a set A, z € A to mean
that  is not an element of A, and B C A (or A D B) to mean that B is
a subset of A. We also use the standard notation U and N for unions and
intersections, respectively.

If p( ) is some predicate that is either true or false for every element of
some set X, then the notation {z € X : p(z)} will be used to denote the
subset of X consisting of all those elements of X for which p(z) is true. If
A and B are sets, we write A\B for the difference

A\B={z€ A:z ¢ B},

AVB for the symmetric difference AVB = (A\B) U (B\A), and A x B
for the (Cartesian) product consisting of the set of all ordered pairs (a, b)
where a € A, b € B. It will also be convenient to reserve certain symbols
throughout the book for certain sets. Thus the empty set will consistently
be denoted by &, the singleton on an element z, i.e., the set whose sole
element is x, by {z}, the doubleton having x and y as its only elements
by {z,y}, etc. The set of all positive integers will be denoted by N, the
set of all nonnegative integers by Ng, and the set of all integers by Z.
Similarly, we consistently use the symbols Q, R, and C to denote the systems
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1 The rudiments of set theory

of rational, real, and compler numbers, respectively. (Some explanatory
remarks concerning these basic number systems will be given in the next
chapter.)

Suppose now that X and Y are sets. By a relation between X and Y is
meant any rule R with the property that if  is an arbitrary element of X
and y an arbitrary element of Y, then it is possible to say with certainty
that = and y either satisfy the rule R (so that x and y are related by R),
or that they do not. (A relation between a set X and itself is customarily
called a relation on X.) We write £ Ry to indicate that x and y are related
by R.

Example A. Let X be a set and let 2% denote the set consisting of all
the subsets of X. (The set 2% will be called the power class on X; this
notation will be justified in due course.) Then € (is an element of) is a
relation between X and 2X—a relation of fundamental importance in all
set-theoretic considerations.

Example B. The familiar relation < (less than) is a relation on the system
Z of all integers, as well as on the system N of all positive integers.

Let X and Y be sets and let R be a relation between X and Y. The
set Gr = {(z,y) € X xY : z Ry} is called the graph of the relation R.
Thus for any relation R between X and Y, z and y are related by R if
and only if (z,y) € Gg. It is apparent that each relation R between X
and Y determines uniquely the subset Gg of X x Y, and that, conversely,
each subset G of X x Y determines uniquely a relation R = Rg between
X and Y having G for its graph (simply declare Ry to be true when and
only when (z,y) € G). Thus there is no logical necessity for distinguishing
between a relation R between X and Y and the graph of R (a subset of
X xY). Nevertheless, it is frequently psychologically desirable to maintain
this distinction. (For example, it seems psychologically, if not logically,
supportable to distinguish between the relation < on the set of positive
integers and the subset G = {(m,n) : m < n} of N x N that is its graph.)

Example C. On any set X equality (=) is a relation having for its graph
the diagonal A = {(z,z) : z € X}.

Notation and terminology. Let X and Y be sets, let R be a relation
between X and Y, and let A be a subset of X. Then the subset of Y
consisting of all those elements y for which there exists some element x of
A such that z Ry is called the image of A under R (or with respect to R)
and is denoted by R(A). Dually, if B is a subset of Y, then the subset of X
consisting of all those elements = such that zRy for some y in B is called
the inverse image of B under R (or with respect to R) and is denoted by
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1 The rudiments of set theory
R~Y(B).

Definition. A relation ¢ between a set X and a set Y is called a mapping
of X into Y (or a function from X to Y) if for each element x of X there
exists precisely one element y of Y such that  ¢y. Thus ¢ is a mapping
if for each element x of X the product {z} xY meets (that is, intersects)
the graph Gy in a singleton, or, equivalently, if for each element = of X
the image ¢({z}) of the singleton {z} under ¢ is a singleton in Y.

Notation and terminology. Other terms that are sometimes used as
synonyms for mapping or function are map and transformation. We shall
usually write ¢ : X — Y to indicate that ¢ is a mapping of X into Y. If X
and Y are sets and if ¢ : X — Y, it is customary to write y = ¢(z) instead
of ¢y (so that z¢(p(z)) for every element = of X). If y = ¢(x) we say
that ¢ maps = to y, or that y is the velue of the function ¢ at r, or again
that y is the image of = under ¢.

While a mapping is really a special kind of relation, it is clear from the
foregoing discussion of the terminology habitually employed in connection
with mappings that they are not ordinarily thought of in that light. In
particular, if ¢ : X — Y and if y = ¢(z) for some element = of X, one does
not say that “z and y are related by ¢.”

Definition. Let ¢ be a mapping of a set X into a set Y. Then X is the
domain (of definition) of ¢, and Y is the codomain of ¢, while the range
of ¢ is the image ¢(X) of X under ¢. When the range of ¢ coincides
with the entire codomain Y, the mapping ¢ is said to map X onto Y,
or to be onto. If the mapping ¢ has the property that ¢(z) = ¢(z')
implies that = = z’ for all elements z and z’ of the domain X, then ¢ is
a one-to-one mapping. A one-to-one mapping of a set X onto a set Y
is frequently called a one-to-one correspondence between X and Y. An
element z of the domain X of ¢ is a fized point of ¢ if ¢(z) = = (such a
point must also be an element of Y of course).

Example D. For each element z of an arbitrary set X the product {x} x X
meets the diagonal A in the singleton {(x,z)}. Thus the relation of equality
is a one-to-one mapping of X onto itself. When the relation of equality on
a set X is regarded as a mapping, it is rererred to as the identity mapping
on X and will ordinarily be denoted by ¢ or, when necessary, by ¢x.

Example E. Let X be a set and let A be a subset of X. The mapping of
A into X that leaves each point of A fixed, that is, that has each point of
A as a fixed point, is the inclusion mapping of A into X. In this case it is
best to maintain the distinction between the inclusion mapping of A into

5



1 The rudiments of set theory

X and the identity mapping on A, but in the future we will not always be
entirely scrupulous about distinguishing between two mappings that differ
only in that one has a larger codomain than the other.

Notation. We shall sometimes write z — ¢(z) to indicate the action of
a mapping ¢. It is also sometimes highly convenient, if a trifle illogical, to
use the compound symbol ¢(z) to denote the mapping ¢ itself (rather than
an element of the codomain of ¢). It should be noted that these notational
conventions are principally of use when the domain and codomain of the
mapping are agreed upon in advance.

Example F. If X is a set, then a mapping [0 of X x X into X is sometimes
called a binary operation on X. If this point of view is adopted, and if z and
y are elements of X, then one thinks of (1 (z,y) as the result of combining
z and y according to the rule O, and one writes

O(z,y) =z O y.
If a binary operation O on X has the property that
cs0y=y0Ozx

for all z and y in X, then O is said to be commutative. If O has the
property that
z0(yO2)=(z0y)0O=z

for all z, y and z in X, then O is said to be associative. (When O is
associative, we may and shall write simply zOyOz for this threefold com-
position.) If O is a binary operation on X and if e is an element of X such
that

z0e=elz==x

for every element x of X, then e is said to be a neutral element with respect
to 0. It is clear that if e and €’ are both neutral elements with respect to
the same binary operation on X, then e = €/, so that the neutral element
with respect to a binary operation is always unique if it exists.

It should be noted that the symbol O, here used to stand for an arbitrary
abstract binary operation, was deliberately chosen for its artificiality, and
will not, in fact, be used to designate any binary operation in the sequel.
In actual practice it is usual to think of an associative binary operation
on a set X as a kind of multiplication on X, and when this is done the
product of two elements z and y of X is regularly denoted by zy, and the
neutral element with respect to this multiplication (if there is one) by 1.
Likewise, an associative and commutative binary operation on a set X is
frequently thought of as an addition on X, and when this is done, the sum
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1 The rudiments of set theory

of two elements z and y of X is denoted by =+ y, and the additive neutral
element (if there is one) by 0.

Another type of relation that is of considerable importance in mathe-
matics is the equivalence relation.

Definition. Let R be a relation on a set X. Then R is said to be reflezive
if z Rx for every element z of X. Likewise, R is symmetric if for all «
and y in X it is the case that y Rx whenever x Ry, and R is transitive
ifrRyand y Rz imply z Rz for all z, y, zin X. A relation ~ on a set
X that is reflexive, symmetric and transitive is an equivalence relation
on X.

Example G. The identity relation (equality) of Examples C and D is an
equivalence relation on an arbitrary set X. Likewise, the entire product
X x X is the graph of an equivalence relation ~ on X. (In this relation it
is the case that x ~ y for all elements z and y of X.) Every equivalence
relation on X lies between these two extremes in the sense that its graph
contains the diagonal A and is contained in the entire product X x X. (In
this connection see Problem L.)

Definition. If ~ is an equivalence relation on a set X, then for each
element z of X the equivalence class of x (with respect to ~) is the set
[z]={ye X:y~ax}

Example H. Let ¢ be a mapping of a set X into a set Y, and define
z ~ z' to mean that ¢(z) = ¢(z’). Then ~ is an equivalence relation on
X. The equivalence classes of the various elements of X with respect to
this equivalence relation are called the level sets of ¢.

Definition. A collection C of sets covers a set X, or is a covering of X, if
U € 2 X, ie, if every element of X belongs to some set belonging to C.
Likewise, C is said to be disjoint if the sets belonging to C are pairwise
disjoint, i.e., if EN F = @ for any two distinct sets E and F' belonging
to C. A collection P of nonempty subsets of X is a partition of X if it
is a disjoint covering of X.

It is an immediate consequence of these definitions that if ~ is an equiv-
alence relation on a set X, and if for each z in X we write [z] for the
equivalence class of z, then P.. = {[z] : £ € X} is a partition of X. (This
collection P.. of equivalence classes modulo the equivalence relation ~ is
called the quotient space of X modulo ~, and is sometimes denoted by
X/ ~.) Conversely, if P is an arbitrary partition of X, then the relation
~p defined by setting z ~» y when and only when z and y belong to the

7



1 The rudiments of set theory

same set in P is an equivalence relation on X called the equivalence relation
determined by the partition P. Clearly the quotient space of X modulo
the equivalence relation determined by P coincides with P itself, just as
the equivalence relation determined by the quotient space modulo some
given equivalence relation ~ on X coincides with ~. Thus the collection of
all equivalence relations on an arbitrary set X is in this way in one-to-one
correspondence with the collection of all partitions of X.

Example L. If ~ is an equivalence relation on a set X and if X/ ~ is the
corresponding quotient space, then the rule 7 that assigns to each element
z of X its equivalence class [z] modulo ~ is a mapping of X onto X/ ~.
This mapping 7 is called the natural projection of X onto X/ ~. (The level
sets of 7 are the equivalence classes modulo ~.)

Example J. Let C be a collection of nonempty sets. If C and D are sets
belonging to C, we say that C and D are chained in C if there exists a
positive integer p and sets Cy, ..., Cp in C such that Cy = C, C, = D, and
Ci-1NC; # @,i=1,...,p. (The collection C itself is said to be chained
if every pair of elements of C is chained in C.) If for each pair C, D of
elements of C we write C ~ D to indicate that C and D are chained in
C, then ~ is an equivalence relation on C. Moreover, if [C] and [D] are
any two distinct equivalence classes in C with respect to this equivalence
relation, and if V = |J[C] and W = |J[D], then V and W are disjoint
subsets of the union U = |JC. Indeed, if a € V N W, then there exists a
set Cp in [C] and a set Dy in [D] such that a € Cp N Dy, whence it follows
that C ~ D, and hence that [C] = [D], contrary to hypothesis. Thus the
collection {{J[C] : C € C} of all unions of equivalence classes with respect
to the equivalence relation ~ is a partition of U. This partition will be
called the partition of U corresponding to the relation ~ of being chained
in the covering C.

Indexed families

There are many situations in mathematics in which it is convenient to think
of a function ¢ not as a mapping carrying one set X into another set Y,
but rather as a scheme for labeling certain elements of Y by means of the
elements of X. In such cases it is customary to vary both the terminology
and the notation, calling the set X an index set, the function ¢ itself an
indexing, and writing {y,}zex in place of ¢, where, of course, y. = ¢(z)
for each = in X. In this book we shall use the terminology and notation
of indexed families without further explanation or apology whenever it is
convenient to do so.

The most important instance of this usage is provided by the familiar



1 The rudiments of set theory

infinite sequence. Recall that an infinite sequence (or, more simply, se-
quence, as we shall usually prefer to say) of elements of a set Y is just
a mapping of the set N (or perhaps Np) into Y, but that a sequence is
ordinarily denoted by {yn}nen, or, more usually still, by {y,}32,.

Example K. For an absolutely arbitrary set X the identity mapping on X
may be viewed as an indexing of X, the self-indezxing of X. This observation
is trivial but important. It shows that we may, at any time, assume a given
set of objects to be (the range of) an indexed family without any loss of
generality. In the sequel we shall use this fact whenever it is convenient to
do so.

Suppose given a family of sets {X,} er indexed by a set I'. Then the
union J . Xy (or U, X,) and (if ' # @) the intersection (), X (or
), X) are defined in the usual way to consist of the union and intersection,
respectively, of the collection of all sets X, appearing in the indexed family.
(The union of the empty collection of sets is easily seen to be empty; the
intersection of the empty collection of sets is undefined.) Somewhat less
familiar perhaps is the indezed product.

Definition. Let {X,},cr be an indexed family of sets. Then the Carte-
sian product
I

~er

is the set consisting of all those indexed families {z },er with the prop-
erty that x, € X, for every index v in I'. (If I" happens to be the set
{1,2,...,n}, then H'yél" X, coincides with the set X; x X3 x...x X,, of
all n-tuples (z4,...,z,) where z; € X;,i = 1,...,n. Technically speak-
ing, the indexed product X; x X5 of two sets defined in this manner
does not coincide with the Cartesian product defined earlier, but it is
obvious how these two concepts of product are to be identified, and we
shall ignore this minor distinction.)

Example L. Let I' be an index set, and suppose X, = X for all indices
v in I, where X is some fixed set. Then the product H—yel‘ X simply
coincides with the collection of all mappings of the set I" into X. In the
sequel it will sometimes be convenient to denote this set by XT.

Example M. Let {X,} cr be an indexed family of sets and let 7' be
any one fixed index. The mapping that assigns to each element {z.,} of
I = [l,er X, its term or coordinate ., having index +' is called the
projection of II onto X, and is denoted by m,. The indexed family
{7y }yer of all such projections is separating on II in the sense that if {z,}

9



1 The rudiments of set theory

and {y,} denote two distinct elements of II, then ., ({z,}) # my ({y4})
for at least one index +'. (If X and Y are sets, and if YX is defined as in
the preceding example, then for each element z of X the projection = is
simply the evaluation of the elements of YX at the point x.)

In connection with indexed unions, intersections and products, we shall
assume the reader to be familiar with the standard associative, commuta-
tive, and distributive laws (see Problems D and G). There is, however, one
particular observation in this context that must not be omitted, since it is
an axiom, and, in fact, an axiom of great importance.

Axiom of Products. If {X,},cr is an indexed family of nonempty sets,
where I' # o, then [], . X, is also nonempty.

In the sequel we shall employ this axiom without further explanation,
even though, as we shall see, some of its consequences are remarkable. Note
that the axiom of products says, in the language of algebra, that there are
no divisors of zero in the formation of indexed products. It is also not hard
to see that the axiom of products is equivalent to the following somewhat
more familiar axiom (Prob. H).

Axiom of Choice. Let C be a collection of nonempty sets, and let U
denote the union of the collection C. Then there exists a mapping z of
C into U (called a selection function or choice function on C) such that
2(E) € E for each set E in C.

Example N. For any set X there exists a mapping s that assigns to each
subset E of X such that E # X an element s(E) of X\E. Indeed, if C
denotes the collection of all nonempty subsets of X, and if 2 is a choice
function on C, then s(E) = z(X\FE) is a mapping having the required
property.

Ordered sets
A relation < on a set X is a partial ordering of X if it is reflexive and
transitive, and if, for all z and y in X,

z<y and y<z imply z=y.

We adopt the standard practice of writing ¥y > x to mean z < y, and we
also write z < ytomean zx < yand z #y,and y >zr tomean z < y. A
set X equipped with a partial ordering is a partially ordered set. (Thus a
partially ordered set is a pair (X, <) where X is a set and < is a partial

10
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ordering of X.) Observe that every subset of a given partially ordered set is
also a partially ordered set with respect to (the restriction to that subset of)
the same ordering. Whenever a subset of a partially ordered set is regarded
as a partially ordered set in its own right, it is this restricted ordering that
is understood unless some other ordering is expressly stipulated.

Example O. Let X be an arbitrary set, and let 2% denote the power class
on X. The set 2% is partially ordered by the inclusion ordering C. Thus
an arbitrary collection C of subsets of a set X is also a partially ordered
set in the inclusion ordering, and it is this partial ordering that is intended
whenever such a collection C is viewed as a partially ordered set unless
some other ordering is expressly indicated.

The most fundamental concepts in the theory of partially ordered sets
are those of upper and lower bounds. If A is a subset of a partially ordered
set X, then an element x of X is an upper bound for A in X if y < z for
every element y of A. Dually, z is a lower bound for A in X if x < y for
every y in A. A subset A of a partially ordered set X may possess upper
bounds in X or it may not. If it does, we say that A is bounded above in
X; likewise, if A possesses a lower bound in X, we say that A is bounded
below in X. Finally, if A is bounded both above and below in X, then we
say that A is bounded in X.

Let X be a partially ordered set and let A be a subset of X. If A is
bounded above in X and if some upper bound of A belongs to A, then this
element (which is obviously unique) is the greatest or mazimum element
of A. There is also the different and weaker notion of a mazimal element
of A. An element x of A is mazimal in A if there exists no element y of A
such that z < y. (The difference between the maximum element of A and
a maximal element of A is subtle but important. The maximum element
of A is unique if it exists, and is an upper bound for A in X; maximal
elements of A, on the other hand, are not necessarily upper bounds of A
and may exist in abundance.) Dually, one defines the concepts of least, or
mintmum element and minimal elements of a subset A of X.

Another important concept arising from the relation between a subset
A of a partially ordered set X and the set A, of all upper bounds of A
in X is that of least upper bound. If A, is nonempty and possesses a
least element z, then z is called the least upper bound, or supremum, of
A in X (notation: z = sup A). Dually, one defines the concept of greatest
lower bound, or infimum, of A in X (notation: inf A). For finite subsets
{z1,...,zn} of X we shall also write z1 V...V z, for sup{z1,...,z,} and
1 A ... ANz, for inf{z,,...,z,}.

Example P. Let X be a partially ordered set with partial ordering < and
let us write £ <* y to mean y < z. Then it is easily verified that <* is

11
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also a partial ordering of X. This partial ordering is called the ordering of
X inverse to the given ordering (cf. Problem B). Note that the notions of
bounds and of suprema and infima are exactly reversed in passing from <
to <*. Thus zy is an upper bound in X for a subset A of X with respect
to < when and only when zg is a lower bound in X for A with respect to
<*, etc. The partially ordered set (X, <*) will be denoted by X*.

Example Q. Let X be a set and let C be an arbitrary collection of subsets
of X. Then C is a partially ordered set in the inclusion ordering (Ex. O),
and is also a partially ordered set in the inverse inclusion ordering <*, in
which we set A <* B when and only when B C A.

If Y is a partially ordered set and ¢ : X — Y is a mapping of a set X
into Y, then an element y of Y is an upper bound of ¢ if it is an upper
bound for the range ¢(X), and if such an upper bound exists, ¢ is said to
be bounded above. Dually, y is a lower bound of ¢ if it is a lower bound for
@(X), and if such a lower bound exists, ¢ is said to be bounded below. If ¢
is bounded both above and below, it is said to be bounded. Similarly, we
define the supremum of ¢ (notation: sup,cx ¢(z)) to be the supremum of
the range of ¢ if it exists, and the infimum of ¢ (notation: inf,cx ¢(z)) to
be the infimum of the range of ¢ if it exists.

A mapping ¢ : X — Y of one partially ordered set X into another
partially ordered set Y is monotone increasing if 1 < z2 in X implies
&(z1) < ¢(z2) in Y for all z; and z; in X. If ¢ is monotone increasing and
also one-to-one, then ¢ is said to be strictly increasing. Dually, one defines
monotone decreasing and strictly decreasing mappings between partially
ordered sets. A one-to-one mapping ¢ of a partially ordered set X onto a
partially ordered set Y is an order isomorphism if ¢ has the property that
z; < z9 in X when and only when ¢(z;) < ¢(z2) in Y (equivalently, if
both ¢ and ¢~! are monotone increasing; see Problem B). If there exists
an order isomorphism of X onto Y, then X and Y are said to be order
isomorphic.

If a partially ordered set X has the property that z V y and z A y both
exist for every pair x,y of elements of X, then X is said to be a lattice.
Clearly (mathematical induction) every nonempty finite subset of a lattice
has a supremum and an infimum. If X is a partially ordered set with the
property that every subset of X has a supremum and an infimum, then X
is a complete lattice. If X is a partially ordered set with the property that
every bounded nonempty subset of X has a supremum and an infimum,
then X is a boundedly complete lattice.

Example R. The power class 2X on an arbitrary set X is a complete
lattice in the inclusion ordering. (The supremum of a subcollection of 2%
is its union; the infimum of a nonempty subcollection is its intersection.)

12
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If Ap is a fixed subset of X, then the collection C of all those subsets of
X that contain Ag is also a complete lattice, as is the collection C’ of all
those subsets of X contained in Ag. A subset M of a lattice L with the
property that z V y and © A y belong to M whenever z and y do is called
a sublattice of L; thus C and C’ are sublattices of 2X. An example of a
sublattice of 2X that is not a complete lattice (unless X itself is a finite
set) is the collection Cs of all finite subsets of X. (The sublattice Cy is
boundedly complete, however.)

Proposition 1.1. If X is a complete lattice, then X is nonempty and pos-
sesses a greatest element 1 and a least element 0. Indeed, the supremum
of the empty subset of X is 0; dually, inf & = 1.

PrROOF. Since, by definition, the empty subset of X has both supremum
and infimum, X itself cannot be empty. Since every element of X is both
an upper and a lower bound for &, the result follows. O

Proposition 1.2 (Banach-Knaster-Tarski Lemma). Let X be a complete
lattice, and let ¢ be a monotone increasing mapping of X into itself.
Then ¢ has a fixed point.

PROOF. Set A = {z € X : ¢(z) < z}, let zo = inf A, and suppose z € A.
Then zo < z and therefore ¢(zg9) < ¢(z) < z. Thus ¢(zo) is also a lower
bound of A, and therefore ¢(zo) < zq, so that zop € A. But it follows at
once from the monotonicity of ¢ that ¢(A) C A, so that, in particular,
@(zo) € A, and therefore o < ¢(zg). Thus we see that ¢(zo) = zo. O

A weaker notion than that of a lattice, also of great importance, is that
of a directed set. A nonempty partially ordered set A is said to be directed
upward if every doubleton in A is bounded above in A; likewise, A is said to
be directed downward if every doubleton in A is bounded below in A. If A
is directed either upward or downward, then A is a directed set. (If nothing
is said to the contrary, a directed set will be understood to be directed
upward; a directed set A is directed upward [downward] if and only if A*
is directed downward [upward] (Ex. P).)

Example S. Every nonempty lattice is directed both upward and down-
ward.

Definition. If A is a directed set and X is an arbitrary set, then an indexed
family {z»}xca of elements of X indexed by A is called a net in X

indezed (or directed) by A.

Example T. The sets N and Ny, consisting, respectively, of all positive

13
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integers and all nonnegative integers, are directed sets in their natural
orderings. Thus any sequence {z,}32; or {z,}32, in a set X is a net in
X. Indeed, these nets are the very prototypes out of which the general
concept of a net arose. In the sequel we shall have occasion to deal with
nets having a considerably more complex structure.

In many discussions dealing with sequences the following terminology is
very useful.

Definition. Let p( ) be a predicate that pertains to the terms of an infinite
sequence {z,}. Then we shall say that p( ) is true of {z,} eventually if
there exists an index ng such that p(z,) is true for all n > ng, that is,
if there exists an entire tail Tp,, = {zn : n > no} of {z,} for every term
of which p(z,) is true. Likewise, we shall say that p( ) is true of {z,}
infinitely often if there are infinitely many indices n for which p(z,) is
true or, equivalently, if for any index ng, no matter how large, there is
an index n > ng such that p(z,) is true.

If {z,}32, is a sequence and {ny} is a strictly increasing sequence of
positive integers, the sequence {z,,} is a subsequence of {z,}. Clearly a
predicate p( ) is true of a sequence {z,} infinitely often if and only if {z,}
has a subsequence {z, } such that p(zy, ) is true for every k. Moreover, it
is a matter of pure logic that a predicate p( ) fails to be true of a sequence
{z,} eventually if and only if the contrary predicate (not p)( ) is true of
{z,} infinitely often.

Example U. Given an arbitrary sequence {E,}22,; of sets there is a nat-
ural way to construct from it a monotone increasing sequence. Indeed, if
we define

o0
D,=()Ex neN,
k=n
then the sequence {D,}52; is monotone increasing. It is customary to
call the union L = |J;2; D, the limit inferior of the given sequence {E,}
(notation: L = liminf, E,). Dually, if we set

oo
Sp = U Ex, n€eN,

k=n
then the sequence { Sy }22; is monotone decreasing and the intersection L =
N2, Sy, is called the limit superior of {E,} (notation: L = limsup,, E,).
It is easily seen that L is the set of all elements that belong eventually to
the sequence {E,}, while L is the set of all those elements that belong to
infinitely many sets E,,. Hence, in particular,

LcL
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In the event that L = L we say that the sequence {E,} converges to the
limit L = L = L (notation: L = lim, E,).

Suppose now that the originally given sequence {E,} is itself monotone
increasing. Then it is apparent that D, = E, for each index n, while
Sn = U,, En = sup, E,, for all n. Thus L = L= U,, En—a monotone
increasing sequence of sets converges to its union. Dually, a monotone
decreasing sequence of sets { E,,} converges to ), E, = inf, E,,. Note that
this shows that the terms “limit inferior” and “limit superior” are fully
justified; it is literally true that for an arbitrary sequence {E,} of sets,

liminf E,, =lim (inf Ek)
n n k>n

limsup E,, = lim (sup Ek) .
n

n k>n

It follows easily from these definitions that for any sequence {E,} of
subsets of a fixed set X we have

X\limsup E,, =liminf(X\E,) and X\liminf E, = limsup(X\E,).
n n n n

Hence the sequence {E,} is convergent when and only when the sequence
{X\E.} of complements is, and when this is the case,

lim (X\E,) = X\lim E,,.
n n

Moreover, as with any useful notion of limit, it is the case that deleting,
changing, or adjoining any finite number of terms to a sequence {E,} of
sets does not change either liminf, E, or limsup,, E,, and hence has no
effect on either the convergence of {E,} or on lim,, E,, when it exists.

Example V. For each positive integer m let us write T, for the tail T,,, =
{n € N:n > m}. Then the system {T;,}3°_, of all tails in N is a directed
set in the inverse inclusion ordering (see Example Q), and the mapping
m — T,, is an order isomorphism of N onto this directed set.

If X is a partially ordered set with the property that for every pair z, y of
elements of X either z < y or y < z, then X is a simply ordered (or linearly
or totally ordered) set. The most familiar examples of simply ordered sets
are the set R of real numbers and its various subsets. (Clearly any subset
of a simply ordered set is itself simply ordered.)

Example W. The simply ordered sets Ny and N are order isomorphic, the
unique order isomorphism of Ny onto N being the mapping n — n+1. (The

15
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uniqueness of this order isomorphism will be established later, in Lemma
5.2; no use will be made of the stated uniqueness in the interim.)

Example X. A finite set X containing n elements can be simply ordered
in n! different ways (there being n! permutations of X), but in each of
these orderings X is order isomorphic to the set {1,2,...,n} of the first n
positive integers.

If W is a partially ordered set with the property that every nonempty
subset of W possesses a least element, then W is a well-ordered set. In a
well-ordered set every doubleton, in particular, possesses a least element,
whence it follows that every well-ordered set is simply ordered. Conversely,
as was seen in the preceding example, every finite simply ordered set is well-
ordered. The best known examples of infinite well-ordered sets are the set
Ny of all nonnegative integers, and various of its subsets. (It is, once again,
obvious that every subset of a well-ordered set is well-ordered.)

Example Y. If X is either the empty set or a singleton, then there is but
one partial ordering of X, and this ordering is automatically a well-ordering.
If X is a doubleton, then X admits exactly three partial orderings, namely,
the identity relation and two well-orderings. Any set X containing three
or more elements admits various partial orderings that are not simple or-
derings.

We conclude this introduction to the theory of ordered sets by stating
two more axioms. (These axioms are, in fact, equivalent to one another
(Prob. V), and each is equivalent to the axiom of choice (see Problems
5R-5V).)

The Maximum Principle. Every partially ordered set X contains a
maximal simply ordered subset.

It may be observed that the name mazimum principle is slightly inap-
propriate, since all that is asserted is the existence of a mazimal linearly
ordered subset. Note also that the ordering of the subsets of X referred to
here is, as usual, the inclusion ordering (Ex. O). A frequently encountered
variant of the maximum principle is the following proposition, known in
the literature, inappropriately, as “Zorn’s lemma”.

Zorn’s Lemma. Let X be a partially ordered set, and suppose that every
nested (i.e., simply ordered) subset of X is bounded above in X. Then
X possesses a maximal element.

16
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PROBLEMS

A. If S is a relation between a set X and a set Y, and if R is another relation
between Y and a third set Z, then the composition of R and S is the
relation R o S between X and Z defined by setting

z(Ro S)z

when and only when there exists an element y of Y such that

@

(ii)

(1ii)

zSy and yRz.

Prove that for every subset A of X we have (R o S)(A) = R(S(4)).
Similarly, for every subset B of Z,(Ro S)"}(B) = §"(R™*(B)).

Show that if either Ro (SoT) or (Ro S)oT is defined, then the other
is also defined, and Ro (S oT) = (Ro S)oT. Thus in this situation
we may and shall write simply R o S o T for the triple composition.
Likewise, if R is a relation on a set X and n € N, we shall write R"
for the composition

n

——
Ro...oR .

Show also that if R is an arbitrary relation between a set X and a
set Y, and if ¢x and ¢y denote the identity mappings on X and Y,
respectively (Ex. D), then Rotx =ty o R=R.

Verify that if ¢ : X — Y and ¢ : Y — Z are both mappings, then 9o ¢
is a mapping of X into Z.

B. Let R be a relation between nonempty sets X and Y. Then the inverse
relation R between Y and X is defined by setting yR ™'z when and only
when zRy.

(@)

(ii)

(iii)

Show that R = R™! if and only if X = Y and R is a symmetric relation
on X.

If¢: X — Y is a mapping of X into Y, then ¢! is a mapping of the
range B of ¢ onto X when and only when for each y in B there exists
ezactly one z in X such that ¢(z) = y. (Recall that such a mapping
is said to be one-to-one.) Verify that if ¢ is a one-to-one mapping of
X onto Y, then ¢! o ¢ and ¢ o ¢! are the identity mappings on X
and Y, respectively. Show, too, that the composition of two one-to-one
mappings is one-to-one.

Let ¢ be a mapping of X into Y. Prove that there exists a mapping

1 of Y onto X such that 9 o ¢ = vx if and only if ¢ is a one-to-one
mapping of X into Y. Prove also that there exists a mapping w of
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Y into X such that ¢ o w = vy if and only if ¢ maps X onto Y, and
conclude that if there exist mappings ¥ and w of Y into X such that

PYop=1x and ¢ow =1y,

then ¢ is a one-to-one mapping of X onto Y, and ¢ = w = ¢~ ', (Hint:
Recall the axiom of choice.)

C. Let X be a nonempty set and let G denote the collection of all one-to-

18

one mappings of X onto itself. Verify that composition o is an associative
binary operation on G having the identity mapping ¢x for neutral element
(Ex. F), and that for each element ¢ of G the mapping ¢! has the property
that

pod™ ' =¢ ' op=1x.
(These facts are customarily summarized by saying that G is a group with
respect to the operation o. The elements of the group G are called per-
mutations of the set X; the group G itself is sometimes referred to as the
symmetric group on X.)

Let I be a nonempty index set and let { Ay}, er be a family of sets indexed
by I. Show that if {I's}sca is an arbitrary indexed partition of I, then

Ua=U U4 ad N4 =) (] 4»

~yer €A ~elg yer €A ~elg

and likewise that if 7 is an arbitrary permutation of I', then

U A =4y and [} A =[) A4

~Y€r Y€r ver Y€er

Verify also that if B is an arbitrary set then

Bul Ja,=JBUA4,) and Bu[()4,=[BUA4,).

Similarly, verify that

Bn|J4,=JBn4,) and Bn()4,=[|BNA4,)
Y vy Y Y
and that

Bx|JA,=JBxA,) and Bx[)A4,=[)BxA).

Let {A,} and {B,} be two similarly indexed families of subsets of a set X.
Verify that both

s\ (u=) = () (0)
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are subsets of U7 (A~ \ By). Verify, likewise, that

(o) (y=) = (0)=(0=)

are subsets of | J, (4, VB,).

Let X and Y be sets and let ¢ be a mapping of X into Y.

(i) The mapping A — ¢(A) of 2% into 2Y is said to be induced by ¢. Show
that this induced mapping preserves unions, i.e., (|l JC) =J, cc 9(4)
for any collection C of subsets of X. Does this assertion remain valid
if ¢ is replaced by an arbitrary relation R between X and Y7 What if
unions are replaced by intersections?

(i) The mapping ® of the power class on Y into the power class on X
obtained by setting ®(B) = ¢~'(B),B C Y is said to be inversely
induced by ¢. Show that & preserves all set operations on 2¥, i.e.,
arbitrary unions, intersections, differences and symmetric differences.
Does this assertion remain valid if ¢ is replaced by an arbitrary relation
R between X and Y?

(iii) Show that ¢~ o ¢ is an equivalence relation on X, and find the equiv-
alence classes of this relation.

The indexed product of sets is neither commutative nor associative. Verify,
however, that if {X,} cr is an arbitrary nonempty indexed family of sets,
and if 7 is a permutation of the index set I, then there is a simple and
natural one-to-one correspondence between

H X‘Y and II X,r(.y).

~yer v€er

Show similarly that if {T's}sca is an arbitrary indexed partition of T", then
there is also a simple and natural one-to-one correspondence between

[Ix and JJIJ %

~€rl €A vyl

Verify that the axiom of products and the axiom of choice are equivalent.
(Hint: It suffices to treat the case of an indexed collection {X,},cr of
nonempty sets; recall Example K.)

A subset M of a partially ordered set X is said to be cofinal in X if for
every element x of X there is an element zo of M such that z < zo. Show
that if M is a cofinal subset of a partially ordered set X, and if M is
bounded above in X, then X has a greatest element z; and z; € M. If a
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partially ordered set X has a greatest element x;, then the singleton {z;}
is cofinal in X. If z; is merely a maximal element in X, then {z:} need
not be cofinal in X.

Suppose given a transitive and reflexive relation < on a set X. Show that
if, for all z and y in X, x ~ y is defined to mean that z < y and y < =z,
then ~ is an equivalence relation on X with the property that if z ~ z’
and y ~ ¢/, then z < y if and only if z’ < y’. Hence if [z] and [y] denote
the equivalence classes of z and y, respectively, with respect to the relation
~, then either =’ < y’ for every pair of elements selected from [z] and [y],
respectively, or ' < 3’ is true of no such pair. In the former of these two
situations we write [z] < [y]. Show that this relation is a partial ordering
of the quotient space X/ ~. (The set X/ ~ equipped with this partial
ordering is the partially ordered set associated with the given pair (X, <);
a set X equipped with a relation such as < is called a weakly partially
ordered set.)

Let X be a partially ordered set with the property that every subset of X
has a supremum in X. Show that every subset of X also has an infimum
in X, and hence that X is a complete lattice. Dually, if every subset of
a partially ordered set X has an infimum in X, then X is a complete
lattice. Find and prove appropriate versions of these results for boundedly
complete lattices.

If R and S are two relations between a set X and a set Y, then it is
customary to define R C S to mean that for every pair x and y of elements
of X and Y, respectively, Ry implies zSy. (If R C S then R is a restriction
of S and S is an extension of R.)

(i) Verify that this is a partial ordering of the set R of all relations between
X and Y, and that the mapping R — Gg assigning to each relation R
in R its graph is an order isomorphism of R (in this extension ordering)
onto the power class on X X Y (in the inclusion ordering). Conclude
that R is a complete lattice in the extension ordering. Show too that
the collection of all equivalence relations on an arbitrary set X is also
a complete lattice in the extension ordering, though not, in general, a
sublattice of the lattice R.

(ii) If R is a relation on a set X, then R® = Ro R C R if and only if R is
transitive. Similarly, if R is reflexive, then R C R2. Is the converse of
this latter assertion true?

Let X and Y be sets. The collection M consisting of all mappings ¢ such
that the domain of ¢ is a subset of X and the range of ¢ is a subset of
Y is a subset of the lattice R of all relations between X and Y and is
therefore a partially ordered set (in the extension ordering introduced in
the preceding problem). If ¢ C ¥ in M, and if the domain of ¢ is A, then
¢ will be denoted in the sequel by 9| A.



(i)

(i)

(ii)

1 The rudiments of set theory

Show that every pair of mappings ¢ and ¢ in M possesses an infimum
¢N1y in M. (In particular, if the domains of ¢ and 1 are disjoint, then
® N1y is the empty mapping, that is, the unique mapping having for its
domain of definition the empty set 2.)

If ¢ and ¢ are elements of M with domains A and B, respectively,
then ¢ and vy are coherent if the domain of ¢ N1 is AN B. Likewise,
an indexed family {¢ }yer of elements of M is coherent if each pair of
mappings belonging to the family is coherent. Show that an indexed
family {¢,} in M is bounded above in M if and only if it is coherent,
and that, in this situation, the family possesses a supremum. Show also
that if the family {¢,} is coherent and if, for each index 4, D, and R,
denote the domain and range, respectively, of the mappings ¢,, then
the supremum U,y ¢ has for domain the union U,Y D,, and for range

the union | J, R,.

Let {¢,} be an indexed family in M, and let D, and R, denote,
respectively, the domain and range of the mapping ¢,. If the family
{#+} is nested, then it is coherent. Show that if the family is nested,
and if each of the mappings ¢, is one-to-one, then U‘r ¢~ is a one-
to-one mapping of U’r D, onto U'v R,. Likewise, if the domains D,
are pairwise disjoint, then the family {¢,} is coherent. Show that if
the domains D, and the ranges R, are both pairwise disjoint, and if
each mapping ¢ is one-to-one, then, once again, U,Y ¢~ is a one-to-one
mapping.

N. Let (X, <) be a simply ordered set.

@

(ii)

(i)

Show that < is a transitive relation on X that satisfies the condition
that if £ and y are any two elements of X, then exactly one of the
following three statements is true:

r<y, T=y, T>Y.
(Recall that we write £ < y to mean that z < y and  # vy, and
that z > y means y < z.) Show, conversely, that if < is a given
transitive relation on X satisfying the last stated condition (known as
the trichotomy law), and if we define a relation < on X by setting

z < y whenever either z < y or £ = y, then < is a simple ordering on
X.

Show that if ¢ is a mapping of X into another simply ordered set (Y, <),
then the following conditions are equivalent:

(1) ¢ is strictly increasing,
(2) z1 < x2 implies ¢(z1) < ¢(z2), z1,72 € X,
(3) ¢ is an order isomorphism of X onto ¢(X).

Show that X is a lattice and that if F = {z1,...,Z,} is an arbitrary

nonempty finite subset of X, then z; V...Vz, and z1 A... Az, belong
to the set F.
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Show that the simple orderings of a set X are distinguished as the maximal
elements in the partially ordered set consisting of all the partial orderings
of X (in the extension ordering; cf. Problem L).

Let W be a well-ordered set, and let ¥ be an arbitrary strictly increasing
mapping of W into itself. Show that ¢(w) > w for all w in W, and conclude
that ¢ (W) is necessarily cofinal in W (Prob. I).

If T is an index set, X is a partially ordered set, and ¢ and v are mappings
of I into X, we write ¢ < ¥ to mean that ¢(y) < () for every « in I.
Show that this relation is a partial ordering of the set XT of all mappings of
I" into X. More generally, the same definition introduces a partial ordering
on every indexed product IT = H'v er X~ of partially ordered sets. Show
that if each partially ordered set X, is a (complete) lattice, then II is a
(complete) lattice.

Let X be a fixed set. For each subset A of X the characteristic function
of A is that function x4 that takes the value one at every point of A and
the value zero at every point of X\ A. If A and B are subsets of X, then
xXAnB = XaXxB and xauB = xa V xB. Furthermore, A C B if and only if
xA < xB, and xaus = xa + xB if and only if A and B are disjoint.

If P and P’ are two partitions of the same set X, then P’ is said to be
finer than P, or to refine P (and P is said to be coarser than P’; notation:
P < P’) if every set in P’ is a subset of some set in P.

(i) Show that if P and P’ are partitions of a set X, then P < P’ if and only
if every set E in P is partitioned by the subcollection of P’ consisting of
the sets in P’ contained in E. Show too that the relation < is a partial
ordering on the collection of all partitions of X, and that the mapping
P —~p assigning to each partition of X the equivalence relation on X
that it determines is an order anti-isomorphism of that collection onto
the complete lattice of equivalence relations on X (in the extension
ordering; see Problem L). Show, that is, that P < P’ when and only
when ~p:C~p. Conclude that the collection of all partitions of X is a
complete lattice with respect to the ordering <.

(ii) If {E.,...,E.} is a finite collection of subsets of a set X, then the
partition of X determined by {E1,..., En} is the coarsest partition of
X that partitions each of the sets E;, i = 1,...,n. Show that this
partition consists of the collection of all nonempty sets of the form

AiNn...NA,

where each A; is either E; of X\E;. (There are 2" such sequences
{A1,...,An}, but the number of sets in the partition may be smaller,
of course.)



T.

1 The rudiments of set theory

Let C be a collection of (not necessarily pairwise disjoint) sets. If for each
set E in C we write E' = Ex {E}, then z — (z, E) is a one-to-one mapping
of E onto E’, and the collection C’ of all sets E’, E € C, is pairwise disjoint.

Let {A,}n2, be a sequence of sets. Show that there exists a unique disjoint
sequence of sets { B }n~; with the property that

Use=Ua
k=1 k=1

for every positive integer n. (The sequence {B,} will be referred to as
the disjointification of the given sequence {A,}.) Verify that B, C A, for
each positive integer n, and also that

A partially ordered set X is said to be inductive if every simply ordered
subset of X has a supremum in X. Clearly every inductive partially ordered
set satisfies the hypotheses of Zorn’s lemma, as that result is stated above,
so Zorn’s lemma is formally stronger than the assertion that every inductive
partially ordered set possesses a maximal element. Nonetheless, in many
treatments of set theory this latter assertion is called “Zorn’s lemma”.
Justify these terminological variations by showing that these two versions of
Zorn’s lemma and the maximum principle are all equivalent to one another.
(Hint: The collection of all simply ordered subsets of an arbitrary partially
ordered set is inductive in the inclusion ordering.)

In connection with each and every notion of an abstract mathematical
structure there is an appropriate concept of isomorphism, meaning, in
every case, a one-to-one correspondence between any two examplars X
and Y of that structure that preserves the structure, that is, with the
property that any statement (that is germane to the structure in question)
concerning the elements of X is true if and only if it is also true of the
corresponding elements of Y. The significance of this idea is simply put:
If two examplars of a mathematical structure are isomorphic, i.e., if there
exists such an isomorphism between them, then they are indistinguishable
as far as the theory of the structure in question is concerned. Suppose, for
example, that X and Y are order isomorphic partially ordered sets. Then
if either X or Y possesses a maximal element, both must. Again, if either
is a lattice, or a directed set, or simply ordered, then both must be. Prove
these four statements (as tokens of the general fact that any assertion of
an order-theoretic nature that is true of either X or Y is true of both).
Show also that (1) the identity mapping on any partially ordered set X is
an order isomorphism of X onto itself, (2) if ¢ is an order isomorphism of
a partially ordered set X onto a partially ordered set Y, then ¢! is an
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order isomorphism of Y onto X, and (3) if ¢ is an order isomorphism of
X onto Y and 9 is a second order isomorphism of Y onto a third partially
ordered set Z, then v o ¢ is an order isomorphism of X onto Z. (These
three properties are common to every notion of isomorphism; in the sequel
we shall ordinarily leave it to the reader to formulate and check them on
his own.)



Number systems

The real number system

In this second preliminary chapter we turn attention to the structure that
lies at the heart of all mathematical analysis—the real number system, or
real number field. In so doing we shall not waste a great deal of time on the
basic properties of the real numbers. Indeed, the reader has been dealing
with the real numbers in one way or another for many years. Rather it is
our intention, first, to fix some terminology and notation and, second and
more important, to present a fairly detailed discussion of certain aspects of
the order-theoretic properties of the real numbers that are sometimes not
treated adequately in undergraduate mathematics courses.

To begin with, the real number system—denoted throughout the text
by the usual symbol R—has both an algebraic structure and an order-
theoretic structure. Algebraically the real numbers are equipped with both
an addition and a multiplication, so that every pair s, ¢ of real numbers has
both a sum s+t and a product st. Both of these binary operations satisfy
the associative and commutative laws—meaning that, if s,¢t and u are real
numbers, then

s+(t+u)=(s+t)+u, s(tu)=(st)u, (1)

and
s+t=t+s, st=ts (2)
(cf. Example 1F). From these two laws it follows, via a routine argument

which we omit, that if F' is an arbitrary nonempty finite set of real numbers,
then the sum > F and product [] F of the numbers in the set F' are
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uniquely and unambiguously defined, independently of the order in which
F = {s1,...,8,} is arranged or how the sum and product of the numbers
$1,...,8n are grouped. Moreover, the addition and multiplication of real
numbers are related by the distributive law, which says that

s(t+u) =st+su (3)

for all real numbers s, and u.
There are special and distinct neutral elements 0 (zero) and 1 (one) in
R for the operations of addition and multiplication, respectively, so that

s+0=s and sl=s

for every real number s. Moreover, each real number s has a (unique)
negative —s such that s+(—s) = 0, which implies that the equation s+z =t
has the (unique) solution

z=t+ (_3)’

written as £ = t — s (t minus s). Similarly, if s # 0, then there exists a
(unique) reciprocal 1/s such that s(1/s) = 1, which implies that if s # 0,
then the equation sz = t has the (unique) solution

z = t(1/s),

written as z = t/s (¢t over s, or t divided by s). (The distributive law
implies that s0 = 0 for every real number s, so the real number 0 cannot
have a reciprocal; accordingly, division by zero is impossible in R. See
Problem C.)

In the language of abstract algebra, the properties of R set forth thus far
are summarized by saying that the real numbers form a field. The order-
theoretic structure of the real number system can be summarized almost
as succinctly: There is an order relation < given on R that turns it into
a simply ordered set (see Problem 1N). In the simply ordered set R the
number 0 plays a special role; indeed, a real number s such that s > 0
is positive, while a real number s such that s < 0 is negative. Thus it
is a special case of the trichotomy law that every real number is positive,
negative or zero, and that no real number falls into any two of these classes.

The algebraic and order-theoretic structures of the real number system
are connected with one another in a number of ways, but, as it turns out
(see Problems F, G, H, I, J and K), these various connections all follow
readily from two facts, which we now state.

(i) If a and b are real numbers such that ¢ < b, and if s is any real
number, then
a+s<b+s.
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(ii) If a and b are real numbers such that a < b, and if p is a positive real
number, then
ap < bp.

As a simply ordered set, R is automatically a lattice in which, for any
two real numbers s and ¢, sVt and s At are simply the larger and smaller,
respectively, of s and ¢ (Prob. 1N). In particular, for any real number s
the number s = sV 0 is called the positive part of s, while s~ = —(s A 0)
is the negative part of s. According to these definitions, both s* and s~
are nonnegative for every real number s, and s = st — s~. The number
sT + 57, which is equal to s when s is nonnegative and to —s when s is
nonpositive, is called the absolute value of s (notation: |s|). Thus

s, §=>0
|s| =
-3, s$<0.

(In this connection, see also Problem L.)

If @ and b are real numbers such that a < b, then the real numbers be-
tween a and b constitute an interval bounded by a and b. More specifically,
if a < b, then the closed interval [a,b] is given by

[a,b] = {t € R: a <t < b}
while the open interval (a,b) is
(a,b) ={teR: a<t<b}

(In particular, [0,1] and (0, 1) are the closed and open unit intervals, re-
spectively.) In the same spirit we define the: half-open intervals

(a,b))={teR:a<t<b} and [a,b)={t€eR: a<t<b}.

(If the assumption that a < b is dropped, these definitions still make sense,
of course, but the intervals [a,b], (a,b), (a,b] and [a,b) are all empty for
a > b, and also (a,a) = [a,a) = (a,a] = @, while [a,a] = {a}.) This
notation for intervals is also extended to include rays. Thus for any real
number a we write

l[a,4+00) and (a,+o0)

for the closed right ray {t € R: a < t} and the open right ray {t € R:a < t},
determined by a, respectively, and also

(—o00,a] and (—o0,a)

for the closed left ray {t € R: a > t} and the open left ray {t € R: a > t}
determined by a, respectively. Such rays are frequently regarded as special
intervals, as is the entire real number system R = (—o0, +00) itself.
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A field that is simultaneously a simply ordered set in such a way that (i)
and (ii) are satisfied is, in the language of modern algebra, called an ordered
field. That R is not uniquely determined as an ordered field is clear from the
fact that the field of rational numbers—familiar from primary school—is
also an ordered field. (There are many other ordered fields as well.) What
sets the real number system apart from other ordered fields is a property
known as completeness.

Axiom of Completeness. Every nonempty set of real numbers that is
bounded above in R has a supremum in R. (Dually, a nonempty set of
real numbers that is bounded below in R possesses an infimum in R; cf.
Problem G.)

The property of completeness just formulated is important and is worth
a paraphrase. Here is another way of saying the same thing. Let A be a
set of real numbers, and let M denote the set of all upper bounds of A in
R. Then M may be empty (this happens when A is not bounded above in
R), and M may coincide with R (this happens when A is empty), but in all
other cases M is a closed right ray: M = [sup A, +00). Yet another way
to describe this situation is to say that R is a boundedly complete lattice.

In treatments of the real numbers that touch upon questions of the
foundations of mathematical analysis one customarily finds a painstaking
and fairly lengthy construction of the real number system based on some
other simpler and more familiar number system—sometimes the system of
rational numbers (see [12], for example), more usually the very primitive
number system set forth in the Peano postulates (Prob. O). (See [16] and
[14], to name but two sources.) In this book we eschew any consideration
of foundation problems, and are content simply to assume the existence of
a number system R possessing all of the heretofore stated properties.

From this more or less postulational point of view the various construc-
tions of R from more familiar number systems may be seen primarily as
ezistence theorems, i.e., as proofs of the existence of a complete ordered
field. However, the various constructions of R also serve to elucidate just
how it is related to the other, more primitive, number systems, and these
relations are by no means clear from what we have said so far. Accordingly,
we close this discussion of the real number system with a brief account of
how the more primitive number systems may be identified within R.

Definition. A set J of real numbers is inductive if (i) 1 € J and (ii) if
s € J, then s+ 1 € J. (This notion is to be distinguished from the one
introduced in Problem 1V.)

That inductive sets of real numbers exist is obvious; the set R itself is
inductive, as is the set P = (0,+00) of all positive real numbers (Prob.
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J). Moreover, the intersection of any collection of inductive sets is clearly
again an inductive set. Thus there exists a smallest inductive set, viz., the
intersection of the collection of all inductive sets in R.

Definition. The smallest inductive set of real numbers is known as the
set of natural numbers and is denoted by N.

According to this definition, if a set S of real numbers is shown to be
inductive, then N C S. Let us spell this out in greater detail: If for a
set S of real numbers it can be shown that (i) 1 € S and (ii) if s € S,
then s +1 € S, then every natural number belongs to S. The more usual
formulation of this fact is the following principle.

Principle of Mathematical Induction. If a set S of natural numbers
satisfies the conditions (i) 1 € S and (ii) for each natural number n,
n € S impliesn+1€ S, then S = N.

Proposition 2.1. The real number 1 is the smallest natural number, The
set N is not bounded above in R, and is therefore cofinal in R.

PROOF. The first assertion of the proposition is an immediate consequence
of the definition of N and the fact that the ray [1,+o00) is inductive. To
see that N is cofinal in R, suppose that N is bounded above in R. Then
M = sup N exists, and M —1 is therefore not an upper bound for N. Hence
there exists a natural number n such that n > M —1. But thenn+1 > M,
which is impossible. O

Example A. As has been noted, every natural number n is positive. It
follows that all reciprocals 1/n of natural numbers n are also positive (Prob.
K). But if ¢ is an arbitrary positive number, then there exists a natural
number n such that n > 1/¢ (by the preceding proposition and Problem
K), so 1/n < €. Thus the set R of all reciprocals of the natural numbers is
a subset of R with inf R = 0.

Example B. The function ¢(t) = t/(1+t) is a strictly increasing mapping
(and thus an order isomorphism) of the ray [0,+00) onto the half-open
interval [0,1), the inverse mapping being given by ¢~1(t) = t/(1 —t),
0 <t <1 (cf. Problems D, F, I, and K). The mapping

~ t
t)= ——, teR,
"0 =1

with inverse
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~ t
) = —— t 1
SO = g <t
is an extension of ¢ providing an order isomorphism of all of R onto (—1, +1)
(cf. Problems G and L).

Proposition 2.2. If m and n are natural numbers, then their sum m +n
and their product mn are also natural numbers.

PrOOF. Consider first the set S of all those natural numbers m with the
property that m + n € N for every n in N. It is obvious that 1 € S, and,
ifmeS, then (m+1)+n=m+(n+1) € Nforevery nin N, so S is
inductive, and therefore S = N. Thus sums of natural numbers are again
natural numbers.

Next let T denote the set of all those natural numbers m with the prop-
erty that mn € N for every n in N. It is again obvious that 1 € T.
Moreover, if m € T and n € N, then

(m+1)n=mn+n

is the sum of natural numbers, and is therefore itself a natural number
by what has just been shown. Thus T also is inductive, and the proof is
complete. O

Another important property of the set N of natural numbers is that
the next natural number larger than a natural number n is n + 1. (That
is, for each natural number n, there is no natural number in the open
interval (n,n + 1); see Problem O.) By exploiting this fact we are able to
establish an apparently stronger version of the principle of mathematical
induction (formally stronger because the inductive hypothesis is weaker
while the conclusion remains the same, but only apparently stronger since
we derive it, in fact, from the original principle of mathematical induction).
In the formulation of the next result it will be convenient to denote the set
{keN: k<n}byA,.

Theorem 2.3. If a set S of natural numbers satisfies the conditions (i)

1 € S, and (ii) for each natural number n, A,, C S implies thatn+1 € S,
then S = N.

PRrOOF. Consider the set T of all those natural numbers n with the prop-
erty that A, C S. Since A; = {1}, we have 1 € T. Moreover, if n € T,
then A,, C S and therefore n + 1 € S. But then

An+1 =AnU{TL+1} c S,
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and therefore n + 1 € T. Thus T = N, and consequently S = N too. O

Our next result, while quite important in its own right, is an immediate
consequence of Theorem 2.3.

Theorem 2.4. The set N of natural numbers is well-ordered. (That is,
every nonempty subset of N possesses a least element; see Chapter 1.)

PROOF. Let A be a subset of N that does not possess a least element,
and set S = N\A. Then 1 € S since A clearly cannot contain the least
natural number 1. But also, if A, C S, and if n + 1 belonged to A, then
n+ 1 would surely be the least element of A, contrary to hypothesis. Thus
A, C S implies n +1 € S, so S is inductive, and therefore § = N. But
then A is empty. a

The method of mathematical induction is much more than a device for
proving theorems; it also provides a powerful and exceedingly useful tool
for giving definitions.

Theorem 2.5 (Principle of Inductive Definition). Let X be a nonempty
set, let T be an element of X, and let F denote the collection of all
finite sequences {x1,...,Z,} in X. Suppose given a mapping g of F
into X. Then there exists a unique sequence {z,}52, in X satisfying
the conditions

(1) I = 5;
(2) zny1=9({z1,...,2n}), neN.

Note. The proof of this theorem is omitted because it is wholly subsumed
under the discussion of the principle of definition by transfinite induction to
be found in Chapter 5. The role of the function g in the above formulation
is simply to provide the “inductive step” in the definition, and this rule
can ordinarily be set forth quite informally, so that in an actual definition
by mathematical induction the function g need never appear explicitly. It
is also only fair to point out that in most applications the value assigned
by the inductive rule g to a sequence {z1,...,z5} depends only on z, and
not on zx,k = 1,...,n — 1. Thus, however ponderous the machinery of
Theorem 2.5 may seem, an actual inductive definition is typically quite
brief and wholly perspicuous.

Example C. For each real number ¢ we define t! = t and then, for each
natural number n, assuming ¢" already defined, we set

t"H =y (4)
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Thus the power function ¢ — t™ is defined inductively for all real numbers
t and all natural numbers n, according to the inductive rule (4) and the
initial requirement

t'=t teR. (5)

It may be noted that in this example it is entirely immaterial whether
one thinks of the definition of t" as being given for one ¢y at a time (in
which case, in the notation of Theorem 2.5, X = R,Z = ty and g assigns
the number tpz, to a finite sequence {z;, xa,...,T,} of real numbers) or
as the definition of the function ¢ — t*,¢ € R (in which case X becomes
the set RR of real-valued functions on R,Z = g, the identity mapping on
R (Ex. 1D) and g becomes the rule assigning to an n-tuple {f1,..., fo} of
functions in RR the function g f,,). It may also be noted that the inductive
definition of positive integral powers given in this example applies equally
well in any system in which an associative product is defined (cf. Example
1F).

Definition. The subset of R consisting of the natural numbers and the
negatives of the natural numbers, along with the number zero, is the set
Z of integers.

If we write -N ={t € R: —t € N}, then Z = NU {0} U —N. We see
that the set N coincides with the set of all positive integers, while —N is
precisely the set of all negative integers (Prob. G). Also of interest in this
context is the set Ng = {0} UN of nonnegative integers. The set of integers
has a number of important properties as a subset of R.

Theorem 2.6. If j and k are integers, then the sum j + k, the difference
j — k, and the product jk are all integers as well.

PROOF. Since the negative of an integer is clearly an integer, we may, in
view of Problem C, assume that neither j nor k is zero. As for products, we
already know (Prop. 2.2) that the product of positive integers is a positive
integer, and since jk = (—j)(—k), the product of two negative integers is
also a positive integer. On the other hand, if one of j, k is positive and the
other negative, then jk = —(—j)k is a negative integer.

In proving that the difference j — k is an integer we first note that
since j — k = —((—j) — (—k)) (Prob. D), we may also assume without
loss of generality that j is a positive integer. But then, if k is negative,
j—k =7+ (—k) is also a positive integer. On the other hand, if j and &
are both positive, then either j > k, in which case j — k is a nonnegative
integer (see Problem O), or j < k, in which case j —k = —(k—j) is a
negative integer.

Finally, to show that the sum j + k is an integer, we write j + k =
j—(=k). o
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A quick check of cases shows that if k is an integer, then there is no
integer between k and & + 1, and we have the following fact.

Proposition 2.7. For any integer k the next larger integer is k + 1, and
the next smaller is k — 1.

From this last result it follows at once that if j and k are distinct integers,
then the half-open intervals [j,j + 1) and [k, k + 1) are disjoint subsets of
R. The following proposition is a sharpening of this observation.

Proposition 2.8. The intervals |k, k + 1),k € Z, constitute a partition of
R.

PrOOF. All that is needed is to show that for any real number ¢ there is
an integer k such that £k <t < k+ 1, and to this end it clearly suffices to
treat the case in which ¢ is not itself an integer. If ¢ is positive, there is
a least positive integer n such that t < n (Prop. 2.1, Th. 24). If n = 1,
then 0 < t < 1, while if » > 1, then n — 1 is a positive integer such that
n—1 <t < n. Thus, in either case, k = n~1 satisfies the required condition.
Finally, if t <0, and if k < —t < k+1, then —(k+1) <t < —(k+1)+1.0

Corollary 2.9. Every nonnegative real number t is uniquely expressible
as the sum of a nonnegative integer (called the integral part of t and
denoted by [t]) and a number in the interval [0,1) (called the fractional
part of t and denoted by (t)).

Corollary 2.10. For an arbitrary positive real number d, the intervals
[kd, (k + 1)d), k € Z, also constitute a partition of R.

PROOF. A real number ¢ belongs to [kd, (k+ 1)d) if and only if ¢/d belongs
to [k, k + 1). O

Finally, we consider the field of rational numbers in the context of our
postulational development of the real number system.

Definition. The subset of R consisting of all numbers of the form j/k,
where j and k are both integers and k # 0, is the set Q of rational
numbers. (Since —j/(—k) = j/k, we may, and usually do, assume that
k is positive in the representation j/k of a rational number.)

As has already been noted, the rational numbers constitute a field. What
is meant by this assertion is simply that if ¢ and r are two rational numbers,
then the sum g + r, the difference ¢ — r, the product gr, and, if r # 0,
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the quotient g/r are all rational numbers too. Without stating a formal
proposition to this effect, we can verify these facts by supposing that ¢ =
j/k and » = £/m, where j and ¢ are integers, while k¥ and m are positive
integers. Then

r = 5t
= tm
is a rational number, as is
q_Jim
T ke

provided r # 0, i.e., provided £ # 0. Moreover, we also have

_Jm _ ke
9= %m 4 T=pn
so that ] y
gir= ImERE
km

and these are also rational numbers.

Since properties (i) and (ii) in the definition of an ordered field are clearly
enjoyed by Q as well, it is also true that Q is an ordered field along with
R. The following observation concerns the way the subfield Q is situated
in R.

Theorem 2.11. If a and b are real numbers such that a < b, then there
are (infinitely many) rational numbers in the interval (a,b).

PROOF. There exists a positive integer N exceeding the positive number
1/d, where d = b — a (Prop. 2.1). Let k be the unique integer such that
k(1/N) <a < (k+1)(1/N) (Cor. 2.10), and set r = (k+1)/N. Thena < r
while r —a < 1/N < d = b— a. Hence r < b, and therefore r is contained
in the interval (a,b). To see that this interval contains, in fact, an infinity
of rational numbers, we note that the interval (a,7) must also contain a
rational number, etc. 0

Definition. By a base in R is meant any positive integer greater than
one. If p is a base, then the digits with respect to p are the integers
0,1,...,p —~ 1. (The most favored bases are p = 2,3 and, of course,
p = 10, though p = 8, 12 and 16 have also found adherents.)

The following result is just a summary of the basic facts concerning the
“place holder” system of notation that is universally employed for denoting
real numbers. The interested reader will have no difficulty supplying the
proof of Theorem 2.12 on the basis of the preceding material.
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Theorem 2.12. Let p be a base in R. Then every positive integer n has
a unique expression in the form

n=ec+ep+...+Enp"

where €1, ... ,Em are digits with respect to p and €,, # 0. This relation
is customarily expressed by writing

n=&m€Em-1---€1. (6)

Moreover, every number t in [0,1) may be written as

t= i E_np ", (7
n=1

where {e_,}32, is a sequence of digits with respect to p. This relation
is expressed by writing

t=0.€_16_2...5_n..., (8)

or by
t= 0.6_1...6.." (9)

when €_; = 0 for every k > n. (Such numbers are rational of the
form k/p", and are called p-adic fractions.) This expression for t is
not necessarily unique, but if {n_,}32, is another, different sequence of
digits such that (7) holds, then

(1) if ng denotes the first index at which €_,, and 7_,, differ, then
l€—ne — N—no| = 1, and, assuming that n_p, = €_p, +1,

(2) N—n =0 for all n > ny, whilec_,, = p— 1 for all n > n,.

Thus every nonnegative real number t may be written as
t=¢€p...€0+0._16_5...,

or, as is more customary,
t=Em.. 1.6 12 Ep.nn, (10)

and this representation is unique except for p-adic fractions, which, as
noted, admit exactly two such representations.

For p = 2 the expansion (10) is called a binary expansion of t. When

p = 3, it is a ternary expansion; when p = 10, a denary ezpansion. In
general, one refers to (10) as a “p-ary” ezpansion of t.
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The extended real number system

It is frequently very convenient to enlarge the real number system by ad-
mitting to it the “ideal” numbers +o00 and —oo. Thus it is customary to
write sup F' = 400 for any set E of real numbers that is not bounded above
in R. In the study of analysis the usefulness of this symbolism is so great
that it is desirable to introduce it on a formal basis. Accordingly, we adjoin
to R two new “numbers” +o0o and —oo. The enlarged number system

R U {+00, —00}

will be called the extended real numbers and will be denoted by R". (In
dealing with RY we will distinguish the elements of R as ordinary real num-
bers, or as finite numbers.) The simple ordering of R is extended to R by
defining —oo < 400 and

—00 <t <400

for every finite real number t. Thus 4-oco is the largest element of R and
—oo0 is the smallest. (Note that in R it is not a notational convention but
a literal fact that sup E = 400 for a set E of real numbers that is not
bounded above in R.)

As for algebraic operations, we define

t++oo =200+t =00
for every finite real number ¢, and likewise
400 + to00 = to0.
Similarly, we agree that
t—too=Foo and +oo—t==00
for every finite real number ¢, and that
+o00 — Foo = Fo0.

(The symbols 00 + Foo and oo — oo remain undefined.) As regards
multiplication, we define

oo t>0
t(+o0) = (Loo)t = {0 t=0
Foo t<0

for every finite real number ¢, and likewise
(£o0)(+o0) = 400 and (+00)(Foo) = —o0.
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It must be admitted, to be sure, that the systematic use of R in place of
R brings some inconvenience with it (see, for example, Problem T below).
The best that can be said is that, on balance, it is easier to get along with
400 in real analysis than it is to get along without them.

The complex number system

While this book is basically a treatise on real analysis, it is a feature of
its development that the complex numbers appear in the sequel with fair
frequency. Accordingly, we close this chapter with a brief account of the
complex number system (notation: C). Here again, as above in the case of
the real number system, we shall not bother to construct C (though this
turns out to be a fairly simple thing to do, and would have the advantage
of proving the existence of C), but we will rather simply assume that such a
number system exists, having properties that serve to determine it uniquely.

The first and most important thing about C is that it is a field and is
algebraically an ertension of R, so that C contains R as a subfield (meaning
that the ordinary sums and products of real numbers are the same as their
sums and products when they are thought of as complex numbers). Tt
follows at once that the elements 0 and 1, neutral with respect to addition
and multiplication, respectively, in C, are just the real numbers 0 and 1.
Hence the difference s — ¢ and, if t # 0, the quotient s/t, of any two real
numbers s and ¢ are the same as their difference and quotient when they
are regarded as complex numbers.

The second, and most characteristic, feature of C is that the equation

?+1=0 (11)

has a solution ¢ in C (so that ¢ is a “square root of minus one”). Clearly no
real number can be a root of (11) (Prob. J) so ¢ € C\R. Complex numbers
of the form ib, b € R, are said to be pure imaginary, and every complex
number is of the form ¢ = a + ib, where a is real and ib is pure imaginary.

1t is easily seen that the only complex number that is both real and pure
imaginary is 0 (= 0 + ¢0), and hence that

(=a+ib, abeR,

called the standard form of (, is uniquely determined by {. In this standard
form the real number a is the real part of { (notation: Re (), while b is
the imaginary part of { (notation: Im ¢} Thus for any complex number ¢
both Re ¢ and Im ¢ are real numbers.

We conclude this brief discussion of the field C by recalling how the
operations of arithmetic are conducted on complex numbers expressed in
standard form. To this end let a + ib and s + it be complex numbers in
standard form. Then

(a+ib) + (s+it) =(a+38)+i(b+1),
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and
—(a +1ib) = (—a) + i(-b).

Moreover
(a + tb)(s +it) = (as — bt) + i(at + bs).

Finally, if a + ib # 0, then

a ; b
a2+ e +b?

is readily seen to be the reciprocal of a + b.

Note. The following problems that bear on R are not intended to acquaint
the reader with new properties of the real number system. Indeed, he knows
most if not all of these properties already. The real goal here is rather to
convince the reader that our description of the real number system is,
in fact, full and complete enough to permit the derivation of all of the
properties of R. Accordingly, in solving the following problems bearing on
R, it is a cardinal principle of the enterprise that all arguments be based-—
either directly or indirectly—on those assertions concerning R explicitly set
forth in the above text.

PROBLEMS

A. Show that if s,t and t’ are real numbers, and if s+t = s+ t/, then t = ¢/,
and use this basic uniqueness result to establish the following facts.

(i) The solution of the equation s + x = t is uniquely determined by s
and t.

(ii) The real number zero is unique; indeed, if s and ¢t are any two real
numbers such that s+t = s, then t = 0.

(iii) The negative —t of a real number ¢ is uniquely determined by ¢, and
—(-t)=t.

B. Show that if £ and ¢’ are real numbers and s is a nonzero real number, and
if st = st’, then t = t/, and use this result to establish the following facts.

(i) If s # 0, then the solution of the equation sz = ¢ is uniquely determined
by s and t.

(ii) The real number one is unique; indeed, if s and t are any two real
numbers such that st = s, then either t =1 or s = 0.

(iii) The reciprocal 1/s of a nonzero real number s is uniquely determined
by s, and the reciprocal of 1/s is s.
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Verify that 0¢ = 0 for every real number ¢t. (Hint: 0+ 0 = 0.) Show,
conversely, that if s and t are real numbers such that st = 0, then either
8 =0ort = 0. Show too that for any real numbers s and ¢,{—s)t =
s(—t) = —(st), while (—s)(—t) = st.

For any two real numbers r and s, —(r + 8) = (—r) + (—s) and —(r — 38) =
8 —r, while r — 8 = (—8) — (—r). For any four real numbers r, s,t and u,
(r—s)+(t—u)=(r+1t)— (s+u). Verify the analogous facts as regards
multiplication.

According to the text, the sum )_ F of a nonempty finite set F' of real
numbers is uniquely and unambiguously defined (by virtue of an unstated
proof by mathematical induction). Verify that, if F = Fy U F3 is any par-
tition of F into two nonempty subsets, then E F= E i+ E F5. Devise
a definition of ) @ that permits the deletion of the word “nonempty”
from this formulation. What, if any, are the analogous facts as regards
multiplication?

If @ and b are real numbers such that a < b, and if s is any real number,
then a+s < b+s. Similarly, if a < b and p is any nonnegative real number,
then ap < bp.

Show that if a and b are real numbers, then a < b if and only if b — a is
positive, and conclude that a < b if and only if —b < —a. In particular, a
real number ¢ is positive [negative] if and only if —t is negative [positive].

If a and b are real numbers such that a < b, and if s is a negative real
number, then as > bs.

The sum and product of positive real numbers are also positive. The
product of two negative real numbers is positive. The product of two real
numbers is negative if and only if one of the factors is positive and the
other is negative.

The square 2 = tt of every real number is nonnegative, while the square of
every nonzero real number is positive. In particular, 1 > 0,and s <s+1
for every real number s.

If 5 is a positive [negative] real number, then 1/s is also positive [negative].
If s and t are positive real numbers s. ch that s < ¢, then 1/t < 1/s.

For any real number s the absolute value |s| is nonnegative and equal to
| — s|, while |s| = 0 if and only if s = 0. For any real number s we have
s < |s| and —s < [s|. Moreover, |s| <t if and only if s <t and —s < .

(i) Verify that for any two real numbers s and ¢ we have

|st| = [slI¢]
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and
ls+t] < |s| + ]t

(the triangle inequality for real numbers). Use the triangle inequality
to show that

sl —1tl| < Is ¢

for any two real numbers s and ¢. (Hint: To establish the triangle
inequality, consider cases.)

(ii) In the same context verify that, for any two real numbers s and ¢,

s+t =(sVt)+(sAt),
|s—tl=(sVt)—(sAt),

and
sVt=[(s+1t)+]|s—t]|/2
sAt=[(s+1t)—|s—t]]/2.

Conclude that
st =(ls| +s)/2,

s~ =(|s| — 9)/2.

M. Any mapping of a set X into R is called a real-valued function on X. For
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any set X the set Fr(X) of all real-valued functions defined on X is a
lattice in which, for each z in X, (f V g)(x) is simply the larger of f(z) and
g(z), while (f A g)(z) is the smaller of f(z) and g(z) (see Problem 1Q).
If 0 denotes the function identically equal to zero on X, then for any f
in Fr(X) the function f* = f Vv 0 is called the positive part of f, while
the function f~ = —(f A 0) is the negative part of f. Thus for any real-
valued function f on X, f = f* — f~, while |f| = f* + f~ has the value
|f|(z) = |f(x)| everywhere on X.

(i) A sublattice of the lattice FRr(X) is called a function lattice on X.
Thus if £ is a function lattice on X that contains the function 0, and
if f € £, then £ also contains f* and —f~.

(ii) If £ is a nonempty function lattice on X and if £ contains f — g along
with any two functions f and g that it contains, then for any function
f in L the functions f*, f~ and |f| are also in L.

If s is a real number and A a set of real numbers, it is customary to write
s + A for the set of all real numbers of the form s + ¢,t € A. Verify that,
in this notation, the set {1} U (1 + N) is inductive.

(i) Conclude that there is no positive integer in the open interval (1,2),
where 2 =1+ 1.

(i) Conclude also that if n is a positive integer such that n > 1, thenn—1
is also a positive integer.
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O. (i) Show that for each positive integer n there is no positive integer in the

(ii)

open interval (n,n + 1). (Hint: Use mathematical induction.)

Show that for each positive integer n the set of positive integers greater
than n is n + N. (Thus if, as above, A, = {m € N: m < n}, then
N = A, U (n + N) for each positive integer n.) Conclude that if m
and n are any two positive integers such that m < n, thenn —m is a
positive integer.

If we define the successor n* of each positive integer n
to be n+ 1, then according to Problem N the successor func-
tion, mapping each positive integer n onto n™*, is a one-to-
one mapping of N onto N\{1}. This fact and the principle of
mathematical induction (appropriately reformulated in terms
of successors) together constitute the Peano postulates. The
best known and most entertaining development of R from the
Peano postulates is to be found in [16].

P. For each real number a let Q, be the set of all those rational numbers g
such that ¢ < a. Show that a = supQ, for every real number a.

Q. Verify that the function f(t) = t° is a strictly monotone increasing (that
is, monotone increasing and one-to-one; cf. Chapter 1) mapping of the ray
[0, 400) into itself. Show too that f maps the open unit interval I = (0, 1)
into itself, and that, in fact, 0 < f(t) <t for ¢ in I.

(i)

(if)

(iii)

(iv)

Show next that if z and y belong to I, and if £2 > y, then there exist
real numbers 2’ such that 0 < 2’ < z and such that =’ 2 also exceeds
y. (Hint: If n is a positive real number such that z — ) is also positive,
then (x — 1)? > 2? — 2n; choose 7 such that 2n < 2% —y.)

Show also that if z and y belong to I, and if 22 < y, then there exist
real numbers z” such that z < z”” < 1, and such that z” ? < y. (Hint:
If n is a positive real number such that z 4+ 7 < 1, then (z + 7)? <
z? + 3n (3 = 2+ 1); choose 7 such that 3y < y — z2.)

Use (i) and (ii) to show that if y belongs to I, then there exists a
(unique) z in I such that y = z®. (Hint: Let A= {z € I: * < y} and
prove that y = (sup 4)?%.)

Conclude that a real number y is positive if and only if y = 2 for some
positive real number z (cf. Problem J). The number z is the positive
square root of y (notation: /7).

Generalize the foregoing argument to show that, for each positive inte-
ger n, every nonnegative real number ¢t has a unique nonnegative nth
root t%, i.e., a solution of the equation z™ = ¢t. (Hint: According to
the binomial theorem, if z and x + 7 are both in 7, then

Iz +m)" — 2" <2%nl.)
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R. Suppose given a mapping ¢ of R into itself that preserves both sums and
products, i.e., has the property that

P(s+1) = p(s) + o(t)

and
p(st) = p(s)p(t)

for every pair of real numbers s and ¢, and suppose also that ¢ is not
identically zero.

(i) Show that ¢(0) = 0 and also that ¢(1) = 1. Conclude that ¢ is one-
to-one.

(ii) Verify that ¢(n) = n for every positive integer n, and conclude that,
in fact, p(q) = ¢ for every rational number g.

(iii) Show too that if p is any positive real number, then ¢(p) is also positive,
and conclude that ¢ is strictly monotone increasing.

(iv) Conclude finally that ¢ is necessarily the identity mapping on R. (Hint:
Recall Problem P.)

S. A strictly increasing finite sequence {zo < z1 < ... < zn} of real numbers
is called a partition of the interval [z¢,zn]. (This notion of partition is to
be distinguished from the one introduced in Chapter 1.) If P = {a = zo <
... < zn = b} is such a partition of [a, b], then the numbers z;,i =0,..., N,
are the points of P, and the closed interval [z;_1,%i],2 = 1,..., N, is the
ith subinterval of P. If P/ = {a = yo < ... < ym = b} is another partition
of [a, b], and if every point of P is also a point of P’, then P’ refines P, or
is a refinement of P (notation: P < P’). Verify that the collection of all
partitions of [a, b] is a lattice with respect to the ordering <.

(i) For any partition P = {a = z¢ < ... < zn = b} of [a, b] the maximum
length of a subinterval of P, i.e., the largest of the numbers z;—z; 1,7 =
1,...,N, is the mesh up of P. Verify that P — up is a monotone
decreasing function on the lattice of partitions of [a, b].

(ii) Let f be a real-valued function defined and bounded on an interval
[a,b]. If P = {xo < ... < zn} is a partition of [a, b], we set

M; = sup{f(z) : zim1 <z <z}, mi =inf{f(z) : zi1 <z < a5}

for the supremum and infimum, respectively, of f over the ith sub-
interval of P,i=1,..., N, and form the sums

N N
Dp(f) = ZM‘L(z‘l —zi—1), dp(f) = Zm,(m, - Zi1),

i=1
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known as the upper and lower Darbour sums, respectively, of the func-
tion f based on the partition P. In this way we associate with f the two
nets {Dp(f)} and {d»(f)} indexed by the lattice of partitions of [a, b].
Concerning these nets it is obvious that dp(f) < D»(f) < Dp(|f])
for every P and every f. Show that the net {Dp(f)} is monotone de-
creasing and the net {dp(f)} is monotone increasing for any one fixed
function f.

T. Ashas been noted, the fact that the addition and multiplication of complex
numbers are associative and commutative ensures that if {(1,...,{n} is a
finite set of complex numbers, then the sum Zil ¢; and product Hil Gi
are well-defined (that is, independent of order or grouping). In particular,
if {¢y }+er is an indexed family of complex numbers and D is a finite subset
of I, then we may define, without ambiguity, the finite sum

sp = ZC—,

YED

Since for an arbitrary index set I" the collection D of all finite subsets of
I' is directed (upward) under inclusion, we obtain in this way the net of
finite sums {sp}pep of the given indexed family {({,} er.

(i) If {¢y}ver and {{y}er are similarly indexed families of complex num-
bers with corresponding nets of finite sums {s, } and {s%} }, respectively,
and if for each finite set D of indices we write

sp=Y (a¢)+8¢)

~eD

for the corresponding finite sum of the family {a(’, + ¢)}, where o
and @ denote complex numbers, then

’ 1"
sp = asp + Bsp.

(ii) For any indexed family {{,},er of complex numbers, if we write {sp}
and {Sp} for the nets of finite sums of the families {¢,} and {|¢,(},
respectively, then |sp| < sp for every D. Likewise, if D; and D2 are
two finite sets of indices, then

|sp, — 8p;| £ 3D, vD,-

(iii) If {a@1,...,an} is a finite set of extended real numbers, the product
Hf’:l a; is a well-defined extended real number independent of order
and grouping. Likewise the sum Zf;l a; is well-defined provided one at
most of the numbers oo appears in the list a1,...,an. (If both +00
and —oo are among the numbers a1, ...,an, then thesum a;1 +...+an
is undefined.) Hence if {a} er is an indexed family of extended real
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(iv)

numbers such that —co < ay < 400 for each index « (or such that
—o00 < ay < 400 for each 7), then the finite sum

sD-——E ay

YED

is well-defined for each finite set D of indices, and we obtain, once
again, the net {sp}pep of finite sums of {a,}. What may be said of
the results of (i) and (ii) in the context of extended real numbers? (For
the purposes of this exercise let us agree to write | + co| = +00.)

If {ay}er is an indexed family of complex numbers (or a family of
extended real numbers among which at least one of the numbers +oo
does not appear), the corresponding net {sp} of finite sums is monotone
increasing if and only if the numbers a, are all (real and) nonnegative.

U. For any complex number ¢ = s + it in standard form the complex number
s—it is called the complex conjugate of { (notation: Z) Show that complez
conjugation, i.e., the mapping carrying ¢ to {, preserves both sums and
products, and is its own inverse. Show too that ( is real if and only if

C:

¢, while ¢ is pure imaginary if and only if ¢ = ~C.

Let 1 be a mapping of the complex number system C into itself that pre-
serves both sums and products, and that also preserves the real numbers,
so that ¥(R) C R. Prove that v is either identically zero, or the identity
map on C, or complex conjugation.

real. Indeed,

W. (i) For any complex number ¢ the sum ¢ + ¢ and the product ¢{ are both
¢+

44

(ii)

|

Re ¢ =

N’

while

|

Im ¢ =5

|

Moreover, if ¢ = s + it in standard form, then ¢ is the nonnegative
number s2 + ¢2.

Any mapping of a set X into C is called a complez-valued function on
X. If f is a complex-valued function on X, we define f (the complex

conjugate of f) by setting f(z) = f(z),z € X. Likewise we define Ref
and Imf (the real and imaginary parts of f) pointwise by setting

(Ref)(z) = Ref(z), (Imf)(z) = Imf(z), = € X.

Verify that for any complex-valued function f on X, we have

f=Ref+ilmf, Ref=3(f+7), Imf=5(/=7).
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For each complex number ¢ the nonnegative real number \/C—Z_ (see Prob-
lem Q) is called the absolute value or modulus of { (notation: |¢|; clearly
this definition agrees with the one given earlier for the absolute value of a
real number).

(i) Verify that if ¢ # 0, then 1/¢ = {/I¢|*.
(ii) Show also that if @ and § are any two complex numbers, then
loB| = lof|8] and |a+ 8| <ol +|Bl.
(Hint: To verify the inequality, still called the triangle inequality, show

first that
las + bt| < v/a? + b%4/s? + 12,

where a = a + ib and 8 = s + it in standard form.)

For any complex number ¢ # 0 the complex number

¢ )
— =a+1ib

I<]

has real and imaginary parts a and b such that a? + b? = 1. Hence there
exists a real number 6 (unique up to integral multiples of 27) such that

¢

= = cosf + isinb,

[q

and therefore such that
¢ = p(cos 8 + isinb),

where p = |¢|. (This representation of a nonzero complex number, called its
polar representation, is not unique, in that the polar angle 9 is determined
only up to integral multiples of 27.) Use trigonometric identities to show
that if { = p(cos8 + isin6), then

¢"™ = p"(cosnb + isin nh)

for each positive integer n. Use this observation to show (De Moivre’s
theorem) that for any complex number ¢ # 0 and any positive integer n,
the equation

" =
has exactly n distinct solutions in C, viz.,
6+2
x:pl/"(cos——%ﬁ+isin0+2k7r), k=0,...,n—1
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We shall assume that the reader is familiar with the rudiments of linear
algebra. In particular, he should be acquainted with the notion of a linear
space, or vector space, and the elementary concepts associated with linear
spaces. In this chapter we review these ideas, largely to fix terminology and
notation. Readers wishing to improve their acquaintance with any part of
linear algebra, or to pursue in greater depth any of the topics discussed
below, might consult [10]. Another excellent source is [13].

Definition. Let F be a field (as defined in Chapter 2). A vector space or
linear space over F is a set £ of elements (called vectors) satisfying the
following postulates.

(A) The set £ is equipped with an associative and commutative binary
operation, called addition and denoted by -+, in such a way that the
following two conditions are satisfied: (i) there is a neutral element 0
(called the origin of £) with respect to addition; (ii) for each vector
z in £ there exists a vector —z in £ (called the negative of x) such
that £ + (—z) = 0.

(M) There is also given a mapping of F'x£& into £ assigning to each element
a of F and vector z in £ a vector azx, called the product of o and z,
in such a way that the following four conditions are satisfied for all
elements o and 3 of F and all vectors z and y: (i) a(fz) = (af)z;
(ii) a(z + y) = az + ay; (iii) (e + B)z = az + Bz; (iv) 1z = .

Note. The elements of the field F' are customarily called scalars to distin-
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guish them from the vectors that are the elements of £, and F' is accordingly
known as the scalar field of £. In all that follows, the scalar field of each
and every vector space to be considered will be either the field R of real
numbers or the field C of complex numbers. (A vector space over R is a
real vector space; a vector space over C is a complez vector space.) Fur-
thermore, the following convention will be in force throughout the book:
In any statement, proposition, or definition concerning linear spaces, if no
specific distinction is made, then it is understood that the scalar field may
be either R or C. In the product az of a scalar o times a vector = the left
factor is always the scalar, the right factor always the vector. (For that
reason what we have here called a vector space is sometimes known as a
left vector space.) It is perhaps worth noting that the product of a scalar
times a vector in a vector space is not (ordinarily) a binary operation in
the sense of Example 1F.

The following proposition is nothing more than a summary of the most
immediate consequences of the above definition, and is included here solely
for the sake of completeness.

Proposition 3.1. Let £ be a linear space, and let o be a vector in £. If
for any one vector y in £ it is the case that zo +y =y (or y + zo = y),
then o = 0. Consequently, 0x = 0 and (—1)z = —=z for every vector
z in €. Likewise, a0 = 0 for every scalar a, whence it follows that a
product ax is equal to 0 if and only if either o =0 or £ = 0.

Example A. The field R of real numbers is a real vector space if we agree
to define vector addition in R to be the ordinary addition of real numbers,
and the product of a real number by a real number the ordinary product of
two real numbers. Similarly, the field C of complex numbers is a complex
vector space.

Example B. If £ is a complex linear space, then £ is also a real linear
space—we have but to retain the given vector addition in £ and simply
refuse to multiply by any but real scalars. Thus, in particular, C itself
is a real linear space in which vector addition is the ordinary addition of
complex numbers, and the product ta,t € R, a € C, is the ordinary product
of complex numbers.

Example C. It is an immediate consequence of the above definition that
if z,y and z are vectors in a linear space £, then z + y + 2 is a well-defined
vector in £, independent of either the ordering or grouping of the three
vectors x,y, z. Similarly, if {z1,...,2,} is an arbitrary finite sequence of
vectors in a vector space £, then the sum z; + --- 4 z,, exists as a vector
in £ independently of all possible permutations or groupings of the vectors
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in the sequence. Thus, if {zs}sca is a finite indexed family of vectors in a
vector space £, we may and do define

€A

where {61,...,6,} represents any one enumeration of the index set A.
More generally, if I' is an arbitrary index set, and if {2, }¢r is an indexed

family of vectors in a linear space £ with the property that there exists a

finite subset Ag of I" such that =, = 0 for all v in I'\Ag, then we define,

unambiguously,
> oy =D o
Y€l YEA

where A denotes an arbitrary finite subset of T' such that A D A,. (It is
clear that this definition is independent of the choice of A since z., = 0 for
all v in A\Aq by construction.)

If £ is a linear space and if M; and M, are arbitrary subsets of £, we
shall write M; + M, for the set of sums

{z1+2z2:2, € M;, i=1,2}

Similarly, if A denotes a set of scalars and M a set of vectors in £, we shall
write AM for the set {ox:a € A,z € M}.

In any linear space £ a vector = is a linear combination of vectors
Y1,---,Yn in € if there exist scalars a,...,a, such that r = ayy + -+
OnYn- A nonempty subset M of £ is a linear manifold in £ (or a linear
submanifold of £) if, for every pair of vectors z,y in M and every pair
of scalars a, (3, the linear combination ax + By belongs to M. If M is a
linear submanifold of £, then it is easily seen that every linear combination
of vectors in M belongs to M. Among the linear submanifolds of £ are
the space & itself and the trivial submanifold (0) consisting of the single
vector 0.

If {M} er is an arbitrary indexed family of linear submanifolds of a
linear space £, we write qur M., for the vector sum of the family, which
consists, by definition, of all sums of the form ¢ = 3. . z, where z, € M,
for each index v and z, = 0 except for some finite set of indices (which
may vary with z; recall Example C). If, in particular, I' = {1,...,n}, we
write M; + --- + M, for the vector sum of the family {M;}? ,. (For
n = 2 this notion of vector sum agrees with the more general notion of the
vector sum of two sets of vectors introduced above.) The vector sum of an
arbitrary indexed family of linear submanifolds of a linear space £ is itself
a linear submanifold of £ containing each of the given submanifolds M,,.
In particular, if M and N are linear submanifolds of £, then M + N is a
linear submanifold of £ containing both M and N.
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For any set M of vectors in a linear space £ there exists a smallest
linear submanifold M of £ that contains M. If M = &, then M = (0);
otherwise M consists of all linear combinations of elements of M. We say
that M is generated (algebraically) by M, or that M is an algebraic system
of generators for M, and we write M = (M). If M and N are given linear
manifolds in £, then the linear manifold (M U N) generated algebraically
by MUN is M + N. More generally, if {M~},cr is an indexed family of
linear manifolds in £, then the vector sum 3__ . M., is the linear manifold
(U, M,) generated algebraically by the union (J, M,.

A nonempty finite set J = {z1,...,%,} in a vector space £ is linearly
independent if the only way in which 0 can be expressed as a linear com-
bination 0 = a1z, + -+ - + @, T, is with @; = -+ = @, = 0. An arbitrary
subset J of £ is linearly independent if every nonempty finite subset of J
is linearly independent. A linearly independent set of vectors in £ that is
at the same time an algebraic system of generators for £ is a Hamel basis
for £. Every vector space has a Hamel basis (Prob. B). If {z} er is an
indexed Hamel basis for a linear space £, then for each vector y in £ there
exists a uniquely determined (similarly indexed) family of scalars {Ay}yer
such that A, = 0 for all but a finite number of indices -y (the set of which
depends, in general, on y) and such that y = E,’ep Ayz~. The scalars A,
are called the coordinates of y with respect to the indexed basis {z}yer.

A linear space possessing a finite Hamel basis is called finite dimensional;
a linear space that is not finite dimensional is infinite dimensional. If
X = {z1,...,Z5} is a Hamel basis for a finite dimensional linear space £,
then every Hamel basis for £ contains exactly n vectors (Prob. C). A Hamel
basis for a finite dimensional linear space £ is called simply a basis for &£,
and the number of vectors in any one basis (and therefore in all bases) for
£ is the dimension of £, denoted by dim £. The vector space (0) consisting
of the vector 0 alone is finite dimensional and has dimension 0.

Example D. If X is a Hamel basis for a complex vector space £, and if &
denotes the space £ viewed as a real vector space (Ex. B), then a Hamel
basis for & is provided by the set X UiX. Thus if £ is finite dimensional,
then dim &y = 2dim €. In particular, C is a two dimensional vector space
over the real field R, a basis for which is given by the pair {1,4}.

Example E. The system R[z] of all real polynomials in the indeterminate
z is a real vector space if we agree to make vector addition in Rfz] the
ordinary addition of polynomials, and define the product of a real number
b and a real polynomial p(z) = ap + a1z + - -- + anz® to be

bp(z) = bag + bayz + - - - + bayz™y (1)

{which is the same thing as the product of the constant polynomial b with
p(z)). Similarly, the system C[z] of all complex polynomials is a complex
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vector space. An indexed Hamel basis for both R[z] and C|[z] is provided by
the infinite sequence {z"}52,. Thus R[z] and C[z] are infinite dimensional.

Let N be a nonnegative integer and let Ry [z] denote the subset of R[z]
consisting of the zero polynomial together with the set of all those nonzero
elements of R[z] having degree no greater than N. (Recall that the degree
of a polynomial p(z) is m if p(z) = ag+a1z+- - -+amx™ with a,, # 0. Thus,
in particular, the degree of each nonzero scalar is zero. The degree of the
polynomial 0 is either —oo or undefined, according to one’s point of view.)
Then, as is readily seen, Ry [z] is a real linear space for which the system of
polynomials {1,z,...,zN} is a basis, so that dim Ry[z] = N+1. Similarly,
the zero polynomial together with the set of all complex polynomials having
degree no greater than N is a complex vector space Cy [z] having dimension
N +1.

If &,...,&, are linear spaces, all over the same scalar field, we write
E=& +...+ &, for the set of all n-tuples of the form (z;,...,z,) where
z; € &,i1 = 1,...,n. Then £ is a linear space with respect to the linear
operations

(z1y-- s Zn)+ W1y -5 9yn) = (1 + Y1, -, Zn + Yn)

and
a(z1,y..., Tp) = (ax1,...,0T,)

for all (z1,...,2Z5) and (y1,...,yn) in € and all scalars a. The space £ is
the (linear space) direct sum of the spaces {&;},. (Clearly the origin in
&1+ ...+ &, is the n-tuple (0,...0), and —(z1,...,2,) = (—21...,—2Zy).)
If £&1,...,&, are all finite dimensional, and if £ = &, + ...+ &,, then £ is
also finite dimensional, with

dim€ =dimé&; +... +dim&,.
In the case &; = ... = &, = F, £ is called the direct sum of n copies of F.
Example F. The direct sum of n copies of R (viewed, as in Example A, as a
real vector space) consists of the set of all real n-tuples added and multiplied
by real scalars termwise or coordinatewise. We shall denote this space by
R™. Similarly, we denote by C™ the direct sum of n copies of C (viewed

as a complex vector space). The n-tuples e; = (8;1,...,86in), 1 =1,...,n
(where, by definition, 6;; is the Kronecker delta

0, i#7,
1, i=yj,

for all integers, i,j), constitute a basis for both R® and C", sometimes
called the natural basis. (In dealing with R™ and C", it is this natural
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basis that is ordinarily assumed to be in use.) Clearly R® and C" are
n-dimensional.

Example G. The collection Fr(X)[Fc(X)] of all real-valued functions
[complex-valued functions] on an arbitrary set X is a real [complex] linear
space with respect to the pointwise linear operations defined by

(f+9)(z) = f(z) + 9(z) and (af)(z)=af(z), z€ X,acR[C].

(The origin in these spaces is the zero function, and (—f)(z) = — f(x). The
spaces R™ and C" are clearly special cases of this construction.) Whenever,
in the sequel (as in the following example), we refer to a “real [complex]
linear space of functions” on a set X, it is always some linear submanifold
of Fr(X)[Fc(X)] that is meant.

Example H. Suppose given a linear space £. A scalar-valued function f
defined on £ is a linear functional on £ if f(az + By) = af(z) + Bf(y) for
all vectors z,y in € and all scalars a, 8. It is a triviality to verify that a
linear combination of linear functionals on £ is again a linear functional on
£, and hence that the collection of all linear functionals on £ forms a linear
submanifold of the space of all scalar-valued functions on £. The linear
space of all linear functionals on £ (which is real or complex according as
£ is real or complex) will be called the full algebraic dual of £.

If £ is a linear space and M is a linear submanifold of £, then the relation
~ on £ defined by setting x ~ y if z is congruent to y modulo M, that
is, if £ — y € M, is an equivalence relation on £. The equivalence class
[z] = £+ M of a vector z will be called the coset of z modulo M. The set
of all cosets [z] modulo M (i.e., the quotient space E/ ~) is turned into a
new linear space by the definitions [z] + [y] = [z + y] and a[z] = [az]. This
space, which is real or complex according as £ itself is real or complex, is
denoted by £/ M, and is called the quotient space of £ modulo M. The
mapping 7 of £ onto £/ M defined by n(z) = [z] is the natural projection
of € onto £/ M. If we take for M the trivial submanifold (0), then the
natural projection = of £ onto £/M is a one-to-one mapping which may
be used to identify £ with £/ M. Dually, the linear space £/€ is the trivial
space (0).

Example I. Let pg(z) be a fixed nonconstant real polynomial, and let
(po(z)) denote the collection of all real polynomials of the form po(z)p(z),
p(z) € R[z]. Then (po(z)) is a linear submanifold of R[z] having the prop-
erty that every element of (po(z)) is either O or has degree at least N, where
N denotes the degree of pp(z). Consequently, if [1],[z],..., [z ~!] denote
the cosets of 1,z,...,z¥ ! in R[z]/(po(x)), and if

a[l] +---+an_qle¥ Y =[ag+ a1z +---+ony_1zV =0
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in R[z]/(po(z)), then ag + -+ + any—12V ! € (po(z)) and therefore ag +
o+ +ay-12¥7! = 0 in R[z], which shows that all of the o; are zero and
hence that [1],..., [z ~!] are linearly independent in R[z]/(po(z)). On the
other hand, if p(z) denotes an arbitrary real polynomial, then, according to
the familiar division algorithm, there exist real polynomials ¢(z) and r(z)
such that the degree of r(z) is less than N and such that

p(z) = po(z)gq(z) + r(z),

and [p(z)] = [r(x)] therefore belongs to the linear manifold in R[z}/(po(z))
generated by the cosets [1],...,[zN!]. Thus {[1],...,[zV!]} is a basis
for R[z]/(po(x)). In particular, this quotient space is N-dimensional. (If
po(z) is allowed to be constant, then either po(z) = a # 0, in which case
(po(z)) = R[z], or else pp(z) = 0, in which case (po(z)) = (0). Thus, in
either case, we are reduced to one of the trivial situations considered above.)
Needless to say, all of these facts remain valid if R[z| is systematically
replaced by the complex space C[z].

If £ is a real vector space, then the complezification £t of £ is the com-
plex vector space consisting of the Cartesian product of £ with itself with
addition defined by (z1, y1)+ (22, ¥2) = (@1 + 22, y1 +y2) and multiplication
by a complex scalar o = s+it defined by a(z,y) = (sz —ty,tx+sy). (Thus
C may be viewed as the complexification of R.) If the mapping z — (z,0)
is used to identify £ with a real linear manifold in £ regarded as a real
space, then, since i(x,0) = (0, z), every vector in £* has a unique expres-
sion in the form z + iy, where  and y belong to £. (Recall (Ex. B) that
a complex linear space may always be regarded as a real space simply by
refusing to multiply by any but real scalars.)

Example J. If X is a Hamel basis for a real linear space £, and if, as above,
we identify £ with the real submanifold £ x (0) of its complexification £*,
then X is also a basis for £. Thus if £ is finite dimensional, the dimension
of the complex space £1 is the same as that of the real space £. (On the
other hand, if the dimension of £ is n and £% is regarded as a real space,
then the dimension of £* is 2n; cf. Example D.)

Example K. If F is a complex linear space of complex-valued functions
on a set X and if Fr denotes the set of all real-valued functions in F,
then it is clear that Fg is a real linear space of functions on X and that
the complexification (Fg)* may be identified with the linear submanifold
of F consisting of functions of the form f + ig, f,g € Fr. This subman-
ifold, however, does not coincide with F in general. Indeed, it is readily
seen that a necessary and sufficient condition for this to be so is that F
contain the complex conjugate f of each function f in F, a condition that
is customarily expressed by saying that F is self-conjugate. Thus we may
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identify a self-conjugate linear space F of complex-valued functions with
the complexification of the real linear space of real-valued functions in F.
If F is a self-conjugate linear space of complex-valued functions on a set
X, and if ¢ is a linear functional defined on F, then ¢ is said to be self-
conjugate if ¢(f) = ¢(f) for every function f in F. It can be seen that ¢ is
self-conjugate if and only if the restriction ¢ | FR is a real linear functional
on Fg or, equivalently, if and only if ¢(Ref) = Re¢(f) for every f in F
(Prob. I).

Example L. If a and b are real numbers, a < b, we shall denote by
Cr((a,b)) = C&O)((a, b)) the collection of all continuous real-valued func-
tions on the open interval (a,b). Clearly Cgr((a,b)) is a real linear space.
Similarly one sees, using the rules of elementary calculus, that the collection
Cl({')((a, b)) of n times continuously differentiable real functions on (a,b),
i.e., the collection of those real functions f on (a,b) with the property that
the nth derivative f(® exists and is continuous on (a,b), is a real linear
space. Moreover, if 0 < m < n, then Clgn)((a, b)) is a linear submanifold of
™ ((a,b)).

In the same spirit, the collection C((:n)( (a,b)) of all n times continuously
differentiable complex-valued functions on (a, b) is a complex vector space
that we may identify with the complexification of Clg")((a, b)). (Here, as
always, we identify C((:O)((a, b)) with the space Cc((a,b)) of all continu-
ous complex-valued functions on (a,b). Recall that if f is a complex-
valued function defined on (a,b), then %ﬂ = L Ref(t) + ift-lm f®).) If
Pr(a,b)[Pc(a,b)] denotes the space of all real [complex] polynomial func-
tions on (a, b), then Pgr(a, b)[Pc(a,b)] is a linear submanifold of Cl(z")((a, b))
[C((:") ((a,b))] for every n. It follows that the vector spaces Cngn) ((a,b)) and
™ ((a, b)) are all infinite dimensional.

Example M. To define analogs of the spaces of Example L for functions
on a closed interval, special arrangements must be made regarding the
endpoints of the interval. We shall say that a complex-valued function f
on a closed interval [a,b] (a < b) is differentiable on that interval if (i) f is
differentiable on the open interval (a,b) and (ii) the one-sided derivatives
fi (a) and f’ (b) exist, and we denote by f’ the function

fila), t=a,
ff@)=< f't), a<t<b,
L), t=bd.
We then declare C¢ ([a, b]) = Cg)) ([a, b]) to be the complex linear space of all
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continuous complex-valued functions on [a, b}, and define C((:n)([a, b]) induc-

tively for positive integers n by setting C((:")([a,b]) equal to the collection
of all those differentiable complex-valued functions f defined on [a, b] with

the property that f’ belongs to C (" 1)([a b]). Here again it is not hard to
see that each C(")([a, b)) is an 1nﬁn1te dimensional complex vector space,
that C(")([a, b)) is a linear submanifold of C (m)([a b]) when and only when
m < n, and that, if (")( [a,b]) denotes the set of real-valued functions in

(")([a b]), then CR") ([a, b]) is a real vector space whose complexification is

& ((a, b))

If £ and F are linear spaces over the same scalar field, and if T is
a mapping defined on £ and taking its values in F, then T is a linear
transformation of £ into F provided T(az + By) = aTz + BTy for all
z,y in £ and all scalars a,3. (When £ = F we refer to T as a linear
transformation on £. A linear transformation of a linear space £ into
its scalar field is a linear functional on £ (Ex. H).) The range of a linear
transformation T' will be denoted by R(T). Likewise the kernel or null
space of T, that is, the set of vectors mapped into 0 by T, will be denoted
by K(T).

Proposition 3.2. Let £ and F be linear spaces over the same scalar field,
and let T be a linear transformation of £ into F. Then K(T') and R(T)
are submanifolds of £ and F, respectively. Moreover, T is a one-to-one
mapping of £ into F if and only if K(T) = (0), and, if K(T') = (0),
so that T is one-to-one, then the (set-theoretic) inverse of T is itself a
linear transformation (of R(T) onto £).

PROOF. Ifz,2’ € K(T) and «, (3 are scalars, then T'(az+8z') = a-0+6-0 =
0, so ax + Bz’ € K(T). Similarly, if y,3’ € R(T), and if y = Tz,y’ = T2/,
and a, 3 are scalars, then ay + By’ = T(ox + Bz') € R(T). Moreover, it is
clear that K(T') = (0) if T is one-to-one. On the other hand, if £(T') = (0)
and if Tz = Tz’ for some vectors z,z’ in £, then T'(z —z') = Tz —Tz' =0,
so z — ' € K(T), and therefore = = z’. Thus T is one-to-one.

Suppose now that K(T) = (0), so that T is one-to-one, and let y and y’
be elements of R(T'), so that there exist unique vectors z and z’ in £ such
that Tz =y and Tz’ = y'. Then for arbitrary scalars o and 3 we have

T(az + fz') = oy + By,
so T ay + By') = az + Bz’ = oT 'y + BT~ 'y. Thus T~! is a linear

transformation. O

Example N. For any vector space £ and any fixed scalar o the mapping
z — az,z € &, is a linear transformation on £, which we denote by «,
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or, when necessary in order to avoid confusion, by ag. In particular, the
identity mapping 1 and zero mapping 0 are linear transformations.

Example O. Let £ be a linear space and let M be a linear submanifold
of £. Then the natural projection m of £ onto the quotient space £/ M
is a linear transformation. Moreover, if T is any linear transformation of
€ into a linear space F, then there exists a linear transformation T' of
E/M into F such that T = T o« if and only if M C K(T). (Briefly:
linear transformations T on £ with T'(M) = (0) can be factored through
E/M. Conversely, of course, if T can be factored through £/M, then
T(M) =(0).)

Example P. If £ is a real linear space and T is a linear transformation of
£ into a complex linear space F (regarded as a real space; see Example B),
then

TH(z +1iy) =Tz +iTy, z,y €&,

defines a linear transformation T of the complexification £* into F. The

linear transformation T is called the complexification of T.

Example Q. Let £ and F be finite dimensional linear spaces of dimension
nand m, and let X = {z;,...,z,} and Y = {y1,...,ym} be ordered bases
in £ and F, respectively. If T is a linear transformation of £ into F, then
the equations

m
Tz; = Zaijyi, i=1,...,n, (2)
i=1
define an m x n matrix

11 .o QA1

Aml .. Qmn

called the matriz of T with respect to X andY. (When £ = Fand X =Y,
A is called the matriz of T with respect to X.)

A linear transformation of a linear space £ into a linear space F is
determined by its action on a Hamel basis for £, but is otherwise quite
arbitrary.

Proposition 3.3. Let £ and F be linear spaces over the same scalar field,
and let X be a Hamel basis for £. Then for each mapping ¢ of X into
F there exists a unique linear transformation Ty, : £ — F such that
Tyl X = ¢.
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PROOF. We may suppose X to be indexed as X = {x,},er, so each vector
y in £ has a unique representation

y= Z’\’Y'T‘Y

~el’

where {\y} er is a similarly indexed family of scalars, all but some finite
number of which are zero. If S and T are two linear transformations of £
into F such that S|X = T|X, then it is clear that

() 2 (2)

for any such indexed family {\,}, and hence that S = T. Thus T} is unique
if it exists. On the other hand, simply setting

Ty (E )‘7"37\) = Z)‘vd’(x'r)

defines the desired linear transformation. O

Definition. A one-to-one linear transformation of a linear space £ onto a
linear space F is a (linear space) isomorphism of £ onto F. Two linear
spaces are isomorphic if there exists a linear space isomorphism of one
onto the other.

Example R. If £ is an n-dimensional real [complex] linear space and X =
{z1,...,2,} is an ordered basis for £, then the mapping

n
Zaixii’(ala )
i=1

that assigns to each vector in £ its n-tuple of coordinates with respect to
X is a linear space isomorphism of £ onto R™[C"].

If £ and F are linear spaces over the same scalar field, and if S and T
are two linear transformations of £ into F, then the sum S + T is defined
by pointwise addition: (S + T)x = Sz + Tz for all « in £. Likewise, for
each scalar «, the mapping oS is defined by (a.S)x = a(Sz) for all z in &.
Clearly S+T and a.S are also linear transformations of £ into . Moreover,
these definitions turn the set of all linear transformations of £ into F into
a new linear space—the full space of linear transformations of £ into F.
The zero element of this linear space is the linear transformation 0 defined
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by 0z = 0 for all x in £. (The full space of linear transformations of £ into
its scalar field coincides with the full algebraic dual of £ (Ex. H).)

Suppose now that £, F, and G are all vector spaces over the same scalar
field. Let T be a linear transformation of £ into F and let S be a linear
transformation of F into G. Then the composition S o T is a linear trans-
formation of £ into G called the product of S and T and denoted by ST.
The multiplication of linear transformations satisfies the following relations
whenever the various products are defined:

(a) R(ST) = (RS)T,
(b) R(S+T)= RS+ RT; (R+S)T = RT + ST, 3)
(¢) a(ST) = (aS)T = S(aT).

In particular, if R, S and T" denote linear transformations of a linear space
£ into itself, then all of these products are defined, and the relations (3)
hold without exception.

Conditions (3) are the main ingredients in the definition of a linear
algebra.

Definition. A real [complex] vector space A on which is given a product
satisfying the conditions

(a) z(yz) = (zy)z,
(b) z(y+z2)=zy+zz; (z+y)z=zx2z+yz,
(c) a(zy) = (az)y = z(ay),

for all elements z,y, z of A and all scalars « is a real [complex] (associa-
tive, linear) algebra. If A possesses an element 1 such that 1z = z1 = z
for every z in A, then 1 is the identity or unit of A (such an element
is obviously unique if it exists and will, if necessary, be denoted by 1,),
and A is said to be a unital algebra or an algebra with identity or unit.
If A is a unital algebra with identity 1, and if A is a scalar, we shall
simply write A for A1 when no confusion can result. Likewise, if A is
a unital algebra and if = is an element of .4, then an element y of A is
the inverse of z in A if zy = yz = 1. (The inverse of an element z is
obviously unique if it exists and is denoted by z=!.) An element of A
that possesses an inverse in A is said to be invertible (in A).

Thus the full space of linear transformations on a linear space £ is a
unital algebra in which the transformation 1¢ is the identity element and
in which an element S is invertible if and only if R(S) = £ and K(S) = (0)
(Prop. 3.2). Similarly, the field R is a real algebra, while the field C is both
a real and a complex algebra. Indeed, according to the general principle
laid down in Example B, every complex linear algebra is also a real algebra.
Other examples of important and useful algebras abound.
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Example S. The linear space R[z] of real polynomials (Ex. E) is a real
algebra with respect to ordinary multiplication of polynomials. Similarly,
C[z] is a complex algebra.

Example T. On any set X the real [complex] linear space Fg (X)[Fc (X)]
of all real-valued [complex-valued] functions on X (Ex. G) is a real [com-
plex] algebra with respect to pointwise multiplication:

(F9)(z) = f(2)g(z), z € X, f,g€ Fr(X)[Fc(X)].

These algebras are unital, having for identity the constant function identi-
cally equal to one, and an element of either algebra is invertible if and only
if it never assumes the value zero.

Thus far we have considered only functions of one vector variable, but
we shall also be interested in certain kinds of functions of two variables.
Suppose that £ and F are linear spaces over the same scalar field, and let
¢ = ¢(z,y) be a scalar-valued mapping defined on the direct sum £ + F.
If for each fixed yo in F the function ¢(z,yo) is a linear functional on &,
and, for each fixed g in &, ¢(xo,y) is a linear functional on F, then ¢ is
a bilinear functional on €+ F. If £ = F, then ¢ is a bilinear functional
on €. The set of all bilinear functionals on £ + F is a linear space with
linear operations defined pointwise. In particular, the set of all bilinear
functionals on £ is a linear space. A bilinear functional on a linear space
£ is symmetric if ¢(z,y) = ¢(y, x) for every pair of vectors z,y in .

When £ and F are complex, there is a notion closely related to that of a
bilinear functional on £ + F that we shall have occasion to use. A mapping
¥ : £+ F — Cis said to be a sesquilinear functional on € + F if y(z, yp) is
a linear functional on & for each yo in F and 9¥(xo,y) is a linear functional
on F for each z¢ in £. (Another way to state the second of these conditions
is to say that ¥(zo,ay; + Byz2) is equal to @(xo,y1) + B(xo,ye) for all
complex numbers «, # and all vectors y1,y2 in F; such a functional is said
to be conjugate linear.) When £ = F, v is called a sesquilinear functional
on £. A sesquilinear functional ¢ on £ is said to be Hermitian symmetric
if Y(z,y) = Y(y,z) for all z and y in &.

PROBLEMS

A. Verify that the intersection of an arbitrary nonempty collection of linear
submanifolds of a vector space £ is a linear submanifold of £. Use this fact
to show that for any subset M of £ the linear manifold (M) coincides with
the intersection of the collection of all those linear submanifolds of £ that
contain M. Conclude also that the system of all linear submanifolds of £
is a complete lattice (in the inclusion ordering). (Hint: Recall Problem
1K.)
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Let £ be a vector space and let 7 denote the partially ordered set consisting
of all linearly independent subsets of £ (in the inclusion ordering).

(i) Verify that the following conditions are equivalent for an element J of
J: (a) Jis maximal in J, (b) (J) =€, (c) J is a Hamel basis for £.

(ii) Prove that if Jo is any simply ordered subset of 7, then | J Jo € J.

(iii) Conclude that if Jo is an arbitrary element of J and M is any subset
of £ that contains Jo, then there exists a Hamel basis X for (M) such
that Jo € X C M. In particular, £ itself possesses a Hamel basis.

Let X = {z1,...,zm} and Y = {y1,...,yn} be linearly independent sets
of vectors in a linear space £, and suppose X is contained in the linear
submanifold M = (Y). Show that m < n and that it is possible to select
a set Z of exactly n — m vectors from Y so that X U Z is also a basis
for M. (In particular, if m = n, then the set X is itself a basis for M.)
Conclude that if a vector space £ possesses a finite basis, then any two
bases for £ contain the same number of vectors, and that, if dim& = n,
then no linearly independent subset of £ contains more than n vectors and
£ itself is the only n-dimensional linear submanifold of £. (Hint: The
heart of the matter is that if a vector z belongs to M, and if, in the
expression £ = ) . Ay, some A;, # 0, then the set Y consisting of =
and {y: € Y : 1 # ig} is linearly independent, and is therefore another
basis for M.)

If M is a linear manifold in a linear space £ and N is another linear
manifold in £ such that M NN = (0) and M + N = £, then N is a
complement of M in €. Show that every linear manifold in a linear space
£ has a complement in £. (Hint: Recall Problem B.)

Two subsets M and N of a linear space £ are independent if (M) N(N) =
(0). More generally, an indexed family {M, },er of subsets of £ is inde-

pendent if M., and U‘v ot M., are independent for each index v'.

(i) Show that a set J of nonzero vectors in £ is linearly independent if and
only if for every partition of J into the union J' U J” of two subsets
the sets J' and J” are independent.

(ii) Prove that if {J,},ecr is an independent family of linearly independent
subsets of £, then J = U'r <r J~ is a Hamel basis for the linear manifold

2 er ()

Let £ and F be linear spaces over the same scalar field, and let T be a linear
transformation of some linear submanifold M of £ into F. Show that there
exists a linear transformation T of £ into F such that T = T|M. (Hint:
Use Problem B or Problem D.)
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If T is a linear transformation of a linear space £ into a linear space F, and
if its range R(T') is finite dimensional, then dim R(T') is called the rank of
T (notation: rank T'). Likewise, if the null space X(T) is finite dimensional,
then dim K(T') is the nullity of T. Show that if £ is finite dimensional, then
for an arbitrary linear transformation 7' : £ — F we have

(rank T') + (nullity of T) = dim .

Conclude that if S is a linear transformation on an n-dimensional linear
space £, then § is invertible if either K(S) = (0) or R(S) =&, i.e,, if either
the nullity of S vanishes or the rank of S equals n. Show finally that if
there exists a linear transformation R on £ such that either RS = 1 or
SR =1, then S is invertible and R = S~ 1.

The space R, »[Cm,»] of all real [complex] m xn matrices is a real [complex]
linear space when equipped with the usual (entrywise) linear operations.
Let £ and F be finite dimensional real [complex] linear spaces and, as in
Example Q, let X = {z1,...,zn} and Y = {y1,...,ym} be ordered bases
in £ and F, respectively. Show that the mapping ® that assigns to each
linear transformation of £ into F its matrix with respect to X and Y is
a linear space isomorphism of the full space of linear transformations of £
into F onto Ry n[Com,n].

. Let F be a self-conjugate linear space of complex-valued functions on a set

X, and let ¢ be a linear functional on F.

(i) Verify that ¢ is self-conjugate if and only if its restriction ¢ | Fr to the
real-valued functions in F takes real values.

(ii) The functional ¢ is called positive if ¢(f) > 0 whenever f is a non-
negative-valued function belonging to . Show that if F has the prop-
erty that the system Fg of real-valued functions in F is a function lat-
tice, and if ¢ is positive, then ¢ is automatically self-conjugate. (Hint:
Recall Problem 2M.)

Let A be a linear algebra. A linear manifold S in A that is closed with
respect to products is a subalgebra of A. If S has the additional property
that, for every s in S and z in A, sz belongs to S [zs belongs to S], then
S is a right [left] ideal in A. If S is both a left and a right ideal, then S is
a two-sided ideal, or, more simply, an ideal in A.

(i) Show that if S is a two-sided ideal in A, then the quotient vector space
A/S equipped with the product [z]ly] = [zy] forms an algebra. This
algebra A/S is called the quotient algebra of A modulo S.

(ii) The linear spaces Cé{m)((a,, b)) and Cﬁ({") ([a, b]) of Examples L and M are
subalgebras of the real algebras Fg((a,b)) and Fg([a,b]), respectively.
Similarly, Cém)((a, b)) and C((:m)([a, b]) are subalgebras of the complex
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algebras F¢ ((a,b)) and F¢ ([a,b]), respectively. Are any of these sub-
algebras ideals?

K. Let A and B be algebras over the same scalar field, and suppose ¢ is a linear
transformation of A into B such that ¢ preserves products (i.e., such that
d(zy) = o(x)¢(y) for every pair z,y of elements of .A). Then ¢ is called
an (algebra) homomorphism of A into B. (If A and B are both unital
algebras, then the homomorphism ¢ is said to be unital if ¢(14) = 15.)
If ¢ is a vector space isomorphism of A onto B that is also an algebra
homomorphism, then ¢ is an algebra isomorphism of A onto B, and if such
an isomorphism exists, A and B are said to be isomorphic (as) algebras.

(i) Let ¢ be a linear transformation of A into B, and let X = {z,} be
a Hamel basis for A (regarded as a linear space). Verify that ¢ is an
algebra homomorphism if and only if ¢(zz./) = ¢(x,)P(z,+) for every
pair x, . of elements of the basis X.

(ii) Verify that if 7 is an ideal in A, then the natural projection 7 of A onto
the quotient algebra A/J is a homomorphism with kernel 7. Show in
the converse direction that if ¢ is an arbitrary homomorphism of A into
B, then the kernel (@) is an ideal in A, the range R(¢) is a subalgebra
of B, and the result of factoring ¢ through K(¢) (Ex. O) is an algebra
isomorphism of the quotient algebra A/K(¢) onto R(¢).

(iii) Show that if £ and F are vector spaces, and if 1 is a linear space isomor-
phism of £ onto F, then ¢(T) = 5Tn~! defines an algebra isomorphism
¢ of the full space of linear transformations on £ onto the full space of
linear transformations on F. (The isomorphism ¢ is said to be spatially
implemented by 7.)

L. Let £ be a finite dimensional real [complex| linear space, and let X =
{z1,...,zn} be an ordered basis for £. Verify that the linear space iso-
morphism of the full space of linear transformation on £ onto Ry, n[Cn n]
obtained by assigning to each linear transformation on £ its matrix with
respect to X (Ex. Q, Prob. H) becomes an algebra isomorphism when
R»,n[Cr,»] is equipped with the standard row-by-column product, accord-
ing to which the product AB of two n xn matrices A = (a;;) and B = (0;;)
is the matrix C = (;;) where

n
Yi; = E aikﬂkj, z,]:l,...,n.
k=1

M. Let A be a real [complex] unital algebra with identity 1, and let  be an
element of A. Prove that there exists a unique unital homomorphism ¢,
of the algebra R[\] [C[A]] of all polynomials in the indeterminate X into
A such that ¢-(A) = z. (Hint: The sequence {1, X, A\%,...} constitutes a
Hamel basis for R[A] and C[)\] (Ex. E); use Problem K(i).) The image
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¢=(p) of a polynomial p under the homomorphism ¢, is denoted by p(z)
and is referred to as the result of evaluating p at x.

N. The subspace (po(z)) of the algebra R[z| constructed in Example I is

an

ideal in R[z], so that, according to Problem J, the quotient space

R[z]/(po(z)) is actually a real N-dimensional algebra where N denotes the
degree of po. Show that if one takes for py the quadratic polynomial z> +1,
then the quotient algebra R[z]/(po(z)) is, in a natural way, isomorphic as
a real algebra to the complex field C.

O. Let £ and F be linear spaces over the same scalar field, let M and N
be linear submanifolds of £ and F, respectively, and let ¢ be a bilinear
functional on M +A. Show that ¢ can be extended to a bilinear functional
on £ + F. (Hint: Recall Problem D.)

P. (i) By the quadratic form of a bilinear functional ¢ on a vector space € is
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(ii)

meant the functional
b(z) = ¢(z,z), zTEE.

Verify that ¢ and $ are related by the identity

#a,y) +0(w,2) = 5 [Be+1) ~9@-v)], sye

and conclude that if ¢ is symmetric, then, in fact,

$(z,9) = 3 [#z+) - 3 — )]

for all z and y in £. Thus a bilinear functional is uniquely determined by
its quadratic form if it is symmetric. Show, however, that two different
nonsymmetric bilinear functionals may have the same quadratic form.

Similarly, by the quadratic form of a sesquilinear functional % on a
complex vector space £ is meant the functional

%(z) = P(z,7), zTEE
Verify that v and ¥ are related by the identity
¥(@,9) =§{ [Pe+v) -¥@-v)

4)
+i [@(z +iy) — Pz — iy)] }

valid for every pair of vectors z and y in £&. Thus on a complex lin-
ear space every sesquilinear functional is uniquely determined by its
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quadratic form. (The identity (4) is known as the polarization iden-
tity.) Show also that a sesquilinear functional is Hermitian symmetric
if and only if its quadratic form is real-valued.

Q. Let £ be a complex vector space and let ¥ be a sesquilinear functional on
E. Then ¢ is positive semidefinite if 1/) > 0, where ¥ denotes the quadratic
form of ¢. (If z/;(a:) > 0 for all z # 0, then ¥ is positive definite.)

(i) Verify that if ¢ is positive semidefinite, then v is automatically Her-
mitian symmetric, and also satisfies the inequality

(2, y)|* < P(@)P(y), w,y€EE. (5)

(Hint: Inequality (5) is unchanged if y is multiplied by a complex
number « such that |y| = 1. Hence it suffices to treat the case ¥(z,y) >
0. Consider the quadratic function

Bz + ty) = P(z) + 2t9(z, y) + 29 (y)

of a real variable t. Setting a = i(y),b = 9(z,y), and ¢ = /1;(:1:), one
has
at® +2bt +¢ >0

for all values of ¢, and therefore b* < ac by elementary algebra.) Show
also that if 4 is a positive semidefinite sesquilinear functional on £ and
if 1/)(z) = 0, then 1/)(:6 z) = 0 for every z in £, and conclude that the

set Z={z€E:9P(2) = = 0} is a linear submanifold of £.

(ii) Similarly, if £ is a real vector space and ¢ is a bilinear functional on £,
then ¢ is said and to be positive semidefinite [positive definite] if ¢ is
symmetric and $ >0 [a(z) > 0 for all z # 0]. Verify that a positive
semidefinite bilinear functional on a real vector space £ satisfies the
inequality

l6(z,9)* < 6(z)d(y), =z y€EE. (6)

Show also that the assumption of symmetry cannot be dropped in the
real case by giving an example of a (nonsymmetric) bilinear functional
¢ on a real vector space that fails to satisfy (6) even though $ > 0.
(Hint: Construct a 2 X 2 matrix.)

R. Let £ be a real vector space. If zo,...,Tn and z are vectors in £, then
z is an affine combination of the vectors xo, ...,z if there exist scalars
80y...,8m such that £ = spzo + ... + SmZTm and sg + ...+ 8m = 1. A
subset A of £ is an affine variety in £ if x € A whenever z is an affine
combination of vectors belonging to A.

(i) If zo, z; are distinct vectors in &, then the line through zo and z; is

the set L of all affine combinations of zo and z;. Verify that a line is
an affine variety in £, and that a subset A of £ is an affine variety if
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(ii)

(iii)

and only if A contains the entire line L through z¢ and z; whenever
zo and z; are distinct vectors in A.

Show that if A is an arbitrary nonempty collection of affine varieties
in £, then [) A is also an affine variety in £. Conclude that if M is
any subset of &, then there is a smallest affine variety A(M) (called
the affine variety spanned by M) in € that contains M. Verify that the
affine variety spanned by a finite set of vectors {zo,...,zm} coincides
with the set of all affine combinations soxo + ... + Sm&m.

Show that if A is an affine variety in £ and a € £, then the translate
a + A is also an affine variety. Verity that an affine variety in £ is
a linear submanifold of £ if and only if 0 € A. Conclude that the
nonempty affine varieties in € coincide with the various cosets of linear
submanifolds of £.

S. Let £ be a real vector space. If xo,...,Tm and x are vectors in £, then z is
a convez combination of the vectors zg,...,zn if there exist nonnegative
scalars sg,...,8m such that t = sozo+ ...+ SmTm and so + ... + 8y = 1.
A subset C of € is convez if x € C whenever z is a convex combination of
vectors zo, . . .,Zm belonging to C.
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(i)

(iii)

If 9 and z; are vectors in &, then the line segment £(zo,z1) joining
o to x; is the set of all convex combinations of zo and x1. Verify that
£(zo0, 1) is convex, and that a subset C of £ is convex if and only if C
contains £(zo,z1) whenever zo,z1 € C.

If C is an arbitrary nonempty collection of convex sets in £, then (| C is
also convex. Hence if M is an arbitrary subset of £, there exists a small-
est convex set C(M) in & (called the convex hull of M) that contains
M. Verify that the convex hull of a finite set of vectors {zo,...,Zm}
coincides with the set of all convex combinations spzo + ... + SmZTm.

Let C be a convex set in £. If a € £, then the translate a + C is also
convex. If T': £ — F is a linear transformation of £ into another real
vector space F, then T(C) is convex in F.



Cardinal numbers

If X and Y are finite sets, containing, say, m and n elements, respectively,
then it is obvious that there exists a one-to-one mapping of X onto Y if
and only if m = n. A quite natural extension of this use of numbers to
classify sets according to their size was made by Georg Cantor [6], who
introduced the “cardinal number” of any set X, finite or not, to represent
the number of elements in X. This goes as follows: A symbol, called the
cardinal number of X (notation: card X), is associated with each set X
according to the rule that card X and card Y shall be equal if and only if
there exists a one-to-one mapping of X onto Y.

There is a small logical difficulty here. We have said when two cardinal
numbers are equal without saying precisely what a “cardinal number” is.
This difficulty could easily be overcome if it were worth the trouble to do so;
for our purposes such a discussion would not be fruitful, and we therefore
omit it. The reader is encouraged to consult [8] or [11], where such matters
are discussed in detail. It should be noted that this agreement on when
two sets have the same cardinal number ensures that card X = card Y
if and only if card Y = card X, that cavrd X = card X for every set X,
and likewise that if card X = card Y a1 1 card Y = card Z, where Z is
some third set, then card X = card Z (see Problem 1B). Thus equality of
cardinal numbers is an equivalence relation.

Example A. As noted above, two finite sets have the same cardinal number
if and only if they possess the same number of elements. Thus if X is a finite
set containing n elements, we may and do take for the cardinal number of
X the number n of elements in X (card X = n). In particular, we take
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card @ to be 0.

Example B. The function f(n) = n+ 1 provides a one-to-one mapping of
the set Ny of all nonnegative integers onto the (strictly smaller) set N of
all positive integers. Thus card Ny = card N, even though N is a proper
subset of Ng. Employing universally accepted notation, we write card N =
card Ng = Rg (in English: aleph naught). A set X with card X = Ro—i.e.,
one that can be placed in one-to-one correspondence with the system N of
natural numbers—will be called countably infinite.

Example C. The linear function f(t) = (b — a)t + a provides a one-to-
one mapping of the closed unit interval [0, 1] onto the closed interval [a, b
provided @ < b. It follows at once that any two nondegenerate closed
intervals of real numbers have the same cardinal number.

Example D. The same argument as in the preceding example also shows
that any two nonempty open intervals of real numbers have the same car-
dinal number. Moreover, the function ¢(t) = t/(1 + |¢|),t € R, provides a
one-to-one correspondence between all of R and the open interval (-1, +1)
(Ex. 2B). Hence for any two real numbers a and b such that a < b,

card (a,b) = card R.

This cardinal number will, in the sequel, be denoted by R (aleph) and will
also be called the power of the continuum. (The cardinal number of a set
was sometimes referred to by Cantor and others as the power of that set.)

Definition. If X and Y are sets, we say that card X is less than or equal to
card Y (notation: card X < card Y) if there exists a one-to-one mapping
of X into Y, or equivalently, if there exists a subset Yy of Y such that
card X = card Yy. Note that if card X’ = card X and card Y’/ =
card Y, and if card X < card Y, then card X’ < card Y’. Thus < is
actually a relation between cardinal numbers and is independent of the
sets representing those cardinal numbers.

Example E. If X is a set and A is a subset of X, then the inclusion
mapping of A into X (Ex. 1E) provides a one-to-one mapping of A into
X. Thus A C X implies card A < card X. On the other hand, if X is
a finite set and if card A = card X for some subset A of X, then A = X.
(That this conclusion may fail to hold when X is an infinite set was seen
in Example B.)

Example F. Let X be an infinite set, so that there does not exist any
nonnegative integer n such that X consists of exactly n elements, and let
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s be a mapping that assigns to each subset E of X other than X itself
an element of X\E (see Example 1N). Set ¢#(1) = s(@), and suppose
¢ is defined and one-to-one on the set of integers {1,...,n}. Then the
set E, = ¢({1,...,n}) contains exactly n elements and therefore cannot
coincide with X, so s(E,) exists, and we define ¢(n + 1) = s(E,). Thus
by mathematical induction we obtain a one-to-one mapping ¢ of all of N
into X. This shows, of course, that card X > Ny, and hence that Ry is
the smallest infinite cardinal number, that is, the smallest of the cardinal
numbers ¢ such that n < ¢ for every positive integer n. A set X such that
card X < Ny, i.e., a set that is either finite or countably infinite, is said
to be countable. (This same construction shows also that every infinite
set has the property that it has the same cardinal number as some proper
subset of itself.)

The distinction between those sets that are countable, and therefore
can be arranged somehow into a sequence indexed either by N or by some
segment {1,2,...,n} of N, and those sets that are not countable (so-called
nondenumenrable or uncountably infinite sets) is of fundamental significance
throughout all of mathematical analysis. The following example is drawn
from the theory of ordered sets.

Example G. A simply ordered set X is said to be densely ordered or, more
simply, dense if it contains at least two elements and if for each pair z,y
of distinct elements of X there are elements of X strictly between x and y.
Suppose Y is a dense simply ordered set that possesses neither a greatest
element nor a least element (that is, is unbounded both above and below).
Let X be another simply ordered set and let ¢ be an order isomorphism
of some nonempty finite subset F of X into Y. If F is enumerated as
F = {z;,...,z,} in such a way that z; < ... < &, and if y; = ¢(z;), =
1,...,n, then y; < ... < yn, of course, since ¢ is an order isomorphism.
Moreover, if 27 denotes an arbitrary element of X not belonging to F,
then one has (a) £+ < z1, or (b) z+ > z,, or (c) there is a unique positive
integer i(1 < i < n) such that z; < z+ < z;41. But according to our
assumptions concerning Y, in any of these cases there is an element y* of
Y that stands in the same relation to the subset {y1,...,yn}; that is, we
can select y* < y; in case (a), y* > y, in case (b) and y; < y* < y;41 in
case (c). But then, setting ¢+ (z) = ¢(x) ‘or each z in F and ¢*(z*) =y,
we extend the order isomorphism ¢ to an order isomorphism ¢ of FU{z*}
into Y.

It follows at once from the foregoing discussion, by mathematical induc-
tion, that an ordered set such as Y contains subsets order isomorphic to
every set of integers of the form {1,...,n} (and hence to every finite simply
ordered set, cf. Example 1X). But more can be said. Suppose that the or-
dered set X is countably infinite, and that X is enumerated as a sequence
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{zn}52,. (The given simple ordering of X need not have anything to do
with the ordering of the subscripts in this enumeration; in particular, it is
not assumed that X is order isomorphic to N.) We first select an arbitrary
element y; of Y and set y; = ¢1(z1). Then if ¢,, is an order isomorphism
of {z1,...,2,} into Y, we set ¢ny1 = ¢ as above, with z+ = z,41. In
this way we obtain, by mathematical induction, an order isomorphism of X
into Y. Thus an ordered set such as Y contains subsets order isomorphic
to any given countable simply ordered set.

Finally, this construction can be further improved upon in significant
fashion when the sets X and Y both possess the properties ascribed to
Y, that is, are both dense and unbounded above and below, and are also
both countable. Indeed, suppose X is enumerated as an infinite sequence
{zn}S2; and that Y is also enumerated as {y,}52 ;. We begin by setting
}{z,} (1) = Y1, and suppose next that ¢ is an order isomorphism of some
nonempty finite subset F of X into Y. We then extend ¢ to an order
isomorphism ¢+ of a larger set F* into Y as follows: If the number n of
elements in F is even, we set ' equal to the first term of the sequence {z,}
that does not belong to F, define F+ = F U {z*}, and set ¢p+ = (¢p)*
as above; if, on the other hand, the number n is odd, we set y* equal
to the first term of the sequence {yn} that does not belong to ¢r(F),
extend the order isomorphism @' to an order isomorphism (pph)* of
¢r(F)U{y™} into X just as above (but with the roles of X and Y reversed),
and then define ¢p+ = ((¢;1)+)‘1. In this way we obtain, once again
by mathematical induction, an order isomorphism of all of X onto all of
Y. Thus any two countable simply ordered sets that are both dense and
unbounded above and below are order isomorphic. It follows at once, of
course, that two countable, dense, simply ordered sets are order isomorphic
if and only if they agree in possessing or not possessing a greatest and/or
a least element.

It is easily verified that the relation < between cardinal numbers is
reflexive and transitive. Thus to prove that < is a partial ordering, it
suffices to prove the following theorem.

Theorem 4.1 (Cantor-Bernstein Theorem). If X and Y are any two sets
such that card X < cardY andcardY < card X, thencard X =card Y.

PROOF. We are given that there exists a one-to-one mapping ¢ of X into
Y and a one-to-one mapping 7 of Y into X, and our task is to construct
a one-to-one mapping of X onto Y. For each set A in 2% define ®(A4) =
X\(Y\p(A)). Clearly if A; C Ay in 2%, then $(A;) C ®(A2),s0 @ isa
monotone increasing mapping of 2% into itself with respect to the inclusion
ordering. Hence, by the Banach-Knaster-Tarski lemma (Prop. 1.2), there
exists a set Ag in 2X such that ®(Ag) = Ag. Write By = ¢(Ao) and

68



4 Cardinal numbers

consider the mapping w with domain X obtained by setting w(z) = ¢(z)
for each x in Ag and w(zx) = ¥ ~1(z) for each z in X\ Ag = ¥(Y\By). Direct
calculation shows that w is a one-to-one mapping of X onto Y, and the
proof is complete. O

Readers interested in questions concerning the foundations of mathe-
matics, and more particularly in the various uses of the axiom of choice,
may be surprised to note that, while the axiom of choice was used in Ex-
ample F, and that, indeed, the facts established there cannot be proved
without the use of some version of the axiom of choice, the apparently
deeper and more complicated Cantor-Bernstein theorem is proved without
any recourse, direct or indirect, to the axiom of choice.

Example H. If ¢ and b are real numbers such that a < b, then the open
interval (a,b) is contained in the closed interval [a,}], while if ¢’ < a and
b < b/, then [a,b] C (¢/,b'). Hence by the Cantor-Bernstein theorem the
cardinal number of an arbitrary nondegenerate closed interval [a, b] is ®—
the power of the continuum. (Similarly, of course, R is the cardinal number
of the half-open intervals [a,b) and (a, b].)

Example 1. Let us denote by S the set of all infinite sequences {e,}32;
in which each term &, is either zero or one. The mapping ¢ assigning to
each sequence {£,} in S the number

0.mnz-7pn--+ , where 9, =2¢,, neN,

in ternary notation (so that ¢({en}) = Y o>, 7. /3") is a one-to-one map-
ping of S into the unit interval {0,1] (Th. 2.12), whence it follows that
card S < N. On the other hand, the mapping 1 assigning to each sequence
{en} in S the number

0.6160€p -+

in binary notation (so that ¥({e,}) = > oo, €,/2™)is a mapping of S onto
[0, 1] (once again, see Theorem 2.12), and it follows (Prob. A) that card § >
R. Thus card S = X by the Cantor-Bernstein theorem.

As a matter of fact, the relation < is a simple ordering on any set of
cardinal numbers.

Theorem 4.2. For any two cardinal numbers ¢ and d, either ¢ < d or
d<ec.

ProoF. Let X and Y be sets such that card X = ¢ and card Y = d, and
consider the collection Z of all one-to-one mappings of various subsets of X
into Y. Then Z is a partially ordered set in the extension ordering (Prob.
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1L). Moreover, if K is any simply ordered subset of Z, then the supremum
UK is again an element of Z (Prob. 1M). Thus Z is a partially ordered set
with the property that every simply ordered subset of Z is bounded above
in Z. Hence, by Zorn’s lemma, Z contains a maximal element ®. Let A
and B denote the domain and range, respectively, of ®q, so that A is a
subset of X, B a subset of Y, and ®¢ is a one-to-one mapping of A onto
B. If both X\ A and Y\ B are nonempty, we may choose an element x of
X\A and an element yo of Y\B and then extend ®¢ to a mapping ®; of
AU{zp} into Y by writing

®o(z), € A,
<I>1(a:)={y00() z=x0.

Since it is clear that ®; belongs to Z and properly extends ®g, this con-
tradicts the supposed maximality of ®9. Hence, either A= X or B =Y,
and the theorem follows. O

Example J. Just as in any simply ordered set, it follows at once from the
foregoing result that in any finite set {c,. .., c,} of cardinal numbers there
exists a largest element ¢; V...V ¢, and a smallest element ¢; A ... A cp.

According to Example F (in the notation introduced in Examples A and
B), the list of cardinal numbers begins (in natural order) as follows:

0,1,2,...,n,...,Ro.

That the list of cardinal numbers does not end with Rg is another funda-
mental observation that we owe to the genius of Cantor.

Theorem 4.3 (Cantor’s Theorem). For any set X, card 2X > card X.

ProOOF. The mapping £ — {z} carrying each element z of X to the
singleton on z is a one-to-one mapping of X into 2%, which shows that
card X < card 2X. Hence to complete the proof it suffices to show that
card X # card 2X. Suppose, on the contrary, that there exists a one-to-one
mapping ¢ of X onto 2X. Let A = {x € X : z ¢ ¢(x)}, and denote by
zo that element of X for which ¢(x¢) = A. If =y belongs to A, then zg
belongs to ¢(xg), so o does not belong to A. On the other hand, if
does not belong to A, then zq fails to belong to ¢(z¢), so z¢ belongs to
A. Thus neither zg € A nor o ¢ A is possible, and we have reached a
contradiction. O

If X is a finite set containing n elements, then it is an elementary com-
binatorial fact that the power class on X contains 2™ elements. In other
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words, X has exactly 2" subsets. For this reason, and for others to be
elucidated shortly (see Problem D), it is customary to write 224X for the
cardinal number of the power class on an arbitrary set X. Thus, in par-
ticular, 2%° is the cardinal nimber of the power class on N. This cardinal
number is the first uncountable cardinal number we have encountered, but
it is easy to construct others. Indeed, if we write R() = 2% R() = ox®
etc., we obtain a strictly increasing sequence R(D R . R . of car-
dinal numbers, each of which is uncountable.

Example K. For an arbitrary set X it is clear that the correspondence
between the subsets of X and their characteristic functions (Prob. 1R) is
one-to-one, and hence that for any cardinal number ¢ the cardinal number
2° may also be regarded as the cardinal number of the collection of all
characteristic functions on some set X of cardinal number c. In particular,
2% is the cardinal number of the collection S of all sequences {e,}52; of
zeros and ones. Thus (Ex. I) the cardinal numbers R and 2% coincide:

R = 280,

The question whether the cardinal number R = 2% is the smallest car-
dinal number that is larger than R is known as the “continuum problem”.
More generally, it may be asked whether, for any infinite cardinal number
¢, there exist any cardinal numbers between ¢ and 2°. These questions
pertain to the foundations of mathematics, and we refer the reader to (8]
for a treatment of them.

If X and Y are finite sets containing m and n elements, respectively,
then it is evident that the cardinal number of the product X x Y is mn.
Furthermore, if X and Y are disjoint, then card (X UY) = m 4 n. These
elementary observations lead in a natural way to the definition of the sum
and product of any two cardinal numbers.

Definition. Let ¢ and d be cardinal numbers, and let X and Y be sets such
that card X = ¢ and card Y = d. Then we define cd = card (X x Y).
Moreover, if X and Y are disjoint (such disjoint representations of ¢ and
d always exist; see Problem 1T, then we define ¢+ d = card (X UY).

Once again it is easily verified that these definitions are independent
of the particular sets X and Y employed, and hence that addition and
multiplication are well-defined operations on cardinal numbers. (Note that
it follows from these definitions that c+0=0+c¢=c and cl = lc = c for
every cardinal number c.)

Example L. According to Example B we have Ro+1 = Ry. More generally,
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it is easy to see (mathematical induction) that Rg +n = n 4+ Xg = R¢ for
every positive integer n. Much more is true however.

Example M. The function f(n) = 2n provides a one-to-one mapping of
the set N of positive integers onto the subset E of all even positive integers.
Similarly, the function g(n) = 2n—1 yields a one-to-one mapping of N onto
the subset O of all odd positive integers. Since N= EUO and ENO = @,
this shows that

No + Vo = No.

More generally, for every positive integer n the sum of Rg with itself n times
is No:
n

e e,
Ro+ ...+ Rp = Ng.

The equation Rp + No = No, simple as it may be, is of historical signifi-
cance. It seems to have been officially noted first by Galileo, who concluded
that “... the attributes ‘equal’, ‘greater’, and ‘less’, are not applicable to
infinite, but only to finite, quantities [7]. Such uneasiness concerning the
ancient “paradoxes of infinity” clearly contributed to the resistance that
Cantor’s ideas had to overcome.

Example N. The cardinal number of the set Ny of nonnegative integers
is Xp (Ex. B), as is the cardinal number of the set of all negative integers.
Thus card Z = Ny + Rg = Ro.

Example O. According to Example F, if ¢ is an infinite cardinal number,
then there exists a cardinal number a such that ¢ = a + Ny. But then,
of course, c+ Rg = (a + Ng) +No = a + (No + No) = a+ Vo = c¢. (The
associativity here employed is a special case of the general associative law
for the addition of cardinal numbers; see Problem B.) It follows at once from
this fact that if ¢ is an infinite cardinal number and n is any nonnegative
integer, then c+n =c.

The multiplicative counterpart of the additive formula Ro + Ro = Rp is
given by the following proposition.

Proposition 4.4. The product RoRg i also equal to ¥g.

PROOF. The mapping p of N x N into N defined by

(m+n—1)(m+n—2)
2

p(m,n) = +m, m,neN,
is easily seen to be one-to-one and onto N. O
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Example P. According to Proposition 4.4 and Example N, the cardinal
number of the product P = Z x N is Rg. Since the mapping (j, k) — j/k
maps P onto the set Q of all rational numbers, it follows (Prob. A) that
this latter set is also countable. Since it is clear that Q is infinite, this
shows that card Q = R.

A particularly useful form of Proposition 4.4 is given by the following
corollary.

Corollary 4.5. Any countable union of countable sets is countable. That
is, if T is a countable index set, and if each of the sets X., in the indexed
family {X, }er is countable, then U = |, X is also countable.

PrROOF. We may suppose I' to be infinite (for otherwise the desired result
may be obtained without recourse to Proposition 4.4; see Example M).
Hence we may suppose that the given indexed family is simply an infinite
sequence {X,}32 ;. Let {Y,}32; be the disjointification of this sequence
(Prob. 1U), and for each positive integer n let g, be a one-to-one mapping
of Yy, into the countably infinite set {(m,n) : m € N}. Then the mapping
9 = Upen 9n (Prob. 1M) is a one-to-one mapping of U into N x N, so
card U < Ng. O

The notions of sum and product extend without difficulty to arbitrary
collections of cardinal numbers.

Definition. Let {c,} er be an indexed family of cardinal numbers, and
let {X,} er be a similarly indexed family of sets such that card X, =
¢y, € I'. Then we define

Hc,,:ca.rd HX,,,

~yer ~yerl

and, in the event that the sets X, are pairwise disjoint (such pairwise dis-
joint representatives of the cardinal numbers c,, always exist; see Prob-
lem 1T), we likewise define

Zc.,=ca,rd UXV.

yer yer

(Here again it is seen at once that addition and multiplication are well-
defined operations on the cardinal numbers ¢, and do not depend on
the representing sets X.,. If {cy,...,c,} is a finite system of cardinal
numbers, so that the index family is just the set {1,...,n}, we also write
ci1+...+c, and ¢y ... c, for the sum and product, respectively.) Clearly,
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these definitions agree with our earlier ones when the index family is the
doubleton {1,2}.

Example Q. Let I' be an index set, let X be a set, and let ¢ = card X.
The product X x I' is the disjoint union of the indexed family {X,} er,
where X, = X x {v},7 € T. It follows that if ¢, = ¢ for each v in T, then

Z ¢y = c(card T).

~€el

Thus the multiplication of cardinal numbers may be viewed as the result
of repeated additions, just as in the case of the multiplication of natural
numbers.

The following result provides a useful generalization of Proposition 4.4.

Proposition 4.6. Ifc is an arbitrary infinite cardinal number, then cRg =
c.

PROOF. Let X be a set such that card X = ¢, and consider the collection
Z of all disjoint collections of countably infinite subsets of X. Then Z is a
partially ordered set in the inclusion ordering. Moreover, if K is any simply
ordered set of such collections, then C = | JK is also a disjoint collection of
countably infinite subsets of X, so C € Z. Thus Z is a partially ordered set
with the property that every simply ordered subset of Z is bounded above
in Z, and, according to Zorn’s lemma, Z has a maximal element Cy. The
collection Cp contains at least one countably infinite set Ay (Ex. F), and
the set Y = |JCp is a subset of X such that X\Y is finite. (Indeed, if X\Y
were infinite, then it would contain a countably infinite subset A (Ex. F),
and Co U {A} would be an element of £ dominating Cp, thus contradicting
the assumed maximality of Cy.) Hence, if we set A; = Ag U (X\Y), then
card A; = Ry (Ex. L). Consequently, if C; denotes the collection of sets
obtained by replacing Ag by A; in Cy, then C; is a partition of X into
countably infinite subsets, and it follows, as in the preceding example, that
¢ = card X = dR¢, where d denotes the cardinal number of C;. But then,
of course, R = (dRg)Ng = d(RoRg) = dN¢ = ¢ by Proposition 4.4. (The
associativity here used is a special case of the general associative law for
the multiplication of cardinal numbers; see Problem B.) O

PROBLEMS

A. Let X and Y be sets and suppose that there exists a mapping of X onto
Y. Show that card Y < card X. (Hint: Recall the axiom of choice.) Show,
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conversely, that if 0 < card Y < card X, then there exists a mapping of
X onto Y.

Let {cy}yer be an indexed family of cardinal numbers and let {T's}sca
be an arbitrary indexed partition of the index set I'. Verify the extended
associative laws

Yo=Y e [[o=T[ [«

~€l €A veT ~€l €A veTlg

Formulate and prove similarly extended commutative laws for the addition
and multiplication of cardinal numbers. (Hint: Recall Problem 1G.) Show
also that the distributive law

()5

Y€er ~Yer

holds, where a is an arbitrary cardinal number and {c,} is an arbitrary
indexed family of cardinal numbers.

Prove that if C is an arbitrary set of cardinal numbers, then there exist
cardinal numbers strictly larger than any element of the set C.

Problem C establishes the somewhat disconcerting fact
that the notion of a “set of all cardinal numbers” is simply
unthinkable—all cardinal numbers cannot be encompassed in
any one set. This observation, known historically as Cantor’s
paradoz, is a good example of the new class of “paradoxes of
the infinite” —serious problems apparently pertaining to the
very heart of our powers of conceptualization. The modern
point of view, roughly speaking, is that, among all of the
various collections of things (sometimes called classes), some
are privileged to be sets, while others are not. Thus, the class
of all cardinal numbers is perfectly thinkable, but this is one
of the classes that (as we have just seen) cannot possibly be
a set.

For any two sets X and Y we define (card Y)**? X to be the cardinal
number of the set Y* of all mappings of X into Y (cf. Example 1L). Verify
that this definition of ¢? for cardinal numbers ¢ and d depends only on ¢
and d, and not on the representing sets, and that this notation extends the
notation 2° introduced earlier for the cardinal number of the power class
on a set X of cardinal number ¢. Show also that

1°=1andc* =¢

for every cardinal number c¢. Show finally that if {c,}er is an indexed
family of cardinal numbers such that ¢, = ¢ for each index v, where c
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denotes some one fixed cardinal number, then
I I ey = ccard 1".
yer

(Thus the exponentiation of cardinal numbers may be thought of as result-
ing from repeated multiplications, just as in the case of the exponentiation
of natural numbers.)

Show that
ab+c — abac,
(ab)c — abc
and
(ab)® = a®b°

for arbitrary cardinal numbers a, b and c.

Verify that 82 = 8% = ... = R® = R, and conclude that the cardinal
number of every nontrivial finite dimensional linear space is X. Show also
that R = 2", and conclude that ¢® = 28,2 <c <R

Show that R = No for every positive integer n, and also that x{f 0 =R.

Find ) ynand [T 7

Let X be a set and let C be a covering of X. Suppose each set A in
C satisfies the inequality card A < ¢, where ¢ denotes some one fixed
cardinal number. Verify that card X < ¢(card C). Conclude, in particular,
that card X < card C if ¢ < ®¢ and C is infinite. (Hint: One may assume
the sets in C to be subsets of X; recall Example Q and Problem A.)

(i) Let X and Y be infinite sets. Suppose that to each element y of Y
there corresponds some finite subset F, of X, and suppose also that
the family {Fy,}ycy covers X. Verify that card X < card Y.

(ii) Let £ be an infinite dimensional linear space, and let X and Y de-
note two Hamel bases for £ (see Chapter 3 for definitions). Use (i)
to show that card X = card Y. (Thus all Hamel bases for any one
infinite dimensional linear space € have the same cardinal number.
This common cardinal number is known as the Hamel dimension of
€. The Hamel dimension of a finite dimensional linear space is simply
its dimension.) (Hint: If y is any vector in Y, then there exist a unique,
finite, nonempty subset F, of X and unique nonzero scalars {\:}zcrF,
such that y = Zmer AzZ.)

A partially ordered set X is said to be countably determined if there exists a
countable cofinal subset of X (Prob. 1I). Give an example of a directed set
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that is not countably determined. Show that if A is a countably determined
directed set, then there exists a monotone increasing sequence {An}az; in
A that is cofinal in A.

Show that the set Q[z] of all rational polynomials is countably infinite.
(Hint: Use Problem G to show that the set of all rational polynomials

of degree less than n is countable for each positive integer n, and employ
Corollary 4.5.)

A real number t is called algebraic if it is a root of some rational polynomial,
i.e., if there exists a rational polynomial p(z) such that p(t) = 0. Verify
that the set of all algebraic numbers is countably infinite, and use this fact
to conclude that there exist real numbers that are franscendental, that is,
not algebraic. Show that, in fact, the cardinal number of the set of all
transcendental real numbers is X. (Hint: A rational polynomial of degree
7 has at most n distinct roots, real or complex.)

This simple, elegant proof of the existence of transcen-
dental numbers was one of the early triumphs of cardinal
number theory and helped assure that the theory would sur-
vive in spite of the many difficulties (both real and imagined)
that beset it.

Show that nc = c for every infinite cardinal number ¢ and positive integer
n.

If c1,...,cn are cardinal numbers, and if ¢; < ¢,i = 1,...,n, where ¢ is
some infinite cardinal number, then

ca+...+cen<c
In particular, if ¢; V...V ¢, is infinite, then

ci+...+chn=c1V...Vcn.

Let {c¢y }+er and {d,}¢r be similarly indexed families of cardinal numbers
such that ¢y < d,,y€T.

(i) Verify that 35 ¢y <3 rdyand[] ey <], epdy. Show by ex-
ample that ¢, < dy,v € T, does not imply either Z"/EF ey < qur d,
or Hwer ¢y < qur dy.

(ii) Show that Z'yEI‘GY < qur‘ d, provided d, > 1 for every index 7.
(Hint: It suffices, in view of (i) to verify that 3 dy <[] rdy
Suppose first that d is infinite for each index <, and let {X,} be a
similarly indexed family of sets such that card X, = d,,y € I'. Then
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= H-y er X+ # @ by the axiom of products (Chap. 1). Fix an element
T of II and for each index +y let Ay denote the set of all those elements
of I1 that agree with T at every index except . Then {A,\{Z}} er is
a disjoint family of subsets of I and card 4,\{z} =d,,y€T.)

Q. (Koénig’s Theorem [15]) Let {cy }yer and {dy}er be similarly indexed fam-
ilies of cardinal numbers such that ¢y < dy,y €T.
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(i) Let {X,}~er be a similarly indexed family of sets such that card X, =

dy,y€T,let

H=HX~,,

vyer

and suppose that, for some index <, A, is a subset of II such that
card A, = ¢,. Show that if B, = m,(A4,), then X,\B, # &, and
conclude that if {A,}yer is an arbitrary collection of subsets of II
(indexed by the same set I') such that card A, = ¢,,7 € I', then
U, er Ay # I (Hint: If By = my(Ay),7 €T, then [ (X4\B,) # @
by the axiom of products.)

(ii) Prove that 3°_ ¢y <[] crdy

Let X be an infinite set, and let £ denote the collection of all one-to-one
mappings ¢ of various subsets of X into X x X having the property that, if
the domain of ¢ is A, then the range of ¢ coincides with A x A(C X x X).

@

(if)

(iii)

The set Z is a partially ordered set in the extension ordering (see
Problem 1M). Show that if K is an arbitrary simply ordered subset of
Z, then the supremum | JK belongs to Z, and employ Zorn’s lemma
to show that Z contains a maximal element.

Let ¢o be a maximal element of Z as in (i), let Ag denote the domain
of definition of ¢o (so that ¢o(Ao) = Ao X Ao), and suppose a =
card Ao < card X. Show that the difference X\ Ao contains a subset
A; such that card A; = a, and also that if we set A = Ap U Aj, then
card ((A x A)\(Ao X Ag)) = a. (Hint: Recall Problem O and use the
fact that card (Ao x Ao) = a.)

Conclude that, in fact, a = card X, and hence that card (X x X) =
card X.

If ¢1,...,cn are cardinal numbers, and if ¢; < ¢, = 1,...,n, where c is
some infinite cardinal number, then

c1...cp < c

In particular, if ¢; V...V ¢, is infinite, then

c1...cpn=cC1V...VcCn.



4 Cardinal numbers

T. Let £ be a linear space, £ # (0), and let X be a Hamel basis for £.
Then for each vector u # 0 in £ there exists a unique nonempty finite
subset F,, of X and corresponding unique nonzero scalars {Az}zer, such
that u = ZI Py Azz. Prove that, for every positive integer n, the set
S, = {u € £: card F, = n} has cardinal number dX where d = card X
denotes the Hamel dimension of £, and conclude that

card £ =dR=dVNR,
(Hint: {Sr}az, is a partition of £\{0}.)

U. Let £ be a linear space, let X be a Hamel basis for £, and let d = card X
be the Hamel dimension of £.

(i) Let & denote the full algebraic dual of £ (Ex. 3H). If £ is a real [com-
plex] vector space, then £’ can be placed in one-to-one correspondence
with the set R*X[C*]. Hence card £& = R?. (Hint: Recall Proposition
3.3)

(ii) Prove that if £ is infinite dimensional, then the Hamel dimension of
£’ is greater than or equal to R, and use Problem T to conclude that
if £ is an arbitrary infinite dimensional linear space, then the Hamel
dimension of £’ is precisely R%. (Hint: Let Xo be a countably infinite
subset of X, let X, = X\Xp, and arrange Xy in an infinite sequence
{zn}azo- For each positive real number t there is a unique element f;
of £ such that

filzn) =1t", neNg,
ft(:c) = 0, T € Xl.

Show that the set of linear functionals f;,0 < t < 400, is linearly
independent.)
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Recall from Chapter 1 that a partially ordered set W is said to be well-
ordered if every nonempty subset of W possesses a least element. As has
been noted, a well-ordered set W is simply ordered, and it is easily seen
that an element w of W has an immediate successor provided w is not the
greatest element of W.

Example A. If W is well-ordered and nonempty, then W itself has a
least element wy, and if W contains more than one element, then wgy has
an immediate successor w;. Continuing in this way, one sees that if W
is a finite well-ordered set containing n elements, then W has the form
W = {wo,...,wp_1} with wy < ... < wy_1. In other words, W is order
isomorphic to the set {0,...,n — 1} of the first n nonnegative integers (in
its natural order, cf. Example 1X).

Example B. The sets N and Ny (in their natural order) are order isomor-
phic infinite well-ordered sets (Ex. 1W).

Example C. The set of all countable cardinal numbers is a well-ordered
set

0,1,...,71.,...,&0

possessing the maximum element ®g. In this well-ordered set the element
Ro has no immediate predecessor, that is, Ng is not the successor of any
element of the set. Thus while every element of a well-ordered set (except
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the maximum element if there is one) has a successor, there may well be
elements (other than the least) that are not themselves successors.

Example D. If W; and W are disjoint well-ordered sets, then there is a
unique ordering of the union W; U W5 that extends the given orderings of
both W; and W5 and that possesses the property that every element of W,
is less than each element of W,. It is readily verified that this ordering turns
W1 U W; into a well-ordered set. (If A is a nonempty subset of W; U W,
and if A contains elements of W7, then the least element of AN W; in W,
is the least element of A in W; U Ws; if A C Wy, then the least element
of A in W is also its least element in Wy U Wa.) The well-ordered set
thus constructed will be denoted by W; + Wy (to be distinguished from
Wa + W1). Thus the well-ordered set in Example C is simply No + {Ro}.
Similarly, if Nj is some well-ordered set that is order isomorphic to Ny and
disjoint from the latter, then No + Nj is a well-ordered set that is not order
isomorphic to any of the examples presented above.

To facilitate the study of well-ordered sets, and for other purposes as
well, we associate with each well-ordered set W a symbol, to be called the
ordinal number of W (notation: ord W) according to the rule that two
well-ordered sets are to have the same ordinal number if and only if they
are order isomorphic.

Note that we do not give a definition of the term “ordinal number”,
just as we did not define “cardinal number” earlier. As before, this is done
because to do otherwise would take us too far afield and would serve no
useful purpose. The reader is invited to consult [8] and [11] for a discussion
of these matters. It is appropriate to point out, however, that if Wy, W
and W3 are any well-ordered sets, then ord W7 = ord W, when and only
when ord Wy = ord Wi,ord W1 = ord Wi, and also ord W1 = ord W
and ord W, = ord W3 imply ord W1, = ord W3.

Example E. As has already been noted, every well-ordered set contain-
ing exactly n elements is order isomorphic to the set {0,1,...,n — 1} of
nonnegative integers, and we take the ordinal number of such a set to be
n. (In particular, the ordinal number of the empty set is 0.) Thus for
finite well-ordered sets the same symbol does double duty, serving as both
cardinal and ordinal number of the set. For infinite well-ordered sets the
situation is quite different.

Example F. In keeping with universally accepted notation, we write w for
the ordinal number of Ny. It follows, of course, that w = ord N also.

Example G. If Wl,wl and Wg,ﬁ;g are order isomorphic pairs of well-
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ordered sets, and if W1 NW, = W’l N Wg = &, then it is clear that the
ordered set Wi + Wy is order isomorphic to Wl + W2. It follows that the
ordinal number ord(W; + W3) depends only on ord W; and ord W», and
not on the representing sets Wi and Ws,. Accordingly, it makes sense to
define

ord W; + ord Wy = ord (W1 + Wz).

Thus, in particular, the ordinal number of the well-ordered set
0,1,...,8g

of Example C is ord Ng + ord {R¢} = w + 1, while the ordinal number of
the set No + Nj of Example D is w + w.

If W is any infinite well-ordered set, then W begins
wo<w < ...< Wy < .n (1)

In other words, W begins with a copy of Ng. In order to make this idea
precise we introduce the following terminology.

Definition. A subset A of a partially ordered set X is an initial segment
of X ifye A and z <y imply z € A. In particular, if z is an arbitrary
element of X, then the set A, = {z € X : < z} is an initial segment
of X. We shall call A, the initial segment of X determined by z.

It is a special feature of well-ordered sets that (almost) all of their initial
segments are determined in this manner.

Lemma 5.1. If W is a well-ordered set, and if A is an initial segment of
W, then either A =W or A = A,, for some (unique) element w of W.
The collection A of all initial segments of a well-ordered set W is well-
ordered in the inclusion ordering, and the mapping w — A,, is an order
isomorphism of W onto the complement in A of the singleton {W} (so
that ord A = (ord W) + 1).

PrOOF. If A # W, then W\ A has a least element w, and it is clear that
A,, C A. On the other hand, if z belongs to A, then z < w must hold, since
otherwise z > w and therefore w € A, contrary to fact. Thus A C A,
and the proof of the first assertion of the lemma is complete. The second
assertion is an immediate consequence of the first. O

Lemma 5.2. Suppose that W; and W, are well-ordered sets, and that
¢ and 1 are both order isomorphisms of W onto initial segments of
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W,. Then ¢ = v and consequently ¢(W1) = ¥(W;). In particular, no
well-ordered set is order isomorphic to any initial segment of itself other
than itself.

PROOF. If ¢ # ¢, then the set {w € W; : ¢(w) # ¥ (w)} has a least element
wg. We suppose, without loss of generality, that ¢(wo) < ¢¥(wo). Since the
range of 1 is an initial segment of W5, there must be some w < wp such
that ¥(w) = ¢(wp). On the other hand, by the definition of wy, we must
have ¥(w) = ¢(w). Thus ¢(w) = ¢(wp) and therefore w = wg, contrary to
hypothesis. (The final assertion of the lemma may also be obtained from
Problem 1P.) O

These lemmas enable us to prove one of the central results concerning
well-ordered sets.

Theorem 5.3. If W, and W, are any two well-ordered sets, then either
W, is order isomorphic to an initial segment of Wy, or Wy is order
isomorphic to an initial segment of W,. Moreover, in either case, the
order isomorphism is unique, and both conclusions are valid if and only
if W, and W, are order isomorphic to one another.

Proor. It suffices, in view of Lemma 5.2, to establish the first assertion
of the theorem. Consider the collection Ag of all those initial segments
A of W, with the property that there exists an order isomorphism of A
onto an initial segment B of W,. If A € Ay then, according to Lemma
5.2, the initial segment B4 of W, to which A is order isomorphic, and the
order isomorphism ¢4 of A onto By, are both uniquely determined by A.
Moreover, if A € Ag and if A’ is an initial segment of A, then it is easily
seen that ¢4|A’ is an order isomorphism of A’ onto an initial segment B’
of B4 = ¢4(A), whence it follows that A’ belongs to A along with A.

Thus Ap is not only well-ordered in the inclusion ordering, but is an
initial segment in the well-ordered set of all initial segments of W;, and
the mapping A — ¢4 of Ay into the partially ordered set of mappings
of subsets of W; into W2 (in the extension ordering; see Problem 1M)
is an order isomorphism. In particular, the system {¢4}ac4, is nested.
Consider the supremum ¢o = |J AcA, Pa- It is a triviality to check that ¢
is an order isomorphism of the initial segment 4¢ = |J Ao of W) onto an
initial segment By of W5, and hence that Ag is itself an element of Ay, and
therefore the greatest element of Ay.

Suppose now that Ag is not equal to W; and By is also not equal to Ws.
Then there exist elements w, of W, and w; of W, such that A9 = A4, and
By = A,,. But then the mapping

o3 (w) = { do(w), w € Ao,

wa, w = wi,
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is an order isomorphism of the initial segment A; = Ay U {w;} of W; onto
an initial segment of W, in contradiction of the fact that A is the greatest
initial segment in Ap. Hence either Ag = W; or By = Ws. O

Example H. If W; and W5 are order isomorphic well-ordered sets, then
by the foregoing result (or Lemma 5.2) the order isomorphism of W, onto
W, is absolutely unique. Thus the order isomorphism n — n + 1 of Ny
onto N is the only order isomorphism between these two ordered sets (Ex.
1W).

The preceding theorem shows that any two well-ordered sets are compa-
rable in a certain precise sense. In order to exploit this fact we introduce
the following notion.

Definition. Let W; and W5 be well-ordered sets. Then ord W; < ord W»
if and only if W; is order isomorphic to an initial segment of W,. (It
is obvious that this relation is well-defined and is, in fact, a partial
ordering.)

In terms of this notion, Theorem 5.3 translates immediately into the
following result.

Corollary 5.4. If¢ and n are any two ordinal numbers, then either £ <17
orn <&

Thus the relation < between ordinal numbers is a simple ordering. More
than this is true, however. The following idea is of basic importance in the
further study of ordinal numbers.

Definition. For any ordinal number o we shall denote by W (a) the ordinal
number segment consisting of the set of all ordinal numbers £ such that
& < a. (Thus, for example, W(0) = @ and W(w) = Ny.)

If Wy is a well-ordered set having o for its ordinal number, then the
ordinal numbers in W(a) are, by definition, precisely the ordinal numbers
of the various initial segments of Wy (excluding W) itself). Thus for each
€ in W(a) there is a unique element we in Wy such that £ = ord A,,. It
follows that the mapping ¢ : W(a) — Wy defined by setting ¢(§) = we is
an order isomorphism of W (a) onto Wy. Indeed, it is clear that the range
of ¢ is Wp, and it is not hard to see that ord A,, < ord A,, if and only
if £ <nin W(a). Thus we have proved the following basic theorem.

Theorem 5.5. Every well-ordered set W can be indexed in a unique and
order preserving manner by means of the ordinal numbers in the ordinal
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number segment W(a) consisting of all ordinal numbers less than a =
ord W.

It is an immediate consequence of this theorem that every ordinal num-
ber segment W (a) is well-ordered. Once again, however, more is true.

Corollary 5.6. Every set of ordinal numbers is well-ordered.

PROOF. If © is a nonempty set of ordinal numbers and if a € O, then either
O NW(a) is empty, in which case « is the least element of 6, or 8 N W ()
is nonempty, in which case the least element of W () that belongs to © is
the least element of 6. O

Corollary 5.6 leads to another historically interesting and logically trou-
bling observation. If there were a set of all ordinal numbers, then this
well-ordered set would consist of all those ordinal numbers less than its
own ordinal number. But then the latter ordinal number would have to be
greater than every ordinal number, a clearly impossible situation known
as the Burali-Forti paradoz [4,5]. This logical difficulty joins the Cantor
paradox of cardinal number theory as one of the so-called “antinomies”
of set theory. Since these difficulties hold no interest for us, we shall say
no more of them, except to remark, once again, that the modern point of
view coincides with that of Cantor, viz., that there exist certain (curious)
collections that cannot be dealt with as ordinary sets, and that the ordinal
numbers and cardinal numbers provide examples of such collections. This
unpleasantness does not hinder the study of analysis since in practice one
is always able to choose a sufficiently large ordinal number « (or cardinal
number ¢) and conduct business with the set W(a) of all ordinal numbers
less than o (or with the set of all cardinal numbers less than c).

Theorem 5.5 provides a very convenient notation for dealing with well-
ordered sets. (In fact, since it shows that every well-ordered set is order
theoretically indistinguishable from some ordinal number segment W{a),
we may, for the most part, deal directly with such number segments when-
ever well-ordered sets are needed.) Observe that this indexing is consistent
with (1); the first element of a well-ordered set W is wyg, the second w,
etc. If W is infinite and is not exhausted by the initial segment {wy, }nen, ,
then the first element after all of these is w,. If still larger indices are
required, we use the ordinal numbers w+1,w+2,...,w+mn,... that follow
w. Beyond these ordinal numbers we have w + w,w +w + 1, and so on (see
Problems D and G).

The question of how large a well-ordered set can be is an important
one. In order to formulate the problem precisely, we begin with the trivial
observation that if two well-ordered sets are order isomorphic, so that they
have the same ordinal number, then they automatically have the same
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cardinal number as well. Hence it makes sense to define the cardinal number
of an ordinal number « (notation: card &) to be the cardinal number of
any well-ordered set that represents . (Note that this mapping a —
card a from ordinal numbers to cardinal numbers is far from being one-
to-one. Indeed, as we shall see, for each infinite cardinal number ¢ there
are infinitely many ordinal numbers « satisfying the equation card a =
¢.) In these more precise terms we ask again: Which cardinal numbers
are cardinal numbers of ordinal numbers? The surprising answer to this
question is provided by the following theorem.

Theorem 5.7 (Zermelo’s Well-ordering Theorem). Every set can be well-
ordered. Equivalently, every cardinal number is the cardinal number of
some ordinal number.

PROOF. Let X be aset and let W denote the collection of all pairs (A4, <4),
where A is a subset of X and <4 is a well-ordering of A. If (A4, <4) and
(B, <p) are two elements of W, we define (4, <4) < (B, <pg) to mean that
A (in the ordering <4) is contained in B as an initial segment. It is clear
(Th. 5.3) that < is a partial ordering of W. Moreover, if {(4,,<4,)}er
is an indexed subset of W that is simply ordered in the ordering <, then
the collection of sets {A,},er is nested, and if we write A = J,cp 45, it
is obvious that there exists a unique partial ordering < on A that extends
the ordering <4, on A, for each index . We shall show that (4, <) is an
upper bound for the set {(A,,<4,)}in W.

Note first that each set A, (in the ordering <4 ) is an initial segment
in A. Indeed, if a belongs to A, for some index v, and if x is an element
of A such that z < a, then z € A, for some index 7, and either A, is
an initial segment of A,, in which case it is obvious that x € A,, or else
A, is an initial segment in A/, in which case, once again, it is clear that
z € A,. Hence, to prove that (A, <) is an upper bound in W for the family
{(A,,<4,)} it suffices to show that < is a well-ordering of A. Suppose B
is a nonempty subset of A. If v is an index such that BN A, # &, then
the least element of BN A, (in the ordering <4 ) is also the least element
of B (in the ordering <) since A, is an initial segment of A. Thus < is a
well-ordering of A, so the pair (A4, <) belongs to W.

We have shown, in summary, that W is a partially ordered set in which
every simply ordered subset is bounded above, and it follows by Zorn’s
lemma, that W possesses a maximal element—say (Ag, <¢)—in the ordering
<. The proof of the theorem will be complete if we show that Ag = X.
But if Ay # X, and if 7o is any element of X\ Ay, then the well-ordered
set Ag + {ro} (Ex. D) contains Ag as a proper initial segment, a manifest
contradiction of the maximality of Ag. a

The foregoing argument shows that Zermelo’s well-ordering theorem is
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implied by Zorn’s lemma. As a matter of fact, it turns out that Zorn’s
lemma, Zermelo’s well-ordering theorem, and the axiom of choice are all
mutually equivalent. By this is meant that, given the other usual elemen-
tary apparatus of set theory, any one of these three propositions can be
derived from any other. (Thus, from a purely logical point of view, one
might as well take Zermelo’s well-ordering theorem as one of the axioms of
set theory; see Problems R, S, T, U, and V.)

Definition. For each infinite cardinal number ¢ the collection N, of all
those ordinal numbers £ such that card £ = ¢ is called the number class
of ¢. According to the preceding theorem the set N, is never empty,
and, being well-ordered (Cor. 5.6), possesses a least element called the
tnitial number of c.

Example I. The initial number of the cardinal number Ry is w. By Zer-
melo’s well-ordering theorem there exist uncountable ordinal numbers, i.e.,
ordinal numbers a such that card @ > Ry. Hence there is a first or least
uncountable ordinal number. This ordinal number will be denoted by (2.
The number class of Ny (sometimes called the first number class) is then
W(Q\W (w) = W(Q)\No.

Proposition 5.8. Every set of cardinal numbers is well-ordered.

PROOF. It suffices to show that if C' is a nonempty set of cardinal numbers,
then C contains a least element. Let ¢y be a cardinal number belonging
to C and let Cy denote the set {c € C : ¢ < ¢p}. It clearly suffices to
show that Cy has a least element. Let a be an ordinal number such that
card & = ¢g. Then the mapping ¢ — w, assigning to each element ¢ of Cy
its initial number is an order isomorphism of Cj into W (), and the result
follows. O

Notation and Terminology. There is a smallest uncountable cardinal
number, which we denote by N; (aleph one). There is next a smallest
cardinal number greater than N;, which we denote by X,. Continuing in
this fashion, and assuming R,, already defined, we define ®,;; to be the
smallest cardinal number to exceed ®,,. Then the smallest cardinal number
exceeding R, for every positive integer n we denote by R, etc. In general,
for any infinite cardinal number ¢, the collection of infinite cardinal numbers
less than ¢ will be written as

Ro, Ry, .oy Ry oo Ry Ry Ry eney
that is, as a family {N¢}¢<qo of alephs indexed by the ordinal numbers less
than a uniquely determined «. In this same spirit, the initial number of

the cardinal number R, will also be denoted by we. (Whether ®; = 2%
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is the continuum problem once again; whether R¢y; = 2%¢ for all £ is the
generalized continuum problem.)

Example J. The initial numbers wy and w; are also known, of course, as
w and €, respectively (Ex. I).

Example K. The number class N, of the aleph R¢ is W(wei1)\W (we).

Proposition 5.9. The number class N; of the infinite cardinal number
R, has cardinal number R, 1. (Thus the number class of each aleph is
a representative of the next larger aleph.)

PROOF. By the foregoing example, we have W (we41) = W(we) + N¢, and
therefore card wey1 = card we + card N¢, or, equivalently,

Reip = Re 4+ card Ng,
whence the result follows by Problem 40. a

Corollary 5.10. For any ordinal number a and any subset © of the ordinal
number segment W (wq,+1) such that card © < X,, 6 is bounded above
in W(wa+1)-

PROOF. Let E denote the initial segment |J;cq W(§). Since card W (¢) =
card £ < R, for each £ in ©, and card © < R, we have card = < N2 = R,
(see Problems 4I and 4S), and it follows by Proposition 5.9 that there exist
elements 3 of W(wqy+1) that dominate every element of =. a

Example L. Every countable subset of W(2) is bounded above in W(Q).

We close this chapter with two theorems that encompass most of the
usual applications of ordinal numbers to mathematical analysis.

Theorem 5.11 (Principle of Transfinite Induction). Let a be an ordinal
number, and let S be a subset of W(a). If S satisfies the condition
that W(n) C S implies n € S for each ordinal number n in W (a), then
S =W(a).

PROOF. Set © = W(a)\S, and suppose © # @&. Then O contains a

smallest ordinal number 7 by Corollary 5.6. But then, W(n) C S and
therefore n € S, a contradiction. O

It is easy to see that if @ < w, the above theorem reduces to the more
familiar principle of mathematical induction (cf. also Problem J). It should
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come as no surprise that there is likewise a natural extension of the proce-
dure of definition by mathematical induction into the realm of transfinite
ordinal numbers. In reading the following theorem, which clearly subsumes
Theorem 2.5, the reader should bear in mind that most (if not all) defini-
tions in mathematics may be regarded as definitions of functions.

Theorem 5.12 (Principle of Transfinite Definition). Let o be an ordinal
number, let X be a set, and let F denote the collection of all mappings
f of number segments W (€),£ < a, into X. Suppose given a mapping
g of F into X. Then there exists a unique mapping h of W(a) into X
satisfying the equation h(¢) = g(h|W (§)) for every £ in W(a).

Proor. If & = 0 there is nothing to prove. For positive «, consider the
set 9 of those ordinal numbers 7 < a such that there exists a mapping f
of W(n) into X satisfying the equation

f(&) =g(fIW(€)), &£<n. (2)

We observe first that if n = 0, then W(n) = & and the empty mapping
satisfies (2), so that 0 belongs to 6y. Next, if # belongs to O and if
f1 and f; are mappings of W(n) into X, both of which satisfy (2), then
f1 = f2. (Indeed, if f; # fo, then there is a least element & < 7 such that
fi1() # f2(§0). But then fi|W (&) = f2|W (&), which implies, contrary
to hypothesis, that f1(§0) = g(f1IlW (&) = 9(f2|lW(&)) = f2(§0).) Thus
if  is in ©g, then there is a unique mapping f : W(n) — X—call it
fo—such that (2) holds. Moreover, if { belongs to 6y and if n < {, then
f = fc|W(n) clearly satisfies (2), which shows that 7 also belongs to 8¢ and
that f¢|W(n) = f,. Thus 6y is an initial segment in W (a), and the family
of mappings { f, }nce, is nested. Denote by k the supremum & = U,’eeo fn-
The domain of definition of k is then the set W = (), .o, W (7), which is an
initial segment in W (a), and it is clear that k satisfies (2) for each n in W.
(If 8¢ has a greatest element 3, then W = W (3); if not, then W = 6y.)
If W = W(a), then we set h = k. On the other hand, if W # W(a), then
W = W(no) for some g < a, so k belongs to F and g(k) is a well-defined
element o of X. Hence we may define a mapping k* as follows:

+ — k({), { <o
k (6)—_{-”:0? §=770

Then k' satisfies (2) for 7 = no + 1, so that, if 7o + 1 were less than o,
then 79 would belong to W, contrary to definition. Hence, we must have
70 + 1 = «, so that in this case we may set h = k. O

The role of the function g in Theorem 5.12 is to describe exactly how the
“inductive step” is taken in a transfinite definition. We have introduced
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this notion in order to elucidate as clearly as possible the mechanics of an
inductive definition. In actual practice, however, it is not customary to set
forth a function “g” explicitly. All that is required for a valid transfinite
definition is that a clear-cut recipe be given for determining h(¢) in terms
of the behavior of h on W(§). It should also be pointed out that what is
defined in an inductive definition is most usually thought of as an indexed
family {z¢}¢<a rather than as a function h; thus in a typical application
of Theorem 5.12, neither “g” nor “h” is likely to appear explicitly.

PROBLEMS

A.
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Show that a simply ordered set S fails to be well-ordered if and only if S
contains a subset that is order isomorphic to Nj—the set of nonnegative
integers in the inverse ordering (Ex. 1P). Conclude that both S and S* are
well-ordered when and only when S is finite.

Let W be a well-ordered set and let V be a subset of W. Show that
ord V < ord W. (Hint: Recall Problem 1P.)

Show that addition of ordinal numbers is associative but not commutative.
Verify also that the ordinal numbers greater than a given ordinal number
a are precisely the ordinal numbers of the form o+ &, £ > 0, and give an
example of two nonzero ordinal numbers a and £ such that { + a = a. Is
it possible for £ + « to be strictly less than a?

According to the preceding problem, the smallest ordinal number greater
than a given ordinal number « is a4+ 1, and for each positive integer n the
smallest ordinal number greater than o + n is a + n + 1. Show that the
smallest ordinal number greater than all of the numbers a + n,n € Ny, is
o+ w.

Prave that if 8 and 7 are ordinal numbers such that 3 < «, then a + 8 <
a+ 7y for every ordinal number «, and use this fact to show that if o, 3 and
&, n are ordinal numbers such that o+ 8 = £ + 7 and 8 < 7, then a > £.

An ordinal number p is a remainder of an ordinal number « if there exists
an ordinal number £ such that o = £ + p. Show that for an arbitrary
ordinal number a the number of distinct remainders of « is finite. Thus,
for example, the only remainder of an initial number is that number itself.
(Hint: Appeal to Problem A.)

An ordinal number that is the successor of some other ordinal number
(that is, has an immediate predecessor in the natural ordering of ordinal
numbers) is, by Problem D, of the form 1 = £+1. Such ordinal numbers are
said to be of type I. (The ordinal number 0 is also of type I by convention.)
All other ordinal numbers are known as limit ordinals or limit numbers.
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Examples of ordinal numbers of type I are 1,w+w+5 and 2+9. Examples
of limit ordinals are w, w+w, and . Every initial number is a limit number.
Every ordinal number « can be written (uniquely) as & = A + n where A
is a limit number and n € No. Show also that a + w is the smallest limit
number greater than a.

. Let p be a limit ordinal.

(i) Show that a limit ordinal X in W{u) is the greatest limit ordinal less
than y if and only if 4 = A + w.

(if) If X is a limit number in W(g), then A + w < p and therefore V) =
WA+ w)\W(X) C W(u). Show that the sets V), where A ranges over
the limit numbers in W (), together with Vo = W{(w), constitute a
partition of W (), and use this fact to give a new proof of Proposition
4.6.

. Let I be a well-ordered index set, let {W,},er be a disjoint family of well-
ordered sets indexed by I', and let <., be the ordering of W.,,. Then the
union W = Uver W., can be ordered as follows: If z and y belong to W,
and W.,, respectively, and if ¥ # 4/, then z S y if v S+ while if y = '
then =z < y if and only if z <, y. Show that W is well-ordered by this
ordering and that it makes sense to define

Z ord Wy = ord W.

73y

Show too that for any family {c.} indexed by T, we have

card (Z a.,) =) card oy,

yer ~€r

(When the index set is finite, say I' = {70,...,7n}, we sometimes write
Gy + ...+ ay, for the sum }° . a,.) Verify that if {ay} is a family of
ordinal numbers indexed by I', and if A C T, then

E a”SE Q.
YeEA 73N

Prove, finally, that if A is a limit number, then the sum Z£ <x ¢ of a family
{a¢} of ordinal numbers indexed by W(}) is the least ordinal number
greater than or equal to all of the “partial sums” Z€ <n @M < A. (Thus,
in particular, for a sequence of ordinal numbers {an }5>, the sum

oo
E Qp = E Oy
n=0

neNg

is the supremum of the set of finite sums o9 + ... + an,n € Ng.)
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Let p( ) be a predicate that is either true or false for every ordinal number
in some ordinal number segment W(a),a > 0. Suppose the following
conditions are satisfied:

(1) p(0) is true,

(2) If p(¢) is true, and if £ + 1 < a, then p(¢€ + 1) is true,

(3) If A is a limit number in W («), and if p(¢) is true for every £ in W(A),
then p(A) is true.

Show that p(§) is true for every € in W (). (This is another version of
Theorem 5.11 having the slight advantage that, when a < w, (3) becomes
vacuous, whereupon the result reduces to the familiar principle of mathe-
matical induction.)

Call a subset J of a partially ordered set X inductive ify € X and Ay C J
imply y € J. (This notion of an inductive set should be distinguished
from those introduced in Chapters 1 and 2.) The essence of Theorem 5.11
is that if W is a well-ordered set, the only inductive subset of W is W
itself. Show, in the converse direction, that if X is simply ordered and if
the only inductive subset of X is X itself, then X is well-ordered. Does
this assertion remain valid if the assumption that X is simply ordered is
dropped?

If = is an element of a partially ordered set X, then the successor z* of =
is the least element of the set of elements of X strictly larger than z. (If
no such least element exists, then z has no successor.) Suppose X has the
following properties:

(1) X has a least element,
(2) Every element of X that is not maximal has a successor,
(3) Every subset of X that is bounded above in X has a supremum in X.

Prove that X is well-ordered. (Give examples to show that no two of these
three properties imply the third.)

If X and Y are arbitrary simply ordered sets, there is a useful way to order
the product X xY. If z; € X and y; € Y, i = 1,2, we declare (z1,y1)
to be less than (z2,y2) if 21 < z2in X orif 1 = z2 and y1 < y2 in Y.
(This ordering is known as the lezicographical ordering of X x Y.) Verify
that if V and W are well-ordered sets, then V' x W is well-ordered in the
lexicographical ordering, and that it makes sense to define

(ord W)(ord V) = ord (V x W).

(Note the reversal in the order of writing this product of two ordinal num-
bers.) Prove that multiplication of ordinal numbers is associative but not
commutative. Show also that the distributive law a(8 +v) = a8 + v is
valid in the arithmetic of ordinal numbers, but that the equation (8+v)a =
Ba + ya may fail to hold. Conclude that if « > 0 and 8 < ~, then
aff < ary, and give an example of ordinal numbers o > 0 and 8 < v such
that Ba = va. Is it possible for Sa to exceed ya when 8 < v?
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. Show that if « and 3 are arbitrary ordinal numbers, then a8 = Z& <p
where a; = o, £ < 3. (Thus for ordinal numbers, just as for cardinal

numbers, multiplication may be viewed as the result of repeated additions;
cf. Example 4Q.)

. The idea of Problem M is readily generalized. Let I' be a well-ordered
index set, and let {W,} er be a family of well-ordered sets indexed by T'.
The lericographical ordering of I1 = H,Y er W~ is then defined by setting

{z4} < {z,} if £y, < T,, where v, denotes the least index y at which
T, # T~. Verify that this ordering turns II into a well-ordered set, and use
this construction to define the product

<o Ne ..MM

of a family of ordinal numbers {7 }:<a. Prove that card (...7¢...m0) =
[Ico card me.

. There is even a notion of division for ordinal numbers. Show that if o and

3 are any two ordinal numbers, and if a > 0, then there exist uniquely
determined ordinal numbers ¢ and p such that

B=af+p and p<a.

(Hint: Let A be a well-ordered set such that ord A = «, and let X be a
well-ordered set large enough so that ord (X x A) exceeds 3 (Th. 5.7).)
Show, in particular, that if x is a limit number, than u is divisible by w,
by verifying that p = w(1 + A\) where A denotes the ordinal number of the
set of all limit numbers in W (). (Hint: Recall Problem H.)

. Let wq be an initial number, and let A denote the set of limit ordinals in
W(wea). Find ord A.

. Prove that Zorn’s lemma implies the axiom of products (and hence the
axiom of choice; Chapter 1). (Hint: Let {X,}yer(I' # @) be an indexed
family of nonempty sets, and consider the collection M of all mappings ¢ of
subsets of the index set T" into | .. X satisfying the condition ¢(y) € X,
for every < in the domain of ¢. The set M is partially ordered in the
extension ordering (Prob. 1M).)

(i) Prove that Zermelo’s well-ordering theorem implies the axiom of choice.
(Hint: Given a collection C of nonempty sets, let U denote the union
of C, and well-order U.)

(ii) Let X be a partially ordered set with the property that every simply
ordered subset of X is bounded above in X, and let W be a well-ordered
set. Show that if X has no maximal element, then there exists an order
isomorphism of W into X. (Hint: Well-order X and use Theorem 5.12.)
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Use this fact to prove that Zermelo’s well-ordering theorem also implies
Zorn’s lemma.

Let X be a nonempty partially ordered set with the property that every
nonempty simply ordered subset of X has a supremum in X, and let ¢ be
a mapping of X into itself such that ¢(z) > z for every z in X. We shall
call a subset T of X a ¢-tower if (a) ¢(T) C T and (b) if S is a nonempty
simply ordered subset of T, then the supremum of S (in X) belongs to T
If = is an element of X, then T is a ¢-tower over z if T is a ¢-tower and
zeT.

(i) Show that for each element z of X there exists a unique smallest ¢-tower
t; over . Show also that z is the least element of {;, that an element
y of X belongs to t; if and only if t, C ¢z, and that t; = {x} Uty.

(ii) For each element z of X and element y of ¢, let us write Agf) for the
initial segment of ¢, determined by v : Agf) ={2€t;:2 <y} An
element y of t; is called z-normal if t. = AS”) Ut,. Show that an
element y of t, is z-normal if and only if Ag,x) Uty is a ¢-tower. Show
also that if y is an z-normal element of ¢, then (1) y is comparable
with every element of ¢,, and (2) there is no element 2 of ¢, such that
Y <z <4(y)

(iii) For each element z of X an element y of t; is z-hypernormal if y and all
of the elements of A§,‘°) are z-normal. Prove that z is z-hypernormal,
and that if y is z-hypernormal, then ¢(y) is z-hypernormal also. Com-
plete the proof that the set H, of all z-hypernormal elements of ¢, is
a ¢-tower, and hence that H, = t,. (Hint: If S is a nonempty simply
ordered subset of H,, and if zp denotes the supremum of S in X, then
zp € t, since t; is a ¢-tower. Moreover, if z € Aﬁﬁ), then there exists an
element y of S such that z < y, and it follows that ¢(z) < y since y and
z are both z-normal. Show that if Sp is a nonempty simply ordered
subset of Agz), then sup So < z0.)

(iv) Complete the proof that, for each = in X, the ¢-tower t. is a well-
ordered subset of X. (Hint: Recall Problem L.)

(v) (Bourbaki [2]) For each element z of X the ¢-tower t, possesses a
greatest element 2o, and 2z is a fixed point for ¢. In particular, ¢ has
at least one fixed point in X.

Use the results of the preceding problem to prove that the axiom of choice
implies Zermelo’s well-ordering theorem. (Hint: It follows from the axiom
of choice (Ex. 1N) that for any set X there is a mapping s of 2%X\{X} into
X such that s(E) ¢ E for each E in 2X\{X}. Set ¢(E) = E U {s(E)} for
each E in 2X\{X}, define ¢(X) = X, and let T be a well-ordered ¢-tower
in 2% over @. Then for each element & of X there is a smallest set E in T
such that x € E. Call this set E(z), and show that the mapping ¢ — FE(x)
is one-to-one.)
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V. Use the results of Problem T to show that the axiom of choice also implies
the maximum principle. (Hint: If X is a partially ordered set, then the
simply ordered subsets of X constitute a partially ordered subset of 2X.)
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The root idea in all that follows is that of “closeness” as between two points
of a space. This idea turns out to be elusive and difficult to pin down in
general, but it presents no difficulty at all if one is given a numerical gauge
for measuring how close together two points are, and that is the case of
interest in the present chapter.

Definition. If X is an arbitrary set, then a real-valued function p on X x X
is a metric on X if the following conditions are satisfied for all elements
z,y,2 of X:

(1) p(z,y) > 0; p(z,y) =0 when and only when z =y,
(2) p(x,y) = p(y, ),
®3) p(z,2) < p(z,y) + p(y, 2)-

The value of the metric p at a pair (z,y) of points of X is called the
distance between £ and y. A set X equipped with a metric on X is a
metric space.

Notation and Terminology. In view of this definition it is clear that
a metric space is really an ordered pair (X, p) in which the first term is a
carrier—a set of elements—and the second term is a metric on that car-
rier, and we shall frequently use exactly this notation for metric spaces. In
keeping with almost universal practice, however, we shall also speak some-
times of X itself as the metric space, or of the metric space X “equipped
with the metric p.” The inequality (3) in the foregoing definition is known
as the triangle inequality for metric spaces.
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Example A. The function p(s,t) = |s — t| is readily seen to be a metric
on the real line R (cf. Problem 2L), and the metric space obtained by
equipping R with this usual metric is the most important metric space of
all. An immediate generalization is the vector space R™ of all real n-tuples
equipped with the metric

p(z,y) = [Z(si —t;)?
i=1

where z = (s3,...,8,) and y = (¢1,...,%,). The space R" equipped with
this usual or Fuclidean metric is called Euclidean space of dimension n.
Similarly, the function p(e, 3) = |a — 8| is a metric—the usual metric—on
the complex plane C (Prob. 2X). More generally, the function

n 1/2
P(-’L', y) = [Z |ai - ﬂilzl ’

1/2

?

i=1

where z = (a1,...,0n) and y = (B4, ..., 0n), is a metric on C". The space
C" equipped with this usual metric is called n-dimensional unitary space.
(It is by no means obvious that the usual metrics on R™ and C® are really
metrics; see Problem B.) Whenever in the sequel R™ or C" is regarded as
a metric space, the metric on the space will be understood to be the usual
metric unless the contrary is expressly stipulated.

Example B. There are other metrics of interest on the space R™ besides
the Euclidean metric. Thus setting

n
pi(z,y) = Z |s; — &
i=1

for any two points z = (s1,...,8,) and y = (t4,...,t,) defines a metric p;
on R”?, and
Poo(T,y) = |81 —t1| V.- V]sp — tnl

defines yet another metric po, on R™. (These metrics on R™ are different
from the usual metric introduced in Example A except, of course, for the
case n = 1.) The Euclidean metric on R" is sometimes denoted by ps to
emphasize its essentially quadratic natur . These remarks all generalize at
once to the complex space C™.

Example C. Let X be an arbitrary set, and define

Oa =y,
plz,y) =
1, z#y,
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for all x and y in X. Then p is readily seen to be a metric on X, called the
discrete metric on X.

If (X, p) is a metric space and A is a subset of X, then the restriction
pl(A x A) is clearly a metric on A—the relative metric. A subset A of
(X, p) equipped with this relative metric is a subspace of X. Whenever in
the sequel a subset of a metric space is regarded as a metric space in its own
right, it is this relative metric that is in use unless the contrary is expressly
stipulated. In particular, each subset A of R*[C"] becomes a metric space
in a natural way as a subspace of R"[C"] in the usual metric, and it is this
subspace of R"[C"] that will be denoted by A unless some other metric is
indicated. (It is also appropriate to note that R™ in the Euclidean metric
is a subspace of C™ in the usual metric.)

Here is a brief list of some of the most basic concepts pertinent to the
theory of metric spaces.

Definition. Let (X, p) be a metric space. For each point zq of X and each
nonnegative number r the set

D, (zo) = {x € X : p(z,z0) <1}

is the open ball with center zo and radius r. (If < is replaced by < in
this definition, the result is the closed ball with center zo and radius
r. The ball Dg(zo) with radius zero is empty; otherwise D, (zo) always
contains at least the center xg. The closed ball with center zo and radius
0is {zo}.) If A is a nonempty subset of X, then the supremum

sup{p(z,y) : z,y € A}

(taken in RY) is the diameter of A (notation: diam A). If A is nonempty
and diam A < +o0, then A is bounded. (By convention the empty set
@ is bounded and diam @ = 0.) If A is a nonempty subset of X and
y is an arbitrary point of X, then the distance from y to A (notation:
d(y, A)) is the infimum

inf{p(z,y) : € A},
and the set of all those points y of X such that d(y, A) < r(r > 0) will
be denoted by D,(A). (Thus D,(A) = |U{D,(z) : ¢ € A}.) Likewise, if
A and B are any two nonempty subsets of X, then the distance between
A and B (notation: d(A, B)) is the infimum
inf{p(z,y) : z € A,y € B},

and a mapping ¢ of a set Z into X is bounded if the range ¢(Z) is a
bounded subset of X.
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Note. In R equipped with its usual metric (Ex. A) the open ball with
center t and radius r coincides with the open interval (t — r,t + r), and,
conversely, the open interval (a,b) is the open ball with center (a + b)/2
and radius (b — a)/2. We shall use this observation freely in the sequel
without further explanation. Likewise, a subset M of R is bounded as a
subset of the metric space R if and only if M is bounded in R regarded as
an ordered set (see Chapter 1). Thus the notion of a bounded subset of R is
unambiguously defined, as is therefore the notion of a bounded real-valued
Sfunction on a given set Z.

The following is nothing more than a convenient summary of some of
the obvious relations between the above concepts, and no proof is given.

Proposition 6.1. Let (X, p) be a metric space, and let A be a subset of
X. Then A is bounded if and only if there exists some open ball D, (zq)
containing A. In particular, every open ball in X is a bounded set with
diam D, (xo) < 2r. The diameter of each singleton {z} in X is zero, and
the diameter of any subset of X containing two or more distinct points
is strictly positive. For any nonempty subset A of X and every point
z of X,d(z,A) = d({z}, A). For any two nonempty subsets A and B
of X,

d(A, B) = d(B, A) = inf{d(z, B) : ¢ € A}.

Example D. We have defined the distance d(A, B) between two nonempty
subsets of a metric space (X, p). It will also be convenient to define

D(A, B) =sup{p(z,y) : z € A,y € B}

for any two nonempty subsets A and B of X. (Observe that D(A, B) < 400
when and only when both A and B are bounded, and also that D(A, A) =
diam A.) Each of these two functions possesses some of the properties of a
metric and fails to possess others. To facilitate the following discussion let
us write By for the collection of all bounded nonempty subsets of (X, p).

To begin with, the function d on By x By is nonnegative and satisfies
the conditions d(A, A) = 0. Moreover, d is symmetric (that is d(A4, B) =
d(B, A), for all A, B € By). It is not true, 1owever, that d(A, B) = 0 implies
that A = B, and d does not satisfy the triangle inequality (examples?). As
regards the function D, it is also symmetric, nonnegative and finite-valued
on By x By, and D does satisfy the triangle inequality (proof?), but, as
noted above, D(A, A) > 0 unless A is a singleton. It is also worthy of
note that D is monotone increasing in each variable (where, as usual, By is
equipped with the inclusion ordering), while d is monotone decreasing in
each variable.
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There is another nonnegative real-valued function on By x By that is of
interest. For each A and B in By we shall write

T(A, B) = sup{d(z, B) : z € A}.

It is obvious that d < 7 < D everywhere on By x By, and also that (A4, A) =
0 for every A in By. Unfortunately, 7 is not symmetric, and 7(A4,B) = 0
does not imply A = B (examples?). On the other hand, 7 does satisfy
the triangle inequality. Indeed, if r is a positive number and if 7(4, B) <
r, then A C D,(B), while if A C D,(B), then 7(A,B) < r. Thus if
7(A,B) < r and 7(B,C) < s, then A C D,(B) and B C D,(C). But
then A C D,44(C), so 7(A,C) < r+s, and letting 7 and s tend downward
to 7(A, B) and 7(B,C), respectively, we obtain the stated result. The
function 7 is also easily seen to be monotone increasing as a function of its
first variable and monotone decreasing as a function of its second variable.

Whenever one metric space is given there are several ways of associating
other metric spaces with it. The most important construction of this sort
is the following one.

Definition. Let (X, p) be a metric space, let Z be a nonempty set, let
B(Z;X) denote the collection of all bounded mappings of Z into X,
and let ¢ and ¢ be elements of B(Z; X). Then, as is readily seen, the
real-valued function z — p(¢(z),%(2)) is bounded above on Z. Hence

setting
Poo($, %) = sup{p(#(2),%(2)) : z € Z}

for each pair ¢, of elements of B(Z; X) defines a nonnegative real-
valued function on B(Z; X) x B(Z; X).

Proposition 6.2. The function p., just defined is, in fact, a metric on
B(Z; X). (The reader will note that the notation introduced here squares
with that of Example B.)

PROOF. It is evident that p., satisfies both (1) and (2) in the definition of
a metric, so it suffices to establish the triangle inequality. To this end we
observe that if ¢, and w are all bounded mappings of Z into X, then for
any element z of Z we have

p(d(2),w(2)) < p(d(2), ¥(2)) + p(¥(2), w(2))
< poo(P, ¥) + Poo (P, w),

whence it follows at once that poo (¢, w) < Poo(P, V) + Poo (¥, w). a

Note. In this construction we have thus far excluded the special case
Z = &. As it happens, this is both inconvenient and unnecessary. Indeed,
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if Z is empty, then there is but one mapping of Z into X, viz., the empty
mapping @. This mapping is bounded (by convention) and B(&; X) is just
the singleton {@}, which supports only one metric, the trivial zero metric.
In the sequel it is in this sense that we shall interpret the metric space
(B(Z; X), poo) in the event that the set Z is empty.

There is an obvious notion of isomorphism between metric spaces.

Definition. A mapping ¢ of one metric space (X, p) into another metric
space (Y, p) is isometric if it preserves distances, i.e., if p'(¢(z), ¢(y)) =
p(z,y) for all pairs of points z,y in X. An isometric mapping of X onto
Y is called an isometry of X onto Y. (It is obvious that an isometric
mapping is necessarily one-to-one, and that inverses and compositions of
isometries are isometries. Moreover, the identity mapping of any metric
space onto itself is an isometry on that space.)

Example E. If o is any fixed element of R™ then the translation £ — z+a is
an isometry of R™ onto itself {with respect to any of the metrics of Examples
A and B). Similarly, all translations on C™* are isometries of C" onto itself.
More generally, the translations on any normed space are isometries with
respect to the metric defined by the norm on that space; see Problem A.
The mapping assigning to each complex n-tuple (£1,...,&;) the real 2n-
tuple (Re &1, Im &1,..., Re &,, Im &,) is an isometry of C" onto R?" in
the Euclidean metric. If X and Y are any two sets of the same cardinal
number, then an arbitrary one-to-one correspondence between X and Y is
an isometry if X and Y are both equipped with the discrete metric (Ex. C).

Sequences of points provide a very important tool in the theory of metric
spaces. In this context the following idea is of basic importance.

Definition. Let (X, p) be a metric space, let {z,} be a sequence in X
(indexed either by N or Ng), and let a belong to X. Then the sequence
{zn} converges to a, or has limit a (notation: lim,z, = a or, more
simply, z, — a) if for each positive number £ there exists an index ng
(depending ordinarily on €) such that p(a,z,) < € whenever n > ng
(equivalently, if for each ¢ > 0 the sequence {z,} belongs to D.(a)
eventually).

Note. If {z,} is a sequence in a metric space (X, p) that converges to
a point a, and if b # a in X, then {z,} does not converge to b. (If
d = p(a,b) > 0, then Dy/3(a) and Dy/5(b) are disjoint open balls in X, and
if {x,} converges to a, then an entire tail of {x,} is contained in Dg/5(a),
and is therefore disjoint from Dg/5(b).) Thus the limit of a convergent
sequence in a metric space s unique.
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If {t,} is a sequence of real numbers and a € R, then lim, t, = a if and
only if for each positive number ¢ there exists a positive integer ng such that
la — tn| < € (or, equivalently, such that a — e < t, < a + ¢) for all n > nyg.
In brief, if the real number system R is equipped with its usual metric,
then the idea of convergence of sequences in the metric space R coincides
with the ordinary notion of convergence of infinite sequences familiar from
elementary calculus. Thus, in particular, if {¢,} is a convergent sequence
in R and if for some real number ¢ we have ¢ < t,[t, < ¢ for all n, then
¢ < lim, t,[lim, t, < ¢]. Hence, if ¢ <'t, < d for all n and for some real
numbers ¢ and d, then ¢ < lim, ¢, < d.

Example F. Let {z,, = (t&"), . ,ts,?))} be a sequence in R™ and suppose
a = (ay,...,an) belongs to R™. An easy argument shows that lim,, z, = a
with respect to the usual metric on R™ (Ex. A) and also with respect
to either of the two other metrics p; and po, of Example B, if and only
if lim,, tS") =a;, t = 1,...,m. In brief, a sequence in R™ converges with
respect to any one of these three metrices if and only if it converges termwise
or coordinatewise. Similarly, a sequence {z, = (§§"),..., o ))} in C™
converges to a limit ¢ = (a4, ..., @y,) in the usual metric on C™ if and only
if it converges termwise to a, i.e., if and only if lim,, Ei(") =q;t=1,...,m,
in the metric space C. Moreover, a sequence {{,} in C converges to a
limit ¢ in the usual metric on C if and only if lim,, Re £, = Re o and
lim,, Im &, =Im a.

Example G. If {a,}52, is a sequence of vectors in a normed space £
(Prob. A), then the infinite series Y .o, an is said to converge to s, or
to have sum s (notation: s = ) oo, an), if the corresponding sequence
{82}52, of partial sums

n
Sp = E a;
i=1

converges to s in £. (If {a,}2, is indexed by No, we write Y - a, for
the infinite series, etc.) Just as in elementary analysis, a necessary—but
by no means sufficient—condition for the convergence of > - ; a, is that
the sequence {a,} of terms should tend to 0.

Example H. Let (X, p) be a metric space, let Z be a set, and let B(Z; X)
denote the metric space of all bounded mappings of Z into X equipped with
the metric po, introduced in Proposition 6.2. A sequence {¢,} in B(Z; X)
converges to a limit 1 in B(Z; X) if and only if the following condition is
satisfied. Given an arbitrary positive number € there exists an index ng
such that p(én(z),¥(2)) < € for all z in Z and for all n > ngy. In other
words, a sequence in B(Z; X) converges to a limit in that space if and only
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if it converges to that limit uniformly on Z. For this reason the metric p
on B(Z; X) is known as the metric of uniform convergence on Z.

Just as nets constitute a natural generalization of infinite sequences (cf.
Chapter 1), there is a notion of convergence for nets in a metric space that
generalizes the notion of convergence of a sequence.

Definition. Let A be a directed set, let {z)}rea be a net in a metric
space (X, p) indexed by A, and let ag be a point of X. Then the net
{zx} converges to ag, or has limit ¢y (notation: limy z) = ag or, more
simply, ) — ag), if for each positive number £ there exists an index \g
in A such that p(ag,zx) < € whenever A > A\g. (Just as in the special
case of sequences, the limit of a convergent net in a metric space is
unique.)

Example I. A nonempty open interval U = (a,b) in R is directed both
upward and downward (as is, in fact, any nonempty simply ordered set).
Hence if ¢ is a mapping of U into a metric space X, there are two senses
in which ¢ can be convergent. The limit (if it exists) of ¢ as a net indexed
by U regarded as an upward directed set is ordinarily denoted by

lim ¢(t)

and is called the limit of ¢ at b from the left or from below. Dually, the limit
(if it exists) of ¢ as a net indexed by U regarded as a downward directed
set is ordinarily denoted by

lim (¢)
and called the limit of ¢ at a from the right or from above.

Example J. Let A be a directed set and let {tx},ea be a monotone in-
creasing net of real numbers indexed by A. If {¢,} is bounded above in R,
and if u = supy ¢y, then

li}I\n th=u.

Indeed, if € > 0, then u — ¢ is not an upper bound for {t}, so there exists
an index Ag such that ¢y, > u—¢. Bu thenu—¢ <ty <u < u+g,
and therefore |u — £5| = u — t) < ¢, for every A > Ag. On the other hand,
if {tr} is not bounded above in R, and if a real number T is arbitrarily
specified, then there exists an index Ao such that ¢, > T, whereupon
it follows that ty > T for all A > Xg. (In this situation we say that
limy ¢ty = +o0. Observe that this notation is here only a formalism, the
extended real number +o00 not being a point of the metric space R; see,
however, Example 9E.) Dually, a monotone decreasing net {f,} in R either
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converges to its infimum s = inf), £, (this occurs when and only when {¢,}

is bounded below in R), or lim) t5 = —oco (meaning that, for an arbitrarily
given real number T' there exists an index Ag such that ¢, < T for all
A > Ao)

Note that a monotone sequence of real numbers constitutes a special case
of the situation considered here. Likewise, if f(t) is a monotone increasing
real-valued function on an open interval (a,b) in R(a < b), then limys f(2)
exists in R if and only if f is bounded above on (a,b) in R, and if this is
the case, then limypy, f(t) = sup{f(t) : a < t < b}. Similarly, lim,, f(t)
exists in R if and only if f is bounded below on (a,b) in R, in which case
limy), f(t) = inf{f(t) : a < t < b}, and dual remarks hold for a monotone
decreasing function on (a, b).

Note, finally, that while these observations and definitions are here for-
mulated for nets in the metric space R, with a few obvious reinterpretations,
they apply equally well to nets of extended real numbers, and it is in this
larger context that Example J will be applied in the sequel when that is
convenient.

Definition. Two metrics p and p’ on the same carrier X are said to be
equivalent if it is the case that every sequence {z,} in X converges to a
limit a with respect to p if and only if it also converges to a with respect
to p’. (Clearly this notion of equivalence is an equivalence relation on
the collection of all metrics on a given set X.)

Example K. Let (X,p) be a metric space and define p’ on X x X by
setting

p(z,y)
1+ p(z,y)’

Then p and p’ are equivalent metrics on X. Indeed, if we assume for the
moment that p’ is a metric, it is clear that if a sequence {z,} converges to
a limit a with respect to p, then x,, — a with respect to p’ as well, since
p < pon X x X. Likewise, if ,, — a with respect to p/, then z,, — a with
respect to p too, since the function f(t) = t/(t + 1) is strictly increasing on
the ray [0,+00). Hence the only nontrivial chore is to verify the triangle
inequality for p’, and this follows at once from the following:

o(z,y) = z,y € X.

u+v u+v+uv U v
< + ,
l1+u+v " 1+ut+v+uv ~ 14+u 14w

u,v > 0.

Thus every metric space (X, p) admits an equivalent metric in which X is
bounded and diam X < 1.

The following nonsequential criterion for the equivalence of two metrics
is sometimes useful.
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Proposition 6.3. Two metrics p and p’ on the same set X are equivalent
if and only if for each point xy of X every open ball with center zy and
positive radius with respect to p contains an open ball with center zg
and positive radius with respect to p’, and conversely every open ball
with center xy and positive radius with respect to o' contains an open
ball with center z¢ and positive radius with respect to p.

PRrOOF. It is clear that if the stated condition is satisfied, and if {z,} is
a sequence in X, then z, — xo with respect to p if and only if z,, — x¢
with respect to p’, and hence that p and p’ are equivalent. Suppose, on the
contrary, that the condition is not satisfied. We may assume without loss
of generality that there exists a point zg in X and a positive radius g¢ such
that the open ball with radius €9 and center xy with respect to p contains
no ball with positive radius and center zo with respect to p’. But then, for
each positive integer n, the open ball D, , (zo) with respect to p’ contains
at least one point z, such that p(xg,z,) > £, and the sequence {z,} is
therefore convergent to zo with respect to p’ but not with respect to p, so
p and p’ are not equivalent. |

It is frequently of interest to consider various subsequences of a given
sequence in a metric space.

Proposition 6.4. If X is a metric space, and if {z,} is a sequence in X
that converges to some limit a, then limy, x,,, = a for every subsequence

{zn, } of {z,}.

Proor. If € > 0 is given, and if ng is selected so that x, € D.(a) for
all n > ng, then z,, € D(a) for all & > ny since (by mathematical
induction) ny > k for every index k. (This result has a converse of sorts;
see Problem F.) (|

Definition. If {z,} is a sequence in a metric space (X, p), then a point y
of X is a cluster point of {x,} if for every £ > 0 and every index ng there
is an index n such that n > ng and such that p(y, ) < € (equivalently,
if the sequence {z,} belongs to the open ball D.(y) infinitely often for
each positive radius ).

The following result is entirely elementary but serves to tie together
several of the concepts introduced thus far.

Proposition 6.5. Let (X, p) be a metric space and let {z,} be a sequence
in X. Then a point y of X is a cluster point of {z,} if and only if some
subsequence of {z,} converges to y.
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PROOF. If {z,,} is a subsequence of {z,} such that limy z,, =y, and if
an index ng and a positive number ¢ are given, then there exists an index
ko such that p(y,zn,) < ¢ for all k > ko, and among the indices ni such
that k > ko there are infinitely many that exceed ng. Thus the condition
is sufficient.

Suppose, on the other hand, that y is a cluster point of {z,}. Choose first
an index n; such that p(y,z,,) < 1, and suppose that strictly increasing
indices n1,...,n; have been chosen so that p(y,zn,) < 1/i, i =1,...,k.
Then there are indices n > ny such that p(y,z,) < 1/(k+ 1), and we may
take for ny4; the least such index. In this way we obtain by mathematical
induction a subsequence {z,, } such that p(y,zn,) < 1/k for every k, so
limy z,, = y, and the proposition is proved. O

Considerably more can be said about cluster points of sequences of real
numbers. For reasons of future convenience the following discussion is
conducted in the more general context of nets of extended real numbers.

Example L. Starting with an arbitrary net {tx}xea of extended real num-
bers we define a new, similarly indexed net {ux}xea by setting

u, =supty=supT, , p €A,
Azp

where 7}, denotes the tail T, = {tx : A > p}. The net {u,} is monotone
decreasmg (since T}, decreases as p increases) so we may, and do (Ex. J),
define the upper or superior limit M of the given net {¢ A} to be the extended
real number
M =infu, =limu
po Pt

(notation: M = limsupy t).
Three special cases may be singled out. If M = —oo, then

—oo = inf ¢y = limty
A A

as well, while M = +oo if and only if no tail T, of {t»} is bounded above in
R. On the other hand, if M is finite, and if € is an arbitrary finite positive
number, then there is a tail T},, with supremum u,, < M +¢, while every
tail T}, contains terms exceeding M — .

Dually, we define the net {s,}.ca, where

sﬂz)i‘rzlgtxzinfT“, ueEA,

and the lower or inferior limit m = liminfy ¢\ of {tx} by setting

m = sup sy = lims),.
A A
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Concerning this lower limit it is clear that m = +oo if and only if limy £y =
+00, while m = —oo means simply that no tail T, is bounded below in R.
Moreover if m is finite and € > 0, then every tail T, of {t,} contains terms
less than m + ¢, while some tail T},, has infimum s,, > m —e¢.

From these definitions it is apparent that

sy <ty < uy

for every index A, and hence that m < M. Moreover, M = m = oo if
and only if limy ¢, = *oo, while if {t,} is net of finite real numbers such
that m and M are equal and finite, then

liint)\ =m=M.

(Conversely, of course, if {¢,} is a net in R that converges to a limit L in
R, then L=m=M.)

Finally, let us consider briefly the vitally important special case of an
ordinary sequence {t,} in R. Here M = +o0o [m = —oo| means simply
that {¢,} is unbounded above [below] in R, and lim, ¢, = L if and only if
m = M = L. Moreover if M is finite, then M is a cluster point of {¢,}
and is, indeed, its largest cluster point. Dually, if m is finite, then m is
the smallest cluster point of {t,}. Thus for a sequence {t,,} in the metric
space R, —00 < m < M < +oo is characteristic of a bounded sequence
with extreme cluster points m and M, while —oo < m = M < 400 is
characteristic of a convergent sequence (with the sole cluster point m = M).

Definition. Let X be a metric space and let A be a subset of X. A point
ap of X is an adherent point of A if there exists a sequence {r,} in
A that converges to ag. Similarly, ap is a point of accumulation or an
accumulation point of A if there exists a sequence {z,} in A\{aop} that
converges to ag. (Clearly every point of A is an adherent point of A;
simple examples show that a point of A need not be an accumulation
point of A.)

It is both easy and important to characterize these ideas in nonsequential
terms.

Proposition 6.6. Let A be a subset of a metric space (X, p), and let ap be
a point of X. Then ag is an adherent point of A if and only if every open
ball with positive radius centered at ag meets A or, equivalently, when
A # @, if and only if d{ag, A) = 0. Moreover, the following conditions
are also equivalent:

(1) Every open ball D.(ap)(e > 0) contains infinitely many points of A,
(2) Every open ball D.(ag)(¢ > 0) contains a point of A other than ag,
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(3) There exists a sequence {z,} of pairwise distinct points in A\{ao}
that converges to ay,
(4) The point ag is a point of accumulation of A.

ProoF. Clearly if A # &, then every open ball with positive radius and
center ag meets A if and only if ag is at zero distance from A. Likewise,
if {z,} is a sequence in A that converges to ag, and if ¢ is positive, then
D, (ao) contains a tail of {z, }, so the condition stated in the first part of the
proposition is necessary. On the other hand, if this condition is satisfied,
and if for each positive integer n we choose z,, in D;/,(ag) N A, then {z,}
is a sequence in A such that p(ap,z,) < 1/n for all n, and therefore such
that lim,, z,, = ag.

We turn next to the second part of the proposition. It is at once clear
that each of (1) and (4) implies (2), and likewise that (3) implies both
(1) and (4). Thus the proof will be complete if we show that (2) implies
(3). Suppose, accordingly, that (2) holds. Let z; be any point of the set
D;(ag) N A other than ay itself, and suppose z1,...,Z, have already been
selected in such a way that p(ag,z1) > p(ag,z2) > ... > p(ag,zn) > 0
and such that z; € D;/;(ag) N A for each 4 = 1,...,n. Then, letting
6 = plag,zn) A 1/(n + 1), we have but to choose for z,; an arbitrary
point of Ds(ag) N A other than ag itself in order to complete the inductive
construction of a sequence {z,} in A that does all that is required of it. O

Definition. The collection of all adherent points of a subset A of a metric
space X is denoted by A~ and is called (for reasons that will be made
clear shortly; see Proposition 6.8 below) the closure of A. The collection
of all points of accumulation of A is denoted by A*, and is called the
derived set of A. A subset F' of X is closed if it contains all of its
adherent points, i.e., if F = F~. A subset M of X is dense in X if
M~ = X. More generally, a subset M of a subset A of X is dense in
Aif M~ D A. A metric space X is separable if there exists a countable
dense set in X.

Example M. A ray is a closed subset of the metric space R if and only if
it is a closed ray; similarly, a nonempty interval in R is a closed set in R
if and only if it is a closed interval. (This is, of course, the reason for the
choice of the terms “closed ray” and “closed interval” in the first place.)
All closed cells

Z = [G,l,bl] X - X [a,n,bn] (1)

are closed sets in Euclidean space R™. All closed balls
{z € X : p(zo,z) <7}

with arbitrary center z¢ and radius r(r > 0) are closed sets in an arbitrary
metric space X (Prob. I). All finite sets are closed in an arbitrary metric
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space; in particular, singletons are closed sets. The set Q of rational num-
bers is dense in R, as is the set T}, of all p-adic fractions (Ths. 2.11 and
2.12). The sets Q™ and Ty are likewise dense in R™. Thus the metric space
R™ is separable. The set of those points in Q™ or T} belonging to a closed
cell (1) is dense in that cell if the latter is nondegenerate, i.e., if a; < b;,
foralli=1,...,n. It follows at once that all cells are also separabile.

Proposition 6.7. If X is a metric space and if A and B are subsets of
X such that A C B, then A~ C B~ and A* C B*. Moreover, for any
subset A of X we have A~ = AU A*.

ProOF. The first assertion of the proposition is an obvious consequence
of the various definitions, as is the fact that A and A* are both included in
A~ for an arbitrary subset A of X. On the other hand, if ay € A™\ A4, and
if {z,} is an arbitrary sequence in A that converges to ag, then z, # ag
for every index n, so ag € A*. a

Proposition 6.8. A subset F' of a metric space (X, p) is closed if and only
if it contains all of its points of accumulation. For an arbitrary subset A
of X both the closure A~ and the derived set A* are closed. Moreover,
A~ is the smallest closed set in X that contains A.

Proor. The first assertion of the proposition is an obvious consequence
of Proposition 6.7, and as for the last assertion, it is likewise obvious that
if A C F where F is closed, then all adherent points of A must belong to
F~ = F. Hence to complete the proof of the proposition it suffices to show
that A* and A~ are closed. Suppose first that z is an adherent point of A~
and let £ be a positive number. Then (Prop. 6.6) D.(z) contains a point
y of A7, and if n = € — p(y, 2), then > 0 and D, (y) contains a point z
of A. But then z € D.(z) by the triangle inequality, which shows z € A™.
Finally, if 2 € (A*)™, the argument goes exactly the same, except y can be
chosen in A*, so that the ball D,(y) contains infinitely many points of A.

O

Example N. Let X be a metric space and let {E,}2, be a sequence of
subsets of X. The collection of all those points z of X with the property
that, for every ¢ > 0, D.(z) meets { E,, } eventually is called the closed limit
inferior of the sequence {E,} (notation: Fliminf,, E, or, when possible,
simply F'). Dually, the collection of all points x of X with the property
that, for every € > 0, D.(z) meets {E,} infinitely often is the closed limit
superior of {E,} (notation: Flimsup, E, or, when possible, simply F).
(Using arguments exactly like those in the proof of Proposition 6.8, it is
readily seen that the sets F and F are indeed closed, whether the sets F,
are themselves closed or not; hence the terminology.) Finally, in the event
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that F = F, this common set is called the closed limit of E, (notation:
F = F =Flim, E,).

Concerning these notions a number of elementary facts are obviously
valid and will be stated here with little or no proof. To begin with, these
notions of closed limits are related to the simpler notions of limit introduced
in Chapter 1 for sequences of sets (without any references to a metric; see
Example 1U). Thus if z € liminf, E,,, then x € E,, eventually, and it fol-
lows at once that € Fliminf,, E,,. Similarly, limsup,, F,, C Flimsup,, E,.
(But these limits need not be the same. Consider the sequence {C,}52.; of
circles where

Co={(z,y) €R*: (z-n)?+y*=n?}, neN

It is readily verified that both lim,, C,, and F lim,, C,, exist, but lim,, C,, =
{(0,0)} while Flim,, C;, consists of the entire y-axis.) We also observe that
both the closed limit inferior and the closed limit superior (and therefore
the closed limit, as well, if it exists) are the same for the sequence {E; } as
for the sequence {E,}. In the same vein, it should be noted that, as with
any reasonable concept of limit, the closed limit superior and the closed
limit inferior (and hence the closed limit when it exists) are unaffected by
the deletion, adjunction or change of any finite number of terms of the
sequence.

Suppose, finally, that E,, # @ for all n. Then = € F if and only if
there exists a sequence {z,} in X such that =, € E, for all n and such
that lim,, ,, = z, or, equivalently, if and only if lim,, d(z, E,) = 0. Dually,
z € F if and only if there exists a sequence {z,} in X such that z,, € E,
for all n and such that z is a cluster point of {z,}, or equivalently, if
and only if liminf, d(z, E,) = 0. It is also clear that z € F if and only if
z € Fliminfy E,, for some subsequence {E,, } of the given sequence {E, }.

Proposition 6.9. For any metric space X the mapping A — A~ assigning
to each subset A of X its closure A~ is a monotone increasing mapping
of 2% into itself possessing the following properties for all subsets A and
Bof X:

(1) @
(2) AcC A“

(3) (A7)" =47,

(4) (AUB)-=A-UB".

PRrROOF. The only part of the proposition that is not either obvious or
already established is (4). Moreover, it is clear that A~ UB~ C (AUB)~
since both A and B are subsets of A U B. To complete the proof, suppose
ag € (AU B)™ and let {z,} be a sequence in AU B such that z, — ao.

If {z,} belongs to A infinitely often, then {x,} possesses a subsequence
lying in A, and ap € A~ (Prop. 6.4). Otherwise {z,} is eventually not in
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A, and is therefore eventually in B, whereupon it follows that ag € B™.
Thus ag € A~ U B~ in any case, and the proof is complete. O

Concerning the closed sets in a metric space we have the following result.

Theorem 6.10. In any metric space X the closed sets satisfy the following
conditions:

(1) X and @ are closed,

(2) The union of two (and hence of any finite number of ) closed sets is
closed,

(3) The intersection of an arbitrary nonempty collection of closed sets
is closed.

ProoF. Conditions (1) and (2) are immediate consequences of (1) and (4)
of the preceding result, so we need only prove (3). Let F be a nonempty
collection of closed subsets of X, and let Fy = [|F. Then Fy C F for every
F in F, whence it follows that F;7 C F~ = F. But then F; C F = Fp.

O

Example O (The Cantor Set). If I is a nondegenerate closed interval
[a,b] in R, i.e., if a < b, and if t; = (2a + b)/3 and t2 = (a + 2b)/3, so that
{a =ty <ty < tz < t3 = b} is the partition of I into three subintervals
of equal length (b — a)/3, then the doubleton {[a,;], [t2,b]}, consisting of
the first and third of these subintervals, will be said to be derived from I
by removal of the central third of I. Likewise, if S = {I1,...,I,} is any
finite disjoint collection of nondegenerate closed intervals in R, then the
corresponding collection {I, I3, ..., I2p—1, I2p} obtained by replacing each
interval I; by the two subintervals derived from I; by removal of the central
third of I; will be denoted by &*. (Note that S* is again a finite disjoint
system of nondegenerate closed intervals.)

With these preliminaries out of the way we are ready to introduce a
construction that is of the greatest importance in all that follows—indeed
in all of mathematical analysis. We begin by setting Fo = {[0,1]} and
Fi1 = F5 = {[0,1/3],(2/3,1]}. Then, supposing F; already defined for
k = 0,1,...,n, we set, inductively, F,,41 = F;. Clearly then, for each
nonnegative integer n, F,, is a disjoint system of 2" nondegenerate closed
subintervals of the unit interval [0, 1], each having length 1/3". Hence if
we define F,, = |JF,,n € Ny, then {F,}32, is a decreasing sequence of
subsets of the unit interval in which each set F;, is the union of 2" congruent
closed subintervals; see Figure 1. According to Theorem 6.10 the sets F,
are all closed, and so therefore is the Cantor set
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Figure 1

The foregoing construction is of sufficient importance that it is worth
scrutinizing a bit more closely. (The notation introduced here will be re-
ferred to more than once in the sequel.) To begin with, if {€1,...,6,} is an
arbitrary element of the set S, of all finite sequences of length n in which
each term ¢; is either zero or one, we shall write I.,, . .. for the closed
interval

I, en =[0mm...1m200...,0.;...7,22.. ] 2)

in ternary notation, where n; = 2¢;, i = 1,...,n (Th. 2.12). It is eas-
ily seen (by use of mathematical induction) that for each positive inte-
ger n the 2™ closed intervals that make up F,, are precisely the intervals
I, . e {€1,..-,€n} € Sp. Viewing matters from this vantage point we
see that each closed set F,, may be described alternatively as the set of all
those real numbers ¢ in [0,1] possessing a ternary expansion

t=0m1..-Mp--. 3)

in which each of the terms 7,...,n, is either zero or two (i.e., not one).
Consequently the Cantor set C may also be described as the set of all
those numbers ¢ in [0,1] that possess a one-free ternary expansion, that is,
an expansion of the form (3) in which all of the terms 7, are either zero or
two. (A triadic fraction possesses two ternary expansions and belongs to
C if either of these expansions is one-free. Thus 1/3 = 0.100... =0.022...
belongs to F,, for every n and therefore belongs to C.)

For any symbol {e;,...,e,} in S, we shall also write C,, .. ., for the
part of C lying in the interval I, .. .:

Cel,...,en =CnN Iel,...,sn-

(Thus C,,,... ., consists of the numbers in [0, 1] having a one-free ternary
expansion beginning 0.(2¢1) ... (2¢5).)

Finally, it will also be convenient to have a standing notation for the
open central third of the interval I, . .. (the open interval removed from
I, .. toformI., . oandI, . ..1inF, ;). Weshall denote this open

En,
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interval by the symbol U, . .. and we observe that, in ternary notation
and with n; = 2¢;,1 =1,...,n,

Uepyoon = (01 ...1022...,0.75 ... 7,200. . .).

(An exceptional role is played in this system of notation by the set Fy =
{[0,1]} and by the central third (1/3,2/3); this anomaly may be addressed
by regarding [0,1] = [0.00...,0.22...] and (1/3,2/3) = (0.022...,0.200...)
as corresponding to the empty sequence of zeros and ones.)

Example P. There are a number of important generalizations of the fore-
going construction. For one thing, it is possible (and sometimes useful) to
replace the ratio 1/3 by other ratios. Let I = [a,b](a < b) andlet 0 < 8 < 1.
Then the points t; = j[a+b—6(b—a)] and t; = [a+b+6(b— a)] form a
partition {a = ¢y < t; < ¢y < t3 = b} with the property that the subinter-
val [t1,t2] has length 6(b—a), while the first and third of the subintervals of
this partition are congruent, and we say that the doubleton {[a, 1], [t2, b]}
is derived from I by removal of the central 0th part of I. Likewise, if
S = {L,...,I,} is any finite disjoint collection of nondegenerate closed
intervals in R, then the corresponding collection {I3, I5, ..., Izp—1, I2p}, ob-
tained by replacing each interval I; by the two subintervals derived from
I; by removal of the central 8th part of I; will be denoted by S*(®),

Suppose now that {,}32 ; is an arbitrarily prescribed sequence of proper
ratios (so that each 6, is subject to the condition 0 < 6,, < 1, but to no
other restriction). Then, as before, we begin by setting Fo = {[0,1]} and
define, inductively,

Fot1 = }-;(0"), n € Np.

Once again, F, is a collection of 2" closed subintervals of [0,1], and the
union F, = |JF, is a closed subset of [0,1], as is the set

o0

C{eu,al,...} = n F'n-

n=0

The set Cyg,,...} will be called the generalized Cantor set associated with the
sequence {05,}52 o. (The Cantor set C of Example O is then the generalized
Cantor set associated with the constant sequence {1/3,1/3,...}.)

There are also higher dimensional Cantor sets. To indicate how this goes
we briefly sketch the construction of a planar Cantor set.

Example Q. Let I and J be nondegenerate closed intervals, and let R be
the rectangle I x J C R?. If for some 6,0 < 8 < 1,{I}, I} and {J1, J2} are
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the pairs of intervals obtained by removing the central 6th part of I and J,
respectively, then the set {I; x Ji, I} X Jo, Iy X Jy, I5 x Jo} will be said to be
derived from R by remowval of the central cross-shaped 0th part, and if S =
{R1,...,Rp} is any finite disjoint collection of nondegenerate rectangles

in R?, then we denote by ST® the corresponding collection {Rj,...,Rsp}
of rectangles obtained by replacing each R; by the four rectangles derived
from R; by removal of the central cross-shaped th part. Then, just as
before, given a sequence {6,}52, of proper ratios, we define a sequence

{Gn}2, inductively, setting Go = {[0,1] x [0,1]} and G, 41 = l(g"), and
consider the sets G, =|JG,, n € Ny. This time {G,,} is a nested sequence
of closed subsets of the unit square, whence it follows that the intersection
Pyo,} = Moo Gn, the planar Cantor set associated with the sequence {65},
is also a closed subset of the unit square. {(The reader will have no trouble
identifying the set G, of this construction with the product F,, x F,,, where
{Fy} is the sequence of subsets of [0,1] introduced above in the construction
of Cyg,3—and hence in showing that, in fact,

Pio,} = Cio,} X Clo,}

—but the construction set forth here will be of use later. Figure 2 shows
the first three of the sets G, in the important special case 8, = 1/3.)

oo 00

oo oO0d

oo oo

o 00
Go G1 G2

Figure 2

The subsets of a metric space X that are the complements in X of the
closed sets are also very important.

Proposition 6.11. The following properties are equivalent for an arbi-
trary subset U of a metric space (X, p):

(1) X\U is closed,
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(2) For each point x of U there exists a positive radius r such that
D.(z)CU,
(3) U is a union of open balls in X.

PROOF. If (1) holds and if o € U, then there exists a positive radius r
such that D,(zo) contains no points of X\U (Prop. 6.6). Thus (2) holds,
and it is clear that (2) implies (3). To complete the proof we show that (3)
implies (1). Let D be a collection of open balls in X, and let x4 be a point of
the union U = | JD. Then there exists a center z; and a radius r such that
Zo € Dy(z1) and D, (z1) € D. Hence p(xg, 1) < T, 80 7 = r—p(T0,21) > 0
and (by the triangle inequality) D,(xo) C Dr(x1) C U. Thus z is not an
adherent point of X\U, and the result follows. O

Definition. A subset U of a metric space X possessing any one (and
therefore all) of the properties of the preceding proposition is an open
set in X, or an open subset of X.

Each part of the following result may be obtained simply by taking
complements in the corresponding part of Theorem 6.10, and the proof is
therefore omitted.

Theorem 6.12. In any metric space X the open sets satisfy the following
conditions:

(1) X and & are open,

(2) The intersection of two (and hence of any positive finite number of )
open sets is open,

(3) The union of an arbitrary collection of open sets is open.

Example R. An open ball in any metric space X is an open set in X. A
ray in R is an open subset of R if and only if it is an open ray. Similarly
an interval in R is an open set if and only if it is an open interval. (This
is, of course, the reason for the choice of the terms “open ray” and “open
interval” in the first place.) All open cells

Z = (al,bl) XX (an,b,,)

are open subsets of R™,

Example S. According to Proposition 6.11 the most general open subset
U of R is the union of some collection C of nonempty open intervals. This
collection C is not unique in general, and can, indeed, be chosen in infinitely
many different ways (unless U = @; the empty set is the union of the
empty collection of open intervals). We observe, however, that if C; is a
nonempty chained subcollection of C (here and below use is made of the
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notions introduced in Example 1J), and if Uy = |JCp, then Uy = (a,b)
where a = inf Uy and b = sup Up. (This follows at once from the fact that
the union of two intersecting open intervals is an open interval; the cases
a = —oo and/or b = 400 are not excluded.) Thus if we partition C into
equivalence classes with respect to the equivalence relation of being chained
in C, and if V denotes the collection of unions of these chained equivalence
classes, then V is a disjoint collection of nonempty open intervals and open
rays with union U.

Thus, summarizing, we see that the most general open set U in R can be
expressed as the union of a pairwise disjoint collection V of nonempty open
sets, each of which is either an open interval or an open ray (or R), and
this representation of U is unique. Indeed, if Vis another such collection
of open intervals such that U = |JV, and if Wy € V, let V; be an element
of V such that Wy NV, # &. (Such a set Vp exists since & # Wy C JV.)
Suppose c¢ is an endpoint of Vj that belongs to W;. Then some other set
V in ¥V must contain ¢, and must therefore meet Vy, which is impossible.
Hence no endpoint of V; belongs to Wy, and a consideration of cases reveals
that Wy C V. But then Vo = Wy by symmetry. This shows that every
set in V is also in V, whence, invoking symmetry once again, we conclude
that V = V. We observe also that the collection V is necessarily countable.
Indeed, as noted in Theorem 2.11, each V in V contains rational numbers,
and if we fix one such number ry for each V in V, then the mapping V — ry
is a one-to-one mapping of V into the countable set Q. (In this connection
see also Problem R.)

The intervals V' belonging to the collection V will be called constituent
intervals of U. Moreover, if F' is an arbitrary closed set in R, then the
constituent intervals of R\F will be referred to as the (open) intervals
contiguous to F. (If F is bounded above and/or below, one or two of these
intervals will be contiguous (open) rays.)

Proposition 6.13. A subset M of a metric space X is dense in X if and
only if every nonempty open subset of X contains points of M.

PROOF. It is clear that the stated condition is sufficient, so it is enough
to prove its necessity. Suppose, accordingly, that U is a nonempty open
subset of X such that UNM = @. Then the closed set FF = X\U contains
M and therefore M—, so M~ # X. O

In connection with the notions of open and closed sets the following
terminology is also frequently useful.

Definition. If A is a subset of a metric space X, then a covering of A
consisting of subsets of X is said to be open if every set in the covering
isopen in X. Likewise, a closed covering of A is a covering of A composed
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exclusively of closed subsets of X.

Those properties of a metric space that depend only on the notions of
open set, closed set, etc., and do not require the actual values of the metric
for their definitions, are called topological properties. As it turns out, these
are exactly the properties that are shared by metric spaces equipped with
equivalent metrics.

Proposition 6.14. Let p and p’ be metrics on a set X. The following
conditions are equivalent:

(1) p and p’ are equivalent,

(2) Every subset of X has the same closure with respect to both p and
o,

(3) Precisely the same subsets of X are closed in (X, p) and (X, p'),

(4) Precisely the same subsets of X are open in (X, p) and (X, p').

PROOF. It is obvious that (3) and (4) are equivalent (since open and closed
sets are complements of one another), and almost equally obvious that (2)
and (3) are equivalent (recall Proposition 6.8). Moreover, a point ag belongs
to the closure of a set A in X if and only if there exists a sequence in A
that converges to ag, which shows that (1) implies (2). Hence it suffices
to verify that (2) implies (1). Suppose then that (1) is false, and suppose
also, without loss of generality, that a sequence {z,} is given in X that
converges to a limit ag with respect to p but not with respect to p’. Then
there exists a positive radius gg so small that {z,} is not eventually in the
open ball U = {z € X : p/(z,a0) < €0}, and consequently there exists a
subsequence {zn,} of {z,} contained in X\U. Let A denote the set of
points in the subsequence {z,,}. Then, of course, A C X\U, and since
X\U is closed with respect to o', the closure of A with respect to p’ is also
contained in X\U. In particular, the closure of A with respect to p’ does
not contain the point ag. But ag is a point of the closure of A with respect
to p since {z,,} is a subsequence of a sequence converging to ao, and is
therefore itself convergent to ag, with respect to p (Prop. 6.4). |

Since subspaces of a metric space X are metric spaces in their own right,
the notions of closed set and open set are meaningful in any subspace of
X, and it is frequently important to be able to identify those subsets of a
subspace of X that are either open or closed.

Proposition 6.15. Let B be a subset of a subspace A of a metric space
X. Then B is open relative to A if and only if B = ANU, where U
is an open set in X. Similarly, B is closed relative to A if and only if
B = ANF, where F is a closed set in X. Moreover, if B (4 denotes
the closure of B relative to A, then B—(4) = B~ n A.
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PROOF. If for each point a of A and positive number r we write D, (a)(4)
for the open ball with center a and radius r in the subspace A, then it is
obvious that Dy(a)4) is simply D,(a) N A. Hence any union of open balls
in the subspace A is just the intersection with A of the corresponding union
of open balls in X. Since open and closed sets are the complements of one
another, this proves both of the first two assertions of the proposition, and
the third is an immediate consequence of the second. O

Corollary 6.16. Let X be a metric space. The open subsets of an open
subspace of X are open sets in X. Dually, the closed subsets of a closed
subspace of X are closed sets in X.

Example T. If a and b are irrational real numbers such that a < b, then
the set {r € Q: a < r < b} is both open and closed in the metric space Q.

Throughout our treatment of the theory of metric spaces a very special
role has been played by a particular collection of open sets, viz., the open
balls. In various particular settings other special collections of open sets
play important special roles. In this connection the following concept is of
interest.

Definition. A collection B of open subsets of a metric space X is a base
(of open sets), or a topological base, for X if every open set in X is the
union of some subcollection of B.

The following criterion is very elementary but still useful.

Proposition 6.17. Let X be a metric space and let V be a collection of
open subsets of X. Then V is a topological base for X if and ouly if for
every open set U in X and every point x of U there exists a set V in V
such thatz € V C U.

PRrROOF. For each open set U in X let us write Vy for the collection
{VeV:V cU}. IfVis a base of open sets for X, then by definition U
is the union of the collection Vy, so, if z € U, there must be some set V in
Vy such that x € V, and the criterion is satisfied. On the other hand, if
the criterion is satisfied, and if U is any open set in X, then it is clear that
U = |JVu, which shows that V is a base of open sets for X. ]

Note. It is clear that in applications of Proposition 6.17 it always suffices
to verify the criterion for those sets U belonging to some already known
base of open sets.
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According to the above definition a collection B of open subsets of a
metric space X is a topological base for X if it is, so to speak, large enough.
Thus if B is a topological base for X and if i/ is some other collection of
open sets in X, then B U U is also a base for X. Accordingly, it is
sometimes of interest to seek topological bases that are “small” in that
they consist exclusively of sets that are special in one way or another. In
this connection the following concept is important.

Definition. A metric space X is said to satisfy the second azxiom of count-
ability if there exists a countable base of open subsets of X.

Readers curious to know what became of the “first” axiom of countabil-
ity are counseled to be patient. This matter will be cleared up in Chapter 9.

Example U. An open cell
W = (al,bl) X «++ X (an,bn)

in R™ is an open cube if the edge lengths of W are all equal, i.e., if
by —a; =--+ = b, —a,. Likewise W will be said to be rational if all of the
endpoints ay, by, ..., a,,b, are rational numbers. We shall show that the
collection of all rational open cubes constitutes a base of open sets for R"
by verifying the criterion of Proposition 6.17. (Since the cardinal number
of this base is N3" = Ry, this will show that R™ satisfies the second axiom
of countability.)

Indeed, let U be open in R™ and let z = (s3,...,8,) be a point of U.
We first choose ¢ > 0 so that D.(z) C U, and then a rational number ¢
such that 0 < ¢ < €/(24/n). Next we select rational numbers 7; so that
Iri — sl <¢q, i=1,...,n, and set

W=(r—-gqgr+qg)x - x(rp—q,rn+q)

Then W is a rational open cube containing , and a brief calculation dis-
closes that W C D.(z), and hence that z ¢ W C U.

Example V. The system C of all sets of the form C,, . ..,n € N, is a
topological base for the Cantor set C (see Example O). Indeed, Cs,, .. ., is
open (relative to C!) since an open interval slightly larger than I, . . also
meets C in C¢, ... ¢, 50 it remains only to verify the criterion of Proposition
6.17 for sets relatively open in C. But if t € C' N U, where U is an open
set in R, we may first choose ¢ > 0 so that (t —&,t + ¢) C U, and then a
positive integer n large enough so that 1/3" < . There is then a unique
interval I, . .. in F, that contains ¢, and it is clear that t € C,, ... CU.
Thus the metric space C also satisfies the second axiom of countability.
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Example W. Let {X3,...,X,} be a finite sequence of metric spaces, and
let the product II = X; x --- x X,, be equipped with an arbitrary product
metric (Prob. H). If U; is an open set in X;, ¢ =1,...,n, then the product
V =U; x--- x Uy, is an open subset of II. (If {(zgm),...,xgm))}ﬁzl is
an arbitrary convergent sequence of points in II\V, and if (a1,...,a,) =
limp, (2{™, ..., z{™), then for at least one index i the sequence {xz(m)}f,f:l
must lie in X;\U; infinitely often, whence it follows that a; € X;\U;, and
hence that (aq,...,a,) € II\V. Thus II\V is closed, and V is open.) As a
matter of fact, if B; is any base of open sets for X;, ¢ =1,...,n, and if we
set B={U; x---xUy :U; € B;, i =1,...,n}, then B is a base of open sets
for II. To see that this is so, suppose the criterion of Proposition 6.17 is
not satisfied. Then there exist an open set W in IT and a point (ay,...,a,)
in W such that there is no set V in B such that (a1,...,a,) € V. C W. For
every positive integer m and for each index ¢ there exists a set U; in B; such
that a; € U; C Dy/m(a;) (since B; is a base of open sets for X;). But then
(a1,...,an) € Uy X +++ x Up C Dyjpm(a1) X -++ X Dym(ay), and since, as
we are supposing, no set in B both contains (a4, ...,a,) and is contained
in W, it follows that there exists a point (z{™,...,z4™) in II\W that also
belongs to Dy /m(a1) X+ - - X Dy /mm(an). The sequence {2y,
thus constructed obviously converges in II to the limit (ay,...,a,), which
is impossible since W is an open set. Thus the criterion of Proposition 6.17
must be satisfied, and B is a base of open sets for II. (This serves to
show that the product of a finite number of metric spaces satisfying the
second axiom of countability also satisfies the second axiom of countability
provided the product is equipped with a product metric.)

As it turns out, a metric space satisfies the second axiom of countability
if and only if it possesses a very common property that we have already
had occasion to mention.

Theorem 6.18. A metric space (X, p) satisfies the second axiom of count-
ability if and only if it is separable.

PROOF. Suppose first that X satisfies the second axiom of countability,
let By be a countable topological base for X, and for each set V in By let
zy be a point of V. (If the empty set should belong to By, we simply
delete it.) Then the countable set of points {zv }ves, is clearly dense in
X (Prop 6.13), so X is separable. On the other hand, if X is separable,
let M be a countable subset of X such that M~ = X, and let E be a
countable set of positive numbers with the property that inf £ = 0. We
complete the proof by showing that the (countable) collection of open balls
By = {D.(z) : z € M,r € E} is a base of open sets for X. Indeed, let U
be open in X and let = be a point of U. We first choose £ > 0 so that
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D.(z) C U and then select a number r from E such that r < /2. Let y
be an element of M such that p(z,y) < r and consider the ball D,(y) —an
element of By by definition. Clearly z € D,(y), while if z € D,(y), then
o(z,2) < 2r <e, so z € D.(z). Thus D,(y) C D.(z) C U, and By is a base
of open sets for X by Proposition 6.17. O

Corollary 6.19. Every subspace of a separable metric space is itself
separable.

PROOF. Let X be a separable metric space and let A be a subspace of X.
If B is a countable base for X, and if B4 = {VNA:V € B}, then it is
clear that B, is countable and it is also easy to see that B4 is a base for A.
Indeed, the sets of B4 are open relative to A by Proposition 6.15, while if
B is any relatively open subset of A, then there exists an open set U in X
such that B = UNA. But if By is a subcollection of B such that U = | By,
then B = {Jy cp,(V N A). Thus By is a countable base of open sets for 4,
so A is separable. 0O

We conclude this chapter with a brief discussion of a concept that gen-
eralizes the notion of a metric in a modest but frequently useful way.

Definition. If X is an arbitrary set, then a real-valued function ¢ on
X x X is a pseudometric on X if the following conditions are satisfied
for all elements z,y, and z of X:

(1) o(z,y) 2 0; o(x,z) =0,

(2) o(z,y) = o(y, z),

() o(z,2) < o(z,y) + o(y, 2)-

The value of the pseudometric o at a pair (z,y) of points of X is the
pseudodistance between z and y. A pair (X, o) consisting of a set X
equipped with a pseudometric o is a pseudometric space.

As is apparent from this definition, the sole difference between a metric
and a pseudometric is that it is possible for a pseudometric to vanish at a
pair (z,y) even though z # y. The inequality (3) is known as the triangle
inequality for pseudometric spaces.

Example X. Let X be a metric space, let By denote the collection of all
bounded nonempty subsets of X, and let 7 be the nonnegative function
defined on By x By in Example D. If we define

0(A,By=1(A,B)VT1(B,A), A,BE€B,,

then o is a nonnegative function on By x By such that o(A, A) = 0 for each
A in By, and it is obvious that o is symmetric, that is, satisfies condition
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(2) in the above definition. Moreover, if A, B and C are arbitrary elements
of By, then

7(A,C) £ 7(4,B) + 7(B,C) < 0(A,B) + o(B,C)
(see Example D once again). Likewise, of course,
7(C,A) < 7(C,B) + 7(B,A) < d(A,B) + (B, C).

Thus ¢(A,C) < o(A, B) + o(B,C), so o satisfies the triangle inequality
too, and is therefore a pseudometric on By.

Suppose now that o(A,B) = 0 for some pair of sets in By. Then
7(A,B) = 7(B,A) = 0 and therefore A C B~ and B C A~ (see Prob-
lem J). In other words, A~ = B™, and it is easily seen that A~ = B~
implies, in turn, that ¢(A, B) = 0. Hence if we denote by H the subset of
By consisting of all the closed bounded nonempty subsets of X, then the
restriction o9 = o | (H X H) is actually a metric on H. This metric oy
is known as the Hausdorff metric on H. If {E,} is a sequence in H and
if Ag is an element of H such that o¢(Ao, En) — 0, we shall call Ag the
(Hausdorff) metric limit of {E,}.

For the pseudometric o defined in the foregoing example it turned out
that there was an obvious and natural way to restrict o so as to obtain a
true metric. Things do not work out so agreeably in general, but there is
always a natural way of obtaining a metric from a given pseudometric.

Proposition 6.20. Let o be a pseudometric on a set X and for each pair
of elements z,y of X let us write x ~ y to signify that o(z,y) = 0.
Then ~ is an equivalence relation on X, and if [z] and [y] denote the
equivalence classes of an arbitrary pair x and y of elements of X, then

setting
p([z), [y]) = o(z,y) (4)

defines a metric on the quotient space X/ ~. (The metric p is called the
metric associated with o, and the metric space (X/ ~, p) is the metric
space associated with the pseudometric space (X,a).)

PROOF. The fact that ~ is an equivalence relation may be taken as obvious.
If 2’ is an arbitrary element of the equivalence class [z] and y' an arbitrary
element of [y], then

o(z',y') < o(z'z) + o(z,y) + o(y,¥) = o(a,y),

and, similarly, o(z,y) < o(z’,y’). Thus (4) does in fact define a nonneg-
ative function p on (X/ ~) x (X/ ~), and it remains only to show that p
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is a metric. To this end we first note that p is symmetric along with o.
Furthermore, if z,y and 2 are arbitrary elements of X, then

pllzl, [2]) = o(, 2) < o(2,y) + o(y, 2) = p([z], [y]) + A([y]; [2]),

so p also satisfies the triangle inequality. Finally, if p([z], [y]) = 0, then
o(z,y) =0, so z ~ y and therefore [z] = [y]. -

PROBLEMS

A. Let £ be a vector space. A norm on £ is a nonnegative real-valued function
| || on £ satisfying the following conditions for all vectors z and y in £ and
all scalars a:

(1) |||} > 0 whenever = # 0,
(2) llez| = |alll=l,
@) llz+yll < lill + llyll-

A vector space equipped with such a norm is a normed space; the inequality
(3) is the triangle inequality for the norm || ||. Show that if £ is a normed
space equipped with the norm || ||, then setting

plz,y) = llz—yl, =z,ye€é€,

defines a metric on £ (called the metric defined by || ||), and that this metric
is tnvariant in the sense that p(z,y) = p(z+a, y+a) for all vectors z, y and
a in £. Show also that the metrics on R™ and C" introduced in Example B
are defined by suitably chosen norms || ||; and || [|e-

B. The (Fuclidean) inner product (z,y) of two vectors z = (&,...,£n) and
y=(m,...,mm) in C" is, by definition,

(@y) =D &
i=1

The same formula also defines the (Euclidean) inner product on R™, but
there, of course, the complex conjugate bars are unnecessary. Verify that
the inner product on R" is a positive definite symmetric bilinear functional,
while the inner product on C" is a positive definite sesquilinear functional
(cf. Problem 3Q).

(i) Show that the inner products on both R™ and C" satisfy the inequality

l(z,9)| < (&,2)*(3,9)"/%, =,y € R"[C"] (5)

(called the Cauchy-Schwarz inequality), and use this inequality to prove
et lzllz = (z,2)"/%, = eR"[C",
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defines a norm || ||z on R"[C"] (called the usual or Euclidean norm).
Verify that this norm defines the usual metric on R*[C"], and hence
that these “usual metrics” are indeed metrics. (Hint: It suffices to deal
with two points z = (u1,...,us) and y = (v1, ..., v,) with nonnegative
coordinates. The verification of the Cauchy-Schwarz inequality may be
achieved in a number of ways. The most elementary, but also the most
laborious, approach is simply to expand the difference (x,z)(y,y) —
(x,y)? in terms of coordinates and show directly, by carefully grouping
terms, that this difference is a sum of squares. An alternate and much
less onerous approach is based on elementary algebra (Prob. 3Q). Yet
another approach consists in observing the elementary inequality

uiv; < (uf +U,2)/2

for each index 7 = 1,...,n, and adding these inequalities in the nor-
malized case (z,z) = (y,y) = 1.)

Prove that the Cauchy-Schwarz inequality (5) reduces to equality when
and only when the vectors x and y are linearly dependent, and conclude
that the triangle inequality for || ||2 likewise reduces to the equality
llz + yll2 = llzllz + ||lyllz when and only when one of the vectors is a
nonnegative multiple of the other.

C. For an arbitrary n-tuple a = (aa,...,a,) in C* and an arbitrary positive
real number p we write
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n 1/p
llalls = (Z lail”)

=1

(Note that this notation agrees with that introduced in Problem B.)

@

If p > 1, then there exists a unique positive number q satisfying the
condition 1/p+1/q = 1. (The number g is called the Hélder conjugate
of p, and p and q are said to be Holder conjugates.) Show that if p and
q are Hélder conjugates and z and y are any two vectors in C", then

I, »)| < llzllsllylla- (6)

(This inequality, which is clearly a generalization of the Cauchy-Schwarz
inequality of Problem B, is known as the Hélder inequality.) Use the
Holder inequality to prove that || ||, is a norm on C™ (and R™) when-
ever p > 1. (The triangle inequality for the norm || ||,p > 1, is called
the Minkowski inequality. The metric on C™ defined by || || will be
denoted by pp. This notation is in accord with that in Example B.)
(Hint: Use the methods of calculus to verify first that

b q
uvgu—+v—
p q
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for any two nonnegative numbers u and v, and use this elementary
inequality to derive the Holder inequality in the case ||z|, = ||yll¢ = 1.
Finally, to verify the Minkowski inequality, write

Yole+mlP <Y lalle T D Imllé + P (D)
i=1 i=1

i=1

and apply the Hoélder inequality to each of the sums in the right member
of (7).)

Show that || ||, does not satisfy the triangle inequality and is therefore
not a norm on C” for 0 < p < 1 (unless, of course, n = 1). (Hint:
Consider z = (1,0) and y = (0, 1) for the case n = 2.)

Prove that, for each element a of C*, ||a||, converges monotonely down-
ward (as a function of p) to ||a[| as p tends to infinity. (Hint: Use the
fact that lim,_, 4o c*P = 1 for every positive number ¢ to show that
limy—, 4o ||a}l, = 1 whenever |la||cc = 1.)

D. For each real number p such that p > 1 let (£,) denote the set of those
infinite sequences {£, }a—o of complex numbers such that

io: '£"|P < +OO,

n=0

and for each element z = {£.} of (£,) define |z|, = (Z:’:O |£n|”)l/p.
Show that (£,) is a complex linear space and that || ||, is a norm on (4;).
Show also that setting ||z|lcc = sup,.cN, [£~| defines a norm on the linear
space (£xo) of all bounded complex sequences = = {&n }aeo-

(i)

(ii)

Verify that
() G (&) G (6y) G (beo)

whenever 1 < p < p’ < +o00, and also that if z belongs to (£p,) for
some finite po > 1, then limp4 o |[|Z|lp = |[Z|loc- (Hint: The infinite
versions of the Hélder and Minkowski inequalities needed to verify that
|| ||p satisfies the triangle inequality may be obtained by passing to the
limit in the finite versions of those inequalities obtained in the preceding
problem; it is probably more instructive, however, to use the techniques
developed in solving that problem to derive these inequalities directly.)

We write e,, for the special sequence e, = {6mn }neo Where 8pmn de-
notes the Kronecker delta (see Example 3F). The sequence {en}3%,
belongs to (£p) for all 1 < p < +00. For each p determine which
elements z = {£,}52 of (¢;) have the property that

= ifnen.

n=0
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Let X be a set and let B (X)[B¢ (X)] denote the linear space of all bounded
real-valued [complex-valued] functions on X. The metric of uniform con-
vergence on Bg(X)[Bc (X)] (Example H; see also Example 3G) is defined
by a uniquely determined norm on Bgr(X)[Bc (X)]. (This norm is known,
affectionately if somewhat inelegantly, as the sup norm.) More generally,
if £ is an arbitrary linear space equipped with the invariant metric defined
by some norm, then the metric of uniform convergence on B(X; &) is also
defined by a norm.

Let X be a metric space and let {z,}5>; be a sequence in X.

(i) Show that if {x.} converges to a limit ag, then every permutation
of {z,}, that is, every sequence of the form {Z,(n)}, where o is a
permutation of N (Prob. 1C), likewise converges to ao.

(ii) Show that {z,} converges to a limit ao if and only if every subsequence
of {z.} possesses a subsequence that converges to ag.

Let {Xn}32, be a sequence of nonempty sets, and let II = Hf:o X, be
their Cartesian product. If z = {z.}7%0 and ¥ = {yn}nlo are any two
distinct elements of II, then there exists a smallest index—call it m(z, y)—
such that Tm(z,y) # Ym(ey)- Show that if z = {z.}7L, is some third
element of II, and if m = m(z,y) A m(y, z), then z, = 2, for all n =
1,...,m—1, and hence that m(zx, z) > m. Use this fact to show that if we

define
0, =y,
plz,y) = z,y €I,

/(1 +m(z,y)), =#y,

then p(z,z) < p(z,y) V p(y, z) for any three elements z,y and z of II, and
conclude that p is a metric on II. (This metric is usually called the Baire
metric.) Explain what it means for a sequence {x(™}2_, of elements of
II to converge to a limit a in the Baire metric.

(i) Suppose given a finite sequence {(X1, p1), ..., (Xn, pn)} of metric spaces,
and let z = (z1,...,%,) and y = (y1, ..., Yn) denote arbitrary elements

of the product Il = X; x --- X X,. Show that for each real number p
such that p > 1, the function

po(%,) = [p1(21,31)" + - - + pn(@n, ya)?]/”
is a metric on Il. Show also that

Poo(Z,Y) = p1(21,41) V- -+ V pn(Tn, Yn)

is another metric on IT and that all of these metrics are equivalent in

that a sequence {z‘™ = (z{™,...,z{™)}3_, in Il converges to a point
a = (a1,...,an) if and only if it converges termwise to a, i.e., if and

(m)

only if limy, z;”” = ai,i = 1,...,n. (A metric on a product such as
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IT having this last property is called a product metric; thus each of the
metrics p, is a product metric.)

(ii) Suppose given an infinite sequence {(Xn, pn)}neo of metric spaces, and
let {kn}32¢ be an arbitrary sequence of strictly positive numbers such
that Y0  kn < +o0. Verify that if, for an arbitrary pair z = {2 }nZe
and y = {yn}32o of elements of the product IT = []>° | X, we set

_ Pn(Tn,yn)
ple.y) = Ek 1+ pa(Zn, yn)’
n=0

then p is a metric on II with the property that a sequence {zm =
{w(m)}nzo}ﬁzl converges in II to a limit a = {an}5> with respect to
the metric p if and only if it converges termwise to a, i.e., if and only if
lim,y, :cslm) = an, n € Ng. Conclude that any two such metrics on II are
equivalent. (Here too it will be convenient to refer to any such metric
as a product metric on I1.) (Hint: Recall Example K.) Conclude also,
in particular, that

play) = Z;nlf'l'g Tl o = (60w = (1),

defines a metric on the space (s) of all sequences {an}nzo of complex
numbers. {This is the metric of pointwise convergence on (s).)

(iii) Let S denote the space NNo = NxNx--- of all sequences s = {k.. }32,
of positive integers. Show that the relative metric on S that it receives
as a subspace of (s) is a product metric on S if each copy of N is
equipped with the discrete metric (Ex. C), and that this metric is also
equivalent to the Baire metric on S (Prob. G). (Hint: Examine what
it means for a sequence to converge in S in all three cases.)

I. Let (X, p) be a metric space. Show that the metric p satisfies the inequality

lo(z1, ¥1) — p(z2,y2)] < p(z1,22) + p(Y1,Y2)

for all quadruples z1, 2, y1 and y2 of points of X. Conclude from this that
if {z..} and {yn} are sequences of points in X converging to limits ag and b,
respectively, then lim,, p(zn,yn) = p(ao, bo). Show that diam A~ = diam A
for every subset A of X.

J. Let (X, p) be a metric space and let A be a nonempty subset of X.

(i) Show that d(z, A) < p(z,y) + d(y, A) for each pair z,y of points of X,
and use this fact to prove that the function fa(z) = d(z, A),z € X,
satisfies the inequality

[fa(z) — fa)| < p(z,y), =zyeX.
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(ii) Show that if {zn}n=, is a convergent sequence in X, then the sequence
{fa(zn)}3>, converges in R to fa(lim,z.), and conclude that if ¢
is an arbitrary nonnegative number, the sets {z € X : fa(z) < ¢}
and {z € X : fa(z) > ¢} are both closed. Show, in particular, that
{r € X : fa(z) = 0} coincides with A™.

(iii) Let B and C be bounded nonempty subsets of X, and let 7 be the
function defined in Example D. Prove that 7(B,C) = 0 if and only if
C is dense in B, i.e.,if and only if BC C™.

(i) Which of the spaces (£,) of Problem D are separable and which are not?

(ii) Determine when the product II of a sequence of sets is separable when
equipped with the Baire metric (Prob. G).

(ili) Determine when the space B(Z; X) of all bounded mappings of a set Z
into a metric space X is separable in the metric of uniform convergence
(Ex. H).

Prove that the cardinal number of a separable metric space cannot exceed
R, the power of the continuum (Chap. 4). (Hint: There are X sequences in
a countably infinite set.)

Two (similarly indexed) sequences {z.} and {yn} in a metric space (X, p)
are said to be equiconvergent if lim,, p(zn,yn) = 0. Show that a sequence
{zn} converges to a limit a in X if and only if it is equiconvergent with the
constant sequence {a,a,...}. Show too that if either of two equiconvergent
sequences {z,} and {y.} is convergent, then both are, and lim, z, =
lim,, y,. Show, finally, that if A is an arbitrary subset of X and {z.} is
any sequence in A, then there exists an equiconvergent sequence {yn»}
in A.

Show that every monotone increasing sequence {Er} of subsets of a metric
space X possesses a closed limit (Ex. N) by finding that limit. Similarly,
find F lim,, E, for an arbitrary decreasing sequence {E,} of subsets of X.

A subset D of a metric space X is dense in itself if every point of D is an
accumulation point of D, i.e., if D C D*.

(i) If a set A is not dense in itself, then there exists a point zo in A and
a positive radius € such that D.(zo) N A = {zo}. Such a point is an
isolated point of A. (Thus A is dense in itself if and only if it does not
possess any isolated points.) A subset A of a metric space X consisting
entirely of isolated points is a discrete subset of X. Give an example of
a countable discrete subset M of a metric space X with the property
that M™* has the power of the continuum and show that this result
cannot be improved upon in that the derived set of a countable subset
of an arbitrary metric space has cardinal number at most X.
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(ii) A subset P of a metric space X that is both closed and dense in itself,
i.e., that is such that P* = P, is called perfect. Show that the Cantor
set C (Ex. O) is a perfect subset of R. Show also that the generalized
Cantor sets of Examples P and Q are all perfect.

P. A subset A of a metric space X is known as a Gs in X if there exists a
sequence {U,}32, of open sets in X such that

Dually, a subset B of X is an F,, in X if there exists a sequence {F,}3>,
of closed sets in X such that

(In this notation the letter “G” stands for “Gebiet,” a word meaning “open
set” in German, while “6” suggests countable intersection because the Ger-
man for “intersection” is “Durchschnitt”; similarly, the letter “F” stands
for “fermé”, meaning “closed” in French, while “o” suggests countable
union, because the French for “union” used to be “somme”.

(i) Verify that these notions are truly dual in the sense that the comple-
ment in X of an arbitrary Gs in X is an F, in X, and vice versa. Show
too that the intersection of an arbitrary nonempty countable collection
of Gss in X is a G5 in X, and, dually, that the union of an arbitrary
countable collection of Fss in X is an F, in X.

(ii) Show that every closed subset of a metric space X is a Gs in X, and
dually, that every open set in X is an F, in X. (Hint: If F is a
nonempty closed subset of X, and if f(z) = d(z, F), ¢ € X, then F =
{z € X : f(z) = 0}, while each set of the form {x € X : f(z) < ¢} is
open; see Problem J.)

(iii) Let A be a subspace of a metric space X, and suppose A is a G5 in X.
Prove that a G5 in A is also a G5 in X. State and prove the analogous
fact concerning F, subsets of an F,,. (Hint: Show first that a relatively
open subset of A is a G5 in X.)

Q. Let X be a metric space and let A be a subset of X. A point z is an interior
point of A if there exists a positive number € such that D.(z) C A. The
set of all interior points of A is called the interior of A and is denoted by
A°.

(i) Show that for an arbitrary subset A of X the interior A° is open and
is, in fact, the largest open subset of A. Show that a subset U of X is
itself open if and only if U = U®, and that interiors are dual to closures
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in the sense that (X\A)~™ = X\A° (and (X\A)° = X\A™) for every
subset A of X.

(ii) Formulate and prove the dual of Proposition 6.9.

(iii) For any subset A of X the difference A~\A° is the boundary of A
(notation: A). Verify that A is a closed set that may equally well
be described as the intersection A~ N (X\A)~, and thus consists of
the set of all those points z in X with the property that every ball
D.(z)(e > 0) meets both A and X\A. Verify also that a subset A
of X is closed if and only if ?A C A, while A is open if and only if
ANdA=@.

(iv) Verify that for arbitrary subsets A and B of a metric space X the
boundaries of AU B, AN B, A\B and AVB are all contained in the
union (0A) U (8B).

For any metric space X there is a smallest cardinal number ¢ with the
property that there exists a topological base B for X such that card B=c
(why?), and this cardinal number is called the weight of X. (Thus X
satisfies the second axiom of countability if and only if the weight of X is
< Ng.) Generalize Theorem 6.18 by showing that the weight of an arbitrary
metric space X may also be described as the smallest cardinal number ¢
with the property that there exists a set M in X with card M = ¢ and
M~ = X. Show too that if the weight of X is ¢, then the cardinal number
of a disjoint collection of nonempty open subsets of X cannot exceed c.
(Hint: Recall Proposition 4.6. It is best to treat spaces of finite weight as
a special case.)

Let By be a base of open sets for a metric space X and let U be an arbitrary
collection of open sets in X. Prove that U contains a subcollection Uy
such that | JUp = (JU and card Up < card Bo. (Hint: The collection
V = Uyeu{V € Bo : V C U} is contained in By and every set in V is
contained in some set belonging to U.)

(i) Use the foregoing result to establish that if X has weight ¢, and if
U is an arbitrary collection of open subsets of X, then there exists a
subcollection Up with | JUo = |JU and card Up < c.

(ii) Verify also that if X has weight ¢ and if B is some other base of open
subsets of X, then B contains a base of open sets B; for X such that
card B1 = c¢. (Thus, in particular, if X is separable and if B is an
arbitrary base of open sets for X, then B contains a countable base for
X.) (Hint: Recall Problems 4I and 4S. Here again it is best to treat
spaces of finite weight as a special case.)

Let X be a metric space, let a be an ordinal number, and suppose given
a strictly increasing indexed family {Ug}¢<, of open subsets of X. (Thus
the index set is the ordinal number segment W («a) and Ug g U, whenever
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£ < n < «.) Show that the cardinal number of o cannot exceed the weight
of X. (In particular, then, if X is separable, @ must be countable.) (Hint:
If B is any base of open subsets of X and £ + 1 € W(a), then Ug41 must
contain at least one element Vi of B that Ug does not.)

The idea of the derived set leads naturally to the notion of higher order
derivatives. Indeed, we define the first derivative AD of a subset A of a
metric space X to be A*, the second derivative A? to be A** = A+,
and so forth. (For technical reasons it is desirable to set A(®) equal to A~
instead of A itself.) For some purposes it is important to press on with this
inductive definition into the realm of the transfinite. Suppose, accordingly,
that « is an ordinal number, that 7 is an ordinal number belonging to the
ordinal number segment W (a), and that derivatives A®) of every order
£,€ < 71, have been defined for a subset A of a metric space X. We then
define the derivative A™ of order 1 as follows: If 7 is an ordinal number
of type I (Prob. 5G) and if, say, 7 = £ + 1, then we set A(M = A%0)*, if,
on the other hand, 7 is a limit number, we set

A = (] 4©.
£<n
In this way the derivative of each order 7 in W(a) of an arbitrary subset A
of X is defined by transfinite induction (Th. 5.12). (We leave to the reader
the routine verification that if « is replaced in this definition by some other
ordinal number o/, then the resulting notion of higher order derivatives is
unchanged on the ordinal number segment W(a A o').)

(i) For an arbitrary subset A of a metric space X the indexed family
{A®}¢ o thus obtained is a monotone decreasing family of closed sets.
Show that if the ordinal number « is taken large enough, then there
necessarily exists a unique smallest ordinal number 79 in W(a) (with
7o independent of ) such that A+ = A®0) and that A®) then
coincides with A for all ¢ such that 7o < £ < . This smallest
ordinal number 7)o such that A©) is constant on W(a)\W (o) is the
derivation order of A. (Hint: Take for « the initial number w. of some
cardinal number ¢ such that c is greater than the weight of X.)

(ii) Prove that if X is a separable metric space, then the derivation order
of every subset of X is countable. (Hint: Use Problem T.)

(iii) Show, conversely, by transfinite induction that if a is an arbitrary real
number and 7 is an arbitrary countable ordinal number, then there
exists a set A of real numbers suc. that A™ = {a}. (Hint: This is one
of those situations in which it is casier for technical reasons to prove
more than is required. Let a and b be real numbers such that ¢ < b,
and let {sn} be a strictly decreasing sequence in the open interval (a, b)
such that lim,, s, = a. Show first that if A, is an arbitrary nonempty
subset of the interval [sn+41,5n), 7 € N, then

(U A,.) ={a}uU U AZ,

n=1
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(iv)

and use this fact to prove that for an arbitrary countable 7 there exists
a countable closed subset F of [a,b) such that F( = {a}.)

Show, finally, that for an arbitrary countable ordinal number 7 there
exists a closed subset F of R having 7 as its derivation order.

V. A point z in a metric space X is a condensation point of a set A C X if
the intersection D¢(z) N A is uncountable for every open ball D,.(z) with
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€ > 0. Show that the set AJr of all condensation points of an arbitrary set
A in a metric space X is a closed set contained in the derived set A*. Give
examples of sets A for which At # A* and for which At = A*. Show that
an arbitrary closed subset F' of a separable metric space can be expressed
uniquely as the disjoint union of a countable set and a perfect set P having
the property that every point of P is a condensation point of P. (The
set P is called the Bendizson kernel of F.) Verify that P ¢ F® for all
derivatives of F, and hence that P C F(™ where 1 denotes the derivation
order of F' (Prob. U). (Hint: Set P = FT.) Show also that the Cantor set
is its own Bendixson kernel.

(i) Show that if A is a countable set, then there exists a sequence {z,}

(ii)

in A such that every point a of A is taken on infinitely often by {z.}.
Conclude that if A is an arbitrary countable subset of a metric space
X, then there exists in X an infinite sequence {z,} with the property
that every point of A is a cluster point of {zn}.

Prove that the set of all cluster points of an arbitrary sequence {z,}
in a metric space X is a closed subset of X. Show also, in the converse
direction, that if X is a separable metric space, then there exists a
single infinite sequence {z,} in X with the property that if F is an
arbitrary closed subset of X, then {z,} possesses a subsequence {zn, }
having F' for the set of all of its cluster points.

Let By denote the collection of all bounded nonempty subsets of a metric
space X, let {E,}3%, be a sequence in By, and let F and F denote the
closed limit superior and the closed limit inferior of {E }, respectively (see
Example N).

(i)

(i)

If 7 is the function defined on By x By in Example D, and if lim, 7(A, E,)
= 0 for some element A of By, then A C F. Show, conversely, that
if F € By and if it is not the case that lim, 7(F, E,) = 0, then there
exists a sequence {zx} in F such that {zx} has no cluster point in X.
(Hint: If 7(F, E,) # 0, then there exist a strictly increasing sequence
{nx}22, of positive integers and a sequence {zx}32; in F such that the
sequence {d(zk, En, )} is bounded away from zero; use the fact that F
is closed.)

ghow, dually, that if lim,, thn, A) = 0 for some element A of Bo, then
F c A7, and also that if F € By and 7(E,, F) / 0, then there exist
a strictly increasing sequence {nx} of positive integers and a sequence
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{z} of points of X such that zx € E,, for every index k and such that
the sequence {xx} has no cluster point in X. (Hint: If 7(En, F) 4 0,
then there exists a strictly increasing sequence {nx} of positive integers
such that for each index k a point zx of E,, can be selected in such a
way that the sequence {d(xx, F)} is bounded away from zero.)

(iii) Conclude that if o9 denotes the Hausdorff metric on the space H con-
sisting of the closed sets in By (so that oo(A, B) = 7(A, B) V 7(B, A);
see Example X), if the sets E, all belong to H, and if the metric limit
lim, E, exists in H, then

imE, =FlimE,.
n n

(That is, whenever the metric limit of a sequence in H exists, the closed
limit of that sequence also exists and coincides with the metric limit.)

Conclude, in the other direction, that if F = F = F € M, and if
oo(F, E,) / 0, then there exists a sequence in X that possesses no
cluster point.

(iv) Show also that if the sequence {Ey} lies in H, and if an element Ao of
‘H is a metric cluster point of {E,} (so that there exists a subsequence
{En.} of {E.} such that Ao is the metric limit of {E,}), then

Fc A cF.

Conclude that if the closed limit F = Flim,, E, exists, then F is the
only possible metric cluster point of {E,}.

(v) Give an example of a sequence {E,} of closed bounded nonempty
subsets of R? such that F = Flim, E, exists and is bounded and
nonempty, and such that the sequence {oo(F, E.)} tends to +oco.

Y. (i) Let (Y, p) be a metric space and let ¢ be an arbitrary mapping of a set
X into Y. Then setting

o(z, 1:') = p(¢(), ¢(x’))) 2,2’ € X,
defines a pseudometric on X, as does

e (@), 8(x))
7 (®2) = T p(6(a), 6@))’

Show that the metrics associated - 7ith o and ¢’ are equivalent, and also
that ¢ and ¢’ are themselves metri s on X if and only if ¢ is one-to-one.

z,r’ € X.

(ii) Let {on}3_, be a finite sequence of pseudometrics on a set X. Verify
that

Gi(z,y) =) _onl@,y)

n=1

and
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Ooo(2,y) = 01(2,y) V- V on(,y)
are also pseudometrics on X. Indeed,
p(@,y) = [o1(2,y)" + - + on(z,y)]/”

is a pseudometric on X for each p,1 < p < +0o0. Under what conditions
are the pseudometrics o, actually metrics on X?

(iii) Let {on}a=1 be an infinite sequence of pseudometrics on X. Show that

- _ 1 on(z,y)
0’(-’57:‘/) = 2_:1 m 1 +an(m,y)

defines a pseudometric & on X, and give conditions on the sequence
{on} in order that & be a metric.



Continuity and limits

A mapping between metric spaces is continuous if it preserves closeness.
This idea is made precise in the following definition.

Definition. Let (X, p) and (Y, o) be metric spaces, let ¢ be a mapping of
X into Y, and let =g be a point of X. Then ¢ is continuous at zg (and
xo is a point of continuity of @) if for each positive number ¢ there exists
a positive number 8 such that p(z,z¢) < 6 implies o(¢(z), ¢(z0)) < ¢,
or, equivalently, such that ¢(Ds(zo)) C Dc(¢(z¢)). Conversely, if ¢ is
not continuous at xq, then ¢ is discontinuous at z¢ (and zo is a point of
discontinuity of ¢). Finally, ¢ is continuous (on X) if it is continuous
at every point of X.

Continuity is a topological property, as the following two elementary
propositions clearly show.

Proposition 7.1. Let ¢ be a mapping of a metric space X into a metric
space Y, and let xy be a point of X. Then ¢ is continuous at xq if and
only if the sequence {¢(x,)} converges in Y to ¢(xo) whenever {z,} is
a sequence in X that converges to xg. Moreover, if ¢ is continuous at
zo, and if {x»}ca is an arbitrary net in X that converges to xo, then
the net {¢(zr)} converges to ¢(xo).

PROOF. Suppose first that ¢ is continuous at zo and that {z,} is a net
tending to ¢ in X. If € > 0, then there exist a positive number § such
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that ¢(Ds(zo)) C De((¢(xo)) and an index Ag such that z) € Dg(zg) for
all A > Xo. But then ¢(z) € D.(é(xo)) for A > Ao, which shows that
#(z2) — ¢(z0)-

Suppose next that ¢ is discontinuous at xg. Then there exists a positive
number & so small that D, (¢(zo)) contains no set of the form ¢(Ds(zo))
for any positive 6. Hence for each positive integer n there exists at least
one point z, of Dy/n(zo) such that ¢(zn) & De,(é(x0)). But then the
sequence {z,} converges to zo in X while the sequence {¢(z,)} clearly
fails to converge to ¢(zo) in Y. O

Proposition 7.2. Let p and p' be equivalent metrics on a set X, and let
o and o' be equivalent metrics on a set Y. Then a mapping ¢: X —»Y
is continuous at a point zo of X as a mapping of (X, p) into (Y,0) if
and only if it is continuous at xo as a mapping of (X,p') into (Y,o’').
Hence ¢ is continuous as a mapping of (X, p) into (Y, o) if and only if it
is continuous as a mapping of (X, p') into (Y, 0’).

ProoOF. In view of Proposition 7.1, both parts of this proposition are
immediate consequences of the definition of equivalence. m|

Example A. Let ¢1,...,¢; be mappings of a metric space X into metric
spaces Y7, ..., Y, respectively, and let II = Y7 ... x Y} be equipped with a
product metric (see Problem 6H). Then the mapping ® of X into II defined
by setting

q’(x) = (¢1(:’:)7"'7¢k(x))7 z€ X,

is continuous at a point zg of X if and only if all of the mappings ¢;,: =
1,...,k, are continuous there. Indeed, if {z,} is a sequence in X converging
to o, then the sequence {®(z,)} converges to ®(z¢) when and only when
each sequence {@;(zr)} converges to ¢;(zg),i = 1,...,k, so the desired
result follows at once from Proposition 7.1.

Definition. A mapping ¢ of a metric space (X, p) into a metric space
(Y, 0) is said to be Lipschitzian, or to satisfy a Lipschitz condition, with
Lipschitz constant M, if

a(¢(x),¢(x’)) < Mp(a:, xl)v z, z' e X,

for some positive number M. (In the event that the Lipschitz constant
M can be taken to be one or less, the mapping ¢ is also sometimes said
to be contractive.)

Clearly a Lipschitzian mapping is continuous (set § = €/M), so exam-
ples of Lipschitzian mappings are automatically examples of continuous
mappings as well.
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Example B. If A is a nonempty subset of a metric space (X, p), then the
function f4(x) = d(z, A),z € X, is contractive (Prob. 6J). Likewise, the
metric p itself is contractive as a mapping of X x X into R if X x X is
equipped with the metric p; (Prob. 6I). In particular, the mapping { — |(|
is contractive on C, as is the mapping z — ||z|| on any normed space
£. Obviously all constant mappings and all isometries are contractive. A
somewhat more interesting example goes as follows. Let X;,...,X, be
metric spaces, and let II denote the product II = X; x ... x X, equipped
with any one of the metrics pp,1 < p < 400 (see Problem 6H). Then the
projection m; of Il onto X; is contractive for each i =1,...,n.

Example C. The operations of addition and subtraction are Lipschitzian
when viewed as complex-valued functions on C? (and therefore also, of
course, when viewed as real-valued functions on R?). Indeed,

(rxm)—(&2£m) = (& — &) £ (m —n2),

SO
[(61£m) — (€2 £m)| < & — & + |m — ne

for all complex numbers &1, €2, 771, 772. Thus addition and subtraction satisfy
a Lipschitz condition with Lipschitz constant M = 1 if C2 is equipped with
the metric p;, and they also satisfy a Lipschitz condition (with M = V2)
if C2 is equipped with its usual metric. (Similarly, for any normed space
£, the operations of vector addition and subtraction are Lipschitzian on

ExE)

Example D. Let £ and F be normed spaces, let T : £ — F be a linear
transformation of £ into ¥, and suppose there is some point z¢ of £ at
which T is continuous. Then there exists a positive number é such that
|z — zo|| < 6 (with z in &) implies that || Tz — Tzo|| = ||T(z — zo)| < 1.
But then for any é§’ such that 0 < § < § it is the case that ||z|| < §’ implies
that ||T'(zo + 2) — Tzo|| = ||T2|| < 1. Let us fix one such number ¢’ and
set M = 1/§'. If for an arbitrary nonzero vector z in £ we set 2’ = z2/||2||,
then §'||T2'|| = ||Té'2'|| < 1, so ||T2’'|| £ M. Hence the number M satisfies
the following condition:

ITzll < M|z, z€€. (1)

But then, of course, | Tz — TZ'|| = |T(z — 2')|| < M||z — z’|| for any two
vectors x and z’ in £, so T is Lipschitzian with Lipschitz constant M.
Thus we see that the following four conditions are equivalent for a linear
transformation 7' between normed spaces £ and F:

(a) T is continuous at some one vector in £,
(b) There is a number M satisfying (1) for T,
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(¢) T is Lipschitzian,
(d) T is continuous on .

A linear transformation T of a normed space £ into a normed space F
is said to be bounded if it possesses any one, and hence all four, of these
properties. (It should be emphasized that this terminology, which is at
variance with our standard use of the term “bounded” in the context of a
general metric space, applies only to linear transformations.)

Suppose now that T is a bounded linear transformation of £ into F,
and consider the (nonempty) set M of all those real numbers M such
that (1) holds for M and T. It is obvious that M is a ray to the right
in R. Somewhat less obviously, the ray M is closed. (Indeed, if My =
inf M, and if for some vector zo in £ we have ||[T'zo|| > Mp|zo||, then
zo # 0 and ||T'zo||/||zo|| > Mo, so there exists a number M in M such that
M < ||Tzo||/||zo||- But then || Tzo|| > M||zol||, which is impossible.) This
least element of M is called the norm of T and is denoted by ||T||. (It is
sometimes useful to know that the norm of a bounded linear transformation
is also given by the supremum sup{||Tz|| : ||z|| < 1}. Indeed, if we set
M; = sup{||Tz| : ||z|| < 1}, then it is obvious that M; < ||T||; on the
other hand, if z # 0, then

1T(/ll<i)ll = I1T=|l/ll=ll < My,
whence it follows that M; € M, and hence that ||T|| < M;.)

Example E. Every linear transformation T of R™ into R™ is bounded.
Indeed, if A = (ai;) is the m x n matrix defining T’ (so that the image
(t1,---,tm) under T of a point (s1,...,,) is given by

tl Sn

tm Sn
see Example 3Q), then po(T(s1,-..,8,),T(s],...,5,)) is given by

1

272
m n
D | 2 alss =)
i=1 \j=1
Hence, if we write £ = (s1,...,5,) and =’ = (si,...,s,,), we have
m n n 2
p(T, Ta) < |3 | Doy | | 2 (s5 = 55)?
i=1 \j=1 Jj=1
m n 2
= pg((lt, 11)/) az?j
=1 j=1
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by the Cauchy-Schwarz inequality (Prob. 6B). Thus when R™ and R™ are
equipped with their usual Euclidean metrics, ||T|| is dominated by the
constant X

m n 2

N(A)= Zza’?j H

i=1 j=1

called the Hilbert—Schmidt norm of A.

It is frequently necessary to deal with mappings that are defined only
on some subset of a metric space. The following definition is nothing but
a formalization of various conventions agreed upon earlier and is included
here only to avoid misunderstandings and to fix terminology.

Definition. Let X and Y be metric spaces, and let ¢ be a mapping of
some subset A of X into Y. Then ¢ is said to be continuous at a point
1o of A relative to A if the restriction ¢|A is continuous at zo. If ¢
is continuous at a point xo of A relative to A, then zg is a point of
continuity of ¢ relative to A, and if ¢ is not continuous at a point xo
of A relative to A, then ¢ is discontinuous at zo relative to A, and zg
is a point of discontinuity of ¢ relative to A. Similarly, ¢ is continuous
on A (relative to A) if the mapping ¢|A : A — Y is continuous on the
subspace A.

The following proposition merely states, in the context of a relative
metric, the definition of continuity and the criteria for continuity set forth
in Proposition 7.1, and no proof is needed or given.

Proposition 7.3. Let X andY be metric spaces, and let ¢ be a mapping
of a subset A of X into Y. Then ¢ is continuous at a point xg of A
relative to A if and only if for each positive number £ there exists a
positive number § such that ¢(Ds(xg) N A) C D (¢(xo)). Equivalently,
¢ is continuous at zo relative to A if and only if {¢(z,)} converges to
¢(xo) whenever {z,} is a sequence in A that converges to zo.

Example F. The characteristic function xq of the rational numbers (Prob.
1R), regarded as a mapping of R into itself, is discontinuous at every point
of R. Nonetheless, this function is continuous on Q relative to Q (being
constantly equal to one there) and is likewise continuous on the set R\Q of
irrational numbers relative to R\Q (being constantly equal to zero there).

The following result provides a pair of important criteria for the con-

tinuity of a mapping between metric spaces. (For other such criteria see
Problem B.)
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Theorem 7.4. Let X and Y be metric spaces and let ¢ be a mapping of
X into Y. Then the following are equivalent:
(1) ¢ is continuous,
(2) For every open set U in'Y the inverse image ¢~(U) is open in X,
(3) For every closed set F inY the inverse image ¢~ (F) is closed in X.

PROOF. Since ¢~}(Y\B) = X\¢~!(B) for every subset B of Y, and
since closed and open sets are the complements of one another, it is clear
that (2) and (3) are equivalent. Moreover, if (2) is satisfied, if 2o € X,
and if ¢ is a positive number, then ¢~!(D.(¢(zo))) is an open set in X
containing o, whence it follows that there exists a positive radius é such
that Ds(zo) C ¢~ (De(¢(20))). But then ¢(Ds(zo)) C De(¢(xo)), which
shows that ¢ is continuous at zg, and since zg is an arbitrary point of X,
it follows that ¢ is continuous. Hence to complete the proof it suffices to
show that (1) implies (2).

Suppose, accordingly, that ¢ is continuous. Let U be an open set in Y,
and let o € ¢ 1(U). Then ¢(z0) € U so there exists a positive radius €
such that D.(¢(xo)) C U. But then there also exists a positive radius § such
that ¢(Ds(zo)) C D.(¢(x0)) C U, and hence such that Ds(zo) C ¢~ (U).
Thus, ¢~ (U) is open (Prop. 6.11), and the theorem is proved. a

Example G. Let X be a metric space, let f be a continuous real-valued
function on X, and for each real number t, set Uy = {z € X : f(z) < t}.
Then {U, }scr is a nested family of open sets in X satisfying the following
three conditions:

(1) Uier Ut = X and ;g Ut = 9,
(2) If s < t, then U, C Uy,
(3) Foreach t in R, Uy =, Us.

(To verify (2) note that Uy is a subset of the closed set {z € X : f(x) < s},
and that this set is, in turn, contained in U;.)

Suppose, conversely, that M is some dense subset of R and that a family
{Vi}tem of open subsets of X is given satisfying the following conditions:

(1) UteMVt = X and nteMVt'_‘g’
(2') If s<t (s,t € M), then V,” C V.

For each point = of X we write R, = {t € M : z € V;}. Because of (2')
it is clear that if t € R, then M N [t, +00) C R;. But then by (1'), R; is
nonempty and bounded below in R for every z in X. Hence we may, and
do, define a real-valued function f on X by setting

f(z) =inf R,

for each z in X. (This infimum is taken in R, of course, and need not
belong to M.) If now zo € X and ¢ is a positive number, then the interval
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(f(zo) — €, f(zo)) contains points ¢t and t’' of M such that ¢t < ¢/, and it is
clear that t' € Ry,. Thus zo ¢ Vi, and consequently by (2'), zo & V;~.
On the other hand, the interval (f(zo), f(zo) + €) certainly contains an
element t of R,,, so g € Vir. Thus W = V,»\V;” is an open subset
of X containing xg, and if x is any point of W, then R, contains t’ but
not ¢. Hence t < f(x) <t , and therefore |f(z) — f(o)| < € for all z in
W, whence it follows that f is continuous at zy. Since x is an arbitrary
point of X, this shows that f is a continuous function on X. Moreover it
is readily verified that, for each element ¢ of M,

{zeX:flz)<ticVic{zeX: f(z) <t}

and also that V; = {z € X : f(z) < t} for every t in M if and only if the
given family {V;}:cas satisfies the additional condition
(3') foreachtin M, V; = | V,.

<t
sEM

(It is also easily seen that if (3’) holds, then the continuous real-valued
function f is uniquely determined by the fact that V; = {z € X : f(z) < t}
for every element ¢t of M.) This construction is an important source of
continuous functions, and we shall return to it later.

Several important corollaries of Theorem 7.4, along with some related
examples, follow. The first of these corollaries is a straightforward con-
sequence of the theorem and the definition of relative continuity, and no
proof is given.

Corollary 7.5. Let X and Y be metric spaces, and let ¢ be a mapping
of a subset A of X into Y. Then ¢ is continuous on A if and only if
¢~ Y(U) is relatively open in A whenever U is an open subset of Y.

Corollary 7.6. A continuous mapping on a metric space X is completely
determined by its action on any dense subset of X. That is, if ¢ and
are two continuous mappings of X into a metric space Y, and if ¢ and
1 agree on some dense subset of X, then ¢ = 1.

ProoF. Let ¢ and i be continuous mappings of (X, p) into (Y, o), and
suppose ¢(zo) # Y (zo) for some point zp of X. Let d = o(p(xo), ¥(z0)).
Then U = ¢~!(Day2(¢(x0))) and V = ¢~ (Da/a(y(20))) are nonempty
open subsets of X, as is UNV (since all three sets contain ), and it is clear
that ¢(z) # ¥(z) for each z in UNV. Thus, the set {z € X : ¢(z) = ¢¥(z)}
is not dense in X, contrary to hypothesis. a

Example H. Each continuous mapping f of R into R is uniquely deter-
mined by the restriction f{Q. Hence f — f|Q is a one-to-one mapping
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of the set of all continuous real-valued functions on R into R?. Since
card RQ = X" = X (Prob. 4F) it is clear that there are at most X continu-
ous real-valued functions on R, and since the cardinal number of the set of
constant functions is N, this shows that the cardinal number of the set of
all continuous real-valued functions on R is exactly R. The same line of rea-
soning establishes the same conclusion for the set of continuous mappings
of any separable metric space into a metric space Y with card Y = R.

Corollary 7.7. The level sets (Ex. 1H) of an arbitrary continuous map-
ping of a metric space X into a metric space Y are closed.

PROOF. Singletons are closed sets in an arbitrary metric space. Hence, if ¢
is a continuous mapping on X, a set of the form {z € X : ¢(z) = ¢(z¢)} =
¢ 1({#(z0)}) is closed too. m]

Definition. A mapping ¢ of a metric space X into a metric space Y is
said to be open [closed) if #(A) is open [closed] in Y whenever A is open
[closed] in X.

The following result is nothing more than a paraphrase of Theorem 7.4
in the special case of a one-to-one mapping, and no proof is required.

Corollary 7.8. A one-to-one mapping ¢ of a metric space X into a metric
space Y is continuous if and only if the inverse mapping ¢~ (regarded
as a mapping of the range of ¢ onto X) is open or, equivalently, closed.

Definition. A one-to-one mapping ¢ of a metric space X onto a metric
space Y is a homeomorphism if both ¢ and ¢~! are continuous, and if
such a homeomorphism exists, then X and Y are homeomorphic. (Ac-
cording to Corollary 7.8, there are a number of equivalent formulations
of what is required of a one-to-one correspondence between two met-
ric spaces in order that it be a homeomorphism. Thus, a one-to-one
mapping ¢ of X onto Y is a homeomorphism if and only if ¢ is both
continuous and open. Likewise, ¢ is a homeomorphism if and only if the
mapping of the power class 2% onto 2Y induced by ¢ (Prob. 1F) carries
the collection of all open subsets of X onto the collection of all open
subsets of Y.) A homeomorphism may also be described as a mapping
that preserves all topological properties (see Proposition 6.14).

Example 1. Every isometry is a homeomorphism. Somewhat more inter-
estingly, let p and p’ be two metrics on the same carrier X. Then p and p’
are equivalent if and only if the identity mapping ¢ : (X, p) — (X,p’) is a
homeomorphism.
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Example J. For an arbitrary open set U in R, the set U of the constituent
intervals of U (Ex. 6S) forms an ordered set in a natural way. Indeed, if I
and I’ are two distinct elements of U then either every element of I is less
than each element of I’, in which case we write I < I’ or every element of
I’ is less than each element of I, in which case we write I’ < I, and it is
clear that this definition turns f into a simply ordered set. In this way we
associate with each closed set F' in R a countable linearly ordered set U
of open intervals, namely, the set of intervals contiguous to F' ordered as
just indicated. This correspondence is most interesting when F' has empty
interior (Prob. 6Q), for if F° = & and t € F, then it is easily seen that
t is the supremum of the set U; = {s € R\F : s < t}, and also that U;
is the union of a nonempty initial segment A of the ordered set Up such
that A # Up. On the other hand, if A is an arbitrary nonempty initial
segment of Up other than Up itself, then U = |J.A is a nonempty open
subset of R that is bounded above in R (by any element of any interval in
Ur not belonging to A). It is clear that ¢t = supU € F, and also that (in
the notation just introduced) U = U;. Thus a closed subset F' of R such
that F° = o is, in a natural way, in one-to-one correspondence with the
collection of all initial segments of the associated simply ordered set Up
(different from @ and Up itself), and it is clear that this correspondence
is, in fact, an order isomorphism.

Suppose next that K is a bounded and perfect subset of R having empty
interior (Prob. 60). Then the simply ordered set Uk is not only countable
but also possesses a greatest and a least element and, more importantly,
the property that between any two distinct elements of U there is a third
element different from both. Indeed, if T and I’ are elements of Ifx such
that 7 < I’, and if c = sup I and d = inf I then ¢,d € K with ¢ < d. But
¢ = d is impossible since K is perfect by hypothesis and can therefore have
no isolated points. Hence ¢ < d and [¢,d] ¢ K (since K° = @). Hence
some element J of Uy is contained in [¢,d], and we have I < J < I'.

Suppose, finally, that L is some other bounded perfect set in R such
that L° = @. Then, according to Example 4G, the simply ordered sets Uy
and Yy, are order isomorphic. Moreover, if ¢ is any one order isomorphism
of Uy onto Uy, then ¢ automatically maps the collection of all proper
initial segments of Ux order isomorphically onto the collection of all proper
initial segments of ;. Thus, composing order isomorphisms, we obtain
an order isomorphism 1 of K onto L. But also, more to the point for
present purposes, the mapping 1 is automatically a homeomorphism as
well. Indeed, let sp be a point of K, and let tp = ¥(sg). If € is an
arbitrary positive number, then there exists an interval J in {{; such that
to — € < supJ < tp (since the interval (tg — €,%p) must contain a point of
R\ L), and there also exists an interval J’ in Uy, such that ¢ty < infJ’ < to+¢
(since the interval (fp,tp + €) must also contain a point of R\L). Let
¢(I) = J and ¢(I') = J'. Then supl < sy (since I must belong to the
initial segment in Uk whose union has supremum sp), while inf I’ > s
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(since I' does not belong to this initial segment). But now, if a = inf I and
b=supl’, then a < sg < b, and if s is any point of K such that a < s < b,
then I belongs to the initial segment of Uk determined by s, while I’ does
not, whereupon it follows that supJ < ¥(s) < inf J’, and therefore that
to — e < ¥(s) < to + &. Thus ¥ is continuous, and since the roles of K
and L are interchangeable in this argument, it follows by symmetry that
1) is a homeomorphism. In particular, any two of the linear Cantor sets of
Example 6P are homeomorphic (in many ways) in order preserving fashion.
(For this reason it is customary to refer to an arbitrary bounded and perfect
subset of R having empty interior as a generalized Cantor set in R.)

It is an important fact that continuity is a local property. This idea is
made precise in the following result.

Proposition 7.9. Let X be a metric space, let ¢ be a mapping of X into
a metric space Y, and let U be an open set in X. Then ¢ is continuous
at a point xg of U relative to U if and only if ¢ is continuous at xg
(relative to X).

PRrROOF. For every sufficiently small positive radius § we have Dg(zq) C U,
and therefore Ds(xo) N U = Ds(zo). O

Corollary 7.10. If two mappings ¢ and ¥ of a metric space X into a
metric space Y coincide on some open subset U of X, then ¢ and i are
continuous (and discontinuous) at precisely the same points of U.

Corollary 7.11. A mapping ¢ of a metric space X into a metric space Y
is continuous if and only if there exists an open covering of X consisting
of sets U such that ¢ is continuous on U relative to U.

Example K. If i{ is an open covering of a metric space X, and if {¢v }veu
is an arbitrary coherent collection of mappings (Prob. 1M) with the prop-
erty that each ¢y is a continuous mapping of U into a metric space Y, then
it results at once from Corollary 7.11 that the supremum of the family {¢y}
is likewise a continuous mapping of X into Y. Moreover it is obvious that
the assumption that the covering sets are open cannot be omitted in this
construction (cf. Example F), but it is possible to replace that assumption
by other conditions. Thus, suppose F is a finite closed covering of X, let
{®F}FecF be a coherent collection of mappings with the property that each
¢F is a continuous mapping of F into Y, and let ¢ denote the supremum of
{¢r}. If zo € X and if F,..., F} is an enumeration of all of those sets in
F that contain g, then for a given positive number & there exist positive
numbers 61, ..., 60k such that

¢(D6i(z0) N Fi) (= ?F; (D6i (CIJQ) n Fl)) C D5(¢($0)), i=1,...,k
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Moreover, the union of all those sets in F that do not contain z is itself a
closed set not containing zg, so there exists a positive number 7 such that
Dy (xo) meets only the sets Fy,..., Fy, and if 6 = n A 61 A ... A by, then it
is clear that ¢(Ds(zo)) C D (¢(zo)), and hence that ¢ is continuous.

It is possible to improve upon this last construction significantly. Sup-
pose F is a closed covering of X that is locally finite, meaning that each
point  of X is contained in some open set that meets only finitely many
of the covering sets. Then, once again, if {¢r}rer is a coherent collec-
tion of mappings where, as before, each ¢p is a continuous mapping of F'
into Y, then the supremum ¢ of the family {¢r} is a continuous mapping.
Indeed, if zp € X and if U is an open set containing zy that meets only
finitely many covering sets, then ¢|U is continuous on U by the foregoing
observation, and the continuity of ¢ follows immediately by Corollary 7.11.

Definition. A mapping ¢ of a metric space X into a metric space Y is
locally Lipschitzian if for each point z of X there is an open set U in X
containing z such that ¢|U is Lipschitzian.

Since Lipschitzian mappings are necessarily continuous, it follows at once
from Corollary 7.11 that locally Lipschitzian mappings are also continuous.

Example L. To show that the multiplication mapping m(¢,n) = &7 is
continuous as a complex-valued function on C? it suffices to prove that m
is locally Lipschitzian with respect to any one of the equivalent metrics of
Problem 6C. But now

En—&n =€&mn—-n)+E-&,

SO
Im(&,n) —m(&,m) <&l In—n'| + 1| 1€ =&,

whence it follows that m is Lipschitzian with respect to the metric p; (with
Lipschitz constant K) on the open set {(£,7) € C?: £, |n| < K}, and those
open sets clearly cover C2. Similarly, the division mapping d(¢,7) = £/n
is continuous on the open subset of C2 on which it is defined, viz., the set
{(¢,m) € C2 : n # 0}. For exactly similar reasons, if £ is a complex [real]
normed space, the mapping (A, z) — Az is continuous on C x E[R x &].

The following result, while very important, is an almost trivial conse-
quence of the definition of continuity.

Proposition 7.12. Let X,Y, and Z be metric spaces, let ¢ be a mapping
of X into Y, and let ¢ be a mapping of Y into Z, so that o¢: X — Z
is a mapping of X into Z. If ¢ is continuous at a point o of X and
¢ is continuous at the point yo = ¢(xg), then ¢ o ¢ is also continuous
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at zg. In particular, if ¢ and v are both continuous, then 1 o ¢ is also
continuous.

ProoF. It suffices to prove the first assertion of the proposition. Let ¢ be
continuous at zo, let ¥ be continuous at yo = ¢(zp), and let € be a positive
number. Then there exists n > 0 such that ¥(D,(yo)) C D:(¥(y0)), and
there also exists a positive number § such that ¢(Ds(zo)) C Dy(yo). But

then, of course, (1 o $)(D(0)) C De((t o $)(0)). O

Example M. Putting Proposition 7.12 together with Examples A, C, and
L, we see that if fy,..., fr are any continuous complex-valued functions on
a metric space X, and if p(A4, ..., Ag) is an arbitrary complex polynomial,
then the complex-valued function z — p(fi(z),..., fe(z)) is continuous.
Similarly, if 7(Aq,...,Ax) is an arbitrary complex rational function (i.e.,
if r(A1,..-, M) = p(A1,-- -, ) /q(A1,- .-, Ak), where p and ¢ are polyno-
mials), then the complex-valued function z — r(fi(z),..., fr(z)) is con-
tinuous on the (open) subset of X on which it is defined. Similarly, the
function f(t) = t/(1 + |t]) is a continuous mapping of R onto (—1,+1),
and its inverse f~1(t) = t/(1 - [t|), [t| < 1, is also continuous. Thus f is
a homeomorphism of R onto (—1,+1) (cf. Example 2B). In the same vein,
the mapping ¢ — z/||z|| is continuous on the set £\(0) in any normed
space &.

Example N. Let g and x; be points of Euclidean space R™ and let a and
b be real numbers such that a < b. The affine mapping ¢ defined by setting

t—am +b—t
b—a ' b—a

¢(t) =

To

maps R continuously into R™, and the restriction ¢|[a, b] likewise maps the
interval [a, b] continuously onto the line segment £(xg, ;) joining zo to x;
(Prob. 3S). This mapping is the linear parametrization on [a,b] of £(zo, z1).

Suppose now that P = {a =t < ... < ty = b} is a partition of [a,b],
and let 1y be an arbitrary mapping of the finite set {to,...,tn} into R™.
Then there exists a unique mapping ¥ of [a,b] into R™ with the property
that for each © = 1,..., N,9|[ti—1,t;] is the linear parametrization on the
subinterval [t;_1,t;] of the line segment £(¢o(¢;—1), ¥o(t;)). The mapping 1,
which is continuous by virtue of Example K, is said to be piecewise linear
with respect to P and to be the piecewise linear extension of 1y. This
construction goes through without change if R™ is replaced by an arbitrary
normed space.

It is an elementary but profoundly important fact that the limit of a
uniformly convergent sequence of continuous mappings is continuous.
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Proposition 7.13. Let (X, p) and (Y, o) be metric spaces and let {¢,}2 ,
be a sequence of bounded mappings of X into Y converging uniformly
to a limit ¢. If infinitely many of the mappings ¢, are continuous at a
point zy of X, then ¢ is also continuous at xy.

PROOF. Suppose ¢, is continuous at z, for infinitely many values of n, and
let ¢ be a positive number. If the positive integer N is chosen large enough
80 that poo (9, dn) < €/3 for all n > N, and if ng is a positive integer such
that np > N and such that ¢,, is continuous at zg, then there exists a
positive number ¢ such that p(zo,x) < 6 implies o(¢n, (o), Pn,(z)) < /3.
But then by the triangle inequality we have

J(¢($0)’ ¢(‘T)) < U(¢($O)’ ¢n0 (.’Eo)) + 0(¢no (:1;0)7 d’no (m))
+ 0(¢no(2),d(x)) <e/3+¢/3+¢/3=¢

whenever p(xg,z) < 8. Thus ¢ is continuous at . a

Corollary 7.14. The limit of a uniformly convergent sequence of bounded
continuous mappings of one metric space X into another metric space
Y is itself continuous. In other words, the set of continuous mappings in
the metric space B(X;Y') is closed in the metric of uniform convergence.

We have already introduced a number of concepts related to the basic
notion of continuity of mappings between metric spaces. Here is yet another
one.

Definition. Let (X, p) and (Y, 0) be metric spaces and let ¢ : X — Y be
a mapping of X into Y. Then ¢ is uniformly continuous on X if for each
positive number ¢ there exists a positive number § such that p(z,z’) < §
implies o(¢(x), ¢(z')) < € for all z,z' in X.

A mapping such as ¢ is continuous on X if for each individual point
o of X and for each positive number ¢ there exists a positive number
6 such that p(z,20) < & implies o(¢(z),d(z0)) < €. The distinguishing
feature of uniform continuity is the requirement that, given ¢, it must be
possible to choose § so as to make this implication valid for all points zg
simultaneously, or, as it is said, uniformly in £¢. Thus it is clear that every
uniformly continuous mapping is continuous, but the converse is false.

Example O. All Lipschitzian mappings are automatically uniformly con-
tinuous. (Indeed, if ¢ satisfies a Lipschitz condition with Lipschitz con-
stant M, then for given positive ¢ we have but to set § = ¢/M in the
definition of uniform continuity.) Thus the projections of any finite prod-
uct X; x ... x X,, of metric spaces onto the various factors are uniformly
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continuous with respect to any of the standard product metrics p, (Prob.
6H).

Example P. The function f(t) = t2, regarded as a mapping of R into
itself, is neither uniformly continuous nor Lipschitzian, but it is locally
Lipschitzian. Thus, being locally Lipschitzian does not imply uniform con-
tinuity. The function g(t) = v/, regarded as a mapping of the closed ray
R4 = [0, +00) onto itself, is uniformly continuous (indeed, it is readily seen
that if s,# > 0 and if |s — t| < €2, then |\/s — V| < €) but not locally Lip-
schitzian (since g is not Lipschitzian in any open set containing the point
t = 0). Thus the uniform continuity of a mapping does not imply that it
is either Lipschitzian or locally Lipschitzian.
Next, for each positive integer n, set

_fnt, 0<t<1/n?
gn(t)_{\/f, t>1/n?

Each g, is a continuous monotone increasing mapping of R, onto itself,
and the sequence {g,}32, is readily seen to converge monotonely upward
and uniformly to the limit g. But while each function g,, is Lipschitzian on
R, (with Lipschitz constant n), the limit g is not even locally Lipschitzian
there. (A further refinement of these observations will be found in Problem
L.) On the other hand, an obvious modification of the proof of Proposition
7.13 establishes the following result: The limit of a uniformly convergent
sequence of uniformly continuous mappings is uniformly continuous.

Example Q (The Cantor-Lebesgue Function). We define a real-valued
function hg on the Cantor set C as follows: If t € Cand t = 0.mp7s...7, ...
is the unique one-free ternary expansion of ¢, then

L/

ho(t) —0.? 5 o (2)
where the expansion in the right-hand member of (2) is taken to be a binary
expansion. (See Theorem 2.12; for details concerning the Cantor set and
its construction, cf. Example 60.) It is obvious that the mapping hg is
monotone increasing, and it is also easily seen that hg maps C onto the unit
interval [0,1]. (Indeed, if 0.c;€5 ... is a binary expansion of an arbitrary
element s of [0,1], and if we set 5, = 2¢,,n € N, then 0.n7, ... is the
ternary expansion of an element t of C such that ho(t) = s; alternatively,
it may be observed that hg is just the composition 1) o ¢~ where ¢ and v
are as in Example 41.) Moreover, hy is uniformly continuous. Indeed, if ¢ is
a given positive number and if n is chosen large enough so that 1/2" < ¢,
then |s — t| < 1/3™ with s and ¢ in C implies that the one-free ternary
expansions of s and t agree through the first n terms, and hence that the
binary expansions of ho(s) and hg(t) also agree through the first n terms.
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But then |ho(s) — ho(t)] < 1/2" < e. (However, the uniformly continuous
mapping hg is not locally Lipschitzian on C as may be seen from the fact
that if we set s = 0 and t = 1/3", then ho(t) —ho(s) = 1/2™ = (3/2)*(t—s).
In this connection, see Problem M.)

Suppose now that U is one of the bounded open intervals contiguous to
C. Then, as has been noted (cf. Example 60 once again), there exists a
sequence {7, ..., Nk} of zeros and twos (possibly vacuous) such that

U=(0mn...m022...,0.m,...m£200...)

(in ternary notation), and it is at once clear that
— Uit M

Thus hg assumes the same value at the endpoints of every bounded interval
contiguous to C, from which it follows at once that there exists a unique
monotone increasing function h on [0, 1] that agrees with hg on C, and that
the function h is a continuous mapping of [0, 1] onto itself. This remarkable
function, which is, of course, constant on each of the bounded open intervals
contiguous to C, is known as the Cantor-Lebesgue function. {In connection
with this construction and the following one, see also Problem J.)

Example R (A Peano Curve). In a similar fashion we can define a contin-
uous mapping ¢o of the Cantor set C onto the unit square Q = [0, 1] x [0, 1]
by setting

¢0(0.m...nn...)=(0%%...%...,O.@Q‘i 1’&‘-) (3)

3 3 5
where, as in the preceding example, the expansion in the left-hand member
of (3) is the one-free ternary expansion of the general element of C, while
the two expansions in the right-hand member of (3) are binary expansions.
(The proof that ¢y maps C onto @ in a uniformly continuous fashion is
substantially the same as that in Example Q and is omitted.) Here, as
before, the mapping ¢ may be extended to a continuous mapping ¢ of
the entire unit interval [0, 1] onto @ by defining ¢ to be linear on each of
the bounded open intervals contiguous to C. If this is done, the interval
[1/3,2/3] is mapped linearly by ¢ onto the line segment #((1/2, 1), (1/2,0)),
the intervals Uy and U; onto the line segments shown in Figure 3, and so
on. {We shall return to this construction in Chapter 8.)

It is customary to call an arbitrary continuous mapping of a real interval
[a,b] into a metric space X a curve in X (with parameter interval [a,b]).
Thus the mapping ¢ just constructed is a planar curve, i.e., a curve in R2,
with the startling property that the range of ¢ contains a nonempty open
subset of R2. Such curves were first discovered by G. Peano [21] and are
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known generically as Peano (space-filling) curves. The interested reader
will have no difficulty in defining similar Peano curves that fill nonempty
open subsets of Euclidean space R™ of arbitrary dimension (cf. also Problem
8I).

(1,1)
Un Un
R Ur
Uso Uso
(0,0)
Figure 3

Before turning to the subject of limits, we conclude our initial discussion
of continuity with the introduction of a notion that is frequently useful in
the study of real-valued functions. For technical reasons it is desirable to
define the concept for extended real-valued functions.

Definition. An extended real-valued function f on a metric space (X, p)
is upper semicontinuous at a point xg of X if for each extended real
number u such that f(zp) < u there exists a positive number § such that
p(z, o) < 6 implies f(z) < u (or, in other words, such that f(z) < u
for all z in Ds(zo)). Dually, f is lower semicontinuous at xo if for
each extended real number s such that f(zo) > s there exists a positive
number § such that p(z,z0) < 6 implies f(z) > s. Finally, f is upper
[lower] semicontinuous on X if it is upper [lower] semicontinuous at
every point of X.

Since no metric has been defined on the extended real number system, it
would be inaccurate to say that these definitions constitute generalizations
of the earlier notion of continuity (but see Example 9K). The exact state
of affairs is set forth in the following elementary proposition, the proof of
which is omitted.
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Proposition 7.15. If f is an extended real-valued function defined on a
metric space (X, p), and if xg is a point of X at which f is finite-valued
(—o0 < f(zg) < +00), then f is upper [lower] semicontinuous at zg if
and only if for each given positive number € there exists § > 0 such
that p(z,z9) < é implies f(z) < f(xo) + ¢ [f(z) > f(xo) — €]. Thus,
a finite real-valued function f on X is continuous on X [at a point xg
of X| if and only if it is both upper and lower semicontinuous on X [at
zo]. An extended real-valued function f on X is automatically upper
semicontinuous at any point at which it assumes the value +o00; dually, f
is automatically lower semicontinuous at any point at which it assumes
the value —oo.

The following results are reminiscent of Proposition 7.1 and Theorem
7.4.

Proposition 7.16. Let f be an extended real-valued function defined on
a metric space X. Then f is upper semicontinuous at a point xy of X
if and only if

limsup f(zn) < f(20)
n

for every sequence {5}, in X such that z,, — z¢ (cf. Example 6L).
Dually, f is lower semicontinuous at xq if and only if

liminf f(z,) > f(zo)
n
for every sequence {xn}32, in X such that z, — xg.

PROOF. We treat only the former assertion; the latter result is proved
similarly. Furthermore, it clearly suffices to deal with the case f(zo) < +00.
Suppose that f is upper semicontinuous at zo and let {z,} be a sequence in
X converging to x¢. If € is a positive number, and if § > 0 is chosen so that
Ff(z) < f(xo) +¢ for all z in Ds(xp), then it is clear that f(z,) < f(zo)+¢
eventually, and hence that limsup,, f(z,) < f(z¢)+ €. Since ¢ is arbitrary,
this proves that limsup,, f(z,) < f(zo), as was to be shown.

Suppose, on the other hand, that f is not upper semicontinuous at zg.
Then there exists a positive number €y so small that for every positive
integer n the ball Dy /(o) contains points x such that f(zx) > f(zo) + €o.
But if, for each n, &, is such a point of D;,(zo), then the sequence {z,}
converges to xo while the sequence {f(z,)} is bounded below by f(zo)+¢€o,
whence it follows at once that limsup,, f(z,) > f(zo) + €0 > f(xo)- O

Proposition 7.17. An extended real-valued function f on a metric space
X is upper semicontinuous on X if and only if {z € X : f(z) < u} isopen
in X for every finite real number u. Dually, f is lower semicontinuous if
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and only if the set {x € X : f(z) > s} is open in X for every finite real
number s.

PROOF. Once again it suffices to prove the former assertion (cf. Problem
N). Suppose first that f is upper semicontinuous, let u be a (finite) real
number, and set U = {z € X : f(z) < u}. If o € U, then by definition
there exists 6§ > 0 such that Dg(xzg) C U, so U is open, and the stated
condition is satisfied. Suppose, on the other hand, that the stated condition
is satisfied. If f(z¢) < u, where u is an extended real number, then either
u is finite, in which case it is clear that f(z) < u holds on some open ball
Ds(xo), 6 > 0, or else u = +00, in which case we have but to select a finite
real number u’ such that f(zo) < «’ in order to see that f is finite-valued
on an open ball Dg(z),6 > 0. O

The foregoing result has the following two interesting consequences (cf.
also Problem Q).

Corollary 7.18. Let f be an extended real-valued function on a metric
space X. If f is upper semicontinuous, then for each extended real
number t the set {x € X : f(x) < t} is a Gs in X. Dually, if f is
lower semicontinuous, then the set {x € X : f(z) >t} is a G5 for each
extended real number t.

PRrROOF. It suffices as before to prove the former assertion, so we assume
J to be upper semicontinuous. The set {zx € X : f(z) < —oo} is the
intersection of the sequence of open sets {z € X : f(z) < —n},n € N,
while {z € X : f(z) < 400} = X. On the other hand, if ¢ is finite,
then {x € X : f(x) < t} is the intersection of the sequence of open sets
{zeX: f(z)<t+(1/n)},neN. O

Corollary 7.19. The infimum (taken pointwise in RY) of an arbitrary col-
lection of upper semicontinuous functions on a metric space X is again
upper semicontinuous on X. Dually, the supremum of an arbitrary col-
lection of lower semicontinuous functions is lower semicontinuous. In
particular, the pointwise limit of a monotone decreasing [increasing] se-
quence of continuous real-valued functions on X is upper [lower] semi-
continuous.

PROOF. It suffices to prove the first assertion of the corollary. Let each
function f in a collection F be upper semicontinuous, and let g(z) =
inf{f(z) : f € F}, £ € X. If u denotes a finite real number, then
9(x) < u if and only if f(z) < u for some f in F. In other words, the
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set {z € X : g(z) < u} coincides with the union

U{xeX:f(w)<u},

fer

and is therefore an open set. O

It is a remarkable fact that the last assertion of Corollary 7.19 has a
valid converse (provided one sticks to finite-valued functions).

Proposition 7.20 (Baire [1]). Ifh is an arbitrary finite-valued upper semi-
continuous function on a metric space X, then there exists a monotone
decreasing sequence {f,} of continuous real-valued functions on X that
converges pointwise to k. Dually, every finite-valued lower semicontin-
uous real-valued function k on X is the pointwise limit of a monotone
increasing sequence {g,} of continuous real-valued functions.

PROOF. As before, it suffices to prove either one of the two dual assertions,
and this time it seems slightly more convenient to deal with the latter.
Suppose, then, that & is a finite-valued lower semicontinuous function on
X, and let us suppose also, to begin with, that & is bounded and, in fact,
takes its values in the open unit interval (0,1). For each positive integer
N, and for each i = 1,...,N, set Uy = {z € X : k(z) > i/N}. Tt is
obvious that the sets Uy n,...,Un,n are nested (U, v D ... D Uy n), and
also that Uy v = @ for each N. Moreover, since k is lower semicontinuous
by hypothesis, the sets U; y are all open. Hence, foreachi=1,...,N -1,
there exists a monotone increasing sequence {g%¥ }°_, of continuous real-
valued functions on X converging pointwise to the function k; x = xv, 5
(see Problem F). Next let us define

1
ky = YV— (kLN-f-... +kN—1,N)

and also

1
gl = ¥ (gmN + ...+ gh— by

for all positive integers m and N. The functions gﬁ are all continuous on
X and the sequence {g¥}%°_, clearly tends upward to ky. Also if z is in
Ui N\Uiy1,n forsomei=1,...,N—1, then i/N < k(z) < (¢+1)/N, while
kn(z) = i/N. Likewise, if ¢ ¢ U y, then k(z) < 1/N while ky(z) = 0.
Thus at every point = of X we have

1
kn(z) < k(z) < kn(2) + 5,
and therefore lim,, g~ (z) = kn(x) > k(z) — (1/N). Finally, we define
gm =95, V...V g™
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for each positive integer m. Then g,, is real-valued and continuous (since
each of the functions g},,...,g™ is), and g,, < k (since this is also true of
each of the functions gl,,...,g™). Moreover the sequence {gn,} is clearly
monotone increasing, and its pointwise limit (which is the same as its point-
wise supremum) is at least as great as that of the sequence {gN} for any
given index N. Thus lim,, g..(z) = k(z) at every point z of X.

Suppose next that k is merely bounded. It is easy to find positive num-
bers A and B such that the function k = Ak + B takes its values in (0,1).
Since k is lower semicontinuous along with k (Prob. N), there exists a mono-
tone increasing sequence {gm,} of continuous functions tending pointwise
to k, and if we set g = (1/A)(§m — B), the functions gy, are continuous,
and the sequence {g,,} tends pointwise upward to k.

Suppose, finally, that k is an arbitrary finite-valued lower semicontinuous
function on X. We have recourse once again to the standard homeomor-
phism ¢(t) =t/(1+ |t|) of R onto (—1,+1) (Ex. 2B). The composition

is lower semicontinuous along with k (Prob. O), and is also bounded. Hence
there exists a monotone increasing sequence {gn, } of continuous real-valued
functions tending pointwise to k. Moreover, we may and do assume each
function g, to be bounded below by —1 (since we may simply replace g,
by gm V —1; cf. Problem H). What is needed, however, is a sequence—say
{9}, }—that tends upward to k and is such that each g;,, takes its values in
(=1,+1), and while it is clear that no g, takes on the value +1 (since k
does not, and g, < E), there is no reason to suppose that the functions g,
do not assume the value —1 at various points of X. To take care of this
technicality we define

1. 1. A~
?i'm = §gm + ng+1 +...= 22 "Imin—1-

As the sum of a uniformly convergent series of continuous functions, the
function g}, is continuous for each index m (Cor. 7.14). Moreover, it is
readily seen that
Gm < Gm < Gmy1 <k

for each index m (since ) .. ;27" = 1). Hence the sequence {g/,} tends
pointwise upward to k. But also (and this is what we were after) the
equality g, () = gm(z) occurs at a point = when and only when g, (z) =
Im+1(Z) = ... = Gm4n(x)..., which implies that g, (z) = k(z) > -1.
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Thus each function gj,, takes all of its values in the open interval (1, +1),
and we have but to define

~
™ ~ 9m

-1
= = —, N,
Gm ¢ ® 9m 1- g;nl me

to obtain a sequence of continuous real-valued functions {g,,} tending
pointwise upward to the originally given function k. O

The following result is noteworthy, not only for its content but also for
its delicate proof.

Proposition 7.21 (Hahn Interpolation Theorem [9]). Let h and k denote,
respectively, a finite-valued upper semicontinuous function and a finite-
valued lower semicontinuous function on the same metric space X, and
suppose h(z) < k(z) at each point z of X. Then there exists a continuous
function c on X such that h < c < k.

Proor. By Proposition 7.20 there exists a monotone decreasing sequence
{fn}3>, of continuous real-valued functions on X tending pointwise to h,
and likewise a monotone increasing sequence {g,}32; of continuous func-
tions tending pointwise to k. Using these two sequences, we define a third
sequence {p,}32, as follows:

DP2k-1= fr — Gk, P2k = fr — gr+1, KEN.

From this definition it is clear that {p,} is a monotone decreasing sequence
of continuous functions converging pointwise to the difference h — k < 0.
Somewhat less obvious, but still readily verified, is the fact that the infinite
series

9+ Z(—l)"+1pn (4)
n=1

is telescoping. Indeed, if s,, denotes the nth partial sum of (4), then {s,} is
the sequence {g1, f1, 92, f2, ...} (so that for each index k, sox_1 = gx while
s2k = Jx)-

Next we set g, = pif, n € N, and modify the series (4) by replacing each
Dr, in it by the corresponding nonnegative g,,, thus constructing the series

g+ (-1)"g,. ()
n=1

Inasmuch as the sequence {g,} is monotone decreasing along with {p,},
and tends pointwise to (b — k)t = 0, the series (5) is pointwise convergent
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by the alternating series test. Hence we may, and do, define a function ¢
on X by setting

() = gi(@) + Y_(-1)"au(z), zEX.

Concerning the function ¢ we note first that at each point z of X the se-
quence {g,(z)} is obtained from the monotone decreasing sequence {p,(x)}
by replacing all terms by zeros beginning with the first negative p,(z) (if
there is one). Suppose the sequence {p,(z)} is eventually negative and that
the first negative p,(z) occurs when n is odd—say for n = 2k — 1. Then
c(z) is equal to sax—1(x) = gk (z), and we have fir(x) < gr(z). Thus,

h(z) < fr(@) < c(z) = gr(z) < k(z).

On the other hand, if the sequence {p,(z)} is eventually negative, and if
the first negative term p,(z) occurs when n is even—say for n = 2k—then
c(z) = sox(z) = frx(x), and we have fi(x) < gk+1(z). Thus, once again,

h(z) < fi(z) = c(z) < gr+1(2) < k(2).

Finally, if z is a point of X at which the sequence {p,(z)} is always non-
negative, then ¢,(z) = pn(z) for all n, the series (5) coincides with (4) at
z, and we have

c(z) = h(z) = k().

Thus in all cases we find h(z) < c¢(z) < k(z); the function c is everywhere
between the functions h and k. But also—and this is the striking feature
of the entire construction—as the pointwise limit of the alternating series
(5), the function ¢ is both the pointwise limit of the increasing sequence
of odd partial sums and of the decreasing sequence of even partial sums
of (5). Thus c is a finite-valued function that is both lower and upper
semicontinuous (Cor. 7.19) and is therefore continuous (Prop. 7.15). O

Note. It is essential in this proposition that the larger of the two functions
be lower semicontinuous and the smaller upper semicontinuous, as may
readily be seen by consideration of the characteristic functions of the open

and closed unit intervals.

Example S (Tietze Extension Theorem). Let F' be a nonempty closed
subset of a metric space X. If a real-valued function hg is defined and
upper semicontinuous on F, and if hg is bounded below on F by a, then
the extension

hle) = {Z?(m)’ s X\F,
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is readily seen to be upper semicontinuous on all of X. Dually, if kg is
defined, lower semicontinuous, and bounded above on F' by b, then

_ | ko(z), ze€F,
k(z) = {bo z € X\F,

defines a lower semicontinuous function on X.

Suppose now that fy is a real-valued function that is defined, continuous
and bounded on F, and set a = inf,cr fo(2) and b = sup,cr fo(z). Then
the functions k and k defined by

_J folz), z€F, _J folz), z€F,
h(z)—{a? e x\p, 4 k(x)_{bf’ s e X\F,

are, respectively, upper and lower semicontinuous on X, with 2 < k. Hence,
by the Hahn interpolation theorem, there exists a continuous real-valued
function f on X such that h < f < k. But then a < f(z) < bon X and
f = fo on F. Thus a bounded continuous real-valued function fy defined
on a nonemply closed subset of a metric space X admils a continuous
extension f to all of X having the same upper and lower bounds as fp.

We conclude this chapter with a discussion of the idea of the limit at a
point of a mapping of one metric space into another.

Definition. Let A be a subset of a metric space X, let ¢ be a mapping
of A into a metric space Y, and let ag € A~. Then a point y; of Y is
the limit of ¢(x) as = approaches (or tends to) ag through A (notation:
lim =40 ¢(z) or, when A = X, simply lim;_,,, ¢(2)) if for every positive
number ¢ there exists a positive number § such that ¢(Ds(ag) N A) is
contained in D.(yo).

Note. When X = R and ¢ is defined on a nonempty open interval U =
(a,b), the notion of the limit of ¢ as t tends to a or b through U clearly
agrees with the earlier lim, |, ¢(t) or lim;1p ¢(t) introduced in Example 61.

Proposition 7.22. If ¢ is a mapping of a subset A of a metric space (X, p)
into a metric space (Y, o), and if ag € A~, then either there is no point
Yo of Y such that yo = lims=—ao ¢(z) (in which case the limit of ¢(zx) as
x tends to ag through A fails to exist) or there is exactly one such limit.

PROOF. Suppose yy = limz;é;o ¢(z) and y; = lim =a0 @(z) where yo # 11.
If ¢ is sufficiently small (¢ < o(yo,¥1)/2), the balls D.(yo) and D.(y:) are
disjoint. On the other hand, by hypothesis, there exist positive numbers &
and &; such that ¢(Ds,(ag) N A) C D.(yo) and ¢(Ds, (ag) N A) C D.(y1).
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7 Continuity and limits

But then if § = §p A 81, we must have Dgs(ag) N A = @&, which is impossible
since ag € A™. 0

There is a sequential criterion for the existence of limits. The following
argument may be compared to the proof of Proposition 7.1.

Proposition 7.23. Let X and Y be metric spaces, let ¢ be a mapping of a
subset A of X intoY, and let ag be a point of X belonging to A~. Then
Yo = lim=—ao ¢(z) if and only if ¢(z,) — yo for every sequence {z,} in
A such that z,, — ag. Moreover, if yo = lim == o¢(z), and if {z)}ren
is an arbitrary net in A that converges to agp, then limy ¢(zx) = yo.

PROOF. Suppose first that yo = limsz—;w‘o ¢(x). Let {z,} be a net in A
converging to ap, and let € be a positive number. By definition there exist
a positive number § such that ¢(Ds(ag) N A) C D.(yo) and an index Ao
such that z) € Ds(ag) for all A > XAo. But then ¢(z)) € D.(yo) for all
A 2 Xo, and since ¢ is arbitrary, this shows that limy ¢(zx) = yo. Thus
the stated criterion is necessary. To see that the corresponding sequential
criterion is sufficient, suppose it is not the case that limmz—e»;o o(z) = yo.
Then there exists a positive number ¢y so small that D, (yo) does not
contain any set of the form ¢(Ds(ap) N A),é > 0. Hence, in particular, for
each positive integer n there exists a point ,, of D;,(ag) N A such that
¢(xn) & Dey(yo). But then {z,} is a sequence in A that converges to aq,
while {¢(z,)} clearly does not converge to yo. O

In dealing with limits, and in other contexts as well, the following notion
is sometimes extremely useful.

Definition. A nonempty collection B of nonempty subsets of a set X is a
filter base in X if for every nonempty finite subcollection {B;,..., B,}
of B there is a set B in B such that B C B;N...N B,,. A filter base B
in a metric space X is said to be convergent to a point ag of X, or to
have limit ag (notation: ag = lim B), if for every positive number & the
ball D, (ag) contains a set B belonging to B. Likewise, a point a of X
is an adherent point of B or, more generally, of an arbitrary nonempty
collection C of subsets of X, if for every positive number ¢ the ball D, (a)
meets every set C of C, or, equivalently, if a € g C7. (Just as in
the case of nets, the limit of a filter base in a metric space is unique if
it exists. Adherent points of a filter base, on the other hand, may exist
in abundance.)

Example T. Any nonempty nested collection of nonempty subsets of a
set X is a filter base. Hence if ag is a point of a metric space X, and if M
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is an arbitrary nonempty set of positive real numbers, then the collection
Dy = {Dr(ap) : r € M} is a filter base in X, and this filter base converges
to ag whenever inf M = 0. Moreover, if M is a set of positive real numbers
such that inf M = 0, and if A is a subset of X, then the trace on A of the
filter base Dy, that is, {Dr(ag) N A:r € M}, is a filter base in A (and in
X) when and only when ag € A~.

The following elementary result is a more or less immediate consequence
of the foregoing example. (There is an analogous criterion for continuity
phrased in terms of filter bases; see Problem V.)

Proposition 7.24. Let ¢ be a mapping of a subset A of a metric space
X into a metric space Y, and let ap be a point of A~—. Then a point
yo of Y is the limit of ¢(x) as x approaches ag through A if and only
if yo = lim ¢(D) where D = {D,(ap) N A : r > 0} (see Problem S(v)).
Moreover if, for any one set M of positive real numbers such that inf M =
0, we have yo = lim ¢(Dys), where Dpr = {D,(ap) N A : 7 € M}, then
yo = lim =20 ¢(z). Finally, ifyg = limmz—é;o o¢(z), and if B is an arbitrary
filter base in A such that ap = lim B, then yo = lim ¢(B).

The relations between continuity and limits are obvious on the basis of
either the definition or any of the foregoing criteria.

Proposition 7.25. Let ¢ be a mapping of a subset A of a metric space
X into a metric space Y, and let ag be a point of A~. If ag ¢ A, then
the limit of ¢(x) as = tends to ag through A exists if and only if there
exists a (necessarily unique) point yo of Y with the property that, if ¢
is extended to a mapping $ on AU {ao} by defining $(ao) = 1o, the
extended mapping $ is continuous at ag relative to AU {ap}. Moreover,
if such a point yg exists, then yg = lim =20 ¢(x). On the other hand, if
ag € A, then the limit of ¢(x) as = tends to ap through A exists if and
only if ¢ is continuous at ag (relative to A), and in this case the limit
must coincide with ¢(ag).

Note. As this last proposition clearly shows, when the point ag belongs
to the domain of definition of the mapping, our notion of the limit of
the mapping at ag differs from the one customarily introduced in calculus
courses. This latter notion of limit, which corresponds in our notation to

lim ¢(z),

z—ag
z€A\{ag}

is the subject of Example U.
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Example U. If z; is a point of Euclidean space R™, then a subset N of R™ is
called a punctured neighborhood of z if there exists a positive radius r such
that N O D,(xo)\{zo}- Let g be a complex-valued function defined and
never equal to zero on some punctured neighborhood of xy, and let f be an
arbitrary complex-valued function defined on a punctured neighborhood of
zo. Then one says that f vanishes at xq to the same order as g (or that f is
“big oh” of g) (notation: f(z) = O(g(x))), if there exists some (sufficiently
small) punctured neighborhood of =y on which the function f(z)/g(z) is
bounded. Likewise, one says that f vanishes at z¢ to a higher order than
g (or that f is “little oh” of g) (notation: f(z) = o(g(x))), if

lim f(z)/g(x) =0,

TEN

where N denotes any punctured neighborhood of zg on which f(z)/g(z) is
defined. (It is obvious that such punctured neighborhoods exist, and that
the defined concept is independent of which such punctured neighborhood
is used.)

Of particular interest in mathematical analysis is the case in which g(z)
equals some power of the polar distance r(z) = pa(z, zo) from z to zo. If f
is a real-valued function defined in a punctured neighborhood of zy and if
a denotes a positive number, then f vanishes at xo to order a if f = O(r?),
while f vanishes at x¢ to a higher order than a if f = o(r?).

Example V. Let U be an open set in R”, let ¢ be a mapping of U into
R™, and let 2y be a point of U. In the language of advanced calculus the
mapping ¢ is differentiable at xo if there exists a linear transformation T
of R™ into R™ such that

() — d(2o) — T(z — 2o)ll2 = of||z — Zol|2)- (6)

From this definition it is clear, on the one hand, that if ¢ is differentiable at
zg, then it is automatically continuous there. (Recall that T is continuous;
see Example E.) On the other hand, it is not hard to see that if ¢ is
differentiable at g, and f1,..., fn, denote the coordinate functions of ¢, so
that ¢(z) = (fi(z),..., fm(x)),x € U, then the matrix A = (a;;) defining
the linear transformation T in (6) (see Example 3Q) is necessarily given by

_ Of

ax] =g

aij

for each pair (Z, j) of indices, i =1,...,m; j = 1,...,n. (In particular, all of
these partial derivatives must exist at any point at which ¢ is differentiable.)
The linear transformation 7', which is thus seen to be uniquely determined
by (6) when it exists, is called the differential of ¢ (notation: d¢).
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While the limit of a mapping at a point is defined in such a way as to
provide an extension of the given mapping that is continuous at just that
one point, it turns out that the formation of limits automatically gives rise
to a continuous mapping on the set where those limits exist.

Proposition 7.26. Let X and Y be metric spaces, let ¢ be a mapping of
a subset A of X into Y, let A denote the subset of A~ consisting of all
those points a at which the limit of ¢(x) exists as = tends to a through
A, and for each point a of A set

$(a) = lim ¢(z).
TEA
Then $ is a continuous mapping of AintoY.

PROOF. Let ag be a fixed point of A, let yo = 5(‘10), let € be a positive
number, and let & be a positive number such that ¢(Ds(ag)NA) C D 2(%0)-
(Such a 6 exists by the definition of ¢.) We shall show that #(Ds(a) N A)
is contained in D, (yg), thus proving that & is continuous at ag relative to
Z, and since ag is an arbitrary point of A, this will complete the proof. To

this end let a belong to Ds(ag) N A, and let n be a positive radius small
enough so that Dy(a) C Ds(ag). Then ¢(D,(a)NA) C D,/2(y0), and since

#(a) € [#(Dy(a) N A)]~, it follows that #(a) belongs to [D, /2(¥0)]~. Thus
$(Ds(a0) N A) C De(yo)- =

Note. The sets A and A of the preceding proposition may intersect or not
(see Example X below), but the mappings ¢ and ¢ are coherent in any case
by virtue of Proposition 7.25 (cf. Problem 1M). Thus, ¢U¢ is an extension
of p to AU A, but this mapping is continuous only at the points of A
Special interest attaches to the case A C A which is, of course, the case in
which ¢ is continuous on A to begin with.

Definition. Let X and Y be metric spaces, and let ¢ be a continuous
mapping of a subset A of X into Y, so that the set A of Proposition
7.26 contains A. Then the mapping ¢ is a continuous extension of ¢,
and we say that ¢ results from extending ¢ by continuity.

Example W. Let C denote the Cantor set (Ex. 60), and let fo be the
real-valued function on [0, 1]\C that is constantly equal to 0.€; ...€x100...
(binary expansion) on the contiguous interval U, ... Then fo agrees
with the Cantor-Lebesgue function h of Example Q on a dense subset of
[0,1], so h results from extending the function fo by continuity. Similarly,
the space-filling curve of Example R may be recaptured as the extension
by continuity of an explicitly defined mapping of [0, 1]\C into R?.
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For real-valued functions the notion of limit can be split into two dual
notions, just as the concept of continuity is split into the two dual concepts
of semicontinuity. Here again it is convenient to deal with extended real-
valued functions.

Definition. Let A be a subset of a metric space X, and let f be an
extended real-valued function defined on A. For each point ag of the
closure A~ we define the limit superior (or upper limit) of f(z) as
z tends to ap through A (notation: limsupz;é;o f(z) or, when A =
X, limsup,_,,, f(x)) as follows: For each positive radius € we first set
M(f;a0,¢) = sup{f(z) : € D.(ag) N A}, and then define

hﬂggpf(w) = inf M(f;a0,¢) = lelng(f; ag, €).

z€EA

(This latter equation is correct since M (f; ao, €) is a monotone increasing
function of &, as is readily seen; cf. Example 6J.) Dually, we define
m(f;ao,€) = inf{f(z) : z € D.(ap) N A} for each € > 0 and then define
the limit inferior (or lower limit) of f(z) as z tends to ao through A
(notation: lim inf=—a0 f(z) or, when A = X, liminf; .o, f (z)) by setting

liminf f(x) = sup m(f;ao, ) = limm(f; ao, €).
“eed >0 €10

(The latter equation is valid this time because m(f; ag, €) is a monotone
decreasing function of ¢.)

From these definitions it is apparent that for any extended real-valued
function f on a subset A of a metric space X we have

lim inf f(z) < lim sup f(z)

z€EA 2€A
at every point ag of A~, and

lim inf f(x) < f(zo) < lim sup f(z)

z€EA z€EA

at every point zo of A. Moreover it is clear that if f is finite-valued on A,
then the limit of f(z) as z tends to a point ag of A~ exists at a point ag of
A~ when and only when lim inf =0 f(z) and lim Sup =—ao f(z) are equal
and finite, in which case we have
lim f(z) = lim :ll%lf f(z) = limsup f(z).
xz—ag

Z—'Go
ZEA zEA z€A
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Other properties of these concepts are set forth in the following propo-
sition.

Proposition 7.27. Let A be a subset of a metric space X, let f be an
extended real-valued function defined on A, and for each point ag of A~
set

m(ao) = liminf f(z), M(ao) = limsup f(z).
1‘—'(10

z€A z€A

Then m < f < M on A, while m < M holds everywhere on A~. More-
over M is an upper semicontinuous function on A~ with the property
that f is upper semicontinuous at a point xo of A (relative to A) if and
only if f(zo) = M(xzo), and also with the property that if h is an arbi-
trary upper semicontinuous function on A~ such that f < h on A, then
M < h as well. Dually, m is a lower semicontinuous function on A~
with the property that f is lower semicontinuous at a point xo of A if
and only if f(xg) = m(zo), and also with the property that if k is an
arbitrary lower semicontinuous function on A~ such that k < f on A,
then k < m as well. (Because of these extremal properties, M and m
are sometimes called the upper and lower envelopes of f, respectively;
they are also called the upper and lower functions of f.)

PROOF. As always, it is enough to prove the half of the proposition bearing
on upper semicontinuity. Suppose, to begin with, that f is upper semicon-
tinuous (relative to A) at some point zo of A. If f(zo) = +o00, then it is
certain that M(xo) = f(z¢). Otherwise, let u be a finite real number such
that f(zo) < u. Then there exists a positive number § such that f(z) <u
for every z in Ds(xo) N A, whence it is clear that M(zo) < u. Since u is
an arbitrary real number exceeding f(zo), this shows that M(zo) < f(zo),
and hence that M(zg) = f(zo)-

Next we show that M is upper semicontinuous on A~. To this end let u
be a finite real number, and suppose M(ag) < u for some a¢ in A~. Then
there is a positive number é such that

M(f;a0,6) = sup{f(z) : ¢ € Ds(ap) N A} < u.
But then for any point a of Ds(ag) N A~ it is readily seen that
M(a) < M(f;a0,6) < u
as well. Thus the set {a € A~ : M(a) < u} is open relative to A~ (Prop.
6.15) and the result follows by Proposition 7.17.
Suppose next that at some point z¢ of A we have f(x¢) = M(zo) < +0oc.
(If f(xo) = +o0, then f is automatically upper semicontinuous at zg.) If

u is a finite real number such that f(zp) < u, then by what has just been
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seen there is an open set U in X containing zo such that M(z) < u for all
z in A~ NU. But then, of course, f(z) < u for all z in ANU since f < M
on A. Hence f is upper semicontinuous at zg.

Finally, let h be an extended real-valued function defined and upper
semicontinuous on A~ (relative to A~) such that h > f on A. Then, of
course,

lim sup f(z) < limsup h(z) < limsup h(x)
z—ag z—+aq z—ag

zE€EA z€EA zEA™

at each point ag of A~, and since h is upper semicontinuous by hypothesis,
this inequality reduces to the inequality M(ao) < h(ao)- O

Example X. Let X = (0,+00), and for each rational number r in X set
go(r) = 1/n where r = m/n in lowest terms (meaning that m and n are
relatively prime positive integers). Then gy is a real-valued function defined
on the set Q of all positive rational numbers and taking its values in the
set {1/n : n € N} of reciprocals of positive integers. Moreover, if n is an
arbitrary positive integer, and if F,, = {r € Q4 : go(r) > 1/n}, then F,
coincides with the union over k = 1,...,n of the arithmetic progressions
Ay = {j/k : j € N}. But then F, is a closed and discrete set (Prob. 60).
Hence if go(ro) = 1/n, there is an interval (ro — 6,70 + 6)(6 > 0) about 7o
such that no element of F}, other than rq lies in that interval, and it follows
that
lim sup go(r) = go(ro)

r€Qy

at every point rg of Q. In other words, go is upper semicontinuous on Q4
(relative to Q4 ). Moreover, if tg is an arbitrary positive irrational number,
then the same argument shows that there is an interval (to—8, o +6)(6 > 0)
containing no point of F,,, so limsup ot go(r) < 1/n, and since n is quite

arbitrary it follows that
limsup go(r) = 0.

Thus the upper envelope M of the function gy agrees with go on Q and
vanishes identically elsewhere on X.

‘We next observe that for an arbitrary positive number € every nonempty
open interval in X contains points r at which go(r) is less than . Hence
the lower envelope m of gg is identically zero on X. Thus, in summary,
the given function go is upper semicontinuous at every point of Q; and
lower semicontinuous at no point of Q4 (relative to Q. ), while the upper
envelope M of g is obtained by extending go to be zero at every point
of X\Q,, and the lower envelope m of go is identically zero on X. Inci-
dentally, it should be noted that in this example the set A of points a at
which g(a) = limr'{q'i go(r) exists is precisely the set X\Q4 of positive
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irrational numbers, and is therefore actually disjoint from the domain of
definition of go. Note too that the function M = gy U g, which is upper
semicontinuous on X (Prop. 7.27), is continuous precisely at the irrational
points of X. (Curiously enough, there exists no real-valued function on X
that is continuous at precisely the rational points of X. These matters are
examined further in Chapter 8.)

PrOBLEMS

A.

(i) A mapping ¢ of a metric space X into a metric space Y is continuous
at every isolated point of X (cf. Problem 60). In particular, if X is
discrete, then ¢ is continuous. Describe the continuous mappings of Y
into X when X is discrete.

(ii) Let ¢ be a one-to-one mapping of N onto . Show that while ¢ is
continuous (as has just been seen), the inverse ¢! is discontinuous at
every point of Q.

Let X and Y be metric spaces, and let ¢ be a mapping of X into Y. Show
that each of the following is a necessary and sufficient condition in order
that ¢ be continuous on X:

(1) The sequence {¢(z-)} is convergent in Y whenever {z,.} is a convergent
sequence in X (briefly, ¢ preserves convergence of sequences),

(2) ¢(A7) C ¢(A)~ for every subset A of X.

If¢: A—Y is a mapping of a subset A of a metric space X into a metric
space Y that is continuous at some point zo of A relative to A, and if B
is a subset of A such that zo € B, then ¢ is also continuous at xo relative
to B. In particular, if ¢ is continuous on A, and if B C A, then ¢ is also
continuous on B.

Let X and Y be metric spaces. A mapping ¢ of X into Y is locally open
[locally closed, locally bounded) if for every point x of X there is an open
subset U of X containing x such that ¢|U is an open [closed, bounded]
mapping of U into Y.

(i) Verify that every continuous mapping of X into Y is locally bounded.
(ii) Prove that every locally open mapping is open.

(iii) Clearly a locally bounded mapping need not be bounded. Is it true
that a locally closed mapping is necessarily closed?

(iv) A mapping ¢ of X into Y is a local homeomorphism if for each point

z of X there are open subsets U and V of X and Y, respectively, such
that £ € U and ¢|U is a homeomorphism of U onto V. Give necessary
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and sufficient conditions in order that such a local homeomorphism be
a homeomorphism between X and Y.

Let X be a metric space and let £ and F' be nonempty disjoint closed
subsets of X. Show first that d(x, E) + d(z, F) > 0 for every z in X, so
that it makes sense to define

d(z, E)

__d=F) X.
i@ BE) +d, F)’ °°€

feF(z) =

Then prove that the function fg r so defined is a continuous mapping of
X into the unit interval [0, 1], and that

E={zeX: fgr(r)=0}and F={z€ X : fg,r(z) =1}

Show, too, that fg r is Lipschitzian if and only if d(E,F) > 0. Show,
finally, that fg, r is monotone decreasing as a function of its first variable

E and monotone increasing as a function of F. (Hint: Recall Examples B
and M.)

Let U be an open set in a metric space X. Show that there exists a
monotone increasing sequence {f»}>; of continuous mappings of X into
[0,1] with the property that xy(z) = lim, fn(z),z € X. What is the dual

of this assertion? (Hint: Recall Problem 6P.)

The real-valued function f(t) defined on R by
_Jt teQ,
o= {o, teR\Q,
is continuous at the point ¢ = 0 and at no other point (proof?). Likewise

the function
_Jt-8, teqQ,
9t = {0, te R\Q,

is continuous at the points ¢ = 0,11, and at no other point. Construct a
real-valued function on R that is continuous at every point of the Cantor set
C and discontinuous at every point of R\C. (Hint: On an open interval
(a,b),a < b, construct a real-valued function f that is discontinuous at
every point of (a, b) but for which lim;), f(¢) and lim;s f(¢) exist. A precise
description of the set of points at which a function of a real variable can
be discontinuous will be found in Example 8S; cf. also Problem P and
Example X.)

Verify that (s,t) — sVt and (s,t) — s At are contractive mappings of
R? into R. Use this observation to show that if f and g are real-valued
functions on a metric space X, then fV g and f Ag are continuous at every
point of X at which f and g are both continuous. Conclude that if f is a
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[uniformly| continuous real-valued function on X, then f*, f~ and |f| are
also [uniformly] continuous.

Let X be a set equipped with the discrete metric of Example 6C. Redo
Problem A(i) with simple continuity replaced by uniform continuity.

Let £ be a normed space, and let ¢o be a continuous mapping of the Cantor
set C into £. Suppose ¢o is extended to a mapping ¢ of [0,1] into £ by
defining ¢ to be linear on the closure U~ of each (bounded) interval U
contiguous to C (see Example N). Show that the extension ¢ is a curve in
€ (in other words, that ¢ is continuous on [0,1]). (Hint: Show first that
if two points x¢ and z; belong to some ball D in £, then the entire line
segment €(zo,z1) lies in D (Prob. 3S).)

Let (X, p) and (Y, o) be metric spaces, let ¢ be a mapping of X into Y, and
let a be a real number such that 0 < a < 1. Then ¢ is said to be Lipschitz—
Hélder continuous, or to satisfy a Lipschitz—Holder condition, with respect
to the exponent a if

o(¢(z), #ly)) < Mp(z,y)*

for all points z, y of X and some positive constant M, known as a Lipschitz—
Hélder constant (or “L.-H.” constant as we shall frequently abbreviate
the somewhat unwieldy phrase “Lipschitz—Hélder”). (Note that when the
exponent a assumes the value one in this definition, the condition reduces
to the simple Lipschitz condition. Exponents greater than one are without
analytic interest; see (v) below.) Likewise, ¢ is locally Lipschitz—Hélder
continuous on X with respect to a if every point of X is contained in an
open set U such that ¢|U is L.—H. continuous with respect to a and some
constant M. (Note that in this definition the L.—H. constant M depends
in general on the set U, but the exponent a does not.)

(i) If ¢ is L.—H. continuous on X with respect to some exponent a and
constant M, then ¢ is uniformly continuous on X. If ¢ is locally L.-H.
continuous on X with respect to an exponent a, then ¢ is continuous
on X.

(ii) If ¢ is L.—H. continuous with respect to some exponent b and constant
M on a bounded subset B of X, then ¢ is also L.-H. continuous on
B with respect to every exponent a such that 0 < a < b (and some
constant M, that depends in general on B as well as on a).

(iii) Let {¢~} be a sequence of mappings of X into Y that converges (point-
wise) to ¢. If for some exponent a and constant M the mappings ¢
are all L.—H. continuous with respect to a and M, then the same is true
of ¢.

(iv) The function f defined on the interval (—1,+1) by

0, t=20,
5O ={1)1ogid, o< <1,
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™)

is locally Lipschitzian on the set (—1,+1)\{0} but is not Lipschitz—
Hoélder continuous with respect to a positive exponent on any open
interval containing zero.

If f is a real-valued function defined on a real interval I, and if f
satisfies a condition of the form |f(s) — f(t)| < M|s — t|* for all s,
in I and for some positive constant M and exponent a > 1, then f is
constant on I. (Hint: Consider the derivative f'.)

L. Let c be a real number such that 0 < ¢ < 1 and set f.(t) =%t > 0.

(i)

(i)

(iii)

Verify that f. is L.—H. continuous on [0, +00) with respect to the ex-
ponent ¢ (and constant one) and no other exponent. (Hint: If p and ¢
are any two real numbers such that p < ¢, and A and B are positive
numbers, then there is a unique positive real number ¢o such that

P 2 paa =<
At = Bt? for t S to
on (0, +00).)

For any positive number L the function f. is L.—H. continuous on [0, L]
with respect to those exponents a such that 0 < a < ¢ (with constant
M, = L°™*) and with respect to no other exponents. Likewise f. is
L.-H. continuous on [L,+00) with respect to those exponents a such
that ¢ < a < 1 (with constant M, = (¢/a)L°™*) and with respect to no
other exponents. (Hint: For any one § > 0 the increment fc(t+6)— fc(t)
is a monotone decreasing function of t.)

The functions in the sequence {g.} in Example P are L.-H. continuous
with respect to all those exponents a such that 1/2 < a < 1. For which
values of a are the functions g, all L.-H. continuous with respect to a
and a common constant M?

M. (i) The Cantor-Lebesgue function (Ex. Q) is Lipschitz—Hélder continuous
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with respect to the exponent a = log2/log3. Find a suitable L.—H.
constant.

The space-filling curve of Example R is also L.—H. continuous with
respect to suitable exponents. Find the largest such exponent and a
corresponding L.—H. constant.

Let X be a metric space and let f be an extended real-valued function
on X. Show that f is upper [lower| semicontinuous at a point zo of X if
and only if —f is lower [upper| semicontinuous at zo. (The value of —f is
taken to be Foo at a point z where f(z) = +o00.) Show, too, that if g is
another extended real-valued function on X, if a and b denote nonnegative
real numbers, and if X, is the subset of X on which the positive linear
combination af+bg is defined, then af -+ bg is upper [lower| semicontinuous
relative to Xo at any point of Xo where both f and g are upper [lower]
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semicontinuous. Show, in the same vein, that f V g and f A g are upper
[lower| semicontinuous at any point where both f and g are upper [lower]
semicontinuous.

Let I be an interval of real numbers, let ¢ be a real-valued function defined
on I, and let ¢ be a mapping of a metric space X into I.

(i) Suppose first that 1 is monotone increasing. Show that if ¢ is upper
semicontinuous at a point o of X and v is also upper semicontinuous
at ¢(xo), then i o ¢ is upper semicontinuous at zo. Dually, if ¢ is
lower semicontinuous at zo and v is lower semicontinuous at ¢(zo),
then ¢ o ¢ is lower semicontinuous at zg. Thus, in particular, if 1 is
monotone increasing and continuous, then % o ¢ is upper and/or lower
semicontinuous along with ¢.

(ii) Formulate and prove appropriate versions of these results for monotone
decreasing .

(iii) Show by example that the assumption that i is monotone cannot be
dropped.

Let X be a metric space and let A be a subset of X. Where is the char-
acteristic function x4 upper semicontinuous? Where is x4 lower semicon-
tinuous? At which points of X is xa continuous? For which sets A is xa
upper semicontinuous and for which sets A is x4 lower semicontinuous?
For which sets A is x4 continuous?

Let X be a metric space, let f be an upper semicontinuous extended real-
valued function defined on X, and for each finite real number ¢, set U; =
{r € X : f(z) < t}. Then {U:}:cr is a nested family of open sets in X
satisfying the following three conditions:

(V) U,er Ut = {z € X : f(x) < +00},
(2) nteR U, = {.’E €X: f(:L‘) = —OO},
(8) Uz =, Us for each t in R.

Suppose, conversely, that M is a dense subset of R and that {Vi}ienm is a
given monotone increasing family of open subsets of X indexed by M. For
each point z in X we set

fzy=inf{te M :z € Vi}.

(This infimum is taken in R recall that the infimum of the empty set of
extended real numbers is +00.) Show that f is an upper semicontinuous
extended real-valued function on X satisfying the conditions

(1) UteM Ve ={z € X : f(z) < oo},
) nteM Vi={z € X: f(z) = —oc}.
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Show also that for each element ¢t of M we have
{zeX: flz)<tlcVic{ze X: f(z) <t}

and that V; = {z € X : f(z) < t} for each ¢t in M if and only if the given
family {V;}icnm satisfies the additional condition

@)Y= U:é& V, for each ¢t in M.

Show, finally, that if (3') holds, then f is the unique upper semicontinuous
extended real-valued function on X such that V; = {z € X : f(z) < t} for
each t in M.

Let ¢ be a mapping of a subset A of a metric space X into a metric space
Y, let ap be a point of A7, and let B be a subset of A such that ap € B™.
Prove that if limz:e:o ¢(z) = o, then hmz{é?g" ¢(x) = yo. Verify, too,
that if B contains a set of the form D.(a¢) N A, > 0, then the converse
implication holds as well. Show, finally, that if ap € (A\B)~ too, then
lim =20 ¢(z) exists if and only if lim a0 ¢(z) = lim 2o ¢(z), in which

case limz—é;o ¢(z) coincides with this common limit.

Let X be a set. A nonempty collection F of nonempty subsets of X is a
filter in X if F satisfies the following two conditions: (a) F is closed with
respect to the formation of finite intersections (that is, if {F1,...,FEp} is
an arbitrary nonempty finite subset of 7, then E1 N...N E, € F), (b) if
FEecFand ECF, then F € F.

(i) If X # @ then the collection ® of all filters in X is a nonempty partially
ordered set in the inclusion ordering. (The elements of @ are subsets
of the power class 2% ; by definition there is no filter in the empty set.)
If 71 and F3 are filters in X such that F; C F32, one says that 73 is
finer than F, (or that F is a refinement of F1) and that F; is coarser
than F3. Prove that if X # &, then the singleton {X} is the coarsest
filter in X (the least element of ®). Under what circumstances does &
have a greatest element?

(ii) Show that if ®¢ is an arbitrary nonempty collection of filters in X, then
the intersection [ ®o is again a filter in X. Conclude that if C is an
arbitrary collection of subsets of X, then either there exists no filter F
in X such that C C F, or there exists a unique coarsest filter Fo in X
such that C C Fo. (The filter Fo is then called the filter generated by
C, and C is a system of generators for Fp.) Show that if z € X, then
the collection {{z}} consisting of the singleton {z} alone generates a
filter F; in X, and that the filter F, is a maximal element of the set
P of all filters in X.

(iii) For an arbitrary collection C of subsets of X, let C* denote the collection
of all those subsets E of X with the property that there exists a set C
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in C such that C C E (briefly: “supersets” of the sets in C). Verify that
C is a filter base in X if and only if C® is a filter. In particular, every
filter in X is also a filter base, and every filter base B in X generates a
filter g = B°. (The set B is said to be a base for the filter F5.)

A nonempty collection S of subsets of X is a system of generators for
a filter in X if and only if it possesses the finite intersection property,
that is, the property that the intersection of every nonempty finite sub-
collection of S is nonempty. Show that if S is a nonempty collection of
subsets of X possessing the finite intersection property, and if B denotes
the collection of all intersections of nonempty finite subcollections of
S, then B is a base for the filter generated by S.

Let B be a filter base in X and let ¢ be a mapping of X into a second
set Y. Show that ¢(B)(= {¢(B) : B € B}) is a filter base in Y. In
particular, if F is a filter in X, then ¢(F) is a filter base in Y.

T. (i) A filter F in a metric space X is said to converge to a point ap of X,

(i)

(iii)

(iv)

or to have limit ao, if F converges to ao as a filter base, that is, if for
each positive number ¢ the ball D,(ao) contains some set F' belonging
to F. Verify that if B is a filter base in X, and if s denotes the filter
generated by B, then Fg converges to a limit ao in X if and only if B
does so.

If {£2}aca is a net in an arbitrary set X, and if for each element A of
A we set T equal to the tail in that net determined by A (see Example
6L), then the set 7 = {T : A € A} is a filter base in X. (The set 7 is
the tail filter base associated with the given net; the filter F7 generated
by 7T is the tail filter associated with it.) Prove that if {z»} is a net
in a metric space X, and ag is a point of X, then limyx zx = ao if and
only if im 7T = ao.

If {z»} is a net in a metric space X, then a point a of X is a cluster
point of {z»} if for arbitrary positive radius ¢ and arbitrary index Ao,
there exists an index A such that A > Ao and zx € D.(a). Verify that
a is a cluster point of {z,} if and only if a is an adherent point of the
tail filter (base) associated with the net {zx}.

If B is a filter base in a set X, then B is a directed set in the inverse
inclusion ordering (Ex. 1Q), and there exist nets {zp}pes in X indexed
by B such that xp € B for each B in B. (Such a net will be called a
net along B.) Show that if B is a filter base in a metric space X that
converges to a point ap of X, then every net along B also converges to
ao, and that if B does not converge to ag, then there exists a net along
B that also fails to converge to ao.

U. Prove that if B is a filter base in X such that lim B = ao, then ao is the
unique adherent point of B. Is it true, conversely, that if a filter base B
has a unique adherent point ag, then lim B = ao?
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Let X and Y be metric spaces and let ¢ be a mapping of X into Y. Show
that ¢ is continuous at a point zg of X if the filter base {¢(Dr(x0))}r>o0 is
convergent in Y to the point ¢(zo). Show conversely that if ¢ is continuous
at zo and B is an arbitrary filter base in X converging to zo, then ¢(B)
converges to ¢(zo).

Let U be an open subset of Euclidean space R™. A real-valued function f
defined on U is said to be continuously differentiable on U if the partial
derivatives a%t,,i =1,...,n, exist and are continuous at every point of U.
The collection of all continuously differentiable functions on U is denoted
by C(U); cf. Example 3L.

(i) Prove that a function f belonging to CY)(U) is locally Lipschitzian
(and therefore continuous) on U. (Hint: Fix a point z° = (z9,...,2%)
of U and let £ = (z1,...,Tx) be an arbitrary point of the ball Ds(z°),
where 6 > 0 is chosen sma.ll enough so that Ds(x°) - U. If we write

=(2%,...,20,2i41,...,20),i =0,...,n, then = To,z° = Z,, and

f(@) = £(=°) = [f(@o) — f@)] + ... + [f(@n-1) — f(Zn)].

All of the line segments £(T;—1,7;) belong to U, and by the mean value
theorem there exist n points ; such that Z; € £(Zi-1, ;) and such that

S@) = 1@ =5l | e,
i = 1,...,n. Use the fact that the functions gzL.- are locally bounded
on U (Prob. D).)

(ii) Prove also that a continuously differentiable function f on U is, in
fact, differentiable at every point z° of U. (Here and elsewhere in this
problem use is made of the terminology and notation introduced in
Examples U and V.) (Hint: In the notation introduced in (i) the points
7; are all at least as close to 2° as is z. Hence as r = ||z — z°||2 tends
to zero we have

of
81:1'

_9of

[~ 6:1,‘1',
T

+o0(1), i=1,...,n,

z0

and therefore

@ - 1) =Y [67 + o(l)} (2~ =)
i=1 =0

= (-—1 gj{l L (zi ~x?)) + of(r). )

(ili) A mapping ¢ of U into a Euclidean space R™ is defined to be con-
tinuously differentiable on U if all m of the coordinate functions of ¢
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belong to C(V(U). Verify that a continuously differentiable mapping ¢
of U into R™ is locally Lipschitzian (and therefore continuous) on U,
and is also differentiable at every point of U.

(i) Let ¢ be a mapping of a set X into a metric space Y. For each subset

(i)

(iii)

(iv)

FE of X the extended real number
w(¢; E) = diam ¢(E)

is called the oscillation of ¢ on E. Show that the mapping F — w(¢; E)
is a monotone increasing extended real-valued function on the power
class 2%.

Let [a,b] be a closed interval in R(a < b), let ¢ be a mapping of [a,b]
into a metric space Y, and let P={a =ty <t1 <...<ty =b} bea
partition of [a,b]. The extended real number

w(@; P) = sup{w(e; [ti-1,t:]) : i =1,...,N}

is called the oscillation of ¢ over P. Verify that for any one fixed map-
ping ¢ the mapping P — w(¢;P) is a monotone decreasing mapping
of the directed set of all partitions of [a,b] into R® (Prob. 28).

Let A be a subset of a metric space X and let ¢ be a mapping of A
into a metric space Y. For each point ¢p of A~ and each positive real
number € we set

w(@; a0, €) = w(¢; De(ao) N A)
and define the oscillation w(¢;ao) of ¢ at ap by setting
w(¢;a0) = inf w(d; a0, ).

Show that w(¢;ae) = 0 is a necessary condition for the existence of
limzz—é;o ¢(x). Show too that the nonnegative extended real-valued
mapping a — w(¢;a) is upper semicontinuous on A~ and hence that
the set of points {z € A™ : w(¢; z) = 0} is a Gs. Conclude that the set
of points of continuity of an arbitrary mapping of X into Y is a G5 in
X, and that the set of points of discontinuity is, accordingly, an Fj,.

Let f be a real-valued function defined on a subset A of a metric space
X, and let ag be a point of A~. Show that the oscillation w(f;ao) is
given by the formula

w(f;ao0) = limsup f(z) — liminf f(z).
zz—é:o IGAO
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In classical analysis the Cauchy criterion plays a critically important role
as a test for convergence. In the theory of abstract metric spaces its role is
no less important, but here it serves as a basis for classifying metric spaces.

Definition. An infinite sequence {z,} (indexed by either N or Np) in a
metric space (X, p) is a Cauchy sequence, or satisfies the Cauchy cri-
terion, if lim p, p, p(Tm, n) = 0, i.e., if for any positive number ¢ there
exists an index N such that p(zm,z,) < € for all m,n > N. (Equiva-
lently, if T,, denotes the tail {zy : k¥ > n} of {,}, then {z,} is Cauchy
if and only if lim ,, diam T,, = 0.)

The basic facts about Cauchy sequences are quickly established.

Proposition 8.1. Let (X,p) be a metric space. Every convergent se-
quence in X is Cauchy, and every Cauchy sequence in X is bounded.
Furthermore, every Cauchy sequence in X that possesses a convergent
subsequence is itself convergent to the limit of that subsequence. Con-
sequently, a Cauchy sequence can have at most one cluster point, and if
it possesses a cluster point, it must converge to that cluster point.

PROOF. Suppose first that {z,} is a convergent sequence in X and that
lim, z, = ag. If € > 0 is given, then there exists an index ng such that
P(Zn,ag) < /2 for all n > ny, whence it follows by the triangle inequality
that p(zm,z,) < € for all m,n > ny. Thus every convergent sequence
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is Cauchy. On the other hand, if {z,} is Cauchy, then there exists an
index N such that p(x,,z,) < 1 for all m,n > N. But then, if we set
K = sup,, .y p(zn,zN), the entire sequence {z,} is contained in the ball
Dk +1(zn), and is therefore bounded. To complete the proof, it suffices to
show that a Cauchy sequence converges to the limit of any of its convergent
subsequences (see Proposition 6.5). Suppose then that {z,} is Cauchy and
{yr = xn,} is a subsequence of {z,} that converges to a point a;. If £ > 0
is given, then there exists an index N such that p(z,,z,) < £/2 whenever
m,n > N, and an index kg such that p(yk,a1) < /2 for all k > k¢. But
then, if k; is any index such that k1 > ko and ng, > N(ky = N V ko, for
example), we have

P(Tn,a1) < p(Tn, Yk,) + p(Yk,,01) <€/2+€/2=¢
for alln > N. O

Definition. A metric space X is complete if every Cauchy sequence in X
is convergent to some point of X.

It should be acknowledged at once that completeness is not a rare or
exceptional property. Indeed, all of the metric spaces of classical analysis
are complete.

Example A. The metric space R is complete. If {¢,} is a Cauchy se-
quence in R, then {¢,} is bounded and therefore possesses a convergent
subsequence (Ex. 6L). But then {¢,} is itself convergent. The metric space
C is also complete. (If {e,,} is a Cauchy sequence in C, then both of the
sequences {Re a,,} and {Im «,,} are Cauchy in R and therefore convergent
in R. But then {a,} is convergent in C.) More generally, for much the
same reasons, the spaces R™ and C" of Examples 6A and 6B are complete.
A normed space that is complete as a metric space (Prob. 6A) is a Banach
space. Thus R™ and C" are, respectively, real and complex Banach spaces.

Example B. If Z is a set and (X, p) is a complete metric space, then the
space B(Z; X) of all bounded mappings of Z into X is complete in the
metric po, of uniform convergence (Ex. 6H). Indeed, if {¢,} is a sequence
in B(Z; X) that is Cauchy with respect to poo, then the sequence {¢,(2)}
is Cauchy, and therefore convergent, in X for each z in Z. Let us write
&é(z) = lim, ¢n(z) for all z in Z. We shall show that ¢ € B(Z;X) and
that lim,, poo (¢, ¢») = 0, thus proving the assertion. To this end let € be
an arbitrarily prescribed positive number, and let NV be an index such that
Poo(®m, dn) < € whenever m,n > N. Then for an arbitrary element 2z of
Z we have p(¢n(2), dn(2)) < € for all m,n > N and, letting n tend to
infinity, we conclude that

p(dm(2),6(2)) <&, m =N,
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for each z in Z, since the closed ball {z € X : p(¢m(2),z) < €} is a closed
set (Ex. 6M), and must therefore contain ¢(z). But from this we see at once
that ¢ is indeed bounded (if M = diam ¢n(Z), then diam ¢(Z) < M +2¢),
and also that p (¢, ¢m) < € whenever m > N. Thus ¢,,, — ¢ in the metric
Poo-

Conversely, if the space (X, p) is not complete, and if—say—{z,} is a
Cauchy sequence in X that fails to converge, then the sequence {¢,} of
constant mappings obtained by setting ¢,.(2) = z,,2 € Z, is also Cauchy
in the metric py, and it is readily seen that the sequence {¢,} is not
convergent in that metric. Thus if Z is nonempty, the space B(Z; X) is
complete in the metric of uniform convergence if and only if the space X
is complete.

Example C. It is an immediate consequence of the foregoing example that
the space (£ ) of all bounded complex sequences introduced in Problem 6D
is complete. Indeed, (£) in the metric defined by the norm || || coincides
with the space B(Np; C) in the metric of uniform convergence. It is also true
that the metric spaces (£,),1 < p < 400, introduced in Problem 6D are
complete. The argument goes as follows. Fix p,1 < p < 400, and suppose
{zn}32, is a Cauchy sequence in (¢,), where z, = {{,(,': )}ﬁ=0,n e N.
Then {z,} is certainly Cauchy, and therefore convergent, termwise, to
some sequence = = {&{m }5°_y. Let € be an arbitrary positive number, and
let N be a positive integer such that ||z, — zm||, < € for all m,n > N.
Then for each index k it is the case that

S - <o

i=0

for all m,n > N. Hence, letting n tend to infinity, we see that

i |§,-(m) - &'lp <eP

=0

for every index k and all indices m such that m > N. But then, letting k
tend to infinity, we have

i g™ — & <er (1)

=0

for every positive integer m such that m > N. This shows, in the first
place, that z,, — = belongs to (¢,) for all m > N, and hence that z belongs
to (£,) as well. In the second place, (1) shows that ||z, —z||, < &€ whenever
m > N, and hence that {z,} converges to z in the metric on (¢,) defined
by the norm || ||. Thus all of the spaces (¢,),1 < p < +o0, are Banach
spaces.
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8 Completeness and compactness

Even if a given metric space fails to be complete it can always be em-
bedded in one that is. The details are set forth in the following theorem.

Theorem 8.2. For any metric space (X, p) there exists a complete met-
ric space ()’f ,P) and an isometry a of X onto a dense subspace of X.
Moreover, the pair {(X, p), @} is unique in the sense that if {(X,7), &}
is another pair with the same properties (that is, if X is complete and
o is an isometry of X onto a dense subspace of X ), then there exists a
unique isometry ® of X onto X such that oo = &. (The essentially
unique pair ()? ,a) is called the completion of X.)

PROOF. If {z,}52; and {y,}32, are any two Cauchy sequences in (X, p),
then the sequence {p(z,, y»)}32, is Cauchy—and therefore convergent—in
R (Prob. 6I). Thus if C denotes the collection of all Cauchy sequences in
X, we may, and do, define a nonnegative real-valued function o on C x C
by setting

o({zn}, {yn}) = lim p(zn, yn),

and it is readily verified that o is a pseudometric on C. Hence if we factor
out the equivalence relation induced by o (that is, the relation ~ defined
by setting {z,} ~ {y,} when and only when o({z,},{yn}) = 0, which is
clearly just the relation of equiconvergence on C (Prob. 6M)), and define,
for an arbitrary pair [{z,}] and [{yn}] of equivalence classes of sequences,

p({zn}], {ym}]) = o ({zn}s {vn})

then p is a metric—the metric associated with o—on the quotient space
X =C/ ~ (Prop. 6.20).

We next define a mapping o : X — X by setting a(z) = [{z,z, .. J—
the equivalence class of the constant sequence at z—for each  point z of X,
and observe that « is obviously an isometry of (X, p) into (X, p). (Equiv-
alently, the value of @ at a point = of X may be described as the element
of X consisting of all those sequences in X that converge to z.) According
to this definition, if x is a point of X and {z,} an arbitrary element of C,
then p(a(z), [{z.}]) = c({z,z,...},{zn}) = lim, p(z,z,). In particular,
if for a positive number ¢ an index N is chosen so that p(z.,,z,) < € for
all m,n > N, then

pla(zm), {za}]) <6, m=N.

Thus lim , a(&m,) = [{z,}], which shows that every point of X is an ad-
herent point of a(X), and hence that the latter is dense in X.

Moreover, this same observation shows that X is complete. Indeed
if {y,}22., is an arbitrary Cauchy sequence in a(X), then there exists
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8 Completeness and compactness

a unique sequence {z,} in X such that a(z,) = yn,n € N, and it is
obvious that this sequence is Cauchy. But then, as we have just seen,
limy, yn = [{zn}]. Thus every Cauchy sequence in a(X) converges in X,
whence it follows that X is complete (see Problem B).

To complete the proof, suppose (X p) is another complete metric space
and that & is an isometry of X onto a dense subspace of X. In the first
place, if ® is an 1sometry of X into X such that ® o a = &, then &
agrees with @ o a~! on the dense subspace a(X), and is therefore unique
if it exists (Cor. 7.6). But also, if we write & = aoal, then & is
an isometry of the dense subspace a(X) of X onto the dense subspace
a(X) of X. Moreover, if y is an arbitrary point of X, and if {yn} and
{v,.} are any two sequences in a(X) converging to y, then {®o(yn)} and
{<I>0 (y7,)} are convergent and equiconvergent in X. Thus to each point y of
X there corresponds a unique point ¥ in X such that if {yn}is an arbltrary
sequence in a(X) that converges to y, then {®¢(yn)} converges in Xtog.
The mapping ® assigning ¥ to y,y € X is an extension of &g to all of
X, and is easily seen to be an isometry of X into X. Finally, if % is an
arbitrary pomt of X, and if {2,} is a sequence in &(X) that converges to Z,
then {®;(2,)} is a Cauchy sequence in a(X), and if Yo = limy, &y Y(zn),
then ®(yo) clearly coincides with 2. Thus ® maps X onto X, and the
proof is complete. (The mapping @ is clearly the result of extending ®o by
continuity. In this context see also Example M.) O

Note. While it is sometimes advantageous to maintain the above point
of view—namely, that the completion of a metric space is a pair (X @)
consisting of an abstract complete metric space X and an isometry a of X
onto a dense subspace of X it is more usual to choose one such pair—say
the one constructed from Cauchy sequences as in the proof of the foregoing
theorem (but in this context see Problem C)—and use the isometry a to
identify each point of the subspace a(X) with the corresponding point of
X. Once this is done, the metric space X itself is literally a dense subspace
of its completion, and the isometry o is replaced by the inclusion mapping
of X into X. It is this latter point of view that we shall ordinarily take in
the sequel.

Example D. The real number system R may be viewed as the completion
of the system Q of rational numbers. Indeed, this notion may be pursued
to obtain an alternate method of constructing R from Q, with Cauchy
sequences of rational numbers taking the place of Dedekind cuts.

The following simple result characterizes those subspaces of a complete
metric space that are themselves complete.
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8 Completeness and compactness

Proposition 8.3. A closed subspace of a complete metric space is com-
plete. Conversely, a complete subspace of an arbitrary metric space X
is necessarily closed in X.

PROOF. If X is complete and if F' is closed in X, then any Cauchy sequence
in F is convergent in X and therefore in F. If A is a complete subspace of
an arbitrary metric space X, and if {z,} is a sequence in A that converges
in X, then {z,} is Cauchy—and therefore convergent—in A, so A is closed
in X. O

Example E. Let f be a homeomorphism of the real line onto some bounded
open interval (a, b)—say the standard mappingf(¢) =t/(1 + |t|) of R onto
(=1,41) (cf. Example TM). If we use f to define

U(f(s)’f(t)): ls_‘t|’ S,tGR,

then it is obvious that o is a new metric on (a, b) with respect to which f
becomes an isometry, so that ((a, b), o) inherits all of the properties of R as
a metric space. In particular, (a,b) is complete with respect to the metric
o. But also, f preserves the convergence of sequences, whence it is clear
that o is equivalent to the standard (relative) metric on (a, b), with respect
to which (a,b) is not complete. This example shows that completeness is
emphatically not a topological property of a metric space. (For a much
deeper and more refined discussion of these ideas see Example O below.)

The points made here can be stated more generally. If ¢ is a one-to-one
mapping of any set X onto a metric space (Y, p), and if ¢ is used to define
a metric 0 on X as above, then ¢ becomes an isometry between (X, o) and
(Y, p), and (X, o) automatically inherits all of the properties of the metric
space (Y, p). Moreover, if X comes equipped with a given metric, then
the new metric o is equivalent to that given metric if and only if ¢ was a
homeomorphism to begin with.

There are several other versions of the Cauchy criterion that are fre-
quently useful. We begin with one phrased in terms of filter bases.

Definition. A filter base B in a metric space X is Cauchy, or satisfies the
Cauchy criterion, if inf{diam B : B € B} = 0.

Proposition 8.4. A metric space (X, p) is complete if and only if every
Cauchy filter base in X is convergent in X.

PROOF. Suppose first that the stated criterion is satisfied and let {z,}32;
be a Cauchy sequence in X. If we write Ty, = {z, : n > k}, then the
system T = {Ty : k € N} of all such tails is a filter base in X that is clearly
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8 Completeness and compactness

Cauchy along with the given sequence {z,}. Hence there is a point ag in X
such that lim 7 = ag. But then, according to the definition, the sequence
{z,} is eventually in every open ball D,(ap), € > 0, so , — ap. Thus X
is complete.

Suppose next that X is complete and that B is a Cauchy filter base in
X. For each positive integer n let B,, be a set belonging to B such that
diam B, < 1/n, and let z,, be a point of B,,. Then p(zm,z,) < 1/m+1/n
(since B,, and B, must intersect) for all pairs m,n of positive integers.
Hence the sequence {z,} is Cauchy, and therefore convergent, in X. Let
lim,, z,, = ag, and let € be a positive number. There exists a positive integer
N such that p(zn,a0) < €/2 for all n > N, and if n is any positive integer
greater than N V (2/¢), we have z,, € D,/2(ao) and also diam B, < ¢/2,
whence it follows from the triangle inequality that B,, C D.(ap). Thus
lim B = ag, and the proof is complete. m]

Example F. Let X be a complete metric space and let {F,}32; be a
decreasing sequence of nonempty closed sets in X such that diam F;, — 0.
The collection F of sets belonging to the sequence {F,} is a filter base in
X (Ex. 7T) and that filter base is obviously Cauchy. Hence there exists a
point zg in X such that lim F = x¢, and it follows that z¢ is an adherent
point of each set F,, (Prob. 7U). Thus

o0
To € n F,
n=1
since the sets F,, are all closed. But then
o0
) Fn = {20}
n=1

since the intersection (), F;, clearly has diameter zero, and therefore can-
not contain more than one point. Thus we have the following theorem: If
{F,} is an arbitrary decreasing sequence of nonempty closed subsets of a
complete metric space, and if lim,, diam F, = 0, then (), F;, is necessar-
ily a singleton. (In this context it is instructive to consider the sequence
F, = [n,4+),n € N, in the metric space R. The sets F,, are closed and
the sequence {F},} is nested, but (), F,, is empty. Thus dropping the as-
sumption diam F,, — 0 in this result may allow the intersection (), F,
to have more than one element, or to have no elements at all. It is also
worth noting that the condition here set forth is, in fact, equivalent to the
completeness of the metric space X. For if {,} is a Cauchy sequence in
X and T,, = {zi : k > n} for each index n, then {7, } is a nested sequence
of closed sets with diam T); — 0, and if {zo} = Mo, T}, , then z, — o.)

We next consider two additional sequential criteria for completeness.
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8 Completeness and compactness

Definition. Let (X, p) be a metric space and let {z,} be a sequence of
points in X. The sequence {z,} is said to be of bounded variation in
X if 3, p(zn, Znt1) < +oo. Likewise, we shall say that {z,} satisfies
condition (C) with respect to a positive number M and a number r such
that 0 < r < 1if p(zp,,Znt1) < Mr" for each index n.

Lemma 8.5. Every sequence in a metric space (X, p) that satisfies con-
dition (C) with respect to some positive number M and some number
r such that 0 < r < 1 is of bounded variation in X. Likewise, every
sequence of bounded variation in X is Cauchy.

ProOF. The first assertion is an immediate consequence of the fact that
Yoo yMr™ = Mr/(1 —r) < +00. To prove the second, let {z,}52; be of
bounded variation, let A = Y | p(Zn,Tnt1), and let € be an arbitrary
positive number. There exists an index N such that

N
Z o(Tn, Tnt1) > A—k,

n=1
and if m is an index such that m > N then

m+p m+p

> e aer) < D p(@k, Thr) <€

for every positive integer p. But then if m,n > N and if, say, m < n, we
have

n—-1
p(@m, Tn) < Y Tk, Thp1) <&,
k=m
so {z,} is a Cauchy sequence. O

Proposition 8.6. The following conditions are equivalent for any metric
space (X, p):

(1) X is complete,

(2) Every sequence of bounded variation in X converges in X,

(3) Every sequence in X that satisfies condition (C) with respect to
some M > 0 and some r such that 0 < r < 1 converges in X,

(4) For some one positive number My and some particular r,0 < rg < 1,
every sequence in X satisfying condition (C) with respect to My
and ro converges in X.

PROOF. It is an immediate consequence of Lemma 8.5 that (1) implies (2)
and (2) implies (3), and it is obvious that (3) implies (4). To complete the
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proof suppose (4) is satisfied and let {z,,} be a Cauchy sequence in X. For
each positive integer k there is an index Nj such that p(zm,zn) < Mork
whenever m,n > Ny, and if we define the sequence {k,}32, inductively,
setting k; = N and kn41 = Npy1 V (ks + 1), then the subsequence {zj, }
satisfies the condition p(z,,,%k,,,) < Morg,n € N, and is therefore con-
vergent. But then the original sequence {z,} must be convergent too
(Prop. 8.1). O

Example G (Method of Successive Approximation). A mapping ¢ of a
metric space (X, p) into itself is strongly contractive if it is Lipschitzian
with Lipschitz constant r for some r < 1. Let ¢ be a strongly contractive
mapping of X into itself and suppose X is complete. Starting with an
arbitrary point zo of X we define a sequence {z,}32, inductively, set-
ting 1 = ¢(zo), T2 = @(z1), etc. Then for each positive integer =,
P(ZnyTny1) < rp(Tp-1,Zy,), and it follows at once by mathematical in-
duction that
P(Tn, Tnt1) < 1"p(x0, 1), nEN.

Thus {z,,} satisfies condition (C) with respect to r and any positive number
M exceeding p(zo,z;1). Since X is complete, it follows from the preceding
result that {z,} converges in X. Furthermore, if a9 = lim,, z,,, then

d(ap) = liTIP d(zn) = liTIln Tnil = Gg,

S0 ag is a fixed point for ¢. Moreover, if a; is some other fixed point
for ¢, then p(ap,a1) = p(¢(ao),#(a1)) < rp(ap,a:), which implies that
plag,a1) = 0, and hence that ag = a;. Thus a strongly contractive
mapping of a nonempty complete metric space X into itself possesses a
unique fized point ag, and ag is the limit of every sequence of the form
{z,8(2), (6(2)), . }.

Example H. A linear transformation 7" of a normed space £ into itself is
strongly contractive if and only if |T'|| < 1 (recall Example 7D). Suppose
that T is such a strongly contractive linear transformation of £ into itself.
Then for an arbitrary fixed vector zg in £ the affine mapping

Az =Tx+x9, z €&,

is also strongly contractive (||Az— Ay|| = |Tz—Ty| < ||T|| lz—yl|)- Hence
if £ is complete, there exists a unique vector yo in £ such that yo = Tyo+xo,
or, in other words, such that

(1 = T)yo = =o.

Thus the linear transformation 1¢ —T is a linear isomorphism of the Banach
space £ onto itself whenever T is strongly contractive. In particular, then,

182
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this is true when T is a linear transformation of R into itself that is defined
by a matrix A with Hilbert-Schmidt norm N{A) < 1 (see Example 7TE). (It
should be noted that the condition N(A) < 1 is merely sufficient in order
for T to be strongly contractive. Moreover, the same conclusion holds if
a linear transformation T' on R"™ is strongly contractive with respect to
some metric equivalent to the Euclidean metric; see Problem F.) Other
applications of the method of successive approximation are touched on in
the problems.

Notation and terminology. When X and Y are metric spaces, it is nat-
ural to consider the collection C(X;Y) of all continuous mappings of X into
Y, as well as the collection Cp(X;Y) of the bounded mappings in C(X;Y).
According to Corollary 7.14 this latter space of bounded continuous map-
pings of X into Y coincides with the closed set of continuous mappings in
the metric space B(X;Y') of Proposition 6.2.

It is an important fact in mathematical analysis that the completeness
of a metric space Y implies that of various spaces of functions taking their
values in Y. In this connection the following result is basic.

Proposition 8.7. If X and Y are metric spaces (X # @), then the space
Cy(X;Y) of bounded continuous mappings of X into Y is complete (in
the metric of uniform convergence) if and only if Y is complete.

ProoF. The space B(X;Y) of all bounded mappings of X into Y is com-
plete if Y is (Ex. B), and Cp(X;Y) is a closed subset of that complete
space (Cor. 7.14). Thus the condition is sufficient. Its necessity follows
from the same construction used in Example B to show that B(X;Y) is
not complete unless Y is. O

Example I. We continue the discussion of the generalized Cantor set of
Example 6P. Let [a, b] (a < b) be a real interval, let ¢ and d be real numbers,
and let @ be a proper ratio (0 < 6 < 1). Starting with the real-valued
function £ that varies linearly from c to d across [a, b], we construct a new
function £y as follows. Let {a < a’ < b’ < b} be the partition of [a,b] in
which [a’, %] is the central th part of [a,b] (o’ = (1/2)[a+b—6(b—a)],d =
(1/2)[a + b+ 6(b — a)]). Then £y varies linearly from ¢ to (c + d)/2 across
[a,a’], from (c+d)/2 to d across [V, b], and is constantly equal to (¢ +d)/2
across [a’,b’]. (The function ¢ is said to be obtained from ¢ by flattening
the central 0th portion of £. Figure 4 shows the graphs of £ and £/, in
the case [a,b] = [c,d] = [0,1].) It is apparent that fg is continuous along
with £, and that £ and ¢3 agree at a,b and the midpoint (a + 6)/2 (and
nowhere else, unless ¢ = d, in which case £p = £). It is also readily seen
that ||£ — €gllec = Od — c|/2.
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Figure 4

Next, starting from a continuous function p that is piecewise linear with
respect to a partition P = {a = tp < ... < ty = b} of [a,b] (so that
pi = p|[ti—1,t] is linear for each ¢ = 1,..., N; see Example 7N), we con-
struct a new function py by replacing each linear segment p; of p by the
corresponding function p; ¢ obtained by flattening the central §th portion
of p;,2=1,...,N. It is again clear that pg is continuous along with p, that
pg is piecewise linear with respect to a refinement P’ of P, and that p and
De agree at the partition points of P as well as on any subinterval of P on
which p is constant. Moreover, if w(p; P) denotes the oscillation of p over
P (Prob. 7X), then

w(pe; P') Sw(p;P)/2 and |p — polleo < (6/2)w(p; P).

Figure 5 illustrates the case § = 1/3, where p = £;/3 and £ denotes, once
again, the identity mapping on [0, 1].

4y
3
2
1 2 1 2 7 8
0553 39591
Figure 5
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8 Completeness and compactness

Suppose now that {6,}52, is a sequence of proper ratios. We define
inductively a corresponding sequence {p, }5%, of functions on [0, 1], setting
po(t) =t,0 <t <1, and supposing p,, defined,

DPn+1 = (pn)ﬂna n e NO-

To see how the sequence {p,} develops, let us write P, for the partition
of [0,1] consisting of the 2"*! endpoints of the 2" intervals constituting
the system F,, of Example 6P. Then, in the first place, p, is continuous,
monotone increasing and piecewise linear with respect to P,,. Moreover if
for each index n we denote by U, the system of (2® — 1) bounded open
intervals contiguous to F, = (JF, (these are just the interiors of the even
numbered subintervals of P,), then U, is in one-to-one correspondence
with the system of dyadic fractions 5/2",7 = 1,...,2" — 1, in a unique
order preserving fashion, and, for each index j, p, is constantly equal to
7/2™ on the corresponding interval in U,. (All of these facts are readily
established by mathematical induction.) Finally we have w(p,; P,) = 1/2",
and therefore

0, 1
[~ Bas1lloe = (Bn/2) @ (B Pr) = 57 < 5o,

for all n. Thus the sequence {p,} is of bounded variation and is therefore
uniformly convergent to a limit hgg_} on [0, 1].

Concerning the limit hyg,} we already know that it is continuous and it
is obviously monotone increasing. As for the rest, the order isomorphisms
between the systems U,, and dyadic fractions extend (being coherent) to an
order isomorphism between the collection U(= |J,, U,) of all the bounded
open intervals contiguous to the Cantor set Cyg,} and the system of all
dyadic fractions in (0,1), and if U is an interval in U corresponding to a
fraction k/2™ in this way, then p, is constantly equal to /2™ on U for
all n > m, so hyg,y is too. But hyg,y is then nothing but the extension to
[0,1] by continuity of the restriction hg of hg,} to the union (JU.

We note, finally, that the classical Cantor-Lebesgue function of Example
7Q is obtained via this construction for the sequence {0, } = {1/3,1/3,...}.
The gist of the present example is that the only thing special about the
classical Cantor set C' in the construction of the Cantor-Lebesgue function
was its extremely simple arithmetic structure. (Still other constructions of
this sort can be based on Example 7J.)

Example J. In much the same fashion the Peano space-filling curve of
Example 7R may be realized as the limit of a uniformly convergent sequence
of piecewise linear functions. To begin with, let z = (s1, s2) and y = (¢1, t2)
be points in R? and let £ denote the linear parametrization on the parameter
interval |a, b] of the line segment joining z to y. If s; < t; and sz < t2, we
shall say that £ slants upward to the right. In this case (and in this case
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only) we define two modifications of £ as follows. Let a’ and ¥’ be the points
in [a, b] that partition it into three congruent subintervals (a’ = (1/3) (2a+b)
and & = (1/3)(a + 2b)). Then £@® is defined to be the piecewise linear
extension of the mapping of the partition {a < a’ < b’ < b} (Ex. 7N) that
agrees with £ at a and b (so that £)(a) = z and £(*)(b) = y) and that
carries a’ to ((sy +t1)/2,t2) and b’ to ((s1 +t1)/2,s2). Similarly, W) is
defined to be the piecewise linear extension of the mapping of the partition
{a < @’ <V < b} into R? that carries these points into =, (t1, (s2 +t2)/2),
(s1, (s2 + t2)/2), y, respectively. (If £ does not slant upward to the right,
then, by definition, £(*) = £®) = ¢.)

Next let 7 be a continuous mapping of [a,b] into R? that is piecewise

linear with respect to some partition P = {a = up < ... < uy = b}.
We first define 7(®) to be the mapping obtained by replacing each of the
linear segments m; = =|[u;—1,ui],¢ = 1,..., N, by the curve n§”), and we

define (¥, similarly, to be the curve obtained by replacing each m; by
wl(y). Finally, we denote by m the result 7@ @) of applying these two
modifications to w one after the other.

Concerning 7t we observe that, for each subinterval [u;_j, u;] of P, the
curve (m#); = 7¥|[us_1,u;] coincides with (m;)} = (m;)®)®)—the result
of applying the two basic operations to the single line segment ;. It
follows that if some segment m; of 7 fails to slant upward to the right, then
(n*); = m;, and, in general, that the behavior of #t may be determined by
investigating the case in which 7 consists of a single line segment.

Suppose then, once again, that £ is the (upward slanting to the right)
linear parametrization on the interval [a, b] of the line segment joining z to
y in R?, and let R denote the rectangle having £ for a diagonal. If F =
{IL, I, I, 1} is the system of subintervals of [a,}] obtained by removing
the central third of [a,b] twice (so that F = {[a,b]}** in the notation
of Example 60), and if P, is the partition of [a, b] consisting of the eight
endpoints of these four subintervals, then £} is piecewise linear with respect
to Py. Moreover, the subintervals of P, on which the restrictions of £* slant
upward to the right are precisely the four intervals Iy, I>, I3 and I4, and the
restrictions of £} to these four intervals are linear parametrizations of the
(upward slanting to the right) diagonals of the four rectangles obtained by
bisecting the sides of R. Finally, we observe that [|[£ — £}||c < 2|z —y]2, a
fact that is disclosed by direct calculation. (If ¢ does not slant upward to
the right, then ¢f = £, so ||€— |l = 0.) Figure 6 shows ¢* for [a,b] = [0, 1]
and with vertices labeled with the appropriate values of the parameter.

Suppose now, once again, that 7 is a continuous mapping of [a,b] into
R? that is piecewise linear with respect to P = {a =up < ... < u, =b}. If
we define N(7) to be the largest of the numbers ||7(u;) — 7(u;—1)||2 among
all of those subintervals of P on which 7 slants upward to the right, it is
at once clear that N(r¥) = 1N(m) and also that |m — 7|0 < (2/3)N (7).
Moreover, © and 7} coincide on any subinterval [u;—1,u;] of P on which 7
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does not slant upward to the right, and if a rectangle contains one of the
segments m|[u;_1, u;], it also contains the subcurve 7#|[u;_1,u].

u=13 y = (t1,t2)
u=1
_2 _7
uU=g _ 118 U=y
U=19 9,79
u=0 "
z = (s1,52) u=% R
Figure 6

Finally, we define a sequence {m,}32, of piecewise linear mappings of
the unit interval into R? by mathematical induction, setting mo(u) = (u,u)
for 0 < u < 1 and, supposing 7, already defined, setting m,,; = (m,)}.
According to the estimates given above we have N(m,) = +/2/2" and
|7n — Tntillo € ZN(m,) for each index n, and it follows that {m,} sat-
isfies condition (C) with respect to M = 2v/2/3 and r = 1, and therefore
converges uniformly to a continuous mapping 9 of [0, 1] into R? (Props. 8.6
and 8.7). But the mapping ,, may also be described as the piecewise linear
extension of a certain mapping of the partition P,,, of [0, 1] consisting of the
endpoints of the various intervals I, ., employed in the construction of
the Cantor set. Moreover a straightforward mathematical induction shows
that mp—and therewith every w,,n > k, and hence ¥ as well—agrees on
Par. with the space-filling curve defined in Example 7R, whence it follows
that v coincides with that curve.

We next turn our attention to a version of the Cauchy criterion especially
tailored for infinite series.

Definition. An infinite series } .- ; @, in a normed space £ is said to sat-
isfy condition (S) if for each positive number ¢ there exists a nonnegative

integer N such that
m+p

> w

k=m+1

<é€

for all p and all m such that m > N.
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Proposition 8.8. Every convergent infinite series in a normed space €
satisfies condition (S). The space £ is complete if and only if every
infinite series in £ that satisfies condition (S) is convergent in £.

PROOF. Let s, = Y p_jar denote the nth partial sum of the series
EZ":O ar. If m and n are nonnegative integers such that m < n, then
I8n = $mll = | Xk=m+1 @k ll- Thus the stated condition is equivalent to the
standard version of the Cauchy criterion for the sequence {s,}. ]

The following generalization of the well-known fact that an absolutely
convergent series of scalars converges is an immediate consequence of the
foregoing result. (Here again it is easily seen that the stated condition is
also sufficient for the completeness of a normed space £.)

Corollary 8.9. Let £ be a Banach space and let {a,}52, be a sequence in
& such that 37  llan|| < +00. Then the series Y - ;an is convergent
in £.

Example K. Let £ be a complex Banach space, let {a,}32, be a sequence
in £ and suppose, for some positive number rg, that the sequence {||rfan||}
is bounded in R by a positive number M. If 0 < r; < 79 and X and )\g are

complex numbers such that |\ — Xg| < 71, then
l(A = Ao)"anll = lIrganll(IA — Xo|™/75) < M(r1/m0)".

Hence the sup norm of the function (A—X¢)"a,, is dominated by M (r;/ro)",
n € Ny, and it follows that the power series

> (A=) an (2)

n=0

is uniformly convergent on the disc D,,(Xo)” = {A € C: |A = x| < 71}
(i.e., convergent in the metric of uniform convergence on B(D;, (Xo)™;£)).
Since 7, was an arbitrary positive number less than g, this also shows that
the series (2) is convergent in £ for each complex number X in the open
disc D,,(Ao). From these observations it follows, via a standard argument
(which we omit), that for an arbitrary sequence {a,}32, of coefficients in
&, and for an arbitrary center Ao, the £-valued power series (2) possesses
a radius of convergence R,0 < R < +oo, having the property that (2)
converges for all A such that |[A — Ag| < R and converges for no A such that
A — Xo| > R. (This statement is to be interpreted appropriately if R = 0
or R = 4o00; moreover, the behavior of (2) as regards convergence on the
circle |A — Ag| = R is not touched on here.)
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The theory of limits at a point for a mapping taking values in a metric
space Y is also considerably richer when Y is complete.

Proposition 8.10. Let ¢ be a mapping of a subset A of a metric space
X into a complete metric space Y. Then the limit IimeX o(x) exists
x

at a point a of A~ if and only if the oscillation w(¢;a) of ¢ at a is zero
(Prob. 7X).

Proor. The oscillation w(¢;a) vanishes at a point a of A~ if and only if
the filter base ¢(D,(a) N A),r > 0, is Cauchy; the limit lim s g o(z) exists
if and only if the same filter base is convergent. Thus the stated result
follows at once from Proposition 8.4. ]

Corollary 8.11. Let ¢, A, X, and Y be as in the preceding proposition,
and let A denote the set of all those points of A~ at which the limit
of ¢ through A exists (cf. Proposition 7.26). Then A is a Gs in X. In
particular, if ¢ is continuous on A, then the result of extending ¢ by
continuity is a continuous extension of ¢ to a Gs in X.

PROOF. As was just seen, A = {a € A~ : w(¢;a) = 0}, and this set is a
Gs in X (Prob. 7X). O

Example L. For the function gy of Example 7X the set A of those positive
real numbers at which the limit exists is the set of all positive irrational
numbers, clearly a G in the set of all positive real numbers, since it is the
complement of the countable set Q4 of positive rationals.

When the mapping ¢ is uniformly continuous, one can say considerably
more.

Proposition 8.12. Suppose ¢ is a uniformly continuous mapping of a
subset A of a metric space (X, p) into a complete metric space (Y,0).
Then the subset of X to which ¢ extends by continuity coincides with
A~ a closed subset of X.

PROOF. Let ¢ be a positive number, let § > 0 be chosen so that p(z,2') <
implies o(@(z), #(2’)) < € for any two points z and =z’ in A, and let a
be a point of A~. If z and z’ belong to Ds/(a), then p(z,z') < 4, so
o(¢(x), p(2')) < e. Thus diam ¢(Djs/2(a) N A) < &, whence it follows that
w(¢;a) =0, and hence that limﬁa‘{ () exists. O

Example M. Suppose, even more particularly, that ¢ is a Lipschitzian
mapping with Lipschitz constant M of a subset A of a metric space (X, p)
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into a complete metric space (Y, o), and let $ be the extension by continuity
of ¢ to A~. If a and o’ are any two points of A™, and if {z,} and {z],} are
sequences in A such that £, — a and =], — o/, then lim,, o(¢(zn), ¢(z),)) =
o(¢(a), é(a’)) (Prob. 6I). But also o (¢(z,), d(z,)) < Mp(zy,z),) for each
index n, which shows that lim, o(¢(zn), d(zy,)) < Mlim, p(zn,z,) =
Mp(a,a’). Thus o(¢(a),d(a’)) < Mp(a,a’), so the extension @ is Lip-
schitzian with respect to the same Lipschitz constant M. Like considera-
tions show that the extension by continuity of an isometry of a subspace
A of a metric space X into a complete metric space Y is an isometry of
A~ into Y, and similarly as regards a mapping that is Lipschitz-Ho6lder
continuous on A with respect to some exponent (Prob. 7K).

The completeness of the codomain Y is absolutely essential for the va-
lidity of any of the immediately foregoing results.

Example N. Let X = R, let Y = Q, and consider the identity mapping
¢ of Q(C X) onto Y. The isometric function ¢ cannot be extended by
continuity to a single point of R\Q, and Q is not a Gs in R. (The truth of
this latter remark is far from obvious; see Problem J, for example.)

Suppose now that A and B are subsets of complete metric spaces X and
Y, respectively, and that ¢ is a homeomorphism of A onto B. Then ¢ can
be extended by continuity onto a G5 in X, and ¢~!: B — A can also be
extended by continuity onto a G5 in Y, but there is no reason to suppose
that either of these extensions is one-to-one (and simple examples show
that both may fail to be one-to-one). Nevertheless, we have the following
remarkable result.

Proposition 8.13 (Theorem of Lavrentiev [17]). Let X and Y be com-
plete metric spaces, and let ¢ be a homeomorphism of a subset A of X
onto a subset B of Y. Then there exists an extension ¢ of ¢ that is a
homeomorphism of a set AC A  inX ontoaset BC B~ inY where
A and B are Gss in X and Y, respectively.

PROOF. Let qb denote, as usual, the result of extending ¢ by continuity onto
A, aGsin X (Cor. 8. 11) and let us write ¢ for the result of extending
¢~ ! by continuity onto B aGsinY. If @ is a point of A and B is an
arbitrary filter base in A that converges to a, then ¢(B) is a convergent
filter base in B~, and lim ¢(B) = #(@). (Indeed, B is also a filter base in
A, and ¢ is continuous, so lim #(B) = ¢(a) (Prob. 7V), but ¢(B) = ¢(B)
since ¢|A ¢.) The point ¢(a) may belong to B or not, but if it does S0,
then ¢(B) is a filter base in B converging to it, so, by symmetry, ¢~*(¢(B))
must converge to {/?($(a)) But ¢~ 1(4(B)) = B since ¢ is one-to-one, and it
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follows that 1( ( )) = a. Thus every point a of A=¢ 1(B) possesses the
property that (1/1 ¢) (a) = . Likewise, again by symmetry, (¢ w)(b) =b
for every point b of B = ¢y~*(A). Moreover, this shows that #(A) c B
and w(B) C A, whence it follows that ¢ = ¢|A and ¢ = ¢'|B are mutually
inverse homeomorphisms between A and B and the proof will be complete
once we verify that A and B are Ggs. But _ A is the inverse image of a G,
namely B, under the continuous mapping ¢, whence it follows at once that
Aisa Gsin A (smce the formation of inverse images preserves countable
intersections). Thus Aisa Gs in a G in X, and is therefore a G5 in X
itself (Prob. 6P). Similarly B is a G5 in Y. O

Example O. Suppose a subset A of a metric space X is homeomorphic to
some complete metric space Y, and let ¢ be a homeomorphism of A onto
Y. Even though X need not be complete as given, we can complete it,
and regard A as a subset of the completion X (Prop. 8.2). Then according
to the foregoing result (with B = Y), the given homeomorphlsm ¢ can
be extended to a homeomorphism of a G5 subset A of X onto Y. But 03
is already a one-to-one mapping of A onto all of Y and thus cannot be
extended to any properly larger one-to-one mapping. Hence A A, s0o A
is a G5 in X. But if {U, }2°_, is a sequence of open sets in X such that
A= ﬂff:l U, and if V;, = U, N X, n € N, then the sets V,, are open in X,
and A=, Vn. Thus A is also a G5 in X.

Conversely, it is not hard to show that if A is a G5 in a complete metric
space (X, p), then A can be given a new metric ¢ such that o is equivalent
to the relative metric p|(A x A) on A, and such that the metric space (4, o)
is complete (see Problem D). But then A is obviously homeomorphic to a
complete metric space via the identity mapping. Thus the following three
conditions are equivalent for a subset A of a metric space X:

(1) Ais a G in the completion of X,

(2) A is homeomorphic to a complete metric space,

(3) A can be given an equivalent metric with respect to which it is itself
complete.

Such a metric space is known as an absolute Gs. (If A is such an absolute
Gs, and if A is mapped homeomorphically onto some subset B of another
metric space Y, then it follows from what we have just shown that B is a
G5 in Y, no matter whether Y is complete or not.)

We conclude our treatment of the theory of complete metric spaces with
a brief introduction to a very important classification of the subsets of
metric spaces discovered by R. Baire [1]. The root notion is of a kind of
set that is inconsequential in a very precise sense.

Definition. A subset N of a metric space X is said to be nowhere dense
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in X if the closure N~ has no interior points, i.e., if (N7)° = &; recall
Problem 6Q).

Here is an alternate characterization of nowhere dense sets that is fre-
quently useful. The precise formulation of the following proposition was
chosen with a view to future application.

Proposition 8.14. A set N is nowhere dense in a metric space X if and
only if, for every nonempty open set U in X, there exists a nonempty
open set V such that V C U and VN N = @&. Moreover, if N is
nowhere dense, it is always possible to arrange for V to be an open ball
with arbitrarily small positive radius satisfying the stronger conditions
V-cUandV NN =g2.

PROOF. If N is not nowhere dense, and U is a nonempty open set contained
in N—, then every nonempty open subset V' of U clearly meets N. This
proves the sufficiency of the given condition. To prove the necessity, set
V =U\N". If V = &, then N is not nowhere dense. Otherwise V is a
nonempty open subset of U that is disjoint from N. Thus the necessity of
the given condition is proved. To prove the last assertion observe that if zq
is any point of V, then there exists a radius r» > 0 such that D,(x¢) C V.
But then, if ¢ is a positive number less than r, the ball D (zy) satisfies all
the desired conditions. O

On the basis of this result it is easily seen that any finite union of nowhere
dense sets is itself nowhere dense. This is far from true, of course, for infinite
unions, and we are thus led to the distinction introduced by Baire.

Definition. A subset A of a metric space X is of first category in X if it
can be expressed as the union of a countable collection of sets each of
which is nowhere dense in X. A subset B of X is of second category in
X if it is not of first category in X.

The following result is an almost trivial consequence of the various def-
initions.

Proposition 8.15. If a subset A of a metric space X is of first category
in X [nowhere dense in X|, and if M is a subset of A, then M is also of
first category in X [nowhere dense in X|. Dually, if a subset A of X is
of second category in X, and if A C B C X, then B is also of second
category in X.

PRrOOF. If N is nowhere dense in X and M C N, then (M~)° C (N™)° =
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@. Thus M is also nowhere dense in X, and the stated facts follow at
once. [

The next result is not quite so obvious as the last, but is still far from
deep.

Proposition 8.16. If a set M is of first category in a subspace A of a
metric space X, then M is also of first category in X. Dually, if A is
of second category in X, and if B is a subspace of X such that A C B,
then A is also of second category in B.

PROOF. Suppose N is a subset of A that is not nowhere dense in X, and
let U = (N7)°, sothat U # @. Then U C N~ C A~, whence it follows
that UNA # @. But UN A is open relative to A and is obviously contained
in N™ N A, the closure of N relative to A (Prop. 6.15). Thus N is also not
nowhere dense in A, and the result follows easily. a

Corollary 8.17. If a metric space X is of first category in itself, then X
is automatically of first category in any metric space containing it as a
subspace. If a subset B of X is of second category in X, then B is also
of second category in itself.

It is important to recognize that each of these three concepts has to do
with a relation between a metric space and its various subsets, and not
with any intrinsic property of the subsets themselves.

Example P. No nonempty set in a metric space is nowhere dense in itself.
A singleton is nowhere dense in any metric space containing it provided
it is not an isolated point of that space. Hence an arbitrary countable
subset of a metric space X is of first category in X unless it contains one
or more isolated points of X. (An isolated singleton is actually of second
category in an arbitrary metric space containing it—a good indication that
in studying the theory of Baire categories we will do well to stick to metric
spaces that are dense in themselves (Prob. 60).) Thus the set Q of rational
numbers is of first category in R; indeed Q is of first category in itself. By
contrast (as we shall see) the set R\Q « ¥ irrational numbers is of second
category in R and accordingly therefore of second category in itself.

If a subset N of a metric space X is nowhere dense in X, then N has
empty interior, and is therefore all boundary (N C ON). The converse is
false, of course, but there are a lot of sets with nowhere dense boundaries.
Thus every closed set F' in X has nowhere dense boundary (((9F)~)° =
(OF)° C F*), and so therefore does every open set (since a subset and its
complement share a common boundary).
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A line in the plane R? is nowhere dense there. Hence the union of an
arbitrary countable collection of points, line segments, rays and straight
lines is a first category subset of R2-—and likewise of any R™,n > 2. On the
other hand, as we shall see, a nondegenerate interval is of second category
in R.

Any subset of a finite union of nowhere dense sets in a metric space X
is itself nowhere dense in X, a fact expressed by saying that the nowhere
dense sets constitute an ideal in 2%. On the other hand, any subset of a
countable union of sets of the first category in X is itself of first category in
X, which is expressed by saying that the first category subsets of X form
a o-ideal in 2% .

The essential importance of the rather technical distinction between sets
of first and second category is the means it provides for establishing a wide
assortment of existence and nonexistence theorems. The simplest version
of such a category argument is presented in the following proposition.

Proposition 8.18. Let B be a set of second category in a metric space
X, and let {M,}22, be a countable covering of B consisting of subsets
of X. Then BN (M, )° # @ for at least one index n.

PROOF. If BN (M, )° = @ for every n, then B is covered by the sequence
{M \(M,)° = (M)}, and each of these sets is closed and nowhere
dense. O

Even the following much weaker version of this principle is frequently
useful.

Corollary 8.19. Let the metric space X be of second category in itself,
and suppose given a countable closed covering {F,}° , of X. Then
one (at least) of the sets F,, has nonempty interior. Dually, if {G,} is
an arbitrary sequence of dense open subsets of X, then (.., G, is of
second category in X. (In particular then, (..., G, is not empty.)

Example Q. A mapping % of a metric space (X, p) into a metric space
(Y, 0) is said to be a mapping of Baire class one of X into Y if there exists
a sequence {¢, }2.; of continuous mappings of X into Y that converges to
1 pointwise on X (i.e., such that lim,, ¢,,(z) = ¥(z) for each z in X). In
general there is not much to be said about such a mapping (see Problem
K), but if, as we assume henceforth in this example, the domain X is of
second category in itself, then a good deal can be said.

Indeed, suppose {¢,} is a sequence of continuous mappings of X into Y’
that converges pointwise to 1. To begin with, according to a standard, and
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by now familiar, argument, the real-valued function f,, ; defined by setting

fn,k(w) = U(¢n($), ¢)k(z))’ z € X,

is continuous on X for each pair n, k of positive integers. Moreover, the
sequence {¢n(x)} is convergent—and therefore bounded—in Y for each
fixed z in X. Hence if we define, for each index n,

gn(z) =sup fo(z), z€X,
k>n

the function g, is finite-valued and lower semicontinuous on X, and for
each point z of X the sequence {g,(z)} is monotone decreasing to zero in
R.

Suppose next that 7 is some positive number, and let

G.={z€eX:gu(x)>n}, neN.

Then, by what has just been observed, {G,}32 ; is a decreasing sequence
of open sets in X such that (),>; G, = @. Hence there is an index N such
that G is not dense in X, so V = X\G} is a nonempty open subset of
X. This set V has the property that if z € V, then o(¢w(z), dn(z)) <7
for all kK > N, whence it follows that o(¥(z), dn(z)) < n as well.

Now let £ be a second positive number and let ag denote a point of V.
Since the mapping ¢y is continuous at ag, there exists a positive number
§ such that p(z,a9) < 8 implies o(dn(z), dn{(ag)) < £/2. Moreover, by
reducing 6 if necessary, we may arrange matters so that Ds(ag) C V. But
then, for any two points « and 2’ of Ds(ag), we have o(dpn(z), dn(2')) <€
and therefore

o(¥(z),%(z") < o(¥(2), pn (x)) + o(¢n (2), b () + o (PN (2"), ¥(2'))
<n+e+n.

Thus diam ¥(Ds(ag)) < 2n + €, and it follows that the oscillation of the
mapping v satisfies the inequality w(;ag) < 27. Finally, since ag denotes
an arbitrary point of V, we have w(y;2z) < 2n for every point z of V.
Thus we have shown that if ¥ is an arbitrary mapping of Baire class one
on a metric space that is of second category in itself, then the open set
{z € X : w(¥;z) < €} is nonempty for each positive number ¢.

The foregoing observations suggest that it would be of major interest to
find metric spaces having a substantial number of second category subsets.
In this connection the following theorem is of paramount importance.

Theorem 8.20 (Baire Category Theorem). Let X be a complete metric
space, and let U be a nonempty open subset of X. Then U is of second
category in X.
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PROOF. Let {N,}52., be an arbitrary sequence of nowhere dense sets in
X. Tt suffices to show that if A = J,. ; Ny, then U\A # @. Note first that
by Proposition 8.14 there exists an open ball Dy = D, (z1) with radius
r1 < 1 such that D C U and Dy N N; = @. Continuing via mathematical
induction, one easily constructs a nested sequence

Dio>Dy>...OD,D...

of open balls D,, = D,_(z,) such that r, < 1/n and such that D,; NN, = &
for every n. The sequence of centers {z,} is then obviously a Cauchy
sequence, and since X is complete, {z,} must converge to some limit zg.
Since zg is also the limit of every tail {z,}32 ., and since this tail lies in
D,,, it follows that ¢y € D,, for m = 1,2,... . Thus z¢ ¢ A and since
xo € Dy and Dy C U, we have zg € U\ A. a

Note. It is a remarkable fact that, while the hypotheses of the Baire
category theorem are metric in nature, its conclusion is purely topological.
Thus the theorem remains in force if the metric space X is merely assumed
to be an absolute Gj, i.e., to admit an equivalent metric with respect to
which it is complete (recall Example O), and we are led to the following
reformulation of Theorem 8.20, for which no proof is needed.

Theorem 8.21 (Baire Category Theorem; Version IT). Let X be a metric
space that is an absolute Gs. Then any nonempty open subset of X is
of second category in X.

Corollary 8.22. Let X be a nonempty metric space that is an absolute
Gs and let {Go}32.; be a sequence of dense open subsets of X. Then
the set

is dense and of second category in X, and X\B is of first category in X.

Proor. Each complement F,, = X\G,, is nowhere dense in X by hypoth-
esis. Hence X\B = |-, F, is of first category in X, whence it follows at
once that B is of second category in X (since X is not of first category in
itself by Theorem 8.21). Moreover, if U is an arbitrary nonempty open set
in X, then U is not contained in X\B, so UN B # @&. Thus B is dense in
X. ]

Corollary 8.23. If X is a nonempty metric space that is an absolute G
and B is an arbitrary dense G in X, then B is of second category in X
and X\B is of first category in X.
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PRrOOF. If B = -, U, where each U, is open, then each U, is also dense
in X. O

Corollary 8.24. Let X be a nonempty metric space that is an absolute
Gs, and let ¢ be a mapping of X into a metric space Y. If the set B of
points of continuity of ¢ is dense in X, then X\B is of first category in
X.

PRrOOF. The set B is known to be a Gg; see Problem 7X. O

Example R. Let X be a complete metric space, and let ¢ be a mapping of
Baire class one of X into a metric space Y, as defined in Example Q. If U
is an arbitrary nonempty open subset of X, then ¢|U is obviously of Baire
class one as a mapping of U into Y. Hence if ¢ is an arbitrary positive
number, there is a nonempty open subset of U on which the oscillation of
¥|U is less than €. But U is open, so the oscillation of |U is just the
restriction to U of the oscillation of ¥y on X. Consequently if we write
Ge = {z € X : w(¢;2) < €}, then G. NU # @, which shows that G,
is dense in X. In particular, if we set V,, = Gy/n,n € N, then {V,}52,;
is a decreasing sequence of dense open subsets of X, and the intersection
ﬂ;":l V,, is precisely the set of points of continuity of ¥. Thus we have
shown that the set of points of continuity of a mapping i of Baire class one
of a nonempty complete metric space X into a metric space Y is a dense G
of second category in X, the complementary set of points of discontinuity
of Y being of first category in X.

Example S. Let X be a complete, separable metric space, let M be a
countable dense set in X, and suppose that X is perfect, i.e., dense in
itself. Then M is of first category in X, and therefore has empty interior,
so the complement X\ M is also dense in X.

Suppose next that S is an F, subset of X, and let {F,}32, be an
increasing sequence of closed sets in X such that S = |, ; F,. We write
A, for the nth difference, A,, = F,\F,_1 (setting Fy = &), and define

B, = (4,\A2)U(A2NM), neN.

Since B, C A,, for each n, the sequence { B, }32; is disjoint. Moreover each
set By, is of first category in X. Indeed, ; {, N M is countable, and therefore
certainly of first category, while A,\AS C 0A,, and, as a difference of
closed sets, A,, has nowhere dense boundary (cf. Example P and Problem
6Q).

Finally, we define a real-valued function on X, setting

1/n, x€ B,, n €N,
f(x):{o, 2 ¢ U, Ba.
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(Equivalently, f is given by the (formally infinite) sum

f=Y (M\n)xa.)
n=1

The function f is nonnegative and vanishes on the complement of the first
category set | J,, Bn, so f(z) = 0 on an everywhere dense set, and the lower
envelope of f (Prop. 7.27) is accordingly identically zero on X.

On the other hand, as regards the upper envelope of f, we note first
that if z¢ is a point of X\S, then for each positive integer n there is an
open set U containing zo such that U N F,, = &, and therefore such that
0< f<1/(n+1)onU. Thus lim,_,, f(z) = 0. But also, if zo belongs
to S, and hence to some one of the sets A,, then there is an open set
U containing zy such that U N F,,_; = &, and on this set U we have
0 £ f €£1/n. But also, f actually assumes the extreme value 1/n on U,
since either zg € A,\ A, in which case f(zg) = 1/n, or zg € AS, in which
case f is constantly equal to 1/n on the nonempty set U N A2 N M. Thus

1
limsup f(z) = =,
T—xTo n
which shows that the upper envelope of f is given by the formally infinite

sum
o]

Z(l/ n)XA,-

n=1
In particular, we see that f is continuous on X\S and discontinuous at
every point of S. In view of Problem 7X, this shows that in a perfect, sep-
arable, complete metric space X a set S is the set of points of discontinuity
of a (real-valued) function on X if and only if S is an F,. (It is perhaps
worth remarking that if we take X = R, and set F, = (1/n)N for each
index n, then the present example essentially reproduces the construction
of Example 7X.)

We conclude this chapter with a discussion of some properties of a metric
space that have to do with how “scattered” the space is.

Definition. A subset N of a metric space (X, p) is an r-net for a subset A
of X if for every point x of A there is & point y in N such that p(z,y) < 7.

Proposition 8.25. The following four conditions are equivalent for an
arbitrary subset A of a metric space X :

(1) For every positive number e there is a finite e-net for A,
(2) For every positive number ¢ there exists a finite covering of A con-
sisting of sets of diameter less than ¢,
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(3) For every positive number ¢ there exists a finite partition of A into
sets of diameter less than ¢,

(4) For every positive number ¢ there exists a finite e-net for A consisting
of points of A, in short, a finite e-net in A.

PROOF. If N is a finite (¢/3)-net for A, then the set of balls D, /3(x),z € N,
constitutes a finite covering of A consisting of sets of diameter less than ¢.
Thus (1) implies (2), and it is clear that (2) implies (3) (Prob. 1U), and
also that (3) implies (4) and (4) implies (1). a

Definition. A subset A of a metric space X is totally bounded if it pos-
sesses any one (and therefore all) of the properties set forth in Proposi-
tion 8.25.

Example T. A totally bounded subset of an arbitrary metric space X is
automatically a bounded subset of X. In Euclidean space R™ it is the case,
conversely, that every bounded set is actually totally bounded. Indeed if B
is a bounded subset of R™, if a is the point @ = (sy,..., 85), and if Dg(a)
is a ball in R” large enough so that B C Dg(a), then B is also contained
in the cube W = [s; — R,s1 + R] X ... X [s, — R, 5, + R ] with edge 2R.
If each of the intervals [s; — R,s; + R ],i = 1,...,n, is partitioned into
M subintervals of equal length, then the various products of all of these
subintervals (one from each partition) provide a cellular partition of W into
M™ subcubes, each of edge 2R/M, and it is easily seen that the diameter of
each of these subcubes is simply 2R\/n/M (the diameter of a cube of edge
e being e /n). Thus if, for a given positive €, M is chosen large enough so

that
2R\/n
M

then the resulting cellular partition of W provides a finite covering of B
satisfying condition (2) of Proposition 8.25.

<k,

Proposition 8.26. A totally bounded metric space X is separable, and
therefore satisfies the second axiom of countability.

PRrOOF. For each positive integer n let Ny, be a finite (1/n)-net for X.
Then the set M = {J.> ; N,, is countable nd is clearly dense in X, and the
proposition follows (Th. 6.18). O

If A is a subset of a metric space (X, p) and if A is not totally bounded,
then for some sufficiently small positive number £¢ there exists no finite
go-net in A. Thus, in particular, A is nonempty, and if z; € A, there also
exists a point z; in A such that p(z1,23) > €9. Suppose points xi, ..., Zx
have already been chosen in A in such a way that p(z;,z;) > €o,i # j;
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4,j = 1,...,k. The set {z1,...,z%} is not an gg-net in A (since no fi-
nite gg-net exists for A), so there is a point in A—call it Tx41—such that
p(ziy Te4+1) > €9,4 = 1,...,k. Thus by mathematical induction we con-

struct a sequence {z,}32, in A with the property that p(zm,s) > €o for
every pair of distinct indices m and n. (Such a sequence will be said to be
uniformly scattered.) This proves one half of the following basic result.

Theorem 8.27. A set A in a metric space X is totally bounded if and only
if every infinite sequence {z,}22, in A possesses a Cauchy subsequence.

PROOF. As just noted, if A is not totally bounded, then it contains a
uniformly scattered sequence, and it is clear that no subsequence of such
a sequence can be Cauchy. Thus the condition is sufficient. To prove
its necessity, suppose that A is a totally bounded subset of X, and that
{xn}3, is an arbitrary sequence in A. According to Proposition 8.25,
there exists a partition of A into a finite number of subsets, each having
diameter less than one. Since these sets are finite in number, it is clear that
there is (at least) one of them with the property that {z,} belongs to that
subset infinitely often. Let A; denote any one such set in the partition,
and let {:z:fcl) = Znp, }io, be a subsequence of {z,} lying in A;. The set
A; is also totally bounded (for it is evident that any subset of a totally
bounded set is itself totally bounded). Hence there exists a partition of
A, into a finite number of subsets each having diameter less than 1/2.
Once again, there must be at least one of these subsets with the property
that {:r,s,l)} belongs to it infinitely often. Let A; be such a set, and let
{:cf) = z(1)} be a subsequence of {:v%l)} lying in A2. Continuing in this
fashion we obtain (by mathematical induction) a nested sequence {A,}32,
of subsets of A with the property that diam A, < 1/n,n € N, and a
sequence {{xfc")}?;l};”:l of sequences in A with the properties that (a) all
of the sequences {zﬁ")}g"zl are subsequences of the given sequence {z,},
(b) each sequence {:vsc")}if’__l,n > 2, is a subsequence of its predecessor
{z{®V}s2,, and (c) the subsequence {z{M}e, lies in A,.

Consider, finally, the diagonal sequence {:cS.")};‘;l in the infinite array

(1 (1) (1)

Ty Ty ey Ty
(2 (2) (2)
A 2 WO
(n) _(n) (n
Ty 3By yeeeyTp yenn
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This sequence is a subsequence of {z,} with the property that, for each
positive integer m, some tail of {z{} is a subsequence of {z™}2°,, and
therefore lies wholly in Am. Thus {z\™} is Cauchy. O

Note. The central feature of this argument—the extraction of ever finer
subsequences from a given sequence, followed by the extraction of the di-
agonal sequence from the resulting infinite array—is known as the diagonal
process. This is a powerful tool with numerous uses.

There are many contexts in mathematical analysis in which it is of great
importance to know that a given sequence possesses a convergent subse-
quence. Accordingly, the following concept is of major interest.

Definition. A subset K of a metric space X is compact if every infinite
sequence in K possesses a subsequence that converges to some point of
K, or, equivalently, if every infinite sequence in K possesses a cluster
point belonging to K (Prop. 6.5).

The following proposition contains interesting and useful information,
but it is even more important for the illustration it provides of a couple of
typical compactness arguments.

Proposition 8.28. Let (X, p) be a metric space, and let K be a compact
subset of X. Then K is closed and a subset of K is compact if and only
if it is closed (in either K or X; see Corollary 6.16). Moreover, K is
bounded and, if K is nonempty, then there exist points zo and yp in K
such that p(zo,yo) = diam K.

PROOF. Suppose first that {z,} is a sequence in K that converges in X
to some limit ag. Since K is compact, there is a subsequence of {z,} that
converges to a point of K, and this point must coincide with ag (Prop. 6.4).
Thus ap € K and K is closed. It follows at once that if L is a compact
subset of K, then L is also closed in X (and in K). Suppose, conversely,
that F is a closed subset of K and {z,} is a sequence of points in F. Since
K is compact, there exists a subsequence of {z,} that converges to a point
ap of K, and since F is closed we have ap € F. Thus F' is compact.

To establish the remaining assertions of the proposition, let {(z»,yn)}32,
be a sequence of pairs of points in K such that {p(zn,y,)} tends upward
to diam K. Since K is compact, the sequence {z,}3, has a subsequence
{zn,, }32_, that converges to a point zo of K. Similarly, the sequence
{¥n.. }3>_; has a subsequence {Ynm, }oz1 that converges to a point yo of
K, and it is easily seen that limy T, = Lo and limg p(mnmk,ynmk) =
p(xo,yo)- Hence diam K = p(zq, v) < +oo. O
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It is an elementary, but still noteworthy, fact that compactness is equiv-
alent to the conjunction of two properties introduced earlier.

Theorem 8.29. A metric space X is compact if and only if it is both
totally bounded and complete.

Proor. If X is both totally bounded and complete, and if {z,} is an
infinite sequence in X, then, in the first place, {z,} possesses a Cauchy
subsequence (Th. 8.27), and that subsequence is then convergent because
X is complete. Thus X is compact. On the other hand, if X is compact,
then every sequence in X possesses a subsequence that is convergent and
therefore Cauchy, so X is totally bounded (Th. 8.27). Similarly, if X is
compact and if {x,} is a Cauchy sequence in X, then {z,} possesses a
subsequence that converges to a point ag of X. But then {z,} converges
to ag also (Prop. 8.1), which shows that X is complete. O

Example U. Let us fix a number p, 1 < p < 400, and consider the Banach
space (£,) (Ex. C). For each index m we define a function h,, on (£,) by
setting, for each z = {£,}32 in (¢,),

oo 1/p
() = [Z |<n|f’]

Thus h,,(z) is just the norm of the mth tail of z, whence it is apparent
that hy,(z) < ||zl and Ay (x4 y) < hp(x) + hn(y) for all z,y in (£,), and
also that the sequence {h,}39_, is pointwise monotone decreasing to zero
on (€,). Moreover, if {z,}22, is a Cauchy sequence in () and if € is a
positive number, then there is an index N such that |z, — 2N, < /2 for
all n > N. Since z,, = (z, — N) + =N, this implies that

ho(Zr) < hm(zn) +€/2

for n > N and every index m. But then, since {h,,} tends to zero at each
of the vectors z1,...,Zn, it follows that there exists an index M such that
hm(zy) < € for all n and all m > M. In other words, {h,,} tends to zero
uniformly on any Cauchy sequence in (£p).

This much said, it becomes a simple matter to determine which subsets
of (¢p) are totally bounded. To begin with, if § C (£,) and if S is totally
bounded, then § must, of course, be bounded (in norm), and it is easy
to see that {h,,} must tend to zero uniformly on S. Indeed, if this is not
the case, then there is a positive number £y so small that for each index
m there is a vector z,, in S such that h,,(z,,) > £, and it is clear from
the foregoing discussion that no subsequence of the sequence {z,,} can be
Cauchy. On the other hand, if these two conditions are satisfied by S, then
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it is easy to construct a finite e-net for S for any prescribed € > 0. We first
choose M large enough so that hps(x) < €/2'/P for all z in S. We then set
n = &/(2M)/? and select a finite -net A in C for the disc Dx (0)~ where
K is a positive number large enough so that ||z||, < K for every z in S.
Then the set of all sequences {£,}22, with the property that &, € A for
n=01,...,M—1, and &, = 0 for all n > M is obviously finite, and is
readily perceived to be an e-net for S. (It may be noted that these two
conditions can be paraphrased in the following way: If we define

H,, =suph,,(z), m € N,
z€S

then S is totally bounded if and only if Hy < +o0 and lim,, H,, = 0.)
Suppose now that {£)}%2 , is some one fixed vector in (£,), and we take

for S the set of all those sequences {£,}52 such that |£,| < |§$10) l,n € No.
Then S is a subset of ({), and it is clear from the preceding discussion
that S is totally bounded. But § is also closed in (¢;), and it follows that
S is, in fact, compact. Thus, for example, the set @) of those sequences
z = {&}32, such that

1
|€n] < nrl’ n € N,

is a compact subset of (£2). (The set Q is known as the Hilbert parallelo-
tope.)

The property of compactness is of sufficient importance that it is ex-
tremely useful to have other criteria for it. The following result provides
one such criterion.

Proposition 8.30 (Cantor’s Theorem). A metric space X is compact
if and only if every decreasing sequence {F,}32; of nonempty closed
subsets of X has the property that (\,._, Fy, is nonempty.

Proor. Let X be compact and suppose given a decreasing sequence
{F.}22, of nonempty closed sets in X. For each index n let z,, be a point
of Fy,, and let ap be a cluster point of the resulting sequence {z,}32 .
For each index n this sequence belongs eventually to F;,, and the same is
therefore true of any subsequence of {z,}. This implies that ap € F},, and
since n is arbitrary, it follows that ag € (ro; F. Thus the stated condi-
tion is necessary. Suppose next that the condition holds, and let {z,}32,
be an arbitrary infinite sequence in X. The sequence {T,,}32, of tails of
{zn} (Tn = {zm : m > n}) is nested, and so therefore is the sequence
{T;7}32,. Hence by hypothesis (oo, Ty # @. Let ag € (), T, , and let
€ be a positive number. The ball D, (ag) meets every tail T}, so for every
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index n there are indices m > n such that z,, € D(ap). In other words,
{zn} is in D,(ao) infinitely often, and ag is thus a cluster point of {z,}. O

There is also a very important criterion for the compactness of a metric
space that is stated in terms of open sets.

Theorem 8.31. A metric space X is compact if and only if every open
covering of X contains a finite subcovering.

PROOF. Suppose first that the condition is satisfied, and let {F,,}22 ; be a
decreasing sequence of nonempty closed sets in X. If V,, = X\F,,,n € N,
then {V,}32, is an increasing sequence of open sets such that V,, # X
for all n. But then ., V, # X, for otherwise, by hypothesis, there
would have to be an index N such that Vi U...UVy = Vy = X. Thus
Moo, Fn # 2, so X is compact by Proposition 8.30.

Suppose next that X is compact, and let U be an arbitrary open covering
of X. Since X satisfies the second axiom of countability (Prop. 8.26), there
exists a countable subset Up of U that also covers X (Prob. 6S). If Uy
happens to be finite, then U itself is a finite subcovering of X; otherwise
Up is countably infinite and may be arranged into an infinite sequence
{U}32,. Set F,, = X\(U1U...UU,),n € N. Then {F,}32, is a decreasing
sequence of closed sets, and (o, F, = @. Hence, by Cantor’s theorem
(Prop. 8.30), some set Fy must be empty, and therefore Uy U...UUy = X.
Thus in either case U contains a finite subcovering. =]

Corollary 8.32. A subset K of a metric space X is compact as a subspace
of X if and only if every covering of K by means of open subsets of X
contains a finite subcovering.

ProoOF. If U is a covering of K consisting of open subsets of X, then U=
{UNK : U €U} is an open covering of the subspace K. Conversely, every
covering of K consisting of relatively open subsets of K can be obtained in
this fashion (Prop. 6.15). O

Corollary 8.33 (Heine-Borel Theorem). A subset of Euclidean space R™
is compact if and only if it is closed and bounded. Thus every open
covering of a closed and bounded set in R™ contains a finite subcovering.

PROOF. A compact subset of any metric space is necessarily closed and
bounded (Prop. 8.28). A closed and bounded subset of Euclidean space is
complete (Prop. 8.3) and totally bounded (Ex. T'), and is therefore compact
by Theorem 8.29. The covering property follows by Corollary 8.32. a

Some of the most important theorems of mathematical analysis have

204



8 Completeness and compactness

to do with continuous mappings on compact metric spaces. The following
result is one of those theorems.

Theorem 8.34. A continuous mapping of a compact metric space (X, p)
into an arbitrary metric space (Y, p') is uniformly continuous.

PrOOF. Let ¢ : X — Y be continuous and suppose ¢ is not uniformly con-
tinuous. Then there exists a positive number £ so small that for each posi-
tive integer n there exist points z,, and z}, of X such that p(z,,z}) < 1/n,
while p’'(¢(zn), ¢(z,)) > €¢. The sequences {z,} and {z]} thus obtained
are obviously equiconvergent (Prob. 6M), and since X is compact, the se-
quence {z,} has a subsequence {z,, } that converges to a limit a. But then
{z,,, } also converges to a, and it follows that limy ¢(z,, ) = limy ¢(z7,, ) =
#(a), which is impossible since p'(¢(zn, ), ¢(z7,,)) > €o for all k. 0O

Example V. Let a be a continuous mapping of a closed interval [a, b] into
a metric space (Y, p’). Then for any given positive number ¢ there exists a
positive number § such that if P = {a =to < ... < t, = b} is an arbitrary
partition of [a,b] with mesh P < § (Prob. 2S), then the oscillation w(a; P)
of o over P is less than or equal to ¢ (see Problem 7X). Indeed, [a,d] is
compact by the Heine-Borel theorem, so a is uniformly continuous by the
foregoing result. Hence for any given € > 0 there exists a number § > 0 such
that |t —t'| < 6 (with a < ¢,t' < b) implies p'(a(t), a(t’)) < e. Thus if mesh
P < b, then w(e; P) < £. More generally, if ¢ is a continuous mapping of
any compact metric space X into Y, then for any positive number £ there
is a positive number § such that if C is an arbitrary collection of subsets
C of X with the property that diam C < § for each set C in C, then the
oscillation of ¢ over each set C in C is no greater than e.

The following result may seem too elementary to be important, but that
appearance is misleading.

Proposition 8.35. Let ¢ be a continuous mapping of a metric space X
into a metric space Y. If K is a compact subset of X, then ¢(K) is
compact and therefore closed in Y. If the entire space X is compact,
then ¢ is a closed bounded mapping.

PROOF. Let {y,} be a sequence in ¢(K), and for each n let z,, be a point
of K such that y, = ¢(z,). The sequence {z,} possesses a subsequence
{zn,} that is convergent to a point zo of K. But then {¢(z,.) = yn.}
converges to ¢(zg), which belongs to ¢(K). Thus ¢(K) is compact, and is
therefore bounded and closed (Prop. 8.28).

Suppose now that X is a compact metric space. If F is a closed set in
X, then F is compact, so ¢(F) is also compact. But then ¢(F) is closed,
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and therefore ¢ is closed. O

Corollary 8.36 (Theorem of Weierstrass). If f is a continuous real-valued
function on a metric space, then f assumes both a greatest and a least
value on each nonempty compact subset of X.

PrOOF. If K is a nonempty compact subset of X, then L = f(K) is
a compact subset of R, and is therefore both closed and bounded by the
Heine-Borel theorem (Cor. 8.33). But then L contains both sup L and inf L.

)

Example W (Rolle’s Theorem). Let f be a continuous real-valued func-
tion on a closed interval [a,b] in R(a < b) such that f(a) = f(b) = 0, and
suppose that the derivative f’(t) exists at each point of the open interval
(a,b). If there is a number ¢ between a and b at which f(t) > 0, then the
maximum of f on [a, b] (which exists by the theorem of Weierstrass above)
occurs at a point g in (a,b), and it is easily seen that f’(ty) must vanish.

(The limit
im f(to+h) — f(to)
hto h

of the difference quotient from the left must be nonnegative; the limit

lim f(to+ k) — f(to)
h10 h

from the right must be nonpositive.) On the other hand, if there is a number
t in (a,b) at which f(¢) < 0, then the minimum of f on [a,b] (which also
exists by the theorem of Weierstrass) occurs at a point ¢; of (a,b), and
it is easily seen, once again, that f'(¢;) = 0. Finally, if neither of these
two possibilities occurs, then f(t) = 0 identically on [a,d], in which event
f'(t) = 0 identically on (a,b). Thus, in any case there ezists at least one
point t of (a,b) such that f'(t) = 0. (This result, known as Rolle’s theorem,
yields immediately a proof of the mean value theorem, and therefore stands
at the heart of elementary calculus. Its rigorous demonstration, sometimes
omitted from calculus courses, is, as we have just seen, an easy consequence
of the theorem of Weierstrass.)

Note. It is an immediate consequence of Proposition 8.35 that if X is a
compact metric space, then the space C(X;Y') of continuous mappings of
X into a second metric space Y coincides with the space Cp(X;Y) of all
bounded continuous mappings of X into Y. In the sequel we shall make free
use of this as well as the consequent fact that C(X;Y) is complete in the
metric of uniform convergence whenever X is compact and Y is complete
(Prop. 8.7). (If X is compact and £ is a Banach space, then C(X; £) is also
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a Banach space in the metric of uniform convergence with pointwise linear
operations; see Problem 6E. In particular, C(X;C) is a complex Banach
space and C(X;R) is a real Banach space.)

The following result is little more than a corollary of Proposition 8.35.
Nevertheless, it is one of the most important theorems of modern analysis,
the most basic of the open mapping theorems.

Theorem 8.37. Let X be a compact metric space and let ¢ be a con-
tinuous one-to-one mapping of X into a metric space Y. Then ¢ is a
homeomorphism of X onto ¢(X).

PrOOF. The mapping ¢ is closed, as we already know (Prop. 8.35), and
since ¢ is one-to-one, this implies that it is also open as a mapping of X
onto ¢(X) (since open and closed sets in ¢(X) in the relative metric are
complements of one another). But then ¢ is a homeomorphism of X onto
o(X). O

Example X. A compact convex subset K of Euclidean space R™ (Prob.
3S) is called a convez body if its interior K° is nonempty. If K is a convex
body and L is a straight line in R™ that meets K, then L N K is a line
segment £ in L, and if L meets K° at all, then ¢ is nondegenerate and
every point of £ lies in K° except the endpoints, which must belong to K,
of course. (Indeed, if D,(zq) C K for some positive radius r, if z; is a
point of K, and if for some 0 < ¢ < 1 we write yg = tzg + (1 — t)z;, then
direct calculation discloses that D;.(yo) C K.)

Suppose now that K is a convex body in R™, and suppose further, for
the sake of convenience, that the origin 0 belongs to K°. Then for each
point u of the unit sphere S = {u € R™ : ||lujlz = 1} there is a unique
positive real number ¢, such that tu belongs to K° for 0 < t < t,, while
tu fails to belong to K for all ¢t > t,, and t,u € K. We shall show that
the real-valued function h defined on S by setting h(u) = t,,u € S, is
continuous. To this end, let {u,} be a sequence of points in S tending
to a limit ug, and suppose {h(u,)} fails to converge to h{ug) in R. Then
there is a positive number £¢ small enough so that the sequence {h(uy)}
lies outside the interval U = (h(uo) — €0, h{uo) + €o) infinitely often. But
then {u,} possesses a subsequence {v,, = un, } such that hA(v,,) ¢ U for
every index m. Moreover, the sequence {i(v,,)} is bounded in R (for K is
compact, and therefore bounded, in R") so {v,, } in turn has a subsequence
{wk = v, } such that {h(wy)} converges to a limit ¢y in R, and ¢ cannot
belong to U since R\U is a closed set. But now, the sequence {h(wg)wg}
also converges in R™ to tgug (Ex. 7L), which implies that tqug € K, since
h(wg)wy € OK for all k and 9K is a closed set (Prob. 6Q). But ¢ # h(uo),
and h(ug) is, by its construction, the only positive number ¢ such that
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tug € K. Thus we have arrived at a contradiction, and the continuity of
h is verified. Moreover (as was just noted), the mapping ¢ of S onto K
defined by setting

¢0(u) = h(u)uv u € S,

is also continuous. Furthermore, ¢y is obviously one-to-one, and is therefore
a homeomorphism of S onto K according to Theorem 8.37.

Finally, we use ¢ to define a homeomorphism ¢ of the closed unit ball
D;,(0)~ onto the convex body K, setting

ota) = { Ileotelels) = € K\(O),

z=0.

To show that ¢ is a homeomorphism it is enough to prove that it is contin-
uous, since it is obvious that it is one-to-one, and both D;(0)~ and K are
compact. Moreover, it is easy to see that ¢ is continuous at every point of
K\{0} (see Example TM), while if {z,} is an arbitrary sequence of nonzero
vectors in K tending to 0, then ||¢(z,)|l2 = ||znll2h(zn/||Zn]l2) — 0, and
it follows that ¢ is also continuous at 0.

According to the foregoing considerations, if K; and K, are any two
convex bodies in R"”, then there exist homeomorphisms of K; onto K,
that carry the boundary of K; homeomorphically onto the boundary of
K,. Indeed, it is obvious that suitable translates of K; and K, have the
origin in their interiors, and it follows that both K; and K5 are homeomor-
phic to D;(0)~ under homeomorphisms that carry S onto 9K, and 9K,
respectively.

As a matter of fact, any homeomorphism of a convex body K in R
onto a subset A of R must carry 8K homeomorphically onto A, but this
theorem is much deeper than the results developed here and cannot be
proved without recourse to the arcana of algebraic topology.

Example Y. A curve a in a metric space X (parametrized on an interval
[a, b]) is said to be a simple arc if it does not cross itself, that is, if it is one-
to-one. (Recall (Ex. 7R) that a curve in X is just a continuous mapping
of a parameter interval into X.) According to Theorem 8.37, such a curve
is actually a homeomorphism of [a,b] into X. A very interesting example
of such a homeomorphism of the unit interval into R? may be obtained
by modifying in a suitable manner the construction of the space-filling
curve in Example J. Here are the details. (Throughout all that follows in
this example use is made of the notation and terminology introduced in
Examples 60, 6P and 6Q.)

To begin with, once again, let = = (s1,s2) and y = (t;,%3) be points
in R?, let £ be the linear parametrization on the parameter interval [a, b]
of the line segment £(z,y), and suppose that ¢ slants upward to the right.
Let @’ and b’ be the points in [a,b] that partition it into three congruent
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subintervals (a’ = (2a + b)/3,b' = (a + 2b)/3)), let & be a proper ratio
(0 < 0 < 1), and let s} and ¢} denote the endpoints of the central fth part
of [s1,t1] (8§ = (1/2)[s1 +t1 — O(t1 — s1)], ] = (1/2)[s1 + t1 + 6(t1 — 51)])-
Then £(#9) js defined to be the piecewise linear extension (Ex. 7N) of the
mapping of the partition {a < a’ < b’ < b} that agrees with £ at a and b and
that carries a' to (s}, t2) and b’ to (¢}, s2). Similarly, if s5 and t5 denote the
endpoints of the central 8th part of [s2, t2], then £ is defined to be the
piecewise linear extension of the mapping of the partition {a < a’ < b < b}
that agrees with £ at a and b and carries a’ to the point ({1, s5) and b’ to the
point (s1,t5). (If £ does not slant upward to the right, then, by definition,
0=9) = ¢6) = )

Next let 7 be a continuous mapping of [a,b] into R? that is piecewise

linear with respect to some partition P = {a = up < ... < uny = b}.
We first define 7(*) to be the mapping obtained by replacing each of the
linear segments m; = w|{u;—1,u;],4 = 1,..., N, by the curve wgz’g), and we

define w(¥?) similarly, to be the curve obtained by replacing each m; by
7r§y"’). Finally, we denote by 7!(®) the result 7(*®®?8) of applying these
two modifications to 7 one after the other.

Concerning 7#®) we observe that, for each subinterval [u;_;,u;] of P,
the curve (7¥(®); = 7+ |[u;_;,u;] coincides with (7;)}®) = (m;)(=0) )
—the result of applying the two basic operations to the single line segment
m;. It follows that if some segment 7; of 7 fails to slant upward to the
right, then (7¥(®); = m;, and, in general, that the behavior of 7+ may
be determined by investigating the case in which 7 consists of a single line
segment.

Suppose then, once again, that £ is the (upward slanting to the right)
linear parametrization on the interval [a, b] of the line segment joining z to
y in R?, and let R denote the rectangle having ¢ for a diagonal. If F =
{1, 12, I3, 14} is the system of subintervals of [a,b] obtained by removing
the central third twice (so that F = {{a,b]}** in the notation of Example
60), and if Py is the partition of [a, b] given by the eight endpoints of these
four intervals, then £*(%) is a homeomorphism of [a, b] into the rectangle R
that is piecewise linear with respect to Py. Moreover, the subintervals of
P, on which the restrictions of £(®) slant upward to the right are precisely
the four intervals Iy, I, I3 and I, and the restrictions of £1(®) to these four
intervals are linear parametrizations of the (upward slanting to the right)
diagonals of the four rectangles Rog, Ro1, R10 and R;; obtained by removal
of the central cross-shaped 6th part of R (Ex. 6Q), while the restrictions
of £¥9) to the other three subintervals of Py are disjoint line segments that
lie outside these four rectangles except for their endpoints. Finally, we
observe that {|£ — £:®)||, < (7/9)||z — y]|2, a fact that is disclosed by direct
calculation. (If £ does not slant upward to the right, then £#(®) = ¢, so
|6 — £2®)||, = 0.) Figure 7 shows £:(®) for § = 1/3.

Turning now, once again, to a piecewise linear mapping = of [a,b] into
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R? with respect to a partition P = {a = ug < ... < u, = b}, we define
N(r), just as before, to be the largest of the numbers ||m(u;) — 7(ui—1)||2
among all of those subintervals of P on which 7 slants upward to the right.
Then it is clear that N(7#(®))" < (1/2)N (=) and |7 -7t ® ||, < (7/9)N(x).
Moreover, m and 7H®) coincide on any subinterval of P on which 7 does not
slant upward to the right, and if a rectangle contains one of the segments
|[u;_1,u;), it also contains the subcurve m¥|[u;_q,u;).

Suppose, finally, that {0,}22, is an arbitrarily prescribed sequence of
proper ratios (0 < 8,, < 1 for every n). Then we define a sequence of curves
by mathematical induction, setting 1o(u) = (u,u),0 < u < 1, and, assum-
ing 1, already defined, setting 1,1 = (1)), According to the above
estimates we have N(¢,) < v/2/2" and ||¢r, — Ynyilleo < (7/9)N(3,,) for
each index n, and it follows that the sequence {¥,}52, satisfies condition
(C) with respect to M = 7+/2/9 and r = 1/2. Hence {1, } converges uni-
formly to a curve w on the parameter interval [0, 1] by Propositions 8.6 and
8.7.

u=3 y = (t1,12)
u=1
Ry, Ry
_ 2 _ 8
’U;—g u.—_§
u=3 u=71
Roo Ry
u=0 "
z = (81, 82) u=3 R

Figure 7

So far this construction parallels in every detail the construction of the
space-filling curve in Example J. Let us turn now to the very critical ways
in which the curve w differs from the earlier one. To begin with, the curve
g is visibly simple, and 1 is simple as well, as we have already noted.
Indeed, a straightforward mathematical induction, which we omit, shows
that for each nonnegative integer n the curve 1,, is a simple arc in the unit
square satisfying the following three conditions:

(1) The curve %, is piecewise linear with respect to the partition Pa,
of [0,1] consisting of the endpoints of the 4" subintervals of [0, 1]
constituting the set F3, used in the construction of the Cantor set in
Example 60,
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(2) The restriction of ¢, to a subinterval of Py, slants upward to the
right if and only if that subinterval is one of the intervals I, . .,. in
F 2ns

(3) The restriction of ¥, to each subinterval I, . ., is the linear para-
metrization on that interval of the (upward slanting to the right)
diagonal of some one of the 4™ squares in the set G, used in the con-
struction of the planar Cantor set Py, } in Example 6Q, and these
correspondences between Fs, and G, are one-to-one and order pre-
serving.

It follows from these three facts that if ¢ is a number in [0,1] such
that t ¢ Fyy for some positive integer k, then the sequence {9, (t)}22, is
constant for n > k, and hence that ¥, (t) = w(t),n.> k. Moreover, the
point w(t) does not belong to Gi, and therefore does not belong to any
of the sets G,,n > k. On the other hand, if ¢ belongs to the Cantor set
C, then ¥, (t) € Gn,n € Ny, and consequently w(t) € Gp,n € Ng. But
then w(t) € Pg,}- From these observations it follows, in turn, that the
curve w is also a simple arc. Indeed, if t and ¢’ are distinct points of [0, 1],
and if neither ¢ nor ¢’ belongs to C, then both fall in [0,1]\F for some
sufficiently large k, and it is clear that in this case w(t) # w(t’). Next, if
t ¢ C and t’' € C, then there is a positive integer k such that w(t) ¢ G, and
again w(t) # w(t'). Finally, if both ¢ and ¢’ are points of C, then for some
positive integer k the numbers ¢ and ¢’ belong to two different intervals
of the form I, . .,., whereupon it follows that the sequences {1 ()} and
{¥n(t')} belong to distinct (and therefore disjoint) squares in G, for all
n > k. Thus w is a homeomorphism of [0,1] onto a simple arc in the unit
square. Moreover, this discussion clearly shows that the restriction w|C
is also a homeomorphism of the Cantor set C into the planar Cantor set
Py

{A; a matter of fact, w|C maps C homeomorphically onto Py, . For if zo
is a point of Pyg_y, then for each positive integer n there is a unique square
R, in G, that contains zo, and the nested sequence {R,} corresponds to
a similarly nested sequence {I,} of intervals, where I,, € F;, for each n.
But then (.o, I, is a singleton {to}, where to € C, and it is clear that
w(tg) = xo. This fact is sometimes expressed by saying that the simple arc
w threads the Cantor set Pyq, 3.

PROBLEMS

A. Verify that the metric space obtained by equipping an arbitrary set with
the discrete metric (Ex. 6C) is complete. Give an example of a discrete
metric space (that is, one in which every point is isolated; see Problem 60)
that is not complete.

B. Let X be a metric space and let {z,,} and {z/,} be equiconvergent sequences
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in X (Prob. 6M). Show that if either sequence is Cauchy, then both are.
Conclude that if there exists a dense set M in X with the property that
every Cauchy sequence in M converges in X, then X is complete.

Let Z be a nonempty set, let (X, p) be a metric space, and let XZ denote,
as usual, the collection of all mappings of Z into X. If ¢ and v denote two
elements of XZ, we define ¢ and v to be boundedly equivalent (notation:

$~ o) if

(i)

(i)

(iii)

(iv)

sup p(9(2),%(2)) < +o0.

b
Verify that ~ is, indeed, an equivalence relation on X7, and show that
if we define

o(¢,9) = sup p(d(2), ¥(2)) (3)

whenever ¢ and v are boundedly equivalent elements of XZ, then o
b
turns each equivalence class with respect to ~ into a metric space.

Verify that the set B(Z; X) of bounded mappings of Z into X is one

equivalence class in X Z with respect to ~ , and that the metric o defined
in (3) on B(Z; X) is the metric of uniform convergence (Ex. 6H). (More

b
generally, the metric o on any equivalence class [¢o] with respect to ~
is called the metric of uniform convergence on [¢o].)

b
Prove that each equivalence class [¢o] in XZ with respect to ~ is com-
plete in the metric of uniform convergence if the metric space (X, p) is
complete.

Let (X, p) be a nonempty metric space, and for each point = of X let
fz denote the real-valued function defined on X by setting

fz(y) = p(z,y), yeX.

Verify that, if o is any one point of X, then all of the functions in the
indexed family {fz}zex are boundedly equivalent in R* to f.,, and
therefore all lie in the complete metric space obtained by equipping the
equivalence class [fz,] with the metric of uniform convergence. Show
also that the mapping ® of X into R defined by

®(z)=fz, z€X,

is an isometry of X into the complete space [fyz,]. Finally, use these
observations, along with the uniqueness assertion of Theorem 8.2, to
give a new model for the completion (X, ) of the metric space (X, p).

D. Let (X, p) be a complete metric space.
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(i) If ¢ is any continuous mapping of a subset A of X into a second metric
space (Y, p'), and if we set

plz,y) = p(z,y) + p'(¢(2),0(¥)), 2,y € A,

then p is a metric on A that is equivalent to the given (i.e., relative)
metric on A.

(ii) Let U be an open subset of X, and set f(z) = 1/d(z, X\U),z € U. If
f is used to define p as in (i) (so that p(z,y) = p(z, %) + |f(z) — f(y)|
for z,y € U), then U is complete with respect to the metric p. Thus
every open set in a complete metric space can be remetrized by means
of an equivalent metric with respect to which it becomes complete; cf.

Example E.

(iii) Let Abea Gsin X, let A= ﬂ:"zl U, where each U, is open, and for
each index n set fu(z) = 1/d(z, X\U,),z € U,. Then

pz,y) = p(z, y) + ; Zi,, 1 f]'}fgx; f’ﬁg;n y TYEA,

defines a metric p that is equivalent to the given metric on A, and A
is complete with respect to p. Thus every Gs in a complete metric
space can be remetrized by means of an egquivalent metric with respect
to which it becomes complete. (Hint: In all parts of this problem it
helps to recall Problem 6Y.)

A net {zx}xea in a metric space (X, p) is said to be a Cauchy net, or to
satisfy the Cauchy criterion, if for each positive number & there exists an
index Ap such that p(zx,zx ) < € whenever A\, \ > Ao.

(i) Prove that a net {z1} in (X, p) is Cauchy if and only if the tail filter
(base) associated with {z»} (Prob. 7T) is Cauchy.

(if) Use this fact to show that (X, p) is complete if and only if every Cauchy
net in X is convergent.

For a real n x n matrix A = (a:;) we define
Nl(A) =M +...+ M,

where, for each i = 1,...,n, M; denotes the largest of the absolute values
of the entries in the ith row of A(M; = |ai1| V...V |ain|). Verify that if T
denotes the linear transformation on R™ having matrix A (Ex. 3Q), and if
R™ is equipped with the norm || |j1, then ||T|| < N1(A) (in the notation
introduced in Example 7D). Using this information and following the line
of argument employed in Example H, show that 1 — T is necessarily an
isomorphism of R onto itself whenever N1(A) < 1. Show too that this
result neither subsumes nor is subsumed by the result of Example H. (Show,
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that is, that there are matrices A such that N(A) < 1 while N;(4) > 1,
and also matrices A such that N;(A) < 1 while N(4) > 1.)

(Picard) Let f(z,y) be a real-valued function defined and continuous on
some open set U in the plane R?, and let (zo,%0) be a point of U.

(i) Show first that there exist positive numbers ¢y and dg such that the
rectangle Ro = [zo — ¢o,Zo + o] X [yo — do, Yo + do] is contained in U
and also such that Acg < d, where A = max{|f(z,y)|: (z,y) € Ro}.

(ii) With cg,do as in (i), let ¢ be a real number such that 0 < ¢ < ¢cg and let
C. denote the set of all those continuous mappings g of [xo — ¢, zo + ]
into [yo — do, yo + do] with the property that g(xo) = yo. Verify that C,
is a closed set in the space Cr([zo — ¢, zo + ¢]) (in the metric of uniform
convergence). Show too that the function

h(z) = vo + / " fto®)at, |z — ol <c,

belongs to C. whenever g does, and hence that setting
Y(g)=h, geC,
defines a mapping ¥ of C. into itself.

(iii) Suppose now that f is not only continuous, but is also Lipschitzian
as a function of y uniformly in  on Ry. Suppose, that is, that there
exists a constant M such that |f(z,y’) — f(z,y")| < M|y’ —y"| for any
two points (z,y’) and (z,y"”) in Re. Prove that there exists a positive
number ¢ with the property that the initial value problem

0 = 9(a) = f(@,9(a)), |2 —mol <o,

g(a:o) = Yo,

possesses a unique solution g on (zo — ¢,z0 + ¢). (Hint: Show that
if ¢ < co, then a function g satisfies (I) if and only if it extends by
continuity to a function on the closed interval [zg — ¢, 2o + ¢ that is a
fixed point for ¥. Choose c so as to make ¥ strongly contractive, and
invoke Example G.)

Let = (s1,82) and y = (t1,t2) be points of R?  and let £ denote the
linear parametrization on the parameter interval [a, b] of the line segment
joining x to y. We denote by a’ and b’ the points of trisection of the
interval [a,b], by si and t] the points of trisection of the segment of real
numbers joining s; to ¢1, and likewise by s5 and ¢, the points of trisection
of the segment joining s2 to t2 in R. (This somewhat awkward description
is necessitated by the fact that, in the present construction, s; is allowed
to be either less than or greater than ¢, and similarly, s> may be either
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less than or greater than ¢;. Note that we have s, = (2s; + ¢;)/3 and

= (si + 2t;)/3,i = 1,2, in any case.) We next define £®) to be the
piecewise linear extension of the mapping of {a < a’ < b’ < b} into R?
that takes a and b to z and y, respectively, and takes a’ to (si,t2) and

b to (t),s2). Similarly, we denote by £®¥) the piecewise linear extension
of the mapping of {a < a’ < ¥ < b} into R? that carries these numbers
to x, (t1, s5), (s1,12),y, in that order. Then, with these preparations taken
care of, we proceed to follow exactly the construction in Example J. That

is, we define 7r(’”) and w(y) for a curve w that is piecewise linear with respect
to a partition {a = up < ... < uny = b} of [a, ] (s0 w(’)[[ul 1,ui] = (m )(m)

and 7Y |[ui_1,u;] = (m)(”), where m; = w|[ui—1,u,4 = 1,...,N) and
then set o
78 = p@®

(so that 7r§|[ui_1,u,-] = (7r,-)§,z' =1,...,N).

(i) Let £ be as stated, and let R be the rectangle having £ as a diagonal.
Verify that, if P denotes the partition of [a, b] into nine subintervals of

equal length (the result of trisecting [a, b] twice), then &8 is a continuous
mapping of [a, b] into R that joins z to y, is piecewise linear with respect
to P, and satisfies the inequality ||£§ —fllo < [z — yll2. Show too
that if R* denotes the cellular partition of R into nine subrectangles

effected by trisecting the sides of R, then €§ maps each subinterval of P
linearly onto a diagonal of a cell in R¥, thus establishing a one-to-one
correspondence between R# and the subintervals of P. (Hint: Draw a

sketch of €8 2D

(i1) Set mo(u) = (u,u),0 < u < 1, and, supposing m, already defined,
set Tpy1 = (7r,.)§. Prove that the sequence {m,}a>( thus inductively
defined converges uniformly on the unit interval to a plane curve ¢, and
that 9 is a Peano curve filling the unit square [0,1] x [0,1]. (Hint: Let
Pr be the partition of [0, 1] into 3" subintervals obtained by trisecting
[0,1] n times, so that w, is piecewise linear with respect to P, for
each index n. Show first that {m,} satisfies condition (C) of Lemma 8.5
with r = 1/3 and M = v/2. Show too that if R™) denotes the cellular
partition of the unit square [0, 1] x [0, 1] into 9™ subsquares obtained
from the partition P, of each of its sides, then for each index n there is a
one-to-one correspondence £, between R(™ and the subintervals of Pa,,
such that 7, maps each subinterval I of P2, linearly onto a diagonal
of kn(I), and such that a subinterval I” of Py(,41) is contained in a
subinterval I’ of Pz, if and only if £n4+1(I") is a subsquare of x,(I").
Note finally that i agrees with w, on the points of P;,, and invoke
Proposition 8.35.)

(iii) Show that, in fact (in the notation just introduced), each subinterval I

of P2r, is mapped by 9|I continuously onto the corresponding subsquare
kn(I). Finally, verify that 1 is Lipschitz-Hélder continuous on [0, 1]
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with respect to exponent @ = 1/2 (and suitably chosen L.—H. constant
M); cf. Problem 7K.

Let £ = (s1,...,8m) and y = (¢1,...,%n) be points in Euclidean space R™,
let £ be the line segment (parametrized on the interval [a, b]) that joins z to
y, and let Z denote the cell in R™ having £ for a diagonal. For each index
i=1,...,m, let s; and ¢, denote the points that trisect the line segment
joining s; to t; in R (so that s} = (2s; + t;)/3,t; = (s; + 2t;)/3), let z} be
the point in R™ whose coordinates are the same as those of y except for the
ith, where s} replaces t;, and likewise let 4} be the point whose coordinates
are the same as those of z, except for the ith, where t; replaces s;. Then,
letting {a < a’ < ' < b} denote once again the partition of [a,b] into three

equal subintervals, we define ¢¢) ¢ =1,... ,m, to be the piecewise linear
extension to [a,b] of the assignment a — z,a’ — ), — yi,b— y.

(i) Follow the example of the preceding problem to define
78m) _ (D). (m)

for a piecewise linear curve 7 in R™ (so that, if n is piecewise linear
with respect to a partition P = {&a = up < ... < uy = b}, then
Wg(m)l[ui_l,ui] = (wl[ui_1,ui])§("’),i =1,...,N). Show that, for the
line segment £, 80m) g a curve lying in the cell Z that is piecewise linear
with respect to the partition Py, of [a,b] into 3™ equal subintervals,
and that [[€30™ — ¢]|o < ||z — yll2, while w(E8™; D) = |z — y||2/3.
Show too that l§(’") establishes a one-to-one correspondence between
the subintervals of Py, and the 3™ cells in the cellular partition Z#
of Z obtained by trisecting each of its edges, and this in such a way
that £3™ maps each subinterval of P,, linearly onto a diagonal of the
corresponding cell in Z#. (Hint: We may suppose m > 2. If i <m
and if 2 denotes the line segment in R™~! that joins Z = (s1,...,5m_1)
toy = (t1,...,tm—1) and is parametrized on [a,b], then the points
assigned to u = a,a’,b',b by £ are obtained from those assigned by
™ by adjoining the mth coordinates sm,tm, Sm,tm (in that order).)

(ii) Let the sequence of curves {m,}5% in R™ be defined inductively by
setting mo(u) = (u,...,u),0 < u <1, and 741 = (7rn)§("‘),n € No.
Verify that {m,} converges uniformly on [0,1] to a curve 3 that is
Lipschitz-Holder continuous (Prob. 7K) with respect to exponent a =
1/m, and also that if, as above, P, denotes for each index n in Ng
the partition of [0,1] into 3™ equal subintervals, then 3 maps each
subinterval of P, onto precisely one of the 3™" cubes in the cellular
partition of Wp = [0, 1] x ... X [0, 1] obtained from the partition P, of
each of the edges of Wp.

The curve constructed in Problem H is actually the orig-
inal example of a space-filling curve given by Peano [21], who
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sets forth a direct definition of 1¥(¢) in terms of the ternary
expansion of t. This arithmetic definition, however, while en-
tirely explicit, is far less perspicuous than the one employed
in Example 7R. (The latter construction is due to Lebesgue
[18; p. 44].) The sequential construction of Peano curves fa-
vored here is to be found in [20] and (in the m-dimensional
case) in [19].

J. Let X be a perfect, separable and complete metric space, and let S be an
arbitrary countable dense set in X. Prove that S is neither a Gs nor of
second category in X. Conclude that there does not exist any mapping of
X into any metric space Y having S as its set of points of continuity.

K. (i) Prove that an arbitrary mapping of the metric space @ of rational
numbers into any metric space is of Baire class one between those two
spaces (Ex. Q).

(ii) As a matter of fact, any mapping of any countable metric space into a
metric space is of Baire class one. (Hint: If zo is an arbitrary point in
a countable metric space (X, p), then there exist radii r such that the
set {z € X : p(z,z0) = r} is empty.)

(iii) A real-valued [complex-valued] function f on a metric space X is a
function of Baire class one if f is of Baire class one as a mapping of
X into R[C]. (The continuous scalar-valued functions on X are the
functions of Baire class zero.) Show that the collection £; of all those
subsets A of X such that x 4 is of Baire class one on X is complemented
(i-e., X\ A belongs to £& whenever A does) and contains all open and
closed sets. Conclude that on any metric space X there are functions
of Baire class one that are not of Baire class zero unless X is discrete.

(iv) A scalar-valued function g on a metric space X is a function of Baire
class two on X if there exists a sequence {fn} of functions of Baire
class one such that f.(z) — g{(z) for every z in X. Show that the
collection & of all those subsets A of X such that x4 is of Baire class
two on X is also complemented and contains all Gss and Fiss in X.
Thus in the metric space R the set (Y of rational numbers belongs to
& but not to £5. More generally, in any complete separable metric
space X there are sets that belong to & but not to &, unless X is
countable. (Hint: An uncountable complete separable metric space
has a nonempty Bendixson kernel; see Problem 6V.)

L. (Uniform Boundedness Theorem) Let £ be Banach space, let T be a col-
lection of bounded linear transformations of £ into a normed space F, and
suppose that 7 is pointwise bounded on £ in the sense that for each vector
z in € the set {Tz : T € T} is a bounded set in F.

(i) Prove that for some sufficiently large number N there is a nonempty
open set U in &£ such that ||[Tz|| < N for every vector = in U and every
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T in T. (Hint: For each positive integer n and for each T in T, the set
{z € £ :||Tz| < n} is closed, and so therefore is the set

F, = ﬂ{xES:HTxH < n}.
TeT

Show that the sequence {F,} covers £, and use Corollary 8.19.)

(i1) Conclude that T is actually uniformly bounded in the sense that there
exists a positive constant M such that ||T'|| < M for every transforma-
tion T in 7. (Hint: With N and U as in (i) choose zo and € > 0 such
that D¢(xo) C U. Then for any vector z such that ||z]| < & we have
x = (T + To) — To, and therefore || Tz|| < 2N for every T in 7.)

(iii) Let {Tn}m~1 be a pointwise convergent sequence of bounded linear
transformations of € into F. Prove that the sequence {T} is uniformly
bounded and that lim, T, is also a bounded linear transformation.

Let X be a metric space and let {z, }5%, be an arbitrary sequence of points
in X. Prove that {z,} has either a Cauchy subsequence or a uniformly
scattered subsequence. (Hint: Use the diagonal process.)

(i) Let Xi,..., X, be complete metric spaces, and let Il = X; x ... x X,
be equipped with a product metric p (Prob. 6H) with respect to which
each projection n; of Il onto X;,7i = 1,...,n, is uniformly continuous.
Show that (I, p) is complete.

(i1) Does this result generalize to the product of an infinite sequence of
complete metric spaces?

The central feature of the diagonal process is, as noted, the successive
selection of ever finer subsequences from a given sequence. In our applica-
tions of the procedure up to now, the key element in the construction has
been the fact that each subsequence in turn satisfied some more restrictive
condition than its predecessor. There is another slightly different version
of the diagonal process.

(i) Let {zn}52, be a sequence of objects, and let {px( )}5=, be a sequence
of predicates, each of which is predicable of every term of {z»}. Show
that there exists a subsequence {Zn,, }in=1 such that, for each index
k,pr(n,,) is either eventually true or eventually false. (Hint: For each
k there is either a subsequence of {z,} on which pi( ) is always true,
or else a subsequence on which pi( ) is always false. Use the diagonal
process.)

(ii) For each real number z in [0,1] and each positive integer k let us say
that pe(x) is true if £ has a binary expansion z = 0.61...€n... in
which e, = 0. For a given sequence {z,} in [0, 1] there is a subsequence
{zn,, } such that each pi( ) is either eventually true or eventually false
of {zn,, }. Prove that {z,,, };, converges.
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(iii) Prove that an arbitrary sequence {zn}5%; of real numbers has a sub-
sequence {Zn,, }m=1 with the property that for every rational number
r either {z,,,} is eventually < r or eventually > r. Show that {z,,,}
is either convergent or tends to Foo.

If {Ar}3, and {En};2, are sequences of subsets of a set X, then there is
a subsequence {E,,} of {E,} with the property that, for each index k, if
Ay meets {E,_,} infinitely often, then it meets {E,, } eventually.

(i) Conclude that an arbitrary sequence {E,} of sets in a separable metric
space X possesses a subsequence {En,, } such that Flimsup,, B, =
Fliminf,, E,,,, and hence such that Flim,, E,, exists. (Hint: Let
{Uk}72, be an enumeration of some countable base of open sets for
X.)

(ii) Give an example of a sequence {F,} of nonempty closed subsets of R
such that Flim, F,, = &.

If X,Y and Z denote arbitrary sets and ¢ is a mapping of X x Y into
Z, then, for each fixed z in X, setting ¢-(y) = é(z,y),y € Y, defines a
mapping ¢5 : Y — Z. Similarly, if y is an arbitrary fixed element of Y,
setting ¢¥(z) = ¢(z,y),x € X, defines a mapping ¢¥ : X — Z. (These
mappings are known as partial mappings.) Throughout the balance of this
problem we suppose that (X, p), (Y,p’') and (Z,0) are all metric spaces,
and that ¢ is a given mapping of X x Y into Z. We also suppose that
X x Y is equipped with a product metric p” (Prob. 6H).

(i) Suppose first that all of the partial mappings ¢, are continuous on Y.
If z’, 2" are points of X, then the function

o (o(z',y),6(z", ), yevY,

is also continuous on Y. Consequently, if A is any nonempty subset of
X, the function

9a(y) = sup {o(¢(z’,y),4(c",y)) : ', 2" € A}

is a nonnegative, lower semicontinuous, extended real-valued function
on Y. Verify that if ga(y) < n for some positive number 7 and all y
in some subset B of Y, then w(¢;(z,y)) < 2n at every point (z,y) of
A° x B°. (Hint: By taking (z,y) sufficiently close to a point (zo,yo)
with respect to the product metric p” we can make z close to zo and
y close to yo (why?). In particular, if o € A°, we may arrange for «
to belong to A° too, and also for ¢,,(y) to be as close to ¢.,(yo) as
desired. Use the fact that

a (¢(.’E, y)’ ¢(.’E0, yO)) <o (¢($1 y), ¢($07 y)) +o (¢($0, y)v ¢(m07 yO)) )

(ii) Suppose now that all of the partial mappings ¢, and ¢¥ are continuous,
and also that the metric space (Y, p’) is complete. For each point z of
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X and positive integer n set gz,n» = gu,, where U, = D;,,(z). Then
for each z,{gs,n}5%; is a decreasing sequence of nonnegative, lower
semicontinuous, extended real-valued functions on Y with the property
that (in the obvious sense) lim,, gz,»(y) = 0 at every point y of Y. Verify
that if, for a positive number ¢, we set Vzne = {y €Y : g2,n(y) > ¢},
then {Vy nc}52, is a decreasing sequence of open sets in Y with empty
intersection. Use this fact to conclude that if V' is a nonempty open
set in Y, z a point of X and € > 0, then there is an index N and
a nonempty open subset Vy of V such that w(¢;(z,y)) < 2¢ at every
point (z,y) of Dy/n(z) x V.

(iii) Complete the proof of the following result. Let X and Y be complete
metric spaces, and let ¢ be a mapping of the product X x Y into a
metric space Z such that the partial mappings ¢ : Y — Z,x € X, and
¥ : X - Z,y €Y, are all continuous. If X x Y is equipped with a
product metric, then the set of points of discontinuity of ¢ : X XY — Z
is an F, of first category in X xY (and ¢ is accordingly continuous on
a dense Gs of the second category). (Hint: Select a product metric on
X x Y with respect to which it is complete; see Problem N.)

Let f be an upper semicontinuous extended real-valued function on a metric
space X, and let K be a compact subset of X. Show that f assumes a
maximum value on K. Conclude that an upper semicontinuous function is
bounded above in R on compact sets if it does not assume the value +o0,
and give an example of an upper semicontinuous finite real-valued function
on a compact space that is unbounded below (in R). State and prove the
dual assertions concerning lower semicontinuous functions.

(Dini) Let X be a compact metric space, and let {f,}n%; be a sequence
of continuous real-valued functions on X converging monotonely (either
upward or downward) to a real-valued limit g. Prove that if the limit
g is continuous, then the convergence of the sequence {fn} is necessarily
uniform.

If ¢ is a continuous mapping of the Cantor set C into a metric space X, then
the induced mapping A — ¢(A) of the subsets of C into the power class
on X has the following properties. (Here and below we use the notation
introduced in Example 60; it will also be convenient to write C, for the
collection of sets Ce,,....e,, {€1,-..,En} € Sn, and to write C = |J_ Cn.)

(a) For each set Ck,,..., in C, the image ¢(C.,,.. ., ) is closed and
nonempty,

(b) If we set m, = sup{diam ¢(Cx,,...,) : {€1,-..,6n} € Sn}, then
lim,m, =0,

(€) (Ceq,.oensr) T H(Cey,....c,.) for any {e1,...,En,Enq1} in Sny1.

(i) In the converse direction, suppose given, for some strictly increasing
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sequence {kn}ox; of positive integers, a mapping ® of Co = |, Ck.,
into the power class on a complete metric space X, and suppose also
that the mapping @ satisfies the following three conditions.

(a") For each C,,...¢,  the set ®(Cc,,....c, ) is closed and nonempty,

(b') If m, = sup{diam ®(C.,,. e, ) : {€1,---,€k.} € Sk}, then
lim, mn, =0,

(¢) ‘I’(Ceun-,sk,,ﬂ) C ®(Cey,....cy, ) for any {e1,... x4, } in Skpyy-

Prove that there exists a unique mapping ¢ of C into X such that
®(Cy) = ¢(Cy) for every set Cp in Cp, and that the mapping ¢ is con-
tinuous. (Hint: For each point t of C there exists a uniquely determined
sequence {€n }n=y of zeros and ones such that t € Ce,,....¢,, for every
n. Consequently, ¢ must be given by

o

{6} =) 2 (Cerrn) )

n=1

(ii) Prove that if X is an arbitrary nonempty compact metric space, then
there exists a continuous mapping of the Cantor set C onto X. (Hint:
Construct a mapping & as in (i) satisfying conditions (a'}), (b’) and ('),
along with the following added conditions:

(d) U{®(C): C e Cy,} = X,
(¢') Each set ®(C,,...,c;,, ) is the union of all of the sets ®(C,,....c,
for which {e1,...,&x,,,} is an extension of {e1,...,¢e, }.

Use the fact that X is totally bounded (Th. 8.29).)

n41 )

(ili) Prove also that if P is a nonempty perfect subset of a complete metric
space X, then there exists a homeomorphism of the Cantor set C into P.
(Hint: Take for {k.} the entire sequence N, and construct a mapping ®
satisfying conditions (a'), (b') and (c’), along with the following added
condition.

(d”) If for any positive integer n, C' and C" are distinct sets in Cp,
then ®(C') and ®(C") are disjoint subsets of P.)

U. (Ascoli’s Theorem) A collection & of mappings of a metric space (X, p)
into a metric space (Y, p’) is equicontinuous at a point ¢ of X if for every
€ > 0 there is a § > 0 such that p'(¢(z), ¢(z0)) < € for every z in the
ball Ds(zo) and every ¢ in ®. Likewise, ® is equicontinuous on X if it is
equicontinuous at every point of X.

(i) Show that if {¢n}52, is an equicontinuous sequence of mappings of X
into Y, then the set F' of those points z in X at which the sequence
{Pn()}5%, is Cauchy in Y is a closed subset of X.
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(ii) Show that if X is compact and {¢n }5x; is an equicontinuous sequence
of mappings of X into Y that is pointwise Cauchy on X [pointwise
convergent on X to some limit ], then {¢,} is Cauchy in C(X;Y) in
the metric of uniform convergence [uniformly convergent to ¥ on X].

(iii) Prove that if X is a compact metric space and Y is any metric space,
then a subset ® of the space C(X;Y) of continuous mappings of X
into Y is totally bounded in the metric of uniform convergence if and
only if (a) ® is equicontinuous on X, and (b) ®(z) = {¢(z) : ¢ € ®}
is a totally bounded subset of Y for each z in X. (Hint: To go one
way is easy; a finite e-net in ® is automatically equicontinuous and is
carried onto an e-net in ®(z) under the point evaluation ¢ — ¢(z). To
go the other way, suppose ® satisfies (a) and (b), and that {¢.} is a
sequence in ®. Use Theorem 8.27 and the diagonal process to obtain
a subsequence that is Cauchy at every point of some countable dense
subset of X (recall Proposition 8.26).) This result, usually known as
Ascoli’s theorem, provides an effective criterion for the compactness of
subsets of C(X;Y) in the metric of uniform convergence when X is
compact and Y is complete.

(iv) Asin (iii) let X be a compact metric space, and suppose further that the
space Y is complete. Conclude that a subset ® of C(X;Y) is compact in
the metric of uniform convergence if and only if (a) ® is equicontinuous
on X, (b) the set ®(z) is totally bounded in Y for each point z of X,
and (c) @ is closed in C(X;Y). Conclude, in particular, that a subset F
of Cc (X) is compact in the metric of uniform convergence if and only
if it is closed in that metric and equicontinuous and pointwise bounded
on X.

(v) Suppose both X and Y are compact metric spaces, and let @ and M
be positive constants, a < 1. Prove that the set ®,, of all mappings
of X into Y that are L.-H. continuous with respect to a and M (Prob.
7K) is a compact subset of C(X;Y).

. Let {Xn}%0 be a sequence of nonempty sets, and let Il = [ X» be

equipped with the Baire metric p (recall Problem 6G). Under what condi-
tions is (II, p) complete? Under what conditions is (II, p) compact?

. Let X be a metric space and let H denote the collection of all closed,

bounded, nonempty subsets of X equipped with the Hausdorff metric
(Ex. 6X).

(i) Prove that H is compact when and only when X is compact. (Hint:
Recall Problems P and 6X.)

(ii) Prove also that H is complete when and only when X is complete.

. Let X and X’ be metric spaces, and let { and ' denote the collections of

all closed, bounded, nonempty subsets of X and X', respectively, equipped
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with the Hausdorff metric (Ex. 6X). Prove that if ¢ : X — X’ is closed and
Lipschitzian with Lipschitz constant M, then the mapping ® of 2% into
2X" induced by ¢ maps H into H’, and ® : H — H’ is also Lipschitzian
with Lipschitz constant M. Show too that ® maps H continuously into H’
if ¢ is closed and uniformly continuous provided ¢ also has the property
that it maps bounded subsets of X to bounded subsets of X’. Conclude
that if X is compact and ¢ is an arbitrary continuous mapping of X into
X', then ® maps H continuously into ‘H'.
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Many of the most important notions that arise in the theory of metric
spaces do not depend on the numerical values of the metric at all and
are totally unaffected if it is replaced by some equivalent metric. The
properties of metric spaces that are so unaffected are, of course, the ones
we have called topological, and the various concepts similarly unaffected
are topological concepts (cf. Proposition 6.14). As it turns out, it is easy
to define a context in which precisely these topological notions make sense,
and it is also true that this idea of a topological space has had a major
impact in analysis, and in other parts of mathematics as well. We close
this summary of the fundamentals of mathematical analysis with a brief
account of general topology, that is, the theory of topological spaces.

It should be acknowledged at the outset that this chapter will involve a
good deal of repetition, particularly in the beginning. We shall be going
over many—indeed most—of the ideas first encountered in Chapters 6-8,
with a view to generalizing them into a metric-free context. In the course
of this process it would be tedious to point out at every turn just which
definition or argument from some earlier chapter is undergoing generaliza-
tion, and we shall accordingly leave most such accounting chores to the
reader. The following definition, based on the idea of an open set, is but
one of several equivalent ones that could be employed (see Problems A and
B).

Definition. A collection 7 of subsets of a set X is a topology on X if it
satisfies the following three conditions:
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(1) The whole set X and the empty set & belong to 7,

(2) The intersection of any two sets in 7 (and hence of any nonempty
finite collection of sets in 7) belongs to 7,

(3) The union of an arbitrary collection of sets in 7T belongs to 7.

A set X equipped with a topology on X is a topological space.

Notation and terminology. Condition (3) is often expressed by saying
that a topology 7T is closed with respect to the formation of (arbitrary)
unions; condition (2) says that a topology T is closed with respect to the
formation of finite intersections. According to this definition, a topological
space is, strictly speaking, a pair (X,7), where X is a set—the carrier of
the topological space—while the topology T is a (quite special) subset of
2X | and we shall frequently use exactly this notation for topological spaces.
However, in keeping with more or less universal practice, we often use the
symbol X alone to denote the topological space (X, T). Thus we shall refer
simply to a “topological space X” or, when there is possible doubt as to
which topology is in question—as when two or more topologies on the same
carrier are under consideration simultaneously—to a “topological space X
equipped with topology 7”. (Since X can be recovered from a topology T
on X(X = JT), while T cannot possibly be recovered from X except in
the most trivial cases, this notational practice is difficult to defend, but it
is customary, and causes no confusion.)

If X is a topological space equipped with a topology 7, and if U € T,
then we say that U is open in X, or is an open subset of X with respect
to 7. Thus a topology T on a carrier X is identified at all times with the
collection of all open subsets of X, and the phrases “U is open in X (with
respect to 7)” and “U belongs to 7" have identical meanings.

Example A. If (X, p) is a metric space, then the collection 7 of open sets
in X (with respect to p) is a topology on X (Prop. 6.12). This topology is
called the metric topology on X, or the topology induced by p. The topology
7T induced by the metric p, and the topological space (X,T) obtained by
equipping X with 7, are said to be metrized by p. If (X, T) is a topological
space, and if there exists a metric p on X that metrizes 7, then X and
T are metrizable. It is evident that the metric topologies induced by two
different metrics on X coincide if and only if those metrics are equivalent
(Prop. 6.14).

In keeping with the general policy enunciated above, in what follows we
shall in most cases leave it to the reader to supply the proof (trivial in every
individual case) that each “new” concept introduced actually retains its
“old” meaning when the topology at hand happens to be a metric topology.

Example B. Every set X can be topologized, that is, equipped with a
topology. Indeed it is clear that 2X-—the power class itself—is a topology
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on X, called the discrete topology. (In the discrete topology on a set X
every subset is open; the discrete topology is metrized by the discrete metric
(Ex. 6C) and is accordingly metrizable.) Another subset of 2% that is a
topology on X for an arbitrary set X is the smallest possible topology, viz.,
{2,X}. This topology is called the indiscrete topology. (The indiscrete
topology on a set X is not metrizable unless X consists of at most one
point, in which case the discrete and indiscrete topologies on X coincide
and constitute the sole topology carried by X.)

Definition. A subset F of a topological space X is closed if its complement
X\F is open.

The proof of the following proposition is just a matter of forming com-
plements, and is therefore omitted.

Proposition 9.1. In any topological space X the closed sets satisfy the
following conditions:

(1) X and @ are closed,

(2) The union of any two (and hence of any finite number of) closed sets
is closed,

(3) The intersection of an arbitrary nonempty collection of closed sets
is closed.

Proposition 9.2. Let X be a topological space and let A be a subset of
X. Then there exists a smallest closed set in X that contains A and a
largest open set in X that is contained in A.

PROOF. There exist closed subsets of X that contain A (since X itself is
such a set). Hence the intersection of all such closed sets is a closed subset
of X that contains A, and this is clearly the smallest closed subset of X
that contains A. Dually, there exist open sets in X that are contained in
A (since & is such a set), and the union of all such open sets is clearly the
largest open set in X that is contained in A. a

Definition. Let X be a topological space and let A be a subset of X. The
closure A~ of A is the smallest closed subset of X that contains A, and
the interior A° of A is the largest open subset of X that is contained
in A. Likewise, the boundary of A is the set A = A~\A°. The set A
is dense (in X) if A~ = X. More generally, A is dense in a subset B of
X if A~ D B. A point ag of X is an adherent point of A if ag € A™, an
interior point of A if ap € A°, and a boundary point of A if ap € 0A. A
point ag of X is a point of accumulation of A if ag € (A\{ao})~. The
set of all accumulation points of A is the derived set of A, denoted by
A*
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Proposition 9.3. A subset A of a topological space X is closed [open]
in X if and only if A = A~[A = A°). A point ag of X is an adherent
point of A if and only if every open set in X that contains ag meets A.
Similarly, aq is an accumulation point of A if and only if every open set
in X that contains ag also contains at least one point of A other than
ag.

PRrROOF. If U is an open set in X that contains gp and is disjoint from
A, then X\U is a closed set containing A, and therefore A=, so ap ¢ A™.
Conversely, if ag ¢ A~, then X\ A~ is an open set containing ag that fails
to meet A. Thus ag € A~ if and only if every open set in X that contains
ag meets A. The rest of the proposition is either an immediate consequence
of this fact or is obvious from the definitions. 0

Proposition 9.4. If A and B are subsets of a topological space X, and if
A C B, then A~ ¢ B™,A° C B° and A* C B*. Moreover the boundary
OA is always closed, and for every subset A of X we have

AT =AUA"

Hence a subset A of X is closed if and only if A D A*. Finally, a subset
M of X is dense if and only if every nonempty open subset of X meets
M.

PROOF. It is obvious from the various definitions that A~ ¢ B~, A° C B°
and A* C B*. Likewise, A = A~N(X\ A°) is closed for every A. If z € A*,
then ¢ € (A\{z})~ € A7, so A* C A~, and therefore AUA* C A~. On
the other hand, if z ¢ AUA*, then A\{z} = A, so (A\{z})~ = A~, whence
it follows that ¢ € A~. Thus A~ = AU A*. If M is dense in X and if U
is a nonempty open subset of X, then X\U, being closed, cannot contain
M, so MNU # @. On the other hand, if every nonempty open set in X
has points in common with a set M, then X\M~ =g, soM~=X. 0O

In a metric space the derived set of an arbitrary set is closed (Prop. 6.8).
The counterpart assertion was omitted from Proposition 9.4 for the good
reason that it is not true in general in a topological space. Let X be a set
consisting of at least two points, equip X with the indiscrete topology (Ex.
B), let zo be a point of X, and set A= {. o}.

Proposition 9.5. For every topological space X the mapping A — A™,
assigning to each subset A of X its closure, is a monotone increasing
mapping of 2% into itself possessing the following properties for all sub-
sets A and B of X:
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(2)Ac A,
(3) (A7)~ =47,
4 (AuB)"=A"UB".

ProOF. Clearly A — A~ is monotone increasing, and properties (1), (2)
and (3) are obviously valid. To prove (4) we first note that A~ U B~ is a
closed set containing AU B, and hence that (AU B)~ ¢ A~ UB~. On
the other hand, (AU B)~ is a closed set containing both A and B. Hence
A"UB~ C(AUB)". O

Although topologies and filters are studied for different (but not unre-
lated) purposes, it is instructive to reflect on the similarities between them.
Thus a topology on a set X is a subset of 2%, just as is a filter in X. More-
over, as a collection of subsets of 2%, the system of all topologies on X is
naturally ordered in the inclusion ordering, just as is the system of all filters
in X. Indeed, the same terminology is used. If 7 and 7’ are topologies
on X such that 7 C 77, then T’ is said to be finer than 7T, or to refine T,
and 7 is said to be coarser than T'. (Note that if T is refined by 7', then
every set that is open [closed] with respect to 7 is also open [closed] with
respect to 7’; when more open sets are present, more closed sets are also
automatically present.) Finally, continuing with this analogy, we observe
that if Cy is an arbitrary nonempty collection of topologies on X, then it is
clear from the definition that [)Cp is again a topology on X (cf. Problem
73), and from this fact we immediately deduce the following result.

Proposition 9.6. IfG is an arbitrary collection of subsets of a set X, then
there is a coarsest topology T on X such that G C T. The system G is
called a set of generators for T, 7 is said to be generated by G, and will
be denoted by T(G) (cf. Problem C).

PROOF. Since the power class 2% is a topology on X, the collection Cy of
topologies on X that contain G is never empty. Set 7(G) =) Co. O

Example C. The finest topology on any set X is the discrete topology,
generated by the collection of all singletons; the coarsest is the indiscrete
topology, generated by the empty set. On any set X there is also a coarsest
topology 7; in which each singleton {z} is closed (7; is the topology gen-
erated by the collection of all sets of the form X\{z}). It is readily verified
that the closed sets in X with respect to 7; are precisely X itself and the
finite subsets of X. A topology with respect to which all singletons are
closed sets is called a Ti-topology, and a topological space equipped with
such a topology is a T3-space.

It is a consequence of Proposition 9.6 that the collection of all topolo-
gies on an arbitrary set X is a complete lattice in the inclusion ordering. If
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{7, }+er is an indexed family of topologies on X, then sup,, 7, is the topol-
ogy on X generated by |, 7, while inf, T, = (), 7y- In connection with
the concept of the topology generated by a collection of sets the following
idea is of importance.

Definition. A collection B of open sets in a topological space (X,T) is a
base for the topology 7 on X (or a topological base for X) if every open
set in X is the union of some subcollection of B, i.e., if 7 = B, in the
notation of Problem C.

Proposition 9.7. If X is a given topological space, then a collection B of
open sets in X is a topological base for X if and only if for each point x
of X and each open set U in X such that x € U there exists a set V in
B such that x € V C U. If X is an arbitrary set and B a collection of
subsets of X, then B is a base for a topology on X (viz., the topology
generated by B) if and only if the following two criteria are satisfied:

(1) B covers X,

(2) If V and V' are sets in B and if £ € V NV, then there exists a set
V" in B such that ¢ € V" C VNV’ (alternatively: every intersection
V NV’ of two sets in B is a union of sets in B).

ProOOF. If B is a base for a given topology on X, and if U is open with
respect to that topology, then U is the union of some subcollection By of
B. Hence if z € U, then z € V for some V in By, and thereforez € V C U.
On the other hand, if B satisfies the stated conditions, and if U is an open
set in X, then

U= J{ves: vcuy,

so B is a base for the topology.

Suppose next that X is an abstract set and B is a collection of subsets
of X. If B is a base for some topology 7 on X, then 7 must consist of
the unions of all possible subcollections of B, and must therefore coincide
with the topology generated by B. Moreover (1) must hold since the whole
space X is open, and if V and V’ are any two sets in B, then V and V’,
and with them V N V', also belong to 7, so V NV’ is the union of some
subcollection of B.

Suppose, finally, that a collection B of s ‘bsets of a set X satisfies both (1)
and (2), and let 7 denote the collection B, of unions of all subcollections
of B. Then it is clear that @ € T and that 7 is closed with respect to
the formation of unions (Prob. C). Moreover, X € 7 by (1). All that
remains therefore to complete the proof that T is a topology on X (for
which B is obviously a base) is to verify that the intersection of any two
sets in 7 is again in 7. Accordingly, let U and U’ belong to 7, and let
By and By be subcollections of B such that U = |JBy and U’ = (J By-.
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If z € UNU’, then there exist sets V and V' in By and By, respectively,
such that z € V N V'. But then there also exists a set V" in B such that
zeV'cVvnV. ThusUNU' ={VeB: VcUnU'}eT. O

There is a weaker notion than that of topological base that is also some-
times useful.

Definition. A collection & of open sets in a topological space X is a
subbase for the topology on X (or a topological subbase for X) if the col-
lection S of all finite intersections of sets belonging to S is a topological
base for X.

The following result is a more or less obvious consequence of the defini-
tion and Proposition 9.7 (cf. Problem C).

Proposition 9.8. If X is a given topological space, then a collection S
of open sets in X is a topological subbase for X if and only if for each
point x of X and each open set U in X such that x € U there exist sets
Wi,...,Wy, in S such that zx € WiN...NW,, CU. If X is an arbitrary
set and S a collection of subsets of X, then S is a subbase for a topology
on X (viz., the topology generated by 8) if and only if S covers X.

Example D. Let X be a simply ordered set, and for each element z of X
write A, = {2 € X : 2z < z} for the initial segment in X determined by z
(cf. Lemma 5.1). If £ denotes the system of all such initial segments, then
By = LU{X} is a base for a topology 7y, called the left-ray topology on X.
(To see this, all that is necessary is to verify the provisions of Proposition
9.7. The reason for explicitly including X in B, is that if X happens to have
a greatest element, the collection £ does not cover X; if X is unbounded
above, the system L itself is a base for 7;.) Dually, the collection R of
all sets of the form B, = {z € X : z > z}, together with X itself (the
latter being required only if X possesses a least element), is a base B, for
a topology 7, on X, called the right-ray topology.

It is obvious that all of the sets belonging to 7; are initial segments, and
likewise that all of the sets in 7, are terminal segments, that is, comple-
ments of initial segments. Hence the infimum 7; A 7, = T; N 7,. consists
exclusively of sets possessing both of these properties, and is therefore the
indiscrete topology on X (Ex. B). Rather more interesting is the supremum
T, = T,V T,. A subbase for T, is given by B, U B,, and a base for 7, is ac-
cordingly given by the union B, UB,.UQO, where O denotes the collection of
all open intervals in X, i.e., sets of the form (a,b) ={zr € X :a <z < b},
where a and b denote arbitrary elements of X (cf. Problem D). The topol-
ogy T, is known as the order topology on X. (Note that if X has no least
element, then every set in £ is a union of open intervals. Dually, if X has
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no greatest element, then every set in R is a union of open intervals. Thus
if X has neither a least nor a greatest element, then O alone constitutes a
base for the order topology.)

Example E. Of particular interest in this connection are the cases X = R
and X = R" Since R is unbounded both above and below as a simply
ordered set, a base for the order topology 7, on R is given by the system
O of open intervals (a,b), and it is at once clear that 7, coincides with the
usual metric topology on R. Moreover, because of the completeness of the
ordering of R (see Chapter 2), the system B; of all open rays to the left
in R (including R itself) is not just a base for the left-ray topology on R
but actually constitutes the entire topology except for @: T, = B, U {2}.
Dually, of course, the right-ray topology on R consists of @ along with the
collection B, of all open rays to the right.

In the extended real number system RY niatters are slightly different.
Here the system L of all initial segments (i.e., the empty set together with
those sets of the form A, = (—o0,z) U {~o0},z € R¥\{~o0}) is closed
with respect to the formation of unions, but fails to cover R". Thus in this
case the left-ray topology on R is simply 7, = B,. Likewise the right-ray
topology on R coincides with B, while the order topology 7, on RY has
LUOUR for a base. It is this order topology that we take as the usual
topology on R, i.e., the topology with which it is assumed to be equipped
whenever it is regarded as a topological space, unless some other topology
is expressly stipulated.

Definition. Let X be a topological space and let A be a subset of X.
A subset B of A is said to be open relative to A if B is of the form
B = ANU where U is open in X. It is readily verified that the collection
of all such relatively open subsets of A is, in fact, a topology on A, called
the relative topology on A. When a subset A of X is equipped with this
relative topology, it is known as a subspace of X. Whenever a subset of
a topological space is regarded as a topological space in its own right,
it is this relative topology that is understood to be in use unless the
contrary is expressly stipulated.

Proposition 9.9. If A is a subspace of a topological space X, then the
closed sets in A are precisely the sets « ¥ the form ANF where F is closed
in X. Moreover, the closure B—(4) o1 a subset B of A in the subspace
A coincides with AN B~ (where B~ denotes the closure of B in X).

PRrROOF. That sets of the specified form are closed in the relative topology
on A follows at once from the identity (X\F)N A = A\(AN F), valid for
arbitrary subsets A and F of X. Suppose, on the other hand, that B is a
closed set in the subspace A. Then there exists an open set U in X such
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that A\B = ANU, whence it follows at once that
B =An(X\U).

Thus B has the specified form. Finally, if B is an arbitrary subset of A, and
if C is a relatively closed subset of A containing B, then C = AN F', where
F is closed in X, and it is clear that F' contains B. But then F' > B, and
it follows that the relative closure B—(4) of B in A is just AN B~. O

Corollary 9.10. Let X be a topological space. The open subsets of an
open subspace of X are open sets in X. Dually, the closed subsets of a
closed subspace of X are closed sets in X.

Example F. If (X, p) is a metric space and A is a subset of X, then it
is readily verified that the metric topology induced on A by the relative
metric p|(A X A) coincides with the relative topology induced on A by
the metric topology on X. Thus the notion of subspace is unambiguously
defined when X is a metric space.

One key construct in the theory of metric spaces, viz., the notion of the
open ball of given center and radius, has thus far been accorded no general
topological counterpart. The idea is a tricky one. An open ball with center
To in a metric space is a “neighborhood” of g in that it contains all of
the points of that space that are “close” to zg, but it also possesses a very
special shape. Unfortunately, the second of these two rather vague ideas is
entirely meaningless in the present context, and must simply be foregone.
Hence one is led, perhaps a little reluctantly, to accept the following sub-
stitute notion, which certainly captures the first and more important of the
ideas of what a neighborhood should be.

Definition. Let X be a topological space, and let xy be a point of X.
Then a subset V of X is a neighborhood of xg if there exists an open set
U in X such that xo € U C V; in other words, if g € V°.

As it happens, this somewhat unwelcome, but altogether necessary, re-
laxation of the idea of what constitutes a neighborhood of a point in a
topological space brings with it an unexpected bonus.

Proposition 9.11. For each point z of a topological space X the collection
V. of all neighborhoods of z in X is a filter in X, called the neighborhood
filter at x.

PROOF. If z belongs to X, then since every set V in V, contains the point
x, it is clear that V, is a nonempty collection of nonempty sets, and it
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is equally obvious that any set containing a neighborhood of z is itself a
neighborhood of z. What remains is to verify that V, is closed with respect
to the formation of finite intersections. Let V1,...,V,, be neighborhoods of
z. Thenz e VP, i=1,...,n, so

zeVEN--NVCVin---NV,,

and it follows that Vi N ---NV, € V,. O

It is of importance to observe that the various neighborhood filters V,
determine the topology on X completely (in this context see also Problem
B). All parts of the following proposition are obvious consequences of the
various definitions and Proposition 9.3.

Proposition 9.12. A subset U of a topological space X is open in X if
and only if U is a neighborhood of every point of U, i.e., if and only if
U €V, for every point ¢ of U. Likewise, a point ay of X is an adherent
point of a subset A of X if and only if every neighborhood of ag meets
A.

Example G. If 7; and T; are two topologies on the same set X, and if
7T, refines 7q, then every set V that is a neighborhood of a point = of X
with respect to 7; is also a neighborhood of x with respect to 7. Thus the
neighborhood filter with respect to 73 refines the neighborhood filter with
respect to 7; at each point x of X. Conversely, if this condition is satisfied,
then 75 refines 7; by Proposition 9.12. In the same vein we observe that if
A is a subset of a topological space X and if V is a neighborhood (in X)
of a point z of A, then x € V° N A, and the latter set is open relative to
A. Thus V N A is a neighborhood of z relative to A. On the other hand,
if W is an arbitrary neighborhood of z relative to A, then there exists an
open subset U of X such that z € U and such that U N A C W. But then
U UW is a neighborhood of z in X, and W = (UU W) N A. Thus the
neighborhood filter at z relative to A is the trace {VNA: Ve V,} on A
of the neighborhood filter V, at ¢ in X.

In many situations an important role is played by determinative systems
of neighborhoods that are special in one way or another.

Definition. A system W, of neighborhoods of a point z of a topological
space X is a neighborhood base at = if W, is a base for the filter V, of
all neighborhoods of z.

The following result is also an immediate consequence of the various
definitions.
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Proposition 9.13. A collection W, of neighborhoods of a point = in a
topological space X is a neighborhood base at x if and only if, whenever
U is an open set in X such that x € U, there exists a set W in W,, such
that W C U.

Example H. Let (X, p) be a metric space, let M be a set of positive real
numbers with the property that inf M = 0, and let o be a point of X.
Then the collection of open balls {D,(xg)}rcnm is a neighborhood base at
Zo in the metric topology induced by p. The same is true of the set of all
closed balls {z € X : p(z,z9) < v}, r € M. In particular, if we take for X
Euclidean space R™ equipped with the metric po, this shows that the open
[closed] cubes with center zp and edge 2r, » € M, form a neighborhood
base at each point xg of R™ (with respect to the usual metric topology on
R™). A neighborhood base at an arbitrary point yo of a set Y with respect
to the discrete topology on Y is provided by the singleton {yo}.

Using neighborhoods one defines convergence in a topological space in a
wholly natural way.

Definition. Let X be a topological space and let {z)} ea be a net in
X. Then the net {z)} converges to a point ap of X or is has limit ao
(notation: limy x) = ag or ) — aop ) if for every neighborhood V of ag
there exists an index Ag such that z) € V for all X > ). Similarly, a
filter base B in X converges to a point ap (notation: lim B = ay) if for
every neighborhood V of ag there exists a set E in B such that E C V.

We observe that these definitions include the definition of a convergent
sequence in a topological space, as well as that of a convergent filter, and
also that they are generalizations of the corresponding notions in a metric
space (that is, a net or a filter base in a metric space X converges to a
point ag of X in the sense of Chapters 6 and 7 if and only if it converges
to ag in the sense just defined with respect to the metric topology on X).
Note that a filter F in a topological space X converges to a point ag of X
if and only if F refines the neighborhood filter V,,. Using the notion of
convergence for nets it is easy to formulate the appropriate generalization
of the familiar sequential criterion for being an adherent point of a set.

Proposition 9.14. Let X be a topological space, let A be a subset of X,
and let a be a point of X. Then a is an adherent point of A if and only
if there exists a net {x} in A such that limy z = a.

PROOF. If such a net exists, then it is clear that every neighborhood of
a contains points of A, and hence that a € A~. On the other hand, for
each point a of X, and for an arbitrary neighborhood base W, at a in X,
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the system W, is itself a directed set (in the inverse inclusion ordering;
Example 1Q), and if a € A~, then every set W in W, contains a point zw
of A. Thus {zw }wew, is a net in A that converges to a. a

That nets, as opposed to sequences, are really needed in the preceding
proposition is shown by the following elementary example.

Example I. Let X be an uncountable set, and let zg be any one fixed point
of X. For each point y of the set A = X\{zo} we define W, = {{y}}, and
we define W, as follows: A subset W of X belongs to W;, if and only
if W contains o and X\W is countable. It is more or less obvious that
each W,, z € X, is a filter base in X, and it is readily verified (Prob. B)
that there exists a unique topology 7 on X with respect to which each W,
is, in fact, a neighborhood base at x. Moreover, given this fact, it is clear
that A is dense in X in the topology 7, but there is no sequence in A that
converges to z¢ with respect to 7. Indeed, if {y,} is an arbitrary sequence
in A, then the set B consisting of all the points in {y,} is countable, so
W = X\B belongs to W,,. Thus W is a neighborhood of zo containing
no point of {y,}.

On the other hand, there are topological spaces other than the metrizable
ones in which sequences do suffice to characterize the closure of an arbitrary
set, and thus to determine the entire topology.

Definition. A topological space X is said to satisfy the first axiom of
countability if there is a countable neighborhood base at every point of
X. Likewise, just as in the case of metric spaces, X is said to satisfy
the second aziom of countability if there exists a countable base for the
topology on X. Obviously the second axiom of countability implies the
first. (Since every metric space satisfies the first axiom of countability
(Ex. H), it is evident why this concept had to wait till now to be intro-
duced. A nonmetrizable space satisfying the first axiom of countability
will be found in Example J below.)

Proposition 9.15. If a topological space X satisfies the first axiom of
countability, and if A is a subset of X, then a point ay of X is an
adherent point of A if and only if there exists a sequence in A that
converges to ag.

Proor. The sufficiency of the condition has already been established
(Prop. 9.14). To prove its necessity suppose ag € A™, and let {W,}52, be
a countable neighborhood base at ag arranged, somehow, into a sequence.
If for each positive integer n we set

Ve=Win-.-nW,,
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then {V,}52; is a nested neighborhood base at ag, and if for each n we
choose z,, such that z,, € ANV, then it is easily seen that the sequence
{zn}32, converges to ao. ]

It is entirely possible for a topological space to satisfy the first axiom
of countability without satisfying the second, even in the presence of a
countable dense set (cf. Theorem 6.18).

Example J. Let X denote the set R of real numbers, deprived for the
moment of its natural topology and thought of simply as a set. Let M be
a countable set of positive real numbers with the property that inf M = 0,
and for each t in X and r in M set

Wer ={t}U{g€Q:|g—t| <}

Then W, = {W,,, : r € M} is a filter base in X, and it is not difficult
to see that the filter bases W;, t € X, are neighborhood bases at the
various points of X with respect to a uniquely determined topology 7 on
X (cf. Problem B). As regards this topology, it is obvious that (X,7)
satisfies the first axiom of countability (since M is countable), and also
that X is separable with respect to 7 in the sense that a countable subset
of X (viz., Q) is dense in X. But X does not satisfy the second axiom
of countability with respect to 7. Indeed, if B is an arbitrary topological
base for (X, T), and if ¢ is any one fixed half-length in M, then, for each
irrational number t, B must contain a set V; such that t € V; C Wy ., and
any two such sets are distinct. Thus the cardinal number of B is at least
R. This example shows that the counterpart of Theorem 6.18 fails to hold
in a general topological space. Moreover, the relative topology on the set
of irrational numbers in (X, T) is simply the discrete topology, so it is also
possible for a topological space in which a countable set is dense to possess
subspaces that do not have this property (cf. Corollary 6.19).

Up to this point we have dealt in this chapter almost exclusively with
topics introduced in Chapter 6. How do matters stand as regards Chapter
7?7 The root idea of that chapter, viz., the notion of continuity, generalizes
at once. (Indeed, continuity has already been observed to be a topological
concept; recall Propositions 7.1 and 7.2.)

Definition. Let X and Y be topological spaces and let ¢ be a mapping
of X into Y. Then ¢ is continuous at a point zg of X if for every
neighborhood W of ¢(zg) in Y there exists a neighborhood V' of zg in
X such that ¢(V') C W (or, equivalently, if, for every neighborhood W
of ¢(z¢) in Y, ¢~ 1(W) is a neighborhood of o). If ¢ is continuous at a
point zo of X, then x is a point of continuity of ¢; otherwise xzy is a point
of discontinuity of ¢ and ¢ is discontinuous at zg. If ¢ is continuous at
every point of X, then ¢ is continuous on X.
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The sequential criterion for continuity given in Proposition 7.1 fails in
general, as was to be expected, but we do have the following two results.
(The proof of Proposition 9.17 is substantially the same as that of Propo-
sition 7.1, and is therefore omitted.)

Proposition 9.16. Let ¢ be a mapping of a topological space X into a
topological space Y, and let o be a point of X. Then ¢ is continuous
at xq if and only if the net {¢(z))} converges in Y to ¢(xo) whenever
{z\} is a net in X that converges to xy.

ProoF. That the stated criterion is necessary is more or less obvious: let ¢
be continuous at zo and let {z}xea be net in X that converges to zo. If W
is an arbitrary neighborhood of ¢(zo) in Y, then ¢—! (W) is a neighborhood
of g in X, so, for some index Ao, zx € ¢~ (W) for all A > ), and therefore
d(zy) € W for A > X.

The sufficiency of the criterion is somewhat more interesting. Suppose
that ¢ is discontinuous at a point zp in X. Then for a suitably chosen
(“sufficiently small”) neighborhood Wy of ¢(zo) there is no neighborhood
V of xo such that ¢(V) C Wy. Consequently for each neighborhood V in
Vz, there is a point zy in V such that ¢(zv) € Wy. But then {zv }vey,  is
a net in X that obviously converges to zy, while, equally obviously, the net
{#(zv)} does not converge to ¢(zg). Thus the stated condition is sufficient.

O

Proposition 9.17. Let ¢ be a mapping of a topological space X into a
topological space Y, and suppose X satisfies the first axiom of countabil-
ity. Then ¢ is continuous at a point xy of X if and only if the sequence
{¢(x,)} converges inY to ¢(xo) whenever {z,} is a sequence in X that
converges to xyp.

The following elementary results are frequently useful.

Proposition 9.18. Let ¢ be a mapping of a topological space (X, T) into a
topological space (Y, T"). If T" is another topology on X that refines T,
then ¢ : (X,T7") — (Y,T') is continuous [at a point x of X] whenever
¢ : (X,T) — (X,T') is continuous [at z|. Dually, if T" is another
topology on Y, and if T" is refined by T', then ¢ : (X,T) — (Y,T")
is continuous [at a point = of X| whenever ¢ : (X,T) — (Y,7") is
continuous [at z].

Proor. If T; and 75 are topologies on the same set Z such that 77 is refined
by 72, then the neighborhood filter at each point of Z with respect to Ty
is also refined by the neighborhood filter at that point with respect to 73
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(Ex. G). Thus the validity of the proposition is an immediate consequence
of the very definition of continuity. 0O

Proposition 9.19. Let T be a topology on a set X, let {T,},er be an
indexed family of topologies on a set Y, and set To = sup,, 7,. Then a
mapping ¢ : (X,T) — (Y,Tp) is continuous [at a point = of X] if and
only if all of the mappings ¢ : (X,T) — (Y,7y),7 € I, are continuous
[at z].

Proor. If ¢ : (X,T) — (Y, 7o) is continuous at some point = of X, then
sois ¢ : (X,T) — (Y,7,) for every index y by what has just been shown.
Suppose, on the other hand, that this latter condition is satisfied, and set
y = ¢(z). For any neighborhood W of y with respect to 7y there exists a
finite set of indices {v1,...,7n} and, for each index 1 = 1,...,n, an open
set U; in 7, such that

yeUin...nU, CW

(see Problem D). Moreover, for each index ¢ there exists a neighborhood
of V; of x such that ¢(V;) C U;. But then ¢(V1N...NV,,) C W, and since
Vin...NV, is a neighborhood of z in X, this shows that ¢ : (X, T) — (Y, Tp)
is continuous at . O

For mappings defined only on some subset of a topological space con-
tinuity is defined in terms of the relative topology. The following formal
definition clarifies this point. (Since the relative metric on a subset of a
metric space induces the relative topology on that subset (Ex. F), this is
in accord with the notion of relative continuity introduced in Chapter 7.)

Definition. Let X and Y be topological spaces, and let ¢ be a mapping
of some subset A of X into Y. Then ¢ is continuous at a point zy of
A relative to A if the restriction ¢|A (regarded as a mapping on the
subspace A) is continuous at zo. If ¢ is continuous at a point zy of A
relative to A, then z is a point of continuity of ¢ relative to A; otherwise,
¢ is discontinuous at xq relative to A, and z is a point of discontinuity
of ¢ relative to A. Similarly, ¢ is continuous on A (relative to A) if
¢|A: A —Y is continuous on the subspace A.

The following result generalizes Proposition 7.3. (If the subspace A in
Proposition 9.20 satisfies the first axiom of countability, then the nets in
its statement may be replaced by sequences.)

Proposition 9.20. Let X and Y be topological spaces, and let ¢ be a
mapping of a subset A of X into Y. Then ¢ is continuous at a point
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xo of A relative to A if and only if for each neighborhood W of ¢(x¢)
in Y there is a neighborhood V' of ¢ in X such that (VN A) C W.
Equivalently, ¢ is continuous at o relative to A if and only if {¢(z))}
converges to ¢(xo) whenever {z,} is a net in A that converges to zy.

PrOOF. The validity of the latter of these two criteria is an immediate
consequence of Proposition 9.16 and the above definition. As for the former,
its validity follows at once from the fact that the neighborhoods of z; in
the subspace A are precisely the sets of the form V N A where V is a
neighborhood of zg in X'; see Example G. O

The proof of the following theorem may be obtained from that of The-
orem 7.4 by systematically substituting neighborhoods for open balls and
is therefore omitted.

Theorem 9.21. Let X andY be topological spaces and let ¢ be a mapping
of X into Y. Then the following are equivalent:

(1) ¢ is continuous,
(2) For every open set U in Y the inverse image ¢~1(U) is open in X,
(3) For every closed set F in'Y the inverse image ¢~ (F) is closed in X.

The following notions also make sense in an arbitrary topological space.

Definition. A mapping ¢ of a topological space X into a topological space
Y is open [closed] if $(A) is open [closed] in Y whenever A is open [closed]
in X. A one-to-one mapping ¢ of a topological space X onto a topolog-
ical space Y is a homeomorphism if both ¢ and ¢! are continuous.

The following result consists essentially of paraphrases of Theorem 9.21
in the special context of one-to-one mappings, and no proof is needed or
given.

Corollary 9.22. A one-to-one mapping ¢ of a topological space X into a
topological space Y is continuous if and only if the inverse mapping ¢~*
(regarded as a mapping of the range of ¢ onto X) is open, or, equiva-
lently, closed. A one-to-one mapping ¢ of X ontoY is a homeomorphism
if and only if ¢ is both continuous and open, or what comes to the same
thing, if and only if the mapping of the power class 2% onto 2Y induced
by ¢ carries the topology on X onto the topology onY .

Example K. If X and Y are simply ordered sets and if ¢ is an order
isomorphism of X onto Y, then ¢ is automatically a homeomorphism of X
onto Y as well, if X and Y are equipped either with their order topologies,
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or with their left- or right-ray topologies (Ex. D). Thus, in particular, the
extended real number system R" is homeomorphic to an arbitrary nonde-
generate closed interval [a, b] (in its relative topology; see Problem E). This
remark shows, of course, that the space RY is metrizable; there is just no
one “natural” metric to assign to it.

Similarly, if ¢ is an order anti-isomorphism between simply ordered sets
X and Y (i.e., an order isomorphism between X and Y*; Example 1P),
then 1 is a homeomorphism between (X, 7p) and (Y, 7p) that interchanges
the left- and right-ray topologies. Thus, in particular, ¢ — —t is such a
homeomorphism of R[R] onto itself.

The statements of the following three results are obtained by system-
atically substituting the phrase “topological space” for “metric space” in
Proposition 7.9, Corollaries 7.10 and 7.11, and Proposition 7.12. None of
them needs to be proved anew.

Proposition 9.23. Let X be a topological space, let ¢ be a mapping of
X into a topological space Y, and let U be an open set in X. Then ¢ is
continuous at a point xg of U relative to U if and only if ¢ is continuous
at xg (relative to X).

Corollary 9.24. If two mappings ¢ and 1 of a topological space X into
a topological space Y coincide on some open subset U of X, then ¢ and
1 are continuous (and discontinuous) at precisely the same points of
U. A mapping ¢ of a topological space X into a topological space Y is
continuous if and only if there exists an open covering of X consisting
of sets U such that ¢ is continuous on U relative to U.

Proposition 9.25. Let X,Y and Z be topological spaces, let ¢ be a map-
ping of X into Y, and let ¢ be a mapping of Y into Z, so that 1) o ¢
is a mapping of X into Z. If ¢ is continuous at a point xg of X and
1 is continuous at the point yo = ¢(xo), then 1 o ¢ is also continuous
at xo. In particular, if ¢ and i are both continuous, then 1) o ¢ is also
continuous.

Example L. Let X be a set consisting of at least three points, and let X
be equipped with the indiscrete topology (Ex. B). Then any mapping of
X into itself is continuous according to Theorem 9.21. In particular, the
identity mapping on X is continuous, but its level sets (Ex. 1H), being the
various singletons in X, are not closed. Likewise, the mapping of X onto
itself that interchanges some one pair of points of X and leaves all other
points alone agrees with the identity mapping at at least one point. But
then these two continuous mappings agree on a dense subset of X without
being identical. Thus the counterparts of Corollaries 7.6 and 7.7 fail to
hold for general topological spaces.
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The theory of semicontinuous functions actually assumes a more natural
appearance in the context of the topological space R of extended real
numbers.

Definition. An extended real-valued function f on a topological space
X is upper semicontinuous at a point xo of X if for each extended
real number u such that f{zg) < u there exists a neighborhood V of
zp such that z € V implies f(z) < u (equivalently, if for any such u
the set {x € X : f(z) < u} is a neighborhood of z¢). Dually, f is
lower semicontinuous at xg if for each extended real number s such that
f(zo) > s there exists a neighborhood V' of z¢ such that z € V implies
f(z) > s. Finally, f is upper [lower] semicontinuous on X if it is upper
[lower] semicontinuous at every point of X.

Proposition 7.15 now assumes the following somewhat tidier form.

Proposition 9.26. Let f be an extended real-valued function defined on
a topological space X, and let zy be a point of X. Then f is upper semi-
continuous at xg if and only if f is continuous at z¢ as a mapping of X
into R" equipped with the left-ray topology T; (Ex. E). Dually, f is lower
semicontinuous at xg if and only if f is continuous at xo as a mapping of
X into R" equipped with the right-ray topology T,.. Consequently, f is
upper [lower] semicontinuous if and only if it is continuous as a mapping
of X into RY equipped with the topology T(7]. Finally, f is continuous
[at o] if and only if it is both upper and lower semicontinuous [at z).

PRrOOF. It is easily seen that Proposition 9.26 follows at once from its
first assertion (recall Proposition 9.19 and Example K). To verify the lat-
ter, suppose first that f is upper semicontinuous at xy, and let W be a
neighborhood of f(zo) with respect to 7p. If f(z¢) = +00, then W = RY,
and f~}(W) = X. Otherwise, W contains an initial segment A, for some
u such that f(xo) < u, and it is a consequence of the definition that there
exists a neighborhood V of x4 in X such that f(V) C A, C W. Thus, in
any case, f~1(W) is a neighborhood of zg, so f : X — (R, T) is continu-
ous at zg. On the other hand, if f : X — (RY, 7;) is continuous at zo and
if u is an extended real number such that f(z¢) < u, then there exists a
neighborhood V of g such that f(V) C A,, which shows that f is upper
semicontinuous at xg. O

The proof of the following proposition may readily be supplied by the
reader (see Example 6L). (As before, nets can be replaced by sequences
whenever X satisfies the first axiom of countability.)

Proposition 9.27. Let f be an extended real-valued function defined on
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a topological space X. Then f is upper semicontinuous at a point xg of
X if and only if

lim)‘sup flza) < f(zo)

for every net {zx}xea in X such that ) — xz9. Dually, f is lower
semicontinuous at xg if and only if

lim)\inf f(zx) > f(xo)

for every net {z»} in X such that 5 — zo. Likewise, f is upper [lower]
semicontinuous on X if and only if the set {z € X : f(z) < t} [the set
{z € X : f(z) > t}] is open in X for every finite real number t.

Corollary 9.28. Let f be an extended real-valued function on a topolog-
ical space X. If f is upper semicontinuous, then for each extended real
number t the set {z € X : f(z) <t} is a Gs in X (i.e., the intersection
of countably many open sets). Dually, if f is lower semicontinuous, then
the set {z € X : f(x) >t} is a Gs in X for each extended real number t.

Corollary 9.29. The infimum (taken pointwise in RY) of an arbitrary
collection of upper semicontinuous functions on a topological space X is
again upper semicontinuous on X . Dually, the supremum of an arbitrary
collection of lower semicontinuous functions is lower semicontinuous.

The remarkable result set forth in Proposition 7.20 is false in general topo-
logical spaces, as might be expected in view of its sequential nature.

Example M. Consider once again the topological space X of Example
I. The singleton {zo} is a closed set in that space, so the characteristic
function b = X (4.} is upper semicontinuous (cf. Problem 7P). On the other
hand, if f is an arbitrary continuous real-valued function on X such that
f > h, and if n is an arbitrary positive integer, then there exists a neighbor-
hood V, of zg such that f(z) > 1 — 1/n whenever z € V,,. Hence f(z) > 1
whenever x € V = ﬂ:‘;l V,, and V is the complement of a countable
subset of X. Similarly, of course, if {f.}n=; is a sequence of continuous
real-valued functions on X such that f, > h for all n, then inf,, f, > 1
on the complement of some countable subset of X. Clearly, then, no such
sequence can converge downward to h.

Thus far our discussion of general topology has dealt almost exclusively
with the similarities and differences between this theory and the theory
of metric spaces. There are also topics of interest in general topology
that have no counterpart in the theory of metric spaces (the first axiom
of countability is an instance of this). We turn next to the notion, or
rather notions, of separation in a topological space, another topic having,
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as we shall see, no counterpart in the theory of metric spaces. We have
had occasion more than once to invoke the fact that if  and y are distinct
points of a metric space (X, p), then for sufficiently small radius ¢ > 0, the
open balls D.(z) and D,(y) are disjoint. This elementary but extremely
important property is used to classify abstract topological spaces.

Definition. A topological space X is said to be a Hausdorff space—or,
simply, to be Hausdorff—if for any two distinct points 2 and y of X
there exist neighborhoods V; and Vj, of z and y, respectively, such that
VeNVy =@.

Thus every metrizable topological space is Hausdorff. (The converse is
false, of course, as many examples attest. That the converse of the following
elementary proposition is also false may be seen by considering the space
(X, T1) of Example C.)

Proposition 9.30. Every Hausdorff space is a T;-space.

Proor. If y # z in a Hausdorff space X, then there is a neighborhood V,,
of y that does not contain z. Thus X\{z} is open (Prop. 9.12). 0O

If (X, p) is a metric space, then the two singletons {z} and {y} in the
formulation of the definition of a Hausdorff space can be replaced by any
two disjoint closed sets. Indeed, let E and F be closed nonempty subsets
of X such that ENF = @. If d(E,F) = do > 0, it is a triviality to
construct disjoint open sets U and V such that E C U and F' C V; in fact,
U = Dy,/2(E) and V' = Dy, /5(F) do the trick. If E and F are merely
closed and disjoint, the construction is harder but it can still be done. To
see this, let us write r, = d(z, F)/2 for each point = of E and, likewise,
sy = d(y, F)/2 for each point y of F. Then

U= |J D, (z) and V=] D, (v

T€EE yeEF

are clearly open subsets of X containing E and F, respectively, and U
and V are, in fact, disjoint. For if o € U NV, then there must exist «
in E and y in F such that o € D, (z) N D,,(y), and, therefore, such
that p(z,y) < [d(z, F) + d(y, E)]/2, clearly an impossibility. This stronger
property of metric spaces is also used to classify topological spaces.

Definition. A Hausdorff space (or, what comes to the same thing, a T3-
space) is said to be normal if it has the property that, whenever E and
F are disjoint closed sets in X, there exist disjoint open subsets U and
V of X such that E C U and F C V. (Such open sets U and V are said
to separate E and F'.)
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Thus every metrizable topological space is normal, and, once again, the
converse is false, though less obviously so this time; see Example X. The fol-
lowing criterion is nothing more that a modest reworking of the definition,
but it is sometimes useful.

Proposition 9.31. A Ti-space X is normal if and only if for every closed
set F and open set U in X such that F C U there exists an open set V
in X such that FCV and V™ CU.

ProoOF. If X is normal and F' and U are as stated, set £ = X\U. Then
FE and F' are disjoint and closed, so there exist disjoint open sets W and V'
such that E C W and F C V. But then V= C X\W,s0 V~ C U. On the
other hand, if the stated condition is satisfied, and if F and F are disjoint
closed sets in X, then U = X\F is open and contains F. Let V be an
open set such that F C V and V~ C U. Then X\V ™ is open and contains
X\U =E. O

The following result is of crucial importance in the study of metrizability
and in other contexts as well. (In this connection the reader should recall
Example 7G and Problem 7E.)

Theorem 9.32 (Urysohn’s Lemma). IfE and F are disjoint closed subsets
of a normal topological space X, then there exists a continuous function
f: X — [0,1] such that f is identically zero on E and identically one
on F, ie., such that xr < f < xx\E-

PROOF. Let D denote the collection of all dyadic fractions (Th. 2.12). The
first step in the construction of the function f is the definition of a mapping
t — V; assigning to each number ¢ in D an open set V; in X in such a way
that

(a) i=ofort<0and V; =X fort > 1,
(b) ECVifort>0and V,NF =2 fort <1,
(¢) Vi C V, for all t,t' in D such that ¢t < t'.

Suppose for the moment that such a mapping has been defined. Then for
each point z of X the set R, = {t € D : z € V;} is, by (a), a nonempty
subset of D such that 0 < inf R, < 1. Thus setting

f(z)=infR,, z€X,
defines a mapping f of X into [0,1]. Moreover, it is clear from (b) that
f(z) =0 whenever z € E and that f(z) = 1 whenever z € F. Finally, the
function f is continuous because of (c); the proof is the same as that given

in Example 7G and may therefore be omitted.
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Thus everything comes down to defining a mapping of D into the topol-
ogy T on X satisfying (a), (b) and (c). Moreover, the dyadic fractions not
in [0,1] take care of themselves by virtue of (a). Thus what is really needed
is a mapping of the set D of all dyadic fractions in [0,1] into T satisfying (b)
and (c) for all ¢,#' in D. The definition is by mathematical induction and
uses Proposition 9.31 repeatedly. For each nonnegative integer n let D, de-
note the set of those numbers in D of the form k/2", k=0,1,...,2", and
consider, to begin with, the set Dy = {0,1}. Here the definition presents
no problem: We set V; = X\ F and choose for V; any open set V in X such
that £ C V and V™~ C V;. Consider next D; = {0,1/2,1}. We require
that the mapping of D, into 7 extend the one already defined on Dy, so
V; is defined for t = 0 and ¢ = 1, and V;;7 C V1. Hence for V;,, we may
select any open set V in X such that V;” C V and V~ C Vi.

The inductive step presents no new difficulty. Suppose nested mappings
of Dy, into T have already been defined for & = 0,...,n such that (c) is
satisfied for all ¢,¢' in D,. (We can forget about (b) since all of these
mappings extend the one defined above on Dy.) If t = k/2"*! € D, 44, and
if k = 2j is even, then V; = Vj o is already defined. On the other hand,
if k is odd, then V' = V(;_1y/2» and V" = V{x,1)/2» are defined, and we
have V'~ C V. Thus we may choose for V; any open set V in X such that
V= c Vand V~ C V". In this way we obtain a mapping of D, 41 into T
that extends the one already defined on D,,, and it is readily verified that
(c) holds for this extension whenever ¢ and t' are both in Dy 4;.

Finally, we form the supremum of this inductively defined sequence of
mappings, thus obtaining a mapping of D into 7T that clearly satisfies (b).
But it also satisfies (c). Indeed, for any two numbers ¢ and ¢’ in D there is
a positive integer n such that ¢ and ¢’ both belong to D, so (c) holds in
general. a

Definition. A function f as in Urysohn’s lemma is known as a Urysohn
function for the pair of sets F and F, and is said to separate E and F.

The method employed in Chapter 7 to prove the Tietze extension the-
orem (Ex. 7S), based as it was on the Hahn interpolation theorem (Prop.
7.21), is unavailable in a general topological space. Nevertheless, the re-
sult remains valid in a normal space by virtue of Urysohn’s lemma. In the
following discussion we shall write ||g||x for the sup norm

llgllx = sup |g(z)|
zeX
of a bounded scalar-valued function g defined on a space X, and also, if A
is a subset of X,

llglla = sup |g(z)]
€A
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for a bounded scalar-valued function g defined on either A or X. The
following result contains the needed consequence of Urysohn’s lemma.

Lemma 9.33. Let X be a normal topological space, let F be a closed
nonempty subset of X, and let a be a positive real number. For any
continuous real-valued function g on F such that ||g||r < a there is a
continuous real-valued function ¢ on X such that ||¢||x < a/3 while

lg - dllr < 2a/3.

PROOF. Set By = {z € F: g(z) > a/3}and E_ = {z € F : g(z) < —a/3}.
The sets £, and E_ are closed and disjoint in X, and it is an immediate
consequence of Urysohn’s lemma that there exists a continuous mapping ¢
of X into [—a/3,+a/3] such that f = +a/3 on Fi. But then, of course,
llollx < a/3, and it is easily seen that ||g — ¢||r < 2a/3 as well. a

Theorem 9.34 (Tietze Extension Theorem; Version II). Let X be a nor-
mal topological space, let F' be a nonempty closed set in X, and let fy
be a continuous real-valued function defined and bounded on F. Then
there exists a continuous real-valued function f on X that has the same
upper and lower bounds on X as fo has on F, and that agrees with f,
on F.

PROOF. Let
a= inf fo(z) and b= sup fo(x).
z€EF z€F

If a = b, then fj is constant on F, and there is nothing to prove, as we may
set ¢ = a = b on X. Otherwise, there is a linear function h(z) = Az + B
carrying the interval [a, b] onto [—1, 41}, and therewith fo onto ﬁ) =ho fy
with || f0|| F =1, and it clearly suffices to prove the theorem for fo in place
of fo (for if ¢ is a suitable extension of fo, then ¢ = h™ 1o ¢ provides a
suitable extension of fp).

According to the lemma, there exists a continuous real-valued function
¢ on X satisfying the conditions

lollx <1/3 and |fo—¢llr <2/3.

We set ¢ = ¢ on X and f; = fo — ¢1 on F, and apply the lemma once
again to obtain a function ¢, such that

lie2llx < (1/3)(2/3) and |Ifi — ¢2llF < (2/3)%,

and observe that f; — ¢2 = fo — (#1 + ¢2). Continuing in this way by
mathematical induction, we obtain a sequence {¢,}>; of continuous real-
valued functions on X such that

Ioallx < (1/3)(2/3)"7" and ||fo—(¢1+...+dn)llr < (2/3)", n€N.
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The series Y . | ¢y, is then uniformly convergent on X to a sum f such
that

Ifllx < Z Ignllx < (1/3)3°(2/3) =1
n=1 n=0

and such that

oo

If=(fr+-- +oadlx < Y ligellx = (2/3)",

k=n+1

and therefore such that

fo— fllr < 2(2/3)"

for each index n. Hence f = fp on F. 0

Definition. A subset C of a topological space X that is both closed and
open is called closed-open. A partition {M, N} of X into the union of
two nonempty disjoint closed-open sets M and N is a disconnection of
X. If there exists a disconnection of X, then X is disconnected. If X
is not disconnected, then it is connected. A subset A of X is connected
[disconnected) if it is connected [disconnected] as a subspace of X.

From the fact that open and closed sets are complements of one another
it is apparent that a disconnection of an arbitrary topological space X may
equally well be described as a partition of X into two disjoint nonempty
open sets, or two disjoint nonempty closed sets. Thus (Cor. 9.10) a dis-
connection of an open subset U in X is a partition of U into two disjoint
nonempty sets that are open in X, while a disconnection of a closed set F'
in X is a partition of F' into two disjoint nonempty sets that are closed in
X. It is desirable to have a description of a disconnection of an arbitrary
subspace.

Definition. Two subsets M and N of a topological space X satisfy the
Hausdorff-Lennes condition f M NN=MNN~ =@.

Proposition 9.35. If A is an arbitrary subset of a topological space X,
and if {M, N} is an arbitrary partition of A into two nonempty subsets,
then {M, N} is a disconnection of A if and only if M and N satisfy the
Hausdorfl-Lennes condition.

PrOOF. By Proposition 9.9 the closure of M relative to Ais M~ N A =
MU(M~NN). Thus M is closed relative to A if and only if M~ NN = 2.
Similarly, N is closed relative to A if and only if M NN~ = 2. O
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The fact that the definition of connectedness is stated in terms of a
negation makes the concept somewhat awkward to work with. Here is a
positive characterization of connectedness that summarizes the foregoing
remarks.

Proposition 9.36. A topological space X is connected if and only if the
only closed-open subsets of X are @ and X itself or, equivalently, if and
only if C closed-open in X implies either C = @ or C = X. A subspace
A of X is connected if and only if, whenever A = M U N, where M
and N are two subsets satisfying the Hausdorfl-Lennes condition, either
M=o orN=g.

Corollary 9.37. If {M,N} is a pair of subsets of a topological space X
satisfying the Hausdorfl-Lennes condition, and if C is a connected subset
of X such that C C M U N, then either C C M or C C N.

PROOF. The pair {M N C,N N C} also satisfies the Hausdorff-Lennes
condition. O

Proposition 9.38. If C is a connected subset of a topological space X,
and if A is a set such that C C A C C~, then A is also connected. In
particular, C~ is connected.

PROOF. Let A = M UN where {M, N} is a pair of sets satisfying the
Hausdorff-Lennes condition. By Corollary 9.37, either C C M or C C N.
Suppose without loss of generality that C C M. Then AC C~ C M, so
N=ANN-=g2. O

Proposition 9.39. If C is an arbitrary chained collection of connected
subsets of a topological space X (Ex. 1J), then | JC is also connected.

Proor. Let A = |JC, and let A = M U N, where M and N are sets
satisfying the Hausdorff-Lennes condition. If C' is any one of the sets in
C, then either C € M or CNM = &. Suppose M # 2. Then there
exists a set C' in C such that C N M # @, and therefore such that C C M.
But if D is any set in C, then there exist sets Cp,...,Cp in C such that
Co=C,Cpo=D,and C;NC;_1 # @, i =1,...,p. Then Cy C M and if
Ci.i1CM,then C;NM D C;NCi1 # &,s80 C; C M. Thus C; C M for
all i = 0,...,p by induction. In particular, C,, = D C M, and it follows
that A = M (and hence that N = @). a

Corollary 9.40. For any topological space X and any point a of X there
exists a unique largest connected subset [a] of X containing a.
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PrOOF. The collection of all connected subsets of X containing the point
a is obviously chained, and its union is connected, contains a (for the
singleton {a} is surely connected), and is clearly the largest such set. O

Definition. For each point a of a topological space X the largest con-
nected subset [a] of X containing a is the (connected) component of a
(in X).

Proposition 9.41. The component [a] of a point a in a topological space
X is a closed subset of X. Moreover, if x is some point of X lying in
[a], then the component [z] of x coincides with [a]. Hence the collec-
tion of all connected components of the various points of X constitutes
a partition of X into closed equivalence classes. (For this reason the
connected components of the various points of X are also referred to as
the (connected) components of X.)

PROOF. The closure [a]™ is connected along with [a] (Prop. 9.38), and
since [a] is the largest connected subset of X containing @, this shows that
[a]- = [a]. As for the rest, if z € [a], then [z] N [a] # @ since both
sets contain z. Thus the collection {[a], [z]} is chained, so [a] U [z] is also
connected. But then [a] U [z] = [a] = [z]. Thus the relation z ~ a, defined
to mean z € [a], is an equivalence relation on X. O

Example N. Let C be a nonempty connected set of real numbers. For
any real number ¢ the two rays (—o0,t) and (t, +00) satisfy the Hausdorft-
Lennes condition. Hence if C contains numbers s and u such that s < ¢ < u,
then C must also contain ¢{. But then, if a = inf C and b = sup C and if
a <t <b,then t € C, and it follows that C consists of the interval (a, b)
along with, perhaps, one or both of its endpoints; briefly, C' is an interval.
(The cases a = —oo and\or b = +o0o are not excluded.) On the other
hand, all intervals are, in fact, connected in R. Indeed, R itself cannot
be partitioned into two nonempty open sets, since these would, in turn,
be disjoint unions of nonempty open intervals and rays, and this would
yield a representation of R as the union of a pairwise disjoint collection of
nonempty open intervals and rays other than the unique such expression:
R = R (cf. Example 6S). For exactly the same reasons all open rays and
open intervals are connected in R, whence it follows that all intervals and
rays are connected (Prop. 9.38).

Example O. Example N shows that the connected components of an open
subset U of R are precisely the open intervals and/or rays that are the
constituent intervals of U. For other sets of real numbers matters can be
much more complicated. Consider, for instance, the Cantor set C. If s and
u are any two points of C such that s < u and if n is a positive integer such
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that 1/3™ < u — s, then it is impossible for s and u to belong to any one
interval of length 1/3™. Hence s and » must belong to different intervals in
the set F,,. (The reader is referred, once again, to Example 60 for details
of the construction of C.) Hence there exists a real number ¢ such that
s<t<wuandté¢F,=|JF, Butthen if A is any subset of C containing
both s and u, then {A N (—o0,t), AN (t,+00)} is a disconnection of A.
Thus there is no connected subset of C containing two distinct points, and
we see that each connected component of C is a singleton. A topological
space with this property is said to be totally disconnected.

Of the topics discussed in Chapter 8 the notion of compactness is of
paramount interest in general topology. This idea generalizes without dif-
ficulty, the only problem being to decide which of the several criteria for
compactness to turn into a definition. The covering property of Theorem
8.31 is the one that leads to important consequences.

Definition. A topological space X is compact if every open covering of X
contains a finite subcovering. A subset K of a topological space X is
compact if it is compact as a subspace.

Example P. Let a be a positive ordinal number, and let the ordinal num-
ber segment W(a) be equipped with its order topology (Ex. D). If 5 is
a positive number belonging to W(a) and U is an open set containing 7,
then, according to the definition of the order topology, there exists an or-
dinal number £ < 7 such that {¢ : £ < ( < n} ¢ U. Hence such sets
constitute an open neighborhood base at 7 in W(a). (In particular then,
a point 7 of W(@) is an isolated point, i.e., an open singleton, if and only
if it is a number of type I (cf. Problem 5G).)

Suppose now that ¢/ is an open covering of W(a), and consider the
set Z of those numbers £ in W(a) with the property that the set W({) =
W (£)U{€} of all ordinal numbers less than or equal to £ is covered by some
finite subcollection of U. Clearly 0 belongs to E. But also if 0 < n < & and
if W(n) C &, there is a set Up in U such that € Up and hence a number
¢ such that ¢ < 5 and such that W(n)\W(¢) = {¢ : & < ¢ < n} C Up.
But then £ € Z, so there are sets Uq,...,U; in U that cover W(g), and
it follows that {Uy,Us,...,Ux} covers W(n) Thus n € E, and therefore
Z = W(a) by transfinite induction. Thus we see that W(a) is compact in
its order topology if and only if o is a number of type 1. (If = A is a limit
number, then U = {W(n) : n < A} is an open covering of W () containing
no finite subcovering.)

Regarding compact sets in a topological space, we have the following
elementary result (cf. Corollary 8.32).
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Proposition 89.42. A subset K of a topological space X is compact if and
only if every covering of K by means of open subsets of X contains a
finite subcovering.

ProoOF. If U is a covering of K consisting of open subsets of X, then U=
{UNK :U € U} is an open covering of the subspace K. Conversely, every
covering of K consisting of relatively open subsets of K can be obtained in
this fashion. a

Proposition 9.43. A closed subset of a compact topological space is com-
pact. A compact subset of a Hausdorff space is closed. Consequently, a
subset of a compact Hausdorff space is compact if and only if it is closed.

PRrROOF. Let X be a compact topological space, and let F' be closed in X.
If U is a covering of F consisting of open subsets of X, then ¥ U {X\F}
is an open covering of X. This covering contains a finite covering, from
which we may simply discard the set X\ F to obtain a finite covering of F'
consisting of sets in /. Thus F is compact by the foregoing proposition.
Suppose next that X is a Hausdorff space and that K is a compact
subset of X. If a € X\K, then for each point = in K there exist open
neighborhoods U, of x and V,, of a such that U, NV, = &. The open sets
{Uz}zex cover K, so there exist points z1,...,z, of K such that

KcU=U,,U---Ul,,.
Let V.=V, N:---NV,,. Then V is an open neighborhood of a and

UNV = . In particular, V is a neighborhood of a that does not meet K,
and it follows that X\ K is open. O

The central idea of the preceding proof yields further useful information.
Proposition 9.44. Every compact Hausdorff space is normal.

PROOF. Let X be a compact Hausdorff space and let £ and F' be disjoint
closed sets in X. Both E and F are compact by Proposition 9.43. Moreover,
as was shown in the proof of that proposition, for each point y of X\ F there
exist disjoint open sets U, and V}, such that E C U, and y € V,,. The sets
{Vy }yer cover F, so there exist points yi,...,ym in F such that

FCV=V,U---UV,_.

Let U = Uy, N---NU,,,. Then U is an open set containing E, and U and
V separate E and F. a
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It is a simple matter to generalize the material of Proposition 8.35 and
Theorem 8.37.

Proposition 9.45. Let ¢ be a continuous mapping of a topological space
X into a topological space Y. If K is a compact subset of X, then ¢(K)
is compact in Y. Hence if the entire space X is compact, and if Y is
Hausdorff, then ¢ is a closed mapping.

PROOF. Let U be a covering of ¢(K) consisting of open subsets of Y.
Then ¢~} (U) = {¢~'(U) : U € U} is a collection of open sets in X,
and it is clear that K C |J¢ !(U). Since K is compact there are sets
Ui, ..., U, inU such that K C ¢~ 1(U;)U---Up~}(U,), and it follows that
¢(K) CUyU---UU,. Thus ¢(K) is compact along with K. To complete
the proof, suppose that X is compact and Y is Hausdorff. If F is a closed
set in X, then F' is compact by Proposition 9.43. But then ¢(F) is also
compact, and therefore closed in Y, by the same proposition. O

Corollary 9.46. If f is a continuous real-valued function on a topological
space X, and if K is a compact subset of X, then f assumes both a
maximum and a minimum value on K.

Theorem 9.47. Let X be a compact topological space and let ¢ be a
continuous one-to-one mapping of X into a Hausdorff space Y. Then ¢
is a homeomorphism of X onto ¢(X). In particular, if both X and Y
are compact Hausdorff spaces, then any continuous one-to-one mapping
of X onto Y is a homeomorphism.

PROOF. Clearly the subspace ¢(X) is Hausdorff along with Y. Hence the

mapping ¢ is closed, and therefore also open, as a mapping of X onto ¢(X).
O

Example Q. Let 7 and 7’ be topologies on a set X such that (X, 7T)
is Hausdorff, while (X,7") is compact, and suppose that 7’ refines 7.
Then the identity mapping ¢ : (X,7’) — (X,T) is continuous and one-
to-one, whence it follows that + is a homeomorphism. Thus 7 = 7’ and
(X,T) = (X,T") is a compact Hausdorff space. In particular, if 7 and
T’ are any two comparable topologies on X each of which turns X into a
compact Hausdorff space, then 7 = 7.

Just as was the case in Chapter 8, there are a number of different char-
acterizations of compactness in general topological spaces. Before stating
the next result, we introduce a notion that turns out to be useful in other
contexts as well.
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Definition. An ultrafilter in a (nonempty) set X is a filter in X that is
a maximal element in the collection of all filters in X. That is, I is an
ultrafilter in X if (a) U is a filter in X and (b) there is no filter in X
that properly refines U.

Proposition 9.48. The following conditions are equivalent for an arbi-
trary topological space X:

(1) X is compact,

(2) Every collection of closed sets in X possessing the finite intersection
property (Prob. 7S) has nonempty intersection,

(3) Every collection of sets in X possessing the finite intersection prop-
erty has an adherent point,

(4) Every filter in X has an adherent point,

(5) Every ultrafilter in X is convergent.

PROOF. Suppose first that X is compact and that F is a collection of
closed subsets of X possessing the finite intersection property. Then U =
{X\F : F € F} is a collection of open sets in X with the property that no
finite subset of U covers X. But then U itself cannot cover X, so (| F # @.
Thus (1) implies (2). To see that (2) implies (3) suppose (2) holds and let
C be a collection of subsets of X possessing the finite intersection property.
Then F = {E~ : E € C} also possesses the finite intersection property, so
NF =Ngec E~ # 2, and any point of this set is an adherent point of C.

It is obvious that (3) implies (4), since a filter possesses the finite inter-
section property by definition. Suppose next that (4) holds, and let U be
an ultrafilter in X. Then U/ has an adherent point a in X, and if V is a
neighborhood of a, then V meets every set in #. But then V is itself an
element of U (see Problem M). Thus U refines the neighborhood filter V,,
and lim U = a.

Finally, suppose (5) holds, and let &/ be an open covering of X with the
property that no finite subset of U covers X. Then F = {X\U : U € U} is
a collection of closed sets in X possessing the finite intersection property,
and there exists an ultrafilter Uy in X such that F C Uy. (This follows
from Zorn’s lemma; see Problem M once again.) If a = lim Uy, and if V is
a neighborhood of a, then V' € Uy, so V meets every set in F. Since this
is true of every neighborhood of a, it follows that a belongs to every set in
F. But then a ¢ |J U, contrary to hypothesis. Thus we have reached a
contradiction, and the proof of the propc sition is complete. O

Special topologies are sometimes introduced to make certain mappings
continuous. (The ray topologies on R" introduced in Example E may be
viewed as instances of this.) Here is a fairly general version of this kind of
construction.

Definition. Let X be a set and for each v in an index set I let ¢., be a
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mapping of X into a topological space Y,. Then the coarsest topology
on X making all of the mappings ¢., continuous is the topology inversely
induced on X by the family {¢,}yer. (That such a coarsest topology
always exists is an immediate consequence of Proposition 9.6.)

Constructions of this sort have appeared before, albeit in other garb.

Example R. If ¢ is a single mapping of a set X into a topological space
(Y, T), then the topology 7 inversely induced on X by ¢, that is, the
coarsest topology on X with respect to which ¢ is continuous, is clearly
just 71(T) (= {¢~2(U) : U € T}). If ¢ is a constant mapping, then Ty is
the indiscrete topology on X (Ex. B). If ¢ is one-to-one and if the topology
on Y is metrized by a metric p, then 7 is metrized by the induced metric
o, where
o(z, ml) = p(¢(z), (}5(&")), z,z' € X

(cf. Example 8E). If X = A is a subset of Y and ¢ is the inclusion mapping
ta (Ex. 1E), then Ty is simply the relative topology on A. (Still another
instance of an inversely induced topology will be found in Problem W
below.)

Likewise, if we are given some indexed family {¢,} of mappings of X
into topological spaces Yy, and if for each index v we write 7, for the
topology inversely induced on X by ¢, then the topology induced by the
family {¢-} is clearly just sup., 7,. Moreover, this latter construction itself
acquires a slightly different form in the present context. Let {75} er be
an indexed family of topologies on a set X, and for each index « let X,
denote the topological space consisting of X equipped with the topology
7,. If, for each index v, ¢, denotes the identity mapping on X regarded as
a mapping of X onto X, then the topology inversely induced on X by the
family {ty}er is the supremum sup, 7,.

The following result is frequently useful in dealing with inversely induced
topologies.

Proposition 9.49. Let {¢} cr be an indexed family of mappings of a
set X into an indexed family {Y,} of topological spaces, as above, and
let T denote the topology inversely induced on X by {¢,}. Then a base
for T is given by the collection of all sets of the form

¢ (U) NN (Un), (1)

where n denotes an arbitrary positive integer, {1, . .., Yn } is an arbitrary
set of n elements of the index sets I', and U, is an open set in Y,,,, i =
1,...,n. Moreover, if, for each index 7, B., is any one fixed topological
base for Y,, then the sets U; in (1) may be required to belong to B,
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for all i = 1,...,n. If {zx}xea is a net in X, then {z)} converges to
a point zo of X with respect to T if and only if the net {¢4(xx)}rea
converges to ¢, (o) in Y, for each index <. Finally, if 1 is a mapping of
some topological space Z into X, then 1 is continuous as a mapping of
Z into (X, T) if and only if each ¢, 09 : Z — Y, is continuous.

PROOF. In view of Example R, the first two assertions of this proposition
are merely paraphrases of the relevant parts of Problem D. Moreover, if
a net {z,} converges in X to a limit zo with respect to 7', then the net
{¢(zx)} also converges in Y., to ¢, (o) since ¢, is continuous with respect
to 7 for each index v (Prop. 9.16). Suppose, on the other hand, that {z»}
is a net in X and that there is a point zo of X such that {¢(zx)}rea con-
verges to ¢(zo) in Y, for each index v. If V is an arbitrary neighborhood
of g with respect to 7, then there are indices 7, . ..,7, and open sets U;
in Y,, such that zo € ¢;}(U;), i = 1,...,n, and such that

¢ (U) NN (Un) C V.

But then ¢., (z0) € U;, i = 1,...,n. Hence there exist indices A; in A such
that ¢, (zx) € U; for A > A;, i =1,...,n. Since A is directed, there is also
a single index Ag in A such that \; < Ao, i = 1,...,n, and it follows that
z) € V for A > Ag. Thus {z,} converges to z¢ with respect to 7.

Finally, if ¥ is a continuous mapping of Z into (X, T) then it is obvious
that each of the compositions ¢, o) is continuous since each ¢, is contin-
uous on (X, 7). To complete the proof, suppose, conversely, that ¢ is a
mapping of Z into X having the stated property, and let {2)}xea be a net
in Z converging to a limit zy. Then each net {¢.,(%(2x))}rea converges
to ¢(1(z0)) in Y., by Proposition 9.16. But then, by what has just been
shown, {¥(z))} converges in X to 1(2p) with respect to 7. Thus ¢ is
continuous by virtue of the same proposition. O

The most important application of the idea of an inversely induced topol-
ogy is concerned with Cartesian products. (In this connection the reader
may wish to refer to Chapter 1.)

Definition. Let {Y,},cr be an indexed family of topological spaces, and
let X =[], Y, be the Cartesian proa ict of the sets Y, v € . Then
the product topology on X is the topology inversely induced on X by the
family {.,} of projections. In the event that the indexset I'is {1,...,n},
it is customary to write Y7 x - - - x Y, for the product of the topological
spaces {Y;}7_, equipped with the product topology. Whenever a product
of topological spaces is regarded as a topological space, it is the product
topology that is understood to be in use unless the contrary is expressly
stipulated.
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The following summary of facts concerning product topologies is little
more than a paraphrase of Proposition 9.49. (That the projection 7., of
X onto Y, is an open mapping follows from the observation that if U is a
nonempty open set of the form (2), then =, (U) = U,.)

Proposition 9.50. Let {Y,},cr be an indexed family of topological spaces
and let X = H7 Y,, as above. Then a base for the product topology on
X is provided by the set of all products of the form

1o (2)

where U, is an open subset of Y., for each index v, and where U, =Y,
except for a finite number of indices. Moreover, if B, is a specified
topological base for Y,, v € T', then the sets U, in (2) may be required
to belong to B, for each index ~ for which U, # Y,. A net in X
converges with respect to the product topology if and only if it converges
coordinatewise. That is, if {xx}xea Is a net in X, and if ) = {yg'\) }yer
for each X, then {x)} converges to a limit zo = {y—(yo)} in the product
topology if and only if lim) y,(y)‘) = y.(yo) for each index . The projections
m., are continuous and open mappings of X onto the various factors Y,,.
A mapping v of a topological space Z into X is continuous if and only
if each composition ., o 1 is continuous.

It follows, of course, that if X = Y; x ... x Y, is a finite product of
topological spaces, and if B; is a topological base in Y; for each index i,
then the products Uy X ... x Uy, where U; € B;, i = 1,...,n, constitute a
base for the product topology on X. We also have the following result.

Corollary 9.51. If {Y,} is a countable indexed family of topological
spaces, and if each space Y, satisfies the second axiom of countability,
then X =[], Y, also satisfies the second axiom of countability.

PROOF. Let B, be a countable base for the topology on Y,, v € I'. For
any one finite set {71,...,7,} of indices there are but countably many
products of the form (2) where U,, € B,,, t =1,...,n,and U, =Y, for
v € {7,.--,7n}. Moreover, there are but countably many finite subsets of
the index set I'. Thus the base described in Proposition 9.50 is countable
(Cor. 4.5). O

Proposition 9.50 also permits us to give a useful description of the neigh-
borhoods in a product space.

Proposition 9.52. Let {Y,},cr be an indexed family of topological
spaces, let X = [],Y,, and for each index v let W, be a neighbor-
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hood base at a point y., of Y,. Then a neighborhood base at the point
z = {y,} of X in the product topology is given by the collection of
products of the form
w =[] w,
v

where W, =Y, for all but a finite number of indices v and W, € W,
whenever W, #Y,.

Corollary 9.53. If {Y,} er is a countable indexed family of topological
spaces, and if each space Y., satisfies the first axiom of countability,
then X = [], Y, also satisfies the first axiom of countability. On the
other hand, if the index set I is uncountable, and if the factors Y,
are all nonempty Hausdorff spaces, then X does not satisfy the first
axiom of countability unless all but countably many of the factors Y,
are singletons.

ProOOF. The first assertion follows from Proposition 9.52 exactly as Corol-
lary 9.51 followed from Proposition 9.50. To prove the final assertion of
the corollary, let o = {y,(yo)}.,ep be a point of X (nonempty by virtue of
the axiom of products), and let V be a neighborhood of zg¢ in X. Then by
Proposition 9.52 there is a finite subset 'y of I' with the property that if
z = {y,} is a point of X such that y, = y,(,o) for each vy in I'g, then z € V.
It follows at once that if {V, } is any countable collection of neighborhoods
of zp, then there exists a countable subset I'; of I' with the property that
if z = {y,} is an arbitrary point of X such that y, = yE,O) for every < in
I'y, then = € (),, V.. But if the set I'y of indices for which Y, is a Hausdorff
space with more than one element is uncountable, then there is an index
Yo in T'2\I'; and a point g, of Y, different from y,(yoo), and the set of all
z = {y,} such that y.,, # ¥,, is a neighborhood of xy that does not contain
. Va. Thus there does not exist a countable neighborhood base at zo. O

Example 8. Let {Y,} cr be an indexed family of nonempty topological
spaces, and let X = H‘yel" Y,. If, for a fixed index -y, we select a point

y.(yo) in each factor Y.,y # 7o, then the subset

S={z={y,} € X:y, =97,y # 10}

is a slice in X parallel to the factor Y. It is easily seen that if X is equipped
with the product topology, then ¢ = 7., |S becomes a homeomorphism of S
onto Y,,. (If U is a basic open set in X of the form (2), then ¢(U) is either
@ or U,,, which shows that ¢ is open.) Thus a product of nonempty spaces
contains (in general many) homeomorphic copies of each of its factors.
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Example T. Let {Y, } cr be a countable indexed family of metric spaces,
and let X = [[Y,. Let p be a product metric on X (Prob. 6H) and
let 7 denote the product topology on X, where each Y, is equipped with
its metric topology. A sequence {z,} in X converges to a limit in X
with respect to both p and 7 if and only if it converges to that limit
coordinatewise (Prop. 9.50). But (X,7) also satisfies the first axiom of
countability according to the foregoing corollary, and it follows that the
same sets are closed with respect to 7 that are closed with respect to
p (Prop. 9.15). In other words, the product metric metrizes the product
topology on X.

Example U. Let f and g be continuous complex-valued functions on a
topological space X. Then the mapping ¢ : X — C x C defined by set-
ting ¢(z) = (f(x),g(x)), =z € X, is continuous, and it follows, exactly as
in Chapter 7, that f + g, f — ¢g and fg are also continuous on X. Like-
wise, f/g is continuous on the (open) subset of X on which it is defined.
If p(A1,...,\n) is an arbitrary complex polynomial in n indeterminates,
and if f,...,fn, are any n continuous complex-valued functions on X,
then the function x — p(fi(z),..., fo(z)) is continuous on X. Similarly,
if r(A1,...,An) is a complex rational function in n indeterminates, then
z — r(fi(z),..., fa(z)) is a continuous function on the (open) subset of
X on which it is defined. (This is the counterpart in the theory of gen-
eral topology of Example 7M; it appears this late in the present chapter
only because we have chosen, once again, to treat these ideas in terms of
products.)

Example V. Let X be a set, let {¢, }yer be an indexed family of mappings
¢y : X = Y, of X into topological spaces Y., and suppose that for any
pair of distinct points z;,z2 of X there is some mapping ¢, such that
¢4(z1) # d4(x2). (Such a family of mappings is said to be separating on
X.) If we form the product Il =[], Y, and define

F(z) = {¢5(2)}yer, =€ X,

then F is a one-to-one mapping of X into II. Moreover, if z is a point
of X and {z,} a net in X, then, according to Proposition 9.49, lim), x) =
zo in the topology 7 inversely induced by the family {¢,} if and only
if limy ¢(z)) = ¢4(xo) for every index 7. On the other hand, the net
{F(z,)} tends to F(zo) in II if and only if the very same condition is
satisfied (Prop. 9.50). Hence, by Proposition 9.16, F is a homeomorphism
of (X, T) onto the subspace F(X) of II. (A mapping such as F is called a
topological embedding of (X,T) in IL.)

The formation of products also behaves well with respect to the forma-
tion of subspaces.
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Proposition 9.54. Let {Y,} cr be an indexed family of topological spaces,
and for each index -y let A, be a subset of Y,,. Then the relative topology
on the subspace A =[], A, in the product X =[], Y, coincides with
the product topology on A that results from equipping each A., with its
relative topology in Y,. Moreover, we have A~ = I’I,y AD.

ProOOF. Both parts of the proposition are immediate consequences of the
elementary fact that if, for each index v, A, and B, are arbitrary subsets

of Y., then
(HA‘,) n (HBv) Tl g

The following two results combine to form one of the most powerful tools
of modern analysis. The former of the two is essentially trivial, while the
latter is among the deepest results of general topology.

Proposition 9.55. The product X of an arbitrary indexed family {Y, } er
of nonempty topological spaces is a Hausdorff space if and only if all of
the factors Y,,vy € T', are Hausdorff.

ProOOF. Let z; = {y.(yl)},yep and zg = {y,(yz)},yer be distinct points of X,

and let vy be an index such that y.(,i) # yﬁ) If Y, is Hausdorff, there exist
disjoint open sets U-(,:) and U.%) in Y., such that y%) € Un(,;), i=1,2, and
if we set
Uvi=[JUY, i=12,
~er

where U—§1) = 5,2) =Y, for all v # <, then U; and U, are disjoint open
sets in X such that z; € U;, 1 = 1,2. Thus a product of Hausdorff spaces
is Hausdorff. The converse follows at once from the fact that the product
of nonempty topological spaces contains homeomorphic copies of all of its
factors (Ex. S). O

Proposition 9.56. The product X of an arbitrary indexed family {Y, },er
of nonempty topological spaces is compact if and only if all of the factors
Y,,v € I', are compact.

PROOF. Since X is nonempty, 7.,(X) =Y, for each index . Thus if X is
compact, then all of the factors Y., must also be compact by Proposition
9.45.

To go the other way, suppose all of the spaces Y, are compact, and
let U be an ultrafilter in X. For each index « in I" the collection of sets
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7y (U) = {ny(E) : E € U} is a filter base in Y, (Prob. 7S). Hence =, (i)
has an adherent point y.(,o) (Prop. 9.48), and if V., is a neighborhood of yf,o)

in Y,, then V, meets every set in (i), so 7 1(V,) meets every set in U.
But then 77 *(V,) belongs to i (Prob. M).

Consider now the point ¢ = {y§°) }yer. If V is an arbitrary neigh-
borhood of zg in X, then there exist indices 74, ...,vn and corresponding
neighborhoods V,,, of y(o), i=1,...,n, such that

i

zo e M (Vo) N--nm M (Va,) C
and it follows by what has just been shown that V belongs to &. Thus U
refines V,,, and therefore zp = lim U. This shows that the ultrafilter I
converges in X, and hence that X is compact, by Proposition 9.48 once
again. 0

Corollary 9.57 (Tikhonov’s Theorem). The product of an arbitrary in-
dexed family of compact Hausdorff spaces is a compact Hausdorff space.

Example W. Let I be an index set, Y a topological space, and let Y, =Y
for each index . Then the product []., Yy coincides as a set with the set YT
of all mappings of I into Y. Thus the set of all mappings of an arbitrary set
I into a topological space Y may be equipped with the product topology.
In this topology on YT a net {¢»} converges to a limit if and only if it
converges pointwise to that limit. For this reason, the product topology on
YT is also known as the topology of pointwise convergence. A base for the
topology of pointwise convergence on YT is given by the collection of all
sets of the form

{peY': p(w) €U, i=1,...,n},

where n is an arbitrary positive integer, {71,...,7n} an arbitrary set of
n indices, and U; is an open subset of Y foreach i =1,...,n. If Y is a
compact Hausdorff space, then, according to the foregoing result, so is the
space YT in the topology of pointwise convergence.

Example X. Let Q be the first uncountable ordinal number (Ex. 5I), let
the ordinal number segment W (f2) be equipped with its order topology,
and, for each ¢ in W(R2), let S; denote the big square

S¢={(&mn) elo:&n=(}
in the product IIp = W(Q2) x W(f2). Suppose that A is some subset of Il

that contains no such big square. Starting with any point (£1,7:) in I\ A4,
we set (; = & V 71 and select a second point (£2,72) in S¢,\A. Then,
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continuing in this way, we obtain by mathematical induction a sequence
{(€ny 1) 352, in g\ A with the property that

bnt1 A Nnt1 2 & Vi (3)

for each index n. It follows, of course, that both of the sequences {¢,} and
{nn} are monotone increasing and, since they are bounded above in W (2)
(Ex. 5L), each sequence converges to its supremum. But then

lim¢&, = limy,,
n n
because of (3). Hence, denoting this common limit by «, we see that
Iirlln (ns M) = (o, )

in Iy, and therefore (a,a) € (IH\A)~. Thus if a subset A of I, fails
to contains a big square, then (IIp\A)~ meets the diagonal A. But then
(contrapositively), if U is any open set in Iy that contains A, then U must
contain a big square (for Ilp\U is a closed set that does not meet A).

Next let us consider the product II; = W(Q) x W(2), where W(Q)
denotes the ordinal number segment W (Q+1) = W(Q)U{Q}. The product
topology on Il coincides with its relative topology in II; (Prop. 9.54) and
the diagonal A in Il is readily seen to be closed in II;, as is the set
F ={(©,8) : &£ < Q} = {9} x W(Q). But if U is any open set in II;
containing A, then U must contain a big square in Iy, and the closure U~
of U in II; therefore contains an entire tail of F. Thus II; is not a normal
topological space, even though it is the product of two completely normal
spaces, one of which is, in fact, a compact Hausdorff space (see Example P
and Problem L).

Finally, let IT; = W(Q) X W(Q) The product I1; is also a compact Haus-
dorff space by Tikhonov’s theorem, and is therefore normal (Prop. 9.44).
But II; contains the (nonnormal) product II; as a subspace, and is therefore
not completely normal.

(Another favorite, and entirely similar, example is based on the product
= W(Q) X W(w), where W(w) =W(w+ 1) = W(w) U {w} in its order
topology. The product is a compact Hausdorff space, but the subspace
P = II\{(Q,w)}—known as the Tikhonov plank—is not normal. Indeed,
the disjoint sets E = {({,w) : £ < Q} and F = {Q,n) : n < w} are
readily seen to be closed in P, but if U is open and F C U, then for
each nonnegative integer n there is an ordinal number £, <  such that
{(¢,n) : én < ¢ < Q} C U. But then, taking n < Q such that &, < 5 for
every n, we see that the product {¢ : # < ¢ < 2} x W(w) is contained in
U, so that U~ N E contains {({,w) : 7 < { < Q}.)

We close this introductory account of the theory of topological spaces
with a brief glance at the notion of the limit of a mapping at a point. If ag
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is an adherent point of a subset A of a topological space X, then, just as
before (Ex. 7T), the trace D = {VNA: V € V,,} on A of the neighborhood
filter V,, at ao is a filter base in A (and in X), and if ¢ is some mapping
of A into a topological space Y, then ¢(D) is also a filter base in Y (cf.
Problem 7S). Thus the criterion set forth in Proposition 7.24 may be used
to define the idea of limit in general.

Definition. Let A be a subset of a topological space X, let ¢ be a mapping
of A into a topological space Y, and let ap € A~. Then a point yg
of Y is a limit of ¢(z) as = approaches (or tends to) ag through A
(notation: yo = limmz_é% &(z)) if im ¢(D) = yo, where, as above, D
denotes the filter base {VNA :V € Vg,}. (When A = X we write
simply yo = limg_q, ¢().)

In the spirit of Proposition 7.23 we have the following result. (It is
readily seen that this criterion may also be stated in terms of filter bases
in place of nets. Moreover, as always, sequences may also be used in place
of nets when X satisfies the first axiom of countability.)

Proposition 9.58. Let X and Y be topological spaces, let ¢ be a mapping
of a subset A of X into Y, and let ag be a point of X belonging to A™.
Then yg = lim =—a0 ¢(z) if and only if ¢(z)) — yo for every net {z,} in
A such that z — ag.

PROOF. Suppose first that hmz—e»ao ¢(x) = yo, let {z»} be a net in A

converging to ag, and let V be a neighborhood of yp in Y. By definition
there exists a neighborhood W of ap in X such that (W N A) C V.
Moreover, there is an index Ag such that ) € W for A > )Ag. But then
d(zr) € V, A > Ao, and this shows that limy ¢(z») = yo. Thus the stated
criterion is necessary. To see that it is sufficient, suppose it is not the case
that limm—on ¢(z) = yo. Then there exists a neighborhood V of yo such

that for egfzh neighborhood W of ag there is at least one point zyw of WNA
such that ¢(zw) ¢ V, and it is obvious that the net {zw }wev,, (indexed
by the neighborhood filter V,, itself) converges to ag in A while the net
{é(zw)} fails to converge to yo in Y. O

The analog of Proposition 7.22 does not hold in this general context with-
out some extra qualification (if X is equipped with the indiscrete topology,
then the identity mapping on X has every point of X as its limit at each
point of X), but we do have the following result (the proof of which is
exactly like that of Proposition 7.22, and is therefore omitted).

Proposition 9.59. If ¢ is a mapping of a subset A of a topological space
X into a Hausdorff space Y, and ifag € A™, then either there is no point
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yo of Y such that yo = limz—é;o ¢(z) (in which case the limit of ¢(x) as

T tends to ag though A fails to exist) or there is exactly one such limit
(so that the limit of ¢(z) as x tends to ap through A is unique when it
exists).

A similar generalization of Proposition 7.25 goes through with the same
restriction on the codomain.

Proposition 9.60. Let ¢ be a mapping of a subset A of a topological
space X into a Hausdorff space Y, and let ag be a point of A~. Then
the limit of ¢(z) as = tends to ag through A exists if and only if there
exists a (necessarily umque) point yg of Y with the property that if ¢
is extended to a mapping éon AU {ao} by defining ¢(ao) = yo, the
extended mapping ¢ is continuous at ag relative to AU {ag}. Moreover,
if such a point yo exists, then yo = limzz—e»io ¢(z). Finally, if ayp € A,
then the limit of ¢(z) as x tends to ag through A exists if and only if ¢ is

continuous at aq (relative to A), and in this case the limit must coincide
with ¢(agp).

ProoF. Everything is clear except for the uniqueness of the point g, and
that follows at once from Problem F. |

While the assumption that the codomain is a Hausdorff space suffices to
ensure the uniqueness and one-point continuity characterization of limits
in general topological spaces, some further restriction is needed in order to
obtain the existence of extensions by continuity (Prop. 7.26).

Proposition 9.61. Let ¢ be a mapping of a subset A of a topological space
X into a regular topological space Y {see Problem G). Let A denote the
subset of A~ consisting of those points a at which the limit of ¢(x) exists
as z tends to a through A, and for each point a of A set

$(a) = lim ¢(z).

z€A

Then ¢~$ : A > Y is continuous. (In particular, if ¢ is itself continuous
on A, so that A C A, then ¢ is a continuous extension of ¢, and we say
that ¢ results from extending ¢ by continuity.)

PROOF. Let aq be a point of 4, let yo = $(ao), and let V be a neighborhood
of yp in Y. According to Problem G there is a closed neighborhood W of yg
such that W C V, and by the definition of ¢ there is an open neighborhood
U of ap with the property that ¢(U N A) C W. Let a be a point of
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A that is contained in U. Then, of course, U_is a neighborhood of a
such that ¢(U N A) C W, and it follows that ¢(a) € W~ = W. Thus

¢~5(U N A) ¢ W C V, which shows that & is continuous at ao. O

That the regularity of the codomain suffices to yield this result is not
simply fortuitous. In fact, it can be shown that the validity of Proposition
9.61 for mappings taking their values in a topological space Y is yet another
characterization of the regularity of Y; see [3].

For (extended) real-valued functions the notion of limit splits into two
dual notions, just as before.

Definition. Let A be a subset of a topological space X, and let f be an
extended real-valued function defined on A. For each point ag of the
closure A~ we define the limit superior (or upper limit) of f(x) as z
tends to ag through A (notation: lim supz—e f(z)) as follows: For each
neighborhood V of ag we first set M(f;ao,V) = sup{f(z);z € VN A},
and then define

limsup f(z) = inf M(f;a0,V),
el v

where the infimum is taken over the entire neighborhood filter at ao.
Dually, we define m(f;ao,V) = inf{f(z) : z € V N A} for each neigh-
borhood V of ag, and then define the limsit inferior (or lower limit) of
f(z) as x tends to ag through A (notation: lim inf zoa f(z)) by setting

ligl_&'pf f(l') = Supm(f; ao, V)v
a:er v

where, once again, the supremum is taken over V,,.

The proof of the following summary of properties exactly parallels that
of Proposition 7.27, and is therefore omitted.

Proposition 9.62. Let A be a subset of a topological space X, let f be
an extended real-valued function defined on A, and for each point ag of
A~ set

m(ao) = liminf f(z), M (ap) = limsup f(z).
sed zz_eon

Then m < f < M on A, while m < M holds everywhere on A~. More-
over, M is an upper semicontinuous function on A~ with the property
that f is upper semicontinuous at a point x¢ of A (relative to A) if and
only if f(zo) = M(zo), and also with the property that if h is an arbi-
trary upper semicontinuous function on A~ such that f < h on A, then
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M < h as well. Dually, m is a lower semicontinuous function on A~
with the property that f is lower semicontinuous at a point xog of A if
and only if f(xo) = m(xg), and also with the property that if k is an
arbitrary lower semicontinuous function on A~ such that k < f on A,
then k < m as well. (Because of these extremal properties, M and m
are called the upper and lower envelopes of f, respectively.)

PROBLEMS

A. Let X be a set and suppose given a collection F of subsets of X satisfying
the conditions of Proposition 9.1. Verify that there exists a unique topology
on X with respect to which F is precisely the collection of all closed sets.
Show too, in the same vein, that if A — A~ is a mapping of 2% into itself
satisfying conditions (1)—(4) of Proposition 9.5, then there exists a unique
topology on X with respect to which A~ is the closure of A for each subset
Aof X.

B. Let X be a set and suppose given, for each point z of X, a filter #; in X
satisfying condition (a) every set V in F; contains the point z.

(i) Define a subset U of X to be open if and only if U belongs to F;
whenever z belongs to U (in other words, if and only if x € U implies
U € F.). Prove that the collection T of open sets thus obtained is, in
fact, a topology on X.

(ii) Verify that the filter F: refines the neighborhood filter V; with respect
to the topology T at every point z of X. Give an example showing
that it is possible for ¥, to be distinct from V;.

(iii) Prove that each set V in F. is a neighborhood of z with respect to
T (and hence that F, = V,) for each z in X if and only if the given
assignment z — ¥, also satisfies condition (b) for each point z of X
and each V in F, there exists a set U in F, such that V belongs to F,
for each y in U. (Hint: For given Vin Fy set W = {2 € X : V € F,},
and prove W € T.)

C. Let X be a set and let C be a collection of subsets of X.
(i) The collection C, of all unions of subcollections of C always possesses
roughly half of the properties of a topology on X, in that & € C, and
C. is closed with respect to the formation of arbitrary unions.
(ii) The collection C4 of finite intersections of sets in C, that is, the set of
all intersections of nonempty finite subcollections of C, contains C and

is closed with respect to the formation of finite intersections.

(iii) If C’ is another collection of subsets of X, and if we denote by C” the
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(iv)

collection of all sets C N C’, where C € C and C' € C’, then
(Uc) n (Uc’) =Je.

Conclude that (Ca), is a topology on X if and only if C covers X, while
the topology on X generated by C is given in general by

T(C) = (Ca), U{X}.

D. Let {7;}yer be a nonempty indexed family of topologies on a set X, and
set 7o = sup,, 7.

(i)

(i)

The union Y = U7 T, is a set of generators for 7o, so the set Uy of finite
intersections of sets in U/ is a base for 7y. Verify that U coincides with
the collection of all sets Uy N... N U, where U; € T,,,i =4,...,k, and
{7,..-,7} is a finite set of indices. More generally, if, for each index
v, B, is some base for 7, then the collection of all sets Vi N...N V4
where V; € B,,,i =1,...,k, and {71,...,7c} is a finite set of indices,
is a base for 7.

The union U itself is a subbase for 7. More generally, if S, is some
subbase for T, for each index v, then U—, &, is a subbase for To.

E. If X is a simply ordered set and E is a subset of X, then X has its order
topology (Ex. D) and E acquires its relative topology 7.; as a subspace
of X. But E is also a simply ordered set and consequently has an order
topology 7, of its own. Show that these topologies are always comparable
(7> C Tret), and give an example of a set E of real numbers on which 7,
and T, are different. Show, however, that if X = R or RY, and if I is an
interval in X, then 7, = T, on I. Show too that if F is closed in R (or
R"), then 7, and 7,.; agree on F. In the same vein, show that if o and
B are ordinal numbers with o < 3, then W (), in its order topology, is a
subspace of W(@) in its order topology.

F. Let (X,7) be a topological space.
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(i)

Prove that if ¢ and ¢’ are continuous mappings of X into a Hausdorff
space Y, then {z € X : ¢(z) = ¢'(z)} is closed in X. (In particular, if
¢ and ¢’ agree on a dense set in X, then ¢ = ¢'.)

Show, in the other direction, that if (X,7) is a Th-space, then there
exist a Ty-space Y and continuous mappings ¢ and ¢’ of X into Y such
that {z € X : ¢(z) = ¢'(x)} is an arbitrarily prescribed subset Z of
X. (Hint: Take for Y the set X itself equipped with its coarsest T3-
topology 71 (Ex. C). Every one-to—one mapping of (X, 7) into (X, 71)
is continuous.)
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The space (X, 7) is Hausdorff if and only if every net in X converges
to at most one limit. (Hint: If X is not Hausdorff, then there exist
two distinct points x and y of X such that V, UV, possesses the finite
intersection property.)

G. (i) A Hausdorff space X (or, what comes to the same thing, a Ti-space X)

(i)

is said to be regular if it has the property that if F is a closed set in
X and z is a point of X not belonging to F, then there exist disjoint
open subsets U and V of X such that z € U and F C V. Verify that
a Hausdorff space X is regular if and only if for each point « of X and
each neighborhood V of z there exists a neighborhood W of x such
that W~ C V. Conclude that X is regular if and only if there exists a
neighborhood base consisting exclusively of closed sets at every point
z of X.

A Hausdorff space X (or, what comes to the same thing, a T1-space X)
is said to be completely regular if for each point x of X and neighbor-
hood V of x there exists a continuous mapping f of X into the closed
unit interval such that f(z) = 1 and f(y) = 0 on X\V (ie., such
that x{z} < f < xx\v). Show that every normal topological space is
completely regular, and also that every completely regular topological
space is regular.

The degrees of separation that a general topological
space can enjoy that have been recognized so far are five
in number. The weakest of these (in order of implication)
is the property of being a Tj-space, in which all finite sets
are closed. The next degree of separation in this ranking is
the property of being a Hausdorff space—sometimes called a
T»-space. Then come, in order of specialization, the regular
topological spaces (also known as Ts-spaces), the completely
regular spaces (sometimes called Tx-spaces), and the normal
topological spaces (also known as Ty-spaces). While it is clear
that a topological space possessing any one of these properties
automatically possesses all those of lower rank as well, it is by
no means evident that none of these properties implies any
one of the higher ranking ones, but that is, in fact, the case.
To verify this assertion one needs, for each ¢ = 1,2,3, 7,4, an
example of a T;-space that fails to be a Tj-space for any j > i.
We note in this connection that tl < topological space (X, T1)
of Example C is a T;-space that .; not Hausdorff (provided
the carrier X is not finite). Likewise, a Hausdorff space that
is not regular is readily constructed as follows. Let D be a
set of positive real numbers such that D* = {0}, and for
each nonzero point ¢ of R let 17t be the neighborhood filter
of ¢ in the ordinary metric topology on R, while for V, we
take the filter in R generated by the filter base consisting of
all sets of the form (—¢,+€)\D,e > 0. Then it is obvious
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that D is a closed set with respect to the unique topology
T on R for which V; is the neighborhood filter at ¢ for each
real t (Prob. B), and it is also clear that 7 refines the usual
topology on R (Ex. G), and hence that (X, T) is a Hausdorff
space. But (X, T) is not regular. Indeed, if U is a set in T
containing 0, then there exists a positive number € such that
(—€,4+€)\D C U, and an element t of D such that t < €. But
if V is a set in 7 containing D, then t € V, so V contains
some open interval about ¢, and therefore must meet U.

In this same connection we remark that a completely
regular topological space that is not normal appears in Ex-
ample X (see Problem H below). Thus the only really difficult
part of showing that all of these five degrees of separation are
actually distinct is the construction of a regular topological
space that is not completely regular. Such a construction is
given by A. Tikhonov [22], but it is quite complicated.

H. (i) Show that the relation of being a subspace is transitive, in that a sub-

(ii)

space of a subspace of a topological space X is also a subspace of X.

Verify that if a topological space X is a Th-space or a Hausdorff space,
and if A is a subspace of X, then A is also a Ti-space, respectively, a
Hausdorff space. In the same vein, prove that if X is a [completely]
regular space, then every subspace of X is also [completely] regular.
Show, finally, that if X is a normal topological space and if F is a
closed subspace of X, then F is also normal. (An arbitrary—i.e., not
necessarily closed—subspace of a normal space need not be normal;
recall Example X.)

I. Let X be a normal topological space and let {U1,...,Un} be a finite open
covering of X.

268

@

(i)

Show that there exists a corresponding closed covering {Fi,...,Fn}
of X such that F; C U;,i = 1,...,N. (Hint: Suppose the stated fact
holds for some N, and that {Uy,...,Un,Un+1} is an open covering of

X. Then F = X\(U1 U---UUp) is a closed set contained in Un+1, so
there exists an open set V such that F C V and V™ C Vn41, and the
closed subspace X\V is normal. Use mathematical induction.)

Show too that there exists a corresponding family {g1,...,g~n} of con-
tinuous nonnegative real-valued functions on X such that g;(z) = 0 on
X\U;,i=1,...,N, and such that

gt +gn =1

on X. (Such a family of functions is called a partition of unity sub-
ordinate to the covering {Ui,...,Un}.) (Hint: Let {Fy,...,Fn} be
a closed covering of X as in (i), and for each i let f; be a Urysohn
function on X that is equal to one on F; and vanishes on X\U;. Then
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g = fi+---+ f~ is a continuous function on X such that g(x) > 1 for
every z in X.)

J. A topological space X is said to be completely normal if every subspace of
X is normal.

@

(ii)

Prove that X is completely normal if and only if for every pair {M, N}
of subsets of X satisfying the Hausdorff-Lennes condition there exist
disjoint open sets V and W suchthat M C Vand N C W. (Hint: If M
and N satisfy the Hausdorfl-Lennes condition, then U = X\(M~NN")
is an open subspace of X in which E=M"NU and F=N"NU are
closed and disjoint.)

Verify that every metrizable space is completely normal.

Thus complete normality and metrizability are yet two
more in the scale of separation axioms that may be imposed
on a topological space. (Indeed, a completely normal space
is sometimes called a Ts-space.) Clearly a completely nor-
mal space is normal. A normal space that is not completely
normal appears, as noted above, in Example X. Completely
normal spaces that are not metrizable figure in Problem L
below.

K. The analysis of the structure of open sets in R given in Example 6S can be
extended to open sets in the order topology on an arbitrary simply ordered
set if the notion of interval is suitably generalized. A subset C of a simply
ordered set X is said to be convez in X if a,b € C and a < z < b imply
z € C. Equivalently, C is convex if and only if for every y in X\C it is the
case that either every element of C is less than y(C < y) or every element
of C is greater than y(C > y).

(¥

(ii)

(i)

All intervals and rays in X are automatically convex. (Hence there is a
base for the order topology on X consisting exclusively of convex sets.)
Give an example of a convex subset of a simply ordered set X that is
neither an interval nor a ray in X.

Show that if C is a chained collection of convex subsets of X (Ex. 1J),
then UC is also convex. Conclude that if A is an arbitrary subset of
X and a is a point of A, then there exists a (unique) largest convex
subset of X that contains a and is contained in A. Show too that if U
is an open subset of X in the order topology, then the largest convex
subset of U containing a point a of U is also open in X.

Prove that each open set U in the order topology on X is the union of
a uniquely determined, simply ordered collection C of pairwise disjoint
nonempty convex open subsets of X, each of which is maximal with
respect to being convex and contained in U. (The sets belonging to
C might be called simply the constituents of U, the term “constituent
interval” being inappropriate in this context.)
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L. Let X be a simply ordered set equipped with its order topology, let M and
N be two subsets of X satisfying the Hausdorff-Lennes condition, and let
C and D denote the collections of (nonempty) constituents (Prob. K) of
the open sets X\N~ and X\ M ~, respectively.

(i) Prove that for any one set C belonging to C there is an open set Uc
such that
MNnCcUccC and UsNN=g.

(Hint: The intersection C~ NN can contain at most two points. If it is
empty, we may set Uc = C. If C”NN = {y}, and if, say, C < y, then y
has a convex open neighborhood V such that VN M = &, and V must
meet C, so V contains a point z < y, and we may set Uc = C N A,,
where A; = {z € X : ¢ < z}. Consider all cases.)

(ii) Show that each set D in D meets at most two of the constituents C of
X\N~ such that CN M # &. (Hint: Suppose C and C' are distinct
elements of C, and suppose z and z’ are points of M belonging to C
and C’, respectively, where, say, z < =’. Then for each set D in D we
have either D < x, D >z, or x < D < z’. Show first that if D < z,
then DNC' = 2.)

(iii) Verify that there exist open sets U and V separating M and N, and
conclude that X is completely normal. (Hint: If C is a constituent
of X\N~ that is disjoint from M we may set Uc = @ in (i). Define
U =J,Uc, and show that U" NN = 2.)

(iv) In particular, then, every ordinal number segment W (a) is completely
normal in its order topology. But for ¢ > € these spaces fail to sat-
isfy the first axiom of countability (for there is no countable base in
the neighborhood filter Vq) and are therefore not metrizable. Simi-
larly, W () itself is completely normal without being metrizable (see
Problem N below).

M. (i) Prove that a collection U of subsets of a nonempty set X is an ultrafilter
in X if and only if I possesses the finite intersection property (Prob. 7S)
and is maximal (in the inclusion ordering on 2%) with respect to that
property. Use this fact to prove that every collection of subsets of X
possessing the finite intersection property is contained in an ultrafilter
in X. Conclude, in particular, that every filter in X is refined by an
ultrafilter in X. (Hint: Use Zorn’s lemma.)

(ii) Let X be a nonempty set and let U be an ultrafilter in X. Show that
if A is a subset of X that meets every set in U, then A is itself in
U. Show, in the same vein, that if E € U and if {A41,...,4,} is an
arbitrary finite covering of E consisting of subsets of X, then some one
of the sets A; belongs to Y. (Hint: Suppose, for each i = 1,...,p,
there is a set F; in Y such that E; N A; = 2.)

N. The property of compactness can be viewed as the conjunction of two
other properties in an interesting way. A topological space X is said to be a
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Lindeldf space if every open covering of X contains a countable subcovering.
Likewise, X is said to be countably compact if every countable open covering
of X contains a finite subcovering.

(i) A topological space X is compact if and only if it is both countably
compact and a Lindeldf space.

(ii) Every topological space satisfying the second axiom of countability is
a Lindeldf space. (Hint: Cf. Problem 68S.)

(iii) Every regular Lindeldf space is normal. (Hint: If E and F are disjoint
closed subsets of a regular Lindelof space X, then E and F are them-
selves Lindelof spaces in their relative topologies, and it follows that
there exist sequences {U,}32, and {V,}az, of open sets in X such that
{Un.} covers E, while FNU,, = @ for all n, and likewise such that {V,.}
covers F while ENV,; = & for all n. If U, = U \(V;7 U...UV,) and
Vo = Vo\(U7 U...UU,) for each n, then U, N V, = @ for any two
indices p and q.)

(iv) A topological space X is countably compact if and only if every de-
creasing sequence {F,} of nonempty closed sets in X has nonempty
intersection. Equivalently, X is countably compact if and only if every
countable filter base in X possesses an adherent point. Conclude that
every countably compact metric space is compact.

(v) Let W = W(2) where Q denotes the first uncountable ordinal number
(Ex. 51), and let W be equipped with its order topology. Show that the
intersection of a countably infinite collection of closed cofinal subsets
of W is again (closed and) cofinal (recall Example 5L), and use this
fact to prove that W is countably compact. Conclude that W is not
metrizable.

0. A topological space X will be said to have property (COB) if there exists
a topological base for X consisting exclusively of closed-open sets.

(i) Verify that every Ti-space X with property (COB) is totally discon-
nected (Ex. O). Can the assumption that X is a T1-space be dropped?

(ii) Let X be a compact Hausdorff space, let = be a point of X, and let D
denote the intersection of all the closed-open subsets of X that contain
z. Show that D coincides with the connected component of z. (Hint:
To show that D is connected, suppose D = D; U Dy where D and D>
are closed and disjoint. Then there exist disjoint open sets U1 and Uz
such that D; C U;, i = 1,2 (Prop. 9.44) and then a closed-open set
E such that D ¢ E C U, UU;.) Use this fact to show that if C is
an arbitrary connected component of X, and if U is an open set in X
such that C C U, then there exists a closed-open set F in X such that
CCcECU.

(iii) Conclude, finally, that a totally disconnected compact Hausdorff space

271



9 General topology
has property (COB).

P. A collection F of Urysohn functions on a topological space X is hypersep-
arating if for each open set U in X and point x of U there is a function
f in F that separates {z} and X\U. (Thus a Ti-space X is completely
regular if and only if there exists a hyperseparating collection of Urysohn
functions on X.)

(i) Let F be a hyperseparating collection of Urysohn functions on a Ti-
space X, for each f in F set Y7 = [0,1], and let I = erf Y;. (Such
a product of copies of [0,1] is a Tikhonov cube.) Prove that

F(z) = {f(®)}ser, z€X,

defines a homeomorphism F of X into II. (Hint: Show that the topol-
ogy inversely induced on X by F coincides with the given topology on
X, and recall Example V.)

(ii) For an arbitrary topological space X the following conditions are equiv-
alent:

(1) X is completely regular,
(2) X is homeomorphic to a subspace of a Tikhonov cube,
(3) X is homeomorphic to a subspace of a compact Hausdorff space.

Q. (Urysohn Metrization Theorem [23]) Let X be a normal topological space,
let B be a base for the topology on X, and for each pair (U, V) of sets in
B such that U~ C V let fy,v be a Urysohn function on X separating U™
and X\V (Th. 9.32). Show that the collection {fu,v} of such functions
(one for each pair (U, V) in B such that U~ C V) is hyperseparating on X.
Complete the proof of the following theorem: A regular topological space
satisfying the second aziom of countability is metrizable.

R. (Compact metric spaces revisited; cf. Problem 8T)

(i) For a compact Hausdorff space X the following conditions are equiva-
lent:

(1) X is metrizable,

(2) X satisfies the second axiom of countability,

(3) X is homeomorphic to a subspace of a Tikhonov cube HA( er Yo
with countable index set T

(ii) For a compact metric space X the following conditions are equivalent:
(1) X is totally disconnected,
(2) For any positive number e there is a (finite) partition of X into

closed-open subsets of diameter less than ¢,
(3) X is homeomorphic to a subset of the Cantor set.
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(iii) A compact metric space is homeomorphic to the Cantor set if and only
if it is totally disconnected and perfect (Prob. 60).

S. A notion that plays a fairly prominent role throughout the theory of metric
spaces, and one that can play the same role in the theory of topological
spaces in the presence of the first axiom of countability, is that of a sub-
sequence of a given sequence. Since nets replace sequences in the general
theory, it is natural to ask if there is a corresponding notion of subnet, and
there is. If {x}xca is a net in a set X, if T is another directed set, and if
N is an arbitrary mapping of I' into A, then {zn()}~er is also a net in X.
If N has the property that for every index Ao in A there exists an index
Yo in [ such that N{y) > Xo for all ¥ > 0, then the net {zy(y)}yer is
called a subnet of {xx}aca. Thus a subsequence of a given sequence {z,}
is a subnet of that sequence in which the second directed set I' is required
to be the same as the directed set indexing the given sequence, viz., N or
No. Give an example of a subnet of a sequence that is not a subsequence.

(i) Verify that if a net {zx} converges to a limit ao in a topological space
X, then every subnet of {z} also converges to ao.

(ii) A point a in a topological space X is a cluster point of a net {x,} in
X if for an arbitrary neighborhood V of a and an arbitrary index Ao
there exists an index A such that A > Ao and z, € V. Show that a
point a in X is a cluster point of a net {zx} in X if and only if some
subnet of {z,} converges to a (cf. Proposition 6.5). (Hint: Turn the
product A x V, into a directed set and define I" to be the subset of
A X V, consisting of those pairs (A, V) such that z, € V.)

(iii) Conclude that a topological space X is compact if and only if every net
in X possesses a convergent subnet.

T. A topological space X is said to be locally compact if every point of X has
a compact neighborhood. Examples of locally compact spaces are R™, C",
all compact Hausdorff spaces, and all open subspaces of compact Hausdorff
spaces.

(i) Show that if z is a point of a locally compact Hausdorff space X,
then the compact neighborhoods of z form a neighborhood base at z,
and conclude that X is completely regular. (Hint: If L is a compact
neighborhood of x and V' an arbitrary neighborhood of z, then L is
closed (Prop. 9.43) and W = V° N L° is an open neighborhood of x
such that W~ is contained in L and is therefore compact and normal
(Prop. 9.44).)

(ii) On the other hand, a locally compact Hausdorff space need not be
normal. (Hint: Recall Example X.)

(iii) If K is a compact subset of a locally compact Hausdorff space X and

U is an open subset of X containing K, then there exists a continuous
mapping f of X into [0,1] such that xx < f < xx\¢- (Hint: Construct
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an open set V such that K ¢ V € V- C U and such that V7 is
compact, and apply Urysohn’s lemma.)

(iv) The idea of a nowhere dense set clearly makes sense in an arbitrary
topological space X, and so therefore do the notions of sets of first and
second category in X. Show that if U is a nonempty open subset of a
locally compact Hausdorff space X, then U is of second category in X.
(Hint: Follow the proof of Theorem 8.20.)

By a compactiﬁcation of a topological space X is meant a pair (X a),
where X is a compact Hausdorff space and o is a homeomorphism of X
onto a dense subspace of X. (According to Problem P, a topological space
admits a compaﬁtlﬁcatlon if and only if it is completely regular.) If there
exists a compactification (X a) of a topological space X such that X \a(X)
is compact, then X is necessarily a locally compact Hausdorff space. Show
conversely that if X is a locally compact Hausdorff space, then there exists
a compactification (X a) of X with the property that X \e(X) is a single-
ton, and that this compactification is unique up to a uniquely determined
homeomorphism. (That is, if (X a) and (X ’,a’) are two such compactifi-
cations of the same space X, then there exists a unique homeomorphism

@ of X onto X' such that commutativity holds in the diagram

i.e., such that ® o o = ’.) The essentially unique pair (X ,a) is called the
one-point compactification of X. The single point X \a(X) is known as the
point at infinity, and is frequently denoted by oco.

If (X a) is a compactification of a topologlca.l space X, and if ¢ is a
mappmg of X into a space Y, then a mapping ¢ X>Yisa lifting of ¢
to X if ¢> oa = ¢, i.e., if commutativity holds in the diagram

b'e

«

v

X

Show that a continuous lifting to X of a continuous mapping of X into a
Hausdorff space Y is unique if it exists.

(i) Verify that if X is a completely regular space, then among the com-
pactifications of X there is one (X,3) with the property that every
continuous mapping of X into [0,1] can be lifted to X. Show further
that, in fact, every continuous mapping of X into an arbitrary compact
Hausdorff space Y can be lifted to X. (Hint: Take for 3 the topological
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embedding of X in the Tikhonov cube of Problem P, where F is the
family of all continuous mappings of X into [0,1]. Deal first with the
case in which Y is itself a Tikhonov cube.)

Show that the compactification (X, 3) of (i) is unique in the sense that
if (X ', ') is another compactification of X with the property that every
continuous mapping of X into [0, 1] can be lifted to X ', then there exists
a unique homeomorphism ® of X onto X " such that commutativity
holds in the diagram

N o )
X X

T

(The essentially unique pair (X, 3) is called the Stone—Cech compacti-
fication of X.)

X

In dealing with these essentially unique compactifica-
tions of a topological space X it is a matter of indifference
whether, as was done above, we think of the compactifica-
tion as a separate compact Hausdorff space X along with an
embedding o of X in X, or we think of a as having been
used to replace the subspace a(X) by X itself, so that X
becomes literally a subspace of X , and « becomes the inclu-
sion mapping of X into X. We have here an exact parallel
of the situation encountered in completing a metric space; cf.
Proposition 8.1.

W. Suppose that X is a topological space and ~ is an equivalence relation on

X.

Let 7 denote, as usual, the projection of X onto the quotient space

X/ ~ (see Chapter 1), and define a subset U of X/ ~ to be open if and
only if #~1(U) is open in X. The collection of open sets so obtained forms
a topology on X/ ~ (called the quotient topology), and the projection 7 of
X onto the space X/ ~ equipped with the quotient topology is continuous.

(i)

(ii)

Let ¢ be a mapping of X into a topological space Y that respects the
equivalence relation ~, that is, such that z ~ y implies ¢(z) = ¢(y).
Then ¢ can be factored through X/ ~, so that ¢ = Eow, where E maps
X/ ~ into Y. (Such a mapping ¢ is a lifting of ¢ to X/ ~.) Show that
if X/ ~ is equipped with the quotient topology, then ¢ is continuous
when and only when a is.

Let o be a pseudometric on a set X, and let (X/ ~, p) be the metric
space associated with (X, o), so that £ ~ y means o(z,y) = 0 (see
Chapter 6, in particular Proposition 6.20, for definitions and terminol-
ogy). Verify that if we declare a subset U of X to be open if and only
if for each point zg of U there is a positive real number ¢ such that
{y € X : o(y,x0) < €} C U, then the collection 7T of all such open
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sets is a topology on X. (The topology 7T is called the pseudometric
topology induced by o.) Verify also that the metric topology induced
on X/ ~ by p coincides with the quotient topology on X/ ~ obtained
by factoring out the equivalence relation ~ on the topological space
(X,7).

Let X be a nonempty Hausdorff space possessing the following properties:

(S1) X has property (COB) (that is, possesses a topological base con-
sisting of closed-open sets; see Problem O),

(S2) X satisfies the second axiom of countability,

(S3) No nonempty open subset of X is compact (equivalently, every
compact subset of X is nowhere dense in X).

Examples of such spaces are the space QQ of rational numbers and the com-
plementary space R\Q of irrational numbers, each in its relative topology.

(i) Verify that every closed-open subspace of X also possesses properties
(S1), (S2) and (S3). Prove that X possesses a countable topological
base consisting of closed-open sets. (Hint: Review Problem 6S.) Prove
too that X can be partitioned into a countably infinite collection P of
nonempty closed-open subsets. (Hint: There exists an infinite sequence
{En}32, of closed-open sets in X that covers X and is such that no
finite sequence {F1,..., En} covers X.)

(if) Prove that X is metrizable. (Hint: Use Problem Q.) Show also that
if p is an arbitrary metric that induces the topology on X, and if ¢ is
a given positive number, then the partition P in (i) can be taken to
consist of sets of diameter less than e.

A nonempty Hausdorff space X is called an S-space if it possesses proper-
ties (S1), (S2) and (S3) of Problem X and is an absolute Gs, i.e., is metrized
by a metric with respect to which it is complete (Ex. 80).

(i) Every nonempty closed-open subspace of an S-space is an S-space. The
product of a nonempty countable collection of S-spaces is an S-space.
The space R\Q of irrational numbers is an S-space, while the space Q
of rational numbers is not.

(ii) Prove that the space S of all infinite sequences {kn}nro of positive
integers is an S-space in the topology of pointwise convergence. (See
Problem 6H.)

(iii) Prove that if X is an S-space and Y is an arbitrary nonempty, com-
plete, separable metric space, then there exists a continuous mapping
of X onto Y. Prove also, in the same vein, that any two S-spaces are
homeomorphic. (Hint: Review the methods used in Problems R and
8T.)
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A

absolute convergence 188
absolute G5 191, 196f, 276
absolute value 27, 39, 44f (see
also modulus)
accumulation point 107ff, 128,
226f
addition 6, 25, 46 (see also linear
operations)
coordinatewise 50
of cardinal numbers T71ff, 78
of complex numbers 37, 43, 47,
137
of ordered sets 81
of ordinal numbers 82, 90f
of polynomials 49
of real numbers 25f, 47, 137
pointwise 56
termwise 50
adherent point 107ff, 115, 177, 180,
226f, 233ff, 262
of a collection of sets 158, 253
of a filter base 158, 171, 253, 260,
271
affine
combination 63f

Index

mapping 146, 182
variety 63f
aleph 66, 87f, 142
naught 66
one 87
algebra 57f, 61
associative 57
complex 57f, 60f
elementary 63
linear 57, 60
real 57ff
unital 57f, 61
algebra homomorphism 61
algebra isomorphism 61
algebraic
number 77
system of generators 48
topology 208
alternating series 156
arithmetic progression 164
Ascoli’s theorem 221f
associative
algebra 57
binary operations 6, 18, 46
law 10, 25, 72, 74f, 92
product 32
axiom of choice 10, 19, 69, 74, 87,
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Index

axiom of choice (cont.)
93ff
axiom of completeness 28
axiom of countability 119
first 119, 235ff, 257f, 262, 270, 273
second 119f, 130, 199, 204, 2351,
256, 271f, 276
axiom of products 10, 19, 78, 93,
257

B

Baire, René 153, 191f
Baire
categories 193, 274
category theorem 195f
class 194f, 197, 217
metric 126ff, 222
ball 109, 121, 151, 157f, 167, 171f,
175, 192, 199
closed 98, 108, 176, 208, 234
open 98f, 101, 105, 107f, 115,
1174, 132, 152, 180, 192, 196,
232, 234, 239, 243
unit 208
Banach-Knaster-Tarski lemma 13
Banach space 175f, 182, 188, 202,
206f, 217
complex 188, 207
real 207
base
of a filter 158, 171, 179f, 233ff,
260, 262, 267
of an expansion 34f
of open sets (topological base)
118fF, 130f, 219, 229ff, 236, 254,
256, 260, 266, 269, 271f, 276
basis 49, 52, 55, 59
Hamel 49f, 55, 59, 61, 76, 79
natural 50
Bendixson kernel 132, 217
big square 260f
bilinear functional 58, 62f, 123
positive (semi) definite 63, 123
symmetric 58, 62f, 123
binary
expansion (see expansion)
notation (see notation)
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operation 6, 46f
binomial theorem 41
bound 12 (see also lower, upper)
boundary 130, 193, 208, 226f
point 226
bounded 11 (see also mapping,
sequence, subset, etc.)
above 11ff, 16, 19, 21, 28f, 36, 67f,
70, 74, 86, 88, 92f, 143
below 11ff, 28, 67f, 140
pointwise 217, 222
uniformly 218
bounded linear transformation 138,
217f
Bourbaki, Nicolas 94
Burali-Forti paradox 85

C

calculus 124, 159
advanced 160
elementary 53, 102, 206
Cantor, Georg 65f, 70, 72, 85
Cantor-Bernstein theorem 68f
Cantor-Lebesgue function 148f, 161,
168, 185
Cantor set 111ff, 119, 129, 132, 144,
148f, 161, 166f, 185, 187, 210f,
220f, 249, 272f
generalized 113, 129, 144, 183ff
planar 113f, 211
Cantor’s paradox 75, 85
Cantor’s theorem 70, 203f
cardinal number 65fF, 80ff, 101, 119,
128, 130f, 142, 236
countable 80
finite 65
infinite 67, 71f, 74, 77f, 86ff
of an ordinal number 86
uncountable 71, 87
carrier 96, 225, 267
Cartesian product (see product)
category argument 194
Cauchy
criterion 174, 179, 187f, 213
filter (base) 179f, 189, 213
net 213
sequence (see sequence)



Cauchy-Schwarz inequality 123f, 139
cell 109, 216
closed 108f
open 115, 119
cellular partition 199, 215f
center 98f, 105ff, 118, 188, 196, 232
central 8th part 113, 183f, 209
cross-shaped 114, 209
central third 111f, 186, 209
chained (collection of sets) 8, 115,
248f, 269
characteristic function 22, 71, 139,
156, 169, 242
choice function 10
circle 110, 188
class 75
closed (collection of sets) 225, 231,
233, 265 (see also ball, cell,
subset, etc.)
closed limit 110, 128, 133, 219
inferior (superior) 109f, 132
closure 108ff, 117, 226f, 231f, 235,
249, 264f
relative 117, 193, 232, 247
cluster point
metric 133
of a net 171, 273
of a sequence 105ff, 110, 132f, 174,
201, 203
coarser (finer)
filter 170, 233f, 237, 253, 260, 265
partition 22, 42, 184
topology 228, 233, 237, 252, 268
codomain 5f, 190, 262, 264
coefficient 188
cofinal 19, 22, 29, 76f, 271
coherent 21, 144f, 161
commutative
binary operation 6, 46
law 10, 25, 75, 92
commutativity 274f
compact (see metric space, subset)
compactification 274f
one-point 274
Stone-Cech 275
compactness 250, 252, 270
comparable topologies 252, 266
complement
of a linear manifold 59

Index

of a set 15, 115ff, 129, 140, 193,
196ff, 207, 226, 230, 242, 247
complemented 217
complete (see lattice, metric space)
complete normality 269f
completion 177f, 191, 212, 275
complex (see also algebra, linear
space, etc.)
conjugate 44, 52, 123
field 37, 47, 57, 62
polynomial 49f, 53, 146, 258
complex number 37ff
conjugate 44, 123
polar representation 45
pure imaginary 37, 44
real 37, 44
standard form 37, 44
complex number system 4, 37, 44
complexification 52f, 55
complex-valued function 44, 51ff,
58, 60, 126, 137, 145f, 160, 217,
258
bounded 126
continuous 145f, 258
component 249f, 271
composition
of linear transformations 57
of mappings 17f, 57, 101, 145f, 154
of relations 17
condensation point 132
congruence modulo a linear manifold
51
conjugate
complex 44, 52, 123
Holder 124
linear functional 58
connectedness 248 (see also
topological space)
constituent 269f
interval 116, 143, 249, 269
ccntiguous
_aterval 116, 143, 149, 161, 167,
185
ray 116
continuity 135ff, 236ff
Lipschitz-Holder 167f, 190, 215f,
222
relative 139, 144, 238ff
uniform 147, 167, 189, 205, 218,
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uniform continuity (cont.)
223
continuous mapping 135ff (see also
real-valued function, etc.)
continuously differentiable 53, 172f
continuum problem 71, 88
generalized 88
convergence 174, 234
absolute 188
coordinatewise 102, 256, 258
of a filter (base) (see filter (base))
of a net (see net)
of a sequence (see sequence)
of a series 102, 188, 247
pointwise 155f, 167, 194, 202, 218,
220, 222, 260
termwise 126f
uniform 103, 146fF, 185, 187f, 202,
210, 215f, 220, 222, 247
convex
body 207f
combination 64
hull 64
set 64
coordinate 9, 49f, 56
function 160
coset 51, 64
countable (see cardinal number, set,
etc.)
countably compact (see topological
space)
countably determined 76f
countably infinite (see set)
covering 7, 76, 229ff, 250, 266, 268
closed 116, 144f, 194, 268, 276
countable 194, 204, 271, 276
finite 198f, 204, 250f, 253, 268,
270f, 276
locally finite 145
open 116, 144f, 204, 240, 250ff,
268, 271, 276
cube
closed 234
open 119, 234
rational 119
Tikhonov 272, 275
curve 149, 167, 186, 208ff, 215f
Peano (space-filling) 150, 161, 168,
185, 187, 208, 210, 215, 217
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planar 149, 215

D

Darboux sum 43
Dedekind cut 178
definition
inductive (by mathematical
induction) 31, 54, 67f, 89f, 106,
108, 111, 113f, 182, 185, 187, 196,
200, 210, 215f, 245f
transfinite (by transfinite
induction) 31, 89f, 131
degree 50
De Moivre’s theorem 45
denary expansion (see expansion)
derivation order 131f
derivative 53, 206
of a set 131
partial 160, 172
derived set 108f, 128, 131, 226
diagonal 4ff, 186, 209, 211, 215f, 261
process 201, 218, 222
sequence 200f
diameter 98f, 127, 198ff, 272, 276
difference
of ideal numbers 36
of integers 32
of rational numbers 33
of real numbers 26
of real-valued functions 40
of sets 3, 197
symmetric 3, 130
difference quotient 206
differentiability 160
differentiable
function 53f, 172
mapping 173
differential 160
digit 34f
dimension 49f, 52, 59
Hamel 76, 79
Dini, Ulisse 220
direct sum 50
directed set (see set)
disc 188, 203
disconnection 247, 250
discontinuity 135ff, 236f



discontinuity (cont.)
relative 139
discontinuous mapping 135fF (see
also real-valued function, etc.)
discrete
metric 98, 101, 127, 167, 211, 226
metric space 165, 211, 217
set 128, 164
topology 226, 228, 234, 236
disjoint 7, 21, 74, 78, 91, 116, 130
disjointification 23, 73
distance 96, 98f, 108
distributive law 10, 26, 75, 92
division 26, 145
algorithm 52
by zero 26
of ordinal numbers 93
divisor of zero 10
domain of definition 5f, 20f, 78, 89,
93, 159, 165, 194
doubleton 3, 111
duality 11f, 14f, 109f, 129f, 132, 153,
162f, 166, 220, 226, 230f, 237,
241f, 264f
Durchschnitt 129
dyadic fraction 185, 244f

E

edge 119, 199, 216, 234
element 3
embedding 258, 274f
empty (see set, mapping, etc.)
entry 213
entrywise linear operations 60
envelope 163f, 198, 265
equality 4f
equicontinuity 221f
equiconvergence 177
equivalence
class 7, 19f, 122, 177, 212, 249
relation T7f, 19f, 22, 104, 116, 122,
177, 212, 249, 275
equivalent metrics 104f, 117, 126f,
133, 136, 142, 145, 179, 183, 191,
196, 213, 224f
Euclidean space 97, 108, 146, 150,
160, 172, 199, 204, 207, 216, 234

Index

(see also metric, norm)
evaluation 10, 62, 222
expansion
binary 35, 148f, 161, 218
denary 35
p-ary 35
ternary 35, 112, 148f, 217
exponent 167f, 190, 216
exponentiation 76
extended real number 36f, 43f, 103f,
106, 150ff, 169, 173, 241f
system (see number system)
extended real-valued function 150ff,
162fF, 173, 2411, 264
semicontinuous 150ff, 163ff, 168ff,
173, 195, 219f, 241f, 264f
extension
by continuity 161, 178, 185, 189f,
214, 263
of a function 156, 159, 161, 167,
178, 263
of a relation 20
piecewise linear 146, 186f, 209,
215f
extension ordering 20, 69, 83, 93

F

F, 129, 173, 197f, 217, 220, 242
factor 147, 256f, 259
factorization (through a quotient
space) 55, 275
fermé 129
field 26, 33, 37, 46
of complex numbers 37, 47, 57, 62
of rational numbers 33
of real numbers 25f, 47, 49, 57
ordered 28, 34
scalar 47, 50, 54ff, 59, 61f
fie'd extension 37
fili.r 170f, 228, 232ff, 253, 265, 267,
270
coarser (finer) 170, 233f, 237, 253,
260, 265, 270
convergent 171, 234, 253
neighborhood 232ff, 253, 262,
264fF, 270
tail 171, 213
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filter base 158f, 171f, 233ff, 260, 262,
267, 270
Cauchy 179f, 189, 213
convergent 158f, 171f, 179f, 189f,
234, 262
countable 270
tail 171, 213
finite
cardinal number (see cardinal
number)
covering 144, 198f, 204, 250ff, 268,
270
dimensional space (see linear
space)
intersection property 171, 253,
267, 270
ordinal number (see ordinal
number)
real number 36
sequence (see sequence)
set (see set)
finite-valued function 153ff, 162, 195
first axiom of countability 119, 235ff,
257f, 262, 270, 273
fixed point 5, 13, 94, 182, 214
fraction
dyadic 185, 244f
p-adic 35, 109
triadic 112
fractional part 33
full algebraic dual 51, 57, 79
full space of linear transformations
56, 60f
function 5ff (see also mapping,
real-valued function, etc.)
choice (selection) 10
coordinate 160
lower 163
of Baire class one (two, zero) 217
rational 146, 258
symmetric 99f, 121, 123
upper 163
functional
bilinear 58, 62f, 123
conjugate linear 58
linear 51, 54, 60, 79
sesquilinear 58, 62f, 123
function lattice 40, 60
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G

Gs 129, 173, 189ff, 213, 217, 220,
242
absolute 191, 196f, 276
Galilei, Galileo 72
Gebiet 129
generator (see system of generators)
graph 4, 20
greatest element 11, 13, 19, 67, 70,
80ff, 89, 94, 143, 170, 206, 230f
group 18
symmetric 18

H

Hahn interpolation theorem 155,
157, 245
half-open (see interval)
Hamel
basis 49f, 55, 59, 61, 76, 79
dimension 76, 79
Hausdorff metric 122, 133, 222f
Hausdorff space 243, 251f, 257, 259,
262f, 266ff, 276 (see also
topological space)
compact 252, 260f, 271
locally compact 273f
Hausdorff-Lennes condition 247ff,
269f
Heine-Borel theorem 204fF
Hermitian symmetric 58, 63
Hilbert parallelotope 203
Hilbert-Schmidt norm 139, 183
Hoélder conjugate 124
Holder inequality 124f
homeomorphic copy 259
homeomorphism 142fF, 154, 165f,
179, 190f, 2071, 221, 239
local 165f
homomorphism 61
unital 61
hypernormal 94
hyperseparating 272



ideal 61f
left (right) 60
of sets 194
two-sided 60
ideal numbers 36, 219
identity 57
mapping 5, 9, 17, 42, 44, 101, 142,
184, 190f, 240, 252, 254, 262
relation 7
image
inverse 4, 191
of a point 5
of a set 4
imaginary part 37, 44
inclusion
mapping 5, 66, 178, 254, 275
ordering 11f, 16, 20, 23, 58, 68,
82f, 170, 228
independent (sets of vectors) 59
indexed
intersection 10, 18
product 9f, 19, 22
sum 7, 48
union 10, 18
indexed family 8ff, 13, 18, 43f, 48f,
56, 73, 75, TTf, 87, 90f, 93, 131,
169, 212, 229, 238, 254ff
countable 73, 256ff, 272
nested 140, 169
indexing 8f, 85
self- 9
index set (see set)
induced
mapping 19, 220, 223, 239
metric (see metric)
topology (see topology)
induction
mathematical 29ff, 39, 67f, 72, 89,
92, 105, 112, 182, 185, 187, 196,
200, 210, 2456, 261, 268
transfinite 31, 131, 250
inductive
definition (see definition)
partially ordered set 23
set (see set)
inequality
Cauchy-Schwarz 123f, 139

Index

Holder 124f
Minkowski 124f
triangle 40, 45, 96, 99f, 104, 109,
115, 1211, 147, 174, 180
infimum 11ff, 21, 28, 140, 152, 169,
230, 242, 264
infinite
cardinal number (see cardinal
number)
dimensional linear space (see linear
space)
series 102, 187f
set (see set)
initial
number 87, 90ff, 131
segment 82ff, 88f, 94, 143f, 230f,
241
value problem 214
inner product 123
integers 3f, 32f
nonnegative 3, 66, 72, 80f, 90
positive 3f, 40f, 62, 66, 72, 87, 127,
164, 199, 211, 276
integral part 33
interior 129, 143, 185, 193f, 197, 207,
226
point 129, 192, 226
intersection 3ff
indexed 10, 18
interval 27, 33f, 42, 53, 108, 112ff,
119, 131, 140f, 149, 161, 164,
1671, 183ff, 207H, 214, 216, 246,
249f, 266, 269
closed 27, 42, 66, 69, 108, 111ff,
156, 173, 205f, 214, 240, 267
constituent 116, 143, 249, 269
contiguous 116, 143, 149, 161, 167,
185
half-open 27, 29, 33, 69
nondegenerate 66, 69, 111, 113,
194, 240
«ren 27, 30, 40f, 53, 66, 69, 99,
103f, 112, 115f, 119, 131, 143,
149, 153, 155fF, 164ff, 179, 185,
206, 230f, 249, 268
parameter 149, 185, 208, 210, 214,
216
unit 27, 41, 66, 69, 111, 148f, 153,
156, 166, 187, 208, 215, 267
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invariant metric 123
inverse 57
image 4, 191
inclusion ordering 12, 15, 171, 235
mapping 17, 29, 54, 101, 142, 165,
239
of a linear transformation 54
ordering 12, 90
relation 17
inversely induced
mapping 19
topology 254ff, 272
invertible 57f, 60
irrational number 139, 164f, 193,
236, 276
isolated point 128, 165, 193, 211,
250
isometry 101, 137, 142, 177, 190,
212
isomorphic 23
algebras 61f
linear spaces 56
isomorphism 23f, 213
algebra 61
linear space 56, 60f
of metric spaces 101
spatially implemented 61

K

kernel 54

Bendixson 132, 217
Konig’s theorem 78
Kronecker delta 50, 125

L

lattice 12f, 21, 27
boundedly complete 12f, 20, 28
complete 12f, 20, 22, 58, 228
of functions (function lattice) 40,
60
of partitions 42f
least element 11, 13, 16, 291, 67, 70,
80ff, 88, 92, 94, 143, 170, 206,
230
Lebesgue, Henri 217
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level set T7f, 142, 240
lexicographical ordering 92f
lifting (of a mapping) 274f
limit 150
at a point 157, 189, 261ff
closed 110, 128, 133
coordinatewise 102, 258
from above (below) 103
from the left (right) 103, 206
metric 122, 133
of a filter 171
of a filter base 158f
of a net 103, 234, 260
of a sequence 101
pointwise 152ff, 167, 194f, 217, 222
termwise 102, 127f
limit inferior 14f, 106f, 162, 264
closed 109f, 132
limit ordinal (number) 90ff, 131, 250
limit superior 14f, 106f, 162, 264
closed 109f, 132
Lindel6f space 271
line 63f, 194, 207
linear
algebra (see linear algebra)
combination 48, 168
dependence 124
functional (see linear functional)
independence 48
isomorphism (see linear space)
manifold 48
operations (see linear operations)
parametrization 146, 185f, 208ff,
214
space (see linear space)
submanifold 48f, 58, 63f
transformation (see linear trans-
formation)
linear algebra 57
associative 57
complex (real) 57f
unital 57f
linear functional 51, 54, 79
positive 60
self-conjugate 60
linearly independent set 49, 52, 59,
79
linearly ordered set 15, 143 (see also
simply ordered set)



linear operations 50
coordinatewise 50
entrywise 60
pointwise 51, 207
termwise 50
linear space 46ff, 79, 125f (see also
vector space)
complex 47, 511, 125, 127
finite dimensional 49ff, 55f, 60f, 76
infinite dimensional 49f, 76, 79
of functions 51fF
of linear transformations 56, 60f
of sequences 125, 127, 176, 202f
real 47, 50ff
self-conjugate 52f, 60
linear space isomorphism 56, 60f,
182
spatially implemented 61
linear transformation 54, 59, 64,
137f, 160, 182, 213
bounded 138, 217f
line segment 64, 146, 149, 167, 172,
185f, 194, 2071, 214, 216
Lipschitz
condition 136f, 147, 167
constant 136f, 147f, 182, 189f, 223
Lipschitz-Hélder (L.-H.)
condition 167
constant 167f, 216
continuity 167f, 190, 215f, 222
Lipschitzian (mapping) 136ff, 147f,
166, 189, 223
local
homeomorphism 165f
property 144
locally
bounded 165, 172
closed 165
compact (see Hausdorff space,
topological space)
Lipschitz-Holder continuous
167
Lipschitzian 145, 148f, 168,
172f
open 165
lower
bound 11ff (see also infimum)
envelope 163f, 198, 265
function 163

Index

limit (see limit inferior)
lower semicontinuity 150ff, 163f,
168f, 195, 220, 241f, 265
lowest terms 164

M

map 5 (see also function, mapping,
etc.)
mapping 5ff (see also function)
affine 146, 182
codomain of 5f, 190, 262, 264
domain of (definition of) 5f, 20f,
78, 89, 93, 159, 165, 194
empty 21, 89, 101
identity 5, 9, 17, 42, 44, 101, 142,
184, 190f, 240, 252, 254, 262
inclusion 5, 66, 178, 254, 275
induced 19, 220, 223, 239
inverse 17, 29, 54, 101, 142, 165,
239 _
inversely induced 19
one-to-one 17f, 21, 41, 54, 65ff, 86,
94, 101, 116, 133, 141f, 165, 179,
190f, 207f, 239, 252, 254, 258, 266
onto 5, 17f, 68f, 72ff, 191, 211,
215, 221, 276
partial 219f
piecewise linear 146, 184fF, 209f,
215f
range of 5, 20f, 78, 83f, 98, 149
mappings between metric spaces
closed 142, 165, 2051, 223
continuous 135ff
continuously differentiable 172f
contractive 136f, 166
differentiable 173
discontinuous 135
homeomorphism 142ff, 146, 154,
1651, 179, 190f, 207ff, 211, 221
i ometric 101, 137, 142, 177, 190,
212
isomorphism 101
Lipschitz-Hélder continuous 167f,
190, 215f, 222
Lipschitzian 136ff, 147f, 166, 182,
189f, 214, 223
locally bounded 165, 172

287



Index

mappings between metric spaces
(cont.)
locally closed 165
locally homeomorphic 165f
locally Lipschitz-Holder continuous
167
locally Lipschitzian 145, 148f,
168, 172f
locally open 165
open 142, 165, 207
point of continuity of 135, 166,
173, 197
point of discontinuity of 135f, 166,
173, 197f, 217, 220
relatively continuous 139, 141f
strongly contractive 182f, 214
mappings between ordered sets
monotone decreasing 12, 131
monotone increasing 12f, 29, 41f,
68, 110, 169, 227
order anti-isomorphism 22, 240
order isomorphism 12, 15f, 20f, 24,
291, 67f, 82ff, 93, 143, 185, 239
strictly monotone 12, 22, 29, 41f,
130
mappings between topological spaces
closed 239, 252
continuous 236ff, 252fF, 263, 266,
2741
homeomorphism 239f, 252, 257f,
272fF
open 239, 252, 256f
point of continuity of 236ff, 263
point of discontinuity of 236ff
relatively (dis)continuous 238, 240
mappings into metric spaces
bounded 98ff, 147, 165, 175f, 205,
212
boundedly equivalent 212
pointwise bounded 217, 222
uniformly bounded 218
mappings into ordered sets
bounded 12
bounded above 12, 100, 103
bounded below 12, 104
infimum of 12
supremum of 12, 98, 138
mappings into topological spaces
254fF, 275

288

mathematical induction 29ff, 39, 67f,
72, 89, 92, 105, 112, 182, 185,
187, 196, 200, 210, 245f, 248,
261, 268
matrix 55, 60, 138, 160, 183, 213f
maximal element 11, 16, 22, 59, 70,
74, 78, 86, 92f, 170, 253, 269f
maximum
element (see greatest element)
value 206, 220, 252
maximum principle 16, 23, 95
mean value theorem 172, 206
member 3
mesh 42, 205
method of successive approximations
182f
metric 96ff, 225f, 238, 276
associated 122, 133, 177
Baire 126ff, 222
defined by a norm 123, 176
discrete 98, 101, 127, 167, 211
Euclidean 97f, 101, 139, 183
Hausdorff 122, 133, 222f
induced 254
of pointwise convergence 127
of uniform convergence 103, 126,
128, 147, 175f, 183, 188, 206f,
212, 214, 222
product 120, 127, 136, 218fF, 258
relative 98, 127, 191, 213, 232, 238
usual 97ff, 102, 124, 137, 139, 234
zero 101
metric limit 122, 133
metric space 96ff, 224f, 227, 232,
234f, 238, 240, 242f, 258, 275
associated 122, 275
bounded 104
compact 202fF, 220ff, 271ff
complete 175ff, 276
complete separable 276
countable 217
countably compact 271
discrete 165, 211, 217
of bounded mappings 101f, 125,
128, 175f, 183, 212
perfect 197f, 217, 273
separable 108f, 120f, 128, 131f,
142, 197ff, 217, 219, 276
totally bounded 199, 202, 221



metric space (cont.)
totally disconnected 272
metric topology (see topology)
metrizability 244, 269 (see also
topological space)
minimal element 11
minimum
element (see least element)
value 206, 252
Minkowski inequality 124f
modulus 45
monotone (see function, mapping,
etc.)
multiplication 6, 25, 39
of cardinal numbers 71, 76
of complex numbers 37f, 145
of extended real numbers 36
of ordinal numbers 92f
pointwise 58

natural
basis 50
numbers 29ff
projection 8, 51, 55, 61, 275
topology 236
negative
of a real number 26, 38
of a vector 46
part 27, 40
real number 26, 39
neighborhood 232ff, 251, 253, 255#,
260, 262ff, 270, 273
closed 234, 263, 267
compact 273
open 273
punctured 160
neighborhood base 233ff, 250, 257,
267, 273
neighborhood filter 232ff, 253, 262,
264ft, 270
nested
family 83, 86, 89, 140, 169
sequence 114, 153, 180, 196, 200,
203, 211, 236, 245
set 16, 21, 158
net 13f, 43f, 103ff, 135, 158, 171,

Index

213, 234ff, 241f, 255ff, 267, 273
along a filter base 171
bounded 103, 106f
Cauchy 213
convergent 103f, 106f, 135, 158,
171, 213, 234ff, 255f, 258ff, 267,
273
monotone 106
of extended real numbers 106
of finite sums 43f
neutral element 6, 18, 26, 37, 46
norm 123ff, 138f, 183, 188, 202
Euclidean 124
Hilbert-Schmidt 139, 183
of a linear transformation 138
sup 126, 188, 245
usual 124
normal
element 94
space (see topological space)
normed space 101f, 123, 137f, 145f,
167, 175, 182, 187f, 217
notation
binary 69
place holder 34
ternary 69, 112f, 149
n-tuple 9, 50, 56, 101
nullity 60
null space 54, 60 (see also kernel)
number (see cardinal number, real
number, etc.)
number class 87f
first 87
number system 4
complex 4, 37, 44
extended real 36f, 150, 152, 169,
173, 231, 240ff
rational 4, 28, 33, 73, 109, 116,
139, 178, 193, 217
real 4, 15, 25, 28, 33, 36, 38, 47,
49, 57, 97, 102, 178

o

one-point compactification 274
one-sided derivative 53
one-to-one correspondence 5, 19,
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Index

one-to-one correspondence (cont.)
101, 142f, 185, 211, 215f (see
also mapping)
open (see ball, cell, set, etc.)
open mapping theorem 207
order
anti-isomorphism 22, 240
isomorphic 12, 67f, 80ff, 90, 143
isomorphism 12, 15f, 20f, 24, 29f,
67f, 82ff, 93, 143, 185, 239
topology (see topology)
ordered
field 28, 34
set 10ff (see also partially ordered
set, etc.)
ordering
inclusion 11f, 16, 20, 23, 58, 68,
82f, 170, 228
inverse inclusion 12, 15, 171, 235
lexicographical 92f
partial 10ff, 20, 22, 68, 84, 86 (see
also partially ordered set)
simple 22, 69, 84 (see also simply
ordered set)
ordinal number 81ff, 130ff, 250, 260f,
266, 270f
countable 131f
finite 81
limit 90ff, 131, 250
transfinite 89
uncountable 87
ordinal number segment 84f, 89, 92,
130f, 250, 260f, 270
origin 46, 50, 207f
oscillation 173
at a point 173, 189, 195, 197
over a partition 173, 184, 205

P

p-adic fraction 35, 109
paradox 72, 75
Burali-Forti 85
Cantor’s 75, 85
parameter 186
parameter interval 149, 185, 208,
210, 214, 216
part
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fractional 33
imaginary 37, 44
integral 33
negative 27, 40
positive 27, 40
real 37, 44
partial derivative 160, 172
partial mapping 219f
partial ordering 10ff, 20, 22, 68, 84,
86
associated 20
partially ordered set 10ff, 19ff, 59,
69f, 74, 80, 83, 86, 92ff, 170
inductive 23
weakly 20
partial sum 91, 102, 155, 188
partition T7f, 22, 33, 39, 59, 74f, 79,
91, 116, 1991, 247, 249, 272, 276
cellular 199, 215f
coarser (finer) 22, 42, 184
determined 22
of an interval 42, 111, 113, 146,
173, 183ff, 199, 205, 208ff, 215f
of unity 268
Peano, Giuseppe 149, 216
Peano curve 149f
Peano postulates 28, 41
perfect
metric space 197f, 217, 273
set (see subset of a metric space)
permutation 16, 18, 126
¢-tower ’94
Picard, Emile 214
piecewise linear
extension 146, 186f, 209, 215f
mapping 146, 184fF, 209f, 215f
plane 194
point 3ff
adherent 107ff, 115, 177, 180, 226f,
233fF, 262
at infinity 274
cluster 105ff, 110, 132f, 171, 174,
201ff, 273
condensation 132
fixed 5, 13, 94, 182, 214
interior 129, 192, 226
isolated 128, 165, 193, 211, 250
of accumulation 107ff, 128, 226f
of a partition 42, 184, 186



point (cont.)
of continuity 135ff, 166, 173, 197,
236, 238, 263f
of discontinuity 135ff, 166, 173,
197f, 217, 220, 236, 238
of semicontinuity 264, 268
pointwise
bounded 217, 222
Cauchy 222
convergent 155f, 167, 194, 202,
218, 220, 222, 260
linear operations 51, 207
polar
angle 45
distance 160
representation 45
polarization identity 63
polynomial 49fF, 61
complex 49f, 53, 146, 258
rational 77
real 49ff, 58
positive
linear functional 60
part 27, 40
(semi) definite bilinear functional
63, 123
positive integers 3f, 40f, 62, 66, 72,
87, 127, 164, 199, 211, 276 (see
also natural numbers)
relatively prime 164
power
class 4, 70f, 75, 170, 173, 220f,
225, 228
of a set 66
of the continuum 66, 69, 128
series 188
predecessor 80, 90
predicate 3, 14, 92, 218
principle
maximum 16, 23, 95
of inductive definition 31
of mathematical induction 29, 88,
92
of transfinite definition 89
of transfinite induction 88
product 6, 9, 57, 60f
associative 32

Cartesian 3, 5, 7, 9, 52, 71, 73, 92,

114, 120, 126, 128, 255, 273

Index

indexed 9f, 19, 22
inner 123
of cardinal numbers 71ff
of complex numbers 37f, 43f, 47
of extended real numbers 36, 43
of integers 32
of intervals 199
of linear transformations 57
of matrices 61
of metric spaces 120, 126f, 137,
147, 218, 220
of natural numbers 30
of ordered sets 92f
of ordinal numbers 92f
of polynomials 49
of rational numbers 33
of real numbers 25f, 37, 39, 42, 47
of topological spaces 255ff, 272,
276
of vectors by scalars 46ff
row-by-column 61
product topology 255fF
projection 9, 137, 147, 218, 255f
natural 8, 51, 55, 61, 275
property (COB) 2T71f, 276
pseudodistance 121
pseudometric 121f, 133f, 177, 275
space 121f
topology 276
punctured neighborhood 160

pure imaginary 37, 44

Q

quadratic form 62f

quotient
algebra 60, 62
space 7, 51f, 60, 62, 122, 177, 275
topology 275f

R

radius 98f, 105fF, 115, 118, 128, 140,
144, 160ff, 171, 192, 196, 207,
217, 232

of convergence 188
range 5, 20f, 78, 83f, 98, 149
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range (cont.)
of a linear transformation 54
rank 60
ratio 113f, 183, 185, 209f
rational
field 33
function 146, 258
number 33ff, 41f, 116, 119, 164f
number system (see number
system)
polynomial 77
ray 27ff, 41, 104, 194, 249, 269
closed 27f, 108, 138, 148
left 27, 231
open 27, 115f, 231, 249
right 27f, 138, 231
ray topology 230f, 240f, 253
real (see also algebra, linear space,
etc.)
line 97, 179
part 37, 44
polynomial 49ff, 58
real number
algebraic 77
irrational 118, 164f, 189, 193, 236
negative 26, 39
positive 26, 28f, 39, 41f
rational 33ff, 41f, 116, 119, 164f
transcendental 77
real number field 25f, 47, 49, 57
real number system (see number
system)
real-valued function 40, 42, 51ff, 60,
99f, 121, 123, 137, 148, 161f,
168f, 172f, 183ff, 195, 197f, 212,
217, 264
bounded 99, 126, 153f, 157, 179,
183ff, 214, 244, 273ff
continuous 140fF, 152ff, 161, 167ff,
183ff, 206f, 214, 220, 242, 244,
246, 252, 268f, 273ff
continuously differentiable 53, 172
extended (see extended real-valued
function)
finite 153ff, 162, 195
monotone decreasing 99f, 104, 125,
162, 168f, 173
monotone increasing 99f, 104, 148,
162, 169, 173, 185
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strictly increasing 29, 41f, 104

uniformly continuous 167

Urysohn 245, 268, 272
reciprocal 26, 29, 38, 164
rectangle 113, 186f, 209f, 214f
refinement

of a filter 170, 233f

of a partition 22, 42, 184

of a topology 228, 233, 237, 252,

254, 268

reflexive relation 7, 10, 20, 68
regular space (see topological space)
regularity 264
relation 4ff

equivalence T7f, 19ff, 104, 116, 122,

177, 212, 249, 275

identity 7

inverse 17

reflexive 7, 10, 20, 68

symmetric 7, 17

transitive 7, 10, 20f, 68, 268
relative

closure 117, 193, 232, 247

metric 98, 127, 191, 213, 232, 238

topology (see topology)
relatively

closed 117, 232, 247

continuous 139, 144, 238ff

open 117, 119, 129, 231f, 251
remainder 90
restriction 20, 186, 197, 209, 211
r-net 198ff, 222
Rolle’s theorem 206
root 45, 77

nth 41, 45

square 41

S

scalar 46, 123, 188
scalar field 47, 50, 54ff, 59, 61f
scalar-valued function 51

bounded 245f

continuous 217

of Baire class one (two, zero) 217
second axiom of countability 119f,

130, 199, 204, 235f, 256, 271f, 276

selection function 10



self-conjugate
linear functional 53, 60
linear space 52f, 60
self-indexing 9
semicontinuity 150ff, 163ff, 168f,
220, 2411 (see also extended
real-valued function)
lower 195, 219f, 265
upper 169f, 173, 264
separable
metric space 108f, 121, 128, 130ff,
142, 1976
topological space 236
separating (collection of mappings)
9, 258
separation 242f, 245, 251, 267ff
sequence 9, 14, 31, 67, 91, 126
diagonal 200f
empty 113
finite 31f, 42, 112, 120, 126, 133,
149
infinite 9, 14, 68f, 79, 125, 127,
132, 134, 202, 218
monotone 77, 261
of coefficients 188
of curves 210, 216
of digits 35, 221
of predicates 218
of ratios 113f, 185, 210
of sequences 200
of terms 102
of vectors 102, 125, 208
strictly monotone 71
sequence of complex numbers 125,
127
bounded 125, 176
Cauchy 175
convergent 175
sequence of functions 185, 187, 194,
217
bounded 195
boundedly equivalent 212
convergent 155f, 185, 215ff, 220,
222, 242
equicontinuous 221f
monotone 148, 152ff, 166, 195,
202, 220
pointwise convergent 155f, 167,
194, 202, 242

Index

uniformly convergent 103, 147f,
175, 185, 187, 202, 210, 215f, 220
sequence of points in a metric space
101ff, 176, 181f, 205, 218
bounded 174f, 195
Cauchy 174ff, 196, 2001, 212, 218,
221
convergent 101ff, 117, 120, 126ff,
135f, 139, 151, 158, 165, 1744,
182, 190, 196, 201f, 205, 207, 212,
234, 258
equiconvergent 128, 178, 205, 211
of bounded variation 181, 185
uniformly scattered 200, 218
sequence of points in a topological
space 235, 238, 241, 262, 273
convergent 234, 236f, 258
sequence of positive integers 127
strictly increasing 14, 132f, 220
sequence of real numbers 102, 106f,
127, 218f
bounded 107, 188, 207
Cauchy 177f
convergent 102, 177, 207, 218
monotone 104, 131, 201
sequence of sets 14f, 23, 73, 109,
114, 122, 126, 129, 132f, 180, 191,
194, 196f, 203f, 218f, 222, 276
monotone decreasing 14f, 128, 180,
195, 197, 203f, 220, 271
monotone increasing 14f, 128, 197,
204
nested 114, 153, 180, 196, 200,
203, 211, 236, 245
series 91, 102, 154ff, 181, 187f, 247
absolutely convergent 188
alternating 156
telescoping 155
uniformly convergent 154, 247
sesquilinear functional 58, 62f
Hermitian symmetric 58, 63
positive (semi)definite 63, 123
set 3ff (see also subset)
compact convex 207
convex 64
countable 67, 73, 77, 116, 120,
128, 132, 193f, 197, 204, 217, 222,
235, 242
countably infinite 66f, 73f, 77, 79,
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countably infinite (cont.)
128, 204, 276

directed 13, 15, 23, 43, 76, 103,
171, 173, 235, 255, 273

empty 3, 98, 101, 115, 160f, 204,
217, 220, 228, 231

finite 65, 70f, 76, 80f, 90, 108, 228

index 8f, 91, 93, 253, 260

inductive 28f, 92

infinite 66, 76, 81

level 7f, 142, 240

linearly independent 49, 52, 59, 79

linearly ordered 15, 143 (see also
simply ordered set)

nondenumerable 67 (see also
uncountable set)

ordered 10ff (see also partially
ordered set, etc.)

totally ordered 15 (see also simply

ordered set)

uncountable 67, 132, 217, 235, 257

well-ordered (see well-ordered set)
o-ideal 194
simple arc 208, 210f
simple ordering 22, 69, 84
simply ordered set 15f, 21, 23, 26,
59, 67f, 70, 74, 78, 80, 86, 90,
92fF, 103, 143, 230f, 2391, 266,
269f
dense 67f
densely ordered 67
singleton 3, 5, 20, 70, 82, 99, 101,
109, 142, 170, 180, 193, 211, 228,
240, 242f, 257, 274
open 250
slice 257
somme 129
space
Banach (see Banach space)
Euclidean 97, 108, 146, 150, 160,
172, 199, 204, 207, 216, 234
Hausdorff (see Hausdorff space)
(¢,) 125, 128, 176, 202f
Lindel6f 271
linear (see linear space, vector
space)
metric (see metric space)
normal (see topological space)
normed 101f, 123, 137f, 145f, 167,

204

175, 182, 187f, 217
of bounded continuous mappings
183, 206, 222
of bounded mappings 100ff, 126,
128, 175f, 183, 206, 212
of bounded sequences 125
of bounded subsets 121f, 133, 222f
of continuous mappings 183, 206,
222
of irrational numbers 276
of rational numbers 276
of sequences of positive integers
127, 276
pseudometric 121f
quotient 7f, 20, 51, 55, 60, 62, 122,
275
S- 276
T;- 228, 243f, 266ff
topological (see topological space)
unitary 97
vector (see linear space, vector
space)
square root 41
S-space 276
standard form (of a
complex number) 37, 44
Stone-Cech compactification 275
strongly contractive (mapping) 182f,
214
subalgebra 60f
subbase 230, 266
subcovering 204, 250f, 271
subcurve 187, 210
subfield 34, 37
subinterval 42, 111ff, 184ff, 199,
209ff, 215f
sublattice 13, 20, 40
submanifold (see linear)
subnet 273
subrectangle 215
subsequence 14, 105f, 110, 117, 126,
132f, 174f, 182, 200ff, 218f, 222,
273
subset 3ff
subset of a metric space
bounded 98f, 104, 128, 132f, 143f,
167, 199, 2011, 217, 222f
closed 108ff, 117, 128ff, 140ff, 147,
156, 164, 166, 176, 179ff, 189,



closed (cont.)
193f, 197, 201ff, 214, 217ff, 243

compact 201ff, 220, 222

dense 108f, 116, 120, 128, 140f,
161, 169, 177f, 1941, 212, 217,
222

dense in itself 128f, 197

derived 108f, 128, 131, 226

discrete 128, 164

F, 129, 173, 197f, 217, 220

fermé 129

Gs 129, 173, 189ff, 196f, 213, 217,
220, 276

nowhere dense 191ff, 196f

of first category 192ff, 220

of second category 192ff, 217, 220

open 115ff, 129f, 140ff, 149fF, 165ff,
172, 192ff, 204, 207, 213f, 217,
220, 225, 243

perfect 129, 132, 143, 221

relatively closed 117

relatively open 117, 119, 121, 141,
163, 193, 204

totally bounded 199ff, 222

subset of an ordered set

bounded 11, 143f, 149, 167, 206

bounded above 11, 13, 16, 19, 21,
28f, 36, 67f, 74, 86, 88, 92f, 143

bounded below 11, 13, 28, 67f, 140

convex 269f

subset of a topological space

closed 226fF

closed-open 247f, 271f, 276

compact 250fF, 273f, 276

connected 247ff, 271

dense 226f, 235f, 240, 266, 274

derived 226f

disconnected 247

nowhere dense 274, 276

of first (second) category 274

open 224ff

relatively closed 232, 247, 261, 269

relatively open 231f, 251

subspace of a metric space 98, 117,

121, 127, 129, 139, 178f, 193, 204,

232

subspace of a topological space 231f,
238, 247, 250ff, 261, 266ff, 275

closed 268

Index

closed-open 276
compact 250
connected 248
dense 274
open 269, 273
subsquare 215
subtraction 137
successor 41, 80f, 90, 92
sum 6, 198
direct 50
indexed 7, 48
of an infinite series 102, 247
of cardinal numbers 71, 73
of extended real numbers 43
of integers 32
of linear transformations 56
of natural numbers 30
of ordered sets 81
of ordinal numbers 82, 91
of real numbers 25, 39, 42
vector 48
superset 171
sup norm 126, 188, 245
supremum 11ff, 21, 28, 70, 78, 83,
89ff, 98, 138, 143f, 152, 154, 230,
242, 245, 254, 264
symmetric
bilinear functional 58, 62f, 123
function 99f, 121, 123
group 18
relation 7, 17
system of generators
of a filter 170
of a topology 228, 266

T

tail 14f, 108, 174, 179, 196, 201ff,
261

filter (base) 171, 213

of a net 106f, 171
telescoping series 155
term 9, 102
terminal segment 230
termwise 50, 102, 126f
ternary notation (see notation)
theorem of Lavrentiev 190
theorem of Weierstrass 206
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Index

thread (a Cantor set) 211
Tietze extension theorem 156, 245f
Tikhonov, A. N. 268
Tikhonov cube 272, 275
Tikhonov plank 261
Tikhonov’s theorem 260f
topological
base 118ff, 130f, 219, 229ff, 236,
254, 256, 260, 266, 269, 271f, 276
concept 224, 236
property 117, 135, 142, 179, 196,
224
subbase 230, 266
topological space 225ff
compact 250fF, 259f, 271, 273
compact Hausdorff 251f, 260f,
272fF
completely normal 261, 269f
completely regular 267f, 272ff
connected 247f
countably compact 271
disconnected 247
Hausdorff 243, 251f, 257, 259ff,
266ff, 271fF
Lindel6f 271
locally compact 273f
metrizable 225, 235, 240, 243f,
269ff, 276
nonmetrizable 235, 270f
normal 243fF, 251, 261, 267ff, 271ff
of extended real numbers 231, 240
regular 263f, 267f, 271f
separable 236
totally disconnected 250, 271ff
topologization 225
topology 224ff
algebraic 208
coarser (finer) 228, 233, 237, 252,
254, 268
coarsest 228, 254
discrete 226, 228, 234, 236
general 224, 242, 250, 258f
generated 228ff, 266
indiscrete 226ff, 230, 240, 254, 262
inversely induced 254ff, 272
metric 225, 231ff, 258, 267, 276
metrizable 225f, 235, 240, 254,
258, 276
natural 236
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of pointwise convergence 260, 276
order 230f, 239, 250, 260f, 266,
269fF
product 255fF
pseudometric 276
quotient 275f
ray 230f, 240f, 253
relative 231f, 236, 238, 240, 254,
259, 261, 266, 271, 276
Ti- 228, 266
usual 231, 234, 268
totally bounded 199ff, 221f
totally ordered set 15 (see also
simply ordered set)
trace 159, 233, 262
transcendental number 77
transfinite
definition 89f
induction 31, 131, 250
ordinal number 89
transformation 5, 218 (see also
mapping, function)
linear (see linear transformation)
transitive relation 7, 10, 20f, 68, 268
translate 64, 208
translation 101
triadic fraction 112
triangle inequality 40, 45, 96fF
for a norm 123ff
in a metric space 96ff, 147, 174,
180
in a pseudometric space 121ff
trichotomy law 21, 26
trisection 214ff
trivial
linear space 51
submanifold 48
T;-space
i=1 228, 243f, 266ff, 271f
i>1 267
type I (ordinal number) 90f, 131,
250

U
ultrafilter 253, 2591, 270

uncountable cardinal number 71, 87
uncountable ordinal number 87, 260,



uncountable ordinal number (cont.)
271
first (least) 87
uncountable set (see set)
uniform boundedness theorem 217
uniform convergence (see
convergence)
uniformly bounded 218
uniformly convergent
sequence (see sequence of
functions)
series 154, 247
uniformly scattered 200, 218
union 3ff
indexed 10, 18
unit 57
ball 208
interval (see interval)
sphere 207
square 114, 149, 210f, 215
unital
algebra 57f, 61
homomorphism 61
unitary space 97
upper
bound 11ff, 28f, 86 (see also
supremum)
envelope 163f, 198, 265
function 163
limit (see limit superior)
upper semicontinuity 150ff, 163f,
168ff, 173, 220, 241f, 264
Urysohn function 245, 268, 272
Urysohn metrization theorem 272
Urysohn’s lemma 244ff, 274
usual
metric (see metric)
norm 124
topology 231, 234, 268

Index

Vv

value 5
vanishing (of a function) 160

“big oh” (“little oh”) 160

vector 46, 102, 203, 217f
vector space 46ff, 54, 57ff, 123 (see

also linear space)
complex 47, 49f, 52ff, 62f, 79
finite dimensional 49
infinite dimensional 53f
left 47
real 47, 49f, 52, 54, 57, 63f, 79

vector sum 48

w

weight 130f
well-ordered set 16, 22, 31, 80ff, 90ff
well-ordering 86

z

Zermelo’s well-ordering theorem 86f,

93f

zero metric 101
Zorn’s lemma 16, 23, 70, 74, 78, 86f,

93f, 270
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