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Preface

Geometric topology may roughly be described as the branch of the
topology of manifolds which deals with questions of the existence of
homeomorphisms. Only in fairly recent years has this sort of topology
achieved a sufficiently high development to be given a name, but its
beginnings are easy to identify. The first classic result was the Schonflies
theorem (1910), which asserts that every l-sphere in the plane is the
boundary of a 2-cell.

In the next few decades, the most notable affirmative results were the
“Schonflies theorem” for polyhedral 2-spheres in space, proved by J. W.
Alexander [A,], and the triangulation theorem for 2-manifolds, proved by
T. Radé [R,]. But the most striking results of the 1920s were negative. In
1921 Louis Antoine [A,] published an extraordinary paper in which he
showed that a variety of plausible conjectures in the topology of 3-space
were false. Thus, a (topological) Cantor set in 3-space need not have a
simply connected complement; therefore a Cantor set can be imbedded in
3-space in at least two essentially different ways; a topological 2-sphere in
3-space need not be the boundary of a 3-cell; given two disjoint 2-spheres
in 3-space, there is not necessarily any third 2-sphere which separates them
from one another in 3-space; and so on and on. The well-known “horned
sphere” of Alexander [A,] appeared soon thereafter. Much later, in 1948,
these results were extended and refined (and in some cases redone) by
Ralph H. Fox and Emil Artin [FA].

The affirmative theory was resumed with the author’s proof [M;]-[M]
that every 3-manifold can be triangulated, and that every two triangula-
tions of the same 3-manifold are combinatorially equivalent. The second of
these statements is the Hauptvermutung of Steinitz. Then, in 1957, C. D.
Papakyriakopoulos revolutionized the field by proving the Loop theorem.
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Preface

A loop is a mapping of a 1-sphere into a space. The Loop theorem is as
follows. Let M be a polyhedral 3-manifold with boundary, and let B be its
boundary. Let L be a loop in B, and suppose that L is contractible in M
but not in B. Then there is a polyhedral 2-cell D in M, with its boundary in
B, such that the boundary of D is not contractible in B.

In 1971 Peter B. Shalen [S,] found a new proof of the triangulation
theorem and Hauptvermutung. His proof is “almost PL,” in the sense that
the set-theoretic part of the argument is elementary, almost to the point of
triviality, and the main substance of the proof belongs to piecewise linear
topology, with heavy use of the Loop theorem. Following Shalen’s exam-
ple, and using some of his methods, especially at the beginning, the author
developed the proofs presented below, in Sections 30-36.

The historical account just given will also serve as a summary of the
contents of this book. The treatment of plane topology is rudimentary.
Here traditional material has been reformulated, in “almost PL” terms, in
the hope that this will help, as an introduction to the methods to be used in
three dimensions, and that it will bring three-dimensional ideas into
sharper focus. The proofs of the triangulation theorem and Haupvermutung
are largely new, as explained above. So also is our proof of the Schonflies
theorem. But most of the time, we have followed the historical order. This
is not because we were trying to write a history; far from it. The point,
rather, is that the historical order was the natural order of intellectual
motivation.

Recently, A. J. S. Hamilton [H,] has published yet another proof of the
triangulation theorem, based on methods which had been developed by
Kirby and Siebenmann for use in higher dimensions. His proof and
presentation are shorter and more learned than ours, by a very wide
margin in each respect.

This is a textbook and not a treatise, and the difference is important. A
presentation which looks elegant to a professional expert may not seem
elegant, or even intelligible, to a student who is encountering certain ideas
for the first time. We have furnished a very large number of problems. One
way to teach a course based on this book is to spend most of the classroom
time on discussion of problems, treating much of the text as outside
reading. A warning is needed about the style in which the problems are
written. This warning is given at the end of the preface, in the hope of
minimizing the chance that it will be overlooked.

References to the literature, in this book, are meager by normal stan-
dards. Whenever I was indebted to a particular author, and knew it, I have
given a reference. But I have made no systematic effort to search the
literature thoroughly enough to find out who deserves credit for what.
Many of the proofs below are new, and many others must be adaptations
(conscious or not) of folklore. Here again I have made no attempt to find
out which is which. I believe, however, that all papers published since 1945
have been cited when they should have been.

vi



Preface

In 1975-76 at the University of Texas, and earlier at the University of
Wisconsin, the manuscript of this book was used in seminars conducted by
Prof. R. H. Bing. The faculty members participating included Profs. Bing,
Bruce Palka, Carl Pixley, Michael Starbird, and Gerard Venema. The
students included Ms. Mary Parker, Ms. Fay Shaparenko, and Messrs.
William E. Bell, Joseph M. Carter, Lee Leonard, Wayne Lewis, Gary
Richter, and Frank Shirley. I received long critical reports prepared by
Messrs. Bell, Henderson, and Richter. If I had not had the benefit of these
reports, then the text below would include more errors and obscurities than
it does now. Finally, thanks are due to Mr. Michael Weinstein, who edited
the manuscript for Springer-Verlag. In the course of dealing with matters
of form, Mr. Weinstein detected a dismaying number of minor lapses
which the rest of us had missed. The responsibility for the remaining
defects is of course my own.

Finally, a word of warning about the problems in this book. These are
composed in a way which may not be familiar. Most of them state true
theorems, extending or elucidating the preceding section of the text. But in
a very large number of them, false propositions are stated as if they were
true. Here it is the student’s job to discover that they are false, and find
counter-examples. Problems cannot be relied on to appear in the ap-
proximate order of their difficulty. Some of them turn out, on examination,
to be trivial, but some are very difficult. Thus the problems are intended to
furnish the student with an opportunity to work on mathematics under
conditions which are not hopelessly remote from real life.

Edwin E. Moise

New York City
January, 1977
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Introduction

We shall use the following definitions, notations, and conventions, most of
them standard, but a few not.

R is the set of all real numbers. R* is the set of all nonnegative real
numbers. Z is the set of all integers. Z* is the set of all nonnegative
integers. R” is Cartesian n-space, with the usual linear structure, the usual
distance function, and the usual topology. (We shall always be dealing
with cases in which n < 3.) The empty set is denoted by &.

A metric space is a pair [X, d], where X is a nonempty set and d is a
function X X X >R, subject to the usual conditions:

(D.1) d(P, Q) > 0 always.

(D.2) d(P, Q)=0if and only if P = Q.

(D.3) d(P, Q)=d(Q, P) always.

(D.4) (the triangular property) d(P, Q)+ d(Q, R) > d(P, R) always.

Under these conditions, d is called a distance function for X. By abuse of
language, we may refer to the set X as a metric space, if it is clear what
distance function is meant.

In a metric space [X, d], for each P in X and each ¢ > 0, we define the
(open) e-neighborhood of P as the set

N(P,e)={Q|Q EXandd(P, Q) <e).

More generally, for each M C X, and each ¢ > 0, the e-neighborhood of M
is

N(M,e)={Q|Q €EX and d(P,Q)<¢e forsomeP €M }.

We define
N =N(d)={N(P,e))lPEX and &>0}.



Geometric topology in dimensions 2 and 3

N (d) is called the neighborhood system induced by d. A set U C X is open if
it is the union of a collection of elements of 9. The set of all open sets is
O =0(9)=0(9(d)). O is called the topology induced by 9 (or by d).
Under these conditions, the pair [X, O] is a topological space, in the usual
sense; that is:

0.1) g 0.

0.2) X e0.

(0.3) O contains every union of elements of ©.

(0.4) O contains every finite intersection of elements of O.

Closed sets, limit points, and the closure M of a set M C X are defined
as usual. The closure may also be denoted by Cl M.

In a topological space, let M and N be sets such that N contains an
open set which contains M. Then N is a neighborhood of M. (Note that this
is not a new definition of the term neighborhood; rather, it is a definition of
the relation is a neighborhood of.)

Let [X, O] be a topological space. For each nonempty set M C X, let

O|M={MnU|UEO).

Then O|M is called the subspace topology for M, and the pair [M, O |M] is
called a subspace of [X, O]. In this book, when subsets of topological
spaces are regarded as spaces in themselves, the subspace topology will
always be intended.

Let V be a subset of R™, such that V forms a vector space relative to the
operations already defined in R™. Let v, € R™, and let

H=V+vy={w|w=0+ v, for some v EV}.

Then H is a hyperplane. If dim V = k, then H is a k-dimensional hyper-
plane. If ¥ c R™, and no k-dimensional hyperplane, with k < m, contains
more than k + 1 of the points of V, then V is in general position in R™.

A set W C R™ is convex if for each v, w € W, W contains the segment

ow={av+ Bw|a, B >0,a+ B=1}.

The convex hull of a set X C R™ is the smallest convex subset of R that
contains X (that is, the intersection of all convex subsets of R™ that
contain X).

Let V= {vy, v,...,0,} be a set of n+ 1 points, in general position in
R™, with n < m. Then the n-dimensional simplex (or n-simplex)

6" =1y, ...0,

is the convex hull of V. The points of V are vertices of ¢". The convex hull
7 of a nonempty subset W of V is called a face of ¢”. If 7 is a k-simplex,
then 7 is called a k-face of ¢". (A 1-simplex is called an edge.) Under these
conditions, we write 7 < o”. (This allows the case 7 = ¢".) A (Euclidean)
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0 Introduction

complex is a collection K of simplexes in a space R™, such that

(K.1) X contains all faces of all elements of K.

(K.2) If 0,7 €K, and 6 N 7 # @, then o N 7 is a face both of ¢ and of 7.

(K.3) Every o in K lies in an open set U which intersects only a finite
number of elements of K.

The vertices of the elements of K will be called vertices of K. For each
i >0, K'is the i-skeleton of K, that is, the set of all simplexes of K that
have dimension < i.

These definitions will of course be generalized later, but for quite a
while we shall be concerned only with finite complexes in R2.

If K is a complex, then | K| denotes the union of the elements of K, with
the subspace topology induced by the topology of R™. (Thus we shall think
of |K| ambiguously, as either a set or a space.) Such a set is called a
polyhedron. If K is a finite complex, then |K| is a finite polyhedron.

The word function will be used in its most general sense. Thus a function

fiA—>B

is a triplet [ f, 4, B], where A and B are nonempty sets, and f is a collection
of ordered pairs (a, b), with a € 4, such that (1) each a € 4 is the first
term of exactly one pair in f, and (2) the second term of a pair in f is
always an element of B. We define f(a) (a € A) and f(4') (A’ C A) as
usual; and we define

f'(b)y={alf(a)=b} (bEB),
f"(B’)={a|f(a)EB’} (B'CB).
If f(a) = f(a’)=a = a/, then f is injective. If f(A) = B, then f is surjective,

and we write
fiA—>» B.

If both these conditions hold, then f is bijective, and we write
f: A B.

A is called the domain, and B the codomain. (Note that the term surjective
would have no meaning if the codomain were not regarded as part of the
definition of the function.)

Barycentric coordinates, for a (Euclidean) simplex ¢”, are defined as
usual. (See Problems 0.10-0.15.) The barycentric coordinates of the points
P of " are linear functions of the Cartesian coordinates, and vice versa. A
function f: 0 — 7 is linear if the coordinates of a point f(P) are linear
functions of those of P (in either sense of the word coordinate). If also
vertices are mapped onto vertices, then f is simplicial.

Let G and H be collections of sets. If every element of G is a subset of
some element of H, then G is a refinement of H, and we write G < H.

Let K and L be complexes, in the same space R". If L < K, and
|L| = |K|, then L is a subdivision of K, and we write L < K.
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Theorem 1. Every two subdivisions of the same complex have a common
subdivision.

Let [X, O] and [Y, O] be topological spaces, and let f: X—Y be a
function. If for each open set U in Y, f~'(U) is open in X, then f is a
continuous function, or a mapping. If such an f is bijective, and both f and
f~! are mappings, then f is a homeomorphism. If there is a homeomorphism
f: XY, then the spaces are homeomorphic.

Let K and L be complexes, and let f be a mapping |K|—|L|. If each
mapping flo (o € K) is simplicial, then f is simplicial. If there is a
subdivision K’ of K such that each mapping f|o (6 € K’) maps ¢ linearly
into a simplex of L, then f is piecewise linear. Hereafter, PL stands for
piecewise linear, and a PLH is a piecewise linear homeomorphism.

Let K and L be complexes, let ¢ be a bijection K% L% and for each
v € K°, let v’ = ¢(v). Suppose that if vy, . . . v, € K, then vjv] . .. v, € L,
and conversely. Then ¢ is an isomorphism between K and L. If there is
such a ¢, then K and L are isomorphic. If K and L are complexes, and have
subdivisions K’, L’ which are isomorphic, then K and L are combinatorially
equivalent, and we write

K~_L.

c

Theorem 2. K~ L if and only if |K| is the image of |L| under a PLH.

Theorem 3. Combinatorial equivalence is an equivalence relation.

PrOOF (SKETCH). By Theorem 1, the composition of two piecewise linear
homeomorphisms is a PLH. Now use Theorem 2. O

An n-cell is a space homeomorphic to an n-simplex. A 1-cell is ordin-
arily called an arc, and a 2-cell is often called a disk. A combinatorial n-cell
is a complex which is combinatorially equivalent to an n-simplex (or, more
precisely, to a complex consisting of an n-simplex and its faces). _

In a topological space, a set A is dense in a set Bif ACBCA. A
topological space [X, O] (or a metric space [X, d]) is separable if some
countable set is dense in X.

An n-manifold is a separable metric space M" in which every point has a
neighborhood homeomorphic to R”. If every point lies in an open set
whose closure is an n-cell, then M" is an n-manifold with boundary. The
interior Int M" of M" is the set of all points of M” that have open
Euclidean neighborhoods in M" (that is, neighborhoods homeomorphic to
R"); and the boundary Bd M" is the set of all points of M” that do not.
Thus an n-manifold with boundary is an n-manifold if and only if
Bd M" = @.

The manifold-theoretic boundary, as just defined, is in general different
from the topological frontier of a set U in a space X. This is

FrU=Fr,U=UNnX-U.
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Only in very special cases are these the same. For example, if M? is closed
in R?, then it turns out that Bd M? = Fr M?; but if we regard M2 as a
subspace of R3, then Bd M? is the same as before, while Fr M2 becomes
all of M2 (The proofs are far from trivial.) Similarly, except in very special
cases, Int M" is different from the topological interior of a set M in a
space X; the latter is the union of all open sets that lie in M.

Let K be a complex, such that the space M = |K| is an n-manifold (or
an n-manifold with boundary). Then K is a triangulated n-manifold (or a
triangulated n-manifold with boundary). Sometimes, by abuse of language,
we may apply the latter terms to the space M = |K|, if it is clear what
triangulation is intended.

In addition to Bd and Fr, we now have yet a third kind of “boundary.”
Let K be a triangulated n-manifold with boundary. Then the combinatorial
boundary 9K of K is the set of all (n — 1)-simplexes of K that lie in only
one n-simplex of K (together with all faces of such (n — 1)-simplexes). Note
that d is an operation on complexes to complexes, and not on spaces to
spaces. It is easy to show that |0K]| is invariant under subdivision of K, and
hence that f(|0K|) = 9f (| K|) whenever f is a PLH. Thus 9 is adequate for
the purposes of strictly PL topology, in which combinatorial structures are
the sole objects of investigation. But 9 is not adequate for our present
purposes, because we propose to investigate the relation between combina-
torial structures and purely topological structures. We shall show (Theo-
rem 4.9) that if K is a triangulated 2-manifold with boundary, then
Bd |K| =|9K|. The proof uses the Jordan curve theorem (Theorem 4.3).
The corresponding theorem for 3-manifolds with boundary is of a higher
order of difficulty. In Section 23, we shall deduce it from the following
classical result of L. E. J. Brouwer.

Theorem 4 (Invariance of domain). Let U be a subset of R", such that U is
homeomorphic to R". Then U is open.

See W. Hurewicz and H. Wallman [HW], p. 95.

It may be possible to avoid the use of Brouwer’s theorem (or some
equally deep result in a continuous homology theory) by a long series of ad
hoc devices; but this hardly seems worth the trouble, even if it can be
done, and the author does not propose to find out whether it can be done.

In a complex K, for each vertex v, St v is the complex consisting of all
simplexes of K that contain v, together with all their faces. This is the star
of v in K. The link L(v) of v in K is the set of all simplexes of St v that do
not contain v. If |K| is an n-manifold, and each complex Stov is a
combinatorial n-cell, then K is a combinatorial n-manifold. Similarly for
manifolds with boundary.

The above definitions are based, at this stage, on the definition of a
(Euclidean) complex. A later generalization of the idea of a complex will
give a more general definition of a combinatorial manifold.
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We shall assume that the reader knows the bare rudiments of the
homology theory of complexes. We shall always use integers as
coefficients; thus the n-dimensional homology group H,(K) will always be
the group H,(K, Z). We shall never use relative homology, singular homol-
ogy, or cohomology.

PROBLEM SET 0

See the remarks on problems, at the end of the preface. Prove or disprove
the following propositions.

1. Let [X, d] be a metric space, let 9 = N (d), and let O = O(9). Then O
satisfies Conditions O.1-0.4 of the definition of a topological space.

Definition. Let d and d’ be two distance functions for the same nonempty
set X. If O(9U(d)) = 0(9U(d")), then d and d’ are equivalent.

2. Let [X, d] be a metric space. Then there is a bounded distance function d’ for
X such that d and d’ are equivalent.

Definition. A Hausdorff space is a topological space in which every two
points lie in disjoint open sets.

3. Let [X, O] be a topological space in which every point has an open neighbor-
hood homeomorphic to R2. Then [X, 0] is Hausdorff.

4. Let [X, O] be a topological space; and suppose that for every topological space
[Y, O’], every function f: X — Y is continuous. What can we conclude about
0? In particular, does it follow that [X, O] is metrizable, in the sense that
0 = 0(9(d)) for some distance function d?

Let C be a circle in R% Then C is in general position in R2.
. Let C be a circle in R>. Then C is in general position in R>,

. R® contains an infinite set which is in general position in R>.

® 9N wn

. Let K and L be collections of simplexes in R”, satisfying K.1 and K.2 in the
definition of a complex, but not necessarily K.3. The relation of isomorphism
between K and L is defined in exactly the same way as for complexes. If there
is an isomorphism between K and L, then there is a homeomorphism between
|K| and [L|. (Here, as for complexes, |K| is the union of the elements of K;
similarly for L. |K| and |L| are being regarded as spaces, with the subspace
topology.)

9. For each W C R™, the convex hull of W is convex.

10. Let V' = {vy, v}, ..., v,} be in general position in R™, with n < m. Let

n
"= [vlv= S a0, 450, Sa = 1}.

i=0

Then 7" is convex.



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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Let 7" be as in Problem 10, and let v € 6", with v v,. Let
n
= {wlw= > Bu,Bi>0,2B= 1}-
i=1
Then there is point w of 7"~ ! such that v € vgw.

Let ¥V and 7" be as in Problem 10. Then every convex set that contains V'
contains 7”.

o" = 7", That is,
0g0y - - - 0, = {v|o=Zayv;, 4; > 0, e, = 1}.
Given V= {vy, vy,...,0,} CR™ (n < m). For 1 <i < n, let v; =1v; — vy; and

let V' = {v;}. If V is in general position in R™, then V" is linearly independent,
and conversely.

Given 6" = vgv; . .. v, CR™. Let
v=2qv, w=2XBv,Ed",

as in the definition of 7" = ¢” in Problems 10-13. If v = w, then «; = 3; for
each i. (Thus it makes sense to define the barycentric coordinates of v as

(aO’ Qpy ov vy an)')

For 1 < j < m let E; be the point of R” with 1 as its jth coordinate, and with
all other coordinates = 0. Thus

m
(x1, X2 - 5 X)) = D XE;.
j=

Given 6" =040, ...0,, there are numbers g; 0<i<n, 1<j<m) and
numbers b; (1 < j < m) such that if v € 6", and

v=23q0,=3xE,
then
x;=2,8;0; + b,

for each j. (It is in this sense that the Cartesian coordinates of v are linear
functions of the barycentric coordinates of v.)

Let v E 0", v=Za;u;=2xE;, as in Problem 16. Then the numbers a; are

linear functions of the numbers ;.

Let K be a finite complex in R? and let {L;} be a finite collection of lines.
Then K has a subdivision K, in which each set L; N |K| forms a subcomplex.

Every two subdivisions K, K, of a 2-simplex 6> c R? have a common subdivi-
sion.

Let K be a 2-dimensional complex (that is, a complex in which every simplex
has dimension < 2). Then every two subdivisions of K have a common
subdivision.

Let K and L be complexes. If K and L are isomorphic, then there is a
simplicial homeomorphism between |K| and |L|.
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22.

2S.

27.
28.

29,

30.

31.

32.

33.

For 2-dimensional complexes, the composition of two piecewise linear homeo-
morphisms is a PLH.

. Let 6 and 7 be (Euclidean) simplexes, and let f be a piecewise linear homeo-

morphism ¢ — 7. Then f(o) is a simplex.

. Let K and L be complexes. If there is a PLH between |K| and |L|, then

K~ L; and conversely.

For 2-dimensional complexes, combinatorial equivalence is an equivalence
relation.

. Let K be a finite complex in R3, and let { E;} be a finite collection of planes.

Then K has a subdivision in which each intersection E; N |K| forms a subcom-
plex.

Every two subdivisions of a 3-simplex have a common subdivision.

Let K be a 3-dimensional complex. Then every two subdivisions of K have a
common subdivision.

In a topological space, if U is open, then Fr U= U — U.

Let [X, O] be a Hausdorff space in which every point has an open neighbor-
hood which is homeomorphic to R. Then [X, O] is separable and metrizable,
and thus is a 1-manifold.

Let [X, O] and [Y, O’] be topological spaces, and let f be a function X —» Y. If f
is bijective and continuous, then f is a homeomorphism.

Every two combinatorial 2-cells are combinatorially equivalent. Similarly for
combinatorial 3-cells.

Let vgv, ... v, be an n-simplex in R”. Then every point v of R" can be
represented in the form
v =,

where o; € R for each i.

. Let K be a complex. If |K| is compact, then K is finite. (Of course the converse

is trivial.)



Connectivity

A path, in a space [X, O] (or [X, d]) is a mapping
p:[a b]-X,

where [a, b] is a closed interval in R. If p(a) = P and p(b) = Q, then p is a
path from P to Q. A set M C X is pathwise connected if for each two points
P, Q of M there is a path p: [a, b]—> M from P to Q (or from Q to P). If
M c X, and |p| =p((a, b]) C M, then p is a path in M.

Theorem 1. In a topological space [X, O], let G be a collection of pathwise
connected sets, with a point P in common. Then the union G* of the
elements of G is pathwise connected.

ProoF. Given Q € g, € G, R € g € G, let p be a path in g, from Q to P,
and let g be a path in gz, from P to R. Then p and g fit together to give a
path r,in g, U gg C G*, from Q to R. O

Let M and N be sets, in topological spaces [X, O] and [Y, O0']. A
function f: M — N is a mapping if f is a mapping relative to the subspaces
[M, O|M] and [N, O'|N].

Theorem 2. Pathwise connectivity is preserved by surjective mappings. That
is, if f: M — N is a mapping, and M is pathwise connected, then so also is
N.

PrOOF. Given P, Q € N, take P’, Q' € M such that f(P’)= P and f(Q")
= (; and let p be a path in M from P’ to Q'. Then f(p) is a path in N
from P to Q. O

A complex K is connected if it is not the union of two disjoint nonempty
complexes.
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Theorem 3. Every simplex is pathwise connected.

PROOF. Because it is convex. O

Theorem 4. Let K be a complex. If K is connected, then |K| is pathwise
connected.

PRrOOF. Let v, € K°. We shall show that for each v € K there is a path in
|K'!| from v, to v. Let ¥ be the set of all vertices v of K that have this
property, and let K, be the set of all simplexes of K all of whose vertices lie
in V. Then K, is a subcomplex of K, and no edge of K intersects |K,| and
K°®— V. Therefore no simplex of K intersects |K,| and K°— V. Let
K, = K — K,. Then K, is a subcomplex of K, and K, N K, = @. Since K is
connected, K, = @. Therefore K| = K, and V is all of K° which was to be
proved.

Now take v Eo € K, w € 7 € K. Take a path in ¢ from v to a vertex v,
of o, then a path in | K| from v, to a vertex v, of 7, and finally a path in r
from v, to w. These fit together to give a path from v to w. O

For the reasons suggested by Theorems 3 and 4, the idea of pathwise
connectivity is adequate in the study of polyhedra. The following idea,
however, is more broadly applicable, and in some ways it is conceptually
more natural.

A topological space [X, O] is connected if X is not the union of two
disjoint nonempty open sets. A set M C X is connected if the subspace
[M, O|M] is connected.

Two sets H, K are separated if

ﬁnK=HnE=g.

(Thus neither of the sets H and K contains a point or a limit point of the
other.)

Theorem S. Given M C X, M = H U K. Then (1) H and K are separated if
and only if Q) H, K € O|M and H N K = @.

PRrROOF. Suppose that (1) holds. Let U be the union of all open sets that
intersect H but not K. Then Hc Uand UnK=@,sothat H=M N U
€ O|M. Similarly, K € O|M. Therefore (2) holds.

Suppose, conversely, that (2) holds. Take U € O, such that H=M N U.
Then H contains no point or limit point of K. By logical symmetry, K
contains no point or limit point of H. Thus (1) holds. O

Theorem 6. A set M C X is connected if and only if M is not the union of two
nonempty separated sets.

Proor. By Theorem 5. O
10



1 Connectivity

Theorem 7. For spaces, connectivity is preserved by surjective mappings. That
is, if [X, O] is connected, and f: X —Y is a mapping, then [Y, O] is
connected.

PROOF. Suppose not. Then Y= U U V, where U and V are disjoint, open,
and nonempty. Therefore X = f~Y(U)u f~(V), and the latter sets are
disjoint, open, and nonempty, which is impossible. O

Theorem 8. For sets, connectivity is preserved by surjective mappings.

PRrROOF. By the preceding two theorems. O

Theorem 9. Every closed interval in R is connected.

ProOF. This turns out to be the nth formulation of the continuity of R.
Suppose that [a, b]= H U K (separated), with a € H. Let

M= {x|x=aor[a,x]CH}.

Then M is bounded above. Let ¢ be the least upper bound of M. Then
¢ €la, b, cis alimit point of H,c& K,andsoc € H.If c < b, thencis a
limit point of K, which contradicts the hypothesis for H and K. Therefore
¢=b, H=[a, b), and K= . Thus [a, b] is not the union of any two
nonempty separated sets. O

Theorem 10. If H and K are separated, then every connected subset M of
H U K lies either in H or in K.

Proor. If not, M =(M N H)U (M N K), where the two sets on the right
are separated and nonempty. (Evidently, if H and K are separated, and
H’' Cc H and K’ C K, then H' and K’ are separated.) O

Theorem 11. Every pathwise connected set is connected.

PROOF. Suppose that M is pathwise connected but not connected, so that
M = H U K (separated and nonempty). Take P € H, Q € K; and let p be
a path from P to Q in M. By Theorems 8 and 9, the image |p| = p((a, b))
C M is connected. By Theorem 10, | p| lies either in H or in K, which is
false. O

Theorem 12. Let K be a complex. Then the following conditions are equiv-
alent:

(1) K is connected.
(2) |K| is pathwise connected.
(3) |K]| is connected.

ProOOF. (1)=(2), by Theorem 4. (2)=(3), by Theorem 11. Suppose, finally,
that (1) is false, so that K= K, U K,, where K, and K, are disjoint
nonempty complexes. From Condition K.3 of the definition of a complex,

11
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it follows that no point v of |K| is a limit point of the union of the
simplexes of K that do not contain v. Therefore |K,| and |K,| are sep-
arated, and | K| is not connected. Thus (3)=(1). O

An arc is a 1-cell, that is, a set homeomorphic to a closed linear interval.
A broken line is a polyhedral arc.

Theorem 13. In R", every connected open set U is broken-line-wise con-
nected.

PrROOF. Let P € U, and let V the union of { P} and the set of all points of
U that can be joined to P by broken lines lying in U. It is then easy to
show that both U and U — V are open. If U — V' # @, then U is the union
of two disjoint nonempty open sets, which is false. O

We now resume the discussion of connectivity in topological spaces.

Theorem 14. Let G be a collection of connected sets, with a point P in
common. Then the union G* of the elements of G is connected.

ProoF. Suppose that G* = H U K (separated and nonempty), with P € H.
Since each g € G is connected, each g lies in H or in K. Therefore g C H,
G* C H, and K = @, which contradicts the hypothesis for K. O

Theorem 15. If M is connected, and M C L C A7, then L is connected.

Proor. Suppose that L = H U K (separated and nonempty). Let H' = M
N Hand K'=M N K, so that M= H' U K'. Then H' and K’ are sep-
arated. Now H contains a point P of L, and P is a point or a limit point of
M. Therefore P is a point or a limit point either of H’ or of K’. But P is
neither a point nor a limit point of K’ C K. Therefore P is a point or a
limit point of H'. Therefore H' # @. Similarly, K’ # @. Therefore M is not
connected, which is false. O

Let M be a set, and let P € M. The component C(M, P) of M that
contains P is the union of all connected subsets of M that contain P. (By
Theorem 14, every set C (M, P) is connected.)

Theorem 16. Every two (different) components of the same set are disjoint.
Theorem 17. If M C N, then every component of M lies in a component of N.

There is a gross difference between connectivity and pathwise connec-
tivity. We have shown (Theorem 11) that the latter implies the former, but
the converse is false. For example, let M be the graph of f(x)=sin (1/x)
(0 < x < 1/7), in R?, together with the points (0, 1) and (0, — 1). It can be

12



1 Connectivity

shown, with the aid of Theorems 9, 14, 8, and 15, that M is connected. But
it can also be shown that there is no path in M from (0, 1) (or (0, — 1)) to
any other point of M. There are worse examples. E.g., there is a compact
connected set in R? in which all paths are constant. See B. Knaster [K] or
the author [M]. From the viewpoint of pathwise connectivity, such a set is
indistinguishable from a Cantor set.

PROBLEM SET 1

Prove or disprove:

1.

i - WY | B N

-]

10.

11.

12.
13.

14.

A closed set is connected if and only if it is not the union of any two disjoint
nonempty closed sets.

. An open set is connected if and only if it is not the union of any two disjoint

nonempty open sets.

. Every open interval (a, b) = {x|a < x < b} in R is connected. Similarly for

half-open intervals (a, b] = {x|a < x < b}.

. Let f be a continuous function (a, b]—R. Then the graph of f is connected.
. The set M described at the end of Section 1 is connected.
. No nonconstant path in M contains the point (0, 1).

. Let M be a pathwise connected set in R?, let P € M, and suppose that M — P

is connected. Then M — P is pathwise connected.

. Let U be a connected open set in R% Then U is pathwise connected.

. Let U be as in Problem 8. Then there is at least one point P of Fr U such that

U u {P} is pathwise connected. In fact, the set of all such points P is dense in
FrU.

Let {P,, P,, ...} be a countable set which is dense in the unit circle C in R2.
For each i, let the polar coordinates of P; be (1, 8;); and let /; be the linear
interval from P; to (1/i, 6)). Let

o0
M={00}u U I
i=1
Then the components of M are {(0, 0)} and the sets I;.

In a metric space [X, d], for every two separated sets H, K there is an ¢ >0
such that if P € H and Q € K, then d(P, Q) > .

Reconsider Problem 11, for the case in which H is compact.

In a metric space, every two separated sets lie in disjoint open sets. (Note that
this is not a corollary of Theorem 5.)

In a metric space, let M|, M,, ... be a sequence of nonempty connected sets;
and suppose that the sequence is nested, in the sense that M, ; C M, for each i.
Then (M ;2 ,M; is connected.

13
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15. Let M be a compact set, in a metric space. Let P and Q be points of M.
Suppose that M is not the union of any two disjoint closed sets H and K,
containing P and Q respectively. Then M contains a compact connected set
which contains P and Q.

16. In a metric space, let P and Q be points, and let M, M,, ... be a nested
sequence of compact sets, such that (1) P, Q € M, for each i, and (2) no set M;
is the union of two disjoint closed sets H and K, containing P and Q
respectively. Then (M M; has Properties (1) and (2).

17. Let K be a complex, such that |K| is an n-manifold. Then K is called a
triangulation of |K|, and is called a triangulated n-manifold. Show that if K is a
triangulated n-manifold, and v € K°, then L(v) is connected.

18. Let K be a connected 2-dimensional complex in which each vertex lies in
exactly three edges and exactly three 2-simplexes. What can you conclude?

19. If Condition K.3 is omitted from the definition of a complex, then Theorem 12
becomes false.

20. In any topological space, every two separated sets lie in disjoint open sets.

A linear ordering of a set R is a relation <, defined on R, such that

(0.1) a < a never holds.

(02)a<b<c =>a<ec.

(0.3) For each a, b € R, one and only one of the following conditions
holds:

a<hb, a=b, b<a.

The pair [R, <] is then called a linearly ordered set. Open intervals in R are
defined as in the real number system:

(a, b)={x|x € Rand a < x < b},
(a, 0) = {x|a < x},
(—o0,a)={x|x <a}.
A subset U of R is open if it is the union of a collection of open intervals;
and 0(<) is the set of all open sets. [R, <] is complete (in the sense of

Dedekind) if every nonempty subset of R which has an upper bound has a
least upper bound.

21. (a) O(<) is a topology for R.
(b) If [R, O(<)] is connected, then [R, <] is complete.

22. If [R, <] is complete, then [R, O(<)]is connected.

23. If [R, <] is complete, then every nonempty subset of R which has a lower
bound has a greatest lower bound.

24. Given [R, <], and M C R, there are two natural ways to define a topology for
M.
(a) Use O(<)|M.

14
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(b) Let < |M be the restriction of < to M, so that < |M is a linear ordering of
M. Then use 0(< |M).
Is it true in general that O(<)|M = 0(< |M)?

25, Let [X, O] and [Y, O’] be topological spaces, and suppose that [X, O] is
compact. If f is a bijective mapping X «> Y, then f is a homeomorphism.

26. Let A be a connected set, and let G be a collection of connected sets each of
which intersects A. Then the union G* of the elements of G is connected.

15



Separation properties
of polygons in R?

We recall that a set N is a neighborhood of a set M if N contains an open
set which contains M. The standard n-ball is

B"={P|P ER"and d(Fy, P) < 1},
where P, is the origin in R”". The standard n-sphere is
S"={P|P ER"and d(P,, P)=1}.

A space (or set) S” is an n-sphere if S” is homeomorphic to S". A polygon
is a polyhedral 1-sphere. For each complex K, K is called a triangulation of
|K].

Theorem 1. Let J be a polygon in R%: Then R?>—J has exactly two
components.

PrROOF. Let N be a “strip neighborhood” of J, formed by small convex
polyhedral neighborhoods of the edges and vertices of J. (More precisely,
we mean the edges and vertices of a triangulation of J.) Below and
hereafter, pictures of polyhedra will not necessarily look like polyhedra.
Only a sample of N is indicated in Figure 2.1.

-
-,
~~o
-—
-—
-

Figure 2.1
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2 Separation properties of polygons in R?

Lemma 1. R? — J has at most two components.

ProOF. Starting at any point P of N — J, we can work our way around the
polygon, along a path in N — J, until we get to either P, or P,. (See Figure
2.2.) From this the lemma follows, because every point Q of R? — J can be
joined to some point P of N — J by a linear segment in R — J. O

(a) (b)
Figure 2.2

It is possible a priori that N —J has only one component. If so, N
would be a Mdbius band. (See Section 21 below.) But this is ruled out by
the next lemma.

Lemma 2. R? — J has at least two components.

PrOOF. We choose the axes in general position, in the sense that no
horizontal line contains more than one of the vertices of J. (This can be
done, because there are only a finite number of directions that we need to
avoid. Hereafter, the phrase “in general position” will be defined in a
variety of ways, in a variety of cases. In each case, the intuitive meaning
will be the same: general position is a situation which occurs with probabil-
ity 1 when certain choices are made at random.)

For each point P of R let L, be the horizontal line through P. The
index Ind P of a point P of R* — J is defined as follows. (1) If L, contains
no vertex of J, then Ind P is the number of points of L, N J that lie to the
left of P, reduced modulo 2. Thus Ind P is 0 or 1. (2) If L, contains a
vertex of J, then Ind P is the number of points of L' N J, lying to the left
of P, reduced modulo 2, where L’ is a horizontal line lying “slightly above”
or “slightly below” L,. Here the phrases in quotation marks mean that no
vertex of J lies on L', or between L, and L’. It makes no difference
whether L’ lies above or below. The three possibilities for J, relative to L,
are shown in Figure 2.3. In each case, the two possible positions for L’ give
the same index for P.

Evidently the function

fiRR—J={0, 1},
fi P> Ind P

17
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———
~
~

@ ®) ()
Figure 2.3

is a mapping; if Ind P = i, then Ind P’ = i when P’ is sufficiently close to
P. The set f ~'(0) is nonempty; every point above all of J belongs to f ~'(0).
To show that f~1(1) # ¢, let Q be a point of J, such that L, contains no
vertex of J. Let P, be the leftmost point of J on L,. Let P be a point of
L,, slightly to the right of Py, in the sense that P & J, and no point
between P, and P belongs to J. Then Ind P = 1.

Therefore R?—J is not connected; it is the union of the disjoint
nonempty open sets f ~'(0) and £ ~(1). O

The bounded component I of R? — J is called the interior of J, and the
unbounded component E is called the exterior.

Theorem 2. Let I be the interior of the polygon J in R%. Then lisa finite
polyhedron. That is, there is a finite complex K in R? such that |K|= I.

PrROOF. Let L,, L,, . .., L, be the lines that contain edges of J. These lines
are finite in number, and each intersects the union of the others in a finite
number of points. Note that some sets L; 0 / may not be connected; this
does not matter. Each line L, decomposes R? into two closed half-planes
H, H/; and any finite intersection of closed half-planes is closed and
convex. Therefore U _,L; decomposes R? into a finite collection of closed
convex regions R,, R,, ..., R, such that for each j we have Fr R, C
U/_,L. Now R,n J C Fr R, for each j. It follows that for each j we have
either RN/ CJ or R, C I. Thus [ is the union of the sets R; that lie in 7,
and so it is merely a matter of notation to suppose that

k
1= U R.
i=1

For each j < k, Fr R; is the union of a finite number of 1-simplexes. We
choose the triangulations of the sets Fr R; to be minimal, in the sense that
if two edges of R, have an end-point in common, then they are not
collinear. For each j, we choose a point w; of R,—Fr R, and for each

18



2 Separation properties of polygons in R?

Figure 2.4

1-simplex vv’ of Fr R; we form the 2-simplex w,vv’. (See Figure 2.4.) This
gives a triangulation of R;. The union of these is a triangulation of 1. O

We recall that an arc A4 is a 1-cell, that is, the image of a 1-simplex, say,
[0, 1] C R, under a homeomorphism f. Obviously [0, 1] is a 1-manifold with
boundary; the entire space [0, 1] is a 1-cell neighborhood of each of its
points. And Int [0, 1] and Bd [0, 1] are identifiable. Evidently the open
interval (0, 1) lies in Int [0, 1]; it is a Euclidean neighborhood of each of its
points. And {0, 1} C Bd [0, 1]. The reason is that for each x ER, R — {x}
is not connected, while if U is a connected open set in [0, 1], containing O,
then U — {0} is connected. Similarly for 1. Therefore Int [0, 1]= (0, 1) and
Bd [0, 1] = {0, 1}. It follows immediately that if 4 = f([0, 1]) is an arc, with
P=f(@0) and Q= f(1), then Bd4={P,Q} and Int4A=4—{P,Q}. P
and Q are called the end-points of A, and A is called an arc between P and

We recall that a broken line B is a polyhedral arc.

Theorem 3. No broken line separates R*. That is, if B is a broken line in R?,
then R? — B is connected.

PRrROOF. Form a strip-neighborhood N of B. As in the proof of Lemma 1 in
the proof of Theorem 1, each point P of N — B can be joined to either P,
or P, by a path in N — B. (See Figure 2.5.) But if P, and P, are near an

Figure 2.5
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end-point, as in the figure, then P, can be joined to P, by a path in N — B.
Therefore N — B is connected. Therefore, as in the proof of Theorem 1,
R? — B is connected. O

Theorem 4. Let X be a topological space and let U be an open set. Then
FrU=U-U.

PrOOF. By definition, Fr U=U N X — U. Therefore Fr U C U. Since U is

open, we have U N X — U=g. Since Fr U CX — U, it follows that Fr U

C U- U. Next observe that if P U— U, then P € U and

PEX—UcCX— U. Therefore U— U C Fr U. The theorem follows. O

Theorem 5. Let J be a polygon in R?, with interior I and exterior E. Then
every point of J is a limit point both of I and of E.

PROOF. Let F=Fr I =1 — I. Then F separates R%:
RP-F=1U(R-1),
and the sets on the right are disjoint, open, and nonempty; R? — I contains
E; FcJ, and F is closed. If F+J, then F lies in a broken line B c J.
Now
R°-B=I1U[R*—(1UB)]

The sets on the right are disjoint, open, and nonempty; the second set
contains E. Therefore R? — B is not connected, which is impossible. O

Theorem 6. Let J, I, and E be as in Theorem 5. Then

J=FrI=FrkE. B B
Proor. J cI,and J N I =@. Therefore J cI—I=Fr1. And I -1 CJ,
because FE is open. Therefore J = Fr I. Similarly, J = Fr E. O

Let M be a set which is the union of three arcs B, B,, B;, with the same
end-points P and Q, but with disjoint interiors. Then M is called a 6-graph.
It is not hard to see that if M is known, then {B,, B,, B;} and {P, Q} are
determined.

Theorem 7. Let M = B, U B,U B, be a polyhedral 9-graph in R?, with
Bd B;={P, Q}. Then

(1) Every component of R — M has a polygon B; U B; as its frontier, and
(2) Exactly one of the sets B, lies, except for its end-points, in the interior
of the polygon formed by the other two.

PROOF.

(1) Let U be a component of R? — M. It is easy to see geometrically that
if Fr U contains a point of a set Int B,, then Fr U contains all of Int B,
and therefore all of B;. Consider a small circular neighborhood of P (or
Q). Suppose that Fr U D B; U By, as in Figure 2.6. Then Fr U N Int B, =
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Br _

I
|
B;

Figure 2.6

@, because U and Int B; lie in different components of R?—(B;U B)).
Since Fr U c M = U B, it follows that Fr U= B; U B,.

(2) Since M is bounded, its complement has only one unbounded
component E. Suppose that Fr E = B, U B;. Again consider a small circu-
lar neighborhood N of P (or Q). (See Figure 2.7.) Here E N N and

B
|

I
o

Figure 2.7

Int B, N N are in different components of R*> — (B, U B,). Since Int B, is
connected, it follows that Int B, lies in the interior of B, U B;.

Finally, if also Int B, lies in the interior of B, U B, then Int B, is
“accessible from infinity” by broken lines disjoint from B, U B;, which is
impossible, because Int B, lies in the bounded component of R*— (B, U
B,). Thus B, is unique. O

Theorem 8. Let B,, B,, B, be as in Theorem 7, with Int B, in the interior I,
of By U B;. Then
(1) The components of I, — Int B, are the interiors 1,, and I, of B, U B,
and B, U B;.
@) Li3=1,,U I
(3) I;3— By=(1, U Int B)) U (I,3 U Int B,), where the sets on the right
are connected and separated.
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PROOF. Let E|; be the exterior of B; U B;. Then the bounded components
of R2— M =R?—- U, B, lie in I;, and each of them has a polygon in
U, B, as its frontier. Again consider a small circular neighborhood of P.
(See Figure 2.8.) The circular sectors 4, and 4, lie in different components

Ay x
B] - ——B3

Figure 2.8

of R”2— U ,B,, because they lie in different components of the larger set
R? - (B, U B,). Therefore no bounded component U of R*~ (J B, has
B, U B, as its frontier. Thus the remaining possibilities are Fr U= B, U B,
and Fr U = B, U B,. These give the bounded components I,, and I,;, so

that (1) holds. We now have /,;=I,,U Int B, U I,; and I,;=I,, U I,;, so
that (2) holds. From this we easily get (3). (See Theorem 1.15.) O

The following definitions will be needed in Problem set 2, and also later.

Let C be a connected set, let D be a subset of C, and let P and Q be
points of C. If C — D is the union of two separated sets containing P and
Q respectively, then we say that D separates P from Q in C. If H,, H, are
disjoint sets in C — D, and C — D is the union of two separated sets
containing H, and H, respectively, then D separates H, from H, in C.

Let K be a l-dimensional complex (connected or not, finite or not).
Then both K and | K| are called linear graphs. A set homeomorphic to such
a |K| is called a topological linear graph.

Let A be an arc, with end-points P and Q, and let M be a set. If
AN M=P(or ={P, Q}), then we say that A touches M at P (or at P and
Q). Let A and B be arcs in R? and suppose that (1) A N B is a point P
belonging to Int A N Int B and (2) there is a neighborhood N of P such
that N — A is the union of two separated sets H and K, such that P is a
limit point of each of the sets B N H and B N K. Then B crosses A at P in
N. If such an N exists, then B crosses A at P. (For the present, we shall be
concerned only with the case in which 4 and B are polyhedral.) Similarly,
if each of the sets A and B is either an arc or a 1-sphere, then B crosses A
at P if there are arcs A| C A and B, C B such that B, crosses A, at P.
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2 Separation properties of polygons in R?

PROBLEM SET 2
Prove or disprove:

1. Every open interval (a, b) C R is homeomorphic to R. (This was stated but not
verified, in the proof that Int [a, b] = (a, b).)

2. More generally, for each € > 0, let N (P, €) be the e-neighborhood of the origin
P, in R”. Then N (P, €) and R” are homeomorphic.

3. Let 4 and B be broken lines in R2. If B crosses A at P, then B crosses 4 at P in
every sufficiently small neighborhood N’ of P.

4. Let A and B be broken lines in R2. If 4 crosses B at P, then B crosses A at P.
5. Let J, and J, be polygons in R% If J; crosses J, at P, then J, crosses J, at P.

6. Let J, and J, be as in Problem 5. If J; crosses J, at P, then J, crosses J, at
some other point Q.

7. Let A and B be broken lines in R?, with AN B=Int4NInt B=(P}.
Suppose that there is a connected neighborhood N of P such that N 0 A4
separates two points of N N B from one another in N. Then B crosses 4 at P.

8. The condition “D separates P from Q in C” is preserved by homeomorphisms.

9. Let J be a 1-sphere, and let P, Q, R, S be four (different) points of J. If { P, R}
separates Q from S in J, then {Q, S} separates P from R in J.

A topological space [X, O] is linearly ordered if there is a linear ordering <
of X such that O = 0(<). (See the definitions preceding Problem 1.21.)

10. Every arc is a linearly ordered space.
11. No l-sphere is a linearly ordered space.

12. Let J be a polygon in R and let P, O, R, and S be four points of J, appearing
in the stated cyclic order on J (by which we mean that { P, R} separates Q
from S in J). Let B, and B, be disjoint broken lines in R, such that B, touches
J at P and R, and B, touches J at Q and S. Then Int B, and Int B, lie in
different components of R? — J.

13. Let J be a l-sphere, and let P € J. Then J — P is homeomorphic to R.

14. Let J, and J, be polygons in R?, such that (1) J, crosses J, at a point P and (2)
Jy N J, is finite. Then J, crosses J, at some other point Q.

15. Let M, be a space formed as follows. For i =1, 2, 3, P, and Q; are points of
M,; these are six (different) points. M, is the union of a collection { B;} of arcs
(i,j=1,2, 3) such that for each i, j, B; is an arc between P; and Q;, and such
that the sets Int B; are disjoint. Any set homeomorphic to such an M, is called
a skew graph of type 1. Show that R? contains no polyhedral skew graph of type
1.

16. Let M, be a space formed as follows. Let P, P,, ..., Ps be five points. For
each i+ j, let B; be an arc between P; and P,. (Here B, = B;;; we are using
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17.

18.

19.
20.

21.

22.

23.
24,

25.

27.
. Let M =|K| be a connected finite linear graph in R?, and let P €R?>— M.

29,

30.

31.
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unordered pairs of integers.) We choose the sets B; so that their interiors are
disjoint. Let M, be their union. Any set homeomorphic to such an M, is called
a skew graph of type 2. R? contains no polyhedral skew graph of type 2.

Let M = |K| be a connected linear graph. If M contains no polygon, then M is
a tree. A set homeomorphic to such a |M| is called a topological tree. 1f
M = |K]| is a finite tree (that is, if M is compact and X is finite), then there is a
polyhedron N in R? such that M and N are homeomorphic.

Let K be a 1-dimensional complex, and let v be a vertex of K. If v lies in
exactly n edges of K, then v is a vertex of order n in K. If |K'| = |K|, and v is a
vertex of order n in K, then v is a vertex of K’, and is of order »n in K’.

Let M = |K,| = |K,| be a finite linear graph. Then K, and K, are combinatori-
ally equivalent.

Let M = |K| be a finite tree. (See Problem 17.) Then at least two vertices of K
are of order 1 in K.

Let M = |K| be a connected finite linear graph, let P and Q be vertices of K,
and suppose that no point of M separates P from Q in M. Then M contains a
polygon which contains P and Q. (The converse is trivial.)

Let M, = |K,| and M, = |K,| be connected finite linear graphs in R% If M, and
M, are homeomorphic, then there is a homeomorphism f: R R? such that
f(M)=M,.

The proposition stated in Problem 20 is true for all infinite trees.

The proposition stated in Problem 22 holds for infinite connected linear
graphs.

The proposition stated in Problem 19 holds for infinite connected linear
graphs.

. Let 02 be a 2-simplex in R2. Then U = o2 — Fr ¢2 is a polyhedron. (Obviously

any triangulation of U must be infinite, since U is not compact.)

Every open set U in R? is a polyhedron.

Then every neighborhood N of M contains a polygon J which separates M
from P in R2.

Let M = | K| be a finite linear graph in R% and let C, and C, be components of
M. Then every neighborhood of C,; contains a polygon J such that (1)
J N M=g and (2) J separates C, from C, in R%

Let M be a finite linear graph in R? let P and Q be points of R?—- M, and
suppose that M separates P from Q in R% Then some component of M has the
same property.

Let M, P, and Q be as in Problem 30. Then M contains a polygon J which
separates P from Q in R



2 Separation properties of polygons in R?

32. Let M be a compact set in R? and let U be an open set containing M. Then
there is a finite polyhedral 2-manifold N with boundary such that (1) N is a
neighborhood of M and (2) N c U.

33. For each M and U as in Problem 32, N can be chosen so that also (3) every
two different components of R? — N lie in different components of R> — M.
(Thus N “has no more holes in it than M.”)
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The Schonflies theorem
for polygons in R?

We now want to show that all polygons are situated in the plane in exactly
the same way, topologically. That is, if J and J’ are polygons in R?, then
there is a homeomorphism f: R?<>R? such that f(J)=J’. For this, we
need some preliminary results.

Theorem 1. Let 6" = vy, ... v, and " = wyw, ... w, be simplexes in R™.
Then there is a simplicial homeomorphism
fia"or,
fio W

Proor. For each v = Za;v; (o; > 0, Se; = 1), define f(v) = Za;w,. Then f is
bijective, and f and f~! are continuous. (For details, see Problems
0.10-0.17. Since f and f~! are linear relative to barycentric coordinates,
they are linear relative to Cartesian coordinates, and so both are continu-
ous relative to the subspace topology, which we are using, as always.) [J

Theorem 2. In Theorem 1, if m=n, then there is a homeomorphism
g: R"&R” such that gle” is a simplicial homeomorphism 6" <> T".

ProOF. The mapping vt>v — v, is a homeomorphism R"«R”, and maps
every simplex simplicially onto a simplex. The composition of two such
mappings has the same properties. Therefore we may assume, with no loss
of generality, that v, is the origin in R”. Similarly for w,. It follows that
{v, v ...,0,} and {w}, w,, ..., w,} are linearly independent. Now for
every

n
v= > au,ER",

i=1
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3 The Schonflies theorem for polygons in R?

we define
g(v) =2 aw,
i=1

Now g|o” is the f of Theorem 1. O

Let I be the interior of the polygon J in R%. By Theorem 2.2, I is a finite
polyhedron |K|. If 62 € K, and 6> N J consists of one or two edges of ¢2,
then 62 is free (in K). Thus, in Figure 3.1, 1, 3, 4, and 7 are free, but 2, 5,
and 6 are not.

Figure 3.1

Theorem 3. Let J be a polygon in R?, let I be the interior of J, and let K be a
triangulation of 1. If K has more than one 2-simplex, then K has a free
2-simplex.

PrOOF. The theorem in this weak form is hard to prove. But we can prove,
by induction, the stronger assertion that K has at least two free 2-sim-
plexes. If K has exactly two 2-simplexes, then this is clear. We may assume,
then, that K has more than two 2-simplexes; and we may assume, as an
induction hypothesis, that our conclusion holds for every complex L which
is a triangulation of a region of the type 7/ and has fewer 2-simplexes than
K. There are at least two 2-simplexes o, 7 of K which have an edge in
Fr |K|. If both of them are free, then there is nothing to prove. Suppose,
then, that
0 =1vy0,0, EK, vev, C Fr |K]|,

and o is not free. Then neither vy, nor v,v, lies in Fr |K|, and the picture
must look like Figure 3.2. The points v, and v, decompose the polygon

(&)
&

Figure 3.2
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Geometric topology in dimensions 2 and 3

J =Fr |K| into two broken lines C, and C,; and |K|= I, U I,, where I,
and I, are the interiors of C; U vy, and C, U vyv, respectively. Let L, be
the complex consisting of the simplexes of K that lie in 7, together with
0oV, and its faces. Let L, be the set of all simplexes of K that lie in I,. By
the induction hypothesis, each of the complexes L; has two free 2-sim-
plexes. Therefore each of them has a free 2-simplex o;, different from
0400, It follows that each o; is free not only in L; but alsoin K, which was
to be proved. O

Theorem 4. Let J be a polygon in R2. Then there is a homeomorphism
h: R2R2, such that h(J) is the frontier of a 2-simplex.

ProoF. Let I be the interior of J, and let K be a triangulation of /. Any
free 2-simplex of K can be removed by a homeomorphism 4: R?<>R2

Cask 1. Suppose that vyv,v, is free, with vyv,0, N Fr |K| = vyv,. We take
03, 04, and vy as in the figure, so that they and v, are collinear, with v; and
v, “very close” to v, and v, respectively, so that the entire figure intersects
Fr |K| only in vyv,. We then define 4 as the identity in the complement of
Figure 3.3, so that vy, v,, v;, and v, are left fixed. Now define h(vs) = v,

/ v \

\ vs s

v4

Figure 3.3

and extend 4 simplicially (Theorem 1) to each of the simplexes vyv,vs,
00,405, VyLsV;, and v,0sv5. The effect of A is to reduce by 1 the number of
2-simplexes of K.

CaSE 2. Suppose that vyo,v, is free in K, with vyo,0, N Fr |K| = v40, U
v,0,. Use the inverse of the mapping A that we defined in Case 1.
By induction, the theorem follows. 0O

Theorem 5. Let J and J’ be polygons in R>. Then there is a homeomorphism
h: RPoRL, JoJ .
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3 The Schonflies theorem for polygons in R?

ProoOF. By Theorem 4 there are homeomorphisms
fi: RRoR:, JoFre?
f: R?oR%, J'oFrrl
By Theorem 2 there is a homeomorphism
fi: RZoR?, ol

Let h= £, f,. n

Theorem 6. Every polygon in R? is the frontier of a 2-cell in R2.
Proor. By Theorem 4. O

Theorem 7. Let J be a polygon in R2, with interior I, and let U be an open set
containing I. Then there is a homeomorphism h: R*R?, such that (1)
h(J) is the frontier of a 2-simplex and (2) h|(R* — U) is the identity.

ProOF. In the proof of Theorem 4, we choose our homeomorphisms so
that each of them satisfies (2). O

PROBLEM SET 3
Prove or disprove:

1. Let 0% be a 2-simplex in R% and let J = Fr 0. Let f be a homeomorphism

J o J. Then f can be extended to give a homeomorphism f: 62« o2

2. Let 02 and J be as in Problem 1. Then there is a homeomorphism g: B2 02,
(For the definition of B2, see the beginning of Section 2.)

3. In Problem 1, f can be extended to give a homeomorphism f”: R?<>R2,

4. Let o2 be a 2-simplex in R2, let J = Fr 2, let f be a homeomorphism of 2 onto
a 2-cell C2, and let J' = f(J). Let g be a homeomorphism J’ < J’. Then g can
be extended to give a homeomorphism g’: C%« C2

5. Let J be a polygon in R2. Then every homeomorphism f:J<J can be
extended to give a homeomorphism f": R>«<R2.

6. Let J be a 1-sphere (not necessarily a polygon) in R, let U be a component of
R%2—J, and let F=Fr U. (It is a fact that F must be all of J, but we have not
yet proved this.) Let v € F. Suppose that there is a 1-simplex vw such that
vw — {v} C U. Then we say that v is linearly accessible from U. Some point of F
is linearly accessible from U.

7. Let U and F be as in Problem 6. Then the set of all points of F that are linearly
accessible from U is dense in F. (For the definition of is dense in, see Section 0,
just after Theorem 0.3.)

8. Let U and F be as in Problem 6. Then every point of F is linearly accessible
from U.
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9. Let J be a polygon in R?, let I be its interior, and let U be an open set
containing I. Then there is a homeomorphism f: R2&R?, [ 62 such that
fI(R? = U) is the identity.

10. Let J, and J, be disjoint polygons in R2. Then R? — (J, U J,) has exactly three
components.

11. Let J, and J, be polygons in R?, with interiors 7, and I,; and suppose that
I, I,. Then I, — I, is homeomorphic to a closed plane region bounded by
two concentric circles.

12. Let J; and [; (i =1, 2) be as in Problem 11, and let f be a homeomorphism
JyeJ,. Then f can be extended to give a homeomorphism f': I}, — I, I, — I,.

Let J =|K| be a polygon in R%. Let B, be a broken line in J, and let
=Cl(J — B)). Let I be the interior of J. Suppose that for every
neighborhood U of I — Bd B, there is a homeomorphism

fR?&R%,  B,oB,

such that f|(R? — U) is the identity. Then J has the push property at B,. If J
has the push property at every broken line B, C J, then J has the push
property. If J has the push property at every broken line B, which forms a
subcomplex of K, then K has the push property.

13. Let o2 be a 2-simplex in R?, and let K be the set of all edges and vertices of 62
Then K has the push property.

14. Let J = |K| as in Problem 13. Then there is a 1-simplex vw such that (1) v and
w are vertices of K and (2) vw N J = {0, w}.

15. Let J =|K| as in Problems 13 and 14. Then K has the push property.
16. Use the results of Problems 13-15 to get a new proof of Theorem 4.
17. Every polygon in R? has the push property.

18. Theorem 2 can be generalized, so as to apply to the case 6", 7" C R™ (m > n).
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The Jordan curve theorem

The purpose of this section is to prove the following.

Theorem (The Jordan curve theorem). Let J be a topological 1-sphere in
R2. Then R? — J is the union of two disjoint connected sets I and E, such
that J=FrI=Fr E.

Theorem 1. Let U be an open set in R", and let P, Q € U. If P and Q are in
different components of U, then U is the union of two disjoint open sets
containing P and Q respectively.

ProoF. Every component of U is open, because every set N(P,¢) is
connected. Therefore every union of components of U is open. Let C, be
the component of U that contains P. Then U= C, U (U — C,), where
U — Cp is open and contains Q. O

Theorem 2. Let I be the interior of a polygon in R% and let P, Q, R, and S
be points of Fr 1, appearing in the stated cyclic order on Fr I. Let A be an
arc from P to R, lying in I, such that AN FrI= {P,R}. ThenI— A is
the union of two disjoint open sets Uy, Us, containing Q and S in their
frontiers.

(Note that by Theorem 3.5 there is no loss of generality in supposing
that I is a rectangular region. Similarly, by the result of Problem 3.5, we
can put P, O, R, and S into the positions shown in Figure 4.1.)

PRrROOF. Let Q' and S’ be points of /, near Q and S, as in the figure. If Q'
and S’ are in the same component of / — A, then there is a broken line
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Q
9 ———-"‘-1 '
"
7 A
Y
\
P ) R
[
/
\-____
———
S
Figure 4.1

from Q' to S’ in I — A. Therefore there is a broken line B, from Q to S,
lying in I — A and intersecting Fr I only at Q and S.

But P and R lie in the same component of / — B, because 4 Cc I — B
and A4 is connected. This contradicts Theorem 2.8. O

Theorem 3. Let J be a topological 1-sphere in R%. Then R®—J is not
connected.

PrOOF. Let I be a polyhedral 2-cell containing J, such that J N Fr/
contains exactly two points P and R. (Fill in the details for the construc-
tion of such an I.) Then J is the union of two arcs A, and A4,, from P to R.
Take a broken line B, from S to Q, in I, and intersecting Fr / only at S
and Q. Let T be the first point of B (in the order from S to Q) which lies
in J; let A, be the arc from P to R in J that contains T; and let 4, be the

other arc from P to R in J. Let X be the last point of B that lies in 4,. (See
Figure 4.2.)

Figure 4.2

Lemma 1. A, contains a point of B, following X in the order from S to Q on
B.
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4 The Jordan curve theorem

PROOF. Suppose not. Let B, be the arc ST in B; let B, be the arc TX in 4,;
and let B, be the arc XQ in B. Then B, U B, U By is an arc SQ, in I — 4,.
Therefor: S and Q lie in the frontier of the same component of I — 4,;
and this contradicts the preceding theorem.

Now let Y be the first point of B that lies in 4, and follows X in B (in
the order from S to Q). Let Z be any point between X and Y in B.

Lemma 2. Z lies in a bounded component of R*> — J.

ProoF. Suppose not. Then there is a broken line B,, from Z to a point W
of Fr I, with B, cR?—J. We may suppose that B,NnFrI= W, since
otherwise a shorter broken line would have the same properties. Consider
first the case in which W and S lie in the same component of Fr I —
{P, R}. (See Figure 4.3.)

~

A,

A g

s
Figure 4.3

B contains an arc B,, from Z to Q, not intersecting A ,. It follows that W
and Q are in the frontier of the same component of I — A4,, and this
contradicts the preceding theorem.

Suppose, second, that W and Q lie in the same component of Fr I —
{P, R}. (See Figure 4.4.) As before, let T be the lowest point of B = SQ

Q
w.
—__—\/\ Y
b Z
P P R
X Ay
T
s
Figure 4.4
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that lies on A4,. Form the union of the arcs B;, ZX c QS, XT C A,, and
TS c SQ. It follows that W and S lie in the frontier of the same
component of I — A, and this contradicts the preceding theorem, as
before.

Evidently Lemma 2 proves Theorem 3. O

Theorem 4. Let I, P, Q, R, and S be as in the preceding theorems, and let A,
and A, be disjoint arcs in I, such that AyNFrI={P} and A,NnFrlI=
{R}. Then S and Q are in the frontier of the same component of
I—-(4,U A4,).

[

A

e

S
Figure 4.5

Proor. In Figure 4.5, we have shown Tasa rectangular region, with P and
R as the midpoints of a pair of opposite sides. See Theorem 3.5 and
Problem 3.5.

By a brick-decomposition of the plane we mean a collection G = { g;} of
polyhedral disks (= 2-cells) such that (1) U ;‘ilg,. =R? (2) if two sets g,
and g; intersect, then their intersection is a broken line lying in the frontier
of each of them, and (3) every point has a neighborhood which intersects
at most three of the sets g;,. One way to get such a collection is to cut up
the plane by horizontal lines and vertical segments so as to get a sort of
“infinite brick wall,” as shown in Figure 4.6.

N I N A AR A
N [ T ILL‘

[ T ] I
I 1T T 1T T T T T

Figure 4.6

In general, given a set M in a metric space [X, d], the diameter M of M
is the least upper bound of the numbers d(P, Q) (P, Q € M). (Thus M
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4 The Jordan curve theorem

may be 0.) If G is a collection of subsets of X, then the mesh of G is the
least upper bound of the numbers dg (g € G).

Evidently we can construct a brick-decomposition G of R? with mesh as
small as we please. In any case, the union of any subcollection of G is a
2-manifold with boundary. In the present case, we use bricks which are
rectangular regions, with sides parallel to the edges of Fr 1, such that 7 is
the union of a subcollection of them. And we use bricks of sufficiently
small diameter so that no one of them intersects both 4, and A4,. (See
Problem 1.12.)

Let N be the union of all bricks in the decomposition that intersect 4.
Then N is a 2-manifold with boundary, and so also is the set

N'=NnlLl

Let J be the component of Fr N’ that contains P. Then J is a 1-sphere.
Let B, be the component of J N Fr I that contains P. Then B, is a broken
line between two points T and U, where T, U € Fr I, T lies below P and
R, and U lies above P and R. Let B, be the other broken line between T
and U in J. Let V be the last point of B, (in the order from T) that lies in
Fr I and lies below P and R; and let W be the first point of B, that follows
V and lies in Fr I. Then W lies above P and R in Fr I.

s
Figure 4.7
Let B be the broken line between ¥ and W in B,. Then B NFr/=

{V, W}. Thus V and W lie in the boundary of the same component of
I—(A,U A,). Therefore Q and S have the same property. O

Theorem 5. No arc separates R,

PROOF. Let 4 be an arc in R2. Since 4 is bounded, R? — 4 has exactly one
unbounded component. Thus we need to show that RZ— A has no
bounded component.

If U is a bounded component of R?— A4, then Fr U c 4, and Fr U is
closed. On an interval [a, b], every closed set M lies on a minimal interval
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[a’, b}, with @', b’ € M. (The reason is that the least upper bound and the
greatest lower bound of M must belong to M; these are b’ and a’.) It
follows that every homeomorphic image of [a, b] has the same property; 4
has a subarc 4’ which contains Fr U and has its end-points in Fr U. We
may therefore assume, with no loss of generality, that the end-points 7', T’
of A lie in Fr U.

We now enclose 4, as usual, in a 2-cell 7, such that 4 intersects Fr I in
exactly two points P, R. As in Figure 4.8, these may not be the end-points

Figure 4.8

T, T’ of A. By the preceding theorem, there is a broken line B, from S to
O,suchthat BNFr/={Q, S}, IntBCI,BNA,=Q,and BN A4;=0.

Let V be the first point of B (in the order from §) that lies in 4,; let W
be the last point of B that lies in A,; let B, be the arc from S to V in B; let
B, be the arc from V to W in A4,; let B, be the arc from W to Q in B; and
let B’= B, U B, U B;. By Theorem 2, P and R lie in the boundaries of
different components of I — B’. Therefore T and T’ lie in different
components of / — B’. But this is impossible, because U is connected,
UNB =g, and T and T’ are limit points of U. This contradiction
completes the proof of the theorem. O

Theorem 6. Let J be a 1-sphere in R?, and let U be a component of R*> — J.
Then J = Fr U.

PrOOF. Obviously Fr U c J. If Fr U is not all of J, then Fr U lies in an arc
A in J. Since R? — J has another component V, it follows that A separates
R?, which contradicts Theorem 5. O

Thus, to complete the proof of the Jordan curve theorem, it will be
sufficient to prove the following.

Theorem 7. Let J be a 1-sphere in R%. Then R? — J has only one bounded
component.
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4 The Jordan curve theorem

PrOOF. Let X, Y, and Z be as in Figure 4.2. Here, as usual, J =4, U 4,; T
is the first point of B (in the order from §) that lies in J, T € 4,; X is the
last point of B in A4,; Y is the first point after X in B that lies in 4,; Z is
between X and Y in B; and W is the last point of B that lies in 4,. (See
Figure 4.9.)

Figure 4.9

We know that Z lies in a bounded component of R — J. We need to
show that R? — J has no other bounded component.

Let B, be the arc from S to T in B; let B, be the arc from 7 to X in 4,
(if T and X are really different; if not, let B, = T = X); let B; be the arc
from X to Y in B; let B, be the arc from Y to Win 4, (if Y # W); and let
B; be the arc from Wto Qin B. Let B'= U f= \B;- Then P and R are limit
points of different components of I — B’. Therefore, if U is a bounded
component of R?> — J, different from the component which contains Z, it
follows that U N B’ = ¢, so that Fr U cannot contain both P and R.
Therefore Fr U lies in an arc in J; and this is impossible, by Theorem 5. ]

The theory developed in this section gives us information on triangu-
lated 2-manifolds.

Theorem 8. Let K be a complex, such that M = |K| is a 2-manifold. Then K
is a combinatorial 2-manifold. That is, every subcomplex St v is a combi-
natorial 2-cell.

PRrOOF as follows.

Lemma 1. Every vertex of K lies in an edge of K.

PRrOOF. Because R? has no isolated points. O

Lemma 2. Every edge vyv, of K lies in at least one 2-simplex of K.
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PrROOF. Let v be an interior point of vyv,, and suppose that vyv, lies in no
2-simplex of K. Then v has a neighborhood U in |K]|, lying in Int vyv, and
homeomorphic to the plane. This is impossible, because no point separates
the plane. O

Lemma 3. Every edge of K lies in at least two 2-simplexes of K.

PROOF. Suppose that e lies in only one ¢ € K; and let v and U be as in the
proof of Lemma 2. Then o® contains a semicircle which lies in U and
separates U, and this is impossible, because no arc separates R?. O

Lemma 4. Every edge of K lies in at most two 2-simplexes of K.

PrOOF. Suppose that e is the intersection of three distinct simplexes,
e = 07N 02N 02, and let v be an interior point of e. Let U be a neighbor-
hood of v in K, homeomorphic to R, and let € > 0 be sufficiently small so
that N (v, ) N |K| C U. Let C, and C, be semicircles in o2 and o2, with v
as center, and the same radius, sufficiently small so as to lie in N (v, ).
Then J= C,U C, is a l-sphere in U, not separating U; and this con-
tradicts the Jordan curve theorem. O

We recall, from Section 0, that the /ink L(v) is the set of all simplexes of
St v that do not contain v.

Lemma 5. Each set |L(v)| is connected.

Proor. If not, v separates |St v|; and this is impossible, because no point
separates any open set in R2. O

From Lemma 1 it follows that no set |L(v)| is empty. By Lemmas 2, 3,
and 4, every component of |L(v)| is a polygon; and by Lemma 5 it then
follows that | L(v)| is a polygon. Now take any o2, and subdivide the edges
so as to get a 1-dimensional complex with the same number of edges as
L(v). Form a subdivision of o2, using the vertices of the subdivision of
Fr 62, and using one new vertex which lies in no edge of o2 There is now a
simplicial homeomorphism between the complexes shown in Figures 4.10(a)
and 4.10(b).

(@ (b)
Figure 4.10
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4 The Jordan curve theorem

Theorem 9. Let K be a complex, such that M = |K| is a 2-manifold with
boundary. Then K is a combinatorial 2-manifold with boundary, and Bd M
is the union of the edges of K that lie in only one 2-simplex of K.

PROOF. Let e be an edge of K. As in the proof of the preceding theorem,
we show that the number of 2-simplexes of K that contain e is either 1 or 2.
It follows that every component of every set |L(v)| is either a broken line
or a 1-sphere. As before, | L(v)| is connected, because v does not separate
ISt v|. Therefore |L(v)| is a broken line or a 1-sphere, and Stov is a
combinatorial 2-cell, by much the same proof as before. O

Let 0K be the set of all edges of K that lie in only one 2-simplex of K.
Thus Theorem 9 asserts that Bd|K| = |0K]|.

Theorem 10. Let M be a 2-manifold with boundary, lying in R If M is
closed, then Bd M = Fr M. (In the case M = |K|, it then follows that
Fr M =|3K|.)

PROOF.

(1) Since Fr M is closed, every point of M —Fr M has a locally
Euclidean open neighborhood in M. Thus M—FrM cIntM=M —
Bd M, and Bd M c Fr M.

(2) Since M is closed, Fr M c M. If P € Fr M, then P does not have a
locally Euclidean open neighborhood in M, since this would contradict
Invariance of domain (Theorem 0.4). Therefore Fr M C Bd M, and the
theorem follows. O

PROBLEM SET 4
Prove or disprove:

1. Let D be a disk, let J/ = Bd D, and let P, Q, R, and S be points of J, appearing
in the stated cyclic order on J. Let M and N be disjoint compact subsets of D,
such that M NJ=(P} and NnNJ={R}. Then Q and § lie in the same
component of D — (M U N).

Let A and B be sets in a topological space, with B C A. A retraction of A
onto B is a mapping r: A — B, such that r|B is the identity. If such an r
exists, then B is a retract of A.

2. Let D be a 2-cell. Then Bd D is not a retract of D.

3. Let M =|K| be a tree. (See Problems 2.17-2.18.) For each vertex v of K, the
number of components of M — v is the order of v in K. (Thus M — v is
connected if and only if v is of order 1.)

4. Let M =|K]|, as in Problem 3. If v € M, and v is not a vertex of K, then M — v
has exactly two components.
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. Let M =|K|, as in Problems 3 and 4, and suppose that M is compact. (It

follows that X is finite; see Problem 0.34.) Let N be a compact subset of M.
Then there is a subset M’ of M such that (1) M’ is a tree, (2) N C M’, and (3)
no proper subset of M’ has properties (1) and (2).

. Let M be a topological tree in R%. Then R? — M is connected.
. Let D be a polyhedral disk in R% let P, Q €Bd D, and let B, and B, be

broken lines PQ such that Bd D = B, U B,. Let M be a set which is the union
of a finite collection of disjoint broken lines, each of which joins two points of
Int B, or two points of Int B,. Then P and Q lie in the same component of
D-M.

. Let D, P, Q, B|, and B, be as in Problem 7. Let M, and M, be disjoint

compact subsets of D, such that M; " Bd D C Int B; (i =1, 2). Then P and Q
lie in the same component of D — (M, U M,).

9-12. Decide whether or not the theorems stated in Problems 2.7, 2.12, 2.15, and

13.

14.

15.

16.

17.

18.

19.

20.

2.16 are true in the topological case (that is, when the sets mentioned are not
required to be polyhedral).

Let B2 be the unit ball in R% and let S! =Bd B? be the unit circle. Every
mapping f: S' > R”" can be extended to give a mapping f": B>—>R".

Let M, and M, be disjoint compact sets in R”, and let P, Q €R" — (M, U M,).
If P and Q lie in the same component of R” — M; (i = 1, 2), then P and Q lie in
the same component of R” — (M, U M)).

Let D; and D, be disks such that D, N D, is an arc 4 lying in Bd D, N Bd D,.
Then D, U D, is a disk.

Let D,, D,, and 4 be as in Problem 15. Then there is a homeomorphism
h: D, U Do D,, such that h|(Bd D, — A) is the identity.

Let M,, M,, . .. be a nested sequence of compact sets in R”, and let P, Q €R”"
— M,. If each M; separates P from Q in R” then the set M, = (2 M, has
the same property.

Let M be a compact set in R”, let P, Q ER"— M, and suppose that M
separates P from Q in R”. Then there is a compact subset N of M such that (1)
N separates P from Q in R” and (2) no compact proper subset N’ of N
separates P from Q in R".

Let M, P, and Q be as in Problem 18. Then M contains a compact connected
set which separates P from Q in R".

Let f be a mapping B2— B2 Then f(P) = P for some P.

In Problems 21-27 below, K is a triangulated 3-manifold. In these prob-
lems, regard the following as known. (They are true, but their proofs would
take us very far afield indeed.)

Theorem A. No 1-cell, 2-cell, or 1-sphere separates R>.
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4 The Jordan curve theorem

Theorem B. Every 2-sphere (polyhedral or not) separates R®.
21. Every vertex of K lies in an edge of K.

22. Every edge of K lies in a 2-simplex of K.

23. Every 2-simplex of X lies in at least one 3-simplex of XK.

24. Every 2-simplex of K lies in at least two 3-simplexes of K.

25. Every 2-simplex of K lies in at most two 3-simplexes of K.

26. Every component of every set |L(v)| is a 2-manifold.

27. Every complex L(v) (and hence every set |L(v)|) is connected.

28. Let K be a complex in which every set |L(v)| is a connected 2-manifold. Then
each set |L(v)| is a 2-sphere, and X is a triangulated 3-manifold.
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Piecewise linear homeomorphisms

Let K and L be complexes. We recall, from Section 0, that a homeomor-
phism

f K| (L]
is piecewise linear (relative to K and L) if there is a subdivision K, of K
such that for each o € K|, f|o maps o linearly into a simplex of L. “PL”
stands for piecewise linear, and “PLH” stands for PL homeomorphism, or
PL homeomorphic. If K is a subdivision of K, then we write K| < K.

Theorem 1. Given K, < K. Then (1) f is PL relative to K and L if and only if
(2) f is PL relative to K, and L.

ProoF. The implication (2)=>(1) is trivial, since any subdivision of K| is a
subdivision of K. It remains to show that (1)=(2).

Given K, < K, such that for each o € K,, f|o is linear. Let K, be a
common subdivision of K| and K,. Then for each ¢ € K,,, f|o is linear. []

Theorem 2. Let L, be a subdivision of L. A homeomorphism f: |K|<|L| is
PL relative to K and L if and only if f is PL relative to K and L,.

Proor. Here “if” is trivial. To prove “only if,” let K, be such that K, < K,
and such that for each ¢ € K|, f|o maps o linearly into a simplex of L. Let
f(K,) be the set of all images f(o) (6 € K,). Then f(X,) is a subdivision of
L. Let L, be a common subdivision of f(K;) and L,, and let K, =f~!(L,);
that is,

K,= {f"(fr)l're Lz}.

Then K, < K, and for each ¢ € K, flo maps o linearly into a simplex of
L,, which was to be proved. O
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5 Piecewise linear homeomorphisms

We have shown (Theorem 2.2) that if J is a polygon in R? with interior
I, then I is a finite polyhedron, = |K| for some finite complex K. Later we
showed (Theorem 3.4) that for each such I =|K]| there is a homeomor-
phism f: R2&R2, I 62, where 02 is a 2-simplex. In the proof we used the
fact (Theorem 3.3) that K always has a free 2-simplex. We showed that a
free 2-simplex 72 could always be deleted from K by a homeomorphism
R2& R2 The homeomorphism that we used was PL, relative to a triangula-
tion L, of R2. In Figure 5.1, 72 = vyv,0,, vy, 0y, v, and v, are vertices of L;

Figure 5.1

and v,, vs, and v, are vertices in a subdivision. We have v, > v;,
vs+> v, and all other vertices are left fixed. Evidently the figure forms a
subcomplex of a triangulation of R So also does K. By repeated applica-
tions of the preceding two theorems, the homeomorphism that deletes o>
from K is PL relative to the triangulation of R? in which K forms a
subcomplex. And the same holds when the operation f is iterated. Thus we
have:

Theorem 3. Let J be a polygon in R?, let I be its interior, and let K be a
subcomplex of a triangulation of R?* such that |K|=I. Then there is a
PLH

f: R R?, I o?
f: JoBd ¢ = Fr o

Thus K is a combinatorial 2-cell.

Theorem 4. Let K, and K, be combinatorial 2-cells and let f be a PLH
Bd |K,|<>Bd |K;|. Then f has a PLH extension f": |K||<|K,)|.
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Geometric topology in dimensions 2 and 3

ProoF. For i = 1, 2, let g; be a PLH 0’| K.

02

&
&

f
K| K|

Then g; fg, is a PLH Bd ¢%<>Bd ¢ This has a PLH extension g": 0%<> ¢
Let f'=g,8'g; . Then f" is a PLH |K,|<|K,], and

fIBd K, =g,8; fe,87' =1,
which is what we wanted. O

We know (Theorem 4.8) that every triangulated 2-manifold is a combi-
natorial 2-manifold. Obviously, in such a space, a polygen need not be the
boundary of a 2-cell. But all “small” polygons have the property, in the
following sense.

Theorem 5. Let K be a complex, such that M*=|K| is a 2-manifold with
boundary. Let J be a polygon in |K|, that is, a 1-sphere which forms a
subcomplex of a subdivision. If J lies in a set |St v|, then J is the boundary
of a combinatorial 2-cell in K.

PROOF. Let f be a PLH: |St o] >R Then f(J) is a polygon in R?, and the
interior of f(J) in R? lies in f(|St v|). Let I be the interior. Then / forms a
combinatorial 2-cell in R2. Therefore f~!(J) forms a combinatorial 2-cell
in |K|. O

Theorem 6. Let C, and C, be 2-cells, and let f be a homeomorphism
Bd C,<Bd C,. Then f has a homeomorphic extension f': C, < C,.

Proor. For i=1,2, let g, be a homeomorphism ¢« C,. Now proceed
exactly as in the proof of Theorem 4. O

PROBLEM SET 5

Throughout the following problems, 6" is an n-simplex in R”. We recall
that the diameter 84 of a set A is the least upper bound of the distances
d(P, Q) (P, Q € A), and the mesh |G || of a collection G of sets is the least
upper bound of the numbers 8g (g € G). The reader may prefer to
consider only the case n < 3.

Prove or disprove:

1. d¢” is the length of the longest edge of o”.

Let 4 be a subset of R™, and let v € R™. The join J (A, v) of A and v is the
union of all segments vP (P € A). More generally, if 4, B c R™, then
J (A4, B) is the union of all segments PQ (P € A, Q € B).
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2.
3.

4.

5 Piecewise linear homeomorphisms

For each 6" = vgv; . . . v,, we have 6" = J (0,0, . . . U, ¥p).

We recall that d¢” is the set of all i-faces of ¢” for which i < n. For each
v € 0" — |d0"|, we have 6" = J (|d0"|, v).

3

Given 6> = vyv,v,05, We have o> = J (v40;, 0,03).

The barycenter v of ¢" is the point of ¢” all of whose barycentric
coordinates are equal (= 1/(n + 1)). The (first) barycentric subdivision bK
of a complex K is defined inductively, as follows. (1) bK®= K°. (2) Given
bK', bK'*! is the union of bK' and the set of all joins vo’, where v is the
barycenter of a simplex 6'*! of K and ¢’ € bK’, 6° C ¢'*. In a Euclidean
complex, the dimensions of the simplexes always form a bounded set, and
so this process terminates, giving bK.

5.
6. bK is a subdivision of K.
7.
8

9.
10.

11.
12.
13.

For each K, bK is a complex.

[lbe™|| < Lll6™|, for each o

. Let K be a finite complex, let f: |K|—R"™ be a mapping, and let ¢ be a positive

number. Then there is a subdivision X’ of K, and a mapping f": |K|—R", such
that (1) for each ¢ € K’, f’|o is linear and (2) for each P € |K|, d(f(P), f'(P))
< &. (Under these conditions, we say that f’ is an e-approximation of f.)

In Problem 8, what happens if K is not required to be finite?

Under the conditions of Problem 8, let L be a subcomplex of K, and suppose
th'at each|mapping flo (o € L) is linear. Then K’ and f’ can be chosen so that
FIIL) = f]IL].

Let f be a mapping |d0”|—|da”|. Then f has an extension f’: ¢” —>0".
In Problem 11, if fis a PLH, then f’ can be chosen so as to be a PLH.

In the proof of Theorem 5.3, we discussed one of the two cases in the proof of
Theorem 3.4. Verify that the homeomorphism used to delete 72 from X is also
PL in Case 2.
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PL approximations
of homeomorphisms

Let [X, d] and [Y, d’] be metric spaces, and let f: X— Y and g: X—> Y be
mappings. Let € be a positive number. If for each P € X, d'(f(P), g(P)) <
g, then g is an e-approximation of f.

For noncompact spaces, we need the following more refined idea. Let ¢
be a function (not necessarily continuous) X —»R™*. Suppose that ¢ is
bounded away from 0 on every compact set, i.e., for every compact set M
there is an ¢,, > 0 such that ¢(P) > ¢,, for each P € M. Then ¢ is called
strongly positive, and we write

¢>0o0n X.

(Note that every positive mapping is automatically a strongly positive
function. We use the former because they serve the same purpose and are
easier to construct.) Let ¢ be >0 on X, and let f and g be mappings
X — Y. Suppose that for each P € X, d'(f(P), g(P)) < #(P). Then g is a
¢-approximation of f.

Theorem 1. Let vv’ be a 1-simplex, let h be a homeomorphism vv' <> A C R?,
with vi> P, v’ 1> Q, and let € be a positive number. Then there is a broken
line B, from P to Q, lying in N (A4, ¢).

ProoF. We recall that N (4, ) = {Q|d(P, Q) < & for some P € 4}. Obvi-
ously N (4, ¢) is open, and it is easy to show that N (4, €) is connected.
(Theorems 1.3 and 1.7, and Problem 1.26.) Therefore N (A, €) is broken-
line-wise connected. (Theorem 1.13.) O

Theorem 2. Let K' be a 1-dimensional complex, not necessarily finite, let h
be a homeomorphism |K'| >R, and let ¢ be >0 on K'. Then there is a
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6 PL approximations of homeomorphisms

PLH f: |K'|>R? such that (1) f is a ¢-approximation of h and (2) for
each vertex v of K', h(v) = f(v).

ProoF. For each edge e of K, let ¢, be the greatest lower bound inf (¢|e)
of ¢|e. Then ¢, > 0 for each e. For each e € K', hle is uniformly continu-
ous. It follows that there is a subdivision L of K', sufficiently fine so that
for each edge v;v; of L,

8h(v;v)) <
where e is the edge of K' that contains v,v;. Let the vertices of L be
Vg Oy« « - 3
for each i, let
w; = h(v,);
and for each i, j, let
= h(v,v),
ee
eij = 3 .
Thus we have
04, < ¢y,

so that
(1) For each P, Q € N(4,
For each i, let

&), d(P, Q) <3g;=¢,.

U’

N;=N(w, ¢), C,=FrN,

where the numbers ¢; are positive and sufficiently small so that

(2) The sets N, are disjoint,

B g<g; whenever vy, € L, and

C) N 1ntersects A; only ifi=jori=k.

Now each set 4; = h(v;v) is a topological arc from w; to wj. Let x; be
the last point of 4, (in the order from w,) that lies in C;. Let x;; be the first
point of 4;; that follows x; and lies in C;. Let A be the arc from x;; to xj; in
A;;. Then dlfferent arcs A’ are d1s101nt (See Flgure 6.1.) By the precedmg
theorem, every neighborhood of A} contains a broken line B; from x; to
x;. If these neighborhoods of the sets 4/ are sufficiently small, then
different sets B will be disjoint, and we will have

B; C N(4j g).

In the formulas in Figures 6.1 and 6.2, the notation 4 = vw means
merely that 4 is an arc with end points v and w. Only in two cases does the
notation indicate a simplex with vertices v and w.

We are now almost done. Let y; be the last point of B; (in the order

from x;) that lies in C, and let y;; be the first point of B; that follows y;
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Geometric topology in dimensions 2 and 3

o _
Ajj = xpxi; CAjp = wiw;

Figure 6.1

,

XX
’

B;

By; i
BY: LUW Vs Uwspes
ij j Wiy Uwiyij

Figure 6.2

and lies in C;. Let B be the broken line from y; to y; in Bj. Let

Bj =B, Uwiy; Uwyy

Then B is a broken line from w; to w;; different sets B, intersect only at
the end-points where they must intersect; and

B C N(A,-j, &;)-
We now define
fi|IK'|>R?
by defining each mapping f|v;v; as a PLH v,u,¢> B/, v;> w, v;>w;. Then

fis a PLH. To show that f is a ¢-approximation of A, we note that if
P €Evy €L, where vo,Ce€K', then h(P) and f(P) both lie in
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6 PL approximations of homeomorphisms

N (A4, g;)- By (1) it follows that

d(h(P),f(P))<e < ¢(P),
which was to be proved. O

Theorem 3. Let K be a combinatorial 2-manifold with boundary (not neces-
sarily finite), let h be a homeomorphism |K|<>M CR? and let ¢ be a
strongly positive function |[K|—R. Then there is a PLH f: |K| >R such
that f is a ¢-approximation of h.

PRrOOF. If L is a subdivision of K, and ¥ >0 on the 1-skeleton |L!|, then we
can apply the preceding theorem to the restriction hl|L1|, getting a PL
approximation f ||L'|. By the combinatorial Schonflies theorem (Theorem
5.3), together with Theorem 5.4, each PLH f|Bd 6? (6> € L) can be
extended to give a PLH f|o2 Thus we need to choose L and y in such a
way that (1) the PL homeomorphisms f|o? fit together so as to give a
PLH f: |L|->R? and (2) f is a ¢p-approximation of A.

For each 2-simplex o of a subdivision L of K, let 7 be the 2-simplex of K
that contains o; let ¢, = inf (¢|7), and let

We choose L as a sufficiently fine subdivision so that for each 6 € L,
0h(o) <e,.
Let 4 and B be sets of points in a metric space. We define
d(4,B)=inf {d(P,Q)|P €4, Q0 €B).

If A is compact, B is closed, and A and B are disjoint, then d(A4, B) > 0.
(Problem 1.12.)
For each 2-simplex ¢ of L, let

8, =min (e, d(h(o), h(K° - 0))}.
Then 8, > 0. We define y: |L| - R by the condition
Y(P)=inf {4,|P € a}.
(Note that to define a positive mapping which is everywhere less than
would be a digressive nuisance.) Let f||L!| be a PLH which is a y-ap-
proximation of h||L'|, preserving images of vertices, as in the preceding

theorem. We then extend f, as indicated at the beginning of the present
proof, to the interiors of the 2-simplexes o of L. We know that

€

8h(o) < e, = 3

Since y/(P) < ¢(P)/3 for every P, it follows that
f(0) C N(h(0),¢,),

(eCcTEK).
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and
ON (h(0), &,) <3¢, =k,.

If P €6 Cr, then h(P) and f(P) both lie in N (h(o), ¢,); and we know
that ¢(P) > ¢,. It follows that f is a ¢-approximation of h.

It remains to show that f is a homeomorphism; and for this purpose it
will be sufficient to show that different sets Int f(o), where o is a 2-simplex
of L, are disjoint. If 0, # o,, then o, has a vertex w which does not lie in o,.
By the definition of ¢, we have

f(e)) C N (h(0)). 6,,),
and
0, < d(h(o,), h(K®~ 0,)).
It follows that w & f(o,), and so Int f(o,) and Int f(o,) are disjoint. This
completes the proof. O

The following is a fairly immediate generalization of Theorem 3.

Theorem 4. Let K| be a combinatorial 2-manifold with boundary, let K, be a
combinatorial 2-manifold, let h be a homeomorphism |K | — |K,|, and let ¢
be >0 on K,. Then there is a PLH f: |K,|—|K,|, such that f is a
¢-approximation of h.

ProoF. First we observe that Theorem 2 still holds when R? is replaced by
an arbitrary combinatorial 2-manifold K,. The reason is that in K,, each
complex St v is a combinatorial 2-cell, and so there is a PLH g: |St v|«< C,
where C is a convex polyhedron in R% Thus a homeomorphism f: |K|'| —»
|K,| is PL if and only if every mapping

g(f): KNS~ (ISt o)) >R?

is PL. In constructing f, in the proof of Theorem 2, we worked in small
neighborhoods of small sets 4(v,v;), where v,0; was an edge of a subdivision
L of the given K. The construction therefore works just as before in the
general case, except that we should use small convex 2-cells rather than
small circular regions, about each vertex of the subdivision.

The proof of Theorem 3 generalizes in the same way. Here we impose
an additional condition on the subdivision L: we make it sufficiently fine
so that for each 2-simplex o? of L, h(|St 6%)) lies in a set Int|St w|, where w
is a vertex of K,. (Here St o7 is the set of all simplexes of L that intersect

0?, together with all their faces.) When we define f ||L’| as before, the
polygon g f(Bd 6?) lies in R?, and is the boundary of a combinatorial 2-cell
I in R2 Therefore f(Bd 6?) is the boundary of a combinatorial 2-cell

g~ '(I) in K,. If the approximation f ||L1| is sufficiently close, then the set /
will contain no edge of gf(|L'|), and so different sets g~'(/) will be
disjoint. This is what we need, to ensure that the extension of f to the
2-simplexes of L is a homeomorphism. O
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6 PL approximations of homeomorphisms

PROBLEM SET 6
Prove or disprove:

1. Let K be a combinatorial 2-manifold with boundary, such that there is a
homeomorphism f: |K|—R2 Then there is a subdivision L of K, and a PL
homeomorphism g: |L!|—R?, such that g cannot be extended to give a PL
homeomorphism g’: |L| - R

2. Let K be a 2-dimensional complex, and let ¢ be a strongly positive function on
|K|. Then there is a mapping ¢: |K|—>R such that for each P, 0 < ¢(P) <

&(P).

An imbedding of one space in another is a homeomorphism between the
first space and a subspace of the second. If such a homeomorphism exists,
then the first space is imbeddable in the second.

3. No 2-sphere is imbeddable in R2.
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Abstract complexes and
PL complexes

In the following section we shall show that every 2-manifold is triangula-
ble. That is, for every 2-manifold M there is a Euclidean complex K such
that M and |K| are homeomorphic. While the concept of a Euclidean
complex is adequate for the statement of this theorem, it is not adequate
for the proof. Hence the concept of a PL complex, to be defined presently.
The reasons why we need PL complexes (or something equivalent to them)
are not easy to explain in advance. But it ought to be clear a priori that the
requirement that a complex be imbedded in a space R™, with barycentric
coordinates defined in terms of the linear structure of R™, is artificially
special, except in cases where the imbedding is itself an object of study;
and this artificiality sometimes becomes a technical handicap, as in the
following section.

The concept of a Euclidean complex is, however, more adaptable than it
might seem. In particular, the condition that |K| lie in R™ for some m is
not as restrictive as it appears to be; under very general conditions, any
given “combinatorial pattern” can be copied by a complex K in a Carte-
sian space. To make this statement precise, we need to explain what we
mean by a combinatorial pattern, and what we mean by copying.

Consider a Euclidean complex K in R”. The diagram ® = ®(K) of K is
the set of all sets of the type {vgy, v,, ..., v, }, where vy, . .. v, € K. Then
® has the following properties.

(1) @ is a collection of nonempty finite sets.

(2) If ¢ €®, and ¢’ is a nonempty subset of ¢, then ¢’ € P.

(3) Every element of @ intersects only a finite number of elements of ®.

(4) The union of the elements of ® is countable.

(5) There is an integer n such that every element of ® has at most n + 1
elements.
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7 Abstract complexes and PL complexes

To verify (4), observe that the set K° of all vertices of K is covered by a
collection { U,} of disjoint open sets. Let Q™ be the set of all points of R”
all of whose coordinates are rational. Then Q™ intersects every set U,. If
K° were uncountable, then {U,} would be uncountable. It would follow
that Q™ is uncountable, which is false. Verification of (5) is easy: given K
in R™, we take n = m.

More generally, any collection ® which satisfies (1)-(4) is called an
abstract complex. If ® also satisfies (5), then @ is finite-dimensional, and the
least integer n which satisfies (5) is called the dimension dim ® of ®. If
¢ € ®, and ¢ has k + 1 elements, then ¢ is an (abstract) k-simplex, and we
write dim ¢ = k. If ¢, ¢’ €D, and ¢’ C ¢, then ¢’ is a face of ¢. The
i-skeleton ® of ® is the set of all i-simplexes of ®, together with all their
faces. (This is always a subcomplex, unless it is empty.) Thus ®° is the set
of all vertices of ®, and is the union of the elements of ®.

An isomorphism between two abstract complexes ® and V¥ is a bijection

f: VO,
such that ¢ € @ if and only if f(¢) € V.

Theorem 1. Let ® be a finite-dimensional abstract complex. If dim ® < n,
then there is a Euclidean complex K in R***! such that ®(K) is isomor-
phic to .

Lemma 1. In R**! let H be a hyperplane of dimension <2n. Then H
contains no open set.

PRrOOF. Because no subspace of dimension < 2n contains an open set. []

Lemma 2. In R**!, let V= {vy, v,,...,0,) be a set of k+ 1 points, in
general position. Then V lies in exactly one k-dimensional hyperplane.

ProoF. Because the points v; = v; — v, (1 < i < k), being linearly indepen-
dent, lie in exactly one k-dimensional subspace. O

Lemma 3. There is a countable set
V={v,0...}

of points of R*"*', with v, v, for i # j, such that (1) V is in general
position and (2) V has no limit point.

Proor. For each v € R?*!, let x,(v) be the first coordinate of v. Let v, be
any point such that x,(v,) > 1.

Suppose now that we have given v,, v,, ..., v, in general position,
such that x,(v;) > i for i < m. Let G be the set of all k-dimensional
hyperplanes H* in R>**!, with 0 < k < 2n, which contain k + 1 of the
points v;. By Lemma 2 it follows that G is a finite collection, and by
Lemma 1, no H* € G contains an open set. Therefore the union G* of the
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elements of G contains no open set. Let v, , , be any point of R*"*! — G*

such that x,(v,,,) > m+1. Then {v,, v, ...,0,,0,,,} is in general
position. Thus, recursively, we get {v,, v,, ... }. Evidently this set is in
general position, and it has no limit point, because x,(v,) > i for each i.
Thus the conditions of Lemma 3 are satisfied. O

PrOOF OF THEOREM 1. Theorem 1 follows easily from Lemma 3. Given @,
let

fiewcv

be any bijection between ®° and a subset W of V. Then for each ¢ € ®,
J(¢) is the set of vertices of a Euclidean simplex o, and given ¢, y € ®, the
set ¢ U ¢ has at most 2n + 2 points. Therefore f(¢ U ) is the set of
vertices of a Euclidean simplex 7. Thus the set o, N o, is both a face of g,
and a face of o, (unless it is empty). It is easy to check that the collection
K = {o,|¢ € ®} satisfies the other conditions for a Euclidean complex; and
obviously ® and ®(K) are isomorphic; the desired isomorphism is f. O

If @ is an abstract complex, and K is a Euclidean complex such that ®
and ®(K) are isomorphic, then K is called a Euclidean realization of ®.
Thus every abstract complex of dimension < » has a Euclidean realization
in R2n+ l-

Let [X, O] be a topological space, and let # be a homeomorphism of a
Euclidean simplex into X. Let the domain of & be 6, = vy, . . . 1, and let
h(o,) = |h|. Thus we have

Such an 4 is called a coordinate mapping. This term is reasonable, because h
can be used to define a “barycentric coordinate system” in |A|. Given

v=3q,0;, E VgV, . ..V = 0y,
the image w = h(v) can be regarded as a “formal sum”
w=Zaw, (W =h(v))
More precisely, for each w = h(v) € |h|, h defines a function
b,: {wo Wi, ..., w}—>R,
b,: w,a.

Whichever way we think of this, if «; is the v,-coordinate of v in g, then a;
is the w;-coordinate of A(v) in |h|. We shall call the function wi- b, the
barycentric coordinate system in |h| induced by h.
Let g and & be coordinate mappings into X. Suppose that (1) | g| = |A|
and (2)
h(g): 0,0,

is a simplicial homeomorphism. Then g and 4 are called equivalent, and we
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7 Abstract complexes and PL complexes

write
g~h.
Let C(X) be the set of all coordinate mappings into X. Then we have:

Theorem 2. For each [X, O], ~ is an equivalence relation on C (X).

Given h € C(X), for each face 7 of o, the coordinate mapping k|7 is
called a face of h. If S C|h|, and S = h(r) for some face 7 of o,, then S
forms a face of h.

Theorem 3. Given g~ h, S C | g| = |h|. If S forms a face of g, then S forms a
face of h.

ProOF. Given S = g(7) (7 a face of 0,), let p=h" Y(g(1) = h~(S). Then p
is a face of g,,. O

Theorem 4. Equivalent coordinate mappings induce the same barycentric
coordinate systems in their common image.

PROOF. Given g ~h, 6, = 040, . . . 1, let

w; = g(v,), x;=h~"(w).
Since A~ '(g) is simplicial, we have g, = xyx, . . . x,. Thus if w = g(Za,v),
then

h='(w)=h""(g(Eaw)) =Zeh ™' (8(v)) = Za;x;,

so that w = h(2a;x,). In each case, the w;-coordinate of w is «;. O

For each h € C(X), let
[h]={glgE C(X)and g~h}.

The equivalence classes [4] will be called PL simplexes or merely simplexes.
The following definitions are now valid, because they are stated in such a
way that they depend only on the equivalence classes [4], [g], and are
independent of the choice of 4 and g in [A] and [g].

(1) The support |[h]| of [A] is |A].

(2) If 7 is a face of oy, then [A|7] is a face of [h], and h(7) forms a face of
[A].

(3) The dimension dim [A] of [4] is dim o,.

(4) In each set |[4]|, the barycentric coordinates of a point v are those
induced by A.

(5) Given a Euclidean simplex o, a PL simplex [A], and a mapping
f: sk —|[A]], if the barycentric coordinates of f(v) are linear functions
of those of v, then f is linear. If also vertices are mapped onto vertices,
then f is simplicial. Similarly for mappings |[4]| - ¢* and |[ g]| - |[#]|-

k
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A PL complex, in a space [X, O], is a countable collection K of PL
simplexes in [X, O] satisfying the following conditions.

(K.1) If [h] € K, then every face of [h] belongs to K.

(K.2) Let [g], [#] € K, and suppose that |[g]| N |[#]| = S # &. Then there
are faces 7, 7,, of o, and o, respectively, such that g(7,) = h(r,) =S
and [glr,] = [h]r,).

(K.3) Every set |[A]| (#] € K) has a neighborhood which intersects only a
finite number of sets |[g]| ([(g] € K).

Note that in (K.2) we require not merely that S form a face both of [ g]
and of [A], but also that [ g] and [4] induce the same barycentric coordinate
system in S. For Euclidean simplexes, the latter condition is redundant,
but for PL simplexes it is not.

The union of the sets |[A]| (4] € K) is denoted by |K|. The i-skeleton K’
of K is the set of all elements of K that have dimension < i. If the
dimensions of the elements of K form a bounded set, then ¥ is finite-
dimensional, and dim ¥ is the largest of the numbers dim [A].

Let K be a Euclidean complex, let K be a PL complex, and let f be a
mapping |K|—|K|. If f maps each o € K linearly into a set |[A]| ([k] € K),
then f is linear (relative to K and K). If also vertices are mapped onto
vertices, then f is simplicial. (Similarly for mappings |¥|—|K| and |X,|—
1,1

It is clear that a finite-dimensional PL complex has the same sort of
structure, both combinatorially and geometrically, as a Euclidean complex.
To be precise, we have the following.

Theorem 5. Let K be a finite-dimensional PL complex. Then there is a
Euclidean complex K such that there is a simplicial homeomorphism
Jr K| | XK.
And for each such K and f we have
K={[fle]loEK}.

ProoF. For each [h] € K, let ¢, be the set of all vertices of [A], and let
O(K)={¢,}. Then ®(K) is a finite-dimensional abstract complex. By
Theorem 1 there is a Euclidean complex K such that ®(K) and ®(K) are
isomorphic. Let f: K%< %° be an isomorphism between them. Now extend
f simplicially to each simplex of K.

Given such a simplicial homeomorphism f, it follows that K = {[ f|o]|o
€ K}, the point being that if f maps o simplicially onto |[4]|, then f|o ~ A,
and [ flo] = [A]. 0

Let K, K, and f be as in Theorem 5, let K’ be a subdivision of K, and
K ={[flo]lo € K'}.
Then K’ is a subdivision of K, and we say that K’ is induced by K’ and f.

let
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7 Abstract complexes and PL complexes

Theorem 6. Let K, and K, be PL complexes, in the same space [X, O].
Suppose that if [g) € K,, [h] € K ,, and S =|[g]| N |[h]| # O, then there
are faces 1,, T, of 0, and ¢, respectively, such that g(t,) = h(r,) = S and
[gl7,] = [h|7,). Then X, U K, is a PL complex.

Proor. Conditions (K.1) and (K.2) hold by hypothesis, and the verification
of Condition (K.3) is trivial. O

In a PL complex ¥, for each vertex v, St v is the set of all elements [A]
of K such that |[A]| contains v, together with all faces of such elements.
For PL complexes, the concepts of isomorphism, diagram, combinatorial
equivalence, combinatorial n-manifold, combinatorial n-manifold with
boundary, and so on, are obtained by following the obvious analogies with
the elementary theory. Finally, polyhedra in a PL complex are defined as
follows. Let M be a subset of |H|. Suppose that there is a PL complex K’
such that (1) M =|K’| and (2) every element of K’ is a rectilinear
subsimplex of some simplex of K. If M is compact (which implies that K’
is finite), this means that M forms a subcomplex of a subdivision of K.

The present section is a modification of the treatment given by Hudson
[H,)], starting on p. 76. In various later sections, the reader who feels the
need of a more formal treatment is referred to Hudson’s book.

PROBLEM SET 7
Prove or disprove:
1. Every two subdivisions of a PL complex have a common subdivision.

2. X, and ¥, are combinatorially equivalent if and only if there is a PLH | ¥, |«
1% l.

3. For PL complexes, the composition of two PL homeomorphisms is a PLH.

4. Let K be a PL complex in [X, O]. Regardless of the topology of [X, O], the
subspace [ |K|, O ||3£| ] is separable and metrizable.

S. Let ¥, and K, be PL complexes, in the same space [X, O]. Suppose that
|H,| N |3, | forms a subcomplex both of K, and of K ,. Then K, U K, is a PL
complex.

6. Let @, and @, be abstract complexes. Then ®, U @, is an abstract complex.
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The triangulation theorem
for 2-manifolds

In R, || P| denotes the norm of P, that is, the distance between P and the
origin. Let

D={P|P€R"and |P|| < 1},
D'={P|PER"and |P| <3 }.

Theorem 1. Let M be an n-manifold. Then there is a sequence
(N, N{), (Ny, N3), . ..

of ordered pairs of open sets in M, such that (1) for each i there is a
homeomorphism

h: N, D, N/o D’
and (2) {N/} covers M.

Proor. Since M is locally Euclidean, for each point P there are open sets
N, N;, with P € N, and a homeomorphism 4,: Np<> D, N, <> D’. Thus
the collection { N;} covers M.

Since M forms a separable metric space, there is a countable neighbor-
hood system 9 = {U,, U,, . .. } such that O(9) is the given topology of
M. Thus for each point Q of M there is a U, such that Q € U, and U, lies
in some set N,. Therefore some countable subset { N/} of { N} covers M,
which was to be proved. O

Theorem 2. Let K be a finite complex, and let U be an open set in |K|
(relative to the subspace topology for |K|). Then there is a complex K
such that (1) |Ky| = U and (2) every simplex o of K, is a (rectilinear)
subsimplex of some simplex of K.
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8 The triangulation theorem for 2-manifolds

PrOOF. We recall that 64 is the diameter of the set 4; if G is a collection of
sets, then the mesh ||G|| of G is the supremum of the numbers dg (g € G);
and if K and K’ are complexes, then K’ < K means that K is a subdivision
of K. (See Section 0, just before Theorem 0.1.)

Let K|, K,, . .. be a sequence of finite complexes, such that (1) K, = K,
(2) for each i, K, < K, and (3) lim,_, || K;|| = 0. Let n; =1, and let

Ly={oloEK =K, andoC U}.

Suppose (recursively) that we have given ny, ny, ...,n,and L}, L,, ..., L,
such that

(1) For each i, L, is a subcomplex of X, .

(2) The numbers »; form an increasing sequence.

3 Ui.ilLlcU.

(4 U/_,|L| forms a neighborhood of U "L in |K]|.

(5) If 6 € K,,, then either 6 ¢ U _,|L;| or o intersects K — U.

Since Fr U|_||L| and K~ U are disjoint compact sets, there is a
minimum distance ¢ > 0 between them. Let n,, | be an integer greater than
n, and sufficiently large so that ||K, || <e. Let L, be the set of all
simplexes of K, that lie in U but not in U’_,|L, together with their
faces. The step from r to r + 1 preserves Conditions (1)—(5), and thus we
get {n}, {L;}, {K,} satisfying (1)=(5). Since lim | K[| =lim || K, || =0, it
follows from (3) and (5) that

[o0]
U= U ILil‘
i=1
The remaining trouble is that the collection
o0
=UL
i=1

is not a complex, except under very special conditions, because
Fr U|_,|L| is likely to be more finely subdivided in L, , than in L,. But
we can get a complex L/ = K, by subdividing each L, in the following
way.

(1) Given 6 € L,, s C Fr U_,|L|, we subdivide o, using all simplexes
of K, that lie in o.

(2) ‘Consider the simplexes o of L, that have at least an edge in common
with Fr U/_,|L] but do not lie in Fr U]_,|L|. In each such o we
introduce the barycenter b, (Problem 5.5) as a new vertex, and then form
the join (Problem 5.2) of b, with the subdivision of do that we already
have. Proceed similarly with the 3-simplexes o, the 4-simplexes o, and so
on.

Thus we get subdivisions L}, L}, . .. ; and these are formed indepen-
dently of one another; no simplex gets subdivided twice. This gives the
desired K. O
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Theorem 3 (T. Radd). Every 2-manifold is triangulable.

PRrOOF. Let M be the given 2-manifold. The theorem can be interpreted to
mean either of the following.

(1) There is a (Euclidean) complex K such that M and |K| are homeomor-
phic.
(2) There is a PL complex K in M such that |K|= M.

By Theorem 7.5, (2)=(1), and the converse is obvious: given f: | K|
M, define K as in Theorem 7.5. We shall prove (2).

Let {N;}, {N/} and h: N;<>D, N/ <D’ be as in Theorem 1.
Throughout the proof, all PL complexes mentioned will be in M. Evidently
there is a PL complex X, such that (1) | )| is a 2-manifold with boundary
and (2) N c|%;|, where K is the set of all simplexes [g] of K, such that
l[gll N Bd |H,| = @.

Now suppose (recursively) that we have given a PL complex K, such
that (3) |K,| is a 2-manifold with boundary and (4)

n
U N c|%;),
i=1

where  is the set of all simplexes of ¥, whose image-sets are disjoint
from Bd |, |. We shall show that there is a PL complex X, such that
when n is replaced by n + 1, Conditions (3) and (4) still hold, and such that
(5) K, c K,, - This will give an ascending sequence K,, K;,... of PL
complexes, such that for each n, K, c K., , and

n
U N c|%,].
i=1

From this the theorem will follow, since U :°=1 K, is a PL complex K,
and

[oe] o0
Mc UNclU|H| =Kl
i=1 i=1
The construction of the desired K, ,, is as follows. We have given

K,, K,, satisfying (3) and (4). By Theorem 7.5 there is a Euclidean
complex K, such that there is a simplicial homeomorphism

Jut 1 Kal &%,
with
3‘{:" = {[fnla]lo € Kn }

Consider the sets
N,y yCN,, CM,
and the homeomorphism
hn+l:]v+1(")D_’ N, oD

n

60



8 The triangulation theorem for 2-manifolds

Let ¥V be an open neighborhood of N,,,NBd|¥,| in |K,|, lying in
|H,| N N, and not intersecting |¥,|, and let

U=£"'(V).

Then U is open in |K,|. By Theorem 2 there is a complex K, such that
|Ky| = U and every simplex of K, is a subsimplex of a simplex of K. Then
K, is a combinatorial 2-manifold with boundary (not necessarily con-
nected, and not compact except in trivially special cases).

To avoid burdening the notation, we observe that A, induces a
Cartesian distance function in N, ,, and also a linear structure, relative to
which the terms complex, polyhedron, PLH, and so on have meanings. All
these terms will be meant in this sense in the following discussion; for
practical purposes, we shall consider that N, | is the unit ball (= unit disk)
B? in R2.

We have a homeomorphism

g =fn“KUI: |KU|'—)Nn+1'

Let ¢ be a strongly positive function on |K,|, such that for each P € |K],
o(P) is less than the distance between g(P) and the set

Bd Nn+l U [f;t(lKn‘ - IKUl) N Nn+l]'
By Theorem 6.3 there is a PLH
g |Ky| >R

such that g’ is a ¢-approximation of g. (Recall that N, , is being regarded
as D.) Under the above conditions for ¢, we have
g'(IKyl) C D,
g(Kyl) N f (1K, — |1Kyl) = @.

Also, since ¢(P)—0 as P approaches the frontier of |K,| in |K,|, the
homeomorphisms g’ and f,|(|K,| — | Ky|) fit together to give a homeomor-
phism

£ K| > M.
Let L be a finite complex in D, such that
(a) Both |L| and the set W = |L| U f/(|K,|) are 2-manifolds with boundary.
(b) UN/ Clnt W.
© |L|n f(IK,)) =Bd [L| n Bd fi(| K]
We may suppose that L is sufficiently finely subdivided so that

(d) No simplex of L intersects both U 7:11 N/ and Bd W.
(e) Each nonempty intersection o N f,(7) (6 € L, T € K)) is an edge or a
vertex of L.
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There is then a subdivision K, of K, such that

(f) If e is an edge of K, and f;(e) C |L|, then f/|e is linear, and f/(e) is an
edge of L. _
(g) No set f(o) (o € K,) intersects both Bd W and N, _ .

Note that to get (f) and (g) we need to subdivide only those simplexes of
K, that intersect Bd |K,|. (Compare with the proof of Theorem 2.) Thus we
may assume, finally, that

(h) If o€ K,, and 6 N Bd |K,| = &, then 0 € K.

We now define the desired K, , as follows. For each o € L, let h, be
the identity mapping o <> a, P> P; and let

e, ={[h]loE€ L)}
Let
&= {[flrllre K]},
and let
Hos1 =L U E,.
By Theorem 7.6, together with (f), K, ., is a PL complex. Since
1K srl = 1E US| = LIV (K, ]) = W,

it follows from (a) that (3) |K,, | is a 2-manifold with boundary; and we
also have

n+1 .

U Ni, c |(J{:n+1['

i=1
From (d) and (g) it follows that

n+1

4 U N cl%, -
i=1
From (h) it follows that (5) K, c K, ,. This completes the proof. O

Much of the theory developed in the present and the preceding section
applies in all dimensions. The restriction to dimension 2 is used only in the
application of Theorem 6.3. Thus, when we prove an approximation
theorem in dimension 3, analogous to Theorem 6.3, it will follow that every
3-manifold is triangulable.

Ordinarily, the triangulation theorem for 2-manifolds is deduced from
the Schonflies theorem (Theorem 9.6). This method may be simpler, once
the Schonflies theorem is known, but it is in a way misleading. In
dimension 3, the Schonflies theorem fails, but the triangulation theorem
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still holds. Thus we should avoid creating the impression that the latter
depends on the former.

For Rad¢’s proof of Theorem 3, see [R,].

We shall now show that every 2-manifold can be triangulated in
essentially only one way; that is, every two triangulations of the same
2-manifold are combinatorially equivalent. For this, we need the following.

Theorem 4. Let K, and K, be triangulated 2-manifolds, let U be an open set
in |K,|, let h be a homeomorphism U—|K,|, and let ¢ be a strongly
positive function on U. Then there is a PLH f: U—|K,| such that (1) fis a
¢-approximation of h and (2) f(U) = h(U).

Proor. By Theorem 2, U is a polyhedron, = |K|, where every ¢ € K, is a
rectilinear subsimplex of a simplex of K. Thus, in Theorem 6.4, we may
take K, =K. By Theorem 6.4 it follows that there is a PLH f: U—|K,)|,
satisfying (1). It remains to show that f can be chosen so as to satisfy (2). If
for each component C of U we have f(C) = h(C), then (2) follows. We
may therefore assume hereafter that U is connected.

Now U is the union of a sequence N,, N,, ... of compact connected
2-manifolds with boundary, such that for each i, N; C Int N, ,. For each i,
let N/ = h(N,). Using the Invariance of domain (Theorem 0.4), we can
easily show that A(U) is open, and Int N/ (= h(Int N,)) is open for each i.
Thus the complements of these sets are closed in |K,|. As usual, if 4 and B
are disjoint closed sets and one of them is compact, then d (4, B) is the
minimum distance between points of 4 and points of B. Given ¢ >0 on U,
we define a new ¢’ >0 on U such that

(a) For each P € U, ¢'(P) < ¢(P).

(b) For each P, ¢'(P) < d(h(P), |K,| — h(U)).

(c) For each P € N|, ¢'(P) < d(h(P), |K,| — Int N}).
(d) For each P €Bd N, ,, ¢'(P) < d(h(P), N/).

These conditions merely require that ¢’ be “sufficiently small,” and so
there is a ¢’ satisfying all of them. By Theorem 6.4, there is a PLH f: U—
| K,| such that (1) f is a ¢’-approximation of A. From (a) it follows that (1)
holds. From (b) it follows that f(U) C h(U). It remains to show that
h(U) C f(U).

From (c) it follows that f(N,) C N; = h(N,). By (d), f(Bd N,, )N N/ =
@. Since N/ is connected, it follows that either N/ C f(N,,,) or N/ N
f(N;y.)=@. For i>2, f(N)) lies in both N/ and f(N,,,). Therefore
N/ Cf(N;y,) for every i>2, U N cU,f(N), and h(U)C f(U), as
desired. O

Obviously, in Theorem 4, we may take U= |K,|, h(U)=|K,|, and
¢(P) = o for every P. Thus we get:
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Theorem 5 (The Hauptvermutung for 2-manifolds). Let K, and K, be
triangulated 2-manifolds. If there is a homeomorphism |K||<|K,|, then
there is a PLH |K,| | K,|. Thus, for triangulated 2-manifolds, homeomor-
phism implies combinatorial equivalence.

Note that in the proof of Theorem 4 we made no use of the fact that our
manifolds were 2-dimensional. Thus, when we get a 3-dimensional version
of Theorem 6.4, this will give us 3-dimensional versions of Theorems 4 and
5.
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The Schonflies theorem

We recall the following definition from Section 2. Let C be a connected
set, let D be a subset of C, and let P and Q be points of C— D. If C— D is
the union of two separated sets, containing P and Q respectively, then we
say that D separates P from Q in C.

Theorem 1. Let J be a 1-sphere in R? which is the union of an arc A and a
broken line B, intersecting in their end-points P and Q. Let I be the
interior of J. Let R and S be points of Int A and Int B respectively. Let M
be the wunion of a finite collection of disjoint broken lines
M\, M, ..., M, lying in I except for their end-points, which lie in
Int B — S. Suppose that M separates R from S in I. Then some M, has
end-points which separate R from S in J.

PRrOOF. Since [ is connected, there is a broken line SR’, lying in I except
for its end-points S € Int B and R’ € Int A. (See Figure 9.1.) We take SR’
in general position relative to M, in the sense that no vertex of either set

Figure 9.1
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lies in the other. If SR’ N M = @, this contradicts the hypothesis that M
separates R from S in 1. We shall show that if no set M, is as in the
conclusion of the theorem, then the number of points in SR’ N M can be
reduced.

Suppose that the end-points 7, U of M, lie in PS C B or in SQ C B;
and suppose that M; N SR’ # @. Let TU be the broken line in B between
T and U, and let J' = (J — TU) U M,. Since Int M, C I, the interior of J, it
follows that the interior I’ of J’ lies in I. Let V be the first point of SR’
that lies in M,, and let W be the last (in the order from S to R’). Consider
the broken lines SV C SR’, VW C M,, WR’ C SR’. These form a broken
line from S to R’. Now V and W lie in Fr I'. Therefore there is a broken
line (SR’)Y, “lying close to SV U VW U WR’,” with its interior in I’ C I.
When we pass from SR’ to (SR’), the number of points in SR’'N M is
reduced by at least two. O

Theorem 2. Let J be a 1-sphere in R?, with interior I, and let A be an arc in
J. Then there is a linear interval vv’, with v €EInt A and vv’ — v C I.

Under these conditions, we say that v is linearly accessible from I. Thus
the theorem states that the points of J which are linearly accessible from /
form a set which is dense in J.

Proor. Take w € Int 4, and take ¢ >0 such that J N0 N(w, ¢) C Int 4.
Since w € Fr I, N (w, €) contains a point v’ of I, and v’'w N J C Int 4. Let
v be the first point of v'w (in the order from v’) that lies in J. Then
vEInt4and v’ —vC L O

Theorem 3. Let J be a 1-sphere in R%, with interior 1. Then there is a
sequence G, G,, ... such that (1) for each i, G, is a finite decomposition
of J into arcs intersecting only in their end-points, (2) for each i, G, <
G;, 3) if g € G,, then the end-points of g are linearly accessible from I,
and (4) if P €Eg € G, then g C N(P, 1/1).

(We recall that G;, | < G; means that G, is a refinement of G,.)

ProOF. By definition of a 1-sphere, J is the image of a circle C under a
homeomorphism f. Let E be the set of all points of J that are linearly
accessible from /. By Theorem 2, E is dense in J. Therefore f~'(E) is
dense in C. For every € > 0, C has a finite decomposition G| into arcs with
their end-points in f~!(E), such that these intersect only in their end-
points, and such that ||G||| < e. Since f is uniformly continuous, it follows
that there is a G, satisfying (1), (3), and (4). Similarly, there is a G, < G,
such that G, satisfies (1), (3), and (4), so that (2) is also satisfied for i =1.
Proceed recursively to get the rest of the sequence G,, G,, . . . . O
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9 The Schonflies theorem

Theorem 4. Let J, I, and G,, G,, ... be as in Theorem 3. Then there is a
sequence H,, H,, . .. of collections of linear intervals vv’ (v €J), such
that (1) if vo' € H,, then vv' — v C I, and v is an end-point of some

€ G,, (2) each end-point of each g € G, lies in one and only one interval
vv’ € H,, (3) for each i, the elements of H, are disjoint, and (4) if vv' € H,,
and ww' € H; (i <)), and vv’ intersects ww’, then v =w and ww’ C vv'.

Thus, when the intervals vv” are added to J, the inside of J becomes like
the outside of an infinitely furry animal.

Proor. Every G; is a finite collection. Under the conditions for G,, there is
an H, satisfying (1) and (2). If the elements of H, are sufficiently short,
then H, will also satisfy (3). Now proceed recursively to define

H,, H,, ... . (At each stage, in forming H,,,, we retain the intervals
which already appear in H,, and then make the new intervals sufficiently
short so that (3) and (4) are satisfied.) O

Theorem 5. Let J be a 1-sphere in R, let I be its interior, and let A be an arc
in J, with end-points vy and v,. Let vy, and v v} be linear intervals such
that v,v] — v; C I. Let ¢ be a positive number. Then there is a broken line
b,, joining a point w of vyv; to a point w, of v,v}, such that b, N v;v; = w,
and

by,cINN(4,ze).

PrROOF. Let b be a broken line from v; to v}, lying in /. We may assume
that b N vy;v] = v}, since if this condition does not hold, we can replace b,
vovg, and v;v] by smaller sets, preserving their stated properties. We may
assume further that ¢ is small enough so that b lies in the unbounded
component of R? — N (4, ¢).

Now take a “brick decomposition” of R? as in the proof of Theorem
4.4, with the mesh of the decomposition less than e. We choose the
decomposition in such a way that no brick has a vertex in v,v; or v,v]. Let
M be the union of the elements of the decomposition that intersect A.
Then M is a compact polyhedral 2-manifold with boundary, and M is
connected because A4 is connected. (Problem 1.26.) Thus Bd M is the union
of a finite collection J,, J,, ...,J, of disjoint polygons. Since M C
N (A, ¢), it follows that b is in the unbounded component U of R* — M.
Now U is a polyhedral 2-manifold with boundary, and Bd U is the union
of a subcollection of the polygons J,. In fact, Bd U = J, for some i, because
M is connected. Thus b and A are in different components of R? — J,: 4 is
in the interior of J;,, and b is in the exterior.

Consider the 1-sphere J' = 4 U vyvy U v,v] U b, with interior I'. Since J;
separates A from b in R, it follows that J, N I’ separates Int 4 from Int b
in 1’. By hypothesis for the brick decomposition, J; N 1" is a finite union of
disjoint broken lines, as in Theorem 1. By Theorem 1, J; contains a broken
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line b, which lies in I’ and whose end-points separate Int 4 from Intb in
J’. The end-points of b, lie in vy, and v,v]. Since J;C N(4, ¢€) and
b, C J,, the theorem follows. O

Theorem 6 (The Schonflies theorem, first form). Let J be a 1-sphere in R?,
with interior 1. Then I is a 2-cell.

PROOF. Let G,, G,, . .. be as in Theorem 3, and let H,, H,, ... be as in
Theorem 4. For each g € G, with Bd g = {v, v,}, let v;v] (i =0, 1) be the
element of H, that contains v,, and let b, be a broken line, as in Theorem
5, joining two points wy, w; of vy, and v,v]. We take the sets b, in
sufficiently small neighborhoods of the arcs g so that (1) different sets b,

intersect only in common end-points and (2)
b, U vgwo U g U 0w C N (15, 1).

By making slight changes in the sets b, we can ensure that (3) consecutive
sets b, have the same end-points. (That is, we use the same point w, on
each interval vyv;.) It follows that the union of the sets b, is a polygon J,
with J in its exterior. Let C, be the closure of the interior of J,. Then C,, is
a 2-cell, by the polygonal form of the Schonflies theorem (Theorem 3.6).

For each g € G,, consider the elements 4 of G, that lie in g. For each
such h, we take a broken line b, as in Theorem 5. We take these in
sufficiently small neighborhoods of the arcs 4 so that (1) different sets b,
intersect only at end-points, (2) no set b, intersects any set of the type
by (8 € G)), and (3)

b, U vgwo U hU v,w, C N(vo, %)

(where v, and v, are the end-points of # and w, and w, are the end-points
of b,). As before, we make adjustments so that (3) consecutive sets b, have
an end-point in common. For each g € G,, form the union of (1) the
broken lines b, such that 4 C g, (2) the broken line b,, and (3) the intervals
attached to the end-points of g. This union contains one and only one
polygon. Let C, be the closure of the interior of this polygon.

Proceeding in this way, recursively, we get a sequence C,;, C,, ... of
finite collections of 2-cells; for each i >0, C; is the set of all 2-cells G
associated with elements g of G,. For each i > 0, each element of C, liesin
the (1/i)-neighborhood of a point of J, because its frontier lies in such a
neighborhood. (Cartesian neighborhoods are convex.)

As usual, let C} be the union of the elements of C,. Then

o0
I=C,u U C¥

i=1
obviously the set on the right lies in I; and if P € I and the minimum
distance from P to J is greater than 1/i, then P € CyU U;.:]CJ’.".
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9 The Schénflies theorem

We now copy this total configuration in the unit disk B2 c R%. Let J’ be
the unit circle Fr B, and let ¢ be a homeomorphism J < J'. For each i, let
G/ be the set of all arcs of the type g’ = ¢(g) (g € G,). For each i, let 4; be
the annular region

i i+1
—F < < .
(| <1< g )
For each arc g’ in J', let B; be the join of g’ with the origin, that is, the
union of all linear intervals joining the origin to a point of g’. For each g’
in each G/, let

Cy=4;n B,

This gives a collection C; of 2-cells. Let L; be the union of the boundaries
of the elements of C,. Similarly L/ for C;. It is now a straightforward
matter to define a homeomorphism

¢: UL UL,

such that for each g, ¢(Bd C,) = Bd C,, where g’ = ¢(g). Let J5= ¢(J),
and let C; be the closure of the interior of Jj. Since all of the sets
Co Co» G, Cy are 2-cells, the homeomorphism ¢ can be extended so that
#(Co) = C; and ¢(C,) = C,, for each g. (Theorem 5.6.) Finally we assert
that this ¢ fits together with the given ¢: J<J’ to give a homeomorphism
¢: I 1', where I’ is the interior of J'. Obviously the total function ¢ is
bijective, and is continuous at every point of /. It remains only to verify
that ¢ is continuous at each point of J. Throughout the following discus-
sion, 7 and I’ are regarded as spaces.

Let P € J, and let P’ = ¢(P). For each i, let N, be the union of the arcs
in G; that contain P and the sets C, such that 4 € G; for some j > i and A
lies in an arc in G; that contains P. (There are either one or two of the lat-
ter.) Let N/ = ¢(N,). It is then geometrically clear that N/ is a neighbor-
hood of P’; in fact, N/ is the intersection of a circular sector in I’ and
an annular region whose boundary contains J'. And every open set that
contains P’ contains N/ when i is sufficiently large. Thus it remains only
to show that each set N, = ¢(N,) is a neighborhood of P in I.

Let 4 be the closure of J — N,. If j is large, then the union U of the sets
C, (g€ G,, n > j, g C A)lies in a small neighborhood of 4. Therefore P is
not a limit point of U. And P is not a limit point of the union V of the sets
C, (8 € Gy, k < ), because V is closed and does not contain P. Obviously
P is not a limit point of C,. Since

I-N,CAUUUVUC,

it follows that N, is a neighborhood of P. This completes the proof of
Theorem 6. O
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PROBLEM SET 9

Let U be a set, in a topological space, and let P be a point. If there is an
arc A such that P € 4 and A — {P} C U, then P is arcwise accessible from
U. Prove or disprove:

1.

10.

11.

*12.

70

Let J be a 1-sphere in R2 Then every point of J is arcwise accessible from
each component of R? — J.

. Let M be a closed set in R% let P €M, let h be a homeomorphism

Mo M’ CR? and let P’ = h(P). If P is arcwise accessible from R? — M, then
P’ is arcwise accessible from R — M’

. Let B2 be the unit disk in R, let J = Bd B2, and let 4 be an arc such that

Bd A c J and Int 4 C Int B2 Then B? — A has exactly two components, and
each of these contains a component of J — Bd 4.

. Let B2 and J be as in Problem 3, and let M be a set which is the union of

three arcs 4; = PyP; (1 < i < 3), where Py € Int B?, P,€ J for i #0, Int 4; C
Int B2, and 4, N A; = { Py} for i+ j. Then B2 — M has exactly three compo-
nents, and each of these contains a component of J — { Py, P;, P,}.

. Let M be as in Problem 4. Then P, has arbitrarily small neighborhoods C

such that (1) C is a 2-cell and (2) Bd C intersects each A4; in a single point.

. Let J and J' be distinct 1-spheres in R% Then J N J’ is countable.
. Let M and J be as in Problem 4. Then there is a homeomorphism 4: R?><R?

such that (1) A|(R?— B?) is the identity and (2) for 1< i <3, h(4;) is the
linear interval between the origin and P;.

. Let M,, M, ... be a descending sequence of compact sets in R2 If each M,

is arcwise connected, then (M M; is arcwise connected.

. Let M be a compact connected set in R?, such that (1) R2— M has exactly

two components £ and 7 and (2) every point of M is arcwise accessible both
from E and from I. Let P, Q € M, with P Q. Then M — {P, Q} is not
connected.

Let 4 be an arc in R?, and let P € Int 4. Then there is an arc B C 4 such that
P €1Int B and B lies in a 1-sphere in R2.

Let A and P be as in Problem 10. Then there is an open set U, containing P,
such that if V is open, and P € ¥V C U, then V — 4 is not connected. (If this
conclusion holds, then we say that 4 separates R? locally at P.) Is this problem
related to the Schonflies Theorem?

Let M be as in Problem 9. Then M is a l-sphere.



Tame imbedding in R?

Let S? be a 2-sphere, that is, a space homeomorphic to the “standard
2-sphere”

S?={(x,y,2)|x*+y*+ =1} =Bd B’ CR’.
For each point P, of S the space S2— P, is homeomorphic to R%. (For
S2 =82 this can be shown by a simple geometric construction; and being

a topological property, it follows for 2-spheres in general.) This gives an
extension of the Jordan curve theorem:

Theorem 1. Let J be a 1-sphere in a 2-sphere S2. Then S* — J is the union of
two disjoint connected open sets U and V, such that J=Fr U=Fr V.

PROOF. Delete any point of S?— J, apply the Jordan curve theorem, and
then reinstate the deleted point. O

Similarly, we get an extension of the Schonflies theorem.

Theorem 2. Let J be a 1-sphere in a 2-sphere S2. Thus S? is the union of two
2-cells with J as their common frontier.

Theorem 3. Let J be a 1-sphere in a 2-sphere S, and let h be a homeomor-

phism JJ' C S% Then h can be extended to give a homeomorphism
S2e 82

Proor. Let C, and C, be the 2-cells whose common boundary is J; and
similarly C|, C; for J'. By Theorem 5.6, h can be extended to give C;< C;.

a

In R? a similar result holds.
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Theorem 4 (The Schonflies theorem, second form). Let J be a 1-sphere in
R2. Then every homeomorphism of J into R* can be extended to give a
homeomorphism of R? onto R,

Proor. This is deducible from the preceding theorem. O

Definition. Let M be a set in R”, and suppose that M, regarded as a space,
is triangulable. If there is a homeomorphism 4: R” < R”, such that h(M)
is a polyhedron, then M is tamely imbedded (or simply tame.) If M is
triangulable, but is not tame, then M is wild. (These terms are due to E.
Artin and R. H. Fox [FA).)

Here M is not necessarily compact, and #(M) is not necessarily a finite
polyhedron. Thus the x-axis in R? is tame, because it has a rectilinear
triangulation. Similarly, a linear open interval is tame. The definition of
tameness generalizes straightforwardly to sets M in any set | K|, where K is
a complex. Note that in the general case, tameness for M is a property of
M relative to K, not just relative to |K|; we need barycentric coordinates to
identify polyhedra.

Later we shall see that arcs, 1-spheres, and 2-spheres in R®> may be wild.
But in R the theory of tame imbedding does not amount to much. See
Theorem 13 below, which exhausts the subject.

Theorem 4 gives immediately:

Theorem 5. In R, every 1-sphere is tame.
To extend this result, we need some preliminaries.

Theorem 6 (The frame theorem). Let M be a compact set in R%, and let U be
an open set containing M. Then there is a compact polyhedral 2-manifold
N with boundary such that (1) N is a neighborhood of M, (2) N c U, (3)
every component of N intersects M, and (4) different components of
R2 — N lie in different components of R — M.

Such a neighborhood of M will be called a U-frame of M. If N is a
U-frame of M for some U, then N is a frame of M.

Proor. Evidently we can get an N satisfying (1) and (2) by using a
sufficiently fine brick-decomposition of R?, as in Section 4. To get (3) is
trivial: we delete useless components.

To ensure that (4) holds, it is sufficient to choose N in such a way as to
minimize the number of components of Bd N. Suppose that N is minimal
in this sense, and suppose that (4) fails. Then there is a broken line B, lying
in R — M and joining two points P and Q which lie in different compo-
nents of R — N. We may assume that B is in general position relative to
Bd N, in the sense that no vertex of either set lies in the other; and we may
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10 Tame imbedding in R?

suppose that B is chosen so as to minimize the number of components of
B — N. Under these conditions, B— N has exactly two components,
namely, the ones that contain P and Q. (If there were a third component
of B — N, containing a point R, then one of the broken lines PR C B and
RQ C B would satisfy the conditions for B, because one of the points P
and Q would lie in a component of R — N that does not contain R.) Let
PP’ and QQ’ be minimal subarcs of B, from P and Q to points of
components J, and J, of Bd N. Then J, # J,, since otherwise P and Q
would lie in the same component of RZ— N. Let B’ be the broken line
P’'Q’c B. Then Int B’CInt N. Now “split N apart along B’.” This
reduces by 1 the number of components of Bd N, which is impossible. []

The full generality of this theorem will be useful much later. At the
moment, the case of interest is the one in which M is an arc. Since no arc
separates R? (Theorem 4.5), it follows that if M is an arc, then N is a 2-cell.

An end-point of a linear graph K is a vertex which lies on one and only
one edge. Linear graphs with end-points would lead to technical difficulties
in the proof of the following theorem, and so we postpone these by dealing
first with a special case.

Theorem 7. Let K be a linear graph with no end-points, and let f be a
homeomorphism |K|<> M C R% Then M is tame. In fact, for every open
set U containing M, and every strongly positive function ¢: U—R, there is
a homeomorphism h: R*&R? such that (1) h(M) is a polyhedron, (2)
h|(R*— U) is the identity, and (3) h|U is a ¢-approximation of the
identity.

PRrOOF. Let G be a collection of sets, in a metric space. Suppose that for

each ¢ >0, at most a finite number of the elements of G have diameter
> e. Then G is a contracting collection.

Lemma 1. X has a subdivision K, such that the sets h(th ('€ K)) form a
contracting collection.

ProOF. We observed, at the beginning of Section 7, that for each complex
K, K° is countable. Therefore so also is K'. Let 0!, al, . . . be the edges of
K, with 6! # ¢! for i # j. Since each mapping ¢|o/ is uniformly continuous,
o has a subdivision L, such that if 7' € L, and 7! C ¢}, then Sh(r") < 1/i.
The lemma follows, with K, = U, L,. O

Lemma 2. X has a subdivision K, such that if e K, then the set ¢’ = h(t")
has a neighborhood N, C U such that

8N, < Inf (4|N, ).

Proor. Hereafter, the images of the edges and vertices of K will be called
edges and vertices of M. Obviously every edge e = h(c') of M has a
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compact neighborhood N, ¢ U; and by definition of a strongly positive
function we have

inf (¢|N,) = ¢, > 0.

Since each mapping 4|¢! is uniformly continuous, it follows that K has a
subdivision K, such that if 7' € K,, and 7' C ¢' € K, then 8a(1") <e,.
Therefore each set e’ = h(7') has a neighborhood N, C U such that 8N, <
inf (¢|N,). We take each N, in the corresponding N,. Since

inf (g|N, ) < inf (4IN, ),
we have 8N, < inf (¢|N,). Since also N, C U, the lemma follows. O
The conclusions of Lemmas 1 and 2 are preserved under further

subdivision. Therefore we can avoid burdening the notation by assuming
that the given K has the properties stated for K, and K,. That is:

(a) The edges e = h(c') of M (¢! € K) form a contracting collection.
(b) Every e = h(c") has a neighborhood N, C U such that

0N, < inf (¢|N,).
If N, satisfies (b), then every smaller neighborhood of e does also.
Since (a) holds, we can choose sets N, (one for each e) such that:
(c) The neighborhoods N, form a contracting collection.

For each vertex v of M we take a convex polyhedral 2-cell neighbor-
hood N, with Bd N, = J,. We take these sufficiently small so that

(d) they are disjoint and lie in U,
(e) for each edge e of M that contains v we have N, C N,, and
(f) {N,} forms a contracting collection.

Now let v be a vertex of M. For each edge ¢; of M that contains v, let w;
be the first point of e, in the order from v, that lies in J,, and let ¢/ be the
subarc of ¢; from v to w,. (See Figure 10.1.) Let a,, a,, . . ., a, be the arcs

a
3 w

w
3 a3

w2

Figure 10.1
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10 Tame imbedding in R?

into which the points w;, w,, . . ., w, decompose J;. (The subscripts for the
edges ¢/ and the arcs g; are unrelated.) If the end-points of g; are w; and w,,
then the set

Ji=aUeUe

is a 1-sphere, with interior /; lying in N,.

Lemma 3. The sets I; are disjoint.

ProOF. If ; intersects [; (i # j), then there is a broken line from an interior
point of g; to an interior point of g, lying in N,, and not intersecting the
arcs e; which lie in Fr I,. This contradicts Theorem 4.2. O

Lemma 4. N, = UI_,.= UJu Ul

Proor. If this is false, then N, — U e' has a component V, different from
each of the sets /.. Therefore Fr Vc U ¢/. But Fr V cannot lie in any one
set ¢/, because no arc separates R2 Let P and O be points of ¢/ — {v} and

e — {v} respectively, lying in Fr V, with i . Let X and Y be points of
J — {w}, such that {X, Y} separates w; from w; in J,. By two applica-
tions of the Schonflies theorem, there is an arc 4 from X to Y, intersecting
J, only at X and Y, and intersecting | e, only at v. Then P and Q lie in
the components of N, — A that contain w; and w; respectively. But this is
impossible: by Theorem 4.2, the latter components are different, and V is
connected by hypothesis. O

For each v, we define a homeomorphism A, with J,U U € as its
domain, mapping each e/ onto the linear interval vw;, such that A, is the
identity at v and on J,. By the Schonflies theorem, each set I—, is a 2-cell,
and so A, can be extended to give a homeomorphism

h:R2oRY, el oow,

such that 4 |(R?— N,) is the identity. Let &, be the composition of all the
homeomorphisms 4,. Evidently 4, is a well-defined function, because the
sets N, on which the homeomorphisms A, differ from the identity are
disjoint, and for the same reason, h, is a bijection R2<>R? And h, is
continuous. Following is the proof for the nontrivial case. Suppose that
Py, P,, ... are points of different sets N, = N, with hm,_,wP, P.Then P
belongs to no set Int N,. Therefore ho(P) = P, Since {N,} is a contracting
collection, lim;, 8N, =0. Therefore lim, d(P; hy(P;)) =0. Therefore
lim;_, ho(P)) = P = hy(P). By the same argument, h; ' is continuous, and
hy is a homeomorphism.

Let My = hy(M). Let e be an edge of M, with end-points v and v’. Then
e is the union of an arc g, with end-points w and w’, and two linear

intervals vw and v’w’. (See Figure 10.2.)
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/

P —
w

a

\/\/

Figure 10.2

Now each a has a frame N, as in Theorem 6, such that N, C N, (a C e.)
We also take the sets N, in sufficiently small neighborhoods of the arcs a
so that different sets N, are disjoint. Since { N,} is a contracting collection,
so also is { N,}. By slight modifications, followed by “splitting” operations,
as in the proof of (4) of Theorem 6, we arrange for each intersection e N N,
to be an arc, intersecting Fr N, precisely in its end-points, as in the figure.
By the same method used in defining the homeomorphisms 4, we define a
homeomorphism

h,: Ny &N,
such that A,|Bd N, is the identity and h,(en N,) is a broken line. Now
define h, as the identity on R* — N,, and let A, be the composition of all
the homeomorphisms 4,. Then k, is a well-defined homeomorphism; the
proofs are the same as for h,. Let h = h,h,. Then h|(R* — U) is the identity,

and h(M) is a polyhedron.
It remains only to show that #|U is a ¢-approximation of the identity.

ProoOF. For each edge e of M, with end-points v, v’, and a C e, we have
N,CcN, N,CN,, and N, C N,. Therefore

h(N,) = hyh,(N,) C N,.
Since 8N, < inf (¢|N,), it follows that for each point P of N,, d (P, h(P)) <

¢(P). If P lies in no set N,, then h(P)= P, and the same conclusion
follows. 0O

We shall now get rid of the ad hoc hypothesis that the graph K has no
end-points.

Theorem 8. Let K be a linear graph, and let f be a homeomorphism
|K|<>M CR2 Then M is tame. In fact, for every open set U containing
M, and every strongly positive function ¢: U—R, there is a homeomor-
phism h: R?*<R? such that (1) h(M) is a polyhedron, (2) h|(R? — U) is the
identity, and (3) h|U is a ¢-approximation of the identity.
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10 Tame imbedding in R?

Lemma. There is a complex K', and a homeomorphism f': |K’'| > R?, such
that (1) K is a subcomplex of K’, (2) K’ has no end-points, and (3)
f=rlk|.

ProOF OF LEMMA. The end-points of K are all vertices, and so they form at
most a countable set. Therefore to each end-point v of K we can attach a
half-open interval of the form vv’ — v’, such that vv’ N |K| = {v}. If the
intervals vv’ are sufficiently short, are disjoint, and form a contracting
collection, then the union of K and all intervals vo’ — {v’} has a triangula-
tion K’ in which K forms a subcomplex. To get such a K’, we express each
vv’ — {v} as the union of a countable collection of intervals v,v,,
0,05, ..., where v=v,, and the points v; appear in the stated order on
vv’ — {v}, approaching v’ as a limit. (Note that for | K| C R”, the step from
K to K’ does not involve the sort of imbedding problems that made
Section 7 a necessary preparation for Section 8. It is trivial to attach a
1-simplex to an end-point of a complex.)

It remains to define f’. From |K| we delete all end-points of K. The
resulting space has a triangulation H in which every simplex is a subsim-
plex of a simplex of K. Thus Theorem 7 applies to H and f ||H |. Let h be as
in Theorem 7, and for each edge o' of K let e = h(f(c")). Thus each e is
either a broken line or an infinite polyhedron plus an end-point w =
h(f(v)), where v is an end-point of K. In the “peculiar” cases, every subarc
of e that does not contain w is a finite polyhedron. We assert that there is
an arc ¢’, with v as an end-point, such that e’ N A(M) = {v}. To get such
an arc, we start at a point close to a point of Int e, and then trace out an
arc close to e, following along one side of e, and following more and more
closely as we approach w. This gives an arc 4, with end-points w, w’. We
choose the arcs 4,, of sufficiently small diameters so that they are disjoint,
lie in U, and form a contracting collection. It follows that Af: |H|—R? can
be extended to give a homeomorphism

F: |K'|ohf(IK))u U (4, — w).
Now let
f=h7'F: Ko f(K)UR™ (U4, - w)). O

From the lemma, the theorem follows easily. Since K’ has no end-
points, K’ and f’ satisfy the hypothesis for K and f in Theorem 7. Let 4’ be
the homeomorphism given by the conclusion of Theorem 7, and let
h = I’||K|. Then h satisfies the conditions of Theorem 8. O

We shall extend Theorem 8 so that it will apply to every triangulable
set. For this purpose, we need some preliminary results.

Theorem 9. Let C? be a 2-cell, and let P, Q, R, S be points of Bd C2, such
that {P, R} separates Q from S in Bd C% Let M, and M, be disjoint
closed sets in C?, such that M, N Bd C?>= (P} and M, Bd C*= {R).
Then Q and S are in the same component of C2— (M U M,).
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Proor. Evidently there is a homeomorphism 4, of Bd C? onto the
boundary J of a rectangular region 7 in R2, and this can be chosen so that
the images of P and R (and of Q and §) are the mid-points of the vertical
(and the horizontal) sides of I. By Theorem 5.6 it follows that 4 can be
extended to give a homeomorphism 2« I. Since Theorem 9 describes a
topologically invariant property of C2, we may assume that C2 is I, so that
we have the situation shown in Figure 4.5; the only difference is that we
have disjoint closed sets M,, M, which are not necessarily arcs. But in the
proof of Theorem 4.4, we never used, or even mentioned, the hypothesis
that 4, and A4, were arcs. Thus the proof of Theorem 4.4, repeated
verbatim, proves Theorem 9. O

Let B be a subset of A4, in a topological space. A retraction of A onto B
is a mapping r: A — B such that r| B is the identity. If such an r exists, then
B is a retract of A.

Theorem 10. Let C2 be a 2-cell, and let J = Bd C2. Then J is not a retract of
cz

PROOF. As in the proof of Theorem 9, we may suppose that C? is a
rectangular region in R% Let P, Q, R, S be as in Theorem 9, and suppose
that there is a retraction r: C2—J. Let

M,=r""(P), M,=r"'(R).

By Theorem 9, Q and S are in the same component of C2— (M, U M,).
Therefore there is an arc B (if we like, a broken line) from Q to S, in
C?— (M, U M,). By Theorem 1.7, r(B) is a connected set in J — { P, R},
containing Q and S. Since J — { P, R} is the union of two separated sets
H, K, containing Q and S respectively, this contradicts Theorem 1.10. [J

Theorem 11. Let J be the unit circle S' in R?, and let C? be a 2-cell in R?
such that Bd C2=J. Then C? is the unit disk B>

(Some reflection may be needed, to convince oneself that this theorem is
not trivial.)

PrOOF. Let 7 and E be the interior and exterior of J in R? Since Int C? is
connected, Int C? lies either in E or in I. If Int C2 C E, then an obvious
construction shows that Bd C? is a retract of C2, which is impossible. If
Int C2c I, and Int C? is a proper subset of I, then we may suppose that
Int C? does not contain the origin. As before, we get a contradiction by
showing that Bd C?is a retract of C2. O

Theorem 12. Let C? be a 2-cell in R%. Then Int C? is the interior I of Bd C?
in R2.
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10 Tame imbedding in R?

PrOOF. By Theorem 4 there is a homeomorphism 4: R*<R? mapping
Bd C? onto the unit circle S'. Now A(Int C?) = Int A/(C?), and the interior
of h(Bd C?) (that is, the bounded component of R?— h(Bd C?)) is the
image of the interior of Bd C2 Thus Theorem 12 is a consequence of
Theorem 11. O

Theorem 13. Let M be a triangulable set in R%. Then M is tame. In fact, for
each open set U containing M, and every strongly positive function
¢: U>R, there is a homeomorphism h: R*R? such that (1) h(M) is a
polyhedron, (2) h|(R* — U) is the identity, and (3) h|U is a ¢-approxima-
tion of the identity.

Proor. By hypothesis for M, we have a complex K and a homeomorphism
f: |K|e> M. By Theorem 8 there is an A such that (1) A(f(|K'])) is a
polyhedron and such that (2) and (3) hold. Consider a o®> € K. Then
h(f(a?) is a 2-cell, and A(f(Bd o?)) is a polygon, with interior 7 in R% By
Theorem 12, I = Int h(f(a?)) = h(f(Int 6?)), so that I = h(f(c?). By The-
orem 2.2 there is a complex L(0?) such that

L(d%) = h(f(oz)).

Taking the appropriate subdivisions L'(6?) of the complexes L(0?), and
forming their union, we get a complex L such that

L=h(M)=h(f(K])

Therefore h(M) is a polyhedron. Thus 4 satisfies all the conditions of
Theorem 13. O

PrROBLEM SET 10
Prove or disprove:

1. Let K be a Euclidean complex in a Cartesian space R™. If |K| is bounded, then
the simplexes of K form a contracting collection.

2. Given U c R2 If U is a 2-manifold, then U is open in R
3. Let G be a contracting collection of subsets of R”™. Then G is countable.

4. Let M be a topological linear graph in R%. Then M is everywhere arcwise
accessible from R? — M.

5. R? contains no skew graph of type 1 (as defined in Problem 2.15).

6. Similarly, generalize the result of Problem 2.16.

7. In Theorem 2.7, if M is not required to be polyhedral, then the theorem still
holds, with the obvious modification of the conclusion: 1-sphere for polygon, in
two places.

8. Investigate the analogous generalization of Theorem 2.8.
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9. Let M, and M, be tame sets in R2 Then M, U M, is tame.
10. Let M, and M, be tame sets in R%. Then M; N M, is tame.

11. Let M be a compact connected 2-manifold with boundary in R such that
Bd M is the union of two disjoint 1-spheres. Then M is an annulus; that is, M
is homeomorphic to a closed plane region bounded by two concentric circles.

12. Let M, and M, be compact connected 2-manifolds with boundary in R2 If
Bd M, and Bd M, have the same number of components, then M, and M, are
homeomorphic.

13. Let M be a compact set in R% If Fr M is a polyhedron, then M is a
polyhedron.

14. The conclusion of Problem 13 holds for compact sets in R>,

15. In a topological space, a set M is locally compact if every point of M has a
(closed) neighborhood N such that N N M is compact. Let M be a locally
compact set in R%, and suppose that M N Fr M is a polyhedron. Then M is a
polyhedron.

16. What happens, in Problem 15, if M is not required to be locally compact?

17. Every arc in R? lies in a 1-sphere in R

The “middle-third Cantor Set” in R is defined as follows. The middle third
of a closed interval [a, b] is the open interval (a + (b — a), b — (b — a)).
Let M, =0, 1]. Given a set M, which is a finite union of disjoint closed
intervals, let M, be the set obtained by deleting the middle third of each

component of M;. Recursively, this gives a sequence M,, M,,... . We
define
[~ 2]
c=NM,

18. The sets C and C X C are cardinally equivalent. (That is, there is a bijection
between them.)

19. The sets C and C X C X C are cardinally equivalent.

20. The sets C and 9 (Z*) are cardinally equivalent. (For any set 4, ?(A4) is the
power set of A4, that is, the set of all subsets of 4.)

21. The topological spaces C C R and C X C c R? are homeomorphic.

22. R? contains no 2-sphere.

80



Isotopies

Let f, and f; be mappings 4 — B. A homotopy between f, and f, is a
mapping

¢: A x[0,1]>B
such that ¢(P, 0) = f(P) and ¢(P, 1) = f,(P) for every P in 4. If such a ¢
exists, then f, and f, are homotopic.

Suppose now that f, and f, are homeomorphisms 4 — B. An isotopy
between f, and f; is a homotopy ¢: 4 X [0, 1]— B such that for each ¢, the
“slice mapping”

f:A->B, Pp ¢(P,1)
is a homeomorphism.

Theorem 1 (J. W. Alexander). In R”, let B" = {P|||P|| <1},S" '=FrB"
= {P|||P|| = 1}. Let f, be a homeomorphism B" <B", such that f,|S" " is
the identity. Then f, is isotopic to the identity mapping f,: B"<B",
P P.

PrOOF. Define ¢: B” X [0, 1]—> B” as follows:
(P, 0)=P forevery P;
o(P,t)=P for|P|>1t>0;

o(P, 1) = tf,(}P) for 1 >0, ||P|| < 1.

To verify that ¢ is a mapping, we need to know that P~ P, and 1~ t,=
&(P, ) ~ ¢(Py, ty). For £, > 0, this is obvious. And for ¢, =0, it also holds,
because the distance between P and ¢(P, ¢) is less than 2¢. Evidently all
the slice mappings f, of ¢ are homeomorphisms, and the theorem follows.

a
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Geometric topology in dimensions 2 and 3

Let [X, O] be a topological space, and let f be a homeomorphism
X o X. If there is an open set U such that f|U is the identity, then f is
stable. Note that a stable homeomorphism must preserve orientation, if X
is an orientable manifold. Note also that it is easier to observe this fact
than to define the term orientation.

Theorem 2. Let f, be a stable homeomorphism R" < R". Then f, is isotopic to
the identity.

PrOOF. We may suppose that f, is the identity on B”, since f, is isotopic to
a homeomorphism which has this property. Let inv be the inversion
R"-{0}oR"- {0}, PHP/|P|?
where 0 is the origin. Let g,: B"<>B” be defined by the conditions
£(0)=0,
g (P)=inv f, inv (P) O<||P|| < 1).

Then g, is a homeomorphism B"«<B", and g,|S"~! is the identity. There-
fore g, is isotopic to the identity. Let y: B" X [0, 1] - B” be the isotopy
given in the proof of the preceding theorem. Under the definition of y, we

have ¢(0, r) = 0 for every ¢, and Y(P, 1) # 0 for every P+ 0 and every ¢.
Therefore

¥ =y|(B"— {0}) X [0, 1]
is an isotopy between g,|(B” — {0}) and the identity. Therefore
¢ =1nv ¢’ inv
is an isotopy between f,|(R” — Int B”) and the identity. Now extend ¢ by
defining ¢(P, #) = P for every P in B” and every . 0O

Theorems 1 and 2 have been stated for arbitrary n because there would
be no economy in specializing them. But our only immediate application
of them is to the plane. In Theorem 10.13, 4 was the identity except on a
certain open set U. If R? — U contains an open set—which it does, in most
of the cases of interest—then # is stable. Thus we have:

Theorem 3. Let M, U, ¢, and h be as in Theorem 10.13. If R? — U contains
an open set, then h is isotopic to the identity.
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Homeomorphisms
between Cantor sets

By a Cantor set we mean a compact metrizable space in which every point
is a limit point, and which is totally disconnected, in the sense that the only
connected subsets are formed by single points. (The prototype is the
“middle-third” Cantor set in R. See Problem set 10). In the following
section we shall show that if C, and C, are Cantor sets in R? then every
homeomorphism 4: C,< C, can be extended to give a homeomorphism
R2 R This is a very strong homogeneity property of R%. More generally,
a topological space [X, O] is homogeneous if for every two points P, Q of X
there is a homeomorphism X < X, P> Q. (This means that every trivial
homeomorphism of the type h: {P}«>{Q} can be extended.)

The meaning of the strong homogeneity theorem will be clearer if we
first show that homeomorphisms between Cantor sets are abundant. This
is the purpose of the present section. Later we shall show that the strong
homogeneity theorem fails in dimension 3. That is, a homeomorphism
between two Cantor sets in R? cannot always be extended so as to give a
homeomorphism R*«< R3. Nothing in this section or the next will be used
deductively later in this book.

Let M be a closed set, in a metrizable space [X, O], and let 4 and B be
disjoint closed sets in X. If M is the union of two disjoint closed sets,
containing M N 4 and M N B respectively, then A and B are separable in
M. If not, A and B are inseparable in M. (In the latter case, it follows
trivially that both 4 and B intersect M.)

Theorem 1. Let M|, M,, . .. be a descending sequence of compact sets, in a
metrizable space [X, O], and let A and B be disjoint closed sets in X. If A
and B are inseparable in each set M, then A and B are inseparable in
M o= m : IM i
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Proor. Suppose not. Then M = M, U My, where M, and M, are dis-
joint closed sets containing M N A and M_ N B respectively. The dis-
tance between M, U A and M, is positive; that is,

inf {d(P,Q)IPEM,UA, QEMy}=¢e5>0.
Similarly, the distance between My U B and M, is positive, = ¢,. Let
e =;min{e,, 5}

Let
U,=N(M, ¢), Ug = N (M, ¢).

Then U, and Uy are disjoint; they contain M, and M, respectively; and
UnNnB=U;NnAd=0.

Let U= U, U Uy, and for each i, let K;= M, — U. Then K,# @ for
each i, because otherwise M; would lie in U for some i, and 4 and B would
be separable in M;, which is false. Each K, is compact. And the sequence
K\, K, . .. is descending. It follows that N 72, K; # . But this is impossi-
ble, because

o0

NK=N[MnX-U)]=M,n(X-V)=0. O

i=1 i=1

8

Theorem 2. Let M be a compact set, in a metrizable space [X, O}, and let A
and B be disjoint closed sets in X, such that A and B are inseparable in M.
Then there is an M’ C M such that (1) M’ is closed, (2) A and B are
inseparable in M', and (3) M’ is irreducible with respect to Properties (1)
and (2).

Here (3) means that no proper subset of M’ has Properties (1) and (2).

Proor. We shall regard M as a space. Since M is compact and metrizable,
it follows that M has a countable basis; that is, there is a countable
neighborhood system 9 = (U,, U,, ...} for M such that O(9N) is the
given topology of M. We shall now define a descending sequence
M, M,, ... of closed subsets of M, inductively, as follows. (I). M, = M.
(ID. Given M,, such that 4 and B are inseparable in M,. If 4 and B are
inseparable in M; — U, let M, , = M, — U, If not, let M,, , = M,.

By induction, 4 and B are inseparable in each M, By the preceding
theorem, A and B are inseparable in M’ = N2 | M,. Thus M’ has Proper-
ties (1) and (2). It remains to show that M’ is irreducible. Suppose not, and
let M” be a proper subset of M’, satisfying (1) and 2). Let PE M’ — M".
Then there is an i such that P € U, and U;n M” =@. But this is
impossible: it means that M, , =M, — U, so that M'n U,= @, and
PgM. O
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12 Homeomorphisms between Cantor sets

Theorem 3. Let M be a compact set, in a metrizable space [X. € ). and let A
and B be disjoint closed sets in X. Then either (1) M contains a connected
set which intersects both A and B or (2) A and B are separable in M.

PROOF. Suppose that (2) is false. We shall show that (1) is true. Let M’ be
as in the preceding theorem. Suppose that M’ is not connected. Then M’ is
the union of two disjoint nonempty sets H and K. Since M’ is irreducible,
A and B are separable in each of the sets H and K. Thus we have

H=H,U Hyp, K=K, U K,
as in the definition of separable. Therefore
M’'=(H,UK,)U(HgU Kp),

where the sets in parentheses are disjoint and closed. Therefore 4 and B
are separable in M’, which is false. O

A set which is both compact and connected is called a continuum.
Obviously, under Condition (1) of Theorem 3, M contains a continuum
which intersects 4 and B. (In fact, the set M’ given by the proof is
compact.)

Theorem 4. Let C be a totally disconnected compact set, in a metric space,
and let € be a positive number. Then C is the union of a finite collection
G.={88...,8,) of disjoint nonempty closed sets, with 8g, < ¢ for
each i.

Proor. C is covered by the set of all neighborhoods of the form

(P, %) (P €C).

(Hereafter, we regard C as a space.) Therefore C is covered by a finite
collection

{Ni; Ny, ..., N, )}

of such neighborhoods, with N, = N (P, ¢/4) for each i. For each i, let
A;= N; and B,= C— N(P,, ¢/3). Then A4; and B; are disjoint and closed.
Since the only connected subsets of C are singletons, no connected subset
of C intersects both 4; and B;. By the preceding theorem it follows that 4,
and B, are separated in C. Let H; and K; be disjoint closed sets, containing
A; and B, respectively, such that C = H, U K.

Now H; is open, because K; is closed. And 0H, < ¢, because H,C
N(P,e/3). Let g, = H,, and for 2 < i < n let

g=H-U g

J<i

By induction, we have: the sets g; are disjoint; U,_,g, = U ,_,H, so that

J A

U, = C; and each g, is both open and closed. Since g, C H,, we have
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dg; < e. Finally, if any set g; is empty, we simply delete it from G, =
{8,858} a

Since the sets g; in the preceding theorem are open as well as closed, the
following theorem applies to them.

Theorem 5. Let C be a Cantor set, and let U be a subset of C which is both
open and closed. Then U is a Cantor set.

The verification is immediate.

Theorem 6. Let [X, O] and [Y, O'] be metrizable spaces. If X is compact,
and f is a bijective mapping X < Y, then f is a homeomorphism.

ProOF. We need to show that f~! is a mapping. Given 0,0,...1nY,
with lim Q, = Q, let P,=f"!(Q,) and P = f~!(Q). We need to know that
lim P,=P. If not, we have lim P, = P'# P for some subsequence
P,, P,,... .ltfollows thatlim Q, = f(P) # Q = f(P), which is impossi-
ble. O

Theorem 7. Let C be a Cantor set, and let C' be a compact metrizable space.
Let G,, G,,... be a sequence of finite coverings of C by disjoint non-
empty open (and therefore closed) sets, such that (1) G;,, < G, for each i
and (2) ||G;||>0 as i—»ow. Let G|, G;, ... be a sequence of finite
coverings of C' by nonempty open sets, satisfying (1) and (2). For each i,
let f, be a function G,— G/, such that (3) if g,€ G, g, € G;,,, and
8i+1C &, then f,, (8 1) C fi(&). Then there is a mapping

fiC>C,
such that for each g, € G, f(g,) C f,(g). If each f, is surjective, then so
also is f. If each f; is a bijection, and every two elements of G, have
disjoint closures, then f is a homeomorphism.

(Here the elements of the collections G; are not required to be disjoint,
except, of course, in the last sentence.)

PrOOF. For each i, and each P € C, let g; , be the element of G; that
contains P. Then

0
{P } = ﬂ &, p:
i=1
Evidently the sequence g, p, g, p, . .. 1is descending. Therefore so also is
the sequence g| 5, & p, - - ., Where g p = f(g; p). Therefore N g/ »#* Q;
and since ||G/||—0, this intersection is a single point. Define f(P) to be
this point. That is

o]

{f(P)y=1 &,

i=1
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12 Homeomorphisms between Cantor sets

Thus f is a well-defined function C— C’. It is easy to check that for each

€ G, f(8) Cm. To verify that f is a mapping, consider a point
0 = f(P) € C’, and an open set U containing Q. Since || G/|| -0, it follows
that there is an i such that if g/ € G/, and Q € g/, then g/ C U. Now let
g; p be the element of G; that contains P. Then

(&, p)C fi(8p) CU,

because the set in the middle of this formula contains Q. It follows that f is
continuous.

Suppose now that the functions f, are surjective but f is not. Let
Q € C’ — f(C). Then the distance ¢, between Q and f(C), is positive. Take
i such that |G/|| < ¢/3. Then if g’, g” € G/, Q € g/, and g” intersects f(C),
then

gng =0
Therefore g’ & £,(G;), and f; is not surjective, which is false.

If each f is bijective, and every two elements of G/ have disjoint
closures, then f is bijective. By Theorem 6, f is a homeomorphism. O

At the moment, we are concerned only with the case in which both C
and C’ are Cantor sets.

Theorem 8. Every two Cantor sets are homeomorphic.

ProOF. Let the sets be C and C’. By Theorem 4, C is the union of a
collection Gy =1{g1, 812 ---81,,,) Of disjoint closed sets of diameter
< 1. Now apply Theorem 4 to C’, choosing ¢ sufficiently small so as to get
a finite collection H, with at least n, elements, covering C’. Amalgamating
some elements of H, if need be, we get

Gll= {gil’ g,12’ R ] gi,n,}'
Now let
fl(gli)=g;i'

(Thus f; is a random bijection G, < G;.)

Next take G; < G, as in Theorem 4, such that ||G,|| < 1/2. Then define
G, < G, as a covering of C, as before, in such a way that if g € G,, then
the number of elements of G, that lie in g is the same as the number of
elements of G, that lie in f,(g). (Recall that the elements of G, are Cantor
sets, so that Theorem 4 can be applied to them one at a time.) Then define
f: G, G5 in such a way that for g€ G,h€ Gy, hCg, we have
AR f(8).

Proceed ad infinitum in this way: when i is cdd, we make ||G,|| < 1/i,
with G; < G,_,, and copy the pattern of G, in G;_, to get the covering G, of
C’; when i is even, we make || G/|| < 1/i, and copy the pattern of G/ in C.
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Thus all the conditions of the preceding theorem are satisfied, and the
resulting f is a homeomorphism C« C’. O

In fact, a stronger theorem holds, as follows.

Theorem 9. Let C and C’ be Cantor sets, and let D and D’ be countable
dense sets in C and C’ respectively. Then there is a homeomorphism
CoC,Do D .

PrOOF. We need a refinement of the proof of the preceding theorem. Let
D={P,P,...}, D'={P,P;...},

where both sequences are bijective. We set up the same apparatus as in the
proof of Theorem 8, with additional provisos as follows. Below, G;(P))
denotes the element of G; that contains P, and similarly for G/(P;). We
want to define the sets G,, and G/, and the functions f; so that

(1) For each j there is a k; such that for each i,

5(Gi(B)) = G/ (Fy)-

(2) For each k there is a j, such that for each i,
fi(Gi(ij )) =G/ (P;).

If these conditions hold, and f is as in the proof of Theorem 8, then
f(P)= P, and f(P,) = P;. Thus f|D is a homeomorphism D« D’. We get
Propertles (1) and (2) as follows

(I) Define G,, Gy, and f, as before, so that f; is a random bijection
G, Gj. Let P, be any point of D’ in f,(G,(P))).

(IT) Suppose that we have given G, G/, and f; for i < 2n, and that we
have chosen the points P, Pyy..., P and P, P,..., P, in such a
way that Conditions (1) and (2) are satlsfled msofar as they apply to the
objects so far defined. Take G,,, , so that ||G,,, || <1/(2n + 1),and such
that the points P, (i <n+1) and P, (i < n) lie in different elements of
G If P, is already P, for some k < n,let P, ,= P, If not, define
G,,+, as before, define f,,, , in such a way that (1) and (2) are preserved
(for the points P, and P, already defined), and let Py ., be any pointof D’
in f, . 1(Gapi1t(Pri 1) G\Iote that the latter set contains none of the points
Py (i < n.))

(III) Given G,, G/, and f, for i < 2n — 1, we proceed analogously. (This
whole situation is logically symmetric: interchange G; and G/, and inter-
change f; and ;') O

This theorem has the following implication for the classical middle-third
Cantor set C on [0, I]CR. Let D be the set of all end-points of all open
intervals deleted in forming C, together with 0 and 1. Then D has no
distinctive topological properties in C, aside from the property of being a
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12 Homeomorphisms between Cantor sets

countable dense set: for every other countable dense set D’ in C, there is a
homeomorphism C«< C, D D’.

PROBLEM SET 12

Let G be a collection of sets. As usual, G* is the union of the elements of
G. For each P € G*, St P =St (G, P) is the set of all elements of G that
contain P. (Note that this usage is inconsistent with the definition of the
star of a vertex in a complex.)

Prove or disprove:

1. Let [X,d] and [Y,d’] be compact metric spaces. Let G, G5, ... and
H,, H,, ... be sequences of finite open coverings of X and Y respectively,
such that (1) for each i, G;,, < G; and H,,, < H; and (2)

lim |G, || = lim || H,]| =0.
Let f, f», . . . be a sequence of surjective functions f,: G,—> H,, such that
(3) if g, g’ € G,, and g intersects g’, then f,(g) intersects f,(g") and (4) if

gE€G,, g €G,.,and g’ C g, then f,, (g") C f,(g). Then there is a surjective
mapping f: X - Y, such that if

Vl=[fl(St (GDP))]*,
then
fPy=N 7.

i=1

2. Under the conditions of Problem 1, suppose also that the functions f; are
bijective, and that their inverses satisfy (3) and (4) of Problem 1. Then the
spaces are homeomorphic.

3. Every compact metric space is the image of a Cantor set under a mapping.
A space [X, O] is locally connected if for each point P, and each open set U
containing P, there is a connected open set V such that P € V' C U.

4. Every locally connected continuum is the image of an arc under a mapping.
Let M be a continuum, and let P, Q € M. If no proper subcontinuum of
M contains P and Q, then M is irreducible between P and Q.

5. Let M be a continuum, and let P, Q € M. Then some subcontinuum of M is
irreducible between P and Q.

6. In a separable metrizable space, let M be a connected set, and let P, Q € M.
Then there is a connected subset N of M such that (1) P, Q € N and (2) no
connected proper subset of N contains P and Q.

7. No continuum is irreducible between every two of three (different) points.

8. In a Hausdorff space [X, O], let M be a compact set, and let P € X — M.
Then P and M lie in disjoint open sets.
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10.

11.
12.
13.

14.

15.

16.
17.

*18.

90

. In a Hausdorff space, let H and K be disjoint compact sets. Then H and K lie

in disjoint open sets.

In Theorem 1, suppose that [X, O] is Hausdorff, but not necessarily metriz-
able. Then Theorem 1 still holds.

Theorem 2 still holds if [X, O] is Hausdorff, but not necessarily metrizable.
Theorem 3 still holds if [X, O] is Hausdorff, but not necessarily metrizable.

Suppose that in the last sentence of Theorem 7 we omit the requirement that
every two elements of G; have disjoint closures. Does it still follow that C and
C’ are homeomorphic?

The following is a strengthened form of Theorem 9. Let C and C’ be Cantor
sets, let D and D’ be countable dense sets in C and C’ respectively, and let A
be a homeomorphism D« D’. Then h can be extended so as to give a
homeomorphism C C’.

Suppose that in Theorem 6 the two spaces are required to be Hausdorff, but
not required to be metrizable. Then the conclusion still follows.

What happens if the [X, O] of Theorem 6 is not required to be compact?

Let M be a locally connected continuum (as in Problem 4). Then M is
pathwise connected.

A locally connected continuum is arcwise connected.



Totally disconnected
compact sets in R?

The main purpose of this section is to show that every homeomorphism
between two totally disconnected compact sets in R? can be extended so as
to give a homeomorphism of R? onto itself.

By a k-annulus we mean a compact connected 2-manifold 4 with
boundary, imbeddable in R?, such that Bd 4 has k + 1 components. Thus
a l-annulus is an annulus, and a k-annulus is a 2-cell with k holes.
Consider such an 4, in R? and let

BdA=.10UJlU oo UJk’

where J,, is the outer boundary of 4, that is, the frontier of the unbounded
component of R?>— 4. (Hereafter in this section, the notation J, will
always be used in this sense.)

Theorem 1. Let A and A’ be k-annuli in R, with boundaries \J J;and U J/,
and let f be a homeomorphism Jy<>J;. Then f can be extended so as to
give a homeomorphism A< A’, R”* &R%, J,. o /.

(Note that since the numbering of the components J; and J; (i > 0) was
arbitrary, the theorem says that the homeomorphism R*<R? can be
chosen so as to match up these sets in any way we like.)

PROOF. 4 is compact, and therefore 4" can be moved far from 4 by a
translation R R2 Therefore the theorem reduces to the case in which
A N A’ = @. (This merely makes it more convenient to draw pictures.) By
the Tame imbedding theorem (Theorem 10.13), we may now assume that
Bd 4 and Bd A4’ are polyhedra. It follows (Problem 10.13) that 4 and A’
are polyhedra. The rest of the proof is by induction on k.

(I) The theorem holds for 1-annuli.
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PROOF. A is connected. Therefore there is a broken line B, joining a point
of J, to a point of J,, and intersecting Bd 4 only at its end-points P, and
P,. (See Figure 13.1.) We may suppose that neither P, nor P, is a vertex.

Figure 13.1

Let Py = f(P,), and let B’ be a broken line in 4’, joining P to a point P;
of Ji, and intersecting Bd 4’ only at its end-points. Using two disjoint
broken lines B,, B,, lying close to B but not intersecting B, we decompose
A into two 2-cells D, D,, with B C D,. Some of the notation hereafter is
conveyed by the figure. Copy this configuration in A’, getting B|, B, in A’,
B;=f(By), B,=f(B,), Bd D{=B;uU B,uU B;U B;, Bd D;=J|, and so
on. Now extend f in the following stages: B, <> B{, B,<> B;, B;<> B, D, <
D|, B¢<> B¢, D,<> D;, D3> D3; and finally map the exterior of J, onto
that of J.
(I1) If the theorem holds for k-annuli, then it holds for (k + 1)-annuli.

PrOOF. Given two (k + 1)-annuli 4, 4A’, assume that both are polyhedra.
Let B be a broken line from J, to J,, intersecting Bd 4 only at its
end-points, and construct D, C 4 and D C A’, as in (I). Let D; be the
closure of the interior of J,, and let D; be the closure of the interior of J;.
(Thus the notation is that of Figure 13.1.) Let

A4, =Cl(4—-D,), A,=Cl(4’ - D)).

Extend f so that D, < D, Dy« Dj;. By the induction hypothesis, extend f
so that 4, «> 4;. Finally, extend f to the exterior of J,. O

Theorem 2. Let A be a k-annulus in R%, and let B be the union of some or all
of the boundary components J,, J,, . .., J,. Then there is a 2-cell C such
that (1) Bd C cInt 4, (2) B cInt C, and (3) C contains no point of
Bd 4 — B.

Note that here B does not contain J,. Thus, if J; = Bd D, for i > 0, then
C contains the union of the sets D, for which J; C B, and intersects none of
the other sets D;. Thus C is a sort of amalgamation of an arbitrary union
of sets D,.
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13 Totally disconnected compacts sets in R?

ProoF. By Theorem 1, Theorem 2 reduces to the case in which all the sets
J; are circles, and in which J; is a very small circle for every i > 0. In the
latter case, the construction of C is trivial. O

Theorem 3. Let C? be a 2-cell, with Bd C*=J = B, U B,, where B, and B,
are arcs with common end-points Q, S. Let M| and M, be disjoint closed
sets in C?, such that M.nJ cCInt B, (i=1,2). Then Q and S are in the
same component of C* — (M, U M,).

ProOF. The proof is the same as that of Theorem 10.9. O
We have now finished generalizing Theorem 4.4.

Theorem 4. Let M be a totally disconnected compact set in R?, and let U be a
connected open set containing M. Then U — M is connected.

Proor. Let Q and S be points of U — M. Then Q and S can be joined by a
broken line in U. It follows, by an easy construction, that there is a
(polyhedral) 2-cell C2, with Bd C*>= B, U B, and B, N B,={Q, S}. For
i=1,2let A;=MnNInt B,=M N B,. Then A, and A4, are disjoint and
closed. Since M N C? is compact and totally disconnected, it follows by
Theorem 12.3 that M N C? is the union of two disjoint closed sets M » My,
containing 4, and 4,. By Theorem 3, Q and S lie in the same component
of C? — M. Therefore Q and S lie in the same component of U — M, and
the theorem follows. O

Theorem 5. Let M be a totally disconnected compact set in R?, and let N be a
frame' of M. Then every component of N is a 2-cell.

PrROOF. We know that different components of R>— N lie in different
components of R%?— M. Since RZ— M is connected, so also in R>— N.
Therefore each component C of N has a connected boundary. Therefore
Bd Cis a 1-sphere, and C is a 2-cell. O

Theorem 6. Let M and N be as in Theorem 5, and let ¢ be a positive number.
If N lies in a sufficiently small neighborhood of M, then every component
of N has diameter less than e.

PrOOF. Let M = U|_, g, as in Theorem 12.4, with &g, < ¢/3. If « >0, and
a is sufficiently small, then N (g, @) N N(g; a) =@ for i #j. Take such
an a, with a < ¢/3, and take N C N (M, a). Then every component D of N
lies in some one set N (g;, @). Since a < ¢/3, we have 8D <3e/3=¢e. [J

Theorem 7. Let M and M’ be totally disconnected compact sets in R%, and let
f be a homeomorphism M <> M'. Then f has an extension F: R*<R2.

'For the definition of a frame, see Theorem 10.6.
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PRrROOF. (1) Let A and A’ be 2-cells containing M and M’ respectively in
their interiors. Let N, be a frame of M, lying in Int 4, and lying in a
sufficiently small neighborhood of M so that every component of N, has
diameter < 1. (Theorem 6.) Then the sets f(M N C), where C is a
component of N,, are disjoint and compact. Let L be a frame of M’, lying
in Int A’, with components C’ of sufficiently small diameter so that no C’
intersects two different sets f(M N C). By repeated applications of Theo-
rem 2 we get a frame N| of M’, lying in Int 4’, such that each set
f(M n C) is the intersection of M’ and a component of N|. Now there is a
homeomorphism f;: R? — Int 4 >R?>— Int 4. Let E,=R?>—Int N, E| =
R? - Int N|. By Theorem 1, f, can be extended so as to give a homeomor-
phism f: E, < Ej, such that if D and D’ are components of N, and Nj,
with f,(Bd D)=Bd D', then f(M N D)= M'N D".

(2) Suppose that we have given a frame N,;_, of M, a frame N;,_, of
M’, and a homeomorphism f,; _: E,;_,<> E;;_,, where

E,_=R*—IntN,_,, Ej;_=R*—IntN;_,.

Suppose that the components of N,;_, have diameter less than 1/(2i — 1).
For each component 4 of N,,_,, let A’ be the component of N;;_,
bounded by f,;,_,(Bd 4). Suppose (as an induction hypothesis) that for
each such 4, A" we have f(M N A)=M'Nn A’

Let N;; be a frame of M’, lying in Int N;,_,, and lying in a sufficiently
small neighborhood of M’ so that each component of N;; has diameter less
than 1/2i. (Theorem 6.) Then there is a frame N,; of M, lying in Int N,,_,,
such that for each component D’ of N,;, f~ (M’ D)= M n D, where D
is a component of N,,. (The construction of N,; is like that of N|. We work
with the sets M’ N A’ (4’ a component of Nj;_,) one at a time. For each
such 4’, let A be the component of N,;_, such that Bd 4" = f,,_,(Bd 4). In
the construction of N|, described in (1), we use fFTUM NA, MNA,A,
and 4 in place of f, M, M’, A and A’ respectively.) Now extend f,;_, to get

fait By Eg,
where
E,,=R*—IntN,, E;=R*—IntN;,
such that if D and D’ are components of N,; and N,;, with f,.(Bd D)=
Bd D’, then f(M N D)= M’ D’. (The construction of f,; is like that of
fi.) Thus, when we pass from N,;_,, N3,_,, f,;,_, to Ny, N3, f,;, the induc-
tion hypothesis is preserved.

(3) The recursive step from N,;, N3, fo; t0 Ny, 1, Noiy 1, iy 18 entirely
similar, and in fact the whole situation is logically symmetric. Thus we
have sequences N, N,, ..., N{, N3, ..., fi, f», ... such that:

(a) N, is a frame of M, and N/ is a frame of M’;

(b) N;,,CInt N, and N/, CInt N/;

(c) Each component of N,,_, (or N;;) has diameter less than 1/(2i — 1) (or
1/2i);
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13 Totally disconnected compacts sets in R?

(d) Each f; is a homeomorphism E;« E;, where
E;=R*-IntN, E/=R*-—IntN/;
(e) For each i, f,, , is an extension of f.

Now let

By (e), F is a well-defined function. Since

o0 o0
RR=Myu U E=Mu U E,

i=1 i=1

F is a bijection RZ&R2 It remains to show that F and F~! are continu-
ous. Given P €R?>~ M, Q = F(P), we have Q € R — M’. Given an open
set U containing Q, we may suppose that U C Int E; for some i. Since f; is
a homeomorphism, some neighborhood of P is mapped into U by F.

If P M, then Q= F(P)=f(P)E M’, and Q has arbitrarily small
neighborhoods which are components D’ of sets N/. It is now easy to
check that D’ = F(D) for some component D of N,. Thus F maps small
neighborhoods of P onto small neighborhoods of Q. Therefore F is
continuous. The continuity of F~! can be shown similarly. (Again, the
situation is logically symmetric.) O

PROBLEM SET 13
Prove or disprove:
1. Every Cantor set in R? lies in an arc in R2.

2. Let C be the middle-third Cantor set in [0, 1], and let D be any countable dense
set in C. Then there is an arc 4 in R? such that (1) the end-points of A4 lie in D
and (2) the other points of D are the end-points of the components of 4 — D.

3. (The Moore—Kline theorem.) Every totally disconnected compact set in R? lies
in an arc in R

4. Every totally disconnected compact set in R? lies in a Cantor set in R2,
5. Let 4 be an arc in R?. Then every point of 4 is arcwise accessible from R> — 4.

6. Let S be a 2-sphere in R3 and let P € S. Then there is a plane E such that
P € E and S N E contains no 2-manifold.

7. Let A be an arc in R, and let P € A. Then there is a plane E such that P € E
and 4 N E is totally disconnected.

8. Every totally disconnected compact metric space M is imbeddable in R. That is,
there is a homeomorphism f: M« M’ CR.
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The theorem stated in Problem 3 was extended (by R. L. Moore and J. R.
Kline) so as to apply to every compact set M in which each component is
an arc whose interior is open in the space M. Thus every compact set in R?
lies in an arc in R? unless it obviously cannot. The proof is technical, but
Theorem 10.8 is helpful. The first proof appeared in [MK].
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The fundamental group (summary)

This section is a brief account of elementary definitions and theorems. Let
[X, O] be a topological space, and suppose that X is pathwise connected,
in the sense defined at the beginning of Section 1. Topological generality
will not concern us in the sequel: X will always be a polyhedron in a
Cartesian space, or an open subset of such a space, or at least a space
homeomorphic to one of these. Let P, € X, and let CP (X, P,) be the set of
all closed paths

p[01]-X, O0b P, 1 P,

P, will be called the base point. In CP (X, P,) we multiply paths by
shrinking them and laying them end to end. That is,

p(21) 0
q(2t—1) 7

Note that in pq, p is traversed first. Note also that this multiplication is
associative only in trivial cases.

Let p, ¢ € CP (X, P,), let D be the unit square [0, 11 in R?, and suppose
that there is a mapping

<
<

pq(t) = {

i D> X,
such that
f(0)y=p(1), f(t1)=4q(2),
f(0,y)=f(1,y)=P, foreveryyin [0, 1].
Then p and g are called equivalent, and we write

p=gq.
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Note that the relation = is stronger than homotopy: in the definition of
homotopy (beginning of Section 11) we do not require that the vertical
edges of the mapping cylinder be mapped onto the base point; in fact, we
have no base point.

Theorem 1. = is an equivalence relation.
Theorem 2. If p=p’ and q=q', then pg=p'q’.
Thus multiplication in CP (X, P;) induces a multiplication for the
equivalence classes p = {g|q = p}, with pg = pq. Let
7(X, Py)={plp ECP (X, Py)},
and let - be the multiplication induced by multiplication in CP (X, P,).

Theorem 3. [7(X, P,), -] is a group.

The identity in 7 (X, Py) is e, where e is the constant path [0, 1]— { P,}.
If #(X, Py) = {e}, then X is simply connected.

Theorem 4. Let P, and P, be points of X, and let p be a path from P to P,.
Then p induces an isomorphism
p*:w(X, Py)en(X, P)),
such that for each q € w(X, Py) we have

p*@)=pr 'op.

Here, on the right, p~! is the path ¢ > p(1 — ), and the indicated
“multiplication” is end-to-end, as in CP (X, P,).

Thus the algebraic structure of 7(X, P,) is independent of the choice of
the base point, and so for many purposes it does no harm to ignore the
base point and write 7#(X) for 7w(X, P,). Also, in investigating 7(X), we
may choose the base point to suit our convenience.

Theorem 5. Let [X, O] and [ Y, O'] be pathwise connected spaces, let Py € X,
let Qo€ Y, and let f be a mapping X - Y, Pyt> Q. Then f induces a
homomorphism

fra(X, Py)—>m(Y, Q)
such that for each p € m(X, P,),
(p)=(p)-

An important special case is the one in which [X, O]is a subspace of
[Y, O’] and f is the inclusion i: X — Y, P> P. There are simple examples
to show that the induced i* need not be either injective or surjective.
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Theorem 6. Let P, € U C R®. For each p € CP (U, P) there is a PL closed
path p’ such that p = p’ in w(U, Py).

Theorem 7. Let p and p’ be PL paths in CP (U, P,), where U is open in R®
and Py € U. If p=p’, then there is a PL mapping f: [0, 1?— U, under
which p = p’ in w(U, P,).

Now let K be a complex, finite or not, and let P, be a vertex of K. The
group w(|K|, P,) and the Il-dimensional homology group H,(K)=
H,|(K, Z) (with integers as coefficients) are related in the following way.

(1) In each equivalence class p in 7(|K|, Py) there is a representative
p: [0, 11-| K| which is simplicial relative to K' and a subdivision L of
[0, 1].

(2) Suppose that the simplexes of K are oriented, as in the definition of
H \(K). To each p as in (1) there corresponds a 1-cycle

Z'(p) =X o0},

under an obvious rule: if ¢! is traversed positively (or negatively) by a

mapping p|e (where e is an edge of L), then p|e contributes 1 (or —1) to
the coefficient ;. We then have

p=pinw(K|,P,) = Z'(p)~Z'(p')inH,(K).
And
z! (p\py) = z! () + z! (P2)-

(Here we really mean “=”, although “~” would be sufficient in the
sequel.) Thus the function p > Z'(p) induces a function

h: 7(|K|, Po)— H, (K),

and 4 is a homomorphism. It is called the canonical homomorphism (in the
present context).

Theorem 8. For every complex K, the canonical homomorphism
h: w(|K|, Py)>H,(K)=H,(K, Z)

is surjective. Its kernel ker h is the commutator subgroup of n(|K|, Py).

See Seifert and Threlfall [ST], pp. 171-174. For an outline of the proof,
see Problems 14.4-14.13 below. The book [ST] is, to this day, the most
convenient source for many of the topics that it treats. It has been
translated into Spanish but not into English.

PROBLEM SET 14

It may be worth the reader’s while to recall, work out, or look up the
verifications of the statements made without proof in this section. Obvi-
ously there is no need to repeat these statements here.
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1.

2.
3.

Prove or disprove:

In R? let A be the closure of the graph of f(x) = sin(l /x)(0<x<1/7m).Let B
be an arc in R? from (0, —1) to (1/m,0), such that 4 NInt B=g. Let
M =AU B. Then M is pathwise connected and simply connected. (This is
typical of various cases in which the fundamental group gives “wrong
answers.”

Let J be a 1-sphere. Then 7(J)~ Z.

Let 4 and B be pathwise connected spaces, with B C 4, and let i be the
inclusion B— A. If B is a retract of 4, then i*: w(B)— m(A4) is injective.

Problems 4-13 form an outline of a proof of Theorem 8.

4.
5.
6.

Let h be as in Theorem 8. If p is a commutator, = p, p,p; 'p; |, then p € ker h.
Let C be the commutator subgroup of #(|K|, Py). Then C C ker h.

For each vertex v; of K, let b, be a simplicial path from P, to v;. (We allow the
constant path [0, 1]— Py, in the case v, = P,.) These paths b; are chosen at
random, subject to the stated conditions, but are fixed hereafter. For each
2-simplex 0% = v,0;0; of K, let q(0?) be a path which is the product of (a) b;, (b)
a path which traverses Bd o2 simplicially once, starting and ending at v;, and
(c) b7 ". Then (1) ¢(o%) = e and (2) Z'(¢(0?) = * do2 (In (2), we really mean
“=", not merely “~.) The paths g(o?) are called relation-paths. For each o>
we form one such g(o?). The resulting collection {q(oz)} will be fixed hereafter.

. Let C2=3"_ a;0? be a 2-chain on K (with integer coefficients, as usual). Then

there is a product g = g{g5?... g™ of powers of relation-paths such that
ZY(g)=09C2 Thus Z'(g~ )= —aC2.

For each edge v, of K, let pj=be;b” ! where €; is a path which traverses

Y

v;y; simplicially from v, to v;. The terms p;; are called generator-paths.

9.

10.

11.

12.

13.

Each p € CP (|K|, Py) is equivalent to a product p’ of powers of generator-
paths, such that Z(p’) = Z(p).

Let p be a simplicial path in CP (| K|, Py), such that Z'(p) ~0. Then there is a
simplicial path g in CP (|K|, Py) such that (1) pg = p and (2) Z'(pq) = 0.

Let r be a simplicial path in CP (|K|, Py); and suppose that
r=plﬂlpﬁ62 e "Bn,

where each p; is a generator-path. If Z!(r) = 0, then each generator-path in the
product on the right appears with total coefficient = 0.

In any group G, the commutator of a and b is aba='b~'. The commutator
subgroup C of G is the set of all finite products of commutators. We then have
the following. (1) C really is a group. (2) C is a normal subgroup of G. (3)
Given x, y € G, ¢ € C. We have xy € C if and only if xcy € C.

Let r be as in Problem 10. Then 7 lies in the commutator subgroup C of
7T(IK 'a P, 0)‘

Now fit Problems 4-12 together to get a proof that C = ker h.
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The group of
(the complement of)
a link

By a knot we mean a polygon in R3. A /ink is a finite union of disjoint
knots. Thus a link L is a compact polyhedral 1-manifold in R The
fundamental group 7(R> — L) is called the group of L. We shall show that
such a group is always finitely generated, and is obtainable from a free
group by imposing a finite number of four-letter relations. (These terms
will be defined in due course.)

Given a link L, we choose the axes in such a way that if v is a vertex of
L, then the vertical line through v contains no other point of L, and such
that no three points of L lie on the same vertical line. (This is a “general
position” condition; “almost all” directions for the z-axis satisfy it.) Under
this condition, the projection of L onto the xy-plane R? is called the
diagram of L. In Fig. 15.1 L is the union of two knots. (As usual, in

A

Figure 15.1

drawing knots, we make no attempt to make them look like polyhedra.)
General position rules out triple crossings and “almost-crossings” as in
Figures 15.2(a) and (b). We now assign an orientation to each component
of the link L. Hereafter, in figures, L will be shown as connected, but this
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15 The group of (the complement of) a link

(@ ®)
Figure 15.2 (a) No Triple Crossings (b) No Almost-crossings

will be irrelevant to the logic of the discussion. With the usual convention
of “breaking” an arc to indicate that it goes “under” another arc at a
crossing point, we find that Figure 15.3 is a finite union of disjoint arcs a;.

83
as f‘\
{

SN

Figure 15.3

We choose the base point P, (for the fundamental group) far above the
link, so that P, is separated from the link by a horizontal plane. For each q;
we choose a closed path g; which forms a geometric triangle looping
around g;; that is, the path g; starts at P, goes linearly to a point near and
slightly behind a;, then crosses linearly under a;, an then returns linearly to
Py. In the figure, the linear paths from P, to points near and below a; are
indicated by short dotted lines. Similarly in figures from now on. We
choose the directions of the paths g; so as to get “right-handed crossings,”
with g; regarded as the vertical axis. (See Figure 15.4.)

8i

]
.

Figure 154
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Geometric topology in dimensions 2 and 3

Theorem 1. 7(R>— L) is generated by {g,,8, -..,8,). That is, every
p E7(R®— L, Py) is equal to a product

m
=1l g (q==x1).

i=1
PROOF. Let p be a closed path in R®— L. By Theorem 14.6, we may
suppose that p is PL. And we may suppose that p is in general position
relative to L, in the sense that (1) no vertex of | p| projects into the diagram
of L, (2) no segment of the image |p| is vertical, and (3) no point of |p|
projects onto a crossing point in the diagram. We get a diagram of p by
projecting into the xy-plane; and this intersects the diagram of L only in
simple crossing points. In Figure 15.5 we show short directed segments b of

\ s
A\
\ Vd
~
= -\—
N
AN
/
Figure 15.5

the diagram of the path, in the neighborhoods of the crossing points. For
each such b, take a triangular path ¢ which goes from P, to the initial point
of b, then along b, and then from the terminal point of b back to P,.
Taking these in the order of the segments b on the path p, we get a path

p=tity.. . 1,
Now p’ = p, because all of |p| except the segments of the type b can be
dragged continuously back to the base point, giving

P=etie, . .. eutnln it

where each ¢; is a constant mapping [0, 1]— P,,.
We assert that if ¢ crosses under a;, then ¢, = gf‘. In Figure 15.6 q,, a,,

IR
] |

Figure 15.6
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Geometric topology in dimensions 2 and 3

and a, are the arcs of L that cross under a;. (No arc of the diagram of L
crosses over a;, because if so it would cut a; into smaller arcs in the
diagram.) Preserving the =-class, we move ¢, so that its middle interval is
very short and very close to a;. Now slide it until its middle interval has the
same projection as a subinterval of the middle interval of g;. Then adjust it
again, linearly, until it coincides with g;, except perhaps for direction. In a
finite number of such steps, we get

pEH gjl“' (a; = =1). I:l
i=1 |

A product of the type on the right is called a generator word for the
equivalence class p € 7(R> — L, P,) that it represents. If two such words
look different, it does not follow that they represent different elements of
the group of the link. For example, in Figure 15.7 the indicated portion of

2
—

Figure 15.7

the path p would be represented in the generator word by g,g;”!, and g2~
can be cancelled out in the group. This cancellation corresponds to the
geometric process of dragging the path downward in the figure. More
complicated expressions can cancel out in the following way. Figures
15.8(a) and (b) show two possible orientations for a,. On the left,

aj a;
A

- Ak ax -

S
\

Figure 15.8 (a) (b)

r=ggg 'g ",

and obviously p = e, because p can be dragged continuously away from
the diagram of the link into the lower right-hand quadrant of the figure,
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15 The group of (the complement of) a link

and then dragged back to the base point. Similarly, on the right,

~ -1,-1, ~
P=88 & 8 =e
For each crossing point, we form such a word, in one of the forms given
above. Since every oriented arc in the diagram ends at a crossing point, the

number of crossing points is the same as the number of arcs. Thus we have
a set R = {r;} of crossing words, which are generator words of the form

=88 B b O N=88 '8 8

according to the orientation of g, in the diagram. Evidently

for each i.
Given

suppose that we alter the word on the right by inserting or deleting an
expression of one of the forms

girjt Igi_ ! 88 ! 8 lgi'
Then the path represented by the new word is equivalent to the old one,
and trivially the same holds after a finite number of such steps. Thus if the
word reduces to the identity by this process, we have p = e. In fact, the

converse also holds:
Theorem 2. Let m
p=ngf‘* (o, = x1).
i=1

If p = e, then the generator word on the right can be reduced to e by a

finite sequence of operations, each of which inserts or deletes an expression

of one of the forms

grir'e”,  g& ', & 'g.

PROOF. Let )
f:[0,1] >R - L
be a PL mapping under which p = e. We choose f so that f is linear on
every simplex of a triangulation K of [0, 1]%, as in Figure 15.9.

e

a7

02 04 Og

0) 03 Os

p
Figure 15.9
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Geometric topology in dimensions 2 and 3

Let
p: R*5RY,  (x,p,2)b (x,9,0)

be the projection. Then p(L) is a finite polyhedron, = |L’| for some L’, and
any crossing point in the diagram of L is automatically a vertex of L’. We
choose K as a sufficiently fine triangulation of [0, 1? so that (1) no set
of (6) (6 € K) contains more than one vertex of L’. Then we make small
adjustments in f (if need be), preserving (1), so that (2) if ¢ € K, and
P, & f(o0), then f|o is a linear homeomorphism. Finally, by a slight change
in the direction of the z-axis, preserving (1) and (2), we arrange so that (3)
if 62€ K, and P, & f(0?), then pf(0?) is a 2-simplex 72, no edge of 2
contains a vertex of L’, and no vertex of 72 lies in |L'| = p(L). (Note that
under (1), Int 72 contains at most one vertex of L’, and hence contains at
most one crossing point of the diagram of L. Note also that (3) is a
condition of “general position,” in the sense that the directions for the
z-axis for which (3) does not hold form a finite union of arcs in the
2-sphere.)

Using the mapping f, we can pass from p to e by a finite number of
steps, each of which deletes a free 2-simplex from a triangulated 2-cell. At
each stage, we have a triangulated 2-cell; part of its boundary (the upper
edge of [0, 1]%) is mapped onto Py; f, on the rest of the boundary, defines a
closed path ¢; and when we pass to the next stage, this gives a closed path

q=q.
If f(0®) lies above L, then the deletion of o2 has no effect on the word
for the path g. Thus the only significant cases are the ones shown in

Figures 15.10(a)~(d). In each of the first two cases, either we do nothing to

aj aj
A

. N
/A T/f A0 A

a;i a;
(@) ®) (© @
Figure 15.10

the word, or we insert or delete g,g;"' or g 'g,. One of the possibilities in
the third case is shown in Figure 15.11. Thus, in the word for ¢, we are
replacing g~ 'g, by g,g~'. This can be done by inserting 28 ‘g '8, just
before g~ 'g, in the word for g, and then performing cancellations by
deleting words of the type gg~! and g~'g. Here

88 g s =g "(g2g e )& =8 "rg,
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15 The group of (the complement of) a link

Figure 15.11

where the word in parentheses is the relation derived from the crossing
point. Thus we have gotten ¢’ from g in the desired way.
To replace g,g~' by g~ 'g,, we would insert

— _ -1 - -1 1 —
8 'nge = (sg '%'s) =& r s

which is also a word of the desired type. (Note that the form g 'r~'g, of
the word to be inserted was predictable: the operation performed here is
the inverse of the one in the preceding paragraph.) The other cases are
similar. O

The following is based on the treatment of free groups in Crowell and
Fox [CF], starting on p. 31.

Let A be a nonempty set. In the following discussion, 4 will be called
an alphabet. A syllable is an ordered pair (a, a), where a € 4 and a EZ.
To fit the algebraic pattern that is about to emerge, we agree that (a, a)
will be denoted by a®. And a' may be denoted simply by a. By a word we
mean a finite sequence of syllables:

= q% qg* O
w=aMa ..., am

We allow the “empty sequence” e which has no terms. Let W (A) be the set
of all words. We multiply words simply by laying the sequences end to
end. Obviously this operation is associative, and e is the identity element.
Thus W (A) forms a monoid. Evidently W (A) does not form a group; in
fact, no nonempty word has an inverse.

Consider the following operations which may be performed on a word.

(1) We may insert or delete a syllable of the type a°.
(2) We may replace two consecutive syllables a®, a? by a single syllable
a®*B, or vice versa.

If w’ is obtainable from w by a finite sequence of such operations, then
w and w’ are called equivalent, and we write w~ w’. Trivially, ~ is an
equivalence relation. For each w, let

[w] = (wlw'~w),
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Geometric topology in dimensions 2 and 3

and let
F(A)= {[w]lw EW(4)}.
Obviously
wi~w; and wy,~w) = W Ww,~Www,.

Therefore the multiplication defined in W (4) induces a multiplication for
the equivalence classes [w], with

[willwa] =[wiw,].

The resulting system [F(A), - ], where - is the multiplication just defined,
is a group; the verifications needed are straightforward. F(4) is called the
free group with alphabet A. If A has n elements, then F(A4) is called a free
group on n generators. (An obvious generating set is {[a]la € 4}.)

Now let [7, -] be any group. Let G={g,, 8, ...} be a set which
generates 7. We use G as an alphabet, getting W (G) and F(G). There is
then a surjective homomorphism

¢: W(G)—»m,
m
oo 14
i=

with e e, where e is the identity in #. Since the product on the right is
unchanged under ~-operations, ¢ induces a homomorphism

¢o*: F(G)-»m,
or: (g g g 1l g,
i=1

and [#, -] is completely described, algebraically, if we know the kernel
ker ¢* = ¢*~!(e).

We return to the group #(R® — L, P,), with generating set G = { g;} and
crossing words in R = {r;} (1 < i < n), where for each i,

n=888 &' o r=gg 'g 'g.

As in the general discussion, we use G as an alphabet, getting W (G) and
F(G). For each generator word

p=1I g*ECP (R - L, P,),
let !
[p)=[8g 80 5] €F(G).
Note that p = & € 7(R*> — L, P,) does not imply that [p] =[e] € F(G). Let
[R]={[n]} c F(G).

The elements of [R] are called relations. Let N ([R]) be the smallest normal
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15 The group of (the complement of) a link

subgroup of F(G) that contains [R], that is, the intersection of all of the
normal subgroups of F(G) that contain [R]. Let

¢*: F(G) - n(R>— L, P)

be the homomorphism defined above.

Theorem 3. ker ¢* = N ([R]).

ProoF. (1) It is easy to see that N([R]) is the set of all elements of F(G)
that are obtainable from elements of [R] in a finite number of steps by
multiplication, inversion, and conjugation. Since ¢*([r,]) = € for each i, it
follows by induction that [p] € N(R]) = ¢*(p])=e. Thus N(R])C
ker ¢*.

(2) We need to show, conversely, that ker ¢* C N([R]). For each
generator word p, we define [p] as above. Obviously every element of
F(G) is =[p] for some generator word p; and if [ p] € ker ¢*, then p = e,
so that p is reducible to e in a finite number of steps as in Theorem 2
above. Suppose that in one such step,

*1

p=pppi & g =r.
We assert that [p]=[p’] mod N ([R]); that is,

—1 ,
[r] [P']EN([R]).
Now
=Ir —1./ -1 - -1.* o T
[p) [P )=[p P ]=[ps o P& ' 2] = p5's ' '2ipa),

so that [p~!p’] is obtainable from [r;] by at most an inversion and a

conjugation. Similarly for the inverse p’—p of the same operation, and

similarly when p —p’ by insertion or deletion of a word of the type g~'g,

or g,g~ . Since [e] € N ([R])), it follows by induction that ker ¢* C N ([R]).
O

It follows from Theorem 3 that ¢* induces an isomorphism

¢**: F(G)/N([R])on(R’~ L, Py).
We can therefore sum up as follows.

Theorem 4. Let L be a link in R®, in general position relative to the axes. Let
G={8,8---,8,)and R={r,,ry, ...,r,} be the generating set and
the set of crossing words derived from the diagram of L in the x-plane. Let
F(G) be the free group on the alphabet G, let [R] = {[r,]}, and let N ([R])
be the smallest normal subgroup of F(G) that contains [R]. Then the
Sfunction

o: W(G)—»'IT(R3 - L, Po),

m
¢: 80,80, ..., gtn> | g®
i=1

il
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induces a homomorphism

o*: F(G)—»'rr(R3 - L, Py),

m
o*: [ g g 11 g

i=1
with ker ¢* = N ([R)), and hence induces an isomorphism
¢**: F(G)/N([R])>m(R* = L, P,).

Syntactical correctness appears to require the technical devices and
distinctions used in this section. Hereafter, however, we shall feel free to
revert to the abuses of language prevalent in much of the literature. Thus
we shall call {g]} a set of generators for #(R>— L, P;); we may call
R ={r;} a set of relations for the group; and we may write N(R) for
N([R)). Thus, regarding the elements g, as generators, we may write
F(8), 8 - - - 8&)/N(R), meaning F(G)/N ([R]).

The knot theory presented in this book is rudimentary; it is merely the
minimum required to demonstrate the existence of examples with certain
properties. For the affirmative theory, the old classic is Reidemeister’s
book [R,]. This is written in combinatorial terms. For a more topological
and contemporary treatment, see Crowell and Fox [CF].

PROBLEM SET 15
Prove or disprove:

1. In our description of #(R? — L, P,), we assigned a consistent orientation to each
component of L. What would have happened if the arcs in the diagram of L had
been assigned orientations at random?

2. We have described the group of a link by using a set of n generators and a set of
n relations. Show that one of the generators and one of the relations can be
deleted, so as to give a quotient group which is isomorphic to F(G)/N ([R)).

3. Figure 15.12 gives the diagram of a linear graph which is not a link. Describe

e W%

Figure 15.12

m(R?— L, P,) (where L is the graph) by giving a set of generators and a set of
relations.

4. Consider the following alternative to the above definitions of W (A4) and F(A4).
Let S={s,5,...,8,5 55 . ...,s ') be a set with 2n elements. Let V' (S)
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15 The group of (the complement of) a link

be the set of all finite sequences of elements of S. We multiply elements of V'(S)
by laying the sequences end to end. For w, w' € V' (S), define w~ w’ to mean
that w’ is obtainable from w by a finite sequence of operations, each of which
inserts or deletes two consecutive terms of the type s,, s, ! or the type 5,7, ;.
Define [w] to be {w'|w~w'}. Let FG(S) = {[w]lw € V(S)}. Define [w][w'] to
be [ww']. It can be shown, without much trouble, that these definitions are valid;
they give a group [FG(S), -] which is isomorphic to a group [F(A4), -], where A
has n elements. There remains a question: can objects of the type V' (S) and
FG(S) be used in place of W(A4) and F(A), for the purposes of Section 15?
(The crucial problem is to rewrite the paragraph just after the definition of
F(A), using an apparatus of the type V(S), FG(S).)
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Computations of
fundamental groups

Theorem 1. Let A be an annulus. Then w(A)~1Z, where Z is the additive
group of integers.

PROOF. A brute-force computation of 7(A) is easy. We may assume, as in
Figure 16.1, that 4 is a polyhedron in R2. Here g, generates 7(A4): given a

g
) ‘
Figure 16.1
(PL) closed path in CP (4, Py), we can reduce it to a product
gt'g®! ... g, as in the case of a closed path in the complement of a link

in R®. There are no relations, because when a path is moved across a
triangle, the most that we do to the word for the path is to insert or delete

gli lgl: l. D
Theorem 2. Let T be a solid torus. Then w(T)~Z.

PROOF. A solid torus is a space homeomorphic to a product D X S, where
D is a 2-cell and S! is a I-sphere. Proceed as in the proof of Theorem 1,
splitting T by a 2-cell rather than a linear interval. O
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16 Computations of fundamental groups

Theorem 3. Let A be a k-annulus. Then w(A) is a free group on k generators.

PrOOF. We recall, from the beginning of Section 13, that a k-annulus is a
compact connected 2-manifold 4 with boundary, imbeddable in R?, such
that Bd 4 has k + 1 components. Since 7(A4) is a topological invariant of
A, we may assume that 4 C R%. By the Tame imbedding theorem (Theo-
rem 6.2), together with repeated applications of Theorem 3.7, we may
suppose also that 4 looks like Figure 16.2, so that the inner components J,

Figure 16.2

of Bd 4 can be joined to the outer component J, by disjoint linear
intervals. Each of these linear intervals then gives a generator which
crosses it exactly once. These paths generate the group, and as in the case
of a 1-annulus, there are no relations. Therefore

T(A)~F (818 -+ s 8k)»
where “~” indicates isomorphism. O

Theorem 4. Let L be a link in R3, with k components, and suppose that the
components of L are polygons which form the boundaries of disjoint
polyhedral 2-cells. Then the group of L is a free group on k generators.

PrOOF. We arrange the diagram so as to get k generators and no relations.

a

Theorem 5. Let J,, J,, J5 be plane polygons, simply linked in series, as in
Figure 16.3, let D be the plane 2-cell bounded by J,, and suppose that D is

Ja
J) J3

N

Figure 16.3
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Geometric topology in dimensions 2 and 3

simply punctured by J, and J,. Let p be a closed path in
Ifp=einR*—(J,UJ,), thenp=ein U.

Proor. In U, take generators g,, g, of #(U, Py), as in the proof of Theorem
3. Then {g,, g} freely generates #(R>— (J,U J,)), as in the proof of
Theorem 4; and Theorem 5 follows. O

Theorem 6. The group of the trefoil knot is not commutative.

Proor. The trefoil is the knot defined by Figure 16.4. From the diagram

az

Figure 16.4

we read off the relation

=22 g ' =e
The figure is invariant under the permutation (123): 1> 2, 2} 3, 3> 1
of the subscripts. This gives the relations

r=88'8; g1=e,

ry=g:8; 8 'B2=e.

Now let S; be the symmetric group on three symbols, written in the usual
cycle notation as above. We define

h(g)=(23), h(g)=(13),  h(gy)=(12).
Extending this to products, we get a homomorphism

h: F(8) 8 83)— S
Now

h(ry) = (23)(12)(13)(12) = (1)(2)(3),

which is the identity in S,. Similarly, h(r,) and h(r;) are the identity.
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16 Computations of fundamental groups

Therefore A induces a homomorphism
h*: F(gy, 8 8)/N(R)— S,

Obviously A* is surjective, and S, is not commutative. Therefore 7(R> —
K) is not commutative. In particular, no two generators commute, since
their images do not: (12)(23) = (132) % (123) = (23)(12), and so on. O

7
//
a

2 /
, I
a \\ ay |
|
\
\

\

\

\

as

Figure 16.5

In Figure 16.5, let U be the interior of the indicated cylindrical region,
and let ¥V = U — B, where B is the “knotted broken line” indicated by the
diagram. By a slight extension of Theorem 15.4, we conclude that

(V)= F (8 8 & 81)/N(R),

where R is the set of relations of the form

r=g228 '8 'g;=e¢,

rn=828"8 g =e

r =28 g ‘s, =e
Here we seem to have more generators than relations. It is geometrically
evident, however, that g, = g{; we can move a path behind all of B, to pass
from g, to g;. In fact, g, = g} must be a consequence of the relations

ry, Iy, I3, because we can pass behind the three crossing points one at a
time. Replacing g| by g,, in the relations r, and r,, we get

T(V)~F(8 8 &)/ N(R'),

where R’ is the same set of relations that we got for the trefoil. We have
therefore shown

Theorem 7. 7 (V') is isomorphic to the group of the trefoil knot.

Note that Theorem 6 furnishes us with a proof of the “obvious” fact
that a polygon can be imbedded in R® in more than one way. If K| is a
trefoil, and K, is the boundary of a 2-simplex, then there cannot be a
homeomorphism f: R*&R% K <> K,. If there were such a homeomor-
phism, then 7(R? — K,) and #(R® — K,) would be isomorphic, which they
are not.

A knot is said to be unknotted if it is the boundary of a polyhedral
2-cell.
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Geometric topology in dimensions 2 and 3

PROBLEM SET 16

Prove or disprove:

1.

Let S be a polyhedral 2-sphere in R3 let I be the bounded component of
R3 - S, and let 4 be a linear segment, lying in 7, except for its end-points, which
lie in S. Then there is a homeomorphism h: R*-R3, such that h(S) is the
surface of the unit ball B> and h(4) is a linear segment joining two antipodal
points of A(S).

. Let K; and K, be knots in R3, and let f: R R3, K, <K, be a PLH. If K| is

unknotted, then so also is K.

. Let K, and K, be knots in R>. Let

¢: K; x [0, 1]>R?

be an isotopy, such that (1) for each point P of K, ¢(P,0)=P and (2)
¢(K, X {1}) = K,. If K, is unknotted, then so also is K.

. Let L be the union of two simply linked plane polygons in R, Then #(R? — L)

~Z+1Z.
Here the hypothesis that the polygons are simply linked means that the
diagram looks like Figure 16.6, and Z + Z denotes the direct sum.

Figure 16.6
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The PL Schonflies theorem in R?

It was shown by J. W. Alexander [A,] that every polyhedral 2-sphere in R?
is the boundary of a 3-cell. The PL Schonflies theorem asserts further that
the 3-cell is combinatorial; that is, it is the image of a 3-simplex under a
PLH. (The first proof is due to W. Graeub [G]; see also [M,].) The main
purpose of this section is to prove a slightly stronger form of the latter
result. (See Theorem 12.) To do this, we need to extend some of our earlier
results on the PL topology of R?; and first, as a matter of convenience, we
shall need the following.

Theorem 1. Let M be a 3-manifold with boundary, lying in R*. If M is
closed, then
Bd M =Fr M.

PrOOF. Let U= M — Fr M. Thus U is the topological interior of M in R3,
that is, the union of all open sets in R that lie in M. Obviously M is locally
Euclidean at every point of U. Therefore we have

Uclnt M, Bd M cFr M.
We need to show, conversely, that Fr M ¢ Bd M.Let P €Fr M Cc M, and
suppose that P has an open neighborhood V in M, homeomorphic to R3,

Since P €V, V cannot be open in R3; and so this contradicts the
Invariance of domain (Theorem 0.4). O

Thus, for 3-manifolds M with boundary, closed in R we need not
distinguish between Fr M and Bd M, and we can use the notation Int M
for the interior M — Fr M of M in R>.

By a cell-complex we mean a finite collection K of topological cells,
such that (1) different elements of K have disjoint interiors, (2) for each C
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in K, Bd C is a union of elements of K, and (3) if C, C' €K, and
CNC #g,then CN C’is a cell, and is a union of elements of K. The
union of all elements of K is denoted by |K|, and K is called a cell-decom-
position of |K|. If the elements of K are polyhedra, then K will be called a
PL cell-complex, and a PL cell-decomposition of |K]|.

Let K be a cell-decomposition of a 2-cell, and let C be a 2-cell belonging
to K. If Bd C N Bd |K]| is an arc, then C is free in K. (Compare with the
definition of a free 2-simplex, just before Theorem 3.3.)

Theorem 2. Let K be a cell-decomposition of a 2-cell, and suppose that K has
more than one 2-cell. Then at least two of the 2-cells of K are free in K.

Proor. Here |K| is being regarded as a space. We may assume, however,
that |K| CR? and by the Tame imbedding theorem for linear graphs
(Theorem 10.8) we may suppose that all edges of K are polyhedra. It
follows that all 2-cells of K are polyhedra.

From here on, the proof is like that of Theorem 3.3. Let C be a 2-cell of
K, such that Bd C N Bd | K| contains an arc, and suppose that C is not free
in K. It is then easy to show that |K| is the union of two 2-cells D,, D,,
forming subcomplexes K, K, of K, such that D, N D, = C. Since each K
has fewer 2-cells than K, we may suppose (as an induction hypothesis) that
each K, has a free 2-cell other than C. These are then free also in K; and
the theorem follows. O

Theorem 3. Let K be as in Theorem 1. Let D be a 2-cell which forms a
proper subcomplex of K. Then there is a 2-cell which is free in K and does
not lie in D.

ProoF. Let C be any 2-cell of K which does not lie in D, and suppose that
C is not free. Let D, D,, K,, and K, be as in the preceding proof. Then D
lies in one of the sets D,, say, D,. Let C’ be a 2-cell, other than C, which is
free in K,. Then C’ is free in K, and does not lie in D. O

We now return to R>.

Definition. Let C? be a polyhedral 3-cell in R?, let D, be a polyhedral 2-cell
in BdC? and let D,=Cl(Bd C®*- D). Let J=Bd D,=Bd D,
Suppose that for every polyhedral closed neighborhood N of C3—J
there is a PLH

h:R*oR),  D,oD,,

such that A|(R3— N) is the identity. Then we say that C* and Bd C?
have the push property at D,. If C* has the push property at every
polyhedral 2-cell in Bd C3, then C® and Bd C?> have the push property.

Theorem 4. Let o> be a 3-simplex in R, and let o® be a face of o°. Then o°
has the push property at o*.
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17 The PL Schénflies theorem in R3

The proof is by a direct geometric construction. See the proof of
Theorem 3.4, where a PLH of an analogous sort, in R? is described
explicitly.

Theorem 5. Given o°> C R®. Let D be a polyhedral 2-cell in Bd o>, and let W
be an open set containing o>. Then there is a PLH

I R}’ R, 630’ D<—>o(2,,
where o} is a 2-face of 6>, such that f|(R> — W) is the identity.

Proor. First we take a (rectilinear) triangulation K of Bd o>, such that D
forms a subcomplex of K, and sufficiently fine so that for each 72 € K,
|St 73| avoids a 2-face of 6> (Here St 72 is the set of all simplexes of K that
intersect 72, together with their faces.) Thus |St 72| lies in a set of the type

d(r*)=Cl(Bdo’ - 6% (o’€0’).

We take points v, v’, lying close to the “central vertex” of d(r2), with
v € Int 6> and v’ € R? — 6>, Thus the union

N=vd(T*)Uv'd(r?)
of the joins of v and v’ with d(7%) forms a closed neighborhood of
Int d(7?) in R?; and if
frd(tH)ed(r?)
is a PLH, with f|Bd (d(7?)) equal to the identity, then f has a PLH
extension
f:RPoR?, 0’0’
such that f|(R?> — N) is the identity.

Now let 73 be a 2-simplex of K, lying in D. By repeated application of
Theorem 3, together with the result of the preceding discussion, there is a
PLH

h: Bd 03— Bd o3, D(—)T(z).

In fact, such an A can be defined as the composition of a finite sequence
hy, hy, ..., h, of PL homeomorphisms, such that h, deletes from D a
2-simplex different from 72, and &, , deletes such a 2-simplex from 4,(D).
The homeomorphisms 4; can be chosen so as to differ from the identity
only in the star of the simplex that they delete. Therefore each of them can
be extended so as to give a PLH &/: R*&R?, 6> 0>, Thus & has a PLH
extension

fi: RPoR3, o’odd, D(—-)fré.
Let of be the face of o° that contains 2. The same proof gives a PLH

e R’oR3, 0’0’ o§<—>‘r§.
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Let
f=5 % Rk,

Then o< 0’ and D < o, as desired.

All homeomorphisms used here differ from the identity only in arbi-
trarily small neighborhoods of Bd ¢°. It follows that f can be chosen so as
to differ from the identity only in the given open neighborhood W of o3. []

Theorem 6. Every 3-simplex in R® has the push property.
PROOF. Let D, be a polyhedral 2-cell in Bd o7, let
D,=Cl(Bd¢*- D, )

let J=Bd D, =Bd D,, and let N be a closed polyhedral neighborhood of
o® — J. By the preceding theorem, take a PLH

fi: R’oR3, 0’0’ D1<—>02,

where o2 is a 2-face of ¢>. Then f,(N) is a closed polyhedral neighborhood
of 6* — f,(J) = ¢* — Bd 0. By Theorem 3, take a PLH

LReR,  fi(D)ofi(D,),
such that f,|(R® — f,(N)) is the identity. Let
f=rn lfzfl-
Then fis a PLH R*&R?, D, < D,; and it is easy to check that f|(R* — N)
is the identity. O

(Hereafter, routine uses of transforms, in the above style, will not be
described in detail.)

Definition. Let S be a polyhedral 2-sphere in R?. Suppose that for every
convex open set W, containing S, there is a PLH

fiRPoR},  SoBdo?

(where ¢ is a 3-simplex) such that f|(R*> — W) is the identity. Then S is
simply imbedded.

The main purpose of this section is to show that every polyhedral
2-sphere in R? is simply imbedded.

Theorem 7. The push property, for polyhedral 3-cells in R?, is preserved by
every PLH.

Proor. Use transforms. O
The preceding two theorems combine to show:

Theorem 8. Every simply imbedded 2-sphere in R® has the push property.
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17 The PL Schénflies theorem in R?

Theorem 9. Let C* be a convex polyhedral 3-cell in R®. Then Bd C3 is
simply imbedded.

PrOOF. We have given a triangulation of Bd C3. We form the join of this
complex with any point v of Int C3, getting a triangulation K of C3. If
0’ € K, then ¢ is free in K, in the sense that Bd o> n Bd |K] is a 2-cell
(namely, the 2-face o? of o° that lies in Bd |K|). Thus o> can be deleted
from K (so that Int 62 U Int ¢ is deleted from |K|[) by a PLH f,: R®*&R3,

Now f,(C?) is triangulated as the join of v and a 2-cell D,. D, has a free
2-simplex o7 (in the 2-dimensional sense defined in Section 3). It follows
that o} = vo? is free in f,(C?). Since o> has the push property at the 2-cell
D, =Bd o7 N Bd f,(C?), it follows that o] can be deleted from f,(C>) by a
PLH

5 RoR
In a finite number of such steps, we reduced C? to a single 3-simplex, by a
PLH
f=hthor fh

Given a convex open set W, containing Bd C3, we can choose each f, so
that f|(R> — W) is the identity. (See the definition of the push property.)
Then f|(R*> — W) will be the identity. O

Theorem 10. Let C3 be a polyhedral 3-cell in R>, and suppose that C* can be
triangulated as the join of a polyhedral 2-cell and a point. Then Bd C3 is
simply imbedded.

The proof of Theorem 10 is contained in the proof of Theorem 9.

Theorem 11. Let S| and S, be polyhedral 2-spheres in R>, such that S; N S,
is a plane 2-cell D. Let

§S=(S,US,)—IntD.
If S, and S, are simply imbedded, then so also is S.
PrROOF. Let W be a convex open set containing S. For i =1, 2, let
D;=Cl (S;,— D).

Let

J=Bd D,=Bd D,.
Since W is convex, J C S C W, and D is a plane 2-cell, it follows that
D c W, and so we have

S, Ccw, S,CW.

For i=1, 2, let C? be the 3-cell such that Bd C? = §,. Since Int D, is
connected, and Int D, N S, = @&, we have either (1) Int C N Int D, =g or
() Int D, cInt C;.
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Suppose that (1) holds. By Theorem 8, Bd C; has the push property at
D,. Thus there is a PLH f,: R R, D, < D, such that f,|(R* — W) and
fID, are identity mappings. (To get the latter, we use a closed neighbor-
hood N of C?—J such that N nInt D,=@.) Thus f,(S)=S,. Let f;:
R}*6R3, S, Bd ¢® be a PLH such that f,|(R*> — W) is the identity. Thus S
is simply imbedded, the desired PLH being f, f;.

Suppose that (2) holds. Then C; C C? — Int D,. As in Case (1), there is
a PLH f;: R*oR?, S ), such that f;|(R* — W) is the identity; and since
S, is simply imbedded, the theorem follows as in Case (1). O

Theorem 12 (The PL Schonflies theorem). Let S be a polyhedral 2-sphere in
R, and let W be a convex open set containing S. Then there is a PLH

fiRPoR? SoBdd’,

where o is a 3-simplex, such that f|(R® — W) is the identity. Thus every
polyhedral 2-sphere is simply imbedded.

ProoF. Given such an S and W, we choose the axes in general position, in
the sense that no horizontal plane E contains more than one vertex of S.
Thus there are three possibilities for E N S. (1) E N S may be a single
point, or the union of a singleton and a finite union of disjoint polygons.
(2) EN S may be a finite union of disjoint polygons, forming a 1-mani-
fold. (3) There may be a singular point P of E N S, which is the intersec-
tion of two or more polygons in EN S; EN S will then be locally
Euclidean at every other point. If P is a singular point in E N S, and
E N § is the union of k, polygons, then we define

IndP=kp—1.

The index Ind S is the sum of the numbers Ind P. Thus Ind S =0 if and
only if every set E N S is a 1-manifold, or a 1-manifold plus an isolated
vertex.

Suppose that the theorem fails for some S C W. We can then choose
both S and the axes so as to minimize the number n = Ind S. Thus we are
supposing, as an induction hypothesis, that if S’ is a polyhedral 2-sphere in
W, and the axes can be chosen so as to give Ind S’ < n, then S’ satisfies
the conditions in the conclusion of the theorem.

Lemma 1. n=0.

PrROOF. Suppose that n>0. Let E be a horizontal plane containing a
singular point P, let J be a polygon in E N S, and suppose that J is inmost
in E N S, in the sense that J is the boundary of a 2-cell D, in E, such that
Int D, N S =@. (J may or may not contain P. There are simple cases in
which every inmost polygon contains P, and others in which no inmost
polygon contains P.)
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17 The PL Schénflies theorem in R?

By a PLH E « E, we can reduce the configuration to one in which D, is
convex, and D, — { P} (which may be all of D)) lies on one side of a line
L C E, containing P. This homeomorphism then has a PLH extension
which preserves z-coordinates, and hence preserves horizontal planes. This
PLH preserves the topology of each set E'N S. Note that it does not
preserve general position (in the sense defined above) except in trivial
cases; we introduce many new vertices.

Now J decomposes S into two polyhedral 2-cells D,, D,, such that
D,NnD,=J. Let

S;=D;uU D, (i=1,2).

Now D, approaches J — { P} from only one side of E. Assume that D,
approaches J — { P} from above E, and that D, approaches from below.
We rotate the axes very slightly, using L as a line of fixed points, so that
the new horizontal plane E’ through P passes below J. By a slight
alteration in the direction of the z-axis, we restore general position. The
PLH that made D, convex may have introduced plenty of new vertices in
S, but it created no new singular points, and it preserved horizontal planes.
Thus, in computing Ind S,, we find that (1) every singular point Q of S, is
a singular point of S, (2) the index of Q in S, is no greater than the index
of Q in S, and (3) the index of P is reduced by one, when we pass from S
to S,. (J is gone.) Therefore

IndS, <IndS—1=n—1.

By the induction hypothesis, S, is simply imbedded. Rotating the axes in
the opposite direction, we get a coordinate system relative to which

Ind S, <n—-1.
Therefore S, is simply imbedded. By Theorem 11 it follows that S is
simply imbedded, which contradicts the hypothesis for S. O

Hereafter we assume that n = 0. It follows that the axes can be chosen
in general position in such a way that S has no critical point. Let

ELE,... . E

m

be horizontal planes, in ascending order, such that every vertex of Slies in
some E;, and such that E, and E,, are the lowest and highest planes that
intersect S. For each i, let k; be the z-coordinate of the points of E,.

Lemma 2. E, N S and E, N S are singletons.

PrOOF. E, N S contains at most one vertex of S, and no plane below E,
intersects S. Therefore E; N S contains no polygon, so that each point of
E, N S is isolated. Therefore £, N S is a singleton. Similarly, so is E,, N S.

O
Lemma 3. For 1 <i<m, E;N S is a polygon.
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Proor. Since no finite set separates S, E; N S contains a polygon J. We
shall show that E; N S is connected. It will follow that E,n S = J.
For each k, k’, with k < K/, let

N(k, k)= {(x,y,2)|k <z < k'}.

Suppose now that E; N S is not connected. Since S is connected, it follows
that either (a) some two components C, C’ of E;N S lie in the same
component of N(k;, k,) N S or (b) some two components C, C’' of E;N S
lie in the same component of N (k,, k;) N S. Suppose, without loss of
generality, that (a) holds. Then there is a least number k such that C and
C’ lie in the same component of N (k; k)N S. It follows that k = k; for
some j > i, and that E; contains a critical point of S. This contradicts the
hypothesis n = 0. O

It follows from Lemmas 2 and 3 that R®>— S has one and only one
bounded component U, which is the union of the plane 2-cells bounded by
the polygons S N E, where E is a horizontal plane between E, and E,.
Since S is a polyhedron, so also is U. Let K be a (rectilinear) triangulation
of U; and rotate the axes slightly, if necessary, in such a way that Ind S is
still =0, and so that no horizontal plane contains two vertices of K. Take
E,E,...,E, as in Lemmas 2 and 3, in such a way that for each i,
exactly one of the planes E; and E, , contains a vertex of K. For 1 < i<m,

let
Ni = {(x’y, Z)lk’ < Z < ki+1},

where k; is the z-coordinate of E;, and let
M;= N,n|K]|.

Lemma 4. Bd M, is simply imbedded.

Proor. The theorem follows from the fact that M, can be triangulated so
as to form the join of the point £, N S and the polyhedral 2-cell E, N |K]|
(Theorem 10). O

A similar proof shows:
Lemma 5. Bd M,,_, is simply imbedded.

Lemma 6. For 1 <i<m—1, Bd M, is simply imbedded.

ProoF. We know that one of the planes E, E, , contains no vertex of K.
Suppose that E; contains a vertex v of K. Let St v be the closed star of v in
K. Then for each 7 € K with v as a vertex, E; N 7° is a 2-simplex or the
singleton v. It follows that |St v| N E; is a polyhedral 2-cell d,. Now the
nonempty intersections E, N 7> (1> € K) form a cell-decomposition G of

the 2-cell
D;=E,n|K]|,
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17 The PL Schonflies theorem in R?

in which the 2-cells are 2-simplexes and quadrilateral regions. Similarly,
the nonempty intersections 7> N M, form a cell-decomposition H of M,. If
d, is not all of D,, then there is a 2-cell C 2 of G, not lying in d,, such that
C?is free in G (Theorem 2). Let C? be the element of H that contains C2.
Then C3 is convex, and is free in H. Therefore C> can be deleted from H
by a PLH R3*<R3; and for each open set W containing M,, the PLH can
be chosen so as to differ from the identity only in W. In a finite number of
such steps, we reduce D, to d,. Thus we replace M; by |St v| N M,. The
latter is triangulable as the join of v with a polyhedral 2-cell. Therefore its
boundary is simply imbedded. Therefore so also is Bd M,. O

We can now complete the proof of the theorem. We know that each set
Bd M, is simply imbedded, and each set

M;NM;,,=Bd M;nBd M,,,

is a plane 2-cell. By Theorem 11, Bd (M, U M,) is simply imbedded. By
another n — 2 applications of Theorem 11,
m—1
S=Bd|K|=Bd U M,

i=1

is simply imbedded, which was to be proved. O

The methods used here seem remote from those of Section 3, where we
proved the PL Schonflies theorem in R2. The following might seem more
natural. Let S be a polyhedral 2-sphere in R>. Let / be the bounded
component of R*— S, and let K be a triangulation of I. Show that (1)
every such K has a free 3-simplex, that is, a 3-simplex o> such that
Bd ¢ N Bd |K| is a disk. Then proceed to prove the PL Schénflies theorem
by induction, as in Section 3.

The trouble is that (1) is false: there is a (nontrivial) triangulation K of a
3-simplex in which no 3-simplex is free. Thus utterly unexpected example
is due to Mary Ellen Rudin [R,].

PROBLEM SET 17
Prove or disprove:

1. Let S be a polyhedral 2-sphere in R®. Then each component of R? — § is simply
connected.

2. Let S,, Sy, ..., S, be a finite sequence of polyhedral 2-spheres in R?, such that
for 1 < i< n, S; lies in the bounded component of R*>— S, ;. Then there is a
PLH f: R*&R3, such that for each i, f(S;) is the boundary of a 3-simplex o?.

3. Given 0 < x, < x,, and Py € R?, let
S (Py, xy, x;) = {P|P €R® and x,<d(P,P)< xz}.

Such a set will be called a round spherical shell. Given o} CInt6?,,, and
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S (Py, x1, x4) as above, there is a homeomorphism
f: CL (031 = 0) > S (Py, xy, xy).

. Let B be a component of the boundary of a round spherical shell M, and let f be

a homeomorphism B« B. Then there is a homeomorphism f: M« M, such
that f'|B = f.

. Let S,, S5, ... be a sequence of polyhedral 2-spheres in R such that for each

i, S lies in the bounded component of R*> — S, ,. For each i, let C be the 3-cell
in R? such that Bd C? = S;;and let U= U2 C?. Then U and R® are homeo-
morphic.

. Let C{, C3, ... be a sequence of polyhedral 3-cells in R?, such that for each i,

C3,clInt C?; and let U=R>— N C>. Then U is homeomorphic to the com-
plement of a point in R3.



The Antoine set

Here we present the first and classical example of wild imbedding, due to
Louis Antoine [A;], [A,]. (For the definition of wild, see Section 10, just
after Theorem 10.4.)

Let T, be the solid of revolution of a circular closed plane region about
a line in the same plane, not intersecting it. Such a set is called a circular
solid torus. A set homeomorphic to a circular solid torus is called a solid
torus. In the interior of T,, form a set T, which is the union of a finite
collection of circular solid tori, linked in cyclic order as indicated in Figure
18.1. (In this figure, the components C; of T, are indicated schematically

Figure 18.1

by circles.) The number of components of T, is k, with k > 4. Figure 18.2
shows what any three successive components of T, look like. Thus there is
a circular plane 2-cell D; such that Bd D, is a “longitudinal circle” in
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Ci—y Civ1
Figure 18.2

Bd C;; D, is punctured by C;_, and C,,; and the set
4=C [Di —(Gu Ci+l)]

is a 2-annulus.
For each component C; of T, let

¢ Ty C

be a similarity, that is, a contraction of the type P tP, followed by an
isometry. Let

Ty= U¢(T3).
Each of the k components of 7, then contains k components of T, and so
T, has k? components.

Inductively, given a set T, which is the union of k"~! disjoint circular
solid tori, for each component C; of T, let ¢, be a similarity 7, <> C,, and
let 7,,,= U ¢,(T,). This gives a descending sequence T, T, ... . We
define

@=NT,

Evidently @ # @; in fact, every component C of every set 7, intersects
@. Since components of 7), are close to other components of 7, when n is
large, it follows that every point of @ is a limit point of @. Since the
components of 7, are of small diameter when » is large, it follows that & is
totally disconnected. And obviously @ is compact. Therefore @ is a
Cantor set.

We recall the following definition from Section 10. Let B be a subset of
A, in a topological space. A retraction of A onto B is a mapping r: A - B
such that r|B is the identity. If such an r exists, then B is a retract of A.

Theorem 1. Let the components C; and the spanning 2-cells D, (i < k) be as
in the definition of T,. Then Bd T, is a retract of the set

T, - .

k k
U cu U p,
i=1 i=1
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18 The Antoine set

The proof is by straightforward carpentry.

Theorem 2. Let p be a closed path in R®— T,. If p=e in R*— T,, then

p=einR-T,
PrOOF. Here and herealfter, if f is a mapping 4 — B, then |f| denotes the
image f(A). Let

4,=Cl [Di —(CG1u Gy )]’
as in the definition of T,. Suppose (without loss of generality) that p is a
PL mapping, and let
¢: [0, 1]'>R - T,

be a PL contraction of p to e. We can choose | p| and |¢| in general position
relative to 4,, in the sense that there is a triangulation K of [0, 1]* such that
if 62 € K, and ¢(o?) intersects 4,, then ¢|o? is a simplicial homeomorphism,
and 4, contains no vertex of ¢(a?). Let
J=¢71(4;n|9]).

Now the set ¢(J) = 4; N |¢| may be an arbitrary 1-dimensional polyhedron
in A; (except, of course, that it cannot have any isolated points.) But J
itself, in [0, 1%, is a finite union of disjoint polygons. The reason is that J
contains no vertex of K, so that each nonempty intersection J N o2 is a
linear interval, joining two points of Bd 62 and containing no vertex of ¢.
Thus if 67 N 07 = 0!, and P € 6' N J, then P is the common end-point of
the linear intervals 6> N J and o2 N J. Thus J is locally Euclidean, and

J=UJ.
j=1
Let J; be a component of J which is inmost in [0, 1, in the sense that J; is
the boundary of a 2-cell 4, which contains no ther component of J.
Consider the mapping

pi= ¢|Jj Jj_’Ai'

Such a p; can be regarded as a closed path in 4,, with a certain base point
Py. Now J; = Bd d;, and since

o(d)) c R~ (C,_ U Cpyy)s
it follows that
p;=ein R’ -(C_,u Ciir)-
Thereafter
pj=einlnt 4,
(See Theorem 16.5, which can be readily adapted to our present purpose.)
Therefore p; can be extended so as to give a PL mapping ¢,: 4 — 4,. We
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now define a new contraction

¢ [0,1]'>R — Ty,
by defining ¢'|d; = ¢,, and ¢’ = ¢ elsewhere. Now if N is a small connected
neighborhood of 4, in [0, 1, then ¢'(N) approaches 4, from only one side:
N — d, is connected, and therefore so also is its image. Therefore we can
pull ¢'(N) off of 4. This gives a new contraction ¢”. When we pass from ¢
to ¢” we have reduced, by at least one, the number of components of J.
Thus, in a finite number of steps, we get a contraction

¥: [0, 1°5R = Ty,
such that

Wn4,=0.

We perform this operation for each i from 1 to k. Each 2-annulus 4,
intersects its neighbors 4,_, and 4, , in linear intervals. (See Figure 18.3.)

Figure 18.3

Thus if |¢| is already disjoint from 4, _, (or 4, , or both), and p;: J,— 4, is
a closed path in 4;, as in the preceding discussion, then p; is contractible in
A; —A;,_(or A, — A;,,or A, — (A;_, U A4,,,)). Therefore we can “pull |¢|
off the sets 4;, one at a time,” in such a way that at each stage we preserve
the results of our earlier labors. Thus in k steps we get a contraction

% [0, 1]'5>R =T,
such that |y, | N 4; = & for each i. It follows that

k k
H’kln UC,‘UUD,» =0g.
i=1 i=1
Let r be a retraction
k k
T,-| U cu U D,|->Bd T};
i=1 i=1

define r |(R?® — T)) to be the identity; and let
p=ry: [0, 1SR —Int T,

To get a contraction of p in R*— T, it is sufficient to pull the image |p|
slightly off of Bd T, into R® — T. |
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18 The Antoine set

Theorem 3. Let p be a closed path in R* — T,, and suppose that p = e in
R*—Q.Thenp=einR*— T,

ProOF. We may suppose that p is PL, and that there is a PL contraction
¢: [0, 1]>R* - @

of p. If it were true that |¢p| N T, # & for each n, then it would follow that
|¢| N @ # @, which is false. Therefore

4INT, =02
for some n. Let C be a component of 7,,_,; and let
T,=C, I;=CnT,.

Then 7| and T are related in the same way as T, and T5; in fact, there is a
similarity T, T}, T,< T;. It follows by the preceding theorem that there
is a contraction ¢’, of p onto e in R* — C, such that |¢'| — || lies in a small
neighborhood of C, and hence intersects no other component of 7,_,.
Therefore, in a finite number of steps, we get a contraction of p in
R?— T,_,. By induction, p is contractible in R> — T. O

n

Theorem 4. R?> — @ is not simply connected.

PRrOOF. Since «(R? — T,) is nontrivial, this follows from Theorem 3. O

Theorem 5. There are Cantor sets C, and C, in R® such that no homeomor-
phism C, <> C, has a homeomorphic extension R*&R3.

PrOOF. Let C, = @, and let C, be the standard “middle-third” Cantor set
on a line L in R®. It is easy to show that R® — C, is simply connected. (For
example, given a closed path p in R* — C,, let p’ be a PL path in R* — C,,
such that p = p’ in R — C,; then force | p’| off of L, leaving the base-point
fixed; and finally contract the resulting path in the complement of a linear
interval containing C,.) Since R® — @ is not simply connected, the theorem
follows. 0

Theorem 6. Let U be a connected open set containing @. Then there is a
2-sphere S such that

@cScU.

ProoF. Since @ C U, it follows that 7, C U for some n. By a multiple
annulus we shall mean a set which is a k-annulus for some k. Let 4, be a
multiple annulus in U — Int T,,, such that Bd 4, c Bd 7, and such that for
each component C of T,, 4, N C is a component J. of Bd 4,, and J.
bounds a 2-cell in Bd C. We then say that 4, spans T, in U. Such a
multiple annulus is obtainable as follows. Choose an arbitrary point P, of
U - T,. For each component C of T,, take a broken line B, joining P, to
a point Q. of Bd C, such that different sets B, intersect only at P, and
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B-NT,={Qc}. (We can do this, because U — T,, is connected, and each
point of Bd T, is a limit point of U — T,.) Let B be the union of the
broken lines B.. Then B has a polyhedral 3-cell neighborhood N, such that
for each component C of T,,, N N Bd Cis a 2-cell. Let 4, =Bd N —Int T,,.
Suppose (inductively) that we have a multiple annulus A, (m > n) such
that 4,, spans T, in U. There is then a multiple annulus 4,,, ,, containing
A, and spanning T,.,in U, such that 4, ,,—T,=A4, — T,,; in each
component of 7, we insert a multiple annulus, by the same sort of process
that we used in defining A4,. Thus there is an ascending sequence

Ay, A, ... of multiple annuli, such that if
A=U 4,
i>n
then A — A, C T, for each i > n. It follows that A = 4 U @. Let
S=A4=A4uUQ.

We assert that S is a 2-sphere. To see this, copy the structure of the sets 4,
with sets 4/ in a 2-sphere S?, in such a way that the maximum diameter of
the components of S — A; approaches 0 as i — 0. Let

A= 4,
i»>n
Now define a homeomorphism ¢: 4 < A4’, by first defining a homeomor-
phism ¢,: A,<> A, and then extending ¢,, a step at a time, to the rest of
the multiple annuli 4,,,, 4,,,, - .. . For each point P of @, and each
i > n, let U, be the component of A A that has P as a limit point, and let

V,=¢(U,). Then N V # @. Since 6V -0, N V is a single point Q. Let
¢(P) = Q. We now have a homeomorphism S < s2. O

Theorem 7 (Louis Antoine). R? contains a wild 2-sphere.

PrOOF. By Theorem 6 there is a 2-sphere S such that € c S c Int T,. Let
U be the unbounded component of R* — S. Then there is a closed path p,
in R®— T, such that p is not contractible in R®> — T,. Therefore p is not
contractible in R* — @, or in R® — S, and so #(U) is nontrivial. But if S’ is
a polyhedral 2-sphere in R3 then each component of R®— S’ is simply
connected (Problem 17.1). It follows that every tame 2-sphere in R® has the
same property. Therefore S is wild, which was to be proved. O

Theorem 8 (Louis Antoine). R? contains a wild arc.

ProoOF. Let S be as in the proof of the preceding theorem. By the result of
Problem 13.1, @ lies in an arc 4 in S. Let ¥ = R® — A. As in the preceding
proof, we show that V is not simply connected. But the complement of a
broken line in R? is simply connected; the proof is by elementary geome-
try. Therefore every tame arc has the same property. Therefore A4 is wild.

a
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18 The Antoine set

The well-known “horned sphere” of J. W. Alexander [A,] appeared after
the work of Antoine. Pictorially, it is easier to describe than the S used in
the proof of Theorem 7, but mathematically it is harder to investigate.

Antoine was blind.

PROBLEM SET 18
Prove or disprove:

1. Let C be a Cantor set lying in the Antoine set. Then R?>— C is not simply
connected.

2. No polyhedral 2-sphere in R> — @ separates two points of @ from one another
in R3. (That is, if S is a polyhedral 2-sphere in R® — @, then @ lies in a single
component of R?— S.) (In fact, this holds for all 2-spheres, polyhedral or not;
but the proof is unreasonably difficult, on the basis of the methods developed in
this book; see [A,].)

3. Let M be a compact set in R% Then there is a 2-sphere S in R? such that
S N R?= M. (This suggests one of the difficulties in generalizing the result of
Problem 2.)
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A wild arc with a simply
connected complement

It is easy to see that the concept of knottedness does not apply at all to a
broken line in R?; all broken lines are imbedded in R? in exactly the same
way. (Thus the effectiveness of shoestrings depends on friction rather than
knot-theory.) This is the idea conveyed by the following tedious theorem.

Theorem 1. Let B be a broken line in R3, with end-points P and Q. Then
there is a polyhedral 3-cell C such that (1) IntBcIntC, (2) P,Q €
Bd C, and (3) there is a PLH ¢: C <> 6? X [0, 1], such that B> R X [0, 1],
for some R € Int ¢,

-

)_________-_. ————-

\
[ S N —— Y
\
7z

@ ®
Figure 19.1

This can be proved by induction on the number of edges of B. Since ¢
can then be extended to the rest of R, it follows that B is imbedded in R®
in the same way as a linear interval.

If B and C satisfy the conditions of Theorem 1, then we say that B is

unknotted in C.
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19 A wild arc with a simply connected complement

Theorem 2. If B; is unknotted in C; (i = 1, 2), then every PLH
h: Bd C,-Bd C,, Bd B,<~Bd B,
can be extended to give a PLH

h: Cio G, B, B,.

ProoF. For i = 1, 2 we have a PLH
fi C,.<—->02><[0, 1], B,«-—)R,.X[O, 1].

And f, can be chosen so that R, = R,. Thus the theorem reduces to the
case in which

C,=C,= C=02X[0, l],

B,=B,=B=RX|[0,1].

In this case, for every polygon J C Bd C, containing Bd B = { P, Q }, there
is a PL 2-cell D, lying in C and containing B, such that
DNBdC=BdD=J.

(Let v be any point of Int B, and let D be the join of v and J.) Take such a
J and such a D; let J' = h(J), and let D’ be a PL 2-cell satisfying the
above conditions relative to C and J'. Now extend 4 so that h|B is the
identity; and extend h again so that h(D)= D’. Now D decomposes C
into two polyhedral 3-cells, and D’ has the same property. Finally, extend
h to the interiors of the first pair of 3-cells, mapping them respectively onto
the second. This gives the desired 4’'. 0

If B has its end-points in Bd C, and Int B C Int C, it does not follow
that B is unknotted in C. Consider the configuration that we investigated
at the end of Section 16, shown again in Figure 19.2. We found (Theorem

1>

Figure 19.2

16.7) that #(C — B) was isomorphic to the group of the trefoil, and
therefore was noncommutative. Therefore B is knotted in C.

We now form an infinite sequence of figures similar to this (under
similarities of the type Q+> 27'Q) and lay them end to end, so that they
approach a point P as a limit. As indicated in Figure 19.3, we do this in
such a way that the union of the arcs B; and the point P is an arc 4,. As a
matter of convenience, we suppose that P and the end-points P, P, of
the arcs B; are collinear, and that there is a sequence C,, C,, ... of
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Geometric topology in dimensions 2 and 3

BdC, BdC,

ln A_,P_, N,

Figure 19.3

concentric cubes such that
U Bi C Cn’

i>n
and such that the points P, have neighborhoods in 4, which lie in the line
which contains the points P; and P.

Theorem 3. 4, is tame.

ProoF. In each spherical shell Cl (C; — C,,,), take a polyhedral 3-cell D,
such that B; is unknotted in D,, and D, intersects Bd C; and Bd C, ., in
2-cells d; and 4, ,. (The notation conveys that
D,NBdC,yy=D;y;NBACyy,
and this property is easily arranged.) Let
E=Cl[C~(DUCLy)]
Then E, is a polyhedral 3-cell. Let L be the (straight) line through P and
the points P;; let
B/ =LNC(C~Cyy)s
and let D, be a chosen for B/ in Cl (C; — C,, ) in the same way that D,
was chosen for B,. We take the sets D/ in such a way that D/ N Bd C; = D,

N Bd C, for each i and j. Let 4| be the union of the sets B/ and P. We now
define a homeomorphism ¢: R*<R3, in the following stages.

(1) ¢ is the identity in R*— C,.

(2) ¢ is the identity on each set Bd C.,.

3) ¢(D;) = D/, with ¢(B;) = B/. (This can be done, by Theorem 2.)
4 ¢o(E)=E/=CI[C,— (D] U C; ;)]

(5 o(P)=P.

Now ¢(A4,) = A}, and A4] is a linear interval. Thus 4, is tame. O

Now let 4, be a linear interval, from P to a point Q which lies to the
right of P, and let 4 = 4, U A,. (See Figure 19.4.)
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19 A wild arc with a simply connected complement

Figure 19.4

do

Theorem 4. A is wild.

PROOF. If A4 is tame, then there is a homeomorphism ¢: R*«<>R>, such that
¢(A) is a linear interval I. We shall show that this is impossible. Let
P’ =¢(P), and let U=R>?— I. (See Figure 19.5.) If ¢ >0 is small and

P
Figure 19.5

P,E€ N(P', &) — I, then
7(N(P',e)— I, Py)~Z.

It follows that for every open set ¥V, containing P’, there is an open set W,
with P’ € W C V, such that if p and g are closed paths in W — I with
base-point Py € W — I, then

pg=gpinm(W—1I, Py).

It follows that pg=gp in #(U N V, P;). We make this observation the
basis of a definition, adapted from a definition due to Artin and Fox [FA].

Definition. Let U be an open set, and let P € U. Suppose that for every
open set V containing P there is an open set W containing P such that
() PeW CV and (2) if p and ¢ are closed paths in U N W, with
base-point Py, then pg=gp in #(U N V). Then «(U) is locally com-
mutative at P.

PROOF OF THEOREM 4, CONTINUED. Thus we have verified that if U = R> —
I, where I is a linear interval, then #(U) is locally commutative at each
point of I. This property is invariant under homeomorphisms R*<R3,
Uo U’, I A. Therefore, to prove Theorem 4, it remains only to show
that 7(R* — 4) is not locally commutative at P.

Suppose that local commutativity holds at P. Let V' =Int C,, taking r
sufficiently large so that Q & C,, as indicated in the figure below. If there
is a W that “works,” then any sufficiently small open set containing P also
“works.” Therefore we may assume that W = Int C, for some s. We shall
now get generators and relations for #(Int C, — 4). The generating set

G={apa,...5b,byy,...5¢, ¢y}
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Geometric topology in dimensions 2 and 3

b,

a A 4o a0
- TETY

cr

LS

Figure 19.6

can be read off from Figure 19.6. The labels in the figure indicate genera-
tors, not arcs. (The same sort of labeling will be used in figures hereafter.)
Each crossing point gives a relation, just as for linear graphs; and regard-
ing P as a crossing point we get relations of the type a;a; '~ ¢. Just as for
linear graphs, it is not hard to see that this set R of relations is complete, in
the sense that
n=n(Int C,— A)~ F(G)/N(R).
We recall that s is fixed, with W = Int C,. Consider the homomorphism
h: >,
determined by the conditions
a;>a, b, b,, ¢ —>c,

for each i > r, with also a,}> a,. Here all generators collapse onto a set of
three generators a, b, ¢, and all relations collapse onto the corresponding
relations for a single trefoil knot. Thus the image h(«) is isomorphic to the
trefoil group. In the latter, generators do not commute. Therefore the
pre-images a, and b, do not commute, and it is false that a,b, = b.a, in
7(Int C, — A). Od

It may have seemed more natural to try to prove that 4 is wild by
investigating the total group m(R> — 4). But this would not have worked,
as the following theorem shows.

Theorem 5. R® — 4 is homeomorphic to the complement of a point.

ProoF. First show that R®*— A is the intersection of a sequence
C}, C3, ... of polyhedral 3-cells, with 2, C Int C? for each i. Then use
the result of Problem 17.6. O

Thus the wildness of 4 cannot be proved by an examination of the
topology of R*> — 4. Since 4 = A, U 4, in the above construction, we also
have the following.

Theorem 6. There are tame arcs A,, A, in R® such that A, N A, is a point
and A, U A, is wild.
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19 A wild arc with a simply connected complement

Later, we shall see that the union of two disjoint tame sets is always
tame. Also, if D, and D, are tame 2-cells, with D, N D,=Bd D, = Bd D,,
then D, U D, is tame. But these are not elementary results. They will be
proved, eventually, by methods which also are adequate for the proofs of
the triangulation theorem and the Hauptvermutung.

The arc 4 discussed above was first defined and investigated by R. L.
Wilder [W]. The methods of this section are adapted from Fox and Artin
[FA]. I am also indebted to Fox and Artin for the reference to Wilder.

PROBLEM SET 19

1. Consider the homeomorphism ¢ used in the proof of Theorem 3. This can be
described as the composition of a sequence ¢, ¢,, ... of homeomorphisms
R3oR3, such that “¢; unties the ith knot in A,.” Then each ¢; “introduces a
knot into A,,” so that the total mapping ¢ maps 4, onto an arc which includes
an “infinite sequence of knots,” just as A4, includes such a sequence. It is
probably not worthwhile to prove these statements logically, or even to assign
them an exact meaning; but it is probably worthwhile to figure out, at least
intuitively, the effect of ¢ on 4,.
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A wild 2-sphere with a simply
connected complement

In the work of Antoine, the wildness of an arc or 2-sphere was always
demonstrated by an examination of the fundamental group of the comple-
ment (or of a component of the complement). Thus Antoine’s examples
did not refute the perhaps plausible conjecture that wildness, for arcs and
spheres, is describable in terms of the fundamental group of the comple-
ment, or, at least, of the topology of the complement. Wilder’s example, in
Section 19, shows that this conjecture is false for arcs. We shall now
present an example, due to Fox and Artin (op. cit.), showing that the
conjecture is also false for 2-spheres. The example is defined by means of a
certain wild arc. Before defining the latter, we shall prove some pre-
liminary theorems.

Theorem 1. In R? let Py=(0,0,0), P,=(0,0,2), P,=(0,0,2), and
Py=(0, 1, 2); let T be the 2-simplex PyP,P,, and let D> be the solid of
revolution of T about the z-axis. Then there is a mapping f: D> — D> such
that (1) f(PyP)) = P, and (2) f|(D3 — P,P,) is a homeomorphism D* —
PyP,&> D3 — {Py)}.

ProoF. The construction of such an f is straightforward. See Figure 20.1.

a

Theorem 2. Let A be an arc in R®, with Bd A = (P, Q), such that A — {Q)}
is an (infinite) polyhedron. Then R®> — A is homeomorphic to R* — { Q).

INDICATION OF PROOF. In the proof, the question whether 4 is tame does
not arise. Let C> be a 3-cell neighborhood of A4 — {Q}, of the sort
suggested by Figure 20.2. Thus

C3= U Ci3U {Q}a

i=1
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20 A wild 2-sphere with a simply connected complement

) Py Py

Y
<

Py

Figure 20.1

LS

Figure 20.2

where for each i, C is a 3-cell, C’ N C2,, is a 2-cell, =Bd C> N Bd C3, |,
and for i > 1, C?N A is unknotted in C. We choose the sets C? so that
lim 8C? = 0; this makes C? a 3-cell. Let D and P,P, be as in Theorem 1I;
let

D}={P=(x,y,z)/P€D’and 1 < <2},

and for i > 1 let
D}={P=(x,y,z)|PED’and 1/(i+1)<z<1/i}.
Then there is a homeomorphism
h: C*e D3,
such that for each i,
h(C})=D?,  h(CPnA)=D}n PP,

and h(Q)= P,. (The construction is straightforward.) Now A~ 'fh is a
mapping C*— C3, 4— Q, giving a homeomorphism g: C>— 4 C3 —
{ Q) which is the identity at each point of Bd C3 — {Q}. We define g to be
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Geometric topology in dimensions 2 and 3

the identity at Q and at each point of R* — C3. Now g is a homeomor-
phism R’ - 4 -R*— { Q). O

Definition. Let U be a connected open set in R>, and let Q € U. Suppose
that for each open set V containing Q there is an open set W such that
(1) Q € W C V and (2) every closed path in W N U is contractible in
V' N U. Then U is locally simply connected at Q.

Theorem 3. Let A be a tame arc in R?, and let Q €Bd A. Then R* — A is
locally simply connected at Q. Similarly, if S is a tame 2-sphere in R,

then each component of R> — S is locally simply connected at each point Q
of S.

(This holds trivially for polyhedral arcs and 2-spheres, and the property
is preserved by all homeomorphisms R*<R?>))

Consider the configuration, lying in a cylinder, that is shown in Figure
20.3. We replicate this figure to both left and right, shrinking it as we go

A

Figure 20.3

along, so that the diameter of the nth copy approaches 0 as »— co and as
n— —oo. With the limit points P and Q, this forms an arc 4. As in the
preceding section, the labels a,, b;, ¢; of Figure 20.4 indicate not arcs but

i

r-—-r——"F"~"""~""~""“""=—""—=—/"——= )
| Vi
I |
| |
c_ I Co €1 :
.-\ : !
|
_ a |
1.’ \, < \S?{» \» ) |
|
) ‘\l:__)\) i
A :
b_y : bo b, |
| I
' |
| ]
L e e e _ J
Figure 204
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20 A wild 2-sphere with a simply connected complement

the corresponding generators. (The meaning of the labels S and V will be
explained later.) Let 7 = #(R® — A). Then 7 is generated by the elements
a;, b;,and c;. Regarding the points P and Q as crossing points, we get the
relations

b 'a;c,=e. (1)
The other crossing points give the relations
171G 16 = e (2)
b e la‘ =e ()
bbb = 4)

Here — 0 < i < o0. As in the case of linear graphs, this set R of relations
is complete, in the sense that

'”NF({ax’ ,,C})/N(R),

where N (R) is the smallest normal subgroup that contains R.

This presentation of # can be simplified in two ways.

(1) The relations (4;) are redundant, and can be discarded. This canbe
verified by a calculation, unless one makes errors, but it is easier to see
geometrically. The point is that to move a path across a crossing point of
the type (4,), we can move it across crossing points of the other three types.

(2) In (2,) and (3;), we can solve for a; and b, ', getting

~ -1 ’
a; CCi16 s (21)
1~ —1.-1 o —1,.-1,-1 /
b7l = a7 e = g pqetieT o) (39
Making these substitutions in (1,), we get

—1.—1.-1 ,
Ci1GiCi1C CipiCiCio =6, (17

which includes only the generators ¢; . Now (2}) and (3}) mean that 7 is
generated by {c;}; and in terms of the generators c;, (2/) and (3)) take the
form of trivial identities. Thus

mx F((c))/N(R),
where R’ is the set of relations given by (1)).
Now let S be the symmetric group on five symbols. Define

h: F({c;})—>Ss
by
(12345) for i odd,

h(c) =
() (14235) for i even.

Thus, to get an h*: 7— S5, we need to show that for each 7, the word given
in (1)) is mapped by 4 onto the identity. This can be shown by two
straightforward calculations (one for i odd and one for i even). By another
such calculation, we find that h(c)h(c;, ) # h(c;, )h(c,). Therefore = is
not commutative, R> — 4 is not simply connected, and 4 is wild.
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Geometric topology in dimensions 2 and 3

This is, of course, our second example of an arc which is wild because
its complement is not simply connected. But the methodology of the
construction and the proof are novel, and the arc 4 has the following novel
properties.

(1) Int A is a polyhedron. Thus A is locally polyhedral except at its
end-points.

(2) Let S be as in Figure 20.4. Then S decomposes 4 into an arc 4,
(from P to S) and an arc 4, (from S to Q). By Theorem 2, each of the sets
R? — 4, is homeomorphic to the complement of a point. Similarly, if 4" is
any proper subarc of 4, then R> — 4’ is homeomorphic to the complement
of a point.

Consider now the arc 4,, from S to Q.

Theorem 4. A4, is wild.

PrOOF. We shall show that R® — A4, is not locally simply connected at Q.
Theorem 4 will then follow from Theorem 3.

Let ¥ be the interior of a cubical neighborhood of 4, — S, as indicated
schematically by the dotted square in Figure 20.4, so that Fr V intersects
A, in three points, one of which is S. Then #(V — A4,) is generated by

{a;, b, ¢|i >0},

with the relations

b lac=e (i>0), (1)
ci:-llai:—llci+lci =e (i>0), (2)
b lang=e  (i>0). (3)

(As in 7(R? — A), the relations (4,) can be discarded as redundant.) As in
the previous discussion, these give

a; = cl.c‘._lcl.‘1 (i>1), (2)
b= ¢ 1a;63) = 66 e (i>1). (39
As before, (1,) takes the form

Ci+lcici_—llci_ lci:—llcici:ll =e (i>1). (19
Thus #(V — A,) is generated by
{ags by, cifi > 0},

with the relations (1)) (i > 1) and the “initial relations”

by ]aoco =e, (1o)
"1—]‘11_101"0g e, (20)
er 'bg cjap = e. (30)
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20 A wild 2-sphere with a simply connected complement

Now let G = {ay, by, ¢;|i > 0}. Then #(V — A,) is generated by G. Let R”
be the set of all words which are = e in the above list. Then

7(V - A,)~F(G)/N(R").

We shall show that no generator c; is contractible in ¥ — A4,. It will then
follow that R® — 4, is not locally simply connected at Q, which was to be
proved.

For each i > 0, we define h'(c;)) = h(c;); and we define h'(ay) = h(ay),
' (bg) = h(b,). Since the relations in #(V — 4,) are also relations in 7(R* —
A), it follows that A’ maps each word in R” onto the identity in Ss. Thus
we have a homomorphism #(V — 4,)— S5, mapping no element ¢; onto
the identity. Therefore no ¢; is contractible in ¥ — 4,, and the theorem
follows. O

Theorem 5. There is a wild 2-sphere S? in R® such that (1) S? is locally
polyhedral except at one point Q and (2) R*> — S? is homeomorphic to
R> — S? (where S is the “standard 2-sphere.”)

Proor. Consider 4, and V as in the proof of Theorem 4, and let C 3bea
3-cell neighborhood of 4, — {4}, as in the proof of Theorem 2, so that
C3N Fr V is the union of three 2-cells whose interiors lie in Int C3. Since
C? is a “thin, locally straight” neighborhood of 4, — {Q}, it follows that
a(V — C?) is isomorphic to m(V — A4,); in fact, these groups have exactly
the same presentation. As in the proof of Theorem 4, it follows that
R — C3 is not locally simply connected at Q. Let S =Bd C3>. Then the
unbounded component of R* — S? is not locally simply connected at Q. By
Theorem 3 it follows that S is wild.

Obviously the bounded component of R*— §? is Int C3, which is
homeomorphic to the bounded component of R?® — S2. By a direct con-
struction, there is a mapping f: R* > R?, C?— 4,, such that f|(R®> — C?) is
a homeomorphism R — C*<R? — 4,. Since R® — 4, is homeomorphic to
R3 - Q, it follows that R®*— C? is homeomorphic to R®— Q. Since the
unbounded component of R?>— S? has the same property, the theorem
follows. O

Let M be a triangulable set (not necessarily a polyhedron) in a triangu-
lated n-manifold K. Suppose that there is an open set U, containing M,
and a homeomorphism 4: U— |K| such that A(M) is a polyhedron. Then
M is semi-locally tamely imbedded (or semi-locally tame.) Let P € M, and
suppose that there is a closed neighborhood N of P and a homeomorphism
h: N —|K| such that /(N N M) is a polyhedron. Then M is locally tame at
P. If M is locally tame at each point of M, then M is locally tame.
Obviously

Tame = Semi-locally tame = Locally tame.

Eventually, it will turn out that the converses also hold, in dimension 3.
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Geometric topology in dimensions 2 and 3

Meanwhile we observe that the A4, and S? discussed above are locally wild
at Q. Similarly, Wilder’s arc A4, discussed in Section 19, is locally wild at P.
Note, however, that the property of having a complement which is not
simply connected (or not homeomorphic to the complement of a point) is
not a local property of an arc in R>. (See the remarks preceding Theorem 4
above.)

In the problem set below, some of the true propositions are taken from
a joint paper of O. G. Harrold, Jr. and the author [HM].

PROBLEM SET 20

Throughout the following problems, S is a 2-sphere in R?, such that R* — §
is the union of two disjoint connected open sets I and E (where I is
bounded), such that Fr I = Fr E = S. (In fact, all 2-spheres in R> have this
property, but we have not proved it; the proof requires the use of a
continuous homology theory.) Adjoining to R* a point oo which is a limit
point of every unbounded set and of no bounded set, we get a space S3
which is a 3-sphere. Let X be the set of all points of S at which S is not
locally polyhedral.
Prove or disprove:

1. If X contains only one point, then both I and E are simply connected.

2. Let P be an isolated point of X, and let U be any open neighborhood of P in R>.
Then there are 2-cells D, D’ such that (1) D, D’ c U, (2) D is a neighborhood of
Pin S, (3) D’ is a polyhedron, (4) B D=Bd D', and (5) Int D'N S=@.

3. Let P be as in Problem 2, and let U,, U,, . . . be a descending sequence of open
neighborhoods of P in R3 such that 8U,—0. Then there are sequences
D\, D,,...,D|, D, ... of 2-cells such that (1) for each i, D;, D/, and U; satisfy
the conditions for D, D’, and U in Problem 2 and (2) either Int D/ C I for each i
or Int D/ C E for each i.

4. If X contains only one point P, then at least one of the sets / and E U {c0}isa
3-cell.

5. If X contains only two points, then both I and E are simply connected.

6. If X contains at most three points, then at least one of the sets / and E is simply
connected.

7. Let A, and V be as in the proof of Theorem 4. Then 7(V — 4,) is generated by
{c;li > 0}. (See Fox and Artin [FA], bottom of p. 984.)
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The Euler characteristic

Let K be a finite complex, of dimension < 2. The Euler characteristic of K
is the alternating sum

X(K)=V—-E+F,

where V, E, and F are respectively the number of vertices, edges, and
2-faces of K.

This concept is easier to investigate if we generalize it as follows.

Let K be a finite complex, of dimension < 2, and let C be a finite
collection of subsets of |K|. For each C € C, Fr C is defined relative to
|K|. Suppose that (1) the elements of C are disjoint, (2) for each C € C, C
is a finite polyhedron, (3) each set Fr C is the union of a collection of
elements of C, and (4) each C € @ either is a point or is homeomorphic to
the interior of a Euclidean simplex. Then € is called an open cell-complex.
|@] is the union of the elements of C, and € is called an open cell-decom-
position of |C|. The points v € C are called vertices of C. Similarly for the
edges and faces (= 2-faces) of C.

Some examples are as follows.

ExXAMPLE 1. Let S! be a polyhedral 1-sphere, let P € S, and let
C={{P},s'={P}}
Then C is an open cell-complex and |C|=S.

ExAMPLE 2. Let D be a polyhedral 2-cell, let P € Bd D, and let
C={{P},BdD—(P},IntD}.
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Geometric topology in dimensions 2 and 3

ExaMPLE 3. Let S be a polyhedral 2-sphere, let J, and J, be polygons in
S?, intersecting in exactly one point P, and let C be the collection whose
elements are {P},J, — {P},J, — { P}, and the three components of > —
J,uJy.

Theorem 1. If C' is an edge of C, then Fr C' consists of either one or two
vertices of C.

Theorem 2. If C2 is a face of C, then Fr C? is connected.

For open cell-complexes, the Euler characteristic is defined in the same
way as for complexes:

x(©)=V—-E+F.
If G, and C, are open cell-complexes, and every element of C, liesin an
element of C,, then C, is a subdivision of C;, and we write C, < C,.

Consider the following operations which may be performed on an open
cell-complex.

Operation . In an edge C', insert a new vertex. (This replaces C' by two
new edges, with the new vertex as a common frontier point.)

Operation 8. In a face C?, insert a new vertex v and a new edge C ' whose
frontier consists of v and a vertex v’ of C which lies in Fr C2

Operation v. In a face C2, insert a new edge whose frontier consists of two
vertices of C, lying in Fr C2.

Operation 8. In a face C?, insert a new edge, whose frontier consists of one
vertex of C, lying in Fr C2

Evidently these operations replace one open cell-complex by another.
We also have the following.

Theorem 3. For open cell-complexes, the Euler characteristic is preserved by
Operations a, B, v, and 6.

For example, under Operation a, V>V +1, and E}>E+1; and V
and E appear with opposite signs in the formula for x(C). Preservation by
Operations B, v, and § is verified similarly.

Theorem 4. For open cell-complexes, the Euler characteristic is preserved
under subdivision, and hence is a combinatorial invariant.

PrOOF. Suppose that C, < C,. Let C2 € C,, and let M be the union of all
edges of C, that lie in C2. We assert that M is connected. Suppose not.
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21 The Euler characteristic

Then M = H U K, where H is the component of M that contains Fr C?
and K is the union of all other components of M, so that K + @. Now C?
is homeomorphic to R2 Provisionally, regard C? as R?, and let J be a
polygon, lying in a small neighborhood of K, such that the interior of J in
C? contains at least one component of K, butJ N M = . It follows that J
lies in a single face D2 of C,. Let U and V be the components of D2 — J.
Since each of the sets U and V intersects M, it follows that neither of the
sets UUJ and V U J is compact. But this is impossible: since D? is
homeomorphic to R?, it follows by the Schonflies theorem that one of the
sets UU J and V U J is a 2-cell.

Now, starting with ©,, we insert all vertices of C, that lie in edges of C,.
(This can be done by iterations of Operation a.) This gives an open
cell-complex C,. We then insert in €, various edges (and perhaps vertices)
of ©,, as often as this can be done by iterations of Operations f3, y, and 8.
This process terminates, giving an open cell-complex C,”. We assert that
C/ = C,. If not, there is a C*> € €, such that (1) €/ does not contain all
edges of C, that lie in C?2 but (2) none of the “missing edges” can be
inserted by Operations B, v, or 8. This is impossible, because the union M
of the edges of C, that lie in C? is connected. O

Theorem 5. All triangulations of the same compact 2-manifold have the same
Euler characteristic.

Proor. Let K, and K, be triangulations of the compact 2-manifold M. By
the Hauptvermutung (Theorem 8.5), K, and K, are combinatorially equiv-
alent. Now use Theorem 4. 0O

By Theorem 5, we can define the Euler characteristic of a compact
2-manifold M as the number x(M) which is = x(K) for every triangulation
K of M.

Theorem 6. If J is a polygon, then x(J)=0.
Proor. Let P € J,and let C = {{P},J —{P}}. Then x(J)=x(C)=1-1
+0=0. O
Theorem 7. Let K be any triangulation of a 2-cell. Then x(K) = 1.
PRrOOF. Let v be a vertex of K, lying in Bd |K]|, and let

G, = {{v}, Bd K - {v}, Int |K|}.

Let C, be the set whose elements are the vertices of K and the interiors of
the edges and 2-faces of K. Then C, < €, and

X(K)=x(C;)=x(C)=1-1+1=1.

(Note that here we cannot use the Hauptvermutung; we have not proved it
for 2-manifolds with boundary.) O
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Theorem 8. Let K, and K, be finite complexes, such that |K,|N |K,| is a
polygon J which forms a subcomplex of each K, so that K,U K, is a
complex. Then

X(KjU Ky) =x(K;) + x(K;).

(In the sum on the right, x(J) gets counted twice, but this does not
matter, because x(J) = 0.)

Theorem 9. Let M be a compact 2-manifold with boundary. Then all
triangulations K of M have the same Euler characteristic.

Proor. Let the components of Bd M be J,, J,, . .., J,; and for each i, let
D; be a 2-cell, with Bd D; = J;, such that M'= M U U D, is a compact
2-manifold. Let r=x(M’). All such manifolds M’ are homeomorphic.
Therefore r is determined by M. For each triangulation K of M there is a
triangulation K’ of M’ in which M and the 2-cells D, form subcomplexes.
Now
r=x(M")=x(K)=x(K)+ n.

Therefore x(K)=r — n for every triangulation K of M, and the theorem
follows. O

By Theorem 9, we can define the Euler characteristic of a 2-manifold M
with boundary as the number which is the Euler characteristic of every
triangulation of M. One of the advantages of the Euler characteristic, as an
invariant of 2-manifolds with or without boundary, is that it is easy to see
how it is affected by certain geometric operations. For example, let M be a
compact 2-manifold with boundary, and let J be a 1-sphere in Int M, such
that J separates a connected neighborhood of J.

Theorem 10. When a 2-manifold with boundary is split apart at a 1-sphere
lying in its interior, and separating a connected neighborhood of itself, the
Euler characteristic is unchanged.

The “splitting” operation is defined in the way suggested by Figure 21.1.
The theorem is a consequence of Theorem 6.

Figure 21.1
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21 The Euler characteristic

Theorem 11. If a 2-manifold M with boundary is split apart as in Theorem
10, and the new boundary components are spanned by 2-cells, then the

Euler characteristic is increased by 2:

This is obvious. Of course, the 2-cells are supposed to be disjoint, and
intersect M only in their boundaries.

Often we describe 2-manifolds and 2-manifolds with boundary by
diagrams like Figure 21.2. The labels a, @ and b, b indicate that the

v P’ a v
b Ao
0 ¢
v T j v
Figure 21.2

corresponding edges are to be identified linearly. The arrows indicate how
they are to be identified (for example, P with P’ and Q with Q’). Note that
the four corners of the rectangle represent the same point v. Obviously the
relative directions of the edges make a difference. Thus Figure 21.3

v f’ ; v

bl} b

0¢

v ; % L4
Figure 21.3

describes a different space. Unlabelled edges are not supposed to be
identified with anything else (except perhaps at their end-points.) Thus
Figure 21.4 is a description of a Md&bius band. Figure 21.2 and 21.3
describe a torus and a Klein bottle respectively.

a s Ya

Figure 214

By a handle we mean a space obtained by deleting from a torus the
interior of a 2-cell. Figure 21.5 shows what a handle looks like. A 2-sphere
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Geometric topology in dimensions 2 and 3

Figure 21.5

with n holes is a space obtained by deleting from a 2-sphere the interiors of
n disjoint 2-cells. If a handle is attached to the boundary of each of the

holes, the resulting space is a 2-sphere with n handles, as shown in Figure
21.6. A projective plane is a space defined by Figure 21.7(a) or (). On the
right, each pair of antipodal points of the circle are supposed to be
identified. A sphere with n cross-caps is a space obtained by starting with a
sphere with n holes and then attaching a Mobius band to the boundary of

each of the holes.

Figure 21.6
2
P
b b
P
7
(@) (b)
Figure 21.7
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21 The Euler characteristic

We are regarding the homology groups of a finite complex (with
integers as coefficients) as known. These groups H,(K, Z) are invariant
under subdivision, and hence are combinatorial invariants. By the Haupt-
vermutung, they are topological invariants whenever |K| is a 2-manifold
(and of course the same conclusion holds in general). If |K| is a compact
connected 2-manifold, then we have either Hy(K, Z) =0 or H,(K, Z)~Z.
If the latter holds, then K and |K|are called orientable, and an orientation
of K is a generator of H,(K, Z). (These terms are defined similarly for
triangulated connected manifolds of higher dimension.) A 2-cycle Z2
whose homology class generates H,(K)will also be called an orientation of
K. Finally, a triangulated manifold (connected or not) is orientable if each
of its components is orientable.

PROBLEM SET 21
Prove or disprove:

1. A 2-sphere with one cross-cap is a projective plane.

2. Let M, and M, be Mobius bands. If Bd M, and Bd M, are identified (by a
homeomorphism), the result is a Klein bottle.

3. What is the name of the space defined by the Figure 21.8?

Figure 21.8

4. Find, by any method, the Euler characteristics of the following. (The easiest
way, in some cases, is to define the simplest possible open cell-decomposition.)
(a) A 2-sphere. (b) A torus. (c) A handle. (d) A Mobius band. (¢) A 2-sphere
with n holes. (f) A 2-sphere with n handles. (g) A 2-sphere with one handle and
one cross-cap. (h) A 2-sphere with three cross-caps. (i) A projective plane. (j) A
Klein bottle.

5. Let K be a triangulation of a compact 2-manifold. K is orientable if and only if
|K| contains no Mobius band.

6. Let C be the circle in the xz-plane with center at (2, 0, 0) and radius 1, and let T
be the surface of revolution of C about the z-axis, so that T is a torus. Let C’ be
one of the two circles in which T intersects the xy-plane. Then no homeomor-
phism f: T« T interchanges C and C’.

153



Geometric topology in dimensions 2 and 3

7. What is the name of the space defined by the Figure 21.9?

a

Figure 21.9

8. What is the name of the space defined by Figure 21.10? (This is a picture of a
surface in R®, with two “strips” attached to it, with the second crossing behind

the first, as in knot-diagrams.)

Figure 21.10

9. (A remark on Theorem 10.) Give an example of a 1-sphere J, in the interior of a
2-manifold M2 with boundary, such that J separates no neighborhood of J in
M2, Thus the “splitting apart” operation mentioned in Theorem 10 is not always

possible.
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The classification of compact
connected 2-manifolds

Throughout this section, M is a compact connected 2-manifold, and K is a
triangulation of M.

Theorem 1. There is an open cell-decomposition C of M such that (1) C has
exactly one face C? and (2) every edge of C is an edge of K.

Proor. Evidently there are finite sequences o,, 0, . . ., g, of 2-faces of K
such that (a) the 2-faces o; are all different and (b) o,,, has an edge ¢; in
common with U <: 9 Since K is finite, there is a finite sequence which
has Properties (a) and (b) and is maximal with respect to these properties.
Thus (c) if o is a 2-face of K, and o # o, for each i, then o has no edge in
common with U ;,0;. It follows that U ,_ o; contains all or none of each
set Int|St v| (v € K°). Since |K| = M is connected, we have U ,_ 0, = M.
Now let

n n—1

C*=J Into, u U Inte,

i=1 i=1
Since
C?’=Intg,ulnte,UlInto,uU ... Ulnte,_,UInto,,

it is easy to see that C? is homeomorphic to Int o,. Let the edges and
vertices of C be the edges and vertices of K that lie in Fr C2. We now have
the C that we wanted. O

Let L be a subcomplex of K, and let 5’k be the second barycentric
subdivision of K, that is, b(bK). (See Problem 5.5.) Let N (L) be the union
of all simplexes of b?K that intersect |L|. Then N (L) is called the regular
neighborhood of L (or of |L|) in K. We may also write N(|L|) for N(L).
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(Obviously this definition can be generalized, and in due course it will be.
Note that when L is a linear graph, N (L) is for practical purposes a “strip
neighborhood” such as we used in Section 2.) For each edge e of K, we
define

N'(e)=Cl[N(e)— N(Bde)].
Thus the sets N (v) (v € K° and the sets N’(e) are polyhedral 2-cells; and
if two such sets intersect, then their intersection is an arc lying in the
boundary of each. Thus for each e = vv’ € K, the set

N(e)=N(v)U N’'(e)U N (v)

is a 2-cell, consisting of three 2-cells “laid end to end.”
We recall that a linear graph L is acyclic if |L| contains no polygon.

Theorem 2. Let L be a connected acyclic linear graph which is a subcomplex
of K. Then N (L) is a 2-cell.

Proor. If L consists of a single edge of K, this is clear. The proof proceeds
by induction on the number of edges of L. Let e be any edge of L. Then
the complex L — e is= L, U L,, where L, and L, are disjoint, connected,
and acyclic, and have fewer edges than L. Now

N(L)=N(L,))U N'(e) U N(L,).

Here N(L,)N N(L,) =@, because |L,|N|L,| =, and these sets are
2-cells, by the induction hypothesis. Therefore N (L) is the union of three
2-cells, “laid end to end,” and N (L) is a 2-cell, which was to be proved. []

Consider now the € of Theorem 1. Let L be the subcomplex of K such
that |L| = Fr C2. Then there is a subcomplex G of L such that (a) G is
connected and acyclic and (b) G is maximal with respect to Condition (a).
Since Fr C? is connected, it follows that G contains every vertex of L.
(Supply a proof.) Let

D=N(G),
so that D is a 2-cell. Let e}, e,, . . ., €, be the edges of L that do not belong
to G, so that each e, joins two vertices of G. For 1 < i < n, let
S;=N'(e),
and let
n
M'=Du U s,
i=1
so that M’ is a polyhedral 2-manifold with boundary. Let
D'=Cl (M- M).

It is now a straightforward matter to check that D’ is a 2-cell. (We have
D’'=CI[M — N(|L|)], and we recall that |L|=Fr C%) Thus we have
proved the following.
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22 The classification of compact connected 2-manifolds

Theorem 3. M can be expressed as a union

n
M=DuD'u U S,
i=1
of polyhedral 2-cells with disjoint interiors, such that (1) for each i, each of
the sets S;N\ D and S;N D’ is the union of two disjoint arcs and (2)
D N D’ is the union of 2n disjoint arcs.

The sets S; will be called strips, and M’ will be called a 2-cell with strips.
Evidently such an M’ can always be imbedded in R> and thus can be
described by a figure such as Figure 22.1. Under the conditions of

S3 S4 Ss
N
M /\ Ss

Figure 22.1

Theorem 3, Bd M’ must be a 1-sphere, but aside from this, the strips S;
may be attached to Bd D at any set of disjoint arcs. If S;uU D is an
annulus, then S; will be called annular (relative to D, of course,) and if
S; U D is a Mobius band, then S; will be called twisted. Thus, in Figure
22.1, S, and S, are twisted, and the rest of the strips are not. Note that in
investigating the topology of M’, we do not care whether the sets S, U D
are knotted. Note also that indicating “multiple twists” would contribute
nothing to the generality of the figure. For example, in Figure 22.2(a) on
the left a double twist gives an annulus, and in Figure 22.2(b) a triple twist
gives a Mobius band.

S; 5
N
(@) (b)

Figure 22.2
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We shall now simplify this representation of M in various ways.
(1) Suppose that S; is a twisted strip, so that S; U D is a Mobius band.
Let J = Bd (S, U D), so that J is a polygon. As in Figure 22.3, let P, Q, R,

J
Figure 22.3

and T be points of J, not lying in any set S;; let PT be the arc in J,
between P and 7, that intersects Bd S;; suppose that P, Q, R, and T
appear in the stated order on J; and suppose that the arcs PQ C PT and
RT C PT intersect no set S;. We assert that there is a PLH

h Mo M, Jod, DuS,eDuUS,
P P, T—T, OT & RT,

such that h|(J — PT) is the identity. To see this, consider Figure 22.4, in

D,
P J T
Q R
D,y
J
Figure 22.4

which PT looks a little straighter. Evidently Int PT has a neighborhood
which is the union of two polyhedral 2-cells D,, D,, as in the figure, so that
(DU Dy)N(J — PT)= . Thereis a PLH

h: PT-PT, PP, TT, QbR

Now extend 4, to get a homeomorphism A,: D, U D,«<> D, U D, such that
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22 The classification of compact connected 2-manifolds

h,|Bd (D, U D,) is the identity. Finally, define A, to be the identity in
M — (D, U D,). This gives the desired A.

Consider the 2-cells D, h(D’), S, and h(S)) (j # i). These have all the
properties stated above for D, D’, S, and S; (j # i). The operation which
replaces the old system of 2-cells by the new will be called Operation a.
(Note that « is not simply the result of the homeomorphism A; CL [M —
(S; U D)] is expressed in a new way as the union of n 2-cells, but after
a, S; U D is still expressed in the o/d way as the union of two 2-cells.)

We now renumber the 2-cells S; in such a way that S, S,, ..., S, are
annular, and Sy, Sg40 . - ., S, are twisted.

Lemma. In the conclusion of Theorem 3, we can choose the 2-cells in such a
way that (a) the intersections S; N D (i > k) lie in disjoint arcs in Bd D
and (b) U >k (8in D) lies in an arc in Bd D which intersects no annular
strip S;.

ProOOF. By repeated applications of Operation a. Thus M’ becomes as in
Figure 22.5, in which the strips indicated above D are all annular. O

(2) If we have no annular strips, then we proceed to Step (3) below. If
we have an annular strip S;, then there must be another annular strip S;
which is “linked with S; on Bd D,” as indicated in Figure 22.5. (If not,

Figure 22.5

Bd M’ =Bd D’ would not be connected.) The set D U S; U S; is then a
handle. (Problem 21.7.) By Operation B, closely analogous to a, we slide
the strips S, (r < k, r # i, j) along the arc PT, so as to get a situation in
which (S;U S;) N D lies in an arc in Bd D which intersects no set S,
(r#1i,j). We do this for each such handle. The figure now looks like

Figure 22.6.
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Figure 22.6

(3) Let m = n — k be the number of twisted strips S;, and suppose that
m > 2. Consider the first three of the twisted strips (starting in some
direction from the annular strips) as shown in Figure 22.7. By two
operations of the type a, we slide PQ along Bd (D U S,) so as to move it
onto P'Q’ CcInt AB c Bd D; and we slide RT along Bd (D U S,) onto
R’'T’ c Int AB. The figure now looks like Figure 22.8. It is easy to check

Figure 22.7

Yo

Figure 22.8
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22 The classification of compact connected 2-manifolds

that the new strips S,, S, are annular, and that 4, T’, R’, Q’, P’, B appear
in the stated order on AB. Thus D U S, U S, is a handle.

By another application of 8, we move S; N D to the right of (S, U S/) N
D in Figure 22.8. Thus we have introduced a new handle into the figure,
and reduced the number of twisted strips by 2. Thus we may assume, in
Theorem 3, that the number m of twisted strips is < 2. M is orientable if
and only if m = 0 at this final stage. To each linked pair of annular strips,
and to each twisted strip, we add a 2-cell lying in D, as indicated by the
dotted arcs in Figure 22.9. This gives a set { H,} of 4 handles (h > 0) and a

Figure 22.9

set { B;} of m Mdobius bands (0 < m < 2). Consider the set

N=Cl[M-(UHuUUB)]

N is the union of two 2-cells D, and D,, with D, c D and D, lying in the
final version of D’. Since the end-points of the dotted arcs in Figure 22.9
appear in the same cyclic order on Bd D, and Bd D,, it follows that N is a
sphere with holes. Thus we have proved the following.

Theorem 4. Let M be a compact connected 2-manifold. Then M is a 2-sphere
with h handles and m cross-caps (h > 0,0 < m < 2).

We now define a new open cell-decomposition of M, as follows. As
indicated in Figure 22.10, we choose a point v of Int D, and we define a
collection {J;, J;} of polyhedral 1-spheres (one J; for each annular strip,
and one J; for each twisted strip) such that each of them “runs from v
through the corresponding strip, and then returns to v,” and such that each
two of the sets in {J, J;'} intersect at v and nowhere else. This gives an
open cell-decomposition €’ of M, with one vertex v, 2h edges J; — {v}, m
edges J/ — {v}, and one 2-face

C*=M-[UJu UJ]

161



Geometric topology in dimensions 2 and 3

Figure 22.10

Thus we have:

Theorem 5. Let M be a 2-sphere with h handles and m cross-caps (h >0,
0 < m<2). Then

x(M)=2-(2h+ m).
PROOF. V—E+ F=1-Q2h+ m)+ 1. O

We shall now investigate the 1-dimensional homology group H,(M)=

H (M, Z). This is a finitely generated Abelian group, and so

H (M)~B'+ T,

where B! is the Betti group generated by the elements of infinite order, 7'
is the torsion group, generated by the elements of finite order, and +
indicates the direct sum. The group B' is a p-term module over Z for some
p, and the 1-dimensional Betti number p'(M) of M is defined to be the
number p. (Similar ideas apply in higher dimensions, which do not concern
us at the moment.)

Evidently every l-cycle Z on M is homologous on M to a cycle on
U J;u U J;. For each i (or ) let Z, (or Z/) be a 1-cycle on J; (or J;) with
constant coefficient 1. For each i and j, let Z, and Z_j’ be the corresponding
homology classes in H,(M). The following are not hard to see geometri-
cally.

(1) For m =0, H /(M) is freely generated by the classes Z, and p'(M) =
2h.

(2) For m=1, H,(M) is generated by {Z, Z|}, B is freely generated
by the classes Z, and Z| is a torsion element of order 2. This gives
p'(M)=2h, as before; and T'~Z, (where Z, is the additive group of
integers modulo 2).

(3) For m =2, we take the orientations of J| and J; in such a way that
2AZ{+Z;)=0€ H'. Then H\(M) is generated by {Z, Z}, B' is freely
generated by {Z, Z|}, Z{+ Z, is a torsion element of order 2, and
p'(M)=2h+ 1. Here again T'~Z,.
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22 The classification of compact connected 2-manifolds

Thus we have:

Theorem 6. Suppose that M has h handles and m cross-caps (0 < m < 2). For
m=0,1, p'(M)=2h. For m=2, p\(M)=2h+1. For m=0, T'=0,
and for m=1,2, T'x Z,.

Theorem 7. If M is orientable, then
X(M)=2-p'(M).
If M is not orientable, then
x(M)=1-p'(M).

PROOF. Let & be the number of handles in M, and let m be the number of
cross-caps, with 0 < m < 2. For m=0, we have x(M)=2-2h=2—
p!(M). For m=1, x(M)=2-Qh+1), p)(M)=2h, and x(M)=2-
[p(M)+1]=1~-p (M). For m=2, x(M)=2—(2h+2)= —2h, p\(M)
=2h+1,and x(M)=1-p'(M). 0

Theorem 8. For i=1,2, let M; be a 2-sphere with h; handles and m,
cross-caps, with 0 < m; < 2. Then (1) M, and M, are homeomorphic if and
only if 2) hy = h, and m, = m,.

The proof that (2)=> (1) requires the construction of a homeomorphism.
For suggestions, see the problems below. To show that (1)=(2), we
observe that since x is a topological invariant, we have

X(My)=2—Q2h +m)=x(M) =2~ (2h,+ m,).
Therefore 2k, + m; = 2h, + m,. If m; = 0, then M, is orientable. Therefore
so also is M,, and m, = 0. Therefore h; = h,, and (2) is proved. If m, =1,
then M, and M, are nonorientable, and x(M,) = x(M,) is odd. Therefore

m,=1, and h,=h,, as before. The verification in the case m; =2 is
similar.

Theorem 9. For i =1, 2, let M; be a compact connected 2-manifold. Then (1)
M, and M, are homeomorphic if and only if (2) M, and M, are both
orientable or both not, and x(M,) = x(M,).

Theorem 10. For i =1, 2, let M, be a compact connected 2-manifold. Then
(1) M, and M, are homeomorphic if and only if (2) M, and M, are both
orientable or both not, and p\(M,) = p'(M,).

Theorem 11. Let M be a compact connected 2-manifold. If M is simply
connected, then M is a 2-sphere.

Proor. If #(M) =0, then H,(M)=0. (Theorem 14.8.) By Theorem 6 it
follows that M is a 2-sphere with 0 handles and 0 cross-caps. O
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Theorem 12. Let M be a compact connected 2-manifold. If x(M) =1, then
M is a projective plane.

PROOF. M is a 2-sphere with h handles and m cross-caps, with 0 < m < 2.

By

Theorem 5 we have 1 =2 — (2h + m), so that 2h + m = 1. Therefore

m =1 and h = 0. Therefore M is a projective plane (Problem 21.1). O

PROBLEM SET 22

Prove or disprove:

1.

12.
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Let H, and H, be handles. Then every PLH f: Bd H,<~Bd H, has a PLH
extension H, < H,.

. The same result holds for Mobius bands.

. Let N be a space which is the union of two 2-cells D, and D,, such that

D, N D, is the union of a finite collection of disjoint arcs lying in Bd D, n
Bd D,. Can we infer (as at the end of the proof of Theorem 4) that D, U D, is
a 2-sphere with holes? If not, what are the other possibilities for N?

. Let T be a torus. Then (1) #(T) is generated by a set with two elements and (2)

7 (T) is commutative.

. Let M be a compact connected 2-manifold. Given that x(M) = 0, what are the

possibilities for M ? Investigate also the cases x(M)= —1, —2, and 2.

. Complete the proof of Theorem 8.

. Prove Theorem 9.

. Prove Theorem 10.

. A 2-sphere with two cross-caps is a Klein bottle.

. For i=1, 2 let M; be a compact connected 2-manifold. Then M, and M, are

homeomorphic if and only if H\(M,, Z)~ H,(M,, Z).

. Let M be a 2-sphere with & handles, and let J be a 1-sphere in M, such that

M — J is connected. Let M’ be the manifold obtained by splitting M at J and
spanning the new boundary components with 2-cells, as in Theorems 21.10 and
21.11. Then M’ is a 2-sphere with A — 1 handles. Query: How do we know that
J separates a connected neighborhood of J in M? (This is required for the
splitting operation.)

Let M and J be as in Problem 11, and suppose that M — J is not connected.
Let M’ be the manifold obtained by “splitting and spanning,” so that M’ = M,
U M,, where M, is a 2-sphere with h; handles (i = 1, 2). Then h, + h, = h.



Triangulated 3-manifolds

We recall that a triangulated n-manifold is a complex K such that M = | K|
is an n-manifold. (A manifold is not required to be compact or connected.)
The complex K is then a triangulation of M. If K is a triangulated
3-manifold with boundary, then 3K is the set of all 2-simplexes ¢ of K such
that o lies in only one 3-simplex of K (together with all faces of such
simplexes o.) In this case, we define

1(K)=|K| - 3K

(Thus 0K is a complex, and I(K) is a set of points.) It will turn out, of
course, that |[0K|=Bd |K| and /(K) =Int |K|; this is one of the things
that we are about to prove.

Throughout this section, A ~ B will mean that A and B are homeomor-
phic.

We recall that a triangulated 3-manifold is a combinatorial 3-manifold
if each complex St v is combinatorially equivalent to a 3-simplex. Similarly
for combinatorial 3-manifolds with boundary.

Theorem 1. Every triangulated 3-manifold is a combinatorial 3-manifold.

PrROOF. Let K be a triangulated 3-manifold, and let M = |K]|.

(1) Every point of M has arbitrarily small open neighborhoods V ~R>.
This follows from the definition of a 3-manifold.

(2) In a topological space, let U be open, and let V be a subset of U. If
U~R? and V~R>, then V is open. This follows immediately from the
Invariance of domain (Theorem 0.4), which describes a topological prop-
erty of R

(3) Every vertex v of K lies in at least one edge of K. Because no point of
R3 is isolated.
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(4) Every edge e of K lies in at least one 2-simplex o* of K. Because the
complement of a point in R? is always connected.

(5) Every 2-simplex o* of K lies in at least one 3-simplex o* of K.
Suppose not. Adjoin to K two 3-simplexes o and o3, having o2 as a face,
such that 6> N o3 =0% and 6N M =062 for i=1,2. Let U= 1(0} U 03),
and let ¥ be an open neighborhood, in M, of a point of Int 0% with
V cInte?c U and V~R> By (2), V is open in U, which is false.

(6) Every 2-simplex o* of K lies in at least two 3-simplexes of K. Suppose
not, and let o} be the only 3-simplex of K that contains 6% Adjoin to K a
3-simplex a3, with o? as a face, such that 03 N M = 0. Let U= I(o} U 03),
and let ¥ be an open neighborhood of a point of Int 6% (in M,) such that
V cInt6?U I(07) C U and V ~R3. From (2) it follows that V is open in
U, which is false.

(7) Every 2-simplex o° of K lies in exactly two 3-simplexes a3, o3 of K.
Suppose that o2 is a face of a third 3-simplex o3 of K. Let P € Int %, and
let U be an open neighborhood of P in M, with U~R3. Let V be an open
neighborhood of P in (o} U 63) (regarded as a space,) such that ¥ c U
and V~R>. By (2), V is open in U, which is false.

(8) Let e be an edge of K, and let S (e) be the set of all 3-simplexes of K
that contain e. Then the elements of S(e) can be arranged in a cyclic order

03,03, ...,02, 02, =03,

such that for each i, 6} N o2, is a 2-simplex o? of K. By (4), (5), and
repeated applications of (7), a certain subset of S(e) can be arranged in
such a cyclic order. Since K is a complex, every two different sets o7, oj3
intersect either in e or in a 2-face of K which contains e. Let C*= U 07
From (7) it follows that for each i, the frontier of o’ in C* is 6>, U o2
Therefore, by induction on n, we conclude that C> is a 3-cell, with
Inte c I(C*)~R> If 6 € S(e), and o>+ o? for each i, then (2) gives a
contradiction, as before.

(9) Each complex L = L(v) is a combinatorial 2-manifold. Let w be a
vertex of L. Then the edges of L that contain w are those of the form wx,
where vwx € St v; and the 2-faces of L that contain w are those of the
form wxy, where vwxy € St v. By (4), w lies in an edge wx of L. By (7),
each wx € L lies in exactly two 2-faces of L. Therefore the link J of w in L
is a finite union of disjoint polygons. From (8) it follows that J is a single
polygon, and the star of w in L is a combinatorial 2-cell.

(10) For each vertex v of K, |L(v)| is connected. Suppose not. Since St v|
is the join of |L|=|L(v)| and v, it follows that |St v| — {v} is not con-
nected. In fact, if U is any open set in M, containing v and lying in St v,
then lg — {v} is not connected. This is impossible, because we can choose
U~R".

(11) |St v| is simply connected. We use v as the base-point of 7 (|St v|).
Given a closed path p in St v|, with base-point v, we set up a mapping
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23 Triangulated 3-manifolds

square [0, 1]%; we define f(¢, 1) = p(¢), and
f(1,0)=f0,y)=f(LLy)=v

for each ¢ and y on [0, 1]. We now extend f to all of [0, 1> by mapping
each linear interval I, from (0, 7) to (1, #), linearly onto the linear interval
from f(0, ) to f(1, £) in |St o).

(12) |L| = |L(v)| is simply connected. Take any point P, of |L| as the
base-point of =(|L|), and let p be a closed path in |L| with base-point P,
Let f: [0, 1?—|St v| be a contraction of p in |[Stv|, as in the proof of
(11). Let U~R? be an open neighborhood of v, lying in |St v|. Then f can
be chosen so that v has a closed neighborhood N, lying in U, such that
N n | f] is a finite polyhedron, relative to Cartesian corordinates in U, and
containing no 3-simplex. (To do this, we choose f so that f is PL (relative to
Cartesian coordinates in [0, 1> and U) in a closed neighborhood of
£~ '(v)). Therefore f can be chosen so that v & | f]. Let r: |St o] — {0} —|L|
be the obvious retraction, mapping each set vw — {v} (w €|L|) onto w.
Then p = e in |L|, under the mapping r(f): [0, 1 —|L|.

(13) For each v, |L| is a 2-sphere. This follows from (9), (10), (12), and
Theorem 22.11.

Let K, = St v, and let K, be a subdivision of a 3-simplex o>, with exactly
one new vertex v’, lying in (0%). Since 3K, = L(v), it follows that both of
the sets |0K,| and |dK,| are 2-spheres. Therefore these sets are homeo-
morphic. By the Hauptvermutung for 2-manifolds (Theorem 6.5), there is a
PLH h: |dK,|<|0K,|. Let L, and L, be triangulations of |0K,| and |3K,|
respectively, such that 4 is simplicial relative to L, and L,; and let K (and
K3) be the join of L, (and L,) with v (and v’). Then K| and K, are
isomorphic, and the theorem follows. O

Theorem 2. Let M be a 3-manifold with boundary, and let P € Bd M. Then
there is a homeomorphism f: 6> <> C> C M such that (1) C? is a neighbor-
hood of P in M, (2) C* N Bd M = f(a?), where o is a 2-face of o>, and
(3) f(6?) is a neighborhood of P in Bd M.

ProOF. Let D? be a 3-cell neighborhood of P in M. Then D’ = g(r3),
where g is a homeomorphism. Let Fr D3 be the frontier of D? in the space
M, and let U= D> — Fr D3 Then U is open. Therefore ¥ =g~ (V) is
open in the 3-simplex 3. We assert that g(V N |d7%) c Bd M. (If not, a
point Q of |37% would have a neighborhood in 73, homeomorphic to R?,
and this would contradict the Invariance of domain in the now familiar
way.) Let d be a 2-cell which forms a neighborhood of g ~'(P) in ¥ n|or?|.
Let v € 7> —|d7°| and let E* be the join of v with d. Then E? is a 3-cell;
g|E3: E*< C? is a homeomorphism; C? is a neighborhood of P in M;
C3N Bd M = g(d); and g(d) is a neighborhood of P in Bd M. It is now a
routine matter to define a homeomorphism f: 6*«> C? (with a simplex as
its domain) satisfying the conditions of Theorem 2. O
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This theorem has the following corollaries.
Theorem 3. If M is a 3-manifold with boundary, then Bd M is a 2-manifold.

Theorem 4. Let M be a 3-manifold with boundary, and let P € Bd M. Then
every sufficiently small 2-cell neighborhood C*? of P in Bd M is of the type
C3*N Bd M, where C* = f(0°) and C? = f(0?), as in Theorem 2.

Theorem 5. Let M be a 3-manifold with boundary, and for i=1,2 let
h;: M < M; be a homeomorphism, such that M, N\ M, = . Let M’ be the
space obtained by identifying every pair h,(P), hy(P) of points, where
P €Bd M. Then M’ is a 3-manifold.

Proor. To get a Cartesian neighborhood U of a point f,(P) = f,(P) in M’,
we take g;: 6> C? C f(M), 6?<>d (i = 1, 2), as in Theorems 2 and 4, such
that d is a 2-cell neighborhood of f,(P) = f,(P) in Bd M, =Bd M,. Let

U= gl[l(af)] Ulntdu gz[l(og)].
Then U is a neighborhood of f,(P) = f,(P) in M’, and U~R>. 0

Theorem 6. Every triangulated 3-manifold K with boundary is a combina-
torial 3-manifold with boundary.

PrOOF. Let M = |K]|, let bK be the first barycentric subdivision of K, and
for each vertex v of K let St, v be the star of v in bK. It is then easy to
verify that St, v is combinatorially equivalent to St v. (In fact, St, v is
isomorphic to the join of v with the first barycentric subdivision of the link
L(v).) Thus the theorem reduces to the case in which every simplex of K
intersects Bd M in a simplex. We assume the latter hereafter.

Now Bd M is a 2-manifold. Let M’ be a “doubling” of M, as in
Theorem 5. Then M’ is a 3-manifold, and the images f,(o), f,(0) (6 € K)
form a triangulation K’ of M’. Thus K’ is a combinatorial 3-manifold. Let
L be the set of all simplexes of K’ that lie in f,(Bd M) = f,(Bd M). Then L
is a triangulated 2-manifold, and for each v € LY [St, v| decomposes
|Stg. v] into two combinatorial 3-cells C, Cc M, and C, C M,. Now the
complex {f,"!(0)lo € K’ and o C C,} is Sty f,;” !(v), and |Stx f,"!(v)| is a
combinatorial 3-cell, as desired. O

Theorem 7. Let K be a triangulated 3-manifold with boundary. Then |9K| =
Bd|K]|.
This is evident, from the apparatus of the preceding proof.

Theorem 8. Let M’ be a 3-manifold with boundary, lying in a 3-manifold. If
M’ is closed, then Bd M’ =Fr M’.

Proor. (1) Ewvidently M’'—Fr M’ CcInt M'= M’'—Bd M’. Therefore
Bd M’'CcFr M'.
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23 Triangulated 3-manifolds

(2) Since M’ is closed, Fr M’ c M’. By the Invariance of domain,
FrM'cBdM'.

By Theorem 1, certain results of Section 17 can be generalized so as to
apply in triangulated 3-manifolds.

Theorem 9. In a triangulated 3-manifold K, let S be a polyhedral 2-sphere,
lying in a set |St v|. Then S is the boundary of a combinatorial 3-cell.

PROOF. Let A: |St |- R> be a PLH. By the PL Schénflies theorem (Theo-
rem 17.12), h(S) bounds a combinatorial 3-cell D* in R?, and it is easy to
check that D3 c h(|St v]). Let C*=h~!(D3). Then Bd C3=§. O

Theorem 10. In a triangulated 3-manifold K, let C* be a polyhedral 3-cell,
lying in a set Int |St v|. Let D, and D, be polyhedral 2-cells such that
D,uD,=Bd C?and D,n D,=J=Bd D,=Bd D,. Let N be a poly-
hedral closed neighborhood of C3 — J. Then there is a PLH h: |K|<|K]|
such that (1) h(D,) = D, and (2) h|(|K| — N) is the identity.

PrROOF. We may assume that N C Int St v. Let g: |St v|]—>R? be a PLH. By
Theorem 17.8 there is a PLH f: R*& R, g(D,) o g(D,), such that f|[R* —
g(N)] is the identity. In N, define A= g~ 'fg; and then define h as the
identity in |K|— N. O

In fact, the same holds for arbitrary polyhedral 3-cells in |K|, but the
proof is tedious and the more general theorem will not be needed.

Theorem 11. In a triangulated 3-manifold K, let C} and C; be combinatorial
3-cells such that (1) each C? lies in a set Int |St v;| and (2) C} N C}is a
polyhedral 2-cell D =Bd C{ N Bd C;. Then C} U C; is a combinatorial
3-cell.

PRrOOF. By the preceding theorem, there is a PLH 4: C} U C} e C}. O

The rest of this section will be devoted mainly to the proof of Theorem
19 below. We shall need some preliminaries.

In a triangulated 3-manifold, the regular neighborhood N (L)= N(|L|)
of a subcomplex L is defined in the same way as in a triangulated
2-manifold. (See Section 22, just after Theorem 1.) As before, for each o’
(i > 0) we define

N'(¢')=Cl[N(o')— N(Bd ¢')].
Then each set N (v), N'(6°) (i > 0) is bounded by a polyhedral 2-sphere,
and lies in a set Int |St v|. Therefore the sets N (v), N'(6’) are combina-

torial 3-cells. If two such sets intersect, then their intersection is a 2-cell
lying in the boundary of each.
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Theorem 12. Let K be a triangulated 3-manifold, and let L be a finite
subcomplex of K, such that L is a triangulated 3-manifold with boundary.
Then |L| and N (L) are combinatorially equivalent.

ProOF. For each 2 € 3L, the set C3=CI[N’(¢%) — L] is a combinatorial
3-cell, intersecting |L| U N (L") in a 2-cell. By repeated applications of
Theorem 10, there is a PLH A,: N (L)<>|L| U N (L"). Similarly, there is a
PLH h,: |L|U N(LY<|L|U N(L®), and there is a PLH h;: |L| U N(L%)
o|L|. Let h = hshyh,: N(L)o>|L|. O

Theorem 13. Let K be a triangulated 3-manifold with boundary. Then K is
combinatorially equivalent to a set N (L), where N(L) is the regular
neighborhood of a subcomplex L of a triangulated 3-manifold K'.

ProOOF. Let M = |K]|. As in the proof of Theorem 6, the theorem reduces to
the case in which every simplex of K intersects Bd M in a simplex. Let M’
be a “doubling” of M, as in Theorem 5, and let K’ be the triangulation of
M’ defined in the proof of Theorem 6. Then K is isomorphic to a
subcomplex L of K’. Let N(L) be the regular neighborhood of L in K’.
Then each two of the polyhedra |K|, |L|, and N (L) are combinatorially
equivalent. O

We recall, from the end of Section 21, that a finite triangulated
3-manifold X is orientable if each of its components K; has a nonvanishing
3-dimensional homology group. This is equivalent to the statement that
there is a cycle

2= ad’

in which each (oriented) 3-simplex of K appears exactly once, with
coefficient a; = + 1. The homology class of Z?>, and, by abuse of language,
Z3 itself, generate H,(K)~Z, and each of these is called an orientation of
K. A finite triangulated 3-manifold K with boundary is orientable if there is
a 3-chain

C3=20{,.0,.3

on K in which each ¢ € K appears with coefficient + 1, such that the
algebraic boundary dC? is a cycle on 0K. Such a C?will be called an
orientation of K. Each 2-simplex of 0K appears in dC3with coefficient + 1.
Since 32C* =0, it follows that dC* is a nonzero 2-cycle on dK. Thus we
have:

Theorem 14. Let K be an orientable triangulated 3-manifold with boundary.
Then 3K and |0K| = Bd |K| are orientable.

It follows, of course, as for all manifolds, that every component of
Bd | K] is orientable. The following is also easy to verify.
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23 Triangulated 3-manifolds

Theorem 15. Let K be an orientable triangulated 3-manifold with boundary,
and let K’ be a “doubling” of K. Then K’ is orientable.

Note that while every 3-manifold with boundary can be “doubled,” not
every triangulation of such a space can be. Note, however, that bK can
always be doubled.

Theorem 16. Let K be an orientable triangulated 3-manifold with boundary.
Then K is combinatorially equivalent to the regular neighborhood N (L) of
a subcomplex L of an orientable triangulated 3-manifold K'.

Proor. By Theorem 15, the K’ used in the proof of Theorem 13 is
orientable. O

Theorem 17. Let K be a triangulated 3-manifold with boundary, and let K’
be a subcomplex of K, such that K’ is a triangulated 3-manifold with
boundary. If K is orientable, then so also is K'.

Let M be a compact orientable 2-manifold, let the components of M be
M, M,, ..., M, and for each i let M, be a 2-sphere with A, handles. Then
the number

h(M)=Sh

is called the total number of handles in M.

Theorem 18. In an orientable triangulated 3-manifold K, let L be a subcom-
plex, of dimension < 1, let N= N (L), and let B=Bd N. Then

h(B)=p'(N).

ProOOF. (1) h(B) and p'(N) are additive over the components of N.
Therefore we may suppose, with no loss of generality, that L, N, and B are
connected.

(2) Suppose that L is acyclic. By induction, based on Theorem 11, it
follows that N is a 3-cell. (We start with an arbitrary v € L° and adjoin
sets N'(e), N (v’) one at a time.) Thus we have h(B)=0=p!(L).

(3) Let L, be a subcomplex of L which is connected and acyclic and is
maximal with respect to these properties. Thus every edge of L has both its
vertices in L,. Let

N,=N(L)), B,=Bd N,.
Let e be an edge of L, not in L,, and let
Li=L,U{e}, N{=N (L)), B{=Bd N|.

Evidently p!'(N))=p'(L})=p'(L,)+ 1 =p!(N,) + 1. To pass from B, to
B{, we delete the interiors of two disjoint 2-cells, and adjoin an annulus 4
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with the same total boundary. Since x(Bd 4) = x(4) =0, we have x(B) =
X(B,) — 2. Since B, and B are orientable, Theorem 22.5 gives

x(B,)=2-2h(B,), x(Bi)=2-2h(By).
Therefore h(B;) = h(B,) + 1, and h(B)) = p'(N)).

Continuing in this way, adjoining edges of L one at a time , we get
h(B)=p'\(L). O

Theorem 19. Let K be an orientable triangulated 3-manifold with boundary.
Then

p'(K) > h(Bd |K]).

PrROOF. (1) By Theorem 16, the theorem reduces to the case in which
|K|= N (L), where L is a finite subcomplex of a triangulated 3-manifold
K.

(2) We shall show that the theorem reduces to the case in which L is at
most 2-dimensional. Suppose that we have given an L such that

p'(N(L)) > h(Bd N (L)). (2)

Suppose that we adjoin to L a o> such that d¢°> c L. Then H (N (L)) is
unchanged; and so also is #(Bd N (L)), since we have merely deleted a
2-sphere from Bd N (L). Thus (a) is preserved by the adjunction of ¢°.

Hereafter we assume that dim L < 2. By Theorem 18, we know that (a)
holds when dim L < 1. It remains to show that (a) is preserved when we
adjoin to L a o2 such that 30 C L. We have

H (N(L)=B'+T/,

where B' is the Betti group and 7' is the torsion group. Thus each element
Z of H; = H (N (L)) is expressible uniquely in the form

P
Z=>nZ+t,
i=1

where n, €Z, the homology classes Z; freely generate the module B L
p=p'(N(L)),and t, €T

Now N (L) N N’(6%) = A, where A4 is an annulus. Let Z, be a generator
of H,(A), carried by a boundary component J of 4. Let G be the subgroup
of H,(A) generated by Z,, and let L' = L U {¢?}. Then

H\(N(L))=H,(N(L)U N'(e*)) = H,(4)/G.

(Here, contrary to previous notice, ~ means isomorphism.) We now
distinguish two cases.

Case 1. Suppose that Z, =0, or Z, € T'. Then {Z,} is linearly indepen-
dent over the integers in H,(4)/G. It is known that the rank of a module
(that is, the maximum number of elements in a linearly independent set) is
the number of terms in the module. Therefore p'(N (L") = p'(N (L)). Now

172



23 Triangulated 3-manifolds

Bd N(L’) is obtainable from Bd N (L) by “splitting and spanning,” as in
Problems 22.11 and 22.12. By the results of these problems, this never
increases the total number of handles. Therefore hA(N (L)) < h(N(L)).
Thus, in Case 1, adjunction of 62 preserves (a).

Case 2. Suppose that Z, & T'. Then

p
Z,= > nZ+1t,
i=1

where the numbers n; are not all equal to 0; say, n,#0. Then
{(2,,2,,..., Z,_,} is linearly independent over Z modulo G, and
p(N(L)) > p'(N(L)) — 1. Now Bd N (L’)) is obtained by “splitting and
spanning” the component M of Bd N (L) that contains 4. If M — J were
not connected, then we would have Z, =0 in H,(M), and hence Z, =0 in
H,= H,(N(L)), which is false. Therefore M —J is connected. By the
result of Problem 22.11, we have

h(Bd N (L)) = h(Bd N(L)) - 1.

Therefore (a) is preserved by the adjunction of o°.
The theorem follows, by induction on the number of 2-simplexes of L.

a

The above is a primitive proof of Theorem 19. See also [ST], p. 223.

PROBLEM SET 23

1. Investigate Theorems 9, 10, 11, 12, and 18, in the case in which K is a
triangulated 3-manifold with boundary.

2. A (3-dimensional) triangulated pseudo-manifold is a complex K in which each
complex L(v) is a connected triangulated 2-manifold. If each L(v) is a con-
nected triangulated 2-manifold with boundary, then K is a triangulated pseudo-
manifold with boundary. For complexes of the latter type, we define 0K in the
same way as for triangulated 3-manifolds. (See [ST], p. 88.) Prove or disprove
the following. (a) |9K| is a 2-manifold. (b) p'(K) > h(|3K]).
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Covering spaces

When we call a space M a polyhedron, without mentioning another space
in which it lies, we mean merely that M = | K| for some complex K. K may
be a PL complex in the sense of Section 7.

Let M and M be connected spaces, compact or not, such that M is a
polyhedron. Let

g: M—>M
be a surjective mapping. Suppose that the sets g~ !(P) (P € M) are at most

countable, and that none of them have any limit points. For each P € M,
let

g='(P)={P}.
Suppose that for each point P of M there is an open set U, containing P,
such that

g~ (u)=U 0,

where (1) the sets 17, are disjoint, (2) 15,. € 17, for each i, and (3) for each i,
g|U, is a homeomorphism U,<> U. Then g: M — M is a covering.
Evidently every connected polyhedron M has the following properties.

(1) M is pathwise connected and locally pathwise connected.
(2) Every point P of M has arbitrarily small open neighborhoods U which
are simply connected.

These properties of polyhedra are all that are needed to make the theory
of covering spaces work in a reasonable way. But this sort of generality
will not concern us.
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One way to construct a covering space, starting with a connected
polyhedron M, is the following. Choose a point P, of M. Let = be a
subgroup of #(M) = w(M, Py). Fori=1, 2, let

pi: [0, 1]->M, 0> Py, 1 P,
be a path in M, with initial point P, and terminal point P,. If (1) P, = P,
and (2) p,p; '€ 7, then we say that p, and p, are equivalent, and we write
P\=P;

(Here p,p; ' is a closed path with base point P,, and (as usual) p,p; ' is
the element of 7(M) that contains p,p, ') For each path p with initial
point P, let

p={4lp~q}
and let
M={p)}).
Define
g: M—>M

by the condition that for each g, g(p) is the common terminal point of the
paths p € p. .

The topology of M is defined as follows. Let g € M, and let P = g(p).
Let U be a pathwise connected and simply connected open set in M,
containing P. Let X be the set of all paths of the form p,, = pq, where g is a
path in U, from P to Q. Then the set

{Polpo € X'}

is a neighborhood in M. A subset of M is open if it is the union of a
collection of neighborhoods. It is now easy to check that g: M— M is a
covering. (Note that to prove this, we do not need to show that M is a
polyhedron, though in fact it always is; see Theorem 5 below.) If «#
contains only the identity, then g is the universal covering of M; and if = is
all of m(M), then g is a homeomorphism.

Let g: M — M be a covering, let X be a space, and let f: X > M be a
mapping. Let f: X—>Mbea mapping such that g f= f.

Then f is called a lifting of f. If such an f exists, then we say that f can be
lifted.
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Theorem 1. Let g: M — M be a covering, and let f: A— M be a mapping of
a 2-cell into M. Let Q€ A, let Py= f(Qy), and let P,€ g_'(Po). Then
there is one and only one lifting f of f such that f (Qy) = P0 A similar
result holds for paths p: [0, 1]-> M, Q> P,,.

Proor. (1) Let U and {U } be as in the definition of a covering, and let f]k
be the set U that contains P0 Suppose that f(A) C U. Then the desired f
exists: we use f followed by (g| U,()‘1 Since f(A) must be connected, f is
unique.

(2) We shall show that the theorem reduces to the case described in (1).
Let K be a triangulation of A, sufficiently fine so that if 62 € K, then f(0?)
llCS in a single set U as in Case (1). Let of be a simplex of K that contains

= f(Qp)- If 03 =|K|, we have Case (1). If not, it follows by Theorem
17.2 that K has a free 2- simplex 0? # o2. (Or see the proof of Theorem 3.3.)
Suppose that f|Cl (A — 0?) has a unique lifting fl of the desired sort. Let
A=0lNnCl(A- 01) so that 4 is an arc in Bd o2, Then f(A) lies in the set
U that contains f(0?), and fl(A) lies in a single set U C g"(U ). Therefore
fl can be extended in one and only one way to give a lifting f. The theorem
follows, by induction on the number of 2-simplexes of K.
The corresponding discussion for paths is similar and simpler. ]

Let g be a covering MM, let 130 € M, and let P,= g(130). For each
closed path p € CP (M, P,), we have g(p) € CP (M, Py). And if p=p’ in
7(M, By), it follows that g(p) = g(p’) in (M, P); we simply use g to
project into M the homotopy between p and p’. Thus g and };0 determine a
function

gd: (M, By)—>m(M, Py),

and it is easy to see that this is a homomorphism. We use the notation gg,
rather than g*, because the homomorphism depends, in general, not only
on g and P, but also on the choice of P € g~ '(P,). See Problems 2 and 3.
Thus, in this context, we cannot ignore base points and write g*: 7(M)—
7(M). We shall call g} the induced homomorphism; it is induced by g and
P,

Theorem 2. Let g: M — M be a covering, let P,E M, and let 1.50 € g (Py.
Then the induced homomorphism
5 77(1(4, ﬁo)—)W(M, Py)
is injective.
ProoF. This follows from Theorem 1. O

Under the conditions of Theorem 2, let

Mo = g(’;‘('n'(lrl, i’o)) c w(M, Py).
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The subgroup m, is called the group associated with g and P, It is a fact
that the given g: M — M is “essentially the same as” the covering obtained
if we start with 7, and use the standard construction described above. See
Problems 4 and 5.

Under the conditions of Theorem 2, let p € CP (M, Py). By Theorem 1,
p can always be lifted so as to give a path j, with initial point P0 = p(0). If
p()= PO, then j € CP (M, Po) The converse is clear. Thus we have:

Theorem 3. Under the conditions of Theorem 2, p € my= gg(m(M, Py)) if
and only if p has a lifting p € CP (M, P,).

For each P € M, consider the set g~ '(P) C M. Since M is connected, it
is not hard to show that the number of points in g ~'(P) depends only on
g, and is independent of the choice of P. If each set g ~!(P) is finite, with k
elements, then g is called a k-sheeted covering, or a k-fold covering.

Theorem 4. If g: M—>Misa k-fold covering, then k is the index of m, in
7(M, P,), for every choice of Py in g~ '(P).

PROOF. Let g~ (P)) = {Py, P, . . . },~with P,# P, for i+ j. For each i, let
p; be a path in M, from P, to P, and let p,=g(p;). Now let p €
CP (M, Py). Let j be a lifting of p, w1th initial point_ P p(0). Then
p(l)= P for some i. Let g= pp,_' Then § € CP (M, Po) Let g = g(g).
Then g =pp; ' € my, and p =gp,. It follows that #(M, P,) is the union of
the right cosets 7, p;.

It remains to show that the cosets 7,p; are all different Suppose that
gp; = q'p; for some q, g’ E’”o and some i #j. Then p, p; '=g7'7 €,
and it follows that p, pj ! can be lifted to give a closed path j with base
pomt B,. Now p consists of a _ of p,, fitted together with a lifting of

-1 . Since the lifting of p; starts at Py, it must be j,. Since the lifting of pj
ends at P, it must be 5" But j, and j;~! do nor fit together to give a
lifting p; p; ends at P whlle "' starts at P #* P This gives a contradic-
tion, and thus completes the proof O

Theorem 5. Let M be a connected polyhedron. If w(M) has a subgroup «, of
index k, then there is a k-fold covering of M.

ProoF. Use the standard construction, using 7, = . 0O
Theorem 6. Let g: M—Mbea covering. Then M is a polyhedron. In Jact,
every triangulation K of M can be lifted so as to give a triangulation K of

A:/I . That is, there is a triangulation K of M such that for each simplex G of
K, g|6 is a homeomorphism of 6 onto a simplex o of K.

ProoF. This is obvious in the case in which K is a sufficiently fine
triangulation so that each ¢ € K lies in a set U of the sort described in the
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definition of a covering. The general case is reducible to this case; the
point is that every n-simplex is expressible as the union of a sequence

Cr, Cy, ..., C of polyhedral n-cells, each of which intersects the union
of its predecessors in a connected set, namely, an (n — 1)-cell lying in the
boundary of each. O

Theorem 7. Let M be a connected polyhedral 3-manifold with boundary, and
suppose that M is not orientable. Then M has a 2-fold covering.

PROOF. Let K be a triangulation of M, and let P, be a vertex of K. Take a
fixed orientation C3 = Sa;07 of the complex St PO, as in the discussion just
before Theorem 23.14. If Pyv is an edge of K, then C? gives an orientation
of St PyN St v, and this in turn determines an orientation of St v. Induc-
tively, every simplicial path in the 1-skeleton K, from P, to a vertex v; of
K, determines an orientation of St v,.

Now consider a path of the type 7, = p,g;, from P, to a point Q,, where p,
is simplicial, from P, to a vertex v, of K, such that v, lies in the simplex of
smallest dimension that contains Q,, and ¢; is rectilinear from v, to Q,. Two
such paths 7, (r = 1, 2) are defined to be equivalent if they have the same
terminal point Q and p, and p, determine the same orientation of St v, N
St v,. (The latter is a triangulation of a 3-cell, because v, and v, are the
end-points of an edge of K.) Let M be the set of all the resulting
equivalence classes [r], with the obvious topology, and for each [r], let
g([r]) be the common terminal point of all the paths r in [r]. Thus g is a
covering, and since M is not orientable, g is 2-fold. O

Theorem 8. Let M be a compact, connected, orientable polyhedral 3-manifold
with boundary, and suppose that some component of Bd M is not a
2-sphere. Then M has a 2-fold covering.

PrOOF. By Theorem 23.19, we have p'(M) > 0. Therefore H (MY=Z+ G,
where the structure of G does not concern us. Evidently there is a
surjective homomorphism Z + G—Z,, where Z, is the additive group of
integers modulo 2, and n+ x> 1 if n is odd, and n + x|~ 0 otherwise.
Therefore there is a surjective homomorphism f;: H(M)—Z, Let
fo: m(M)— H (M) be the canonical homomorphism, so that f, is surjective
and ker f, is the commutator subgroup of 7(M). We then have a surjective
homomorphism f, f,: #(M)—Z,. Let = = ker f, f,. Then 7 is of index 2 in
7(M), and the theorem follows. O

We recall that a solid torus is a space which is homeomorphic to the
product B2 X S' of a 2-cell and a 1-sphere. Let K be a triangulated solid
torus, and let S = |K|. Suppose that for some n >2, S= U/_ C?, where
the sets C;” are combinatorial 3-cells, and C;? intersects C’ if ‘and only if i
and j are consecutive modulo », in which case C?n G 3j 1s a 2-cell lying in
the boundary of each of the 3-cells. Then S is a combmatortal solid torus

(CST).
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Theorem 9. Let K be a triangulated 3-manifold, let M = |K|, and let S be a
polyhedral solid torus in M. Then S is a CST if and only if there is a PL
mapping ¢: 6> X [0, 1] S, such that ¢*> X {0} and o X {1} are mapped
onto the same 2-cell ir S, and ¢ is a homeomorphism elsewhere.

ProoF. (1) Given that S= U’_,C’, as in the definition of a CST,
decompose [0, 1] into » linear intervals I, end to end, with end-points
x;=1i/n (0<i<n). Then define ¢|o>X {i/n} as a PLH o’ X {i/n}
C? , N C?. Then extend so that ¢ maps o> X [i/n, (i + 1)/n)] by a PLH
onto C.

(2) The proof of the converse is left to the reader. O

If ¢ is as in Theorem 9, then ¢ is called a cylindrical diagram for S.

Theorem 10. Every two combinatorial solid tori are combinatorially equiv-
alent.

ProoF. Use the apparatus of the preceding proof. O

Theorem 11. Let K be an orientable triangulated 3-manifold, let M = |K |, let
J be a polygon in M, and let S be the regular neighborhood of J in a
subdivision K’ of K in which J forms a subcomplex. Then S is a CST.

ProoF. There is no loss of generality in supposing that K’ = K. Let the
vertices and edges of J be v}, e;, v,, . . ., v,, €,, in the cyclic order of their
appearance on J. As in the discussion just after Theorem 23.11, let N (v,)
be the regular neighborhood of v,, and let

N'(e)=Cl[N(e)— N(Bde)].
Then the sets N(v) and N’(e) can be arranged in a sequence
C}, C3, ..., C}, asin the definition of a CST. Thus S = ¢(o> X [0, 1]), as
in Theorem 10, so that S is either a CST or a “full Klein bottle,” according

as S is or is not orientable. By Theorem 23.17, S is orientable, and the
theorem follows. O

Theorem 12. Let M = |K| be a triangulated 3-manifold, let J be a polygon in
M, and suppose that J is contractible in M. Let N be a regular neighbor-
hood of J, in a subdivision of K in which J forms a subcomplex. Then N is
a CST.

(Here it is not required that M be orientable.)

ProoF. We may suppose, with no loss of generality, that J forms a
subcomplex of K, and that N is the union of all simplexes of h*K that
intersect J. Thus N = U |St v;|, where the points v; are the vertices of b°K
that lie in J, and St v, is the star in b?K. As in the proof of Theorem 11, N
is either a CST or a “full Klein bottle.” Thus it remains only to prove that
N is orientable.
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Let P,= v, € J. We now construct the 2-fold covering g: M — M that
was used in the proof of Theorem 7, using b’K as our triangulation of M.
Let P be any point of g ~!(Py), let g be as in Theorem 2, and let

(w(M PO)) Let p be a simplicial closed path in CP (M, P,), travers-
ing J exactly once. Then p € m;, because p = e. By Theorem 3, p has a
lifting p € CP (M, ﬁo). Thus, given an orientation of St P, (in 4%K), p
induces the same orientation of St P,. Thus N = U |Stv] is orientable,
which was to be proved. O

PROBLEM SET 24.

Prove or disprove:

1. Furnish details for the proof of Theorem 6. To define the desired

Cr, C3, ..., CP, you may find it convenient to observe that every n-simplex is
homeomorphic to the unit n-cube
{(xl, X35 %) ERT 0< x; < 1},

2. Let g: M—)M I;o, and P, be as in Theorem 2. Suppose that g is at least
2-sheeted, let P, be a point of g~ l(PO) different from Py, and for i =0, 1 let g,
be the induced homomorphism 7(M, P,)— (M, Py). Let q be a path from P,
to P, in M, so that g(q) € CP (M, P). Let p € CP (M, P,). Then (1) every
element of m(M, Py) is of the form gpg~' and (2) for each F=gpg~'€

n(M, Py), g3(F) = g(q)et(p)g(q)” ‘. Thus, letting =, = g*(m(M, P) C

7(M, Py), we have 7, = g(g)m,8(q)~". Thus =, is independent of the choice of
P in g ~!(P,) only in cases where ; is a normal subgroup of 7(M, Py).

3. Give an example of a group (M, P,) with a subgroup =, which is not normal.

4. Let g: M—>M be a covering, let 1306 M, let P,= g(ﬁo), let g3 be as in
Theorem 2, and let 7y = go(w(M PO)) Let p, and p, be paths in M with the
same initial point Py and the same terminal point P, and let 5, and p, be the
liftings with initial point Py. Then the terminal points 5,(1), 5,(1) are the same

if and only if p,p; ! € =,

5. Let g: M—M andg': M’'— M be coverings. Suppose that there is a homeo-
morphism h: M — M’ such that the following diagram is commutative. That is,
g=g'h. Then g and g’ are called equivalent. Under the conditions of Theorem
2, let g’ be the covering derived from 7, by the standard construction. Then g
and g’ are equivalent. (This is the meaning of the remarks just after Theorem
2)
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24 Covering spaces

. Let g: M — M be the universal covering of M. Then M is simply connected.

. Show that a projective plane has a 2-fold covering g: M — M. What sort of

space is M?

A Klein bottle has two nonequivalent 2-fold coverings.

. Let g: M — M be the universal covering of a figure eight. Sketch M.

Let g: M — M be a universal covering. If M is compact, what can we infer
about M?

Let g: M — M be as in the proof of Theorem 7. Then M is orientable.
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The Stallings proof of the loop
theorem of Papakyriakopoulos

By a loop in a space X we mean a closed path without a distinguished base
point, that is, a mapping L: S'— X. If L is a homeomorphism, then L is
nonsingular. By a singular 2-cell in X we mean a mapping D: A— X, where
A is a polyhedral 2-cell. (In this section, all such mappings will be PL.) We
define
Bd D=(D|Bd A): Bd A X,

so that Bd D is a loop. If D is a homeomorphism, then D is nonsingular.

Let L: S'— X be a loop, in a pathwise connected space X. Let f: [0, 1]
— S be a mapping such that f(0) = f(1)= Q, € S, and such that fis a
homeomorphism elsewhere. For each ¢ €[0, 1], let p(¢) = L(f(¢)). Then p
is a closed path in X, with base point Qg = L(Q,). Let P, € X, and let
g: [0, 1] X be a path from P, to Q;. Consider the mapping r = gpqg~",
where the “multiplication” is end-to-end, as in the definition of the
fundamental group. Now r is a closed path in X, with base point P, and
determines an element 7 of 7 (X, P,). It is easy to see that 7 may depend on
the choices of Q, and g; but it is a fact that the conjugacy class of r in
(X, P,) depends only on L. The proof may be indicated as follows. In
Figure 25.1, L is expressed as the product of two paths s and ¢, end to end.

Figure 25.1
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25 The Stallings proof of the loop theorem of Papakyriakopoulos

Using Q; and ¢, we get r = gstq~'. Using Qf and ¢/, we get

r; = q/tsq/—l %(q’s"'q_‘)(qstq_l)(qsq'_l),

so that 7’ is a transform of 7 in 7 (X, Py).
Let

L(X)=L(X, Py)

be the conjugacy class in (X, P,) that contains every such element r. If N
is a normal subgroup of 7(X, P,), then N contains all or none of the
elements of L(X).

Theorem 1 (John Stallings). Let K be a triangulated 3-manifold with
boundary, and let M = |K|. Let B be a component of Bd M, let P, € B,
and let N be a normal subgroup of w(B) = w(B, P,). Suppose that there is
a PL singular 2-cell D: A— M, such that L =Bd D is a loop in B, and
L(B)N N = . Then there is a nonsingular PL 2-cell D,: A— M with the
same properties, that is, L, =Bd D, is a loop in B, and L (B)N N = .

The statement of this theorem is made complicated by the use of the
arbitrary normal subgroup N of #(B). What will actually be used, at least
in this book, is the following corollary, in which M is orientable and N
contains only the identity.

Theorem 2 (Loop theorem, first form; C. Papakyriakopoulos). Let K be an
orientable triangulated 3-manifold with boundary, and let M = |K|. Let B
be a component of Bd M, and suppose that there is a loop L in B such that
L is contractible in M but not in B. Then there is a polyhedral 2-cell A in
M such that (1) BdAc B, (2) BdA=AnNBd M, and (3) Bd A is not
contractible in B.

This is the classical Loop theorem. It was, of course, proved first.
Stallings’s proof of Theorem 1, given in [S,], was the final stage in a long
development, to which many authors contributed in various ways. For a
general account of the history, see the end of this section. To derive
Theorem 2 from Theorem 1, we assume (with no loss of generality) that L
and the contraction of L are PL. We then apply Theorem 1, using the
identity in #(B) as N. Let D;: A— M be as in the conclusion of Theorem
1. Now force Int |D,| = Int D(A) off of Bd M. This gives a 2-cell which
satisfies the conditions for A in Theorem 2.

We preceed to Stallings’s proof of Theorem 1. The notation and the
hypothesis of Theorem 1 will be used in the following lemmas without
further explanations.

Lemma 1. Suppose that B is a 2-sphere, let B’ be a regular neighborhood of
|L| in B, suppose that the base point P, lies in Int B’, and let N’ be a
normal subgroup of m(B’, Py), such that L(B’YN N’ = @&. Then there is a
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nonsingular PL 2-cell D\: A— M such that L,=Bd D, is a loop in B’,
|D,\|nBd M=|L,|,and L(B )N N'=@.

PrOOF. Since B is a 2-sphere and |L| is connected, B’ must be a k-annulus
for some k. Therefore w(B’, Py) is freely generated by a finite set
{P1» Py - - - » P }» Where each |p,| is a polygon, traversed once by p,. If
p; € N’ for each i, then N’ is all of #(B’), which is impossible. Therefore
D; & N’ for some i. Now p; is the boundary of a polyhedral 2-cell A in B.
Forcing Int A slightly off of B into Int M, we get the desired D;: A—
M,L, =Bd D, with L(B)NN'=g. O

Lemma 2. Suppose that D is PL, is locally a homeomorphism, and is at most
two-to-one at each point of A. Let B’ be a connected 2-manifold with
boundary which forms a neighborhood of |L| in B, suppose that P,€E
Int B’, and let N’ be a normal subgroup of w(B’, P,), such that L(B’) N
N’=@.Then there is a nonsingular 2-cell D;: A~ M such that for
L,=Bd D, we have |L||=|D,|nBd M C B’ and L(B')N N’ =g.

Proor. Here the special hypothesis for D means that (1) each point of A
has a neighborhood on which D is a homeomorphism and (2) each point
Q' of |D| is = D(Q) for at most two points Q of A. If D ~'(Q) contains
more than one point, then Q' will be called a singular point of |D|. Under
Conditions (1) and (2), we can make slight perturbations of D, preserving
the stated properties of D, so as to put |D| into general position, in the
sense that the singular points of |D| form a disjoint union

m n
Urlu UAj,

i=1 j=1

where each T is a polygon in Int M and each 4; is a broken line that
intersects Bd M precisely in its end-points, which lie in B’. We may also
suppose that | D| “crosses itself”” in a neighborhood of each singular point,
in the same way in which the unit disks in the xy- and xz-planes cross one
another in R3. Thus we have only “crossing singularities,” with no “touch-
ing singularities.” (See Figures 25.2-25.6.) Under these conditions D will
be called normal. The complexity of a normal singular 2-cell is defined to
be m + n. We choose a normal singular 2-cell D, satisfying the hypothesis
of Lemma 2, such that the complexity of D is minimal. We shall show that

m + n is then = 0. The lemma will follow.

Cask 1. Suppose that m >0, and suppose that I' =T, is the image of a
single polygon J C A. Then D|J is exactly two-to-one (at every point.) We
now take a regular neighborhood U of T, and form a cylindrical diagram
of U in R®. (See Figure 25.2.) The upper and lower bases of the cylinder lie
in the planes z =0 and z = 1, and the identification scheme is (x, y, 0) ~
(y, x, 1). The two rectangular regions containing the interval [0, 1] on the
z-axis form the image of an annular neighborhood 4 of J in A, and the
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Figure 25.2

paths p, g have the two components of Bd 4 as their domains. Note that
our identification scheme is of the sort required to give “crossing” rather
than “touching” singularities along T

In |D|, we replace the two rectangular regions mentioned above by the
intersections of the cylinder with the planes x —y =1 and x —y = — 1.
Under the identification scheme, the union of the new rectangular regions
forms an annulus A4’, whose boundary components are | p| and |g|. We now
redefine D|A in such a way that D|4 is a homeomorphism A <> A’. This is
impossible, because it reduces the complexity of D. Therefore Case 1 does
not occur.

CASE 2. Suppose that m > 0, and that I' =T, is the image of two (disjoint)
polygons J,, J, C A. We may suppose (without loss of generality) that J, is
inmost in A, in the sense that J, bounds a 2-cell in A which contains no
other such polygon. It follows that T is the boundary of a 2-cell A, C |D|.
The interior of J, in A can now be mapped homeomorphically onto A;, and
the resulting image can be forced off a neighborhood of A, in |D|. This
reduces the complexity of D, which is impossible.

Thus neither Case 1 nor Case 2 can occur. It follows that m = 0.

CASE 3. Suppose that n > 0, and let 4, be a broken line in | D| which is the
image of two disjoint broken lines a,b, and a,b, in A. Suppose that D
reverses the orientation of a,b, and a,b,, in the sense conveyed by Figures
25.3 and 25.4. Figure 25.3 is a picture of A. Figure 25.4 is a picture of |D|,
simplified by the omission of all singularities except the one under discus-
sion. We are assuming, with no loss of generality, that P,= D(a,) =
D (a,), so that L becomes a closed path with base point P,. (To reduce the
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general case to this case, we move |L| rather than P, Thus #(B’, P,) and
N’ are unchanged.) In the figure, o, 7, v, ¢ represent the paths whose
domains are s, t, u,v. We “cut |D| apart at 4,,” getting two normal
singular 2-cells D, and D,, with boundaries

Li=0ov™!, and L,=o¢vr.
By cancellations, we easily check that
L = otvp = ov"v7(o¢vr)7_'v_1qb_'o_'(ov_l)_lmp
But the expression on the right can also be expressed as
[av‘l][w(a¢w)f'lv"][¢_lo_'(ov")—la¢].

Note that the multipliers used in forming the transforms in the second and
third brackets are closed paths with base point P, Thus L is a product of
transforms of L, and L,. If L|(B’) C N"and L,(B’) C N’, then it follows
that L(B’) C N’, which is false. Thus we can replace D by either D, or D,,
preserving the hypothesis for D and reducing the complexity of D. This is
impossible. Therefore Case 3 cannot occur.

CASE 4. Suppose that n >0, and let 4; be a broken line in D which is the
image of two disjoint broken lines a,b, and a,b, in A. Suppose that D
preserves orientation on a,b, and a,b,, in the sense conveyed by the Figure
25.5. Figure 25.6 shows a simplified picture of |D|, using the same
conventions as in Case 3. We cut |D| apart at 4, getting two normal
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singular 2-cells D, and D,, with boundaries
L ,=ov, and L,=or 'vp L

By cancellation we verify that
L = orvp = ovv ™ 1ﬂ'u[(o'r_ e 1)~ lov]v‘ =1,

Since the complexity of D is minimal, and the complexities of D, and D,
are smaller, it follows that L,(B") C N’ and L,(B’) C N'. Therefore, in the
expression for L, both v and the product in the brackets belong to N’.
Therefore L(B') C N’, which is false. Therefore Case 4 is impossible, and
n =0. The lemma follows. O

We return to the M =|K|, D, L=Bd D, B, and N C #(M, Py) of
Theorem 1. We assume, as in the preceding discussion, that P, € |L|. We
suppose, with no loss of generality, that |L|=|D|n Bd M. We also
suppose that K is subdivided in such a way that D is simplicial (relative to
K and a subdivision K (A) of A.)

To form a regular neighborhood of |D|, we would usually take the
second barycentric subdivision b’°K of K, and let K, be the set of all
simplexes of 4K that intersect | D| (together with their faces); the regular
neighborhood would then be |K,|. (See Problems 5.5 and 5.6.) For techni-
cal reasons, we vary this procedure slightly: first we take a “restricted
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barycentric subdivision” in which the new vertices are the new vertices of
bK that do not lie in |D|. Similarly for the second process of “barycentric
subdivision.” This gives a “regular neighborhood” M, = |K,| of |D|, in
which the images D (A) of the simplexes of K (A) are simplexes of K. K is
a subcomplex of a subdivision of K. Now |K,| = M, has much the same
properties as an orthodox regular neighborhood, as follows.

(1) M, = |K,| is a finite triangulated 3-manifold with boundary; D: A—
M, is a PL singular 2-cell, with Bd D = L; D is simplicial, relative to K,
and a subdivision K (A) of A; M, is a “regular neighborhood” of |D| in a
triangulated 3-manifold with boundary, so that the inclusion i: |D|— M,
induces a (surjective) isomorphism 7 (|D|)<>7(M,); and |D|NBd M, =
|L|.

Let B, be the union of the simplexes of K, that lie in Bd M, and
intersect |L|. Then:

(2) B, forms a subcomplex of K, and is a neighborhood of |L| in Bd M,.
Let j: B,— B be the inclusion, and let N, = j*~'(N’). Then:

(3) N, is a normal subgroup of #(B,, Py) (P, €|L|), and

@ L(B)N N, =@.

More generally, any sextuple [M|, K|, D, K(A), B,, N,] which satisfies
(1)-(4) will be called a normal system. The complexity k of a normal system
is the number of pairs v, v’ of vertices of K(A) such that v+ v’ but
D (v) = D (v’). Evidently k =0 if and only if D is nonsingular.

Lemma 3. For each normal system there is a nonsingular PL 2-cell D’: A —
M, such that for L' = Bd D’ we have |L'| C B, and L'(B,))N N, = @&.

Evidently this is sufficient to prove the theorem: since L'(B,)N N, = g,
we have L'(B) N N = @, as desired in Theorem 1.

PROOF OF LEMMA. Suppose that the lemma is false. Let
[M, K, D, K(A), B, N, ]

be a normal system for which the lemma fails. Let £ be the complexity of
this system. We may suppose, as an induction hypothesis, that the lemma
holds for every normal system of complexity less than k. We shall show
that this leads to a contradiction.

If the component of Bd M, that contains |L| is a 2-sphere, then it
follows by Lemma 1 that there is a D’ as in the conclusion of Lemma 3.
Therefore we may suppose that either (a) M, is orientable, and some
component of Bd M, is not a 2-sphere or (b) M, is not orientable. It
follows, by Theorems 24.7 and 24.8, that M, has a 2-fold covering

g: Ml—)MI.
By Theorem 24.1, there is a lifting
D: A Irll,
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25 The Stallings proof of the loop theorem of Papakyriakopoulos

so that g(D) = D. Thus

L=BdD
is a lifting of L =Bd D. Let }30 be a point such that g(Py) = P, We recall
that P, € |L|. Therefore P, € |L|. By Theorem 24.6, K, has a lifting K,

Now let M2 lK2| be the “regular nelghborhood” (in the same sense as
above) of |D|in K,. Then D is simplicial relative to K (A) and K,. Thus M,,
K, D, and K (A) satisfy Condition (1) of the definition of a normal system.
Let B, be the union of the simplexes of K, that lie in Bd M, and intersect
|L| Then (2) B, forms a subcomplex of KZ, and is a nelghborhood of |L| in
Bd M,.

Let f=g|B,: B,—>Bd M,. Then f(B,)C B,. Let f*: w(B,, Py)—
w(B,, P,) be the 1nduced homomorphlsm and let N = f*"!(N,). Then (3)
N, is a normal subgroup of 7(B,, P o), and (4) L(Bz) NN,=@.

Thus [M,, K,, D, K(b), B,, Nz] is a normal system. We shall show that
the complexity of this system is less than k. Consider the following
diagram, in which i is the inclusion.

1B M,
gllDll lg
|D|——=M,

Trivially, this diagram is commutative. Since [ g(DI* = g*(i*), and similarly
for the other two mappings, the following diagram is also commutative.

W(|l~j|);*>7r(]tjl, )
(glID])* g*
n(ID)) —=en(M,)

If the complexity of the new normal system is =k, then g||D| is a
homeomorphism, and (g||D|)* is surjective. Since M, is a “regular neigh-
borhood” of |D|, it follows that 1*((g||D [)*) is surjective. By commutativ-
ity, g*(i*) is surjective. Therefore g* is surjective, which is impossible,
because g*('n(M D) is of index 2 in #(M,). Therefore the complexity of the
new system is less than k.

By the induction hypothesis it follows that there is a nonsingular PL
2-cell D,: A— M,, with Bd D, = L,, such that |L,| C B, and Ly(B,)N N,
= @. Let Dy = g(D,) and L, = Bd D,. Then L3(B1) N N = @. But D, B,,
and N, satisfy the conditions for D, B’, and N’ in Lemma 2. By Lemma 2
there is a nonsingular PL 2-cell D’: A— M|, with Bd D’ = L’, such that

189
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|L'| c B, and L'(B;) N N, = @&. Therefore D, satisfies the conditions for D’
in the conclusion of Lemma 3. As noted above, this is sufficient to
complete the proof of Theorem 1. O

The material presented in this section is the result of a long develop-
ment, as follows.

(1) Let D: A—> M be a PL singular 2-cell in a triangulated 3-manifold
M = |K|. Suppose that there is an open set U in A, containing Bd A, such
that (1) D|U is a homeomorphism and (2) D(U)N D(A — U) = @. Then
D has no singularities on its boundary. (Thus J = D (Bd A) is a polygon.) In
1910 Max Dehn [D] published what purported to be a proof of the
following. -

(The Dehn lemma). Let D be a singular 2-cell with no singularities on its
boundary. Then D (Bd A) is the boundary of a polyhedral 2-cell.

After over fifteen years, it was found that Dehn’s proof was erroneous,
and for many years the Dehn lemma was a classical problem. Finally it
was proved by Papakyriakopoulos [P,].

(2) Papakyriakopoulos [P,] then proved the Loop theorem. The Dehn
lemma is a fairly easy consequence of the Loop theorem (see Theorem 27.5
below), but the transition the other way round is another matter: the
known proofs of the Loop theorem do not use the Dehn lemma at all.

(3) In 1958 J. H. C. Whitehead and Arnold Shapiro [WS] proved a
generalization of the Dehn lemma, which applied to “singular annuli with
no singularities on their boundaries.” Their argument also constituted a
proof of the Dehn lemma, much simpler than the first.

(4) Starting with the methods developed by Whitehead and Shapiro,
John Stallings [S,] proved Theorem 1, thus generalizing the Loop Theorem
and vastly simplifying its proof. Stallings credits some of his methods to I.
Johansson and H. Kneser.
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Bicollar neighborhoods; an
extension of the Loop theorem

Let M? be a connected polyhedral 2-manifold, in the interior of a triangu-
lated 3-manifold M*=|K| with boundary. Suppose that M? separates
every sufficiently small connected neighborhood of M2 in M3. (That is,
there is a neighborhood ¥ of M? such that if W is a connected neighbor-
hood of M?, and W C V, then W — M? is not connected.) Then M? is two
sided in M 3. More generally, if M? is not necessarily connected, then M? is
two sided if every component of M? is two sided.

Theorem 1. Let M= |K| be a triangulated 3-manifold with boundary, and
let M? be a polyhedral 2-manifold lying in Int M>. Suppose that M? is the
union of a collection of components of the boundary Bd N of a 3-manifold
N with boundary, lying in M3. Then M? is two sided in M>.

PrOOF. We need to show that every component B of M? is two sided. Let
W be any connected neighborhood of B which intersects no other compo-
nent of Bd N. Then

W-B=W-BdN=(WnIntN)u(W-N),

where the two sets on the right are nonempty and separated. O

Theorem 2. Let M> = |K| be a triangulated 3-manifold with boundary, let
B =Bd M?3, and suppose that B is compact. Then there is a PLH

p: BX[0,1]eW cM?

such that (1) W is a neighborhood of B in M* and (2) for each point P of
B, p(P, 0)= P.
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ProOF. Let d,, d,, . . ., d, be a sequence of polyhedral 2-cells in B, with
disjoint interiors, such that B=J, 4, and such that the union of any
subcollection of these 2-cells is a 2-manifold with boundary. Then there is
a polyhedral 3-cell C, in M3, and a PLH p,: d, X [0, 1]<> C,, such that
C,Nn B=d, and p,(P, 0)= P for each P. Suppose (inductively) that we
have given

W(U@)qqqemcM%

such that W,n B= U’ ;=14 and p,(P, 0) = P for each P. Let ¢, ; =4, ; N
U, < d, so that €., 1s ’a finite union of disjoint arcs. Let

1 =di N (e %[0, 1]).

Then d/, , is a 2-cell, lying in Bd Cl (M?® — W,). Therefore there is a 3- cell
C,.,p lying in Cl(M?— W,), such that C,, , "nBd Cl(M3— W) =d,,.

1

Now extend p; to get p, , ;: (UJ'+: d) X [0, 1]&> W, |, preserving the condi-

tions for p,. The final p, obtained by this process is the desired p. O

A neighborhood W as in Theorem 2 will be called a collar neighborhood
of B in M3. (We have required that p be PL. In most of the literature, p
may be any homeomorphism satisfying the other conditions of Theorem
2)

Theorem 3. Let M> = |K| be a triangulated 3-manifold with boundary, and
let M? be a compact polyhedral 2-manifold in Int M3, such that M? is two
sided in Int M3, Then there is a PLH

p: M2x[—1,1]<W cInt M?

such that (1) W is a neighborhood of M? in Int M3 and (2) for each point
P of M2, p(P, 0) =

Such a W will be called a bicollar neighborhood of M?2. Similarly for a
1-manifold in a triangulated 2-manifold.

PrOOF OF THEOREM 3. Suppose (without loss of generality) that M? is
connected. Let N be a regular neighborhood of M? in Int M. Since M? is
two sided, it follows that N — M? is not connected; and it is easy to check
geometrically that N — M? has only two components U and V. (See the
proof of Lemma 1 in the proof of Theorem 2.1.) Then U and V are
3-manifolds with boundary, and form subcomplexes of a subdivision of K;
and M? is a component both of Bd U and of Bd ¥. Now apply Theorem 2
twice, getting W, c U, W, C V, with W,nBd U= M?>= W, N Bd V. Let
W=Ww, uW,. O
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Theorem 4 (C. Papakyriakopoulos). Let M > = |K| be a triangulated 3-mani-
fold with boundary, let M* be a compact polyhedral 2-manifold in Int M3,
let i be the inclusion M?— M3, and let i* be the induced homomorphism
7(M?) —a(M?3). Suppose that (1) M? is two sided in Int M> and (2)
ker i* is nontrivial. Then there is a polyhedral 2-cell A in Int M3, with
Bd A= C, such that C=AnN M?* and C is not contractible in M*.

PrOOF. Let D: A— M3 be a PL singular 2-cell in M3, with Bd D=L, |L]|
C M?, such that L is not contractible in M2 Since M2 Int M3, we can
force | D| off of Bd M3, preserving the stated properties of D. Thus we may
assume hereafter that |D|c Int M2,

Let W be a bicollar neighborhood of M? in Int M3, We choose D in
general position relative to Bd W, in the sense that (a) the set

D' (ID|nBd W)

is a finite union of disjoint polygons J,, J,, . . ., J, and (b) each J; has an
annular neighborhood 4; in A such that one of the components of 4, — J,
is mapped by D into Int W, and the other is mapped into M3 — W. Now
each J; bounds a 2-cell 4; in A. Some one of these, say, d|, contains no J; in
its interior. There are now three cases.

Cast 1. Suppose that D (Int d,) CInt W. Let V be the component of W
that contains D (d,), and let B be the component of Bd V' that contains
D(J,)). Since B is a retract of V, we can redefine D in such a way that
D(d)) C B; and we can then force D(d,) off of B into M>— W. (See
Condition (b) above.) Thus we have reduced the number of polygons J,,
and so, at some stage, we must have the contrary case:

CASE 2. Suppose that D (Int d,) € M®— W. If D|J, is contractible in the
component B of Bd W that contains D (J,), then we can redefine D in
such a way that D(d,) C B, and then force D (d,) off of B into Int W.
(This is as in Case 1, except that we are pushing in the opposite direction.)
In a finite number of such steps, we must get to:

Case 3. D(Intd;) c M> — W, and D|J, is not contractible in the compo-
nent B of Bd W that contains D (J,). We can now apply the Loop theorem
to Cl (M?— W) and L = D|J,. It follows that there is a polyhedral 2-cell
A, in Cl(M?— W), with boundary C,=A,N B, such that C, is not
contractible in B. We have

W=p(M*x[~-1,1]).

Thus there is a polygon C C M? such that C, = p(C X {1}) (or, similarly,
C,=p(C X {—1}.) Let 4 be the annulus p(C X [0, 1]), and let A=A, U 4.
Since C, is not contractible in B, it follows easily that C is not contractible
in M2 Thus A is the A that we wanted. O
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Theorem 4 is the most general form of the Loop theorem that will be
needed for the purposes of this book. For some purposes, however, the
following is needed.

Theorem 5. Suppose that in Theorem 4, M 2 is a closed set in M3, but is not
necessarily compact. Then the conclusion of Theorem 4 still holds.

ProOF. We observe the following.

(1) In the proof of Theorem 2, if M? is not known to be compact, then
the construction of p may require an infinite process. But this process is
always locally finite, in the sense that it terminates on every finite poly-
hedron in M2 Thus the more general form of Theorem 2 holds true, even
when M? is not required to be closed. The generalized form of Theorem 3
now follows as before.

(2) In the proof of Theorem 5, the set |D| N M?is a closed subset of the
compact set |D|, and so |[D| N M? has a compact polyhedral neighborhood
in M 2. The proof is thereafter the same as that of Theorem 4. O

In Theorem 4, we required that M 2 be two sided in M>. For compact
polyhedral 2-manifolds in R this is not a restriction.

Theorem 6. Let M?* be a compact connected polyhedral 2-manifold in R>.
Then M? is 2-sided in R>. In fact, R* — M? is the union of two connected
sets I and E, with M? as their common frontier.

PROOF. Let P be a point in the unbounded component E of R* — M2, and
let B be a broken line PQ such that B N M? is a point which lies in the
interior of an edge of B and in the interior of a 2-simplex of M2 We shall
show that Q lies in a bounded component I of R® — M2,

Suppose not, and let B’ be a broken line from P to Q such that
B’ M?=Int B nInt B’ = . Since R is simply connected, there is a PL
mapping p: A—R>, where A is a 2-cell, such that (1) p|Bd A maps Bd A
homeomorphically onto B U B’. Let K(A) be a subdivision of A, such that
p is simplicial relative to K (A). We choose p such that (2) p is a homeomor-
phism on each simplex of K (A). The images of the edges and vertices of
K (A) will be called edges and vertices of p(A). Finally, we may choose p in
general position relative to M2, in the sense that (4) M2 contains no vertex
of p(A) and (5) p(A) contains no vertex of M2, Consider the set

G=p_'[p(A)ﬂ Mz].

G forms a linear graph, intersecting Bd A in a single point R such that
p(R)= B N M2 Since every vertex of G that lies in Int A lies in exactly
two edges of G, and R lies in only one edge of G, it follows that the
component of G that contains R is a broken line between two points of
Bd A. This contradicts the hypothesis for B and B’. Thus R*— M? has a
bounded component /.
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26 Bicollar neighborhoods; an extension of the loop theorem

As in the proof of Theorem 3, we see that for each regular neighbor-
hood N of M? N — M? is the union of at most two connected sets, and
therefore of exactly two. From this it follows that M2 = Fr E = Fr I, and
that there is no third component of R> — M2, 0

Just as for polygons in R2, we define the interior of M? in R to be the
bounded component I of R*— M2 The exterior E is the unbounded
component.

Theorem 7. In R>, let M}, M2, and M} be connected polyhedral 2-manifolds
with boundary, such that the sets Bd M,-2 are all the same, and the sets
Int M? are disjoint. Let E be the unbounded component of R* — U , M.

Then Fr E is the union of two of the sets M?, say, M} and M}; and
Int M7} lies in the interior of M} U M3.

PROOF. Let e be an edge of Bd M?, and let C? be a small circular region
which is orthogonal to e at an interior point of e. Now proceed as in the
proof of Theorem 2.7. O

Theorem 8. Let K be a triangulation of R, and let M? be a compact
connected 2-manifold which forms a polyhedron in |K|. Then M? is
orientable.

PrOOF. We know by Theorem 6 that R>— M2 has exactly two compo-
nents. Let C; be a combinatorial 3-cell in R?, containing M? in its interior,
and let C; be another combinatorial 3-cell, such that C} n C; =Bd C} =
Bd C;. Then C} U C; is a 3-sphere S, and has a triangulation L in which
M? forms a subcomplex. Also, S3— M? has exactly two components U
and V. (Why?) It is well known that for any triangulation L of a 3-sphere,
Hy(L)~Z. Let 2= S o

be a 3-cycle which generates H3(L). Then every 3-simplex of L appears in
Z* with coefficient different from 0, and these coefficients are all the same,
except perhaps for sign. Let Y2 be the sum of all terms a;0? of Z3 for
which o2 c U, and let Z2= §Y>. Then Z? is a nonzero 2-cycle on M2 in
which every 2-simplex appears with total coefficient different from 0. From
this we can easily verify that M? contains no Mébius band. Therefore M?
is orientable, which was to be proved. O

PROBLEM SET 26
The following propositions were used without proof in the proof of
Theorem 2.

1. Let M*=|K| be a triangulated 3-manifold with boundary, and let d be a
polyhedral 2-cell in Bd M3. Then there is a polyhedral 3-cell C in M3 such that
d c C N Bd M3. (See Theorem 23.2)
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2. Let M3 and d be as in Problem 1. Then every neighborhood of d contains a
polyhedral 3-cell C such that d= C N Bd M3.

The following will be needed soon.

3. Let M3 =|K]| be a triangulated 3-manifold with boundary, let N be a polyhedral
3-manifold with boundary in Int M3, and let d be a polyhedral 2-cell in Bd N.
Then every neighborhood of d in M3 contains polyhedral 3-cells C, and C,,
lying in N and Cl (M3 — N) respectively, such that d=C,NBd N=C,Nn
Bd N.
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Hereafter, when we speak of a PL manifold, we shall mean a manifold with
a fixed triangulation; the latter will not be named, except when we have
some special reason to do so. Similarly for PL manifolds with boundary.

Let M2 be a PL 2-manifold, and let # be a PLH M2« M?2. If there is a
polyhedral 2-cell d in M2, such that h|(M? — d) is the identity, then A is
cellular.

Theorem 1. Let M> be a PL 3-manifold, let N be a polyhedral 3-manifold
with boundary, lying in M3, and let M?* be a polyhedral 2-manifold (not
necessarily compact) lying in Bd N. Then every cellular PLH h: M* < M?
has a PLH extension h': M*< M3, N« N. And for each neighborhood W
of M2, i’ can be chosen so that h'|(M>®— W) is the identity.

PROOF. Let d € M? be as in the definition of a cellular PLH. Let C, and
C, be as in Problem 26.3, with C|, C, C W. Define h’ as the identity on
CL [M? - (C,U C,)], and define h'|M? as h. Now extend 4’ to Int C, and
Int C, so as to get the desired PLH. O

Theorem 2. Let A be a PL annulus, and let J and J' be polygons in Int A,
neither of which bounds a 2-cell in A. Then there is PLH h: A< A such
that (1) h(J)=J’, (2) h|Bd A4 is the identity, and (3) h is the composition
of a finite sequence of cellular homeomorphisms.

ProoF. There is no loss of generality in supposing that J’' forms the
mid-line in a rectangular diagram of A, as in Figure 27.1. We then proceed
as follows.
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a a
J
PZ‘M ! 1"
P4 B [ ¥
Figure 27.1

(1) By a finite sequence of cellular homeomorphisms, leaving Bd A
fixed, we move J below J'. (It is easy to check that two such homeomor-
phisms are enough.)

(2) By similar steps, move J into general position relative to the vertical
edges a and a’ of the diagram, so that J now intersects these only in “true
crossing points.”

(3) If J contains a broken line B with both its end-points in the same set
a or a’, move B across a or a’ by a cellular PLH. This process terminates,
because J N a is a finite set.

Now J must still intersect a (and a’); if not, J would bound a 2-cell in
A, which is false. We assert that J N a contains only one point. Suppose
not,and letJ Nna={P,, P,, ..., P,}, in ascending order on a, with n > 1.
Let B be the broken line in Figure 27.1, lying in J, with P, as an end-point.
If the other end-point of B is P|, then J is not connected. If the other
end-point of B is P/ (k > 1), then B separates P; from {P,, P;, ..., P,} in
the diagram, which is impossible (Theorem 2.8).

(4) By a finite sequence of cellular homeomorphisms, move J onto J'. []

We note a corollary, for later reference.

Theorem 3. Let J be a polygon in the interior of a PL annulus A. Then (1) J
bounds a 2-cell in A or (2) J carries a generator of H\(A) = H,(A, Z) and
a generator of w(A).

(Here carries means what one might think: If Z"= Ja,0" is a cycle, and
0" C M whenever a;% 0, then M carries Z". Similarly, if p is a closed path
in M, then M carries p.)

Theorem 4. Let N be a polyhedral 3-manifold with boundary, in a PL
3-manifold M 3 let A be a polyhedral annulus in Bd N, and let J and J’ be
polygons in Int A, neither of which bounds a 2-cell in Int A. Let W be a
neighborhood of A (in M?3). Then there is a PLH h: M- M3 Bd No
Bd N, A A, JJ', such that h|(M>® — W) is the identity.

PROOF. Let h|4 be the & given by Theorem 2. Then extend 4 to all of M3
by repeated applications of Theorem 1. O
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27 The Dehn lemma

Theorem 5 (The Dehn lemma, C. Papakyriakopoulos). Let M> be a PL
3-manifold, and let D: A— M3 be a PL singular 2-cell with no singulari-

ties on its boundary. Then the polygon D (Bd A) is the boundary of a
polyhedral 2-cell A, in M>.

PrOOF. Let M3 = |K|. We may suppose that |D|= D (A) is a subcomplex
of K. Let L=Bd D, so that |L| = D(Bd A); let N(|D|) be the regular
neighborhood of |D| in K, and let N(|L|) C N(|D|) be the regular neigh-
borhood of |L|. Let

Ny=N(IL]), N,=CI[N(D])-N,],
A=N,NN, J=|D|nA.

By Theorem 24.12, N, is a solid torus, so that Bd N, is a torus, and 4 is an
annulus (rather than a Mobius band). Also, 4 is a regular neighborhood of
J in Bd N,, and J U |L| is the boundary of an annulus B in N,.

Now J is contractible in N, but not in 4. The set Int N,uInt 4 is a
3-manifold U with boundary; Bd U =1Int 4, and U has a triangulation K|,
each of whose simplexes is linear in a simplex of K. Let L’ be a loop
traversing J once. Then L’ is PL relative to A and K, and L’ is
contractible in U but not in Bd U. By the Loop theorem (Theorem 25.2) it
follows that there is a polyhedral 2-cell A, C U, with A,nBd U=J,=
Bd A,, such that J, is not contractible in Int A. Thus A, is a polyhedron in
N,, J, CInt A, and J, does not bound a 2-cell in Int 4.

By the preceding theorem, J, can be moved onto J by a PLH h: M*—
M3, Ny N,, A A. It follows that J is the boundary of a polyhedral
2-cell in N,. Adding to this the annulus B, we get the desired 2-cell A,. []

PROBLEM SET 27

Prove or disprove:

1. Let H be a PL handle, let / = Bd H, let p be a path which traverses J exactly
once, and let n be a positive integer. Then p” is not contractible in H.

2. Let M2 be a compact connected 2-manifold with boundary, suppose that Bd M2
is a polygon J, and let p be a closed path which traverses J exactly once. If p” is
contractible in M2, for some n > 0, then M2 is a 2-cell.

3. What happens in Problem 2, if we drop the hypothesis that J be all of Bd M%?
(Thus J may be any component of Bd M2)

4. Let M?=|K| be a PL 2-manifold, and let J be a polygon which forms a
subcomplex K, of K. Let Z! be a 1-cycle which generates H,(K;) = H,(K,, Z).
If Z'~0 on K, then J separates M?; that is, M2 is the union of two 2-manifolds
M}, M} with boundary, such that M, N M, =Bd M, N Bd M,=J.

5. Let M2 and J be as in Problem 4, and let p be a closed path which traverses J
exactly once. If p is contractible in M2, then J bounds a 2-cell in M2 (Note the
following. If D: A— M? is a singular 2-cell, with L = Bd D and |L| = J, then we
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cannot choose |D| in general position relative to J, but we can choose |D| in
general position relative to the boundary of a bicollar neighborhood of J.)

6. The Dehn lemma also holds in the case in which M3 is a PL 3-manifold with
boundary and |L| c Bd M?; and A may be chosen so that An Bd M3 =Bd A.

7. Let C3 be a 3-cell, and let A and B be disjoint closed connected sets in C3, each
of which intersects Bd C3. Let J be a 1-sphere in Bd C3, such that J separates
AN Bd C3?from BN BdC3inBd C3. Let W be a compact setin C>— (4 U B),
such that J is contractible in W. Then W separates 4 from B in C>.
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Polygons in the boundary of a
combinatorial solid torus

For the definition of a combinatorial solid torus (CST), see the discussion
just before Theorem 24.9. There we show that S is a CST if and only if S is
the image of a product ¢ X [0, 1] under a PL identification mapping ¢
which identifies 02X {0} and 62X {1} in such a way as to give an
orientable 3-manifold with boundary. In fact, every polyhedral solid torus
is a CST, but we are not yet in a position to prove it; it is a special case of
the Hauptvermutung for 3-manifolds with boundary, and it is not easy to
see how the special hypothesis can be used. Meanwhile we have the
following.

Theorem 1. Let S be a polyhedral torus in R®. Then S is a CST.

PRrOOF. By the definition of a torus, we have S = U :.‘=|C,.3, where each C;
is a 3-cell, and these 3-cells are arranged in cyclic order in S, as in
Theorems 23.20 and 23.21, except that they are not necessarily polyhedra.
Consider the two components M} and M; of S — (C; U CJ). Each M} is a
3-manifold with boundary, and each of the sets Bd M, is the interior of an
annulus in Bd S. By Theorem 8.2, each M;? has a rectilinear triangulation
K, so that M becomes a PL 3-manifold with boundary. And each M} is
simply connected. By the Loop theorem it follows that M contains a
polyhedral 2-cell A; such that A, Bd M?=Bd A, and Bd A, is not con-
tractible in Bd M. Now Bd A, decomposes the annulus Cl (Bd M}?) into
two annuli. (Proof by Theorem 27.2; any annulus can be regarded as PL))
It follows that Bd A, U Bd A, decomposes Bd S into two annuli 4, and 4,.
Consider the 2-spheres S?=A, U A, U 4; (i =1, 2). By the PL Schénflies
theorem (Theorem 17.12), S? is the boundary of a combinatorial 3-cell D?.
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(This is the only point in the proof at which we use the hypothesis that S is
a polyhedron in R3.)

By Theorem 23.8, Bd S=Fr S. Let E = R — S. By Theorem 26.3, Bd S
has a bicollar neighborhood N. Let N'= N — §. Then N’ is connected.
Since every point of E can be joined, by a broken line in E, to a point of
N’, it follows that E is connected. Since Bd D2 c S (i=1,2), we have
D?C S, so that (1) DJ U D3 C S. Since 4, C Fr § (i =1, 2), we have (2)
Int D} N Int D; = @. Finally, let P be a point of Int S, and suppose that
P & D}. Since R® — D} is connected, P can be joined to a point of E by a
broken line in R*— D;. Therefore P can be joined to a point Q of
Bd S by a broken line in S — D}. Since Q € 4,, it follows that P € D;.
Thus we have (3) S ¢ D} U Dj.

By (1), (2), and (3), A, and A, decompose S into two combinatorial
3-cells D} and D}, with D} N D3 =A, N A,. We now define ¢: 6% X [0, 1]
S in such a way that 62 X [0, 1 /2]« D; and 0% X [1/2, 1]« D3. O

The use of the Loop theorem in the preceding proof was merely a
matter of convenience; it enabled us to avoid an elaboration of the
methods used in the proof of Theorem 17.12.

Hereafter in this section, S will be a CST, with Bd S=T, in a PL
3-manifold M>. Let J, be a polygon in T. If S has a cylindrical diagram in
which J_ appears as the boundaries of the two bases a2 X {0} and o2 X {1},
then J. is latitudinal in S. Let J be another polygon in 7, in general
position relative to J,, in the sense that J intersects J, only in “true
crossing points.” Suppose that no arc in J appears in the diagram as a
broken line with both its end-points in the same base of 62 X [0, 1]. Then J
is in standard position relative to J,.

Theorem 2. Let J, be latitudinal in S, and let J be a polygon in T. Then there
is a PLH h: Mo M3, S S, such that h(J) is in standard position
relative to J.. And given any neighborhood W of T, h can be chosen so
that h|(M> — W) is the identity.

ProoF. Evidently J can be moved into general position by a finite
sequence of cellular PL homeomorphisms. By Theorem 27.1, J can be
moved into general position by a PLH h;: M3 M3, S« S, such that
h,|(M?3 — W) is the identity. Suppose that there is a broken line in A,(J)
which appears in the diagram as a broken line with both its end-points in
the same base of the cylinder. Then B can be moved across J, by a cellular
PLH T« T. As before, this PLH can be extended to give hy: M>e> M?,
So S, with h|(M?— W) equal to the identity. This process must
terminate, giving us the desired A. O

Theorem 3. Let J, be latitudinal on S, and let J,, J,, ..., J, be disjoint
polygons in T. Then there is a PLH h: M>— M3, S S, such that each
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28 Polygons in the boundary of a combinatorial solid torus

set h(J)) is in standard position relative to J .. And given any neighborhood
W of T, h can be chosen so that h|(M> — W) is the identity.

Proor. First move J, into standard position, as in the preceding proof, by
a PLH h,. Then move h,(/,) into standard position, by a PLH h,, chosen
so that h,h,(J,) is in standard position. (Note that 4,(J,) may bound a
2-cell in T —J,, and this 2-cell may be moved across J, by h,. If J, does
not bound a 2-cell in T, then A, can be chosen so that A,k (J,) is the
identity.) In n such steps, we get the desired h = h h,_, . .. hyh,. O

Given a polygon J in T, let K be a triangulation of M3 in which J forms
a subcomplex, and let Z'(J) be a generator of H,(J) = H,(J, Z). Let p, be
a closed path which traverses J exactly once. Since #(S) and #(T) are
already commutative, the canonical homomorphisms 7 (S)— H (S, Z) and
7(T)— H (T, Z) are isomorphisms. Therefore the conditions (1) Z'(J)~0
on T and (2) Z'(J)~0 on S are topologically invariant: they do not
depend on the choice of K. Thus we may abbreviate them as (1) / ~0 on
T and (2) J~0 on S. And we know that J~0 on T (or S) if and only if J
is contractible in T (or S).

Theorem 4. Let J and J,, be polygons in T, such that J, is latitudinal and J is
in standard position relative to J . Let n be the number of points inJ N J,.
Then Z'(J)~nY' on S, where Y' is a generator of H\(S)=H(S, 2).

PROOF. Let J, be a polygon in T which appears in the cylindrical diagram
as a broken line with its end-points in the two bases. Let Y! be a 1-cycle
defined by an orientation of J,. Either orientation makes Y' a generator of
H,(S), and one of them gives Z'(J)~nY". 0

Theorem 5. Let J be a polygon in T. If J ~0 on S but not on T, then J is
latitudinal in S.

PRrOOF. Let J, be a latitudinal polygon in S. Let 4 be as in Theorem 2, so
that h(J) is in standard position relative to J,. Let n be the number of
points in A(J)N J,. Since J~0 on S, it follows that n=0. Let ¢: 6% X
[0, 11— S be the identification mapping. Then h(J) appears in 6% X [0, 1]
as a polygon J’ = ¢ ~'h(J), intersecting neither of the bases. Forming the
join of J’ with an interior point of the cylinder, we get a polyhedral 2-cell
A, with Bd A = J’ = A 0 Bd(6? X [0, 1]). Thus ¢(A) and ¢(o? X {0}) decom-
pose S into two combinatorial 3-cells whose intersection is the union of the
two 2-cells. It follows, as in the proof of Theorem 1, that A(J) is latitudinal
in S. Thus there is an identification mapping ¢': 6% X [0, 1] S, o2 X {0}
—¢(A). Now A~ !¢’ is an identification mapping ¢”, with ¢”(¢* X {0}) =
¢"(6>x 1) = h~'(A); and J =Bd h~'(A). Therefore J is latitudinal,
which was to be proved. O
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Theorem 6. Let J,, J,, ..., J, (n>1) be disjoint polygons in T, such that
J;#0o0n T for each i. Let U be a component of T— \UJ J,, and let A = U.
Then A is an annulus, and Bd A = J, U J; for some i, j.

Proor. By Theorem 3, we may suppose that all the polygons J; are in
standard position relative to a latitudinal polygon J,. There are now two
cases.

Cask 1. A appears in the boundary of the cylindrical diagram as a finite
union of disjoint 2-cells, each of which intersects each of the bases in an
arc. Since A is connected, A is an annulus or a Mobius band, and the latter
is impossible, since T is orientable. Therefore A is an annulus, Bd 4 is not
connected, and the theorem follows.

CASE 2. ANJ,=@. In the cylindrical diagram, Bd 4 intersects neither
base, and so each component of Bd A is latitudinal. Therefore Bd 4
decomposes T into two annuli, one of which is 4, and the theorem follows.

O

Theorem 7. Let J be a polygon in T, such that J <0 on T, and let B be a
regular neighborhood of J in T. Then Cl (T — B) is an annulus.

Proor. This follows from the preceding theorem. O

Theorem 8. Let J |, J,, . . ., J, be disjoint polygons on T, such that J; 0 on
S for each i, and such that \U J; carries a generator of H,(S). Then each
J; carries a generator of H(S).

PROOF. As in the proof of Theorem 6, we may suppose that all the
polygons J; are in standard position relative to a latitudinal polygon J,.
And obviously we may assume that n > 1. Now each component 4 of
T— U J, is as in Case 1 in the proof of Theorem 6. It follows that the
number of points in J;N J, is a constant k, independent of i. It follows
that k = 1, so that each J, carries a generator. O

Theorem 9. Let J be a polygon in T. If J ~0 on T, then J bounds a 2-cell in
T.

Proor. By a PLH as in Theorem 2, J can be moved onto a polygon J’
which is in standard position relative to a latitudinal polygon J, . Since
J~O0on T, we have J'~0 on T. By Theorem 4, J’ intersects neither of the
bases of the cylindrical diagram of S. Therefore J’ is latitudinal or J’
bounds a 2-cell in 7. The former is impossible, since J'~0 on T.
Therefore J’ bounds a 2-cell in T, and so also does J. O

Theorem 10. Let K be a polyhedron in T, such that K carries a generator of
H\(S). Let J be a polygon in T — K, such that J does not bound a 2-cell in
T. Then J carries a generator of H\(S).
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28 Polygons in the boundary of a combinatorial solid torus

PrOOF. Let B be a regular neighborhood of J, sufficiently small so that
BN K=, and let A=ClI(T— B). By Theorems 7 and 9, 4 is an
annulus; and K C 4. Let Bd 4 = J, U J, =Bd B. Since J, carries a gener-
ator of H,(A), it follows that J, carries a generator of H,(S). Therefore
J U J, U J, carries a generator of H,(S). Now apply Theorem 8. |

The following belongs to very elementary homology theory.

Theorem 11. Let K, and K, be complexes whose union is a complex K. Let
Z" be a cycle on K|, such that Z" ~0 on K. Then there is a cycle Y", on
K, N K,, such that (1) Y"~Z" on K, and (2) Y"~0 on K,.

PrROOF. Let C"*! be an (n + 1)-chain on K, such that 9C"*'= Z". Let

C"*! A K, be the sum of all terms a;6"*" of C"*! such that 6/"*! € K. Let

Y"=2Z"-3(C"*'AK,).

Then Y" is a cycle, and Y"~ Z" on K,. To verify that Y” is a cycle on
K, N K,, we write

Cn+l = Cn+l/\Kl +[cn+| _ Cn+1/\Kl].
Here the chain in brackets is a chain on K. Therefore
Z"=(Z"-Y")+ X",

where X" is a cycle on K,. Therefore Y" = X", Y" is a cycle on K, N K,,
and Y"~0 on X,. O

Theorem 12. Let S be a CST in R® (or S%), and let T=Bd S. Let A be a
polyhedral 2-cell in Cl (R* = S), such that J=Bd A=AN T, and such
that J <0 on T. Then J carries a generator of H(S).

PROOF. Let Z! be a generator of H,(S); let N be a regular neighborhood
of A, and triangulate R?® in such a way that S, A, N, and J form
subcomplexes of the triangulation. Let

D=SUN=SUCI(N-5).

Since N N T is a regular neighborhood of J in T, and J <0 on T, it follows
that Cl (T — N) is an annulus. Therefore Bd D is a 2-sphere. Therefore D
is a 3-cell, and Z'~0 on D. By the preceding theorem, there is a 1-cycle
Y'on SNCI(N-S)=NnNT, such that Z'~Y' on S, so that Y'
generates H,(S). Since N N T is an annulus, it follows that there is a cycle
X!, on a component J’ of Bd (N N T), such that X' generates H 1(S).
Since obviously X' is homologous on N N T to a cycle on J, the theorem
follows. O

Evidently this theorem depends essentially on the hypothesis that S lies
in R? or 83 It is not hard to see that the theorem fails in any 3-manifold
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that contains a projective plane. It also fails in any manifold that contains
a “singular 2-cell whose boundary wraps around a fixed polygon more
than once.” The latter happens in lens spaces. (See Section 29.)

Theorem 13. Let S be a regular neighborhood of a polygon J, in R (or S).
Let T=Bd S, let J be a polygon in T, such that J 0 on T, and let A be
a polyhedral 2-cell such that Bd A=J and Int ACR®— S. Then J, is
unknotted.

PROOF. Let Z' = Z!(J) be an orientation of J. By the preceding theorem,
Z'! generates H,(S). Let J, be a latitudinal polygon in 7. By Theorem 2,
there is a PLH R*R? S S, T T, moving J onto a polygon J’ which
is in standard position relative to J,, and moving A onto a polyhedral 2-cell
A’. By Theorem 4, J’ crosses J, exactly once. Now J, U J' is the boundary
of an annulus 4 in S, and J, is the boundary of the polyhedral 2-cell
AU A. O

The following is a corollary of the Alexander duality theorem, but has
an elementary proof.

Theorem 14. Let J be a polygon in R® (or S®). Then H\(R® — J)~Z. And if
S is a regular neighborhood of J, with boundary T, and J is latitudinal on
T, then Z'(J,) generates H,(R* — J).

Proor. In the fundamental group of R®—J, we have generators
g1, 8 - - - » &» and relations of the form gg; 'g™'g, = e. When we make
the group commutative, passing from 7(R*>—J) to H,(R®— J), this says
that g, = g;. Since J is connected, we can get from any generator to any

other by this method, and so all generators are the same in H,(R*>— J).
And obviously Z(J,) generates H,(R®> — J). (See the geometric definition
of the generators g;.) 0

Theorem 15. Let J be a polygon in R® (or S®). Let S be a regular
neighborhood of J. Then there is a polygon J, in T=Bd S such that
Z'(J,) generates H\(S) and Z'(J,)~0 on Cl (R* - ).

PrOOF. Let J_ be a latitudinal polygon in 7. Now Z'(J,) generates
H,(R®—J), and Cl (R*— §) is a deformation retract of R® — J. Since the
inclusion Cl (R®— §)—R>—J induces an isomorphism #[Cl (R> — §)]—
7(R>—J), it also induces an isomorphism H,[Cl (R® - S)]< H,(R* —J).
Therefore Z'(J,) generates H,[Cl (R®— S)]. Let J, be a polygon in T
which crosses J, exactly once, so that Z'(J,) generates H,(S). Then

Z'(J,)~nZ'(J,) onCl(R*-S)

for some integer n. We now cut J, apart, at the point where J, crosses J,,
and insert a “helix,” winding around S » times, in the appropriate
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28 Polygons in the boundary of a combinatorial solid torus

direction, getting a polygon J, such that Z! (J,)~0on Cl (R — S). Since
J, crosses J, exactly once, z! (J ) generates H (S) O

By essentially the same method, we get a variant form of the Dehn
lemma.

Theorem 16. Let J be a polygon in R* (or S®), and suppose that w(R® — J) is
commutative. Then J is unknotted.

Proor. If 7#(R?—J) is commutative, then 7(R*—J)~ H,(R*— J)~Z
Let S be a regular neighborhood of J, let J, be latitudinal in 7= Bd S,
and take J, as in Theorem 15. Take the base point of the fundamental
group of R*—J as {Py} =J, N J,, and let p be a path which traverses J,
exactly once. Since the canonical homomorphlsm 7(R®—J)— H,(R® - )
is an isomorphism, p is contractible in R* — J. Therefore p is contractible
in Cl (R® — S). Now J, U J is the boundary of an annulus in §. Therefore
J is the boundary of a singular 2-cell with no singularities on its boundary.
By the Dehn lemma, J is unknotted, which was to be proved. O

Theorem 17 (Henri Poincaré). There is a compact connected triangulated
3-manifold which has the homology groups of a 3-sphere, but is not simply
connected (and hence is not a 3-sphere).

PROOF. Let J be a knotted polygon in S3, let S be a regular neighborhood
of J, with Bd § = T, let J, be latitudinal in 7, and let J, be as in Theorem
15, so that Z' (J,) generates H,(S) and Z! (J,)~0on Cl (S* - S). Let K,
be a (rectlhnear) triangulation of CI (S*— S) and let ¢ be a sxmphc1al
homeomorphism |K,|& |K,|, where K, is a complex, and |K,| N |K,| = &
Let T"=¢(T), J,=¢(J,), and J, = qb(Jy). Now identify T with T’ by a
PLH which identifies J, with J; and J, with J;. After appropriate subdivi-
sions of K, and K, the resulting space forms a complex K. Evidently K is a
triangulated 3-manifold.

Lemma 1. K is orientable.

PROOF. Assign to K, and K, orientations which induce opposite orienta-
tions of K; N K,. This gives an orientation of K. O

Lemma 2. Hy(K)~ HS>.
PrOOF. Because both K and S are connected. O
Lemma 3. H/,(K)=0 (= H/S?).

PROOF. Let Z' be a 1-cycle on K, and let Y°=9(Z' A K)). Since K, N K,
is connected, Y°~0 on K, N K,, and Y°=9C", where C! is a I-chain on
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K, N K,. Thus
Z'=Z'NK +(Z'-Z'N\K,)
=(Z'NK, - C')+(Z2'-Z'N\K,+C")
=Y+ 7Y),

where Y, and Y, are l-cycles on K, and K, respectively. Let C? be a
2-chain on S?, such that 3C} = Yll, and let

Then X' is a cycle on K; N K,, and X/~ Y/ on K1 and hence on K.
Similarly, Y2 is homologous on K to a l-cycle X; on K,N K,. But
|K,| N |K,| is a torus, and H (K N K,) is generated by Z'(J,) and Z'(J,).
Since Z'(J,)~0 on K,, and Z'(J,) ~0 on K, it follows that Z'~0 on K
which was to be proved. O

Lemma 4. H,(K) =0 (= Hy(S%).
ProOF. By Lemmas 1 and 3, together with the Poincaré duality theorem.
[ST], p. 245. O
Lemma 5. Hy(K)~Z~ H,(S>.
PrOOF. Because both K and S? are orientable. O

Thus K has the same homology groups as S>. Therefore Lemma 6 will
complete the proof of Theorem 17.
Lemma 6. | K| is not simply connected.
Proor. If | K| is simply connected, then the homomorphism

i*: m(T)->7n(K|)

induced by the inclusion 7— | K| has a nontrivial kernel. By Theorem 26.4
it follows that there is a 2-cell A in |K|| (or |K,|) such that BAA=ANT,
and such that Bd A is not contractible in 7. It follows by Theorem 13 that
J is unknotted in S3, which is false. O

This example refuted an early conjecture of Poincaré that the compact
connected triangulated 3-manifolds were characterized by their homology
groups. The surviving form of the Poincaré conjecture asserts that if M is a
compact, connected, and simply connected 3-manifold, then M is a 3-
sphere. The literature dealing with this is extensive but inconclusive.

Theorem 18. Let M? be a polyhedral projective plane, in an orientable PL
3-manifold M, and let N be a regular neighborhood of M*. Then Bd N is
a 2-sphere.
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(This will be needed only in the following section.)

PROOF. Let K be a triangulation of M3 in which M? forms a subcomplex.
Let y be the usual PL identification mapping [0, 1 — M2, and let J =
Y(Bd [0, 1), so that J is a polygon. Let N = N(M?) be the regular
neighborhood of M? in K, and let N (J) be the regular neighborhood of J
in K. Let A=ClI[M?— N(J)]. Then A is a 2-cell. Let N’ =CI [N — N(J)].
Then N’ is a 3-cell. (The proof is essentially the same as for a complete
regular neighborhood of a polyhedral 2-cell: N’ is the union of a sequence
of 3-cells, each of which intersects the union of its predecessors in a 2-cell
lying in the boundary of each.)

Now N (J) is a CST, because M is orientable (Theorem 24.11). There-
fore NN Bd N(J) is an annulus 4,, forming a regular neighborhood of
Bd A in Bd N(J), and Bd A does not bound a 2-cell in Bd N(J). By
Theorem 28.7 it follows that Cl [Bd N(J) — 4,] is an annulus 4,. Thus
Bd 4, = Bd 4, decomposes Bd N’ into a union of 4, and two 2-cells A,
and A, lying in Bd N. Since Bd N = 4, U A, U A,, the theorem follows. [J

Theorem 19. Let M? be a polyhedral 2-manifold, in a PL 3-manifold
M?3*=|K|. Let A be a polyhedral 2-cell such that BdA=J=AnJ>%
Then J has an annular neighborhood in M?.

Note: Without A, this conclusion does not follow. For example, if J and
M? are as in the preceding proof, then every regular neighborhood of J in
M? is a Mobius Band.

PrROOF. We may suppose that M2 and A form subcomplexes of K. Let N be
the regular neighborhood of J relative to K. By a very special case of
Theorem 24.12, N is a CST. Now AN Bd N is a polygon, and AN N is an
annulus, so that AN Bd N carries a generator of H,(N). Now 4 = M>N N
is a regular neighborhood of J in M2 so that A4 is either an annulus or a
Mobius band. It is not hard to show that the latter is ruled out by Theorem

8. 0O

Under the conditions of Theorem 19, we can define an operation which
splits M? U A apart at A. This is done as follows. By Theorem 19, A has a
neighborhood in M2 U A which is the union of two polyhedral 2-cells D,
and D,, where A C Int D, for i=1,2 and D, n D, = A. Suppose that M?,
A, D), and D, form subcomplexes of K, and let N(A) be the regular
neighborhood of A in K, so that N(A) is a 3-cell, and N(A) N D; is an
annulus 4, (i = 1, 2). To split M? U A apart at A, leaving D, fixed, we delete
Int A, and add the 2-cell A, CcBd N(A) such that Bd A, =Bd 4, n
Bd N (A) and such that A, " Bd 4, = @&.

Theorem 20. Let M? be a polyhedral 2-manifold, in a PL 3-manifold M>,
and let A be as in Theorem 19. Suppose that M? — M?2, under an operation
which splits M* U A apart at A. Then x(M ) =x(M?+2.
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ProoF. By Theorem 21.10, when M? is split apart at J = Bd A, the Euler
characteristic is unchanged. When we add two new 2-cells, we have
X(M?H) > x(M?) +2. O

PROBLEM SET 28
Prove or disprove:

1. Given S ¢ M3 and T=Bd S as in this section; if J, and J, are both latitudinal
in T, then there is a PLH h: M3 M3 S S, J,oJ,.

2. GivenJ C T, if J carries a generator of H,(S), then J will be called longitudinal
in T. If J, and J, are longitudinal in 7, then there isa PLH h: S S, J, & J,.

3. Under the conditions of Problem 2, A can be chosen so that 4 has a PLH
extension 4': M3 M3,

4. Show that the special case of Theorem 24.12 that is needed in the proof of
Theorem 19 can be proved much more easily than Theorem 24.12. (Investigate
N (4)).

5. Suppose that in Theorem 18 we omit the hypothesis that M is orientable. Then
the resulting proposition is true.
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Limits on the Loop theorem:
Stallings’s example

Here we give an example, due to Stallings [S], to show that if in Theorem
26.4 we omit the hypothesis that M? is two sided in Int M3, the resulting
proposition is false.

Let p and g be positive integers, with p > 2 and ¢ < p. The lens space
L(p, q) is defined as follows. Set up a cylindrical coordinate system in R>.
Let B? and S? be the unit ball and its boundary, so that

B ={(r,0,z)|"" + 22 < 1},
S?= {(r, 0, z)|r’* + 22 = l}.
Each point (r, 8, z) of S?, with z > 0, is identified with the point

2
(r,0+ Lq, —2)652
p
Let L(p, q) be the resulting space. It is not hard to check that L(p, ¢) is an
orientable 3-manifold. And it will be easy to see, as we go along, that
L(p, q) can be triangulated in such a way that all sets to be mentioned are
polyhedra. Let ¢ be the identification mapping B*>— L(p, g).

Now consider L(6, 1). Let B> and S! be the unit ball and its boundary,
in R2, which appears in the cylindrical coordinate system as the rf-plane.
Then ¢|B? is a singular 2-cell with singularities only on its boundary. Let
|K| be a regular neighborhood of ¢(B?) in L(6, 1). Then L(6, 1) — |K]| is
the interior of a 3-cell, so that

7(L(6, 1))~ 7(|K|)~ W(¢(B2)).
But the latter group is isomorphic to the additive group Z of integers

modulo 6. To see this, take the base point P in ¢(S'), and observe that
every closed path with base point P is equivalent to a path in ¢(S").
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Therefore 7(¢(B?) is generated by a closed path p which traverses ¢(S')
exactly once. Evidently p®= e, and no lower power of p is = e, because
the corresponding 1-cycle (with integer coefficients) is not homologous to 0
on ¢(B?). Now let

Y={(r,0,2)|(r90,2) €B’and z = r cos 30 }s

and let
M?=¢(Y).

Note that Y is the join of the origin with a curve on S%; and since the
periodicity of the function r cos 30 matches the identification mapping ¢,
it is easy to check that M? is a 2-manifold. There is a cell-decomposition of
M? with one vertex, three edges, and one 2-face. Therefore

x(M?)=1-3+1=-1.

Since —1 is odd, it follows that M? is not orientable. By Theorem 22.6, we
have

x(M*)=1-p'(M*)=—1,
so that p!(M?) = 2. Therefore w(M?) is infinite, and the inclusion M?—
L(6, 1) induces a homomorphism 7(M?)— =(L(6, 1)) with a nontrivial
kernel.

Suppose now that Theorem 26.4 holds true, without the hypothesis that
M? is two sided in M 3. Then there is a polyhedral 2-cell A C L(6, 1) such
that Bd A=J=AN M? and such that J is not contractible in M2 We
split M2 U A apart at A, in the sense of Theorem 28.20. This gives a
2-manifold M, with x(M)= x(M?) + 2= 1. There are now two cases to
consider.

CASE 1. M is connected. By Theorem 22.11, M is a projective plane. Let N
be a regular neighborhood of M. By Theorem 28.18, Bd N is a 2-sphere.
By the simplest case of van Kampen’s theorem it follows that #[L(6, 1)] is
the free product of #(N) and #[Cl (L(6, 1) — N)]. This is impossible,
because 7(N)~ 7(M?) ~Z, and 7[L(6, 1)]~Z. (A free product is finite
only if one of its factors is trivial.)

CASE 2. M is not connected. Let the components of M be M, and M,. We
assert that at least one of the manifolds M, and M, is orientable. Suppose
not. Then by Theorem 22.6 we have
X(My)+x(My)=1-p' (M) +1-p'(M,)=1,
and
p'(My)+p'(My)=1.

One of the terms on the left must be = 0. If p'(M,) =0, then x(M,) = 1, M,
is a projective plane, and we get a contradiction as before. A similar
contradiction is reached if p'(M,) =0.
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29 Limits on the Loop theorem: Stallings’s example

We may therefore suppose that M, is orientable. Since x(M) is odd, M
is not orientable. Therefore M, is not. Thus

X(M)=1-p'(M)+2-p'(M,)=1,
and
p'(My)+p'(My)=12.

If p'(M,) =0, then M, is a 2-sphere, which is impossible, because J is not
contractible in M 2. Therefore

p'(My)=2, p'(M)=0, x(M,)=1,

and M, is a projective plane, which is impossible, as in Case 1.

Hereafter, we shall have no occasion to use singular 2-cells. We may
therefore resume the notation D for 2-cells (regarded simply as sets of
points).

PROBLEM SET 29

Here the terminology and notation of this section are used without further
comment. Prove or disprove:

1. Let N be a regular neighborhood of ¢(B?) in L(6, 1). Then Bd N is a 2-sphere.
2. M?is a 2-sphere with one handle and one cross-cap.
3. M?is a 2-sphere with three cross-caps.

4. Verify directly that M2 is not two sided in L(6, 1).
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Polyhedral interpolation theorems

Let H and K be disjoint closed sets, in a topological space X, and let C be
a closed set, disjoint from H and K. If X — C is the union of two disjoint
open sets, containing H and K respectively, then C separates H from K (in
X).

Theorem 1. Let X be a simply connected and locally connected topological
space in which every connected open set is pathwise connected. Let H, K,
C, and D be disjoint closed sets, and suppose that both H and K are
connected. If C U D separates H from K (in X), then either C or D
separates H from K.

Evidently every simply connected polyhedron (finite or infinite) satisfies
the conditions for X in this theorem; and in fact this is the only case in
which the theorem will be needed. But the more general hypothesis is all
that we need in the proof, even as a matter of convenience.

PROOF. Suppose not, and let U be the component of X — C that contains
H. Since X — C is locally connected, all components of X — C are open.
Let V be the union of all components of X — C other than U. If K C V,
then C separates H from K, contrary to our assumption. Therefore K C U,
and there is a path p, from a point P of H to a point Q of K, lying in U, so
that |p|N C = @. Similarly, there is a path g, from Q to P, such that
lgl N D =g. Now let A be a polyhedral 2-cell. We regard the closed path
Pq as a mapping Bd A— X; Bd A is the union of two arcs B,, B,, between
points P’ and Q’, these arcs being the domains of p and ¢q. Now pg: Bd A
— X can be extended so as to give a mapping f: A— X. The sets f~(C)
and f (D) are closed and disjoint; and f~'(C)n B,=f"'(D)N B,=@.
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30 Polyhedral interpolation theorems

If f71(€) and f~!(D) are arcs, each of which intersects Bd A in a single
point, then it follows that f ~'(C) U f ~'(D) does not separate P’ from Q'
in A. (See Theorem 4.4. In this theorem, we let  be the A of the present
proof.) Under the present more general conditions, the same conclusion
follows, and the proof is substantially the same. Thus there is a path r, in
A-[f~C)u f (D)), from P’ to Q'; and f(r) is a path in X — (C U D),
from P to Q, which contradicts the hypothesis for C U D. O

Theorem 2. Let X, H, and K be as in Theorem 1. Let C be a closed set which
separates H from K (in X), and suppose that C has only a finite number of
components. Then some component of C separates H from K.

Proof. This follows from Theorem 1, by induction. O

Theorem 3. Let M be a connected PL 3-manifold, let H and K be disjoint
closed sets in M, and let C be a closed set which separates H from K. Let
A be a polyhedral 2-cell in C, let J=Bd A, and suppose that A has a
neighborhood in C of the form D,uU D,, where D, and D, are both
polyhedral 2-cells, A C Int D, for i=1,2, and D, N D, =A. If C is split
apart at A, leaving D, fixed, then the resulting set C’ separates H from K.

Proor. Here the splitting operation, for C at A, leaving D, fixed, is defined
in exactly the same way as for M2y A, in the discussion just before
Theorem 28.20. We choose a regular neighborhood N (A) such that N (A) N
(H U K) =@ and such that N(A) N Cl (D; — A) is an annulus 4; with one
of its boundary components in Bd N (A). Thus the sets Bd 4,1 Bd N (4)
decompose Bd N (A) into two 2-cells A, A, and an annulus A4’. (Here
Bd A, = Bd 4, n Bd N (A).) Under the splitting,

C—C'=(C—Intd,)uAi,

so that Bd N(A) — C' =Int A’ U Int A,.

Now D, N N (A) decomposes N (4) into two 3-cells C2, C3, with A,
Bd C} and Bd C; = D, U A,. If C’ does not separate H from K in M, then
there is a broken line PQ, in M — C’, joining a point P of H to a point Q
of K. Then PQ can be forced off C13 into M — C, which contradicts the
hypothesis for C. |

Let S? be a 2-sphere, and let ¢ be a homeomorphism S2X [0, 1] X.
Then X is a spherical shell. Evidently S2X [0, 1] and X are 3-manifolds
with boundary, and

Bd (§2x[0,1])=8?x {0} U S x {1},
so that

BdX=B,UB, (B=¢(S*x{i}).)
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Geometric topology in dimensions 2 and 3

Theorem 4. Let X be a spherical shell in R® (or S®). Then there is a
polyhedral 2-sphere B in Int X such that B separates B, from B, in R®
(and hence in X).

PROOF. Let N be a finite polyhedral closed neighborhood of B, (in R?)
such that N is a 3-manifold with boundary and N N B, = @. By Theorem
23.8, Bd N is the frontier of N in R%; and since Bd N separates B, from B,
in R, it follows that some component M? of Bd N separates B, from B,.
Since X is connected, we have M} C Int X. Since M} is a component of
the frontier of a 3-manifold with boundary in R, it follows that M? is two
sided in R® (Theorem 26.1). If M} is simply connected, then M2 is a
2-sphere, and we are done. If not, the inclusion M?—Int X induces a
homomorphism 7(M?2)—z(Int X) with a nontrivial kernel. By the ex-
tended form of the Loop theorem (Theorem 26.4) it follows that there is a
polyhedral 2-cell A such that Bd A=A n M} and Bd A is not contractible
in M?. By Theorem 28.19, Bd A has an annular neighborhood in M2
Therefore C= M2U A satisfies the conditions of Theorem 3. We split
M2 U A apart at A, getting a polyhedral 2-manifold C’ which also separates
B, from B,. '

If C’ is connected, let M7 = C’. Then p'(M2) = p'(M?) — 2. (Theorem
28.20). If C’ is not connected, then neither component of C’ is a 2-sphere,
since Bd A is not contractible in M. In this case, let M} be a component
of C’ which separates B, from B,. Then p'(M3?) < p'(M?) — 2. Thus any
sequence of splitting operations must terminate, with p'(M?)=0. This
gives the desired 2-sphere. 0O

Theorem 5. Let C, and C, be topological 3-cells in R® (or S*) such that
C, ClInt C, and such that Cl (C, — C)) is a spherical shell. Then there is
a polyhedral 3-cell C such that

C,clntC, CclntC,

PrROOF. Let B be a polyhedral 2-sphere in Int Cl (C, — C,), such that B
separates Bd C, from Bd C, (in R® or S%). Let C be the closure of the
component of R>— B (or S* — B) that contains C,. Then C is a polyhedral
3-cell. O

Let M be a torus, and let ¢ be a homeomorphism M X [0, 1]« Y. Then
Y is a toroidal shell. Evidently Y is a 3-manifold with boundary, with

BAY=T,uT, (T,=¢(M x{i})).
Theorem 6. Let Y be a toroidal shell in R® (or S®). Then there is a polyhedral
torus T C Int Y such that T separates T, from T, (in R® and hence in Y).

ProoF. As in the proof of Theorem 4, let N be a finite polyhedral
neighborhood of T, such that N is a 3-manifold with boundary, disjoint
from T,. By Theorem 2 (with X =R?®), some component C of Bd N
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30 Polyhedral interpolation theorems

separates T, from 7, in R%, and C must lie in Int Y. We now use splitting
operations, as before, to obtain a compact connected 2-manifold T C
Int Y, two-sided in R and separating T, from T, in R% such that the
inclusion i: T—Int Y induces a homomorphism i*: 7(T)— 7(Int Y) with
a trivial kernel. There are now two possibilities.

(1) ker i* is trivial because 7(T) is trivial. It follows that T is a 2-sphere.
Let Y, and Y, be the closures of the components of ¥ — T, with T,C Y.
By the simplest case of van Kampen’s theorem it follows that #(Y) is the
free product of #(Y,) and 7(Y,). (There are no amalgamations to worry
about, because T = Y, N Y, is simply connected.) A free product is com-
mutative only if one of its factors is trivial. Since 7(Y)~ #(T;), and the
group of a torus is commutative, it follows that one of the sets Y,, say, Y,
is simply connected. But this is absurd: #(T,)~Z + Z; the inclusion
J: Ty— Y induces an isomorphism j*: #(T;)<> 7(Y), which must have a
trivial kernel; and therefore the inclusion k: T,— Y, of T, into the smaller
space Y, must induce a homomorphism with a trivial kernel.

(2) ker i* is trivial but #(T) is not. Then i*(«(T)) is isomorphic to a
nontrivial subgroup of Z + Z. Therefore #(T)~Z or 7w(T)~Z + Z. Now
T is a 2-sphere with A handles and m cross-caps, with m < 2. It is not hard
to show that if m > 0, then the union of the mid-curves of the cross-caps
carries a 1-cycle of order 2. Since #(T) is commutative, 7(T)~ H,(T), and
so in either of the above cases, H,(T) has no element of finite order.
Therefore T is orientable. Therefore 7(T)~Z implies that p'(T)=1,
which is impossible for a sphere with handles; and so #(T)~Z + Z,
p(T) =2, and T is a torus, which was to be proved. 0O

In the preceding proof and elsewhere, we are avoiding the use of the
fact that every compact 2-manifold in R is orientable.

Theorem 7. Let S, and S, be (topological) solid tori in R? (or S®) such that
S, CInt S, and Cl (S, — S,) is a toroidal shell. Then there is a combina-
torial solid torus (CST) S such that S, CInt S and S C Int S,.

ProOF. By Theorem 6 there is a polyhedral torus 7 in Int CI (S, - S)),
separating Bd S, from Bd S,. Let S be the closure of the component of
R? — T that contains S,. (This is of course the bounded component.) We
shall show that S is a CST.

Consider the homomorphism i*: #(T)— 7(Int S,), induced by the in-
clusion T—Int S,. We have 7#(T)~Z + Z and #(Int S,)~Z, and so i*
has a nontrivial kernel. It follows that there is a polyhedral 2-cell A such
that A C Int S, and Bd A=A N T, and such that Bd A is not contractible
in T. There are now two cases to consider.

Caskg 1. Int A C Int S, — S. We shall show that this is impossible. We split
T U A apart at A, as in Theorem 3. This operation replaces 7 U A by a
2-sphere, bounding a 3-cell C3, and from Theorem 3 it follows that
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Geometric topology in dimensions 2 and 3

S, c Int C>. Therefore every closed path in S, is contractible in S,, which
is absurd, because S, is a retract of S,.

Cast 2. Int A C Int S. Let X be a triangulation of Int S,, in which 7 and A
form subcomplexes, and let N be the regular neighborhood of A in K.
Then Bd N intersects S in the union of two polyhedral 2-cells A; and A,,
having the properties stated for A. And Bd A, U Bd A, decomposes T =
Bd S into two annuli (one of which is N N T). Exactly as in the proof of
Theorem 28.1, it follows that S is a CST. O

Let S be a solid torus, and let J be a 1-sphere in Int S. Let A be a 2-cell,
let S! be a 1-sphere, and suppose that there is a homeomorphism ¢: A X
S'e S, and a point P of Int A, such that J = ¢(P X S'). Then J is a spine
of S. Let J be a spine of S, let P, € J, and let p, be a closed path with base
point P, traversing J exactly once. Then p, generates =(S, P,) and
a(Int S, Py).

Theorem 8. Let S,, S, and S, be as in Theorem 1, let J be a spine of S,, and
let PyE J. Then p, generates w(S) = m(S, Py).

Note that we are not claiming merely that there is an S which satisfies
the conditions of both Theorems 7 and 8. We claim also that every S as in
Theorem 7 satisfies the conditions of Theorem 8. The difference will be
important later.

ProoF. Let g be a closed path which generates #(S)= #(S, P,). Then
py=q”" in w(S) for some n, and so p, = ¢" in #(S,). Now p, generates
7(S,) = 7(S,, Py). Therefore g = p/” in #(S,) for some m, and p, = ¢" =
p;/™ in =(S,). Since p, freely generates 7(S,), it follows that nm =1.
Therefore n= *+1, p, = ¢=' in 7(S), and p, generates 7(S), which was to
be proved. O

Theorems 4 and 6 above were first proved in [M,], together with various
generalizations and extensions. Their proofs, in [M,], were extremely
complex. The simple scheme of proof used here is due to Shalen [S,].

The theorems in this section have (we hope) natural motivations. But
this is far from true of the definitions and theorems in the next few
sections. To get some notion of what we are driving at, in the next five
sections, the reader may find it worthwhile to skip ahead and examine the
following definitions and theorems, in the reverse of the stated order. The
point is that the last results on the list are intuitively intelligible, and their
2-dimensional forms are familiar, from Sections 6 and 8. On the other
hand, the purposes of Sections 31-33 are not likely to be clear unless one
knows how their results will be used. Once the theorems cited below have
been read, in the reverse order, the following may serve as a rough
indication of how they fit together.
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30 Polyhedral interpolation theorems

(1) Section 31 sets up an apparatus to be used, in the following section,
to construct “pseudo-cells.”

(2) The approximate content of Section 32 is conveyed by Theorem 32.1
and the discussion preceding it. These pseudo-cells are going to be used as
barriers, to “tame oscillations of a surface,” in the proof of Theorem 33.1.

(3) Theorem 33.1 is a PLH approximation theorem, for small regular
neighborhoods of finite linear graphs with no end-points. This is the first
step in the proof of Theorem 34.1.

(4) Theorem 34.1 is used in the proof of Theorem 35.1, which extends
Theorem 33.1 to the noncompact case.

(5) We use Theorem 35.1 to prove Theorem 35.2, and thereafter we are
on familiar ground: Theorem 35.2 is simply the 3-dimensional version of
Theorem 6.4. As in dimension 2, the PLH approximation theorem leads to
both the triangulation theorem and the Hauptvermutung. See the remarks
at the end of Section 8.

PROBLEM SET 30
Prove or disprove:

1. Following are various ways in which we might change the hypothesis of
Theorem 1. After which (if any) of these changes would the theorem remain
true?

(a) X is not required to be locally connected.

(b) It is not required that every connected open set in X be pathwise connected.
(c) Neither H nor K is required to be connected.

(d) K is not required to be connected.

2. Suppose that in Theorem 4 we allow X to lie in any PL 3-manifold M3, rather
than in R? or S°. Then the resulting proposition is true.

3. Investigate the analogous generalization of Theorem 6.
4. In the proof of Theorem 6, why is j* an isomorphism 7 (7)) 7(Y)?

5. In the Proof of Theorem 6, how do we know that every nontrivial subgroup of
Z + Z is isomorphic to Z or to Z + Z?

6. Suppose that in Theorem 3 the set C is not required to'be closed. Is the theorem
still true? (Note that the proof given above does not work in the more general
case; if C is not closed, then we do not know thatevery component of M — C is
broken-line-wise connected.)

7. Suppose that in Theorem 2 we omit the hypothesis that (1) C has only a finite
number of components, and replace it by the hypothesis that (2) C is compact.
Is the resulting proposition true?

8. Suppose that in Theorem 2 we use neither of the hypotheses (1) and (2) (See
Problem 7). Then what happens?
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Canonical configurations

Consider the configuration, in the right-hand half of the xy-plane in R,
shown in Figure 31.1.

y
A
P; Pivi Piyay Piv3
| PiPiy 1 Piv 1Py | PisaPivy | —
D; Diy Diy 2
Figure 31.1

Here each P, is a point; PP, is the segment from P; to P, ; each D,
is a 2-cell, with P,P;,, CInt D;; D, D, is a 2-cell; and D,;N D, ,, = Q.

We rotate this entire configuration about the y-axis in R®. Thus the
points P; give circles J;; the segments P, P, give annuli 4;; the 2-cells D,
give solid tori S with boundaries

T,=BdS;
and 4; C Int S; for each j. Let
i+2
N=U S,cR,
J=1
and let
h: NoN' CcR?
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31 Canonical configurations

be a homeomorphism. Let
A=h(4),  F=h()  S=hS) T =KT).

Forj=i,i+1,i+2, let S/ be a polyhedral solid torus, with
Bd S‘Ii/l = 7}”,
such that
A/ CInt S/, S CInt ;.
Suppose that the sets 7" are in general position relative to one another, in
the sense that each intersection 7;" N 7, is a finite union of disjoint
polygons, at which 7;” and T}, cross one another.

The entire apparatus described above will be called a canonical config-
uration.

Theorem 1. Given sets A;, D;, and a homeomorphism h, as in the definition of
a canonical configuration, there are polyhedral solid tori S which give a
canonical configuration.

Proor. The theorem follows by repeated applications of Theorem 30.7. []

Theorem 2. In a canonical configuration, each of the sets J; and J;, | carries
a generator of w(S;").

Proor. This follows by repeated applications of Theorem 30.8. O

Theorem 3. In a canonical configuration, S;" N S/, , = @.

Proor. By hypothesis, D,N D,,,=@. Therefore S;NS;,,=g=S5/N
S/, ,. Since Sj" cC Sj’, the theorem follows. 0O

Theorem 4. In a canonical configuration, let J be a polygon in a set
T N T/, ,. Then either (1) J carries a generator of m(S,") and a generator
of 7(S;’}1) or (2) J bounds a 2-cell in T/ and a 2-cell in T/, ,.

Proor. For k = j, j + 1, let p, be a path which traverses J, exactly once, so
that p; generates 7(S;") and p;, | generates both «(S;”) and 7(S’,) (Theo-
rem 30.8). Let p/ and p;,, be close PL approximations of p; and p; ., so
that p; and p/,, have the same properties. Let Z' and Z',, be the
corresponding 1-cycles. Then Z/' is a cycle on S — S/, |, and Z/,, is a
cycle on SN §/;,. From the homotopy between p; and p/,, we get a
homology

Z\, *xZ'=3C?,

J

where C? is a chain on S/ Let
le+1 = ZJ|+1 _a(cz/\ j,-,o-])'
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Geometric topology in dimensions 2 and 3

Then Y| generates H,(S/;,), and Y}, is a cycle on 7}, , N Int S;". Thus

the union |Yj'+1| of the l-simplexes which appear in Y]'+1 with nonzero

coefficients carries a generator of H,(S;},). If J is a component of
T/ N T/, then J N|Y | =@, and so, by Theorem 28.9, J bounds a
2-cell in T;}, or J carries a generator of H,(S;},). In the latter case it
follows that J carries a generator of 7(S/; ), the point being that #(S;",)) is
commutative.

By the same argument, working in the other direction, J bounds a 2-cell
in T;” or J carries a generator of «(S;").

Moreover, if J bounds a 2-cell in 7;”, then J does not carry a generator
of (S} ) (and similarly the other way round). If so, the kernel of

*: w(8/,) =7 (S U §/4)

would be all of 7(S/, ), which is impossible, because S/ U S/, is a solid
torus; and since J;/,, C S/}, it follows that S, carries a generator of
7(S; U S/, ). The theorem now follows. O
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Handle decompositions of tubes

Let K be a 1-dimensional complex, in a PL 3-manifold M, and let N be a
regular neighborhood of K. Then for each edge o' of K there is a 2-cell D,
“orthogonal to ¢' at the mid-point P of ¢'”; D N K= {P}; and the 2-cells
D decompose N into a collection of polyhedral 3-cells C,, each of which
contains exactly one vertex v of K. The sets C, will be called the dual cells
of N. If K is appropriately subdivided, then the edges o' can be made of
arbitrarily small diameter, and the neighborhood N can thus be chosen so
that the sets C, are of arbitrary small diameter. The 2-cells D will be called
splitting disks of N.

Now let & be a homeomorphism N — M’, where M’ is a PL 3-manifold
but 4 is not necessarily PL. Then N’ = A(N) will be called a tube, and the
images of the splitting disks of N will be called splitting disks of N’.
Similarly, the images of the dual cells of N will be called dual cells of N'.

By an open 2-cell we mean a set which is homeomorphic to the interior
of a 2-cell. Let U be an open 2-cell, in a PL 3-manifold M, and let J be a
1-sphere, such that U N J = g and U=UuJ.LetPbea point of U, and
suppose that U — P is a polyhedron. Then the set E= U U J is called a
pseudo-cell. We define

J=Bd E, U=Int E.
(In the case in which E is a 2-cell, this agrees with our previous definitions
of Bd and Int.)

The case of interest is that in which U is not a polyhedron. In this case,
P is determined by U, and P will be called the center of E. If U is a
polyhedron, then any point P of U can be regarded as the center. There
are simple examples to show that a pseudo-cell £ need not be a 2-cell; in
fact, the pseudo-cells that we shall construct in this section will not even be
locally connected, at their boundaries, except in remarkable special cases.
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Theorem 1. Let N, K, and h: N> N’ C R? be as in the definition of a tube.
Let D be a splitting disk of N, and let {P} = D N |K|. Let C, and C, be
the dual cells of N such that C,n C,= D, and let v, and v, be the
vertices of K that they contain. Let

D’'=h(D), C/=h(C;), P =h(P),
K’ = h(K), v} = h(v,).
Let W be a closed neighborhood of Int D’ — { P’}, lying in C{ U C,, such
that
WNBd(CiuCy)=BdD’ and Wn|K'|={P'}.
Then there is a pseudo-cell E, with center at P’, such that (1) Bd E =
Bd D', (2) E C W, and (3) Int E separates v} and vy in Int (C{U C,).
Thus (4) En |K'| = {P'}).
PRrOOF. In the proof, we shall be concerned not with all of N, but merely
with C, U C,. Therefore, without loss of generality, we may regard D as a

closed circular region, with center at the origin P, in the xz-plane in R>.
We decompose Int D — { P} into a doubly infinite sequence

Ay A Ag A, Ay, .
of concentric annuli, such that
A,NA;.,=J,=Bd4,NnBd 4,,.

For each i, let S; be a solid torus, containing 4; in its interior. We choose
the sets S; in such a way that any three successive sets S, S;,,, and S;,,
are as in the definition of a canonical configuration. Let

Ji=h(J), Si = h(S,);
and let S;” be as in the same definition, so that 4] = h(4,) c Int S,
JicIntS” N Int S/, S/ cInt §/,
and the sets
T/ =Bd S/

are in general position relative to one another. We choose the sets S; so
that S/ C W for each i. It follows that S” C W for each i. Evidently
CI[U, 4,]1= U, 4,U {P} U BdD.We may therefore choose the sets S; in
sufficiently small neighborhoods of the annuli 4, so that

Cl[ U S,.]= U S;u{P}uUBdD.
It follows that ‘

c1[ U S,.’] = U S/u{P}uBdD.
Under all these conditions, we havle the following.
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Lemma 1. Let X be a subset of U, S/ U { P}, containing P’, such that each
set X N S/ is closed. Then (1) C1 X Cc X U Bd D', so that (2) X is closed
in Int (C;{ U C)).

Here by (2) we mean that when Int (C|{ U C,) is regarded as a space in
itself, X forms a closed set.

Proor. Let 0 €Cl X — X, Then @ is not a limit point of any one set
X N S;. Therefore Q@ & U S/ U {P’}. It follows that Q € Bd D’, so that
(1) holds. Since Bd D' N Int (C; U C)) = @, (2) follows. Note that the set
Int (C;{u C;) is a PL 3-manifold, relative to a triangulation which is
rectilinear in R>. O

By Theorem 31.4 we have:

Lemma 2. Let J be a component of T N T/, . Then either (1) J bounds a
2-cell in T and a 2-cell in T/, or (2) J carries a generator of H(S;")
and a generator of H,(S/", ).

Let
k=UTy, L=UT,-UIntS;, M=KuLuU{P).
i i i

Thus K is a 2-manifold; and by general position, L is a 2-manifold with
boundary. For each i,

Bd (LN Tyyy) C Ty U Typys

Lemma 3. M, is closed in Int (C{U C,), and separates v} from v} in
Int (C{u C)).

Proor. The first of these conclusions follows from Lemma 1. To prove the
second, we note that Int D separates v, from v, in Int (C, U C,); and this
property is preserved by h. Therefore Int D’ separates v; from v} in
Int (C{ U C;). Now U, S is a neighborhood of Int D’ — {P’}, and so the
set

v=U s"u(P)

has the same separation property. Therefore so also does the frontier Fr V.
Since Fr V' c M, the lemma follows. O

PROOF OF THEOREM 1, CONTINUED. We now perform the following opera-
tions on the set M,. All these will leave P’ and Bd D’ fixed, and will
preserve the conditions of Lemma 3.

SteP 1. Let J be a component of T,: N T;;_, or of T,. N T, |, such that J
bounds a 2-cell D, C Ty, and such that J is inmost in 77, in the sense that
Int D, contains no polygon satisfying the conditions for J. We then split
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M, apart at D,, in the sense of Theorem 30.3, working inside Int S, and
keeping T, fixed under the splitting. (Here the set Int (C{ U C,) is being
used as the M of Theorem 30.3.) The resulting set M, then separates v}
from v} in Int (C{ U C3), and is closed in Int (C; U C;), as in Lemma 1.
We repeat this until no such polygons J remain. For a given T,;, the
process terminates in a finite number of steps. We deal with the sets 7 in
the order i=0,1, — 1,2, —2,... . We assert that the resulting M, has
the same separation property as the original M,. If not, there is a broken
line B, in Int (C;U C;) — M,, from v} to v;. Since B avoids a neighbor-
hood of Bd D’, it follows that the separation property fails after some
finite number of steps, which is impossible.

StEP 2. Consider what has happened to the components C of L, lying in
the sets T, ,. These are of three types.

TypE 1. It may be that every component J of Bd C bounds a 2-cell in
T,; .- Then J bounds a 2-cell in T7; (or T,;,,). In Step 1, each J has been
forced off of T;; (or T5:,,), and the resulting hole has been filled with a
2-cell. Let C’ be the resulting set. Then C’ is a compact 2-manifold, C’ is
open in M5, and

C'C 85U 821U Spiva

Thus C’ and M, — C’ are closed in Int (C{ U C;), and obviously C” does
not separate v| from v5 in Int (C; U C,). It follows, by Theorem 30.1, that
M, — C’ separates v; from v; in Int (C;{ U C;). We now delete all the sets
C’, of Type 1, one at a time, from M,. (This is Step 2.) Let the resulting set
be M,. Then M, is closed in Int (C|{ U C;), and M, separates v} from v} in
Int (C{ U C;). (As before, if the separation property failed for M,, then it
would fail after some finite number of deletions of sets C’, which is
impossible.)

TypE 2. It may be that exactly two components J and J’ of Bd C carry
generators of H,(S5,,), and J and J’ lie in the same set Ty, (or 75, ).
After Step 1, C is replaced by an annulus C’, with BdC'=J uJ’
(Theorem 28.6). Now T; is the union of two annuli B, and B,, with
common boundary J U J’ (Theorem 28.6 again). Thus B,, B,, and C’
satisfy the conditions for M2, M}, and M} in Theorem 26.7. Since Int C’
lies in the exterior R® — S, of B, U B, = T3, it follows from Theorem 26.7
that either (1) Int B, lies in the bounded component 7 of R* — (B, U C’) or
(2) Int B, lies in the bounded component of R* — (B, U C’). We choose the
notation so that (1) holds. Obviously / contains neither v} nor v5. There-
fore, given that M, separates v} from v} in Int (C; U C;), it follows that
M, — Int C’ has the same property. We delete the sets Int C’, one at a time,
from M,. (This is Step 3.) Let the resulting set be M. As before, My
satisfies the conditions of Lemma 3.
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32 Handle decompositions of tubes

TypE 3. It may be that exactly two components J and J’ of Bd C carry
generators of H,(S5;, ), withJ C T,;, J' C T, ,. Then the splitting opera-
tions in Step 1 replace C by an annulus C’. For each T;;, ,, we delete from
M all but one of the sets Int C’ of Type 3. (This is Step 4.) The resulting set
M satisfies the conditions of Lemma 3. (The verifications are as in
the preceding steps.)

There is no fourth type. That is, for each component C of L, the
number k of boundary components of C that carry generators of H,(S5;.,)
is either 0 (as for Type 1,) or 2 (as for Types 2 and 3). We cannot have
k=1, because then a generator of H(S,;,,) would bound a 2-cell in
T,; .- By Theorem 28.6, we cannot have k > 2.

Thus we have replaced M by a set

Mg=U T5;u U By U{P'},
i i

where (1) B,,,, is an annulus, with one boundary component in 75, and
the other in 7. ,, (2)

Byis1 C 83U 831U 8342

(3) My is closed in Int (C{uU C,), and (4) M, separates v; from v in
Int (C{U C)).

We are now almost done. Each set 7). is decomposed by the set
(Bd B,;,_, U Bd B,,, ;)N T5; into two annuli. Delete the interior of one of
these (at random) from M,. This gives a set U, with the same separation
property as the original M, such that U is an open 2-cell and U — { P’} is
a polyhedron. By Lemma 1, U ¢ U U Bd D’, and it is not hard to verify,
from the separation property, that U= U U Bd D’. Therefore U U Bd D’
is the pseudo-cell E that we wanted. O

Theorem 2. Under the conditions of Theorem 1, E can be chosen so that
(C{U C3) — E has exactly two components U,, U,, and such that for
i=1,2 we have (5) E C Fr U, and (6) Bd C/NBd N’ C Fr U..

Proor. Evidently v can be joined to a point of Bd C/ N Bd N’ by an arc
B;in C/ — D’. For appropriate choice of W, we have B, N E = . Now the
sets Int (Bd C/ N Bd N”’) are connected. It follows that these sets lie in the
components U; of (C{uU C;)— E that contain the points v] (i=1, 2).
Therefore Bd C;NBd N’ CFr U, (i=1, 2).

Evidently Int E — (P’} is a polyhedral 2-manifold in R Thus every
point Q of Int E — { P’} has a polyhedral 3-cell neighborhood C,, which is
the union of two polyhedral 3-cells C,, | and C,, ,, intersecting in a 2-cell
D, CInt E— {P'}. It follows that each set Fr U, contains all or none of
each set Int Dy. Since Int E — { P’} is connected, it follows that each set
Fr U, contains all or none of Int E — { P'}. Since E separates v] from v} in
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Int (C; U C3), the latter is impossible. Thus
Fr U;D(BdC/NnBd N')U E,

fgr i =1, 2. Since D, decomposes C, into two 3-cells, which lie in U, , and
U,, there cannot be any third component of (C;uU C;)— E, and the
theorem follows. O

For each edge e = v,v; of K, let
G=0C,, G=C, D,=CnCG, C/ = h(C),
C/=h(G), D;=h(D,), P.=h(D,nK).

For each e, we choose a closed neighborhood W, of Int D] — { P.}, in such
a way that each W, satisfies the conditions for W in Theorems 1 and 2,
and such that every two (different) sets W, are disjoint. For each e, let E,
be the E given by Theorems 1 and 2. Thus E, is a pseudo-cell with center
at P/, and we have (1) Bd E, = Bd D/, (2) E, C W,, (3) Int E, separates v]
from v/ in Int (C;U C)), and (4) E, N |K'|={P;} (for every e=v,v).
(Here we have merely translated Theorem 1 into a more general notation.)
For each vertex v; of K, let ¥, = ¥, be the component of N’ — U, E, that
contains v}, and let C/" = V.. '

We assert that N’ = Ui C/, and that the sets C,” fit together in the
same way as the dual cells C/ of N'. Thus:

Theorem 3. Under the conditions just stated, the sets W, can be chosen so
that (7) each set C;” contains only one vertex of K', (8) the sets C,” lie in
arbitrarily small neighborhoods of the sets C/, (9) N'= U, C/, and (10)
C/” intersects C” (i #j) only if K has an edge e = v,v;, in which case
¢’'nC’”=E,.

It ought to be evident that the above is what we have already done. A
formal proof is obtainable as follows.

PrOOF. For each e, let C, | and C, , be two 3-cells intersecting in D,, such
that C, ;U C, , is a neighborhood of D, in N. We choose these so that
they lie in small neighborhoods of the sets D,, and so that the closure of
N-U(C,,UC,, is a finite union of disjoint 3-cells (one for each
vertex). We now apply Theorems 1 and 2, using C, | and C, , as the C,
and C, of Theorems 1 and 2. Thus C, , U C,, can be “split into exactly
two halves” by a pseudo-cell E,. Now each of the desired sets C” can be
formed as the union of (1) a component of N’ — U (C; ;U C, ,) and (2)
the union of an appropriate collection of “halves” of sets of the type
LU Cly O

Theorem 4. Let E be a pseudo-cell with center P’, in R>, and let § be a
positive number. Then there is a polyhedral 2-cell A,, lying in N (P’, §),
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32 Handle decompositions of tubes

such that (1) J=Bd A, =A,N E and (2) J bounds a 2-cell D, in E,
containing P’ in its interior.

ProOF. Let C3 be a polyhedral 3-cell in N(P’, 8), containing P’ in its
interior, such that C3 N E lies in a 2-cell in E N N (P’, 8), and such that
Bd C? is in general position relative to E, in the sense that Bd C*N E is a
finite union of disjoint polygons, at which Bd C3 and E “cross one
another.” Since Bd C3N E separates P’ from Bd E in E, some one
polygon in Bd C3N E does so, and this polygon bounds a 2-cell A in
Bd C3. Choose A so that A is irreducible with respect to its stated
properties. Then every component J of A N E, other than Bd A, bounds a
2-cell D, in (E — P’)N N (P’, §). These polygons in AN E can be removed
from A by splitting A U D, apart at D,, starting with a 2-cell D, which is
inmost in E. In a finite number of such steps, we get the desired 2-cell A,.

a
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PLH approximations
of homeomorphisms,
for regular neighborhoods
of linear graphs in R?

Theorem 1. Let K be a finite connected 1-dimensional polyhedron in R®, such
that K has no end-points. Let U be an open set containing K, and let h be
a homeomorphism U —R>. Let ¢ be a positive number. Then there is a
regular neighborhood N of K, lying in U, and a PL homeomorphism

f: NoX CR?,

such that (1) X is a neighborhood of K'= h(K) and (2) f is an e-
approximation of h|N.

Here (2) means that for each point P of N,
d(h(P), f(P)) < e.

It is evident that if Theorem 1 holds as stated, then it also holds when
(1) K and U lie in the interior of the star of a vertex, in a triangulated
3-manifold M} and (2) h is a homeomorphism of U into the interior of the
star of a vertex in a triangulated 3-manifold M;. The hypothesis that K has
no end-points is not logically necessary, but it is convenient; see Lemma 8
below. And generality need not concern us at the moment, because
Theorem 1 will be superseded by Theorem 35.1 and other more general
results.

Proor. We shall regard K as a finite complex. For each vertex v of K, let
St v be the star of v in K. Evidently, by a suitable subdivision, we can
make the diameters §|St v| as small as we please. Since K is compact, 4| K
is uniformly continuous. Therefore we may assume that

Sh(IStv]) <e/4
for each v. The scheme of the proof will be (1) to define N in such a way
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that if C, is a dual cell of N, and C, = h(C,), then
0C, < e/4,

and (2) to define X = f(N) in such a way that X is a neighborhood of K”,
and such that for each vertex v of K, f(C,) is a polyhedral 3-cell,
containing v’ = A(v) in its interior, such that

8 (C,) < e/4.

It will then follow that f is an e-approximation of A.

First we choose N as a sufficiently small regular neighborhood of K so
that 8C, < ¢/4, for each v. This can be done, because if N is a sufficiently
small neighborhood of K, then the sets C, will lie in any preassigned
neighborhoods of the sets h(|St v|). Now for each splitting disk D = D, of
N we choose E = E, as in Theorems 32.1-32.3. Thus the sets E decompose
N’ = h(N) into a finite collection of sets C,’, each containing exactly one
vertex v’ of K’ = h(K); and two sets C,/, C,’ intersect if and only if v; and
v, are the end-points of an edge of K. By (8) of Theorem 32.3, the sets C,’
can be chosen so as to lie in arbitrarily small neighborhoods of the sets C,,.
Therefore we have:

Lemma 1. The dual cells C,, and the sets C,', can be chosen so that for each
v, 6C) <e/4.

And the following is evident:

Lemma 2. There is a polyhedral 3-manifold X with boundary, such that (1) X
is a neighborhood of K’ = h(K), (2) X cInt N’, and (3) Bd X is in
general position relative to each pseudo-cell E, in the sense that each
nonempty intersection E N\ Bd X is a 1-manifold, at which E and Bd X
“cross one another.”

Lemma 3. X can be chosen so that if J is a component of a set E N Bd X,
then J does not bound a disk in Int E — {P'}.

(Here, as usual, P’ is the center K’ N E of the pseudo-cell E.)

PrROOF. Given X as in Lemma 2, suppose that some such J bounds a disk
D, in E — {P'}. Then some such J is inmost in E, in the sense that

BdXNnIntD,=¢g.

We split D; U Bd X at D,, leaving E fixed in the splitting process. (This
operation may add to or subtract from X, according as Int D, lies in
E — X or in Int X.) This reduces the total number of components of the
sets £ N Bd X. Therefore, in a finite number of such steps, we get an X
which satisfies the conditions of Lemma 3. O
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Lemma 4. We may also assume that each set E N Bd X is a single polygon.

Proor. The components of E N Bd X appear in E in topologically the
same way as concentric circles in a circular disk. Therefore, if some set
E N Bd X contains more than one polygon, it must contain two polygons
J, and J, such that J, U J, is the boundary of an annulus A4, with
Int A c E — X. We then split 4 U Bd X apart at 4, leaving E fixed. (This
operation replaces X by a larger set.) This reduces the total number of
components of all sets £ N Bd X. Therefore, in a finite number of such
steps, we get an X which satisfies the conditions of Lemmas 1-4. O

Lemma 5. X can also be chosen so that both X and Bd X are connected.

ProoF. The first part is trivial: delete from X all components of X except
the one which contains K'. (We recall that K is connected.) To get the
second part, add to X all components of R®>— X except the unbounded
component (which contains Bd N’). Let X’ be the result. Then Bd X’
separates K’ from Bd N’ in R?. Therefore some component B of Bd X’ has
the same property (Theorem 30.2). Since B is a compact connected
polyhedral 2-manifold in R? R?— B has only one bounded component,
and the latter contains K’ (Theorem 26.6). Therefore B is all of Bd X', as
desired. O

Lemma 6. Under the conditions of the preceding lemmas, each set
C/NBdX

is a connected polyhedral 2-manifold A, with boundary, and Bd A lies in
the union of the pseudo-cells E that lie in C,'.

Proor. All this is trivial, except perhaps for connectivity. Let X, be the
component of X N C,’ that contains v’. Then v’ lies in X, — Fr X, and so
Fr X, separates v’ from the “point at infinity” in R®. Now for each set E,
that lies in C,’, Fr X, contains the set X, N E,, which is a disk. By
Theorem 30.2, some component B of Fr X, separates v’ from the “point at
infinity.” Obviously B contains each set of the form X, N E,. Let
A;=B— U, Int (X,N E,). Then A, is a connected 2-manifold with
boundary, and Bd 4, c U, C, N E,. Since Bd X is connected, it follows
that 4] is all of C;” N Bd X, and the lemma follows. O

By a Loop theorem disk (LTD) we mean a polyhedral disk A such that
(H)AcIntN'— K’, (2) An Bd X =Bd A, and (3) Bd A is not contractible
in Bd X.

Lemma 7. Under the conditions of the preceding lemmas, we may also assume
that no set C,' contains an LTD.

ProOF. Suppose that C,” contains an LTD A. If An E # & for some E,
then A can be moved slightly off of E into C, — E, preserving the LTD
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property. We may therefore assume that A N E = ¢J for each E. Now split
AuUBd X apart at A. This gives a polyhedral 2-manifold M2 lying in
Int N’ and separating K’ from Bd N’ in R>. Some component M? of M,
also separates, and forms the frontier of an X’ which has all the stated
properties of X. If M? is connected, then

x(M?*)=x(Bd X) +2,
p'(M?*)=p'(BdX)-2.

If M? is not connected, then M2 — M2 is a 2-sphere with at least one
handle, and

p'(M?)<p'(BdX)-2.

Thus the splitting operation (and perhaps the deletion of one component
of the resulting set) reduces p'(Bd X). Thus in a finite number of steps we
get an X as in Lemma 7. O

Lemma 8. Given a set C;, and a pseudo-cell E, lying in C;. Let A be a
polyhedral disk lying in C, N Int N’, such that (1) Bd A ANE, (2)
Bd A bounds a disk in E,, containing the center P| of E, in its interior,
and (3) A intersects no other set C,'. Then A intersects K.

Since, by hypothesis, K has no end-points, this lemma is intuitively
clear: A separates C as if C, were a polyhedral 3-cell. But since C/ is
not, in general, either a polyhedron or a 3-cell, the proof requires the
following technicalities.

PrROOF. Suppose that AN K’ = @. Let D, be the disk in E,, bounded by
Bd A, so that P{€Int D,. Let P, be the center of some pseudo-cell
E, % E, that lies in C,/ (K has no end -points). Then K’ N C, contains an
arc PP, between P, and P;, and P{P;n A= . It follows that there is a
broken line x,x,, from a point x, of Int E, to a point x, of Int D, — { P{},
such that x,x, intersects Fr C,’ only at x, and x,, and such that x,x, N A=
@. (To get the last of these conditions, we merely take x,x, in a sufficiently
small neighborhood of P{P; C K’.) We may choose x, in the interior of a
2-simplex in D,. It follows that there is a broken line B = x,x, y,, contain-
ing x,x,, such that B crosses Int E, at x; and B intersects Fr C, only at x,
and x,.

We now apply Theorem 32.4 to E,, replacing a small disk in E,
containing P in its interior, by a polyhedral disk. We do this in such a way
that the new polyhedral disk is disjoint from B. This replaces D, by a
polyhedral disk D{ with the same boundary. Let S>=AyU D|. Then S?is a
polyhedral 2-sphere, and x, and y, lie in different components of R* — §2.

But this is impossible, because y, can be joined to x, by a path in
R3 — S2: first we go from y,to a point y, near Bd E,, by a path close to E,
but disjoint from E,; and from D{; then we go from y, to a point y, near
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Bd E,, by a path close to C;” 1 Bd N’; and finally we go from y;to x, by a
path close to E,. This contradiction completes the proof. O

Lemma 9. Under the conditions of Lemmas 1-7, Int N’ contains no LTD.

PRrROOF. Suppose that A is an LTD lying in Int N'. We may suppose that A
is in general position relative to the pseudo-cells E, in the sense that each
component of each set £ N A is either a polygon J lying in Int £ N Int A
or a broken line B intersecting Bd A and Bd X precisely in its end-points;
in either case, A and E cross one another at J or B.

Suppose that some set E N A contains a polygon J C Int A. Then J
bounds a disk A, C Int A; and we may suppose that A, is inmost in 4, in
the sense that A; contains no other such polygon. It follows that A, lies in
a single set C. Let E; be the disk in E bounded by J. Since A, N K’ = g,
it follows by the preceding lemma that E;, does not contain the center of E.
Therefore J (together with any components of £ N A that may lie in
Int E;) can be eliminated from A by a familiar splitting process. Thus
hereafter we may assume that no set £ N A contains a polygon.

Suppose that some component of £ N A is a broken line B, with its
end-points in Bd A. Then Bd B lies in the polygonJ = E N Bd X, and J is
the union of two broken lines B, and B, whose end-points are those of B.
Thus one of the polygons B U B, bounds a disk D in Int £ — { P’} (where
P’ is the center of E); and D can be chosen so as to be minimal, in the
sense that D contains no other component of £ N A. Suppose that Bd D =
B U B,. Then we can move B onto B, by a PLH, dragging A behind us.
This gives a polyhedral disk A’=A, U A,, with AAnBd X=Bd Au B,.
Now one of the disks A; (say, A;) must be an LTD, since otherwise Bd A
would be contractible in Bd X. Now A, can be moved off of E, into one of
the two sets C,” that contain E. This gives a new LTD Aj. This operation
reduces the total number of components of all sets £ N A. Thus in a finite
number of steps we get an LTD which lies in a single set C,’, contradicting
Lemma 7. O

Consider now the inclusion i: Bd X > N’ — K’, and the induced homo-
morphism

i*: 7(Bd X)->7(N' - K').
By Lemma 9, together with the extended form of the Loop theorem

(Theorem 26.4), we know that ker i* = {0}, so that i* is injective. We shall
show also the following.

Lemma 10. i* is an isomorphism w#(Bd X)— « (N’ — K').

Proor. It will be sufficient to show that i* is surjective. There are trivial
examples to show that this is not a consequence of injectivity; we need to
use the fact (straightforwardly demonstrable) that there is a homeomor-
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phism
¢: BAN X (0, )oInt N' - K".
Let
X,=X-K, X,=IntN' —IntX,
so that

X,UX,=IntN'— K, X,nX,=BdX.

For any choice of the base point P, in Bd X, we need consider only PL
paths in forming the fundamental group #(Bd X) = #(Bd X, P,). Evidently
every PL closed path in Int N’ — K’, with base point P, is equivalent to a
finite product of PL closed paths in X, and PL closed paths in X,. We shall
show that every PL closed path p in X, with base point Py, is equivalent in
7(Int N’ — K, Py) to a PL closed path r in Bd X. Since X, and X, are
essentially symmetric, relative to the product structure induced by ¢, the
analogous result will also follow for X,, which will complete the proof of
the lemma.

Now X, lies in a set of one of the types ¢(Bd N X [e, 1)) and ¢(Bd N X
(0, €]), where 0 < £ < 1 and the indicated intervals are half open, contain-
ing € but not 1 or 0. Hereafter we suppose that

X, C$(Bd N x(0, £]),

so that ¢(Bd N X [¢, 1)) C X,. Suppose also that ¢ is the smallest number
for which the above condition holds. It follows that Bd X, (= Bd X)
intersects ¢(Bd N X {e}). Let P, be a point of Bd X N ¢(Bd N X {e}).

Let p be a PL closed path in X, with base point P,. Obviously there is a
closed path g, in ¢(Bd N X {e}), with base point P, such that

p-=—q1 inﬂ'(lntN"_K/,Po).
To get such a g,, we merely follow p by the transformed projection
(P X {t})> ¢(P X {€}). Now g, is a closed path in X, Taking PL
approximations, we get a PL closed path g in X,, with base point P,, such
that p = g in #(N’ — K’, P), and such that the equivalence can be realized
by a PL mapping
¥: [0, 1> Int N’ - K,
as in Figure 33.1, with ¢(z, 0) = p(?), (¢, 1) = q(¢) for each ¢, and (0, u)
= y(1, u) = P, for each u. Let
G=vy"'(l¢y|nBd X).

(In the figure, all edges drawn solid are supposed to be in G.) By slight
changes in p and g, preserving all the above conditions, we arrange so that

p()ElntX,, q(¢) €EIntX,,

for 0<t<1. Thus the top and bottom edges RS and UT of [0, 1]
intersect G only at their end-points. Let ¥ € Int UT and W € Int RS.
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Po

Figure 33.1

Then G separates ¥ from W in [0, 1], because ¢(G) separates ¢/( V) from
Y(W) in |¢|. By Theorem 30.2, some component G, of G also separates V'
from W, and obviously G, must intersect both UR and ST. It follows that
there is a broken line B in G, from a point of UR to a point of ST. Let r be
a path which traverses B exactly once, “from left to right,” as in the figure.
Then ¢(r) is a PL closed path in Bd X, with base point Py, and p = r in
#(Int N’ — K’). As indicated earlier, this is sufficient for the proof of the
lemma. O

Lemma 11. Bd X and Bd N are homeomorphic.

Proor. By Lemma 10, #(Bd X)~ #(Bd N). Therefore H,(Bd X)=~
H(Bd N), so that p'(Bd X)=p'(Bd N). By Theorem 26.8, these spaces
are orientable. Now we apply Theorem 22.9. O

Lemma 12. Every set A] is either a disk or a disk with holes.

Proor. Evidently each A, is a sphere with holes and possible handles. If no
set A/ has any handles, then a direct computation gives p'(Bd X)=
p'(Bd N), which we know to be correct. If some A/ had a handle, then it
would follow that p'(Bd X) > p'(Bd N), which is false. O

For each vertex v of K, let
A,=Bd C,nBd N.

Lemma 13. There is a PLH f: Bd N Bd X such that for each v, f(A,) =
A,

Proor. First we arrange the vertices of K in an order v, vy, ..., U, In

such a way that for 4, = 4,, the union U7_, 4; is connected for each j.
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Now two sets 4; and 4; intersect if and only if v; and v; are the end-points
of an edge of K. Thus

AN4#+0 o ANA4F3T;

and each such nonempty intersection is a polygon.

Since 4, and A] are disks with the same number of holes (or, equiv-
alently, k-annuli for the same k,) there is a PLH f: 4, A}, and f, can be
chosen so that

ANA4#+D = fi(4iNn4)=A4NA].

Such an f; can be defined by repeated applications of Theorem 5.4, which
asserts that every PLH between the boundaries of two polyhedral disks can
be extended so as to give a PLH between the disks. The theorem is applied
in the way suggested by Figure 33.2. Here we want f,(J,) = J;, to get an f;

Figure 33.2

satisfying (1). First we define f,|J,: J,&J,. Then we extend f, to the
dotted disk which joins J, to J,, mapping it onto the corresponding strip
joining J{ to J,. Then we extend again, so that J,«<J;. Similarly for the
other polygons J;, J/. Finally, extend f; to the rest of 4, (which is the
interior of a polyhedral disk.)

Inductively, suppose that we have given

J—1 J=1

for U4 o U4,

i=1 i=1
such that for i < j — 1, and for every k, we have

ANA#S = fi (4,0 A4)=A4]N A4
Consider 4;. At least one boundary component J, of 4; lies in U{;:A,..
Suppose that some other boundary component J, of 4, also lies in
\U7Z]4;. Take an arc PS on J, and an arc QR on J,, and join these by a

polyhedral disk in 4, as in Figure 33.3. (We choose the notation in such a
way that P, Q, R, and S appear in the stated cyclic order on the boundary
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Figure 33.3

of the new disk.) Take a disk in 4/, joining the image arcs P'S’=
fi-1(PS), Q'R =f,_,(QR). Then the image points P’, Q’, R’, and S’
appear in the stated cyclic order on the boundary of the second disk,
because otherwise Bd X would contain a Mobius band. Therefore f,_, can
be extended so as to map the first dotted disk onto the second.

We do this for every polygonin 4,n U {;: A;. For the other boundary
components of 4;, we proceed merely as in the definition of f,. Then we
extend the mapping to the rest of 4, as in the definition of f,.

By induction, the lemma follows. O

PRrROOF OF THEOREM 1, CONTINUED. By Theorem 32.4, for each pseudo-cell
E we can replace the disk £ N X by a polyhedral disk E’ which differs
from E N X only in an arbitrarily small neighborhood of the center P’ of
E. The mapping f: Bd N~ Bd X, given by the preceding lemma, can now
be extended so as to map each splitting disk D = C,, N C,, onto the
corresponding set E’. Now f is defined on each set Bd C,, and f(Bd C,) is
a polyhedral 2-sphere. Of course, we take f to be PL. By repeated
applications of Theorem 18.2, f can be extended to all of N, so as to give a
PLH as in the conclusion of the theorem. O
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PLH approximations of
homeomorphisms,
for polyhedral 3-cells

Theorem 1. Let K be a polyhedral 3-cell in R>, let h be a homeomorphism
K—R3 and let ¢ be a positive number. Then there is a PLH f: K—R>
such that f is an e-approximation of h.

Proor. Given such a K, there is a PLH ¢: K—Int K; and ¢ can be chosen
so as to be arbitrarily close to the identity. Now the homeomorphism
h|¢(K) can be extended to a neighborhood of the polyhedral 3-cell ¢(K). If
f’ is a sufficiently close PLH approximation of h|¢(K), then f= f'(¢) will
be an e-approximation of h. Thus we may assume, with no loss of
generality, that the original 4 can be extended to a neighborhood U of K.

We suppose that K has been subdivided into ‘“small” simplexes; the
degree of smallness will be prescribed later. We also suppose that K is
subdivided in such a way that in the link L(v) of a vertex v (that is, the set
of all simplexes of St v that do not contain v), the interior of an edge never
separates two vertices from one another. (This condition will be needed in
the proofs of Lemmas 9 and 10 below.)

Let N be a regular neighborhood of the 1-skeleton K! of K, lying in U.
N can be chosen so as to lie in an arbitrarily small neighborhood of K. In
N, we take splitting disks D,, containing the mid-points of the edges e of K.
These decompose N into dual cells C,, each of these containing exactly
one vertex v of K. For each v, let S(v) be the “half-star” of v in K, that is,
the set K'n C,. We choose N in such a way that h|N has a close PLH
approximation fj, such that f,(N) is a neighborhood of h(K").

As in the preceding section, for each set 4 C U, let

A" = h(A).
For each set A C N, let
A" =f,(A).
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We shall show that the homeomorphism
h(KUN): KuN->R?

has an e-approximation which is a PLH. The restriction of this PLH to K
will then satisfy the conditions of Theorem 1.

For each 2-simplex ¢ of K, let N, be the union of the dual cells of N
that contain vertices of 0. Then N is a solid torus.

Lemma 1. There is a regular neighborhood N of K', and a PLH

fii NoN” CR?,
such that

(1) N” is a neighborhood of h(K").

(2) D/ N o'+ @ only if e is an edge of o.
() C/ N o' # B only if v is a vertex of o.
(4) N is a neighborhood of J' = Bd o’.
(5) f, is an (¢/3)-approximation of h|N.

The proof is by Theorem 33.1. Conditions (2)~(5) hold whenever f, is a
sufficiently close approximation of 4|N. Note that in Lemma 1, N can be
chosen so as to lie in any given neighborhood of K, and so N and f, can
be chosen so that N” lies in any given neighborhood of (K.

Now there are solid tori S, and S, such that (a) N, CInt S,, (b) S, is a
neighborhood of the union of Bd o and the half-stars S (v) of the vertices v
of ¢ in the complex K, (c) Cl (S, — S,) is a toroidal shell, and (d) / = Bd o
is a spine of N, (in the sense of Theorem 30.8). If f, is a sufficiently close
approximation of A|N, then we will have (¢) N,” C Int S;. And after f, has
been chosen, S, can be chosen so that (f) S c Int NJ. Thus S{, N/, S,
and Bd o’ satisfy the conditions for S, S, S,, and J in Theorem 30.8. Thus
we have the following.

Lemma 2. Under the conditions of Lemma 1, f| can be chosen so that for each
o, J’ = Bd o’ carries a generator of w(N,').

Lemma 3. Each set o’ has arbitrarily small polyhedral 3-cell neighborhoods
C, such that Bd C, is in general position relative to Bd N" and such that
Bd C, N Bd N” is in general position relative to each set Bd D,

(Here the term general position is meant in one of its usual senses.)

ProoF. Each ¢ has arbitrarily small 3-cell neighborhoods C,; and C, such
that Cl (C, — C,) is a spherical shell. Therefore o’ has the same property.
By Theorem 30.5, ¢’ has arbitrarily small polyhedral 3-cell neighborhoods.
To move Bd C, and Bd C, n Bd N” into general position, we make minor
adjustments. O
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34 PLH approximations of homeomorphisms, for polyhedral cells

Lemma 4. Let C be a polyhedral 3-cell neighborhood of a set ¢'. If C lies in a
sufficiently small neighborhood of o', then the set

BdCNBdN'NBdN"

carries a generator of H\(N,).

PROOF. Let 7 be a polyhedral disk in K, such that 7N K2=Bdo=Bd r.
Then
dNt=Bdo =Bdr.

Let C and C’ be polyhedral 3-cell neighborhoods of ¢’ and 7’ respectively,
sufficiently small so that C intersects C, only if v €0, and so that
CNnC'cIntN;. By (4) of Lemma 1, J’ carries a generator of w(N,).
Since Int C N Int C’ is a neighborhood of J', it follows that Int C N Int C’
carries a generator Z' of H,(N). Since Z'~0 on C, it follows that Z' is
homologous on C N C’ to a cycle Z; on Bd C. Thus Z' is a cycle on N/,
and generates H,(N.). Since Z!~0 on Bd C, it follows that Z| is
homologous on Bd C N N, to a l-cycle Z, on BAC NBd N, CBd N”;
and the lemma follows. |

Lemma 5. Under the conditions of Lemmas 1 and 2, there is a collection
{C,} of polyhedral 3-cells (one for each o) such that (1) C, is a
neighborhood of Bd o', (2) C, N C, # @ only if v is a vertex of o, (3) each
set Bd C, is in general position relative to Bd N”, (4) each set Bd C, N
Bd N” is in general position relative to each set Bd D, (5) different sets
C, intersect only in Int N”, (6) each set Bd C,N Bd N N Bd N” carries
a generator of H\(N,"), and (7) for each vertex w of K, and each 3-simplex
o of K not containing w, w’ lies in the unbounded component of

UcrulUcg|

vEo? sCo’
Finally, (8) the sets C, can be chosen so that the sets Bd C, lie in
arbitrarily small neighborhoods of the corresponding sets ¢’ U N,'.

The proof is by Lemmas 3 and 4. Note that by these lemmas we easily
get the following stronger conditions as well: (1’) C, is a neighborhood of
o', and (8') the sets C, can be chosen so as to lie in arbitrarily small
neighborhoods of the corresponding sets o’. Note also that (7) holds
whenever U __.C, lies in a sufficiently small neighborhood of
U, o,h(S(v)) (where S (v) is the half-star of v in K') and the sets C, lie
in suff1c1ent1y small neighborhoods of the corresponding sets ¢’. In Lemma
5 we have stated (1) and (8) rather than (1’) and (8'), because the latter
conditions would not necessarily be preserved by Operations 1 and 2,
defined below.

Consider now the following two geometric operations, to be performed
on the sets C,.
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Operation 1. Let J be a polygon in a set Bd C;/ N Bd N" N Bd C,.
Suppose that J bounds a disk

D,cBd C/,

such that D, intersects no splitting disk D,” of N”, and such that Int D,
intersects no set C, (1 # o). We add D, to Bd C,, and split the resulting
polyhedron apart at D,, leaving Bd N” fixed under the splitting. This
replaces Bd C, by the union of two disjoint polyhedral 2-spheres S,, S,;
and one of these, say S|, is the boundary of a polyhedral 3-cell C, which is
a neighborhood of Bd o’. Operation 1 replaces C, by C,.

Lemma 6. Operation 1 preserves the conditions of Lemmas 1, 2, and 5.

Proor. The less trivial verifications are as follows. (2) of Lemma 5 holds
because Bd C, N C,; # @ only if v is a vertex of o. (5) of Lemma 5 holds
because different sets Bd C,, C intersect only in Int N”. (7) of Lemma 5 is
preserved because it is preserved by (a) the operation which adds D, to
Bd C, and (b) the splitting operation, which moves the resulting set into an
arbitrarily small neighborhood of itself. O

Operation 2. Let B be a broken line in a set Bd C;/ "Bd N”" N Bd C,,
such that the end-points x and y of B lie in a set Bd D,’; and suppose that
no other point of B lies in any splitting disk of N”. Let B’ be a broken line
from x to y in Bd D.”; and suppose that B U B’ bounds a disk D, in
Bd C;/ N Bd N”, such that Int D, intersects no set Bd C,. (Note that D,
cannot contain a splitting disk, because D, c Bd N"”.) Operation 2 drags B
homeomorphically across Bd D,’, preserving Bd N”, so that x and y are
deleted from Bd D,” N \UBd C, and no new intersection points are in-
troduced. See Figure 34.1. (We may think of this operation as an isotopy,
but it need not be defined as such.)

BdD; BdD}
\" z ®x
— y ) i

(a) Before (b) After
Figure 34.1

Lemma 7. Operation 2 preserves the conditions of Lemmas 1, 2, and 5.

PRroOOF. The verifications are all trivial. O

Evidently Operation 1 reduces the total number of components of
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34 PLH approximations of homeomorphisms, for polyhedral cells

Bd N"n U Bd C,, and Operation 2 reduces the number of points in
[UBdD,]n U[BdN"nBdC,]

If we iterate these operations, perhaps in alternation, the process must
terminate. Thus we have:

Lemma 8. Subject to the conditions of Lemmas 1, 2, and S, the sets C, can be
chosen so that Operations 1 and 2 are both impossible.

Hereafter we suppose that the conditions of Lemmas 1, 2, 5, and 8 are
satisfied.

Lemma 9. No set Bd C, N Bd C,;” " Bd N” contains a polygon.

PRrOOF. Suppose that such a set contains a polygon J. By general position,
J lies in the interior of the k-annulus

A’=BdC/NBAN".

J bounds a disk D, in Bd C,”. We may suppose that J is inmost in Bd C/,
in the sense that D, can be chosen so as to contain no other such polygon.
It follows that J separates two components J,, J, of Bd 4, from one
another in 4, since otherwise Operation 1 could be performed. But this is
impossible for the following reasons. For each 7 € K, with v as a vertex,
the set Bd C, N Bd N” carries a generator of H,(N,"). Therefore, if e, and
e, are the edges of 7 that contain v, then the set

A’NBdC,=BdC/NBdN"NBdC,

contains a broken line joining a point of Bd D, to a point of Bd D,’. But
K is a triangulated 3-cell; and we assumed at the outset that K was
subdivided in such a way that in the link L(v), the interior of an edge
never separates two vertices from one another. It follows that for each two
edges e and ¢’ of K containing v there is a sequence 6, 0,, .. .0, of
2-simplexes of K, all containing v, with g, # o for each i, such that (1)
eCo), (2) ¢ Ca, and (3) for each i <n, o; and ¢;,, have an edge in
common. It follows that for each i < n there is a broken line in Bd C N

Bd N7, joining a point of D,” to a point of D,” , lying in 47 N Bd C,, and
hence not intersecting Bd C Hence J cannot separate J, from J, in A,
and the lemma follows. O

Lemma 10. No set Bd C, N A contains a broken line B both of whose
end-points x and y lie in the same set D,

PROOF. Suppose that there is such a B. By general position, B intersects no
other splitting disk. Now Bd D,” is the union of two broken lines B, and
B,, with end-points x and y. One of the sets B U B,, B U B, bounds a disk
D, c Bd C,” which does not contain D,”. We may suppose that J is inmost
in A}, in the sense that D, contains no other such broken line B.
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We assert that D, contains no splitting disk D,’ of N”. If so, there
would be a polygon in 4., not intersecting U _ o Bd C,, and separating
two splitting disks of N” from one another in Bd C’; and this is impossi-
ble, exactly as in the proof of the preceding lemma. Also, D, contains no
polygon in (U Bd C,, since otherwise Operation 1 could be performed.
Therefore Operation 2 can be performed, which contradicts our present
hypothesis for {C,}. O

Lemma 11. For each o, each component J of Bd C, N Bd N, crosses each set
Bd D,” (where e is an edge of o) exactly once.

Proor. By (6) of Lemma 5, the union of the polygons J carries a generator
of H,(N,). By Theorem 28.8 it follows that each such J either carries a
generator of H,(N,) or bounds a disk in Bd N,".

Case 1. If J carries a generator, then J crosses each set Bd D, (e C o)
algebraically once. By Lemma 10 it follows that J crosses Bd D, exactly
once geometrically.

Case 2. If J bounds a disk in Bd N/, then J crosses each set Bd D,’
algebraically 0 times, and this easily gives a contradiction either of Lemma
9 or of Lemma 10. Therefore Case 2 is impossible, and the lemma follows.

O
PrROOF OF THEOREM 1, CONTINUED. For each 2-simplex o of K, let
D,=Cl(c—N), J,=BdD,.
For each 3-simplex o> of K, let
C(0®)=Cl (¢*— N).
For each vertex v of o3, let
X (0% v)=Bd C(¢*)nBd C,.

Thus X (63, v) is a polyhedral disk; and if v and v’ are the end-points of an
edge e of 63, then
X (6% v) N X (0 v)

is a broken line in Bd D,; its end-points lie in two different sets Bd D, ,
Bd D,, and its interior contains no point of any third set D,. Evidentlil
Int C(0”) contains no point of N, or any point of a set C(r%) (° # ¢°).

To construct the desired homeomorphism f, we copy the pattern of N,
{C(a%)}, and {X (>, v)} in the image, in the following way. For each o,
Bd C, contains a disk D, whose boundary lies in Bd N”. Let D" be a disk
which has this property and is irreducible. It follows that

D/ NBdN"=J'=Bd D/,

and Bd D/ c Bd N/. (Ultimately, we shall have f: KU N>R?} No
N”,D,<> D, for each o. Oddly, f[N will not necessarily be the f, of
Lemma 1.)
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Consider o> = vyv,0,0; € K. For 0 < i < 3, let W, be the set obtained by
deleting from Bd C,’ the interiors of the splitting disks D,’, where e is an
edge of o> containing v. Then W, is a 2-sphere with three holes, that is, a
disk with two holes , and every two components of Bd W, are joined by a
broken line lying in a set Bd D, (o C 0°). These broken lines decompose
W, into two polyhedral disks X; and Y. Since U___;D,” does not separate
R?, it follows that some set of the type Int X; or Int Y, contains a limit
point of the unbounded component of

R-| UculUDb/|
vEd’ oca’

We choose the notation so that Y, has this property. We then choose the

rest of the notation so that for each 7, Y, has a broken line in common with

Y,. Then for each i, Y, has the property stated for Y. It also follows that

for each i, X; has a broken line in common with X, Thus U X; is a

2-sphere with four holes, and these holes are filled by the disks D,

(0 C 0?). Therefore the set
Ux,u U Dy

oCo’

is a 2-sphere, bounding a polyhedral 3-cell C”(6°). Now Int C”(0°) con-
tains no point of any set Int Y;, and therefore no point of any set C.
(v € 6% and Int C”(¢%) contains no point of any other set C/ (v & o),
because this would contradict (7) of Lemma 5. Therefore Int C”(o°)
intersects no disk D,. Therefore, if 6, C 0> and 6, 0, = e, then the set
D N Bd C"(o°) is a broken line with its end-points in the sets Bd D, and
containing no third point of the type Bd D, n Bd D,".
In the above situation, let X ”(o°, v,) = X,. We can now define a PLH
fi KUN->R3,
in the following stages.

(1) For each e, o € K, with e C o, define f so that f(Bd D, Bd D,) =
Bd D/ n D,}.

(2) Extend f in such a way that f(Bd D,)=Bd D,

(3) Extend f so that f(Bd C,n Bd D,)=Bd C,nBd D,".

Now f is defined on the boundary of each disk X (o3, v). Thus:
(4) Extend f so that f(X (6°, v)) = X"(0°, v).

Now f is defined on the boundary of each set C,. Thus:

(5) Extend f so that f(C,) = C,’.

Now f is defined on each set Bd D,. Thus:

(6) Extend f so that f(D,)= D,
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Now f is defined on each set Bd C(o°). Thus:
(7) Extend f so that f(C(o°) = C"(c°).

Of course we use a PLH at each stage. If the images h(c>) are
sufficiently small, and the sets C, and D/ lie in sufficiently small neigh-

borhoods of the sets A(S(v)), o', then f will be an e-approximation of A.
Now

fIK: K& K" CR?
is a PLH e-approximation of the original h: K—R3. O
Query: Given an f; as in Lemma 1, is it always possible to choose f in

such a way that f|N = f,?
The content of this section is substantially that of [M,].
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The Triangulation theorem

In Theorem 33.1, the hypothesis that K has no end-points was merely for
convenience; we could have gotten along without it, at the price of a little
extra trouble. Moreover, essentially the same argument works when K and
K’ = h(K) lie in any triangulated 3-manifolds, provided that K is compact
and N is orientable. To do without the latter hypotheses, however, we need
new methods.

We recall, from Section 6, that if U is a metric space, then a function
¢: U—R is strongly positive if ¢ is everywhere positive, and is bounded
away from 0 on every compact set; we then write

>0 onU.

Given ¢>>0 on U, let N be a subset of U, and let h and f be mappings
NV, where V is a set of points in a metric space. If for each point P of
N we have

d(h(P), f(P)) <¢(P),

then f is a ¢-approximation of h.

Let K be a l-dimensional polyhedron (not necessarily a finite poly-
hedron) in a PL 3-manifold M,. If X is closed, then regular neighborhoods
of K are defined as usual, using any subdivision of M, in which K forms a
subcomplex. If K is not closed, then we take an open set U, containing K,
relative to which K is closed. (That is, every limit point of K that lies in U
also lies in K.) We form a triangulation L of U which is rectilinear relative
to M,, so that the inclusion i: U— M, is PL relative to L and M,; and we
then define regular neighborhoods of K in U using L. Note that the latter
definition agrees with the former in the case in which K is compact.
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Theorem 1. Let K be a 1-dimensional polyhedron in a PL 3-manifold M,. Let
U be an open set containing K, and let h be a homeomorphism of U into a
PL 3 manifold M,. Let ¢ be a strongly positive function on U. Then there
is a regular neighborhood N of K in U, and a PLH

fiNoX C M,

such that (1) X is a neighborhood of K' = h(K) and (2) f is a ¢-approxi-
mation of h|N.

PrOOF. We may suppose that K is closed relative to U, so that regular
neighborhoods can be defined relative to a rectilinear triangulation of U.
Thus we may replace M, by U hereafter, so that the theorem reduces to
the case in which 4 and ¢ are defined on all of M, and K is closed. We
assume the latter hereafter.

Now for each compact set 4 c M|, let

e(A) = inf ¢|4,

where the indicated inf is the greatest lower bound. Thus ¢(4) > 0 for each
A. We take a regular neighborhood N of K, with dual cells C,. If the
subdivision of M, is sufficiently fine, and N is a sufficiently small neigh-
borhood of K, then we have:

(1) For each v, h(C,) lies in the interior of a polyhedral 3-cell

E,C N (h(v), €(C,)).

(Here the notation is that of Section 0: the set indicated on the right is
the e(C,)-neighborhood of the point 4(v) in the metric space [M,, d].)

Next we make slight alterations in the dual cells C,, as suggested by
Figures 35.1(a) and (b). That is, given C,N C, = D,, where e = ow, we

D,

\ | /

\\
G, I Co c,

[}
/I

e AN

(@) (b)

Figure 35.1

alter one of the dual cells, say C,, so that the new cell C,, pierces Int D, in
a l-sphere J,. This gives a collection {C,} of polyhedral 3-cells, such that
the union of the cells C, is a neighborhood of K. Since C,, can be chosen
so as to lie in any given neighborhood of C,, we may assume that the
replacement C, > C,, preserves (1).
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35 The Triangulation theorem

For each e, we take small regular neighborhoods S,, T, of J,, such that
T,CInt S,.
Thus all the sets
S, NBd C,, S,.NnBd C,, T,nBd C,, T,nBd C,

are annuli. (S, and 7, are not indicated in the figure.) Let
A,=BdC,nT,

and let B, be an annulus in Bd C,, such that

T,nBdC,cIntB,, B,cIntS, BdBCS,-T..

Thus A4, is associated with v, and B, with w. Adding each set S, to the
corresponding set C/, we get a third collection { C.’}. Since the sets S, can
be chosen so as to lie in any given neighborhoods of the sets J,, it follows
that {C/} can be chosen so as to satisfy (I).

By Theorem 34.1, for each ¢, > 0 there is a PLH

f,: CJ—>M,,

such that f, is an ¢, -approximation of #|C,’. In the discussion of Conditions
(2)-(7) below, in each case the point is that for each v and w the numbers
¢, and &, can be chosen as small as we please. Thus we may assume that
(2) For each v, the set E, given by (1) contains f,(C,’), and contains
every set of the type f,(S,), where e = vw.
For each v, w as in Figure 35.1, let

A;=f,(4.),  B;=1,(B.)
T;=f(T.), S.=1(S.)-
(Note that in the above definitions, we are using f, three times, and f,
once.) Obviously
BdC/NBdC, cInt4A,NnInt B, CInt T,.

(3) Therefore we may assume that
£,(Bd C.)nf,(Bd C,)cCInt A, nInt B, CInt T,.

Evidently one component of Bd 4, lies in Int C,, and the other lies in
M, — C,,. Therefore we may assume that
(4) One component of Bd A4, lies in Int f,(C,) and the other lies in
M, = £,(C,).
(5) Similarly, we may also assume that
B,cIntS, and BdB,cM,-T,.

e

Since the union of the sets Int C] forms a neighborhood of K, and no
set S, intersects K, we may assume that

(6) The union of the sets f, (C,) is a neighborhood of 4(K), and no set S,
intersects K.
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Similarly:

(7) T, contains all but one component of B, N f,(C,), and all but one
component of B, — f,(C,).

Finally, as usual, we may assume:

(8) A, and B, are in general position, in the sense that A, N B, is a finite
union of disjoint polygons, at which Int 4, and Int B, cross one another.

Since K is a (locally finite) complex, it follows that the numbers ¢, can
be chosen for all of K in such a way that all the above conditions hold. We
know by Theorem 27.3 that every polygon in an annulus either bounds a
disk in A or carries a generator of H,(4). Under the above special
conditions we also have the following.

Lemma 1. Every polygon J in A, N B, either bounds a disk in A, and a disk
in B, or carries a generator of H,(A.) and a generator of H,(B,).

ProoF. Obviously each component of Bd 4, carries a generator of H,(7)).
By (4), Bd f, (C,) separates these components from one another in M,, and
hence in A4,. By (3) it follows that Int A, N Int B, separates these compo-
nents. Therefore some polygon J, C Int A, N Int B, carries a generator Z,,
of H,(T)). Now let J be as in the lemma. If J bounds a disk in 4, and
carries a generator of Hy(B,), then Z, ~pZ, on B, for some integer p, and
Z; ~0 on S;, which is absurd. Similarly, if J carries a generator Z, of 4,
and J bounds a disk in B,, then Z, also generates H,(7.,), and Z; ~0 on
S,, which is impossible as before. O

Let us now forget that we have used homeomorphisms f, which were
¢,-approximations of the corresponding homeomorphisms 4|C,’; we shall
henceforth regard the sets f,(C)), S., T., A., and B. simply as sets,
satisfying Conditions (2)—(8). Subject to these conditions, we choose these
sets so as to minimize the total number of components of all sets of the

type A, N B,. We shall refer to this as the Minimality condition.

Lemma 2. Let J be a component of a set A, N B,. Then J carries a generator
of H,(A}) and a generator of H,(B),).

PrOOF. Suppose not. Then J bounds a disk D, in 4, and a disk E; in B,.
We may suppose that D, is inmost in 4., in the sense that Int D, N B, =
@. We replace E, by D, in B/, and move the resulting annulus slightly off
of A, by a PLH. Thus Bd f,(C,) is replaced by a new 2-sphere. By (2), the
new 2-sphere is the boundary of a polyhedral 3-cell C, lying in the E,, of
(2). We need to show that when f, (C,) is replaced by C, Conditions (2)—(8)
are preserved. This will contradict the Minimality condition, and thus
complete the proof of the lemma. First we note that to get C from f, (C,),
we insert or delete a polyhedral 3-cell lying in S., and then move the
closure of the resulting set by a homeomorphism which differs from the
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35 The Triangulation theorem

identity only in Int S,. It follows that (2)—(6) are preserved. (7) is straight-
forward, and (8) is trivial. The lemma follows. 0

Lemma 3. Every set A, N B, is connected.

PRrROOF. Suppose not. Then there is an annulus B” C Int B,, such that
Bd B” Cc A, and Int B"N A,=@. Now Bd B” is the boundary of an
annulus A4” in Int 4. Since A” N Bd 4, = @, it follows by (7) that B” C
Int 7. Therefore A” U B” is the boundary of a 3-manifold C with
boundary, with C C Int 7. If Int A” intersects B, then some component
of B, — A, lies in C. Therefore we can choose B” so that Int A" N B, = @.
Now replace B” by A” in Bd f,(C,), and move the resulting set slightly off
of A, in the neighborhood of A4”. This operation preserves (2)—«8); the
verifications are essentially the same as in the proof of Lemma 2. As
before, this contradicts the Minimality condition, and the lemma follows.

a

PROOF OF THEOREM 1, CONTINUED. We are now almost done. Given C,, C,,
as in Figure 35.1, we delete f,(C,) N Int £, (C.) from f,(C,); we do this for
every v and w. This gives a collection {D,} of polyhedral 3-cells, such that
U D, is a neighborhood of #(K), and such that D, N D, # @ if and only
if v and w are the end-points of an edge of K, in which case D, N D,, is a
polyhedral disk. Different intersections of this type are disjoint. Now let f
be a PLH Bd N~ Bd U D,, such that

f(Bd (C,n C,))=Bd (D,n D,).

Then extend f so that f(C,n C,)= D, N D,. Finally, extend f so that
f(C,)= D, for each v. Then fis a PLH N - M,, and f(N) is a neighbor-
hood of A(K). By (2), f is a ¢-approximation of A, and Theorem 1 follows.

O

Theorem 2. Let M, and M, be PL 3-manifolds, let K be a polyhedral
3-manifold with boundary in M,, let h be a homeomorphism K — M,, and
let ¢ be a strongly positive function on K. Then there is a PLH f: K— M,,
such that f is a ¢-approximation of h.

Proor. The proof is virtually a repetition of that of Theorem 34.1. As
before, K can be moved into Int K by a PLH which is as close to the
identity as we please. Thus the theorem reduces to the case in which 4 and
¢ are defined on an open set U containing K. Just as in the proof of
Theorem 35.1, we may choose U so that K is closed relative to U; and the
theorem reduces to the case in which K is closed in M, and ¢>>0 on all of
M,.

Now subdivide K in such a way that for each simplex ¢ of K, the
diameter 8h(|St o) (Where St o is the set of all simplexes of K that intersect
o, together with their faces) is less than inf ¢||St o|. Then take a regular
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neighborhood N of the 1-skeleton K, and a PLH
fiNoN' C M,

such that f is a ¢-approximation of A|N, and N’ is a neighborhood of
h(K"). In fact, for every ¢'>0 on M,, we can make f a ¢’-approximation
of h|N. Thus the transition from Theorem 35.1 to Theorem 35.2 is
essentially the same as the transition from Theorem 33.1 to Theorem 34.1;
the argument in Section 34 treated the simplexes of K essentially one at a
time. O

Theorem 3 (The triangulation theorem for 3-manifolds). Let M be a 3-
manifold. Then there is a complex K such that M and |K| are homeomor-
phic.

The proof is by a straightforward analogy with the proof that was used
in the 2-dimensional case, in Section 8. For an “alternate proof,” see Bing
[B,]

Theorem 1 is, of course, not new: it is an easy consequence of Theorem
2, and the latter was proved in [M,]. But the above proof of Theorem 1,
and the use of Theorem 1 to prove Theorem 2, are new. The corresponding
portion of [M,] is best forgotten.

As we explained in the preface, the first “almost PL” proof of the
triangulation theorem is due to Peter B. Shalen [S,]. The proof given here is
in many ways different from his. In particular, the use of pseudo-cells to
“tame oscillations” is new (and makes the proof “less PL”). But the whole
idea of using the Loop theorem to prove polyhedral interpolation theo-
rems, as in [M,], is due to Shalen. This idea reduced, by order of
magnitude, the difficulty of the triangulation problem.
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The Hauptvermutung ;
Tame imbedding

Theorem 1. Let M, and M, be PL 3-manifolds, let U be an open set in M|,
let h be a homeomorphism U— M,, and let ¢ be a strongly positive
Sfunction on U. Then there is a PLH f: U—> M, such that (1) f is a
¢o-approximation of h and (2) f(U) = h(U).

The transition to this theorem, starting with Theorem 35.2, is exactly
like the transition to Theorem 8.4, starting with Theorem 6.4. See the
remarks at the end of Section 8.

As in dimension 2, we consider the case in which U= M,, h(U) =
h(M))= M,, $(P) = = for every P. For M, = |K,|, M, = |K,|, this gives:

Theorem 2. (The Hauptvermutung for 3-manifolds). Ler K, and K, be
triangulated 3-manifolds. If there is a homeomorphism |K,||<>|K,|, then
there is a PLH |K|| < |K,)|.

Let M = |K| be a PL n-manifold. We recall that a set L C M is tame if
there is a homeomorphism 4: M« M such that (L) is a polyhedron. Here
L need not be compact, or even closed, so that #(L) need not be a finite
polyhedron. If there is an open set U, containing L, and a homeomorphism
g: U— M, such that g(L) is a polyhedron, then L is semi-locally tame.
Finally, if for each point P of L there is a closed neighborhood N, of P in
L, such that N, is semi-locally tame, then L is locally tame. Similar
definitions apply in a Cartesian space R”. Trivially, tame = semi-locally
tame = locally tame. In fact, in dimension 3, the converses of these
implications are also true.
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Theorem 3. In R3, or in a PL 3-manifold M, every semi-locally tame set is
tame. In fact, if L is semi-locally tame, then for every open set V
containing L, and for every Y>>0 on V, there is a homeomorphism
g Mo M such that (1) g'(L) is a polyhedron, (2) g'|(M — V) is the
identity, and (3) g’|V is a y-approximation of the identity.

Proor. We have given ¥V and . Let U and g: U U’ C M be as in the
definition of semi-local tameness, so that U is open, L C U, and g(L) is a
polyhedron. Evidently we may choose U so that U C V. For each point
P'=g(P) of U’, let ¢(P’) be the smaller of the numbers Y(P)=
¥(g~'(P") and the distance between P and Fr U. Then ¢>>0 on U’. We
now apply Theorem 1 to the homeomorphism g~ !: U’ U and the func-
tion ¢. Let f be a PLH U’ U which is a ¢-approximation of g !, and let
g =f(g). Then g’ is a homeomorphism U« U. Since g(L) is a poly-
hedron, and f is PL, it follows that g’(L) is a polyhedron. For each point P
of U, with P’ = g(P), we have d(g~'(P’), f(P")) < ¢(P’) < Y(P). There-
fore d(P, f(g(P))) < #(P') < Y(P), and g’ is a Y-approximation of the
identity U« U, P> P. So far, of course, g’ is defined only on U. But
d(P,g'(P))=d(P,f(g(P)))=d(g~'(P'), f(P")) < $(P’), and $(P’) is less
than the distance between P and Fr U. Therefore we can extend g/,
defining g’|(M — U) as the identity; and the resulting g’ is a homeomor-
phism with the desired properties. O

Theorem 4. In R, or in a PL 3-manifold, every locally tame set is tame.

This was proved first by Bing [B,] and independently by the author
[M,], [M;]. For the proofs, we refer the reader to the original sources; the

old proofs have not been simplified, as far as we know.
In the light of the Hauprvermutung, the definition of tameness can be

restated, in the following way. A set L is tame, in a topological 3-manifold,
if M has a triangulation relative to which L is tame in the sense defined
earlier. It then follows that L is tame relative to every triangulation of M.

PROBLEM SET 36

Prove or disprove:

1. Let M be a compact metric space, and suppose that M is the union of two open
sets U and V, each of which is homeomorphic to R3. Then M is a 3-sphere.

Hereafter, we regard Theorem 4 as known.

2. Every 3-manifold with boundary is triangulable.

3. Let M be a compact 3-manifold with boundary in R> such that Bd M is a
2-sphere. Then M is a 3-cell. Does it also follow that M is tame?
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36 The Hauptvermutung; tame imbedding

4. Let T be a locally tamely imbedded torus, in a triangulated 3-sphere S> = |K I
and let U and V be the components of S3— T. Then at least one of the sets U
and V is a solid torus. (For a special case, see Alexander [A,].)

5. Let g: U U’ C M be as in the proof of Theorem 3. (a) Do we know that g can
be extended so as to give a homeomorphism (or even a mapping) U— U’? (b)
Does this condition hold if U is a sufficiently small open set containing L (g
being replaced by a restriction of the given g to a smaller domain)? (c) Do we
need to consider Questions (a) and (b), in the proof of Theorem 3?
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