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Preface to the 2nd Edition

I have been very gratified by the response to the first edition, which has
resulted in it being sold out. This put some pressure on me to come out with
a second edition and now, finally, here it is.

The original text has stayed much the same, the major change being
in the treatment of the hook formula which is now based on the beautiful
Novelli-Pak-Stoyanovskii bijection [NPS 97]. I have also added a chapter on
applications of the material from the first edition. This includes Stanley’s
theory of differential posets [Stn 88, Stn 90] and Fomin’s related concept of
growths [Fom 86, Fom 94, Fom 95|, which extends some of the combinatorics
of S,-representations. Next come a couple of sections showing how groups
acting on posets give rise to interesting representations that can be used to
prove unimodality results [Stn 82]. Finally, we discuss Stanley’s symmetric
function analogue of the chromatic polynomial of a graph [Stn 95, Stn ta].

I would like to thank all the people, too numerous to mention, who pointed
out typos in the first edition. My computer has been severely reprimanded
for making them. Thanks also go to Christian Krattenthaler, Tom Roby,
and Richard Stanley, all of whom read portions of the new material and gave
me their comments. Finally, I would like to give my heartfelt thanks to my
editor at Springer, Ina Lindemann, who has been very supportive and helpful
through various difficult times.

Ann Arbor, Michigan, 2000



Preface to the 1st Edition

In recent years there has been a resurgence of interest in representations
of symmetric groups (as well as other Coxeter groups). This topic can be
approached from three directions: by applying results from the general theory
of group representations, by employing combinatorial techniques, or by using
symmetric functions. The fact that this area is the confluence of several
strains of mathematics makes it an exciting one in which to study and work.
By the same token, it is more difficult to master.

The purpose of this monograph is to bring together, for the first time
under one cover, many of the important results in this field. To make the
work accessible to the widest possible audience, a minimal amount of prior
knowledge is assumed. The only prerequisites are a familiarity with elemen-
tary group theory and linear algebra. All other results about representations,
combinatorics, and symmetric functions are developed as they are needed.
Hence this book could be read by a graduate student or even a very bright
undergraduate. For researchers I have also included topics from recent journal
articles and even material that has not yet been published.

Chapter 1 is an introduction to group representations, with special empha-
sis on the methods of use when working with the symmetric groups. Because
of space limitations, many important topics that are not germane to the rest
of the development are not covered. These subjects can be found in any of
the standard texts on representation theory.

In Chapter 2, the results from the previous chapter are applied to the
symmetric group itself, and more highly specialized machinery is developed
to handle this case. I have chosen to take the elegant approach afforded by the
Specht modules rather than working with idempotents in the group algebra.

The third chapter focuses on combinatorics. It starts with the two famous
formulae for the dimensions of the Specht modules: the Frame-Robinson-
Thrall hook formula and the Frobenius-Young determinantal formula. The
centerpiece is the Robinson-Schensted-Knuth algorithm, which allows us to
describe some of the earlier theorems in purely combinatorial terms. A thor-
ough discussion of Schiitzenberger’s jeu de taquin and related matters is in-
cluded.

Chapter 4 recasts much of the previous work in the language of symmet-
ric functions. Schur functions are introduced, first combinatorially as the
generating functions for semistandard tableaux and then in terms of sym-
metric group characters. The chapter concludes with the famous Littlewood-
Richardson and Murnaghan-Nakayama rules.

My debt to several other books will be evident. Much of Chapter 1 is
based on Ledermann’s exquisite text on group characters [Led 77]. Chapter

vii



viii PREFACE TO THE 15T EDITION

2 borrows heavily from the monograph of James [Jam 78], whereas Chapter
4 is inspired by Macdonald’s already classic book [Mac 79]. Finally, the third
chapter is a synthesis of material from the research literature.

There are numerous applications of representations of groups, and in par-
ticular of the symmetric group, to other areas. For example, they arise in
physics [Boe 70], probability and statistics [Dia 88], topological graph the-
ory [Whi 84], and the theory of partially ordered sets [Stn 82]. However, to
keep the length of this text reasonable, I have discussed only the connections
with combinatorial algorithms.

This book grew out of a course that I taught while visiting the Université
du Québec & Montréal during the fall of 1986. I would like to thank [’équipe
de combinatoire for arranging my stay. I also presented this material in a
class here at Michigan State University in the winter and spring of 1990. I
thank my students in both courses for many helpful suggestions (and those
at UQAM for tolerating my bad French). Francesco Brenti, Kathy Dempsey,
Yoav Dvir, Kathy Jankoviak, and Scott Mathison have all pointed out ways
in which the presentation could be improved. I also wish to express my
appreciation of John Kimmel, Marlene Thom, and Linda Loba at Wadsworth
and Brooks/Cole for their help during the preparation of the manuscript.
Because I typeset this document myself, all errors can be blamed on my
computer.

East Lansing, Michigan, 1991



Contents

Preface to the 2nd Edition

Preface to the 1st Eition

1 Group Representations

1.1
1.2
1.3
1.4
1.5

1.6
1.7
1.8
1.9

Fundamental Concepts . . . .. . ... ..
Matrix Representations . . ... ... ..
G-Modules and the Group Algebra . . . .
Reducibility . . . ... ... ... ...
Complete Reducibility and Maschke’s

Theorem . . . . .. ... ... ... ....
G-Homomorphisms and Schur’s Lemma .
Commutant and Endomorphism Algebras
Group Characters. . . . . ... .. ....
Inner Products of Characters . . . .. ..

1.10 Decomposition of the Group Algebra . . .
1.11 Tensor Products Again . . . . .. .. ...
1.12 Restricted and Induced Representations .
1.13 Exercises . . . ... ... ...,

2 Representations of the Symmetric Group

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8
2.9

Young Subgroups, Tableaux, and Tabloids
Dominance and Lexicographic Ordering .
Specht Modules . . . . ... ... .. ...
The Submodule Theorem . .. ... ...
Standard Tableaux and a Basis for $* . .
Garnir Elements . . . ... ... ... ..
Young’s Natural Representation . . . . . .
The Branching Rule . . .. ... ... ..
The Decomposition of M* . . . . . .. ..

2.10 The Semistandard Basis for Hom(S*, M*)
2.11 Kostka Numbers and Young’s Rule . . . .
212 Exercises . . ... .. ... oo

ix

vii

O o =

10

13
18
23
30
33
40
43
45
48



3 Combinatorial Algorithms

The Robinson-Schensted Algorithm
Column Insertion
Increasing and Decreasing Subsequences
The Knuth Relations
Subsequences Again
Viennot’s Geometric Construction
Schiitzenberger’s Jeu de Taquin
Dual Equivalence

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9

4 Symmetric Functions

Introduction to Generating Functions
The Hillman-Grassl Algorithm
The Ring of Symmetric Functions
Schur Functions
The Jacobi-Trudi Determinants
Other Definitions of the Schur Function
The Characteristic Map
Knuth’s Algorithm
The Littlewood-Richardson Rule
4.10 The Murnaghan-Nakayama Rule
4.11 Exercises

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9

5 Applications and Generalizations

Young’s Lattice and Differential Posets
Growths and Local Rules
Groups Acting on Posets

5.1
5.2
5.3
5.4
5.5
5.6

Evacuation

Unimodality

Chromatic Symmetric Functions
Exercises . .. .. ........

Bibliography

Index

CONTENTS



List of Symbols

Symbol Meaning Page
A poset 58
Ag kth rank of a graded poset 195
As rank selected poset 204
a, alternant corresponding to composition p 164
a\og composition o with first part o; removed 180
08 set partition 215
C complex numbers 4
ch™ characteristic map 167
Chn cyclic group of order n : 5
Cy column-stabilizer group of Young tableau ¢ 60
Com X commutant algebra of representation X 23
CiG] group algebra of G over C 8
C[S] vector space generated by set S over C 7
C[[zl] ring of formal power series in z over C 142
Cx column insertion operator for integer x 95
hy Littlewood-Richardson coefficient 175
x(g) character of group element g 30
XK character value on conjugacy class K 32
xef defining character of S, 31
X8 regular character 31
x\% restriction of character x from G to H 45

& induction of character x from h to G 45
D down operator of a poset 196
di(m) length of n’s longest k-decreasing subsequence 103
AQ delta operator applied to tableau @ 121
deg X degree of representation X 4
Des P the descent set of a tableau P 206
ex Ath elementary symmetric function 154
€n nth elementary symmetric function 152
e polytabloid associated with Young tableau ¢ 61
E(T) edges of graph I’ 213

xi



xii

LIST OF SYMBOLS

Symbol Meaning Page
EndV endomorphism algebra of module V 23
ev@ the evacuation tableau of Q 122
€ identity element of a group 1
fs weight generating function of weighted set S 145
s number of standard A-tableaux 73
»* character of permutation module M* 56
G group 1
gA,B Garnir element of a pair of sets A, B 70
GL4 d x d complex general linear group 4
GP generalized permutations 169
GP' generalized permutations, no repeated columns 172
r graph 213
hn, nth complete homogeneous symmetric function 152
hy Ath complete homogeneous symmetric function 154
Hom(V, W) all module homomorphisms from V to W 22
hi hooklength of cell (4, 5) 124
H;; hook of cell (4, j) 124
hy hooklength of cell v 124
H, hook of cell v 124
I identity matrix 23
I d x d identity matrix 24
ik (m) length of 7’s longest k-increasing subsequence 103
ix(V) number of stable partitions of V' of type A 215
imé image of 21
J(P) jeu de taquin tableau of P 116
Je(P) forward slide on tableau P into cell ¢ 113
j¢(P) backward slide on tableau P into cell ¢ 113
Jjq(P) sequence of forward slides on P into @ 118
() sequence of backward slides on @) into P 118
ker 6 kernel of 8 21
K, conjugacy class of a group element g 3
kx size of K, 3
K conjugacy class in S, corresponding to A 3
K, Kostka number 85
Kt signed column sum for Young tableau ¢ 61



LIST OF SYMBOLS

xiii

Symbol Meaning Page
N length (number of parts) of partition A 152
1(¢) leg length of rim hook ¢ 180
integer partition 2

integer composition 67

N conjugate or transpose of partition A 103
(A1, A2,.., ) partition given as a sequence 2
composition given as a sequence 15

A skew shape 112
PAYS partition A\ with rim hook & removed 180
A(B) type of the set partition 3 215
A algebra of symmetric functions 151
A symmetric functions in [ variables 163
A™ symmetric functions homogeneous of degree n 152
Maty full d x d matrix algebra 4
ma Ath monomial symmetric function 151
M permutation module corresponding to A 56
P partial tableau 92
p(n) number of partitions of n 143
Dn nth power sum symmetric function 152
DA Ath power sum symmetric function 154
P(x) P-tableau of permutation 7 93
Pr chromatic polynomial of graph I 214
P positive integers 214
T permutation 1
TP row word of the Young tableau P 101
" reversal of permutation 7 97
T top row of generalized permutation 7 169
T bottom row of generalized permutation 7 169
i (P,Q) Robinson-Schensted map 92
7 RS5K (P,@) Robinson-Schensted-Knuth map 170
RESK (P,Q) dual Robinson-Schensted-Knuth map 172
Q(m) Q-tableau of permutation 7 93
R(G) vector space of class functions on G 32
R™ class functions of S, 167
R, row-stabilizer group of Young tableau ¢ 60
T row-insertion operator for the integer 93
rk the rank function in a poset 195



LIST OF SYMBOLS

xiv
Symbol Meaning Page
Sa group of permutations of A 20
Sy Schur function associated with A 155
Sx/p skew Schur function associated with A/p 175
S Young subgroup associated with partition A 54
SA Specht module associated with partition A 62
sgn(m) sign of permutation 4
sht shape of Young tableau ¢ 55
Sn symmetric group on {1,2,...,n} 1
t Young tableau 55
T generalized Young tableau 78
{t} row tabloid of ¢ 55
] column tabloid of ¢ 72
T generalized tableaux, shape A, content 78
’Tfu semistandard tableaux, shape A, content 81
0 homomorphism of modules 18
QT homomorphism corresponding to tableau T 80
Or restriction of @1 to a Specht module 81
U up operator of a poset 196
vg(P) vacating tableau for jg(P) 118
vP(Q) vacating tableau for j¥(Q) 118
V() vertices of graph T’ 213
w+t orthogonal complement of W 15
wt weight function 145
X the set of variables {z1,z2,23,...} 151
X(9) matrix of g in the representation X 4
xT monomial weight of a tableau T’ 155
xH monomial weight of a composition 155
X ¢§ restriction of representation X from G to H 45
X1 induction of representation X from H to G 45
Xr chromatic symmetric function of graph I' 214
& rim or skew hook 180
Y Young’s lattice 192
Za center of algebra A 27
Zg centralizer of group element g 3
2 size of Zy where g € Sy, has cycle type A 3
Z integers 204



LIST OF SYMBOLS XV
Symbol Meaning Page
0 minimum of a poset 195
1 maximum of a poset 204
1g trivial representation of G 5
(1my 2m2 partition given by multiplicities 2
= equivalence of modules 19

slide equivalence of tableaux 114
o dual equivalence of tableaux 117
K
> Knuth equivalence 100
K
= dual Knuth equivalence 111
P
= P-equivalence 99
Q
= @-equivalence 111
1
= Knuth relation of the first kind 99
1*
= dual Knuth relation of the first kind 111
2
= Knuth relation of the second kind 99
o
= dual Knuth relation of the second kind 111
< subgroup relation 9
submodule relation 10
lexicographic order on partitions 59
=< covering relation in a poset 58
> dominance order on partitions 58
dominance order on tabloids 68
F is a partition of for integers 53
is a partition of for sets 215
@ direct sum of matrices 13
direct sum of vector spaces 13
® tensor product of matrices 25
tensor product of representations 43
tensor product of vector spaces 26
O ) inner product of characters x and v 3
XY product of characters 168
Ax B product of posets 198
G'H wreath product of groups 212
U union of tableaux 120
U} disjoint union 45
[ cardinality of a set 3
sum of parts of a partition 54
A meet operation in a poset 192
\ join operation in a poset 192



Chapter 1

Group Representations

We begin our study of the symmetric group by considering its representations.
First, however, we must present some general results about group represen-
tations that will be useful in our special case. Representation theory can be
couched in terms of matrices or in the language of modules. We consider
both approaches and then turn to the associated theory of characters. All
our work will use the complex numbers as the ground field in order to make
life as easy as possible.

We are presenting the material in this chapter so that this book will be
relatively self-contained, although it all can be found in other standard texts.
In particular, our exposition is modeled on the one in Ledermann [Led 77).

1.1 Fundamental Concepts

In this section we introduce some basic terminology and notation. We pay
particular attention to the symmetric group.

Let G be a group written multiplicatively with identity e. Throughout
this work, G is finite unless stated otherwise. We assume that the reader is
familiar with the elementary properties of groups (cosets, Lagrange’s theorem,
etc.) that can be found in any standard text such as Herstein [Her 64].

Our object of study is the symmetric group, S,, consisting of all bijections
from {1,2,...,n} to itself using composition as the multiplication. The ele-
ments 7 € S,, are called permutations. We multiply permutations from right
to left. (In fact, we compose all functions in this manner.) Thus 7o is the
bijection obtained by first applying o, followed by 7.

If 7 is a permutation, then there are three different notations we can use
for this element. Two-line notation is the array
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For example, if 7 € S5 is given by
m(1l) = 2, w(2) =3, m(3) =1, w(4) = 4, m(5) = 5,
then its two-line form is

m =

1 2 3 4 5
2 3 1 4 5°
Because the top line is fixed, we can drop it to get one-line notation.

Lastly, we can display 7 using cycle notation. Given i € {1,2,...,n}, the
elements of the sequence i, (i), 72(), w3(4), . . . cannot all be distinct. Taking
the first power p such that 7P(i) = ¢, we have the cycle

(6, (), 2 (4), ..., 7P~ (3)).

Equivalently, the cycle (i,7,k,...,l) means that = sends ¢ to j, j to k, ...,
and [ back to i. Now pick an element not in the cycle containing ¢ and iterate
this process until all members of {1,2,...,n} have been used. Our example
from the last paragraph becomes

m=(1,2,3)(4)(5)

in cycle notation. Note that cyclically permuting the elements within a cycle
or reordering the cycles themselves does not change the permutation. Thus

(1,2,3)(49)(5) = (2,3, 1)(49)(5) = (4)(2,3,1)(5) = (4)(5)(3, 1, 2).

A k-cycle, or cycle of length k, is a cycle containing k elements. The
preceding permutation consists of a 3-cycle and two 1-cycles. The cycle type,
or simply the type, of w is an expression of the form

(1™, 2m2 . ..,n™"),

where my, is the number of cycles of length & in 7. The example permutation
has cycle type
(12,209,340, 59),

A 1-cycle of 7 is called a fizedpoint. The numbers 4 and 5 are fixedpoints in
our example. Fixedpoints are usually dropped from the cycle notation if no
confusion will result. An involution is a permutation such that 72 = e. It is
easy to see that 7 is an involution if and only if all of 7’s cycles have length
1or2.

Another way to give the cycle type is as a partition. A partition of n is a
sequence

A=A A, N)

where the A; are weakly decreasing and Eézl Ai = n. Thus k is repeated my,
times in the partition version of the cycle type of 7. Our example corresponds

to the partition
A=(3,1,1).
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In any group G, elements g and h are conjugates if
g=khk™!

for some k € G. The set of all elements conjugate to a given g is called
the conjugacy class of g and is denoted by K,. Conjugacy is an equivalence
relation, so the distinct conjugacy classes partition G. (This is a set partition,
as opposed to the integer partitions discussed in the previous paragraph.)
Returning to S, it is not hard to see that if

= (ilaiQa-";il)"'(imai7n+1a"'ain)
in cycle notation, then for any o € S,
oro~ ! = (0(i1),0(2),...,00@1)) - (0(im), O (ims1); - - -, 0 (in))-

It follows that two permutations are in the same conjugacy class if and only
if they have the same cycle type. Thus there is a natural one-to-one corre-
spondence between partitions of n and conjugacy classes of S,.

We can compute the size of a conjugacy class in the following manner.
Let G be any group and consider the centralizer of g € G defined by

Zy={h€G : hgh™! =g},

i.e., the set of all elements that commute with g. Now, there is a bijection
between the cosets of Z; and the elements of K, so that

|G
[Kql = 7 (1.1)
A
where | - | denotes cardinality. Now let G = S,, and use K, for K; when g

has type A.

Proposition 1.1.1 If A = (1™ ,2™2 ... n™") and g € S, has type A, then
|Zg4| depends only on A and

2 def [Zg| = 1™ m 122 mp! - - - n™mmy,!
Proof. Any h € Z; can either permute the cycles of length ¢ among them-
selves or perform a cyclic rotation on each of the individual cycles (or both).
Since there are m;! ways to do the former operation and i"™¢ ways to do the
latter, we are done. m

Thus equation (1.1) specializes in the symmetric group to

i n! n!
A = —_— =
zy  1mim2mem,l...pmam

where ky = |K,|.



4 CHAPTER 1. GROUP REPRESENTATIONS

Of particular interest is the conjugacy class of transpositions, which are
those permutations of the form 7 = (4,5). The transpositions generate S,
as a group; in fact, the symmetric group is generated by the adjacent trans-
positions (1.2), (2,3), ..., (n—1,n). If # = 7179 7%, where the 7; are
transpositions, then we define the sign of ™ to be

sgn(r) = (—1)%.

It can be proved that sgn is well defined, i.e., independent of the particular
decomposition of 7 into transpositions. Once this is established, it follows
easily that

sgn(mo) = sgn(n) sgn(o). (1.3)

As we will see, this is an example of a representation.

1.2 Matrix Representations

A matrix representation can be thought of as a way to model an abstract
group with a concrete group of matrices. After giving the precise definition,
we look at some examples.

Let C denote the complex numbers. Let Maty stand for the set of all
d x d matrices with entries in C. This is called a full complex matriz algebra
of degree d. Recall that an algebra is a vector space with an associative
multiplication of vectors (thus also imposing a ring structure on the space).
The complex general linear group of degree d, denoted by G Ly, is the group
of all X = (z;;)axa € Maty that are invertible with respect to multiplication.

Definition 1.2.1 A matriz representation of a group G is a group homomor-
phism
X:G— GLd.
Equivalently, to each g € G is assigned X (g) € Matgy such that
1. X(e) = I the identity matrix, and
2. X(gh) = X(g)X(h) for all g,h € G.

The parameter d is called the degree, or dimension, of the representation and
is denoted by deg X. m

Note that conditions 1 and 2 imply that X (g~!) = X(g)~!, so these matrices
are in GLg4 as required.

Obviously the simplest representations are those of degree 1. Our first
two examples are of this type.

Example 1.2.2 All groups have the trivial representation, which is the one
sending every g € G to the matrix (1). This is clearly a representation because
X(e) = (1) and

X(g)X(h) = (1)(1) = (1) = X(gh)
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for all g,h € G. We often use 1¢ or just the number 1 itself to stand for the
trivial representation of G. =

Example 1.2.3 Let us find all one-dimensional representations of the cyclic
group of order n, C,,. Let g be a generator of C,,, i.e.,

Cn = {g1ngg3a"'agn = 6}'

If X(g) = (¢), ¢ € C, then the matrix for every element of C,, is determined,
since X (g*) = (c*) by property 2 in the preceding definition. But by property
L,
(c") = X(¢") = X(¢e) = (1),

so ¢ must be an nth root of unity. Clearly, each such root gives a representa-
tion, so there are exactly n representations of C,, having degree 1.

In particular, let n = 4 and Cy4 = {¢,9,9°% 9%}. The four fourth roots
of unity are 1,7, -1, —i. If we let the four corresponding representations be
denoted by X1, X X3 X then we can construct a table:

le g ¢* ¢
xXDT1 1 1 1
X@ 11 i -1 —
X®11 -1 1 -1
X1 - -1

where the entry in row i and column j is X (¥ (g7) (matrix brackets omitted).
This array is an example of a character table, a concept we will develop in
Section 1.8. (For representations of dimension 1, the representation and its
character coincide.) Note that the trivial representation forms the first row
of the table.

There are other representations of C, of larger degree. For example, we

can let 0
1
X(g) = ( 0 i )

However, this representation is really just a combination of X and X,
In the language of Section 1.5, X is completely reducible with irreducible
components X (1) and X(?). We will see that every representation of C,, can
be constructed in this way using the n representations of degree 1 as building
blocks. m

Example 1.2.4 We have already met a nontrivial degree 1 representation of
S,. In fact, equation (1.3) merely says that the map X () = (sgn(n)) is a
representation, called the sign representation.

Also of importance is the defining representation of S, which is of degree
n. If m € Sy, then we let X (7) = (Zi j)nxn, Where

L [ 1 ifG) =4
“J 71 0 otherwise.



6 CHAPTER 1. GROUP REPRESENTATIONS

The matrix X () is called a permutation matriz, since it contains only zeros
and ones, with a unique one in every row and column. The reader should
verify that this is a representation.

In particular, consider S3 with its permutations written in cycle notation.
Then the matrices of the defining representation are

100 010
Xe=[o0o10], Xx(@2)=[100],
00 1 00 1
00 1 100
X((1,3))=1010 |, X((23)=(001]/,
100 010
00 1 010
X((1L,2,3))=| 100}, X((1,32))=(00 1 |.m
010 100

1.3 (G-Modules and the Group Algebra

Because matrices correspond to linear transformations, we can think of rep-
resentations in these terms. This is the idea of a G-module.

Let V be a vector space. Unless stated otherwise, all vector spaces will
be over the complex numbers and of finite dimension. Let GL(V) stand for
the set of all invertible linear transformations of V' to itself, called the general
linear group of V. If dimV = d, then GL(V) and GLg4 are isomorphic as
groups.

'Definition 1.3.1 Let V be a vector space and G be a group. Then V is a
G-module if there is a group homomorphism

p:G — GL(V).

Equivalently, V' is a G-module if there is a multiplication, gv, of elements of
V by elements of G such that

1. gveV,

2. g(ev +dw) = ¢(gv) + d(gw),
3. (gh)v = g(hv), and

4. ev=v

for all g,h € G; v,w € V; and scalars ¢,d € C. =
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In the future, “G-module” will often be shortened to “module” when no
confusion can result about the group involved. Other words involving G- as
a prefix will be treated similarly. Alternatively, we can say that the vector
space V carries a representation of G.

Let us verify that the two parts of the definition are equivalent. In fact,
we are just using gv as a shorthand for the application of the transformation
p(g) to the vector v. Item 1 says that the transformation takes V' to itself; 2
shows that the map is linear; 3 is property 2 of the matrix definition; and 4 in
combination with 3 says that g and g~! are inverse maps, so all transforma-
tions are invertible. Although it is more abstract than our original definition
of representation, the G-module concept lends itself to cleaner proofs.

In fact, we can go back and forth between these two notions of represen-
tation quite easily. Given a matrix representation X of degree d, let V be
the vector space C? of all column vectors of length d. Then we can multiply
v € V by g € G using the definition

def
gv = X(g)v,

where the operation on the right is matrix multiplication. Conversely, if V' is
a G-module, then take any basis B for V. Thus X (g) will just be the matrix
of the linear transformation g € G in the basis B computed in the usual way.
We use this correspondence extensively in the rest of this book.

Group actions are important in their own right. Note that if S is any
set with a multiplication by elements of G satisfying 1, 3, and 4, then we
say G acts on S. In fact, it is always possible to take a set on which G
acts and turn it into a G-module as follows. Let S = {s1,32,...,5,} and let
CS = C{s1,s2,...,8,} denote the vector space generated by S over C; i.e.,
CS consists of all the formal linear combinations

€181 + €282 + - -+ + CpSp,

where ¢; € C for all i. (We put the elements of S in boldface print when they
are being considered as vectors.) Vector addition and scalar multiplication in
CS are defined by

(c181 + coSa + -+ cusp) + (disy +dasa + - + dpsy)
= (c1+di)si+ (ca+da)sa+ -+ (cn +dn)sn

and
¢ (c181 + oo + - - +€pSp) = (ccy)sy + (cea)sy + - - + (cen)sn,

respectively. Now the action of G on S can be extended to an action on CS
by linearity:

g (c181 + casg + - -+ + ¢u8p) = c1(gs1) + ca(gs2) + - + cn(gsn)

for all g € G. This makes CS into a G-module of dimension |S|.
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Definition 1.3.2 If a group G acts on a set S, then the associated module
CS is called the permutation representation associated with S. Also, the
elements of S form a basis for CS called the standard basis. m

All the following examples of G-modules are of this form.

Example 1.3.3 Consider the symmetric group S, with its usual action on
S =1{1,2,...,n}. Now

CS={cil+ce2+---+cpn : ¢; € C for all i}
with the action
m(cil+c2+ -+ cpn) = e1m(1) + com(2) + -+ - + cpm(n)

forall 7 € S,.

To make things more concrete, we can select a basis and determine the
matrices X (n) for m € S, in that basis. Let us consider S3 and use the
standard basis {1,2,3}. To find the matrix for = = (1,2), we compute

L21=2 (L,2)2=1 (1,2)3=3

and so
010
X((1,2))= 1 00
0 0 1

If the reader determines the rest of the matrices for Ss, it will be noted that
they are exactly the same as those of the defining representation, Exam-
ple 1.2.4. It is not hard to show that the same is true for any n; i.e., this is
merely the module approach to the defining representation of S,,.

Example 1.3.4 We now describe one of the most important representations
for any group, the (left) regular representation. Let G be an arbitrary group.
Then G acts on itself by left multiplication: if g € G and h € S = G, then the
action of g on h, gh, is defined as the usual product in the group. Properties 1,
3, and 4 now follow, respectively, from the closure, associativity, and identity
axioms for the group.

Thus if G = {g1,92,..-,9n}, then we have the corresponding G-module

C[G] = {c181+ cogo + - -+ cnBn @ ¢; € C for all i},

which is called the group algebra of G. Note the use of square brackets to
indicate that this is an algebra, not just a vector space. The multiplication is
gotten by letting g;8; = gk in C[G] if gig; = gx in G, and linear extension.
Now the action of G on the group algebra can be expressed as

g (181 + coga + -+ + cnBn) = c1(g81) + c2(882) + - + cn(88n)

for all g € G. The group algebra will furnish us with much important combi-
natorial information about group representations.
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Let us see what the regular representation of the cyclic group Cy looks
like. First of all,
ClC4] = {cre + cog + C3g2 + C4g3 : ¢ € C for all i}.

We can easily find the matrix of g2 in the standard basis:

926 — g2, 92g — g3, 92g2 =g, g2g3 =g

Thus

X(g*) =

(=N N e}
-0 oo
OSSO O =
OO = O

Computing the rest of the matrices would be a good exercise. Note that
they are all permutation matrices and all distinct. In general, the regular
representation of G gives an embedding of G into the symmetric group on
|G| elements. The reader has probably seen this presented in a group theory
course, in a slightly different guise, as Cayley’s theorem [Her 64, pages 60-61].

Note that if G acts on any V, then so does C[G]. Specifically, if c¢1g; +
cog2 + -+ + cn8n € C[G] and v € V, then we can define the action

(c181 4+ 282+ -+ -+ cn8n)V = c1(g1V) + c2(g92V) + - - + cn(gnV).

In fact, we can extend the concept of representation to algebras: A represen-
tation of an algebra A is an algebra homomorphism from A into GL{V'). In
this way, every representation of a group G gives rise to a representation of its
group algebra C[G]. For a further discussion of representations of algebras,
see the text of Curtis and Reiner [C-R 66]. =

Example 1.3.5 Let group G have subgroup H, written H < G. A gen-
eralization of the regular representation is the (left) coset representation
of G with respect to H. Let g1,92,...,9x be a transversal for H; i.e.,
H = {g1H,g92H,...,9xH} is a complete set of disjoint left cosets for H in
G. Then G acts on H by letting

9(g:H) = (99:)H
for all g € G. The corresponding module
CH={c1gtH+ cogoH + - + cxgxH : ¢; € C for all i}
inherits the action
g (gl + -+ crgeH) = c1(ggiH) + - - + cx(gg H).

Note that if H = @G, then this reduces to the trivial representation. At
the other extreme, when H = {e}, then H = G and we obtain the regular
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representation again. In general, representation by cosets is an example of an
induced representation, an idea studied further in Section 1.12.
Let us consider G = S3 and H = {¢,(2,3)}. We can take

H={H, (1,2)H, (1,3)H}

and
CH = {ctH+ c2(1,2)H + ¢3(1,3)H : ¢; € C for all 4}.

Computing the matrix of (1,2) in the standard basis, we obtain
(1’ Q)H = (17 2)H7 (17 2)(1’ 2)H =H, (17 2)(17 3)H = (17 3, 2)H = (1a 3)H,

so that

After finding a few more matrices, the reader will become convinced that we
have rediscovered the defining representation yet again. The reason for this
is explained when we consider isomorphism of modules in Section 1.6. m

1.4 Reducibility

An idea pervading all of science is that large structures can be understood by
breaking them up into their smallest pieces. The same thing is true of repre-
sentation theory. Some representations are built out of smaller ones (such as
the one at the end of Example 1.2.3), whereas others are indivisible (as are
all degree one representations). This is the distinction between reducible and
irreducible representations, which we study in this section. First, however,
we must determine precisely what a piece or subobject means in this setting.

Definition 1.4.1 Let V be a G-module. A submodule of V is a subspace W
that is closed under the action of G, i.e.,

weW=gweWiorallgegdG.

We also say that W is a G-invariant subspace. Equivalently, W is a subset of
V that is a G-module in its own right. We write W < V if W is a submodule
of V. m

As usual, we illustrate the definition with some examples.

Example 1.4.2 Any G-module, V, has the submodules W = V as well as
W = {0}, where 0 is the zero vector. These two submodules are called trivial.
All other submodules are called nontrivial. m
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Example 1.4.3 For a nontrivial example of a submodule, consider G = &,
n>2,and V =C{1,2,...,n} (the defining representation). Now take

W=C{1+2+ --+n}={c(1+24+ -+n) : ceC};

i.e., W is the one-dimensional subspace spanned by the vector 14+2+---4n.
To check that W is closed under the action of S,,, it suffices to show that

mw € W for all w in some basis for W and all 7 € §,,.
(Why?) Thus we need to verify only that
T(1+2+--+n)eWw
for each m € §,,. But
7(14+2+4 - +n)=n(1)4+x(2)+ - +w(n)
=142+---+ncW,
because applying 7 to {1,2,...,n} just gives back the same set of numbers
in a different order. Thus W is a submodule of V' that is nontrivial since
dimW =1and dimV =n > 2.

Since W is a module for G sitting inside V', we can ask what representation
we get if we restrict the action of G to W. But we have just shown that every
m € S, sends the basis vector 1 + 2 4 - - - + n to itself. Thus X (n) = (1) is the
corresponding matrix, and we have found a copy of the trivial representation

in C{1,2,...,n}. In general, for a vector space W of any dimension, if G
fixes every element of W, we say that G acts trivially on W. m

Example 1.4.4 Next, let us look again at the regular representation. Sup-
pose G = {g1,92, ..., 9n} with group algebra V = C[G]. Using the same idea
as in the previous example, let

W =Clg: +8g+ - +8&nl

the one-dimensional subspace spanned by the vector that is the sum of all
the elements of G. To verify that W is a submodule, take any ¢ € G and
compute:

g(@1+g2+ - +8n) =981 +982+ - +98n
=gitgt -+g. W,
because multiplying by g merely permutes the elements of G, leaving the sum
unchanged. As before, G acts trivially on W.

The reader should verify that if G = §,,, then the sign representation can
also be recovered by using the submodule

W =CYres, sen(m) 7 | m
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We now introduce the irreducible representations that will be the building
blocks of all the others.

Definition 1.4.5 A nonzero G-module V is reducible if it contains a non-
trivial submodule W. Otherwise, V is said to be irreducible. Equivalently, V'
is reducible if it has a basis B in which every g € G is assigned a block matrix

of the form A
x(0) = (2EHE9-) (14

where the A(g) are square matrices, all of the same size, and 0 is a nonempty
matrix of zeros. m

To see the equivalence, suppose V of dimension d has a submodule W of
dimension f, 0 < f < d. Then let

B= {Wl,W2,~--,Wf,Vf+1,Vf+2,...,Vd},

where the first f vectors are a basis for W. Now we can compute the matrix
of any g € G with respect to the basis B. Since W is a submodule, gw; € W
for all 7, 1 < ¢ < f. Thus the last d — f coordinates of gw; will all be zero.
That accounts for the zero matrix in the lower left corner of X(g). Note that
we have also shown that the A(g), g € G, are the matrices of the restriction
of G to W. Hence they must all be square and of the same size.

Conversely, suppose each X (g) has the given form with every A(g) being
fx f. Let V.= C¢% and consider

w ZC{el,eg,...,ef},

where e; is the column vector with a 1 in the ith row and zeros elsewhere
(the standard basis for C%). Then the placement of the zeros in X (g) assures
us that X(g)e; € W for 1 < i < f and all g € G. Thus W is a G-module,
and it is nontrivial because the matrix of zeros is nonempty.

Clearly, any epresentation of degree 1 is irreducible. It seems hard to de-
termine when a representation of greater degree will be irreducible. Certainly,
checking all possible subspaces to find out which ones are submodules is out
of the question. This unsatisfactory state of affairs will be remedied after we
discuss inner products of group characters in Section 1.9.

From the preceding examples, both the defining representation for S,, and
the group algebra for an arbitrary G are reducible if n > 2 and |G| > 2, respec-
tively. After all, we produced nontrivial submodules. Let us now illustrate
the alternative approach via matrices using the defining representation of Ss.
We must extend the basis {1 + 2 + 3} for W to a basis for V = C{1,2,3}.
Let us pick

B={1+2+3, 2, 3}.

Of course, X (e) remains the 3 x 3 identity matrix. To compute X( (1,2) ),
we look at (1,2)’s action on our basis:

(1,2) 1 +2+3)=1+2+3, (1,2)2=1=(1+2+3)—-2-3, (1,2)3=3.
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1 10
X((1,2))=(0 -1 o).
0 -1 1

The reader can do the similar computations for the remaining four elements
of 83 to verify that

0

1Ly,

0

10 1
X((1,3))=(0 1 —1), X((2,3)):<

10 1 1 10
X((1,2,3))=(0 0 —1), X((1,3,2))=(0 -1 1).

So

OO =
= OO

00 -1
01 -1 0 -1 0
Note that all these matrices have the form

1% =
X(7r)=<0 * *)
0% %

The one in the upper left corner comes from the fact that Ss acts trivially on
W.

1.5 Complete Reducibility and Maschke’s
Theorem

It would be even better if we could bring the matrices of a reducible G-module
to the block diagonal form

xo = (L 57)

for all g € G. This is the notion of a direct sum.

Definition 1.5.1 Let V be a vector space with subspaces U and W. Then
V is the (internal) direct sum of U and W, written V = U @ W, if every
v € V can be written uniquely as a sum

v=u-+w, unel, weW.

If V is a G-module and U, W are G-submodules, then we say that U and W
are complements of each other.

If X is a matrix, then X is the direct sum of matrices A and B, written
X = A® B, if X has the block diagonal form

- (48
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To see the relationship between the module and matrix definitions, let V
be a G-module with V = U @& W, where U, W < V. Since this is a direct sum
of vector spaces, we can choose a basis for V

B = {ul,ll2,...,Uf,Wf+1,Wf+2,...,Wd}

such that {u;,ug,...,ur} is a basis for U and {wypi1,Wsio,...,Wg} is a
basis for W. Since U and W are submodules, we have

gu, €U and gw; e W

for all g € G, u; € U, w; € W. Thus the matrix of any g € G in the basis B

) X(g) = ( A(()g ) B(()g) )

where A(g) and B(g) are the matrices of the action of G restricted to U and
W, respectively.
Returning to the defining representation of S3, we see that

V =C{1,2,3} = C{1+2+ 3} ®C{2,3}

as vector spaces. But while C{1 + 2 + 3} is an S3-submodule, C{2,3} is
not (e.g., (1,2)2 = 1 ¢ C{2,3}). So we need to find a complement for
C{1 + 2 + 3}, i.e., a submodule U such that

C{1,2,3} =C{1+2+3}0U.

To find a complement, we introduce an inner product on C{1,2, 3}. Given
any two vectors i,j in the basis {1, 2, 3}, let their inner product be

(i,J) = 6, (1.5)

where §; ; is the Kronecker delta. Now we extend by linearity in the first
variable and conjugate linearity in the second to obtain an inner product on
the whole vector space. Equivalently, we could have started out by defining
the product of any two given vectors v =al + 52+ ¢3, w =21 +y2 + 23 as

(v,wW) = aZ + by + ¢3,

with the bar denoting complex conjugation. The reader can check that this
definition does indeed satisfy all the axioms for an inner product. It also
enjoys the property that it is invariant under the action of G:

(gv,gw) = (v, W) forallge Gand v,we V. (1.6)

To check invariance on V, it suffices to verify (1.6) for elements of a basis.
But if 7 € 83, then

(i, T) = On(iy,m(y) = 0i5 = (L),
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where the middle equality holds because 7 is a bijection.
Now, given any inner product on a vector space V and a subspace W, we
can form the orthogonal complement:

Wit={veV : (v,w)=0forallwe W}
It is always true that V = W @ W+. When W < V and the inner product is
G-invariant, we can say more.

Proposition 1.5.2 Let V be a G-module, W a submodule, and (-,-) an inner
product invariant under the action of G. Then W is also a G-submodule.

Proof. We must show that for all g € G and u € W+ we have gu € W+.
Take any w € W; then

(gu,w) = (g~'gu,g~'w) (since (-,-) is invariant)
= (u,g”'w) (properties of group action)
= 0. (ue W, and g"'we W

since W is a submodule)

Thus W+ is closed under the action of G. m
Applying this to our running example, we see that
C{1+2+3} = {v=al+b2+c3 : (v,1+2+3) =0}
{v=al+b2+c3 : a+b+c=0}.

To compute the matrices of the direct sum, we choose the bases {1 + 2 + 3}
for C{1+2+ 3}, and {2 — 1, 3 — 1} for C{1 + 2 + 3}*. This produces the
matrices

1 0 0 1 0 0
X(e)=|01 0], X(L2))=(0 -1 -1 |,
0 01 0 0 1
1 0 0 1 00
X((L3))=10 1 0], X((23))={001],
0 -1 -1 01 0
1 0 0 1 0 0
X((1,2,3)=(0 -1 -1 ], X((1,32))=1| 0 0 1
0 1 0 0 -1 -1
These are indeed all direct matrix sums of the form
A(lg)| 0 0O
X(g) = 0
(9) O | B

Of course, A(g) is irreducible (being of degree 1), and we will see in Section 1.9
that B(g) is also. Thus we have decomposed the defining representation of
Ss into its irreducible parts. The content of Maschke’s theorem is that this
can be done for any finite group.
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Theorem 1.5.3 (Maschke’s Theorem) Let G be a finite group and let V
be a nonzero G-module. Then

V=wleowdg.. owh
where each W) is an irreducible G-submodule of V.

Proof. We will induct on d = dimV. If d = 1, then V itself is irreducible
and we are done (k = 1 and W) = V). Now suppose that d > 1. If V is
irreducible, then we are finished as before. If not, then V has a nontrivial
G-submodule, W. We will try to construct a submodule complement for W
as we did in the preceding example.

Pick any basis B = {vi,va,...,v4} for V. Consider the unique inner
product that satisfies

(Vi, Vvj) = 0

for elements of B. This product may not be G-invariant, but we can come up
with another one that is. For any v,w € V we let

(v, w) = (gv,gw).

geG

We leave it to the reader to verify that (-,-)’ satisfies the definition of an
inner product. To show that it is G-invariant, we wish to prove

(hv, hw)" = (v, w)’

for all h € G and v,w € V. But

(hv, hw)’ = dec(ghv,ghw) (definition of {-,-)")
= Y ealfv, fw) (as g varies over G, so does f = gh)
= (v,w)’ (definition of {,-)")
as desired.
If we let

Wit={veV : (v,w) =0},
then by Proposition 1.5.2 we have that W+ is a G-submodule of V' with

V=weWw

Now we can apply induction to W and W+ to write each as a direct sum of
irreducibles. Putting these two decompositions together, we see that V has
the desired form. m

As a corollary, we have the matrix version of Maschke’s theorem. Here
and in the future, we often drop the horizontal and vertical lines indicating
block matrices. Our convention of using lowercase letters for elements and
uppercase ones for matrices should avoid any confusion.
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Corollary 1.5.4 Let G be a finite group and let X be a matriz representation
of G of dimension d > 0. Then there is a fized matriz T such that every
matriz X(g), g € G, has the form

XM (g) 0 e 0
rxgri-| O KW o0
0 0 o XE)(g)

where each X is an irreducible matriz representation of G.
Proof. Let V = C? with the action
gv = X(g)v
for all g € G and v € V. By Maschke’s theorem,
V=awVWeowdeg..owh,

each W being irreducible of dimension, say, d;. Take a basis B for V' such
that the first d; vectors are a basis for W), the next dy are a basis for W),
etc. The matrix T that transforms the standard basis for C¢ into B now does
the trick, since conjugating by T just expresses each X(g) in the new basis
B.=

Representations that decompose so nicely have a name.

Definition 1.5.5 A representation is completely reducible if it can be written
as a direct sum of irreducibles. m

So Maschke’s theorem could be restated:

Every representation of a finite group having positive dimension is
completely reducible.

We are working under the nicest possible assumptions, namely, that all
our groups are finite and all our vector spaces are over C. We will, however,
occasionally attempt to indicate more general results. Maschke’s theorem
remains true if C is replaced by any field whose characteristic is either zero or
prime to |G|. For a proof in this setting, the reader can consult Ledermann
[Led 77, pages 21-23].

However, we can not drop the finiteness assumption on G, as the following
example shows. Let R be the positive real numbers, which are a group under
multiplication. It is not hard to see that letting

X(T')z(é log1r>

for all r € Rt defines a representation. The subspace

W:{(S) : c€C}CC2
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is invariant under the action of G. Thus if X is completely reducible, then
C? must decompose as the direct sum of W and another one-dimensional
submodule. By the matrix version of Maschke’s theorem, there exists a fixed

matrix T such that
—1 __ I‘(T) 0
TX(r)T " = < 0 y(r) )

for all » € R*. Thus z(r) and y(r) must be the eigenvalues of X (r), which
are both 1. But then

o= )e=(3 1)

for all » € R*, which is absurd.

1.6 G-Homomorphisms and Schur’s Lemma

We can learn more about objects in mathematics (e.g., vector spaces, groups,
topological spaces) by studying functions that preserve their structure (e.g.,
linear transformations, homomorphisms, continuous maps). For a G-module,
the corresponding function is called a G-homomorphism.

Definition 1.6.1 Let V and W be G-modules. Then a G-homomorphism
(or simply a homomorphism) is a linear transformation 6 : V' — W such that

0(gv) = go(v)

for all g € G and v € V. We also say that 0 preserves or respects the action
of G. m

We can translate this into the language of matrices by taking bases B and C
for V and W, respectively. Let X(g) and Y (g) be the corresponding matrix
representations. Also, take T to be the matrix of § in the two bases B and C.
Then the G-homomorphism property becomes

TX(g)v=Y(9)Tv

for every column vector v and g € GG. But since this holds for all v, we must

have
TX(g) =Y(9)T forallgegG. (1.7)

Thus having a G-homomorphism 6 is equivalent to the existence of a matrix T’
such that (1.7) holds. We will often write this condition simply as TX = YT.
As an example, let G = §,,, V = C{v} with the trivial action of S,,, and let
W =C{1,2,...,n} with the defining action of S,,. Define a transformation
0:V > Wby
gv)=1+2+---+n
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and linear extension; i.e.,
f(cv) =c(1+2+---+n)

for all ¢ € C. To check that 8 is a G-homomorphism, it suffices to check that
the action of G is preserved on a basis of V. (Why?) But for all 7 € Sy,

f(nv) =0(v) = Xn:i = wzn:i = ml(v).
i=1 i=1

In a similar vein, let G be an arbitrary group acting trivially on V = C{v},
and let W = C[G] be the group algebra. Now we have the G-homomorphism
6 :V — W given by extending

ov)=> &

geG

linearly.
If G =8, we can also let G act on V = C{v} by using the sign represen-
tation:
mu = sgn(7)u

for all # € &, and u € V. Keeping the usual action on the group algebra, the
reader can verify that
n(v) = Y sgn(m)m
TES,
extends to a G-homomorphism from V to W.

It is clearly important to know when two representations of a group are
different and when they are not (even though there may be some cosmetic
differences). For example, two matrix representations that differ only by a
basis change are really the same. The concept of G-equivalence captures this
idea.

Definition 1.6.2 Let V and W be modules for a group G. A G-isomorphism
is a G-homomorphism 6 : V — W that is bijective. In this case we say that
V and W are G-isomorphic, or G-equivalent, written V = W. Otherwise we
say that V and W are G-inequivalent. m

As usual, we drop the G when the group is implied by context.

In matrix terms, # being a bijection translates into the corresponding
matrix T being invertible. Thus from equation (1.7) we see that matrix
representations X and Y of a group G are equivalent if and only if there
exists a fixed matrix T such that

Y(9) =TX(g)T™"

for all ¢ € G. This is the change-of-basis criterion that we were talking about
earlier.
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Example 1.6.3 We are now in a position to explain why the coset rep-
resentation of Sz at the end of Example 1.3.5 is the same as the defining
representation. Recall that we had taken the subgroup H = {¢, (2,3)} C S5
giving rise to the coset representation module CH, where

H={H, 1,2)H, (1,3)H}.

Given any set A, let S4 be the symmetric group on A, i.e., the set of all
permutations of 7. Now the subgroup H can be expressed as an (internal)
direct product

H={(1)(2)3), (1)(2,3)} ={(1)} x {(2)B3), (2,3)} = S1} X Sy2,3)- (1.8)

A convenient device for displaying such product subgroups of S, is the
tabloid. Let A = (A1, Ag, ..., A;) be a partition, as discussed in Section 1.1. A
Young tabloid of shape A is an array with [ rows such that row i contains A;
integers and the order of entries in a row does not matter. To show that each
row can be shuffled arbitrarily, we put horizontal lines between the rows. For
example, if A = (4,2, 1), then some of the possible Young tabloids are

3 1 41 31 1 4 9 5 3 4
5 9 = 9 5 # 21
2 2 1

Equation (1.8) says that H consists of all permutations in S3 that permute
the elements of the set {1} among themselves (giving only the permutation
(1)) and permute the elements of {2,3} among themselves (giving (2)(3) and
(2,3)). This is modeled by the tabloid

2 3
T
since the order of 2 and 3 is immaterial but 1 must remain fixed. The complete
set of tabloids of shape A = (2, 1) whose entries are exactly 1, 2, 3 is

2 3 1 3 1 2
S‘{L ' 2 ’i}'

Furthermore, there is an action of any 7 € 3 on S given by

7 _ 0 )
LI R
Thus it makes sense to consider the map 0 that sends
0 2 3
H — T
0 2 3 1 3
9 y2 3 1 2
(1,3 H — (I’SIL ——3_
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By linear extension, 6 becomes a vector space isomorphism from CH to CS.
In fact, we claim it is also a G-isomorphism. To verify this, we can check that
the action of each 7 € Ss is preserved on each basis vector in H. For example,
if 7=(1,2) and H € H, then

o(L2H) = 6((L2H) = 5 = (1,295 = (1,29(H).

W
[ V]
w

Thus
CH = CS. (1.9)

Another fact about the tabloids in our set S is that they are completely
determined by the element placed in the second row. So we have a natural
map, 7, between the basis {1,2,3} for the defining representation and S,
namely,

n 2 3
1_>i’
7 1 3
2—>_2—_,
n 1 2
3—>~§—.

Now 7 extends by linearity to a G-isomorphism from C{1,2, 3} to CS. This,
in combination with equation (1.9), shows that CH and C{1, 2, 3} are indeed
equivalent.

The reader may feel that we have taken a long and winding route to get
to the final S3-isomorphism. However, the use of Young tabloids extends far
beyond this example. In fact, we use them to construct all the irreducible
representations of S,, in Chapter 2. m

We now return to the general exposition. Two sets usually associated
with any map of vector spaces 8 : V — W are its kernel,

ker ={veV : 8(v) =0},
where O is the zero vector, and its image,
imf={weW : w=46(v) for some v eV}
When 6§ is a G-homomorphism, the kernel and image have nice structure.
Proposition 1.6.4 Let §: V — W be a G-homomorphism. Then

1. ker @ is o G-submodule of V, and
2. im0 is a G-submodule of W.
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Proof. We prove only the first assertion, leaving the second one for the reader.
It is known from the theory of vector spaces that ker 4 is a subspace of V since
@ is linear. So we only need to show closure under the action of G. But if
v € ker 8, then for any g € G,

f8(gv) = gb(v) (0 isa G-homomorphism)
= g0 (v € ker §)
= 0,

and so gv € ker§, as desired. m

It is now an easy matter to prove Schur’s lemma, which characterizes G-
homomorphisms of irreducible modules. This result plays a crucial role when
we discuss the commutant algebra in the next section.

Theorem 1.6.5 (Schur’s Lemma) Let V and W be two irreducible G-
modules. If 0 : V — W is a G-homomorphism, then either

1. 8 is a G-isomorphism, or
2. 0 is the zero map.

Proof. Since V is irreducible and kerf is a submodule (by the previous
proposition), we must have either ker@ = {0} or ker§ = V. Similarly, the
irreducibility of W implies that im0 = {0} or W. If kerf = V or im§ = {0},
then 6 must be the zero map. On the other hand, if ker# = {0} and im 8 = W,
then we have an isomorphism. m

It is interesting to note that Schur’s lemma continues to be valid over
arbitrary fields and for infinite groups. In fact, the proof we just gave still
works. The matrix version is also true in this more general setting.

Corollary 1.6.6 Let X and Y be two irreducible matrixz representations of
G. If T is any matriz such that TX(g) = Y (g)T for all g € G, then either

1. T is invertible, or

2. T is the zero matriz. m

We also have an analogue of Schur’s lemma in the case where the range
module is not irreducible. This result is conveniently expressed in terms of
the vector space Hom(V, W) of all G-homomorphisms from V' to W.

Corollary 1.6.7 Let V and W be two G-modules with V being irreducible.
Then dim Hom(V, W) = 0 if and only if W contains no submodule isomorphic
toV.m

When the field is C, however, we can say more. Suppose that T is a matrix
such that
TX(g)=X(g9)T (1.10)
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for all g € G. It follows that
(T —ch)X = X(T —cl),

where [ is the appropriate identity matrix and ¢ € C is any scalar. Now C is
algebraically closed, so we can take ¢ to be an eigenvalue of T. Thus T — cI
satisfies the hypothesis of Corollary 1.6.6 (with X =Y) and is not invertible
by the choice of ¢. Our only alternative is that 7' — ¢I = 0. We have proved
the following result:

Corollary 1.6.8 Let X be an irreducible matriz representation of G over the
complex numbers. Then the only matrices T that commute with X(g) for all
g € G are those of the form T = cl—i.e., scalar multiples of the identity
matriz. a

1.7 Commutant and Endomorphism Algebras

Corollary 1.6.8 suggests that the set of matrices that commute with those of
a given representation are important. This corresponds in the module setting
to the set of G-homomorphisms from a G-module to itself. We characterize
these sets in this section. Extending these ideas to homomorphisms between
different G-modules leads to a useful generalization of Corollary 1.6.7 (see
Corollary 1.7.10).

Definition 1.7.1 Given a matrix representation X : G — GLg4, the corre-
sponding commutant algebra is

ComX = {T' € Maty : TX(g9) = X(g)T for all g € G},

where Maty is the set of all dxd matrices with entries in C. Given a G-module
V', the corresponding endomorphism algebra is

EndV ={0:V =V : #is a G-homomorphism}. m

It is easy to check that both the commutant and endomorphism algebras do
satisfy the axioms for an algebra. The reader can also verify that if V' is a
G-module and X is a corresponding matrix representation, then End V' and
Com X are isomorphic as algebras. Merely take the basis B that produced X
and use the map that sends each 8 € End V to the matrix T of 8 in the basis
B. Let us compute Com X for various representations X.

Example 1.7.2 Suppose that X is a matrix representation such that

x 1) 0 1 9

where X1, X(2) are inequivalent and irreducible of degrees d,,dp, respec-
tively. What does Com X look like?
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Tip Ti2
T _— 3 3
< T2n Top
is a matrix partitioned in the same way as X. If TX = XT, then we can
multiply out each side to obtain

T1,1X(1) T1,2X(2) B X(I)T1,1 X(I)TL2
T271X(1) Tz,zX(2) X(Q)Tz,l X(Z)Tm )

Suppose that

Equating corresponding blocks we get

T, XV = xOp
T1,2X(2) = X(I)Tl,z,
To XV = X1,
T2 X® = X1y,

Using Corollaries 1.6.6 and 1.6.8 along with the fact that X and X are
inequivalent, these equations can be solved to yield

T, = c1ly,, Ti2=1T5,=0, T39 = calg,,

where ¢1,c2 € C and 1y, 14, are identity matrices of degrees di,d2. Thus

. CIId1 0
T= ( 0 CZIdz ) )

We have shown that when X = X @ X®) with X(*) % X and irre-
ducible, then
Com X = {01Id1 GBCQIdZ L C1,C2 € (C},

where d; = deg XV, dy = deg X m

In general, if X = ®F X, where the X are pairwise inequivalent
irreducibles, then a similar argument proves that

Com X = {®% ,c;Iy, : ¢; €C},

where d; = deg X‘("). Notice that the degree of X is Zle d;. Note also that
the dimension of Com X (as a vector space) is just k. This is because there
are k scalars ¢; that can vary, whereas the identity matrices are fixed.

Next we deal with the case of sums of equivalent representations. A
convenient notation is

m

mX=XoX® &X,

where the nonnegative integer m is called the multiplicity of X.
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Example 1.7.3 Suppose that

Xm0 (1)
X=< 0 xv )=

where X (1) is irreducible of degree d. Take T' partitioned as before. Doing the
multiplication in TX = XT and equating blocks now yields four equations,

all of the form
Tin(l) = X(l)Tij

for all 7,5 = 1,2. Corollaries 1.6.6 and 1.6.8 come into play again to reveal
that, for all 7 and 7,
Ti; = cijla,

where ¢; ; € C. Thus

Com X = {( Z;g 222 ) . ¢; €C for all ”} (1.11)

is the commutant algebra in this case. m

The matrices in Com 2X) have a name.

Definition 1.7.4 Let X = (x;;) and Y be matrices. Then their tensor
product is the block matrix

z1,1Y z12Y
XQY = (z;;Y) = z21Y T2Y - | g

Thus we could write the elements of (1.11) as
T = ( i1 C1,2 ) ® I,
C2,1 C2.2

Com X = {M2 ®I; . My e Ma.tg}.
If we take X = mX (1), then

and so

ComX ={M,®I; : M, € Mat,},
where d is the degree of X(!). Computing degrees and dimensions, we obtain
deg X = deng(l) = mdegX(l) =md

and
dim(Com X) = dim{M,, : M,, € Mat,,} = m?.

Finally, we are led to consider the most general case:

X=mXVYVomX?Pae - omXx®, (1.12)
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where the X are pairwise inequivalent irreducibles with deg X(* = d;. The
degree of X is given by

k
deg X =) deg(mi X)) = mydy +mady + -+ + midy.
=1

The reader should have no trouble combining Examples 1.7.2 and 1.7.3 to
obtain

Com X = {®F_ (M, ® 1)) : M, € Mat,,, for all i} (1.13)
of dimension
dim(Com X) = dim{®%_, M., : M, € Mat,,,} =m? +m}+ -+ mj.

Before continuing our investigation of the commutant algebra, we should
briefly mention the abstract vector space analogue of the tensor product.

Definition 1.7.5 Given vector spaces V and W, then their tensor product
is the set

V®W={Zci,jvi®wj DG EC,ViGV,Wj EW}
0
subject to the relations

(e1vi+cave) @ W =c1(Vi ® W) + c2(v2 ® W)
and
ve (d1W1 -+ d2W2) = dl(V X W1) + dz(v ® Wz). ]

It is easy to see that V' ® W is also a vector space. In fact; the reader can
check that if B = {vy,va,...,v4} and C = {wy,wg,..., Wy} are bases for V
and W, respectively, then the set

{view; : 1<i<d,1<j< f}

is a basis for V @ W. This gives the connection with the definition of matrix
tensor products: The algebra Maty has as basis the set

B:{Eiyj : 1§Z,j§d},

where E; ; is the matrix of zeros with exactly one 1 in position (4,5). So if
X = (z;;) € Matq and Y = (yx,;) € Maty, then, by the fact that ® is linear,

d f
XY = (Zl‘i,jE,J ZyklEkl
ij=1 k=1

d f
Z Z Ti Yk, (Eiyj ®Ek,l)- (1.14)

i,j=1 k=1
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But if E;; ® Ej,; represents the (k,l)th position of the (z,j)th block of a
matrix, then equation (1.14) says that the corresponding entry for X ® Y’
should be z; ;jyx,, agreeing with the matrix definition.

We return from our brief detour to consider the center of Com X. The
center of an algebra A is

Za={a€ A : ab=ba for all be A}.

First we will compute the center of a matrix algebra. This result should be
very reminiscent of Corollary 1.6.8 to Schur’s lemma.

Proposition 1.7.6 The center of Maty is
Zyasy, = {clg + c€C}
Proof. Suppose that C' € Zypa¢,. Then, in particular,
CE;; =E;;C (1.15)

for all ¢. But CE;; (respectively, E; ;C) is all zeros except for the ith column
(respectively, row), which is the same as C’s. Thus (1.15) implies that all
off-diagonal elements of C' must be 0. Similarly, if ¢ £ j, then

C(Ei; + Eji) = (B j + Ej3)C,

where the left (respectively, right) multiplication exchanges columns (respec-
tively, rows) ¢ and j of C. It follows that all the diagonal elements must be
equal and so C = cly for some ¢ € C. Finally, all these matrices clearly
commute with any other matrix, so we are done. =

Since we will be computing Zcom x and the elements of the commutant
algebra involve direct sums and tensor products, we will need to know how
these operations behave under multiplication.

Lemma 1.7.7 Suppose A, X € Mat, and B,Y € Maty. Then
1. (A B)(X®Y)=AX @ BY,
2. (A®B)(X®Y)=AXQ BY.

Proof. Both assertions are easy to prove, so we will do only the second.
Suppose A = (a; ;) and X = (z;;). Then

(A®B)(X®Y)

I

(@i ; B)(z:;Y) (definition of ®)

= (XpaixB z;Y) (block multiplication)
( (O g aikzr;) BY) (distributivity)

= AX ® BY. (definition of ®) m

i

Now consider C' € Zcom x, where X and Com X are given by (1.12) and
(1.13), respectively. So

CT =TC for all T € Com X, (1.16)
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where T = ©f (M, ® I,) and C = &% | (Cpn, ® 1y,). Computing the
left-hand side, we obtain

CT = (®%,Cnm, ®14) (®F My, ® Iz,) (definition of C and T)

®F_ (Crn, ® 14,) (M, ® I,) (Lemma 1.7.7, item 1)
®F_ 1 (Con, M, ® 13,). (Lemma 1.7.7, item 2).

|

Similarly,
TC = ®£€=1(Mmicmi ® Idi)'

Thus equation (1.16) holds if and only if
Cm;Mp,, = My, Crp, for all My,, € Maty,, .

But this just means that Cy,, is in the center of Mat,,,, which, by Proposition
1.7.6, is equivalent to
Cmi = CiImi

for some ¢; € C. Hence
¢ = @i'czlci‘[mi ® I,
= EB?:lciImidi

c1Im, d, 0o - 0
0 calmpd, 0
= . . . . )
0 0 v Crdmydy

and all members of Zcom x have this form. Note that dim Zgom x = k.
For a concrete example, let

x® 9 0
X = o xMm 0 =2XW g x®@,
0 0 XxX®@

where deg X() = 3 and deg X(? = 4. Then the matrices T' € Com X look
like

a 0 0|/b 0 0|0 0 0 0
0 a 0/{0 b 0{0 000
00 al0 0 b|0 000
c 00](d 000000
p_| 0 cojoaojoooo
00 c|0 0 d|0o 00 0|
0 0000 0]z 000
00 0/{00O0[0 =z 00
00 0[{00O0[0 0«0
\0 0 0[00O0/0 00 &

where a,b,c,d,z € C. The dimension is evidently

dim(Com X) = m? + m3 =22+ 12 = 5.
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The elements C € Zcom x are even simpler:

a 0 0/0 0 0j]0 O 0 O

0 a 0|0 0 0|0 O 0 O

0 0 a{f0 0 0|0 0 0 O

0 0 Ola O G|O O O O
C— 0 0 0{0 a 0]0 0 0O

00 0[0 0 |0 O O O |’

0 000 0 O0jz O 0 O

0 000 0 0j0 =z 0 O

0 0 0{0 0 0|0 0 =z O

0 0 0j0O 0 00 O 0 =z

where a,z € C. Here the dimension is the number of different irreducible
components of X, in this case 2.
We summarize these results in the following theorem.

Theorem 1.7.8 Let X be a matriz representation of G such that
X=mXYomX?Pe. ..o mx®, (1.17)

where the X@ are inequivalent, irreducible and deg X = d;. Then

1. deg X = mydy + mads + - - - + mydy,

2. Com X = {@F (M, ® 1,) : M,,, € Mat,,, for all i},

3. dim(Com X) =m? + m% +--- + m2,

4. Zcomx = {®F ciln.a, : ci € C for all i}, and

5. dimZcomx = k. =

What happens if we try to apply Theorem 1.7.8 to a representation Y
that is not decomposed into irreducibles? By the matrix version of Maschke’s
theorem (Corollary 1.5.4), Y is equivalent to a representation X of the form

given in equation (1.17). But if Y = RXR~! for some fixed matrix R, then

the map )
T - RTR™

is an algebra isomorphism from Com X to ComY. Once the commutant
algebras are isomorphic, it is easy to see that their centers are too. Hence
Theorem 1.7.8 continues to hold with all set equalities replaced by isomor-
phisms.

There is also a module version of this result. We will use the multiplicity
notation for G-modules in the same way it was used for matrices.

Theorem 1.7.9 Let V be a G-module such that

where the V) are pairwise inequivalent irreducibles and dim V® = d;. Then
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1. dimV = midy + mads + - -+ + mydyg,
2. EndV = &% | Maty,,
3. dim(End V) = m? + m3 + - + m2,

4. Zgndv 18 isomorphic to the algebra of diagonal matrices of degree k,
and

5. dimZEndV =k. m

The same methods can be applied to prove the following strengthening of
Corollary 1.6.7 in the case where the field is C.

Proposition 1.7.10 Let V and W be G-modules with V irreducible. Then
dim Hom(V, W) is the multiplicity of V in W. =

1.8 Group Characters

It turns out that much of the information contained in a representation can
be distilled into one simple statistic: the traces of the corresponding matrices.
This is the beautiful theory of group characters that will occupy us for the
rest of this chapter.

Definition 1.8.1 Let X(g), g € G, be a matrix representation. Then the
character of X is

x(g) = tr X(g),

where tr denotes the trace of a matrix. Otherwise put, x is the map
¢ c

If V is a G-module, then its character is the character of a matrix represen-
tation X corresponding to V. m

Since there are many matrix representations corresponding to a single G-
module, we should check that the module character is well-defined. But if X
and Y both correspond to V, then Y = TXT~! for some fixed T'. Thus, for
all g € G,

trY(g) = tr TX(9)T™" = tr X(g),

since trace is invariant under conjugation. Hence X and Y have the same
character and our definition makes sense.

Much of the terminology we have developed for representations will be
applied without change to the corresponding characters. Thus if X has char-
acter x, we will say that yx is irreducible whenever X is, etc. Now let us turn
to some examples.
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Example 1.8.2 Suppose G is arbitrary and X is a degree 1 representation.
Then the character x(g) is just the sole entry of X(g) for each g € G. Such
characters are called linear characters. m

Example 1.8.3 Suppose we consider the defining representation of S, with
its character x9f. If we take n = 3, then we can compute the character values
directly by taking the traces of the matrices in Example 1.2.4. The results
are

XM)@)3)) XL2E)) =1, x*((1,3)(2
XH((1)(2,3) ) = WE((1,2,3)) =0, xI((1,3,2

It is not hard to see that in general, if T € S,, then

)

1
0.

))
))

x%!(m) = the number of ones on the diagonal of X (r)
= the number of fixedpoints of 7. m

Example 1.8.4 Let G = {g1,92,-..,9,} and consider the regular repre-
sentation with module V' = C[G] and character x"*8. Now X{¢) = I, so

X" (€) = |G|.

To compute the character values for g # €, we will use the matrices arising
from the standard basis B = {g1,82,-..,8}. Now X (g) is the permutation
matrix for the action of g on B, so x™8(g) is the number of fixedpoints for
that action. But if gg; = g; for any ¢, then we must have g = ¢, which is not
the case; i.e., there are no fixedpoints if g # ¢. To summarize,

reg; v _ ) |Gl ifg=c¢,
X"*8(g) = { 0 otherwise. m

We now prove some elementary properties of characters.

Proposition 1.8.5 Let X be a matriz representation of a group G of degree
d with character x.

1. x(e) =d.

2. If K is a conjugacy class of G, then

g, h € K = x(g) = x(h).

3. IfY is a representation of G with character v, then
X2Y = x(g) =v¢(g)

forallg € G.
Proof. 1. Since X (€) = I,

x(e) =trly; =d.
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2. By hypothesis g = khk™!, so
x(9) = tr X(g) = tr X(K)X (WX (k)™ = tr X(h) = x(h).

3. This assertion just says that equivalent representations have the same
character. We have already proved this in the remarks following the preceding
definition of group characters. m

It is surprising that the converse of 3 is also true—i.e., if two represen-
tations have the same character, then they must be equivalent. This result
(which is proved as Corollary 1.9.4, part 5) is the motivation for the paragraph
with which we opened this section.

In the previous proposition, 2 says that characters are constant on conju-
gacy classes. Such functions have a special name.

Definition 1.8.6 A class function on a group G is a mapping f: G —» C
such that f(g) = f(h) whenever g and h are in the same conjugacy class.
The set of all class functions on G is denoted by R(G).

Clearly, the sums and scalar multiples of class functions are again class
functions, so R(G) is actually a vector space over C. Also, R(G) has a natural
basis consisting of those functions that have the value 1 on a given conjugacy
class and 0 elsewhere. Thus

dim R(G) = number of conjugacy classes of G. (1.18)

If K is a conjugacy class and x is a character, we can define x, to be the
value of the given character on the given class:

Xx = x(9)

for any g € K. This brings us to the definition of the character table of a
group.

Definition 1.8.7 Let G be a group. The character table of G is an array
with rows indexed by the inequivalent irreducible characters of G and columns
indexed by the conjugacy classes. The table entry in row x and column K is

XK+

| K
X | Xk

By convention, the first row corresponds to the trivial character, and the first
column corresponds to the class of the identity, K = {¢}. =

It is not clear that the character table is always finite: There might be
an infinite number of irreducible characters of G. Fortunately, this turns out
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not to be the case. In fact, we will prove in Section 1.10 that the number
of inequivalent irreducible representations of G is equal to the number of
conjugacy classes, so the character table is always square. Let us examine
some examples.

Example 1.8.8 If G = C,, the cyclic group with n elements, then each
element of C, is in a conjugacy class by itself (as is true for any abelian
group). Since there are n conjugacy classes, there must be n inequivalent
irreducible representations of C,. But we found n degree 1 representations in
Example 1.2.3, and they are pairwise inequivalent, since they all have different
characters (Proposition 1.8.5, part 3). So we have found all the irreducibles
for Cp,.

Since the representations are one-dimensional, they are equal to their
corresponding characters. Thus the table we displayed on page 5 is indeed
the complete character table for Cy. =

Example 1.8.9 Recall that a conjugacy class in G = &,, consists of all per-
mutations of a given cycle type. In particular, for S3 we have three conjugacy
classes,

K, = {6}7 K, = {(172)a (173)a (2a3)}7 and Kj= {(1a2a3)a (1,3, 2)}

Thus there are three irreducible representations of S3. We have met two of
them, the trivial and sign representations. So this is as much as we know of
the character table for Ss:

| Ki K, Ks
XDl 1 1 1
P 1 -1 1
X1 7 7 2

We will be able to fill in the last line using character inner products. m

1.9 Inner Products of Characters

Next, we study the powerful tool of the character inner product. Taking
inner products is a simple method for determining whether a representation
is irreducible. This technique will also be used to prove that equality of
characters implies equivalence of representations and to show that the number
of irreducibles is equal to the number of conjugacy classes. First, however,
we motivate the definition.

We can think of a character x of a group G = {g1,92,..-,9n} 8s a row
vector of complex numbers:

x = (x(91), x(g2), - - -, x(gn))-
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If  is irreducible, then this vector can be obtained from the character table
by merely repeating the value for class K a total of |K| times. For example,
the first two characters for Sz in the preceding table become

V=(1,1,1,1,1,1) and x@ =(1,-1,-1,-1,1,1).
We have the usual inner product on row vectors given by
(clyc2a-'-acn)'(dlad2;"'adn) :Cld_l+62d—2_+"'+cn£a

where the bar stands for complex conjugation. Computing with our S char-
acters, it is easy to verify that

xB W = X(2) .X(2) =6
and
X(l) . X(2) = 0.

More trials with other irreducible characters—e.g., those of Cy—will lead the
reader to conjecture that if (¥ and x{) are irreducible characters of G, then

@ .0 = [ 16l ifi=7,
XX = { 0 ifi#j.
Dividing by |G| for normality gives us one definition of the character inner

product.

Definition 1.9.1 Let x and ¥ be any two functions from a group G to the
complex numbers C. The inner product of x and v is

bov) =1 Zx(g ¥(g)-

ige

Now suppose V is a G-module with character . We have seen, in the
proof of Maschke’s theorem, that there is an inner product on V itself that is
invariant under the action of G. By picking an orthonormal basis for V, we
obtain a matrix representation Y for 1, where each Y (g) is unitary; i.e.,

Y(e) =Y =Y
where t denotes transpose. So
(o) =trY(g) =trY(g ) =tr¥Y(g7!) = o(g™").
Substituting this into (-,-) yields another useful form of the inner product.

Proposition 1.9.2 Let x and v be characters; then

X, ¥ =@ Z (1.19)

geG
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When the field is arbitrary, equation (1.19) is taken as the definition of the
inner product. In fact, for any two functions x and ¢ from G to a field, we

can define
X ¥ = Xk ),
geG

but over the complex numbers this “inner product” is only a bilinear form.
Of course, when restricted to characters we have (x, %) = (x,¥)’. Also note
that whenever x and 1 are constant on conjugacy classes, we have

1 —_
) = K k ¥k
(x¥) |G|;I Xk

where the sum is over all conjugacy classes of G.
We can now prove that the irreducible characters are orthonormal with
respect to the inner product (,-).

Theorem 1.9.3 (Character Relations of the First Kind) Let x and v
be irreducible characters of a group G. Then

<X7 1/)> = 6)(71/"

Proof. Suppose ¥, are the characters of matrix representations A, B of
degrees d, f, respectively. We will be using Schur’s lemma, and so a matrix
must be found to fulfill the role of T in Corollary 1.6.6. Let X = (x; ;) be a
d x f matrix of indeterminates x; ; and consider the matrix

|G|ZA (9)XB(g™1) (1.20)

geG

We claim that A(h)Y = Y B(h) for all h € G. Indeed,

A(R)YB(R)™! = IGi > A(h)A(g)X B(g™")B(h™")
g€eG
= | Z A(hg)XB(g~*h™1)
gEG
= Z A@XB(E™YH
é]
= Y,

and our assertion is proved. Thus by Corollaries 1.6.6 and 1.6.8,

[0 ifAZB,
Y‘{ I, fA~B. (1:21)
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Consider first the case where x # 1, so that A and B must be inequivalent.
Since this forces y; ; = 0 for every element of Y, we can take the (7,7) entry
of equation (1.20) to obtain

1
1G] Z Z aik(9)xk b1 (g7 =0

kl geG

for all 4, j. If this polynomial is to be zero, the coefficient of each z;; must

also be zero, so
1 _
@ > ain(@bilgh) =0

geG

for all 4,4, k,l. Notice that this last equation can be more simply stated as
(@i, bi ;) =0 Vi3, k1, (1.22)

since our definition of inner product applies to all functions from G to C.
Now,

x=trA=ai,1+az2+ " +a4a

and
Y =trB=>5b,+byo+---+bsy,
S0
(X,TP) = <X7¢>/ = Zi,j(ai,iabj,j)/ =0
as desired.

Now suppose x = . Since we are only interested in the character values,
we might as well take A = B also. By equation (1.21), there is a scalar
¢ € C such that y; ; = ¢d; ;. So, as in the previous paragraph, we have
(aik,ar)) =0 as long as ¢ # j. To take care of the case ¢ = j, consider

1

@l > A(g)XA(gT) =cly

geG

and take the trace on both sides:
cd = trely
1
= — A(g)XA(g™!
a1 2 rAGX A

geaqG

1

9€G
= trX.

Thus y;; = ¢ = 5 tr X, which can be rewritten as

1 _ 1
G 2 2 eik(0)zianils™) = glens +oaa o+ Tua).
kl geG
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Equating coeflicients of like monomials in this equation yields

1 _ 1
(aik, ar4) = e > air(g)anlg) = g Ok (1.23)
geG
It follows that
d
<XaX> = Z <ai,iaaj,j>l
i,j=1

d

= Z(az‘,i,ai,i>l

.
Il
A

] Il
=M
aul -

and the theorem is proved. =

Note that equations (1.22) and (1.23) give orthogonality relations for the
matrix entries of the representations.

The character relations of the first kind have many interesting conse-
quences.

Corollary 1.9.4 Let X be a matrix representation of G with character x.
Suppose

where the X9 are pairwise inequivalent irreducibles with characters x®.
Lox = mix® + max@ + -« + myx®.
2. (x,x9) =m; forall j.
3. (xx)=mi+mi+---+mi.
4. X is irreducible if and only if (x,x) = 1.
5

. Let Y be another matriz representation of G with character 1. Then
X 2Y if and only if x(9) = ¥(9)
for all g € G.

Proof. 1. Using the fact that the trace of a direct sum is the sum of the
traces, we see that

k k
x=trX = tr@miX(i) = Zmix(i)-
i=1 i=1



38 CHAPTER 1. GROUP REPRESENTATIONS

2. We have, by the previous theorem,
oox") = Oomix®,x9) = Y " mi(x®,xD) = m;.
3. By another application of Theorem 1.9.3:

X)) = (ZmiX(i)yzij(j)> - Zmimj<X(i),X(j)> = me
i J iJ g

4. The assertion that X is irreducible implies that (x,x) = 1 is just part
of the orthogonality relations already proved. For the converse, suppose that

(6 x) =me=1-

Then there must be exactly one index j such that m; = 1 and all the rest of
the m; must be zero. But then X = X, which is irreducible by assumption.

5. The forward implication was proved as part 3 of Proposition 1.8.5. For
the other direction, let Y & &F_;n; X (#). There is no harm in assuming that
the X and Y expansions both contain the same irreducibles: Any irreducible
found in one but not the other can be inserted with multiplicity 0. Now
x =, 50 (x,x*) = (1, x®) for all i. But then, by part 2 of this corollary,
m; = n; for all i. Thus the two direct sums are equivalent—i.e., X Y. »

As an example of how these results are applied in practice, we return
to the defining representation of S,. To simplify matters, note that both
m,m~! € S, have the same cycle type and are thus in the same conjugacy
class. So if x is a character of S,,, then x(mw) = x(7~1), since characters are
constant on conjugacy classes. It follows that the inner product formula for
S, can be rewritten as

(68) = = 3 xm() (124

' TESn

Example 1.9.5 Let G = S3 and consider x = x4¢f. Let x(1),x®,x®) be
the three irreducible characters of 83, where the first two are the trivial and
sign characters, respectively. By Maschke’s theorem, we know that

x = mix + mox® 4+ max®.

Furthermore, we can use equation (1.24) and part 2 of Corollary 1.9.4 to com-
pute m; and my (character values for x = x4°f were found in Example 1.8.3):

1 1
my = (x, xV) = 3 > x(m)xW(r) = 6(:’,-1+1-1+1-1+1-1+0-1+0~1) =1,

TES3

1 1
mg = (x,x?) = 3 Z x(m)x B () = 6(3-1—1-1—1-1——1-1+O-1+0-1) =0.

' TES3
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Thus
x = XU + max®.

In fact, we already knew that the defining character contained a copy
of the trivial one. This was noted when we decomposed the corresponding
matrices as X = A® B, where A was the matrix of the trivial representation
(sec page 13). The exciting news is that the B matrices correspond to one or
more copies of the mystery character x(®). These matrices turned out to be

0= (4 1) Bamy -7 1)
seasn=( 3 V) s =(] )

-1 -1 0 1
B( (1,2,3))=( ] 0>, B((1,3,2))=(_1 _1)-
If we let ¥ be the corresponding character, then

Ple) =2,
P((1,2) ) =v((1,3) ) =v((2,3)) =0,
¥((1,2,3)) =¢((1,3,2) ) =L

If 9 is irreducible, then ms = 1 and we have found x(®). (If not, then ¢, being
of degree 2, must contain two copies of x(3).) But part 4 of Corollary 1.9.4
makes it easy to determine irreducibility; merely compute:

(W, ) = é(22 +024+0% 4+ 0%+ (-1)2+ (-1)?) = 1.

We have found the missing irreducible. The complete character table for &3

is thus
| K1 Ky Ks

X1 1 1 1
X2 1 -1 1
x®1 2 0 -1
In general, the defining module for S,,, V = C{1,2,...,n}, always has
W =C{1+2+---+n} as a submodule. If x() and x* are the characters
corresponding to W and W, respectively, then V = W@W . This translates
to

xaef = VOB

on the character level. We already know that x“¢f counts fixedpoints and
that x(!) is the trivial character. Thus

x1(m) = (number of fixedpoints of 7) — 1

is also a character of S,,. In fact, x* is irreducible, although that is not
obvious from the previous discussion. m
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1.10 Decomposition of the Group Algebra

We now apply the machinery we have developed to the problem of decom-
posing the group algebra inte irreducibles. In the process, we determine the
number of inequivalent irreducible representations of any group.

Let G be a group with group algebra C[G] and character x = x"8. By
Maschke’s theorem (Theorem 1.5.3), we can write

ClGl =P mV?, (1.25)

where the V) run over all pairwise inequivalent irreducibles (and only a finite
number of the m; are nonzero).
What are the multiplicities m;? If V(® has character x(*), then, by part
2 of Corollary 1.9.4,
mi = ox®) = = 3 x@xP).
Gl g€eG

But we computed the character of the regular representation in Example 1.8.4,
and it vanished for g # ¢ with x(¢) = |G|. Plugging in the preceding values,
we obtain .

m; = |_G|X(€)X(i)(6) = dim V® (1.26)
by Proposition 1.8.5, part 1. Hence every irreducible G-module occurs in
C[G] with multiplicity equal to its dimension. In particular, they all appear
at least once, so the list of inequivalent irreducibles must be finite (since the
group algebra has finite dimension). We record these results, among others

about the decomposition of C[G], as follows.

Proposition’1.10.1 Let G be a finite group and suppose C[G] = ®m;V®,
where the VO form a complete list of pairwise inequivalent irreducible G-
modules. Then

1. m; = dimV®,
2. 3.(dimV®)2 = |G|, and
3. The number of V() equals the number of conjugacy classes of G.

Proof. Part 1 is proved above, and from it, part 2 follows by taking dimen-
sions in equation (1.25).
For part 3, recall from Theorem 1.7.9 that

number of V(¥ = dim Zgy,q4 c(q)-

What do the elements of End C[G] look like? Given any v € C[G], define the
map ¢, : C[G] - C[G] to be right multiplication by v, i.e.,

o, (W) =wv.
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for all w € C[G]. It is casy to verify that ¢, € End C[G]. In fact, these are
the only elements of End C[G] because we claim that C[G] = End C[G] as
vector spaces. To see this, consider ¢ : C|G] — End C[G] given by
v4 o, .
Proving that ¢ is linear is not hard. To show injectivity, we compute its
kernel. If ¢, is the zero map, then
0=¢, (€) =ev=v.

For surjectivity, suppose § € End C[G] and consider 6(e), which is some
vector v. It follows that 6 = ¢_, because given any g € G,

6(g) = 0(ge) = gb(e) = gv = gv = ¢,(g),

and two linear transformations that agree on a basis agree everywhere. On
the algebra level, our map ¢ is an anti-isomorphism, since it reverses the
order of multiplication: ¢ ¢, = ¢, for all v,w € C[G]. Thus ¢ induces an
anti-isomorphism of the centers of C[G] and End C[G], so that

number of V) = dim Ze(g)-

To find out what the center of the group algebra looks like, consider any
z =181+ + cu8n € Zg(g], Where the g; are in G. Now for all h € G, we
have zh = hz, or z = hzh~!, which can be written out as
181+ -+ cngn = cthgih ™ + - + ¢, hg,h ™

But as h takes on all possible values in G, hgih™! runs over the conjugacy
class of g1. Since z remains invariant, all members of this class must have the

same scalar coefficient ¢;. Thus if G has k conjugacy classes K1,..., Ky and
we let
zZ; = Z g
9EK;
fori=1,...,k, then we have shown that any z € Z¢|g] can be written as

k
Z = Z d,-zi.
i=1

Similar considerations show that the converse holds: Any linear combination
of the z; is in the center of C[G]. Finally, we note that the set {z,,...,2zx}
forms a basis for Z¢|g;. We have already shown that they span. They must
also be linearly independent, since they are sums over pairwise disjoint subsets
of the basis {g : g € G} of C[G]. Hence

number of conjugacy classes = dim Z¢(g) = number of 174

as desired. m

As a first application of this proposition, we derive a slightly deeper rela-
tionship between the characters and class functions.
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Proposition 1.10.2 The irreducible characters of a group G form an or-
thonormal basis for the space of class functions R(G).

Proof. Since the irreducible characters are orthonormal with respect to the
bilinear form (-,-) on R(G) (Theorem 1.9.3), they are linearly independent.
But part 3 of Proposition 1.10.1 and equation (1.18) show that we have
dim R(G) such characters. Thus they are a basis. m

Knowing that the character table is square permits us to derive orthogo-
nality relations for its columns as a companion to those for the rows.

Theorem 1.10.3 (Character Relations of the Second Kind) Let K, L
be conjugacy classes of G. Then

G
XX: XKXL = %&(,L,

where the sum is over all irreducible characters of G.

Proof. If x and v are irreducible characters, then the character relations of
the first kind yield

1 -
(x,¥) = € ;Uﬂ XK YK = Ox.9,

where the sum is over all conjugacy classes of G. But this says that the
modified character table

v = (VIKI/IGl xx)

has orthonormal rows. Hence U, being square, is a unitary matrix and has
orthonormal columns. The theorem follows. m

As a third application of these ideas, we can now give an alternative
method for finding the third line of the character table for S3 that does not
involve actually producing the corresponding representation. Let the three
irreducible characters be x(V, x®, and x®®), where the first two are the
trivial and sign characters, respectively. If d denotes the dimension of the
corresponding module for x®, then by Proposition 1.10.1, part 2,

124+ 12 +d? = |S3| = 6.

Thus x® (¢) = d = 2. To find the value of x(*) on any other permutation, we
use the orthogonality relations of the second kind. For example, to compute

z=x®((1,2)),

3
0= > xD(exD((1,2) ) =1-1+1(-1) + 28,

i=1

soxz =0.
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1.11 Tensor Products Again

Suppose we have representations of groups G and H and wish to construct
a representation of the product group G x H. It turns out that we can use
the tensor product introduced in Section 1.7 for this purpose. In fact, all the
irreducible representations of G x H can be realized as tensor products of irre-
ducibles for the individual groups. Proving this provides another application
of the theory of characters.

Definition 1.11.1 Let G and H have matrix representations X and Y,
respectively. The tensor product representation, X ® Y, assigns to each
(g, h) € G x H the matrix

(X®Y)(9,h)=X(g)®Y(h).m

We must verify that this is indeed a representation. While we are at it, we
might as well compute its character.

Theorem 1.11.2 Let X and Y be matriz representations for G and H, re-
spectively.

1. Then X ® Y is a representation of G x H.

2. If X,Y and X ®Y have characters denoted by x, ¥, and x ® 1, respec-
tively, then
(x ® ¥)(g, h) = x(9)¥(h)

for all (g,h) e G x H.

Proof. 1. We verify the two conditions defining a representation. First of
all,
(X®Y)e,e)=X{e)@Y(e)=I®I=1

Secondly, if (g, h),(¢’,h') € G x H, then using Lemma 1.7.7, part 2,

(XY)((g,h)- (¢, 1h")) (X ®Y)(gq', hh')

X(99") ® Y (hh')

X(9)X(¢) @ Y(R)Y (R)
(X(9)®Y(h)) - (X(¢") ®Y(h))
(X®Y)(g,h)- (X®Y)(d,HK).

I

I

Il

2. Note that for any matrices A and B,

trA® B =tr(a; ;B) = Zaiﬂ' tr B =trAtr B.
i

Thus

(x®¥)(g,h) =tr(X(g) ®Y (h)) = tr X(g) tr Y (h) = x(9)¥(h). m
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There is a module-theoretic way to view the tensor product of represen-
tations. Let V be a G-module and W be an H-module. Then we can turn
the vector space V ® W into a G x H-module by defining

(g, M) (v®Ww) =(gv) ® (hw)

and linearly extending the action as v and w run through bases of V and W,
respectively. It is not hard to show that this definition satisfies the module
axioms and is independent of the choice of bases. Furthermore, if V and W
correspond to matrix representations X and Y via the basis vectors consisting
of v’s and w’s, then V @ W is a module for X ® Y in the basis composed of
VRW’s.

Now we show how the irreducible representations of G and H completely
determine those of G x H.

Theorem 1.11.3 Let G and H be groups.

1. If X and Y are irreducible representations of G and H, respectively,
then X ® Y is an irreducible representation of G x H.

2. If X and Y9 are complete lists of inequivalent irreducible represen-
tations for G and H, respectively, then X @ Y9 is a complete list of
inequivalent irreducible G x H-modules.

Proof. 1. If ¢ is any character, then we know (Corollary 1.9.4, part 4)
that the corresponding representation is irreducible if and only if (¢, ¢) = 1.
Letting X and Y have characters x and 1, respectively, we have

(OUXON) = g L x@VEAxeveh

Hl (9,h)EGxH
= I—él > x(@)x(g™) {ﬁ > w(h)df(h‘l)}
geG heH
06 X)W, )
= 1-1
= 1.

2. Let X® and Y have characters x(* and %), respectively. Then as
in the proof of 1, we can show that

<X(i) ® 1/,(]')’ X(k) ® ¢(1)> = (X(i)aX(k)NdJ(j)’d’(l)) = 6; k0j.1-

Thus from Corollary 1.9.4, part 3, we see that the (¥ ® () are pairwise
inequivalent.

To prove that the list is complete, it suffices to show that the number of
such representations is the number of conjugacy classes of G x H (Proposi-
tion 1.10.1, part 3). But this is the number of conjugacy classes of G times
the number of conjugacy classes of H, which is the number of X() @ Y(9). u
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1.12 Restricted and Induced Representations

Given a group G with a subgroup H, is there a way to get representations
of G from those of H or vice versa? We can answer these questions in the
affirmative using the operations of restriction and induction. In fact, we have
already seen an example of the latter, namely, the coset representation of
Example 1.3.5.

Definition 1.12.1 Consider H < G and a matrix representation X of G.
The restriction of X to H, X|%, is given by

X1% (h) = X(h)

for all h € H. If X has character x, then denote the character of X |$ by
XiG.

It is trivial to verify that X|% is actually a representation of H. If the group
G is clear from context, we will drop it in the notation and merely write X|g.
Note that even though X may be an irreducible representation of G, X | g
need not be irreducible on H.

The process of moving from a representation of H to one of G is a bit more
involved. This construction, called induction, is due to Frobenius. Suppose
Y is a matrix representation of H. We might try to obtain a representation of
G by merely defining Y to be zero outside of H. This will not work because
singular matrices are not allowed. However, there is a way to remedy the
situation.

Definition 1.12.2 Consider H < G and fix a transversal ¢i,...,¢; for the
left cosets of H, i.e., G =t HY --- ¢ t,H, where | denotes disjoint union.
If Y is a representation of H, then the corresponding induced representation
Y1 assigns to each g € G the block matrix

Y(trigtl) Y(tfigtz) Y(t;igm
_ Y(t3 gt1) Y(t3 gtz) -~ Y(t; gt1)

Y15 (9) = (Y (£ gt5)) = : : . : ,
Yt gt1) Yt gts) - Y('gt)

where Y (g) is the zero matrix if g ¢ H. m

We will abbreviate Y 1% to Y 1< if no confusion will result; this notation
applies to the corresponding characters as well. It is not obvious that YT%
is actually a representation of G, but we will postpone that verification until
after we have looked at an example.

As usual, let G = 83 and consider H = {e, (2,3)} with the transversal
G =HY(1,2)HY(1,3)H as in Example 1.6.3. Let Y = 1 be the trivial
representation of H and consider X = 11¢. Calculating the first row of the
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matrix for the transposition (1,2) yields

Y(e1(1,2)e) = ¥((1,2)) =0, (since (1,2) & H)
Y(e1(1,2)(1,2) )=Y(e) =1, (since e € H)
Y(e1(1,2)(1,3) ) =Y((1,3,2) ) =0. (since (1,3,2) &€ H)
Continuing in this way, we obtain
010
X((L,2))=1 100
0 01
The matrices for the coset representation are beginning to appear again. This
is not an accident, as the next proposition shows.

Proposition 1.12.3 Let H < G have transversal {ti,...,t;} with cosets
H = {t,H,...,tH}. Then the matrices of 11% are identical with those
of G acting on the basis H for the coset module CH.

Proof. Let the matrices for 11¢ and CH be X = (z;;) and Z = (z;;),
respectively. Both arrays contain only zeros and ones. Finally, for any g € G,

zij(9) =1 & t'gt;€H
4 gth =tH
E= Zi’j(g) =1m

Thus CH is a module for 11.
It is high time that we verified that induced representations are well-
defined.

Theorem 1.12.4 Suppose H < G has transversal {t1,...,t;} and letY be a
matriz representation of H. Then X = Y 1% is a representation of G.

Proof. Analogous to the case where Y is the trivial representation, we prove
that X (g) is always a block permutation matrix; i.e., every row and column
contains exactly one nonzero block Y (¢, ! gt;). Consider the first column (the
other cases being similar). It suffices to show that there is a unique element
of H on the list tl_lgtl,tglgtl, .. ,tl‘lgtl. But gt; € t;H for exactly one of
the t; in our transversal, and so t; lgt, € H is the element we seek.

We must first verify that X(e) is the identity matrix, but that follows
directly from the definition of induction.

Also, we need to show that X (g)X(h) = X(gh) for all g,h € G. Consid-
ering the (7, j) block on both sides, it suffices to prove

S Y (7 gtk)Y (85 hty) = Y (87 ght;).
k

For ease of notation, let ax = ti—lgtk, b = t;lhtj, and ¢ = t;lghtj. Note
that arbr = ¢ for all £ and that the sum can be rewritten

> Y(a)Y(or) =Y ().
k
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Now the proof breaks into two cases.
If Y(c¢) =0, then ¢ ¢ H, and so either ap ¢ H or by ¢ H for all k. Thus
Y (ax) or Y(by) is zero for cach k, which forces the sum to be zero as well.
If Y(e) # 0, then ¢ € H. Let m be the unique index such that a,, € H.
Thus b,, = a,,'c € H, and so

ZY ar)Y =Y (am)Y (bm) = Y(ambm) =Y (c),

completing the proof. m

It should be noted that induction, like restriction, does not preserve irre-
ducibility. It might also seem that an induced representation depends on the
transversal and not just on the subgroup chosen. However, this is an illusion.

Proposition 1.12.5 Consider H < G and a matriz representation Y of
H. Let {t1,...,t:} and {s1,...,81} be two transversals for H giving rise to
representation matrices X and Z, respectively, for Y1¢. Then X and Z are
equivalent.

Proof. Let x, ¥, and ¢ be the characters of X, Y, and Z, respectively. Then
it suffices to show that x = ¢ (Corollary 1.9.4, part 5). Now

= Y (7 gt) = D v(t;  gt), (1.27)
where ¥(g) = 0 if g ¢ H. Similarly,
o(g) = Zd) 'gsi).

Since the t; and s; are both transversals, we can permute subscripts if nec-
essary to obtain t;H = s;H for all 7. Now t; = s;h;, where h; € H for all 4,
and so
t7 gt = hi's; gsihy.

Thus ¢; lgt; € H if and only if s; lgs; € H, and when both lie in H, they are
in the same conjugacy class. It follows that (t; 1gt;) = (s gs;), since ¥
is constant on conjugacy classes of H and zero outside. Hence the sums for
x and ¢ are the same. m

We next derive a useful formula for the character of an induced repre-
sentation. Let H, 1, and the t; be as in the preceding proposition. Then
w(ti—lgti) = v,b(h_lt;lgtih) for any h € H, so equation (1.27) can be rewrit-

ten as
P19 (g) = |ZZ¢ h7l; gtih).

i heH
But as h runs over H and the ¢; run over the transversal, the product ;2
runs over all the elements of G exactly once. Thus we arrive at the identity

W19 (9) |HIZ¢$ g). (1.28)
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This formula will permit us to prove the celebrated reciprocity law of
Frobenius, which relates inner products of restricted and induced characters.

Theorem 1.12.6 (Frobenius Reciprocity) Let H < G and suppose that
¥ and X are characters of H and G, respectively. Then

<’¢"TG7 X) = <¢7 X~LH>7

where the left inner product is calculated in G and the right one in H.

Proof. We have the following string of equalities:

W1 x) = = > ¥t (9)x(g™h)
IGI e
= |G|| Z Z Y(z" gz)x(9™") (equation (1.28))
wEG 9€G
_ |G|| Y S vl ety = 57iga)
a:GG yeG
= G Z Z Y(y)x(y! (x constant on G’s classes)
[GIIH] “ =i
= Z Y(y)x(y~ (z constant in the sum)
yEG
= Z U(y (3 is zero outside H)
yEH
= <¢, X~LH>

1.13 Exercises

1. An inversion in m = z1,%2,...,Z, € S, (one-line notation) is a pair
Z;, Z; such that ¢ < j and z; > :EJ Let inv 7 be the number of inversions
of .

(a) Show that if m can be written as a product of k transpositions,
then k = inv7 (mod 2).

(b) Use part (a) to show that the sign of 7 is well-defined.
2. If group G acts on a set S and s € S, then the stabilizer of s is G5 =
{g € G : gs=s}. The orbit of sis O; = {gs : g € G}.
(a) Prove that G, is a subgroup of G.
(b) Find a bijection between cosets of G/G; and elements of O,.
(¢) Show that |O4| = |G|/|Gs| and use this to derive formula (1.1) for
K.

3. Let G act on S with corresponding permutation representation CS.
Prove the following.
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{(a) The matrices for the action of G in the standard basis are permu-
tation matrices.

(b) If the character of this representation is x and g € G, then

x(g) = the number of fixed points of g acting on S.

4. Let G be an abelian group. Find all inequivalent irreducible represen-
tations of G. Hint: Use the fundamental theorem of abelian groups.

5. If X is a matrix representation of a group G, then its kernel is the
set N ={ge€ G : X(g) = I}. A representation is faithful if it is
one-to-one.

(a) Show that N is a normal subgroup of G and find a condition on
N equivalent to the representation being faithful.

(b) Suppose X has character x and degree d. Prove that g € N if and
only if x(g) = d. Hint: Show that x(g) is a sum of roots of unity.

(c) Show that for the coset representation, N = N;g;Hg; 1 where the
g; are the transversal.

(d) For each of the following representations, under what conditions
are they faithful: trivial, regular, coset, sign for S,, defining for
Sy, degree 1 for Cp?

(e) Define a function Y on the group G/N by Y(gN) = X(g) for
gN € G/N.

i. Prove that Y is a well-defined faithful representation of G/N.
ii. Show that Y is irreducible if and only if X is.

iii. If X is the coset representation for a normal subgroup H of
G, what is the corresponding representation Y?

6. It is possible to reverse the process of part (e) in the previous exercise.
Let NV be any normal subgroup of G and let Y be a representation of
G/N. Define a function on G by X(g) =Y (gN).

(a) Prove that X is a representation of G. We say that X has been
lifted from the representation Y of G/N.
(b) Show that if Y is faithful, then X has kernel V.
(c) Show that X is irreducible if and only if Y is.
7. Let X be a reducible matrix representation with block form given by
equation (1.4). Let V be a module for X with submodule W correspond-
ing to A. Consider the quotient vector space V/W = {v+W : ve V}.

Show that V/W is a G-module with corresponding matrices C(g). Fur-
thermore, show that we have

VeWwe (V/W)
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8.

10.

11.
12.

13.

14.

15.
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Let V be a vector space. Show that the following properties will hold
in V if and only if a related property holds for a basis of V.

(a) V is a G-module.

(b) The map 0:V — W is a G-homomorphism.

(c) The inner product (-,-) on V is G-invariant.
Why won’t replacing the inner products in the proof of Maschke’s the-
orem by bilinear forms give a demonstration valid over any field? Give

a correct proof over an arbitrary field as follows. Assume that X is a
reducible matrix representation of the form (1.4).

(a) Write out the equations obtained by equating blocks in X (gh) =
X(g)X(h). What interpretation can you give to the equations
obtained from the upper left and lower right blocks?

(b) Use part (a) to show that

rxort= (4 oy ),

I D _
where T' = ( 0 I ) and D = 147 3 o Alg™ 1) B(g)-

Verify that the map X : RT — GL; given in the example at the end of
Section 1.5 is a representation and that the subspace W is invariant.

Find H < &, and a set of tabloids S such that CH = CS = C{1,2,...,n}.

Let X be an irreducible matrix representation of G. Show that if g € Zg
(the center of G), then X(g) = ¢! for some scalar c.

Let {X1,X5,...,X,} € GL4 be a subgroup of commuting matrices.
Show that these matrices are simultaneously diagonalizable using rep-
resentation theory.

Prove the following converse of Schur’s lemma. Let X be a represen-
tation of G over C with the property that only scalar multiples cf
commute with X(g) for all g € G. Prove that X is irreducible.

Let X and Y be representations of G. The inner tensor product, X®Y,
assigns to each g € G the matrix

(XQY)(9) = X(9) ® Y (9)-

(a) Verify that X®Y is a representation of G.
(b) Show that if X, Y, and X®Y have characters denoted by x, ¥,
and x®, respectively, then (x&¥)(g) = x(9)¥(9)-

(¢) Find a group with irreducible representations X and Y such that
XQ®Y is not irreducible.



1.13. EXERCISES 51

(d) However, prove that if X is of degree 1 and Y is irreducible, then
s0 is XR®Y.
16. Construct the character table of 4. You may find the lifting process of

Exercise 6 and the inner tensor products of Exercise 15 helpful.

17. Let D, be the group of symmetries (rotations and reflections) of a
regular n-gon. This group is called a dihedral group.

(a) Show that the abstract group with generators p, r subject to the

relations

n 2 1

pt=7"=¢ and pr=Tp"
is isomorphic to D,,.

(b) Conclude that every element of D,, is uniquely expressible as 7%p7,
where 0 <i<land0<j<n—1.

(c) Find the conjugacy classes of D,.

(d) Find all the inequivalent irreducible representations of D,. Hint:
Use the fact that C), is a normal subgroup of D,,.

18. Show that induction is transitive as follows. Suppose we have groups
G > H > K and a matrix representation X of K. Then

X5 (X115 -



Chapter 2

Representations of the
Symmetric Group

In this chapter we construct all the irreducible representations of the sym-
metric group. We know that the number of such representations is equal to
the number of conjugacy classes (Proposition 1.10.1), which in the case of S,
is the number of partitions of n. It may not be obvious how to associate an
irreducible with each partition A = (A1, A2,...,A;), but it is easy to find a
corresponding subgroup S, that is an isomorphic copy of Sx, xSy, X -+ - X Sy,
inside S,,. We can now produce the right number of representations by in-
ducing the trivial representation on each Sy up to S,.

If M* is a module for 1Tg’;, then it is too much to expect that these
modules will all be irreducible. However, we will be able to find an ordering
AW AP of all partitions of n with the following nice property. The
first module M will be irreducible; call it S*”. Next, M*® will contain
only copies of gAY plus a single copy of a new irreducible S In general,
M will decompose into some S** for k < i and a unique new irreducible
52 called the ith Specht module. Thus the matrix giving the multiplicities
for expressing M\ as a direct sum of the $*” will. be lower triangular
with ones down the diagonal. This immediately makes it easy to compute
the irreducible characters of S,,. We can also explicitly describe the Specht
modules themselves.

Much of the material in this chapter can be found in the monograph of
James [Jam 78], where the reader will find a more extensive treatment.

2.1 Young Subgroups, Tableaux, and Tabloids
Our objective in this section is to build the modules M*. First, however, we

will introduce some notation and definitions for partitions.
If A = (A1, A2,...,A) is a partition of n, then we write A - n. We also

53
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use the notation [A| = Y, A\, so that a partition of n satisfies [A[ = n. We
can visualize A as follows.

Definition 2.1.1 Suppose A = (A, A2,...,A;) F n. The Ferrers diagram,
or shape, of X\ is an array of n dots having ! left-justified rows with row 4
containing A; dots for 1 <i <. m

The dot in row i and column j has coordinates (i,7), as in a matrix.
Boxes (also called cells ) are often used in place of dots. As an example, the
partition \ = (3,3,2,1) has Ferrers diagram

or

e o o o
>

where the box in the (2, 3) position has an X in it. The reader should be aware
that certain authors, notably Francophones, write their Ferrers diagrams as
if they were in a Cartesian coordinate system, with the first row along the
z-axis, the next along the line y = 1, etc. With this convention, our example
partition would be drawn as

but we will stick to “English” notation in this book. Also, we will use the
symbol A to stand for both the partition and its shape.

Now we wish to associate with A a subgroup of S,,. Recall that if T is any
set, then St is the set of permutations of T'.

Definition 2.1.2 Let A = (A, A2,...,A;) F n. Then the corresponding
Young subgroup of S, is
Sx= 5{1,2,...,,\1} X S{,\1+1,A1+2,...,A1+A2} X X S{n—)\l+1,n—)\l+2,...,n}' u

These subgroups are named in honor of the Reverend Alfred Young, who was
among the first to construct the irreducible representations of S, [You 27,
You 29]. For example,

5(3,3,2,1) = 5{1,2,3} X 5{4,5,6} X 5{7,8} X 5{9}
= 83X83 XSQ XSl,

In general, Sy, a,,....»,) and Sy, x Sy, X --- X Sy, are isomorphic as groups.
Now consider the representation ngz. If 1, ma, ..., g is a transversal for
Sy, then by Proposition 1.12.3 the vector space
V'\ = C{mS)‘, 1r28,\, ceny ﬂ'k,S)\}

is a module for our induced representation. The cosets can be thought of
geometrically as certain arrays in the following way.
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Definition 2.1.3 Suppose A F n. A Young tableau of shape A, is an array ¢
obtained by replacing the dots of the Ferrers diagram of A with the numbers
1,2,...,n bijectively. m

Let ¢; ; stand for the entry of ¢ in position (4, j). A Young tableau of shape A
is also called a A-tableau and denoted by t*. Alternatively, we write sht = .
Clearly, there are n! Young tableaux for any shape A F n. To illustrate, if

[ ]
A=(2,1) = . ,
then a list of all possible tableaux of shape A is
1 2 2 1 1 3 3 1 2 3 3 2

R T S T S R T R

The first tableau above has entries t;; =1, t12 = 2, and £, = 3.
Young tabloids were mentioned in Example 1.6.3. We can now introduce
them formally as equivalence classes of tableaux.

Definition 2.1.4 Two A-tableaux t; and ¢, are row equivalent, t; ~ to, if
corresponding rows of the two tableaux contain the same elements. A tabloid
of shape A, or A-tabloid, is then

{t} = {tsltr ~ t}
where sht = A. m

As before, we will use lines between the rows of an array to indicate that it
is a tabloid. So if

12
then
1 2 21 1 2
o-{5 %5 et
If A = (A1, A2,...,A) F n, then the number of tableaux in any given equiv-
alence class is A!Ag!--- A\l 4f M. Thus the number of -tabloids is just
nl/AL

Now m € S, acts on a tableau ¢t = (¢, ;) of shape A - n as follows:

mt = (m(ti;))

For example,
2 2 3

(1,2,3)

1

3 |

This induces an action on tabloids by letting
m{t} = {nt}.

The reader should check that this is well defined—i.e., independent of the
choice of ¢t. Finally, this action gives rise, in the usual way, to an S,-module.
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Definition 2.1.5 Suppose A - n. Let

M = (C{{tl}y (ERR} {tk}}’

where {t1},...,{tx} is a complete list of A-tabloids. Then M* is called the
permutation module corresponding to A. m

Since we are considering only row equivalence classes, we could list the rows of
M? in any order and produce an isomorphic module. Thus M* is defined for
any composition (ordered partition) p. As will be seen in the next examples,
we have already met three of these modules.

Example 2.1.6 If A = (n), then
M™=C{12 " n}

with the trivial action. m

Example 2.1.7 Now consider A = (1"). Each equivalence class {t} consists
of a single tableau, and this tableau can be identified with a permutation in
one-line notation (by taking the transpose, if you wish). Since the action of
S, is preserved,

MO > s,

and the regular representation presents itself. m

Example 2.1.8 Finally, if A = (n — 1,1), then each A-tabloid is uniquely
determined by the element in its second row, which is a number from 1 to n.
As in Example 1.6.3, this sets up a module isomorphism

M=t ~C{1,2,...,n},

so we have recovered the defining representation. m

Example 2.1.9 Let us compute the full set of characters of these modules
when n = 3. In this case the only partitions are A = (3), (2, 1), and (1°). From
the previous examples, the modules M* correspond to the trivial, defining,
and regular representations of Ss, respectively. These character values have
all been computed in Chapter 1. Denote the character of M* by ¢* and
represent the conjugacy class of S3 corresponding to u by K. Then we have
the following table of characters:

| Ku3) Kea) K
Fie) 1 1 1
FACRY 3 1 0
(1% 6 0 0 =
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The M* enjoy the following general property of modules.
Definition 2.1.10 Any G-module M is cyclic if there is a v € M such that
M = CGv,
where Gv = {gv|g € G}. In this case we say that M is generated by v. m

Since any A-tabloid can be taken to any other tabloid of the same shape by
some permutation, M? is cyclic. We summarize in the following proposition.

Proposition 2.1.11 If XA - n, then M> is cyclic, generated by any given
A-tabloid. In addition, dim M* = n!/\!, the number of A-tabloids. m

What is the connection between our permutation modules and those ob-
tained by inducing up from a Young subgroup? One can think of

Sx = 81,2011 X SPu+1L,M42, 0422 X X Stna41,n-A+2,...,n}

as being modeled by the tabloid

1 2 W

A +1 AM+2 - A4 A
{t} = ) :

n—MN+1 --- n

The fact that S, contains all permutations of a given interval of integers is
mirrored by the fact that the order of these integers is immaterial in t* (since
they all occur in the same row). Thus the coset 7Sy, corresponds in some way
to the tabloid {nt*}. To be more precise, consider Theorem 2.1.12.

Theorem 2.1.12 Consider A - n with Young subgroup Sy and tabloid {t*},
as before. Then V* = CS,Sx and M* = (CSn{tA} are isomorphic as Sy-
modules.

Proof. Let 71, m,..., 7 be a transversal for §). Define a map
6: v > M

by 8(mw;iSx) = {mt’\} for i = 1,...,k and linear extension. It is not hard to
verify that € is the desired S,-isomorphism of modules. m

2.2 Dominance and Lexicographic Ordering

We need to find an ordering of partitions A such that the M* have the nice
property of the introduction to this chapter. In fact, we consider two impor-
tant orderings on partitions of n, one of which is only a partial order.



58 CHAPTER 2. REPRESENTATIONS OF THE SYMMETRIC GROUP

Definition 2.2.1 If A is a set, then a partial order on A is a relation < such
that

l. a<a,
2. a < band b < a implies a = b, and
3. a<band b<cimpliesa <c

for all a,b,c € A. In this case we say that (4, <) is a partially ordered set, or
poset for short. We also write b > a for a < b as well as a < b (or b > a) for
a<banda#b.

If, in addition, for every pair of elements a,b € A we have either a < b or
b < a, then < is a total order and (A, <) is a totally ordered set. m

The three laws for a partial order are called reflexivity, antisymmetry, and
transitivity, respectively. Pairs of elements a,b € A such that neither a < b
nor b < a holds are said to be incomparable. One of the simplest examples
of a poset is the Boolean algebra B, = (A,C), where A is all subsets of
{1,2,...,n} ordered by inclusion. In B,,, the subsets {1} and {2} are incom-
parable. The set {0,1,...,n} with the normal ordering is an example of a
totally ordered set called the n-chain and denoted by C,.

The particular partial order in which we are interested is the following.

Definition 2.2.2 Suppose A = (A1, A2,...,A) and p = (u1, 4o, ..., tm) are
partitions of n. Then A dominates u, written A > y, if

MoAdp ot A >t

for all 4 > 1. If 1 > [ (respectively, ¢ > m), then we take \; (respectively, p;)
to be zero. m

Intuitively, A is greater than p in the dominance order if the Ferrers diagram
of X is short and fat but the one for p is long and skinny. For example, when
n = 6, then (3,3) > (2,2,1,1) since 3 > 2, 3+ 3 > 2 + 2, etc. However, (3,3)
and (4,1,1) are incomparable since 3 <4 but 3+3 >4+ 1.

Any partially ordered set can be visualized using a Hasse diagram.

Definition 2.2.3 If (A, <) is a poset and b,c € A, then we say that b is
covered by c¢ (or ¢ covers b), written b < ¢ (or ¢ > b), if b < ¢ and there
isno d € A with b < d < ¢. The Hasse diagram of A consists of vertices
representing the elements of A with an arrow from vertex b up to vertex c if
b is covered by c. m
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The Hasse diagram for the partitions of 6 ordered by dominance is given next.

(2,1
T
(1%)
The fundamental lemma concerning the dominance order is as follows.
Lemma 2.2.4 (Dominance Lemma for Partitions) Lett* and s* be ta-

bleauz of shape X and u, respectively. If, for each index i, the elements of row
i of s* are all in different columns in t*, then AD pu.

Proof. By hypothesis, we can sort the entries in each column of t* so that

the elements of rows 1,2,...,1 of s# all occur in the first ¢ rows of t*. Thus
A +Xe+---+ XA = number of elements in the first i rows of ¢}
> number of elements of s# in the first ¢ rows of t*

= pitpeto-tpm

The second ordering on partitions is the one that would be given to them
in a dictionary.

Definition 2.2.5 Let A = (A1, Ag,..., A) and p = (p1, 2, ..., fbm) be par-
titions of n. Then A < p in lexicographic order if, for some index 4,

Aj=pjforj<iand Ay < ;. m

This is a total ordering on partitions. For partitions of 6 we have
(1%) < (2,1%) < (22,1?) < (23) < (3,1%) < (3,2,1)
< (3%) < (4,1%) < (4,2) < (5,1) < (6).

The lexicographic order is a refinement of the dominance order in the
sense of the following proposition.
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Proposition 2.2.6 If A\, u - n with AD> pu, then A > pu.

Proof. If A # p, then find the first index i where they differ. Thus Z;;II Aj =
Z;f__ll p; and 2521 Aj > Z;zl pj (since A>p). So Ay > p;. m

It turns out that we will want to list the M* in dual lexicographic order—
i.e., starting with the largest partition and working down. (By convention,
the conjugacy classes are listed in the character table in the usual dictionary
order so as to start with (1™), which is the class of the identity.) Note that
our first module will then be M (™) which is one-dimensional with the trivial
action. Thus we have an irreducible module to start with, as promised.

In most of our theorems, however, we will use the dominance ordering in
order to obtain the stronger conclusion that A > y rather than just A > p.

2.3 Specht Modules

We now construct all the irreducible modules of S,,. These are the so-called
Specht modules, S*.

Any tableau naturally determines certain isomorphic copies of Young sub-
groups in S,.

Definition 2.3.1 Suppose that the tableau ¢ has rows R, Rs,..., R; and
columns Cq,Cs,...,C. Then

Ry =8p, X S8g, X+ X Sg,

and
Ct:S(h XSCZX---XSCk

are the row-stabilizer and column-stabilizer of t, respectively. =

If we take
4 1 2
t= 3 5 , (2.1)
then
Ri = S(1,2,4) X Sqz.5)
and

Ct = S(3,4) X S1,53 % Syzy-

Note that our equivalence classes can be expressed as {t} = R;t. In addition,
these groups are associated with certain elements of C[S,]. In general, given
a subset H C §,,, we can form the group algebra sums

H* :szHﬂ.

H™ =% pysen(m)m.

and



2.3. SPECHT MODULES 61

(Here, the group algebra will be acting on the permutation modules M A,
Thus the elements of C[S,] are not playing the roles of vectors and are not
set in boldface.) For a tableau t, the element R} is already implicit in the
corresponding tabloid by the remark at the end of the previous paragraph.
However, we will also need to make use of

Ky C = Z sgn ().
el

Note that if ¢ has columns C;,Cj, ..., Cy, then x; factors as
Kt = KC,KCy *** KCy -

Finally, we can pass from ¢ to an element of the module M* by the following
definition.

Definition 2.3.2 If t is a tableau, then the associated polytabloid is
e; =k {t}. m
To illustrate these concepts using the tableau ¢ in (2.1), we compute
ke = (€= (3,4))(e — (1,5)),

and so

2

4 312_452+352
3 4 5 3 1 4 1

1
5

e; =

The next lemma describes what happens to the various objects defined
previously in passing from ¢ to =t.

Lemma 2.3.3 Let t be a tableau and w be a permutation. Then
1. Ryy = TRy,
2. Oy = ﬂ'Ct’/T_l,
3. Knp = TR L,
4. e s = Te;.
Proof. 1. We have the following list of equivalent statements:
0 € Ry «— ofnt} = {nt}
> 7 lon{t} = {t}
— 7w lome R,
>

o€ ﬂ'Rgﬂ'_l.

The proofs of parts 2 and 3 are similar to that of part 1.
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4. We have

e = K {mt} = 7r/~:t7r_1{7rt} =i {t} = me;. m

One can think of this lemma, for example part 1, as follows. If ¢ has entries ; ;,
then wt has entries nt; ;. Thus an element of the row-stabilizer of 7t may be
constructed by first applying m~! to obtain the tableau t, then permuting the
elements within each row of ¢, and finally reapplying 7 to restore the correct
labels. Alternatively, we have just shown that if ¢ € R, then n lor € Ry
and the following diagram commutes:

o
7t — 7ty
a1l + T
t —> t1
" low

Finally, we are in a position to define the Specht modules.

Definition 2.3.4 For any partition ), the corresponding Specht module, SA,
is the submodule of M* spanned by the polytabloids e;, where ¢ is of shape
A=

Because of part 4 of Lemnma 2.3.3, we have the following.

Proposition 2.3.5 The S* are cyclic modules generated by any given poly-
tabloid. m

Let us look at some examples.
Example 2.3.6 Supposc A = (n). Then e; .., =12 --- n is the only
polytabloid and S(™) carries the trivial representation. This is, of course, the

only possibility, since S is a submodule of M(™ where S, acts trivially
(Example 2.1.6). =

Example 2.3.7 Let A = (1") and fix

Thus
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and e; is the signed sum of all n! permutations regarded as tabloids. Now for
any permutation 7, Lemma 2.3.3 yields

€nt = Tep = Z (sgno)mo{t}.

ocES,

Replacing 7o by 7,

en= 3 (senm'r)r{t} = (senr ) 3 (sgnr)r{t} = (sgnm)ey

TES, TES,

because sgnw~! = sgnm. Thus every polytabloid is a scalar multiple of e,
where t is given by equation (2.2). So

S™) = C{es}

with the action we; = (sgnn)e;. This is the sign representation. m

Example 2.3.8 If A = (n — 1, 1), then we can use the module isomorphism
of Example 2.1.8 to abuse notation and write (n — 1, 1)-tabloids as

1 g et
1= ¥k

This tabloid has e; = k — i, and the span of all such vectors is easily seen to
be
StV — {1142+ -4 cpn : c1+co+ -+ ¢y =0}

So dim S~ = — 1, and we can choose a basis for this module, e.g.,
B={2-1,3-1,...,n—1}.

Computing the action of 7 € S, on B, we see that the corresponding character
is one less than the number of fixedpoints of 7. Thus S~ 11 is the module
found at the end of Example 1.9.5. m

The reader should verify that when n = 3, the preceding three examples
do give all the irreducible representations of S5 (which were found in Chapter
1 by other means). So at least in that case we have fulfilled our aim.

2.4 The Submodule Theorem

It is time to show that the S* constitute a full set of irreducible S,-modules.
The crucial result will be the submodule theorem of James [Jam 76]. All the
results and proofs of this section, up to and including this theorem, are true
over an arbitrary field. The only change needed is to substitute a bilinear
form for the inner product of equation (2.3). The fact that this replaces
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linearity by conjugate linearity in the second variable is not a problem, since
we never need to carry a nonreal scalar from one side to the other.

Recall that H= = ), (sgnm)7 for any subset H C S,. If H = {r},
then we write 7~ for H~. We will also need the unique inner product on M*
for which

({t} {s}) = 0gey. 493 (2.3)
Lemma 2.4.1 (Sign Lemma) Let H < S, be a subgroup.

1. If m € H, then
TH™ =H 7= (sgnm)H".

Otherwise put: 7™ H™ = H™.
2. For any u,v € M*,

(H u,v) = (u, H™v).

3. If the transposition (b,c) € H, then we can factor
H™ = k(e — (b, ¢)),
where k € C[S,,].

4. Ift is a tableau with b, c in the same row of t and (b,c) € H, then

H-{t} =0.

Proof. 1. This is just like the proof that me; = (sgn)e; in Example 2.3.7.
2. Using the fact that our form is S, -invariant,

(H u,v) = Z ((sgnm)ru,v) = Z (u, (sgn )7 tv).

meH TEH

Replacing m by 7! and noting that this does not affect the sign, we see that
this last sum equals (u, Hv).

3. Consider the subgroup K = {e, (b,c)} of H. Then we can ﬁnd a
transversal and write H = |, k;K. But then H~ = (3_, k7 )(e — (b,¢)), a
desired.

4. By hypothesis, (b, c){t} = {t}. Thus

H™{t} = k(e - (b,0)){t} = k({t} - {t}) =

The sign lemma has a couple of useful corollaries.

Corollary 2.4.2 Let t = t* be a A-tableau and s = s* be a p-tableau, where
Apbn. If k{s} #0, then A\> p. And if A = u, then ki {s} = te,.
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Proof. Suppose b and c are two elements in the same row of s#. Then they
cannot be in the same column of ¢*, for if so, then x; = k(e — (b,c)) and
ki{s} = 0 by parts 3 and 4 in the preceding lemma. Thus the dominance
lemma (Lemma 2.2.4) yields A B> p.

If A = p, then we must have {s} = n{t} for some 7 € C; by the same
argument that established the dominance lemma. Using part 1 yields

ki{s} = mm{t} = (sgnm)k:{t} = te:. m

Corollary 2.4.3 Ifu € M* and sht = p, then k.u is a multiple of e;.

Proof. We can write u = >, ¢;{s;}, where the s; are u-tableaux. By the
previous corollary, keu =), *ce;. m

We are now in a position to prove the submodule theorem.

Theorem 2.4.4 (Submodule Theorem [Jam 76]) Let U be a submodule
of M*. Then
UDS* or UCSH.

In particular, when the field is C, the S* are irreductble.

Proof. Consider u € U and a u-tableau ¢. By the preceding corollary, we
know that x;u = fe; for some field element f. There are two cases, depending
on which multiples can arise.

Suppose that there exits a u and a ¢ with f # 0. Then since u is in the
submodule U, we have fe; = s;u € U. Thus e; € U (since f is nonzero) and
Sk C U (since S* is cyclic).

On the other hand, suppose we always have k;u = 0. We claim that this
forces U C S#*. Consider any u € U. Given an arbitrary u-tableau ¢, we
can apply part 2 of the sign lemma to obtain

(u, &) = (u, 5 {t}) = (reu, {t}) = (0, {t}) = 0.
Since the e, span S*, we have u € S#*, as claimed. m

It is only now that we will need our field to be the complexes (or any field
of characteristic 0).

Proposition 2.4.5 Suppose the field of scalars is C and § € Hom(S*, M*)
is nonzero. Thus A p, and if A = u, then 0 is multiplication by a scalar.

Proof. Since # # 0, there is some basis vector e; such that 8(e;) # 0. Because
(-,-) is an inner product with complex scalars, M* = $* ® S*L. Thus we can
extend 6 to an element of Hom(M?*, M*) by setting §(S*) = 0. So

0 # 0(e;) = O(ke{t}) = m:0({t}) = Kt(z ci{si}),

where the s; are p-tableaux. By Corollary 2.4.2 we have A > p.
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In the case A = p, Corollary 2.4.3 yields 6(e;) = ce; for some constant c.
So for any permutation T,

Oler) = 0(me;) = w0(e;) = w(cer) = cenrt.

Thus 6 is multiplication by c. =

We can finally verify all our claims about the Specht modules.

Theorem 2.4.6 The S* for A\  n form a complete list of irreducible S,,-
modules over the complez field.

Proof. The S are irreducible by the submodule theorem and the fact that
S§*N 8> = 0 for the field C.

Since we have the right number of modules for a full set, it suffices to show
that they are pairwise inequivalent. But if S* 2 S#, then there is a nonzero
homomorphism 6 € Hom(S*, M*), since S# C M*. Thus A > u (Proposition
2.4.5). Similarly, u> X\, soA=pu. =

Although the Specht modules are not necessarily irreducible over a field
of characteristic p, p prime, the submodule theorem says that the quotient
S§*/(8*N S ) is. These are the objects that play the role of S* in the theory
of p-modular representations of S,. See James [Jam 78] for further details.

Corollary 2.4.7 The permutation modules decompose as

M* = @ m,\uS’\
A>

with the diagonal multiplicity m,, = 1.

Proof. This result follows from Proposition 2.4.5. If S* appears in M* with
nonzero coefficient, then A > u. If A = p, then we can also apply Proposition
1.7.10 to obtain

My, = dimHom(S*, M*) = 1. m

The coeflicients m,, have a nice combinatorial interpretation, as we will see
in Section 2.11.

2.5 Standard Tableaux and a Basis for S*

In general, the polytabloids that generate S* are not independent. It would
be nice to have a subset forming a basis—e.g., for computing the matrices
and characters of the representation. There is a very natural set of tableaux
that can be used to index a basis.

Definition 2.5.1 A tableau t is standard if the rows and columns of ¢t are
increasing sequences. In this case we also say that the corresponding tabloid
and polytabloid are standard. m
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For example,

1 2 3
t= 4 6
5
is standard, but
1 2 3
t= 5 4

is not.
The next theorem is true over an arbitrary field.

Theorem 2.5.2 The set
{es : t is a standard A-tableau }
is a basis for S*.

We will spend the next two sections proving this theorem. First we will
establish that the e; are independent. As before, we will need a partial order,
this time on tabloids.

It is convenient at this point to consider ordered partitions.

Definition 2.5.3 A composition of n is an ordered sequence of nonnegative
integers
A= (A Ag, ey )

such that ), A; = n. The integers \; are called the parts of the composition.
[

Note that there is no weakly decreasing condition on the parts in a compo-
sition. Thus (1,3,2) and (3,2,1) are both compositions of 6, but only the
latter is a partition. The definitions of a Ferrers diagram and tableau are
extended to compositions in the obvious way. (However, there are no stan-
dard A-tableaux if A is not a partition, since places to the right of or below
the shape of A\ are considered to be filled with an infinity symbol. Thus
columns do not increase for a general composition.) The dominance order
on compositions is defined exactly as in Definition 2.2.2, only now A1, ..., A;
and uq,...,#; are just the first ¢ parts of their respective compositions, not
necessarily the i largest.

Now suppose that {t} is a tabloid with sht = A i n. For each index i,
1<i<n,let

{t'} = the tabloid formed by all elements < i in {t}
and
AP = the composition which is the shape of {t!}
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As an example, consider

2 4
th =5
Then
0 2 il 2 4
{t1}=I, {t2}=I, {#} = T 3 {t'} = T3
Al =(0,1), A% =(1,1), A% =(1,2), M =(2,2).

The dominance order on tabloids is determined by the dominance ordering
on the corresponding compositions.

Definition 2.5.4 Let {s} and {t} be two tabloids with composition se-
quences A* and p', respectively. Then {s} dominates {t}, written {s} > {t},
if X' D>yt for all i. m

The Hasse diagram for this ordering of the (2, 2)-tabloids is as follows:

1 2

w
=N

—
w

[\
w
—
IS

—
S
[\
w

-
w

w
W~

1 2

Just as for partitions, there is a dominance lemma for tabloids.

Lemma 2.5.5 (Dominance Lemma for Tabloids) If £ < | and k ap-
pears in a lower row than ! in {t}, then

{t} < (&, D{t}.

Proof. Suppose that {t} and (k,1){t} have composition sequences ¢ and p’,
respectively. Then for i < k or i > [ we have A\* = pt.

Now consider the case where k < ¢ < [. If r and q are the rows of {t} in
which k and | appear, respectively, then

A = ' with the gth part decreased by 1
and the rth part increased by 1.
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Since ¢ < r by assumption, A\ <t u’. m

If v =>,c{t:} € M*, then we say that {t;} appears in v if ¢; # 0.
The dominance lemma puts a restriction on which tableaux can appear in a
standard polytabloid.

Corollary 2.5.6 Ift is standard and {s} appears in e;, then {t} > {s}.

Proof. Let s = wt, where m € Cy, so that {s} appears in e,. We induct on
the number of column inversions in s, i.e., the number of pairs k£ < [ in the
same column of s such that k is in a lower row than [. Given any such pair,

{s} <t (k, ){s}

by Lemma 2.5.5. But (k,[){s} has fewer inversions than {s}, so, by induction,
(k,1){s} < {t} and the result follows. m

The previous corollary says that {¢t} is the maximum tabloid in e, by
which we mean the following.

Definition 2.5.7 Let (A, <) be a poset. Then an element b € A is the
mazimum if b > c for all ¢ € A. An element b is a maximal element if there is
no ¢ € A with ¢ > b. Minimum and minimal elements are defined analogously.
[

Thus a maximum element is maximal, but the converse is not necessarily
true. It is important to keep this distinction in mind in the next result.

Lemma 2.5.8 Let vy,va,...,V,, be elements of M*. Suppose, for each v;,
we can choose a tabloid {t;} appearing in v; such that

1. {t:} is mazimum in v;, and
2. the {t;} are all distinct.
Then vy,Va,...,Vy, are independent.

Proof. Choose the labels such that {t;} is maximal among the {¢;}. Thus
conditions 1 and 2 ensure that {1} appears only in v;. (If {£1} occurs in
v;, i > 1, then {t1} < {¢;}, contradicting the choice of {¢1}.) It follows that
in any linear combination

cvi+cvet -+ epvy =0

we must have ¢; = 0 because there is no other way to cancel {t1}. By
induction on m, the rest of the coefficients must also be zero. m

The reader should note two things about this lemma. First of all, it is
not sufficient only to have the {¢;} maximal in v;; it is easy to construct
counterexamples. Also, we have used no special properties of &> in the proof,
so the result remains true for any partial order on tabloids.

We now have all the ingredients to prove independence of the standard
basis.
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Proposition 2.5.9 The set
{e: : tis a standard A-tableau}

is independent.

Proof. By Corollary 2.5.6, {t} is maximum in e, and by hypothesis they are
all distinct. Thus Lemma 2.5.8 applies. m

2.6 Garnir Elements

To show that the standard polytabloids of shape p span S*, we use a pro-
cedure known as a straightening algorithm. The basic idea is this. Pick an
arbitrary tableau t. We must show that e; is a linear combination of standard
polytabloids. We may as well assume that the columns of ¢ are increasing,
since if not, there is ¢ € C; such that s = ot has increasing columns. So

e; =oe; = (sgno)e;

by Lemmas 2.3.3 (part 4) and 2.4.1 (part 1). Thus e; is is a linear combination
of polytabloids whenever e; is.
Now suppose we can find permutations 7 such that

1. in each tableau 7t, a certain row descent of t (pair of adjacent, out-of-
order elements in a row) has been eliminated, and

2. the group algebra element g = € + ) __(sgnm)w satisfies ge; = 0.

€y = — E €rt-
s

So we have expressed e; in terms of polytabloids that are closer to being
standard, and induction applies to obtain e; as a linear combination of poly-
tabloids.

The elements of the group algebra that accomplish this task are the Garnir
elements.

Then

Definition 2.6.1 Let A and B be two disjoint sets of positive integers and
choose permutations 7 such that

Saup = (Sa x Sg).

s

Then a corresponding Garnir element is

gA,B = Z(sgnw)n. ]

kK
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Although g4 p depends on the transversal and not just on A and B, we will
standardize the choice of the 7’s in a moment. Perhaps the simplest way to
obtain a transversal is as follows. The group Saup acts on all ordered pairs
(A’, B’) such that |A’| = |A|, |B'| = |B|, and A’ B’ = Al¢ B in the obvious
manner. If for each possible (A’, B’) we take m € Saup such that

n(A,B) = (A", B'),

then the collection of such permutations forms a transversal. For example,
suppose A = {5,6} and B = {2,4}. Then the corresponding pairs of sets (set
brackets and commas having been eliminated for readability) and possible
permutations are

(A’,B') : (56,24) , (46, 25) , (26,45) , (45,26) , (25,46) , (24,56).
gA.B = € - (475) - (2a5) - (4a 6) - (276) + (275)(476)-

It should be emphasized that for any given pair (A’, B’), there are many
different choices for the permutation 7 sending (A, B) to that pair.

The Garnir element associated with a tableau ¢ is used to eliminate a
descent ti’j > tl',j+1.

Definition 2.6.2 Let t be a tableau and let A and B be subsets of the jth
and (j + 1)st columns of ¢, respectively. The Garnir element associated with
t (and A, B) is ga,s = Y., (sgnm)m, where the 7 have been chosen so that
the elements of AU B are increasing down the columns of 7t. m

In practice, we always take A (respectively, B) to be all elements below ¢; ;
(respectively, above ¢; j+1), as in the diagram

J

If we use the tableau
123

t= 54
6

with the descent 5 > 4, then the sets A and B are the same as in the previous
example. Each (A’, B') has a corresponding ¢’ that determines a permutation

in ga B:

123 123 143 123 143 153
¥:54 ., 45 , 25 , 46 26 26
6 6 6 5 5 4

gAB = € — (4a 5) + (25475) + (476a5) - (274’675) + (255)(4a 6)



72 CHAPTER 2. REPRESENTATIONS OF THE SYMMETRIC GROUP

The reader can verify that g4 ge; = 0, so that
€ = €y, — €, — €4, + €, — €4,

where to,...,ts are the second through sixth tableaux in the preceding list.
Note that none of these arrays have the descent found in the second row of ¢.

Proposition 2.6.3 Let t, A, and B, be as in the definition of a Garnir
element. If |A U B| is greater than the number of elements in column j of t,
then ga pe: = 0.

Proof. First, we claim that
Saupe: = 0. (2.4)

Consider any o € C;. By the hypothesis, there must be a,b € AU B such that
a and b are in the same row of ot. But then (a,b) € Saup and Sy ,g{ot} =0
by part 4 of the sign lemma (Lemma 2.4.1). Since this is true of every o
appearing in Kk, the claim follows.

Now Saup =W, m(Sa x Sp), s0 Sy 5 = 94,8(Sa x Sp)~. Substituting
this into equation (2.4) yields

gA,B(SA X SB)_et =0, (2.5)

and we need worry only about the contribution of (S4 x Sg)~. But we have
Sax8g CC;. Soif o € Sy x Sg, then, by part 1 of the sign lemma,

o e,=0 C; {t} =C; {t} =e;.

Thus (S4 x Sg)~e; = |Sa X Splet, and dividing equation (2.5) by this car-
dinality yields the proposition. m

The reader may have noticed that when we eliminated the descent in row
2 of the preceding example, we introduced descents in some other places—
e.g., in row 1 of 3. Thus we need some measure of standardness that makes
ta,...,te closer to being standard than ¢. This is supplied by yet another par-
tial order. Given ¢, consider its column equivalence class, or column tabloid,

[t] déf Ctt7
i.e., the set of all tableaux obtained by rearranging elements within columns
of t. We use vertical lines to denote the column tabloid, as in

1/2]_[12 3 2
3] T3 1 '

Replacing “row” by “column” in the definition of dominance for tabloids, we
obtain a definition of column dominance for which we use the same symbol
as for rows (the difference in the types of brackets used for the classes makes
the necessary distinction).

Our proof that the standard polytabloids span S* follows Peel [Pee 75].
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Theorem 2.6.4 The set
{e: : tis a standard \-tableau} (2.6)
spans S*.

First note that if e; is in the span of the set (2.6), then so is e, for any
s € [t], by the remarks at the beginning of this section. Thus we may always
take t to have increasing columns.

The poset of column tabloids has a maximum element {to], where to is
obtained by numbering the cells of each column consecutively from top to
bottom, starting with the leftmost column and working right. Since ¢y is
standard, we are done for this equivalence class.

Now pick any tableau ¢t. By induction, we may assume that every tableau
s with [s] > [t] is in the span of (2.6). If ¢ is standard, then we are done. If
not, then there must be a descent in some row 4 (since columns increase). Let
the columns involved be the jth and (j+ 1)st with entries a; < a2 < --- < ap
and by < by < -+ < by, respectively. Thus we have the following situation in
t:

a1 by
A

as b2
A
A

a; > bz‘

A

A by

ap

Take A = {ai,...,ap} and B = {b,...,b;} with associated Garnir element
ga,B = .(sgnm)m. By Proposition 2.6.3 we have g4 pe; = 0, so that

e = — Z(sgn T)ert. (2.7)
e

But by < -+ < b; < a; < -+ < ap implies that [rt] > [t] for 7 # € by the
column analogue of the dominance lemma for tabloids (Lemma 2.5.5). Thus
all terms on the right side of (2.7), and hence e; itself, are in the span of the
standard polytabloids. =

To summarize our results, let
f* = the number of standard A-tableaux.

Then the following is true over any base field.
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Theorem 2.6.5 For any partition A:
1. {e; : t is a standard \-tableau} is a basis for S*,
2. dim S* = f*, and
3. Zm—n(f'\)2 =nl.

Proof. The first two parts are immediate. The third follows from the fact
(Proposition 1.10.1) that for any group G,

3 @imV)? =6,

v

where the sum is over all irreducible G-modules. m

2.7 Young’s Natural Representation

The matrices for the module S* in the standard basis form what is known as
Young’s natural representation. In this section we illustrate how these arrays
are obtained.

Since S, is generated by the transpositions (k,k+1) fork=1,...,n—1,
one need compute only the matrices corresponding to these group elements.
If ¢ is a standard tableau, we get the tth column of the matrix for 7 € S,, by
expressing me; = e, as a sum of standard polytabloids. When 7 = (k, k+1),
there are three cases.

1. If k and k + 1 are in the same column of ¢, then (k,k + 1) € C; and

(k, k+ 1)€t = —€4.

2. If k and k + 1 are in the same row of ¢, then (k, k + 1)t has a descent in
that row. Applying the appropriate Garnir element, we obtain

(k,k +1)e; = e; + other polytabloids ey such that [t'] > [t].

3. If k and k+1 are not in the same row or column of ¢, then the tableau
t' = (k,k + 1)t is standard and

(kk+1)e, = ep.

The e; in the sum for case 2 comes from the term of equation (2.7) corre-
sponding to w = (k,k + 1). Although we do not have an explicit expression
for the rest of the terms, repeated application of 1 through 3 will compute
them (by reverse induction on the column dominance ordering). This is the
straightening algorithm mentioned at the beginning of Section 2.6.
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By way of example, let us compute the matrices for the representation of
S5 corresponding to A = (2,1). The two standard tableaux of shape A are
13 12
= 4 and tp = 3
Note that we have chosen our indices so that [t;] > [t2]. This makes the
computations in case 2 easier.
For the transposition (1, 2) we have

2 3 1 3
(172)et1 = 1 - i = —€y
as predicted by case 1. Since
21
(17 2)t2 - 3

has a descent in row 1, we must find a Garnir element. Taking A = {2, 3}
and B = {1} gives tableaux

21 12 13
3 = (1, 2)t2, 3 = tg, and 9 = tl

with element
gA.B — € — (1a 2) + (1v3a 2)'
Thus
€(1,2)t, — €, + € =0,

or
(1,2)€t2 = €, — €,

(This result can be obtained more easily by merely noting that

12 31
3 2

(17 2)6,32 =

and expressing this as a linear combination of the e;,.) Putting everything
together, we obtain the matrix

X((1,2))=(_(1) ‘})

The transposition (2,3) is even easier to deal with, since case 3 always
applies, yielding
(2, 3)t1 =13
and
(2,3)te = t3.

x(e3)=(] o)

We have already seen these two matrices in Example 1.9.5. Since the adjacent
transpositions generate S,, all other matrices must agree as well.

Thus
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2.8 The Branching Rule

It is natural to ask what happens when we restrict or induce an irreducible
representation S* of S,, to S,,_1 or Sp41, respectively. The branching theorem
gives a simple answer to that question.

Intuitively, these two operations correspond to either removing or adding
a node to the Ferrers diagram for .

Definition 2.8.1 If X is a diagram, then an inner corner of A is a node
(¢,7) € X whose removal leaves the Ferrers diagram of a partition. Any
partition obtained by such a removal is denoted by A~. An outer corner
of A is a node (¢,7) ¢ A whose addition produces the Ferrers diagram of a
partition. Any partition obtained by such an addition is denoted by A*. m

Note that the inner corners of A are exactly those nodes at the end of a
row and column of A. For example, if A = (5,4,4,2), then the inner corners
are enlarged and the outer corners marked with open circles in the following
diagram:

[ ] [ ] e (o)
[ ] [ ] [ ] L ] o
A= o o o ©
e @ o
o]
So, after removal, we could have
o 0o 00 o 0 0 0 0 LN L ]
_ ° oo oo )
A ° ’ ) ’ [0 ’
[ J L BN J L]
whereas after addition, the possibilities are
e e 00 00 ® 0 ® 00 e 0o [ o 0 o 0 0
o 0o 00 o 0 o 00 o o o0 o 0o 00
AT: oo oo , ®eeee e , eeee
L N ] L N e o0 3]
[ ]

These are exactly the partitions that occur in restriction and induction. In
particular,

G442 | o o §(4442) g 5(5,43.2) g §(5,4,4.1)

and
§(6:4:4.2)4S16 §(6:4,4.2) gy §(5,5.4,2) gy §(5,:4,4,3) gy §(5.4,4,2,1)

Before proving the branching rule itself, we need a result about dimen-
sions.
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Lemma 2.8.2 We have
/=3
e
Proof. Every standard tableau of shape A - n consists of n in some inner
corner together with a standard tableau of shape A~ + n — 1. The result
follows. m

Theorem 2.8.3 (Branching Rule) If A n, then

1. SMs, & @S’\_, and
Py

2. SMSmhz (BN
A+

Proof. [Pee 75] 1. Let the inner corners of A appear in rows r; < ry <
.-+ < 14. For each i, let \* denote the partition A~ obtained by removing
the corner cell in row 7;. In addition, if n is at the end of row r; of tableau ¢
(respectively, in row r; of tabloid {t}), then #* (respectively, {¢'}) will be the
array obtained by removing the n.

Now given any group G with module V and submodule W, it is easy to
see that

vewe (V/W),
where V/W is the quotient space. (See Exercise 7 in Chapter 1.) Thus it
suffices to find a chain of subspaces

01=vVOcyvOcy@c...cy® =g

such that V(@ /v (-1 =~ X 35 S, -modules for 1 < i < k. Let V® be
the vector space spanned by the standard polytabloids e;, where n appears
in ¢t at the end of one of rows r; through r;. We show that the V® are our
desired modules as follows. '

Define maps 8; : M*» — M by linearly extending

o, [ {t:} ifnisinrow r; of {t},
{t} = { 0 otherwise.

The reader can quickly verify that 8; is an S,_;-homomorphism. Further-
more, for standard ¢ we have

0, e, ifnisinrow r; of t,
e = { 0 if nisin row r; of ¢, where j < i. (2.8)

This is because any tabloid appearing in e;, t standard, has n in the same
row or higher than in ¢.

Since the standard polytabloids form a basis for the corresponding Specht
module, the two parts of (2.8) show that

9,V = g¥ (2.9)
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and ‘
VD C ker ;. (2.10)

From equation (2.10), we can construct the chain

{0} =vVO cvnkersy CVD CV® nkerfy c VP C... c vk = g2
(2.11)

But from equation (2.9)

1740

: = dimf. VO — £
dim VO Nierd; dim 6;V .

By the preceding lemma, the dimensions of these quotients add up to dim S*.
Since this leaves no space to insert extra modules, the chain (2.11) must have
equality for the first, third, etc. containments. Furthermore,

~

Ve ~ VO Nkerf;

as desired.

2. We will show that this part follows from the first by Frobenius reci-
procity (Theorem 1.12.6). In fact, parts 1 and 2 can be shown to be equivalent
by the same method.

Let x* be the character of S*. If SMSn+122 @, 1m,S*, then by taking

characters, xMSn+122 Z myx*. The multiplicities are given by

pkn+1
my, = (XM xH) (Corollary 1.9.4, part 2)
= (A xMs,) (Frobenius reciprocity)
= (x - x* ) (branching rule, part 1)
= { (1) f)ft})l\e?wl;s;’ (Corollary 1.9.4, part 4)

_ 1 if M= )\+, " — +
= { 0 otherwise. (definition of p~ and A™)

This finishes the proof. m

2.9 The Decomposition of M*

We would like to know the multiplicity my, of the Specht module S Ain M*.
In fact, we can give a nice combinatorial description of these numbers in terms
of tableaux that allow repetition of entries.

Definition 2.9.1 A generalized Young tableau of shape ), is an array T ob-
tained by replacing the nodes of A with positive integers, repetitions allowed.
The type or content of T is the composition p = (41, po, - .., m), Where y;
equals the number of 7’s in T'. Let

Tap =A{T : T has shape A and content x}. m
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Note that capital letters will be used for generalized tableaux. One such

array is

4 1 4
T=13
of shape (3,2) and content (2,0, 1,2).

We will show that C[T,] is really a new copy of M*. For the rest of this

section and the next:
fiz a tableau t of shape A and content (1™).
In all our examples we will use A = (3,2) and

1 2 3

t= 4 5

If T is any A-tableau, then let T'(i) denote the element of T' in the same
position as the ¢ in the fixed tableau t. With ¢ and T as before,

TQ) T@) T(3)

T= T4) T(5) :

(2.12)

so that T(1) =T(3) =4, T(2) =T(4) = 1, and T'(5) = 3.
Now given any tabloid {s} of shape p, produce a tableau T' € T,, by
letting

T'(i) = the number of the row in which ¢ appears in {s}.

For example, suppose p = (2,2,1) and

2 3
{s}=1 5
4

Then the 2 and 3 are in row one of {s}, so the 2 and 3 of ¢ get replaced by
ones, etc., to obtain

Note that the shape of {s} becomes the content of T, as desired. Also, it is

clear that the map {s} 4 Tisa bijection between bases for M* and C[T7,,],
so they are isomorphic as vector spaces.

We now need to define an action of &, on generalized tableaux so that
M* 22 C[T,,] as modules. If 7 € S, and T' € T,,, then we let 7T be the
tableau such that

(xT)(5) € T(x~19).

To illustrate with our canonical tableau (2.12):

T(4) T(1) T(3)

29T = 70) 7(5)
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In particular,

211 3 1
1 .

(1,24) 3 5 = =

Note that although 7 € S, acts on the elements of {s} (replacing i by i),
it acts on the places in T' (moving 7'(i) to the position of T'(n7)). To see
why this is the correct definition for making # into a module isomorphism,
consider 8({s}) = T and m € S,,. Thus we want 8(r{s}) = 7#T. But this
forces us to set

2
2

(7T)(i) = row number of ¢ in 7{s}
= row number of 771 in {s}
= T(r™ k).

We have proved, by fiat, the following.

Proposition 2.9.2 For any given partition \, the modules M* and C[Ty,]
are isomorphic. u

Recall (Proposition 1.7.10) that the multiplicity of S* in M* is given by
dim Hom(S*, M*). We will first construct certain homomorphisms from M*
to M* using our description of the latter in terms of generalized tableaux and
then restrict to S*. The row and column equivalence classes of a generalized
tableau T, denoted by {T'} and [T7], respectively, are defined in the obvious
way. Let {t} € M* be the tabloid associated with our fixed tableau.

Definition 2.9.3 For each T' € T,,, the homomorphism corresponding to T
is the map 87 € Hom(M*, M*) given by

DI

Se{T}

and extension using the cyclicity of M*. Note that 07 is actually a homomor-
phism into C7},, but that should cause no problems in view of the previous
proposition. m

Extension by cyclicity means that, since every element of M X is of the
form g{t} for some g € C[S,], we must have Or(g{t}) = 9> sc(r} S (that
A1 respects the group action and linearity). For example, if

2 1 1
=1, .
then
211 121 112 211 121 112
Or{t}= 35 +t 39 t 32 T a3 Tt a3 * a3
and

321 311 312 221 211 212
6r(1,2,4){t} = 12 T o292 t 10 T13 to3 T 13 -
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Now we obtain elements of Hom(S*, M*) by letting
Or = the restriction of 67 to S*.

If ¢ is our fixed tableau, then

Or(er) = Or(ke{t}) = re(0r{t}) = re( Y S).

Se{T}

This last expression could turn out to be zero (thus forcing O1 to be the zero
map by the cyclicity S*) because of the following.

Proposition 2.9.4 If t is the fited A-tableau and T € T, then kT = 0 if
and only if T has two equal elements in some column.

Proof. If x; T = 0, then

T+ Z (sgnm)rT = 0.
TeC,
wH#e
So we must have T = 7T for some n € C; with sgnm = —1. But then the
elements corresponding to any nontrivial cycle of m are all equal and in the
same column.
Now suppose that T'(z) = T'(j) are in the same column of T'. Then

(6 - (Za]))T =0
But € — (3, 7) is a factor of x; by part 3 of the sign lemma (Lemma 2.4.1), so
eI =0. m

In light of the previous proposition, we can eliminate possibly trivial Or
from consideration by concentrating on the analogue of standard tableaux for
arrays with repetitions.

Definition 2.9.5 A generalized tableau is semistandard if its rows weakly
increase and its columns strictly increase. We let 7}‘0# denote the set of semi-
standard A-tableaux of type y. m

The tableau

1 1 2
T=4 3
is semistandard, whereas
211
T=3

is not. The homomorphisms corresponding to semistandard tableaux are the
ones we have been looking for. Specifically, we will show that they form a
basis for Hom(S*, M*).
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2.10 The Semistandard Basis for Hom(S*, M*)

This section is devoted to proving the following theorem.

Theorem 2.10.1 The set
{gT : T e 'T)\OH}
is a basis for Hom(S*, M*).

In many ways the proof will parallel the one given in Sections 2.5 and 2.6
to show that the standard polytabloids form a basis for S*.

As usual, we need appropriate partial orders. The dominance and column
dominance orderings for generalized tableaux are defined in exactly the same
way as for tableaux without repetitions (see Definition 2.5.4). For example,
if
2
3

then [S] corresponds to the sequence of compositions

1
2

1
2

5] = L |

R

and [T]= ’

A =(0,1,1), M =(1,2,1), X=(2,21),
whereas [T] has
pl=(1,1,0), wp?=(2,1,1), u®=(2,21).

Since A* <yt for all 4, [S] < [T]. The dominance lemma for tabloids (Lemma
2.5.5) and its corollary (Corollary 2.5.6) have analogues in this setting. Their
proofs, being similar, are omitted.

Lemma 2.10.2 (Dominance Lemma for Generalized Tableaux) Let k
be in a column to the left of | in T with k <. Then

[T] > [S],

where S s the tableau obtained by interchanging k andl inT. m

Corollary 2.10.3 If T is semistandard and S € {T} is different from T,
then
[T]>1[S]. =

Thus, if T' is semistandard, then [T is the largest equivalence class to appear
in 0'1" {t}

Before proving independence of the 7, we must cite some general facts
about vector spaces. Let V be a vector space and pick out a fixed basis
B = {by,bs,...,b,}. If v € V, then we say that b; appears invifv =3". ¢;b;
with ¢; # 0. Suppose that V is endowed with an equivalence rclation whose
equivalence classes are denoted by [v], and with a partial order on these
classes. We can generalize Lemma 2.5.8 as follows.
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Lemma 2.10.4 Let V and B be as before and consider a set of vectors
Vi,Va,...,Vm € V. Suppose that, for all i, there exists b, € B appearing
in v; such that

1. [b;] & [b] for every b # b; appearing in v;, and

2. the |b;] are all distinct.
Then the v; are linearly independent. m

We also need a simple lemma about independence of linear transforma-
tions.

Lemma 2.10.5 LetV and W be vector spaces and let 6,0z, ...,0,, be linear
maps from V to W. If there exists a v € V such that 61(v),02(v),...,0m (V)
are independent in W, then the 0; are independent as linear transformations.

Proof. Suppose not. Then there are constants c¢;, not all zero, such that
>, ¢if; is the zero map. But then ). ¢;0;(v) =0 for all v € V, a contradic-
tion to the hypothesis of the lemma. =

Proposition 2.10.6 The set
{ET 1 Te T)?M}
is independent.

Proof. Let 11, T, . .., Trn be the elements of 7,,. By the previous lemma, it
suffices to show that 01, e;,0r,e,,...,0r, e, are independent, where ¢ is our
fixed tableau. For all i we have

pTiet = aTilit{t} = K0, {t}.

Now T; is semistandard, so [T;] > [S] for any other summand S in 67, {t}
(Corollary 2.10.3). The same is true for summands of k.07, {t}, since the
permutations in ; do not change the column equivalence class. Also, the [T;]
are all distinct, since no equivalence class has more than one semistandard
tableau. Hence the s:07, {t} = 0r,e; satisfy the hypotheses of Lemma 2.10.4,
making them independent. m

To prove that the 1 span, we need a lemma.

Lemma 2.10.7 Consider § € Hom(S*, M*). Write
fe; = Z crT,
T

where t is the fixed tableau of shape .

1. If 7 € C; and Ty = nTy, then ey = (sgnm)er,.
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2. Every Ty with a repetition in some column has cr, = 0.

3. If 6 is not the zero map, then there exists a semistandard Ty having
CT, 7& 0.

Proof. 1. Since 7 € C;, we have

m(fe;) = O(wr{t}) = 0((sgnm)k:{t}) = (sgn~)(be;).
Therefore, fe; = Y crT implies

T Z cerT = (fe;) = (sgnm)(fe;) = (sgn) Z crT.
T T

Comparing coefficients of 7T on the left and T} on the right yields cp, =
(sgnm)er,, which is equivalent to part 1.

2. By hypothesis, there exists (i,5) € C; with (¢,7)T1 = T1. But then
cr, = —cp, by what we just proved, forcing this coefficient to be zero.

3. Since 6 # 0, we can pick T, with ¢y, # 0 such that [T3] is maximal.
We claim that T, can be taken to be semistandard. By parts 1 and 2, we can
choose T3 so that its columns strictly increase.

Suppose, toward a contradiction, that we have a descent in row 7. Thus
T, has a pair of columns that look like

by
A
by
A
N
a; > bi
A
A
ap

Choose A and B as usual, and let g4 p = > (sgnm)7 be the associated
Garnir element. We have

94,80>_ crT) = ga,p(0e;) = 6(ga,ze;) = 6(0) = 0.
T

Now T; appears in g4 gT> with coefficient 1 (since the permutations in ga,p
move distinct elements of T5). So to cancel T in the previous equation, there
must be a T' % T, with 7T = T5 for some 7 in g4, 5. Thus T is just T3 with
some of the a;’s and by’s exchanged. But then [T] > [T3] by the dominance
lemma for generalized tableaux (Lemma 2.10.2). This contradicts our choice
of Tg. n

We are now in a position to prove that the 81 generate Hom(S*, M*).
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Proposition 2.10.8 The set
{§T : Te 7;\0 }

i
spans Hom(S*, M*).
Proof. Pick any 6 € Hom(S*, M*) and write

fe; =Y crT. (2.13)
T

Consider
Ly={S ¢ ’T,& : [S] Q[T for some T appearing in fe;}.

In poset terminology, Lg corresponds to the lower order ideal generated by
the T in fe;. We prove this proposition by induction on |Lg|.

If |Lg| = 0, then @ is the zero map by part 3 of the previous lemma. Such
a 0 is surely generated by our set!

If |Lg| > 0, then in equation (2.13) we can find a semistandard T3 with
cp, # 0. Furthermore, it follows from the proof of part 3 in Lemma 2.10.7
that we can choose [T3] maximal among those tableaux that appear in the
sum. Now consider

02 = f — CngTz.

We claim that Lg, is a subset of Ly with T removed. First of all, every S
appearing in 6, e, satisfies [S]<[T3] (see the comment after Corollary 2.10.3),
so Lg, C Lg. Furthermore, by part 1 of Lemma 2.10.7, every S with [S] = [T3]
appears with the same coefficient in fe; and cTzaTZet. Thus T2 ¢ Lg,, since
[T] is maximal. By induction, 6 is in the span of the 7 and thus 6 is as
well. :

This completes the proof of the proposition and of Theorem 2.10.1. m

2.11 Kostka Numbers and Young’s Rule

The Kostka numbers count semistandard tableaux.

Definition 2.11.1 The Kostka numbers are
K)\N = |7-AO;A| =

As an immediate corollary of the semistandard basis theorem (Theorem
2.10.1), we have Young’s rule.

Theorem 2.11.2 (Young’s Rule) The multiplicity of S* in M* is equal

to the number of semistandard tableaux of shape A and content p, i.e.,

M* =P K,,S . .
A
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Note that by Corollary 2.4.7, we can restrict this direct sum to A> u. Let us
look at some examples.

Example 2.11.3 Suppose u = (2,2,1). Then the possible A > u and the
associated A-tableaux of type u are as follows:

M =(2,2,1) A2=(3,1,1) M =(3,2) M=(4,1) I =(5
[ N o o o0 e 0 o ® ® 00 ® 0 o 0 0
= o0 = @ =00 = e =
[ ) [ ]
T:11 112 112 1122 11223
22 2 23 3
3 3
113 1123
22 2
Thus

M(27271) o 5(21271) D 5(313:1) @D 25(372) D 25’(471) ) S(S)

Example 2.11.4 For any p, K,, = 1. This is because the only p-tableau
of content u is the one with all the 1’s in row 1, all the 2’s in row 2, etc. Of
course, we saw this result in Corollary 2.4.7.

Example 2.11.5 For any u, K(,), = 1. Obviously there is only one way to
arrange a collection of numbers in weakly increasing order. It is also easy to
see from a representation-theoretic viewpoint that M* must contain exactly
one copy of S(™ (see Exercise 5b).

Example 2.11.6 For any A, K\(1») = f A (the number of standard tableaux
of shape A). This says that

MO =P s
A

But M1 is just the regular representation (Example 2.1.7) and f* = dim §*
(Theorem 2.5.2). Thus this is merely the special case of Proposition 1.10.1,
part 1, where G = S,,.

2.12 Exercises

1. Let ¢* be the character of M*. Find (with proof) a formula for ¢}, the
value of ¢* on the conjugacy class K.

2. Verify the details in Theorem 2.1.12.
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3. Let A = (A1, Aa,..., Ay) and p = (u1, B2, - .., tm) be partitions. Char-
acterize the fact that A is covered by p if the ordering used is
(a) lexicographic,
(b) dominance.
4. Consider §"~1:1, where each tabloid is identified with the element in

its second row. Prove the following facts about this module and its
character.

(a) We have
S("_l’l):{cll+022+---+cnn 101+62+"'+Cn:0}.
(b) For any 7 € Sp,,

x" 1Y (1) = (number of fixedpoints of ) — 1.

5. Let the group G act on the set S. We say that G is transitive if, given
any s,t € S, there is a g € G with gs = t. The group is doubly transitive
if, given any s,t,u,v € S with s # u and t # v, there is a ¢ € G with
gs =t and gu = v. Show the following.

(a) The orbits of G’s action partition S.

(b) The multiplicity of the trivial representation in V' = CS is the
number of orbits. Thus if G is transitive, then the trivial represen-
tation occurs exactly once. What does this say about the module
MH#?

(¢) If G is doubly transitive and V has character x, then x — 1 is an
irreducible character of G. Hint: Fix s € S and use Frobenius
reciprocity on the stabilizer G; < G.

(d) Use part (c) to conclude that in S, the function
f(7) = (number of fixedpoints of 7) — 1

is an irreducible character.

6. Show that every irreducible character of S, is an integer-valued func-
tion.

7. Define a lexicographic order on tabloids as follows. Associate with any
{t} the composition A = (A1, Az, ..., An), where J; is the number of the
row containing n — ¢ + 1. If {s} and {t} have associated compositions
A and p, respectively, then {s} < {t} in lexicographic order (also called
last letter order) if A < p.

(a) Show that {s} < {t} implies {s} < {t}.
(b) Repeat Exercise 3 with tabloids in place of partitions.
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8.

10.

11.

12.

Verify that the permutations 7 chosen after Definition 2.6.1 do indeed
form a transversal for S4 x Sp in Saup.

. Verify the statements made in case 2 for the computation of Young’s

natural representation (page 74).
In S, consider the transpositions 7, = (k,k+ 1) fork=1,...,n — 1.

(a) Prove that the 7, generate S, subject to the Coxeter relations

2 = ¢ 1<k<n-—1,
TeTk+1Tk = Tk+1TkTk+1, 1 <k <n—2,
TeTL = TiTk, 1<k l<n-—1land|k—1I]|>2.

(b) Show that if G, is a group generated by g, for k =1,...,n—1
subject to the relations above (replacing 7 by gi), then G, =
S,. Hint: Induct on n using cosets of the subgroup generated by

gi1y.--y,9n—-2.

Fix a partition A and fix an ordering of standard A-tableaux t1,%o,....
Define the azial distance from k to k + 1 in tableau ¢; to be

5i :62(k7k+1) = (C,—rl)— (C——T),

where ¢, ¢’ and 7,7’ are the column and row coordinates of k£ and &k + 1,
respectively, in t;. Young’s seminormal form assigns to each transposi-
tion 7 = (k, k + 1) the matrix py(7) with entries

1/6; ifi=j,
_ 1—1/512 ithiztjandz'<j,
i =9 1 if 7t; = t; and i > j,
0 otherwise.

(a) Show that every row and column of p)(7) has at most two nonzero
entries.

(b) Show that p, can be extended to a representation of S, where
A F n, by using the Coxeter relations of Exercise 10.

(c) Show that this representation is equivalent to the one afforded by
S*.

All matrices for this problem have rows and columns indexed by parti-
tions of n in dual lexicographic order. Define

A= (SxNKyl) and B = (IS,] - K»p).

(Be sure to distinguish between the conjugacy class K,, and the Kostka
number K,.) Show that A, B are upper triangular matrices and that
C = B(A%)™! is the character table of S, (with the columns listed in
reverse order). Hint: Use Frobenius reciprocity.

Use this method to calculate the character table for Sy.
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13.

14.

13.

16.

17.

Prove that, up to sign, the determinant of the character table for S, is

e

Abn A €A

Prove the following results in two ways: once using representations and
once combinatorially.

(a) If Ky, # 0, then A > p.

{(b) Suppose p and v are compositions with the same parts (only rear-
ranged). Then for any A, K, = Ky,. Hint: For the combinatorial
proof, consider the case where p and v differ by an adjacent trans-
position of parts.

Let G be a group and let H < G have index two. Prove the following.

(a) H is normal in G.

(b) Every conjugacy class of G having nonempty intersection with H
becomes a conjugacy class of H or splits into two conjugacy classes
of H having equal size. Furthermore, the conjugacy class K of G
does not split in H if and only if some k£ € K commutes with some
g¢ H.

(c) Let x be an irreducible character of G. Then x|y is irreducible or
is the sum of two inequivalent irreducibles. Furthermore, xlg is
irreducible if and only if x(g) # 0 for some g ¢ H.

Let A, denote the alternating subgroup of S, and consider # € &,
having cycle type A = (A1, Az, ..., A).
(a) Show that w € A, if and only if n — [ is even.
(b) Prove that the conjugacy classes of S,, that split in A,, are those
where all parts of A are odd and distinct.

Use the previous two exercises and the character table of S4 to find the
character table of Aj.



Chapter 3

Combinatorial Algorithms

Many results about representations of the symmetric group can be approached
in a purely combinatorial manner. The crucial link between these two view-
points is the fact (Theorem 2.6.5, part 2) that the number of standard Young
tableaux of given shape is the degree of the corresponding representation.

We begin this chapter with famed Robinson-Schensted algorithm [Rob 38,
Sch 61}, which provides a bijective proof of the identity

S =nt

Abn

from part 3 of Theorem 2.6.5. This procedure has many surprising properties
that are surveyed in the sections that follow. This includes a discussion of
Schiitzenberger’s jeu de taquin [Scii 76], which is a crucial tool for many
results. In the last two sections we give a pair of formulae for

f* =dim S

One is in terms of products, whereas the other involves determinants.

3.1 The Robinson-Schensted Algorithm

If we disregard its genesis, the identity

S (PP =nt

Abn

can be regarded as a purely combinatorial statement. It says that the number
of elements in S, is equal to the number of pairs of standard tableaux of
the same shape A as )\ varies over all partitions of n. Thus it should be
possible to give a purely combinatorial-—i.e., bijective—proof of this formula.
The Robinson-Schensted correspondence does exactly that. It was originally
discovered by Robinson [Rob 38] and then found independently in quite a

91
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different form by Schensted [Sch 61]. It is the latter’s version of the algorithm
that we present.
The bijection is denoted by

&3 (PQ),

where m € S,, and P, @ are standard A-tableaux, A - n. We first describe the
map that, given a permutation, produces a pair of tableaux.

“p B9 (P,Q)” Suppose that 7 is given in two-line notation as

1 2 - n

T = .
xl xz e xn

We construct a sequence of tableaux pairs

(P(Jv QO) = (®7 0)1 (PlaQ1)7 (P21Q2)7 ] (PH’QTI) = (P’ Q)7 (31)

where 1,2, ...,%, are insertedintothe P’sand 1,2,...,n are placed in the
Q’s so that sh Py, = sh Qy, for all k. The operations of insertion and placement
will now be described.

Let P be a partial tableau, i.e., an array with distinct entries whose rows
and columns increase. (So a partial tableau will be standard if its elements
are precisely {1,2,...,n}.) Also, let  be an element not in P. To row insert
z into P, we proceed as follows (where := means replacement).

RS1 Set R := the first row of P.

RS2 While z is less than some element of row R, do

RSa Let y be the smallest element of R greater than « and replace
y by z in R (denoted by R « z).
RSb Set z := y and R := the next row down.

RS3 Now z is greater than every element of R, so place = at the end of
row R and stop.

To illustrate, suppose £ = 3 and

1258
47
6

9

P=

To follow the path of the insertion of z into P, we put elements that are
displaced (or bumped) during the insertion in boldface type:

1258 +3 1238 1238 1238
47 47 +~5 45 45
6 6 6 «~7 67

9 9 9 9
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If the result of row inserting x into P yields the tableau P’, then write
r(P) = P’

Note that the insertion rules have been carefully written so that P’ still has
increasing rows and columns.

Placement of an element in a tableau is even easier than insertion. Suppose
that @ is a partial tableau of shape p and that (7, 7) is an outer corner of p.
If k is greater than every element of @, then to place k in Q at cell (4,7),
merely set @ ; := k. The restriction on k guarantees that the new array is
still a partial tableau. For example, if we take

125
47
Q'— 6 ’

8
then placing k£ = 9 in cell (Z,§) = (2, 3) yields

125
479
6
8

At last we can describe how to build the sequence (3.1) from the permu-
tation
1 2 ... n

™= .
1 Ty ' Tnp

Start with a pair (Pp, Qo) of empty tableaux. Assuming that (Pe—1, Qk—1)
has been constructed, define (P, Q) by

Py = r4,(Pi-1),
Qk place k into Qx_1 at the cell (4, ) where the

insertion terminates.

Note that the definition of @; ensures that sh P, = shQy for all k. We
call P = P, the P-tableau, or insertion tableau, of m and write P = P(m).
Similarly, @ = @, is called the Q-tableau, or recording tableau, and denoted
by Q = Q(r).

Now we consider an example of the complete algorithm. Boldface numbers
are used for the elements of the lower line of 7 and hence also for the elements
of the P,. Let
6 7
1 7" (3.2)

1.2 3 45
™ 4 2 36 5
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Then the tableaux constructed by the algorithm are

0, 4, 2, 23, 236, 235, 135, 1357

Py : 4 4 4 46 26 26 =P,
4 4
@, 1, 1, 13, 134, 134, 134, 1347
Qs : 2 2 2 25 25 25 =Q.
6 6
So
1 23456 7 Ry 5257 ;247
4 2 3 6 5 1 7 4 ’ 6

The main theorem about this correspondence is as follows.

Theorem 3.1.1 ([Rob 38, Sch 61]) The map
=3 (P,Q)

is o bijection between elements of S, and pairs of standard tableaux of the
same shape A+ n.

Proof. To show that we have a bijection, it suffices to create an inverse.

“(P,Q) R We merely reverse the preceding algorithm step by step.
We begin by defining (P,,@,) = (P,Q). Assuming that (Pk, Q) has been
constructed, we will find z; (the kth element of ) and (Px—;,Qk—1). To
avoid double subscripting in what follows, we use P; ; to stand for the (i, j)
entry of Px.

Find the cell (i, j) containing k in Q. Since this is the largest element in
Qk, P;; must have been the last element to be displaced in the construction
of P,. We can now use the following procedure to delete P; ; from P. For
convenience, we assume the existence of an empty zeroth row above the first
row of Px.

SR1 Set z := P, ; and erase P, ;.
Set R := the (i — 1)st row of Pj.
SR2 While R is not the zeroth row of Py, do

SRa Let y be the largest element of R smaller than x and replace
y by z in R.
SRb Set z :=y and R := the next row up.
SR3 Now z has been removed from the first row, so set zy := .

It is easy to see that P, is Pk after the deletion process just described
is complete and Qr_ is Qr with the k erased. Continuing in this way, we
eventually recover all the elements of 7 in reverse order. m

The Robinson-Schensted algorithm has many surprising and beautiful
properties. The rest of this chapter is devoted to discussing some of them.
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3.2 Column Insertion

Obviously, we can define column insertion of x into P by replacing row by
column everywhere in RS1-3. If column insertion of z into P yields P’, we

write
c(P)=P'.

It turns out that the column and row insertion operators commute. Before
we can prove this, however, we need a lemma about the insertion path. The
reader should be able to supply the details of the proof.

Lemma 3.2.1 Let P be a partial tableauw with x ¢ P. Suppose that during
the insertion T,(P) = P’, the elements z’,z", 2", ... are bumped from cells

(1,7),(2,4M),(3,3"), ..., respectively. Then
l.z<z' <2’ <+,
2‘ jIZj”Zj“/Z e

3. P; < Pj foralli,j. m

Proposition 3.2.2 ([Sch 61]) For any partial tebleau P and distinct ele-

ments x,y € P,
cyTo(P) = rocy(P).

Proof. Let m be the maximum element in {z, y}UP. Then m cannot displace
any entry during any of the insertions. The proof breaks into cases depending
on where m is located.

Case 1: y = m. (The case where z = m is similar.) Represent P schemat-
ically as

P= . (3.3)

Since y is maximal, ¢, applied to either P or r;(P) merely inserts y at the
end of the first column. Let 7 be the last element to be bumped during the
insertion r,(P) and suppose it comes to rest in cell u. If u is in the first
column, then

¢yr2(P) = = 120y(P).
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If w is in any other column, then both ¢,7;(P) and rycy(P) are equal to

Ed

v ]

Case 2: m € P. We induct on the number of entries in P. Let P be P
with the m erased. Then c,7;(P) C ¢,rz(P) and ryc,(P) C rycy(P). But
¢yTz(P) = rz¢,(P) by induction. Thus ¢,7,(P) and r,c,(P) agree everywhere
except possibly on the location of m.

To show that m occupies the same position in both tableaux, let T be the
last element displaced during r,(P), say into cell u. Similarly, define § and v
for the insertion ¢, (P). We now have two subcases, depending on whether u
and v are equal or not.

Subcase 2a: u = v. Represent P as in diagram (3.3). Then r,(P) and

cy(P) are represented, respectively, by

—f-] and __?_]

By the previous lemma, the first insertion displaces only elements in columns
(weakly) to the right of u = v, and the second affects only those in rows
(weakly) below. Thus r, follows the same insertion path when applied to both
P and c,(P) until Z is bumped from the row above u. A similar statement
holds for ¢, in P and r,(P). Thus if T < § (the case T > ¥ being similar),
then we have

eyrz(P) = = r5¢y (P).

e

Note that T and 7 must end up in the same column.

Now consider what happens to m. If m is not in cell u = v, then none
of the insertions displace it. So ¢,7;(P) and ryc,(P) are both equal to the
previous diagram with m added in its cell. If m occupies u, then both ¢, r,(P)
and r;c,(P) equal the preceding diagram with m added in the column just
to the right of u. (In both cases m is bumped there by 7, and in the former
it is first bumped one row down by Z.)
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Subcase 2b: u # v. Let P have shape A and let ¢,r,(P) = rzc,(P) have
shape A\. Comparing r(P) with ¢;r,(P) and ¢, (P) with rzcy(P), we see that
AU{u} Cc dand AU {v} C A. Thus

A= U {u,v}.

Since the insertion paths for 7,(P) and c,(P) may cross, Z and ¥ are not
necessarily the entries of cells  and v in ¢;r,(P) = ryc,(P). However, one
can still verify that u is filled by r, and v by r,, whatever the order of the
insertions. Consideration of all possible places where m could occur in P now
completes the proof. The details are similar to the end of Subcase 2a and are

left to the reader. m

As an application of this previous proposition, let us consider the reversal
of w, denoted by #7; i.e., if # = z129... 2y, then 7" = p2n—1...21. The
P-tableaux of 7 and 7" are closely related.

Theorem 3.2.3 ([Sch 61]) If P(r) = P, then P(n") = P*, where t denotes
transposition.

Proof. We have

P(r™) = rg Ty, T2, (0) (definition of P(n"))
= Ty Tz, ,Cz,(0) (initial tableau is empty)
= ¢z Tz Tz, (0) (Proposition 3.2.2)

= ¢z, Cp,_, " Cz, (0) (induction)
= Pt (definition of column insertion) m

We will characterize the @Q-tableau of 7" using Schiitzenberger’s operation of
evacuation (Theorem 3.9.4).

If we represent the elements of S, as permutation matrices, then the
dihedral group of the square (all reflections and rotations bringing a square
back onto itself) acts on them. For example, reversal is just reflection in
the vertical axis. It would be interesting to see what each of these changes
in the permutation does to the output tableaux of the Robinson-Schensted
algorithm. This theme motivates us in several of the following sections.

3.3 Increasing and Decreasing Subsequences

One of Schensted’s main motivations for constructing his insertion algorithm,
as the title of [Sch 61] suggests, was to study increasing and decreasing sub-
sequences of a given sequence m € S,. It turns out that these are intimately
connected with the tableau P().

Definition 3.3.1 Given m = z123...2Z, € Sp, an increasing (respectively,
decreasing) subsequence of 7 is

Ty < Ty, <00 < Ty,
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(respectively, z;, > x;, > -+ > ;) where i} < ia < -+ < ik. The integer &
is the length of the subsequence. =

By way of illustration, take the permutation
T=423651T. (3.4)

Then an increasing subsequence of 7 of length 4 is 2 3 5 7, and a decreasing
subsequence of length 3 is 4 3 1. In fact, it is easy to check that these are the
longest increasing and decreasing subsequences of m. On page 94 we found

the P-tableau of 7 to be
1357

P(r)= 26 . (3.5)
4

Note that the length of the first row of P(w) is 4, whereas the length of the
first column is 3. This is not a coincidence, as the next theorem shows.

Theorem 3.3.2 ([Sch 61]) Consider m € S,,. The length of the longest
increasing subsequence of m is the length of the first row of P(w). The length
of the longest decreasing subsequence of w is the length of the first column of
P(n).

Proof. Since reversing a permutation turns decreasing sequences into increas-
ing ones, the second half of the theorem follows from the first and Theorem
3.2.3. To prove the first half, we actually demonstrate a stronger result. In
what follows, Py_; is the the tableau formed after ¥ — 1 insertions of the
Robinson-Schensted algorithm.

Lemma 3.3.3 If 7 = z1x5...%, and xx enters Py_1 in column j, then the
longest increasing subsequence of @ ending in ) has length j.

Proof. We induct on k. The result is trivial for £ = 1, so suppose it holds
for all values up to k — 1.

First we need to show the existence of an increasing subsequence of length
j ending in z. Let y be the element of Py_; in cell (1,5 — 1). Then we have
y < Xy, since zx enters in column j. Also, by induction, there is an increasing
subsequence o of length j—1 ending in y. Thus oz}, is the desired subsequence.

Now we must prove that there cannot be a longer increasing subsequence
ending in xy. Suppose that such a subsequence exists and let x; be the
element preceding xj in that subsequence. Then, by induction, when z; is
inserted, it enters in some column (weakly) to the right of column j. Thus
the element y in cell (1,7) of P; satisfies

y < x; < Tk

But by part 3 of Lemma 3.2.1, the entries in a given position of a tableau
never increase with subsequent insertions. Thus the element in cell (1,7) of
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Py is smaller than x,, contradicting the fact that z; displaces it. This
finishes the proof of the lemma and hence of Theorem 3.3.2. »

Note that the first row of P(7) need not be an increasing subsequence of
7 even though it has the right length; compare (3.4) and (3.5). However, an
increasing subsequence of 7 of maximum length can be reconstructed from
the Robinson-Schensted algorithm.

It turns out that an interpretation can be given to the lengths of the other
rows and columns of P(r), and we will do this in Section 3.5. First, however,
we must develop an appropriate tool for the proof.

3.4 The Knuth Relations

Suppose we wish to prove a theorem about the elements of a set that is divided
into equivalence classes. Then a common way to accomplish this is to show
that

1. the theorem holds for a particular element of each equivalence class,
and

2. if the theorem holds for one element of an equivalence class, then it
holds for all elements of the class.

The set S,, has the following useful equivalence relation on it.
Definition 3.4.1 Two permutations 7,0 € S, are said to be P-equivalent,
written £ o,if P(r) =P(0). m

For example, the equivalence classes in S; are

{123}, {213,231}, {132312} {321},
corresponding to the P-tableaux

1
123, ;3, ;2, 2.
3

respectively.

We can prove a strengthening of Schensted’s Theorem (Theorem 3.3.2)
using this equivalence relation and the proof technique just outlined. How-
ever, we also need an alternative description of P-equivalence. This is given
by the Knuth relations.

Definition 3.4.2 Suppose £ < y < 2. Then m,0 € S, differ by a Knuth
1

relation of the first kind, written 7 & o, if

l.m=x1...yzz...2, and ¢ =z ...yzx ...z, Or Vice versa.

2
They differ by a Knuth relation of the second kind, written 7 & o, if

2.m=x1...22y... 2, and 0 = 1 ... 22Y ... T, Or vice versa.
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K
o

The two permutations are Knuth equivalent, written w o, if there is a

sequence of permutations such that
W:ﬂlgﬂzg--.gﬂ'k:a,
where ¢,4,...,l € {1,2}. m

Returning to S3 we see that the only nontrivial Knuth relations are

1 2
2132231 and 132=312.

Thus the Knuth equivalence classes and P-equivalence classes coincide. This
always happens.

Theorem 3.4.3 ([Knu 70]) If 7,0 € Sp, then

K P
T o < T=o0.

P
Proof. “=" It suffices to prove that m & ¢ whenever m and o differ by a

2 1
Knuth relation. In fact, the result for 2 follows from the one for = because

c = 7 S o’ (by definitions)
= P(x") = P(o") (proved later)
= P(m)t = P(0)! (Theorem 3.2.3)
= P(w) = P(0).

R

™

1

Now assume 7 = o. Keeping the notation of Definition 3.4.2, let P be the

tableau obtained by inserting the elements before y (which are the same in
both 7 and o). Thus it suffices to prove

27Ty (P) = 121,7y(P).

Intuitively, what we will show is that the insertion path of y creates a “bar-
rier,” so that the paths for z and z lie to the left and right of this line,
respectively, no matter in which order they are inserted. Since these two
paths do not intersect, r,r, and 7,7, have the same effect.

We induct on the number of rows of P. If P has no rows, i.e., P = {}, then
it is easy to verify that both sequences of insertions yield the tableau

r z
y .

Now let P have 7 > 0 rows and consider P = r,(P). Suppose y enters P in
column k, displacing element 3’. The crucial facts about P are

1. Py <yforall j <k, and
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2. Py; >y foralll>k.

If the insertion of z is performed next, then, since z < y, z must enter in
some column j with j < k. Furthermore, if 2’ is the element displaced, then
we must have 2’ < ¢’ because of our first crucial fact. Applying r, to ryry(P)
forces z > y to come in at column [, where [ > k for the same reason. Also,
the element 2z’ displaced satisfies 2z’ > ¢’ by crucial fact 2.

Now consider r,r,r,(P). Since the crucial facts continue to hold, z and z
must enter in columns strictly to the right and weakly to the left of column
k, respectively. Because these two sets of columns are disjoint, the entrance
of one element does not affect the entrance of the other. Thus the first rows
of r,ryry(P) and r,7,ry(P) are equal. In addition, the elements displaced in
both cases are z', ¢/, and 2/, satisfying ' < ¥’ < 2’. Thus if P’ denotes the
bottom r — 1 rows of P, then the rest of our two tableaux can be found by
computing 7,757y (P') and ryr,ry (P'). These last two arrays are equal by
induction, so we are done with this half of the proof.

Before continuing with the other implication, we need to introduce some
more concepts.

Definition 3.4.4 If P is a tableau, then the row word of P is the permutation
TP = RlRl—-l ...Rl,
where Rq,..., R; are the rows of P. m

For example, if
1357
P= 26 ,
4

then
np=4261357.

The following lemma is easy to verify directly from the definitions.

Lemma 3.4.5 If P is a standard tableau, then

mp 23 (P,). m
The reader may have noticed that most of the definitions and theorems
above involving standard tableaux and permutations make equally good sense
when applied to partial tableaux and partial permutations, which are bijec-
tions 7 : K — L between two sets of positive integers. If K = {k; < ka <
-+ <k}, then we can write 7 in two-line form as

ki ko - kn
Lo ly - Uy

?

where I; = w(k;). Insertion of the k; and placement of the I; set up a bijection

P { (P, Q) with partial tableaux. Henceforth, we assume the more general
case whenever it suits us to do so. Now back to the proof of Theorem 3.4.3.
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“«==" By transitivity of equivalence relations, it suffices to show that

£
m™T=T7p
whenever P(rw) = P.
We induct on n, the number of elements in 7. Let z be the last element of
, so that m = 7'z, where 7’ is a sequence of n — 1 integers. Let P’ = P(x’).
Then, by induction,

So it suffices to prove that
Tpx & Tp.

In fact, we will show that the Knuth relations used to transform 7p/z into
7p essentially simulate the insertion of  into the tableau P’ (which of course
yields the tableau P).

Let the rows of P’ be Ry,..., R;, where Ry = pyp>...p;. If x enters P’
in column j, then

P < <pj1 <T<pj <o < Pk

Thus

Tp'X = Rl...Rgpl...pj__lpj...pk_lpkl‘
1
& Ry...Rop1...Dj-1Pj .. Pk—1%Pk
1
= Ri...Rgp1...pj—1pPj .. - TPk—1Pk
:
= Ry...Repi...pj—1PjTDj+1-- - Dk
2
= Ry...Rep1...Djpj—1ZPj+1---Dk
2

Rl e Rgpjpl c e Pj—1ZPj41 - - Dk

Now the tail of our permutation is exactly the first row of P = r,(P’). Also,
the element bumped from the first row of P/, namely p;, is poised at the end
of the sequence corresponding to Rs. Thus we can model its insertion into
the second row just as we did with z and R;. Continuing in this manner, we
eventually obtain the row word of P, completing the proof. m

3.5 Subsequences Again

Curtis Greene [Gre 74] gave a nice generalization of Schensted’s result on
increasing and decreasing sequences (Theorem 3.3.2). It involves unions of
such sequences.
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Definition 3.5.1 Let m be a sequence. A subsequence ¢ of 7 is k-increasing
if, as a set, it can be written as

0‘20'1@0'2@ ‘”L"JO’k,

where the o; are increasing subsequences of w. If the o, are all decreasing,
then we say that ¢ is k-decreasing. Let

ix(m) = the length of 7’s longest k-increasing subsequence
and
di(m) = the length of 7’s longest k-decreasing subsequence. m

Notice that the case k = 1 corresponds to sequences that are merely increasing
or decreasing. Using our canonical example permutation (3.4),

T=4236517,

we see that longest 1-, 2-, and 3-increasing subsequences are given by

2357
and
423657 = 2357 W46
and
4236517 = 23574461,
respectively. Thus
i1(7T) = 4, ig(?‘f) = 6, i3(’ﬂ') =1. (36)

Recall that P(7) in (3.5) had shape A = (4,2,1), so that
AL =4, AL+ A2 = 6, MFA+ A3 =T. (37)

Comparing the values in (3.6) and (3.7), the reader should see a pattern.
To talk about the situation with k-decreasing subsequences conveniently,
we need some notation concerning the columns of A.

Definition 3.5.2 Let X be a Ferrers diagram; then the conjugate of A is
N =L, AL,

where A} is the length of the ith column of A. Otherwise put, X is just the
transpose of the diagram of X and so it is sometimes denoted by Af. m

As an example of the preceding definition, note that if
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A=(4,2,1) =

then

N =At= =(3,2,1,1).

Greene’s theorem is as follows.

Theorem 3.5.3 ([Gre 74]) Given © € Sy, let shP(m) = (A1, A2,...,\)
with conjugate (A}, A, ..., AL). Then for any k,

ik(m) = ArtAet-+ A,
G(m) = N+ N+t N

Proof. By Theorem 3.2.3, it suffices to prove the statement for k-increasing
subsequences.

We use the proof technique detailed at the beginning of Section 3.4 and
the equivalence relation is the one studied there. Given an equivalence class
corresponding to a tableau P, use the permutation 7p as the special repre-
sentative of that class. So we must first prove the result for the row word.

By construction, the first k£ rows of P form a k-increasing subsequence
of mp, s0 ixg(wp) > A + Az + -+ + Ag. To show that the reverse inequality
holds, note that any k-increasing subsequence can intersect a given decreasing
subsequence in at most k elements. Since the columns of P partition 7p into
decreasing subsequences,

ir(rp) < imin()\g,k) = Z/\i.
i=1

i=1

Now we must show that the theorem holds for all permutations in the
equivalence class of P. Given 7 in this class, Theorem 3.4.3 guarantees the
existence of permutations 71, T2, ..., 7 ; such that

K
7l'=7'l'1g71'2

=

K
o~ p—
...=7'['j__7rP’

where each 7;1 differs from m; by a Knuth relation. Since all the m; have the
same P-tableau, we need to prove only that they all have the same value for
ig. Thus it suffices to show that if = ~ o for i = 1,2, then ix(7) = ix(c). We

will do the case of é, leaving é as an exercise for the reader.

Suppose T = Z1...YyT2...Z, and ¢ = T1...Y2Z...T,. To prove that
ix(m) < ix(o), we need to show only that any k-increasing subsequence of 7
has a corresponding k-increasing subsequence in o of the same length. Let

7I'I=71'1L'ﬂ7l'2w"' L‘ﬂﬂ"k
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be the subsequence of . If x and z are not in the same 7; for any ¢, then the
m; are also increasing subsequences of ¢, and we are done.

Now suppose that z and z are both in m (the choice of which of the
component subsequences is immaterial). If y & 7', then let

o1 = m with x replaced by y.
Since z < y < z, 0 is still increasing and
0',20'1671'2@ H’J’f(‘k

is a subsequence of o of the right length. Finally, suppose y € #’, say y € my
(note that we can not have y € 7). Let

w7 = the subsequence of m; up to and including z,
m{ = the subsequence consisting of the rest of 7y,
mh, = the subsequence of 72 up to and including y,
74 = the subsequence consisting of the rest of 7.

Note that m; = win} for i = 1,2. Construct
oy =Ty and o9 =mymy,
which are increasing because ¢ < y < min#4 and y < z, respectively. Also,

0/20160267"36'”&)’”’9

is a subsequence of ¢ because x and z are no longer in the same component
subsequence. Since its length is correct, we have proved the desired inequality.

To show that ix(m) > ix(o) is even easier. Since x and z are out of order
in o, they can never be in the same component of a k-increasing subsequence.
Thus we are reduced to the first case, and this finishes the proof of the
theorem. m

The fact that ix(7) = Ay + A2 + - - - + Ax does not imply that we can find
a k-increasing subsequence of maximum length

=mimly - Wm
such that the length of m; is \; for all i. As an example [Gre 74], consider
m=247951368.
Then

80 i9{m) = 5+ 3 = 8. There is only one 2-increasing subsequence of 7 having
length 8, namely,

n=247914 1368.
The reader can check that it is impossible to represent 7’ as the disjoint union
of two increasing subsequences of lengths 5 and 3.
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3.6 Viennot’s Geometric Construction

We now return to our study (begun at the end of Section 3.2) of the effects that
various changes in a permutation 7 have on the pair (P(«), Q(7)). We prove a
remarkable theorem of Schiitzenberger [Scii 63] stating that taking the inverse
of the permutation merely interchanges the two tableaux; i.e., if = RS (P,Q),
then 7—1 2=% (@, P). Our primary tool is a beautiful geometric description
of the Robinson-Schensted correspondence due to Viennot [Vie 76].

Consider the first quadrant of the Cartesian plane. Given a permutation
T = Z1ZT2...ZT,, represent z; by a box with coordinates (i,z;) (compare this
to the permutation matrix of w). Using our running example permutation
from equation (3.4),

mT=4236517.

we obtain the following figure:

[ [N > o (=) ~3
%

Now imagine a light shining from the origin so that each box casts a
shadow with boundaries parallel to the coordinate axes. For example, the
shadow cast by the box at (4,6) looks like this:
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NOW ks ot O N

Similar figures result for the other boxes. Consider those points of the permu-
tation that are in the shadow of no other point, in our case (1,4), (2,2), and
(6,1). The first shadow line, Ly, is the boundary of the combined shadows of
these boxes. In the next figure, the appropriate line has been thickened:

NW A ot &Y

Note that this is a broken line consisting of line segments and exactly one
horizontal and one vertical ray.

To form the second shadow line, Lo, one rcmoves the boxes on the first
shadow line and repeats this procedure.

Definition 3.6.1 Given a permutation displayed in the plane, we form its
shadow lines Ly, Lo, ... as follows. Assuming that L,,...,L,_; have been
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constructed, remove all boxes on these lines. Then L; is the boundary of the
shadow of the remaining boxes. The z-coordinate of L; is

zr, = the z-coordinate of L;’s vertical ray,
and the y-coordinate is
yr, = the y-coordinate of L;’s horizontal ray.

The shadow lines make up the shadow diagram of 7. m

In our example there are four shadow lines, and their z- and y-coordinates
are shown above and to the left of the following shadow diagram, respectively.

1 3 4 7

Ly
7 L e I
6

L
5 5
4 r—-&

Ly
3 * 3
2

Compare the coordinates of our shadow lines with the first rows of the
tableaux

1357 1347
P(r)y= 26 and Q(r)= 25
4 6
computed on page 94. It seems as if
Plyj = ij and Ql,j = wL]- (38)

for all j. In fact, even more is true. The boxes on line L; are precisely those
elements passing through the (1, j) cell during the construction of P, as the
next result shows.

Lemma 3.6.2 Let the shadow diagram of m = x1Z2 ... L, be constructed as
before. Suppose the vertical line x = k intersects i of the shadow lines. Let
y; be the y-coordinate of the lowest point of the intersection with L;. Then
the first row of the P, = P(xy...xg) is

Ri=y1y2 ... ¥ (3.9)
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Proof. Induct on k, the lemma being trivial for £ = 0. Assume that the
result holds for the line £ = k and consider = k + 1. There are two cases.
If

Th+1 > Y, (3.10)
then the box (k + 1,xxy1) starts a new shadow line. So none of the values
Y1,-.-,Y; change, and we obtain a new intersection,

Yit1 = Tr41-

But by (3.9) and (3.10), the (k + 1)st intersection merely causes zy41 to sit
at the end of the first row without displacing any other element. Thus the
lemma continues to be true.

If, on the other hand,

y1<<y]—1<$k+1<y3<<y“ (3.11)

then (k + 1,zx41) is added to line L;. Thus the lowest coordinate on L;
becomes
y;’ = Tk+1,

and all other y-values stay the same. Furthermore, equations (3.9) and (3.11)
ensure that the first row of Pyy; is

Y1 oo Yio1 Y5 e Ui
This is precisely what is predicted by the shadow diagram. =

It follows from the proof of the previous lemma that the shadow diagram
of m can be read left to right like a time-line recording the construction of
P(7). At the kth stage, the line z = k intersects one shadow line in a ray
or line segment and all the rest in single points. In terms of the first row
of Py, a ray corresponds to placing an element at the end, a line segment
corresponds to displacing an element, and the points correspond to elements
that are unchanged.

We can now prove that equation (3.8) always holds.

Corollary 3.6.3 ([Vie 76]) If the permutation 7 has Robinson-Schensted
tableauz (P, Q) and shadow lines L;, then, for all j,

P =y, and Q1 =1L,

Proof. The statement for P is just the case £ = n of Lemma 3.6.2.

As for Q, the entry k is added to @ in cell (1, ) when zj is greater than
every element of the first row of P,_;. But the previous lemma’s proof shows
that this happens precisely when the line z = k intersects shadow line L; in
a vertical ray. In other words, yr, = k = Q1,; as desired. m

How do we recover the rest of the the P- and @-tableaux from the shadow
diagram of 7?7 Consider the northeast corners of the shadow lines. These
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are marked with a dot in the diagram on page 108. If such a corner has
coordinates (k,z’), then, by the proof of Lemma 3.6.2, ' must be displaced
from the first row of P_; by the insertion of zx. So the dots correspond to
the elements inserted into the second row during the construction of P. Thus
we can get the rest of the two tableaux by iterating the shadow diagram
construction. In our example, the second and third rows come from the
thickened and dashed lines, respectively, of the following diagram:

2 5 O

7

6 ‘ 6
5

4 ¢ 4
3

2 $ 2
1

0

Formally, we have the following definition.

Definition 3.6.4 The ith skeleton of m € Sp, (¥, is defined inductively by
7 =7 and

@ _ ki ke - km
™ Loy e Ly,
where (k1,01),. .., (km,ln) are the northeast corners of the shadow diagram
of =1 listed in lexicographic order. The shadow lines for 7(*) are denoted

by L;i). ]
The next theorem should be clear, given Corollary 3.6.3 and the discussion
surrounding Lemma, 3.6.2.

Theorem 3.6.5 ([Vie 76]) Suppose = B9 (P,Q). Then 719 is a partial
permutation such that

0 B=§ (p) o)y,
where PY) (respectively, Q) consists of the rows i and below of P (respec-
tively, Q). Furthermore,

Pij=yyp and Qij =20

foralli,j. m
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It is now trivial to demonstrate Schiitzenberger’s theorem.
Theorem 3.6.6 ([Scii 63]) If m € Sy, then
P(r)=Q(r) and Q(x~") = P(x).

Proof. Taking the inverse of a permutation corresponds to reflecting the
shadow diagram in the line y = z. The theorem now follows from Theorem
3.6.5. =

As an application of Theorem 3.6.6 we can find those transpositions that,
when applied to 7 € S,, leave Q(w) invariant. Dual to our definition of
P-equivalence is the following.

Definition 3.6.7 Two permutations 7,0 € S, are said to be Q-equivalent,

Q
written 7 2 o, if Q(7) = Qo). m
For example,

Qe19)=QB12)= ,° ad QU32=QE31)= 4~

SO
Q Q
2132312 and 1322231 (3.12)

We also have a dual notion for the Knuth relations.

Definition 3.6.8 Permutations 7,0 € S, differ by a dual Knuth relation of
1*
the first kind, written w = ¢, if for some k,

l.e=...k+1...k...k+2...ando=...k+2...k...k+1...
or vice versa.

*

They differ by a dual Knuth relation of the second kind, written 7 & o, if for
some k,

2on=...k...k+2...k+1...ando=...k+1...k+2... k...
or vice versa.

*

The two permutations are dual Knuth equivalent, written m = ¢, if there is
a sequence of permutations such that

R %
11%:
12

T=m = 7y T, = 0,

where 7,7,...,0 € {1,2}. m
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Note that the only two nontrivial dual Knuth relations in S3 are

1 2
213=312 and 132=231.

These correspond exactly to (3.12).

The following lemma is obvious from the definitions. In fact, the definition
of the dual Knuth relations was concocted precisely so that this result should
hold.

Lemma 3.6.9 If r,0 € S,, then

K

Txg < 7!

ol m

R

Now it is an easy matter to derive the dual version of Knuth’s theorem
about P-equivalence (Theorem 3.4.3).

Theorem 3.6.10 If 7,0 € S,, then

K* Q
T g &= w=o0.

Proof. We have the following string of equivalences:

K* K
To = 7 lxg! (Lemma 3.6.9)
<= P(r7!)=P(c™!) (Theorem 3.4.3)
= Q) =Q(0). (Theorem 3.6.6) m

3.7 Schiitzenberger’s Jeu de Taquin

The jeu de taquin (or “teasing game”) of Schiitzenberger [Scii 76] is a powerful
tool. It can be used to give alternative descriptions of both the P- and Q-
tableaux of the Robinson-Schensted algorithm (Theorems 3.7.7 and 3.9.4) as
well as the ordinary and dual Knuth relations (Theorems 3.7.8 and 3.8.8).

To get the full-strength version of these concepts, we must generalize to
skew tableaux.

Definition 3.7.1 If u € X as Ferrers diagrams, then the corresponding skew
diagram, or skew shape, is the set of cells

Mup={c: ce€Xand c & u}.
A skew diagram is normal if p = 0. w

If A=(3,3,2,1) and u = (2,1,1), then we have the skew diagram

My =

L]
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Of course, normal shapes are the left-justified ones we have been considering
all along.

The definitions of skew tableaux, standard skew tableaux, and so on, are
all as expeccted. In particular, the definition of the row word of a tableau still
makes sense in this setting. Thus we can say that two skew partial tableaux

K
P, Q are Knuth equivalent, written P % @, if

=

ng’ﬂ'Q.

Similar definitions hold for the other equivalence relations that we have intro-
duced. Note that if 7 = 125 ... 2,, then we can make 7 into a skew tableau
by putting z; in the cell (n —i+1,¢) for all . This object is called the antidi-
agonal strip tableau associated with m and is also denoted by 7. For example,
if 7 = 3142 (a good approximation, albeit without the decimal point), then

B

3]

K K
So 7 = ¢ as permutations if and only if 7 = o as tableaux.
We now come to the definition of a jeu de¢ taquin slide, which is essential
to all that follows.

Definition 3.7.2 Given a partial tableau P of shape A/u, we perform a
forward slide on P from cell ¢ as follows.

F1 Pick ¢ to be an inner corner of p.
F2 While ¢ is not an inner corner of A do

Fa If ¢ = (4,7), then let ¢ be the cell of min{P; 1 ;, P j11}.
Fb Slide P, into cell ¢ and let ¢:=¢'.

If only one of Py, ;, P j41 exists in step Fa, then the maximum is taken to
be that single value. We denote the resulting tableau by j¢(P). Similarly, a
backward slide on P from cell ¢ produces a tableau j.(P) as follows

B1 Pick ¢ to be an outer corner of A.
B2 While c is not an outer corner of u do

Ba If ¢ = (4, ), then let ¢’ be the cell of max{P;_, j, P j-1}.
Bb Slide P into cell ¢ and let ¢c:=¢'. m
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By way of illustration, let
6 8
P= 2 4 5 9.
1 3 7
We let a dot indicate the position of the empty cell as we perform a forward
slide from ¢ = (1, 3).

e 6 8 4 6 8 4 6 8 4 6 8
2 4 5 9, 2 e 5 9, 2 5 e 9, 2 5 9 .
1 37 1 3 7 1 3 7 1 3 7
Thus
4 6 8
°(P)= 2 59
1 3 7
A backward slide from ¢ = (3, 4) looks like the following.
6 8 6 8 6 8 6 8
2 45 9, 2 45 9, 2 o 5 9, e 2 5 9
1 3 7 o 1 3 o 7 1 3 4 7 1 3 47
So
6 8
Je(P) = 259
1 3 47

Note that a slide is an invertible operation. Specifically, if ¢ is a cell for
a forward slide on P and the cell vacated by the slide is d, then a backward
slide into d restores P. In symbols,

Jaj(P) = P. (3.13)

Similarly,
§%a(P) = P, (3.14)

if the roles of d and c are reversed.
Of course, we may want to make many slides in succession.

Definition 3.7.3 A sequence of cells (¢1,¢o,...,¢) is a slide sequence for a
tableau P if we can legally form P = Py, Py,..., P, where P; is obtained
from P,_; by performing a slide into cell ¢;. Partial tableaux P and () are
equivalent, written P = (), if () can be obtained from P by some sequence of
slides. m

This equivalence relation is the same as Knuth equivalence, as the next
series of results shows.
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Proposition 3.7.4 ([Scii 76]) If P,Q are standard skew tableauz, then

K
P2Q=PQ.

Proof. By induction, it suffices to prove the theorem when P and @ differ by
a single slide. In fact, if we call the operation in steps Fb or Rb of the slide
definition a mowve, then we need to demonstrate the result only when P and
Q differ by a move. (The row word of a tableau with a hole in it can still be
defined by merely ignoring the hole.)

The conclusion is trivial if the move is horizontal because then 7p = 7q.
If the move is vertical, then we can clearly restrict to the case where P and Q)
have only two rows. So suppose that z is the element being moved and that

_ [ R [z R, |
o= OO I
_ [E s R
Y=3 o S

where R, and S, (respectively, R, and S,) are the left (respectively, right)
portions of the two rows.

Now induct on the number of elements in P (or (). If both tableaux
consist only of z, then we are done.

Now suppose |Ry| > |Sr|. Let y be the rightmost element of R, and let
P, Q' be P,Q, respectively, with y removed. By our assumption P’ and ¢’
are still skew tableaux, so applying induction yields

K
Tp = ﬂ'P/y = ﬂ"Q/y = 7I'Q

The case |S;| > |Ry| is handled similarly.
Thus we are reduced to considering |R,| = |S;| and |R;| = |S;|. Say

Rl:wl...xj, R'r‘:yl-'-yk,
Sl=21...Zj, Srzwl...wk.

By induction, we may assume that one of j or k is positive. We will handle
the situation where j > 0, leaving the other case to the reader. The following
simple lemma will prove convenient.

Lemma 3.7.5 Suppose a; < as < -+ < ay.

K
1. Ifx <ag, thenay...apx 2 ajzas...an,.

=

2. Ifx > a,, thenzxzay...0n = a1...0p—120,. 8
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Since the rows and columns of P increase, we have z; < z; and z7 < w;
for all 7 as well as z; < . Thus

TP = 21...2;W1...WET1...T3iTY1..-Yk
é 21T122 ... ZjW .. WeZ2 ... L;ZY1 ... Yk (Lemma 3.7.5, part 1)
g 21122 ... 2jTWy ... WEZT2 ... T5Y1---Yk (induction)
.g_ 210 ZjTWYL .. WETY .« TYL - - Yk Lemma 3.7.5, part 1)
= 7Q. n

Schiitzenberger’s teasing game can be described in the following manner.

Definition 3.7.6 Given a partial skew tableau P, we play jeu de taquin by
choosing an arbitrary slide sequence that brings P to normal shape and then
applying the slides. The resulting tableau is denoted by j(P). m

It is not obvious at first blush that j(P) is well defined—i.e., independent
of the slide sequence. However, it turns out that we will always get the
Robinson-Schensted P-tableau for the row word of P.

Theorem 3.7.7 ([Scii 76]) If P is a partial skew tableau that is brought to
a normal tableau P' by slides, then P’ is unique. In fact, P’ is the insertion
tableau for wp.

K
Proof. By the previous proposition, 7p = 7ps. Thus by Knuth’s theorem on
P-equivalence (Theorem 3.4.3), 7p and 7ps have the same insertion tableau.
Finally, Lemma 3.4.5 tells us that the insertion tableau for wp: is just P’
itself. m

We end this section by showing that equivalence and Knuth equivalence
are indeed equivalent.

Theorem 3.7.8 ([Scii 76]) Let P and Q be partial skew tableauz. Then

K
P=2Q < P=Q.

Proof. The only-if direction is Proposition 3.7.4. For the other implication,

note that since P é @, their row words must have the same P-tableau (The-
orem 3.4.3 again). So by the previous theorem, j(P) = j(Q) = P’, say. Thus
we can take P into @ by performing the slide sequence taking P to P’ and
then the inverse of the sequence taking @ to P’. Hence P 2 Q). m

3.8 Dual Equivalence

In the last section we gave a characterization of Knuth equivalence in terms
of slides (Theorem 3.7.8). It would be nice to have a corresponding charac-
terization of dual Knuth equivalence, and this was done by Haiman [Hai 92].
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This machinery will also be useful when we prove the Littlewood-Richardson
rule in Section 4.9. Before stating Haiman’s key definition, we prove a useful
result about normal tableaux.

Proposition 3.8.1 Let P and @ be standard with the same normal shape
K+
Abn. Then P = Q.

Proof. Induct on n, the proposition being trivial for n < 2. When n > 3,
let ¢ and d be the inner corner cells containing n in P and @, respectively.
There are two cases, depending on the relative positions of ¢ and d.
If ¢ = d, then let P’ (respectively, ') be P (respectively, Q) with the n
K*

erased. Now P’ and @’ have the same shape, so by induction mpr = mgr.
But then we can apply the same sequence of dual Knuth relations to 7p and

K*
7@, the presence of n being immaterial. Thus P = @ in this case.

If ¢ # d, then it suffices to show the existence of two dual Knuth-equivalent
tableaux P’ and Q' with n in cells ¢ and d, respectively. (Because then, by
what we have shown in the first case, it follows that

K* K* K*
7'['P o T pr =~ ﬂ'Q/ s 71'Q,
and we are done.) Let € be a lowest rightmost cell among all the cells on the
boundary of A\ between ¢ and d. (The boundary of A is the set of all cells at
the end of a row or column of A.) Schematically, we might have the situation

A= [d]

g

Now let
P, = n, Pl = n-2, P, = n—-1
Q:: = n- 1, Q:; = n-—- 2a Q:j = n.
and place the numbers 1,2,...,n — 3 anywhere as long as they are in the
K

~

same cells in both P’ and @'. By construction, 7p = 7g. ®
The definition of dual equivalence is as follows.

Definition 3.8.2 Partial skew tableaux P and @) are dual equivalent, written
*
P = (Q, if whenever we apply the same slide sequence to both P and @, we
get resultant tableaux of the same shape. =
Note that the empty slide sequence can be applied to any tableau, so

P = Q implies that sh P = sh Q. The next result is proved directly from our
definitions.
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Lemma 3.8.3 Let P = Q. If applying the same sequence of slides to both
tableauz yields P’ and Q’, then P’ 2 Q'. m

One tableau may be used to determine a sequence of slides for another as
follows. Let P and @ have shapes /v and A/p, respectively. Then the cells of
@, taken in the order determined by @’s entries, are a sequence of backward
slides on P. Let jo(P) denote the result of applying this slide sequence to
P. Also let V = vg(P) stand for the tableau formed by the sequence of cells
vacated during the construction of jg(P), i.e.,

Vij=k if (4,j) was vacated when filling the cell of k € @ (3.15)

Displaying the elements of P as boldface and those of 2 in normal type, we
can compute an example.

1 2 3 2 3 2 3 3
413, 14 3, 4 3, 2 4 = jo(P);
2 2 1 1
0 1 1 1 3

] ) 2’ 2 :UQ(P)

With P and Q as before, the entries of P taken in reverse order define a
sequence of forward slides on @. Performing this sequence gives a tableau de-
noted by j¥(Q). The vacating tableau V = v¥(Q) is still defined by equation
(3.15), with P in place of . The reader can check that using our exam-
ple tableaux we obtain j¥(Q) = vg(P) and vF(Q) = jg(P). This always
happens, although it is not obvious. The interested reader should consult
[Hai 92].

From these definitions it is clear that we can generalize equations (3.13)
and (3.14). Letting V = v¥(Q) and W = vg(P), we have

i¥iqP)=P and jvi"(Q)=Q. (3.16)

To show that dual equivalence and dual Knuth equivalence are really the
same, we have to concentrate on small tableaux first.

Definition 3.8.4 A partial tableau P is miniature if P has exactly three
elements. m

The miniature tableaux are used to model the dual Knuth relations of the
first and second kinds.

Proposition 3.8.5 Let P and Q be distinct miniature tableauz of the same
shape A/ and content. Then

K* *
P>Q e P2(Q.
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Proof. Without loss of generality, let P and () be standard.

“=—=" By induction on the number of slides, it suffices to show the follow-
ing. Let ¢ be a cell for a slide on P, @ and let P’, @’ be the resultant tableaux.
Then we must have

K*
shP'=sh@Q' and P’ = Q. (3.17)

This is a tedious case-by-case verification. First, we must write down all the
skew shapes with 3 cells (up to those translations that do not affect slides
so the number of diagrams will be finite). Then we must find the possible

tableau pairs for each shape (there will be at most two pairs corresponding to
lg and é) Finally, all possible slides must be tried on each pair. We leave the
details to the reader. However, we will do one of the cases as an illustration.
Suppose that A = (2,1) and g = @. Then the only pair of tableaux of this

shape is
1

2 1
P = 3 and @ = 9

3

*

or vice versa, and P = (). The results of the three possible slides on P, Q) are
given in the following table, from which it is easy to verify that (3.17) holds.

c (1,3) (2,2) (3,1)
2
. 1 2 2
P 3 1 3 ;
3
) 1 3 1
@ 2 2 3 ;

“e=" Let N be a normal standard tableau of shape u. So P’ = jV(P)

and Q' = 7V(Q) are normal miniature tableaux. Now P 2= () implies that
sh P’ = sh@Q’. This hypothesis also guarantees that v (P) = vN(Q) = V,
say. Applying equation (3.16),

Jv(P") =P #Q =jv(Q),

which gives P’ # @'. Thus P’ and @’ are distinct miniature tableaux of the
same normal shape. The only possibility is, then,

wrar={3 %50
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*

K
Since P’ = @', we have, by what was proved in the forward direction,

P=ju(P) % (@) =Q.m

To make it more convenient to talk about miniature subtableaux of a
larger tableau, we make the following definition.

Definition 3.8.6 Let P and @ be standard skew tableaux with
shP=p/vkm and sh@Q=A/pukn.
Then P U @ denotes the tableau of shape A/v - m + n such that

. P, ifCG/J/V7
(PUQ)C_{ Qc+m ifcer/um

Using the P and @ on page 118, we have

1 2 3
PUQ= 4 5 T.
6

We need one more lemma before the main theorem of this section.

Lemma 3.8.7 ([Hai 92]) Let V, W, P, and Q be standard skew tableaur
with
shV = pu/v, shP =shQ = \/u, shW = k/A.

Then

[ *

PXQ-—=VUPUW=VUQUW.

Proof. Consider what happens in performing a single forward slide on V' U
PUW, say into cell ¢. Because of the relative order of the elements in the V,
P, and W portions of the tableau, the slide can be broken up into three parts.
First of all, the slide travels through V, creating a new tableau V' = j.(V)
and vacating some inner corner d of u. Then P becomes P’ = j4(P), vacating
cell e, and finally W is transformed into W’ = jo(W). Thus j.(VUPUW) =
V'UP uUWwW’.

Now perform the same slide on V U Q U W. Tableau V is replaced by
je(V) = V', vacating d. If Q' = j4(Q), then, since P = @, we have sh P’ =
sh@Q’. So e is vacated as before, and W becomes W’. Thus j.(VUQUW) =
V'UQ UW’ with P' & Q' by Lemma 3.8.3.

Now the preceding also holds, mutatis mutandis, to backward slides.
Hence applying the same slide to both VU PUW and V U P U W yields
tableaux of the same shape that still satisfy the hypotheses of the lemma. By
induction, we are done. m

We can now show that Proposition 3.8.5 actually holds for all pairs of
tableaux.
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Theorem 3.8.8 ([Hai 92]) Let P and Q be standard tableauz of the same
shape A/p. Then

K* *
PxQ << Pz=Q.

Proof. “=" We need to consider only the case where P and @ differ by
a single dual Knuth relation, say the first (the second is similar). Now @ is
obtained from P by switching k£ + 1 and &k + 2 for some k. So

P=VUPUWandQ=VUQUW,

where P’ and @’ are the miniature subtableaux of P and @, respectively, that

contain k, k + 1, and & + 2. By hypothesis, P’ & & @', which implies P’ = = Q'
by Proposition 3.8.5. But then the lemma just proved applies to show that
P=qQ.

“4=" Let tableau N be of normal shape u. Let
P'=jN(P) and @ = j¥(Q).

Since P & Q, we have P’ & ¢/ (Lemma 3.8.3) and vV (P) = v™V(Q) =V for
some tableau V. Thus, in particular, sh P’ = sh@’, so that P’ and @' are
dual Knuth equivalent by Proposition 3.8.1. Now, by definition, we have a
sequence of dual Knuth relations

s g I
(]

j
PP=P2P...2P=Q,

where ¢/, 5/,...,l' € {1,2}. Hence the proof of the forward direction of Propo-
sition 3.8.5 and equation (3.16) show that

%

P=jy(P) 2 jy(P) B 2 5u(@) =@

for some i, j,...,1 € {1,2}. This finishes the proof of the theorem. m

3.9 Evacuation

We now return to our project of determining the effect that a reflection or
rotation of the permutation matrix for 7 has on the tableaux P(7) and Q().
We have already seen what happens when 7 is replaced by 7~! (Theorem
3.6.6). Also, Theorem 3.2.3 tells us what the P-tableau of 7" looks like.
Since these two operations correspond to reflections that generate the dihedral
group of the square, we will be done as soon as we determine Q(n"). To do
this, another concept, called evacuation [Scii 63], is needed.

Definition 3.9.1 Let @ be a partial skew tableau and let m be the minimal
element of Q. Then the delta operator applied to @ yields a new tableau, AQ,
defined as follows.
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D1 Erase m from its cell, ¢, in Q.
D2 Perform the slide j¢ on the resultant tableau.

If Q is standard with n elements, then the evacuation tableau for @ is the
vacating tableau V = ev @) for the sequence

Q, AQ, A%Q, ..., A™Q.
That is,
Vy =n — 1 if cell d was vacated when passing from A*Q to A*1Q. m

Taking
1347
Q= 25
6

we compute ev @ as follows, using dots as placeholders for cells not yet filled.

1347, 2347, 347, 47, 57, 67, 7
A'Q: 25 5 ) 5 6

6 6 6 6

e 000 0000 0006, 0056 056, e 56, €256
evQ: oo 7 o7 o7 7 37 37

o ) . . 4 4 4

Completing the last slide we obtain

2 5 6
evQ = 7

N I

Note that Q was the Q-tableau of our example permutation m =4236517
in (3.4). The reader who wishes to anticipate Theorem 3.9.4 should now
compute Q(7") and compare the results.

Since the delta operator is defined in terms of slides, it is not surprising
that it commutes with jeu de taquin.

Lemma 3.9.2 Let Q be any skew partial tableau; then
JA(Q) = Aj(Q).

Proof. Let P be @ with its minimum element m erased from cell c. We write
this as P = Q — {m}. Then

iAQ) =3(P)

by the definition of A and the uniqueness of the j operator (Theorem 3.7.7).
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We now show that any forward slide on @ can be mimicked by a slide on
P. Let Q' = j4(Q) for some cell d. There are two cases. If d is not vertically
or horizontally adjacent to ¢, then it is legal to form P’ = j¢(P). Since m is
involved in neither slide, we again have that P’ = Q' — {m}.

If d is adjacent to ¢, then the first move of j%4(Q) will put m in cell d
and then proceed as a slide into ¢. Thus letting P’ = j¢(P) will preserve the
relationship between P’ and @’ as before.

Continuing in this manner, when we obtain j(Q), we will have a corre-
sponding P”, which is just 7(Q) with m erased from the (1,1) cell. Thus

Aj(Q) = jD(P") = j(P) = jAQ). =

As a corollary, we obtain our first relationship between the jeu de taquin
and the @-tableau of the Robinson-Schensted algorithm.

Proposition 3.9.3 ([Scii 63]) Suppose 7 = z122...2, € Sy, and let

— 2 3 -~ n
T = .
To I3 R 5
Then
Q(T) = AQ(m).

Proof. Consider ¢ = 7~! and & = 7 !. Note that the lower line of 7 is

obtained from the lower line of ¢ by deleting the minimum element, 1.
By Theorem 3.6.6, it suffices to show that

1

P(5) = AP(o).

If we view o and 7 as antidiagonal strip tableaux, then @ = Aco. Hence by
Theorem 3.7.7 and Lemma 3.9.2,

P(@) = P(Ac) = AP(o). m

Finally, we can complete our characterization of the image of 7" under
the Robinson-Schensted map.

Theorem 3.9.4 ([Scii 63]) Ifn € S, then
Q(n") = ev Q(m)".

Proof. Let 7,7 be as in the previous proposition with

—r 1 2 oo n—1
7= .
.’L',n m'fl—l .o -'L'2
Induct on n. Now
Q(r")—{n} = QFT") (F" =2p...22)
= evQ(m) (induction)

evQ(m)t — {n}. (Proposition 3.9.3)
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Thus we need to show only that n occupies the same cell in both Q(7")
and ev Q(r)t. Let shQ(w) = A and shQ(7) = A. By Theorems 3.1.1 and

3.2.3 we have shQ(7") = \* and shQ(7") = X *. Hence

cell of nin Q(7") = /\t/zt (F"=2p...72)
= (AN
= (cell of n in evQ(w))!. (Proposition 3.9.3) m

3.10 The Hook Formula

There is an amazingly simple product formula for f*, the number of standard
A-tableaux. It involves objects called hooks.

Definition 3.10.1 If v = (4,5) is a node in the diagram of A, then it has
hook
H,=H;; ={(,4") : 7 25}0{(,4) : i =1}

with corresponding hooklength
hv = hi,j = IHZ,]I [ ]

To illustrate, if A = (42,33, 1), then the dotted cells in

are the hook Hy o with hooklength hj 5 = 6.
It is now easy to state the hook formula of Frame, Robinson, and Thrall.

Theorem 3.10.2 (Hook Formula [FRT 54]) If A+ n, then
n!
Hagperhis’

Before proving this theorem, let us pause for an example and an anecdote.
Suppose we wish to calculate the number of standard Young tableaux of shape
A=(2,2,1) F 5. The hooklengths are given in the array

f)\

i[2
371},
1]

where h; ; is placed in cell (4, j). Thus

51

(221) . 2%
! 4-3-2-12

=3.
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This result can be verified by listing all possible tableaux:

12 12 13 13 14
34, 35, 24, 25, 25.
5 4 5 4 3

The tale of how the hook formula was born is an amusing one. One
Thursday in May of 1953, Robinson was visiting Frame at Michigan State
University. Discussing the work of Staal [Sta 50] (a student of Robinson),
Frame was led to conjecture the hook formula. At first Robinson could not
believe that such a simple formula existed, but after trying some examples he
became convinced, and together they proved the identity. On Saturday they
went to the University of Michigan, where Frame presented their new result
after a lecture by Robinson. This surprised Thrall, who was in the audience,
because he had just proved the same result on the same day!

There are many different bijective proofs of the hook formula. Franzblau
and Zeilberger [F-Z 82] were the first to come up with a (complicated) bijec-
tion. Later, Zeilberger [Zei 84] gave a bijective version of a probabilistic proof
of Greene, Nijenhuis, and Wilf [GNW 79] (see Exercise 17). But the map was
still fairly complex. Also, Remmel [Rem 82] used the Garsia-Milne involution
principle [G-M 81] to produce a bijection as a composition of maps. It was not
until the 1990s that a truly straightforward one-to-one correspondence was
found (even though the proof that it is correct is still somewhat involved),
and that is the one we will present here. The algorithm was originally out-
lined by Pak and Stoyanovskii [PS 92|, and then a complete proof was given
by these two authors together with Novelli [NPS 97]. (A generalization of
this method can be found in the work of Krattenthaler [Kra pr].)

To get the hook formula in a form suitable for bijective proof, we rewrite

it as
nl=f* T hij-
(,5)€A
So it suffices to find a bijection
T NESS (P ),

where shT = shP = shJ = A, T is an arbitrary Young tableau, P is a
standard tableau, and J is an array such that the number of choices for the
entry J; ; is h; j. More specifically, define the arm and leg of H; ; to be

Aij={G4") : 7' >3} and Li;={(4) : 7>},
respectively, with corresponding arm length and leg length
al;j =|A;;| and U ; =|L; |
In the previous example with A = (42,33,1) we have

A2,2 = {(253)a (274)}7 al2,2 =2;
L212 = {(372)7 ( 72)7 (512)}7 ”2,2 = 3
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Note that h; ; = al; j + ll; ; + 1. So our requirement on the array J will be
”'lli,j S Jiﬂ' S alm-, (318)
and we will call J a hook tableau.
«7 NZP55 (P, J)” The basic idea behind this map is simple. We will use
a modified jeu de taquin to unscramble the numbers in T" so that rows and
columns increase to form P. The hook tableau, J, will keep track of the

unscrambling process so that T' can be reconstructed from P.
We first need to totally order the cells of A by defining

(i,5) < (7,7') ifandonlyif j>j orj=j; andi>7.
Label the cells of A in the given order
c1<cp<...<Cp.

So, for example, if A = (3,3,2), then the ordering is

Cg | C5 | C2
Cr | C4 | C1
Cs | C3

Now if T is a A-tableau and c is a cell, we let T<¢ (respectively, T<°) be the
tableau containing all cells b of T' with b < ¢ (respectively, b < ¢). Continuing
our example, if

3 27 2 7
T=6 1 8, then T¢, = 1 8.
4 5 4 5
Given T, we will construct a sequence of pairs
(Ty, 1) = (T,0), (T2, J2), (T3,J3)y -y (Tn,Jdn) = (P, J), (8.19)

where 0 is the tableau of all zeros and for all £ we have that T,CSC’“

and that Jj is a hook tableau which is zero outside J,f—ck.
If T is a tableau and c is a cell of T, then we perform a modified forward
slide to form a new tableau j¢(T) as follows.

is standard,

NPS1 Pick ¢ such that T<¢ is standard.

NPS2 While T<¢ is not standard do
NPSa If ¢ = (4,7), then let ¢’ be the cell of min{T;4y j,T; j+1}-
NPSb Exchange T, and T, and let ¢ :=¢'.

It is easy to see that the algorithm will terminate since T<¢ will eventually
become standard, in the worst case when ¢ reaches an inner corner of \. We
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call the sequence, p, of cells that ¢ passes through the path of c. To illustrate,
if

6 1 5

T= 2 3 7

= 00 ©

and ¢ = (1,2), then here is the computation of j¢(T'), where the moving
element is in boldface:

9615 9165 9135
T=28 237, 8237, 8267 =351
4 4 4

So in this case the path of ¢ is

p:((1’2)a (173)’ (273))'

We can now construct the sequence (3.19). The initial pair (T3, J:) is
already defined. Assuming that we have (Ty_1, Jr—1) satisfying the conditions
after (3.19), then let

Ty, = j* (Th—1)-

Furthermore, if j* starts at ¢, = (4,7) and ends at (¢, §'), then Jx = Jx—1
except for the values

o (Jk—l)h+1,j -1 fori<h< ’i,,
(Jidna = { i =3 for b = i'.

It is not hard to see that if Jy_; was a hook tableau, then J; will still be one.
Starting with the tableau

6 2
T= 4 3,
5 1
here is the whole algorithm.
6 2 6 2 6 1 6 1 6 1 1 4
T, : 4 , 4 1,4 2,4 2,2 4, 2 5 = P
5 1 5 3 5 3 3 5 3 & 3 6
6 o o o0 0-2 0-2 0-2 0-2
Jb: 0 0, 0-1, 0 0, 0 0,1 0,0 0= J
6 06 00 00 1 0 1 0 1 0

Theorem 3.10.3 ([NPS 97]) For fized A, the map
T3 (P )

just defined is a bijection between tableauz T and pairs (P,J) with P a stan-
dard tableau and J a hook tableau such that shT =sh P =shJ = A.
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Proof. As usual, we will create an inverse.

“(P,J) SP3N 77 To determine the sequence (T, In)y - -, (Th, J1) we
start with (T}, J,) = (P,J). Assuming that (T, Jx) has been constructed,
we first need to consider which cells could have been the end of the path for

% (Tk_1). The set of candidate cells for ¢ = (ig, jo) in Tk is
Ce = {(,5") : @' >0, 5 =Jo+ (J&)irjor (J)iv,jo >0}

So if we have

13 18 10 1 4 00 0 -2 -2
17 15 2 3 5 00 -1 -2 0

(T, )= 14 1§ 6 711> 00 1 1 0|
19 12 8 9 00 0 O

then the candidate cells for ¢19 = (2, 3) correspond to the nonnegative entries
of Jig in cells (#/,3) with i’ > 2, namely when (J10)3,3 = 1 and (Jig)4,3 = 0.
So

Cio=1{(3,3+1), (4,3+0)} ={(3,4), (4,3)}.

We must now modify backward slides as we did forward ones. Note that
the following algorithm is to be applied only to pairs (T, Ji) that occur as
output of the forward part of the algorithm. To avoid double subscripting,
we let (T', JI) = (Tk, Jk)

SPN1 Pick ¢ € Cx where ¢ = (ig, jo)-

SPN2 While ¢ # ¢ do

SPNa If ¢ = (4, j), then let ¢’ be the cell of max{T}_, ;,T; ;_;} where
we use 0 in place of Ty, if £ <0 or I < jo.
SPNb Exchange T, and T/, and let c:=c'. m

It is not clear that this procedure is well defined, since it might be possible,
a priori, that we never have ¢ = ¢. However, we will prove that ¢ is always
reached for any ¢ € C,. We denote the resulting tableau by j.(Tx) and
note that the condition in SPNa guarantees that since T,CSC’c was standard,
Je(Tx) < will be standard as well. The sequence of cells encountered during
the execution of j. will be called the reverse path r = r. corresponding to c,
and we let
Ry = {T‘C . cE Ck}

Going back to the previous example, we have

13 18 10 1 4

. 17 15 7 3 5

.7(3,4)(T10) = 14 ].6 2 6 11 I T(3,4) = ((3’4)’ (37 3)7 (2’3)}’
19 12 8 9
13 18 10 1 4

. 17 15 8 3 5

.7(4,3)(T10) = 14 16 2 7 11° T(4,3) = ((473)a (37 3)7 (273)}
19 12 6 9
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To finish our description of the inverse algorithm, we must decide which of
the candidate cells to use for our modified backward slide. Define the code of
any reverse path r by replacing the steps of the form (4, 5), (i—1,7) by N (for
northward) and those of the form (i, §), (¢, — 1) by W (for westward), and
then reading the sequence of N’s and W’s backwards. Continuing with our
running example, the codes for r(3 4) and 7(4,3) are NW and NN, respectively.
Define a lexicographic order on codes, and thus on reverse paths, by letting
N < 0 < W. (When comparing codes of different lengths, the shorter one is
padded out with (’s.). So in our example NW > NN, and so (3 4) > 7(4,3)-
Now given (T%, Ji) and ¢, = (3,7), we find the largest element r’' in Ry with
corresponding candidate cell ¢/ = (¢/,5’) and let

Ti-1 = Jor (Th)-
Furthermore, Ji_1 = Ji except for the values

Jh-15+1 fori<h <7,
(i—1)ns = { (() s for h = i. (3:20)

Unlike the forward definition, it is not obvious that Ji_; is well defined, since
we might have (Jx_1)n; > ap,; for some h. We will see shortly that this
cannot happen.

So our next order of business is to show that SPN1-2 and (3.20) are well
defined. First, however, we must set up some definitions and notation. Note
that we can use SPN1-2 to define a reverse path, r, for any candidate cell,
even if it does not pass through ¢ = (ig,Jo), by letting r terminate when it
reaches the top of column jy (which SPN2a will force it to do if it does not
reach ¢x). To talk about the relative positions of cells and paths, say that
cell (4,7) is west (respectively weakly west) of cell (#/,5') if i = and j < 5/
(respectively, 7 < j'). Cell ¢ is west of path p/ if it is west of some cell ¢’ € p'.
Finally, path p is west of path p’ if, for each ¢ € p that is in the same row as a
cell of p, ¢ is west of some ¢’ € p’. Similar definitions apply to north, weakly
north, etc.

We are now ready to start the well-definedness proofs, which will be by
reverse induction on k. For ease of notation, let 77 =T, T” =Ty_,, R' =
Ri, R” = Ri_1, and so forth, and let ¢x = (o, o). The following lemma is
fundamental for all that follows.

Lemma 3.10.4 Suppose that all reverse paths in R’ go through (i, jo). Then
ry with initial cell (ig, jo) € C' is the largest reverse path in R’ if and only if
any initial cell (7/,5") € C' of ¥’ € R!, v’ # 1y, satisfies

Rl 49 <7’ <1 and (¢',5') is west and weakly south of ry, or
R2 i’ > if and r' enters row iy weakly west of .

When reading the proof of this lemma, the reader may find it useful to refer
to the following diagram, which gives an example where A = (143,13%,12),
(t0, 7o) = (2,2), (i, 40) = (7,11), the lines indicate the steps of rg, black dots
are for possible cells in €/, and white dots are for all other cells.
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OO0 0000000000 O0O0
o OO0 O0OO0OO0OO0OO0OO0OO0O0
cCe e OO O0OO0OO0OO0O0
e e OO0 O0OO0O0OO0O0
C e o 0 0 0 o O
O e ® & 00 0 0 0 o o O
Ceo o 060606 0 0 00 o 0
O e 0 060606 060 0 0 0 00
C o ® 6 060606 0 06 0 00

Proof. Since both 7’ and 7 end up at (i, jo), they must intersect somewhere
and coincide after their intersection. For the forward implication, assume that
neither R1 nor R2 hold. Then the only other possibilities force 7’ to join r{
with a W step or start on rj after an N step of r{. In either case r’ > r(, a
contradiction.

For the other direction, if r’ satisfies R1 or R2, then either 7’ C r{ and r{
joins 7 with a W step, or ' € r and 7' joins r§ with an N step. This gives
<.

For our induction step we will need another lemma.

Lemma 3.10.5 If r§ goes through (io,jo) and is north of some cell of a
reverse path v"" € R”, then "’ goes through (ip + 1, jo)-

Proof. I claim that 7} is north of every cell of 7’ after the one given in the
hypothesis of the lemma. This forces r” through (ig+1, jo) as r’ goes through
(i0,70). If the claim is false, then let (i1,71) be the first cell of " after the
given one that is northmost on r{ in its column. So the previous cell of 7
must have been (i1 + 1, j1). But, by construction of r{,
,1:5/1,]'1 = T'i/:yjl—l < i,1,+1,jl-1 = 1—'1!14"11.7'1—1'

So r”” should have moved from (i1 +1, j1) to (i1 +1,j; — 1) rather than (21, j1),
a contradiction. m

We will now simultaneously resolve both of our concerns about the inverse
algorithm being well defined.

Proposition 3.10.6 For all k, the hook tableau Jy is well defined and all
reverse paths go through ¢ = (ig, jo) in T.

Proof. The proposition is true for ig = 1 by definition of the algorithm. So
by induction, we can assume that the statement is true for J’ and 7" and
prove it for J” and T"”. By Lemma 3.10.4 and (3.20), we see that if " € R”
starts at (¢",5") with ip < i < 4f, then (¢”,5”) is south and weakly west
of r§ as in the following figure (which the reader should compare with the
previous one).
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OO0 0000000000 O0OO0
@) @) 0O 0O0O0O0O0o
O e e 000000 O0
e e OO 000 O0O0
[ONN I BN BN BN o O
C e e 0 0 0 0 o o O
O e e & 06 0 0 00 o O
O © 060606000 0 0 00
O © 06 0606 00 0 0 ¢ 0 0

So, in particular, (7, 5) € A and J” is well defined. Also, by Lemma 3.10.5,
these r” must go through (ig + 1,70). If ¢ > 4, let ’ be the reverse path
in 77 starting at (¢”,5"). Then r” and ' must agree up to and including the
first cell on 7’ in a column weakly west of column j§. Since this cell is south
of vy, we are done by Lemma 3.10.5. m

It remains to show that the two maps are inverses of each other. Actually,
it suffices to show that

1. if the pair (T”,J") is derived from (P,0) by k£ — 1 applications of NPS,
then applying NPS followed by SPN is the identity map, and

2. if the pair (T",J’) is derived from (T, J) by n — k applications of SPN,
then applying SPN followed by NPS is the identity map.

The second statement is true because modified forward and backward slides
are step-by-step inverses, and there is no question about which cell to use to
undo the backward slide.

For the first one, we must show that if (77, J’) is the pair after the last
application of NPS, then the path pj for the forward slide j°*(T") is just the
largest reverse path rj € R’ read backwards. We first need a lemma whose
statement resembles that of Lemma 3.10.4.

Lemma 3.10.7 Suppose that p}, ends at (ig,j4) and does not consist solely
of E (east) steps. Then the initial cell (i",5") € C" of any r" € R" satisfies

1 ig+ 1 <id” <ify and (¢”,5") is south and weakly west of p, or
2. ¢ > i and r" enters row iy weakly west of p;. w

The proof of this result is by contradiction. It is also very similar to that of
Lemma, 3.10.5, and so is left to the reader.

By Lemma 3.10.4, to show that p{ backwards is the greatest element of
R’, it suffices to show the following.

Lemma 3.10.8 The initial cell (i',5') € C' of any ' € R’ other than the
reverse path of py satisfies

1 i < < iy and (¥, 5) is west and weakly south of py, or

2. 7 > i and v’ enters row iy weakly west of pj. m
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The proof of this last lemma is similar to that of Proposition 3.10.6, with
Lemma, 3.10.7 taking the place of Lemma 3.10.4. It, too, is left to the reader.
This completes the proof of Theorem 3.10.3. m

3.11 The Determinantal Formula

The determinantal formula for f* is much older than the hook formula. In
fact, the former was known to Frobenius [Fro 00, Fro 03] and Young [You 02].
In the following theorem we set 1/r! =0 if r < 0.

Theorem 3.11.1 (Determinantal Formula) If (A1, Az,..., ) Fn, then
1

A B I P

P ==l

where the determinant is | by l.

To remember the denominators in the determinant, note that the parts of
A occur along the main diagonal. The other entries in a given row are found
by decreasing or increasing the number inside the factorial by 1 for every step
taken to the left or right, respectively. Applying this result to A = (2,2, 1),
we get

/2! 1/3t 1/4!
f@2D =510 1/10 1720 1/3! | =5,
0 1/0! 1/1!

which agrees with our computation in Section 3.10.

Proof (of the determinantal formula). It suffices to show that the
determinant yields the denominator of the hook formula. From our definitions
Xi+l=h;;+1,s0

’(Ai —t+j)!| B .(hi,l —1z+j)!|‘

Since every row of this determinant is of the form

1 1 1 1
[(h—l+1)! =21 (-1 E}

and we will use only elementary column operations, we will display only the
first row in what follows:

D S 1 1 _1
(h1,1—1+1)! (h1..—2)!  (h11—1)! hm!]
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ﬁ 1 hii(hyi=1)(hy1—142) -+ hya(hii—1) hig 1
= "
i ha!

ﬁ 1 hia(hy1=1)(h1,1~142) -+ hii(hia—1) hia-1 1
- 1

i=1 hz,l-

¢ 1 hi1(hii=1)(h1a~1+2) -+ (h11-1)(h1,1=2) hia-1 1
= '|-

i ha!

IL[ 1 (h11=1)(h1,1=2)-(h1,1—=14+1) =+ (h1,1—1)(h11-2) hii—1 1
— ' .

i=1 hz,l-

1 1 1 1 1
_ 1 (ha,1—1)! (h1,1=-3)  (hi1-2)1  (h1a—1)!

i1 M

But by induction on n, this last determinant is just 1/ ], x hv, where

A = AM=-Lix-1,..., -1
= ) with its first column removed.

Note that A may no longer have ! rows, even though the determinant is still
I x I. However, induction can still apply, since the portion of the determinant
corresponding to rows of X of length zero is upper triangular with ones on the
diagonal. Now X contains all the hooklengths h; ; in A for ¢ > 2. Thus

: 1 1
gh Uz =15

vEX vEA

1
i1
as desired. m

Notice that the same argument in reverse can be used to prove the hook
formula for f* from the determinantal one. This was Frame, Robinson, and
Thrall’s original method of proof [FRT 54, pages 317-318], except that they
started from a slightly different version of the Frobenius-Young formula (see
Exercise 20).

3.12 Exercises

1. Prove Lemma 3.2.1.
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2. Let P be a partial tableau with z,y ¢ P. Suppose the paths of insertion
for r,(P) = P" and ry(P’) = P" are

(le)a"'v(rvj’r') and (lvji)a""<r,7j1’-’)7
respectively. Show the following.

(a) If z < y, then j; < j] for all 4 < ¢’ and 7’ < r; i.e., the path for 7,
lies strictly to the right of the path for r,.

(b) If z > y, then j; > j! for all ¢ < r and 7’ > r; i.e., the path for r,
lies weakly to the left of the path for r,.

3. (a) If the Robinson-Schensted algorithm is used only to find the length
of the longest increasing subsequence of w € S, find its computa-
tional complexity in the worst case.

(b) Use the algorithm to find all increasing subsequences of = of max-
imum length.

(c) Use Viennot’s construction to find all increasing subsequences of
7 of maximum length.

4. (a) Use the results of this chapter to prove the Erdés-Szekeres theo-
rem: Given any m € Spm+1, then 7 contains either an increasing
subsequence of length n + 1 or a decreasing subsequence of length
m+ 1.

(b) This theorem can be made into a game as follows. Player A picks
z; € S={1,2,...,nm+1}. Then player B picks z2 € S with 5 #
1. The players continue to alternate picking distinct elements of
S until the sequence z;z2 ... contains an increasing subsequence
of length n + 1 or a decreasing subsequence of length m + 1. In
the achievement (respectively, avoidance) version of the game, the
last player to move wins (respectively, loses). With m arbitrary,
find winning strategies for n < 2 in the achievement game and
for n < 1 in the avoidance game. It is an open problem to find a
strategy in general.

5. Prove Lemma 3.4.5 and describe the Q-tableau of 7p.

6. Let m = x1...x, be a partial permutation. The Greene invariant of w
is the sequence of increasing subsequence lengths

i(m) = (1(7),d2(nm), ..., in (7).

If r € S,, then let .
70 =g, ¥

and

m(;) = the subsequence of 7 containing all elements < j.
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(a) Show that P(r) = P(o) if and only if i(n(;)) = i(o(;)) for all j by
a direct argument.

(b) Show that Q(r) = Q(o) if and only if i(x()) = i(¢?) for all j by
a direct argument.

(c) Show that (a) and (b) are equivalent statements.

7. Recall that an involution is a map 7 from a set to itself such that 72 is
the identity. Prove the following facts about involutions.

(a) A permutation 7 is an involution if and only if P(r) = Q(w).
Thus there is a bijection between involutions in S,, and standard
tableaux with n elements.

(b) The number of fixedpoints in an involution 7 is the number of
columns of odd length in P(r).

(c) [Frobenius-Schur] The number of involutions in S, is given by

ZM—nf)\'
(d) We have
1:3:5--@2n-1)= > f*

A-2n
A even

where X even means that the conjugate of A has only even parts.

8. Let m = z122 ...z, be any sequence of positive integers, possibly with
repetitions. Define the P-tableau of w, P(7), to be

TanTon 1" Tz, (D),
where the row insertion operator is defined as usual.

(a) Show that P(r) is a semistandard tableau.

(b) Find and prove the semistandard analogues of each of the follow-
ing results in the text. Some of the definitions may have to be
modified. In each case you should try to obtain the new result as
a corollary of the old one rather than rewriting the old proof to
account for repetitions.

i. Theorem 3.4.3.
ii. Theorem 3.5.3.
ili. Theorem 3.7.7.

9. Let P be a standard shifted tableau. Let P? denote the left-justified
semistandard tableau gotten by pasting together P and P?, as was done
for shapes in Exercise 21.

Also define the insertion operation i, (P) by row inserting z into P until
an element comes to rest at the end of a row (and insertion terminates)
or a diagonal element in cell (d,d) is displaced. In the latter case Py q
bumps into column d+ 1, and bumping continues by columns until some
element comes to rest at the end of a column.
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10.
11.

12.

13.
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(a) Show that (i, P)? = c,7,(P?), where the column insertion operator
is modified so that z displaces the element of the first column
greater than or equal to z, and so on.

(b) Find and prove the shifted analogues of each of the following results
in the text. Some of the definitions may have to be modified. In
each case you should try to obtain the new result as a corollary of
the old one rather than rewriting the old proof to account for the
shifted tableaux.

i. Theorem 3.4.3.
ii. Theorem 3.5.3.
iii. Theorem 3.7.7.

Reprove Proposition 3.8.1 using the Robinson-Schensted algorithm.

Consider the dihedral group D4. Then g € Dy acts on # € S, by
applying the symmetry of the square corresponding to g to the permu-
tation matrix corresponding to 7. For every g € Dy, describe P(gm)
and Q(gr) in terms of P(r) and Q(w). Be sure your description is as
simple as possible.

Let A be a partially ordered set. A lower order ideal of P is L C P
such that z € L implies that y € L for all y < z. Upper order ideals
U are defined by the reverse inequality. If P = LU, where L and U
are lower and upper order ideals, respectively, then define analogues of
the jeu de taquin and vacating tableau on natural labelings of P (see
Definition 4.2.5) such that

i4(U) = vy (L) and vE(U) = ju(L).
Hint: Show that
FFO)WhU) = ju(L) Wou(L)

by expressing each slide as a composition of operators that switch ele-
ments ¢ and 7+ 1 in a labeling as long as it remains natural.

Suppose ™ = T1T>...T, is a permutation such that P = P(w) has
rectangular shape. Let the complement of m be

T =Y1Y2. .. Yn,

where y; = n + 1 — x; for all i. Also define the complement of a rect-
angular standard tableau P with n entries to be the array obtained by
replacing P; ; with n+1— P; ; for all (¢, ) and then rotating the result
180°. Show that

P(r¢) = (P°)".



3.12. EXERCISES 137

14. The reverse delta operator, A’, is the same as the delta operator of
Definition 3.9.1, with m being replaced by the maximal element of @
and j¢ replaced by j.. The reverse evacuation tableau, ev’ @, is the
vacating tableau for the sequence

Q, A'Q, A*Q, ..., A"Q.
Prove the following.

(a) Evacuation and reverse evacuation are involutions, i.e.,
evev =evev Q = Q.
(b) If @ has rectangular shape, then
evevQ = Q.
15. Prove Lemma 3.10.7.

16. Prove Lemma 3.10.8.

17. Fix a partition A + n and consider the following algorithm due to
Greene, Nijenhuis, and Wilf.

GNW1 Pick a node v € A with probability 1/n.

GNW2 Wihile v is not an inner corner do
GNWa Pick a node v € H,, — {v} with probability 1/(h, — 1).
GNWb v :=7.

GNW3 Give the label n to the corner cell v that you have reached.

GNW4 Go back to step GNW1 with A := A — {v} and n :=n -1,
repeating this outer loop until all cells of A are labeled.

The sequence of nodes generated by one pass through GNW1-3 is called
a trial. In this exercise you will show that GNW1-4 produces any given
standard A-tableau P with probability

hy
prob(P) = Hini‘— (3.21)

(a) Show that the algorithm always terminates and produces a stan-
dard tableau.

(b) Let (a,3) be the cell of P containing n and let prob(a, 3) be the
probability that the first trial ends there. Prove that (3.21) follows
by induction from the formula

prob(a, ) = %1:[(” 5—1)1;1(

) . (3.22)
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(c) Given a trial ending at (a, 8), we let the horizontal projection of
the trial be

I={i#a : v={(i,j) for some v on the trial}.

The vertical projection is defined analogously. Let prob; ;(a,f)
denote the sum of the probabilities of all trials terminating at («, 3)
with horizontal projection I and vertical projection J. Show that

1
b
pronOéﬂ Hhﬂ—ll_-Eha,]

and use this to prove (3.22). (Hint: Induct on |/ U J|.)

(d) Give an alternative proof of the hook formula based on this exer-
cise.

18. A poset T is a rooted tree if it has a unique minimal element and its
Hasse diagram has no cycles. If v € 7, then define its hook to be

Hy={wer : w>v}
with corresponding hooklength h, = |H,|.

S =n

T

(a) Show that

where the sum is over all 7 with n nodes.

(b) Show in three ways (inductively, probabilistically, and using jeu de
taquin) that if 7 has n nodes, then the number of natural labelings
of 7 (see Definition 4.2.5) is

n!

Hve'r h'U .

19. A two-person ballot sequence is a permutation 7 = x1Z3. .. T2, of n ones
and n twos such that, for any prefix 7 = z1z2 ...z, the number of
ones in my is at least as great as the number of twos. The nth Catalan
number, Cp, is the number of such sequences.

fh=

(a) Prove the recurrence
Cpy1 =CpCo+ CpeiCr + - - + CoCy

forn > 0.

(b) The Catalan numbers also count the following sets. Show this in
two ways: by verifying that the recurrence is satisfied and by giving
a bijection with a set of objects already known to be counted by
the C,.
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i. Standard tableaux of shape (n,n).
ii. Permutations m € S,, with longest decreasing subsequence of
length at most two.

iii. Sequences of positive integers
1€a; a2 <an

such that a; < i for all 4.
iv. Binary trees on n nodes.
v. Pairings of 2n labeled points on a circle with chords that do
not cross.
vi. Triangulations of a convex (n + 2)-gon by diagonals.
vii. Lattice paths of the type considered in Section 4.5 from (0, 0)
to (n,n) that stay weakly below the diagonal y = .
viii. Noncrossing partitions of {1,2,...,n}, i.e., ways of writing

{1,2,...,77,} =BlthBQL+J HBk
such that a,c € B; and b,d € B; with a < b < ¢ < d implies
i = 3.
{c¢) Prove, by using results of this chapter, that

. - 1 <2n)
n+1\n

20. If A = (A1, A2,..., A) F n, then derive the following formulae
[Lic,(hi = Xj —i+7)
[LO =i+ )
[Tic;(hii = hy1)
[Lhit

21. A partition A = (A, Ag,..., N) F nis strict if Ay > Ao > -0 > AL
Given any strict partition, the associated shifted shape A* indents row
i of the normal shape so that it starts on the diagonal square (,%). For
example, the shifted shape of A = (4,3,1) is

f)‘=n!

= nl!

.
A= e o o

The shifted hook of (i,7) € A\* is
Hi; ={(,5") : j'23}0{(,5) - " 2} U{G+1,4) : ' 25+ 1}

with shifted hooklength h;;, = |H};[. For A* as before, the shifted
hooklengths are
7 5 4 2
4 3 1
1
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(a) Show that the hj; can be obtained as ordinary hooklengths in
a left-justified diagram obtained by pasting together A* with its
transpose.

(b) Defining standard shifted tableaux in the obvious way, show that
the number of such arrays is given by

fA* - nl Hi<j()‘i - )‘j)
I1; ’\i!'].—[i<j()‘i + ;)
n

! 1
det -
Hi<j(/\i+/\j) M= 1+ 5)!
n!

M jyen iy



Chapter 4

Symmetric Functions

We have seen how some results about representations of &, can be proved
either by using general facts from representation theory or combinatorially.
There is a third approach using symmetric functions, which is our focus in
this chapter.

After giving some general background on formal power series, we derive
the hook generating function for semistandard tableaux (generalizing the
hook formula, Theorem 3.10.2). The method of proof is a beautiful algo-
rithmic bijection due to Hillman and Grassl [H-G 76].

Next, the symmetric functions themselves are introduced along with the
all-important Schur functions, sy. The Jacobi-Trudi determinants give al-
ternative expressions for s, analogous to the determinantal form for f* and
lattice-path techniques can be used to provide a combinatorial proof. Other
definitions of the Schur function as a quotient of alternates or as the cycle in-
dicator for the irreducible characters of S,, are presented. The latter brings in
the characteristic map, which is an isomorphism between the algebra of sym-
metric functions and the algebra of class functions on the symmetric group
(which has the irreducible characters as a basis). Knuth’s generalization of
the Robinson-Schensted map [Knu 70] completes our survey of generating
function analogues for results from the previous chapter.

We end by coming full circle with two applications of symmetric functions
to representation theory. The first is the Littlewood-Richardson rule [L-R 34],
which decomposes a tensor product into irreducibles by looking at the cor-
responding product of Schur functions. We present a proof based on the jeu
de taquin and dual equivalence. The second is a theorem of Murnaghan-
Nakayama [Nak 40, Mur 37] which gives an algorithm for computing the ir-
reducible characters. Its proof involves much of the machinery that has been
introduced previously.

Those who would like a more extensive and algebraic treatment of sym-
metric functions should consult Macdonald’s book [Mac 79)].

141
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4.1 Introduction to Generating Functions

We start with the most basic definition.

Definition 4.1.1 Given a sequence (an)n>0 = Gg, a1, a2, . . - of complex num-
bers, the corresponding generating function is the power series

f(z)= Z anz™.

n>0

If the a, enumerate some set of combinatorial objects, then we say that f(x)
is the generating function for those objects. We also write

[z"]f(z) = the coefficient of " in f(z) = a,. m

For example, if
def (3
an = the number of n-element subsets of {1,2,3} = n

then
a=1,a,=3,a3=3, a3 =1, and a, =0 for n > 4,

SO

f(z)=z<z) " =1+3z+3z>+2°=(1+2)°

n>0

is the generating function for subsets of {1,2,3}. Equivalently,

&")(1+2)? = (z) .

It may seem surprising, but to obtain information about a sequence it is
often easier to manipulate its generating function. In particular, as we will see
shortly, sometimes there is no known simple expression for a, and yet f(x)
is easy to compute. Extensive discussions of generating function techniques
can be found in the texts of Goulden and Jackson [G-J 83|, Stanley [Stn 97,
Stn 99], and Wilf [Wil 90].

Note that all our power series are members of the formal power series ring

Cllz]] = {Z anz™ : an € C for all n},

n>0

which is a ring under the usual operations of addition and multiplication. The
adjective formal refers to the fact that convergence questions are immaterial,
since we will never substitute a value for . The variable and its powers are
merely being used to keep track of the coefficients.

We need techniques for deriving generating functions. The basic counting
rules for sets state that the English words or and and are the equivalent of
the mathematical operations + and x. Formally, we have the following.
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Proposition 4.1.2 Let S and T be finite sets.
1. If SNT =0, then
ISYT| = [S|+IT].
2. If S and T are arbitrary, then
[SxT|=|S|-|T|. =

This result has an analogue for generating functions (see Proposition 4.1.6).
First, however, let us see how these rules can be used informally to compute
a few examples.

A basic method for finding the generating function for a given sequence
(@n)n>0 is as follows:

1. Find a set S with a parameter such that the number of elements of S
whose parameter equals n is a,.

2. Express the elements of S in terms of or, and, and the parameter.

3. Translate this expression into a generating function using +, x, and
z™.

In our previous example, a, = (2), so we can take
S = all subsets T of {1,2,3}.
The parameter that will produce the sequence is
n=n(T) = the number of elements in T.

Now we can express any such subset as
T=(1¢TorleT) and 2¢Tor2€T) and (3T or3eT)

Finally, translate this expression into a generating function. Remember that
the n in ™ is the number of elements in T', so the statements i ¢ T and ¢ € T'
become z° and !, respectively. So

f@)=(@"+z") 2" +2") @ +2)=(1+2)3

as before.
For a more substantial example of the method, let us find the generating

function
> p(n)e™,
n>0

where p(n) is the number of partitions of n. Here, S is all partitions A =
(1m,2m2 . ) and n = |A| is the sum of the parts. We have

A = (®erortterori?eror )
and (2°€Xor2'eXor22€Xor --+)
and (3°cAor3'eror3’cAor---) and---,
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which translates as
f(.'l?) _ (.’EO+.’IJ1+.’E1+1+- . ')(.’130+I2+:L'2+2+'~ ')($0+£C3+.’L‘3+3+' . ) . (4.1)
Thus we have proved a famous theorem of Euler [Eul 48].

Theorem 4.1.3 The generating function for partitions is

1 1

1
Zp(n)x"=1_$l_x21_m3.---l (4.2)
n>0

Several remarks about this result are in order. Despite the simplicity of
this generating function, there is no known closed-form formula for p(n) itself.
(However, there is an expression for p(n) as a sum due to Hardy, Ramanujan,
and Rademacher; see Theorem 5.1 on page 69 of Andrews [And 76].) This
illustrates the power of our approach.

Also, the reader should be suspicious of infinite products such as (4.2).
Are they really well-defined elements of C[[z]]? To see what can go wrong,
try to find the coefficient of z in [];2;(1 + z). To deal with this problem,
we need some definitions. Consider f(z), f1(z), f2(z),... € C[[z]]. Then we
write [[,5; fi(z) = f(z) and say that the product converges to f(z) if, for
every n,

N
=)@ = =" [] £i(2)

whenever N is sufficiently large. Of course, how large N needs to be depends
on n.

A convenient condition for convergence is expressed in terms of the degree
of f(z) € C[[z]], where

deg f(z) = smallest n such that ™ has nonzero coefficient in f(x).

For example,
deg(z® + 23+t +--) =2

The following proposition is not hard to prove and is left to the reader.

Proposition 4.1.4 If fi(z) € C[[z]] for i > 1 and lim;_, deg(fi(z) — 1) =
00, then [[;5, fi(z) converges. m

Note that this shows that the right-hand side of equation (4.2) makes
sense, since there deg(f;(z) — 1) = 1.

By carefully examining the derivation of Euler’s result, we see that the
term 1/(1 — z°) in the product counts the occurrences of ¢ in the partition
A. Thus we can automatically construct other generating functions. For
example, if we let

Do(n) = the number of A+ n with all parts odd,
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then .
2 rolma” = 1] =

n>0 i>1

We can also keep track of the number of parts. To illustrate, consider
pa(n) = the number of A+ n with all parts distinct,

i.e., no part of A appears more than once. Thus the only possibilities for
a part i are i € A or i € A. This amounts to cutting off the generating
function in (4.1) after the first two terms, so

> pat)e” = [[(1+2).

n>0 i>1

As a final demonstration of the utility of generating functions, we use
them to derive another theorem of Euler [Eul 48] .

Theorem 4.1.5 For all n, pg(n) = po(n).

Proof. It suffices to show that pg(n) and p,(n) have the same generating
function. But

[Ta+z) = [Ja+a ] =

i>1 i>1 i>1
1— in
N 11—zt
i>1
1
= 1— g2i-1
i>1

It is high time to make more rigorous the steps used to derive generating
functions. The crucial definition is as follows. Let S be a se. Then a weighting
of S is a function

wt : S — C[[z]].

If s € S, then we usually let wts = z™ for some n, what we were calling a
parameter earlier. The associated weight generating function is

fs(z) = Z wt s.

It is a well-defined element of C[[z]] as long as the number of s € S with
degwts = n is finite for every n. To redo our example for the partition
function, let S be the set of all partitions, and if A € S, then define

wt A =z,
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This gives the weight generating function

fs(z) Z I

A€S

- Yy

n>0 Akn

= Y pn)",

n>0

which is exactly what we wish to evaluate.
In order to manipulate weights, we need the corresponding and-or rules.

Proposition 4.1.6 Let S and T be weighted sets.
1. If SNT =0, then
fsur(z) = fs(z) + fr(z).
2. Let S and T be arbitrary and weight S x T' by wt(s,t) = wt swtt. Then
fsxt = fs(z) - fr(z).
Proof. 1. If S and T do not intersect, then

fswr(z) = Z wt s

seESWT

= Zwts+2wts

sES seT

fs(@) + fr(z).

il

2. For any two sets S, T, we have

fsxr(z) = Z wt(s, t)

(s,t)ESXT

= Zwtswtt

SES
teT

= ZwtsZwtt

s€S teT

= fs(.’L‘)fT(.’L') u

Under suitable convergence conditions, this result can be extended to
infinite sums and products. Returning to the partition example:

S = {A=(1™,2m2,..) : m; >0}
(1°,11,12,. ) mm (2,24, 2%, ) 1IL- -
(1w {1"tw{1*}w-- ) I ({2°}w {2} 6 {2’} - ),

where II rather than x is being used, since one is allowed to take only a finite
number of components i™¢ such that m; # 0. So

fS(x) = (f{lo} +f{11} +f{lz} +"')(f{2°} +f{21} +f{22} +)

Since f(x}(z) = wt A = x| we recover (4.1) as desired.

It

i
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4.2 The Hillman-Grassl Algorithm

Just as we were able to enumerate standard A-tableaux in Chapter 3, we
wish to count the semistandard variety of given shape. However, since there
are now an infinite number of such arrays, we have to use generating func-
tions. One approach is to sum up the parts, as we do with partitions. This
leads to a beautiful hook generating function that was first discovered by
Stanley [Stn 71]. The combinatorial proof given next is due to Hillman and
Grassl [H-G 76].

Fix a shape A and let ssx(n) be the number of semistandard A-tableaux
T such that }°; e, Ti,j = n. Since all entries in row 7 of T are at least of
size 4, we can replace each T; ; by T; ; — 4 to obtain a new type of tableau.

Definition 4.2.1 A reverse plane partition of shape A, T, is an array ob-
tained by replacing the nodes of A by nonnegative integers so that the rows
and columns are weakly increasing. If the entries in of 7" sum to n, we say
that T is a reverse plane partition of n. Let

rppa(n) = the number of reverse plane partitions of n having shape A. m

The use of the term reverse for plane partitions where the parts increase
is a historical accident stemming from the fact that ordinary partitions are
usually written in weakly decreasing order.

From the definitions, we clearly have

> ssa(n)a™ =z™N Y " rppa(n)a”,
n>0 n>0

where m(A) = 3,5, 4A. Thus it suffices to find the generating function for
reverse plane partitions. Once again, the hooklengths come into play.

Theorem 4.2.2 Fix o partition X\. Then

ZTPPA H 1——:1:’“:

n20 (,3)EX

Proof. By the discussion after Proposition 4.1.4, the coefficient of 2™ in this
product counts partitions of n, where each part is of the form h; ; for some
(¢,7) € A. (Note that the part h; ; is associated with the node (7,5) € A, so
parts h; ; and hy; are considered different if (¢,7) # (k,1) even if h; ; = hg,
as integers.) To show that this coefficient equals the number of reverse plane
partitions T of n, it suffices to find a bijection

T+ (hil,j“hiz,jz’ . )

that is weight preserving, i.e.,

Z T:J - Zhlhmc

(4,5)EX
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“T'" — (hiy jis Pig,jas - --)” Given T, we will produce a sequence of reverse
plane partitions

T =Ty, T1,T,...,Tf = tableau of zeros,

where T}, will be obtained from Tj_; by subtracting 1 from all elements of a
certain path of cells py in Tj. Since we will always have |px| = h;, ;. for some
(ik, jk ), this will ensure the weight-preserving condition.

Define the path p = p; in T inductively as follows.

HG1 Start p at (a,b), the most northeast cell of T' containing a nonzero entry.
HG2 Continue by

(L,j—1)ep T ;1 =Ty

if (i,7) €p then{ (i+1,j) €p otherwise.

In other words, move south unless forced to move west in order not to
violate the weakly increasing condition along the rows (once the ones
are subtracted).

HG3 Terminate p when the preceding induction rule fails. At this point we
must be at the end of some column, say column c.

It is easy to see that after subtracting 1 from the elements in p, the array
remains a reverse plane partition and the amount subtracted is hq ..

As an example, let
2

1 2 2
T=3 3 3
3

Then (a,b) = (1,4), and the path p is indicated by the dotted cells in the
following diagram:

[ ) [ ]
e
[ ]
After subtraction, we have
1 1 11
T,=2 2 3
2

and h;, j, = hi1. To obtain the Test of the Ty, we iterate this process. The
complete list for our example, together with the corresponding b j, is

1222 1111 0000 0000 0000 0000
T.: 333, 223, 123, 122, 111, 000 ;
3 2 1 1 1 0

T hi,a, hi1, ha,3, ha,2, ha1.
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Thus T' = (h1,1, k1,1, he 3,2, ho1).

“(Riy g1 Pig jar ---) = 17 Given a partition of hooklengths, we must re-
build the reverse plane partition. First, however, we must know in what order
the hooklengths were removed.

Lemma 4.2.3 In the decomposition of T into hooklengths, the hooklength
hy v was removed before by ;v if and only if

>4, or i'=1 andj’ <j'. (4.3)

Proof. Since (4.3) is a total order on the nodes of the shape, we need only
prove the only-if direction. By transitivity, it suffices to consider the case
where h;» j» is removed directly after hy ;.

Let T" and T” be the arrays from which hy j» and hy» j» were removed
using paths p’ and p”, respectively. By the choice of initial points and the
fact that entries decrease in passing from 7" to T”, we have 1" > ¢'.

If i > i/, we are done. Otherwise, ¢/ = i’ and p” starts in a column weakly
to the west of p’. We claim that in this case p” can never pass through a node
strictly to the east of a node of ¢/, forcing 7 < 5. If not, then there is some
(s,t) € p’ Np” such that (s,t — 1) € p’ and (s + 1,¢) € p”. But the fact that
p’ moved west implies T; , = 7, , ;. Since this equality continues to hold in
T" after the ones have been subtracted, p” is forced to move west as well, a
contradiction. m

Returning to the construction of T, if we are given a partition of hook-
lengths, then order them as in the lemma; suppose we get

(hil,jn' ) hifyjf)‘
We then construct a sequence of tableaux, starting with the all-zero array,
Ty, Tpo1, ..., To =T,

by adding back the h;, ; for k = f,f —1,...,1. To add hg to T, we
construct a reverse path v along which to add ones.

GH1 Start r at the most southern node in column c.
GH2 Continue by

o (j+1) er T =T,
if (i,j) er then{ (i—1,7) €r otherwise.

GH3 Terminate r when it passes through the eastmost node of the row a.

It is clear that this is a step-by-step inverse of the construction of the
path p. However, it is not clear that r is well defined, i.e., that it must pass
through the eastern end of row a. Thus to finish the proof of Theorem 4.2.2,
it suffices to prove a last lemma.
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Lemma 4.2.4 If ry is the reverse path for h;, j,, then (ix, A\i,) € 7.

Proof. Use reverse induction on k. The result is obvious when k = f by the
first alternative in step GH2.

For k < f, let v’ = r and r” = ri11. Similarly, define T/, T", hy ;:, and
hin j». By our ordering of the hooklengths, i’ <14”. If i < i”, then row 4’ of
T consists solely of zeros, and we are done as in the base case.

If i/ =", then j° > j”. Thus p’ starts weakly to the east of p’’. By the
same arguments as in Lemma 4.3, p stays to the east of p’. Since p’ reaches
the east end of row i’ = i by assumption, so must p. m

It is natural to ask whether there is any relation between the hook formula
and the hook generating function. In fact, the former is a corollary of the
latter if we appeal to some general results of Stanley [Stn 71] about poset
partitions.

Definition 4.2.5 Let (A, <) be a partially ordered set. A reverse A-partition
of m is an order-preserving map

a:A—{0,1,2,...}

such that >, a(v) = m. If |A| = n, then an order-preserving bijection
B:A—{1,2,...,n}

is called a natural labeling of A. m

To see the connection with tableaux, partially order the cells of A in the
natural way,
(4,5) < (¢,§') &= i<d and j<j

Then a natural labeling of A is just a standard A-tableau, whereas a reverse
A-partition is a reverse plane partition of shape A.
One of Stanley’s theorems about poset partitions is the following.

Theorem 4.2.6 ([Stn 71]) Let A be a poset with |A| =n. Then the gener-
ating function for reverse A-partitions is
P(z)
(1-z)1-2%)--(1-2")

where P(x) is a polynomial such that P(1) is the number of natural labelings
of A. m

In the case where A = A, we can compare this result with Theorem 4.2.2
and obtain

P(z) B 1
(R e e Rl | Gy

(i,7)eX
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Thus
= PQ)
— lim szl(l_f‘vk)
=1 H(i,j)e,\(l — zhis)
n!
I jyen i’

4.3 The Ring of Symmetric Functions

In order to keep track of more information with our generating functions, we
can use more than one variable. The ring of symmetric functions then arises
as a set of power series invariant under the action of all the symmetric groups.

Let x = {x1,22,3,...} be an infinite set of variables and consider the
formal power series ring C[[x]]. The monomial xf‘ll xz’-\; xf‘l’ is said to have

degree n if n = Y, A;. We also say that f(x) € C[[x]] is homogeneous of
degree n if every monomial in f(x) has degree n.
For every n, there is a natural action of 7 € S, on f(x) € C[[x]], namely,

.ﬂ-f(xlaanw:}"") =f(1'1r17m1r2az7r37---)a (44)

where 7i = 1 for ¢ > n. The simplest functions fixed by this action are gotten
by symmetrizing a monomial.

Definition 4.3.1 Let A = (A1, A2,..., ) be a partition. The monomial
symmetric function corresponding to X is

my = my(x) = fo‘lle‘; . --le’,
where the sum is over all distinct monomials having exponents Aj,...,A;. »
For example,
m2,1) = (L'%I‘Q + flllil'g + Z’%.’L‘?, + :clm?, + z%xg + :I,‘2£L'§ + e

Clearly, if A F n, then my(x) is homogeneous of degree n.
Now we can define the symmetric functions that interest us.

Definition 4.3.2 The ring of symmetric functions is
A= A(X) = (Cm,\,
i.e., the vector space spanned by all the my. »

Note that A is really a ring, not just a vector space, since it is closed under
product. However, there are certain elements of C[[x]] invariant under (4.4)
that are not in A, such as [],~;(1 + x;), which cannot be written as a finite
linear combination of m.
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We have the decomposition
A = ®r>oA",

where A™ is the space spanned by all m, of degree n. In fact, this is a grading

of A, since
feA™ and geA™ implies fge A™T™. (4.5)

Since the m, are independent, we have the following result.
Proposition 4.3.3 The space A™ has basis

{my : AFn}
and so has dimension p(n), the number of partitions of n. m

There are several other bases for A" that are of interest. To construct
them, we need the following families of symmetric functions.

Definition 4.3.4 The nth power sum symmetric function is
Pn = M(p) = fo
i>1
The nth elementary symmetric function is
€n = M(1n) = Z Ziy c Ty,
1< <

The nth complete homogeneous symmetric function is

hn= E my = Z Ziy - T, B

AFn i1 <<y
As examples, when n = 3,
3., ,3, .3
p3 = Ti+TH+IT3A -,
€3 = X1XoT3 + T1T2%4 + L123T4 + T2T3Tg + -+,
3, .3 2 2
hs = zi+zo+ - +x{T2+ 7175 + -+ + T122T3 + T1T2%4 + - - -

The elementary function e, is just the sum of all square-free monomials
of degree n. As such, it can be considered as a weight generating function for
partitions with n distinct parts. Specifically, let

S={X : I(A) =n},
where [()\) is the number of parts of A, known as its length. If A = (A >
A2 > -+ > Ap), we use the weight

WEA =2Zx,Zx, " " T,

which yields

en(x) = fs(x).
Similarly, h,, is the sum of all monomials of degree n and is the weight gen-
erating function for all partitions with n parts. What if we want to count
partitions with any number of parts?
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Proposition 4.3.5 We have the following generating functions

Et) ¥ Y en(x)t” = [J(1 +zit),

n>0 i>1
def n 1
n>0 i>1 t

Proof. Work in the ring C[[x,t]]. For the elementary symmetric functions,
consider the set § = {\ : A with distinct parts} with weight

wt' A = ) wi A,
where wt is as before. Then

fs(x,t) = > wt'A

AeS

= Y ) t"wth

= Z en(x)t".

n>0
To obtain the product, write
S=({1e{1'}) x ({2} ¥ {2'}) x ({3°} W {8'}) x -,

so that
fs(x, t) = (1 + Ilt)(l + :I,‘Qt)(l + iL'3t) s
The proof for the complete symmetric functions is analogous. =

While we are computing generating functions, we might as well give one
for the power sums. Actually, it is easier to produce one for p,(x)/n.

Proposition 4.3.6 We have the following generating function:
tn 1
an(x)— = lnH —.
= n 1 (1—z)
Proof. Using the Taylor expansion of In l—i—z—, we obtain

1 1
lng Toen = 20—

i>1

it)"
- XX e

i>1 n>1

tn
= D =>4

n>1 = i>1

tn
= an(x)—n—. ]

n>1
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In order to have enough elements for a basis of A", we must have one
function for each partition of n according to Proposition 4.3.3. To extend
Definition 4.3.4 to A = (A1, Aa,..., Ap), let

=P

where f = p, e, or h. We say that these functions are multiplicative. To
illustrate, if A = (2,1), then

P(2,1) =@ +25+a5+-- )@+ 22+ T3+ 1),

Theorem 4.3.7 The following are bases for A™.

1. {pr : AFn}

2. {ex : A n}.

3. {hx : A n}.
Proof.

1. Let C = (cx,) be the matrix expressing the py in terms of the basis
my. If we can find an ordering of partitions such that C is triangular
with nonzero entries down the diagonal, then C~! exists, and the p)
are also a basis. It turns out that lexicographic order will work. In fact,
we claim that

pa=caamat Y Caumy, (4.6)
B>
where cxx # 0. (This is actually stronger than our claim about C by
Proposition 2.2.6.) But if x}*x5? - - - x¥m appears in

pr = (@ + 23" + ) (@2 2t )

then each u; must be a sum of A;’s. Since adding together parts of a
partition makes it become larger in dominance order, my must be the
smallest term that occurs.

2. In a similar manner we can show that there exist scalars d», such that
ex =my + Z d)\umm
n<AX
where )\ is the conjugate of .

3. Since there are p(n) = dim A™ functions hy, it suffices to show that they
generate the basis e,. Since both sets of functions are multiplicative,
we may simply demonstrate that every e, is a polynomial in the hy.
From the products in Proposition 4.3.5, we see that

H()E(~t) = 1.
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Substituting in the summations for H and E and picking out the coef-
ficient of t" on both sides yields

n

> (=1)hn_rer =0
=0
forn > 1. So
€n = hlen—l - h2en—2 +eey

which is a polynomial in the h’s by induction on n. =

Part 2 of this theorem is often called the fundamental theorem of symmet-
ric functions and stated as follows: Every symmetric function is a polynomial
in the elementary functions e,,.

4.4 Schur Functions

There is a fifth basis for A™ that is very important, the Schur functions. As
we will see, they are also intimately connected with the irreducible represen-
tations of S,, and tableaux. In fact, they are so protean that there are many
different ways to define them. In this section, we take the combinatorial
approach.

Given any composition y = (u1,ps,...,), there is a corresponding
monomial weight in C[[x]]:

def
B CE pH1 N H2 L
xt = i} zht. (4.7

Now consider any generalized tableau T of shape A. It also has a weight,
namely,

xT &f H Tr, = xH, (4.8)
(3,9)€A

where p is the content of T'. For example, if

4

41
T=,3

then
S T

Definition 4.4.1 Given a partition A, the associated Schur function is

S)\(X) = ZxTy
T

where the sum is over all semistandard A-tableaux T'.
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By way of illustration, if A = (2, 1), then some of the possible tableaux are

SO
a2 2 2 2 2 )
52,1)(X) = 21ZT2 + 2175 + 27T3 + 2123 + - -+ + 2717223 + 2T1T2Ta + - -

Note that if A = (n), then a one-rowed tableau is just a weakly increasing se-
quence of n positive integers, i.e., a partition with n parts (written backward),
50

() (%) = ha(x). (4.9)

If we have only one column, then the entries must increase from top to bottom,
so the partition must have distinct parts and thus

S(1n) = en(x). (4.10)
Finally, if A - n is arbitrary, then
(2122 - zn]sa(x) = f2,

since pulling out this coefficient merely considers the standard tableaux.

Before we can show that the s, are a basis for A", we must verify that
they are indeed symmetric functions. We give two proofs of this fact, one
based on our results from representation theory and one combinatorial (the
latter being due to Knuth [Knu 70]).

Proposition 4.4.2 The function sx(x) is symmetric.

Proof 1. By definition of the Schur functions and Kostka numbers,

sx=» Kyx*, (4.11)
I

where the sum is over all compositions y of n. Thus it is enough to show that
K)\M = K)\ﬁ (4.12)

for any rearrangement fi of u. But in this case M* and M# are isomorphic
modules. Thus they have the same decomposition into irreducibles, and (4.12)
follows from Young’s rule (Theorem 2.11.2).

Proof 2. It suffices to show that

(7,7 4+ 1)sa(x) = sa(x)

for each adjacent transposition. To this end, we describe an involution on

semistandard A-tableaux
T—T
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such that the numbers of i’s and (¢ + 1)’s arc exchanged when passing from
T to T’ (with all other multiplicities staying the same).

Given T, each column contains either an 7,7+ 1 pair; exactly one of 4,7+ 1;
or neither. Call the pairs fized and all other occurrences of ¢ or ¢ + 1 free.
In each row switch the number of free i’s and (¢ + 1)’s; i.e., if the the row
consists of k free ¢’s followed by [ free (i + 1)’s then replace them by [ free i’s
followed by k free (¢ + 1)’s. To illustrate, if i = 2 and

1111222223
T=2 2 3 3 3 3 :
3

then the twos and threes in columns 2 through 4 and 7 through 10 are free.

So
2 3 3 3

L1111 22
T'=2 2 2 3 3 3
3

The new tableau 7" is still semistandard by the definition of free. Since
the fixed ¢’s and (¢ 4+ 1)’s come in pairs, this map has the desired exchange
property. It is also clearly an involution. m

Using the ideas in the proof of Theorem 4.3.7, part 1, the following result
guarantees that the sy are a basis.

Proposition 4.4.3 We have
S\ = Z K/\,ump.a
ISP
where the sum is over partitions u (rather than compositions) and Ky = 1.
Proof. By equation (4.11) and the symmetry of the Schur functions, we have
sy = Z Ky,m,,
)
where the sum is over all partitions u. We can prove that
_ [0 Ay
KM“{1 i A= g,

in two different ways.

One is to appeal again to Young’s rule and Corollary 2.4.7. The other is
combinatorial. If K, # 0, then consider a A-tableau T of content . Since
T is column-strict, all occurrences of the numbers 1,2,...,7 are in rows 1
through 4. This implies that for all 1,

prtpettp KA+ Az 4+ A

i.e., 4 < A. Furthermore, if A = p, then by the same reasoning there is only
one tableau of shape and content A, namely, the one where row i contains all
occurrences of i. (Some authors call this tableau superstandard.) m

Corollary 4.4.4 The set {syx : AFn} is a basis for A™. n
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4.5 The Jacobi-Trudi Determinants

The determinantal formula (Theorem 3.11.1) calculated the number of stan-
dard tableaux, f*. Analogously, the Jacobi-Trudi determinants provide an-
other expression for sy in terms of elementary and complete symmetric func-
tions. Jacobi [Jac 41] was the first to obtain this result, and his student
Trudi [Tru 64] subsequently simplified it.

We have already seen the special 1 x 1 case of these determinants in
equations (4.9) and (4.10). The general result is as follows. Any symmetric
function with a negative subscript is defined to be zero.

Theorem 4.5.1 (Jacobi-Trudi Determinants) Let A = (A1, Ag,..., A).
We have

Sx = |ha,—itj]

and
Sy = |ex;—itsl

where X is the conjugate of A and both determinants are | x [.

Proof. We prove this theorem using a method of Lindstrom [Lin 73] that
was independently discovered and exploited by Gessel [Ges um| and Gessel-
Viennot [G-V 85, G-V ip]. (See also Karlin [Kar 88].) The crucial insight is
that one can view both tableaux and determinants as lattice paths. Consider
the plane Z x Z of integer lattice points. We consider (possibly infinite) paths
in this plane

P = 81,82,83,...,

where each step s; is of unit length northward (N) or eastward (E). Such a
path is shown in the following figure.

58

S7

p= . . .55 S6
S4
S9 S3

31[——'
Label the eastward steps of p using one of two labelings. The e-labeling

assigns to each eastward s; the label

L(Si) =1.



4.5. THE JACOBI-TRUDI DETERMINANTS 159

The h-labeling gives s; the label
L(s;) = (the number of northward s; preceding s;) + 1.

Intuitively, in the h-labeling all the eastward steps on the line through the
origin of p are labeled 1, all those on the line one unit above are labeled 2,
and so on. Labeling our example path with each of the two possibilities yields
the next pair of diagrams.

h-labeling

It is convenient to extend Z x Z by the addition of some points at infinity.
Specifically, for each z € Z, add a point (z,00) above every point on the
vertical line with coordinate z. We assume that a path can reach (z, c0) only
by ending with an infinite number of consecutive northward steps along this
line. If p starts at a vertex u and ends at a vertex v (which may be a point
at infinity), then we write u 5 v.

There are two weightings of paths corresponding to the two labelings. If
p has only a finite number of eastward steps, define

xP = H Tr(s:)

Si€Ep

% =[] 210,

Si€p

and
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where each product is taken over the eastward s; in p. Note that x? is always
square-free and XP can be any monomial. So we have

en(x) = Z xP
P

and

hn(x) = Z)’(”,

where both sums are over all paths (a,b) 5 (a 4 n,00) for any fixed initial
vertex (a, b).

Just as all paths between one pair of points describes a lone elementary or
complete symmetric function, all [-tuples of paths between [ pairs of points
will be used to model the [-fold products contained in the Jacobi-Trudi deter-

minants. Let uy,us,...,u; and vy, vs,...,v; be fixed sets of initial and final
vertices. Consider a family of paths P = (p1,ps,-..,p1), where, for each 4,
U; —113 Vri

for some 7w € S;. Give weight to a family by letting
xP = H xPi
i

with a similar definition for 7. Also, define the sign of P to be
(-1)” =sgn.

For example, the family

I
I
S
[
I
. ceceeer > f
. ¢ |
P SIS |
| .
| . ¢
i . 4 . .

has
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and sign
(-1)” =sgn(1,2,3)(4) = +1.

We now concentrate on proving
Sx = Ih)\i—i+j|7 (413)

the details for the elementary determinant being similar and left to the reader.
Given A, pick initial points

u; = (1—14,0) (4.14)

and the final ones
v, = ()\1—Z+1,OO) (415)

The preceding 4-tuple is an example for A = (2,2,2,1). From the choice of

vertices,
h/\i—i+j = E kp.

P,
Uj;—rv;
Thus the set of [-tuples P with permutation 7 corresponds to the term in the
determinant obtained from the entries with coordinates

(r1,1), (72,2), ..., (xl,]).

So
it (0] = S(-1)PR7, (4.16)
P

where the sum is over all families of paths with initial points and final points
given by the u; and v;.

Next we show that all the terms on the right side of equation (4.16) cancel
in pairs except for those corresponding to [-tuples of nonintersecting paths.
To do this, we need a weight-preserving involution

PP

such that if P = P’ (corresponding to the 1-cycles of ¢), then P is noninter-
secting and if P # P’ (corresponding to the 2-cycles), then (—1)” = —(-1)7".
The basic idea is that if P contains some intersections, then we will find two

uniquely defined intersecting paths and switch their final portions.
Definition 4.5.2 Given P, define ¢P = P’, where
1. if p; Np; =0 for all 4, j, then P =P’,

2. otherwise, find the smallest index 7 such that the path p; intersects some
other path. Let vy be the first (SW-most) intersection on p; and let p;
be the other path through vg. (If there is more than one, choose p; such
that 7 is minimal.) Now define

P’ =P  with p,p; replaced by pj, p,

where
P P pi P
p;:ui4vo~$l}ﬂj and p‘;-=Uj4U0'—SU7ri-.
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By way of illustration, we can apply this map to our 4-tuple:

V4 V3 V2 (%1 V4 V3 V2 V1
ol P
) oor L . -
o P
. .Cl'.:—-—'—-L ! —L% L] D.".:’ -’* L
P ¢ ! |
PR Y PN VG | ——— b o

‘ : 4 o ‘ : 4+ Vo

| . | .

l . 4 . . ) . 4 . .

Ug us U2 U1 U4 us Uus Uul

Our choice of p;, p;, and vo makes it possible to reconstruct them after
applying ¢, so the map is invertible, with itself as inverse. The nonintersecting
families are fixed by definition. For the intersecting [-tuples, the sign clearly
changes in passing from P to P’. Weight is preserved due to the fact that all
paths start on the same horizontal axis. Thus the set of labels is unchanged
by ¢.

Because of the cancellation in (4.16), the only thing that remains is to
show that

where the sum is now over all I-tuples of nonintersecting paths. But by our
choice of initial and final vertices, P = (p1,p2,-..,pt) is nonintersecting only
if it corresponds to the identity permutation. Thus (—1)” = +1 and u; 5o
for all 4. There is a simple bijection between such families and semistandard
tableaux. Given P, merely use the h-labels of the ith path, listed in increasing
order, for the ith row of a tableau T. For example,
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L] V2 U1

becomes the tableau

In view of equations (4.14) and (4.15), T has shape A. By definition
the rows of T' weakly increase. Finally, the columns must strictly increase
because the nonintersecting condition and choice of initial vertices force the
jth eastward step of p;41 to be higher than the corresponding step on p;.
Construction of the inverse map is an easy exercise. This completes the proof
of (4.13). m

4.6 Other Definitions of the Schur Function

We would be remiss if we did not give the definition that Schur originally used
[Scu 01] (as a quotient of alternants) for the functions that bear his name.
This definition actually goes back to Jacobi [Jac 41], but Schur was the first
to notice the connection with irreducible characters of S,,, which is our third
way of defining sy.

First, we have to restrict A to [ variables, where [ = [(A). (Actually any
[ > 1(\) will do for sy.) Specifically, let

A= {f(.’L'l,...,.Tl,0,0,...) : f(X) EA}

We use the abbreviation f(zi,zs,...,2;) for a typical element of A;. For
example,
D31, T2, T3, 24) = T3 + 23 + 23 + 75
Thus A; is just the set of functions in the polynomial ring Clz1,z2,..., ]
that are fixed by the action (4.4) of S;.
Similarly, we can consider skew-symmetric functions in Clz1,zq,...,zi,

which are those satisfying

nf = (sgnm)f
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for all w € §;. Just as we can obtain symmetric functions by symmetrizing a
monormial, we can obtain skew-symmetric ones by skew-symmetrization. Let
u = (g1, 2,-.., ) be any composition with monomial x# given by (4.7).
Define the corresponding alternant by

au(z,..., @) = Z (sgnm)mwxt.
TES

It is easy to verify that a, is skew-symmetric. From the definition of a
determinant, we can also write

0 = |0 gt (4.17)

For example,

) 2 4 4,2 4 2 2,4 2,4
0(4,2,1)(931, Tg,T3) = T1X5T3 + X]{T2x3 + T1T5X3 — T1T2T3 — TITHT3 — L1XT5T3
4 2
.’L'}1 :I)% I
I3 I3 I3

The most famous example of an alternant arises when we let the compo-

sition be ]
¥ u-1,1-2...,10).

In this case

i
as = |; ”l

is the Vandermonde determinant. It is well-known that we have the factor-

ization
as= [[ @-z). (4.18)
1<i<j<l

If X is any partition of length ! with two equal parts, then a) = 0, since
determinant (4.17) has two equal columns. So it does no harm to restrict our
attention to partitions with distinct parts. These all have the form A + 9,
where A is an arbitrary partition and addition of integer vectors is done
componentwise. Furthermore, if we set x; = z; in any alternant, then we
have two equal rows. So ayys is divisible by all the terms in product (4.18),
which makes axis/as a polynomial. In fact, it must be symmetric, being
the quotient of skew-symmetric polynomials. The amazing thing, at least
from our point of view, is that this is actually the symmetric function sy. To
demonstrate this we follow the proof in Macdonald [Mac 79, page 25]. For
1<j7 <, let eSf ) denote the elementary symmetric function in the variables
Z1y. s Tj—1,Zj41,- -, 2 (z; omitted). We have the following lemma.

Lemma 4.6.1 Let p = (1, 2, - - -, 1) be any composition. Consider the I x1
matrices

Au= (@), Hy = (hu—145) and E=((-1)'"%e{).
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Then
A,=H,FE.
Proof. Consider the generating function for the eslj ),

-1
EO () 3" e@en = [ + ).
n=0 i£j
We can now mimic the proof of Theorem 4.3.7, part 3. Since

1
1—$jt’

H(t)EW (—t) =

we can extract the coefficient of t# on both sides. This yields

which is equivalent to what we wished to prove. m

Corollary 4.6.2 Let A have length l. Then

ar+s
S\ = )
as
where all functions are polynomials in x1,...,%;.

Proof. Taking determinants in the lemma, we obtain
|Aul = |Hy| - |E|, (4.19)

where |A,| = a,. First of all, let = §. In this case Hs = (h;—;), which
is upper unitriangular and thus has determinant 1. Plugging this into (4.19)
gives |E| = as.

Now, letting 4 = A 4§ in the same equation, we have

ax4§
2 Hyps) = hag—itsl-

Hence we are done, by the Jacobi-Trudi theorem. m

Our last description of the sy will involve the characters of S,,. To see the
connection, let us reexamine the change-of-basis matrix between the mono-
mial and power sum symmetric functions introduced in (4.6). Let us compute
a small example. When n = 3, we obtain

pey = xi+zie = me),
Py = (Ei+as+ )@ tzat+) = me +me),
pasy = (z1+z2+ -~ ')3 = mg) + 3m(2,1) + 6my13y.

Comparing this with the character values ¢* of the permutation modules M*
in Example 2.1.9, the reader will be led to suspect the following theorem.
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Theorem 4.6.3 Let ¢ be the character of M* evaluated on the class cor-
responding to A. Then
DA = Z Phm,. (4.20)

pEA
Proof. Let A = (A1, A2,...,A;). Then we can write equation (4.6) as

H(zi\’ +ayi4-) = Zc)‘,,m,,
i Iz

Pick out the coefficient of x* on both sides, where u = (u1, g2, ..., tm). On
the right, it is cx,. On the left, it is the number of ways to distribute the
parts of A into subpartitions Al,..., A™ such that

WA =X and XFp; foralli, (4.21)

where equal parts of A are distinguished in order to be considered different in
the disjoint union.

Now consider ¢4 = ¢*(r), where m € S,, is an element of cycle type A. By
definition, this character value is the number of fixed-points of the action of
m on all standard tabloids ¢ of shape p. But ¢ is fixed if and only if each cycle
of 7 lies in a single row of t. Thus we must distribute the cycles of length
A; among the rows of length u; subject to exactly the same restrictions as
in (4.21). It follows that ¢y, = ¢%, as desired. m

Equation (4.20) shows that p) is the generating function for the character
values on a fixed conjugacy class K, as the module in question varies over all
M*. What we would like is a generating function for the fixed character x*
of the irreducible Specht module S* as K, varies over all conjugacy classes.
To isolate x* in (4.20) we use the inner product

(¢, x) = Z ¢(m)x(m) = the multiplicity of x in ¢
nl TES,

as long as yx is irreducible (Corollary 1.9.4, part 2).

If r € S, has type A, then it will be convenient to define the corresponding
power sum symmetric function p, = p,; similar definitions can be made for
the other bases. For example, if 7 = (1,3,4)(2,5), then pr = p(32). From

the previous theorem,
T = Z ¢“ (W)m
i

To introduce the inner product, we multiply by x*(7)/n! and sum to get

L T res, M) = s, (T, 64mm,) x(m)

> (a1 o O (m)X (7))
2o, Koaumy (Young’s rule)
Sx- (Proposition 4.4.3)

Il

We have proved the following theorem of Frobenius.
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Theorem 4.6.4 If A\ n, then

1
= Z XM pyr. m (4.22)
T TESK

Note that this is a slightly different type of generating function from those
discussed previously, using the power sum basis and averaging over S,. Such
functions occur in other areas of combinatorics, notably Pélya theory, where
they are related to cycle index polynomials of groups [PTW 83, pages 55-85].

There are several other ways to write equation (4.22). Since x* is a class
function, we can collect terms and obtain

1 A
S\ = m Z’%X”Pu,
"

where k, = |K,| and x), is the value of x* on K),. Alternatively, we can use
formula (1.2) to express sy in terms of the size of centralizers:

1
Sy = Z —z:)(f;p#. (4.23)
u

4.7 The Characteristic Map

Let R® = R(S,) be the space of class functions on S,. Then there is an
intimate connection between R™ and A™ that we will explore in this section.

First of all, dim R* = dim A™ = p(n) (the number of partitions of n), so
these two are isomorphic as vector spaces. We also have an inner product
on R™ for which the irreducible characters on S,, form an orthonormal basis
(Theorem 1.9.3). Motivated by equation (4.22), define an inner product on
A™ by

(8x, Su) =

and sesquilinear extension (linear in the first variable and conjugate linear in
the second).

We now define a map to preserve these inner products.

Definition 4.7.1 The characteristic map is ch™ : R™ — A" defined by
ch™(x) = > 2, XuPu»
pkn
where x,, is the value of x on the class p.

It is easy to verify that ch™ is linear. Furthermore, if we apply ch™ to the
irreducible characters, then by equation (4.23)

ch™(x*) = sy.

Since ch™ takes one orthonormal basis to another, we immediately have the
following.
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Proposition 4.7.2 The map ch™ is an isometry between R™ and A™. =

Now consider R = &, R", which is isomorphic to A = @®,A™ via the
characteristic map ch = @, ch”. But A also has the structure of a graded
algebra—i.e., a ring product satisfying (4.5). How can we construct a corre-
sponding product in R™? If x and v are characters of S,, and S,,, respectively,
we want to produce a character of S,,.,. But the tensor product x ® ¥ gives
us a character of S, x S, and induction gets us into the group we want.
Therefore, define a product on R by bilinearly extending

XY= (x®Y)1ertr,

where x and 1 are characters.

Before proving that this product agrees with the one in A, we must gen-
eralize some of the concepts we have previously introduced. Let G be any
group and let A be any algebra over C. Consider functions x,v¢ : G — A
with the bilinear form

00) = =3 x(o)ulg

geG

1

Note that since g and g~! are in the same conjugacy class in S,,, we have, for

any class function Yy,
1
ch™(x) = — > x(m)px = (x.7)",
" TESn

where p: S, — A" is the function p(7) =
Suppose H < G. If x : G — A, then define the restriction of x to H to
be the map xdg: H — A such that
xtu (h) = x(h)

for all h € H. On the other hand, if ) : H — A, then let the induction of ¥
to G be ¥1¢: G — A defined by

P19 (g) = Z P(z ' gz),
:cGG

where 1 = 0 outside of H. The reader should verify that the following
generalization of Frobenius reciprocity (Theorem 1.12.6) holds in this setting.

Theorem 4.7.3 Consider H < G with functions x : G - A and¢ : H — A.
If x is a class function on G, then

<¢TG’X>I = <"/}7X~LH>, =

This is the tool we need to get at our main theorem about the character-
istic map.
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Theorem 4.7.4 The map ch: R — A is an isomorphism of algebras.

Proof. By Proposition 4.7.2, it suffices to check that products are preserved.
If x and ¢ are characters in S,, and S,,, respectively, then using part 2 of
Theorem 1.11.2 yields

chix-¥) = (x-¢,p)

= ((x® )15+, p)

= <X1® w: p\LSn XSm>l

= ol meszn:xsm (X ® Y)(70)pro
1

= il x(m)¥Y(0)prPs
1 " 1

= [g > X(W)Pw} [W > w(a)pa}
" TES, ' 0ESm

= ch(x)ch(y). m

4.8 Knuth’s Algorithm

Schensted [Sch 61] realized that his algorithm could be generalized to the
case where the first output tableau is semistandard. Knuth [Knu 70] took
this one step further, showing how to get a Robinson-Schensted map when
both tableaux allow repetitions and thus making connection with the Cauchy
identity [Lit 50, p. 103]. Many of the properties of the original algorithm are
preserved. In addition, one obtains a new procedure that is dual to the first.

Just as we are to allow repetitions in our tableaux, we must also permit
them in our permutations.

Definition 4.8.1 A generalized permutation is a two-line array of positive
integers

i1 iz ... ip

v J2 - Jn

whose columns are in lexicographic order, with the top entry taking prece-
dence. Let 7 and 7 stand for the top and bottom rows of =, respectively. The
set of all generalized permutations is denoted by GP. =

m =

Note that the lexicographic condition can be restated: 7 is weakly increas-
ing and in %, jx < jr4+1 whenever i = ix41. An example of a generalized

permutation is
1112 2 3

2 3312 1°

If T is any tableau, then let cont T' be the content of T'. If v € GP, then #
and 7 can be viewed as (one-rowed) tableaux, so their contents are defined.
In the preceding example cont # = (3,2,1) and cont % = (2,2, 2).

The Robinson-Schensted-Knuth correspondence is as follows.

(4.24)

T =
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Theorem 4.8.2 ([Knu 70]) There is a bijection between generalized permu-
tations and pairs of semistandard tableaux of the same shape,

r Re5K (T,U)
such that cont # = cont T and cont# = cont U.

Proof. “r "=55% (T,U)” We form, as before, a sequence of tableau pairs

(To, Uo) = (¢, 9), (T1,U1), (T2,U3), ..., (Tn,Un) = (T,U),

where the elements of 7 are inserted into the T’s and the elements of 7 are
placed in the U’s. The rules of insertion and placement are exactly the same
as for tableaux without repetitions. Applying this algorithm to the preceding
permutation, we obtain

6, 2, 23, 233, 133, 123, 113

T, : 2 23 22 =T,
3
é, 1, 11, 111, 111, 111, 111
U : 2 22 22 =U.
3

It is easy to verify that the insertion rules ensure semistandardness of
T. Also, U has weakly increasing rows because 7 is weakly increasing. To
show that U’s columns strictly increase, we must make sure that no two equal
elements of # can end up in the same column. But if i} = ix41 = ¢ in the
upper row, then we must have j < jg+1. This implies that the insertion path
for jr4+1 will always lie strictly to the right of the path for ji, which implies
the desired result. Note that we have shown that all elements equal to i are
placed in U from left to right as the algorithm proceeds.

“(T,U) KZ55R 1 Proceed as in the standard case. One problem is decid-
ing which of the maximum elements of U corresponds to the last insertion.
But from the observation just made, the rightmost of these maxima is the
correct choice with which to start the deletion process.

We also need to verify that the elements removed from T corresponding
to equal elements in U come out in weakly decreasing order. This is an easy
exercise left to the reader. m

Knuth'’s original formulation of this algorithm had a slightly different point
of departure. Just as one can consider a permutation as a matrix of zeros and
ones, generalized permutations can be viewed as matrices with nonnegative
integral entries. Specifically, with each = € GP, we can associate a matrix of
M = M(w) with (4, 7) entry

M; ; = the number of times ( ;) occurs as & column of 7.
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Our example permutation has

0 1
Mm=|1 1
10

SO N

We can clearly reverse this process, so we have a bijection
T— M

between GP and Mat = Mat(N), the set of all matrices with nonnegative
integral entries and no final rows or columns of zeros (which contribute noth-
ing to m). Note that in translating from = to M, the number of i’s in 7
(respectively, the number of j’s in %) becomes the sum of row ¢ (respectively,
column j) of M. Thus Theorem 4.8.2 can be restated.

Corollary 4.8.3 There is a bijection between matrices M € Mat and pairs
of semistandard tableaux of the same shape,

M RS (T,
such that cont T' and cont U give the vectors of column and row sums, respec-
tively, of M. m

To translate these results into generating functions, we use two sets of vari-
ables, x = {z1,%2,...} and y = {y1,y2,...}. Let the weight of a generalized

permutation © be
cont 7t ,cont 7r

wtr =x7 y y
To illustrate, the permutation in (4.24) has

3.2, .22 2
WL T = Z1Z323Y1Y2Y3-

If the column (;) occurs k times in m, then it gives a contribution of xfy;“

to the weight. Thus the generating function for generalized permutations is
1
— k,k _
2 wer= [[ 3 oalef =[] 75—
TeGP 4,j>1k>0 i,j>1
As for tableau pairs (T,U), let
Wt(T U) — X y cont UycontT
as in equation (4.8). Restricting to pairs of the same shape,

3 wt(T,U):Z( > ox ) < >y >=;SA(X)SA(y)

shT=shU A shU=A\ shT=A\

Since the Robinson-Schensted-Knuth map is weight preserving, we have given
a proof of Cauchy’s formula.
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Theorem 4.8.4 ([Lit 50]) We have

Y smay) =[] — .
A

11—z
4,j>1 i

Note that just as the Robinson-Schensted correspondence is gotten by re-
stricting Knuth’s generalization to the case where all entries are distinct, we

can obtain
nl=> ()
AFn

by taking the coefficient of z; - - - z,y1 - - - y» on both sides of Theorem 4.8.4.

Because the semistandard condition does not treat rows and columns uni-
formly, there is a second algorithm related to the one just given. It is called
the dual map. (This is a different notion of “dual” from the one introduced
in Chapter 3, e.g., Definition 3.6.8.) Let GP’ denote all those permutations
in GP where no column is repeated. These correspond to the 0-1 matrices in
Mat.

Theorem 4.8.5 ([Knu 70]) There is a bijection between m € GP’ and pairs
(T,U) of tableaux of the same shape with T,U* semistandard,

r B ESE (T,
such that cont © = cont T and cont * = cont U.

Proof. “m R—E:)Kl (T, U)” We merely replace row insertion in the R-S-K cor-
respondence with a modification of column insertion. This is done by insisting
that at each stage the element entering a column displaces the smallest entry
greater than or equal to it. For example,

3

11 113 3
6223 = 2 2
3 3

Note that this is exactly what is needed to ensure that T will be column-
strict. The fact that U will be row-strict follows because a subsequence of
# corresponding to equal elements in # must be strictly increasing (since
m € GP').

“(T,U) K35R" 17 The details of the step-by-step reversal and verification
that = € GP’ are routine. m

Taking generating functions with the same weights as before yields the
dual Cauchy identity.

Theorem 4.8.6 ([Lit 50]) We have
> sax)sn(y) = [] 1 +zy)),
A

4,521

where X' is the conjugate of \. m
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Most of the results of Chapter 3 about Robinson-Schensted have general-
izations for the Knuth map. We survey a few of them next.

Taking the inverse of a permutation corresponds to transposing the associ-
ated permutation matrix. So the following strengthening of Schiitzenberger’s
Theorem 3.6.6 should come as no surprise.

Theorem 4.8.7 If M € Mat and M RESsK (T,U), then
M RESR U, T). -

We can also deal with the reversal of a generalized permutation. Row and
modified column insertion commute as in Proposition 3.2.2. So we obtain the
following analogue of Theorem 3.2.3.

Theorem 4.8.8 If m € GP, then T(#") = T'(#), where T' denotes modified
column insertion. m

The Knuth relations become
replace xzy by zzy ifr <y < 2

and
replace yzz by yzx if z < y < 2.

Theorem 3.4.3 remains true.

Theorem 4.8.9 ([Knu 70]) A pair of generalized permutations are Knuth
equivalent if and only if they have the same T-tableau. w

Putting together the last two results, we can prove a stronger version of
Greene’s theorem.

Theorem 4.8.10 ([Gre T4]) Given © € GP, let shT(r) = (A1, A2,..., A1)
with conjugate (M, N, ..., A..). Then for any k, Ai + Ao+ -+ Az and
AL+ Ay + -+ + X} give the lengths of the longest weakly k-increasing and
strictly k-decreasing subsequences of w, respectively. m

For the jeu de taquin, we need to break ties when the two elements of
T adjacent to the cell to be filled are equal. The correct choice is forced on
us by semistandardness. In this case, both the forward and backward slides
always move the element that changes rows rather than the one that would
change columns. The fundamental results of Schiitzenberger continue to hold
(see Theorems 3.7.7 and 3.7.8).

Theorem 4.8.11 ([Scii 76]) Let T and U be skew semistandard tableauz.
Then T and U have Knuth equivalent row words if and only if they are con-
nected by a sequence of slides. Furthermore, any such sequence bringing them
to normal shape results in the first output tableau of the Robinson-Schensted-
Knuth correspondence. m
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*
~

Finally, we can define dual equivalence, 2, in exactly the same way as
before (Definition 3.8.2). The result concerning this relation, analogous to
Proposition 3.8.1 and Theorem 3.8.8, needed for the Littlewood-Richardson
rule is the following.

Theorem 4.8.12 If T and U are semistandard of the same normal shape,
thenT=U. m

4.9 The Littlewood-Richardson Rule

The Littlewood-Richardson rule gives a combinatorial interpretation to the
coefficients of the product s,s, when expanded in terms of the Schur basis.
This can be viewed as a generalization of Young’s rule, as follows.

We know (Theorem 2.11.2) that

MHF =~ K)\ S)‘, (4.25)
n
A

where K, is the number of semistandard tableaux of shape A and content
. We can look at this formula from two other perspectives: in terms of
characters or symmetric functions.

If 4 & n, then M* is a module for the induced character 1s, 157, But
from the definitions of the trivial character and the tensor product, we have

15;4 = 15#1 ® 15#2 Q- ® lsum’

where p = (u1, o, ..., tm). Using the product in the class function algebra
R (and the transitivity of induction, Exercise 18 of Chapter 1), we can rewrite
(4.25) as

§ : A
15#1 . 15#2 e ls“m = K,\#X .
A

To bring in symmetric functions, apply the characteristic map to the pre-
vious equation (remember that the trivial representation corresponds to an
irreducible whose diagram has only one row):

S(p1)S(p2) " S(pm) T Z Kxusa.
A
For example,
M(3:2) — 5(3:2) + S(4:1) + S(s)
with the relevant tableaux being

p, 111 1112 11122
S22 0 2 ’ :

This can be rewritten as

153 . 152 —_ X(372) -+ X(471) + X(s)
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or
$@3)5(2) = S3,2) T 5(4,1) T 5(5)-
What happens if we try to compute the expansion

SuSu = D Ch,Sx, (4.26)
A

where p and v are arbitrary partitions? Equivalently, we are asking for the
multiplicities of the irreducibles in

XEoxt =Y anx*
A

or

(5* ® 5115 = P, 5™,
A

where |u|+|v| = n. The ¢}, are called the Littlewood-Richardson coefficients.
The importance of the Littlewood-Richardson rule that follows is that it gives
a way to interpret these coefficients combinatorially, just as Young’s rule does
for one-rowed partitions.

We need to explore one other place where these coefficients arise: in the
expansion of skew Schur functions. Obviously, the definition of s)(x) given
in Section 4.4 makes sense if A is replaced by a skew diagram. Furthermore,
the resulting function sy, (x) is still symmetric by the same reasoning as
in Proposition 4.4.2. We can derive an implicit formula for these new Schur
functions in terms of the old ones by introducing another set of indeterminates

y = (Y1, 92, )
Proposition 4.9.1 ([Mac 79]) Define sx(x,y) = sa(z1,%2,...,Y1,¥2,--.)

Then
sa(x,¥) = 3 su(X)sa/u(y)- (4.27)
[P

Proof. The function s)(x,y) enumerates semistandard fillings of the diagram
A with letters from the totally ordered alphabet

{1<2<3<---<1<2<3¥<---}.

In any such tableau, the unprimed numbers (which are weighted by the z’s)
form a subtableau of shape p in the upper left corner of A, whereas the
primed numbers (weighted by the y’s) fill the remaining squares of A/p. The
right-hand side of (4.27) is the generating function for this description of the
relevant tableaux. m

Since sy/,(x) is symmetric, we can express it as a linear combination of
ordinary Schur functions. Some familiar coefficients will then appear.

Theorem 4.9.2 If the c},, are Littlewood-Richardson coefficients, where |u|+

[v] = |\, then
Sxjp = ch’),,s,,.
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Proof. Bring in yet a third set of variables z = {21, z9,...}. By using the
previous proposition and Cauchy’s formula (Theorem 4.8.4),

Zsu X)s/.(¥)sa(2) = ) sa(x,y)sa(2)
A
_ H_l__é
- 1-— Tizj 1- Yizj

= |:Z S,u Z)} lz Sy(y)su(z)]
= Zsu x)$,(y)su(2)s,(2).

Hyv

Taking the coefficient of s,(x)s,(y)sx(z) on both sides and comparing with
equation (4.26) completes the proof. m

One last definition is needed to explain what the cl’),, count.

Definition 4.9.3 A ballot sequence, or lattice permutation, is a sequence of
positive integers m = i1z ..., such that, for any prefix m = i192...% and
any positive integer [, the number of I’s in 7, is at least as large as the number
of (I+1)’s in that prefix. A reverse ballot sequence or lattice permutation is
a sequence 7 such that 7" is a ballot sequence. =

As an example,
T=1123213

is a lattice permutation, whereas
T=1232113

is not because the prefix 1 2 3 2 has more twos than ones.

The name ballot sequence comes from the following scenario. Suppose
the ballots from an election are being counted sequentially. Then a ballot
sequence corresponds to a counting where candidate one always (weakly)
leads candidate two, candidate two always (weakly) leads candidate three,
and so on.

Furthermore, lattice permutations are just another way of encoding stan-
dard tableaux. Given P standard with n elements, form the sequence m =
192 . . .in, where iy, = 1 if k appears in row i of P. The fact that the entries less
than or equal to k form a partition with weakly decreasing parts translates to
the ballot condition on 7. It is easy to construct the inverse correspondence
and see that our example lattice permutation codes the tableau

1 2 6
P=3 5
4 7

We are finally ready to state and prove the Littlewood-Richardson rule.
Although it was first stated by these two authors [L-R 34], complete proofs
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were not published until comparatively recently by Thomas [Tho 74, Tho 78]
and Schiitzenberger [Scii 76]; our demonstration is based on the latter.

Theorem 4.9.4 (Littlewood-Richardson Rule [L-R 34]) The value of
the coefficient cf;,, 18 equal to the number of semistandard tableaux T such
that

1. T has shape A\/u and content v,

2. the row word of T, 7, is a reverse lattice permutation.

Proof. Let df;,, be the number of tableaux T satisfying the restrictions of the
theorem. Then we claim that it suffices to find a weight-preserving map

N (4.28)

from semistandard tableaux T of shape A/u to semistandard tableaux U of
normal shape such that

1. the number of tableaux T mapping to a given U of shape v depends
only on A, i, and v and not on U itself;

2. the number of tableaux T' mapping to a particular choice of U is df;,,

If such a bijection exists, then

Sx/u(x) = Z x =Zd Z Zdlws,,(x

shT=A/pn v shU=v

Comparison of this expression with Theorem 4.9.2 and the fact that the Schur
functions are a basis completes the proof.

It turns out that the map j needed for equation (4.28) is just the jeu de
taquin! To show that j satisfies property 1, consider U and U’ of the same
shape v. We will define a bijection between the set of tableaux 7" that map
to U and the set of T” that map to U’ as follows. Let P be a fixed standard
tableau of shape u. Then, in the notation of Section 3.8, we always have
U = jP(T). Let the vacating tableau for this sequence of slides be denoted
by Qr, a standard tableau of shape A/v. Consider the composition

Ty vy (4.29)

i.e., slide T to normal shape to obtain U and Qr, replace U by U’, and then
slide U’ back out again according to the vacating tableau.

We first verify that this function is well defined in that 7" must be sent to
U’ by jeu de taquin and must have shape A/u. The first statement is clear,
since all the slides in jg, are reversible. For the second assertion, note that
by the definition of the vacating tableau,

T= jQTjP(T) = jQT(U)‘
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Also,

T = JQr (U,)
Since U and U’ are of the same normal shape, they are dual equivalent (The-
orem 4.8.12), which implies that

T=T (4.30)

In particular, T and 7" must have the same shape, as desired.
To show that (4.29) is a bijection, we claim that
v 35 1 Jar
T’ —=U —U-—T
is its inverse, where Qv = v¥(T”). But equation (4.30) implies that the
corresponding vacating tableaux @7 and Q- are equal. So

P (@) = jPjor (U") = 5¥jg,, (U = U’

and
jQT/ (U) = jQT/jP(T) = jQTjP(T) = T7
showing that our map is a well-defined inverse.

Now we must choose a particular tableau Uy for property 2. Let Uy be
the superstandard tableau of shape and content v, where the elements of
the ith row are all i’s. Notice that the row word 7y, is a reverse lattice
permutation. In considering all tableaux mapped to Uy by 7, it is useful to
have the following result.

Lemma 4.9.5 If we can go from T to T' by a sequence of slides, then wr is
a reverse lattice permutation if and only if wr+ is.

Proof. It suffices to consider the case where T and 7" differ by a single move.
If the move is horizontal, the row word doesn’t change, so consider a vertical
move. Suppose

! R[ T Rr J
T 5]
and
’ l R, b R, J
=173 z] 5 ]

where R; and S; (respectively, R, and S,) are the left (respectively, right)
portions of the two rows between which z is moving. We show that if o = 77
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is a ballot sequence, then so is o/ = n.,. (The proof of the reverse implication
is similar.)

Clearly, we need only check that the number of (z + 1)’s does not exceed
the number of z’s in any prefix of ¢/ ending with an element of R; or S,. To
do this, we show that each z + 1 in such a prefix can be injectively matched
with an z that comes before it. If the £+ 1 occurs in R, or a higher row, then
it can be matched with an z because o is a ballot sequence. Notice that all
these z’s must be in higher rows because the z’s in R, come after the (x+1)’s
in R, when listed in the reverse row word. By semistandardness, there are
no (z+1)'s in R; to be matched. For the same reason, every z+1 in S, must
have an z in R, just above it. Since these z’s have not been previously used
in our matching, we are done. m

Now note that Uy is the unique semistandard tableau of normal shape v
whose row word is a reverse lattice permutation. Thus by the lemma, the
set of tableaux T with shape A/u such that j(T') = Uy are precisely those
described by the coeflicients dﬁ,,. This finishes the proof of the Littlewood-
Richardson rule. m

As an illustration, we can calculate the product s(z1y5(22)- Listing all
tableaux subject to the ballot sequence condition with content (2,2) and
skew shape A/(2,1) for some A yields

e o1 1, e o 1 1, e o 1, e e 1, e o 1, e e,
2 2 o 2 e 1 2 o 1 o 2 o 1
2 2 2 2 1 1 2
2 2
Thus

8(2,1)5(2,2) = 8(4,3) T 8(a,2,1) T 8(32,1) + 8(3,22) + 5(3,2,12) + 5(23,1)-

For another example, let us find the coefficient of s(532,1) In $(3,2,1)5(3,2)-
First we fix the outer shape A = (5,3,2,1) and then find the tableaux as
before:

° 1 1, e o o 1 1, e e o 1 1
o o | e o 2 e o 2
e 2 o 1 o 2
2 2 1
It follows that
(5,3,2,1) 3,

¢(3,2,1)(3,2) =

4.10 The Murnaghan-Nakayama Rule

The Murnaghan-Nakayama rule [Mur 37, Nak 40] is a combinatorial way of
computing the value of the irreducible character x> on the conjugacy class a.
The crucial objects that come into play are the skew hooks.
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Definition 4.10.1 A skew hook, or rim hook, £, is a skew diagram obtained
by taking all cells on a finite lattice path with steps one unit northward or
eastward. Equivalently, £ is a skew hook if it is edgewise connected and
contains no 2 x 2 subset of cells:

(4.31)

Generalizing the definition in Section 3.10, the leg length of £ is
l1(¢) = (the number of rows of §) — 1. m

For example,

L 1]

N

has li(£) = 4. The name rim hook comes from the fact that such a diagram can
be obtained by projecting a regular hook along diagonals onto the boundary
of a shape. Our example hook is the projection of Hy,; onto the rim of
A=(6,3,3,1,1).

...I.[.] OOI.[._I

ject
project . _

[eTeTe]e ]

Notice that we are using single Greek letters such as £ for rim hooks even
though they are skew. If £ = A/u, then we write A\¢ for . In the preceding

example, p = (2,2). Also, if a = (a1,a9,...,q) is a composition, then let
a\ay = (ag,...,0x). With this notation, we can state the main result of this
section.

Theorem 4.10.2 (Murnaghan-Nakayama Rule [Mur 37, Nak 40]) If
A is a partition of n and a = (@, ...,qx) is a composition of n, then we have

A
xa = Y (DO,
¢

where the sum runs over all rim hooks & of A having a; cells.

Before proving this theorem, a few remarks are in order. To calculate x2
the rule must be used iteratively. First remove a rim hook from A with o,
cells in all possible ways such that what is left is a normal shape. Then strip
away hooks with as squares from the resulting diagrams, and so on. At some
stage either it will be impossible to remove a rim hook of the right size (so
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the contribution of the corresponding character is zero), or all cells will be

deleted (giving a contribution of ix% = +1).

To illustrate the process, we compute ng’i’g;. The stripping of hooks can

be viewed as a tree. Cells to be removed are marked with a dot, and the
appropriate sign appears to the right of the diagram:

A=
v hV
-1 +1
4 {
ole]| -1 0
1

1
(-1)
The corresponding calculations are
(4,4,3) _ (4,2) (3,2,1)
X(s42) = TX(a2) T Xa2)
1,1
= —(—ng) )) +0
0
= —(=(-x{
= (1)

Also note that the branching rule from Section 2.8 is a special case of
Murnaghan-Nakayama. Take o = (1,as,...,a;) and let 7 € S, have type a.
Since 7 has a fixed-point,

Xa = x () =x s,_, (7),

which corresponds to the left-hand side of the first equation in Theorem 2.8.3.
As for the right side, |§] = 1 forces A\& to be of the form A~ with all signs
(=10 = +1.
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We now embark on a proof of the Murnaghan-Nakayama rule. It is based
on the one in James [Jam 78, pp. 79-83].
Proof (of Theorem 4.10.2). Let m = ;. Consider 70 € Sp—m XS € Sn,

where 7 has type (as,...,ar) and o is an m-cycle. By part 2 of Theo-
rem 1.11.3, the characters x* ® x¥, where u - n—m, v+ m, form a basis for
the class functions on S,,—,, X 8. So

Xa =X 7o) = X sn_xSm = Y mux*(mx“(o).  (4.32)

pkn—m
vEm

To find the multiplicities, we use Frobenius reciprocity (Theorem 1.12.6)
and the characteristic map:

A

m/u/

(S _mxSms X ® X)
éx , (xX* ® X))
(

X x* - xY)
s,\, sus,,)

p

Il

where ¢ is a Littlewood-Richardson coefficient. Thus we can write equation

uv
o)=Y x*(m) D enx” (o). (4.33)

(4.32) as
pFn—m vkm

Now we must evaluate x” (o), where o is an m-cycle.

Lemma 4.10.3 If v+ m, then
v { (=)™ " ifv=(r,1m™T"),

Xm) = 0 otherwise.

Note that this is a special case of the theorem we are proving. If a = (m),
then x% # 0 only when we can remove all the cells of v in a single sweep—that
is, when v itself is a hook diagram (r,1™~"). In this case, the Murnaghan-
Nakayama sum has a single term with leg length m — r.

Proof (of Lemma 4.10.3). By equation (4.23), X(m) 18 Z(m) = m times the

1
S = Z szpu'

m

coefficient of p,, in

Using the complete homogeneous Jacobi-Trudi determinant (Theorem 4.5.1),
we obtain
Sy = ,hui—i+j|lxl = Zihm
K

where the sum is over all compositions & = (k1,..., k) that occur as a term
in the determinant. But each h,, in h, can be written as a linear combination
of power sums. So, since the p’s are a multiplicative basis, the resulting linear
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combination for h, will not contain p,, unless k contains exactly one nonzero
part, which must, of course, be m. Hence XI(J’HL) # 0 only when h,, appears-in
the preceding determinant.

The largest index to appear in this determinant is at the end of the first
row, and vy — 1+ = hy 1, the hooklength of cell (1,1). Furthermore, we
always have m = |v| > hy,1. Thus lem) is nonzero only when by = m, i.e.,
when v is a hook (r,1™~"). In this case, we have

By - B
ho A1

s, = 0 ho hy -
0 0 hy M

= (=1)"""hy, + other terms not involving pm,.

But h,, = 8(m) corresponds to the trivial character, so comparing coefficients
of prn/m in this last set of equalities yields x(,,) = (-=1)™"", as desired. m

In view of this lemma and equation (4.33), we need to find ¢, when v is
a hook. This turns out to just be a binomial coefficient.

Lemma 4.10.4 Let A+ n, p - n—m, and v = (r,1™™"). Then c,, =0
unless each edgewise connected component of A/ is a rim hook. In that case,
if there are k component hooks spanning o total of ¢ columns, then

k-1
A
&, = ( - ) .
Proof. By the Littlewood-Richardson rule (Theorem 4.9.4), cl’),, is the number
of semistandard tableaux T of shape \/u containing r ones and a single copy
each of 2,3,...,m —r-+1 such that wr is a reverse lattice permutation. Thus
the numbers greater than one in 7% must occur in increasing order. This

condition, together with semistandardness, puts the following constraints on
T:

T1. Any cell of T having a cell to its right must contain a one.

T2. Any cell of T having a cell above must contain an element bigger than
one.

If T contains a 2 x 2 block of squares, as in (4.31), then there is no way
to fill the lower left cell and satisfy both T1 and T2. Thus cﬁu = 0 if the
components of the shape of T' are not rim hooks.

Now suppose A/p = L*.'Jf=1 £ where each £¢® is a component skew hook.
Conditions T1, T2 and the fact that 2 through m —r + 1 increase in 77 show
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that every rim hook must have the form

1 i [ 1 [ b |
d
€D = [1 1 [d+1
d+2
d+3

where d > 1 is the smallest number that has not yet appeared in 77 and b is
either 1 or d — 1. Thus all the entries in £® are determined once we choose
the value of b. Furthermore, in £(!) we must have b = 1. By T2 we have
¢~ (k —1) ones already fixed in T. Hence there are 7 —c+ k — 1 ones left to
distribute among the k& — 1 cells marked with a . The number of ways this

can be done is
A= k-1 (k-1 .
W \r—c+k-1) \e—-71)"

Putting the values from the two lemmas in equation (4.33) we obtain
A m & k-1 m—r
xMwo) =3 x*my ()0 (4.34)
©" r=1

Now, k < ¢ < m, since these three quantities represent the number of skew
hooks & (9, the number of columns in the £®, and the number of cells in the
£, respectively. Thus, using Exercise 1d of this chapter,

2 () o= [ (0) - () o (5]

r=1

_f (=)™ ifk-1=0,
10 otherwise.

But if £ = 1, then A\/u is a single skew hook £ with m squares and c
columns. Hence m — ¢ = lI(£), so equation (4.34) becomes

Xro) = Y (D)HOxMN(n),
|l=m
finishing the proof of the Murnaghan-Nakayama rule. m

It is possible to combine the calculations for x2 into individual tableaux.

Definition 4.10.5 A rim hook tableau is a generalized tableau T' with posi-
tive integral entries such that

1. rows and columns of T' weakly increase, and

2. all occurrences of 7 in T lie in a single rim hook. m
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Obviously, the stripping of rim hooks from a diagram determines a rim
hook tableau by labeling the last hook removed with ones, the next to last
with twos, and so on. For example, the tableau corresponding to the left
branch of the preceding tree is

T =

O =
W NN
W W N

w N

Now define the sign of a rim hook tableau with rim hooks £ to be
(-7 = JJ e,
eWerT

The tableau just given has sgn(T) = (—1)3. It is easy to see that the
Murnaghan-Nakayama theorem can be restated.

Corollary 4.10.6 Let A be a partition of n and let a = (a1, ...,0x) be any
composition of n. Then

where the sum is over all rim hook tableaux of shape A and content o. m

It is worth mentioning that Stanton and White [S-W 85] have extended
Schensted’s construction to rim hook tableaux. This, in turn, has permit-
ted White [Whi 83] to give a bijective proof of the orthonormality of the
irreducible characters of S,, (Theorem 1.9.3) analogous to the combinatorial

proof of
nt=3 ()

AFn
which is just the fact that the first column of the character table has unit
length.

4.11 Exercises

1. Recall that the binomial coefficients are defined by

<Z) = the number of ways to choose S C {1,2,...,n} with |S| = &.

Note that this definition makes sense for all n > 0 and all integers k
where (}) =0if k <0 or k > n.

(a) Show that for n > 1 we have the recursion

W=C)+G2)

with boundary condition (3) = .o
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(b) Show that for 0 < k < n we have

() - mm

in two different ways: inductively and by a direct counting argu-
ment.

(¢) Show that
n k _ n
,;20 (k)x =(1+2x)

in two different ways: inductively and by using weight generating
functions.

(d) Show that

3 (Z) =9" and Z(—l)"(Z) =0no,

k>0 k>0
where Jy, ¢ is the Kronecker delta, in two different ways: using the
previous exercise and inductively.
(e) Let S be a set. Show that

> (=) =651

TCS

in two different ways: using the previous exercise, and by assigning
a sign to every T' C S and then constructing a fixed-point free,
sign-reversing involution on the set of subsets of S.

(f) Prove Vandermonde’s convolution

206" (%")

in three different ways: inductively, using generating functions,
and by a counting argument.

2. Prove the following theorem of Glaisher. The number of partitions of

n with no part divisible by k& is equal to the number of partitions of n
with each part appearing at most k£ — 1 times. Which theorem in the
text is a special case of this result?

Let p(n, k) (respectively, ps(n, k)) denote the number of partitions of n
into k parts (respectively, k distinct parts). Show that

Zp(n,k):v"tk = Hl—lxit

n>0 i>1
k20 -
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.,Ent'n

- g](l“"t)(l—z?)...(l_mn)a
2 pam et = [l0+at
*30 i>1
— ("3 )n
- ,§,<l—z)<1_x2)...(1_zn).

4. Consider the plane P = {(,7) : 4,j > 1}, i.e.,, the “shape” consisting
of an infinite number of rows each of infinite length. A plane partition
of n is an array, T, of nonnegative integers in P such that T' is weakly
decreasing in rows and columns and Z(i, fep T; ; = n. For example,
the plane partitions of 3 (omitting zeros) are

3, 21, 2, 111, 11, 1.
1 11
1

(a) Let
pp(n) = the number of plane partitions of n

and show that 1
pr(n)z" = H —_—
n>0 i>1 (-

in two ways: combinatorially and by taking a limit.
(b) Define the trace of the array T to be ), T; ;. Let

pp(n, k) = the number of plane partitions of n with trace k

and show that

Z pp(n, k)z "tk = H (1—_—1;%7

n,k>0 i>1

5. (a) Let 7 be a rooted tree (see Chapter 3, Exercise 18). Show that the
generating function for reverse T-partitions is

1
H 1—zhe
vET

and use this to rederive the hook formula for rooted trees.

(b) Let A* be a shifted shape (see Chapter 3, Exercise 21). Show that
the generating function for reverse A*-partitions is

and use this to rederive the hook formula for shifted tableaux.
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6. The principal specialization of a symmetric function in the variables
{r1,Z2,...,2m} is obtained by replacing xz; by ¢* for all i.

(a) Show that the Schur function specialization s, (g, ¢?, ..., ¢™) is the
generating function for semistandard A-tableaux with all entries of
size at most m.

(b) Define the content of cell (4,7) to be
CiJ' = _7 — 1.

Prove that

s\ @, 6% q™) =¢"P ]
(2,7)€X

1- in,j+m

1 — ghi

where m(A) = ;5 ¢Ai. Use this result to rederive Theorem 4.2.2.
7. Prove part 2 of Theorem 4.3.7.

8. Let A} denote the ring of symmetric functions of degree n with integral
coeflicients. An integral basis is a subset of A7 such that every element of
A% can be uniquely expressed as an integral linear combination of basis
elements. As A varies over all partitions of n, which of the following are
integral bases of AZ: my, px, ex, Ax, $27

9. (a) Let
ex(n) = ex(z1,22,...,%n)

and similarly for the homogeneous symmetric functions. Show that
we have the following recursion relations and boundary conditions.
Forn >1,

ex(n) =ex(n — 1) + zpeg—1(n — 1),
hk(n) = hk(n - 1) + a:nhk_l(n),

and eg(0) = hg(0) = 6 o, where Jj ¢ is the Kronecker delta.
(b) The (signless) Stirling numbers of the first kind are defined by

c(n,k) = the number of m € S, with k disjoint cycles.
The Stirling numbers of the second kind are defined by
S(n, k) = the number of partitions of {1,...,n} into k subsets.

Show that we have the following recursion relations and boundary
conditions. For n > 1,

ce(nk) = ce(n-1,k—1)+(n—1)c(n—1,k)
S(n,k) = Sn—-1,k-1)+kS(n—1,k)

and ¢(0,k) = S(0, k) = 0r.0.
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(¢) For the binomial coefficients and Stirling numbers, show that

e N,
(”) = ed1,...,])
k
n—k+1
i N,
= hg(1,1,...,1),
cnk) = en_i(1,2,...,n—1),
S(n,k) = hn_r(1,2,...,k).
10. Prove the elementary symmetric function version of the Jacobi-Trudi
determinant.
11. A sequence (ax)x>0 = ao, @1,0a2, ... of real numbers is log concave if

Ak—10k+1 < a% for all £ > 0.

(a) Show that if a; > 0 for all &, then log concavity is equivalent to
the condition

ag—101+1 < agap foralll > k> 0.

(b) Show that the following sequences of binomial coefficients and Stir-
ling numbers (see Exercise 9) are log concave in two ways: induc-
tively and using results from this chapter.

<<Z))k20’ ((Z))nzo (c(n, k)20,  (S(n,E))nx0-

(c) Show that if (z,)n>0 is a log concave sequence of positive reals
then, for fixed k, the sequences

(Ck(l'l,...,(l,‘n))nzo and (hk(l‘l,...,wn))nzo

are also log concave. Conclude that the following sequences are
log concave for fixed n and k:

(c(n+3,k+35)jz0,  (S(n+34,k+7))>o0

12. (a) Any two bases {uy : AF n} and {vx : AF n} for A define a
unique inner product by

<u>\7'U/-L> =y

and sesquilinear extension. Also, these two bases define a generat-
ing function

Fxy) = ur(x)ua(y).

AbFn

Prove that two pairs of bases define the same inner product if and
only if they define the same generating function.
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(b) Show that
1

> %pA(X)pA(y) =1l .

A i,J

13. Prove the following. Compare with Exercise 7 in Chapter 3.

(a) Theorem 4.8.7

(b) There is a bijection M +— T between symmetric matrices M €
Mat and semistandard tableaux such that the trace of M is the
number of columns of odd length of T'.

(c) We have the following equalities:
1 1
>oo = JIi=%1I :
> ; 1—£Ei <jl—w,~mj
, 1
Z = Hl—.’EiCL'j.

ANeven <]

14. Give a second proof of the Littlewood-Richardson rule by finding a
bijection
(P,Q) «— (T,U)
such that
e P, Q, T, and U are semistandard of shape u, v, A, and A/p,

respectively,

e cont P+cont () = cont T, where compositions add componentwise,
and

e Ty is a reverse lattice permutation of type v.
15. The Durfee size of a partition X is the number of diagonal squares (%, )

in its shape. Show that x2 = 0 if the Durfee size of A is bigger than the
number of parts of a.



Chapter 5

Applications and
Generalizations

In this chapter we will give some interesting applications and extensions of
results found in the rest of the book. Before tackling this material, the reader
may find it helpful to review the poset definitions and examples at the begin-
ning of Section 2.2 and Definition 2.5.7.

We begin with a couple of sections studying differential posets, which were
introduced by Stanley [Stn 88]. This permits us to give two more proofs of
the sum-of-squares formula (5.1). One uses linear algebra and the other, due
to Fomin [Fom 86], is bijective. But both of them generalize from the poset
called Young’s lattice (the classical case) to the wider class of differential
posets.

Next comes a pair of sections concerning groups acting on posets [Stn 82].
In the first we study some interesting modules that arise from the symmetric
group acting on the Boolean algebra. The second shows how group actions
can be used to prove unimodality results.

The final section introduces graph colorings. In particular, it shows how
certain symmetric functions of Stanley [Stn 95] can be used to study such
objects.

5.1 Young’s Lattice and Differential Posets

We are going to give a third proof of the formula

d ()P =n! (5.1)

AFn

based on properties of a poset called Young’s lattice. Two interesting points
about this demonstration are that it uses linear algebra and generalizes to
the larger family of differential partially ordered sets.

191
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Definition 5.1.1 Let (A, <) be a partially ordered set. Then a,b € A have
a greatest lower bound, or meet ,if there is ¢ € A such that

l.c<a,c<b and 2.ifd<a, d<b, thend<c. (5.2)

The meet of a and b, if it exists, is denoted by a A b. The least upper bound,
or join, of a and b is defined by reversing all the inequalities in (5.2) and is
written a V b. A poset where every pair of elements has a meet and a join is
called a lattice. m

As examples, the Boolean algebra B, is a lattice, since if S,T € B,, then
SAT=8NT and SVT=SUT

This relationship between A and N, as well as V and U, makes the symbols
for meet and join easy to remember. The n-chain C,, is also a lattice, since if
i,j € Cp, then

iAj=min{i,j} and iV j=max{i,j}.
The lattice that concerns us here was first studied by Kreweras [Kre 65].

Definition 5.1.2 Young’s lattice, Y, is the poset of all integer partitions
ordered by inclusion of their Ferrers diagrams. m

Here is a picture of the bottom portion of Y (since it is infinite, it would be
hard to draw the whole thing!) :

n ]

N /‘ N e
(T -
N N
0
T
1]

It is easy to verify that Y is a lattice with A and V being intersection and
union of Ferrers diagrams. Note that Y has a minimum, namely the empty
partition @ of 0, but no maximum. Here are a couple of other basic properties
of Young’s lattice.
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Proposition 5.1.3 The poset Y satisfies the following two conditions.

(1) If X\ € Y covers k elements for some k, then it is covered by k + 1
elements.

(2) If X\ # u and X\ and i both cover | elements for some l, then they are
both covered by | elements. In fact, | < 1.

Proof. (1) The elements covered by A are just the partitions A~ obtained by
removing an inner corner of A, while those covering A are the AT obtained
by adding an outer corner. But along the rim of A, inner and outer corners
alternate beginning and ending with an outer corner. So the number of A"
is one greater than the number of A™.

(2) If A, ¢ both cover an element of Y, then this element must be A A p.
So ! < 1. Also, { =1 if and only if |\| = || = n and |AN | =n — 1 for some
n. But this is equivalent to [A| = |u| = n and [AU | =n+1, ie, A p are
both covered by a single element. m

Note that each of the implications in this proposition is equivalent to its
converse, so they could actually have been stated as “if and only if.” We can
rephrase these two conditions in terms of linear operators.

Definition 5.1.4 Consider the vector space CY of formal linear combina-
tions of elements of Y. Define two linear operators, down, D, and up, U,
by

D) = > AT,
AT<A
U = > At
AT
and linear extension. m

For example

)
~~
[ J
[ ]
~—
Il
[ J
+
[ J
L J
®

[ ] [ ] [ ] [ J [} [ ] [}
U( o o ) = ° + o o + e
[ ]
Proposition 5.1.5 The operators D,U satisfy
DU -UD =1, (5.3)

where [ is the identity map.
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Proof. By linearity, it suffices to prove that this equation holds when applied
to a single A € CY. But by the previous proposition

DUM) =Y p+ (k+ 1A,
7}

where the sum is over all g # A such that there is an element of Y covering
both, and k + 1 is the number of elements covering A. In the same way,

UDA) =Y p+kA,
"
and taking the difference completes the proof. m
Equation (5.3) is a special case of the next result.

Corollary 5.1.6 Let p(z) € C[z] be a polynomial. Then
Dp(U) =p'(U) +p(U)D,
where p'(z) is the derivative.

Proof. By linearity, it suffices to prove this identity for the powers U™, n > 0.
The case n = 0 is trivial. So, applying induction yields

DUt = (DU™U

= (U™ '+U"D)U
nU™ +U™(I +UD)
= (n+1)U"+U""'D.u

It is also possible to obtain tableaux from Young’s lattice using chains.

Definition 5.1.7 Let A be a poset and consider @ < b in A. An a-b (as-
cending) chain of length n is a sequence

Cia=aqy<a1<a1<---<a,=hb (5.4)

A descending chain is defined analogously by reversing all the inequalities.
An a-b chain is saturated if it is contained in no larger a-b chain. =

So a chain of length n is just a copy of Cy, in A. In Y, a chain is saturated
if and only if each of the inequalities in (5.4) is a cover. Also, there is a
simple bijection between standard A-tableaux P and saturated @-A chains
P=X0 <Al <... < A" = ) given by

X! = shape of the tableau of elements < i in P.

(This is essentially the same as the way we converted a tabloid into a sequence
of compositions in Section 2.5.) For example, the tableau

3

P=25

=N =
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corresponds to the saturated chain

D < @ < o < o o < o o < e o

One could just as well put saturated descending chains in bijection with
tableaux, or in terms of the D and U operators and partitions A - n,

D*(A) = [0,
ur@ = Y A
Abn

Also, a pair of tableaux of the same shape A can be viewed as a saturated
-\ chain followed by one from X back to §. So

DrUM@) =0 ()2 ' (5.5)

Abn

We now have all the ingredients to give another proof of the sum-of-squares
formula.

Theorem 5.1.8 We have

S =

AFn

Proof. In view of equation (5.5) we need only show that D"U™(0) = n!@. We
will do this by induction, it being clear for n = 0. But using Corollary 5.1.6
and the fact that 0 is the minimal element of Y, we obtain

D"U™(@) = D" (DU")(0)
= D" '(nU" ' +U"D)(®)
= aD" U™ (@) + DU D(@)
= nn—-1)0+0.u

It turns out that all these results for Young’s lattice can be generalized to
a wider family of posets, as has been done by Stanley [Stn 88, Stn 90]. (See
also Fomin [Fom 94].) First, however, we need a few more definitions.

Definition 5.1.9 Let A be a poset having a minimum element, 0. Then 4 is
graded if, for each a € A, all 0—a saturated chains have the same length. We
denote this length by rka, called the rank of a. Furthermore, the kth rank of
A is the set

Ap={a€ A : rka=k}.

Finally, we say that A has rank n if there is a nonnegative integer n such that

n =max{rka : a € A}.
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The posets C,,, B, and Y are all graded. Their kth ranks are the number k,
all subsets of {1,...,n} with k elements, and all partitions of k, respectively.
The first two posets have rank n, but Y has arbitrarily long chains and so
has no rank.

Definition 5.1.10 ([Stn 88]) A poset A is differential if it satisfies the fol-
lowing three conditions.

DP1 A has a (unique) minimum element 0 and is graded.

DP2 If a € A covers k elements for some k, then it is covered by k + 1
elements.

DP3 If a # b and a and b both cover [ elements for some [, then they are
both covered by [ elements. m

Actually, these posets are called 1-differential by Stanley. For the definition
of his more general r-differential posets, see Exercise 6. By Proposition 5.1.3,
Y is a differential poset. For another example, see Exercise 2.

As with Y, we can show that the integer [ in DP3 is at most 1.

Lemma 5.1.11 If A is a poset satisfying DP1 and DP3, thenl < 1.

Proof. Suppose to the contrary that there are elements a,b € A with { > 2,
and pick a pair of minimal rank. Then a,b both cover ¢,d one rank lower.
But then ¢, d are both covered by a,b and so have an [ value at least 2, a
contradiction. m

We wish to define up and down operators in any differential poset A. But
first we need a lemma to make them well defined.

Lemma 5.1.12 If A is differential, then the nth rank, A,, is finite for all
n > 0.

Proof. Induct on n, where the case n = 0 is taken care of by DP1. Assume
that all ranks up through A,, are finite. Any a € A,, can cover at most |A,_1|
elements, and so can be covered by at most |A,_1| + 1 elements by DP2. It
follows that

|[Ant1| < |An| (|An-1] +1)

forcing A,41 to be finite. m
Definition 5.1.13 Let A be a poset where, for any a € A, the sets {b €
A : b<a}and {be A : b> a} are finite. Consider the vector space CA

of formal linear combinations of elements of A. Define two linear operators,
down, D, and up, U, in CA by ‘

D@ = Y b

b<a

U@ = Y b

b>a
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and linear extension. Note that if A is differential, then by Lemma 5.1.12
these operators are well defined. m

The proof of the next result is similar to that of Proposition 5.1.5 and so
is left to the reader.

Proposition 5.1.14 Let A be a graded poset with A, finite for all n > 0.
Then the following are equivalent.

1. A is differential.
2.DU-UD=1.m»

In fact, differential posets were so named because of the identity DU —UD =
I. Specifically, if we let D be differentiation and x be the multiplication by «
operator acting on the polynomial ring Clz], then Dz — 2D = I. The algebra.
of operators generated by D and x modulo this relation is called the Weyl
algebra.

We can now generalize Theorem 5.1.8. Again, the demonstration is close
to that of the original result, and so the reader will have no trouble filling in
the details.

Theorem 5.1.15 ([Stn 88]) In any differential poset A,

() =n,

aGAn

where f@ is the number of saturated O-a chains. m

5.2 Growths and Local Rules

It would be nice to give a bijective proof of Theorem 5.1.15 as the Robinson-
Schensted algorithm does for Theorem 5.1.8. This was done as part of a
theory developed by Fomin [Fom 86, Fom 95|, which we now present. For
other expositions, see Roby’s thesis [Rob 91] or Stanley’s text [Stn 99, pp.
327-330].

The basic definition is as follows.

Definition 5.2.1 ([Fom 95]) Let A, B be posets. Then a growth is a func-
tion g : A — B that preserves the relation “covered by or equal to,” which
means

a=xb=g(a) 2g(b).m

Note that such a function is order preserving, i.e., a < b implies g(a) < g(b),
but need not be injective. The term “growth” comes from biology: If A = C,,
then we can think of A’s elements as units of time and the value g(¢) as the
state of the system studied at time 3. So at time ¢+ 1 the system either stays
the same or grows to a subsequent level.
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Given posets A, B, define their product, A x B, as having clements (a, b)
with a € A, b € B ordered by

(a,b) < (a',b/)in Ax Bifa<a' in Aand b<V in B.

We will be particularly concerned with growth functions g : C? — A where
C? = C, x C, and A is differential. We will represent the elements of C2 as
vertices (4,7), 0 < i,7 < n, in the first quadrant of the plane and the covering
relations as lines (rather than arrows) connecting the vertices. The squares
thus formed will also be coordinatized, with square (%, j) being the one whose
northeast vertex is (4,7). A permutation m = z;2z...Z, is then represented
by putting an X in square (i,z;), 1 <7 < n. The next figure illustrates the
setup for the permutation

T=423651T7.

The reader should compare the following construction with Viennot’s in Sec-
tion 3.6.

We now define a growth g, : C2 — Y that will depend on m. We start by
letting
gr(1,7) =0ifi=00r j=0.

Consider the square s with coordinates (3, j), labeled as in the diagram

v P
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Suppose, by induction on i+ j, that we have defined g, (i—1,7—1), g.(¢,7—1),
and g, (i —1,7), which we denote by A, i, and v, respectively. We then define
9x(%,7), denoted by p, using the following local rules

LR1 If p # v, then let p=p U .

LR2 If A < p = v, then u is obtained from A by adding 1 to A; for some
i. Let p be obtained from p by adding 1 to p;41.

LR3 If A =y = v, then let

A if s does not contain an X,
P=11 X with 1 added to A1 if s does contain an X.

Applying these rules to our example, we obtain the following diagram, where
for readability, parentheses and commas have been suppressed in the parti-
tions:

0 1 11 21 31 32 321 421
X
0 1 11 21 31 32 321 321
X
0 1 11 21 21 31 311 311
X
0 1 11 21 21 21 211 211
X
0 0 1 2 2 2 21 21
X
0 0 1 1 1 1 11 11
X
0 0 0 0 0 0 1 1
X

Our first order of business is to make sure that g, is well-defined.
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Lemma 5.2.2 Rules LR1-3 construct a well-defined growth g, : C2 =Y in
that p is a partition and satisfies p = 1, V.

Proof. The only case where it is not immediate that p is a partition is LR2.
But by the way u is obtained from A\ we have p; > p;4+1. So adding 1 to p;41
will not disturb the fact that the parts are weakly decreasing.

It is clear that p covers or equals p,v except in LR1. Since A =% p,v
by induction and pu # v, there are three possibilities, namely A = p < v,
A=v < pu,or A < puv. Itiseasy to check that in each case, remembering
the proof of (2) in Proposition 5.1.3 for the third one, that p = u,v. m

The following lemma will also be useful. Its proof is a straightforward
application of induction and LR1-3, and so is left to the reader

Lemma 5.2.3 The growth g, has the following properties.

1. gx(i,5 — 1) < g« (3,7) if and only if there is an X in square (k,j) for
some k < 1.

2. g:(i1 — 1,5) < gx(3,7) if and only if there is an X in square (3,0) for
somel<j. m

By this lemma, we have a saturated chain of partitions up the eastern
boundary of C2,

0 = gr(n,0) < gw(nvl) <= gr(nan):

corresponding to a standard tableau that we will denote by Pr. Similarly,
along the northern boundary we have Q. defined by

0= gﬂ’(ovn) = gﬂ'(lan) < gﬂ'(n” TL).

In our running example,

1357 1347
P.= 26 and Q.= 25
4 6

Comparing this with the tableaux obtained on page 94 (computed by insertion
and placement) gives credence to the following theorem.

Theorem 5.2.4 The map
™ — (P1r7 Qﬂ')

is the Robinson-Schensted correspondence.

Proof. We will prove that P, = P(w) since the equation Q, = Q(r) is
derived using similar reasoning.

First we will associate with each (4,7) in C2 a permutation m;; and a
tableau P; ;. Note that in P, ;, the subscripts refer to the element of C? and
not the entry of the tableau in row ¢ and column j as is our normal convention.
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Since this notation will be used only in the current proof, no confusion will
result. Define 7, ; as the lower line of the partial permutation corresponding
to those X’s southwest of (7, j) in the diagram for g,. In our usual example,

6,3 — 23 1.
We also have a sequence of shapes
Aio 2 X 2y,

where A;; = gx(4,0). So |Xii/Aii—1] =0o0r1for1 <1 <j. In the latter case,
label the box of A;;/A; ;-1 with [ to obtain the tableau P; ;. These tableaux
are illustrated for our example in the following figure:

4 2 23 236 235 135 | 1357

4 4 4 46 26 36

X

0 4 2 23 236 235 135 135

4 4 4 46 36 26

X

! 4 2 23 23 235 135 135

4 4 4 4 i Z

X

0 4 2 23 23 23 13 13

4 4 4 4 2 2

X 4 4
0 [ 2 23 23 23 13 13

2 2

X
0 [y 2 2 2 2 1 1
2 2
X
0 [y [ 0 [y [ 1 1
X

0 0 0 0 0 0 0 0

It is clear from the definitions that 7, , = 7 and P, , = P,. So it suffices
to prove that P, ; = P(m; ;) for all 4,5 < n. We will do this by induction on
i+ j. It is obvious if i = 0 or j = 0. The proof breaks down into three cases
depending on the coordinates (,!) of the X in row ¢, and (k,j) of the X in
column j.
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Case 1: | > j. (The case k > i is similar.) By Lemma 5.2.3, we have
/\i,j——l = /\i,j, SO .Pi7j_1 = P,',j. AlSO, Tij—1 = T4 4. Since P’i,j——l = P(ﬂ'i’j_l)
by induction, we are done with this case.

Case 2: | = j. (Note that this forces k¥ = ¢.) By Lemma 5.2.3 again,
Ai-1,j-1 = Aij-1 = Ai—1,j- S0 the second option in LR3 applies, and F; ;
is P; j—1 with j placed at the end of the first row. Furthermore, 7;; is the
concatenation m; j_1j, where j > maxm; j_1. So P(m;;) is also P(m;;j_1)
with j placed at the end of the first row, which finishes this case.

Case 3: | < j. (We can assume k < 14, since the other possibilities are
taken care of by previous cases.) Using Lemma 5.2.3 one more time, we have
Aici,j—1 < Aij—1,Ai—1,5. Let ¢ and d denote the cells of the skew partitions
/\i,j—l//\'i—l,j—l and /\i—l,j//\i—l,j—h respectively. If ¢ 75 d, then rule LR1 is
the relevant one and P, ; is P, ;_; with j placed in cell d. If ¢ = d, then LR2
implies that P; ; is P; j_1 with j placed at the end of the next row below that
of d.

As far as the permutations are concerned, there are sequences o, 7 such
that

Ti—-1,j—1 = OT,
Tij—1 = O'Tl,
Ti—1,7 — O'jT.

mi; = 0ojTl,

where, as before, j > maxm; j_1. So the insertion paths for P(m; j_1) and
P(m; j) are the same except that when a path of the former ends at the row
currently occupied by j in the latter, then j is bumped to the next row. Now,
by induction, j ends up in cell d of P(m;_1 ;), and the insertion path of [/ into
P(m;_1,j—1) ends in cell ¢ of P(m; ;_,). Thus if ¢ # d, then j is not displaced
by the insertion of I, and P(7; ;) is P(m; j—1) with j placed in cell d. And if
¢ = d, then j is displaced by r; into the row below d. For both options, the
description of P(m; ;) matches that of P ;, so this completes the proof of the
theorem. m

We are now in a position to define growths g, : C2 — A where A is any
differential poset. The initial conditions should come as no surprise:
gx(i,5) =0ifi=0o0r j =0.

We label the square s with coordinates (i, j) as follows, where a, b, ¢ are given
and d is to be defined:

c d

a b
To state the local rules, note that from condition DP2 we have, for fixed
b,
Hz : 226} =Ky : y> b}
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So for each b, pick a bijection
Uy:{z : z=3b} = {y : y> b}

The growth g, will depend on the Uy, although our notation will not reflect
that fact.

DLR1 Ifb# c,thena =b < ¢, a =c¢ < b, or a < b,c. In the first two
cases let d = max{b,c}. In the third let d be the unique element
covering b, ¢ as guaranteed by DP3 and Lemma 5.1.11.

DLR2 If a < b = ¢, then let d = ¥p(a).
DLR3 If a = b = ¢, then let

d=4 9 if s does not contain an X,
T 1 Uy(a) if s does contain an X.

It is easy to show that these rules are well-defined.

Lemma 5.2.5 Rules DLR1-3 construct a well-defined growth g, : C2 — A
in that d satisfies d > b,c. m

Furthermore, Lemma, 5.2.3 continues to hold in this more general setting.
So, as before, we have saturated chains of partitions across the eastern and
northern boundaries of C2, which we will denote by C, and D, respectively.
So Theorem 5.1.15 is a corollary of the following result.

Theorem 5.2.6 The map
7 = (Cr, Dx)

18 a bijection between S, and pairs of saturated 0-a chains as a varies over
all elements of rank n in the differential poset A.

Proof. Since both C and D end at (n,n) € C2, it is clear that the corre-
sponding chains end at the same element which must be of rank n.

To show that this is a bijection, we construct an inverse. Given saturated
chains

Ccg<C <+ *=<¢Cp
=dyg<dy <---<dy,

O O

C:

D:

where ¢, = d,,, define
9=(n,j) = ¢j and g(i,n) =d; for 0 < 4,5 < n.

Also, let &, = \Ilb‘l. Assuming that b, ¢,d are given around a square s as in
the previous diagram, we define a as follows.

RLD1 Ifb# ¢, thend =b>c,d=c > b, or d > b,c. In the first two
cases let a = min{b,c}. In the third let a be the unique element
covered by b, c.
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RLD2 If d > b= ¢, then let a = ®,(d).
RLD3 If b=c=d, then let a = d.

Finally, we recover 7 as corresponding to those squares wherc a = b = ¢ <
d. Showing that RLD1-3 give a well-defined growth associated with some
permutation 7 and that this is the inverse procedure to the one given by
DLR1-3 is straightforward and left to the reader. m

5.3 Groups Acting on Posets

The systematic study of group actions on posets was initiated by Stan-
ley [Stn 82] and has blossomed in recent years [Han 81, C-H-R 86, Sun 94,
B-W 95, S-Wa 97, S-We|. In this section and the next we will investigate
some of the interesting representations that arise in this context and some of
their combinatorial implications.

Definition 5.3.1 Let A be a finite, graded poset of rank n, having miminum
0 and maximum 1. Any S C {1,2,...,n — 1} defines a corresponding rank-
selected subposet

As={a€A:a=0 a=1, or rka € S}

with partial order a < b in Ag if and only if the same inequality holds in A.
We will use the notation S = {s1,82,...,8x}< tomean sy < s9 < -+ < §. ®

For example, if A is the Boolean algebra B; and S = {1,3}, then the Hasse
diagram of Ag is given on the next page. All posets considered in this section
will be finite, graded, with a 0 and a 1, and so will admit rank-selections.

In order to define the invariants we wish to study, we will have to enlarge
our definition of representation.

Definition 5.3.2 Let group G have irreducible modules VD), vy (k)
A virtual representation of G is a formal sum

V=> mv®

where the multiplicities m; are in Z, the integers. m

If the m; are nonnegative, then V is an ordinary representation and the sum
can be interpreted as being direct.

Now let G be a group of automorphisms of the poset A, i.e., a group of
bijections g : A — A such that both g and g~! are order preserving. Then
it is easy to see that each g € G permutes the maximal (with respect to
containment) chains of Ag. Let A% be the associated permutation module
for G. Define a virtual representation B° by

BS =) (-1)I5-TIAT, (5.6)
TCS
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We should remark that Stanley [Stn 82] defined B¥ in terms of G’s action
on the reduced homology groups of As and then derived (5.6) as a corollary.
However, we will have no need here for that viewpoint.

{1,2,3,4}

SN

{1,2,3} {1,2,4} {1,3,4} {2,3,4}

We would also like to express AS in term of the BT. This will be done
with the aid of the next result.

Theorem 5.3.3 Let V be a vector space and suppose we have two functions
fy9: Bp — V. Then the following are equivalent:

(1) f(S) = > g(T) forall S € By,

TCS

Z (=1)!S=TIf(T) for all S € B

TCS

(2) 9(5)

I

Proof. We will prove that (1) implies (2), as the converse is similar. Now,

YT = Y ()T g

TCS TCS UCT
= Y (- gy Y (-niTuL
Ucs UCTCS

But from Exercise le in Chapter 4 we see that the inner sum is 0 unless
U = S. So the outer sum collapses to g(S). =
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Theorem 5.3.3 is equivalent to the Principle of Inclusion-Exclusion (see
Exercise 17) which in turn is the special case of Mobius inversion (see Exer-
cise 18) where the underlying poset is the Boolean algebra [Sag 99]. As an
immediate corollary of this Theorem and equation (5.6}, we have the following
result.

Corollary 5.3.4 For all S C {1,2,...,n — 1} we have

AS=ZBT.I

TCS

If the B turn out to be ordinary representations, then something in-
teresting is probably going on combinatorially. This will be illustrated by
turning our attention to the Boolean algebra B,,. The symmetric group S,
acts on the S € B, in the natural way by

7T{TL1,'I’L2,...,’I’L;€}={7rn1,7rn2,...,7fnk}, (57)

and it is not hard to verify that this is an action, called an induced action,
which is an automorphism of B,,. In this case, if S = {n,ng,...,nx}<, then
AS is equivalent to the representation afforded by the permutation module
M*#, where p = (ny,ng — n1,n3 — Na,...,n — ng). To see this, note that if
RiWRyW- - W Ry ={1,2,...,n} with [R;] =n; —n;—y for 1 <i<k+1
(no =0 and ng41 = n), then the map

R,
Ry

C:O<Ri<RiWRy<---<{,2,....n}m {t} = (5.8)

Ry

extends linearly to an S,-module isomorphism.
To describe BS, we need one more definition.

Definition 5.3.5 Let P be a standard tableau. Then 7 € P is a descent if
1+ 1 is in a lower row of P. The descent set of P is

Des P = {i : iis a descent of P}. m

For example,
, then DesP ={3,5,6}.

Counting descents is intimately connected with Kostka numbers.

Proposition 5.3.6 Let A - n, S = {ni,ng,...,nk}< € {1,2,...,n — 1},
and pp = (n1,ng —ny,...,n —ng). Then

{P : P a standard \-tableau and Des P C S}| = K.
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Proof. We will give a bijection between the two sets involved, where K,
counts semistandard tableaux T of shape A and content u. Given P, replace
the numbers 1,2,...,n; with ones, then n; +1,n7 +2,...,ns with twos, and
so on. The next figure illustrates the map when A = (4,3,1), S = {3,5,7},
and so u = (3,2,2,1). Below each T is the corresponding P, and below that,
Des P is given:

1235 1235 1237 1237 1238

T: 467 , 478 , 456 , 458 , 457
8 6 8 6 6
1112 1112 1113 1113 1114
P: 233 , 234 , 223 , 224 , 223 ;
4 3 4 3 3
DesP {3,5,7}, {3,5}, {3,7}, {3,5,7}, {3,5}.

The resulting T is clearly a A-tableau of content u, so we need only check
that it is semistandard. Since the rows of P increase and the replacement
map is weakly increasing, the rows of T must weakly increase. Similarly, the
columns of T weakly increase. To show that they actually increase strictly,
suppose T; j = Tj41,; = I. Then at least one of my_; + 1,1 +2,...,m — 1
is a descent in P, contradicting Des P C S.

To show that this map is a bijection, we must construct an inverse. This
is a simple matter and left as an exercise. m

We can now describe the decomposition of B® into irreducibles for the
Boolean algebra and show that in this case it is a genuine (as opposed to
virtual) representation.

Theorem 5.3.7 ([Stn 82]) For the action of S, on B,,, decompose
B% =3NS
A
Then the muliplicities are nonnegative integers, since

b5(A\) = |{P : P a standard A-tableau and Des P = S}|.

Proof. Decompose A° as

A5 23" a5 (N)SM.
A
Then Corollary 5.3.4 implies
S _ T
a®(A)= > bT()) forall SC{1,2,...,n—1}. (5.9)

TCS
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Define @¥()) (respectively, ES()\)) to be the number of standard A-tableaux P
with Des P C S (respectively, Des P = S). Then directly from the definitions

W) =35 () forall SC{1,2...,n-1}. (5.10)
TCS

Now, from Proposition 5.3.6 and the fact that A° is equivalent to M* we
have a®(\) = Ky, = @%()\) for all S. But then inverting (5.9) and (5.10)

using Theorem 5.3.3 shows that b%()\) = l_vs(/\) for all S, as desired. m

5.4 Unimodality

Unimodality of a sequence of real numbers means that it rises to some max-
imum and then descends. It is the next most complicated behavior after
being weakly increasing or weakly decreasing. Unimodal sequences abound
in algebra, combinatorics, and geometry. See Stanley’s article [Stn 89] for a
survey. In this section we will show how group actions can be used to prove
unimodality.

Definition 5.4.1 A sequence (ax)r>0 = ag, @1, G2, . . . of real numbers is uni-
modal if, for some index m,

ap < a1 £ < 0m 2 Amp1 2
If the sequence is finite with n terms, then it is symmetric if
ar = ap-r for 0<k<n.

A poset A with finite rank sets is symmetric or unimodal whenever the
sequence (|Ax|)k>0 is. m

Our first example of a symmetric, unimodal sequence comes from the
binomial coefficients.

Proposition 5.4.2 For any n, the sequence

n\ [n n
o)\ )\,
is symmetric and unimodal. It follows that the same is true of the Boolean

algebra B,.

Proof. For symmetry we have, from the factorial formula in Exercise 1b of
Chapter 4,

(n . k) T (- k)!(nni mn—k) (n —71:!)1(/@)! - (Z)
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Since the sequence is symmetric, we can prove unimodality by showing that
it increases up to its midpoint. Using the same exercise, we see that for
k<n/2:

(") nlk!(n — k)! k

() ~n!(k—1)!(n—k+1)!:n_k+1<1.-

It will also be useful to talk about unimodal sequences of representations.

Definition 5.4.3 Let V, W be G-modules whose expansions in terms of the
G's irreducibles are V=2 3,0, m;V® and W 2 3", n;V®. Then we write
V<Wifm,<n;foralli>1 n B

Using this partial order, we define a unimodal sequence of modules in the
obvious way.

To get permutation groups into the act, consider a finite graded poset, A.
Let Uy be the up operator of Definition 5.1.13 restricted to CAy. Also, let
X = X}, be the matrix of Uy, in the bases {a : a € Ax} and {b : b € Agy1},
S0

Xop =

1 ifa<b,
0 else.

Finally, let rk X denote the (linear-algebraic) rank of the matrix X.

Lemma 5.4.4 Let G be a group of automorphisms of a finite, graded poset
A.

1. If rk X = |Ag|, then CAp < CAgy1.
2. Ifrk X = IAk+1|/ then CAy > CAgpyg.

Proof. We will prove the first statement, as the second is similar. We claim
that Uy is actually a G-homomorphism. It suffices to show that Ux(ga) =
gUi(a) for g € G and a € Ag. In other words, it suffices to prove that

{b:b>ga}={gc: c>a}

But if b = ga, then letting ¢ = g~1b we have gc = b > ga, so ¢ > a. And if
¢ > a, then b = gc > ga, so the two sets are equal.

Since tk X = |Ag|, we have that Uy is an injective G-homomorphism,
and so CAy is isomorphic to a submodule of CAj.1. Since G is completely
irreducible, the inequality follows. =

Definition 5.4.5 A finite, graded poset A of rank n is ample if

rk X = min{|Ax|, |Ak+1]} for 0<k<n.m
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This is the definition needed to connect unimodality of posets and modules.
We will also be able to tie in the concept of orbit as defined in Exercise 2 of
Chapter 1. If G acts on a finite set S, then the orbit of s € S is

Os={gs : g€ G}.

Also, let
S/G={0s: s S}

Theorem 5.4.6 ([Stn 82]) Let A be a finite, graded poset of rankn. Let G
be a group of automorphisms of A and V' be an irreducible G-module. If A is
unimodal and ample, then the following sequences are unimodal.

(1) CAg,CA;,CA,,...,CA,.

(2) mo(V),mi(V),ma(V),...,mu(V), where mi(V) is the multiplicity of
V in CAg.

(3) 140/Gl;141/Gl,|42/G,. ., |An/G|.

Proof. The fact that the first sequence is unimodal follows immediately from
the definition of ample and Lemma 5.4.4. This implies that the second se-
quence is as well by definition of the partial order on G-modules. Finally, by
Exercise 5b in Chapter 2, (3) is the special case of (2) where one takes V to
be the trivial module. m

In order to apply this theorem to the Boolean algebra, we will need the
following lemma. The proof we give is based on Kantor’s [Kan 72]. Another
is indicated in Exercise 25.

Proposition 5.4.7 The Boolean algebra By, is ample.

Proof. By Proposition 5.4.2 and the fact that X,,_;_; is the transpose of
X}, it suffices to show that rk X = (}) for k < n/2. Let Xg denote the
row of X = X}, indexed by the set S. Suppose, towards a contradiction, that
there is a dependence relation

Xs=) asXs (5.11)
S#5
for certain real numbers ag, not all zero. Let G be the subgroup of S, that

fixes S as a set, i.e.,, G = Sz x Sge, where S° is the complement of S in
{1,2,...,n}. Then G acts on the kth rank

Bn,k déf (Bn)ky

and if g € G, then ¢S = §__and Xgs,g7 = Xsr for all S € By g, T € By ji1.
Also, g permutes the S # S among themselves. So, using (5.11), we obtain

Xsp=Xg.0=Xs,0 =9 asXsgr =) agsXgs4r= Y agsXsr.
S#S S#8 S#8
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It follows that Xz =} s,5aysXs, and summing over all g € G gives

IGIXs =Y a5Xs=> Xs»_ ags. (5.12)

9€G 5£3 S#£8  9€G

By Exercise ba in Chapter 2, the action of G partitions B, x into orbits
O;. Directly from the definitions we see that we can write

O;={S€Bnx : |SNS| =i}, 0<i<k.

So Oy = {8} and L+Jf=—01(9i is the set of all S # S, S € B, x. Because of the
bijection from Exercise 2b in Chapter 1, if S € O;, then as g runs over G,
the sets T' = ¢.5 will run over O; with each set being repeated |G|/|O;| times.
So (5.12) can be rewritten

k

1 -1
Xz = 150>, XsD s
=0

SeO; geG

Ed
—

]
hg

i
o

1
Xsioq 2. ot
Sc0; !’ITeoi

|(;. Z ar ZXS

>
|
o

i
N

=0 TeO; Se0;
k—1

= D b ) Xs
=0 Se€O;

for certain real numbers b;, not all zero (since the sum is a nonzero vector).
Now, for 0 < j < k, choose T} € By, x+1 with |T; N S| = j, which can be done
since (k+1)+k = 2k+1 < n. But then X§’Tj = (. So the previous equation
for Xz gives

k-1
0= b Y Xsz, (5.13)

i=0 SeQ;
which can be viewed as a system of k equations in & unknowns, namely the
b;. Now, if ¢ > j then Xs 7, = 0 for all S € O;. So this system is actually
triangular. Furthermore, if ¢ = j then there is an § € O; with Xg 1, = 1, so
that the system has nonzero coefficients along the diagonal. It follows that
b; = 0 for all 4, the desired contradiction. =

Corollary 5.4.8 Let G < S, act on B, and let V be an irreducible G-
module. Then, keeping the notation in the statement and proof of the previous
proposition, the following sequences are symmetric and unimodal.

(1) mo(V),m1(V),ma(V),...,mn(V), where mg(V') is the multiplicity of
V in (CBn’k.

(2) |Bn,0/Gla |Bn,1/Gl’ IBn,Z/G!’ e IBn,n/G|
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Proof. The fact that the sequences are unimodal follows from Theorem 5.4.6,
and Propositions 5.4.2 and 5.4.7. For symmetry, note that the map f : By,  —
By n—k sending S to its complement induces a G-module isomorphism. =

As an application of this corollary, fix nonnegative integers k,! and con-
sider the partition ({¥), which is just a kx[ rectangle. There is a corresponding
lower order ideal in Young’s lattice

Yie={deY : A< ()}

consisting of all partitions fitting inside the rectangle. We will show that this
poset is symmetric and unimodal. But first we need an appropriate group
action.

Definition 5.4.9 Let G and H be permutation groups acting on sets S and
T, respectively. The wreath product, G H, acts on S x T as follows. The
elements of G ! H are all pairs of the form (g,h), where h € H and g € GITl,
so g =(g: : g+ € G). The action is

(9:h)(s,t) = (ges, ht). (5.14)

It is easy to verify that G ! H is a group and that this is actually a group
action. m

To illustrate, if G = 83 and H = S, acting on {1, 2,3} and {1, 2}, respectively,
then a typical element of Gl H is

(9,h) = (9,(1,2)), where g= (91,92) = ((1’273)7 (1, 2,3)2)'

So an example of the action would be
(99 h)(37 2) = (92(3)1 h(Z)) = (2’ 1)

Now, let
pea(d) ={AFi : AC (")}

Corollary 5.4.10 For fized k,l, the sequence
Pk,1(0), Pr,i (1), Pr,1(2), - -+ 5 PR (KL)
is symmetric and unimodal. So the poset Yy is as well.

Proof. Identify the cells of (I¥) with the elements of {1,2,...,k}x{1,2,...,{}
in the usual way. Then Sk S; has an induced action on subsets of ({¥), which
are partially ordered as in By, (by containment). There is a unique partition
in each orbit, and so the result follows from Corollary 5.4.8, part (2). m
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5.5 Chromatic Symmetric Functions

In this section we will introduce the reader to combinatorial graphs and their
proper colorings. It turns out that one can construct a generating function
for such colorings that is symmetric and so can be studied in the light of
Chapter 4.

Definition 5.5.1 A graph, I, consists of a finite set of vertices V = V(I
and a set E = F(I') of edges, which are unordered pairs of vertices. An edge
connecting vertices u and v will be denoted by uv. In this case we say that u
and v are neighbors. m

As an example, the graph in the following figure has
V ={v1, v2, v3, va} and E = {ey, ey, 3, es} = {v1v2, V103, V2U3, V3V4},

so vy is is a neighbor of v and w3 but not of vs:

U1
€2
€4
€1 VU3 (2
€3
V2

Definition 5.5.2 A coloring of a graph T' from a color set C is a function
k:V — C. The coloring is proper if it satifies

w € E = k(u) # k(). m

So a coloring just assigns a color to each vertex and, it is proper if no
two vertices of the same color are connected by an edge. One coloring of our
graph from the color set C' = {1,2,3} is

k(v1) = k(vz) = k{vg) =1 and k(vs) =2.

It is not proper, since both vertices of edge v1v2 have the same color. The
proper colorings of I" are exactly those where vy, v2, v3 all have distinct colors
and v4 has a color different from that of v3. Perhaps the most famous (and
controversial because of its computer proof by Appel and Haken) theorem
about proper colorings is the Four Color Theorem. It is equivalent to the fact
that one can always color a map with four colors so that adjacent countries
are colored differently.
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Theorem 5.5.3 (Four Color Theorem [A-H 76]) If graph T is planar
(i.e., can be drawn in the plane without edge crossings), then there is a proper
coloring k: V' — {1,2,3,4}. m

Definition 5.5.4 The chromatic polynomial of T is defined to be
Pr = Pr(n) = the number of proper £ : V — {1,2,...,n}. =

The chromatic polynomial provides an interesting tool for studying proper
colorings. Note that Theorem 5.5.3 can be restated: If I' is planar, then
Pr(4) > 1. To compute Pr(n) in our running example, if we color the verticies
in order of increasing subscript, then there are n ways to color v;. This
leaves n — 1 choices for vy, since vivy € F, and n — 2 for v3. Finally, there
are n — 1 colors available for v4, namely any except x(v3). So in this case
Pr(n) = n(n — 1)%(n — 2) is a polynomial in n. This is always true, as
suggested by the terminology, but is not obvious. The interested reader will
find two different proofs in Exercises 28 and 29.

In order to bring symmetric functions into play, one needs to generalize
the chromatic polynomial. This motivates the following definition of Stanley.

Definition 5.5.5 ([Stn 95]) If I" has vertex set V = {v1,...,vq}, then the
chromatic symmetric function of T is defined to be
Xr = XI‘(X) = Z Ti(v1)Tr(vz) """ Lr(va)s
K:V—oP

where the sum is over all proper colorings k with colors from P, the positive
integers. m

It will be convenient to let X" = T (y,)Tr(vy) * " Tr(vg)- 1f We return to our
example, we see that given any four colors we can assign them to V' in 4! = 24
ways. If we have three colors with one specified as being used twice, then it
is not hard to see that there are 4 ways to color I'. Since these are the only
possibilities,

Xr(x) = 24dxix0c314 + 2471202325 + -+ + 4w%z2x3 + 41195%;153 R
= 24m14 + 4m2712.

We next collect a few elementary properties of Xr, including its connection
to the chromatic polynomial.

Proposition 5.5.6 ([Stn 95]) Let ' be any graph with vertex set V.
1. Xr is homogeneous of degree d = |V|.
2. Xr is a symmetric function.
3. Ifwesetxy ==z, =1 and z; =0 fori>n, written x = 1", then

X[‘(ln) = Pp(n).
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Proof. 1. Every monomial in X has a factor for each vertex.

2. Any permutation of the colors of a proper coloring gives another proper
coloring. This means that permuting the subscripts of Xr leaves the function
invariant. And since it is homogeneous of degree d, it is a finite sum of
monomial symmetric functions.

3. With the given specialization, each monomial of Xt becomes either 1
or 0. The surviving monomials are exactly those that use only the first n
colors. So their sum is Pr(n) by definition of the chromatic polynomial as
the number of such colorings. m

Since Xt € A, we can consider its expansion in the various bases intro-
duced in Chapter 4. In order to do so, we must first talk about partitions of
a set S.

Definition 5.5.7 A set partition 3 = By/By/... /B, of S, B+ S, is a col-

lection of subsets, or blocks, Bi,..., B; whose disjoint union is §. The type
of (B is the integer partition
)‘(ﬁ) = (!BIL IB2|5 e [Bl')v

where we assume that the B; are listed in weakly decreasing order of size. m

For example, the partitions of {1,2, 3,4} with two blocks are
1,2,3/4; 1,2,4/3; 1,3,4/2; 2,3,4/1; 1,2/3,4; 1,3/2,4; 1,4/2,3.

The first four are of type (3,1), while the last three are of type (22).
Let us first talk about the expansion of Xt in terms of monomial sym-
metric functions.

Definition 5.5.8 An independent, or stable, set of I' is a subset W C V such
that there is no edge uv with both of its vertices in W. We call a partition
BV independent or stable if all of its blocks are. We let

ix = ix(V) = the number of independent partitions of V of type A. m
Continuing with our example graph, the independent partitions of V are
v1/v2/v3/va; V1, V4/V2/Vs; v2,va/V1/V3 (5.15)

having types (1*) and (2,1?). The fact that these are exactly the partitions
occuring in the previous expansion of Xr into monomial symmetric functions
is no accident. To state the actual result it will be convenient to associate
with a partition A = (1™,...,d™) the integer

def ' 1 1
Yy = M1:Mma:---Myg.

Proposition 5.5.9 ([Stn 95]) The ezpansion of Xt in terms of monomial
symmetric functions is

Xr =) ixyama.
Ad
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Proof. In any proper coloring, the set of all vertices of a given color form
an independent set. So given k : V — P proper, the set of nonempty x~!(i),
i € P, form an independent partition 3+ V. Thus the coefficient of x* in Xp
is just the number of ways to choose § of type A and then assign colors to
the blocks so as to give this monomial. There are i) possiblities for the first
step. Also, colors can be permuted among the blocks of a fixed size without
changing x*, which gives the factor of y for the second. m

To illustrate this result in our example, the list (5.15) of independent
partitions shows that

X[‘ = i(14)y(14)m(14) + i(2712)y(2712)m(2712) =1- 4!m(14) + 2- 2!m<2,12),

which agrees with our previous calculations.

We now turn to the expansion of Xr in terms of the power sum sym-
metric functions. If FF C E is a set of edges, it will be convenient to let F
also stand for the subgraph of T' with vertex set V' and edge set F. Also,
by the components of a graph ' we will mean the topologically connected
components. These components determine a partition G(F) of the vertex set,
whose type will be denoted by A(F). In our usual example, F = {e1,ez}
is a subgraph of I' with two components. The corresponding partitions are
B(F) = v1,v2,v3/vq and A(F) = (3,1).

Theorem 5.5.10 ([Stn 95]) We have

Xr = Z (~1)¥Flpy(p).
FCE

Proof. Let K(F) denote the set of all colorings of I' that are monochro-
matic on the components of F' (which will usually not be proper). If 8(F) =
Bi/.../B, then we can compute the weight generating function for such
colorings as

l

Z X" = H(wllBll + w|23i| + .. ) =p>‘(F)(x),

KEK(F) i=1

Now, for an arbitrary coloring « let E(k) be the set of edges uv of I' such
that both k(u) = k(v). Directly from the definitions, k € K(F) if and only if
E(k) 2 F. So

Z(_I)IFIPA(F) = 2:(—1)“’| Z x*

FCE FCE KEK(F)

Z x" Z (=1)1F1,

all & FCE(x)

But from Exercise le in Chapter 4, the inner sum is 0 unless E(x) = 0, in
which case it is 1. Hence the only surviving terms are those corresponding to
proper colorings. =
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Returning to our running example, we can make the following chart, where
the last line is the number of F/ C I" with |F'| = |F| and MF') = MF)
(including F itself):

F ¢ ey €1,€2 | €1,€4 | €1,€2,€3 | €1,€3,€4
DET 41 | -1 +1 | +1 -1 —1 +1
ARO[ H TG 2] 6 (4) (4)
F’ 1 4 5 1 1 3 1

Plugging this information into Theorem 5.5.10 we get

Xr = pae —4pe,12) +5p@a1) + P22 — PG, — 3P) T D)
P4y — 4P2,12) + 4p3,1) + P2.2) — 2P4)-

The reader can check that this agrees with the earlier expansion in terms of
monomial symmetric functions.

Many other beautiful results about Xr have been derived [Stn 95, Stn ta,
S-S 93, Gas 96, G-S prl, G-S pr2], but there are also a number of open prob-
lems, one of which we would like to state here. A tree, T, is a connected
graph (only one component) that has no cycles, where a cycle is a sequence
of distinct vertices v1,vs, ..., v, with viva, vavs,...,v,,v1 € E(T).

Proposition 5.5.11 A tree T with |V| = d has chromatic polynomial
Pp(n) = n(n — 1)1

Proof. Pick any v € V that can be colored in n ways. Since T" has no cycles,
each of the neighbors v can now be colored in 7 — 1 ways. The same can be
said of the uncolored neighbors of the neighbors of v. Since T is connected,
we will eventually color every vertex this way, yielding the formula for Pr. m

So all trees with d vertices have the same chromatic polynomial. But the
situation appears to be the opposite for X7(x). To make this precise, we say
that graphs I' and Y are isomorphic if there is a bijection f: V(T') — V(7),
called an isomorphism, such that wv € E(T) if and only if f(u)f(v) € E(Y).

Question 5.5.12 ([Stn 95]) Let T and U be trees that are not isomorphic.
Is it true that

Xr(x) # Xp(x)? m

This question has been answered in the affirmative up through |V| = 9.
However, we should note that it is possible to find a pair of nonisomorphic
graphs that have the same chromatic symmetric function [Stn 95]. We hope
that the reader will be enticed to work on this problem and the many others
in the literature surrounding the symmetric group.
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5.6 Exercises

1.

Prove that the poset of partitions under dominance is always a lattice,
but is not graded for n > 7.

Consider the The Fibonacci poset, Z, defined as follows. The elements
of Z are all sequences w of 1’s and 2’s with covering relation w < u if u
is obtained from w by either

Z1 deleting the first 1, or
Z2 picking some 2 preceded only by 2’s in w and changing it to a 1.

(a) Prove that Z is differential.

(b) Show that the number of elements of rank n is the nth Fibonacci
number, defined by Fp = Fy =land F,, = F,_1 + F,,_5 forn > 2.

Consider the poset X of all rooted trees T (See Exercise 18 in Chapter 3)
ordered by inclusion.

(a) Show that X is a graded lattice .

(b) Show that the nth rank has F,, elements (see the previous exercise
for the definition of Fy,).

(c) Show that the saturated (—7 chains are in bijection with the nat-
ural labelings of .

(d) Show that X is not differential, even though (by Exercise 18 in
Chapter 3) the f7 satisfy a sum-of-squares formula.

. Prove Proposition 5.1.14.
. Prove Theorem 5.1.15.

. Let 7 be a positive integer. A poset is r-differential if it satisfies Defi-

nition 5.1.10 with DP2 replaced by the following:

DP2r If a € A covers k elements for some k, then it is covered by k +r
elements.

Prove the following statements about r-differential posets A.

(a) The rank cardinalities |A,| are finite for all n > 0. (So the opera-
tors D and U are well-defined.)

(b) Let A be a graded poset with A, finite for all n > 0. Then A is
r-differential if and only if DU —UD = rl.

(¢) In any r-differential poset
S e =
a€An,

where f° is the number of saturated §-a chains.
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(d) If A is r-differential and B is s-differential, then the product Ax B
is (r + s)-differential. So if A is 1-differential, then the r-fold
product A" is r-differential.

. Provide details for each of the three cases mentioned in Lemma 5.2.2.

. In Theorem 5.2.4, fill in the proofs

(a) of the case k > i,

(b) that Qr = Q().

. Come up with local rules for a growth g/ : C2 — Y such that the

corresponding P, Q. are the tableaux that would be those obtained by
using column insertion in the Robinson-Schensted algorithm.

Use the results of this chapter to prove that P(r~!) = Q(x) and
Q1) = P(m).

Show that LR1-3 are a special case of DLR1-3. What is the corre-
sponding function ¥,7

(a) Prove Lemma 5.2.5.

(b) Show that any growth g : C2 — A with A differential must satisfy
DLRI1.

Prove Lemma 5.2.3 for any g, : C2 — A with A differential.
Fill in the details of Theorem 5.2.6.

Show that if ¢ is an automorphism of a poset A, then g permutes the
chains of any rank-selection Ag.

Prove (2) implies (1) in Theorem 5.3.3.

Let S be a set and let Sy,S5s,...,S, be subsets of S. The set-theoretic
Principle of Inclusion-Exclusion states that

S\ U Sid=181- 3 180+ 3 1sinSl—+ (1" ) Si

1<i<n 1<i<n 1<i<j<n 1<i<n

Prove this in two ways: using a direct argument and by applying The-
orem 5.3.3.

If Ais a poset and a < b in A, then the corresponding (closed) interval
is
[a,b] ={c€e A : a<c<b}

Let Int A be the set of all closed intervals of A. Suppose that each
interval of A is finite. In this case we say that A is locally finite. The
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Mébius function of A is the function p : Int A — Z defined recursively

by
1 ifa =,

w(a,b) = { —Zascd,u(a,c) ifa <b,

where we write u(a,b) for the more cumbersome p([a,b]). We also use
ua(a,b) for u(a,b) if it is necessary to specify the poset.

(5.16)

(a) Show that (5.16) uniquely defines p.
(b) Show that (5.16) is equivalent to

Z N(avc): a,b-

a<c<b

(c) Show that (5.16) is equivalent to

Z ,u'(cvb) = Oa,b-

a<c<b

(d) Posets A, A’ are isomorphic if there is a bijection f: A — A’ such
that f and f~! are both order preserving. Show that if A and A’
are isomorphic and f(a) = a’, f(b) = ¥, then pa(a,b) = pa:(a’,b’).

(e) Prove that p respects poset products in that
paxa((a,a’), (b)) = pala,b)pa(a’,b').
(f) Show that in the n-chain C,, we have
1 if a = b,
wla, by =<¢ -1 ifa<b,
0  otherwise.
(g) Show that B, is isomorphic to the n-fold product CT, and so
1B, (S,T) = (-1)T-1Sl,

(h) Prove the Mobius Inversion Theorem: Given a vector space V, a
locally finite poset A, and two functions f,g : A — V show that

fla)=) g(b) VaeA<=gla)=) uba)f() VaeA

b<a b<a
and
fla)=2 g(b) VaecA<=gla)=) p(ab)f(b) VacA
b>a b>a

(i) Show that the Mdbius Inversion Theorem implies Theorem 5.3.3.
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19. Verify that equation (5.7) defines an action of &, that is an automor-
phism of B,,.
20. Show that equation (5.8) defines an S,-isomorphism.
21. Construct an inverse for the map in Proposition 5.3.6.

22. Permutation m = z1x3...T, has a descent at index ¢ if ; > x;41. The
corresponding descent set is

Desm = {i : 7 is a descent of 7}.

(a) Show that if, by Robinson-Schensted, Q(#) = @, then Desw =

Des Q.
(b) Let A+ n, S = {ni,ng,...,nx}< € {1,2,...,n — 1}, and p =
(n1,m2 —m,...,m—ng). Then

{r €S, : Q(rn)is a \-tableau and Desw C S}| = f K.
(c¢) For the action of S,, on By, decompose

B =y b5 (NS
A

Then
A5\ = |{r €S8, : Q(r) is a A-tableau and Des7 = S}|.

23. Let (ax)k>0 = ao,a1,a2,... be a sequence of positive real numbers.

(a) Show that if the sequence of ratios (ax/ax+1)x>0 is weakly increas-
ing, then the original sequence is unimodal.

(b) Show that if the original sequence is log concave (see Exercise 11
in Chapter 4), then it is unimodal.

24. Prove the second part of Lemma 5.4.4 in two ways: by mimicking the
proof of the first part and as a corollary to the statement of the first
part.

25. Give a different proof of Proposition 5.4.7 as follows. As before, it
suffices to show that rk Xj, = (}) for k < n/2. Let I be the (}) x (})
identity matrix.

(a) Show that
XkX}é = X}é_le_l + ('Il - k)I

Hint: Use the definition of X} to calculate the (S, T) entry on both
sides of the equation, where S, T are subsets of {1,2,...,n} with
k elements.
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(b) Use the previous equation to show that XX} is positive definite,
which implies that rk X = (}).

26. If 0 <k <l <mn,let X =X(k,!) be the matrix with rows (respectively,
columns) indexed by the k-element (respectively, l-element) subsets of
{1,2,...,n} such that

e[ 1 #SCT,
ST =1 0 otherwise.

Note that X; = X(k,k + 1). Show that if k + [ < n, then X(k,[) has
full rank in two ways: by mimicking the proof of Proposition 5.4.7 and
by generalizing the previous exercise. For the latter you will need to
prove the identity

k -2k
X(k, )X (k, 1)t = T VX3, k)X Gy k),
ZZ:; (l -2k + z) ! '

which can be demonstrated using Vandermonde’s convolution from Ex-
ercise 1f in Chapter 4.

27. Verify that G ! H is a group and that equation (5.14) does define an
action for the wreath product.

28. A theorem of Whitney states that

Pr(n) = ¥ (~1)/FlptA@),
FCE

where [(A(F)) is the length of A(F). Prove this using results from the
text. Note that as a corollary we have that Pr(n) is a polynomial in n.

29. (a) Given an edge e = uv € E(T"), let T\ e be the graph obtained
by deleting e from I'. Also let I'/e be the graph obtained by
contracting e to a point. So in I'/e, v and v merge into a new
vertex z, and any edge wu or wv in I' becomes an edge wz in T'/e.
(If both wu and wv exist, then they merge into a single edge wz.)
Prove the Deletion-Contraction Law, which states that

Pr = Pr\e — Prye-
Use this recursion to prove the following facts about Pr by induc-
tion on the number of edges:
(b) Pr is a polynomial in n.
(c) deg Pr =|V]|.
(d) The coefficients of Pr alternate in sign with leading coefficient 1.

(e) If T has k components, then the smallest power of n in Pr with

nonzero coefficient is n*.
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Greene-Nijenhuis-Wilf algorithm, 137

Group
action, see Action
algebra, 8
character, 30
cyclic, 5
dihedral, 51
general linear, 4, 6
symmetric, 1

INDEX

Growth, 197

Haiman, M. D., 117
Hasse diagram, 58

normal, 112

skew, 112
Hillman-Grassl algorithm, 148-150
Homogeneous of degree n, 151
Homomorphism, 18

corresponding to a tableau, 80
Hook, 124

arm, 125

formula, 124

leg, 125

rim or skew, 180

rooted tree, 138

shifted, 139

tableau, 126
Hooklength, 124
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Boolean algebra, 58, 192
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product, 197
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symmetric, 208
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Proper coloring, 213
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Reciprocity law of Frobenius, 48
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complete, 17
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Representation, 4
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induced, 45
irreducible, 12
matrix, 4
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permutation, 8
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restricted, 45
sign, 5, 11, 19
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Young’s natural, 74
Restricted representation, 45
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Roby, T. W., 197
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Row-stabilizer, 60
Rule
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Littlewood-Richardson, 177, 183
local, 199
Murnaghan-Nakayama, 180
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basis, 82
Young tableau, 81
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unimodal, 208
Set partition, 215
block, 215
independent, 215
stable, 215
type, 215
Shadow, 107
diagram, 108
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z-coordinate, 108
y-coordinate, 108
Shape, 54
rooted tree, 138
shifted, 139
skew, 112
Shifted
hook, 139
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Sign
of a permutation, 4
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representation, 5, 11, 19
Sign lemma, 64
Skeleton, 110
Skew
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hook, 180
Skew-symmetric functions, 163
Slide, 113
modified backward, 128
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Specht module, 62
Stable
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Step
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northward, 129, 158
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Strict partition, 139
Submodule, 10

theorem, 65
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decreasing, 97
increasing, 97
k-decreasing, 103
k-increasing, 103
length, 98

Superstandard tableau, 157
Symmetric

group, 1
poset, 208
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Symmetric function

Tabl

chromatic, 214
complete homogeneous, 152, 154
elementary, 152, 154
grading, 152
monomial, 151
multiplicative, 154
power sum, 152, 154
ring of, 151
Schur, 155
skew, 175

eau, 55
antidiagonal strip, 113
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content, 78
delta operator, 121
descent, 206
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lemma, 82
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dual equivalence, 117



INDEX

equivalent, 114
evacuation, 122
Garnir element, 71
generalized, 78
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row descent, 70
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Theorem
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Total order, 58
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Tree, 217
Type
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set partition, 215
tableau, 78

Unimodal
module sequence, 209
poset, 208
sequence, 208

Union of tableaux, 120

Up operator
in a differential poset, 196
in Young’s lattice, 193

Vandermonde
convolution, 186
determinant, 164
Vector space, 6
direct sum, 13
orthogonal complement, 15
tensor product, 26
Viennot, G., 106

Weakly
east, 129
north, 129
south, 129
west, 129
Weight, 145
generating function, 145
of lattice paths, 159-160
tableau, 155
West, 129
step, 129, 158
Weyl algebra, 197
Wreath product, 212

Young, 54
lattice, 192
down operator, 193
up operator, 193
natural representation, 74
polytabloid, 61

rule, 85, 174
subgroup, 54
tableau

generalized, 78
of shape A, 55
semistandard, 81
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