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Preface

This book grew out of a set of notes for a series of lectures I orginally gave at
the Center for Communications Research and then at Princeton University. The
motivation was to try to understand the basic facts about algebraic curves without
the modern prerequisite machinery of algebraic geometry. Of course, one might
well ask if this is a good thing to do. There is no clear answer to this question. In
short, we are trading off easier access to the facts against a loss of generality and
an impaired understanding of some fundamental ideas. Whether or not this is a
useful tradeoff is something you will have to decide for yourself.

One of my objectives was to make the exposition as self-contained as possible.
Given the choice between a reference and a proof, I usually chose the latter. Al-
though I worked out many of these arguments myself, I think I can confidently
predict that few, if any, of them are novel. I also made an effort to cover some
topics that seem to have been somewhat neglected in the expository literature.
Among these are Tate’s theory of residues, higher derivatives and Weierstrass
points in characteristic p, and inseparable residue field extensions. For the treat-
ment of Weierstrass points, as well as a key argument in the proof of the Riemann
Hypothesis for finite fields, I followed the fundamental paper by Stéhr—Voloch
(19]. In addition to this important source, I often relied on the excellent book by
Stichtenoth [17].

It is a pleasure to acknowledge the excellent mathematical environment pro-
vided by the Center for Communications Research in which this book was written.
In particular, I would like to thank my colleagues Toni Bluher, Brad Brock, Ev-
erett Howe, Bruce Jordan, Allan Keeton, David Lieberman, Victor Miller, David
Zelinsky, and Mike Zieve for lots of encouragement, many helpful discussions,
and many useful pointers to the literature.
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Introduction

What Is a Projective Curve?

Classically, a projective curve is just the set of all solutions to an irreducible
homogeneous polynomial equation f(X;,X;,X,) = 0 in three variables over the
complex numbers, modulo the equivalence relation given by scalar multiplication.
It is very safe to say, however, that this answer is deceptively simple, and in fact
lies at the tip of an enormous mathematical iceberg.

The size of the iceberg is due to the fact that the subject lies at the intersection
of three major fields of mathematics: algebra, analysis, and geometry. The origins
of the theory of curves lie in the nineteenth century work on complex function
theory by Riemann, Abel, and Jacobi. Indeed, in some sense the theory of pro-
jective curves over the complex numbers is equivalent to the theory of compact
Riemann surfaces, and one could learn a fair amount about Riemann surfaces by
specializing results in this book, which are by and large valid over an arbitrary
ground field k, to the case k = C. To do so, however, would be a big mistake
for two reasons. First, some of our results, which are obtained with considerable
difficulty over a general field, are much more transparent and intuitive in the com-
plex case. Second, the topological structure of complex curves and their beautiful
relationship to complex function theory are very important parts of the subject
that do not seem to generalize to arbitrary ground fields. The complex case in fact
deserves a book all to itself, and indeed there are many such, e.g. [15].

The generalization to arbitrary gound fields is a twentieth century development,
pioneered by the German school of Hasse, Schmidt, and Deuring in the 1920s and
1930s. A significant impetus for this work was provided by the development of
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algebraic number theory in the early part of the century, for it turns out that there
is a very close analogy between algebraic function fields and algebraic number
fields.

The results of the German school set the stage for the development of algebraic
geometry over arbitrary fields, but were in large part limited to the special case
of curves. Even in that case, there were serious difficulties. For example, Hasse
was able to prove the Riemann hypothesis only for elliptic curves. The proof for
curves of higher genus came from Weil and motivated his breakthrough work on
abstract varieties. This in turn led to the “great leap forward” by the French school
of Serre, Grothendiek, Deligne, and others to the theory of schemes in the 1950s
and 1960s.

The flowering of algebraic geometry in the second half of the century has, to a
large extent, subsumed the theory of algebraic curves. This development has been
something of a two-edged sword, however. On the one hand, many of the results
on curves can be seen as special cases of more general facts about schemes. This
provides the usual benefits of a unified and in some cases a simplified treatment,
together with some further insight into what is going on. In addition, there are
some important facts about curves that, at least with the present state of knowl-
edge, can only be understood with the more powerful tools of algebraic geometry.
For example, there are important properties of the Jacobian of a curve that arise
from its structure as an algebraic group.

On the other hand, the full-blown treatment requires the student to first master
the considerable machinery of sheaves, schemes, and cohomology, with the result
that the subject becomes less accessible to the nonspecialist. Indeed, the older
algebraic development of Hasse et al. has seen something of a revival in recent
years, due in part to the emergence of some applications in other fields of math-
ematics such as cryptology and coding theory. This approach, which is the one
followed in this book, treats the function field of the curve as the basic object of
study.

In fact, one can go a long way by restricting attention entirely to the func-
tion field (see, e.g., [17]), because the theory of function fields turns out to be
equivalent to the theory of nonsingular projective curves. However, this is rather
restrictive because many important examples of projective curves have singular-
ities. A feature of this book is that we go beyond the nonsingular case and study
projective curves in general, in effect viewing them as images of nonsingular
curves.

What Is an Algebraic Function?

For our purposes, an algebraic function field X is a field that has transcendence de-
gree one over some base field k, and is also finitely generated over k. Equivalently,
K is a finite extension of k(x) for some transcendental element x € K. Examples of
such fields abound. They can be constructed via elementary field theory by sim-
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ply adjoining to k(x) roots of irreducible polynomials with coefficients in k(x). In
addition, however, we will always assume that k is the full field of constants of X,
that is, that every element of X that is algebraic over £ is already in k.

When k is algebraically closed, there is another more geometric way to con-
struct such fields, which is more closely related to the subject of this book. Let
IP? be the set of lines through the origin in complex 3-space, and let ¥ C P? be a
projective curve as described above. That is, V' is the set of zeros of a complex, ir-
reducible, homogenous polynomial f(X;,X;,X;) modulo scalar equivalence. We
observe that a quotient of two homogeneous polynomials of the same degree de-
fines a complex-valued function at all points of P> where the denominator does
not vanish. If the denominator does not vanish identically on ¥, it turns out that
restricting this function to ¥ defines a complex-valued function at all but a fi-
nite number of points of V. The set of all such functions defines a subfield C(V),
which is called the function field of V.

Of course, there is nothing magical about the complex numbers in this dxscus-
sion — any algebraically closed field k will do just as well. In fact, every finitely
generated extension X of an algebraically closed field k of transcendence degree
one arises in this way as the function field of a projective nonsingular curve ¥
defined over k which, with suitable definitions, is unique up to isomorphism. This
explains why we call such fields “function fields”, at least in the case when k is
algebraically closed.

What Is in This Book?

Here is a brief outline of the book, with only sketchy definitions and of course no
proofs.

It turns out that for aimost all points P of an algebraic curve V, the order of
vanishing of a function at P defines a discrete k-valuation v, on the function field
K of V. The valuation ring & defined by v, has a unique maximal ideal /p,
which, because v, is discrete, is a principal ideal. A generator for /, is called a
local parameter at P. It is convenient to identify I, with P. Indeed, for the first
three chapters of the book, we forget all about the curve ¥ and its points and focus
attention instead on the set P, of k-valuation ideals of K, which we call the set of
prime divisors of K. A basic fact about function fields is that all k-valuations are
discrete.

A divisor on the function field X is an element of the free abelian group Div(K)
generated by the prime divisors. There is a map deg : Div(K) — Z defined by
deg(P) = |Op /P : k| for every prime divisor P. For x € K, it is fundamental that

the divisor
(=Y vpx)P
P

has degree zero, and of course that the sum is finite. In other words, every function
has the same (finite) number of poles and zeros, counting multiplicities. Divisors
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of the form [x] for some x € K are called principal divisors and form a subgroup
of Div(K).

A basic problem in the subject is to construct a function with a given set of
poles and zeros. Towards this end, we denote by < the obvious partial order on
Div(K), and we define for any divisor D,

L(D):={xeK|[x] > -D}.

So for example if S is a set of distinct prime divisors and D is its sum, L(D) is the
set of all functions whose poles lie in the set S and are simple.

It is elementary that L(D) is a k-subspace of dimension at most deg(D) + 1.
The fundamental theorem of Riemann asserts the existence of an integer g, such
that for all divisors D of sufficiently large degree, we have

®) dim (L(D)) = deg(D) - gx + 1.

The integer gy is the genus of K. In the complex case, this number has a
topological interpretation as the number of holes in the corresponding Riemann
surface. A refinement of Riemann’s theorem due to Roch identifies the error term
in (x) for divisors of small degree and shows that the formula holds for all divisors
of degree at least 2g — 1.

Our proof of the Riemann-Roch theorem is due to Weil [23], and involves
the expansion of a function in a formal Laurent series at each prime divisor. In
the complex case, these series have a positive radius of convergence and can be
integrated. In the general case, there is no notion of convergence or integration.
It is an amazing fact, nevertheless, that a satisfactory theory of differential forms
exists in general. Although they are not functions, differential forms have poles
and zeros and therefore divisors, which are called canonical divisors. Not only
that, they have residues that sum to zero, just as in the complex case. Our treatment
of the residue theorem follows Tate [20}].

There are also higher derivatives, called Hasse derivatives, which present some
technical difficulties in positive characteristic due to potential division by zero.
This topic seems to have been somewhat neglected in the literature on function
fields. Our approach is based on Hensel’s lemma. Using the Hasse derivatives, we
prove the analogue of Taylor’s theorem for formal power series expansion of a
function in powers of a local parameter. This material is essential later on when
we study Weierstrass points of projective maps.

Thus far, the only assumption required on the ground field & is that it be the
full field of constants of K. If k is perfect (e.g. of characteristic zero, finite, or
algebraically closed), this assumption suffices for the remainder of the book. For
imperfect ground fields, however, technical difficulties can arise at this point, and
we must strengthen our assumptions to ensure that ¥’ ®, K remains a field for
every finite extension k' /k. Then the space £ of differential forms on K has the
structure of a (one-dimensional!) K-vector space, which means that all canonical
divisars are congruent modulo principal divisors, and thus have the same degree
(which turns out to be 2g — 2).
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Given a finite, separable extension K’ of K, there is a natural map
K'®xQp — Qp,

which is actually an isomorphism. This allows us to compare the divisor of
a differential form on K with the divisor of its image in K’, and leads to the
Riemann-Hurwitz formula for the genus:

|K' K|

Here, the divisor ,, /K is the different, an important invariant of the extension,

and ¥’ is the relative algebraic closure of k in K’. The different, a familiar object
in algebraic number fields, plays a similar key role in function fields. The formula
has many applications, e.g., in the hyperelliptic case, where we have K = k(x) and
K :K|=

At this point, further technical difficulties can arise for general ground fields of
finite characteristic, and to ensure, for example, that Z,, /K > 0, we must make
the additional technical assumption that all prime divisors are nonsingular. For-
tunately, it turns out that this condition is always satisfied in some finite (purely
inseparable!) scalar extension of K.

When £ is not algebraically closed, the question of whether K has any prime
divisors of degree one (which we call points) is interesting. There is a beautiful
answer for k finite of order g, first proved for genus one by Hasse and in general
by Weil. Let ay(n) denote the number of nonnegative divisors of K of degree n,
and put

—(2gg 2)+deg9x,/x

Zy(t) = i} ag(n)t"

Note that ay (1) is the number of points of K. Following Stor—Voloch [19] and
Bombieri [2], we prove that

70 = iy L0 -0,

where || = ,/g. This leads directly to the so-called “Weil bound” for the number
of points of X:

lag(1) -9 -1 <284

Turning our attention now to projective curves, we assume that the ground field
k is algebraically closed, and we define a closed subset of projective space to be
the set of all zeros of a (finite) set of homogeneous polynomials. A projective va-
riety is an irreducible closed set (i.e., not the union of two proper closed subsets),
and a projective curve is a projective variety whose field of rational functions has
transcendence degree one.
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Given a projective curve ¥ C P", we obtain its function field K by restricting
rational functions on P” to V. To recover V from X, let X, ..., X, be the coordi-
nates of P” with notation chosen so that X;, does not vanish on V. Then the rational
functions ¢; := X;/X,, (i =1,...,n) are defined on V. Given a point P of K, we
let ep = —min,{vp(¢;)} and put

O(P) := (1o (P) : t°P @, (P) : - : P §u(P)) € P,

where ¢ is a local parameter at P. It is not hard to see that the image of ¢ is V.
In fact, any finite dimensional k-subspace L C K defines a map ¢, to projective
space in this way whose image is a projective curve.

The map ¢ is always surjective. But when is it injective? This question leads
us to the notion of singularities. Let ¢ (P) = a € P*, and let &, be the subring of
K consisting of all fractions f/g where f and g are homogeneous polynomials of
the same degree and g(a) # 0. We say that ¢ is nonsingular at P if 0, = Op. This
is equivalent to the familiar condition that the matrix of partial derivatives of the
coordinate functions be of maximal rank.

An everywhere nonsingular projective map is called a projective embedding. It
turns out that ¢L( D) is an embedding for any divisor D of degree at least 2g + 1.
Another interesting case is the canonical map ¢L( D) where D is a canonical divisor.
The canonical map is an embedding unless X is hyperelliptic.

The study of singularities is particularly relevant for plane curves. We prove
that a nonsingular plane curve of degree d has genus (d — 1)(d — 2)/2, so there
are many function fields for which every map to P? is singular, e.g. any function
field of genus 2. In fact, for a plane curve of degree d and genus g, we obtain the
formula

& 2 2%

where for each singularity Q, 6(Q) is a positive integer determined by the local
behavior of V at Q.

All of the facts discussed above, and many more besides, are proved in this
book. We have tried hard to make the treatment as self-contained as possible. To
this end, we have also included an appendix on elementary field theory.

Finally, there is a website for the book located at http.//www.functionfields.org.
There you will find the latest errata, a discussion forum, and perhaps answers to
some selected exercises.



1
Background

This chapter contains some preliminary definitions and results needed in the se-
quel. Many of these results are quite elementary and well known, but in the
self-contained spirit of the book, we have provided proofs rather than references.
In this book the word “ring” means “commutative ring with identity,” unless
otherwise explicitly stated.

1.1 Valuations

Let K be a field. We say that an integral domain & C K is a valuation ring of K if
0 # K and for every x € K, either x or x! lies in &. In particular, X is the field
of fractions of &. Thus, we call an integral domain £ a valuation ring if it is a
valuation ring of its field of fractions.

Given a valuation ring & of X, let V = K* /0> where for any ring R, R* de-
notes the group of units of R. The valuation afforded by & is the natural map
v : K* — V. Although it seems natural to write V multiplicatively, we will fol-
low convention and write it additively. We call V the group of values of &. By
convention, we extend v to all of K by defining v(0) = eo.

For elements a0 ,b6* of V, define a0* < bO* ifa~'b € £, and put v < o
for all v € V. Then it is easy to check that the relation < is well defined, converts
V to a totally ordered group, and that

(1.1.1) v(a+b) > min{v(a),v(b)}
for alla,b € K*.



2 1. Background

Let P:= {x € 0| v(x) > 0}. Then P is the set of nonunits of &. From (1.1.1),
it follows that P is an ideal, and hence the unique maximal ideal of &. If v(a) >
v(b), then ab™! € P, whence v(1+ab~') = 0 and therefore v(a+b) = v(b). To
summarize:

Lemma 1.1.2. If O is a valuation ring with valuation v, then O has a unique
maximal ideal P = {x € O | v(x) >0} and (1.1.1) is an equality unless, perhaps,
v(a) = v(b). O

Given a valuation ring & of a field X, the natural map K* — K* /0> defines a
valuation. Conversely, given a nontrivial homomorphism v from K> into a totally
ordered additive group G satisifying v(a + b) > min{v(a), v(b)}, we put O, :=
{x € K* | v(x) > 0} U {0}. Then it is easy to check that £, is a valuation ring
of K and that v induces an order-preserving isomorphism from K* /£ onto its
image. Normally, we will identify these two groups. Note, however, that some
care needs to be taken here. If, for example, we replace v by nv : K* — G for any
positive integer n, we get the same valuation of K.

We let P, := {x € K | v(x) > 0} be the maximal ideal of &, and F, := 0, /P,
be the residue field of v. If K contains a subfield &, we say that v is a k-valuation
of K if v(x) = 0 for all x € k*. In this case, F, is an extension of k. Indeed, in the,
case of interest to us, this extension turns out to be finite. However, there is some
subtlety here because the residue fields do not come equipped with any particular
fixed embedding into some algebraic closure of k, except in the (important) special
case F, =k.

Our first main result on valuations is the extension theorem, but first we need a
few preliminaries.

Lemma 1.1.3. Let R be a subring of a ring S and let x € S. Then the following
conditions are equivalent:

1. x satisfies a monic polynomial with coefficients in R,
2. R[x] is a finitely generated R-module,
3. xlies in a subring that is a finitely generated R-submodule.

Proof. The implications (1) = (2) = (3) are clear. To prove (3) = (1), let
{x,,...,%:} be a set of R-module generators for a subring S, containing x, then
there are elements a;; € R such that

n
xx; = Zai.x. for1 <i<n.

Multiplying the matrix (8, % —a;;) by its transposed matrix of cofactors, we obtain
fx)x;=0 forall j,

where f(X) is the monic polynomial det(5;; X —a;;) and §;; is the Kronecker
symbol. We conclude that f(x)S, = 0, and since 1 € S, that f(x) =0. a
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Givenrings R C S and x € §, we say that x is integral over R if any of the above
conditions is satisfied. We say that S is integral over R if every element of S is
integral over R. If R[x] and R[y] are finitely generated R-modules with generators
{x;} and {y;} respectively, it is easy to see that R[x,y] is generated by {x;y;}. Then
using (1.1.3) it is straightforward that the sum and product of integral elements
is again integral, so the set R of all elements of S integral over R is a subring.
Furthermore, if x € S satisfies

n—1
X+ Z a,-xi =0
i=0

with a; € R, then x is integral over R := R{ay,...,a,_,], which is a finitely gener-
ated R-module by induction on n. If {b,,...,b,} is a set of R-module generators
for Ry, then {b,x/ | 1 <i<m, 0 < j < n} generates R[x] as an R-module, and we
have proved

Corollary 1.1.4. The set of all elements of S integral over R forms a subring R,
and any element of S integral over R is already in R. 0

The ring R is called the integral closure of R in S. If R = R, we say that R is
integrally closed in S. If S is otherwise unspecified, we take it to be the field of
fractions of R.

Recall that a ring R is called a local ring if it has an ideal M such that every
element of R\ M is a unit. Then M is evidently the unique maximal ideal of R,
and conversely, a ring with a unique maximal ideal is local. If R is any integral
domain with a prime ideal P, the localization Rp of R at P is the (local) subring
of the field of fractions consisting of all x/y with y ¢ P.

Lemma 1.1.5 (Nakayama’s Lemma). Let R be a local ring with maximal ideal
P and let M be a nonzero finitely generated R-module. Then PM C M.

Proof. LetM = Rm, + -+ Rm,, where n is minimal, and put M, := Rm, +--- +
Rm,. Then M, is a proper submodule. If M = PM, we can write

n
m = Za.-'n.-
i=1

with a@; € P, but 1 — g, is a unit since R is a local ring, and we obtain the
contradiction

n
m; = (1 -—al)‘l Zaim,- € M,.
i=2
0

Theorem 1.1.6 (Valuation Extension Theorem). Let R be a subring of a field K
and let P be a nonzero prime ideal of R. Then there exists a valuation ring 0 of K
with maximal ideal M such that RC 6 C K and MNR=P.
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Proof. Consider the set of pairs (R',P’) where R is a subring of K and
P’ is a prime ideal of R'. We say that (R",P") extends (R',P’) and write
(R',P") > (R,P) if R" 2 R and P"NR' = P'. This relation is a partial order.
By Zor'’s lemma, there is a maximal extension (&, M) of (R, P).

We first observe that M # 0, so € # K. Furthermore, after verifying that M =
MO, N O we have (0,,,M0,,) > (0,M). By our maximal choice of (&,M)
we conclude that & is a local ring with maximal ideal M. Now let x € K. If M
generates a proper ideal M, of £[x~!), then (O[x~],M,) > (O,M) because M
is a maximal ideal of &, and the maximality of (&,M) implies that x~! € &.
Otherwise, there exists an integer n and elements a; € M such that

n
(*) 1= Za,-x"’.
i=0
Since 0 is a local ring, 1 — a;, is a unit. Dividing (x) by (1 —a,)x™", we find that
x is integral over &. In particular, O[x] is a finitely generited £-module. Now the
maximality of (£',M) and (1.1.5) imply thatx € 0. O

Corollary 1.1.7. Suppose that k C K are fields and x € K. If x is transcendental
over k, there exists a k-valuation v of K with v(x) > 0. If x is algebraic over k,
v(x) =0 for all k-valuations v.

Proof. If x is transcendental over k, apply (1.1.6) with & :=k|x] and P := (x) to
obtain a k-valuation v with v(x) > 0. Conversely, if

n .
Yax=0
i=0
with a; € k and a, # 0, and if V is a k-valuation, then we have
v(anx*) =nv(x) = V(Zaixi).
i<n
If v(x) were nonzero, the right-hand side would be a sum of terms each of differ-

ent value, and we would have nv(x) = iv(x) for some i by repeated application of
(1.1.2), which is impossible. Hence, v(x) = 0 as required. O

Corollary 1.1.8. Let R be a subring of a field K. Then the intersection of all
valuation rings of K containing R is the integral closure of R in K.

Proof. If x € K satisfies a monic polynomial of degree n over R and Vv is a
valuation of K that is nonnegative on R, then there are r; € R such that

=0 0<i<n

nv(x)=v(x")=v (nil r,.x‘) > min iv(x),

from which it follows that v(x) > 0. This shows that the integral closure is
contained in the intersection.
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To obtain equality, suppose that x € R[x™!]. Then there are r; € R such that

n
x= Z rx”,
i=0
and multiplying through by x" we see that x is integral over R. If, therefore, x is
not integral over R, there is a maximal ideal P of R[x!] containing x~! and then
by (1.1.6) there is a valuation of K that is positive at x~! and hence negative at
X. 0

Lemma 1.1.9. Let € be a valuation ring. Then finitely generated torsion-free
O-modules are free. In particular, finitely generated ideals are principal.

Proof. Let P be a torsion-free £-module with generating set {m,,...,m,}. Sup-
posing there to be a relation ¥,a;m; = 0 where not all a; are zero, we may
choose notation so that v(a,) = min{v(g;) | a; # 0}. Put b, := a,/a, € 0. Then
my = — 3, ., b;m;, which implies that P is generated by {m,,...,m,_, }. The result
follows by an obvious induction argument. O

We now specialize to the case of a valuation whose group of values is infinite
cyclic. Such a valuation v is called a discrete valuation and its valuation ring
0, is called a discrete valuation ring. We usually identify the value group of a
discrete valuation with the integers. Any element of &, of value 1 is called a
local parameter at v (or sometimes a local parameter at P, ). Equivalently, a local
parameter is just a generator for P,.

Lemma 1.1.10. Let t be an element of a subring O of a field K. Then O is a
discrete valuation ring of K with local parameter t if and only if every element
x € K can be written x = ut' for some unitu € 0.

Proof. If every element of X is of the form ut’, put 6 := {ur' € K|i >0} C 0. 1t
is obvious that &}, is both a valuation ring of K and a maximal subring of X, and
that K> /O is infinite cyclic. We conclude that & = 6 is a discrete valuation
ring of K with local parameter 1.

Conversely, if 0 is a discrete valuation ring of K with local parameter ¢ afford-
ing the valuation v, letx € K and let i := v(x). Then v(x!#/) =0, so x~ ¥’ = u is
a unit. g

The following corollary is immediate.

Corollary 1.1.11. Let € be a discrete valuation ring of K. Then O is a maximal
subring of K, and if t is a local parameter, every ideal of O is generated by a
power of t. O

The next result is a special case of the fundamental structure theorem for finitely
generated modules over a principal ideal domain, but since this case is somewhat
simpler than the general case, we outline a proof here.
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Theorem 1.1.12 (Smith Normal Form). Let & be a discrete valuation ring with
local parameter t and let A be a matrix with entries in 0. Then there exist matrices
U, V with entries in O and unit determinant, and nonnegative integers

e Le < Ley,
such that UAV has (i,i)-entry equal to t% for 1 < i < r and all other entries zero.

Proof. If A =0, there is nothing to prove. Otherwise, multiplying by permuta-
tion matrices as necessary, we may assume that e, := v(a,,) < v(a,.j) for all i, j.
Multiplying row 1 by a unit, we may assume that a;, = t°1.

Next, using elementary row and column operations as necessary, we can as-
sume that a,; = a;; = 0 for i, j > 2. Now apply induction to the submatrix of A
obtained by deleting the first row and column, and the result follows. 0

Corollary 1.1.13. Let 0 be a discrete valuation ring with local parameter t, let
M be a free O-module of finite rank, and let N C M be a nonzero submodule. Then
N is free, and there exists a basis {x,,...,x,} for M, a positive integer r < n, and
nonnegative integers e, < e, < --- < e, such that {r 1x),12x,,. .. ,1°x, } is a basis
JorN.

Proof. We first argue by induction on the rank of M that N is finitely generated.
If M has rank one, this follows from (1.1.11). If M has rank n > 1, let M, be a free
submodule of rank n— 1. Then NN M, and N/(N NM,,) are finitely generated by
induction, whence N is finitely generated.

Next, choose any basis for M, and any finite set of generators for N. Let A
be the matrix whose columns are the generators for N expressed with respect
to the chosen basis for M. Apply (1.1.12). The matrix U defines a new basis
{x},--+,%a} for M, and the matrix V defines a new set of generators for N, namely
{t1x,t%2x,,...,t°x,}. It is evident that there are no nontrivial &-linear relations
among the #“ix;, and thus they are a basis for N. ()

Here is the standard example of a discrete valuation. Let R be a unique fac-
torization domain, and let p € R be a prime element. For x € R, write x = p°x,
where p { x, and put v, (x) = e. Extend v, to the field of fractions by v,(x/y) =
Vp(x) = Vp(y). It is immediate that &, is just the local ring R, Wecall v, the p-
adic valuation of R. In particular, it turns out that for the field of rational functions
in one variable, essentially all valuations are p-adic.

Theorem 1.1.14. Let v be a valuation of K := k(X ). Then either v = v), for some
irreducible polynomial p € k[X), or v(f(X)/g(X)) = deg(g) — deg(f), where f
and g are any polynomials.

Proof. If v(X) > 0, then k[X] C O, and P,Nk[X] is a prime ideal (p) for some
irreducible polynomial p. This implies that the localization k[X] ) lies in &,. But
by the above discussion, k[X ]( ) is a discrete valuation ring of k(X). By (1.1.10),
k[X], ) is a maximal subring of k(X), so v = v,. Note that v,(X ~1) = 0 unless
(p) = (X). Thus, if v(X) < 0, we replace X by X!, repeat the above argument,
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and conclude that 6, = k[X“}(x_,). In particular, v(X) = —1, whence v(f) =
—deg(f) for any polynomial f € k[X] by (1.1.2). 0O

Given such a nice result for k(X), we might wonder what can be said about
k(X,Y). Unfortunately, once we enter the world of higher dimensions, the
landscape turns very bleak indeed. See Exercise (1.1).

We now turn to our second main result on valuations, the weak approximation
theorem. In order to understand this terminology, several remarks are in order.
Given a discrete valuation v on a field K, choose any convenient real number
b > 1 and define |x|, := b=Y®) for all x € K. Then it is straightforward to verify
that |x|, defines a norm on K, with the strong triangle inequality:

[x+yly < max(jxly, [ylv).

Hence the statement v(x —y) >> 0 may be thought of as saying that x and y are
very close to each other. We will pursue this idea more fully in the next section.

Lemma 1.1.15. Let {v,,...,Va} be a set of distinct discrete valuations of a field
K, and let m be a positive integer. Then there exists e € K such that v\(e—1) > m
and v,(e) > mfori> 1.

Proof. We first find an element x € K such that v, (x) > 0 and v,(x) < 0 fori > 1.
Namely, if n =2, we choose x; € 0",‘, \ ﬁv}—-i for i = 1,2. This is possible since O,
is a maximal subring of K by (1.1.10). Then x := x, /x, has the required properties.
For n > 2, we may assume by induction that x’ has been chosen with v, (x') >0
and v,(x') < 0 for 1 <i < n. If v,(¥') < 0, we put x := x'. Otherwise, choose y
with v, (y) > 0 and V,(y) < 0, then we can find a suitably large positive integer
r such that v;(y") # v,(x') for any i. Now (1.1.2) implies that x := x’ +y" has the
required properties.

Finally, we observe that v, (x™) > m, v,(1+x™) =0, and v;(1+x™) = v;(x™) <
—m. It follows that the conclusions of the lemma are satisfied with

1

©E T
Theorem 1.1.16 (Weak Approximation Theorem). Suppose that v, ...,v, are
distinct discrete valuations of afield K, m,...,m, are integers, and x,, ... ,x, € K.

Then there exists x € K such that v(x —x;) =m; for1 <i<n.

Proof. Choose elements a; € K such that v,(a;) = m, for all i, and let m, :=
max; m;. Now choose an integer M such that

M+n;.l,ijn{vi(xj)’vi(aj)} 2 my.

By (1.1.15) there are elements e; € K such that v,(e; — §,;) > M for 1 <i,j <n,

where &, j 18 the Kronecker delta. Puty:= Y, i€ Then for all i we have

viy-x)=v, (Z(ei - 5,-j)xj) > M+mjin V,-(xj) >my.
j
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Put z := 3,e;a;. Then as above we have v,(z —a;) > m,, and hence v,(z) =
V,(z—a; +a;) = m, for all i. The result now follows with x :=y+z. a

Our first application of (1.1.16) is to determine the structure of the intersection
of a finite number of discrete valuation rings of K. So for any finite set ¥ of
discrete valuations of a field K, and any function m : ¥ — Z, define

K(¥im)={xeK|v(x)>m(v)foralve ¥)}.

Corollary 1.1.17. Suppose that K is a field, ¥ is a finite set of discrete val-
uations of K, and that every valuation ring of K containing 0, := K(¥;0) is
discrete. Then O, is a principal ideal domain and 1 C O, is a nonzero ideal if
and only if I = K(¥;m) for some nonnegative function m uniquely determined
by I. Moreover, 0, [K(¥ ;m) has an O, -composition series consisting of exactly
m(V) composition factors isomorphic to F, (as O, -modules) for each v € V.

Proof. From the definitions it is obvious that &, is a ring, that K(¥;m) is an
0 -module for all m, and that K(¥;m) C K(¥;m') for m — m' nonnegative. In
particular, K(¥';m) is an ideal of &, for m nonnegative.

Conversely, let 0 # I C &, be an ideal, and for each v € ¥ put

m(v) = r;g;l v(x).

By (1.1.16) there exists x, € K with v(x,,) =m(v) forallv € ¥. Then x,, € 0,
and x;!I is an ideal of 0, that is not contained in P, for any v € ¥ If, by way
of contradiction, x;‘l G 0y, then (1.1.6) yields a valuation ring ﬁv, containing
0y with x;'1 C P,,. Thus, v/ € ¥, but by hypothesis V' is discrete. Now (1.1.16)
yields an element y € &, with V/(y) < 0, a contradiction. We conclude that x,;' I =
0y, ie., 1= 0yxyisprincipal. If K(¥;m) = K(¥;m'), then from x,, € K(¥';m’)
and x, € K(7';m) we obtain

m(v) =V(xn) >m'(v) = v(x,,) > m(v)

forall ve ¥, whencem=nm'.
In particular, the £, -module K(¥;m)/K(¥;m+ &) is irreducible, where for
v € ¥ we define

0 otherwise.

8,(V)) = {1 forv=v,

Let ¢ be a local parameter at v. Then the map
nkx) :=1"Mx+p,

defines an additive map n : K(¥;m) — F, with ker ) = K(¥;m+ 8,). This map
gives F, an 0, action, because as we next argue, 1) is surjective.

Namely, for y € 0, (1.1.16) yields an element x € K with v'(x) > m(V') for
V €Y, V' #vand v(x—t™)y) > m(v) + 1. This implies that x € K(¥;m) and
7(x) =y mod P, so 7 is surjective and induces an &y -module isomorphism
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K(¥;m)/K(¥;m+6,) ~ F,. Now an obvious induction argument shows that
0, /K(¥;m) has a composition series consisting of exactly m(v) composition
factors isomorphic to F, foreachv e ¥. 0

Corollary 1.1.18. With the above notation, we have
K(¥;m)+K(¥';m') =K(¥NY';min{m,m'})
for m and m' nonnegative.

Proof. 1t is obvious that K(¥;m) + K(¥';m') C K(¥ N ¥’,min{m,m'}). Con-
versely, lety € K(¥ N¥’';min{m,m'}). Write y = ye + y(1 — e), where e is chosen
using (1.1.16) such that

v(e) >m(v)-v(y) forve ¥\Vv',

v(e) > m(v) forve ¥ Nn¥' and m(v) > m'(v),
v(l—e) >m'(v)forve ¥n¥' and m(v) <m'(v),
v(l—e) >m'(v)=v(y)forve ¥\ 7.

We claim that ye € K(¥';m), i.e. that v(y) + v(e) > m(v) for all v € ¥. This is
clear for v ¢ ¥’ and for v € ¥ NY’ with m(v) > m'(v), because v(y) > 0 in this
case. For v € ¥ N ¥’ with m(v) < m'(v) we have v(y) > m(v) and v(1 —e) >
m'(v) >0, so v(e) > 0 as well, and thus all conditions are satisfied. Similarly, it
follows that y(1 —e) € K(¥';m’). O

Our final results on valuations concern the behavior of a discrete valuation un-
der a finite degree field extension. Suppose that v is a discrete valuation of K and
K’ is a finite extension of K. Then (1.1.6) shows that there exists a valuation ring
0’ of K’ containing £, whose maximal ideal contains P,. If v/ is the associated
valuation of XK', we say that v’ divides v and write v'|v. We are tempted to write
V'|¢ = v, but some care must be taken with this statement, particularly since it
turns out that v’ is also discrete, and we are in the habit of identifying the value
group of a discrete valuation with Z. If we do this for both v and v/, then what in
fact happens is that v'|,, = eV for some positive integer e.

Theorem 1.1.19. Suppose that v is a discrete valuation of a field K, K’ is a finite
extension of K, and V' is a valuation of K' dividing v. Then V' is discrete, and
there is a positive integer e < |K' : K| such that V'|, = ev.

Proof. Let n=|K’ : K| and let V (resp. V') be the canonical group of values of
v (resp. V). That is, V = K* /0, and V' is defined similarly. For the remainder
of this argument we will not identify either group with Z. Then since O,NK* =
O, we see that V is canonically isomorphic to a subroup of V/, and V/|; = v.

We argue that V has index at most n in V', for if not, there are values
{vos¥1s---,Vy} C V', no two of which differ by an element of V. Choose elements
x; € K’ such'that v'(x}) = v} for 0 < i < n, then there is a dependence relation

iailji=0

i=0
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with g; € K. Carefully clearing denominators, we may assume that the g; are in
O, and at least one, say a,), is nonzero. Note that by our choice of v}, we have

Vi(ax) = V'(ax)) = v(a) +Vi— v(a;) -V #0
for all i # j for which g; and a; are nonzero. But now (1.1.2) implies that

Vi(agrp) = v'(Q, ax)) = v'(aX))
i>0

for that index j > 0 for which v/(a;x;) is minimal. This contradiction shows that
V':vi<n.

Let e := |V’ : V| and let a be a positive generator for V. There are at most
e elements of V' in the interval [0,a] since no two of them can be congruent
modulo V. In particular, V' has a smallest positive element; call it b. Let v € V',
Then eV € V, and we get v/ < eV < m'eb for some positive integer m'. Let m
be the least positive integer for which mb > v'. Then v/ > (m — 1)b, and hence
0 > mb -V > b. By our choice of b we conclude that vV = mb and thus that V' is
cyclic as required. 4 a

We call the integer e = e(V'|v) of (1.1.19) the ramification index of V' over v.
We will often write e(P’'|P) for e(V/|v), where P (resp. P’) is the valuation ideal
of v (resp. V'). When e > 1 we say that P is ramified in K.

Lemma 1.1.20. Let O be a discrete valuation ring with field of fractions K,
maximal ideal P, and residue field F. Let M be a torsion-free O-module with
dimy K ® ; M = n. Then dimz M/PM < n with equality if and only if M is finitely
generated.

Proof. If M is finitely generated, it is free by (1.1.9) and therefore free of rank n,
whence dimz M/PM = n as well.
Suppose that x;,x,,...,x» € M. If we have a nontrivial dependence relation

m
Zaix,- =0
i=1

with a; € K, we can carefully clear denominators, obtaining a relation with a; € &
but not all g; € P. It follows that if the x; are linearly independent modulo PM,
they are linearly independent over K, and therefore dimx M/PM < n.

Assume now that dim; M/PM = n. Then lifting a basis of M/PM to M, we
obtain by the previous paragraph a linearly independent set of cardinality n, which
therefore generates a free submodule M, C M of rank n, with M, + PM = M. Let
m € M and put N := M + Om. Then N is torsion-free and thus also free (see
(1.1.9)). Since it contains a free submodule of rank n, and any free submodule of
M can have rank at most n, N also has rank n. Now (1.1.13) yields a basis x,. .., X,
for N and nonnegative integers i, <i, <--- < i, such that t'1x,,...,t"x, is a basis
for My, where ¢ is a local parameter for P. However, since (M, + PM)/PM ~
M,/ (M, N PM) has rank n, all the i; must be zero, and hence N = M. Since m was
arbitrary, we have M, = M as required. 0
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Lemma 1.1.21. Let |K' : K| = n, let O, be a discrete valuation ring of K, and let
R be any subring of K' containing the integral closure of 0, in K'. Then the map

K®0VR—»K'

sending x®Yy to xy is an isomorphism of K-vector spaces. In particular, if V'|v,
then the residue field F, is an extension of the residue field F, of v of degree at
most n.

Proof. We first argue that the map x®y + xy is an embedding. Let ¢ be a local
parameter for v. Then any element of the kernel can be written x =YLt % ®x;,
where notation can be chosen so that ¢, = max;e;. Then ¥,t~%x; = 0, and we
have

téox = Zt’o“‘i ®x; = 1® (Zfo“ixi) =0,
i

i

and therefore x = 0. To show that the map is surjective, let y € K’. Then

n

2y =0

i=0
for a; € K. Since K is the field of fractions of &,, we can clear denominators and
assume a; € 6,. Multiplying through by a?~! we see that a,y is integral over &,
and therefore z := a,y € R. Since y = z/a, we have K’ = KR as required.

In particular, we have dimg X ®0v ﬁv, = n, and we obtain from (1.1.20) the

inequalities

dimF(dv//Pv/) S dlmF(ﬁv,/Pdv,) S n. D

The degree of the residue field extension is called the residue degree of v’ over
v, denoted f(V'|v), or sometimes f(P'|P). We can now prove a basic result on
finite extensions,

Theorem 1.1.22. Let K’ be a finite extension of K and let € be a discrete val-
uation ring of K with maximal ideal P and residue field F. Let {0,,...,0,} be
distinct valuation rings of K' containing 0, and let R be their intersection. Let P,
be the maximal ideal of O; and put e; .= e(P,|P) and f, := f(P,|P) for each i. Then

1. R contains a local parameter t; for 6, PNR = tR, and 6, =R+ P, for
eachi=1,...,r.

2. dimyR/PR =Y[_,¢,f; < |K': K| with equality if and only if R is a finitely
generated O-module.

In particular, there are only finitely many distinct valuation rings of K' containing
0.

Proof. Let v, be the valuation afforded by &, for all i, and let ¥ = {v,,...,V,}.
Note that R = K(#;0) and that any valuation ring of K’ containing R also contains
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0 and is therefore discrete by (1.1.19). Thus, (1.1.17) applies. By (1.1.17) R is
a PID and the maximal ideals of R are just the ideals K(¥;8;) = P,NR for 1 <
i < r, where §(v;) := §,;. Moreover, each such maximal ideal is generated by
an element ¢, that must be a local parameter at P,. Let x € 0;. Then there is an
element ' € K’ with v,(x —x') > 1. Moreover, v;(x') > 0 for j # i by (1.1.16);
hence &, = R+ F,, proving (1).

Let ¢ be a local parameter for P. Then v(t) = ¢; for all i. Since PR = Rt =
K (¥ ;e) for some uniquely determined function e : ¥ — Z by (1.1.17), we must
have e(v;) := ¢; for all i. Now we see that R/ PR has exactly e; composition factors
isomorphic to F;, whence

dim (R/PR) = Z e.f.
i=1

Since dimy K ® 5 R = n by (1.1.21), (2) follows from (1.1.20). O

If we take the complete set of extensions of & to K’ above, the ring R is the
integral closure of & in K’ by (1.1.8). We see that the question of whether or not
3. e,f; = nis equivalent to another important issue: When is the integral closure of
0 in K’ a finitely generated £-module? In (2.1.17) we will show that for function
fields of curves, both conditions are always satisified.

The next result gives a very useful sufficient condition for all extensions of a
discrete valuation v to be unramified.

Theorem 1.1.23. Suppose that 0 is a discrete valuation ring of K with maximal
ideal P and residue field F. Let {(0,,P,) | 1 <i <r} be the set of distinct exten-
sions of (0, P) to some finite extension K' of K of degree n, and let F, := O, /P, If
we can write K' = K(y) for some element y € K’ whose monic minimum polyno-
mial g(X) has coefficients in O and has distinct roots mod P, then e(P,|P) = 1 for
all i. Moreover, Oy is the integral closure of 0 in K', and g(X) factors over F
as a product of r distinct irreducibles

g(X) =

r
i=

g;/(X) modP,
1

where notation can be chosen so that F, ~ F[X|/(g;(X)). In particular, degg; =
f(R|P).

Proof. Since g(X) has distinct roots mod P, there is certainly a factorization

Y
g(X) = H&-(X )

into distinct irreducibles over F[X], where g(X) is the reduction of g(X) mod P
and g; € F[X]. The map X  y defines an epimorphism ¢ : &[X] — O[y] whose
kernel contains the principal ideal (g(X)). Since g(X) is monic, €[X]/(g(X)) is
free on the basis {1,X,...,X""!}. On the other hand, ¢ is the restriction of a map
K([X] — K’ whose kemel is generated by g(X), and therefore ker(¢)/(g(X)) is a
torsion &-module. This implies that ker(¢) = (g(X)), and thus,
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’
(*) ob)/POb) = Fly ~ FIX]/(8(X)) ~ D FIX]/(g,X)),
i=1

where y := (y+ P)/P.
To get the last isomorphism, note that the polynomials {g/g, |1 <i < 7'} are
relatively prime, so there exist polynomials h; € F[X] with

Y =
8

h.=- =
izzl '8

Pute; := h;g/g;. Then it is easy to check that e;e; = §;; mod g(X), so the e; give
the requxred decomposition of F[X]/(3(X)).

Since y is integral over &, O[y| C R:=N,0, by (1.1.8). Now using (1.1.22) and
(*) we have

(x+) n=deg(g) = Z fl =dimg O)y]/POly| < dimgR/PR= Y e,f, <n,
i=1
where ¢; := e(P|P), and f; := f(P|P). We conclude that all of the above in-
equalities are equalities. In particular, R is a finitely generated #-module by
(1.1.20), and R = O[y] + PR. Now Nakayama’s lemma (1.1.5) applied to the
finitely generated £-module R/ Oy] yields R = Oy].
Moreover, we have

r
R/PR = O})/POY) ~ D FIX]/8,(X),
i=1

and it follows that R/PR has exactly ' distinct maximal ideals. Thus, (1.1.19)
yields 7 = r, and after a suitable renumbering, that F, ~ F(X]/g,(X) for each i. In
particular, f; = f/, and (x*) implies that e; = 1 for each i. O

Whenever K’ is a separable extension of K, we can find a primitive element
y for which K’ = K(y) by (A.0.17). If y is not integral over &p, (1.1.21) shows
that we can replace it by a K-multiple that is integral. Then the monic minimum
polynomial of y will have coefficients in &,. The problem is that it may not have
distinct roots mod P. As we will see later, however, in the case of interest there
are only finitely many P for which this happens. Thus, (1.1.23) can be thought of
as the generic case.

In the opposite direction, we say that a discrete valuation v of K is totally
ramified in K' if e(V'|v) = |[K’ : K| for some V', which is then unique by (1.1.22).

Theorem 1.1.24. Suppose that |K' : K| = n and that v is a discrete valuation of K
with e(V'|V) = n for some discrete valuation v’ of K'. Let s be a local parameter
at v. Then K' = K(s), s is integral over 0, and 0, = 0, |s].
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Proof. For any n-tuple {ay,...,a,_, } of elements of X, let I be the set of indices i
for which a; # 0. Then for all i € / we have v'(a;) =0 mod n and thus v/ (a8)=i
mod n. In particular, the integers {V'(a;s’) | i € I} are distinct, whence

n—1
(%) v (._Zo a,.s‘) = r.'gln Vi(a;s'),
provided that / # 0. It follows that S := {1,s,...,s""'} is linearly independent
over K, and is therefore a K-basis for K. Let x € £, and write x = ¥ a;s' with
a; € K. Then (x) implies that v'(a;) > 0 for all i. We conclude that ,, = O, [s],
and that s is integral over 0. O

We finally observe that the ramification index and residue degree are both
multiplicative:

Lemma 1.1.25. Suppose K, C K, C K, are three fields with |K, : Ky| < o, and v;
is a discrete valuation of K; (0 < i < 2) with v,|v,|v,. Then

e(v[vo) =e(vy|v))e(v|vp), and
Falvp) = F(vyIv) f(vi1vg)-
Proof. The first statement is immediate from the definition of ¢ and the fact that

restriction of functions is transitive. The second statement follows from the natural
inclusion of residue fields Fy C F; C F, and (A.0.2). (]

At this point, an example may be in order. Let K := Q(x) be the field of rational
functions in x over the rational numbers Q, and let K’ := K(y), where y? = p(x) :=
x> +x— 1. Note that p(x) is irreducible over Q because it does not have a rational
root. Moreover, |K’ : K| = 2, and every element of X’ can be uniquely written
a(x) + b(x)y where a,b are rational functions of x. For u = a + by, define i1 :=
a— by, and N(u) := uii = a* — b*y? € K. Then

_ 1
(») ul= m(d-by).

In the following discussion, v will denote a valuation of X with valuation ring &,
maximal ideal P, and residue field F, while v’ will be an extension of v to K’ with
corresponding notation &, P, F'. We will look at the three cases v = v, v, _,, and
Veo.

V=V,
Then & := Q[x] (x) i8 the ring of local integers at x, i.e. the rational functions
with no pole at x = 0. In this case, we claim that V' is unique, and is given
by
V/(a+by) :=min{v(a),v(b)}.
To see this, first note that 2v/(y) = v/(y?) = v/(x* +x—1) > 0,s0y € 0.
Moreover, y? = ~1 mod P, which shows that F’ contains the field Q(i).
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By (1.1.22) we conclude that f =2,e =1, and V' is unique. Moreover, every
element of K’ can be uniquely written in the form v := x’(a(x) + b(x)y),
where a(x) and b(x) are local integers, at least one of which is not divisible
by x. Put u := a(x) + b(x)y. Then u € 6" and N(u)(0) = a(0)? + b(0)? is
nonzero at x = 0, whence (*) shows that u is a unit in &".

Vi=Ve!
Changing variables by replacing x by xl—l, y by yl—l, and V.. by Viry) and
then dropping the subscripts, we look instead at the equation

3
14+x2—x3

at x = 0. We first notice that 2v'(y) = 3v(x) because v/(1 +x* —x3) = 0.
This implies that 2v/(yx~!) = v/(x) > 0, from which it follows that yx~! is
a local integer and that e > 1. By (1.1.22), we conclude thate =2, f =1,
and V' is unique. Since e = 2 and 2v/(yx~!) = v/(x), we see that yx~! is
a local parameter at P’. So in order to describe &”, we need to know how
to write every element of K’ as the product of a local unit and a power of
yx~1. In contrast to the previous case, this is not entirely obvious, and we
will defer the discussion for the moment.

¥ =

v=v, |:
This time, we have y> =1 mod P/, so y = +1. There are two extensions
of v here, and the choice of sign will distinguish them. More precisely,
we have y? — 1 = x* +x—2 = (x — 1)(x* + x + 2). This means that the
subring k[x,y] C K has proper ideals (x—1,y—1) and (x—1,y+1) !, so the
valuation extension theorem produces a valuation v’ with v/(y — 1) > 0 and
an algebraically conjugate valuation v" with v/(y + 1) > 0. Now (1.1.22)
saysthate=f =1,s0 V/(x—1) = 1 and x — 1 is a local parameter. Again,
as in the previous case, it is not obvious how to write every element of K’
as the product of a local unit and a power of x — 1.

In the last two cases above, the question remains of how to actually compute
the valuation V', or at least how to tell whether an element a(x) + b(x)y is a local
integer. We will discuss the case v = v,_,, since the other case is essentially
similar. Of course, if a(x) and b(x) are both local integers, so is u. The problem is
that @ and b can have poles that are canceled by the zero of y, or just by subtraction.
For example, the element

= y—1 _ 2 +x+2
Tx—-1" y+1
is a local integer with the value 2 at (1,1).

The most systematic approach to this problem is to expand elements of K’ as
formal Laurent series in the local parameter x — 1. We can do this using undeter-

We are skipping some details here that will be covered in chapter 4.
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mined coefficients as follows. Lety := 3, a,(x~1)". Theny = a, mod (x—1), so
there are two choices for g, +1 or —1. Taking a, = +1, we get
Y —1=2a,(x—1)+ (28, +a})(x - 1)* + (28, + 23,a) (x - 1)’ +...
=(x=1)(2+x+2)
=(x=1)((x-1)2+3(x—-1)+4)
=4(x—-1)+3(x-1)*+(x-1).

From this, we obtain equations

2al = 4,
2a2 +a% = 3,

which can be successively solved for the coefficients a;. Thus,
1
y=1+2(x-1)- E(x— 1)2+%(x- 13 +...

Now to expand u = a(x) + b(x)y we just expand the rational functions a(x) and
b(x) in powers of x — 1, multiply b(x) by y and combine terms. If all negative
powers cancel and the constant terms do not, u is a local unit.

This example serves as a direct introduction to our next topic.

1.2 Completions

Given a ring R and an ideal I of R, we define the completion of R at I, denoted R,
to be the inverse limit lim,R/I". Formally, R, is the subring of the direct product

&/
n=1

consisting of those tuples (r, +1,r,+I%,...) such that r, ; =r, mod I", with
pointwise operations. The canonical projection maps of the direct product restrict
to R,, giving maps 7, : R, — R/I" such that all of the diagrams

R/IP*! —R/I"

commute, where the horizontal map is the natural map.
The projections 7, satisfy the following universal property:
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Lemma 1.2.1. Given any ring S and maps ¢, : S — R/I" such that all diagrams
S

AN

R/1n+l _____>R/1"

commute, there is a unique map ¢ : S — ﬁ, making all diagrams

(1.2.2) S
TN
R, ——>R/I"
commute. ]

We sometimes write ¢ = lim,¢,. In particular, there is a natural map ¢ : R — ﬁ,
whose kernel is easily seen to be N,I". We say that R is complete at I when ¢ is
an isomorphism.

Lemma 1.2.3. A ring R is complete at the ideal I if and only if the following two
conditions are satisfied:

1. Ny_ol" =0, and

2. Given any sequence ry € R with r, = r, ., mod I" for all n, there exists
r€Rwithr=r, modI" for all n.

In particular, if I" = 0 for some n, then R is complete at I.

Proof. As already noted, 1) is equivalent to the injectivity of the natural map
R— R, and one verifies easily that 2) is equivalent to its surjectivity. If I* = 0 for
some n, the sequences satisfying 2) are eventually constant and we can take r = r,,
for any sufficiently large n. O

We will call a sequence r, satisfying 2) above a strong Cauchy sequence, and
anelement r with r =r, mod I" for all n a limit. In the presence of 1) such a limit
is unique, and we write r = lim, r,. Both conditions can therefore be reformulated
as saying that every strong Cauchy sequence has a unique limit. More generally,
given any sequence x; € R, the statement lim, x; = x means that for any integer
n> 0, x—x; is eventually in I". In effect, we have introduced a topology on
the ring R. Without belaboring this point, we note that it is immediate that the
operations of addition and multiplication are continuous.

The ring ﬁ, comes equipped with canonical projection maps 7, : k, — R/I". If
we let [ be the set of sequences {x} in 1?, for which x,, € I for all n, we see that
I* is just the set of tuples the direct product whose first n components are zero,
and thus ker, = /. It follows that the completion of R, at [ satisifies the same
universal property as 1?, does, so they are isomorphic. Finally, it is obvious that
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ifr=(r,+1,...,ra+1",...) €R,, then r = lim, ¢(r,), where ¢ : R — R, is the
canonical map. Summarizing all of this, we have

Lemma 1.2.4. With the above notation, R, is complete at I, I" = kerm,, and the
image of R under the canonical map is dense. If x,, y, € l?, with x := lim, x,, and
y :=lim, y,, then xy = lim, x,y, and x+y = lim, x, + y,. O

If we let R be the integers with / a prime ideal (p), we get the p-adic integers
2,,. Of more direct interest is the case R = k[X], I = (X); which yields the ring of
formal power series k[[X]]. We will discuss this case further below.

Lemma 1.2.5. Suppose that S is a subring of R, I is an ideal of R, and J is an
ideal of S contained in I. Then there is a natural map ¢ : S, — R, making all
diagrams

, ‘—L*Rl

S/l: L /11”""

commutative, where @y is induced by inclusion. If R = S, then ¢ is surjective. If,
Jor almost all integers n > 0, there exists an integer m depending on n such that
SNI™ C J" then ¢ is injective.

Proof. Since J" C I" for any n, there are natural maps
S, B/ B R/

that commute with R/I"*! — R/I", s0 ¢ := lim,(¢, o m,) is defined, making the
above diagrams commutative. From the definitions, we see that ¢ is surjective
when R = S, and that ker ¢ consists of those sequences x = (x, +J") € § ; With
Xp € ker¢, = SNI" for all n. Choose such a sequence x and an integer n, and
assume that there is an integer m, which we may take greater than n, with SNJ™ C
J". Since x,, € SNI™ C J” and x,,, = x, mod J", we have x,, € J* and thus x =0
as required. a

We note for future reference that the notion of completeness for rings general-
izes easily to modules. Suppose / is an ideal of R and M is an R-module. A strong
Cauchy sequence in M is a sequence {x,} of elements of M such that x, = x,,
mod /"M for all n. We say that M is complete at / if every strong Cauchy sequence
in M has a unique limit.

We turn now to the proof of Hensel’s Lemma, which is the main result we need

from the study of complete rings. We begin with a special case.

Lemma 1.2.6. If R is complete at I and u € R is invertible modulo I, then u is
invertible.

Proof. By hypothesis there is an element y € R witha = 1 —uy € I. Put 5, :=
1+a+a*+---+a" Then {s,} is a strong Cauchy sequence, which therefore
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converges to some element s € R. Since (1 —a)s, = 1 —a"*!, we obtain (1 —a)s =
1and thus u~! =ys. O

We have proved that if the polynomial uX — 1 has aroot mod /, then it has a root.
Our main motivation for considering completions is to generalize this statement
to a large class of polynomials.

Lemma 1.2.7 (Newton’s Algorithm). Let R be a ring with an ideal I and suppose
that for some polynomial f € R[X] there exists a € R such that f(a) =0 mod ]
and f'(a) is invertible, where f'(X) denotes the formal derivative. Put

iG]
b:=a @)’
Thena=b modI and f(b) =0 mod I%.

Proof. We have b =a mod I because f(a) € I. For any element a € R and any
n > 0 we have the identity
n
X'=(X-a+a)"=Y, (’:) (X —a)a" =a"+na"" (X —a) + h(X)(X — a)?,
i=0

for some h,(X) € R[X], whence
(12.8) f(X) = f(a)+ f'(@)(X —a) +h(X)(X —a)?
for some h(X) € R[X]. With X = b we have
f(b) = h(b)(b—a)? € I*.
a

Newton’s algorithm is quite effective computationally, because it converges
very quickly. Using it, we obtain

Corollary 1.2.9 (Hensel’s Lemma). Let R be complete at an ideal 1 and let
f(X) € R[X]. Suppose, for some u € R, that f(u) =0 mod I and that f'(u) is
invertible modulo 1. Then there exists a unique element v € R satisfying v = u
mod / and f(v) = 0.

Proof. By (1.2.6) every element of R congruent to f'(x¥) mod [ is invertible. Put
u; = u and apply (1.2.7) to obtain an element u, = u; mod I with f(u,) =0
mod /2. Then f'(u,) = f'(u,), and therefore f’ (u,) is invertible by the above
remark.

This means that Newton’s algorithm can be applied repeatedly to yield a strong
Cauchy sequence u = u,,u,,... of elements of R such that f(u,) € 7' I for
n=1,2,.... By (1.2.3) the sequence has a limit v € R. By continuity of addition
and multiplication, we get f(v) = lim, f(u,) = 0.

Some care is needed to prove uniqueness, because we are not assuming that
R is an integral domain. Using (1.2.8) we have f(X) = g(X)(X — v) for some
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polynomial g(X) € R[X]. Then f'(X) = g'(X)(X —v) + g(X). If v/ is any root of
f congruent to u modulo /, then

fwy=f()=g0)(vV-v)+80/) =g(v) modl,

whence g(V') is a unit in R. But we have 0 = f(V') = g(V/)(v—V),sov="V as
required. a

We now apply these ideas to a discrete valuation ring & with maximal ideal P.
Since N, P"* = 0, the natural map & — ﬁ,, is an embedding. We usually identify
O, with its canonical image in ﬁ,,. An important point is that v, extends naturally
to a discrete valuation on 6.

Theorem 1.2.10. Let & be a discrete valuation ring with maximal ideal P and
local parametert. Then ﬁ,, is also a discrete valuation ring with local parameter
t, and the natural projection n, : 6, — 0P induces an isomorphism of residue
fields é’P /B~ O/P, where P is the completion of P in 5;..

Proof We have P = kerm, by (1.2.4), so m, induces an isomorphism 8, /P ~
0,/ P. Now (1.2.6) implies that every element of &, \ P is a unit.

Since P = Opt we have P = Opt, and because 6, is complete at P by (1.2.4),
it follows that no nonzero element of 2 is divisible by arbitrarily high powers of
t. Thus, every element x € P can written x = ut' for some u € 8, \ P. Since every

such u is a unit, ép is an integral domain and thus is a is a discrete valuation ring
with local parameter ¢. 0

If K is the field of fractions of &, we denote by K, the field of fractions of 8.
We say that v, is a complete discrete valuation of Kp. If the natural map K — {P

is an isomorphism, we say that K is complete at P. The embedding & — 5’,,
obviously extends to an embedding K — K.

Theorem 1.2.11. Suppose that Oy is a discrete valuation ring of a field K, that K’
is a finite extension of K, and that 0, is an extension of Op to K'. Let e := e(Q|P)
and f := f(Q|P). Then there is a natural embedding K, — K' o and if we identify
R, with its image in I?’Q, then e(Q|P) = e, f(O|P) = f, and ﬁQ is a free Op-
module of rank ef generated by elements of O’Q. In particular, j°d 0= K'R, and
|1€'Q : Rp| =ef.

Proof. From (1.2.5) we obtain a natural embedding &, — ﬁQ that extends to
I?P oK o- Choose local parameters ¢ at Pand s at Q. By (1.2.10), s and ¢ are local
parameters at 0 and P, respectively, and since f = s°u for some unitu € 6, C é,,
we have e(Q|P) = e. Using (1.2.5) and the natural isomorphisms of residue fields
6,/Q ~ F, and 6,/P ~ F, provided by (1.2.10), we get f(0|P) = f.

In particular, A6, = ¢*, and dim,,‘w(ﬁQ /P6,) = ef. Choose an Fp-basis
Upyeoorllyp for ﬁg/ﬁﬁ’g. The u; can be chosen to lie in 00 because 5’0 = 0’0 +0°
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for any e by (1.2.2). Moreover, the u; are linearly independent over 5,,, because
given any nontrivial dependence relation we could divide by a power of ¢ if
neceSsary so that not all coefficients were divisible by ¢ and obtain a nontrivial
dependence relation modulo 2.

Let M be the free &p-module generated by the u,. It is clear that none of the
lie in M, which means that A*M =¥, Pu,. If {m,} is a strong Cauchy sequence
in M, we can write

with a;, € B, and it is clear that the sequence {a;,} is a strong Cauchy sequence
in 6, for each i. Let a; = lim, a,, for each i. Then

ef
ll’rlnm,, = ‘;aiu‘..

Since N,P"M C ﬂ,.Q" = (, the limit is unique, and therefore M is complete.

We have ﬁQ =M+ PG , and we claim that in fact, 5Q =M2letxe ﬁQ.
Then x = my, + x, for some my; € M and x; € Pﬁg. Inductively, assume that we
have found elements m,, € M and x, € P**! ﬁQ withm,_, =m, mod P"ﬁQ and
x=m, +x,. Write

*n =28
J

;/lilth a; € prl andy; € ﬁQ. Then y; = m); +/; for some m; € M and y/; € PﬁQ.
t

. ' o ,
m, .—m,,+Zajmj and X,y :=Y 8y
i J

Then the inductive step is easily verified, and we have constructed a strong Cauchy
sequence {m, } in M, which therefore converges to some limit m € M. But now we
have x —m € N, P ﬁQ =0, and therefore &, = M is a free &p-module of rank ef

with a basis contained in &,. Extending scalars to R, we obtain |K’ o' Rp|=ef
and K';, = K'R,, as claimed. ]

We now specialize the discussion to the case of a complete discrete k-valuation
ring for some ground field , such that the residue field is a finite extension of the
ground field.

Lemma 1.2.12. Suppose that the k-algebra O is a complete discrete k-valuation
ring with residue class map 1 : O — F. Assume further that F is a finite extension
of k. Let F*? [k be the maximal separable subextension of k. Then there is a
unique k-algebramap | : F*P — O with ol = 1.

2This would follow from Nakayama’s lemma if we already knew that ﬁQ was finitely generated.
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Proof. Let F %P = k(u), where u is a root of the separable irreducible polynomial
f(X) € k[X] and deg(f) = n. Since f(X) is separable, we have f'(u) # 0, so
Hensel’s Lemma (1.2.9) yields a unique root v of f in & with n(v) = u. Now,
given any element w € F *°P, there are uniquely determined elements a; € k such
that

n—1

w= Z a,.ui.

i=

We define p(w) := ¥;a € 0, and we easily check that p splits the residue
map. Because v is the unique root of f in & with residue u, it follows that y is
unique. 0O

Recall that the ring of formal power series R[[X]] over some coefficient ring
R is just the set of all sequences {a,a,,...} of elements of R with elementwise
addition, and with multiplication defined by {a;}{b;} = {c,}, where

Ck= z a,bj.
i+j=k

Note that the sum is finite. We usually write the sequences as power series in some
indeterminate:

f (X ) = Z aix 'a
i=0
but since the series is never evaluated at a nonzero element of R, the usual question
of convergence does not arise. Nevertheless, the series is in fact a limit of its partial
sums in a sense that we will make precise below.

Note that the formal derivative is a well-defined derivation, just as in the poly-
nomial ring. Moreover, if R is an integral domain with field of fractions F, then
R[[X]] is an integral domain whose field of fractions is the field of formal Laurent
series with coefficients in F of the form

oo

fx)=Y ax'

i=~n
The field of formal Laurent series over F is denoted F((X)).

Lemma 1.2.13. Let F be a field. Then F[[X)] is a complete discrete valuation
ring with local parameter X and residue field F.

Proof. Define v(¥,a,X') =nif a,=0 for i < n and a, # 0. It is trivial to verify
that v is a discrete valuation, so F[[X]] is a valuation ring with maximal ideal M
consisting of those power series with zero constant term. Let

Jni= iamx i

i=0
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be a sequence of power series with f, | = f, mod M". Then @, = ay, for all
m 2 n, so {f,} converges to

fi= ia,.,.x". O

i=0

Note that the sequence of partial sums of a formal power series in F[(X]] is a
strong Cauchy sequence that converges to the infinite sum. More generally, in any
complete ring we use the notation

x=3 x,

n=0

to indicate that the sequence of partial sums converges to x.

Theorem 1.2.14. Suppose that the k-algebra 0 is a complete discrete k-valuation
ring with residue class map 1 : 6 — F. Assume further that F is a finite sepa-
rable extension of k. Given any local parameter t, there is a unique isometric
isomorphism [ : F([X]] ~ O such that p(X) =1.

Proof. Let 1 : & — F be the residue class map, and let u : F — & be the unique
splitting given by (1.2.12). Define f : F[[X]] — & via

Q (ZaiX‘) = Zu(ai)ti.

This map is clearly well-defined and injective, and is uniquely determined by
p and t. To show that it is surjective, put F/ :=im(yt). Then & = F' + P, and
F'NP =0. Thus, for any x € £ there exists a unique element ay € F' withx = q,
mod P. Choose a local parameter ¢ € P. Then there exists a unique r, € & such
that x = a; + ;. An easy induction now shows that for any integer n there exist
uniquely determined elements ay,...,a, € F’ and a uniquely determined element
Tny1 € O such that

n
x=Yat +r,, 1"
i=0
Putx, := 37 o a;'. Then lim,x, = x. It follows that x = Y72 yaf' € im(R). O

Corollary 1.2.15. For every power series
s=Y ant" € k{[t]]
n=1

with a, # O, there is a unique automorphism ¢ of k[[t]) that is the identity on k
and mapst to s.

Proof. This is immediate from (1.2.14) because s is a local parameter. ]
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1.3 Differential Forms

Let R be a ring and M an R-module. A derivation of RintoM isamap§:R — M
such that

O(x+y) =8(x)+6(y),
8(xy) = x6(y) + 8(x)y

for all x,y € R. A standard example with R = M = k[X] for some coefficient ring
k (which is frequently a field) is the formal derivative:

(§a,.x")’= zi:ia,.)c"_l .

Notice that if we compose a derivation § : R — M with a homomorphism of
R-modules ¢ : M — N, we get another derivation ¢ o §. This suggests that there
might be a universal derivation, from which all others can be obtained by compo-
sition in this way. In fact, we will make a slightly more general construction, as
follows.

Let K be a k-algebra over some commutative ring k. By a k-derivation we mean
a derivation § that vanishes on &-1. By the product rule, this is equivalent to the
condition that § is k-linear. There is no loss of generality here, because we can
take k = Z if we wish.

Observe that K ®, K is a K-module via x(y ®z) = xy®2z, and let D be the
K-submodule generated by all elements of the form x®@ yz —xy®z—xz®y. We
define the K-module

(1.3.1) Q) = K®K/D.
The relations D force the map d, Ik K—Q Jk given by
dK/k(x) =1Qx+D

to be a k-derivation. We write dx := 1®x+ D. Then x® y + D = xdy. The map
dy n is in fact the universal k-derivation, namely we have

Theorem 1.3.2. Let K be a k-algebra over a commutative ring k, M an K-module,
and 8 : K — M a k-derivation. Then there exists a unique homomorphism ¢ :
QK/k — M with § = ¢odK/k.

Proof. Let ¢'(x,y) = x8(y). Then ¢’ is k-bilinear so it factors uniquely through
K ®, K by the universal property of tensor products. From the product rule,
¢'(D) = 0 and the rest is obvious. O

The elements of Q, /i are called differential forms, or sometimes Kdhler differ-
entials. Using (1.3.2), we can now naturally identify k-Derivations 6 : K — K (a
common case) with elements of the dual Hom, (€2, /ka)- The standard case for
us will be that K is a k-algebra over some ground field k that we are thinking of
as “constants” and all derivations will be k-derivations. When there is no danger
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of confusion, we may conserve notation by dropping the subscript and writing
d:=d, Ik Sometimes, however, we may need to retain the subscript K and write
dy :=dy .

Note that the set {dx | x € K} generates Q; as an K-module, but is not in
general equal to all of Q. Differential forms that happen to be of the form dx for
some x € K are called exact. The exact differentials form a k-subspace of Q.

The following functorial properties of the differential map are useful.

Lemma 1.3.3. Suppose ¢ : K — K' is a k-algebra map. Then there exists a unique
map d¢ making the diagram
(4

K——K

dKl 1‘1,(/
dé

QK —_— QK/
commute. Moreover, given another k-algebra map ¢’ : K' — K" we have

d(¢'0¢) = (d¢’) o (d9).

Proof. The composition d,, 0 ¢ : K — Q,, is certainly a derivation, so there is
a unique map d¢ : Q, — €2, making the above diagram commute. It is easy to
check that

(d¢)o(d¢)
———

Q, Qo

is commutative, so uniqueness yields d(¢’ o ¢) = (d¢’') o (d¢), as required. I

Suppose now that K C K, are k-algebras, M is a K;-module, and & is a k-
derivation of K into M. We ask whether § is the restriction of a k-derivation
of K| into M. This question can be converted into a problem of extending
homomorphisms instead of derivations by means of the following construction.

Put A := K, @M (vector space direct sum). Then the product (x; 4+ m,)(x, +
m,) = x,X, +x,m, +X,m, converts A to a k-algebra such that the projection 7 :
A — K, is ahomomorphism. It is straightforward to verify that the map D : K — A
given by D(x) = x+ &(x) is a k-algebra homomorphism, and that § extends to a
derivation §; : K, — M if and only if D extends to a homomorphism D, (x) =
x+ 8, (x) of K, into A.

Note that A is actually a graded k-algebra; that is, there is a direct sum
decomposition

A=A,

i>0
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withAA; CA,, ;. Every such algebra has an ideal

M:= @Ai,
>0

and we say that A is complete if it is complete with respect to M (see Section
1.2). In the above case, we have A, =0 for i > 1, so M? = 0 and A is complete by
(1.2.3).

Given amap D : K — A, let D) denote the composition with projection onto
A,. Using Hensel’s lemma, we can further reduce the extension problem to the
problem of extending D when K C K, is a finite separable extension of fields.

Theorem 1.3.4. Suppose that k C K C K, are fields, K, /K is finite and separable,
A is complete graded k-algebra, and D : K — A is a k-algebra homomorphism.
Given any extension Dgo) of DO ok 1» there exists a unique extension D, of D to
K, such that the diagram

K—g—>Kl

Dl h lD(,°)
Koy

is commutative.

Proof. By (A.0.17) we have K, = K(u) for some element u with separable min-
imum polynomial f(X) € K[X]. Put v := D{(u) € A,. Then v is a root of
fi = Dso) (f) = DO(f) € A,[X]. Furthermore, f](v) is invertible in A, because
f'(u) is invertible in K,. Now consider the polynomial D(f) € A[X]. We have
D(f) = f; mod M where M is the maximal graded ideal of A. It follows that v is
aroot of D(f) modulo M and that D(f)’(v) is invertible modulo M. By Hensel’s
Lemma, there is a unique root v, of D(f) in A congruent to v modulo M. To
each such root there corresponds a unique extension D, of D to K|, defined by
D,(u) =v,. O

Applying the theorem to the k-algebra K; ® M as described above, we obtain

Corollary 1.3.5. Let K, /K be a finite extension of fields. Then K, /K is separable
if and only if every derivation of K into a K,-module M extends uniquely to K.

Proof. One implication is immediate from the theorem. Conversely, if K, /K is
inseparable, there is a subfield K C E C K, where K| /E is purely inseparable of
degree p = char(K) (see (A.0.9)). Thus, we have K, ~ E[X]/(X? — a). Since the
formal derivative on E[X] vanishes at X? — a, it induces a nonzero derivation on
K, that vanishes on E and therefore on K. O

We want to apply (1.3.5) to the special case that X is a finite, separable exten-
sion of k(x) for some x € K transcendental over a subfield k. In this situation, we
say that x is a separating variable for K /k. In particular, we have trdeg(K /k) = 1.
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Corollary 1.3.6. Suppose that k C K are fields and x is a separating variable for
K/k. Then dimy Q, =1land dK/k(x) #0.

Proof. If K = k(x), the formal derivative is a nonzero derivation, so dx # 0. From
the sum, product, and quotient rules, every derivation on k(x) is determined by
its value at x, so the universal property of dx implies that dx is a k(x)-basis for

Q

K{x)/k*

In general, (1.3.5) implies that the natural map Qk(x) — € is nonzero, and that
the image of dx in £, is a basis. a

Note that if x € K is a separating variable, then for every y € K we have

dy
=—=d
dy Pl
for some well-defined function dy/dx € K because dimy Q, = 1.

There are further consequences to be obtained from (1.3.4). Suppose R is a
k-algebra and we put A := R|[[¢]], the k-algebra of formal power series with coef-
ficients in R. Since A is a complete graded k-algebra, the theorem tells us that a
homomorphism D : K — A can be extended to K|, provided that the projection
D9 : K — R can be extended. What is this saying?

The map D is determined by the family of k-linear maps {D) : K —» R |n =
0,1,...} defined by

D(x) =Y, D™ (x)"
n=0
for x € K. The condition that D is a homomorphism is equivalent to the following
condition for each nonnegative integer n:

n

(1.3.7) D (xy) = ¥ DO (x) D=1 ()
i=0

for all x,y € K. In particular, for n = 0 (1.3.7) says that D(¥) is a homomorphism,
and, for n = 1, that if we convert R to a K-module via
x-r:=D9x)r

for x € K and r € R, then D)) is a derivation of K with coefficients in R. For this
reason, we call the map D a generalized derivation of K with coefficients in R.

Corollary 1.3.8. Suppose that K, /K is a finite separable extension of fields over
k, and that D is a generalized derivation of K with coefficients in some k-algebra
R. For every extension Dso) of DO wk 1» there exists a unique extension D, of D
10K,

Even though D is a map to R[[t]], we abuse notation by writing D : K — R
because we are thinking of D as a family of maps D) : K — R.
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The standard application of (1.3.8) is to the formal derivatives on k[X]. Define,
for nonnegative integers m,n,

(Mxm™=" ifm>n,
0 otherwise,

D (x™) = {

and extend linearly to k[X]. These maps are readily verified to define a generalized
derivation D : k[X] — k[X] which we will call the Hasse derivative with respect to
X on k{X]. Note that D{!) s just the standard formal derivative. In characteristic
zero, we have

1 4
(n) — =
b n!dXxn

but in finite characteristic the Hasse derivative is more interesting. We first extend
the Hasse derivative to k(X) via

Lemma 1.3.9. Suppose that R is an integral domain and D : R — A is a homo-
morphism for some complete graded algebra A. If A is a field and DY is an
embedding, then D extends uniquely to the field of fractions of R.

Proof. Since A is a field, every element of A with a nonzero component in
degree zero is invertible by (1.2.6). Since we are assuming that D (r) # 0 for all
nonzero r € R, D extends uniquely to the field of fractions. 0

In particular, the Hasse derivative extends uniquely to a generalized derivation
of k(X) into k(X ). For example, from the product rule, we have, for n > 1,

n
0=D™(1)=D™(xx~1) =Y DU (X)D")(x~') =xD"W(x 1)+ D=V (x 1),
i=0
whence a simple induction yields D(")(X ~1) = (~1)"X~"~1. By a slightly more
elaborate induction, we obtain
(13.10) D™ (x=1) = (=1)" (" +;_ l)x-"-‘

for all positive integers n, i. Finally, using (1.3.8), we have

Theorem 1.3.11. Suppose that x € K is a separating variable for K /k and that K’
is any field containing K. Then the Hasse derivative on k(x| extends uniquely to a
generalized derivation D, : K — K'. In particular, Dy has coefficientsin K. 0O

We continue to call the extended map D)("') the n'® Hasse derivative with respect
to x. However, (1.3.6) yields a map 6, : K — K given by

dy = &(y)dx,

which is easily seen to be a derivation. Since &;(x) = 1 = D{!)(x), it follows that &,
and Dﬁ‘) are both extensions of the formal derivative on k(x). From the uniqueness
of such an extension given by (1.3.5) we obtain
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Lemma 1.3.12. Let x € K be a separating variable. Then for any y € K we have
dy
DMy =-=. O
X (y ) d.x
The higher Hasse derivatives are closely related to ordinary higher derivatives.
Indeed, if we let D7 denote the iterated derivative @" /dx" = DN o D) o...0 D(V),
then a simple induction on n shows that

" /n . .
D100 =3, () D).
i=0
If we now let A := K[[t]]/(t?) where p := char(K), then A is a complete graded
k-algebra by (1.2.3), and the map
. =S N
D)= 3, DAO)
i=0 b
is a k-algebra homomorphism K — A. However, D; also induces a k-algebra map
K — A If my: A — K is the projection onto the degree zero component, then
myoD, = myo D, = 1. Since both maps have the same restriction to k[x], (1.3.9)
and (1.3.4) imply
Lemma 1.3.13. If char(K) = 0 or if n < char(K) and x € K is a separating
variable, then

1
pin) = —pr
Tt

X
where D7, is the n-fold iterated first Hasse derivative. O

In addition to the product rule, the Hasse derivatives also satisfy the chain rule.
If we compose Dy : K — K{[[t]] with an automorphism ¢ of K[[¢]] that is the identity
on K{[[t]],, the result is another generalized derivation. Suppose that y € X is also
a separating variable. Then D)(")(y) # 0 by (1.3.6), whence (1.2.15) provides an
automorphism ¢ of K{[t]] that is the identity on K{[t]], and that satisfies

o(r) = gvﬁ") O

Then (¢! oDy)(y) = y+1t = Dy(). Thus, ¢! 0 D, and Dy agree on k[y], so they
are equal by (1.3.11), and we have D; = ¢ o D, Explicit formulas for D{*) in terms
of D;") can be extracted from this, but they are rather messy. Fortunately, we only
need one coefficient explictly for a later application.

Lemma 1.3.14. Suppose that k C K are fields and x,y € K are separating vari-
ables for K[k. Then there are functions d,,...,d,_, € K that are polynomial

expressions in D)(“') (y) for 1 <i < n, such that for any f € K we have

n-1
DI (f) = (dy/dx)"D{ () + Y., d.DP(f).
i=1
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Proof. Let ¢ be the automorphism of K([[t]] described above, and put

wwm=§www

Then for any f € K we have
Di(f) = ¥, D (f)s".
i=0
In particular, D{" (f) is the coefficient of ¢" in the right-hand side. Let d, be the
coefficient of " in &' for 1 < i < n. Then d, = (D{"(y))" = (dy/dx)". o

Corollary 1.3.15. With the notation of the lemma, suppose that char(K) = p and
that f € KP. Then

DY)(f) = (DL ()DL ().
Proof. By (1.3.13) we have D{)(f) =0for 0 <i < p. o

1.4 Residues

In this section, we discuss Tate's elegant theory of abstract residues, closely
following [20]. For a variation based on topological ideas, see the appendix of
[13].

Let V be a (not necessarily finite-dimensional) vector space over a field k. Re-
call that a k-linear map y : V — V has finite rank if y(V) is finite-dimensional. We
can generalize this notion by calling y finitepotent if y*(V) is finite-dimensional
for some positive integer n. Equivalently, there is a finite-dimensional y-invariant
subspace W C V such that y is nilpotent on V /W. We call such a subspace a core
subspace for y. Denote by try, (y) the trace of y|,,.

Lemma 1.4.1. Supposey:V — V is k-linear and W, U are core subspaces. Then
try (y) = try, (9).

Proof. We may assume, without loss of generality, that V = W + U is finite-
dimensional. Then try (y) = tr, w(¥) +try (y) =ty (y) and similarly, tr, (y) =
try (). O

We can therefore unambiguously define try, (y) for any finitepotent map y. The
following result is easy.

Lemma 14.2. Let y:V — V be finitepotent, and suppose that W C V is
y-invariant. Then y is finitepotent on W and V /W and

try(y) =ty () +try ), (0). O

Lemma 1.4.3. Ify and x are any two k-linear maps on V and yx is finitepotent,
then xy is also finitepotent and try, (yx) = tr, (xy).
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Proof. If W = (yx)*(V) is finite-dimensional, then
U= ()™ (V) = xo (x)" oy(V) C x(W),

so U is also finite-dimensional. Moreover, by choosing n large enough, we may
assume that yx(W) = W and xy(U) = U. This implies thaty : U — W and x: W —
U are both isomorphisms, from which it follows that tr;, (xy) = try, (yx). 0

Call a k-subspace E of End, (V) finitepotent if there exists an integer n such
that for every word w of length n in the elements of E, w(V') is finite-dimensional.

Lemma 1.4.4. If E is a finitepotent subspace of End, (V), then tr : E — k is k-
linear.

Proof. Take y,x € E and for any nonnegative integer n, put
Vo= w(V),
w

where the sum is taken over all words w of length n in x and y. If w;, is any initial
segment of w, then w(V') C w,(V), and in particular, V, CV, _,. This implies that
V, is invariant under y and x. For sufficiently large n, it follows that V, is a core
subspace for both x and y, and linearity of tr, follows from linearity 6ftr,, . O

We note that some hypothesis such as the above is necessary in order to get
additivity of the trace. See Exercise 1.15 for an interesting counterexample due to
G. Bergman. It is clear, however, that any product of linear maps in which at least
one factor has finite rank remains of finite rank. In particular, we have

Lemma 1.4.5. IfE is a finitepotent subspace and x has finite rank, then (E, x) is
finitepotent. a

Next, suppose that W, W’ are subspaces of V. We say that W is nearly contained
in W’ and write W < W' if dim(W /W NW’) < o, and define W ~ W' if W < W'
and W' < W. Then y is finitepotent if y* (V) =< 0 for some n.

Note that if & is a discrete k-valuation ring of K whose residue field is a finite
extension of k, then x&0 < € for all x € K.

The following properties are straightforward consequences of the isomorphism
theorems:

Lemma 1.4.6. If W X W' and y € End,(V), then y(W) X y(W'). If also W' X
W, then W < W". In particular, ~ is an equivalence relation. Moreover, if W; <
W/ (i=1,2), then W, + W, X W/ +W,. a

Now for W,W’ C V define
E,(W,W') := {y € End (V) | y(W) I W'}.

Lemma 1.4.7. E, (W,W’) is a k-subspace of End, (V). Ify € E,,(W,W'), W' < U,
and x € E,(U,U’"), then xy € E,(W,U'’). Moreover, if we put E, := E,(V,W),
E,:=E,(W,0), and E := E,(W,W), then E, and E, are two-sided ideals of E,
E:=E, +E,, and E := E, NE, is finitepotent.
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Proof. Lety,x € E,(W,W’') and a € k. Then (ay+x)(W) C y(W) +x(W) < W'
by (1.4.6). Moreover, if y € E,(W,W’), W XU, and x € E,,(U,U’), then y(W) =
W', so xy(W) < x(W') X x(U) X U’ by (1.4.6). In particular, E, and E, are two-
sided ideals of E, and E} C E, (V,0) is finitepotent. Finally, let 7: V — W be an
arbitrary projection map, and let y € E. Then 7y € E, and (1 — &)y € E,, whence
E=E, +E,. w

Define the near-stabilizer of achainV =V, 2V, 2 --- DV, = 0 to be the set

NE (VioVier)-

i<n
Corollary 1.4.8. The near-stabilizer of a chain is a finitepotent subspace of
End, (V). O

Lety:V — V be any k-linear map. We say that W C V is nearly y-invariant
if y(W) < W. Consider now a k-algebra K and a K-module V with a k-subspace
W that is nearly y-invariant for all y € K. We will call such a subspace a near
submodule. An element y € K induces a k-linear transformation in E := E, (W, W)
that, by abuse of notation, we will continue to call y. Define E,,E,, and E, as
above. Write y =y, +y, with y; € E,. If x € K is another element and we also
write x = x, +x, with x; € E;, then the commutator is [y,x] := yx — xy, which is of
course zero since K is commutative. Expanding the commutator, we have

(%) 0= [y}, x;] + o xo] + a0y ] + 20 %)

Note that y, x, and x,y, are both in E; NE, = E,, since the E; are ideals, so [y, x,] €
E,. Similarly, [y,,x,] € E,, so (*) implies that [y,,x,] = —[y,,x,] mod E,. How-
ever, [y;,x;] € E; (i = 1,2), so we conclude that [y;,x;] € E, (i = 1,2), and in
particular, try ([y, ,x,]) is defined.

However, y, x, € E,, so that tr, (y,x,) is defined, and therefore try, ([y,,x,]) =
0 by (1.4.3). Similarly, tr, ([y,,x,]) = 0. Since [y,x,] - [y, x;] = [y —y,.%,] =
[¥2,%,), it follows that tr, ([y,x,]) = tr,([y,,,]) is independent of the choice of
decomposition y =y, +y,, and similarly for x. If 7 : V — W is a projection, we
may take y, = my. Note that if W is actually invariant under y and x, then [my,x]
actually stabilizes the chain V D W D 0and is therefore nilpotent.

Finally, note that since [my,7x] nearly stabilizes V D W D 0, the finite-
dimensional subspace [my, mx](W) is a core subspace for 7y, 7x]). Summarizing
this argument, we have obtained the following remarkable facts:

Lemma 1.4.9. If W C V is nearly invariant under commuting maps y,x, and
7 :V — W is any projection, then [ny, nx] nearly stabilizes the chainV D W 2 0,
and tr,, [y, wx] is independent of 7. If W is actually invariant under y and x, then
try (y, mx] = 0. Moreover, if W, := [y, nx](W), then W), is finite-dimensional and

try [y, mx] = try, [my,nx). O
Thus, we have unambiguously defined a function K x K — k:

()’:x)vw —trv[”y’nx] UV[”y’x] "V[xvn)'L
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which is easily seen to be an alternating k-bilinear form. We call this form the
residue form afforded by the pair (V,W).

Lemma 1.4.10. IfV is a K-submodule of V', then DXy = 0 Xy for all
»XEK.IfW CVand W' ~W, then W' is a near K-submodule and (y,x), ,,, =
(nx)y forally,x € K.

Proof. Since core subspaces for all finitepotent maps under consideration lie in
W, enlarging V has no effect, and the first statement is immediate. The second
easily reduces to the case that W/ C W, since W and W’ both have finite index
in W+W.If ' :V - W is a projection, we can write & = 7’ + ", where
m:V — W and n” is a projection onto a finite-dimensional complement to W’ in
W. Then n"yx has finite rank, so tr([z"y,x]) = 0 by (1.4.3) and the result follows
from (1.4.4) and (1.4.5). O

Theorem 1.4.11. IfW, and W, are near K-submodules of V, then so are W, + W,
and W, NW,, and

(y,x)v,w,+w2 - ()’w“>v,wl - ()’ax)v,w2 + <)”x)v,w,nw2 =0
forally,x e K.

Proof. Lety € K. Theny(W,) X W, so certainly y(W;) < W, +W, fori=1,2. Thus
YW, +W,) Cy(W,) +y(W,) X W, +W, by (1.4.6), and it follows that W, + W, is
a near submodule.

Let ; : V — V/W, be the quotient map (i = 1,2) and let U := y(W, N W,).
Then 7,(U) is finite-dimensional for i = 1,2. Hence 1, @ n,(U) is also finite
dimensional, and thus W, N W, is also a near submodule.

It remains to prove that the alternating sum is zero. Put W, := W, N W, and
choose subspaces Wy, W,,W, such that W, = Wy @ W/ (i=1,2) and V = W; &
(W, + W,). Then we have a direct sum decomposition

V=W,eW oW,eW,
and a corresponding decomposition of the identity into four mutually orthogonal
projection maps

ly =M+ + 1+ 7,
Put o, :=my+m/fori=1,2and lety,x € K. Dropping the subscript V for now,
we have

(y,x)wl =trmyx], (i=0,1,2), and

(*) ()’ax)w|+w2 = “[”1)’ + Ty — Ty, x].

We want to expand the commutators in (x) and use additivity of the trace. Before
doing so, however, we need to verify that all commutators lie in some finitepotent
subspace of End, (V).

To this end, let E be the near-stabilizer of the chainV 2 W, + W, 2 W,nW, 20,
which is finitepotent by (1.4.8). We argue that [m,y,x] € E for i = 0,1,2. This is
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obvious for i = 0. For i = 1,2 we clearly have
[my,x] € E(V,W,)NE(W,,0) C E(V,W, +W,) N E(W,,0).
The problem is to show that [y, x](W, +W,) < W, which immediately reduces
to
[y, (W3_;) 2 W,

However, this follows by observing that T.7,_; = T, and the fact that W,_, is a
near submodule.

Now we can expand (*) and conclude that the alternating sum is zero, as
required. O

We next need to provide a connection between the residue form and the module
of differential forms. This is given by:

Theorem 1.4.12. Let K be a k-algebra, V a K-module, and W C V a near sub-
module. Then there is a k-linear function Resy, : Q, Jk = k that vanishes on exact
differential forms such that

Resy, (ydx) = (y,x)yy forally,x€K.

Moreover, ResY, (x"dx) vanishes for all n > 0, and if x is invertible, it vanishes for
alln# -1 Ifx(W) CW, put Wy : Wy~ (W). Then

(%) try [n’y,x] = trw/wo([n'y,x])

for any projection & : V — W. Finally, if x is invertible and W is invariant under
x andy, then

(1.4.13) Resyy (yx™"dx) = tr, ) ).

Proof. Lety,x,w € K and decompose each of them using E, (W,W) = E, + E, as
above. Then we have the following identities:
Doxwi] =yixw —xwyy,,
Dyxwi] =y w —wyyx,,
Dywiox ] =y wixy —xy,wy.
All three commutators lie in the same finitepotent subspace E,, so the trace is
linear. Subtracting the second and third equations from the first and taking the
trace, we get
Orxw) — (yx, w) — (yw,x) = tr(w y,x, +x,y, W) =X, Wy, —y,w,x,)
=te(x [y, w] = [y, w]x;)
=0
by (1.4.3). (Note that [y, ,w,] € E, and x, € E,.) Now the definition of Q. (1.3.1)
implies that the residue form factors uniquely through Q, Ik via a k-linear map
Res)y : Q K k, as advertised.
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To compute Res(x"dx), write x = x, + x, with x; € E; as before, and note that
for n > 0 we have x" = x] +x, , for some x, , € E, because the E; are ideals.
Hence, Res}, (x"dx) = tr, ([x?,x,]) = 0. In particular, Res}, (dx) = O for any exact
differential. If x is invertible and n < —2, we have

Res(x"dx) = Res(—(x"")™""%)d(x"") =0.

Suppose that x(W) C W.and that w : V — W is a projection. After verifying that
[7y,x] maps V into W and is zero on W,, we have (x).

Finally, if x is invertible, and W is invariant under x and y, we apply (*) with
yx~!in place of y. Here, x(W) C W, and expanding the commutator, we conclude
that

Res(yx'dx) = Uy /xw) (m—xmx~1)y.
Since 7 — xx~! is the identity on W /x(W), (1.4.13) follows. O

In our application of the above results, we will always have x(W) C W, so (*)
in principle gives a finite calculation for the residue form. Most of the time, we
can actually use (1.4.13).

Our final results relate to extensions of the algebra K. The main theorem is

Theorem 1.4.14. Let K be a k-algebra, V a K-module, and W C V a near sub-
module. Suppose that K C K', where K' is a commutative k-algebra that has a
K-basis {x,...,xn}. Put

i=1

n
Vi=K'®V and W :=Y x,®W.
Then W' is a near K'-submodule of V' whose ~-equivalence class is independent
of the choice of K-basis for K', and for y € K’ and x € K we have
ResY (ydx) = Res}y (trys /g (y)dx).

Proof. If we put
. n n
W= Zajxj®W= ij®ajW,
j=1 j=1

foranya; € K (1 < j < n), we have W < W by (1.4.6). From this it follows easily
that W' is a near K’-submodule whose ~ equivalence class is well-defined.
Now choose a projection 7 : V — W. Since

n n
V' =P=x8V and W =PxoW,
i=1 i=1

wecanlet 7, := 1®7 : x;®V — W and define the projection ' := ¥, 7, : V' —» W'.
Letw=Y,x;®w; € W'. Since x € K, we have

w=YxQxw, and Txw= x®mw,.
i i
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Fory € K', there exist y;; € K with
X, = Zyi Tadl
J
whence
w= Zy,-jxj Qw,; = ij ®Zy,jwi.
i J i
It follows that

[”/xvy](xi®wi) = ij ® [”x’yij]wi'
j
In particular, put U; := };[7x,y;;](W) and

U:=@Px;eU;
j

Then [n'x,y)(W’) C U, so U is a core subspace for [7'x,y] by (1.4.9), and we
conclude that

tr,[7'x,y] = tr, 2 1@ [7x,y; j]
i’j

= ;trujl@[ﬂx,y‘”]

= try [mx, try ()

Since the residue form is antisymmetric, the result follows. O

Some care needs to be taken when extending K, because all our results have
assumed a fixed ground field k. Suppose, however, that ¥’ is a finite extension of
k, and in (1.4.14) we have K’ = k' ®, K. Then V' and W' are actually k’-spaces,
and we are often interested in computing traces with respect to K’ rather than k. If
x is any finitepotent operator on the k-vector space V, it remains finitepotent on
V':=kK ®,V, and just as in the finite-dimensional case, its k'-trace on V' is the
same as its k-trace on V. Thus, we have

Lemma 1.4.15. Suppose that W is a near submodule of the K-module V and that
k' is a finite extension of k. Put K' := k' ®, K with k' and K identified with their
natural images in K'. Then W' := k' ® W is a near K-submodule of V' .=k ®,V,
and for x,y € K we have

(y,x)(/l'wl = (yvx)V,W’
where the residue form (x,y)' is computed by taking k'-traces. O

It may happen that K already contains a copy of X, and that W is k’-invariant.
Here, the k-trace on V and the k’-trace on V are related via the field trace tr, Je
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Lemma 1.4.16. Suppose that K contains a finite extension k' of k, and that the
near K-submodule W of V is k'-invariant. Then

(y1x)V,W = [rk’/k((yix)lV,W)a
where the residue form (x,y)' is computed by taking k'-traces.

Proof. Since V is a K-module, it is a k’-vector space, and we are assuming that
W is k'-invariant. Since the residue form is independent of the choice of projec-
tion map 7, we can compute (y,x),, using a k’-linear projection 7. Since y and x
commute with K, the map [y, x] is k'-linear. Now if U is any finite-dimensional
K -vector space and f : U — U is K'-linear, then by restriction f is also k-linear
and we have tr, (f) = tr,, /k(trk, (f))- The formula follows. O

1.5 Exercises

Exercise 1.1. Let G be any totally ordered group, and let gy,g, be any two
elements of G. Define a map v : k[X,Y]* — G via
v(3,a;,;X'Y’) = min (igy + jgy)-
i a0
(i) Show that v is multiplicative and satisfies the ultrametric inequality (1.1.1).
Conclude that v extends to a valuation on k(X,Y) via v(f/g) = v(f) -

v(g).
(ii) Take gy =gy = 1 € Z. Show that v is discrete. What is F,,?

(iii) Totally order Z & Z lexicographically, and put gy = (1,0) and g, = (0, 1).
Show that P, = (Y) and F, =k, but Q := (XY~ | i > 0) is a prime ideal
that is not finitely generated.

(iv) Take gy = 1, gy = V2 € R. Show that F, = k and that P, is the unique
prime ideal of &, but that P, is not finitely generated.

Exercise 1.2. Define T € k((t)) via

=y "
i=0
Prove that the map f(x,y) — f(t,7) defines an embedding k(x,y) — k((¢)). Thus,
there is a discrete valuation on k(x, y) with residue field k. Show that this valuation
is not obtained by the construction of Exercise 1.1. [Hint: T and ¢ are alge-
braically independent because T can be very well approximated by a polynomial
of arbitrarily high degree.]

Exercise 1.3. Let ¥ be a finite set of discrete valuations of a field K. Show that
the field of fractions of K(¥#;0) is K.
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Exercise 1.4. Let K = Q(x,y) where x = y?(1 —x? + x3). This is the example of
the text after a change of variable. Let v be the valuation on Q(x) at x = 0. Show
that v is ramified in K and that y is a local parameter at the unique divisor v’ of
v. Expand x in powers of y through y®.

Exercise 1.5. Show that if v, is the valuation of K afforded by & and if, for all
x € K, we define

fxly = b~
for any fixed real number b > 1, then K becomes a normed field and K, is just its
metric space completion.
Exercise 1.6. Suppose that &, is a discrete valuation ring of K. Show that
R, =K+6,.

Exercise 1.7. Suppose R is complete at I and R/ is a ring direct sum R/I = S, ®
S,. Show that R is a ring direct sum R = R, @R, with R,/(R,N]) = S, (i = 1,2).
[Hint: This result is sometimes referred to as “lifting idempotents.”]

Exercise 1.8. Suppose that & is a complete discrete valuation ring with maximal
ideal P and field of fractions K, and that K’ is a finite extension of K.

(i) Let R be the integral closure of & in K. Generalize the argument of (1.2.11)
to show that R is a complete free £-module of finite rank.

(i) Use Exercise 1.7 and (1.1.16) to deduce that there is a unique extension
(0',P)of (O,P)t0K'.

(iii) Conclude that X’ is complete at P, and that |K’ : K| = e(P'|P) f(P'|P).
Exercise 1.9. Let R := k[[t]] and let R, := R/(¢") for all n > 0. Define

QR = ]i.t—anRn/k'

Prove the following:

(i) There is a natural derivation d : R — Q, that is universal with respect to
continuous k-derivations of R into complete R-modules.

(i) Qg is a free R-module of rank 1 with basis dt.

Exercise 1.10. Let K be a k-algebra, and let / be the kernel of the map K ,K—-K

induced by multiplication. Show that the map d : K — I/I? defined by
d(x)=x®1-1®x  mod I?

is a derivation and that the induced map Q, K I/ is an isomorphism.

Exercise 1.11. Let K be a k-algebra and let X be an indeterminate. Show that

Qx[x] = Q, n ®KdX. If f is a polynomial in n variables over k, obtain the
formula :

< d
df = Z‘; b%idx,..
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Exercise 1.12. Prove formula (1.3.10).

Exercise 1.13. Let K be a field of characteristic p > 0 and let ¢ be a power of p.
Let x € K be a separating variable. For any y € K, prove that

@y _ J @YD) ifi=0 modg,
D0 =1, .
otherwise.

Exercise 1.14. Prove that a linear operator is finitepotent if and only if it is the
sum of a nilpotent operator and an operator of finite rank.

Exercise 1.15. (G.M. Bergman) In this exercise we will construct two trace zero
operators whose sum has trace one.

Let W be a k-vector space with a countable basis = {¢,e,,... }. Let R(e;) =€, |
and L(e;) =e¢;_,, L(e,) = O be the right and left shift operators, respectively.

(i) Show that LR =] and RL = I — &, where 7 is the natural projection onto €

(ii) LetV =W @ W @ W and define linear operators

0 R-1 0 0 0 0
P=10 0 R-I|, Q:=|1 I I
0 0 0 -L - -I

on V. Show that P> = Q* = 0.
(iii) Verify the following:

I 0 R[|]O R-I O 0 -R —-I+n -1 0
01710 1 1 R I 0= 1 I 0}].
00 IJ|{-L -1 -I1|0 O I -L -1 0

(iv) Show that the right-hand side of the above is the sum of a nilpotent matrix
and a rank 1 projection. Conclude that P + Q is finitepotent of trace one.

O~
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Function Fields

In this chapter we make the basic assumption that K is a finitely generated ex-
tension of k of transcendence degree one. If x € K is any transcendental element,
then K /k(x) will be a finitely generated algebraic extension, i.e., a finite extension.
Furthermore, we assume that k is algebraically closed in X, that is, that every el-
ement of K algebraic over k already lies in k. In this situation, we say that K is a
function field over k, or sometimes that K /k is a function field.

2.1 Divisors and Adeles

By a prime divisor of K we shall mean the maximal ideal P of some k-valuation
ring of K. We denote the corresponding valuation! by v, and the residue field by
Fp. By (1.1.14) and (1.1.19), all k-valuations of K are discrete. This is a critical
fact upon which the entire subsequent development depends. We let P be the set
of all prime divisors of XK.

Let x € K and suppose that v,(x) > 0 for some prime divisor P. Then we say
that “x is finite at P” and define x(P) € F}, to be the residue x+ P mod P. Thus x
vanishes at P iff vp(x) > 0, in which case we say that “x has a zero of order vp(x)
at P” If x is not finite at P, then we say that “x has a pole of order —v,(x) at P.”

Lemma 2.1.1. Let P be a prime divisor of K and suppose that x € K vanishes
at P. Then v, divides the x-adic valuation v, of k(x). In particular, Fp is a finite
extension of k of degree f( VP|V(X) ).

1Some authors use the notation ord,, here.
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Progf. Since vp(x) > 0, it follows immediately from (1.1.14) that v, | v,. Since
the residue field of v, is just k, the result follows. O

We write deg(P) := |Fp : k| for the degree of P. Note that the residue degree of
Vp over V, is independent of x, and if k is algebraically closed, all prime divisors
have degree one. Some care needs to be taken when evaluating a function x at a
prime P of degree greater than one. The reason is that there is no natural embed-
ding of F into any given algebraic closure of the ground field. So, for example,
the question of whether x(P) = x(Q) is not really well-defined in general unless
P and Q have degree one.

We will refer to prime divisors of degree one as “points” because in the
algebraically closed case they correspond to points of the unique nonsingular pro-
jective curve whose function field is K. We will study this case in detail in Chapter
4. When £ is not algebraically closed, the question of whether K has any points is
interesting.

¢

Lemma 2.1.2. If P, is a prime divisor of K of degree f; and x € K* with vp (x) =¢;
Jor 1 <i<s, then

(2.1.3) ieif,. <K : k(x)|.
=1

In particular, x has only finitely many zeros and poles.

Proof. If x € k, both sides of the inequality are zero. For x € k, this is a straight-
forward application of (1.1.22), viewing K as a finite extension of k(x). Namely,
put v, :=Vp and let v, be the valuation of k(x) whose valuation ring is k| )
Then the ramification index of v, over Vi) is precisely the order of the zero of x
at P, and the degree of P, is precisely the residue degree of v; over Vi g

One of the important results in this section is to show that the above inequality
is actually an equality when all zeros and poles of x are included, but first we need
some machinery.

A divisor on K is an element of the free abelian group generated by the prime
divisors, that is, it is a formal finite integral linear combination of prime divisors.
We denote this group by Div(K). We define the degree of a divisor D := ¥, dpP
to be deg(D) := Y pdpdeg(P) and we define v,(D) := d,, for any valuation V.
Thus, vp(D) = 0 for almost all P.

For an element x € K*, the principal divisor of x is the divisor [x] := ¥, vp(x)P.
Note that the sum is finite by (2.1.2). It is often convenient to distinguish the
positive and negative terms in this sum. So we define the zero divisor (resp. pole
divisor) of any divisor D := Y pdpPtobe Dy : =3 dp>0 dpP (resp. D := D, — D).

An important property of divisors is that a function in X is uniquely determined
by its principal divisor, up to a constant multiple.

Lemma 2.1.4. Any nonconstant element of K has at least one zero and one pole.
Hence, any two elements of K with the same divisor differ by a constant multiple.
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Proof. Since any nonconstant function in X is transcendental over k, (1.1.7) yields
prime divisors P,Q with vp(x) > 0 and VQ(x") > 0, so x has a zero at P and a

pole at Q. Since [xy] = [x] + [y], we see that [x] = [y] implies thatxy~! e k. O

Since v(xy) = v(x) + v(y), the principal divisors form a subgroup of the group
of divisors. The quotient group is called the divisor class group. We say that two
divisors are linearly equivalent and write D ~ D' if D — D’ = [x] for some principal
divisor ().

The divisors are partially ordered by setting D < DY, provided that v(D) <
v(D') for all valuations v. A divisor D with D > 0 is called nonnegative, or
sometimes effective. We can now make the following fundamental

Definition. Let K be a function field and D a divisor on K. Then
Ly(D):={xe K* | [x] > -D}u{0}.

We will write L(D) for L (D) when there is no danger of confusion. The
following properties of L(D) are straightforward:

Lemma 2.1.5. Let D be a divisor on K. Then
1. L(D) is a k-linear subspace of K.
2. If D, ~ D,, then L(D,) = L(D,).
3. L(D) # 0 iff there is a nonnegative divisor D' ~ D.
Proof. 1. This follows from the ultrametric inequality (1.1.1).

2. Suppose D, = D, + [x], then multiplication by x is an isomorphism from
L(D,) to L(D,).

3. ] > -Diff [ +D > 0. O

An important fact, which we shall prove shortly, is that L(D) is finite-
dimensional. Note that if Dy = ¥ ,apP and D.. = Y, bpP, then the condition
x € L(D) is equivalent to the following two conditions:

1. x can have a pole at a prime P only if a, > 0, and the order of that pole can
be at most ap,

2. x has a zero of order at least by, at P for all P.

Note that k C L(D) iff D > 0.

It may be instructive to illustrate the preceding ideas in the case K = k(X)
before proceeding. Let P := P, ), P := (1/X), and let P, := P\ {P.}. The set
P, is in one-to-one correspondence with the set of monic irreducible polynomials
P(X) € k[X]. Recall that O} is just the localization of k[X] at the prime ideal
generated by P(X). It is easy to verify that in this case F ~ k[X]/(P(X)) and
therefore the degree of the prime divisor P is just the degree of the polynomial
P(X).
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Let f(X) :=IT/=, P(X)% € k(X). Then vV.(f) = —deg f = — 3, e;degPF,, and
the principal divisor of f is

[fl= Zeii’i— (Ze,-degl’,.)P,,.

So we see that deg[f] = 0, and also that conversely, every divisor of degree zero
is principal. The first property generalizes to all function fields, while the second
turns out to be characteristic of k(X). What is the subspace L(nP.)? It consists
of all rational functions having a pole only at infinity, of order at most n. This
is just the set of polynomials of degree at most n (see Exercise 2.2). We see that
dimL(nP.) = degnP.. + 1. By Exercise 2.1, this statement remains true for k(X)
when nP., is replaced by any nonnegative divisor. The generalization of this state-
ment to an arbitrary function field is Riemann’s theorem: *“1” must be replaced
by some other integer depending only on K, and then the equality holds for all
divisors of sufficiently large degree.

For P € P, let Op denote the completion of the local integers &p at P (see
Section 1.2). We denote the field of fractions of ﬁp by R p- By (1.2.10) the residue
fields of &, and &, are canonically isomorphic. We denote them by Fp.

We next define the adele ring of K, Ay, to be the subring of the direct product
Tlpep, Kp consisting of all tuples {a, | P € Py} such that vp(a,) > O for almost
all P. Addition and multiplication in A are defined component-wise.

We identify K with its natural image in the direct product, and extend valuations
Vp to Ay by defining vp () := Vp(@p). This allows us to define, for any divisor
D,

Ag(D):={aecAg|v(a)>-v(D) forallv}.

Again, the ultrametric inequality (1.1.1) shows that A, (D) is a k-linear subspace
of Ag. Moreover, A, (D)NK = L(D).

Lemma 2.1.6. Suppose D, < D, are divisors on K. Then Ay (D) C Ax(D,), and
dim(A,(D,)/Ax(D,)) = deg(D,) — deg(D, ).

Proof. It is immediate from the definitions that Ag(D,) C A4 (D,). By induction
on deg(D,) —deg(D, ), we may assume that D, = D, + P for some prime divisor
P, and prove that dim(A (D,)/Ax(D,)) = degP.

Let 7 be a local parameter at P and let F, be the residue field. Put e := vp(D,),
and consider the k-linear mapping ¢ : A, (D,) — Fp givenby ¢ (&) :=t°ap+P. It
is immediate that ker(¢) = A (D, ). On the other hand, for any element x+ P € F,
there is an adele & with &, = xt™° and @, = 0 for P’ # P, whence ¢(a) =x+P.
Thus, ¢ induces a k-isomorphism Ay (D,)/Ag(D,) = Fp. 0

Given two divisors D; and D, we let D| UD, (resp. D; N D,) denote their
least upper bound (resp. greatest lower bound) with respect to the partial or-
der <. In other words, v(D, UD,) := max{v(D,),v(D,)} and v(D, ND,) :=
min{v(D,),v(D,)} for all valuations v.
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Lemma 2.1.7. Given any two divisors D,,D, we have
1. Ag(D;ND,) =Ax(D,)NAy(D,),
2. Ag(D,UD,) =Ag(D,)+Ax(D,).
Proof. 1. This is immediate from the definitions: a € A (D, N D,) iff

-v(@) < v(D, ND,) = min{v(D,),v(D,)} for all v iff @ € Ax(D,) N
Ag(Dy).

2. By (2.1.6) we have Ay (D, ) +Ag(D,) C Ax(D, UD,). From the definitions
we obtain

degD, —deg(D,ND,) =deg(D,UD,) —degD,.
Now using (2.1.6) again, a dimension count yields
dim(A.(D,) +Ax(D,))/Ax(D,) = dimA,(D,)/Ax (D, ND,)
=degD, —degD, ND,
=degD,UD, —degD,
=dimAg (D, UD,)/Ax(D,). O

The quotient space A, /K is a k-vector space, which is called the adele class
group. Given an adele @ or a subspace V C A, we denote by @ or V its image in
the adele class group.

Lemma 2.1.8. Suppose D, < D, are divisors on K. Then there is a natural short
exact sequence

(21.9)  0—L(D,)/L(D,) = Ag(D,)/Ag(D;) — Ag(D,)/Ax(D,) — 0.
Proof. This is an exercise in using the isomorphism theorems2. Let
¢ :Ax(D,) —oAK(Dz)
be the natural map, with kemel L(D,). Then ¢~!(A,(D,)) = L(D,) + Ax(D,).
So the kernel of the map Ay (D,)/Ax(D,) = Ag(D,)/Ag(D,) induced by ¢ is
(L(D,) +Ak(D,))/Ax(Dy) = L(D,)/(L(D;) NAg(Dy)) = L(D,)/L(D,). D

Corollary 2.1.10. L(D) is finite dimensional, for any divisor D. If D, < D, are
divisors, then

(2.1.11) dimL(D,)/L(D,) < degD, —degD,.
In particular, if D is any nonnegative divisor, then
(2.1.12) dimL(D) < degD+1.

21t is also immediate from the “nine-lemma” of homological algebra.
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Proof. Inequality (2.1.11) is immediate from (2.1.6) and (2.1.9). Setting D, = D
and D, =0, we have dimL(D) —dimL(0) < degL(D). But L(0) = k by (2.1.4),
whence L(D) has finite dimension at most equal to deg D + 1. a

These inequalities are quite important. We next investigate the extent to which
(2.1.12) fails to be an equality. To this end, we define §(D) = degD + 1 —
dim L(D) for any divisor D. The following important property is immediate from
the short exact sequence:

Corollary 2.1.13. Let D, < D, be divisors on K. Then
8(D;) —8(Dy) =dim(Ax(D,) /Ax(D,)).
In particular, §(D,) < 6(D,). O

The main point of this section is'to prove that §(D) is a constant for all divisors
D of sufficiently large degree. In particular, this will show that L(D) # 0 for all
such D. As a first step in that argument, we show that §([x"]..) is bounded as a
function of m for all x € K. This result has several important consequences, among
them the fact that principal divisors have degree zero. This result is sometimes
called the product formula for function fields.

Theorem 2.1.14. Let x € K. Then deg|x] = 0, and there is an integer B depending
on x such that §([x"=) < B for all m > 0. Furthermore, if [x], = ¥i_, e,P, then

it
tr
(2.1.15) deg(x].. = deg(x]y = Y e;degP, = |K : k(x)|.
i=1
Proof. Let {u,,...,u,} be a basis for K/k(x), and let D be a nonnegative divisor
such that [u;] > —D for all j. Thus u; € L(D) for all j. For any positive integer m,
the functions ux/ (1 <i<n, 0 < j < m) are linearly independent over k and lie
in L([x™) + D). By (2.1.12) we have
(*) mn < dimL([x"]« + D) < mdeg(x].. + deg(D) + 1

for all m. It follows that degfx].. > n = |K : k(x)| for all nonconstant x € K. Since
k(x) = k(x~1), we also have deg[x], > |K : k(x)|. Now (2.1.3) implies that
deglrly = deglal.. = K : k(x),
whence (2.1.15). In particular, it follows that deg(x] = 0. Finally, since deg[x™].. =
mn, we can use (2.1.11) and (*) to obtain
3([¥™w) =1+ mn—dimL([x™}.) < 14 dimL([¥"]w + D) — dim L([x"}.)
< 1+deg([x"] +D)—deg[x"}w = 1+degD. O

The fact that principal divisors have degree zero is fundamental. Note that this
is immediate for the rational function field k(X) by (1.1.14). There are some
important corollaries, the first of which is straightforward.
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Corollary 2.1.16.
1. If D ~ D/, then deg D = degD’ and 6(D) = §(D').
2. L(D) =0 for all divisors D with degD < 0.

Prodf.

1. If D’ = D+ [x] for some principal divisor [x], then deg D’ = deg D +deg|x] =
degD, and dimL(D) = dimL(D’) by (2.1.5).

2. f0#x € L(D), then D+ [x] > 0 and in particular, degD = deg(D + [x]) >
0. O

More importantly, we can now show that the inequality of (1.1.22) is an
equality.
Corollary 2.1.17. Let K /k be a function field and let K’ be a finite extension of K.
Suppose that P is a prime divisor of K, and let Q,,...,Q; be the set of all distinct
primes of K’ dividing P. Then

r

ze(Q,’IP)f(QiIP) =|K": K|.

i=1
Proof. Choose 0 # x € P, let {P = P,,P,,...,P;} be the set of all prime divisors
of (x) in K and let e; := e(P|(x)). The P, are the zeros of x in Py

Let F,;(1 < j <r;) be all the prime divisors of £, in K’,sory =rand Q; = P,
for 1 < j<r. Pute;:=e(P;|F,) forall i, j. Then the P,; are the zeros of x in P,,.
By (1.1.25) applied to the tower k(x) C K C K, we have e(P,|(x)) = ¢, j€i-

Let F; (resp. F;;) be the residue field at 7, (resp. P;). Then degF, = |F; : k|.
However, an important point to keep in mind is that X’ may contain additional
elements algebraic over k. Let k' be the set of all such elements. Then X’ is a
function field over ¥/, and deg P, j=IF;: ¥'|. By (1.1.22) we have

n; 5=Zeijlp}j5p}| <IK':K]|
j

for all i. We are trying to prove that the inequality is an equality for i = 1. Using
(2.1.14) we get

|K :k(x))| = X &;|F; : kI, and
K" k(x)| = K : k||K': K (x)| = lk’:kIZeijeiII'}j:k’|
ij
=Y eijelFy  FIF, k| =3 me|F k| <K' K|IK 2 k(x)].
i7 i

It follows that n; = |K’ : K| for all i. a

As a further consequence, we obtain
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Corollary 2.1.18. Let P be a prime of K. Then the integral closure of Op in K’ is
a finitely generated Op-module.

Proof. This is immediate from (1.1.8), (2.1.17) and (1.1.22). O
We can now prove a preliminary version of the Riemann—Roch theorem.

Theorem 2.1.19 (Riemann). There exist positive integers N and g depending
only on K such that (D) < g for all divisors D, with equality holding for all
divisors of degree at least N.

Proof. Fix a nonconstant function x € K. We first argue that for any divisor D,
there is an equivalent divisor D’ and a positive integer m such that D/ < [x"].
Namely, since D, > 0 we have [x"].. — Dy < [x"]. for all positive integers m.
Then (2.1.11) implies that

dim L(["]..) — dimL((x"} ~ D) < deg [¥"} — deg((x"}. — Dy) = deg Dy

Since &([x™]..) is bounded as a function of m, it follows that dim L([x"].. — D;) >
0 for sufficiently large m. For such an m, choose a nonzero element y of L([x"]e —
Dy). Then

D} 2 Dy - b} 2 D= 7],
whence D' := D — [y] < Dy — [y] < [x"] as claimed.

Now using (2.1.16) and (2.1.13) we have
8(D) =8(D') < &("))

for a suitably large positive integer m. This shows that §(D) is bounded, for all
divisors D.

Let g := lub{6(D) | D any divisor }, and choose a divisor D’ with §(D') =
g. Put N :=degD’ + g +1, and let D be any divisor of degree at least N. Then
deg(D - D') > g, but 6(D — D') < g. This implies that L(D — D’) # 0. Taking
x € L(D—D’) we have [x] > D' — D whence

g28(D)=8(D+1) 28(D)=g. O

The integer g = g, above is called the genus of the function field K. Perhaps
the main point of Riemann’s theorem is that it guarantees a nonconstant function
in L(D) for any divisor D of suitably large degree. In fact for degree at least g+ 1
we have dimL(D) > degD — g+ 1 > 2. So for example, if P is a prime divisor
there is a function x € L((g + 1)P) with exactly one pole, namely at P, and that
pole has multiplicity at most g + 1.

2.2 Weil Differentials

Here we refine Riemann’s theorem by looking more closely at divisors D for
which 8(D) < g. Such divisors are called special.
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Theorem 2.2.1. If K has genus g, then
dimA/(Ay(D) +K) = g - 5(D)
Jor any divisor D of K.

Proof. Let D be a nonspecial divisor and let & be an adele. There is certainly
a divisor D; > D such that & € Ag(D,). From (2.1.13) we see that D, is also
nonspecial and that A (D) + K = A, (D, ) + K. Thus,

which shows that A, (D) + K = Ay for D nonspecial. But given any divisor D
we can choose D, > D of sufficiently large degree so that D, is nonspecial.
Then Ay (D) + K = Ag and dim(A4(D,) + K)/(Ax(D) + K) = 6(D,) — 8(D)
by (2.1.13). g

We call g — 8(D) the index of speciality of D.

Further mileage may be obtained by looking at the dual of A;. We define a Weil
differential on K to be a k-linear functional on A that vanishes on A (D) + K for
some divisor D. The use of the word “differential” will be justified later. Denote
by Wy the space of Weil differentials, and let Wy, (D) be the subspace of those
differentials which vanish at Ay (D) + K. Note that if D, < D,, then W, (D,) 2
Wy (D,). Moreover, by (2.2.1) we have

(22.2) dimW, (D) = g - 8(D).

In particular, (2.1.19) implies that W, (D) = O for all D of sufficiently large degree.
Then if we fix a nonzero w € W, we can choose a divisor D of maximal degree
such that w € Wy (D).

Lemma 2.2.3. Let w be a nonzero Weil differential. Then there is a unique divisor
D of maximum degree such that w € Wy (D). Moreover, for any divisor E we have
we W (E) iffE<D.

Proof. This is an easy consequence of (2.1.7): If w vanishes on Ay (D,) and
Ag(D,), then it vanishes on A (D) +Ag(D,) = Ax(D,UD,).

We define the divisor of a Weil differential w to be the unique divisor given
by (2.2.3), and denote it by [w]. We define vp(w) := v,p([w]). Let P € P, with
local parameter ¢, and identify K, with the set of all adeles & with a,, = 0 for
Q # P. We observe that if e is an integer and D is any divisor with v,(D) > e,
then t=¢6, C Ay (D). Then directly from the definitions we have

Lemma 2.2.4. For any prime divisor P and any integer e, we have vp(w) > e if

and only if w vanishes on t ¢ ﬁp. In particular, w restricts to a nonzero k-linear
functional on K. O

As we will see, the restriction of w to K, turns out to be the local residue map.
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Any divisor of the form {w] for some Weil differential w is called a canonical
divisor. The interesting fact is that all canonical divisors are linearly equivalent. To
prove this, we first observe that there is an action of K on W, given by xw(a) :=
w(xa) forxe K, we Wy, and @ € A,

Lemma 2.2.5. L(D)W(C) C Wy (C — D) for any divisors C,D. Moreover, we
have

(2.2.6) bow] = [x] + [w]
foranyx € K andw € Wy.

Proof. Itisimmediate from the definitions that A, (C)A, (D) C A (C+ D) for any
divisors C,D. Thus, for x € Ly(D) we have xAx(C) C A (C + D). This implies
that xW, (C) C W, (C - D).

In particular, since x € L(—[x]), we have [xw] > [x] + (w] for any x € K and
w € Wy. Substituting x~'w for w in this inequality yields

W > [x] + (™) > [x] = ] + [w] = [w],
whence

x™'w] = [w] - [,

and (2.2.6) follows. O

For w € Wy and P € P, we define

Va(w) = Vp([w]).

Then the following properties are immediate:

Vp(aw) = vp(x) + vp(w),

2.
227 Vp(W+Ww) < Vp(w) + vp(w),

for all x € K and w,w € Wj,.

Theorem 2.2.8. Let K be a function field. Then dim, (W,.) = 1. Any two canonical
divisors are linearly equivalent.

Proof. The second statement is immediate from the first and (2.2.6). Choose any
two nonzero Weil differentials w;,w,. For i = 1,2 suppose that w; € Wy (D,).
Then the map x +— xw; defines for any divisor D an embedding ¢, , : L(D) —
WK(D — D) by (2.2.5). Now let D be a divisor of large degree, and consider the
pair of embeddings ¢; , 40, : L(D + D;) — Wy (—D). Note that L(—D) = 0, so we
have

dimWy(~D) =g—-8(—D) =g—deg(-D)—1=g+degD 1.



50 2. Function Fields

For each embedded subspace, however, we have
dimL(D+D;) =degD+degD;~g+1 fori=1,2,

so the codimension of these subspaces in Wy (—D) is 2g — 2 — deg D;, which is
independent of deg D. Hence the two subspaces intersect for D of suitably large
degree. This means that there exist elements x; € K with x;w| = x,w,, as required.

a

We are at last ready to prove the main theorem of this chapter.

Theorem 2.2.9 (Riemann-Roch). Let K be a function field of genus g and let C
be a canonical divisor on K. Then for any divisor D, Ly(C — D) ~ Wy(D), and
we have

dimLy (D) = degD + 1 —-g+dimL,(C - D).

Proof. A restatement of the formula is dimL(C — D) = g — 6(D), so by (2.2.2)
the formula follows from the k-isomorphism L(C — D) ~ W;(D).

By (2.2.8) we can take C = [w] for any nonzero Weil differential w. Then w €
Wi (C), so the map x — xw embeds L(C — D) into Wy(D) by (2.2.5). To show
that this map is onto, let w' € Wy (D). Then [w'] > D by definition, and w' = xw
for some x € K by (2.2.8). Then (2.2.6) yields [x] = [w/] — [w] > D — C, whence
x € L(C - D), and we have L(C — D) ~ W(D), as required. O

The Riemann—Roch theorem has many important consequences, which we will
be exploring in subsequent sections. For now, we list a few of the more obvious
ones.

Corollary 2.2.10. Let K be a function field of genus g and let C be a divisor on
K. Then C is a canonical divisor if and only if dimL(C) = g and degC = 2g — 2.
In particular, all divisors of degee at least 2g — 1 are nonspecial.

Proof. Suppose C is canonical and put D = 0 in (2.2.9). This yields dimC = g.
Now put D = C and obtain degC = 2g — 2. Conversely, assume dimL(C) = g
and degC = 2g — 2. Then 6(C) = g — 1, so dimA; /A (C) = 1 by (2.2.1). This
means that there exists a nonzero Weil differential w € Wy, (C). Then C < [w], but
degC = deg[w], and therefore C = ).

Finally, if degD > 2g — 1, then deg(C — D) < 0 and hence L(C — D) =0, so D
is nonspecial by (2.2.9). (]

Corollary 2.2.11. The following conditions are equivalent for a function field K :
1. K has genus 0 and has a prime divisor P of degree one.
2. K has an element x with deg[x]. = 1.
3. K =k(x) for some x € K.

Proof. 1 = 2: By(2.2.10) canonical divisors have degree —2, so the Riemann-
Roch theorem gives dim L(P) = 2. Let x be a nonconstant function in L(P).
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Then x has exactly one pole of order at most 1 at P. But x must have a pole,
so we have [x]. = P.

2 = 3: We have deg[x]. = 1 =|K : k(x)| by (2.1.14).

3 = 1: Clearly, k(x) has the point (x). We have previously observed that, for
K = k(x), L(nP.) is the space of polynomials of degree at most n, and
therefore dimL(nP..) = n+ 1 = deg(nP..) + 1 for all n. Thus (2.2.9) implies
that g = 0. a

Recall from (2.1.16) that the degree map is well-defined on divisor classes.
The degree zero subgroup of the divisor class group is called the Jacobian of K,
denoted J(K). If K has a point (prime divisor of degree one) F,, then there is an
obvious map y(P) = P — B, from the points of K to J(K), where P denotes the
image of P in the divisor class group.

Corollary 2.2.12. Ifg(K) > O, then v is injective.

Proof. The condition P — P’ = [x] implies that [x]. = P/, s0 g = 0 by (2.2.11).
a

The Riemann-Roch theorem yields the following improvement of the weak
approximation theorem:

Theorem 2.2.13 (Strong Approximation Theorem). Suppose that
§:={Pu,P,,..., P} C Py,

{x1s.--s%a} € K, and {m,,...,mp} C Z. Put v; := vp, for all i. Then there exists
x € K such that vi(x —x;) = m; (1 <i < n) and vp(x) > 0 for all primes P ¢ S.

Proof. Consider the divisor D := NP.. — 3| (m; + 1)P, where N > 0, and the
adele

X ifP=P,1<i<n,
P10 otherwise.

For N sufficiently large, D is nonspecial, so Ay = Ag(D) + K by (2.2.1). In

particular, there is an element y € K with y — @ € Ag(D). This means that

Vi(y—x;) 2m;+1foralli,and vp(y) >0 for P ¢ S.

Next, choose z; € K with v,(z;) = m, for all i. Then repeating the above argu-
ment, there is an element z € K with v,(z—z;) > m, for all i, and v,(z) > 0 for
P ¢ S. Then V(z) = V;(z—z; +2;) = m, for all i. The element x := y + 7 satisfies
the conditions of the theorem. a
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2.3 Elliptic Functions

The Riemann-Roch theorem has some very interesting consequences in the case
that the genus of K is one. By (2.2.10), 0 is a canonical divisor, so the theorem
now reads

dimL(D) = degD+dimL(-D).

For positive divisors D, this becomes dimL(D) = degD. In addition to g, = 1,
suppose that K has a point F. Then dim L(nF,) = n for all n > 0. Clearly, L(Fy) =
k.Letx € L(2R)) \ L(Fy) and lety € L(3F,)\ L(2F,). Then [x].. = 2P, and [y}« =
3F,. By (2.1.14) we have |K : k(x)| = 2 and |K : k(y)| = 3. This implies that
K = k(x,y) and that y satisifies a quadratic polynomial over k(x). In fact, the set
{1,x,59,2,2,xy,*} C L(6P,) must be linearly dependent, because dim L(6F,) =
6. Moreover, the coefficient of y? in this dependence relation must be nonzero, or
else we would have K = k(x), and the coefficient of x> must be nonzero, or else
|K : k(y)| < 2. Thus, we have proved

Theorem 2.3.1. Let K be a function field of genus one with at least one point £,
Then there is a basis {1,x,y} for L(3F,) such that K = k(x,y) and

232 ¥+ fx)y+g(x) =0,
where f(X) € k[X] is linear and g(X) € k[X] is a cubic. O

Later, in (4.5.16), we will see, conversely, that any function field generated
by elements x and y satisfying a cubic polynomial has genus at most one with
equality if and only if a certain nonsingularity condition is satisfied.

Further simplifications can be made in the form of f and g, depending on
whether or not char(k) = 2, but we will not pursue this here.> A more interesting
line of investigation starts from the observation that if D is any divisor of degree
one, then there exists a nonzero x € L(D), so D + [x] is nonnegative of degree one,
i.e., a point. In other words, all divisors of degree one are linearly equivalent to
points. Now let D be an arbitrary divisor of degree zero. Then D + P, ~ P for
some point P. Thus, we see that the map y(P) = P — P, of (2.2.12) is surjective,
and therefore induces a bijective correspondence between the points of K and the
Jacobian of K. We can then define a unique group operation & on the points of K
making v an isomorphism. The zero element for this operation is just the point
Fy. Note that the functions x and y are defined at all nonzero points P.

Recall that for any P € Py and any f € Op, the image of f under the residue
map & — F is denoted f(P). In particular, if P is a nonzero point, then f(P) €
k, and the pair of functions (x,y) define a map ¢(P) := (x(P),y(P)) from the
nonzero points of K to points of the affine plane k?* over k whose coordinates
satisfy (2.3.2). The image of the map ¢ is called an elliptic curve. We will develop

3See Exercises 2.8 and 3.10
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some machinery for studying such maps in Chapter 4, but we can illustrate some
of the important geometric ideas here without any machinery.

Suppose P, P,, and P, are three nonzero points of K with P, @ P, ® P, = 0. What
this really means is that P, + P, + P; — 3P, = [z] for some principal divisor [z]. Then
z has a unique pole at P, of order 3, and it vanishes at P,, P,, and P;. But {1,x,y}
is a k-basis for L(3P,), so there exist constants a,b,c such that z = a + bx +cy.
Thus,

a+bx(P)+cy(P)=0 fori=1,2,3,

and we see that ¢ (P,) lies on the line a+ bx+cy =0 for i = 1,2, 3. In other words,
any three nonzero points of K that sum to zero under @ have colinear images in
23

Next, suppose a function of the form z = a+ bx+cy € K vanishes at two distinct
nonzero points Py, P,. In the affine plane we are drawing a line through two points
on the curve. If ¢ # 0, then z € L(3F)) \ L(2F,), so we must have (7] = —3F, +
P, + P, + P, for some uniquely determined third point Py (not necessarily distinct
from P, or P,). Thus z vanishes at a uniquely determined third point, and the three
points sum to zero in the Jacobian. In the affine plane, we see that a nonvertical
line through any two distinct points of the curve meets the curve at a unique third
point.

If c =0, then b # 0 and x(P,) = x(P,) = —a/b. Furthermore, z € L(2F,), so
we must have [z] = —2F, + P, + P, and we see that the two points sum to zero
in the Jacobian. Conversely, if two points sum to zero in the Jacobian, we get a
function z € L(2F,) vanishing at those points. In the affine plane, this means that
the vertical line drawn through any point on the curve meets the curve at a unique
second point, namely its additive inverse under the group law.

Finally, if z = a+ bx +cy and V,(z) > 1 for some point P € P, we say that the
line £: a+ bx+cy = 0 is tangent® to the curve at the point ¢(P). If £ is vertical,
i.e., 2 € L(2R,), we get 2P = 0. If £ is not vertical, i.e., z € L(3F,) \ L(2F), it
meets the curve at a third point @ = —2P.

Thus, we have the following geometric description of the group law:

Theorem 2.3.3. Let K be a function field of genus one with at least one point F,.
Then the map ¢ of (2.2.12) is bijective. Moreover, if we choose a basis {1,x,y}
for L(3F,) as in (2.3.1) and embed the nonzero points of K into K? via the map
P — (x(P),y(P)), then three points of K sum to zero in the Jacobian if and only if
their images are collinear in the (x,y)-plane, and two points of K sum to zero in
the Jacobian if and only if their x-coordinates are equal. 0O

4We discuss tangents in detail in Chapter 4.
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2.4 Geometric Function Fields

At this point in our exposition we want to apply the theory of derivatives and dif-
ferential forms developed in Section 1.3. To do so, however, we need an additional
hypothesis in order to deal with some difficulties that may arise when the ground
field is not perfect. See Exercise 2.10 for an example.

Definition. We say that a function field K /k is geometric if k' ®, K is a field for
every finite extension k’ of k.

Equivalently, we could say that if a field K’ contains K and a finite extension K’
of k, then k’ and K are linearly disjoint over k. Thus, (A.0.11) immediately gives

Lemma 2.4.1. IfK/k is a geometric function field and K,y is an intermediate fie!d
transcendental over k, then K, /k is also a geometric function field. ]

One way (in fact, as we will prove, the only way) to construct a geometric
function field is to let f(X,Y) € k[X,Y] be an irreducible polynomial that re-
mains irreducible in k’(X,Y] for any finite extension k¥’ of k. Such a polynomial
is called absolutely irreducible. Since f is irreducible, it generates a prime ideal
of k[X,Y], and the quotient ring k[X,Y]/(f) is therefore an integral domain. If we
putx:= X +(f) and y :=Y + (f), we see that the field of fractions K := k(x,y)
of k[X,Y]/(f) is a finite extension of k(x). Moreover, for any finite extension
k' of k, K ®, K = k'(x,y), where we identify x,y with 1 ®x,1®y respectively.
Since x and y satisfy the irreducible polynomial f(X,Y) over X/, it follows that
K'[x,y) >~ k'[X,Y]/(f) is an integral domain, and thus k'(x,y) is a field. To see that
K /k is a geometric function field, it only remains to show that k is algebraically
closed in X, but this follows from

Lemma 2.4.2. Let k C K be fields such that k' ®, K is a field for every finite
extension k' of k. Then k is algebraically closed in K.

Proof. If k is not algebraically closed in X, there is a finite simple extension k' =
k(u) for some u € K\ k. Since k' is a direct summand of K as a k-vector space,
k' ®, K contains the finite dimensional subalgebra A := k' ®, k', and it suffices to
show that A is not an integral domain. This is a basic fact, the point being that if
it were an integral domain, finite-dimensionality would force every subring of the
form k[v] to be a field for all v € K*, which would imply that A itself is a field.
However, there is a nontrivial homomorphism of A onto ¥’ mapping u®1 —1Q®u
to zero. a

Corollary 2.4.3. Let k be a field and let f(X,Y) € k[X,Y] be absolutely irre-
ducible. Then the field of fractions of k[X,Y]/(f) is a geometric function field
over k. O

Corollary 2.4.4. Let K/k be a geometric function field and let k' be a finite
extension of K. Then k' ® K is a geometric function field over k'
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Proof. For any finite extension k” of k' we have
K & (K ®,K)=K & K)®K=K& K
by associativity of the tensor product, and the result follows from (2.4.2). g

The converse of (2.4.2) is in general false, as shown by Exercise 2.10, but it is
true if the ground field is perfect.

Lemma 2.4.5. Let K be a function field over a perfect ground field k. Then K is
geometric.

Proof. Let k' be a finite extension of k. Then k' /k is separable, so k' = k(u) for
some u € k' by (A.0.17). Moreover, u satisfies an irreducible separable polyno-
mial f(X) € k[X] of degree n = |k’ : k|. We claim that f remains irreducible over
K. Namely, any factor f;, has roots that are are algebraic over k, but since the
coefficients are symmetric functions of the roots, the coefficients of f;, are also
algebraic over k. Since K /k is a function field, we see that f,(X) € k[X] and thus
that f, = f.

Now identify ¥’ and K with their canonical images in K’ := k' ® K. Since u
satisfies an irreducible polynomial of degree n over K, K|u] is a field and |K[u] :
K| = n=dimy K’. We conclude that K’ = K(u) is a field, as required. O

' Recall that the construction of Hasse derivatives given in section 1.3 requires
the existence of separating variables. This is automatic in characteristic zero, but
in positive characteristic a basic fact about geometric function fields is that they
contain separating variables. In fact, we next prove that all x € K that are not
separating variables lie in a unique subfield of index p generated by k and the
image of the p* power map. We denote this subfield by kK?

Theorem 2.4.6. Let K/k be a geometric function field of characteristic p > 0.
Then |K : kKP| = p, and the following statements are equivalent for an element
xeKk:

1. x € kKP.

2. dK/kx =0.

3. xis not a separating variable for K /.

Proof. 1t is obvious that any k-derivation of K vanishes on kK?, so 1) implies 2).
From 2) we deduce 3) by (1.3.6).

To show that 3) implies 1), choose x € K \ k such that K /k(x) is inseparable.
Then (A.0.9) yields a subfield E C K containing k(x) with K/E purely inseparable
of degree p. Then kK? C E, and K = E(y) for some y € K witha:=y? € E. If
a € kEP, we can write

r
a= Z ab?,
i=1
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where a; € k and b; € E for all i. Let k' be the finite extension of k obtained by
adjoining the p™ roots of @,,...,0,, and put K’ =¥ ®, K. By (2.4.4) K'/K is a
geometric function field. Let B; € k' with B? = a;, and define

r
i=l1

Then y'” = a. Since the polynomial X? — g has at most one root in any field of
characteristic p, we gety =y € K'E and then K’ = ¥ K =K' E(y) C K¥'E. However,
K'E and K are linearly disjoint over E by (A.0.11), a contradiction that shows that
a g kEP.

Since E is a geometric function field by (2.4.1), we may assume, by induc-
tion on |K : k(x)|, that E/k(a) is separable, and we conclude from (1.3.5) that
every nonzero derivation of E is nonzero at a. However, since a = y?, we have
dy /k(a) = 0, and therefore d, , vanishes on E. Since kerdy , is a subfield and
E is a maximal subfield, either E = kerd, /i O Q, = 0. The latter case is im-
possible because the formal derivative on E[X] vanishes on X? — a and therefore
defines a nonzero derivation & on E[X]/(X? —a) ~ K given by

p-1 p-l .
§(Y ay) = Y iay™!,
i=0 i=1 '
for a; € E. It follows that E = ker(d,, /k) is unique, and therefore contains all

elements x € K for which K/k(x) is inseparable. Since E also contains kK?, it
only remains to show that |K : kKP| < p.

Let x € K\ E. Then K/k(x) is separable, so we can choose y € K with K =
k(x,y) by (A.0.17), and we have K? = kP(xP,yP). Consider the tower

kKP = k(xP,y?) C k(x,y’) C K.

Since K /k(x) is separable and K /kKP is purely inseparable, we conclude that K =
k(x,y?) = kKP(x). Since x is a root of X? — x? over kK?, we have |K : kK?| < p,
as required. O

From (1.3.6) we immediately get
Corollary 2.4.7. Let K /k be a geometric function field. Then dim Q, =1. O

Corollary 2.4.8. K/k is a geometric function field if and only if K = k(x,y) where
x and y satisfy an absolutely irreducible polynomial f(X,Y) € k[X,Y], in which
case kix,y] ~ IX, Y1/ (7).

Proof. We already have one implication from (2.4.3). Conversely, suppose that
K /k is geometric, and choose a separating variable x by (2.4.6). Then K = k(x,y)
for some y € K by (A.0.17), where y satisfies an irreducible polynomial of de-
gree n:= |K : k(x)| with coefficients in k(x). Carefully clearing denominators, we
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obtain a polynomial f(X,Y) € k[X,Y] with f(x,y) = O such that if we write
n
fX.¥) =3 a,(X)Y"
i=0

with a,(X) # 0, then the polynomials a,(X) € k[X] are relatively prime. We claim
that f(X,Y) is absolutely irreducible. Namely, let ¥’ be a finite extension of & and
put K’ := k' ®, K, with k¥’ and K identified with their natural images in K’. Then
K' =K/(x,y) is a field by hypothesis and k' and K are linearly disjoint over k. By
(A.0.11) ¥'(x) and X are linearly disjoint over k(x) and |[K’ : ' (x)| = |K : k(x)| =n.
In particular, y cannot satisfy a polynomial of degree less than n over k'(x). If
f(X,Y) =g(X,Y)h(X,Y) over k'[X,Y], then one of the factors, say g, must be
a polynomial in X alone, but then g(X) | a;(X) for all i and therefore g(X) is a
constant since the a;(X) are relatively prime.

It remains to show that the kernel of the obvious map k[X,Y] — k[x,y] is (f),
or in other words, that x and y satisfy no further relations. Let K’ be the field of
fractions of the integral domain k[X,Y]/(f) = k[¥',y’], where ¥ = X + (f) and
y =Y +(f). There is amap ¢ : k[x',y’] — k[x,y] mapping (x',y’) to (x,y) because
f(x,y) =0, and ¢ restricts to the obvious isomorphism ¢, : k[x'] — k[x]. But ¢,
has a unique extension to k(x’) and then to an isomorphism ¢ : K’ — K mapping
y to'y by elementary field theory. Since ¢ and ¢ agree on x’ and y, they agree
on k[, y]. O

A serious problem that arises for nonperfect ground fields is that there may be
a prime divisor P € Py for which the residue field F), is an inseparable extension
of k. In such a case, for example, we can’t use (1.2.14) to expand elements of
I?P as Laurent series in powers of a local parameter. We will call a prime divisor
P of K /k a separable prime divisor if Fp [k is separable, and we denote the set
of separable prime divisors by IP°P. We will call an arbitrary divisor separable
if each of its prime divisors is separable. For any prime divisor P, we denote by
F°P the maximal separable subextension of Fp/k.

The following result allows us to at least construct infinitely many separable
primes.

Theorem 2.4.9. Let K'/K be a finite separable extension of function fields with
P' € Py, and put P := P'NK. Then for almost all P, e(P'|P) = 1 and Fp, [Fp is
separable. '

Proof. By (A.0.17), K' = K(u) for some element u € K’. Let f(X) := X" +
a,X"~! + ...+ a, be the minimum polynomial of u over K. Then f(X) has dis-
tinct roots u = uy, Uy, .. ., Uy in some extension field of K'. Let A = [T, ;(u; —u;).
Then A? is a symmetric function of the u; and is therefore a polynomial in the a;.
In particular, A2 € K.

Now for almost all prime divisors P of K, we have vp(A?) = vp(a;) = O for all
i. For any such prime P, (1.1.23) applies, because f(X) has coefficients in £, and
distinct roots modulo P, and the theorem follows. O
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We apply (2.4.9) to the extension K /k(x), using (2.4.6) to choose a separating
element x € K. We see that for almost all separable irreducible polynomials f(x) €
k[x], every prime divisor P of f in K is separable because Fp/F separable, where
F := k[x]/(f(x)) is a separable extension of k. Recall that in order to get any
inseparable extensions at all, k must be infinite, since finite fields are perfect. In
particular, therefore, all prime divisors of x — a are separable, for almost all a € &,
and we have

Corollary 2.4.10. A geometric function field has infinitely many separable prime
divisors. 0

Although the problem of inseparable residue field extensions is a serious one,
the problem of inseparable extensions of the function field itself is essentially
confined to the corresponding problem for the ground field, in the following sense.

Lemma 2.4.11. Let K/k be a geometric function field of characteristic p > 0.
Then kKP is the unique subfield of K containing k for which K /K, is purely insep-
arable of degree p. If K, /k, is any geometric subfield of K of finite index, then the
natural map Q Kolko — S/ is zero if Ky C kK? and is an embedding otherwise.

Proof. If K/K, is purely inseparable of degree p, then kP C K, and since
|K : kKP| = p by (2.4.6), the first assertion follows. For any geometric K, C K,
the natural map is either zero or an embedding, because dim,(o QKo =1by (2.4.7).

But it is nonzero if and only if K, Z kK? by (2.4.6). O

We say that a finite extension K’/ K of geometric function fields is weakly sepa-
rable if K  k'K'?, or equivalently, if the natural map Q, — Q,, is an embedding.
The main point about this definition is that every weakly separable extension is
obtained by first making a (possibly inseparable) constant field extension followed
by a separable extension.

Lemma 2.4.12. Let K' /K be a weakly separable finite extension of K /k. Then
K' /KK is separable.

Proof. We may assume that char(K) =: p > 0. Since k' is the full field of constants
of K, it is also the full field of constants of KK, so replacing K by k'K, we may
as well assume that k' = k. But if K'/K is inseparable, there is a subfield K|
containing K with K’/K; purely inseparable of degree p, contrary to (2.4.11). [

2.5 Residues and Duality

In this section we study the structure of the module of differential forms on a
function field K. Put Q := QK/,‘ and d := dK/k‘ We will apply Tate’s theory
of residues from Section 1.4, obtaining a number of results. We first prove the
“residue theorem” that the sum of the local residues of any differential form is
zero. Then we use Tate's residue form to obtain a canonical isomorphism between
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the module of differential forms Q, and the module of Weil differentials W, for
geometric function fields. Indeed, for the remainder of the book, most of the facts
about differential forms that we obtain require this extra assumption, but recall
that it is automatically satisfied for perfect ground fields by (2.4.5).

The first step is to define the local residue map. We recall the notation and
terminology of section 1.4. The main point, which is almost trivial, is that for any
P e Py, 6, is anear Rp-submodule. Namely, for any x € K, we have x8, C 116,
for some i > 0. Since multiplication by ¢/ induces an isomorphism t=/0;/ 6, ~
8,1 6p, we see that

dim x6p/ 0, < dim, 6/t 6, = idim, 6, /16 < oo.
We therefore have the local residue map Resp(udv) := (u,v), , defined for all
PP

uvek p» although we are most interested in its restriction to K. See (2.5.3) below.

Lemma 2.5.1. If u,v € O,, then Resp(udv) = 0. In particular, if a is an adele
and v € K, then Resp(0pdv) = 0 for almost all P € Py,

Proof. The first statement is immediate from (1.4.9) because 5,, is invariant under
u and v. The second follows because o and v have only finitely many poles. (O

Theorem 2.5.2 (Tate). Let K/k be a function field, let S C Py, and let @ € Q.
Define
Os = NpesOp-
Then Oy is a near K-submodule of K, and
Y Resp(0) = Res ().
s
PesS
Proof. Note that the sum is finite by (2.5.1). We will apply the Tate residue theory
to the K-submodule Ag of the adele ring A defined by
Ag:={a€A|ap=0 for P ¢S}

Put Ag(D) := AgNA(D) for any divisor D, and write Resy, := Resa;f for W a
near K-submodule of Ag. Let w: A — Ag be the natural projection map and put
K, := n(K). Note that 7 is a map of K-modules and restricts to isomorphisms
m|g K ~Kg, and ”Ias 105~ KsNAg(0).

We first observe that A¢(0) is a near K-submodule of Ag. Namely, if x € K and
a € Ag(0), then vp(xa) > Vp(x) for all P € S, whence xAg(0) C Ag([x]), and
therefore

dim, (xAg(0) +A5(0))/A5(0) < degl].

by (2.1.6). Since 7| is an isomorphism, we have

K

K =
Resp = Resxsms 0= Res K A0

because we can enlarge K to Ag by (1.4.10).
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Now we can apply (1.4.11) to obtain
Res Ky +Ag(0) = Res K, Res A(0) ~ Res oy

However, K; is K-invariant and K¢+ Ag(0) = m(K + A,(0)) and therefore has
finite codimension by (2.2.1). Using (1.4.9) and (1.4.10) we conclude that

N ¢
(%) Res A5(0) = Resas.

For future reference, we record the special case of (x) in which § = {P} for
some prime P € Py:

25.3) Resp, = Res’;f’ = Rcs'}P,
P
where we are henceforth using the embedding K, — A to identify x € K, with the
adele that is zero at all primes except P and equals x at P.
Now choose @ € Q and write @ = ydx for some x,y € K. Let P,,...F, be all
the primes P € S where either x or y has a pole and T be the set of all other primes
in S. Then we can write

i=1

Note that xA(0) +yA;(0) C A (0) because neither x nor y has any poles in S.
Then Resp(®) =0 for all P € T by (2.5.1), and ResAT(o)((o) =0 by (1.4.9). Now

(x) together with repeated application of (1.4.11) to (¥x) yields

Res; (@) =Res, g (@) = 3 Res, (@) = 3 Resp(w). O
i=1 Pe§

Corollary 2.5.4 (Residue Theorem). Let K /k be a function field and let @ € Q.
Then

Y. Resp(w) =0.
PePy

Proof. If we take S = Py in the theorem, we get O¢ = k ~ 0, and the result follows
by (1.4.10). O

Even in the case K = k(x), the residue theorem is nontrivial, as Exercise 2.12
shows.

For the remainder of this chapter we impose the extra hypothesis that K /k is
a geometric function field. With the residue theorem proved, we are now in a
position to justify the term “Weil differential.” Let @ € Qg and @ € Ag. Using
(2.5.1), it is clear that the function ®* : A, — k given by

(2.5.5) o*(a) =Y, Resp(0p0)
PePy
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is well-defined. We claim that @* is in fact a Weil differential. To see this,
write @ = udv for some u,v € K. If P € P, and u,v, are all finite at P, then
Resp(aw) =0by (1.4.9). In fact, if we put D := [u}. + [v].. and take & € Ax(—D)
it is clear that Resp(@®) = 0 for all P. Thus, ®* vanishes on Ay (—D). Since it
also vanishes on K by (2.5.4), it is a Weil differential.

It is easy to see from the definitions that the duality map * : Q, — W is K-
linear. Choose a prime P € P, with local parameter ¢, and for every element x €
Op, let a(x) be the adele for which o =¢~'x and &ty = 0 for @ # P. Then (1.4.13)
yields

(2.5.6) dt* (a(x)) = Resp(t™'xdt) =tr,_p(x).

To show that the duality map is nonzero, we take P € IP P using (2.4.10). Then
g, # 0 by (A.0.8), so we can find x € O, with dt‘(a(x‘S) # 0 by (2.5.6). Now
we have a nonzero K-linear map between two one-dimensional K-vector spaces
(see (2.4.7) and (2.2.8)) which is therefore an isomorphism. Moreover, we have
dr* #0, whence dt # 0, and ¢ is a separating variable by (2.4.6). Identify K p With
its natural image in the adele ring. Since dt* vanishes on ﬁ by (1.4.9) and does
not vanish on 1! &, by (2.5.6), we have v, (dr*) =0 by (2. 2 4).

Finally, if P is inseparable, then (2.5.6) shows that dt* vanishes on ¢~ 18, ,
whence Vp(dt*) > 1. Summarizing, we have proved

Theorem 2.5.7. Let K be a geometric function field. The map ® — ®* is a K-
linear isomorphism S, — Wy. Moreover, if P € Py and t is a local parameter at
P, then vp(dt*) = 0 if and only if P is separable, in which case t is a separating
variable. O

We see that for P € Pf(“’, all local paramters at P have nonzero differentials.
What about inseparable primes? It is trivial to construct counterexamples; If K :=
k(x) and p(x) is an irreducible inseparable polynomial, then p is a local parameter
at k[x] () and dp =0.

We can now extend valuations on K to the module of differential forms by
defining

Vp(®) := vp(@*) forall P € Py,

(0] := ;vp(w)l’.

It follows from (2.5.7) that to compute vp(®) for P € IP;“’, we can choose a
local parameter ¢ at P, write @ = xdt for some x € K, and we have v, (@) = vp(x).
It is not yet clear what to do for P inseparable.

The following properties are immediate consequences of the definition and
(2.2.7).
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Corollary 2.5.8. Let K be a geometric function field with @ € Q and P € P,.
Then,

Vp(x®@) = Vp(x) + Vp(®),
V(0 + @) > min{v,p(0), vp(@')}.

In particular, (@) is a canonical divisor and deg[w] =2g -2 forall w € Q. O

One consequence of (2.5.7) is that the local residue form cannot vanish. This
provides some information about the structure of the completion &, in the
inseparable case.

Corollary 2.5.9. Let K be a geometric function field, let P € Py, and let x € K
be a separating variable. Then Resp(ydx) # 0 for some y € KP. If F*° is the
maximal separable subfield of Fp, then F **? is the maximal finite extension of k
contained in Kp.

Proof. Since vp(dx) is finite, there must be an adele & with Resp(0pdx) # O,
proving the first statement. For the second, we note that any finite extension of k
contained in K}, lies in &, by (1.1.7), and is therefore a subfield of Fp.Letk' [k be
the maximal subextension of F,/k contained in &,. Since F ** lifts to a subfield
of 5,. by (1.2.12), it suffices to show that ¥’/ is separable, but this follows from
(1.4.16), (A.0.8), and the nonvanishing of the residue form. a

The extension of valuations to differential forms provides Q, with some inter-
esting additional structure. Although they are not functions, we can now speak
of the zeros and poles of differential forms. Let Q. (D) be the inverse image of
Wy (D) under the duality isomorphism. Then ,(0) consists of forms @ with
Vp(®) > O for all P. Such forms are called regular differential forms, or holomor-
phic in the case k = C. We then have the following elegant characterization of the
genus, which is often taken to be the definition:

Corollary 2.5.10. Let K be a geometric function field of genus g, and let Q(0)
denote the space of regular differential forms on K. Then dim, Q,(0) = g.

Proof. This is immediate from (2.5.7) and (2.2.2). O

More generally, we get an interesting interpretation of the “error term” in the
Riemann-Roch theorem. Namely, for any canonical divisor C and any divisor D
we have

dimL(C - D) = g - 8(D) = dimWy (D)
by (2.2.9) and (2.2.1), so we have the following restatement of (2.2.9).

Corollary 2,5.11. Let K be geometric of genus g and let D be a divisor on K.
Then

dimLy(D) =degD+1-g+dimQ, (D). O
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This formulation has some additional punch. For example, suppose that D is a
nonnegative divisor of degree less than g. Then 6(D) < g, so D is special, and we
have

Corollary 2.5.12. IfK is a function field of genus g and D is a nonnegative divisor
on K of degree less than g, then dim, Q, (D) > g — §(D) > 0. O

We turn now to the problem of actually computing Res, (). We can reduce
this in general to the computation of the trace of a matrix by (1.4.12), but in the
case that P is separable, there is an elegant answer which we now discuss.

We begin by choosing a local parameter ¢ at P € P, and using (1.2.14) to

identify &p, the completion of O at P, with the ring Fp[[t]] of formal power
series in ¢t with coefficients in Fp.
Define the “obvious” map D™ : 8, — 6, via

[)(")(i a,,,t'") = i (m) ant™ "
m=0 m=n \!

We do not yet know that D{")(6,) C O, but in any case we get a generalized
derivation

D: 6, Gp[ls]),

where s is an indeterminate, because it is straightforward to verify that the D)
satisfy the product rule. (See the discussion immediately preceeding (1.3.8).) Be-
cause it is an embedding and 5,, is an integral domain, D extends uniquely to a
generalized derivation on the field of fractions K,. Then by restriction we have an
embedding

D:K - Rplls]

that is the identity in degree zero and agrees with the Hasse derivative D, on k(t).
Note that D; is defined because ¢ is a separating variable by (2.5.7). Now (1.3.11)
yields D = D,, and we have proved

Theorem 2.5.13. Suppose that K is geometric and P € P with local parameter
t. If the power series expansion of x € Oy at P is

x= i amt™,
=0

with a,, € Fp, then the power series expansion of Dx(”) (x)atPis
D,(") (x):= Z (m) amt™ ",
m=n n
In particular, D{")(6,) C O. a

Using this result and the formula (1.3.10), the Hasse derivatives can be
explicitly computed from the Laurent series for any x € K. Moreover, we have
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Corollary 2.5.14 (Taylor’s Theorem). Suppose that P € P with local
parameter t and x € Op. Then

x=Y DM (x)(P)"
n=0

Proof. This follows from (2.5.13) by observing that the constant term in the
power series expansion of D,(") (x) att is ay,, the coefficient of " in the expansion
of x. O

Now we can explicitly compute the local residue map.

Lemma 2.5.15. Let K /k be a geometric function field and let P € P <7 with local
parameter t and residue field F. Let u,v € K. Then

Resp(udv) =t (a_,),

where a_, is the coefficient of t™! in the Laurent series expansion of u(dv/dt)
with respect to t.

Proof. Putx:=u(dv/dt), so that udv = xdt, and use (1.2.14) to write

x= i aft',

i=—n

with @; € F. We need to show that Res(xdr) = tr,., (a_,). Since F C R, and 8,
is F-invariant, we can use (1.4.16) to write

Resp(xdt) =tr,. /k(Res}(xdt)),

where Resp is the F-linear residue form defined by computing traces with respect
to F rather than k. Now put

x0:='2 a,.t and x;:= Zat

Then x = x, +x, +a_,t~!, and since x;6 C & and 16 C 0, (1.4.9) yields
Resp(x,dt) =0, and from (1.4.12) we get Resp(xodt) = 0, and

Resp(xdt) = Resp(a_t™'dt) = uﬁp/tép (a_))=a_,

because Bp /16, =F.

2.6 Exercises

Exercise 2.1, Let K := k(X) and let D be any nonnegative divisor. Prove directly
that dim(L(D)) =degD+ 1.
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Exercise 2.2. Prove the assertion of the text that
k[X] = UnzoLx("Pw)-

Exercise 2.3. Let K be a function field of genus g. Assume that X has a divisor
of degree g. Show that K has a nonnegative divisor D, of degree g, and that every
element of the Jacobian can be represented in the divisor group as a difference
D — D, where D is also nonnegative of degree g.

Exercise 2.4. Let K/k have genus g. Suppose that S := {P,,P,,...,P,} is a set of
distinct points of K (prime divisors of degree 1), that F is another point of K not
in S, and that f}, f,,..., fm are a basis for Ly (dF,), wheren >d > 2g— 1.

(i) Showthatm=d —g+1.
(i) Show that the f; define linearly independent k-valued functions on S.

(iii) Let V be the n-dimensional k-vector space of k-valued functions on S, and
let L C V be the m-dimensional subspace spanned by the f,. Let W := Lt be
the (n — m)-dimensional subspace of the dual space V* which annihilates
L. V* has an obvious basis that can be naturally identified with S. Show
that every element of W has at least d — 2g + 1 nonzero coordinates with
respect to this basis. This fact is the basis for the construction of Goppa
codes (see[17)). [Hint: Consider the spaces L(dF, — D), where D is a sum
of at most d — 2g + 1 distinct points of S.]

Exercise 2.5. Let K be an elliptic function field, and let P and Q be distinct points
of K.

(i) Find an element x € K with [x]. =P+ Q.
(ii) Show that Gal(K /k(x)) = (o) for some automorphism o of K of order two.

(iif) Show that o interchanges P and Q. [Hint: Find y € K with vp(y) = 1 and
Vo(y) =0
Q

Exercise 2.6. Let k be algebraically closed and suppose that K /k is an elliptic
function field. Choose a point Fy € Py and let & be the addition rule on Py defined
by embedding PP into J(K) using P, as base point.

(i) Show that for every P € Py there exists an automorphism o, of K such that
05(1)(Q) = x(POQ)
for every x € K and every Q € Py. [Hint: Use (2.3.3).]
(ii) Show that P — 0, is a homomorphism of groups.

(iii) Suppose @' is the addition rule corresponding to the base point P, and that
for each P € Py, op is the corresponding automorphism of X. Show that

Op = OpoOp.
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Exercise 2.7. Let J C Aut(k(X)) be the subgroup generated by X — 1/X and
X — 1 —X. Show that J is isomorphic to the symmetric group on three letters,
and the fixed subfield of J is k(j), where

(X2-X+1)°
XIX 12

[Hint: See (A.0.13).] If k is algebraically closed, show that the map A — j(1)
defines a surjection of k \ {0,1} onto k.

jX):=

Exercise 2.8. Let k be algebraically closed with char(k) # 2, and let K/k be an
elliptic function field.

(i) Show that there exists y,x € K such that K = k(x,y) and (2.3.2) simplifies
to y* = x(x — 1)(x— A) for some A € k\ {0, 1}. [Hint: Complete the square
and then change variables.]

(ii) Show that there exists a uniquely determined point P € P, such that x €
L(2P) and y € L(3P).

(iii) Suppose that there also exists %,j € K and A € k\ {0,1} such that K =
k(%,7) and 32 = %(% — 1)(%— A). Show that there exists T € Aut(K) with
7(X) = ax+ b for some a,b € k. [Hint: Exercise 2.5.]

(iv) Show that if u € K and u? is a cubic polynomial in k[x], then u = cy for
some ¢ € k.

(v) Argue that 1 = o (1) for some o € J, where J is the group of permutations
of Exercise 2.7. Conclude that the map K — j(1) establishes a well-defined
bijection between isomorphism classes of elliptic function fields K /k and
elements of k.

Exercise 2.9. Let K be a function field of genus 2. Show that K = k(x,y) where
|K :k(x)| =2 and |K : k(y)| =5.

Exercise 2.10. Let k, be a perfect field of characteristic p > 2 and let k := k(s,?)
where s and ¢ are indeterminates. Let K = k(x,y) where y? = s+ txP.

(i) Show that there are k-derivations &, 8, of K into K such that §;(x) =
8,(y) = 1 and &;(y) = &y(x) = 0. [Hint: K is a purely inseparable extension
of degree p over two different subfields.]

(ii) Show that dim, Q. = 2. Conclude that X has no separating variables.

(iii) Let K’ :=k(s'/?,¢'/P). Show that K’ ®, K is not a field.

(iv) Show thatk is algebraically closed in K. [Hint: Use the basis {1,y,...,y?~!}
for K/k(x).]
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Exercise 2.11. Let f(¢) be a rational function of ¢ that is finite at ¢ = 0. Show that

Res, oL = (0),

Res _Of(z) = £(0).

Exercise 2.12. (E.W. Howe[12]) Suppose that char(k) # 2, and consider the
function

g0 = [T,

i=1* G

where the g are distinct nonzero elements of k. Use Exercise 2.11 to show that

a;+a;
Res;—q g(x)dx = 2a; I i
‘ ‘#} aj - a
and
Resy—wg(x)dx = -2 z a;.
i=1
Obtain the identity
n a +a n
$o [ -3,

j=1 H#J J i=1
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Finite Extensions

In this chapter we consider a pair of function fields K’ D K with |K’ : K| < oo,
Recall that for a function field K /k, the ground field k is algebraically closed in
K by definition. However, it may happen that there are additional elements in K’
algebraic over k. Denoting the set of all such elements by k', we will often say that
K'/K is a finite extension of K /k. If K is geometric, which we will be assuming
throughout the chapter, then KK ~ k' ®, K, and we have

|K': k| = |KK:K|<|K':K|

Let Q € PP,,,. Since the residue field F, is a finite extension of k' and therefore
also of k, v,, cannot vanish on K. This implies that 6, N K is a valuation ring of
K with prime ideal P := QN K. In this situation we will say that Q divides P, or
sometimes that Q lies above P.

We want to apply the results of the last chapter on differential forms, which
require that K /k be geometric. Here is the basic fact we need to know:

Lemma 3.0.1. Let K/k be a geometric function field and let K' /K be a finite
extension of K [k. Then K' /K’ is geometric.

Proof. Since K/k is geometric, kK’ ®, K is a field isomorphic to the subfield KK C
K'.By (2.4.4) KK /K is geometric, so we may as well assume that k' = k.

Now let k C ky C k; with k, /k finite, and put K] := k; ®, K’. We need to show
that K is a field. If the inclusions are proper, then K} and k, By, Ky ~ K] are
geometric by induction on |k, : &|.

We are therefore reduced to the case k; = k(«) for some ¢ € k, with minimum
polynomial f(X) over k. Identifying k, and K’ with their natural images in K| as
usual, we have K} = K’[a], so it suffices to show that f is irreducible over K.
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However, all roots of f are algebraic over k, so the coefficients of any factor of f
over K’ are elements of K’ algebraic over k and therefore lie in k. Thus, f remains
irreducible over K’, and therefore K| is a field. O

The hypothesis that K is geometric will be assumed throughout the chapter.

3.1 Norm and Conorm

Recall that if P (resp. P') is a prime of K (resp. K') with P'|P, we denote
the ramification index (resp. the residue degree) of P’ over P by e(P'|P) (resp.
f(P'|P)). Given a finite extension K’ /k’ of K /k, we define two homomorphisms:
Nyijx : Div(K') — Div(K) and Nk : Div(K) — Div(K') called the norm and
conorm, respectively. For each prime Q of X', let P := QN K, put

NK//K(Q) = f(QIP)P,
and extend linearly to Div(K’). For each prime P of K, let
%k (P) =Y, e(QIP)Q,
oip

and extend linearly to Div(K). We first record an easy consequence of the
multiplicativity of e and f in a chain of extensions (1.1.25):

Lemma 3.1.1. Suppose that K C K' C K" are function fields. Then

NK'/KONK”/K' =NKII/K1 and

N;(”/K’ONI?'/K:NI}”/K' (]
Recall that the degree of a prime divisor P is the degree of the residue field
0,/ P over the constant field k. So we have to be careful when computing degrees

to take into account a possible constant field extension. If x € K C K’ we will use
the notation (x] . (resp. [x] ) to denote the principal divisor of x in K (resp. K).

Lemma 3.1.2. Let K'/k be a finite extension of K [k, let D’ € Div(K'), and let
D € Div(K). Then

degNK,/K(D’) = |k : k|degD’,

. _|K' K|
degNK,/K(D) = Tk—iTl degD,
NK’/K(NI‘("/K(D)) = |K, . K[D, and
[xg =Ngx(ixlg) forallxeK.

Proof. Let P be a prime divisor of X, and let {Q,,...,Q,} be the set of all distinct
prime divisors of P in K. Put¢; := e(Q,|P) and f; := f(Q;|P) for all i. In addition,
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let F be the residue field 6, /P and let F, := 0‘2‘ /Q;. By linearity we may assume
that D =P and D' = Q,. Then

k| _ |t FIIF :k| _ fidegP
Y K] Al

and the first formula follows. Moreover, (2.1.17) yields

degQ, = IF, K| =

! .
degN*(P) = Ze degQ; = ZV" J; degP = K KldegP

ki Ik’ - k|

Similarly, we obtain

NV (P) =3 eifiP = [K': KIP.

i=1

The last formula is immediate from the definition of the conorm. (]

As an immediate consequence, it follows that the conorm is an injective map
Div(K) «— Div(K’). Using this map, we can identify Div(K) with a subgroup
of Div(K’). From the last formula above, this makes sense on principal divisors,
and identifies [x], with [x],,. For this reason, some authors call the conorm the
“inclusion map.”

We turn now to the nontrivial result of this section, namely the induced maps
on Jacobians. It is easy to see that the conorm maps principal divisors to principal
divisors and therefore induces a homomorphism N, /K" Jx — Jy. Less obvious is
the fact that the norm also maps principal divisors to principal divisors, so there is
also an induced homomorphism Ny, : Jy, — Jy. In fact, more is true: The norm
is really an extension of the ordinary field norm of (A.0.2) to the divisor group.

Theorem 3.1.3. Let K’ be a finite extension of K, and let [x] (resp. [x] ) denote
the principal divisor of x in K (resp. K'.) Then

Ny i (Ixlgr) = Ny ()]
for all x € K, where Ny, K/K (x) is the field norm of (A.0.2).

Proof. Suppose that x = yz. Dropping subscripts, we have N(x) = N(y)N(z) and
N([x]) = N([y]) + N([z]). Therefore, if we can prove the formula for y and z, it
follows for x. We will refer to this property of the formula as “linearity.”

The formula is equivalent to the following statement: Let P be a prime of K and
let x € K'. Then

(3.14) VoNgr () = X F(QIP)vg(x).
o

To prove this, we first suppose that x € K. Putn:= |K’ : K|. Then NK,/K(x) =x"
and (3.1.4) follows from (2.1.17). Next, we reduce to the case that x is inte-
gral over &,. Namely, clearing denominators of the coefficients of the minimum
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polynomial, we have

for some integer m, with r; € Op. Multiplying through by rn~!, we see that r,x
is integral over Op. Since (3.1.4) holds for r,, it holds for x if and only if it holds
for r,x by linearity.

Let R be the integral closure of &, in K’. Then R is a free &5-module of rank
n by (2.1.18) and (1.1.9). For x € R, N(x) = detM,, where M, is the matrix of
multiplication by x with respect to any K-basis of K’. Since an Op-basis of Ris a
K-basis of K, we have N(R) C 0.

For each prime Q|P there is, by the weak approximation theorem, an element
tp € K' with Vg (tg) = 8,y for all Q'|P. Then t, € R by (1.1.8), t, is a local
parameter at Q, and we have

= vol®)
x=u[]t paas

olp
where u € R is a unit. By linearity, it suffices to prove (3.1.4) forx =uorx = ty-
However, when x € R*, we have N(x) € £, and both sides of (3.1.4) are zero.
So we may finally assume that x = to for some Q|R. In this case, (3.1.4) reduces
to

vp(N(t)) = f(QIP).

The columns of M, span the free submodule xR of R. By (1.1.12) and (1.1.13),
there are nonnegative integers ¢|,e,,...,e; such that

S5
R/xR =~ @D 6yt O,
i=1
and therefore vp(detM,) = Y, ¢;. It follows that vp(N(x)) is the length of the finite
Op-module R/xR. But for x = t, R/tyR ~ 6,/ Q by (1.1.22). So the length of
R/t,R as an Op-module is just the dimension of 0,/Q over Op /P, which is the
residue degree f(Q|P) as required. O

Given a finite separable extension K'/K, there is a trace map Q,, — Q, which
we now define. Let x be a separating variable for K (see (2.4.6)). Then dy(x)#0
because the extension is weakly separable. Now every ® € Q,, can be written
o = ydx for some y € K’, and we define

From the K-linearity of tr,, /K" K' — K, we easily deduce that Uy is K-linear
on Q,, and is independent of the choice of separating variable x € K. Using the
trace map, we can get a formula relating residues of a differential form on K’ with
residues of its trace. For simplicity, we will assume that K’ and K have the same
constant field k.
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Theorem 3.1.5 (Trace Formula). Let K/k be a geometric function field, let K' [k
be a finite separable extension, let P € Py, and let ® € Q. Then

Resp(try, (@) = D Res,(w).
olp
Proof. Let x € K be a separating variable as above, and put @ = ydx for some
y € K'. If we take S in Tate's theorem (2.5.2) to be the set of prime divisors Q of
Pin K', we get

Res'gs = D Res,,.
olp
Since O is the integral closure of &, in K’ by (1.1.8), it is a finitely generated
Op-module by (2.1.18). Then (1.1.13) applies, and since O is torsion-free, we
see that O is in fact free. Because the field of fractions of Oy is K/, it follows that
Oghasrank n=|K': K|. Let {x,,...,x,} be an Op-basis for O. Then {x,,...,x,}
is also a K-basis for X', and applying (1.4.14) to the near K-submodule 6, C X,
the result follows. g

3.2 Scalar Extensions

We say that K'/k’ is a scalar extension of K /k if K’ = K'K. In this situation we
sometimes say that K’ is defined over k. For any extension K’ of KX, if ¥’ is the
subfield of K’ algebraic over k, we can put L := k'K and then think of the extension
as consisting of two steps: a scalar extension L 2 K, followed by an extension
K' D L of fields with the same constant field. Because we are assuming that K
is geometric, we have K’ ~ k' ®, K for any scalar extension K’ of K, and the
following facts are clear:

Lemma 3.2.1. Let K/k be a geometric function field, let K’ be a finite extension
of K, and suppose that K' = K'K where K is a finite extension of k. Then |k’ :
k| = |K' : K|. If, in addition, k' [k is separable, then K' /K is also separable. If
{xy,---»%a} C K is linearly independent over k, it remains linearly independent
overk'. O

The behavior of a geometric function field K/k under a scalar extension k' /k
differs markedly depending on whether k’/k is separable or not. In the former
case, things work out more or less “as expected,” but in the latter case there can
be some unpleasant surprises, which we shall postpone until Section 3.4. For now,
all we need is

Lemma 3.2.2. Let P € Py and let k' [k be a finite extension. If either Fp [k or k' [k
is purely inseparable, then there is a unique divisor of P in K’ := k' ®, K.

Proof. Case 1): k' [k is purely inseparable. Then for some power g = p" the map
x > x7 is an isomorphism of K’ onto a subfield of K. For x € K’ define

v (x) := vp(A).
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Then V' is a homomorphism of K’* to an infinite cyclic group satisfying the ultra-
metric inequality (1.1.1), so it is a discrete valuation of K’ that clearly divides vp.
On the other hand, if Q is any divisor of P in K’ and VQ(x) 2 0, then v, (*) >0,
and therefore vp(x7) > 0 as well. This implies that 6, = 6),, and therefore Q is
unique.

Case 2): Fp/k is purely inseparable. Let k_/k be the maximal separable subex-
tension of k' /k and put K] := k; ®, K. Let Q be a divisor of P in K. Since F, and k|
are linearly disjoint over k by (A.0.10), it follows that |Fy, : Fp| > |k; : k|, whence
the inequality is an equality and Q is the unique divisor of P in K] by (2.1.17).
Since k' /k; is purely inseparable, the result now follows from case 1). a

Theorem 3.2.3. Suppose that K [k is a geometric function field and that k' [k is
finite and separable. Put K' := k' ®, K and let Q € P, with P := QN K. Then
k' ®, Op is the integral closure of Op in K' and e(Q|P) = 1.

Proof. We have k' = k(a) for some a € k' by (A.0.17). Let f(X) be the minimal
polynomial of & over k. Then f(X) is irreducible over X by (3.2.1). Let R be the
integral closure of & in K. Since & € 6, and all coefficients of f(X) lie in O,
(1.1.23) says that e(Q|P) = 1 and that O,[a] = R. Since O,[a] Ck'®, Op C R,
we have proved that R = k' ®, 0. a

Unfortunately, for inseparable scalar extensions there is some tsouris® here, as
shown by Exercise 3.12. This leads us to the following important definition.

Definition. Let K/k be a geometric function field and let ¥’ /k be a finite exten-
sion. Following [18], we say that the prime divisor P € P, is singular with respect
to k' if k' ®, O is properly contained in the integral closure of 0, in k' ®, K, and
nonsingular with respect to k’ otherwise. We say that P is singular if it is singular
with respect to some finite extension &’ /k, and nonsingular otherwise.

Note that if k is perfect, then all prime divisors are nonsingular by (3.2.3). We
will defer the study of singular primes to Section 3.4, where we show that there is
a finite, purely inseparable scalar extension X’'/K such that all prime divisors of
K’ are nonsingular.

We say that an extension k'/k is a splitting field for P € Py, if degQ =1 for
every prime divisor Q of Pin k' ®, K.

Lemma 3.2.4. Suppose that P € Py is nonsingular with respect to k'. Put
K' =k ® K, and let Q € P, with Q|P. Then Fy= K'Fp. In particular, if P is
nonsingular then Fy is a splitting field for P.

Proof. Let R be the integral closure of Op in K’. Then (1.1.22) yields 0,=R+0Q,
from which it follows immediately that F, = k'Fp. In particular, Fj, = k¥’ when
K D Fp. O

! A yiddish expression meaning trouble. Perhaps a more accurate translation would be “heartburn.”



74 3. Finite Extensions

An important point about geometric function fields is that we can extend scalars
to the algebraic closure k of k, where, for example, the results of Chapter 4 will
apply. Thus, for a geometric function field K, we define K := E@,‘ K.Since K ® K
is a field for every finite extension ¥'/k, any embedding k' — k extends to an
embedding k' ®, K — K. Indeed, KX is just the set-theoretic union of the images
of such embeddings. In particular, every element of X lies in some subfield and is
therefore invertible, so X is a field. Thus, X is a (geometric) function field over k.
Summarizing these observations, we have

Lemma 3.2.5. LetK /kbea geometric function field, let k be the algebraic closure
ofk, and let K := k®, K. Then K /k is a function field and if k' is a finite extension
of k, every embedding k' — k extends to an embedding k' ®, K — K. m]

We next extend valuations from K to K. Since X/K is not of finite degree,
some care must be taken, but because X is a union of finite scalar extensions, the
problem is not serious. Note at the outset that all prime divisors on X are points?
and that if Q € P and P := QNK € Py then ¢(Q|P) is still well-defined via
Vo(t) = e(Q|P) for ¢ a local parameter at P.

Theorem 3.2.6. Let K /k be a geometric function field and let P be a nonsingular
prime divisor of K. Let k' [k be a finite extension that is a splitting field for P, and
put K' := k' ® K. Then:
1. There are exactly |F;*? : k| distinct points P' of K’ with P'NK = P, and for
each such point P we have e(P'|P) = |Fp : F;*?|.
2. There is a one-to-one correspondence between points Q of K satisfying QN
K = P and points P’ of K’ dividing P, given by QNK' = P, and e(Q|P) =
e(P'|P).
Proof. 1) Let P’ be a divisor of P in P,,. By hypothesis and (3.2.4) we have
k' = Fp, = K'Fp and therefore k' D Fp. Put kg := F,**P and consider the tower

KCK):=k®,KCK.
Let P,,..., P, be the prime divisors of P in K;. By (3.2.3) we have e(F,|P) = 1.
Since P is nonsingular, (3.2.4) implies that F, = kyFp, = Fp, and thus f(P|P) =1
for all i. Then (2.1.17) yields r = |K} : K| = [K, : k{.
Moreover, Fp, /kg is purely inseparable, so it follows from (3.2.2) that for each
i there is a unique prime divisor P/ of P, in K'. Since ¥’ is a splitting field for P,

F”:’ = k' and thus f(P/|P,) = |k’ : Fp| for all i. Now (2.1.17) and (1.1.25) yield
KKyl _ ¥ Ky
k' :Fp|  |k': Fp

e(P/|P) = e(Pl|P) = = |Fp FS.

2In the language of algebraic geometry, what we are calling the points of K- would normally be
called the points of the (projective nonsingular) curve C defined by K, and what we are calling the
points of K, i.e., the prime divisors of K of degree one, would be called the k-rational points of C.
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2) By (1.1.6) there is a point Q of K with QN K = P. Since P splits into a sum of
points in X’, P’ := QN K’ must be one of those points. To complete the proof, we
argue that there is exactly one point @’ of K extending each divisor P’ of P in K.
If, by way of contradiction, there were more than one k-valuation of X restricting.
to a multiple of v, on K, they would differ on some element u € K. If we write

r
u= 2 o x;
i=1
with ; € k and x; € K, then k" := ¥'(q,,..., ) is a finite extension of ¥, u €
K’ ®, K, and we would have more than one prime divisor P of the point P’ in
K’ ®, K. However, since f(P"|P') = K" : '], (2.1.17) tells us that there is a unique
divisor of P/ in K”.

A similar argument shows that a local parameter ¢ at Q lies in some finite exten-
sion K" := k" ®, K, where we may assume that £’ D k. If we put P" ;= QN K",
then clearly e(Q|P") = 1, and e(P"|P’) = 1 by (2.1.17) as above. We conclude
that e(Q|P) = e(Q|P")e(P"|P')e(P'|P) = e(P'|P). O

It is clear from (3.2.6) that for any prime divisor P on K, the conorm map
Ny /K(P) is well-defined. If k' C k and K’ := k¥’ ®, K, we say that the point Q of
K is defined over K if QN K’ is a point, or equivalently if 0 = Ny y x(P) for some
divisor P (necessarily a point) on K.

More generally, we say that a divisor D’ € Div(K) is defined over k' if D is in
the image of the conorm map Np 1K We say that ¥’ is a splitting field for a divisor
D if it is a splitting field for every prime divisor P with v(D) # 0.

Corollary 3.2.7. Let D be a divisor on K. Then D is defined over some finite
extension K of k.

Proof. We may assume without loss of generality that D is a point Q. Let P :=
ONK, let k' be a splitting field for P, and apply (3.2.6). 0

3.3 The Different

In this section we introduce an important invariant of a weakly separable finite
extension of geometric function fields K’ /k’' over K /k. Recall from (2.4.11) that
there is a natural identification of € n with a K-subspace of €, I So given
e, /x> We have both the divisor (@], € Div(K) as a differential form on K
and the divisor [®],, € Div(K’) as a differential form on K’. The main point of
this section is to study the relationship between these two divisors.

Let x be a separating variable in X, lety € X, let Q € P, with P := QNK, and
put e := e(Q|P). Then it follows from (2.5.8) that the quantity

Vo (vdx) — evp(ydx) = v (dx) — evp(dx)

does not depend on y, and we have
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Lemma 3.3.1. Let K'/K' be a weakly separable finite extension of K [k and let
oE QK/,‘. Let Q € P, and put P := QN K. Then the integer

d(Q|P) := Vy(@) — e(Q|P)vp(®)
is independent of @ and depends only on Q and P. a

We call d(Q|P) the different exponent of Q over P. From the definitions, we see
that d(Q|P) is the coefficient of Q in the divisor [@)],, — Ny, / x((@]g). In particular,
we have d(Q|P) = 0 for almost all P and Q, and we define

We call 2 /K the different of the extension. Thus, by definition we have
It is not hard to see how the different behaves in a tower of extensions:

Lemma 3.3.3. Suppose that K/k C K'/k' C K" /K’ are function fields with K"
weakly separable over K. Then

9[(”/]( = Dgn ik +N;(”/K’(9K'/K)‘
Proof. By (3.3.2) we have
[w]K' = NI‘(’/K([w]K) + 9K//K,
[(D]KU = N;”/K’([w]l{’) + QK”/K”
[(D]K” = N;("/K([w]l() -+ QK"/K'

The result follows by taking the conorm Ny, /K of the first equation, applying
(3.1.1), substituting into the second equation, and then equating with the third.
a

Corollary 3.3.4. Suppose that K C K' C K" is a tower of weakly separable finite
extensions, and Q" € Py, Put @ := Q" 0K’ and Q := Q" NK. Then

d(Q"10) = d(Q"|Q) +¢(Q"10')d(C'|Q).

In particular, if any two of the integers d(Q"|0),d(Q"|Q’),d(Q'|Q) are zero, the
third is also zero. ]

If we now take degrees in (3.3.2) and use (3.1.2) we obtain

Theorem 3.3.5 (Riemann-Hurwitz). Let K /k be a geometric function field, and
let K' [K' be a finite weakly separable extension of K [k. If g (resp. g,,) denotes
the genus of K (resp. K') then

I
,_ KK

280 2= h

—— (284 —-2) +deg9x,/x 0
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The Riemann-Hurwitz formula is quite important, but it doesn’t tell us anything
until we know something about the degree of the different, or what is essentially
the the same thing, the different exponent. In the case that Q and P are separable,
we can compute d(Q|P) as follows.

Choose local parameters s at Q and ¢ at P. Then t = s°u, where e = e(Q|P)
and u is a unit. Since Q and P are separable, s and ¢ are separating variables and
Vp(ds) =0 = vp(dt) by (2.5.7), and we have

d(QIP) = vy(dt) = VQ(es"_luds+s‘du).

It follows that d(Q|P) = e — 1, provided that char(K) { e. However, when
char(K)|e we have d(Q|P) > e.
Summarizing, we have

Theorem 3.3.6. Let K’ be a finite weakly separable extension of K and let Q be
a separable prime of K' dividing the separable prime P of K. Then d(Q|P) =
e(Q|P) — 1 unless char(K)|e(Q|P), in which case d(Q|P) > e(Q|P). O

When char(K) | e(Q|P) we say that Q|P is wildly ramified, when e(Q|P) > 1
and char(K) { e(Q|P), we say that Q|P is tamely ramified. Certainly all ramifica-
tion is tame in characteristic zero. We will analyze wild ramification further in
(3.5.9).

For readers willing to assume that the ground field is perfect, or even better, of
characteristic zero, (3.3.6) settles the calculation of d(Q|P) and puts some teeth
into the Riemann-Hurwitz formula. For those of us determined to push onward,
however, the calculations of (3.3.6) do not work when Q is inseparable, because
VQ(ds) # 0. Instead, our strategy will be to first extend scalars, but this is easier
said than done, essentially because P or Q may be singular. See Section 3.4 for
the gory details.

Even after extending scalars to a splitting field, a question remains as to how to
compute the different exponent, particularly in the wildly ramified case. If local
parameters s and ¢ can be explicitly found, d(Q|P) can be obtained by expanding
t in powers of s, perhaps by the method of undetermined coefficients, as was
illustrated in Section 1.1. However the following result gives a useful alternative.

Theorem 3.3.7. Let K’ be a finite weakly separable extension of K and sup-
pose that Q is a separable prime of K’ dividing the separable prime P of K with
f(QIP) = 1. If s is a local parameter at Q such that Vo (s) = O for every prime
divisor Q' # Q of P inP,,, and f(X) is the (monic) minimum polynomial of s over
K, then K' = K(s) and v,y (f'(s)) = d(Q|P).

Proof. PutK, :=K(s) and Q, := QNK,. Then ¢(Q|Q,) = 1 and Q is the unique
prime divisor of Q, in P, because s is a local unit at every other prime divisor of
P. Since f(Q|Q,) divides f(Q|P) = 1 by (1.1.25), we conclude that K, = K by
(2.1.17).
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By (1.1.8), s is integral over O, so f(X) is monic of degree n := K’ : K|
with coefficients in Gp. Put f(X) = X" + 7"} a,X’ with a;, € Op. Then a, =
Ny / «(5), whence our hypothesis and (3.1.4) imply that a; is a local parameter at
P. Differentiating f(s) = 0 we obtain

n—1
0=f'(s)ds+day+s Y das™",
i=1

whence

vo(f'(s)ds) = mm{vo(dao),vg( Zdaa )}

Since aj is a local parameter at P, P is separable, and the g, are all integral, we
have da;/da, € Op by (2.5.7). This implies that

n—1
VQ(dao)SvQ<§da,.s ) <VQ< Zdas )
Since @ is also separable we have v, (ds) = 0 and therefore

Vo(f'(s)) = v (f'(s)ds) = vy(dag) =d(QIP). O

We note that whenever f(Q|P) = 1 (e.g., when k is algebraically closed!) a local
parameter can be found satisfying the hypotheses of (3.3.7) by using the weak
approximation theorem (1.1.16). However, in the special case that P is totally
ramified in K’, the hypotheses are automatically satisfied by any local parameter,
and we have

Corollary 3.3.8. Let K’ be a finite weakly separable extension of K and let Q
be a separable prime of K' dividing the separable prime P of K. Suppose that
e(Q|P) = |K' : K|, and let s be a local parameter at Q with minimum polynomial
f(X) over K. Then d(Q|P) = v, (f'(s))- ]

The definition of the different given above is not the standard one, so for the
remainder of this section we develop the classical theory following Hecke [11],
whose treatment closely follows Dedekind’s original one. This material will be
mainly used later, in the study of singularities of plane curves. To simplify the
exposition, we will deal only with separable prime divisors. Indeed, we will often
assume that relevant residue field extensions are trivial. In Section 3.4 we will
show that these assumptions always hold in some finite scalar extension.

If y € K’ has monic characteristic polynomial f(X) with respect to K’/K, the
quantity §,, /K(y) = f'(y) is called the different of y over K. When K’ = K(y),
which we will usually assume, we will just write &, (y) := K(y) /K (y)- The reason
for this terminology is that if we write

FX) = -ﬁl(x"”’)
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with y, =y, then it is immediate that
n
£O)=T1o-»).
i=2

To understand the role of 8 (y), we recall the Lagrange interpolation formula.
Lety,,...,yn be indeterminates, and consider the polynomials

F(X) = zy*nx‘yf

=l j#i Yi—

where 0 < k < n. Then F,(X) is a polynomial in X of degree at most n — 1 over
k(yys---,yn) and F(y;) = y% for 1 < i < n. This implies that F,(X) = X* for 0 <
k < n. For k = n, put

£X) = ﬁ(x ).

Then F,(X) and X" — f(X) both have degree at most n — 1 and agree at each y,,
so they are equal. It follows that

Z x* for0<k<n,
1 f/( y, X y,) X"~ f(X) fork=n.
Setting X = 0 and dividing by f (0) we obtain
2 f'(y,

where §; ; is the Kronecker delta. Specializing the y; to the roots of a separable
irreducible polynomial over K and using (A.0.4), we have

kn—l’

Lemma 3.3.9. Ify is separable over K of degree n, then for 0 < k < n we have

o {1 ifk=n—1,

“k0)/K 5. 5) x(¥) |0 otherwise.

The above result connects the different with the trace. To explore this connec-
tion further, let K’/K be finite and separable, fix a prime P € P, and for any
subring R C K’ let R* denote the dual of R with respect to the trace form:

“i={yeK| trl‘r//,{()’R) COp}.

Then (3.3.9) says that §,(y)~! € O[y]*, provided that K’ = K(y). However, more
is true. Denote by R, the integral closure of & in K'. The ring R, was studied in
(1.1.22). By (2.1.18) it is a finitely generated £p-module.

Lemma 3.3.10. Suppose that K' = K(y), where y is separable over K and integral
over Op for some P € Py. Then Oply]*8x(y) = Oply|. Furthermore, Rp8;(y) is
the unique largest ideal of R, contained in Oy
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Proof. Because y is integral, Op[y] C O,y]* and Op[y]* is an Op[y]-module. We
therefore get 8, (y) ™' Oply] C Opy]* by (3.3.9). To obtain the reverse inclusion
let x € Op[y]*. Then we have

n—1
S()x=3 ay
i=0
for some g; € K. If, by way of contradiction, a; ¢ 0, for some i, choose r maximal
with this property and write

8K(y)xyn—l—r = Zaiyi+n-—l—r +w

i=0

where w € Op[y]. Then using (3.3.9) we get

- (%)“ Zofl> = (80) w-0""1") € 5,

a contradiction that shows that 8y (y)Opy]* C Oply].
Finally, let

Cp(y) :=Rpdx(y) C Opy.
Evidently, Cp(y) is an ideal of Rp,. Let I C Op|y] be any ideal of R,. Then
ReSx ()1 S 18¢(3)™! C Oply)".

In particular, tr(Rp8 (y)~!I) C Op and therefore 8 (y)~'I C R}, or equivalently,
1 C Cp(y) as required. O

In general, whenever R; C R, are rings, there is a unique largest ideal of R,
(possibly the unit ideal) contained in R,, which can be described as the annihilator
of the R,-module R,/R,. This ideal is called the conductor of R, in R,. Thus,
(3.3.10) says that Cp(y) is the conductor of &p|y] in Rp.

We can now obtain another characterization of the different exponent.

Theorem 3.3.11. Suppose that P € ]Pl’(“’, K'/K is a finite weakly separable
extension, and that Q € IP’;',‘P divides P with f(Q|P) = 1. Then

min vo(x) = ~d(QIP).

Proof. By the weak approximation theorem (1.1.16) there exists s € K’ such that
Vo(s) =1and v (s —1) > 0 for all prime divisors Q' # Q of P. Then s satis-
fies the hypotheses of (3.3.7), from which we obtain v, (8 (s)) = d(Q|P). For
any x € Rp (3.3.10) yields xJy (s) € Cp(s) C Rp and therefore vp(x) > —d(Q|P).
Moreover, we get equality for some x if we can find a Q-local unit in Cp(s),
because Rp0y (s) = Cp(s).
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Let Ny, x (O (1=5)) =: ut®, where ¢ is a local parameter at P and u is a P-local
unit. Put v := (1 —s)* and e := maxQ,lPe(Q’ |P). Then uv® is a Q-local unit in
Op|s]. We will show that in fact uv* € Cp(s). Let x € R,. Then we need to show
that xuv* € Opls]. .

We have O, +Q = 0, because f(Q|P) = 1. Multiplying by s yields

Ops' + 0 = Ops' +05' = Op5' = 0,

from which it follows that

Opls|+Q" =0,
for any integer n > 0. In particular, there exists x' € 0,[s] such that
wi=x—x € Q%
It therefore suffices to show that wuv € O)[s]. We have
wws  wu N(5(1-9) - N(8y(1—5s)) wv*
0(1-5) O(1-5) utk Ox(l=s) o+~

We claim that the right-hand side lies in R,. Namely, for any y € Ry, N(y)/y is a
product of conjugates of y, each of which is integral over &, whence N(y)/y €
Rp. For all divisors Q' # Q of P we have VQ,(I —$) 2 1, so our choice of e

guarantees that VQ,(V‘) 2Vy (t*). Since Vo(w) 2 ek, we conclude that

wivt

S(1=s) <R

and therefore

wiv® € Rpdy (1 —5) CCp(l —5) C Op[l —5]=Opls]. O

From (3.3.11) we can see why R} is sometimes called the (local) inverse dif-
ferent. We remark that the hypothesis f(Q|P) = 1 in (3.3.11) can be weakened to
the requirement that the residue field extension K, / Fp be separable. See Exercise
3.5 for details.

Given a prime divisor Q € P, of P € Py and y € X', let Op[y],, denote the
localization of Opy] at the prime ideal QN &,[y]. The main result we need for
applications to plane curves is the following.

Corollary 3.3.12. Suppose P € PP, K' = K(y) for some separable element y €
K’ that is integral over O, and Q € ]P’;fp divides P with f(Q|P) = 1. Then

vo(6¢(y)) 2 d(QIP),
and if equality holds, then Op|y), = 0,
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Proof. Put M := QN Bly]. From (3.3.10) we have R}8;(y) = Cp(y) and the
inequality is immediate from (3.3.11). Moreover, equality holds precisely when
Cpy) € M.

Let {Q = Q,,...,0,} be the set of all prime divisors of P in K’, and let
¥ :={v,,...,V;} be the corresponding set of valuations. Then, in the notation
of (1.1.17), Cp(y) = K'(¥; e) for some nonnegative function e : ¥ — Z.

Suppose now that Cp(y) M. Then e(v,) = 0. We certainly have [y}, C 6,.
Conversely, choose any x € &, then there exists b € K’ with v, (b) =0 and

vi(b) 2 e(v)) +|vi(x)] (2<i<r),

by the weak approximation theorem (1.1.16) . This implies that b € Cp(y) \ M and
xb € Cp(y). We conclude that x € Op[y],, as required. a

3.4 Singular Prime Divisors

In this section, we fill a gap in the previous section relating to the computation
of the different for inseparable primes. Namely, a certain singularity condition
for prime divisors was identified, which, when present, made it difficult to extend
scalars in a natural way. In this section we prove that for any geometric function
field K/k, at most finitely many primes of K are singular and there is a finite,
purely inseparable scalar extension X’/K such that all prime divisors of K’ are
nonsingular. In addition, we show that Z,, /xS 0, with equality if and only if
K' = K. This implies that 2., sk = 0 for all scalar extensions K" of K', and that
Dy /K > 0 for all finite extensions K” /K’. Obviously, this section can be safely
skipped by readers willing to assume that k is perfect.

Recall that ,by definition, P € P is singular with respect to some finite exten-
sion of scalars k' /k if k' ®, Op is a proper Op-submodule of the integral closure
of Op in K’ := k' ®, K. Here are some basic facts about this situation.

Lemma 3.4.1. Let K/k be a geometric function field with P € Py and let k' [k
be a finite extension. Let R be the integral closure of Op in K' := k' ® K and let
R:=K ®, Op. Then:

1. dim,(R/R) < e, and R contains a nonzero ideal of R.
2. If P is nonsingular with respect to k' and Q € Py, is a divisor of P, then
3. For any finite extension k" [, the following conditions are equivalent:

(a) P is nonsingular with respect to k”,
(b) P is nonsingular with respect to k' and Q is nonsingular with respect
to K" for all prime divisors Q of Pin K'.

Proof. (1) Since both R and R are free Op-modules of rank |k’ : k| (see (2.1.18)
and (1.1.9)), the Op-module R/R has finite length by (1.1.12) and is therefore
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finite k-dimensional. This implies that the annihilator, C, of R/R in R is a nonzero
ideal of R and therefore R contains the nonzero ideal CR of R.

Note that if Q is a divisor of P in K’, then 0, = R+ Q by (1.1.22). This
immediately implies (2).

To prove (3), let {Q,,...,QOm} be the set of all prime divisors of P in K’. For
each i, let {Q“""’Qii:} be the set of all prime divisors of Q, in K" := k" ®, K,
and put v;; := Vo, In addition, let ; := 09." let R, be the integral closure of &,
in K", and let R, := k" 0, for each i.

Suppose first that some Q; is singular with respect to k” for some i, say i = 1.
Since R, contains a nonzero ideal of R, (1.1.17) implies that there are integers
ep,..,¢; such thatif x € K" and v|;(x) > ¢; for j=1,..., ), then x € R;. Let
¥ € R\ R,. By the weak approximation theorem (1.1.16) there exists x € K" such
that v, ;(x) > 0 for k > 1and all j, and such that v, (y —x) > ¢; for j=1,..., ji.
In particular, x —y € R,, and x is integral over &,. We see that x & R, 2 k¥ 0 and
thus P is singular with respect to k”.

Next, choose a k'-basis @, = 1,a,,..., 0, for k”. Then the o, are a K’-basis for
K", and every element x € K” can be uniquely written

n
(*) x= Z o Qx;
i=1
with x; € K'. If we choose a k-basis {B; = 1,B,,...,B,} for k', then the B, are a
K-basis for K’ and we can write

X = ZBJ ®x;;
J

with x;; € K. The products a,B; are a k-basis for k", so x € k" ®, O, if and only
if x; ;€ O, for all i, j. Thus, if P is singular with respect to k', we can take x =

x; € R\ R and conclude that P is singular with respect to k”. This proves that a)
implies b). ‘

Moreover, if x; € R for all i, then x € k" ®, 6, by associativity of the tensor
product. Thus, if P is singular with respect to ¥’ we can take x € K” integral over
O with x; & R for at least one i, say i = 1. If all Q ; are nonsingular with respect

to k”, then since x is certainly integral over 0, . we have x € R ; for each j. By
J
uniqueness of the expansion (*), this implies that x, € N i ﬁQ . Thus, x, is integral
J
over Op and therefore P is singular with respect to ' a

Corollary 3.4.2. All separable prime divisors are nonsingular.

Proof. Let K /k be finite and let k;/k be the maximal separable subextension of
K'/k.PutK' :=k'®, Kand K;:=k,®, K.LetP € P2°P, and let R (resp. R;) be the
integral closure of & in K’ (resp. K;). Let . be the set of all prime divisors of P
in K;. We need to show that R = k' ®, 0.
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From (3.2.3) and (3.2.4) we see that R; = k, ®, p, and F, = k;Fp for every
prime Q € .#. In particular, each Q € .% is separable, so by (3.4.1) we may assume
that k = k;, or in other words that k' /k is purely inseparable.

Put R:= kK ®, O, and let Q € P,, be a divisor of P. Since Fp/k is separable
by hypothesis, k' and F, are linearly disjoint over k by (A.0.10). Now we have
Fp2 K'Fp =k ®, Fp and thus f(Q|P) > |k’ : k| = |K' : K|. By (2.1.17) f(Q|P) =
|k’ : K| and Q is the unique divisor of P in K'. It follows that F,, = k' ®, F, and
thus that 6, = R+ Q. Since 6, = Ris a finitely generated &p-module by (2.1.18),
Nakayama'’s lemma (1.1.5) yields R = O, O

Because there does not seem to be any easy way to compute d(Q|P) in the
inseparable case, we will have to refer back to the definition in what follows. The
following lemma is useful for this purpose.

Lemma 3.4.3. Let k' be a finite extension of k with K' :== k' ® K. Let Q € P, and
put P := QN K. Suppose that the subfields k' and KP of I °d o are linearly disjoint

Zzer their intersection kyy := k' N Ry. Then for every differential form @ € Q we
ve

Resp(w) = trk,Q /,‘ResQ(w).

Proof. We first apply (1.2.11) to conclude that IE"Q = K'Kp. Thus, our hypothesis
says that there is an isomorphism

() Ko~k ®, Rp.

This puts us in a position to apply (1.4.15) and (1.4.16). For x,y € K, denote by
Resj(ydx) the residue form defined by the near K-submodule ﬁp with respect to
the ground field k’Q. Then (1.4.16) yields

Resp(ydx) = try, /kRes},(ydx).
By virtue of (+) and (1.4.15), we see that R := k' ®,, 6, is a near K’ -module,
Q
and that
Resp(ydx) = Resfﬂ(ydx).

However, both R and éQ are free 6p-modules of rank ll?’Q : Rp| (see (1.2.11)),

) ﬁQ/R has finite length by (1.1.12) and is therefore finite-dimensional. Now
(1.4.10) yields

Resp(ydx) = Res(ydx).
Combining the above, we have proved the lemma. a

We are now ready to proceed with the computation of d(Q|P) for a scalar ex-
tension k'/k. We first deal with the case that k’/k is separable (although P and Q
may not be)
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Theorem 3.4.4. Let K /k be a geometric function field and let P € Py. Suppose
that K [k is a finite separable extension and K' := K ®, K. Then d(Q|P) =0 for
every prime divisor Q of P in P,

Proof. There is a finite separable extension k”/k' such that K" D F*°P, the maxi-
mal separable subextension of Fp/k. Let Q be a prime divisor of P in K’ and let
Q' be a prime divisor of Q in K" := k" ®,, K’ = k" ®, K. Suppose we could prove
the theorem for the extension k” /k and also for all primes Q of K’ with respect to
the extension k”/k’. Then we would have d(Q’|Q) = d(Q'|P) = 0 and the result
would follow for the extension k’/k by (3.3.4). It therefore suffices to prove the
theorem under the additional assumption that k' D F 5.

We next argue that the hypothesis of (3.4.3) holds. Namely, by (3.2.3) and
(3.2.4) it follows that F, = k'F,, and then (A.0.10) yields f(Q|P) = |k’ : FJep|.
Since e(Q|P) = 1 by (3.2.3), we have

Ko : Rpl = f(QIP) = |K : F3|

by (1.2.11). On the other hand, FP“" - KP by (1.2.12). If we therefore put k, :=
K N Kp, we have |k : kpl < IIZ’Q : Rp|. Since I?'Q = K'Kp by (1.2.11), we conclude
that kj = F°P and that k' and R, are linearly disjoint over k- By (3.4.3) we then
have

(%) Resp(w) = trF;,,, /kResQ(w)

for all ® € Q.

Now let x € K be a separating variable with v,(dx) = v, and let ¢ be a local
parameter at P. Put @ := " dx then v,(®) = 0. Because d(Q|P) is independent
of , it suffices to show that v;,(®) = 0.

Since k’FP = FQ and e(Q|P) = 1 by (3.2.3) and (3.2.4), we can take inverse

images in ﬁQ (see (1.2.10)) to obtain

But ﬁQ is a finitely generated ﬁp-module by (1.2.11), so we have ﬁQ =k' 5,, by
Nakayama’s Lemma (1.1.5).

Let {1 = a;,0,...,0,} be a k-basis for &, and let y = 3, ay; € ﬁQ, where
¥; € Bp. Since Res,, is k'-linear, we have

Res,(yo) = Za,.ResQ(y,.a)).

We argue that Res,(yw) = 0, for if not, we get Res(y;0) # 0 for some y; € .

Recalling that FP"‘P C 5’,, and that Rch is K'-linear, it follows from (*) that for
any nonzero element o € F, P”P, we have

trFP,,p/k(aRch(yiw)) = t:FPx,,/k(ResQ(ayiw)) = Res,p(ay,w) =0,
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contradicting the nondegeneracy of the trace form (A.0.8). This shows that
V(@) 2 0. On the other hand, if ResQ(t"ya)) =(0forallye ﬁQ, it would fol-
low from (*) that Res,(¢~'yw) = 0 for all y € &, contrary to V() = 0. Thus,
Vo(®) =0 as required. O

We are now ready for the main result of this section.

Theorem 3.4.5. Let K/k be a geometric function field and let P € Py. Suppose
that K' /K is a finite scalar extension of K /k. Then d(Q|P) < O for every prime
divisor Q of P in P, and equality holds for all Q|P if and only if P is nonsingular
with respect to k.

Proof. We proceed by induction on |k’ : k|. Suppose that k; is a proper intermedi-
ate field and put K, := k, ®, K and Q,, := QN K,,. The induction hypothesis first
yields d(Q|Q,) < 0 and d(Q,|P) < 0, from which (3.3.4) gives us d(Q|P) <0
with equality for all Q|P if and only if d(Q|Q,) = 0 = d(Q,|P) for all Q,|P and
all 9|Q,. The induction hypothesis then tells us that the latter condition is equiv-
alent to the two conditions P nonsingular with respect to k, and Q, nonsingular
with respect to k’ for all Q,|P. Then (3.4.1) completes the proof.

We are therefore reduced to the special case that there are no proper subfields
between k and k’. The case that k' /k is separable was proved in (3.4.4), because in
that case, P is nonsingular with respect to k' by (3.2.3). We are therefore left with
the case k' /k purely inseparable of degree p = char(k).

Let x € K be a separating variable with v,(dx) = v, and let ¢ be a local parameter
at P. Put @ := t"dx, then v,(®) = 0. Because d(Q|P) is independent of o, it
suffices to show that v, (@) < 0, with equality if and only if P is nonsingular with
respect to k.

We again have K';, = K'Rp by (1.2.11), and |K';, : Rp| = p = e(Q|P) £(QIP)
because Q is the unique prime divisor of P in K’ by (3.2.2). It is therefore trivial
that ¥’ and k,, are linearly disjoint over k, and (3.4.3) gives us in this case

(%) Resp(®) = Resy(w).

Suppose P is nonsingular with respect to k' and y € OQ. Since 0, = ¥ ®, 0,
it follows that 3Q =K ®, B, and we can write

p-1
y= Z .y,
i=—0

where the 0 are a k-basis for k' and y; € &,. Then (+) implies that Res,(y,0) =0
for all i, whence Res;(y®) = 0 because Res, is K'-linear. From the definition we
conclude that

(x%) If P is nonsingular with respect to k', then v, (@) > 0.
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The remainder of the argument now depends on whether or not ’ is isomorphic
to a subfield of Fp. If not, then Fp, G kK'Fp C Fy), and we get f(Q|P) = p and
e(Q|P) = 1. In particular, F, = k'Fp. This means that 6, =K' ®, Op + 0 =¥ ®,
Op+ PO,y However, 0, is a finitely generated £p-module by (2.1.18), so we get
0, = k' ®, Op by Nakayama’s Lemma (1.1.5), and thus P is nonsingular with
respect to k'. So in this case we need to prove that Vo(®) =0.

We already have VQ((D) 2 0. If, by way of contradiction, Res, (t"'yw) =0
for all y € ﬁQ, it would follow from (x) that Resp(t~'yw) = 0 for all y € 0,
contrary to Vp(®) = 0. But ¢ is a local parameter at Q since e(Q|P) = 1, and thus
V(@) <0, as required.

Finally, therefore, we are reduced to the case that k’ is isomorphic to a subfield
of Fp. Write k' = k() for some B € k' with B? = a € k. Then there exists b € 6,
with b? = & + a for some a € P. Put s := b — f3, then sP = a. Thus,

-1 _ =1 p-1 _ —1"’_l i(P=1\, p-1-ipi
st=als" =at Y (-1) ; b B’
i=0

Lety € Op. Using (*) and k'-linearity, we obtain

p-1 fp—1 . ;
Res,(s™'yw) = ;)(—1)‘ (pi )Res,,(a"b”““’yw)ﬁ‘.
i=
When this sum vanishes for a particular y, we get a dependence relation on the
B’ over k, and therefore each term of the sum vanishes. Taking the last term in
particular, we find that when Res,(s™'yw) = 0, we have Resp(a™'yw) =0 as
well.
Let vy (s) = n and put e := ¢(Q|P) and f := f(Q|P). Then

evp(a) = Vola) = Vo(s”) = pn = efn,
and thus vp(a) = fn.
There exists an element y € t/*~16, such that Resp(a~'yw) # 0, because
vp(®) = 0. For this y, we have Res,(s~'yw) # 0, and the definition of v, ()
implies that

V(o) < —VQ(s'ly) =n-—e(fn—1)=n—-pn+e.

Sincen > 1, p > 2, and e = 1 or p, we have n — pn + e < 1, with equality if
and only if n = 1 and e = p. This shows that v(®) < 0 in all cases. From (xx)
we conclude that v, (@) = 0 if P is nonsingular with respect to £'. Conversely, if
VQ((O) =0, then in particular we must have n = 1, which means that s is a local
parameter at Q, and e = p, which means that P is totally ramified. By (1.1.24) we
see that O, = O)p|s], and since s € k' ®, Op, we conclude that P is nonsingular
with respect to k. O

Unfortunately, the possibility that d(Q|P) can be negative is a real one, as
shown by Exercise 3.11. When this happens for a scalar extension K'/K, (3.3.5)
shows that g,, < gx. The phenomenon of genus reduction under scalar extension
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is well known. See e.g. [21]. The rather nondescriptive term “conservative” has
been used in the literature to describe function fields whose genus is invariant un-
der scalar extension, but it seems more natural and more descriptive to simply call
such fields “nonsingular.”

Thus, we will say that a function field K /k is singular with respect to a finite
extension k'/k if some prime divisor of X is singular with respect to k’. We will
say that X is singular if it is singular with respect to some finite scalar extension,
and nonsingular otherwise.

Corollary 3.4.6. Let K/k be a geometric function field. Then K has at most
finitely many singular prime divisors. Moreover, there exists a purely inseparable
finite extension k' [k such that k' ®, K is nonsingular. In particular, every prime
divisor of K has a splitting field that is a finite extension of k.

Proof. Let P € Py and suppose that K’ is a scalar extension of K. If d(Q|P) < 0
for some Q € P,,, then Q divides 9, /x- Moreover, d(Q'|P) < O for any divisor
Q' of Q in any larger scalar extension by (3.3.4) and (3.4.5). Since 8x = 0, the
Riemann-Hurwitz formula (3.3.5) implies that deg 2, /K > —2gx and thus K has
at most 2g, singular prime divisors.

Furthermore, an obvious induction argument on g, shows that there is a finite
extension k' /k such that k' ®, K is nonsingular. Enlarging k' if necessary, we may
assume that k' /k is normal. Let k; be the fixed field of Gal(k'/k). Then k,/k is
purely inseparable and k/k, is separable. Since all prime divisors of K, := k, ®, K
are nonsingular with respect to kK’ by (3.2.3), it follows from (3.4.1) that K, is
nonsingular.

For any P € Py, every prime divisor Q of P in kK’ ®, K is nonsingular and thus
has F), as a splitting field by (3.2.4). Then any finite extension of k containing F,
for each such Q is a splitting field for P.

Armed with (3.4.6), we can at last show that for a weakly separable extension
of a nonsingular function field, the different is nonnegative.

Theorem 3.4.7. Let K/k be a nonsingular geometric function field and suppose
that K' /K is a finite weakly separable extension. Then 9,, k20 fQEPy is

singular, then d(Q|QNK) # 0.

Proof. If K' is a scalar extension of K, then X’ is nonsingular by definition, and
hence %, K= 0. Thus, if we can prove the theorem when k = K/, it will follow in

general by (3.3.4), so we may as well assume that k¥’ = k.

Let Q € P,, be a divisor of P € Py and let k, /k be finite. Put K| :=k, ® K’
and K, :=k ® K. LetQ, € PK; be a divisor of @, and put P, := Q, N K,. From
(3.3.4) we have

() d(Q,1Q) +e(Q,|0)d(QIP) = d(Q,|P) = d(Q,|P,) +e(Q,|P,)d(P,|P).
Since K is nonsingular, d(P,|P) = 0.
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Suppose first that k, is a splitting field for Q. Then Q, is a point. Moreover, K|
and K| have the same constant field, so P, is also a point and thus d(Q,|P;) > 0
by (3.3.6). Since d(Q,|Q@) < 0 by (3.4.5), we have

d(Q,|P)—d(Q,|0)
e(0,10)

d(Q|P) = >0,
proving the first statement.

Now suppose that d(Q|P) = 0 and let k; be arbitrary. We need to show that
d(Q,|Q) = 0. Since K is a scalar extension of X, it is nonsingular and we
have d(Q,|P,) > 0 by the first part of the proof. Since d(P,|P) = 0, () yields
d(Q,|Q) > 0 and thus d(Q,|Q) =0 by (3.4.5). a

Note that k(x) is always nonsingular, so a consequence of (3.4.6) is that all
singular primes of K divide 2, Jk(x) for any separating variable x € K. From (3.3.2)
we see that [dx] = Dy, — 2(x], and therefore we have

Corollary 3.4.8. If the geometric function field K [k has a separating variable x
such that [dx] and (x| are nonsingular, then K is nonsingular. O

3.5 Galois Extensions

For any k-embedding 0 : K — K of K into itself, it is clear that v, o g is another
discrete k-valuation of K with valuation ring o~ (0,) and maximal ideal Q7 :=
o~!(Q). There is, however, a potential notational problem here. Consider, for
example, the case that k is a finite field of order g and o(x) = x4 for x € K. Here
VpoO =4Vp, while Q9 = Q for all Q € P;. This example will be studied in detail
in Chapter 5.

In this section, we assume that K’/k’ is a Galois extension of K /k. Since the
scalar extension kK'K/K is clearly normal, Gal(K’/K) has a normal subgroup
Gal(K'/K'K) which is called the geometric Galois group, while Gal(K'/K) is
sometimes called the arithmetic Galois group. In any case, Gal(K’'/K) permutes
the prime divisors of K’ via the action Q — QF given above.

Suppose that Q is a prime of X’ and P:= QN K. Then 6~!(Q)NK = P, so
Gal(K’/K) in fact permutes the set of prime divisors of any prime of K. Our first
important fact is that this action is transitive.

Theorem 3.5.1. Let Q, and Q, be prime divisors of K' with P:= Q,NK = @, NK.
Then there exists ¢ € Gal(K'/K) with QY = Q,.

Proof. By the weak approximation theorem there exists an element x € X’ such
that Vo, (x) = 1 while v,(x) = 0 for every other prime Q dividing P. Then for
every prime divisor Q of P and every ¢ € Gal(K’'/K), we have

1 ifg°=g,,

0 otherwise.

*) vo(o(x) = {
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Lety := [ eqarr/x) @(%)- Then
o= X vy(o()

o€Gal(K'/K)

for all prime divisors Q of P. Now () implies that v;,(y) > 0 if and only if Q° =
Q, for some ¢ € Gal(K'/K). Buty € Q, NK = P, and therefore Vo (y) > 0 for any
prime divisor Q of P. a

For the remainder of this section we will use the following notation and
assumptions:

Hypothesis 3.5.2. X' is a Galois extension of K with G := Gal(K'/K). Q is a
prime of K' with P .= QNK. Fori=0,1,..., we define

e:=e(Q|P),

f=f(QlP)
G,:={c€G|o(x)=x modQ' forallxe 0o},
K;:={xeK'|o(x)=x foralloe€G,},
Q;:=0nKk.

Fp (resp. FQ) is the residue field of P (resp. Q), and FQ [Fp is separable.’

Of course, the hypothesis of separability of the residue field extension is au-
tomatic when k is perfect. Note that by (A.0.16) G; = Gal(K'/K;) for i > 0.
Furthermore, observe that G, is just the setwise stabilizer of Q in G, and that
each G, is a normal subgroup of G, because it is the kernel of the induced map
G, — Au(0, /Q’). We call G (resp. K,) the decomposition group (resp. field) of
Q and G, (resp. K,) the inertia group (resp. field). For i > 1, the G, are called the
(higher) ramification groups. It is clear from the definition that G; 2 G, , for all
i.

Given any o € G, choose some x € 6, with o/(x) # x and put j = v, (0(x) ~
x), then o ¢ G, for k > j. Since G, is a finite group, we see that G,, = 1 for
some integer m. We will study the decomposition group by analyzing the “layers”
G,/G,,, separately.

Corollary 3.5.3. Assume (3.5.2), then |G : G| is the number of distinct prime
divisors of P in K'. For any prime divisor Q/ of P in K’ we have e(Q'|P) = e and
F(QIP) = . Moreover, |Gy| = ef, (QylP) = 1 = £(Qy|P), e(QIQy) = e, and
f(QIQ) = 1.

Proof. Let {Q,,...,Q,} be the set of all distinct prime divisors of P in K'. As
a consequence of (3.5.1), there is a bijection between cosets Gyo of Gy in G
and prime divisors Q° of P, whence |G : G| = r. Moreover, it is immediate that

3Many authors denote our G; by G;_,.
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e(Q;|P) = e, and f(Q,|P) = f for all i. Now (2.1.17) implies that |K’ : K| = efr.
Since |G| = |K': K|, we have |G| = ef.

From (A.0.16) we know that G, = Gal(K'/K,,). By the previous paragraph ap-
plied to the extension K'/K,, we have ¢(Q|Q,)f(0|Q,) = |G,| = ef, but since
e = e(0|Qy)e(Qy|P) and f = f(Q|Qy)f(Qy|P) by (1.1.25), we conclude that
e(QylP) = 1 = £(Q,|P), (QIQ,) = e, and £(QIQ,) = - O

As noted above, G is the kernel of the natural map 7 : G, — Aut(6,/Q).
Since G, fixes K elementwise, im(n) lies in Gal(F,/Fp). The important facts
here are that F,/Fp is a splitting field and that im(n) = Gal(F,/Fp).

Theorem 3.5.4. Assume (3.5.2), then FQ/FP is Galois, and the natural map
Go/G, — Gal(F,/Fp) is an isomorphism. In particular, |G,| = e.

Proof. By (3.5.3) we have I"Q0 = Fp, s0 it suffices to prove this result in the special
case that G = G, and K = K|,. Now, by (3.5.1) Q is the unique prime divisor of P in
K', s0 0, is the integral closure of &, in K’ by (1.1.8). Since F,/Fp is separable,
there is an element u € &, such that F, = Fp[i], where x — % denotes the residue
class map. Let f(X) be the minimum polynomial of u over K. Then f(X) has
coefficients in &), since u is integral over &p. Since K'/K is Galois and has a root
inK', all roots of f(X) lie in K’ and are also integral, so f factors into linear factors
over 0’0. Furthermore, G is transitive on the roots of f, so n(G) is transitive on the

roots of f. This implies that £ is a multiple of the minimum polynomial of i over
Fp, and that F, is the splitting field of f over Fp. Thus, F,/Fp is Galois, and im(1)
is transitive on the conjugates of &. But the only automorphism of F, /Fp fixing
i is the identity, so im(n) = Gal(F,/Fp). In particular, |Gy/G,| = |F,, : Fp| = f,
and hence |G,| =e. O

Corollary 3.5.5. Assume (3.5.2), and suppose K C E C K' is an intermediate
field. Put Qp := QNE. Then e(Qg|P) = 1 if and only if E C K,. In particular,
K'/K, is totally ramified at Q.

Proof. From (A.0.16) we have Gal(K'/E) = G C G, where Gy is the subgroup
of G fixing E elementwise. By definition, Gz NG, is the inertia group of Q over
E. By (1.1.25), e(Q|P) = 1 iff £(Q|Q;) = e, but by (3.5.4), the latter condition
is equivalent to |Gz NG, | = e = |G, |, i.e., to G; 2 G,, which is in turn equivalent
to E C K. For E = K;, we have in particular ¢(Q|Q,) = e = |G,| = |[K" : K|, so
K'/K, is totally ramified at Q. O

We next turn to a further analysis of the ramification group G, via the filtration
G, 2 G, 2 ---. We need first

Lemma 3.5.6. Assume (3.5.2), let 6 € G, ami let t be a local parameter at Q.
Then for every integer j > 1 we have ¢ € G; iffo(t) =t mod Q’.

Proof. Suppose o(t) =t mod @/ for some ¢ € G, and some j > 1. We only
need to show that c € G | since the converse is trivial.
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Applying (1.1.24) to the extension K’/K, which is totally ramified by (3.5.4),
we find that ¢ is integral over 0, and that 6, = 0, [t]. Let x € O and write

x=Y,at witha; € O , then

ox) = Zaia(t)i = Zaiti modQ’. O

Now fix a local parameter ¢ at Q. For o € G, we can write
G(t) = u6t1
where u4 is a unit.

Theorem 3.5.7. Assume (3.5.2). The map o — ug := o(t)/t defines a homomor-
phism G, — Fj whose kernel is G,. In particular, G, /G, is cyclic.

Proof. For any o' € G, we have
Uyt = 0'(0(t)) = 0'(ug)0'(t) = 0’ (ug)uyt = uguyt  (mod £2).

It follows that u , = ugu, (mod t), so we have a homomorphism from G, to the
multiplicative group of &,/Q. Since o(t)/t = 1 (mod 1) iff o(r) = ¢ (mod 12),
the kernel of this map is G, by (3.5.6). We conclude that G, /G, is isomorphic to
a finite subgroup of the multiplicative group of a field. In particular, there are at
most n solutions of the equation x” = 1 in G, /G, for any n, so G, /G, is cyclic by
the fundamental theorem of abelian groups. a

We finally consider the structure of the groups G;/G,,, for i > 2. For some
fixed choice of local parameter ¢ and ¢ € G; we have o(t) =t +x4t' for some
X5 € ﬁQ.

Theorem 3.5.8. Assume (3.5.2). For 0 € G, and i > 2, the map 0 — x5 =
(6(t) — )t~ defines a homomorphism of G; into the additive subgroup of F,
whose kernel is G, . In particular, G;/G, | is trivial for i > 2 if char(k) = 0 and

is an elementary abelian p-group if char(k) = p > 0.
Proof. For any o’ € G; we have
t+xg6t =0 (1) + 0" (x5)0 (1) =t +x,t + (x0 +y£)(t +x 1)
for some y € 0Q. Since i > 2, we have
(t+xgt') =t (mod £y,
and it follows that
Xgot Exgt +x5t'  (mod #11).

Thus, we have a homomorphism from G; to the additive group of 6,,/Q, as as-
serted. Since x5 =0 (mod ¢) iff o(t) = ¢ (mod *!), the kernel of this map is
G, by (3.5.6). Since there are no finite subgroups of the additive group of a field
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of characteristic zero, G, is trivial in this case. When char(k) = p > 0, additive
subgroups of F,, are abelian of exponent p. d

The fact that G, is trivial in characteristic zero suggests that the higher
ramification groups are related to wild ramification, and that is indeed the case.

Theorem 3.5.9. Assume (3.5.2), and let d(Q|P) be the different exponent. Then
d(QIP) = Z(IG [-1).

In particular, G, = 1 if and only if Q|P is tamely ramified.

Proof. Note that the sum is finite, since G; = 1 for almost all i. By (3.5.5) we
have e(Q, |P) = 1 and therefore d(Q, |P) = 0 by (3.3.6). Now (3.3.3) implies that
d(Q|P) =d(Q|Q,).

Let t be a local parameter at Q and let f(X) be the minimum polynomial of ¢
over K;. Then f(X) factors into linear factors over K’, and we have

fx) =[] x-0()),

0€G,

Fx)=3TIx -0,

T O#7

whence

f'@y=TI@~o().
o#l

Using (3.3.8), we get
d(0|0,) = VQ(f’(t)) = 2 volo(r) —1).
o#l
However, for 0 € G;\ G, , (3.5.6) yields vy (o (t) —1) =1, so that

a0

d(010)) = 311G~ 1Gn1]) = S.(1G{| - 1).

i=1 i=1

3.6 Hyperelliptic Functions

As an application of the preceeding results, we consider the case of a function
field K /k that is a separable extension of k(x) of degree 2. Such a function field
is called hyperelliptic, although some authors restrict this term to exclude elliptic
functions. Unless specifically stated otherwise, the results of this section apply to
the elliptic case as well.

Suppose, then that x € K is a separating vanable and that [K : k(x)| = 2. If
y € K\ k(x), then y satisifes a quadratic equation y? + f(x)y +g(x) =0 over
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k(x). If char(k) # 2, we can eliminate the linear term by completing the square:
Puty :=y+ f(x)/2, then y'* + g(x) — f(x)?/4 = 0. Now multiplying y' by an
appropriate square in k(x) and changing notation, we get y> = f(x) where f(x) is
a square-free polynomial. The situation is different in characteristic 2, so we will
consider that case separately below.

Summarizing, we have

Lemma 3.6.1. Suppose that char(k) # 2 and |K : k(x)| = 2. Then K = k(x,y)
where y* = f(x) for some square-free polynomial f(x). a

We will next compute the different 7, /k(z) in the case char(k) # 2. We

first suppose that & := a(x) + b(x)y is a constant (i.e. algebraic over k) for
some a,b € k(x). Then T, /k(x)(a) = 2a(x), so a(x) = a, for some a, € k, and
Ny k(@) = a5 — b(x)2f(x) = a, for some a, € k. If f(x) is nonconstant, which
we will henceforth assume, it follows that b(x) = 0, and we have shown that k is
the full field of constants of K.

Since f(x) is square-free, we have f(x) =: [I_, p;(x) where the p;(x) are dis-
tinct irreducible polynomials. Let P be a prime of K dividing the prime p of
k(x).

Suppose first that p # p; for all i and p # . Then f(x) is a unit in &,. Apply-
ing v, to the equation y? = f(x), we see that Vp(y) = 0. Since char(k) # 2, the
equation has distinct roots modulo p. Thus, the hypotheses of (1.1.23) apply, and
we conclude that e(P|p) = 1 and thus d(P|p) = 0.

Next, suppose that p = p;. Then 2v,(y) = e(P|p)v,(f(x)) = e(P|p). This im-
plies that vp(y) = 1 and e(P|p) = 2. By (2.1.3), P is the unique prime of K dividing
P, f(P|p) = 1, and therefore deg P = deg p.

Finally, if p = oo, then 2V, (y) = —e(P|eo) deg f. If f has odd degree, this implies
that vp(y) = —deg f, e(P|eo) =2, Pis unique, f(P|) =1, and deg P = degoo = 1.
If f has degree 2n, we can replace x by x, := x~! and y by y; :=y/x". Then y% =
f1(x;) where the reciprocal polynomial f; is not divisible by x, , so the hypotheses
of (1.1.23) hold at x; = 0. It follows that e(P|ee) = 1, and there are two distinct
divisors of < each of degree one, or one divisor of degree two, depending on
whether or not the leading coefficient of f(x) is a square in k or not. We have
proved

Theorem 3.6.2. Suppose that K = k(x,y), char(K) # 2, and
¥ =f) =T,
i=1

where the p; are distinct irreducible polynomials and r > 1. Then k is the full field
of constants of K, and for each i there is a unique prime P, of K dividing p; with
e(PIp;) =2, f(P|p;) =1, and deg P, = deg p,, and we have

Dlo = gPl
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If deg f is even, we have

9K/k(x) = ; F;,

and P, := Ny, Jk(x) (o) has degree 2 and is either prime or the sum of two points.
If deg f(x) is odd, there is a unique prime P. dividing co with e(Pu|) = 2,
f(Px|oo) =1, deg P.. = 1, and we have

Dy pey =P + ; £

In particular,
deg D, , = deg f zf deg f 1:s even,
/=)~ Ydegf+1 ifdegf is odd.
We can now apply the Riemann-Hurwitz formula (3.3.5) to obtain
Corollary 3.6.3. Assume the hypotheses of (3.6.2). Then
_ 1(degf—2) ifdegf is even,
8=\ L(degf—1) ifdegf is odd
Proof. From (3.3.5) we obtain
28 —2=—4+deg Qk/k(x),
and the result follows from (3.6.2). O

Finally, we obtain a basis for the space of regular differential forms. Continuing
the hypotheses of (3.6.2), we can differentiate the defining equation to obtain

2ydy = f'(x)dx,

whence

(*) D] + [yl = [f'(x)] + [dx].

From (3.6.2), we know that [y), = ¥, P,. Moreoever, ged(f(x), f/(x)) = 1 since
f(x) has distinct irreducible factors. This implies that f(x) and f’(x) have disjoint
zeros in K, and therefore y and f’(x) also have disjoint zeros in K. Now () implies
that

(*) Do < [dx]o.

The only poles of x in K are at the prime(s) at infinity. When deg f is 0dd, [x]. =
2P.., where P has degree 1, while when deg f is even, [x].. = P.. has degree 2.
Looking at the respective Laurent series, we conclude that

() = 3P. ifdegfisodd,
= 2P. ifdegfiseven.
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From (x) we have (dx] > [y], — [dx].., but using (3.6.3) we get
deg(dx] > deg f — deg[dx]. = 2g, — 2.

Since |dx] is a canonical divisor, we must have equality, which implies that (x) is
an equality. In particular, vp (dx/y) > Oforall i.

The only other possible pole of dx/y is at infinity, but here we actually have
a zero of order deg f — 3 = 2g — 2 when deg f is odd, or of order deg f — 4 =
2g —2 in the even case. So not only is dx/y regular, in fact x'dx/y is regular for
0 <i < g. Since x is transcendental, these forms are linearly independent over &,
and therefore are k-basis for Q4 (0) by (2.5.10). As a consequence, we note that
the ratio of any two regular forms lies in k(x), and if g, > 2 these ratios generate
k(x). We have proved

Theorem 3.6.4. Suppose |K : k(x)| = 2 for some x € K and char(k) # 2. Then
{x'dx/y |0 < i< gy} is a k-basis for Qy(0). Furthermore, if g, > 2 then k(x) is
the subfield of K generated by all ratios @'/ of regular differential forms, and
is thus the unique rational subfield of K of index 2. O

We remark that the even-degree case can be completely avoided provided that
p; = ax— b is linear for at least one i. Then the substitution

will produce an equation y, = f,(x,), where f; is square-free of odd degree.

For the remainder of this section we will assume that k is a perfect field of
characteristic two. Beginning with the equation y* + f(x)y + g(x) = 0, we can
replace y by y/f(x) and change notation to obtain y? +y = f(x). Note that the
other root of this equation is y+ 1. We see that y is an element of K of trace 1 and
norm f(x). Suppose y, = a(x) + b(x)y is another element of K of trace 1. Since
Ty kx) 18 k(x)-linear, and is zero on k(x), we get b(x) = 1. Then N Jk(x) ) =
a(x)? + a(x) + f(x). Conversely, the equation Y2 +Y = a(x)? + a(x) + f(x) has
roots y +a(x) and y +a(x) + 1 in K. In other words, we have proved

Lemma 3.6.5. Suppose that char(k) = 2 and K [k(x) is separable of degree 2. If
k(x)@ denotes the additive subgroup of k(x) consisting of all rational functions of
the form a(x)? + a(x), then there is a one-to-one correspondence between cosets
f(x) +k(x)@ in k(x) and separable extensions K /k(x) of degree 2, under which
K corresponds to f(x) + k(x)®) if and only if there exists an element y € K of
trace 1 and norm f(x). In particular, K = k(x,y), where y* +y = f(x) for some
f(x) € k(x). O

We first consider the (uninteresting) case that X is a scalar extension of k(x).
Then there is a constant a € K\ k(x). Since T, /k(x)(a) is a nonzero element of k,
we can divide to get a scalar of trace 1. Using (3.6.5) we get
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Lemma 3.6.6. Suppose that char(k) = 2 and K/k(x) is separable of degree 2.
Then K /k(x) is a scalar extension if and only if f(x) = ¢ (mod k(x)) for some
constant ¢ € K. O

We next compute the different. As before, let P be a prime of K dividing the
prime p of k(x). Note that v,(y) < 0 iff vp(y+1) < 0 iff vp(y* +y) < O iff
Vp(f(x)) < 0. In particular, if v,(f(x)) > 0, then y € 6,. Moreover, y satisfies
a polynomial with coefficients in &, and distinct roots modulo p, so (1.1.23)
implies that e(P|p) = 1 and hence d(P|p) = 0.

Suppose, then, that f(x) has a pole at p of order n. Then v,(y) must be negative
and hence vp(y) = vp(y+1), and we get

2vp(y) = vp(f(x)) = —e(Plp)n.

Suppose that n = 2d — 1 is odd. Then we can conclude that e(P|p) = 2 and
vp(y) = —n. Since |K : k(x)| = 2, we have f(P|p) = 1. Furthermore, if we put
s := p?y, we have Vp(s) = dvp(p) —n = 1, 50 s is a local parameter and

s>+ ps = p¥(y* +y) = p* f(x) = pu(x)

for some p-local unit u(x). Since K/k(x) is totally ramified at p, (3.3.8) implies
that d(P|p) = 2d.

So far, we have seen that when f(x) is a p-local integer, p is unramified and
hence d(P|p) = 0, while if f(x) has a pole of odd order 2d — 1 at p, p is ramified
and d(P|p) = 2d. Fortunately, it turns out that we don’t have to consider poles of
even order at all, as we now argue.

We first recall the so-called partial fractions algorithm: Given a rational func-
tion whose denonimator is a product k, (x)h, (x) of relatively prime polynomials,
we can find polynomials a, (x),a,(x) with a, (x)h, (x) + a,(x)h,(x) = 1 and write

1 =a,(x) ay(x)
hy(x)hy(x)  hy(x) ~ hy(x)

By repeated applications of the Euclidean algorithm, therefore, we can write any
rational function as a sum

< a;(x) & a(x)
(*) f&) = 75—+ —,

ZT pi(x)%~! i=§+—l pi(x)%i
where the a; are polynomials, the d; are positive integers, and the p; are distinct
irreducible polynomials. If m = n, we are happy. If m < n, we need

Lemma 3.6.7. Suppose that k is perfect of characteristic 2, a(x), p(x) € k[x], p(x)
is irreducible, and

a(x)

flx) = p(x)%
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for some positive integer e. Then there exist polynomials b(x),c(x),d(x), and
p,(x) with deg p,(x)? < deg p(x) such that

bW, ) )
F® = 20y ot oo

Proof. Separating terms of even and odd degree and usmg that fact that k? =

we can write a(x) = ag(x)* +xa, (x)? and p(x ) Po(x)2 +xp, (x)? where a; and
p; are polynomials (i = 1,2). Note that deg p? < deg p and hence that p, (x) and
p(x) are relatively prime. Then

(mod k(x)®).

x= E% + %—,
Py Pp
and
2 2,2 2 2
2 _%  Aabk 4 ___% _ %P a4 2
== + 55— =— ——— (mod k(x)'*’).
p* p”p% P ot pr ppy PP (mod k(x)™=)
Usmg partial fractions and collecting terms, the result follows. a

Suppose m < n in (*) and there are k terms in the sum whose square de-
nominator is of highest degree 2e. Applying the lemma to one of these terms
and rewriting the resulting expression in the same form, it is clear that we now
have k — 1 terms whose denominators have degree 2e. After a finite number of
steps, we have found an element y € K with y> +y = a(x) + b(x) /c(x) such that

a(x),b(x),c(x) are polynomials, every prime divisor of ¢ occurs to an odd power,
and degb < degc. Since every polynomial is clearly congruent to a polynomial of
odd degree modulo k(x)®, we have proved

Theorem 3.6.8. Let k be perfect of characteristic 2 and suppose that K [k(x) is
separable of degree 2. Then K = k(x,y), where y* +y = f(x) and all poles of f(x)
are of odd order. If f(x) has a pole of order 2d; — 1 at p, for 1 < i < n and no other
poles, then for each i there is a unique prime divisor P, in K of p; and it satisfies
e(P|p;) = 2 and f(P|p;) = 1. Moreover, no other primes of k(x) are ramified in
K, and

D) = §2d,.P,.. O

Indeed, the above discussion yields a constructive algorithm for finding
f(x), and therefore for finding 2. Furthermore, the Riemann-Hurwitz formula
immediately implies

Corollary 3.6.9. With the hypotheses and notation of the theorem,
n
gx=—1+) ddegp,. O
i=1

Finally, we would like to find a basis for Q,(0), the space of regular differential
forms.
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Theorem 3.6.10. Let k be perfect of characteristic 2, and let K := k(x,y), where
¥ +y = f(x) and the pole divisor of f(x) in k(x) is given by

@] = lead.. ~1)p;

Define
o(x):= [T pilx),
pj#e
where the product runs over the finite poles of f(x) only, and put
o=%_
¢(x)

Then {@,x®,...,x8" @} is a basis for the space of regular differential forms. In
particular, if g, > 2, k(x) is the unique rational subfield of K of index 2.

Proof. The zero divisor of ¢(x) in K is

0= Y, 2d,P,= D —2d.Ps,
Pife

where we set d.. = 0 if f(x) has no pole at infinity. Thus, ¢ (x) has a pole of order
deg 2 — 2d.. at infinity.

Since dx has no zeros in k(x) and a pole of order 2 at infinity, it follows from
(3.3.2) that

[dx]=A+ 2,

where A = —2N*(p.) has degree -4. Thus, dx has a pole at infinity of order 4 —
2d... We conclude that the form

dx

¢(x)
is regular and has a zero at infinity of order deg 2 — 4 = 2g; — 2. Moreover, in
the case that there are two points of K at infinity, each point has equal multiplicity
8x — 1. Since the pole divisor of x in K has degree two in all cases, and is a sum
of two simple poles when there are two points at infinity, it follows that x'@ is
regular for 0 <i < gy. a

3.7 Exercises

Exercise 3.1. Let K'/K be a finite, separable extension of function fields and let
P ePy. Let M C K’ be a finitely generated &p-module of rank n = |K’ : K|, and
define

M ={xeK| try /i (xm) € Op for all m € M},
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(i) Let {m,,...,m,} be an Op-basis for M and define
Ay = V,,(det(trK,/K(m,-mj))).
Show that A,, is independent of the choice of basis for M.

(i) Suppose that M C M’ C M*, where M’ is also finitely generated. Let
Z(M’/M) be the length of M’ /M (see (1.1.13)). Prove that

Ay = Ay +26(M' M),

(iii) Conclude that M* is a finitely generated &p-module and that M* /M has
length at most A, /2.

Exercise 3.2. Use Exercise 3.1 to give an alternative proof of (2.1.18) in the
separable case.

Exercise 3.3. Let K/k be a function field and suppose that k' is a finite, separable
extension of k. Let P € P, and put K’ := k' ®, K. Use Exercise 3.1 to show that
the integral closure of Op in K’ is just ¥’ Op.

Exercise 3.4. Generalize Exercises 3.1 and 3.3 by replacing &, by the
intersection of a finite number of valuation rings of X.

Exercise 3.5. Let K'/K' be a finite separable extension of K /k with Q € P,, and
P:=QNK, and assume that F,,/F, is separable. The object of this exercise is to
prove that (3.3.11) holds under this weaker hypothesis.

(i) Show that there exists a finite separable extension k, /k such that if we put
K| =k, ®p K’ and K, := kK C K], we can choose a prime Q, € qu with

0=0,NK and £(0,|Q, NK,) = 1.
(ii) Put P, := QNK,. Show that d(Q|P) = d(Q, |P,).

(iii) Let R',R,, and R| denote the integral closure of &, in X', K, and K|, re-
spectively. By replacing 0’,,‘ by a finite intersection of valuation rings of
K, generalize the argument of (3.3.11) to show that

x$’5‘ Vo, (x) = —d(Q,|P).

(iv) Use Exercise 3.4 to complete the proof.

Exercise 3.6. Let k be algebraically closed of characteristic p > 0 and let u € k(r)
such that k(r)/k(u) is a Galois extension whose Galois group G is a p-group.
Prove that G, = G, =G, and that G; = 1.

Exercise 3.7. Let k be algebraically closed of characteristic zero, and let X be a
finite extension of k((t)) of degree n.

(i) Use Exercise 1.8 to show that the prime (¢) is totally ramified in X'

(ii) Prove that every Galois extension of k((z)) is cyclic.
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(i) Prove that K = k((r'/")).

Exercise 3.8. Suppose that K’'/k’ and K/k are function fields, and K’ = K(y)
where y" = x € K for some integer n relatively prime to char(k). Such an extension
is called a Kummer extension. Assume that x & K¢ for any divisor d of n.

(i) Prove that |[K’: K| =n.
(i) Let Q € P,, be a divisor of P € Py. Put dp := gcd(vp(x),n). Prove that

n/dp fordp >0,

«(0IP) = {1 for d, = 0.

[Hint: Consider the intermediate field K(y?).]
(iii) Prove that

i

n dp
gK,—l+m(gK—l+§ 2 ( -——n~>degP)

PePy

Exercise 3.9. We say that an extension K'/K is unramified if e(Q|QNK) = 1
for every prime Q € P,,. Suppose that n is relatively prime to char(K) and that
K' = K(y) for some y € K’ with y* = x € K. Prove that K’ /K is unramified if and
only if [x] = nD for some divisor D € Div(K). [Hint: (1.1.23).]

Exercise 3.10. Let K be an elliptic function field over an algebraically closed
field k of characteristic 2. Prove the following:

(i) K =k(x,y) where y* +y = f(x), and f(x) has either exactly one pole of
order 3 or exactly two simple poles.
(ii) By using substitutions of the form y’ =y + g(x) and
L +b
cx+d
for a,b,c,d € k with ad — bc # 0, the first case can be reduced to

y2 ty= x3a
and the second case can be reduced to
2 A
y+y=x+—
x
for some nonzero A € k, uniquely determined by K (compare with Exercise
2.8).

Exercise 3.11. Let k, be a field of characteristic p > 2 and let k = k() where
t is transcendental over k. Let K := k(x,y) where y* = x 1. Show that g, =

(p—1)/2, but that k(t'/7) ®, K has genus zero.

Exercise 3.12. Let k;, be a field of characteristic p > 0 and let k = k(s,t), where
s and 1 are transcendental over k. Let K := k(x,y) where y? = xP*! 4 tx? 4+ 5.
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(i) Show that there is a unique prime divisor P € P, dividing the prime (x) of
k[x] and that F, ~ k(s'/?).

(i) Let K’ :=k(s"/?) and let K’ := ¥ ®, K. Show that there is a unique prime Q
of K’ dividing P and that F,, =~ k(r'/?).

(iii) Show that (y — s'/P)/x is integral over &, but does not lie in k' ®, Op.
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Projective Curves

In this chapter we make contact with the classical theory of algebraic curves in
projective space. For simplicity we will assume throughout this chapter that the
ground field k is algebraically closed. Since we do not have at our disposal the ma-
chinery of algebraic geometry, our treatment here is necessarily somewhat ad hoc.
The preferred approach to this subject is via the theory of schemes and varieties.

4.1 Projective Varieties

Recall that n-dimensional projective space P"(k) is defined as the set of lines
through the origin in k"*!. We denote the line through (ay,aq,...,a,) by
(ay:ay :---:ap). Each such line is called a point of P". The zero set of a ho-
mogeneous polynomial f € k[X,,...,X, ] is a union of lines through the origin,
and therefore defines a subset V(f) C IP". The set of common zeros of an arbitrary
set of homogeneous polynomials in P” is called a closed set. It is easy to check
that the closed sets define a topology on P* called the Zariski topology.

Conversely, an arbitrary polynomial f € k[X,),...,X,] can be written uniquely
as a sum of homogeneous polynomials of distinct degrees:

m
f= Z fa
d=0
Ifa:=(apa,,...,a,) € K"*! and f vanishes on the line {Aa | A € k}, we have

0=f(ka) = 3 447,(a)

d=0
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for all A € &, from which we conclude that f,(a) = O for all d. It follows that the
ideal I(V) of all polynomials in k[X,,...,X,] which vanish at an arbitrary subset
V CIP" is a graded ideal, i.e. it is the direct sum

1) = BIY),
d=0

of homogeneous subspaces. In dealing with closed subsets of projective space, we
are thus naturally led to the categories of graded k-algebras and modules. Briefly,
recall that a k-vector space V is graded if we are given a direct sum decomposition

V=V,

del

although it is frequently the case that V, = 0 for d < 0. The elements of V, are
called homogeneous of degree d. A homogeneous map ¢ : V — W of graded
vector spaces (of degree d) is a map of k-algebras such that for some integer d
we have ¢(V.) CW,_, for all e € Z. A graded k-algebra is a k-algebra A that is a
graded k-vector space such that A A, C A, foralld,e € Z. In particular, k C A,
A map of graded k-algebras is a k-algebra homomorphism that is homogeneous
of degree zero.

If A is a graded k-algebra, a graded A-module M is an A-module that is a graded
k-vector space such that A;M, C M, , for all d,e € Z. In particular, the regular
module is a graded module. A graded submodule N C M is an A-submodule with
a grading such that the inclusion map is homogeneous of degree zero.

It is easy to check that the kernel and image of a homogeneous map are graded
submodules, and that the quotient of a graded module by a graded submodule
has a natural grading such that the quotient map is homogeneous of degree zero.
In particular, the quotient of a graded k-algebra by a graded ideal is a graded
k-algebra. It is also straightforward to verify

Lemma 4.1.1. Suppose A is a graded k-algebra, M is a graded A-module, and
N C M is an arbitrary A-submodule. Then N = @,NNM, if and only if N is
generated by homogeneous elements.

Since the polynomial ring A := k([X,,,...,X,) is a graded k-algebra, any graded
k-algebra which is generated by n+ 1 elements of degree one is a graded quotient
of A.

Returning now to the Zariski topology, we say that a closed set is irreducible
if it cannot be written as a union of proper closed subsets. For example, if the
homogeneous polynomial f is a product f = f, f, of two distinct irreducible poly-
nomials (both necessarily homogeneous), it is clear that V(f) = V(f,) UV(f,).
But is V(f,) proper? For this and other important facts about the zeros of
multivariate polynomials we need

Theorem 4.1.2. [f the finitely generated k-algebra K is a field, then |K : k| is
finite.
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Proof. LetK =k(x,x,,...,x,) and put k; := k(x,) C K. Then K =k, [x,,...,x),
and |K : k|| is finite by induction on n. If x| is algebraic over k, then |k, : k| is
finite and we are done.

Suppose then, by way of contradiction, that x, is transcendental. Then k, is
isomorphic to the field of rational functions in one variable. For x € K let M(x) =
M, /k, (x) be the matrix of the k, -linear transformation y — xy with respect to some

basis for K /k,. Then the map x — M(x) defines a k-algebra monomorphism from
K into the ring of m x m matrices over k, and M(x) = xI for x € k;.

Now, the polynomial ring in one variable has infinitely many irreducibles over
any field, so we can choose an irreducible polynomial p(x,) € k[x,] such that p
does not divide the denominator of any entry of M(x;) for all i. But this implies
that p does not divide the denominator of any entry of M(x) for any x € K, because
the matrices M(x;) generate M(K) as a k-algebra. Hence, p~'1 # M(x) for any
x € K, a contradiction that completes the proof. a

Corollary 4.1.3. Suppose that M is a maximal ideal of the polynomial ring
A =k[X,,...,Xy). Then there exist a,,...,a, € k such that M = X, —a,,X, -
ay,...,Xn — an). A polynomial f lies in M iff f(a,,a,,...,a,) = 0. A necessary
and sufficient condition for a set of polynomials to generate a proper ideal of A is
that they all have a common zero.

Proof. A/M satisfies the hypotheses of (4.1.2). Since k is algebraically closed, we
conclude that A/M = k. Let a; be the image of X, in A/M. Then the natural map
A — A/M = k is just evaluation at the point (a,,...,a,). O

Given an ideal J C k[X,,...,X,], let V(J) C k"*! denote the zero set of J, and
for a subset S C k"*! write I(S) for the ideal of all functions that vanish at S. Note
that V(I(S)) is just the closure of S in the Zariski topology. In general, the ideal
I(V(J)) is larger than J. For example, it contains

VI :={f €A| f €J for some positive integer r}.
In fact, we have

Corollary 4.1.4 (Hilbert Nullstellensatz). IfJ is an ideal of A := Ié[XO,X 12 Xn)s
then I(V(J)) = V7.

Proof. If f" € J, it is clear that f vanishes at every zero of J. The converse
argument is a well-known but clever trick. We adjoin an additional indetermi-
nate Y to A. Then the ideal J + (1 — fY) C A[Y] has no zeros at all; hence
AlY]=J+(1-fY)by (4.1.3). Let A=A/J and let f := f +J € A. Then it fol-
lows that 1 — fY is invertible in A[Y). Thus, there exists an integer r and elements
ay,---,8,_; € A such that (1 - fY)(ay+a,Y +---+a,_Y""!) = 1. Equating
coefficients of Y/, we find that ay = 1, @; = f' for 1 < i < r and finally that
fr=o. o

We say that an ideal J C A is a radical ideal if \/J = J. Note that J is a radical
ideal if and only if A/J has no nilpotent elements.
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We want to apply the Nulistellensatz to graded ideals and closed subsets of
projective space. Note, however, that while every proper ideal of k[X,X,,...,Xu]
has a nontrivial zero in k**!, the unique maximal graded ideal consisting of all
polynomials with zero constant term vanishes only at the origin and therefore has
no proper zeros in P*. By a proper graded ideal, therefore, we will mean a nonzero
graded ideal whose radical is not the unique maximal graded ideal. By abuse of
notation, we will write V(/) C P* when J is a proper graded ideal. If J is graded
and proper, then, as we have observed above, V(J) is a union of lines and thus
I(V(J)) is also graded and proper. So we have

Corollary 4.1.5. The radical of a proper graded ideal is a proper graded ideal.
a

The main consequence of the Nullstellensatz for our purposes is

Corollary 4.1.6. The mappings I — V(I) and V — (V) define an inclusion-
reversing bijection between proper graded radical ideals I C k[X,,,...,X,] and
closed subsets V C P". In particular, a closed set is the union of two proper closed
sets iff the corresponding radical ideal is the intersection of two properly larger
graded radical ideals.

Proof. Because the two mappings are inclusion-reversing, we have V(I(V(J))) =
V(J) and I(V(I(S))) = I(S) for any ideal J C k[X,,...,X,] and any subset S C P".
Thus I and V are bijective mappings between all closed subsets of P* and all
ideals of the form I(S). The ideal I(S) is certainly a radical ideal, and by (4.1.4),
if J is any radical ideal then J = /7 = I(V(J)), so the ideals of the form I(S) are
precisely the radical ideals. O

We call a closed set in P a projective variety if it is irreducible, that is, if it is
not the union of two proper closed subsets.

Lemma 4.1.7. A closed setV is a variety iff I(V) is a prime ideal.

Proof. 1t is clear that a prime ideal cannot be the intersection of two properly
larger ideals. Conversely, suppose V := V(I) C P" is irreducible, and I := I(V).
Put A := k[X,, ..., X,], choose homogeneous elements x;,x, € A\I, and put V, =
V(1,x;). Then V, and V, are proper closed subsets of the irreducible closed set V,
so there must be an element v € V\V, UV,. Then x, (v)x,(v) # 0, so x,x, ¢ I. We
have shown that in the graded algebra A/, the product of nonzero homogeneous
elements is nonzero. If y,,y, are any two nonzero elements of A/, and x,,x,
are their lowest-degree homogeneous components, then x, x, is the lowest-degree
homogeneous component of y, y, and thus y,y, # 0. O

Suppose the graded k-algebra A is an integral domain. We define the homoge-
neous field of fractions of A to be the subset of the full field of fractions consisting
of all fractions x/y where x and y are homogeneous of the same degree. It is easy
to check that this is in fact a subfield of the full field of fractions.

Suppose now that V C P" is a projective variety. While it doesn’t make sense.
to evaluate polynomials at points of P*, we can evaluate a quotient f/g of two
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homogeneous polynomials of the same degree at a point of P". In this way,
we get a k-valued function defined at each point (a; : --- : @,) of P" at which
8(ay,...,an) # 0. Restricting to V, we get a function V' \ V(g) — k that depends
only on the cosets f +I(V) and g +I(V). Speaking somewhat loosely, we will say
that f/g restricts to a rational function on V.

Since I(V) is a prime ideal, the graded k-algebra

k[V] = k(Xy, .., Xa] /L(V)

is an integral domain, and we let k(V) be the homogeneous field of fractions of
k[V]. Each element of k(V') defines a rational function on V. For this reason, k(V)
is called the field of rational functions on V.

Lemma 4.1.8. Let V C P" be a projective variety. Relabeling the X; if necessary
so that V Z V(X,), k(V) is generated as a field over k by the restrictions of the
functions X;/X,toV for 1 <i<n.

Proof. Abusing notation, we continue to denote by X; /X the restriction of X;/X,
to V. Put K :=k(X,/X,,...,Xn/X;). Then clearly K, S k(V) However, if p(X)
is homogeneous of degree d we have p(X)/X¢ € K, and therefore p(X)/q(X) €
K, for every homogeneous polynomial g(X) of degree d that does not vanish at
V. O

Let k[V], denote the k-subalgebra of k(V) generated by the restrictions of the
functions X;/X, to V for 1 < i < n. The subset V, := V '\ V(X;) C V is called an
affine open subset, and k[V], is the subalgebra of rational functions on V which
are defined at all points of V. It is called the affine coordinate ring of V. If I(V)
is generated by homogeneous polynomials f; of degree d;, then it is easy to see
that k[V], is the quotient of the polynomial ring k[X, /X, ..., Xa/Xp] by the ideal
I(V), of “dehomogenized” polynomials f;/X}.

We define dim(V) := trdeg(k(V)/k). By (4.1.8), dim(V) < n. What happens
when V = g is a point? By a linear change of variables, we may assume that

=(1:0:---:0). Then I(a) = (X,,...,X,), k[V] = k[X,], and k(V) = k. So
points have dimension zero. In fact, we have proved

Lemma 4.1.9. Ifa € P" and X is any linear form with X (a) # O, then the residue
map k[X,,...,X,) — kla] restricts to an isomorphism k(X] — kla). In particular,
points have dimension zero. O

We call V a projective curve if dim(V) = 1, that is, if k(V') is a function field as
previously defined.

Lemma 4.1.10. If V C IP? is a projective curve, then I(V) = (f) for some
irreducible homogeneous polynomial f.

Proof. Choose f € I(V) homogeneous of minimal degree d. Since it is easy to see
that the product of inhomogeneous polynomials is inhomogeneous, the minimal-
ity of d makes f irreducible. Put x := X, /X, and y := X, /X,. Then k(V) = k(x, y),
and x and y satisfy the inhomogeneous polynomial f; := f(1,X,Y), which is also
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irreducible. By (2.4.8) we have k[V], = k[x,y] = k[X,Y]/(f,), which implies that
I(V)=(f). O

4.2 Maps to P*

Given an arbitrary function field K /k, we ask if it can be realized as k(V') for some
projective curve V C P". This turmns out to be easy. In fact, we will construct a map
from the points of K to P* whose image is a projective curve V with k(V) = K. A
more delicate question that then arises is whether this map is, with an appropriate
definition, an embedding.

To answer the first question, let ¢ := (¢, 9,,...,9,) C K with ¢, # 0, and put
R :=k[@y, - .,0n]. To avoid trivialities, assume that k(¢, /@y, ...,9a/9,) # k. Let
K' C K be the field of fractions of R. Define ® : k[X,, X,,...,X») — R[T] for some
indeterminate T via

O(X):=¢T (0<i<n).

Give R[T) the natural grading (in which all elements of R are homogeneous of
degree zero). Then @ is a map of graded k-algebras, so I := ker® is a graded
ideal. Indeed, / is just the set of all polynomial relations satisfied by the ¢;.

Since R is an integral domain, R[T] is also an integral domain, and therefore so
is § := im ®. It follows that / is prime, and V = V(1) is a projective variety with
k[V] isomorphic to the graded k-subalgebra S C R[T] generated by {$,T |0 <i <
n}. By (4.1.8) ® induces an isomorphism k(V') ~ k(¢, /¢y, -..,9./9,) C K'. Since
we chose the ¢, so that k(V') # k, we have trdeg(k(V') /k) = 1, and therefore V is a
projective curve. We will often abuse notation by identifying k(V) with a subfield
of K. In particular, if k(9,,...,¢,) = K and ¢, = 1, we get k(V) = K.

However, more is true. Let P be a point of K, let ¢, be a local parameter at
P, and put ep := —min,{vp(¢,)}. Then 17§, € O for all i, and 177 ¢, & P for at
least one i. It follows that a, := t;P¢,-(P) € k for all i, and q; # O for at least one i.
Abusing notation slightly, we define for every P € P,

o(P):=(ay:a,::a,) €P,

and we easily verify that ¢(P) is independent of the choice of local parameter
tp. Moreover, we claim that if f and g are homogeneous of the same degree and

g(¢(P))) # 0, then

f6(P) _ ()
@2.) s0(P) ~ B(g)

Indeed, if f is homogeneous of degree d, then from the definition of ® we have

O(f) = f(9X0: 0, Xg, - - 0nXg) = X5 F(9gs-- -+ 0n),

(P).
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whence

d)(f) = f(¢07""¢n) = f(tep¢0)-~-)tep¢n)
D(g)  8(0gr---18n) (1P Yy, 2P 0n)’

and evaluating both sides at P yields (4.2.1). This establishes a fundamental con-
nection between rational functions defined on projective space and elements of
the function field K defined on points of Py

Taking f € I(V) we conclude from (4.1.6) that im¢ C V. To obtain the reverse
inclusion, let a € V and define

0, := {ZY}eK|(>¢0}

pi={ 3D canls@=0}.

Because a € V, the map &, — k given by ®(f)/®(g) — f(a)/g(a) is well-
defined and has kernel P,. Since the elements of &, \ P, are evidently units, &, is
a local subring of K with maximal ideal P,, which is called the local ring at a. By
(1.1.6) there is a prime P of K with 6, C Op and PN O, = P,. If P is any prime
of K with 0, C 0p and PN O, = P,, (4.2.1) shows that I(¢(P)) 2 I(a), whence
¢(P) = a by (4.1.6). We have proved

Theorem 4.2.2. Let K /k be a function field and let (¢,,...,¢n) € K with ¢y # 0
and ¢,/ ¢, nonconstant for some i. For any point P of K, let t, be a local parameter
at P and put ep := —min{Vp(¢;)}. Then

O(P) := (e ;P @o(P) : 170 (P) i -+ : 1P $n(P)) € P
is well-defined, is independent of the choice of tp, and

V:={¢(P)| PPy}

is a projective curve with k(V) = k(¢,/®;,...,¢n/®,). Moreover, ifa € V and O,
is the local ring at a, then

¢ Ya) = {PEP |0, COpand OpnNO,=F}. O

Thus, every ordered (n + 1)-tuple of functions ¢ = (¢,...,¢,) C K, with at
least one ratio ¢;/¢, nonconstant, determines a map ¢ : P, — V from the points
of K onto the points of a projective curve V C P*. We call ¢ a projective map.
Replacing the {¢,} by {9/ := y¢;} for any fixed function y € K simply replaces ep,
by e,' =ep — vp(y) and does not change the definition of ¢(P) at all. We therefore
put ¢ ~ ¢’ if there is a function y € K with ¢/ = y¢, for all i. Note that in this case
d(f)/P(g) is unchanged for f and g homogeneous of degree d, because both
numerator and denominator are multiplied by y“. In particular, the local ring &,
depends only on the equivalence class of ¢.

We say that ¢ is ejfecnve if the subspace () := (¢, ...,¢) C K contains the
constants. Note that ¢o ¢ is effective so that every projective map is equivalent
to an effective one. For this reason, there is usually no reason to consider maps
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that are not effective, so unless explicitly indicated, we will assume that projective
maps are effective. Indeed, we will frequently assume that ¢, = 1.

The simplest example of a projective map is a map to P! of the form ¢ = (1,x)
where x is any nonconstant function. Let V := im¢. It is easy to see that the zeros
of x map to (1:0) and the poles of x map to (0 : 1). Since the zeros of any
homogeneous polynomial in two variables form a finite subset of P!, V is either
all of P! or a single point, so it must be all of P!. In particular, we have proved
that as P ranges over all nonpoles of x, x(P) ranges over all of k.

Since almost all of the integers e, of (4.2.2) are zero, we can define the divisor

9] := 2 eph,

PPy

and write
Vp(9) :=ep = “m,.i“ ve(9:)s

where ¢ = (@;,...,¢n). If ¢’ =y, then [¢'] = [¢] — [y], so equivalence classes of
projective maps define divisor classes.

If ¢, is replaced by ¢/ := a¢, or ¢/ := ¢, + a¢; for some scalar o and some
Jj #1, it is easy to verify that v,(¢') > vp(¢). Since the change of variable is in-
vertible, it follows that v, (¢') = vp(¢) and therefore the divisor [¢] depends only
on the subspace (¢) and not on the particular basis chosen. In particular, if ¢ is
effective, we can choose a basis with ¢, = 1. Hence, effective maps have effective
divisors. In general, if (¢y,...,9,) is a different basis for (¢), the resulting map
¢’ is obtained from ¢ by a linear change of variables in projective space.

Finally, if (¢y,9;,...,¢n) is linearly dependent over , then V lies in some hy-
perplane and we really have a map to P*~!. So we will always assume that the ¢
are linearly independent over k.

A projective map ¢ : P, — V determines an embedding ¢* : k(V) — K given
by ¢*(f/8) = ©(f)/®(g) in the previous notation, where f and g are homoge-
neous polynomials of the same degree. When ¢* is an isomorphism we call ¢ a
birational map. If ¢, : IPK‘ —Vand ¢,: sz — V are two birational maps to the
same projective curve V, the fields K; and K, may be identified via the specific
isomorphism (@;)~'9;. If we begin with a projective curve V C P"\ V(X,), the
natural map P, ., — V is the projective map ¢ := (1,X,/X,,...,Xa/X,), which
is clearly birational.

We should point out that the term “natural,” although convenient, is somewhat
fictitious here, in that it assumes a fixed choice of variables in P". A “more natu-
ral,” but perhaps less convenient, approach would be to allow a nonsingular linear
change of variable in P".

An interesting class of birational examples is obtained by letting x € K be a
separating variable. Then K /k(x) is generated by a single element y by (A.0.17),
which means that the map ¢ := (1,x,y) is a birational map to P2. Such a map is
called a plane model. We will study maps to P2 in detail in Section 4.5. However,
the following is worth noting here.
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Lemma 4.2.3. Let ¢ : P, — V C P" be an effective birational map. Then there
exists a separating variable x € (¢), and for each such x there exists y € (§) such
that (1,x,y) is birational.

Proof. Since K = k((¢)), we have (¢) Z K?; hence there is an element x € (9)
such that K /k(x) is separable by (2.4.6). In particular, there are only finitely many
intermediate fields, all of which contain (1,x) and none of which contain (¢). By
(A.0.14) applied to (¢)/(1,x), there is an element y € (¢) that is disjoint from
every intermediate field. a

When ¢ is not birational, we obtain the following.

Lemma 4.24. Let ¢ : Py, — V be a projective map. If K 2 K' 2 ¢*(k(V)) for
some subfield K’ of K, there is a uniquely determined projective map ¢’ : Py, —V
such that the diagram

N
Py ——>P,,

Y

commutes. Moreover, we have
4.2.5) (8] = Ny (107)-

Proof. If Q € Py and P:= QNK’', then f(Q) = f(P) for any function f € K’ by
definition. Since all functions ¢;/¢, lie in X', we conclude that ¢ is constant on
all divisors Q of P. Hence ¢(Q) = ¢'(N, /x(Q2)), where ¢’ is the same ordered

set of functions, now taken as elements of K’. Moreover, we have
Vo($) = min{vy(9)) |0 <i < n} = min{e(QIP)V5(4 0 <i <n)

= e(Q(P)VP(‘pI)’
and (4.2.5) follows. O

When ¢ is effective, the divisor [¢] has the following important geometric in-
terpretation. Namely, after a change of basis for (¢), we may assume that ¢, = 1.
Then for any P € Py the first co-ordinate of ¢(P) is #;7(P), which is zero if and
only if e, > 0. Thus, the divisor [¢] in this case describes the vanishing of the
linear form X;,, or in other words, the intersection of the hyperplane X, = 0 with
the image of ¢. In particular, we see that there are only finitely many points of
intersection.

For a general effective birational map ¢ = (¢,...,¢»), we have 1 = ¥ a,¢
for some a; € k. Then the divisor [¢] gives the vanishing of the linear
form ¢:=3,a,X;. The zero set of this distinguished linear form is called the
“hyperplane at infinity.” Since we have

o (X.> _9o(X) _oT

7)o T %
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we define X;* = ¢;, and for any homogeneous polynomial g(X,,,...,X,) of degree
d, we define

g = ¢ (g%) = g(dp..-»0n) € K.

Note that g* depends on the choice of hyperplane at infinity, and if we replace ¢
by £,, g* is replaced by g*/¢;.

A point ¢(P) lies on the hyperplane at infinity precisely when e, > 0, that is,
when some ¢, has a pole at P. We can always replace ¢ by an equivalent effective
map ¢’ with v,([¢']) = 0. When this happens, we say that ¢ is normalized at P.
We will sometimes abuse notation by saying that a point P is “infinite” when ¢ (P)
lies on the hyperplane at infinity, and “finite” when it does not.

Replacing ¢ by an equivalent effective map amounts to choosing a different
hyperplane to lie at infinity. To put the hyperplane 3, a,X; = O at infinity, let
y:=Y¥,a;0; € (¢), and replace ¢ by ¢' :=y~'¢. In particular, it follows that every
hyperplane meets V in a finite set. More generally, suppose g(Xj,...,X,) is ho-
mogeneous of degree d with g  I(V). Then g* # 0 and if ¢(P) € V(g) then either
X,(¢(P)) =0 or g*(P) =0. Since g* has only finitely many zeros, we conclude
that |V N'V(g)| is finite. This implies that every closed set that does not contain V
meets V in a finite set. Finally, given a € V we can choose a hyperplane at infinity
containing a. Then ¢ (P) = a implies v(¢) > 0. We have proved

Lemma 4.2.6. Let ¢ : Py — V be a projective map. Then every closed set that
does not contain V meets V in a finite set. Moreover, §(a) is finite for every
aeV. O

ForaeVand ¢ : P, — V the natural map, we say that the hyperplane V(X;)
meets V at a with multiplicity

Z ve(9).
Peg-'(a)

More generally, if g(X,,...,X,) is a homogeneous polynomial of degree d in
n+ 1 variables, we define the intersection divisor of V and the closed set V(g) as

(9)s :=dl[¢] +(g"].

Note that g need not be irreducible here. Indeed, if g =: []; g:i where the g;
are irreducible, then V(g) is a union of projective varieties (called hypersurfaces)
V(g;) counted with multiplicity e;, and [g*] = T, ¢;(g}]. Thus,

(9] = Zei[¢]8;'

It appears that {¢], depends on the choice of a hyperplane at infinity, but in fact
it does not. If £ is any linear form, we can put the hyperplane V(£) at infinity by
taking ¢’ := £*~!¢. Then the new dehomogenization of g is g’ := £*9g* and it is
straightforward to check that [¢'], = [¢];.
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Let ¢ = (X;/X, | 0 < i < n) be the natural map from the points of (V) to V.
We define the intersection multiplicity of the closed set V(g) with the curve V at
the pointa € VN V(g) to be

Ma(V(g)) = z vo([9]e)-

Pco=1(a)

It is not entirely obvious that these multiplicities are nonnegative, a property
which is implied by the terminology. We will prove this below.

We define the degree of a projective map ¢ to be deg ¢ := deg[¢], and the degree
of a projective curve V to be the degree of the natural map. For a plane curve we
will show in (4.5.4) that the degree is what it should be, which is the degree of the
defining irreducible homogeneous polynomial generating I(V') (see (4.1.10)).

Lemma 4.2.7. Given any finite set of points in P", there exists a hyperplane not
containing any of them.

Proof. The vanishing of the linear form ¥, a,X; at a point forces (a;,. . .,a,) to lie
in an n-dimensional subspace of k**!. So the lemma follows from (A.0.14). O

Theorem 4.2.8 (Bézout). Let V C P" be a projective curve of degree d with
K := k(V) and natural map ¢. Suppose that g(X,,...,X,) € I(V) is a (possibly
reducible) homogeneous polynomial of degree e. Then there exists a hyperplane
containing no points of V N\ V(g), and for any such hyperplane V(£) we have
(0] = [0*(g/€%))o. In particular, [§], > O, and with the definition of intersection
multiplicity given above, the closed set V(g) meets V at de points.

Proof. Since g € 1(V) we have g* # 0. By (4.2.6) [VNV(g)| is finite, so the lemma
yields a hyperplane V(¢) that does not meet V N'V(g). Because [¢], is independent
of the choice of hyperplane at infinity, we can replace ¢ by the equivalent effective
map £* ' ¢ and change notation so that there are no points of V N V(g) at infinity.
Thus, if P € Py and g(¢(P)) = 0, then g*(P) = 0. However, we need to get the
multiplicities right. Thus, we want to prove that [¢], = [g*],, or what is the same
thing, that e[¢] = [g*].

Since g* = g(1,4,,...,¢,) and g is a polynomial, it follows that if P € P is
a pole of g*, then X (¢(P)) = 0. Let P be any point of P, with X,(¢(P)) =0.
Choosing notation so that X, (¢ (P)) # 0, we have

x __ ACAX g(XOV")Xn)
g =¢i¢ <——Xf )

By our choice of hyperplane at infinity, g(¢(P)) # 0. We conclude that vp(g*) =
eVp(9,). On the other hand, X, (¢(P)) # 0 implies that

m’.in{vp(‘pi)} = Vp(9,).

Therefore, we have v,(g*) = —ev,(9) for every point P € P, with X,(¢(P)) =
0. This implies that [g*].. = e[¢], and thus [¢], = [g*],, as required. Since g*
vanishes at a point P € Py if and only if ¢(P) € V N'V(g), the number of points
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of intersection counting multiplicities as defined above is

deg(g*], =deg[g’]e =de. O

In particular, we see that every hyperplane meets V in degV points, justifying
the definition of deg V. In general, the intersection theory of projective varieties is
a delicate and complicated subject. The interested reader may want to see [8].

Before proceeding, we digress briefly to discuss the connection of the above
ideas with other closely related notions. When ¢ is effective, the set of all divisors
{[¢]; | f € (9)} is known in the literature as a “base-point-free linear system.”
These divisors of course determine the subspace (¢) and thus the map ¢ up
to a choice of coordinates in projective space. It is immediate from our defini-
tions that () C L([¢]). If (¢) = L([¢)), the corresponding linear system is called
a “complete linear system.” We will discuss the corresponding projective maps
below.

Since every curve V C P" arises as the image of a natural map ¢ from the points
of its function field to P", we can think of a projective curve as being naturally
“parametrized” by the points of its function field, via the map ¢. We know that ¢
is surjective, but is it bijective? This would certainly follow if it happened that the
local ring &, were a valuation ring for every a € V, because then we would have
0, = Op for some P € P, uniquely determined by a. This brings us to the subject
of the next section.

4.3 Projective Embeddings

Let K be a function field and let ¢ : P, — V be a projective map with ¢(P) =a
for some point P € P. We say that ¢ is nonsingular at P (or sometimes, at )
if 0, = Op. Some authors use the term smooth here. Note that in particular, ¢
will be one-to-one at such a point P. Moreover, since &, C k(V) and the field of
fractions of &) is K, we have

Lemma 4.3.1. [f the projective map ¢ : Py — k(V) is nonsingular at any point,
then ¢ is birational. O

We call ¢ an embedding if it is nonsingular at every point. Suppose that V C P*
is a projective curve with function field X . We say that V is nonsingular at a point
a €V if the natural map ¢ : P, — V is nonsingular at q, and that V is nonsingular
if it is nonsingular at every point. Evidently, V is nonsingular at a if and only if
0O, is a discrete valuation ring.

Our major tool for the study of singularities is the following result.

Theorem 4.3.2. Let ¢ : Py — V CIP" be a birational map and leta € V. Let R,
be the integral closure of O, in k(V). Then every ideal I of 0, contains a nonzero
ideal of R, and R,/ is a finite-dimensional vector space over k. In particular,
every nonempty set of ideals of 0, has a maximal element.
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Proof. By (4.2.6) and (1.1.8), R, is the intersection of finitely many valuation
rings O, l,...,ﬁ,,m of k(V), where {P,,..., P} = ¢~!(a). Let ¥ denote the cor-
responding set of valuations. Referring to (1.1.17), we see that R, = K(%;0), and
that every nonzero ideal of R, has finite codimension in R,. It remains to show
that every nonzero ideal of £, contains a nonzero ideal of R,,.

We claim that £, D K(¥;N) for some suitably large integer N, where by abuse
of notation, N(v) = N for all v € 7. To see this, we first make a careful change
of variable in P". Since &, depends only on the equivalence class of ¢, we may
assume that ¢ is effective and that a does not lie on the hyperplane at infinity.
Since k((¢)) = K, KPN(¢) is a proper subspace of (¢) containing k, and therefore
by (A.0.14) applied to (), we can choose coordinate functions 1,x,,...,x, such
that x; is a separating variable for i > 1. Using these coordinate functions, let
a=:(l:a;:-- :ap). Since k is algebraically closed and x; & K” (see (2.4.6)),
X; — a; is also a separating variable, so replacing x; by x; —a; for 1 <i < n and
changing notation again, we havea= (1:0:---:0).

For each i, let %] be the set of all valuations of X that are positive at x;. Then
¥ =0,%,. Note that K(7%;;0) is the integral closure in K of & x,)» the localization
of k[x;] at x;. By (4.2.3) there is an element y; € (¢) C O, with K = k(x;,y;). We
can write

n
Z fl](xl)y{ = 01
Jj=0
where f;; € k[x;] and f;, # 0. Put y; := f,,y;. Then y; is integral over k[x;] and
K = k(x;,y;) for all i.

Since we have x; = ¢*(X;/X,) € O, for all i, it follows that (¢) C &,, whence
k[x;] C 0, for all i. In particular, y; € O, for all i. Moreover, any polynomial in
k[x;] with nonzero constant term is a unit in &, and therefore Oy S O We
conclude that ‘7(,:,.) [vi] € O, whence (3.3.10) shows that &, contain's an ideal of
K(%¥;0) for all i. Thus, for a suitably large value of N we have K(¥};N) C &, for

all i by (1.1.17). Now (1.1.18) yields K(¥;N) C &,, and therefore any nonzero
ideal I of &, contains the non-zero ideal /K(¥;N) of R,. O

We can now obtain a key equivalence.

Corollary 4.3.3. Let ¢ : P, — V CIP" be a projective map and leta € V. In order
that ¢ be nonsingular at a it is necessary and sufficient that O, be contained in a
unique valuation ring Op of K and contain a local parameter t at P.

Proof. The necessity of the conditions being obvious, we argue that they are suf-
ficient. Since O is the unique valuation ring of K containing &, it is the integral
closure of 0, in K by (1.1.8). By (4.3.2) we have P" C O, for some m.

Let  be a local parameter at P with ¢ € 0,. Since k + P = 0, multiplication
by ¢’ yields

kti+Pi+l = Pi
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for all i > 0. It follows that &/ P™ is generated as a k-algebra by ¢ + P™, and we
get O, /P™ = O, [P™. Since 0, 2 P™, we have 0, = 0. O

The two conditions of (4.3.3) correspond to two different types of singularities.
If O, is contained in more than one valuation ring, the map fails to be one-to-one
at a. If 0, does not contain a local parameter, the tangent line is not well-defined
at a. For more on the tangent line, see Section 4.5.

We now proceed to our second major equivalence. In order to state this, we
need

Theorem 4.3.4 (Hilbert Basis Theorem). If every ideal of the commutative ring
R is finitely generated, then the same is true for R[X). In particular, every ideal of
k[Xy, ..., Xa) is finitely generated.

Proof. Let I be an ideal in R[X]. To show that / is finitely generated, we choose a
sequence of polynomials f; € I of degree d; and leading coefficient g; (i=0,1,...)
as follows. Choose f;, # 0 of minimal degree. If I,_, := (f, f;,....fi_,) G 1
choose f; € I'\\];_, of minimal degree; otherwise, take f; = f,_,. Note that d; <
d;,, for all i. For some i, there will exist elements r,,...,r;,_; € R such that

1
i-1
a;= 3 ra,
Jj=0
because the ideal of R generated by the g, (i =0, 1,...) is finitely generated. Then
the polynomial

i-1
f=f=2 x4y,
Jj=0
has lower degree than f, and if f; € I\ I,_,, so is f. By our choice of f;, we
conclude that I = I;, as required. O

In the classical case over the complex numbers, the implicit function theorem
gives a criterion for the zero set of a finite number of polynomials to be smooth
at a point, namely, that the matrix of partial derivatives have maximal rank at that
point. This notion generalizes to any field k as follows. Let V C P" be a projective
variety. Then I(V) is finitely generated by (4.3.4), and by using (4.1.1) we can in
fact find generators {f),..., f,} where f; is homogeneous of degree d;. Choosing
notation as usual so that X;(a) # 0, the rational functions

_af/ax,

,-j.——XdiT (ISlSY,lSjSM)
0

are defined at a, and we have

Theorem 4.3.5. Let V C P" be a projective curve with function field K and let
a € V with notation chosen so that Xy(a) # 0. In order that V be nonsingular at a
it is necessary and sufficient that the matrix f,;(a) have rank n— 1.
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Proof. In order to make calculations, we are going to work in the dehomogenized
aﬂ‘ine ring. If f € kX, ... X,.] is homogeneous of degree d, we put f := f/X¢ €
:=k[X,,...,X,), where X; := X,/X,. Then

97,
fi= X’
Let a =:(l:a; :-:a,). Since the zero set of the ideal generated by
{e;;=X;~a X l1<j< < n} is just g, it follows from (4.1.4) that I(a) is gener-

ated by thc e;. Then the dehomogenization of I(a) is /, := (é,,...,é,), a maximal

ideal of A. Since A/l = k, the A-module I,/I? is spanned as a k-vcctor space by
the é;. For any polynomial g € A define
d .
g,-:=a—; (1<j<n),

and put 0(g) := (g,(a),...,8n(a)) € k". Since 6(¢,) is the Jj™ standard basis vec-
tor for k", we have 6(/,) = k". From the product rule for partial derivatives we
check that 6(I2) = 0, which implies that dim, /;/I? = n and thus that I? = ker 6.

Let IV = fl y--+»Jr) C A be the ideal of A corresponding to V. Using the product
rule again, we see that the subspace 6(1,,) is spanned by the columns of the matrix
fi;(a) because fi(a) = 0 for all i. It follows that the condition of the theorem is

qunvalent to the condxtion

codim, 6(1,) =1
We have I, D I, +12 D I2, so a further equivalent condition is
dim, I,/(I, +I2) = 1.

We are now in a position to restrict functions to V, or in other words, to reduce
modulo I,,. The algebra A/l is just the affine coordinate ring k[V], C k(V') de-
fined in the previous section. Put M, := I, /I, C k[V]. Then we are trying to prove
that

V is nonsingular at a if and only if dimM, /M2 =1

Tracing through the definitions, we see that &), is jllSt the localization of k[V],
at M, so it is easy to see that the vector spaces M, /M? and P,/P? are isomorphic.
We are thus reduced to proving

V is nonsingular at a if and only if dimP,/P? = i.

Since one implication is obvious, we will suppose that dim P, /P? = 1 and argue
that 0, is a valuation ring. Choose an element ¢ € P, \ P2. Then P, = O,t + P2,
and therefore the &,-module N := P,/ 0,t satisfies P,N = N. Since dim N < o
by (4.3.2), we have P, = 0,t by Nakayama’s Lemma (1.1.5).

For any x € F, we can thus write x = tx,; for some x, € O,. If x| € P, write
x, =1x,. Continuing in this way we eventually obtain either x, & P, for some n, or
we get an infinite properly increasing chain of principal ideals £,x C €,x, C -+,
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contrary to (4.3.2). It follows that x = ¢"u for some unit u € 0,, and therefore
0, is a valuation ring by (1.1.10). Since the field of fractions of &, is k(V), the
natural map IPk(V) — V is nonsingular at a, as required. O

We remark that the only application of (4.3.5) in this book is to the case
n = 2. Here, I(V) is generated by a single irreducible homogeneous polynomial
f(X5,X,,X,) by (4.1.10). If we put x := X, /X, and y := X, /X,,, the affine equa-
tion is f(x,y) = f(1,x,y) = 0. The theorem says that V is singular at a point
(1:a:b) if and only if f,(a,b) = f,(a,b) = 0. If we denote the partial deriva-
tives of f(X,,X,,X,) by fy, f},f, respectively, this is equivalent to saying that
fi(1,a,b) = f,(1,a,b) = 0. It is easy to check that the condition f(1,a,b) =0
is redundant. For points at infinity, with (say) X; # 0, the conditions amount to
f5(0,a,b) = £,(0,a,b) = 0. So to find all singularities, we have

Corollary 4.3.6. Let V C P? with defining polynomial f(X,,X,,X,). Let f; :=
df/0X,fori=0,1,2. ThenV is singularat(a:b:c) €V ifand onlyif f,(a,b,c) =
0 for each i. O

Corollary 4.3.7. A projective curve has only finitely many singularities. A
birational map is nonsingular at almost all points.

Proof. The two statements are evidently equivalent. Let ¢ = (1,9,,...,¢,) : Px —
V be a birational map. We consider first the special case n = 2. By (4.1.10) we
have V = V(f) for some irreducible polynomial f(X,,X,,X,), and by (4.3.6) the
singularities are the closed set V(f) NV (fy, f,,f,). Since the f; have degree less
than deg(f), they are not divisible by f and therefore do not vanish on V. So the
set of singularities is finite by (4.2.6).

In the general case, we note that by (4.2.3) there exists a birational map (1,x,y)
with {x,y} C (¢). Extending (1,x,y) to a basis for (¢) and changing notation,
we may assume that ¢’ := (1,9,,9,) is birational. Let P € P, and put a := ¢(P)
and d' ;= ¢'(P). At this point, some care is needed. f a = (1:a, :a,: - : ay)
is a finite point, then @’ = (1: q, : a,), and it is clear from the definitions that
0, C O, C Op. This implies that if ¢’ is nonsingular at P so is ¢. If, however,
some coordinate function has a pole at a, we mighthavea=(0:0:0:a5:---:a,),
in which case a’ has no obvious relation to a. Fortunately, there are only finitely
many points at infinity, and therefore since ¢’ has only finitely many singularities,
so does ¢. g

As an example, we apply (4.3.5) to the function field K = C(x,y) over the
complex numbers where y* = x> — x. The functions (1,x,y) define a map to P>
whose image is the plane curve V := V(X X? — X} + X2X,). In this case, the
matrix f;; above is given in homogeneous form by

(X2 +2X,X,, —3X2 + X2,2X,X,),

and by (4.3.5), V will be singular only at points a at which two components vanish.
An easy calculation shiows that none of these points lie on the curve.
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However, since x = y*/(x? — 1), the functions {x?,y} also generate K. Using
the functions (1,x2,y) instead of (1,x,y), we obtain the plane curve V, := V(X3 —
X,X} +2X2X? — X3X,). Calculating as above, however, we find a singularity at
(1:1:0). What has happened is that each point (1 : a, : a,) on V has been mapped
to the point (1 : a? : a,) on V,. In particular, the two distinct points (1 : 1 :0) and
(1:-1:0) have been identiﬁed, creating what is called a double point on V,. In
the terminology of (4.3.3), & (1:1:0) is not contained in a unique valuation ring of
K.

Another type of singularity is illustrated by the map (1,x,yx), which yields the
plane curve V, := V(X3X? - X} + X; $X2). Computing partial derivatives as above,
we find that V, has a singulanty at the origin, but rather than a double point, we
get a so-called cusp. In the terminology of (4.3.3), & (1:0:0) does not contain a local

parameter’.

To see this, put r := X, /X, and s := X, /X,,. Since s> = — 3, we have 2vp(s) =
3v,(r), where P is the point of K mapping to (1:0:0). Since Vp(s) and vp(r) are
both positive, each must be at least two. Every element of P, has the form u :=
f(1,r,5)/g(1,r,s) with f and g homogeneous of the same degree and f(1,0,0) =
0 # g(1,0,0). This means that vp(u) = vp(f(1,1,5)) > 2.

The preceeding example leads directly to the following result.

Lemma 4.3.8. Let ¢ be an effective projective map with ¢(P) = a and assume
that ¢ is normalized at P. Then O, contains a local parameter at P if and only if
(@) contains a local parameter at P.

Proof. Make a linear change of basis so thata = (1:0: --- : 0). This amounts to
choosing a basis (1,9,,...,¢,) for (¢) such that ¢,(P) =0 for i > 1. Now we can

write
S, ¢(Z )

which shows that (¢) C &, and thus one implication is trivial. Conversely, we
are assuming that there are homogeneous polynomials f and g of degree d with
g(a) # 0 such that v,(f*/g*) = 1. Since g(a) # 0, we obtain vy(g*) =0 and
Vp(f*) = 1. Now, f* is a polynomial in {¢,,...,¢,} that vanishes at P, so we can
write f* =¥, f’, where f;' is homogeneous of degree i in ¢,,...,¢,. Clearly,
fi €(¢). Since the ¢; vanish at P for i > 1, we have v,(f;*) > i, and thus we must
have f§ =0and vp(ff) = 1. O

Corollary 4.3.9. Let V C IP" be a projective curve. Then V is nonsingular at a if
and only if some hyperplane has intersection multiplicity 1 at a.

Proof. Choose notation so that X,(a) # 0 and let ¢ : IPk(V) — V be the natural
map. Suppose V is nonsingular at g and let ¢ (P) = a. Since ¢ is effective and a

!Geometrically, this means that the curve has no tangent line at the origin, as we will show in
Section 4.5.
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is not at infinity, there is a function f = ¥, 4,9, with vp(f) = 1 by (4.3.8), and
therefore p1,(V(T; ;X)) = 1.

Conversely, if there is a hyperplane with intersection multiplicity 1 at a, then
choosing notation so that X,(a) # 0, there is a linear form f with

Y vp(f/Xy) =1

Pe¢~(a)
Since v, (f/X,) > 0 for every P € ¢~(a), (4.3.3) completes the proof. o

~ We next consider the problem of trying to actually construct nonsingular pro-
jective maps. In (4.2.3), we constructed birational maps to P2, so we might wonder
whether we can find a nonsingular map to P2, The answer in general is no, as we
will see later in (4.5.17). However, we can prove

Theorem 4.3.10. For any x € K, there exists y € K such that ¢ := (1,x,y) is
birational and (¢) contains a local parameter at every point P € Py. Thus, the
only singularities of ¢ are multiple points.

Proof. This is an easy consequence of the weak approximation theorem. Let S be
the (finite) set of all points of X that are either ramified over k(x) or lie over (x~!).
Let x — a be a point of k(x) that is unramified in K and let P,, ..., P, be the set of
all points of X lying over it. Choose distinct elements a,,...,a, € k. By (1.1.16)
there exists y € K such that vp(y) = 1forall P € S, and vp, (y—a;) >0forall i.
For P € §, y is a local parameter at P. For P ¢ S we have x(P) = b for some
b € k because P does not lie over x~!, and v,(x — b) = 1 because P is unramified.
Finally, since ¢(P) = (1:a: g;), (4.2.4) implies that ¢ is birational, because it
has distinct values at all the divisors of (x — a). O

If we are willing to go to P3, the strong approximation theorem yields an
embedding.

Theorem 4.3.11. Let ¢ := (1,x,y) be a birational map to P? with no singularities
at infinity. Then there exists z € K such that (1,x,y,z) is nonsingular.

Proof. Let {Pl, ..., P} be the set of singularities of ¢. Choose distinct elements
a,,...,a, € k, and let P be a nonsingular finite point of ¢. By (2.2.13) there
exists z € K such that Ve, (z—a;) =1 for all i, and the only pole of z is at P.. Put

é:= (1,%,5,2). By (4.3.3), we need to show that ¢ is one-to-one and contains a
local parameter at every point.

For P ¢ {P,,...,P.}, (1,x,y) contains a local parameter at P, and z—a; is a
local parameter at P; for all i. Thus, it remains to show that ¢ is one-to-one. By
our construction, ¢(P.) = (0:0:0: 1) is the unique point at which the first three
coordinates vanish because P is the unique pole of z, and it is a finite point of ¢.
If P is any other point with ¢(P) at infinity, then $(P) = (0: a : b : 0) for some
a,b € k. These images are distinct, because ¢ has no singularities at infinity. At
finite points P of ¢ at which ¢ is nonsingular, the first three coordinates of ¢ (P)
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are distinct, while if P = P, for any i, the fourth coordinate is a; by construction.
It follows that ¢ is nonsmgular O

We remark that every plane map is equivalent to one with no singularities at
infinity because by (4.2.7) we can choose a hyperplane at infinity that avoids the
finitely many singular points.

We next turn to a characterization of singularities in terms of subspaces of
(¢). It is immediate from our definitions that (¢) C L([¢]). Given a nonnegative
divisor D, define Ly (D) := (¢) NL([¢] — D). Then (¢) = L,(0) and if D, < D,
:ihlen Ly(Dy) 2 Ly(D,). In pamcular, at each point P € P, we have the important

tration

(43.12) (9) =Ly(0) 2 Ly(P) 2 Ly(2P) 2

which we call the osculating filtration at P. We will study this filtration in detail
in Section 4.4. For now, we have dimLy(nP)/Ly((n+1)P) < 1 from (2.1.10).
Moreover, we have equality if and only if there is a function f € (@) with v, (f) =
n— Vp(@). By definition there is always a function f € (¢) with v,(f) = vp(9),
soL, (P) is always a hyperplane of (¢).

Note that the subspace L, (D) does not depend on any particular choice of ba-
sis, and that if ¢’ = y¢ is an equivalent map, then yLy(D) = L, (D). In fact, since
L,(P) is a point of the dual projective space (¢)*, the map P — L,(P) is a pro-
jective map that is easily seen to be equivalent to ¢. This observation can be used
to develop a coordinate-free treatment of projective maps.

Corollary 4.3.13. Suppose that K is a function field, ¢ : P, — V CP" is a pro-
Jjective map, and P € Py. Then ¢ is nonsingular at P if and only if for every point
Q € Py we have codim L, (P+ Q) =2

Proof. Since the statement of the theorem depends only on the equivalence class
of (¢), we may assume that ¢ is effective and normalized at P. Suppose Q # P.
Then ¢(P) # ¢(Q) if and only if there exists a hyperplane of P* containing ¢ (P)
but not ¢ (Q), which is equivalent to L, P)# Ly(Q). Since both L, (P)and L, (Q)
have codimension 1, we have shown that codim L (P+ Q) = 2 if and only if
¢(P) # ¢(Q).

By (4.3.8), we see that £, contains a local parameter at P if and only if
L,(2P) G Ly(P), which is equivalent to codim Ly(2P) = 2. The result now
follows from (4.3.3). O

We now specialize to the case (¢) = L(D) for some divisor D, where we write
¢ = ¢p. We implicitly assume that dimL(D) > 2 in order to get a map to P*
for some n > 1. From the definitions we have v,(¢,) < vp(D) for all P € P,
whence [¢,] < D. We get equality precisely when there is a function f € L(D)
with vp(f) = —v,(D).

Lemma 4.3.14. Suppose that K has genus g > 0, and D € Div(K) such that either
degD > 2g or D is canonical. Then D = (¢p)].
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Proof. The condition we need is that dimL(D) > dimL(D — P) for all P. This is
immediate from Riemann-Roch when D — P is nonspecial, and in particular when
degD > 2g. If D is canonical, then Riemann-Roch yields

dimL(D- P) =2g—-3-g+1+dimL(P).

Since g > 0, it follows that dimL(P) = 1, and we have dimL(D—-P) =g—1<
dimL(D). O
When D is canonical, we call ¢, a canonical map, or just the canonical map

if the choice of a particular representative of the equivalence class of ¢, doesn’t
matter. Note that the canonical map is not defined unless K has genus g > 2.

Theorem 4.3.15. Suppose that K has genus g and D € Div(K). IfdegD > 2g+1,
then ¢y, is an embedding. If D is canonical, then ¢y, is an embedding unless K
contains a rational subfield k(x) with |K : k(x)| < 2.

Proof. Put ¢ := ¢,. We have Ly(P+ Q) = L(D— P~ Q) for all PO € Py
by (4.3.14). If deg(D— P - Q) > 2g — 1, then D — P — Q is nonspecial. Thus
codim Ly (P + Q) = 2 by Riemann—Roch, and the result follows from (4.3.13). If
D is canonical, Riemann-Roch yields
dimL(D-P-Q)=28-4-g+1+dimL(P+Q)=g—-3+dimL(P+Q).

Since dimL(D) = g, (4.3.13) implies that ¢ is an embedding unless dimL(P +
@) > 1. But if there is a nonconstant function x € L{P + Q), its pole divisor has
degree at most two, whence |K : k(x)| < 2. (]

We note that when K contains a rational subfield of index at most 2 the canon-
ical map is not an embedding. Indeed, the canonical map is not defined unless X
has genus g > 2, in which case |K : k(x)| = 2, and by (3.6.4) and (3.6.10) we have

Q(0) = (0, ¢, (x)®,...,9,_, (x)®),

where @ is a regular differential form and the ¢,(x) all lie in a (uniquely
determined) rational subfield k(x). This means that

L({w]) = (lv¢l(x)""v g-l(x))a

and therefore the image of the canonical map is P'.
We obtain from (4.3.15) the nonsingularity of the standard plane model for an
elliptic curve (2.3.1).

Corollary 4.3.16. Suppose gy = 1. Then the map ¢ to P2 of degree three with
(¢) = L(3P) for any point P is an embedding. O

4.4 Weierstrass Points

Following [19], we now turn to a more detailed analysis of projective maps. Let
K /k be a function field, let ¢ = (¢,,...,9n) be a projective map, and let 7: K — K
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be a k-embedding of K into K. Since |K : k(7(x))] is finite for any x € K \ k, so is
|K : T(K)|. We can therefore define deg 7 := |K : 7(K)|. Then we have

Lemma 4.4.1. Denote by ©(¢) the projective map (7(¢;),...,T(¢n)) : Px — P".
Then degt(¢) = deg tdeg ¢.

Proof. Because they lie in 7(K), the coordinate functions (7(@y),...,7(¢a)) de-
fine a map ¢’ : 7(K) — P". Since 7: K — 7(K) is an isomorphism, every point
of 7(K) is of the form 7(P) for some point P of K. In particular, ¢ and ¢’ have
the same image in P?, and therefore deg ¢’ = deg ¢. The result now follows from
(4.2.5). O

On first reading, it may be advisable to restrict attention to the important special
case T = 1. In later applications we will want to take 7 to be the Frobenius map in
characteristic p composed with an automorphism of X.

For any separating variable s € K, let D, be the Hasse derivative with respect
to s given by (1.3.11), and consider the matrix H = H(¢,s,7) = (h;;) for 0 <i <
n, j=-1,0,1,..., where

o P
ij D.‘(_J)(¢l,) forj:O,l,... -

Let H() denote the column of H whose i*" entry is ; j- Thus, H (=1 is the leading
column, and its i entry is 7(¢,). We are interested in those indices j for which
HU) is not a K-linear combination of lower numbered columns. There are at most
n+ 1 such indices since H has n+ 1 rows. Since not all of the ¢, are zero, the first
such index is always —1. Denote the remaining indices by j,, j,,..., jm- Note
that if 7 = 1, then j; > 0. Conversely, suppose that the first two columns of H are
linearly dependent. Then 7(¢) = y¢ for some y € K, and we see that y = 7(¢,)/¢,.
Consider the equivalent map ¢’ := ¢, '¢. Then 7(¢/) = ¢/ for all i, and we have

Lemma 4.4.2. With the above notation, if ¢ is birational then j, > 0 if and only
ift=1 O

If m < n, define j; = j,_, +1 for m <! < n. We will prove that m = n (see
(4.4.7)), but in any case, the following property is immediate:

Lemma 4.4.3. With the above notation, if 1 <1< n and j < j, then HY) is a
K-linear combination of H=Y HU) ... HUI-)), O

Define J(9,7) = (j;,...,Jjn). We call the j; the T-orders of the map ¢, or just
the orders of ¢ when 7 =1, and we write J;(¢) := J;(¢,1). We will show shortly
that these indices depend only on the subspace (¢), are independent of s, and are
also invariant when ¢ is replaced by y¢ for any y € K. We might expect that the or-
ders of ¢ are just (1,...,n) and indeed, we will prove this when the characteristic
is zero. In positive characteristic, however, the situation is more complicated.
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For any sequence J = ji, j,,... of nonnegative integers, let H’ be the submatrix
of H whose first column is H(~!) and whose (! + 1)st column is HU\) and define

(4.4.4) ws(9,7) := det H*(#:7),
We call ws(9) := w,(¢, 1) the Wronskian of ¢ with respect to s.
Lemma 4.4.5. With the above notation, we have the following.
1 If ¢! := 2;a;9; (0 <i<n) where a;; € k and A := (a;;) is nonsingular,
then J;(¢',7) = J;(¢,7) and ws(¢’,T) = det(A)ws(9, 7).
2. For any nonzero function y € K, J;(y9,7) = Js(9,7) and wi(y9,T) =
7(y)y"ws(9,7).
3. For any separating variable t € K, J,(¢,1) = J;(¢,7) and
wi(9,7) = (ds/de)it Hw (9, 7).

Proof. 1) If H' := H(¢',s,7), then H' = AH because the Hasse derivatives and
the map 7 are all k-linear.
To prove 2), put H := H(y¢,s, 7). From the product rule we have
ACY = 1(p)HY,

(x) oy v :
J24%) =yH(J) + 2 ng) (y)H(J'k) (j=20).
k=1

In particular, the K-subspaces spanned by the first j columns of H and A coincide
for all j, and we have Js(¢,7) = Js(y¢, 7). Furthermore, the definition of the j,
and () imply that there is an upper triangular matrix U with entries in K and
diagonal entries (7(y),y,y...,y) such that

(**) ﬁ.’_‘-(¢,7) - HJJ(O)T)U’

proving 2).
The proof of 3) is similar, with the chain rule replacing the product rule. Here
we put A := H(¢,¢,7), and (1.3.14) yields functions d, (1 < k < j) such that

ACYD = g1,

20— (BN ) L5 ¢

A = (2 ) BV + 3 dHY (j20).
t k=1

Again, the K-subspaces spanned by the first j columns of H and H coincide,
proving that J;(9, T) = J,(9, 7). Moreover, (x*) holds again, where now U is upper
triangular with uy, = 1 and u;, = (ds/dt)1 (1 <1< n), and 3) follows. a

We therefore write J(9,7) := J;(9,7) for any separating variable s, and we put
j(¢,T) = j] +:t

We can now show that w,(9,7) # 0 by evaluation at an appropriate point.
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Lemma 4.4.6. Suppose that ¢ = (¢, ...,9s) is a projective map, P € Py, tisa
local parameter at P, and the ¢, are defined at P and linearly independent over k.
Then the matrix h; (P) := DU)(¢,)(P) (0 < i< n, 0 < j) has k-rank n+ 1.

Proof. We use (2.5.13) to conclude:

1. If all the ¢ are defined at P, so are all the Hasse derivatives, so the statement
of the lemma makes sense.

2. If &,...,0n € k, then 3i_o a;h;(P) is the coefficient of ¢/ in the Laurent

expansion of Y, o;;¢; at P.

ij

Since every nonzero function has a nonzero Laurent expansion at P, it follows that
a dependence relation on the rows of A, j(P) yields the same dependence relation
on the ¢;. a

Corollary 4.4.7. With notation as in (4.4.4), if wy(¢,T) = O, then the ¢, are
linearly dependent over k.

Proof. Choose any P € P;. Using (4.4.5) to replace ¢ by an equivalent map if
necessary, we may assume that s is a local parameter at P and that ¢ is normalized
at P. By definition, w;(¢,7) = O precisely when the K-rank of the matrix H =
H(¢,s,7) is less than n+ 1, in which case there are functions x,...,x,, not all
" zero, such that

n -
Y xDY(¢)=0 (j=0,1,...).
i=0
Carefully clearing denominators, we may assume that the x; are defined at P and
are not all zero there. But now evaluating the dependence relation at P, the result
follows from (4.4.6). O

Since our standard assumption is that the ¢, are linearly independent, we always
have wy(¢9, ) # 0. In fact, the sequence J(¢, ) is characterized as the mimimal
sequence of indices for which the corresponding determinant does not vanish:

Corollary 4.4.8. Suppose ji < --- < j, is a strictly increasing sequence of

nonnegative integers, s € K is a separating variable, and detDﬁj;)((bi) #0. If
J(0,7) =(jys.--,Jn). then j; < j; forall l.

Proof. This is now immediate from (4.4.3) because ,for every 1, the nonvanishing
of the determinant guarantees that the K-rank of HU1/1) must be { + 1. O

It is also now clear that there is a very close connection between J(¢) and
J(¢,7) for any 7 # 1. Namely, let s be a separating variable, and put J(¢) =:
(yse+++Jn)s H := H(9,s,1), and A := H(9,s,7). Assume that ¢ is birational.
Since H’%) is nonsingular, there is, by (4.4.2), some smallest index m > 1 such
that

ﬁ(_l) € (H(_l),H(‘jl),. . ’H(Jm))
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It follows that for j > jp,
(ACY,AO . AV = (HED, HO HO),
Now using the definitions, we have

Lemma 4.4.9. IfJ(¢) = (j,,...,Ja), T # 1, and ¢ is birational, then there exists
an integer m > 1 such that

J((p,f) = (Oajlv'-"jm_l’jm+1a"'1jn)' D

More importantly, the nonvanishing of w;(¢, T) and the transformation rules of
(4.4.5) allow us to define an invariant divisor as follows. Let s be any separating
variable, and put

W;(9,7) := [ws(9,7)] + [2(9)] +nl¢] + j(9, ) [ds].
Corollary 4.4.10. The divisor Ws(9,7) is independent of s and depends only on
7 and the equivalence class of .

Proof. Leta,; € k, y € K, and let ¢ be any separating variable. Put ¢/ := 3, j%ij9;
and let ¢’ := (¢, ...,9,). From (4.4.5) we have

w,(y¢',7) = T(y)y'w,(9',7) = det(aij)'t(y)y"w,(d),’r)
= det(a;;)t(y)y"(ds/de) (9, 7).
Using (4.4.1), we obtain

W,(y¢',7) = [w, (8", 7)) + [t (")) + nlyd’] + j(9,7) (1]
= [tO)] +nly] + j(9,7)((ds] - [dt]) + [ws(¢, T)] = [t ()] + [2(¢")]
—ny] +n[¢’] + j(¢,7)[dt]
= [ws(9,7)] + [7(0)] +n[¢] + (9, 7)[ds]
=W;(¢,7). O

We therefore write W(¢,7) := W;(¢,7) for any separating variable s (and
choice of equivalent map ¢), and we put W(¢) := W(¢,1). We will call W(9,71)
the Weierstrass divisor of ¢ with respect to 7, or just the Weierstrass divisor of ¢
whent=1.

The invariance of W (¢, 7) is quite powerful. Namely, choose P € P, and recall
from section 3.5 that P* is the valuation ideal of the discrete valuation v, o T of
K. We may assume, by a proper choice of coordinates, that ¢ is effective and
that ¢(P) and ¢(P*) are both finite. Thus v,(¢) = vp(7(¢)) = 0. Let ¢ be a local
parameter at P. Then we have

W(9,7) = [wi(,7)] + [t(8)] +nlg] + (9, 7)(dr],

and therefore vp(W(9,7)) = vp(w,(9,7)). By (2.5.13) the Hasse deriviatives of
the coordinate maps ¢, are all defined at P, so that vp(w,(¢, 7)) > 0. Moreover,
(4.4.1) yields the following formula for the degree of W (¢, 7):
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Theorem 4.4.11. The divisor W(9,7) is nonnegative and
degW(9,7) = (deg7+n)degd + (28 —2)j(¢,7). O

To illustrate the foregoing with an example, choose any x € K \ kK? and let
¢ := (1,x). Taking any separating variable 7, the matrix of Hasse derivatives with

respectto ¢ is
1 0 e
x dx/dt ...

Since dx # 0 by (2.4.6), J(¢) = (1) and w,(¢) = dx/dt. Since [¢] = [x], we have
W(9) = [dx/dt] +2[x}e + [dt] = [dX] + 2[x]e.

For a more interesting example, let x be a separating variable and let y be a
primitive element for K /k(x) so that K = k(x,y) and ¢ := (1,x,y) is a plane model.
Now the matrix of Hasse derivatives with respect to x is

1 0 0
x 1 0

y dy/dx DP(y)

Provided that D{¥)(y) does not vanish identically,2 we have J(¢) = (1,2), we(¢) =
D®(y), and

W(9) = [DP(y)] +3[9] +3(dx].

The points P in the support of W(¢,7) are called the Weierstrass points of ¢
with respect to 7, or just the Weierstrass points of ¢ when T = 1. When 7 =1 and
¢ is the canonical map, they are simply called the Weierstrass points of K, and
we put W(K) := W(¢). Points that are not Weierstrass points are called ordinary
points. Note that for any ¢ and 7, almost all points are ordinary.

Weierstrass points are of geometric interest, particularly in the case T = 1,
which we now investigate in more detail. Suppose, then, that ¢ is normalized
at P € Py, that ¢ is a local parameter at P, and that H(P) := H(¢,t,1)(P) is the
matrix with entries in k obtained by evaluating the entries of H(¢,¢,1) at P. As be-
fore, let ji < --- < j, be the indices for which the column H{)) (P) is not a k-linear
combination of lower-numbered columns, and define J(¢)(P) = (j},...,j,). We
call the ji the orders of ¢ at P. Note that the first two columns of H(P) are equal
because 7 = 1, and they are nonzero because ¢ is normalized at P, so ji > 0.

LetJ:=(jji,..., ja) be the orders of ¢, and put J' := J(¢)(P). If we had j| < j,
for some 1, the columns of H’' would satisfy a K-dependence relation. Care-
fully clearing denominators and evaluating at P, we would obtain a nontrivial
k-dependence relation on the columns of H’'(P), contrary to the definition of the
J;- Hence we have j; < jj for all I. Moreover, if ¢ is normalized at P and ¢ is a

2Unfortunately, D{*) (y) can vanish identically in characteristic p. See Exercise 4.5.
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local parameter at ¢, it is clear that
w,(9)(P) = detH’ (P),

and it follows that w, () vanishes at P precisely when j; < jj for some /. We have
proved

Lemma 4.4.12. With the above notation, we have j, < ji for all . Moreover, the
following conditions are equivalent:

1. ji=jforalll.

2. w(¢)(P) #0.
3. vp(W(9)) =0. 0

The orders of ¢ at P have an important geometric intrepretation. Namely, if
we row-reduce the matrix H(P) of Hasse derivatives at P and use k-linearity, we
obtain a basis (¢, ...,¢;) for (¢) such that if ¢ is a local parameter at P, we have

DY (g)(P)=0 (0<j< i)
D)) (P) =1.
By (2.5.14) we have

Theorem 4.4.13. Let ¢ be a projective map normalized at P, let t be a local
parameter at P, and let j\,..., J, be the orders of ¢ at P. Define ji := 0. Then
there exists a basis (9, - .., 9,) for (¢) such that

oi=ti+ Y ¢l (0<i<n),
j=jj+t
where ¢, j € k. In particular, j is an order of ¢ at P if and only if there exists a
function f € (¢) with vp(f) = j. . a

Recall the notation Ly (D) := () N L([¢] — D) and the filtration (4.3.12) from
the previous section. Applying (4.4.13), we see that the orders of ¢ at P define the
distinct subspaces of this filtration; namely, we have

Ly(jtP)=(9,-...4s) (0<1<n).

Corollary 4.4.14. If ¢ is nonsingular at P, then the osculating filtration at P is
(9) =Ly(0) 2Ly(P) 2Ly(2P) 2 ---.

In particular, ji = 1.

Proof. This follows from (4.3.13), since codim L, (2P) =2. O

Geometrically, each linear subspace L C P” of dimension [ is the zero set
of some set of n — [ independent linear forms .#. If we choose a hyperplane
at infinity defined by some linear form £.. that does not vanish at P and put
L*:=(9*(€/l-) | L€ £), we get abijection L* — L between (n — I)-dimensional
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subspaces of (¢) and /-dimensional subspaces of P*. Under this correspondence,
the subspaces of P* corresponding to the L ( JiP). are called osculating planes.
In particular, the hyperplane correspondmg to Ly( JiuP) is called the osculating
hyperplane at P. See Exercise 4.6

When ¢ is the canonical map, the osculating filtration at P is particularly
interesting, because by (4.3.14), we have (¢) = L([¢]) 2 L([¢] — jP), whence
Riemann-Roch yields

dimL(jP) = j—g+1+dimL,(jP)
for any integer j. Hence
dimL((j+1)P)/L(jP)=1 —dimL¢(jP)/L¢((j+ 1)P).

Since j is a canonical order at P precisely when L¢ (JP)2L (( j+1)P), we see
that j is a canonical order at P if and only if there is no functlon in K with a pole
of order exactly j+ 1 at P and no other poles. When L((j+ 1)P) = L(jP) we say
that j+ 1 is a gap number at P. So we have

Corollary 4.4.15. The positive integer j is an order of the canonical map at P if
and only if j+ 1 is a gap number at P. O

The positive gap numbers have interesting properties. Call the integer j a pole
number at P if there exists a function f with a pole of order exactly j at P and no
other poles.

Lemma 4.4.16. If n is a gap number, then at least half of the positive integers
less than n are also gap numbers.

Proof. Clearly, if j and k are pole numbers, then taking the product of the corre-
sponding two functions shows that j +k is also a pole number. It follows that if n
is a gap number and m < n is a pole number, then n — m must be a gap number.
Thus, there are at least as many gap numbers less than n as pole numbers. O

Corollary 4.4.17. Let j),...,j;_, be the orders of the canonical map at some
point P € Py. Then j; < 2 for all l.

Proof. If ny,n,,...,n; are the first | positive gap numbers, then we have [ >
(n,—1)/2 by (4.4.16). Note that n, = 1; otherwise K is rational, and there is no
canonical map. Thus, using (4.4.15), we see that j;_, =n, — 1, and the inequality
follows. 0O

Corollary 4.4.18 (Clifford). For n < 2g —2 and P € Py, we have dimL(nP) <
1+n/2.

Proof. By Riemann-Roch, dimL((2g — 2)P) < g. We may therefore assume,
by descending induction on n, that the formula holds for n+ 1 < 2g — 2. If
dimL((n+ 1)P) = dimL(nP) + 1, the result follows. Otherwise, n+ 1 is a gap
number, and the result follows from (4.4.16). 0O
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Returning now to the case of general 7, recall from Section 3.5 that for any
P € P, we have defined P := 77! (P), the set-theoretic inverse image of 7. In
particular, P is fixed by 7 precisely when 7(P) C P. We will call P a strong fixed
point of T if T(P) C P2.

Suppose that ¢ is birational and 7 # 1. Then j; = 0 by (4.4.2). At a fixed point
P of t, however, the first two columns of H(9,s,7) have the same value and thus
Vp(ws(¢, 7)) > O for any s. We therefore have

Lemma 4.4.19. With the above notation, suppose that ¢ is birational and T # 1.
Then every fixed point of T is a Weierstrass point of ¢ with respect to T. O

In particular, the number of fixed points of 7 is at most degW (¢, ) for any
birational map ¢. However, this bound is rather crude, and can be improved by
lower-bounding the multiplicity of each Weierstrass point P dividing W(¢, 7). To
do this, letI := (i,,...,in) and J := (j,, ..., ja) be nonnegative integer sequences,

()-()

denote the n x n matrix of binomial coefficients, where (/) = 0if j < i, and the
binomial coefficients are interpreted as elements of the ground field, i.e., they are
reduced modulo p if char(K) = p.

Define

= diag(eh, ... 1),
and write ] < J if i) < j, for all L.

Theorem 4.4.20. Let K /k be a function field and let T : K — K be a k-embedding.
Let P € Py be a fixed point of 7, let ¢ : Py — P" be effective and normalized at
P, and lett € K be a local parameter at P. Let J := j(¢)(P) = (ji,---,Jn) be the
orders of ¢ at P and let I := (i; < iy < -+ < in) be an increasing sequence of
nonnegative integers. Then

vp(detH(9,t,7)') > g(]} =)

Moreover, if i, > 0 or if P is a strong fixed point of <, then equality holds if and

only if
det (';) #0.

Proof. By (4.4.13) there is a basis ¢; =X ;g ;9; for (¢) such that ¢ =1and
¢ =th+ditly, (0<i<n),
where v; € Op and j; > 0. Then (2.5.13) yields

D (¢)) = (ff)""" +y Tt 0<I<n, 0<r<m),
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where v, € Op. PutH := H(9,1,7), A:=(a;;), and m := 3, (j, - iy).
If iy > O then the first row of H' is (1,0,0,...). Expanding the determinant
along the first row yields

(*)  detH! = det [t’A“ (G) +rv) r’] = det(A)~!r™ det ((j) +:v) ,

where V = (v, ), and the theorem follows in this case.

If i; =0, then the first row of H' is (1,1,0,0,... )- Replace the second column
by itself minus the first, and again expand along the first row. The only difference
from the previous case is that in the first column of the minor, ¢/ is replaced by
¢, — ©(¢/). If P is a strong fixed point of 7, we have

(@) =t 20y

for some j; > j, and some v; € Op, and thus (*) still holds with V suitably
redefined.

Finally, if i) =0 but we don’t know that P is a strong fixed point, then we might
have V(9] — 7(¢/)) > j;. In this case, an equation similar to (x) will hold, with
({) replaced by another integer matrix which may have a few more zeroes in the
first column, but the inequality still follows. g

There are several important corollaries to (4.4.20). Let p := char(k) in all of
these. First, we get a lower bound on the order of the Weierstrass divisor W (¢, 7)
at a fixed point of 7 by taking / above to be the order sequence of ¢ with respect
to 7 and applying (4.4.10).

Corollary 4.4.21. If J := J(9,7) = jy,..., ju are the T-orders of ¢ and J' :=
J(@)(P) = j\,..., jy are the orders of ¢ at a fixed point P of T, then

ve(W(9,7)) > g(ﬁ ).

Moreover, if T =1 or if P is a strong fixed point of 7, then equality holds if and
only if

JI
det 0.
() o

As a further application of (4.4.20), we can show that the t-orders of ¢ are
“generically” either (1,2,...,n) or (0,1,...,n—1).
Lemma 4.4.22. Assume that either char(k) = 0 or char(k) > deg¢, and let J :=
(Jis--ordn) If1:=(1,2,...,n), then

1

J [
det(l) =l-.[ﬂ Hjl"jrw

I=1"" m=1
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If1:=(0,1,2,...,n—1), then
J n 1 -1 . .
det(l) —II;I]—-—I_“'":lj,—],,,.
In particular, if ¢ is birational then

(1,2,....n)  ift=1,
(0,1,...,n—1) otherwise.

J(9,7)= {
Proof. Expanding the binomial coefficient, we have

I - JiGy=1)---(j;—m+1) - jr"’zg':_llvlmij;n_i
m m! m!

y

where the v, ; are integers. Thus, we can write

J _
(1) =Dz,

where D, := diag(j,,jy,---,Jn), Dy := diag(1/1!,1/2!,...,1/n!), and V, is an
integer matrix that is evidently equivalent by unimodular column operations to the
Vandermonde matrix V = V(jy,..., j») whose (I,m)-entry is j~!. Since detV =
I,.<; J; = Jm. the first formula follows, and the proof of the second is similar.
Now choose any point P € Py, let J(¢)(P) = j,,...,jn, and let I =(1,2,...,n)
ift=1and (0,1,...,n—1) otherwise. Clearly, we have J(¢,7) > I by minimality
of 1. Since j, is the order of a linear functional on P" at the point ¢ (P) on the
image of ¢, we have j, < deg¢. Thus, the above formulas and (4.4.20) imply that
H! is nonsingular, whence J(¢, ) < I, and we therefore have equality. O

We call the projective map ¢ classical when J(¢) = 1,...,n. To construct
a nonclassical map to P2, let ¢ := (1,x,y?), where x is a separating variable,
K = k(x,y), and char(k) = p > 2. Then K /k(x,yP) is both separable and purely
inseparable, so K = k(x,y?). We may choose y & KP so that y is also a sep-
arating variable by (2.4.6). In particular, dy/dx # 0. Moreover, D;,f)(y”) =0
for 1 < j < p. Now (1.3.14) implies that D{)(y?) = 0 for 1 < j < p, and
that D{P)(y?) = (dy/dx)P. The matrix of Hasse derivatives with respect to x is
therefore

1 0 ... 0
x 1 ... 0
y 0 ... (dy/dx)?

It follows that the order sequence of ¢ is (0,1,p) and Wy(¢) = (dy/dx)P.
However, this particular ¢ is singular. See Exercise 4.5 for a more interesting
nonsingular example.

Finally, we obtain a powerful bound on the number of strong fixed points of 7
due to Stohr—Voloch [19). The key lemma is
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Lemma 4.4.23. With the above notation, let P be a strong fixed point of 1, let
J(9,7) =i jy,Jgye v Jm and let J' := ji,..., jy, be the orders of ¢ at P. Assume
that ©(9) is not a K-multiple of ¢. Then j, < ji— ji for1<1<n.

Proof. For any mteger sequence I= ll, .,in, define I~ := i2, Jin and It :=
0,1, ,in. Put J := J— Js-- ,j,, - Smce we are assuming that j, = 0, it
sufﬁces to show that J(¢,7)~ < J, or equxvalently, that J(¢,1) < J*.

Consider the map y := (1,121, i) i Py — P !, Since J is the or-

der sequence of y at (t), we have J(y) < J. It therefore suffices to show that
J(¢,7)” <J(w) or equivalently that J(¢,7) < J(y)*.

Multiplying by ¢/t yields the equivalent effective map y’ := (¢/1,¢%2,...,t/n)
whose order sequence at (f) is J', and by (4.4.5) we have J(y) = J(y’). Hence,
the matrix

!
H(y 1,1 = ( J(:’ )+);-JW>*

is nonsingular. In particular, we get

(i) o

Now (4.4.20) implies that H(¢,r,7)’¥)" is nonsingular, and thus J(¢,7) <
J(y)* by definition of J(¢, 7). O

Theorem 4.4.24 (Stohr-Voloch). Let K/k be a function field of genus g, let T :
K — K be a k-embedding, and let ¢ : P, — P" be a projective map. Assume that
7(9) is not a K-multiple of ¢. Then the number of strong fixed points of T is at
most

degt)d eg¢ + 28~ 21(¢,r)

Proof. Continuing the notation of the previous lemma, we have shown that j, <
— Ji for 1 <1 < n. We conclude from (4.4.20) that

vp(W(9,7)) 2 njy 2 n,

because ji > 1 by hypothesis. Since every strong fixed point of T divides W (¢, 7)
by (4.4.19), the theorem follows from (4.4.11). a

L gegw(p,7) = (1+

We can specialize the above result to the case ¢ = ¢,, the projective map
determined by L(D) for some nonspecial divisor D. In particular, we get

Corollary 4.4.25. Let K /k be a function field of genus g andlet T: K — K be a
k-embedding. Then for any integer n > g, the number of strong fixed points of T is
at most

2y
1+degt+<n+deft>g+28 (i D,
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Proof. We may as well assume that there is at least one strong fixed point, P, or
there is nothing to prove. Let d := n+g > 2g+ 1. Then dimL(dP) =n+1 by
Riemann-Roch (2.2.9). Let ¢' = (1,9/,...,4,) be a basis for L(dP) adapted to
the filtration

L(O0)SL(P) C -+ C L(dP).

Note that deg ¢’ = d by (4.3.14), and that ¢’ is non-singular by (4.3.15). In partic-
ular, ¢’ is birational and thus 7(¢) is not a K-multiple of ¢ by (4.4.2). Moreover,
Vp(9,_;) = —d +i for all i, with equality for i < d — 2g by (2.2.9). It follows that
the map ¢ := (¢,) !¢’ is normalized at P and the orders of ¢ at P are

1,2,..,d =28~ 1,j4_s0..., Jh=d.

All we know about the last g — 1 orders jj is that they are distinct integers in the
closed interval [i,d], which yields the bound ji < i+ g. Using (4.4.23) we have

(-1)

j(¢,7) < Z(},—l) <g(g—1)+n 5

Substituting this bound into (4.4.24) and simplifying, we see that the number
of strong fixed points of 7 is at most

(1+d°“) deg¢+ﬁj(¢,r)
(1+d gr) (n+g)+2—g(—g—;ﬂ+(g— 1)(n—1))

2(p —
1+degz+ (n+gf—1)g+g—€(—i—l—). a

IA

We will apply (4.4.25) in Chapter 5 to prove the Riemann hypothesis for curves
over finite fields.

We conclude this section with an application to the automorphism group of a
function field, by which we mean the group Gal(K/k) of automorphisms that are
the identity on constants. We first prove

Lemma 4.4.26. Let K be a function field of genus g and let o € Gal(K/k). If ¢
Jfixes more than 2g + 2 points of Py then ¢ = 1.

Proof. By (4.4.19), o fixes only finitely many points. Let P be a point not fixed
by o. By Riemann-Roch, there is a nonconstant function x € L((g + 1)P). Then
o~!(x) € L((g +1)P°), so x — 67! (x) and o(x) — x have pole divisors of degree
at most 2(g + 1). Since any fixed point of o is a zero of 6(x) — x, the result
follows. a
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For the remainder of this discussion we will assume that either char(k) = 0
or char(k) = p > 2g — 2. Let ¢ be the canonical map and let W := W(¢). Note
that by (4.4.11) and (4.3.14), degW = (g + j(¢))(2¢ — 2). Then (4.4.22) yields

j(9) =g(g—1)/2, whence

degW = (g~ 1)g(g+1),

and for any point P we have

-1
vp(W) = f;o(j,(m _).

The integer vp(W) is called the weight of the Weierstrass point P. From (4.4.17),
we get Vp(W) < g(g —1)/2, and it follows that K has at least 2g + 2 distinct
Weierstrass points. We claim that for g > 1, the subgroup of Gal(K /k) that fixes
all the Weierstrass points has order at most 2, and in particular, that Gal(K /k) is a
finite group. If the number of Weierstrass points is greater than 2g + 2 this follows
from (4.4.26).

If K has exactly 2g 42 Weierstrass points, then equality holds in (4.4.26) for all
| and all Weierstrass points P. Choose a Weierstrass point and call it P... We have
Ji(P<) =2, whence 2 is not a gap number by (4.4.16). We therefore have a non-
constant function x € L(2P.), so K is hyperelliptic. Since char(k) > 2, (3.6.2) and
the remark following it yield K = k(x,y) with y?> = f(x), where f(x) is a square-
free polynomial of degree 2¢ + 1. Moreover, if the roots of f are {a,,...,a,,,},
the ramified points of K /k(x) are the unique points P, dividing x — a; together with
P... Thus, (x—a;)~" € L(2P,) for all i, and it follows that the Weierstrass points
are {Pw,P;,..., Py }. Any automorphism o acts on k(x), the unique rational
subfield of K of index 2. If o fixes P. then o acts on k[x], and it is easy to see
that o(x) = ax+ b for some a,b € k. If 5 also fixes x —q, for all i, thena=b =1
since 2g + 1 > 2. So in this case, the group of automorphisms that fixes all the
Weierstrass points has order 2. We have proved

Theorem 4.4.27. Let K/k be a function field of genus g > 1 where either
char(k) = 0 or char(k) > 2g — 2. Then one of the following holds:

1. K has more than 2g + 2 Weierstrass points and Gal(K /k) permutes them
faithfully.

2. K has exactly 2g + 2 Weierstrass points, and the subgroup of Gal(K /k)
fixing all these points is Gal(K /k(x)) for some x € K with |K : k(x)| = 2.

In particular, Gal(K /k) is a finite group. O

For an example of a hyperelliptic curve (in characteristic 2 !) with exactly one
Weierstrass point, see Exercise 4.3.
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4.5 Plane Curves

In this section we apply our results on projective curves to the important special
case of plane curves. One reason for the importance of plane curves is that we can
always write a function field X as k(x,y) by choosing a separating variable x and a
primitive element y for K /k(x). This yields a map ¢ := (1,x,y) to P? with image
V such that K = k(V). Such a curve V is called a plane model for K. In general,
however, V may have singularities. Indeed, as we will see, there exist curves for
which every plane model is singular. For the remainder of this section we will be
assuming that ¢ is an effective map to P2, which, unless otherwise specified, will
be written ¢ = (1,x,y).

A line L in P? is just the set of zeros of a homogeneous linear form £ := aX,, +
bX, +cX,. Since V(¢£) is uniquely determined by the triple (a, b, c) up to a nonzero
scalar multiple, we often abuse notation by writing L = (a: b : ¢). In this way, the
set of lines form another IP? called the dual plane.

Recall that for a homogeneous polynomial g(X,,X,,X;), the set of all points
of intersection of V(g) with V, together with their multiplicities, is given by the
divisor [¢], = [¢] + [¢*], and the intersection multiplicity of V and V(g) at a point
a € P? is given by

Ha(V(@) = 3, vp((9ly)-
$(P)=a

By (4.1.10), a plane curve V is always the zero set of a single irreducible poly-
nomial f. If g is irreducible, then V(g) is another plane curve, and we might ask
whether the intersection multiplicity we have defined is symmetric in f and g.
The affirmative answer follows from an important alternative description of the
intersection multiplicity, which we now derive. The starting point is

Lemma 4.5.1. Suppose S C R are k-algebras, R is an integral domain, and x € S.
IfR/S and R/Rx are finite-dimensional, then dim,(R/Rx) = dim, (S/Sx).

Proof. Consider the inclusion diagram
R
S+Rx
N \ Rx

SN Rx
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Multiplication by x induces an isomorphism R/S =~ Rx/Sx. It follows that R/Sx is
finite-dimensional, and thus

dim, (R/(S+ Rx)) +dim, ((S+ Rx) /S) = dim, (Rx/(SNRx)) +dim, ((SNRx)/Sx).
Moreover, we have

(S+Rx)/S ~ Rx/(SNRx), and (S+Rx)/Rx ~ S/(SNRx)
by the isomorphism theorems. Using these isomorphisms, we obtain
dim, (R/(S+ Rx)) + dim, ((S+ Rx) /Rx) = dim,(S/(SNRx)) +dim, ((SNRx)/Sx),
and the result follows. a

Theorem 4.5.2. LetV = V(f) be a plane projective curve with irreducible defin-
ing polynomial f, let g = g(X,,X,,X,) be any homogeneous polynomial, and let
a € VNV(g). Choosing notation so that X,(a) # 0, let M be the image of 1(a)
in the polynomial ring k[X,,X,] after specializing X, = 1, let A := k[X|,X,],, be
the localization at M, and let I be the ideal of A generated by f(1,X,,X,) and
8(1,X,,X,). Then

4.5.3) Ha(V(g)) = dim, A/1.

In particular, if g is irreducible and [i,(V(f)) is the intersection multiplicity of
V(f) as defined on the curve V(g), then 1,(V(g)) = fa(V(£)).

Proof. Letting g* := g(1,X,,X,) restricted to V as usual, we have A/(f) ~ O,
and A/(f,8) =~ Oa/Oag*. Let R, be the integral closure of &, in K := k(V). By
(4.3.2) and (1.1.17), we have dim,(R,/0,) < e and dim, (R, /Rag8*) < e=. We can
therefore apply (4.5.1) to conclude that

dim, (0,/0,g") = dim, (Ra/Rag").

Let ¢ : Py — V be the natural map, and let ¥ denote the set of valuations of
K corresponding to the points in ¢ ~!(a). Define m(v) = v(g*) for v € ¥. Then
from (1.1.17) we have R, = K(¥;0), Ra.g* = K(¥';m), and

dimk(Ra/Rag‘=§m(V)= 2 V(g =m(V(g). O
ve Pedp!(a)

What happens when we specialize the above result to the case that g is a linear
form? In the first place, if we interchange the roles of f and g, we are applying
the theory developed in this section to a line L in the plane. Here, the natural
map (1,x,y) degenerates because there is a dependence relation a + bx + cy = 0.
Choosing notation so that ¢ # 0, we have K = k(x,y) = k(x). Since x has just one
pole and it is simple, degL = 1. Now (4.2.8) says that V(f) meets L in deg(f)
points, and we have proved

Corollary 4.5.4. IfV = V(f) is a plane curve, then degV = deg f. a
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We can make this more explicit by looking closely at a point a € V N L. Trans-
late coordinates so thata = (1:0:0) and let f := f(1,x,y) be the dehomogenized
defining polynomial. Then A is the ring of rational functions in x and y whose
denominators have a nonzero constant term, and / is the ideal generated by f
and some linear polynomial bx + cy. To understand A/, first factor out (bx + cy)
and put A := A/(bx +cy). Then A is just the discrete valuation ring of rational
functions in one variable whose denominators have a nonzero constant term, and
(choosing notation so that ¢ # 0), the image of / in A is generated by the poly-
nomial f(x) obtained by substituting y = —bx/c in . Write f =: x* fo(x), where
f5(0) # 0. Then

dim, A/l = dim, A/(f) =e.
We call e the order of vanishing of f at a along L. Then (4.5.2) specializes to

Corollary 4.5.5. Let V = V(f) be a plane curve, let L C P? be a line, and let
a € VN L. Then the intersection multiplicity of L at a equals the order of vanishing
of f ata along L. a

Recall from (4.4.14) that at each point P € P the osculating filtration at P is
(9)= L¢(O) 2 L¢(j|P) 2 L¢(j2P) 20,

where {0, j,, j,} are the orders of ¢ at P. This says that all lines through ¢(P)
have intersection multiplicity j, at P except for the osculating line which has
multiplicity j,. The nonosculating lines at P are called generic at P. We say that
a line is generic at a point a € V if it is generic at every point P € ¢ ~!(a). When
¢ is nonsingular at P, then generic lines have intersection multiplicity 1 and the
osculating line is called the tangent line.

Lemma 4.5.6. Let ¢ = (x,,x,,x,) be any plane map P, — V C P2, and suppose
that ¢ is normalized and nonsingular at P. Let ay,a,,a, € k. Then the equation
of the tangent line to V at ¢(P) is ¥;a,X; = 0 if and only if the following two
conditions hold:

Zaixi(P) =0,
i
dx;
A G,I(P) = 0,

where t is a local parameter at P.

Proof. Put £ := 3, a;x;. Then the first condition is equivalent to v,(€) > 1. When
this occurs, expanding £ in a power series in ¢ and using (2.5.14) we see that the
two conditions together are equivalent to v,(£) > 2. O

We next make the important observation, which is often taken as the definition,
that the partial derivatives of the defining equation give the coordinates of the
tangent line at all nonsingular points.
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Lemma 4.5.7. Let V = V(f) and put f, .= df/0X; for i =0,1,2. If V is
nonsingular at a, then the tangent line at a is (fy(a) : f,(a) : f,(a)).

Proof. First of all, if f has degree d, then each f; has degree d — 1, so that

(fo(a) : £,(a) : f,(a)) is a well-defined point of the dual plane. Renumbering the

coordinate axes if necessary, we may assume that X,(a) # 0. As usual, we have
=X, /Xy, y := X, /X, and the identity

f(Xo. X1, X5)

=0

(4.5.8) fxy):=

Using the fact that f is homogeneous, we verify the identity

D X.f; = deg(f)f,
i
from which it follows that the linear form
v _Jfila)
£:= Z XiT(a )x

vanishes at g, and therefore £* := /X, vanishes at P. We next check that

2 3f h
4.5.9
@39 . af fz
y:. ay d—

This implies that £* = f,(a)/X¢~"(a) + f;(P)x+ £5(P)y. Differentiating, we
have d¢* = f,(P)dx + f,(P)dy. However, differentiating (4.5.8), we have the
identity
(4.5.10) fdx+ f,dy =0,
which implies that v,(d¢*) = 0. The result now follows from (4.5.6). a

Because the partial derivatives are all homogeneous of the same degree, the
map y(a) := (fy(a) : f,(a) : f,(a)) is well-defined at any point in the plane at
which at least one partial derivative is nonzero. Moreover, if K = k(V) and ¢ :

Py — V is the natural map, there is a well-defined projective map from Py to the
dual plane given by

(4.5.11) ¢ == (fo(1,x,).£1(Lx,3), £5,(1,x,)),

whose image V is called the dual curve. This yields a diagram

PK-—-—-—>V

!
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that commutes wherever y is defined, namely at all points P € P at which ¢ is
nonsingular. Note, however, that ¢ is defined at all points P € .

Some care needs to be taken here. In characteristic zero one can show that
the map ¢ is birational, and that when V is nonsingular of degree d > 2, V has
degree d(d — 1) and is in fact singular. In characteristic p, however, the situation
is trickier. See Exercise 4.5.

Changing topics, we turn now to a discussion of the adjoint divisor. Given
a plane curve V = V(f) we let f := f(1,x,y) be the dehomgenization of the
defining polynomial as usual, and we consider the differential form dx/ f,, where
fy := 9f/dy. Since this form depends on a choice of coordinates in projective
space, we first need to understand the nature of the dependence. Let X denote the
column vector (X;,X,,X,)" of coordinates in P2, and let A = g, ; € GL(3,k) be a
nonsingular change of variable, so that X = AX’. Pulling back to the curve, we
have functions x' := X} /X, y' := X; /X and z := X, /X; such that

z= XO/X(; =ay, +a01x' +a02y’,

1

x=X, /X, = E(aw +a,x +a,y),
1

y=X,/Xy= E(azo +ayX +ay)).

Let f' be the defining polynomial of V in the X’ variables, so that f'(X’) = f(X),
and let ¢ := degV = deg f =deg f'. Then

X ¢ A

Zef=zef;e) - fx(ée) =fl'

The following result was pointed out by D. Zelinsky in a private communica-
tion:
Lemma 4.5.12. With the above notation, we have
d
S= det(A)z"J#.
b fy

Proof. Suppose that X’ = A’X”, where A’ is another change of variable. Since
det(AA’) = det(A)det(A’) and X, /Xy = (X,/X;)(Xy/Xy), the formula will hold
for the change of variable AA’ provided that it holds for A and A’ separately. It
therefore suffices to consider the following three cases:

Case I: x=ax' +by +c (a #0),y=y,z=1. From the basic equation
f1(#,y') = f(aX’ + by +c,), we obtain using the chain rule

fA’,J = aﬁn
fro=b f, + £y
Since f'(x’,y') vanishes on V, we get
frodx =~ ,dy.
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Using the above, we compute

d. a R
dx = adx' + bdy' = %(af’y, —-bf',)
y

d# ~ A
= a‘A—(f’)/ —bfy)
fy
dx’ o
fy»
7
as required.
Case 2: x =Y,y =¥,z = 1. This is immediate from the identity dx/ f, =
—dy/fs, since detA = —1 in this case.

Case 3: x=1/x,y=y'/x',z=x". Note that detA = —1 in this case as well. We
have f'(x,y’) = X f(1/x,y'/x') and thus f’ =X lfy Since dx’ = —x'2dx, the
result follows. ]

In the language of projective maps, making a linear change of variables in P"
amounts to replacing one effective map with an equivalent effective map. More-
over, if ¢ = (1,x,y) and ¢’ = (1,¥,y) with notation as in (4.5.12), then [¢] =
[¢"] + [z} because the function z defines the line at infinity in the X coordinates.
We therefore have

Corollary 4.5.13. Let ¢ = (1,x,y) be an effective plane map of degree e and let
fx, y) be the minimum polynomial satisfied by x and y. Then the divisor

A(9) :=(e—3)[9] - lf]

depends only on the equivalence class of ¢. 0

We call A the adjoint divisor of the map ¢ and we put 5(¢) := degA(¢). For a
plane curve V with natural map ¢, we write A(V) := A(¢) and §(V) :=degA(V).
We want to show that A is nonnegative. To see this, it is convenient to make a
good choice of coordinates.

We say that a line L is generic with respect to the plane curve V if y,(VNL) = 1
for all a € V N L. This means that L is not tangent to V at any point and does not
meet V at any singular points.

Lemma 4.5.14. Let V be a plane curve. Then there exists a linear change of
coordinates in P* such that if ¢ = (1,x,y) is the natural map in this coordinate
system then:

1. The lines V(X;) (i =0,1,2) are generic.
2. The points (1:0:0), (0:1:0),and (0:0: 1) are noton V.

3. Both x and y are separating variables.
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Proof. Choose a point a, ¢ V. The set of all lines through a, (usually called the
pencil at ay) is the set of all points on a line in the dual plane. This line meets
the dual curve at finitely many points, which means that there are only finitely
many tangents to V through a,,. Since there are only finitely many singular points,
almost all lines through a,, are generic with respect to V. Choose two distinct
generic lines L, and L, through a;, and choose a point a; # a, in L, \ V. Then
there is a generic line L, # L, through a, that also misses every point of L, NV.
Put a, := L,NL,, and choose coordinates X; so that L, = V(X;) (i=0,1,2).

We now deal with the separability issue. Assume that char(k) = p > 0, and
recall that u € K is a separating variable if and only if u € K? (see (2.4.6)). We
have 1 € K?, and since K = k(x,y), we cannot have (¢) C K, but it may happen
that dim({(¢) N K?) = 2. This means that there is a point b on L, such that a
linear form £ vanishes at b if and only if £* € K”. To ensure that b # a,, we can
if necessary replace L, by another generic line on a; such that L,NL, ¢ V. A
similar adjustment is obviously possible in case b = a,. O

We will refer to coordinates satisfying the above conditions as generic coor-
dinates, and a projective map (1,x,y) with respect to generic coordinates as a
generic map. Note in particular that if (1,x,y) is generic, the defining homoge-
neous polynomial f contains the monomials X? with nonzero coefficients, which
means that f is monic in both x and y.

We next show that A(¢) is nonnegative and its support is precisely the set of
singularities of ¢. This result is basic to the theory of plane curves.

Theorem 4.5.15. Let ¢ = (1,x,y) be a birational plane map and let f(x,y) be the
minimum polynomial satisfied by x and y. Then v,, (A(¢)) = Oforall Q € Py with
equality if and only if ¢ is nonsingular at Q.

Proof. Fix a point Q € Py. By virtue of (4.5.12), we may assume that ¢ is generic
and finite at Q. As noted above, this implies that f is monic in x and y. In particu-
lar, y is integral over k[x] and f is its minimum polynomial over k(x). This means
that f, = 8, (»)- Since K = k(x,y) by hypothesis, the desired inequality follows
from (3.3.12).

Furthermore, if equality holds, we obtain O], = &,,. However, if we put
a:= ¢(Q), then kfx,y] C O, and P = P, Nk[x], where P, is the unique maximal
ideal of @,. It is therefore clear that O,[y] C &, and since P, = QN O,, we have
Opylg € Oa as well. We conclude that 6, = 6, and thus ¢ is nonsingular at Q.

To complete the proof, assume that ¢ is nonsingular at Q, put a := ¢(Q), and
let L, = V(£,) be the unique line on a and a, := (0: 0: 1). Since ¢ is finite
at Q, we have a = (1: a : B) for some @, € k. Then L, = (—c :1:0) and
Zb = (ZQ/X0 = x — @. Recalling notation from (4.5.8), we see from (4.5.9) that
fe=fi(L,x,y) and f, = £,(1,x,y). By (4.5.6), v, (d€y) > 0 if and only if L is
the tangent line at a, which occurs if and only if the the point a, is on the tangent
line at a. Since d£j, = dx, (4.5.7) yields v,y(dx) > 0 if and only if £5(Q) =0. Thus,
if v,(dx) = 0 we have the required equality.
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What happens if v,(dx) > 0? By the same argument with a, := (0:1: 0)

replacing a,, we obtain v,,(dy) > 0 if and only if £:(Q) = 0. However, by (4.3.5)
both conditions cannot hold simultaneously, because ¢ is nonsingular at Q. We
conclude that if v (dx) > 0, then v, (dy) =0 = v ( fo.

From (4.5.10) we get

Voldx) + VQ(f:\?) =Vp(dy) + VQ(fAy)~
Putting these together yields v, (dx) = v, ( ), as required. O

Corollary 4.5.16. LetV be a plane curve of degree d and genus g. Then
d—1 1
e=(“7")-3m

In particular, g < (d — 1)(d — 2)/2 with equality if and only if V is nonsingular.

Proof. The formula is immediate from the definition of A, because [dx/f,] is
canonical of degree 2g — 2. O

It is immediate from the above result and (for example) (3.6.3) that there exist
function fields with no nonsingular plane model. Indeed, we have

Corollary 4.5.17. Let K be a function field of genus g. If K has a nonsingular
plane model, then g is a triangular number. a

A function u € K satisfies the adjoint conditions with respect to a plane map
¢ if (u], > A(¢). Such a function will be called an adjoint function. We proceed
next to a study of the adjoint functions. The first step is

Lemma 4.5.18. Let V be a plane curve with natural map (1,x,y). Assume that y
is integral over k[x]. Then

kix,y)=n{6pl] | P € Py () and vp(x) > 0}.

Proof. Obviously, k[x] C O, and thus k[x,y] C 6,[y] for every P containing x.
Conversely, let K := k(x,y). Then every element u € K is uniquely a k(x)-linear
combination

n—1
(%) U= Z “iyl~
i=0

Because y is integral over k(x], {1,y,...,y""'} is an Op-basis for O, [y] for every
prime P with k[x] C . Thus, u € O,[y] implies u; € &) for all i by uniqueness
of (). Since k[x] = N{&, | x € P}, the result follows. O

For the remainder of this section we let V be a plane curve with natural map
¢ = (1,x,y), function field K = k(x,y), minimum polynomial f(x,y), and we put
@(V) := [dx/f,]. From (3.3.10) and (3.3.11), we see that the local conductor
Cp(y) is given by

Cp(y) ={ue K |vy (u) 2 vy (A(V)) (1<i< )},
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where P € I[’k(x) and Q,,...,Q;, are the prime divisors of P in K. We therefore
define the conductor of V as

C(V) :={ue K| vy(u) 2 vy(A(V)) for all finite Q}.

This terminology is justified by Exercise 4.1.
Let R(V) denote the integral closure of k[V] = k[x,y] in K. Then

R(V)=n{6, | Q finite}

by (1.1.8). It follows that C(V) is an ideal of R(V) consisting of all adjoint func-
tions in R(V), or what is the same thing, the set of all adjoint functions with no
poles in the finite plane. We see that all such functions lie in k[x,y]. In particular,
it follows that L([@(V)]) C k[x,y]. By abuse of terminology, we will refer to ele-
ments of k[x,y] as “polynomials.” By the degree of an element k € k[x,y] we mean
the minimal degree of a polynomial h(X,Y) € k[X,Y] with A(x,y) = h. For any
nonnegative integer i, let k[V]; denote the set of all polynomials of degree at most
i

Note that L({@(V)]) is the set of all adjoint functions all of whose poles lie at
infinity and have order at most d — 3. This certainly includes all adjoint polyno-
mials of degree at most d — 3. Indeed, when V is nonsingular, we have §(V) =0,
and a dimension count shows that

ﬁmﬂﬂbg=<d;1>=g=dmuﬂwﬂmy

What happens in the singular case? The key fact that we need here is that a
polynomiatl all of whose poles have order at most d — 3 in fact has degree at most
d — 3. This follows from

Theorem 4.5.19. Let V = V(f) be a plane curve of degree d in generic coordi-
nates with natural map (1,x,y), and let h € k[x,y]. If all poles of h have order at
most e for some e € Z, then h has degree at most e.

Proof. Put K := k(V) and let {a,,...,a;} € V be the d distinct points at infinity.
Since (0:0:1) ¢V, we have a; = (0: 1: o) for distinct ¢;,,...,0, € k. Let
Q; € Py with ¢(Q;) = a;. Then 1/x is a local parameter at Q; for all i, since x and
y have simple poles at Q. It follows from the definition of ¢(Q) that if we put
¥, :=Yy/x, then @; =y, (Q,). This implies that the Laurent expansion of y at Q, is

y=0ox+ 0+, (1/x)+ -,

where the higher-order coefficients ¢;; are irrelevant. In particular, we conclude
that y — a;x is the unique linear function of x and y that has no pole at Q;.
For h(X,Y) € k[X,Y), we put h* := h(x,y) € K. If degh = e, we can write

mxn=imamx
j=0
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where h; is homogeneous of degree j and h, # 0. Fix an index i. If vo, (h})=-
then v, (h ) = —e because V,, (h}) > —j for all j. Thus, if Vo, (h‘) > —e, We
conclude that h, is divisible by Y — a;X.

It follows that all poles of & are of order less than e if and only if A, is divisible
by the d distinct linear forms ¥ — X, 1 < i < d. This holds in particular for
h= f(X,Y) and e = d, because f* = 0 whence fd is a sum of polynomials of
degree less than d. We conclude that

= af[(Y - aX)
i=1

for some scalar a.

If now, by way of contradiction, 4 has degree e but all poles of h* are of order
less than e, we get h, = u(X,Y)f, for some homogeneous u of degree e — d, but
then

h(X,Y):=h(X,Y)—u(X,Y)f(X,Y)

has degree less than e and h* = h* because f* = 0. This violates our definition of
degree and completes the proof. 0

Corollary 4.5.20. With the above notation, C(V) C k[V], and
L({o(V)]) = C(V)nk[V],_,.
In particular, a differential form @ is regular if and only if it is of the form

p({,y) dx,
y

=

where p(x,y) is an adjoint polynomial of degree at most d — 3.
Proof. From the definitions, we see that

C(V) =n{Cp(y) | P € P, and vp(x) > 0}.

()

Thus, (4.5.18) implies that C(V) C k[V].

By (4.5.16) and the definitions, L([@(V)]) C C(V). Since @(V) vanishes to
order exactly d — 3 at each point at infinity, every element u € L({w(V)]) has
poles of order at most d — 3, and therefore degree at mostd —3 by (4.5.19). O

From (4.5.20) we see that the binomial coefficient in the genus formula (4.5.16)
is no accident. Namely, since there are no polynomial relations on x and y of
degree less than d, dimk[V],_, = (“;"). On the other hand, since the dimension
of L([@(V))) is g, we see from the genus formula that §(V')/2 is the dimension of
the space of linear constraints imposed by the adjoint conditions on the space of
polynomials of degree d — 3. This is a version of the so-called Gorenstein relations
[9]. However, there is more to be said.
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Theorem 4.5.21. LetV be a plane curve with generic coordinates. Then
dim, (R(V)/kV]) = dim, (k[V]/C(V)) = %a(v )

Moreover, k[V] = k[V],_; +C(V).

Proof. Put L := L((d - 3)[9]). This is the space of functions that are regular in
the finite plane and have poles of order at most d — 3. Thus, L C R(V), and since
we have generic coordinates, LNk[V] = k[V],_, by (4.5.19).

Note that deg((d — 3)[¢]) = d(d—3) =2g—2+ (V). If §(V) =0, we have
C(V) =k[V] =R(V), so we may as well assume that 5(V') > 0, and thus (d — 3)[¢]
is nonspecial. -

By (4.5.20), we have L([@(V)]) = LNC(V), and therefore, as discussed above,
(4.5.16) yields

) _ dimy k[V],_y/ (KV]y_s NC(V)) = dim, (K[V],._s + C(V))/C(V)

(* 2
< dim, k[V}/C(V),
with equality if and only if k[V] = k[V],_, + C(V).
From the Riemann-Roch theorem and (4.5.16) we have
dim, L=d(d-3)-g+1= (d; ‘) L3V _

2
6(v) _
2
because (d — 3)[¢)] is nonspecial. Since LNk[V] = k[V],_,, we get

= dim, (k[V],_,) + 1,

8V _ 1 = dimy(L/(LOKV))) = dimy (L + k{V])/k{V]

(%) 2
< dim, R(V)/k[V],

with equality if and only if R(V) = L+ k[V]. In fact, we claim that L+ k[V] is a
proper subspace of R(V'). Namely, consider the k-linear functional

u(h) = gkesgi(hw),

where @ := @(V) has poles {Q,,...,Q,}. For h € L, ho is regular at infinity by
(4.5.16) and the definition of L, and has finite poles only at the poles of ®. Thus,
p|,, = 0 by the residue theorem (2.5.4).

For h € k[V] we have

h
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by (3.3.9), where f(x,y) is the dehomogenized defining polynomial of V as
before. Therefore, another application of the residue theorem gives

Res,.trK/k( ) (f )dx 0,

where oo is the unique infinite prime of k(x). Now the trace formula (3.1.5)
together with a final application of the residue theorem yields

w(h) = %" Resy (hw) = Resatry (f ) dx=0.

We have shown that y vanishes on L + k[V], but by the strong approximation
theorem (2.2.13) there is an element i € R(V) such that h® has a simple pole at Q,
and is regular at Q, for i > 1, whence p(h) # 0. We conclude that L+k[V] G R(V),
and therefore (xx) yields

dim, R)/iv]) 2 2,

Comparing with (), we see that to complete the proof, it will suffice to show that
(x % %) dim, (R(V)/C(V)) < 8(V).
For any divisor D, define
I(D) := {ue R(V)|[u], > D}.

If ¢ is a local parameter at Q and V(D) = e, the map 7)(u) = t~u+ Q defines
a k-linear map 0 : I(D) — O, /Q k with kern = I(D + Q). It follows that
dim, (D + Q) < dim, I(D) +1 for any divisor D.

Now, if we choose a chain of divisors

0=D, SDl <. Sug(v) =4A(V),
where deg D; = i, we get a corresponding chain of ideals
R(V)=1(0) 2I(Dy) 2 -+- 2 [(Dgy) = C(V),

and (x x x) follows. (]

4.6 Exercises

Exercise 4.1. Let ¢ = (1,x,y) : Py — V be a generic projective map and let
Pe IPk( ) be finite.

(i) Let Rp denote the integral closure of 0, in K, as in (3.3.10). Show that
Rp is the localization of R(V) at the set of prime divisors of P in K. [Hint:
(2.2.13).]

(i) Prove that C(V) is the largest ideal of R(V') contained in k[V].
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Exercise 4.2. Let k be algebraically closed with char(k) # 2 and suppose that
K = k(x,y) where y> = f(x) for some square-free polynomial f(X) of degree d.

(i) If d =2m is even, show that after a change of variable

X = 1/(X“'a)1 y'=y/(x—a)"'

\ -~ -~
for suitable a, we have 3 = f(%), where f is square-free of degree d — 1.
Changing notation, we may assume that d is odd. Replacing x by an additive
translate if necessary, assume in addition that £(0) # 0.

(ii) Show that the map ¢ := (1,x,y) is nonsingular in the finite plane and
singular at infinity for d > 4.

(iii) Show that the change of variable ¥ := x/y, § = 1/y yields a generic
projective map ¢ = (1,%,5) with defining equation

g(%,5) =32 - f(%/5)7",

and that @ is singular at exactly one point Q € P, namely where ¢(0) =
(1:0:0).

(iv) Show that v(%) = d -2, v,(5) = d, vy(dj) = d -1, and v,(g;) =
1)

(v) Compute §(V) and then g, using (4.5.16). Compare with (3.6.3).

Exercise 4.3. Let k be algebraically closed of characteristic 2 and let K = k(x,y)
with y> +y = x?6*! for some positive integer g. Show that K has exactly one
Weierstrass point of weight (g — 1)g(g+1).

Exercise 4.4. Let k, be a subfield of an algebraically closed field k. If f €

ko{Xq:X,,X,] is homogeneous and irreducible over k, we say that V := V(f) is
defined over k. Let K := k(V) with natural map ¢ := (1,x,y). Let K, := ky(x,y).
We say that a point (a: b : c) € P2 is defined over k, if {Aa,Ab, Ac} C k, for some
nonzero A € k. Show that if a point P € Py is defined over k, (see (3.2.7)) then
¢(P) is defined over k,. Conversely, if ¢ is nonsingular at P and ¢(P) is defined
over ky, show that P is defined over k.

Exercise 4.5. Let g be a power of a prime p, let k be algebraically closed of
characteristic p, and let V = V (X¢*! +qu+l +Xg*!) with natural map ¢. Prove
the following:

(i) V is nonsingular. The dual curve V has the same defining equation as V, but
the map ¢ of (4.5.11) is not birational.

(ii) Identify the points of K with their images under ¢. Then
[6]= Y (0:1:b).

be*l=—1
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(iii) As usual, put x:= X, /X, and y := X, /X, then
blo= Y (1:a:0), and

a?tl=—]
[dx) = glylo - 2[9].

(iv) The matrix of Hasse derivatives with respect to x is

1 0 0 ... 0
x 1 0 ... 0
y —(x/yf 0 ... DY(y)

[Hint: Apply Dg") to the defining equation and use Exercise 1.13.]

(v) The order sequence of ¢ is 0, 1,4 and the Wronskian is

Wi(9) =D (y) =

(vi) There are exactly ¢> — g points in the finite plane that are defined over
GF (q), and they are just the zeros of w := qu2 —xy"z.

(vii) Each point at infinity is defined over GF(g?) and is a pole of w of order
q* — q. The zeros of w are all simple. [Hint: Let u := 1/x and v := y/x.]

(viii) For any point P we have ¢ < j,(P) < g+ 1. Every Weierstrass point of ¢
has weight 1. [Hint: (4.4.21).]

(ix) The Weierstrass divisor is Ry = [w], + [¢], the sum of all GF(¢?)-rational
points of V.

(x) For g =3, ¢ is the canonical map and V is nonclassical. The Weierstrass
gap sequence is 1,2,4.

Exercise 4.6. Let ¢ := (¢,,...,9x) be an effective projective map that is normal-
ized at P and let J(¢)(P) = (Jj},...,J,). Choose a local parameter ¢ at P and let
h;;(P) be the scalars defined in (4.4.6). Show that the equation of the osculating
hyperplane at P is

Xo hoo(P) hoy(P) . ko, (P)
det )fl hw.(P) hlj".(P) hlj;'.‘(P) =0.
Xo hyo(P) hy(P) ...k, (P)

[Hint: Use (4.4.13).]
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Zeta Functions

In this chapter the ground field k will be finite of characteristic p and order ¢ := p",
and therefore, of course, perfect. We are interested in counting the number of
points of a function field K/k and all its scalar extensions, but for reasons that
will be evident shortly, we consider instead the related quantity

ag(n) :=|{D € Div(K) | D > 0 and degD = n}|,

which, as we will show, is finite; and we define
Z (1) =Y, ag(n)".
n=0

Note that ay(1) is the number of points of K. As we will see below, Z, (r) has
radius of convergence 1/q in the complex plane and so defines an analytic func-
tion there, called the zeta function of K, for the following reason. Given any
nonnegative divisor D, define the absolute norm N(D) := ¢%°8%, and put

Ck(s):= 2, N(D)™".

D20

The function {; bears an obvious resemblance to the classical Riemann zeta
function, and we have

Cx(s) = i ag(n)g™ =Zy(q™").

n=0
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In fact, the resemblance is more than superficial. We will show that {,(s) has an
Euler product representation

Le(s) = [T (1-N(P)~)!

PEPy

and satisfies the functional equation

Ce(1=5) =N(C)* 2Ly (s),

where N(C) = ¢*«~2 is the absolute norm of the canonical class. Unlike the
Riemann zeta function, however, Z, (¢) turns out to be a rational function

L(t)

(1-1)(1-¢t)’

where Lg(t) is a polynomial of degree 2gy. The main goal of this chapter is to
prove that the roots of L(t) are of absolute value g~'/2, which is equivalent to the
statement that the zeroes of {y(s) lie on the line ®(s) = §. This is of course the
analogue of the classical Riemann Hypothesis, and was first proved by Weil [23].
Our proof is due to Stohr-Voloch {19] and Bombieri {2]. As a consequence, we
get a very powerful estimate for the number of points of K.

Zx(’) =

5.1 The Euler Product

We denote by k, the unique extension of k of degree r (see (A.0.19)), and for a
function field K/k we write K, for the unique scalar extension k, ®, K of K of
degree r (see Section 3.2).

Let P € P,. If we choose a subfield k(x) C K with |K : k(x)| = m, then
deg P < m deg(PNk(x)), so a prime divisor of K of degree at most » divides an
irreducible polynomial of k(x) of degree at most mn. Moreover, at most m distinct
primes P can divide the same irreducible polynomial. Since there are only finitely
many irreducible polynomials of degree at most mn, it follows that there are only
finitely many prime divisors of K of degree at most n. In particular, the infinite
product
(5.1.1) Zy(1):= JT (1-r%8P)!

PEP,
makes sense as a formal product of formal power series, and the coefficient of ¢"
is

ay(n) :=|{D € Div(K) | D > 0 and degD = n}|.
Moreover, if 6 is an 7" root of unity in the complex plane, the infinite product

H (1 _ (et)degP)—l

PEPy

also makes sense as a formal product. Here the coefficient of ¢" is a finite integral
combination of 7" roots of unity. We will shortly prove that (5.1.1) in fact has
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positive radius of convergence r = ¢! in the complex plane. First, however, we
obtain an important relationship between Z (t) and Z, (t), where K,, is the unique
scalar extension of K of degree n. We need the following polynomial identity.

Lemma 5.1.2. Let d and n be positive integers. Then
(1 _tnd/(n,d))("ad) — l-[ 1-(6t)°,
on=1
where (n,d) := gcd(n,d) and the product is over all complex n'® roots of unity.
Proof. The basic identity is
(5.13) 1-t"=J] 1-6r
"=l

If 8 is a primitive n'™ root of unity, then y := 6 is a primitive n/(n,d)™ root of
unity, and we have

(nd)
H 1-(0r) = ( H 1—#’d> =(1_,nd/(n,d))(,.,d)_ 0O

on=1 ”n/(n,d)zl

Given a prime P of K and a divisor Q of P in K, we have ¢(Q|P) = 1 by (3.2.3).
Let d .= degP. Then F}, is the unique extension of k of degree d, and by (3.2.3)
it follows that F,, = Fpk,. Since k, N Fp is the unique extension of k of degree
(n,d), we getdegQ = |Fy : kn| = |Fp : k(n,d)| =d/(n,d) and f(Q|P) = n/(n,d).
Furthermore, if the number of primes Q dividing P is r, then n = rn/(n,d) by
(2.1.17), so r = (n,d). Now using the lemma we get

T (1482 = (1 -/ dy(nd) — TT 1 (6r)".

Q:0lP on=1
This implies that
ZK’I(I") - 1'[ H (1 __tndegQ)—l — H H (1 _ (et)degl’)—l
(5.1.4) PePy 0:0|P PEPy 67=]
= T z(60).
g"=1

Equation (5.1.4) is quite powerful, but to use it, we first need to show that Z (¢)
is a rational function. The Riemann-Roch theorem says that for large n, every
divisor class of degree n contains a nonnegative divisor. Since ay (n) is finite, it
follows that there are only finitely many divisor classes of degree n for large n.
But the divisor classes of degree n form a coset of the degree-zero subgroup, J(X),
of the divisor class group. We conclude that hy := [J(K)| < c°. The integer hy is
called the class number of K. We will drop the subscript when there is no danger
of confusion.

The next issue that arises is that the degree map may not be surjective. We will
prove shortly that it is, but for the time being we let r denote the index of the
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degree map in Z. So the number of divisor classes of degree n is zero unless r | n,
in which case it is equal to the class number A.

Finally, we count the number of nonnegative divisors in a divisor class. Since
x € L(D) iff D+ [x] > 0 and since [x] = [ax] for any nonzero scalar «, the
number of nonnegative divisors linearly equivalent to D is just the number of
1-dimensional subspaces of L(D). Namely, we have

I(d) _ 1
q-1

where D denotes the divisor class of D and /(D) := dimL(D). Since we have
dimL(D) =n—g+ 1 for n > 2g — 1 by Riemann-Roch, we have proved

Lemma 5.1.6. Let K be a function field over a finite field k of order q. Then the
Jacobian of K has finite order h, and if r denotes the index of the image of the
degree map Div(K) — Z, then for n > 2g — 1 we have

—g+l_l .
a(n)={h‘£T"—~ frim g

(5.1.5) D' eD|D >0} =1

’

0 otherwise.

It follows that Z, (¢) is a rational function. Namely,

Z)= Y agmm+ Y B I——
nr<2g-2 nr>2g—1 q9- 1
g'® 1
(5.1.7) =F()+h— Y (g¢)"—h—F Y
q-1 nr>2g—1 q-1 nr>2g-1

_ L()
S (I =(@na-ry
where F(t) and L(t) are polynomials.

Theorem 5.1.8. Let K be a function field over a finite field k of order q. Then the
degree map deg : Div(K) — Z is onto.! Thus,

(5.1.9) Zc() = Tl“—éf(_glt)-_qr)

for some polynomial Ly (t).

Proof. Let r be the index of the image of the degree map as in (5.1.7) above. We
have Z, (6t) = Z,(t) for 6 an ™" root of unity, so (5.1.4) becomes

(*) Zg (") = Zy (1)

There are infinitely many prime divisors of K, because at least one prime of K
divides each prime of k(x) and there are infinitely many prime divisors of k(x).
This implies that infinitely many coefficients in the power series expansion of

!In general, the degree map is not onto. See Exercise 5.3.
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Z,(t) around ¢ = 0 are positive. Since all coefficients are nonnegative, Z, (¢) di-
verges at ¢t = 1, and therefore Z,(t) has at least one pole in the unit disk. By ()
Zy (¢") has a pole of order at least r. On the other hand, (5.1.7) shows that all
poles of Zy(t) are simple, and therefore the poles of Z (¢") are simple as well.
We conclude that r = 1. d

5.2 The Functional Equation

Now that we know the degree map is onto, the formula for a(n) is simplified, and
we can prove

Theorem 5.2.1. Let K be a function field over a finite field k of order q. Then
Lg(1) = hy. Moreover, the zeta function satisfies the functional equation

2 =7z, ().

Proof. For g =0 we have h =1 and /(D) =degD + 1 for all D > 0, whence

_uq"+l—1n_ 1 q I
Zx(t)_ga qg-—1 f Tg-1\l—-q 11—t

1
T (-gn(1-1)’

and the theorem is easily verified in this case. For g > 0 we let D denote the divisor
class of D, and we let & := {D | 0 < degD < 2g —2}. Then

1 had -8+l __
ZK(t Z q degD+ 2 hq"—-—lfn

pey 9~ nzg-1 91
h ©0
(52.2) Y fOpad S p Zz"
q"’ 1 Des q-1 n=2g—1 n=0
1 5 h (g1 1
- (D) ,degD _ .
12‘/ f +q—1<1——qt l—t)

Using Ly (¢) = (1= £)(1 - g1)Zg (1), (5.2.2) yields Ly (1) = h.
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We verify the functional equatiown for the sum over the low-degree divisors
using the full strength of the Riemann—Roch theorem:

z ql(D)(qt)—degD= z qdegD-g+l+l(C—D)(qt)—degD

Des Des

= (q})2_23 Z quSD“S+l+l(C—D)(qt)deg(C-D)
C-Des

- (q,)z—zg Z qdegD+deg(C-D)—g+l+l(C—D)tdeg(c_D)
C-Des

= (qt)*>"%¢ 2 gt~ 1+1(D)degD
Desy

=ql—x,2—2g Z ql(D)tdegD,
bes

where C is a canonical divisor, and we have used the fact that as D ranges over all
nonnegative divisors of degree at most 2g — 2, so does C — D. We therefore have

ZK(‘I') =L Y q'(D)(qt)—degD_*_qfl (qx(q,)l—zg 1 )

— —q4 1

@ 49—l 1= g I-a

1-g42-2 1-g,2-2
STy oyeeny R ( @9 ’)

q-1 bes g—1\1—qt 1—t¢
2-1

= gi-e- 1 Y @Dy h (g% 1

q—lbey g-1\1—-qt 11—t

=q'=82"%Z,(1). O

Making the substitution t = g~°, we immediately get
Corollary 5.2.3. IfC is the canonical class, then
Lls) =N(CY (1 ~5). D
For the numerator of the zeta function, we have

Corollary 5.2.4. L, (t) satisfies the functional equation

Le(t) = #8L, (l) .

qt
In particular, deg Ly (t) =2g and if Ly (t) = Z?i oait’, then
Qg = ¢¢'a; foralli.

Proof. The functional equation for L,(t) follows easily from (5.1.9) and the
functional equation for Z,(¢). From it we get

ia;ti = g%%8 i a(qt)" = i agt~irs,

i=0 i=0 i=0
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This implies that n = 2¢ and that a,¢8~* = a,,_, for all i, O

Corollary 5.2.5. There exist algebraic integers {a,..., 0, } such that

22

Le(®) =101 - a)

i=1

and &0, i\ =gqforl <i<g

Proof. From (5.1.9) we have Ly (t) = (1 —1)(1 — qt)Z,(t). It follows that Ly (t)
has integer coefficients and constant term equal to 1. By (5.2.4) the leading coef-
ficient of L(¢) is g8. Thus, the reciprocal polynomial is monic with constant term
4%, so we can write L (1) = ]'[?i (1= ayt) where the a; are algebraic integers and
I12, o; = g8. Now the functional equation yields

Ly(t) = g¥t%8L, ( ) q%“ﬁ(l——)
= —H(qt ﬁ(l - -;—t)

i=1 i

This means that every a; is equal to some g/a;. The problem is that we might

have i = j, that is, &? = q. However, since degL(t) is even, the total number of
such a; is even, and since the product of all the ¢; is positive, the number of «;
equal to —,/q is even, and therefore so is the number equal to +,/g. This implies
that notation can be chosen so that g;a,,_;, | =g for all i. O

Corollary 5.2.6. Let Ly(t) =12, (1 - oy). Then Ly (¢) =TI?%,(1— af't).

Proof. This is straightforward using (5.1.4) and the identity (5.1.3). O

5.3 The Riemann Hypothesis

We now prove that the zeros of Z () have absolute value g~1/2. Note that |g~*| =
g~%6), 50 we are proving that the zeros of {x () all lie on the line R(s) = 1.

Corollary 5.3.1. The Riemann Hypothesis holds for K if and only if it holds for
some scalar extension K,,.

Proof. Since the zeros of Zy (r) are just the n™ powers of the zeros of Z,(¢) by
(5.2.6), we have |a| = ¢'/2 if and only if |@"| = g"/2. O
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We next compute the logarithmic derivative of Z(¢):

Z’()_zg - 1 q
k()= Z(t) ‘zll—a»t+l—t+1-qt

(53.2)
= 1+ qn+l an+1
=X Z
Equating constant terms, we have
2
(5.3.3) ag()=1+g-Y @

i=1
More generally, define
28
by(n):=1+4"- of.
i=1
From (5.2.6) we have by (n) = ay_ (1). Summarizing all of this, we have proved
Theorem 5.3.4. Let K be a function field over a finite field k of order q, and let
2¢

Li(t) =1 - a2).

i=1

Then
Zv@) 1 1 % q =
= - =) b 1",
Z(1) 1—-t+1—-qt Z{l—a,.t gb x(n+1)
2
where by(n) =ay (1)=1+4"—Y of". a

i=1

Define % (t) := Zy(t)/Zx(t). Then it follows that the Riemann Hypothesis is
equivalent to an apparently weaker inequality: '

Corollary 5.3.5. With notation as above, the following statements are equivalent:
L |oy| = q'/? foralli.

2. There exist constants C,,C, such that |ay (1) —q"| < Cy+C,q"/? for almost
all positive integers n.

3. The radius of convergence of £ (t) —

t least g\/2.
qt is at least ¢~

Proof. Tt is obvious that 1) implies 2). Assuming 2) and using ay (1) = by (n),
we get

q
¢ —_—_— < —_— ——
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for some polynomial f(t), and 3) follows. From (5.3.4) it is immediate that the
radius of convergence of £ (r) -

T is min; |c;|~!. Thus, assuming 3) we

have || < ¢'/2 for all i. However, since 00,, ;) =qby (5.2.5), we see that 3)
implies 1). O

Our approach to proving the Riemann Hypothesis for K will be to count the
points of K, for all sufficiently large » and show that 2) holds above. We re-
fer to points of K, as “k,-rational points.” The key upper bound is provided
by the Stohr-Voloch theorem (4.4.24). Then a Galois-theoretic argument due to
Bombieri [2] converts the upper bound to a lower bound.

Before proceeding further, we need to discuss the Frobenius map. Let k denote
the algebraic closure of k. Recall that by (3.2.5), K := E@k K is a field, whose full
field of constants is obviously k. By (3.2.6) the points of K, can be identified with
the points of X that are defined over k, for any positive integer n.

Let fo : K — K be the q"-power map, where |k| = g, and let f = fg := 1 ®f,:
K — K. The map f is an isomorphism of X into itself which is called the Frobenius
map. Note that because X is defined over £, f is the identity on scalars. If we extend
scalars to k,, we have K, = K, and the resulting Frobenius map is obviously just
f. We let f act on the points of K as defined in Section 3.5. Recall that if P is a
point of X and x € K, then x(P) denotes the residue class of x mod P.

There is some subtlety involved in the definition of f. Note that there is an
obvious action of Gal(k/k) on K via ¢ — ¢ ® 1, which works over any field k. In
particular, the usual Frobenius automorphism of k acts on X this way, but this is
not the map f defined above. Also note that f is different from the ¢'"-power map.

Lemma 5.3.6. Letf = fy be the Frobenius map and let Q € Py. Then Q' = Q if
and only if Q is defined over k.

Proof. Let x € O, NK. By definition, we have x(Qf) = §(x)(Q) = x(Q)?. It fol-
lows that if Of = Q, then x(Q) € k for all x € 6, NK. Putting P := QNK, this
means that deg P = 1, and hence Q is defined over k. Conversely, suppose that P
is a point of K. Since f(x) = x4 for all x € K, it follows that §~!(6,) = &p, and
thus P! = P. Since P is a point, (3.2.6) implies that Q is the unique point of X
containing P, and therefore Q' = Q. m]

We next consider a finite extension K’/k of K /k.? Then there is a natural inclu-
sion K C X'. Since f x» 18 the identity on scalars and restricts to the q"-power map
on K', it agrees with f, on K.

Suppose, in addition, that K’/K is Galois. Then every automorphism ¢ €
Gal(K'/K) extends to an automorphism 1® o of K’ = k®, K’ that is the iden-
tity on K. Since the 1 ® o are all distinct, we have |K’ : K| > |K’ : K|. However,
if {u;,...,un} is a K-basis for K’, then {1®u,,...,1®u,} certainly spans
K'/K, so that |K’ : K| = |K’ : K|. Thus, the map ¢ — 1 ® o is an isomorphism

2Recall that the notation K’ /k means that k is the full field of constants of X’
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Gal(K'/K) ~ Gal(K’/K). By abuse of notation, we will identify these two groups
in this way. This in fact identifies all the groups Gal(K,/K;).

Fix a positive integer n. Let Q be a point of X’ dividing the point P of X such
that P is defined over k,. In general, Q may not be defined over k,, so Q" will be
another point dividing P. By (3.5.1) we have Q" = Q€ for some o € Gal(K'/K).
We call o the Frobenius substitution at the point Q. Note that o depends on n.

We are going to count all the points of K’ lying over some k,-rational point of X,
counting separately those points with a given Frobenius substitution. Therefore,
for function fields K’ /k O K /k with Frobenius map f and an automorphism o €
G := Gal(K’/K) we define

Pu(K'/K,0) :={Q € P5; | e(QI@NK) = 1 and 0" = 0°}.

Note that if Q € P,(K’/K, o) for some o, then QNK is defined over k, by (5.3.6).
Since only finitely many points of K are defined over k,, the sets P,(K'/K, o) are
finite, disjoint, and their union is the set of all points Q € PE" such that QN K is
defined over k, and is unramified in K'.

Put p,(K'/K,0) := |P.(K'/K,0)|. Since k is algebraically closed, the number
of points Q € IP - dividing a given P is |[K’ : K| by (2.1.17). Moreover, the total
number of pomts Pe ll’lT that are ramified in K’ is finite by (2.4.9), regardless of
the extension of k over which they are defined. It follows that

| Y, pn(K'/K,0) K" : Klag (1)] < C'
oG

for some constant C’, or in other words, we have proved

Lemma 5.3.7. With the above notation, there exists a constant C independent of
n such that

lag, (1) — pa(K'/K,0)|<C. O

1
161 /6
We are now ready for the main part of the proof.

Lemma 5.3.8. With the above notation, suppose that
k| =g = p* > 4g (g, — 1)*.

Then pm(K'/K,0) < 14q¢"+ 2gK,q"'/ 2 for all o € G and all positive integers m.
Proof. Fix ¢ € G and a positive integer m, and put 7 := f"c~!, where f = fy is
the Frobenius map. Then P,,(K’/K,0) is just the set of fixed points of 7 on P
that are unramified over K. Note that 7(K’) = (K’)?", from which it follows that
every fixed point of 7 is in fact a strong fixed point. It is also clear that 7(¢) is not
a scalar multiple of ¢ for any nontrivial projective map ¢. Thus, the hypotheses

of (4.4.24) are satisfied. Since deg(7) = g™, the result now follows by applying
(4.4.25) withn = p™ = g"/2 . O

With (5.3.8) in hand, it is not difficult to complete the proof of the Riemann
Hypothesis.
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Theorem 5.3.9 (Weil). Let K be a function field over a finite field k of order q, and
let L (1) =12, (1 — oyt) be the numerator of its zeta function. Then || = '/
foralli.

Proof. Choose x € K so that K/k(x) is separable (see (2.4.6)). The extension
K /k(x) may not be normal, but there is a Galois extension K’ /k(x) with K C K’
by (A.0.12). The full field of constants k' of K’ may be a finite extension of k, but
using (5.3.1) to extend k to X’ and change notation if necessary, we may assume
that ¥’ = k. We may further assume that g is large enough to satisfy the hypotheses
of (5.3.8).

Let G := Gal(K'/k(x)). Then K'/K is Galois with Galois group H := G by
(A.0.16). Let n be an arbitrary positive integer. Applying (5.3.7) to both extensions
yields constants C and C; such that

(5.3.10) 18 (1) — IGI Zapn(K [k(x),0)| <C,
o€
and
(5.3.11) lay, (1) - IHI Y pa(K'/K,0) <C,.
O€EH

Note that trivially Iakn(x)(l)l = ¢" + 1. So (5.3.10) says that the average value

of pa(K'/k(x),0) over all o is about ¢". Since each term of this average is less

than ¢" plus a small amount by (5.3.8), it follows that each term is in fact close to

q". More precisely, put d := |K' : k(x)| = |G| and g := g,,. Then for each n and

each o, (5.3.10) yields

pr(K'[k(x),0) + (d—1)(¢" +1+284"%) 2 Y, pa(K'[K(x),7) 2 d(q" +1-C),
T€G

whence

Pa(K'[k(x),0) > ¢" — (d — 1)(1 +2g4"*) +d - dC.
It follows that
(53.12) |Pa(K'/k(x)),0) —¢"| <A+Bg"?,

for constants A and B independent of n.

Note that for o € H, the sets P,(K’/k(x),0) and P,(K'/K, o) are essentially
the same, differing by at most a finite number of points (independent of n) that are
ramified over k(x) but not over K. But now it follows from (5.3.11) and (5.3.12)
that there exist constants A’ and B’ independent of n such that

lag, (1) - q"| <A'+B'q?
for all n > 1, and the theorem follows from (5.3.5). O

The above argument is essentially identical to [2] and also appears in [16]. For
a variant, see [17]. The immediate corollary of (5.3.9) is the following important
estimate for the number of points:
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Corollary 5.3.13 (Weil). Let K /k be a function field of genus g over a finite field
k of order q. Then |ay (1) —q—1| < 2gq'’2. 0

5.4 Exercises

Exercise 5.1. Compute the zeta function of the function field of the elliptic curve
y*+y =x+ 1/x over GF(2).
Exercise 5.2. Let k := GF(3) be the field with three elements, and let K := k(x,y),

where y? = 2(x® —x)? + 2. Show that K has no k-rational points, but the image of
the map {1,x,y} has one k-rational point. Explain.

Exercise 5.3. Let k be the real numbers, and let K := k(x,y), where y? = —x* —
(x—1)*. Show that every prime divisor of K has degree 2. Thus, X is a function
field of genus 1 with no divisor of degree 1.

Exercise 5.4. Let k := GF(q) and let K := k(x,y), where x3+! 4 y3+! = —1 (see
Exercise 4.5). Show that the Weil upper bound (5.3.13) for the number of points
of K over GF(g?) is sharp.

Exercise 5.5. Let k := GF(p") and K /k be a function field of genus g with p >
g 2 3. Let N be the number of points of X.

(i) Let ¢ : Py, — P8~! be the canonical map, let f be the Frobenius map, and
let j;,...,jn be the f-orders of ¢. Show that j, = g — 2. [Hint: (4.4.9) and
44.22)]

(ii) Assume that ¢ is classical. Apply the Stohr-Voloch theorem (4.4.24) to
conclude that
N <2q+g(g-1).
(iii) For what values of g and g is this bound better than the Weil upper bound
(5.3.13)?

Exercise 5.6. Let k := GF(q), where ¢ = p™, and let n be a positive integer. In
this exercise we obtain a direct proof of the Riemann Hypothesis for the Fermat
curve

V= VXS + X!+ XJ)

with function field K = k(x,y), where x” +y" = 1. Let E(n) :=a,(1) —q— 1 be
the error term. We will obtain a formula for E(n) in terms of roots of unity.

(i) Show that g, = (n— 1)(n —2)/2. Thus, the Riemann Hypothesis asserts
[E(m)| < (n—1)(n-2)\/q.

(ii) Let d := gcd(m,n). Show that E(n) = E(d). In particular, E(n) = 0 when
m and n are relatively prime. For the remainder of the exercise, we assume
nim. '
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(iii) By a character of a finite abelian group G we will mean a homomorphism
X : G — C*. The characters of G take values in the roots of unity and form
a group under pointwise multiplication. We will repeatedly use below the
fact that the n roots of unity sum to zero for any n > 1. By convention, we
extend characters of k* to all of k via x(0) :=0.
Let k" = {x" | x € k* }, and note that O & k". Let x € k*. Show that

Z 1) = {n ifxek®,

=1 0 otherwise.

Thus, we have

{ixy) €kxk|x+y' =1} =2n+ 3, 3 x50

(*) 7:;;2‘6 A=l
=2n+ Z J(X:20),
n=l=x

where

JX2,) =Y, 1 (x) 2, (1 —x).

x€k

(iv) Show that for x # 1 we have J(x,1) = —1.

(v) Let & be a primitive p™ root of unity and let T be the character of the
additive group k* defined by

o(x) = £,
where k, := GF(p). For any multiplicative character x, define

glx) =Y 2(x)7(x).

x€k
Show that
(x*)
8(x,)8(x,) = Z 2@ x(v—u)t(v) + Zx, (u) 22 (—u)
V#O
= Z X (VX (M2 (W) 2, (1 —w)z(v) +ZX1 (u) Xy (—u)
V#O

=X X2 ) (X5 %) +

xz( D(g-1) ifxx=1
otherwise.

(vi) Show that g(¥) = x(—1)g(%) for all x. Conclude from (x) that |g(x)| =
V4 forall x # 1, and that |J(x,, X,)| = /9 for all %, x, with x, X, # 1.
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(vii) Show that V has n points at infinity. Now use (*) to obtain
E(m)=(n-1)(n-2) Y Jt,1%)

X )‘11127“
0271

and the desired bound follows from (xx).



AppendixA
Elementary Field Theory

Many, if not most, of the results in this chapter are standard in an elemen-
tary course on field theory, but we include them here anyway for the sake of
completeness.

Recall that if K C K’ are fields, then K’ is naturally a K-vector space, and we
say that K'/K is a finite extension when |K’ : K| := dim(K’) is finite. Let K'/K
be a finite extension with u € K/, and let M, /x(“) denote the K-linear trans-
formation X’ — K’ defined by x — ux. Then we define the trace and norm via
LrK,/K(u) =M /K(u) and N ,/K(u) =detM, ,/K(u) It is evident from this def-
inition that tr,, /K is a K-linear map from K’ to K, and that N, /K is a multiplicative
homomorphism from X' to K*.

Lemma A.0.1. Suppose that K' /K is a finite extension of degree n, V is a K'-
vector space of dimensionm, and A :V — V is a K'-linear transformation. Then
V has dimension mn over K, and

trK (A) K’/K("K' (A)),
dety (A) = Ny, (et (4)).

Proof. Let {x,,...,x,} be a K-basis for K’ and let {e,,...,em} be a K’-basis for
V. Itis routine to verify that {x;e; | 1 <i <n,1 < j < m} is a K-basis for V. The
matrix of A with respect to this bas1s has block form M(a,, ), where Ae; =3, a e,
for scalars a,, € K’ and M(a) is the matrix of multiplication by a wnth respect to
the basis {x;,...,x}.

The trace formula is now immediate. To get the determinant formula, reduce A
to upper triangular block form by performing unimodular elementary row opera-
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tions over K, which do not change the determinant over either field. Then reduce
each block separately by unimodular row operations over K, and the determinant
formula follows by inspection. 0

Taking V above to be a finite extension K” /K’, we have the following corollary:

Corollary A.0.2. Suppose that K C K' C K" are three fields, and |K" : K| < oo.
Then

K" :K|=|K" :K'||K': K|,
Uk = Wgr g Ogen s
Ny = N1 jx Ny B
Corollary A.0.3. Let |K' : K| = n, and let u € K' with minimum polynomial
fX) :=X"+ Y a X Put k:=|K': K(u)|, then trK,/K(u) = ka,,_, and
Ny g (u) = at.
Proof. The point is that the characteristic polynomial of MK(u) /K(u) has de-

gree m = |K(u) : K|, has coefficients in K, and is satisfied by u, so it is
equal to f(X). Hence detMK(“)/K(u) = a, and trMK(u)/K(u) =a,_,. Itis triv-

ial that try, () = ku and Ny, . = u¥. Using (A.0.2) we have try, sk (u) =

"K(u)/x(k“) =ka,,_, and Nx'/x(“) = NK(u)/K(u") =af. O
The following lemma is often useful for computing the trace.

Lemma A.04. Let |K': K| = n and let u € K'. If the roots of the characteristic

polynomial of M,, / x(u) are u=u,,...,u, and f(X) is a rational function with
coefficients in K that is defined at each u,, then

e F0) = 3 1)

Proof. There exists an invertible matrix A with entries in some extension field
of K such that U := A~'My, , (4)A is upper triangular with u,,...,u, on the
diagonal. Then p(U) = A~'M,, /k(P(#))A is an upper triangular matrix with
p(#y),...,p(us) on the diagonal, for any polynomial p(X) € K[X]. Let f(X) =:
&(X)/h(X) where g(X) and h(X) are relatively prime polynomials. Our assump-
tion is that h(w;) # O for all i, whence h(U) is invertible and A(U)~! is also upper
triangular with h(u;)~!,..., h(u,)~" on the diagonal. We conclude that

A™ My, (F())A = g(U)R(U) ™!

is upper triangular with f(u,),..., f(4x) on the diagonal, and the result follows.
a

The trace map turns out to be particularly useful because we can use it to define
a bilinear form: Given a finite extension K’/K, define

(xsy)l('/,( = “KI/K(X)')-
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We want to know when this form is nondegenerate. The answer involves the
notion of separability.

Recall that an element u algebraic over K is separable over K if its mini-
mum polynomial over K has distinct roots, and an extension K C K’ of fields
is separable if every element of K’ is separable over K.

Lemma A.0.5. Let K be a field. An irreducible polynomial f(X) € K[X] has
a repeated root iff f(X) = g(XP) for some irreducible polynomial g(X), where
p = char(K).

Proof. Over some extension field we have

fX)=TX -ay),

i

hence

If f'(X) #0, it follows that a; is a root of f' (x ) iff it is a repeated root of f(X), and
that g(X) := ged(f(X), f'(X)) will be nonconstant iff f(X) has a repeated root.
We conclude that the only way an irreducible polynomial can have a repeated root
is for f'(X) to be identically zero. This is easily seen to occur if and only if f(X) =
g(XP) for some (necessarily irreducible) polynomial g, where p = char(K). O

Notice that if every coefficient of a polynomial g(X) € k[X] is a p™ power in k,
then g(X?) = g,(X)” for some polynomial g,, and therefore g is not irreducible.
In general, the map x — x” is an isomorphism of X into itself. We say that K is
perfect if this map is onto, or if char(K) = 0. Note that finite fields are perfect,
because they are splitting fields of polynomials X 7" _ X, and algebraically closed
fields are certainly perfect. The following corollary is immediate.

Corollary A.0.6. Suppose that K is perfect. Then every irreducible polynomial
over K has distinct roots. a

If K’ and L are extensions of K, we say that a map K’ — L of fields is an
embedding of K’ /K into L if it restricts to the identity map on K.

Lemma A.0.7. Let K' be an extension of K and let {0,,...,0,} be distinct em-
beddings of K' /K into some extension of K. If {a,,...,a,} C K with ¥, a,0,(x) =0
forall x € K', then a; = 0 for all i.

Proof. Proceeding by way of contradiction, assume that there is a non-trivial de-
pendence relation with notation chosen so that a; = 0 for i > m and a; # 0 for
i < m. We may further assume that m is minimal among all possible non-trivial
dependence relations, and we note that m > 2. Choose u € K’ with o, (u) # 0, (u).
Then for all x € K’ we have

0= ia,-o,-( Za ()0, (%).
i=l
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However, we also have

0=0,() ﬁlai"i(")-

Subtracting these two relations gives a shorter nontrivial dependence relation on
the g;, which is impossible. O

Theorem A.0.8. Let K’ be a finite extension of K. Then the following conditions
are equivalent:

1. K’ is separable over K.
2. K'=K(u,,...,un), where each u; is separable over K.

3. The number of distinct embeddings of K' /K into a fixed algebraic closure
K of K is equal to |K' : K|.

4. The traceform (, ), /K is nondegenerate.
5. The trace try, /i IS nonzero.

Proof. 1=>2: Trivial.

2 = 3: This is a standard argument, the point being that given a root u of
an irreducible polynomial f(X) in some extension K’ of K, we can extend any
embedding ¢ : K — K’ to a (unique) map K[X] — K sending X to u. The kernel of
this map is the ideal generated by f, so we have extended ¢ to an isomorphism ¢, :
K(X]/(f) = K(u). Leti: K — K’ be the inclusion map. Then for any embedding
¢ : K — K and any root i of f in K the map ¢;0(i,)~! : K(u) — K is an extension
of ¢ mapping u to a. If f is separable, then there are deg f = |K(u) : K| distinct
embeddings extending the identity map, because f has deg f distinct roots. If v
is a root of some other separable irreducible polynomial over K, then v is also
separable over K (u), so we get [K(u,v) : K(u)| distinct extensions of each of the
embeddings of K(u). By an obvious induction argument, we have |K’ : K| distinct
embeddings of K’ /K into K.

3=>4: Let {u,...,us} be a K-basis for X', and let {5,,...,0,} be the
distinct embeddings of K’'/K into K. We claim that the matrix D := (0;(u ;)
is nonsingular. If not, there exist elements a; € K, not all zero, such that the
K-linear transformation ¥, a;0; vanishes at u; for all j and therefore vanishes
identically on K’, contrary to (A 0.7). We conclude that D is nonsingular, hence
sois D'D = tr (4t ;), as required.

4=5: Trivial.

5=>1: If K’ is not separable over K, then there exists an element u € K’ \ K
whose minimum polynomial, f(X), has a repeated root. By (A.0.5), char(K) =
and f(X) = g(XP) for some irreducible polynomial g(X). Let v=u” and E =
K(v). Then u has rmmmum polynomial X? — v over E. Calculating with respect
to the basis {1,u,u?,...,uP~'} and noting that tr E(u )/E(l) p =0, it is easy to
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check that U /E(u’) = 0 for all i, whence U y/E = 0. By repeated application
of (A.0.2), try, /K factors through trE(“) JE and is therefore zero. g

We say that K’ /K is purely inseparable if char(K) = p > 0 and for every u € K’
we have u? € K for some power g of p. In this case, u is a root of X9 — a for some
a € K, which factors over K(u) as (X —u)?, so u is the only root of its minimum
polynomial.

Corollary A.0.9. Let K'/K be finite. Then the set of all elements of K' separable
over K form a subfield K| that is separable over K, and the extension K' /K] is
purely inseparable.

Proof. Since the subfield of K’ generated over K by any finite set of separable
elements is separable over K by (A.0.8), the finiteness of |K’ : K| implies that
there is a maximal separable extension K;/K consisting of all elements of K’
separable over K.

If u € K’ \ K] with minimum polynomial f(X) over K}, then (A.0.5) yields
f(X) = g(XP) for some irreducible polynomial g(X), which evidently is the min-
imum polynomial of v := w”. If g is not linear, we may continue in this way,
eventually obtaining f(X) = X9 — a for some power g of p and some element
ack,. O

Corollary A.0.10. Suppose that K, and K, are subfields of K' with K := K, NK,
and K' = K|K,. Assume further that K, /K is finite and separable and K,/K
is finite and purely inseparable. Then the natural map K, @, K, — K' is an
isomorphism.

Proof. The natural map is surjective because K’ = K, K,. To show that it is in-
jective, we proceed by way of contradiction, assuming that there are nonzero
elements x; € K|, y; € K, with

n
iny,. =0,
i=1

and that we have chosen such a relation with n minimal. Then the x; and y; are
separately linearly independent over K, or else n would not be minimal. There is a
power g of p := char(K) with y7 € X for all i. This implies that the x? are linearly
dependent over K, since the map x — x? is a homomorphism.

On the other hand, we have det(xf!,x‘ll) = det(x;,x;)? # 0, where (,v) is the
trace form on K, /K. This implies that the x7 are linearly independent over K. [

More generally, two subfields K, and K, of a field K’ whose intersection con-
tains K are said to be linearly disjoint over K if the natural map K, ® K, — K’ is
injective. Let {x; | i € I} and {y; | j € J} be (possibly infinite) K-bases for K; and
K;, respectively. Then {x;®y; [i €I, j € J} is a K-basis for K| ® K, by standard
properties of the tensor product. It follows that K; and K, are linearly disjoint if
and only if {x;y; | i € I, j € J} is linearly independent over K, but this occurs if
and only if {x; | i € I} is linearly independent over K.
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Suppose that K, and K, are linearly disjoint over K and that / is finite. Then
the image of the natural map R := KK, is an integral domain that is finite-
dimensional over K. Since K, (X] is a principal ideal domain, it follows that K, [x]
is a field for all x € R, and therefore R is a field.

Now suppose, in addition, that E is an intermediate field K C E C K. Let
{u, |1 € L} be a K-basis for E and let {v,, | m € M} be an E-basis for K,. Then
{uvm |1 € L,m € M} is a K-basis for K,. It follows that {xu, |i€ 1,1 € L} is
linearly independent, and therefore K| E is a field. Moreover, {x;v | i € I,m € M}
is linearly independent over E. We have proved

Lemma A.0.11. Suppose that K, and K, are linearly disjoint over K, and K, : K|
is finite. Then K, @ K, is a field and

1K, ®¢ K, : Kyl = K, - K|.

IfE is an intermediate field K C E C K,, then K, and E are linearly disjoint over
K, and K|E and K, are linearly disjoint over E. a

We call an extension K'/K normal if K' = K(u,,.. ., un), where the u; are all the
roots of some polynomial f € K[X]. If K 2 K is any algebraic closure of K, the u;
are evidently permuted by all embeddings of K’ /K into K, which therefore induce
automorphisms of K’'/K. We denote by Gal(K’'/K) the group of automorphisms
of K’ fixing K elementwise. If K'/K is both normal and separable, we call it a
Galois extension of K.

Corollary A.0.12. Every finite separable extension is contained in a Galois
extension.

Proof. Let K’ = K(u,,...,u,), where the u; are separable over K. Adjoin the re-
maining roots, if any, of the minimum polynomial of each u; to K’ and apply
(A0.8). a

Corollary A.0.13. A finite extension K'/K is Galois if and only if |[K' : K| =
|Gal(K'/K)).

Proof. Put G := Gal(K'/K). If K' /K is Galois, then there are |K’ : K| distinct
embeddings of K’/K into some algebraic closure of K’ by (A.0.8). As discussed
above, these embeddings stabilize X', and thus we get |G| = |K’ : K|.

Conversely, (A.0.8) implies that K’ /K is separable. Let K’ = K(u,,...,u,) and
define

n
fX) =TT T1(X - o).
i=10€G
The coefficients of f(X) are G-invariant, and therefore f € K{X]. Since all roots
of f lie in K’ and generate K’ /K, we conclude that K’ /K is normal. O

Lemma A.0.14. Let V be a vector space over an infinite field, and suppose that
W,,..., W, are proper subspaces. Then V has a basis which is disjoint from any
of the W,. In particular, V is not the union of the W,.
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Proof. We proceed by induction on m, the result being vacuously true for m = 0.
Assume, then, that {v,,...,v,} is a basis such that

v,-¢ijor15i$nand1$j<m.

If none of the v; lie in W,,, we are done. Otherwise, choose notation so that v; € W,
if and only if 1 <i < r. Since W, is a proper subspace, we have r < n. Fix i <r,
and consider the set of vectors

{ua :=va+av,| @ €k}.

None of the uq lie in W, because v, & W,. If {ua,up} C W; for some j <m and
some & # B, we get

v, =

But then v, = ug — av; € W;, which is not the case. So there is at most one ugq in
W, for each j, and therefore we can choose @; € k such that u; := Ug, & W, for any
J» because k is infinite. The desired basis is then {u,,...,ur, v, ,...,Va}. O

Corollary A.0.15. Suppose that K' is a finite extension of K such that there are
only finitely many intermediate fields between K and K'. Then K' = K(u) for some
elementu e K'.

Proof. If K is a finite field, then so is K’. Since there are at most n roots of the
polynomial X" — 1 in K’ for any n, the multiplicative group of nonzero elements
of K’ must be cyclic by the fundamental theorem of abelian groups. Taking u to
be a generator, we have K’ = K(u). If K is infinite, there is an element 4 € K’ that
does not lie in any proper subfield by (A.0.14), and thus K’ = K (u). a

Theorem A.0.16 (Fundamental Theorem of Galois Theory). Let K'/K be a
Galois extension with G := Gal(K'/K). For any intermediate field K C E C X',
let G := {g € G| g(u) =ufor allu € E}. Then K'[E is Galois with Gal(K' [E) =
Gy, and the map E — Gy is a one-to-one inclusion-reversing correspondence be-
tween subfields of K' containing K and subgroups of G. Moreover, E /K is normal
if and only if Gg is a normal subgroup of G, in which case restriction induces a
natural isomorphism G/Gg ~ Gal(E /K).

Proof. If K’ is normal (resp. separable) over K, it is also normal (resp. separable)
over any intermediate field E. Hence K'/E is Galois, and there is an inclusion
Gal(K'/E) C G with G = Gal(K'/E). Moreover, the map E — G is clearly
inclusion-reversing. Given a subgroup H C G, let E,, be the subfield of K’ ele-
mentwise fixed by H. Then H C G. Since EGE 2 E, we get EGE = E by (A.0.13).
Thus, the map E — G, is one-to-one.

In particular, there are only finitely many intermediate fields between E and
K’ for any subgroup H C G. By (A.0.15), K' = E;(u) for some u € K'. However,
the polynomial

[l (X -o@)

o€H
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has degree |H| and coeficients in E,, whence |K’ : E;;| < |H|. Since H C Gg, » we
getH = GE” by (A.0.13). Thus, the map E — G is a one-to-one correspondence,
as asserted.

If E/K is normal, restriction yields a natural map G — Gal(E /K) whose kernel
is Gg. Since the image of this map has order

IGl _ IK": K}
Gl ~ K- E|

it induces a natural isomorphism G/G, ~ Gal(E/K) by (A.0.13).
Conversely, suppose that H is normal in G, and u € E;. Then for any g € Gand
h € H we have hg(u) = gg~'hg(u) = gh,(u) = g(u), where h, := g 'hg. This
means that g(u) € E;, and it follows immediately that E, /K is normal. O

=|E: K|,

Corollary A.0.17. Suppose that K' is a finite separable extension of K. Then
K' = K(u) for some u € K'.

Proof. Since K’ is contained in a Galois extension K” of K by (A.0.12), there
are only finitely many intermediate fields between K’ and K by (A.0.16), and the
result follows from (A.0.15). ]

When K’ /K is Galois, the trace and norm have particularly nice expressions:

Lemma A.0.18. Let K'/K be a Galois extension with G := Gal(K' /K), and let
ucK' Then

tr1(1/]((“) = Z o(u),

[J¢;

le/[((“) = H G(u)
0€G
Proof. Let H := Gy, = Gal(K'/K(u)) and let {x,,...,xn} be a set of coset
representatives for H in G. Then the set {x,(u),...,xn(u)} is the set of dis-
tinct G-conjugates of u and is therefore the set of distinct roots of the minimum
polynomial f(X) of u over K. Put f(X) = X ,a,X’, and consider the polynomial

ITx- G(u))—HH(X x0(u))—l-[(x ~xw)) = fX)",

oeG i=1 0€H
where h = |H| = |K’ : K(u)]. It follows that

Y ou)=ha,_,, and []o(u) =

o0eG oeG
The result now follows from (A.0.3). ]

The case that X is a finite field deserves special mention. The point here is
that K must have characteristic p > 0, so it is a finite extension of the prime field
F, of order p. In particular, |K| = p” for some integer n, so the multiplicative
group of K has order p" — 1. It follows that every nonzero element of K satisfies
the polynomial X?"~! — 1, and hence X is the splitting field of X”" — X over F,.
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Conversely, the polynomial X?" — X is separable for all m. If u and v are roots,
then so are u+ v and uv since we are in characteristic p. Thus, the roots form a field
of order p™, so there is a unique finite field F; of order ¢ = p™ for any m > 0. All
of these fields are contained in F,,, the algebraic closure of F,. Indeed, F,n is just
the subfield of F,, fixed by ¢", where ¢(x) := x” is the Frobenius automorphism of
F,. In particular, if n | m, then Fp C Fym. Conversely, if |, x Fj|=r,theng =4'.
Summarizing all of this, we have

Theorem A.0.19. Let p be a prime integer and n any nonnegative integer. There
exists a unique finite field F, of order q = p", and it is the splitting field of X X
over the prime field F, of order p. We have F,, C F,» if and only if n | m, in which
case the extension is Galois with cyclic Galois group of order m/n generated by
the n'™ power of the Frobenius map: o(x) := x¥". O

We turn now from the algebraic case to the transcendental case. Let A be a k-
algebra. We say thata,a,,...,a, € A are algebraically dependent (over k) if there
exists a nonzero polynomial f € k[X,...,X,] such that f(a,,...,a,) =0, and
algebraically independent otherwise. In particular, an element a is transcendental
over k iff {a} is algebraically independent. .

Now suppose that K is an extension field of k. For any subset S C X, let k(S)
be the subfield of K consisting of all elements of K algebraic over k(S). We say
that S satisfies a minimal dependence relation if S is algebraically dependent, but
every proper subset of S is algebraically independent. In this case, if |S|=n+1,
we have a polynomial f € k[X,,X,,...,Xx] with f(sg,5;,...,5:) = 0. If m is the
highest power of X, that appears in any monomial of f, we can write

m
S(SgsSpseees8n) = Zgj(sl,sz,...,s,,)s{) =0,
j=0

where g; € k[X,,...,Xa). Since {s,,5,,...,5.} is algebraically independent, the
above identity specializes to a nonzero polynomial over k(s,,...,s,) satisfied by
so- The same argument holds for any s;, so we have proved

Lemma A.0.20. Suppose that S C K satisfies a minimal dependence relation.
Then every element of S is algebraic over the subfield of K generated by the other
elements of S.

We will say that a subset T C K spans K /k if K = k(T).
Theorem A.0.21.
1. Every minimal spanning subset of K [k is algebraically independent over k.
2. Every maximal algebraically independent subset of K [k spans K /k.

3. If T spans K[k for some finite subset T C K, and S C K is algebraically
independent over k, then |S| < |T|.
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Proof 1. If B C K is a spanning set that is not independent over k, then there
exists a minimal dependence relation among some (finite) subset B’ C B. If
b € B, then B\ {b} spans K/k by (A.0.20).

2. Suppose B C K is a maximal algebraically independent set over k, and
let x € K. Then B’ := BU{x} is algebraically dependent. Any minimal k-
dependence relation among the elements of B’ must involve x because B is

algebraically independent. Then x € k(B) by (A.0.20), and thus k(B) = K.

3. Choose R C TUS such that |R| = |T|, k(R) = K, and |RN S} is maximal with
these properties. We claim that S C R. If not, choose s € S\ R. Then since
s € k(R), there is some minimal dependence relation g(s,7,,...,7m) =0
for some m < |R|. However, notation can be chosen so that r; ¢ S because
§ is algebraically independent. Then r, € k(s,r,,...,7m) by (A.0.20). Put
R =R\{r,}u{s}. Then |R'| = |R| =|T|,R"=R =K, and |[R'NS| > |RNS],
contradicting our choice of R. It follows that S C R and hence |S| < |T|, as
required. 0

Corollary A.0:22. If K is a finitely generated extension of k, then every maximal
algebraically independent subset over k has the same cardinality. 0

We call any such subset a transcendence basis and we call its cardinality the
transcendence degree of K over k, denoted by trdeg(K /k).

Corollary A.0.23, Suppose that R is an integral domain whose field of frac-
tions K has finite transcendence degree over some subfield k. Then R contains
a transcendence basis for K over k.

Proof. Let {x1 1 Xy ,X»} be a transcendence basis for K over k. For each i there
are elements r,,s; € R with x; = r,/s;. Then K is spanned by {r,...,7x,5,...,52}.
By (A.0.21) this set contains a basis. (]

Accordingly, we define the transcendence degree of a k-algebra R to be the
transcendence degree of its field of fractions.
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