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Preface 

This text is an elementary introduction to differential geometry. Although 
it was written for a graduate-level audience, the only requisite is a solid back
ground in calculus, linear algebra, and basic point-set topology. 

The first chapter covers the fundamentals of differentiable manifolds that 
are the bread and butter of differential geometry. All the usual topics are cov
ered, culminating in Stokes' theorem together with some applications. The stu
dents' first contact with the subject can be overwhelming because of the wealth 
of abstract definitions involved, so examples have been stressed throughout. 
One concept, for instance, that students often find confusing is the definition of 
tangent vectors. They are first told that these are derivations on certain equiv
alence classes of functions, but later that the tangent space of ffi.n is "the same" 
as ffi.n. We have tried to keep these spaces separate and to carefully explain how 
a vector space E is canonically isomorphic to its tangent space at a point. This 
subtle distinction becomes essential when later discussing the vertical bundle 
of a given vector bundle. 

The following two chapters are devoted to fiber bundles and homotopy 
theory of fibrations. Vector bundles have been emphasized, although principal 
bundles are also discussed in detail. Special attention has been given to bundles 
over spheres because the sphere is the simplest base space for nontrivial bundles, 
and the latter can be explicitly classified. The tangent bundle of the sphere, in 
particular, provides a clear and concrete illustration of the relation between the 
principal frame bundle and the associated vector bundle, and a short section 
has been specifically devoted to it. 

Chapter 4 studies bundles from the point of view of differential geometry, by 
introducing connections, holonomy, and curvature. Here again, the emphasis is 
on vector bundles. The last section discusses connections on principal bundles, 
and examines the relation between a connection on the frame bundle and that 
on the associated vector bundle. 

Chapter 5 introduces Euclidean bundles and Riemannian connections, and 
then embarks on a brief excursion into the realm of Riemannian geometry. The 
basic tools, such as Levi-Civita connections, isometric immersions, Riemannian 
submersions, the Hopf-Rinow theorem, etc., are introduced, and should prepare 
the reader for more advanced texts on the subject. The relation between curva
ture and topology is illustrated by the classical theorems of Hadamard-Cartan 
and Bonnet-Myers. 

Chapter 6 concludes with Chern-Weil theory, introducing the Pontrjagin, 
Euler, and Chern characteristic classes of a vector bundle. In order to illustrate 



vi 

these concepts, vector bundles over spheres of dimension <::: 4 are reinterpreted 
in terms of their characteristic classes. The generalized Gauss-Bonnet theorem 
is also discussed here. 

This book grew out of a series of graduate courses taught over the years 
at the University of Oklahoma. Although there were many outstanding texts 
available that collectively contained the sequence of topics I wished to present, 
none did this on its own, with the possible exception of Spivak's monumental 
treatise. In the end, I often found myself during a course following one au
thor on a particular topic, another on a second one, and so on. As a result, 
the approach here at times closely parallels that of other texts, most notably 
Gromoll-Klingenberg-Meyer [15], Poor [32]. Steenrod [35]' Spivak [34], and 
Warner [36]. 

There are several options for using the material as the textbook for a course, 
depending on the instructor's inclination and the pace she/he wants to set. A 
leisurely paced one-semester course on manifolds could cover the first chapter. 
Similarly, a one-semester course on bundles could be based on Chapters 2 and 
3, assuming the students are already familiar with the concept of manifolds. I 
have also used Chapter 1, parts of Chapter 4, and Chapter 5 for a two-semester 
course in differential geometry. 

I would like to thank Yelin Ou for reading parts of the manuscript and 
making valuable suggestions, and Gary Gray for offering his considerable g\1E;X
pertise. 

Gerard Walschap 
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CHAPTER 1 

Differentiable Manifolds 

In differential geometry, n-dimensional Euclidean space is replaced by a dif
ferentiable manifold. In essence, this is a set M constructed by gluing together 
pieces that are homeomorphic to ll~n, so that M looks locally, if not globally, 
like Euclidean space. The idea is that all local concepts, such as the derivative 
of a function f : Rn -7 R at a point, can be carried over to M by means of 
these identifications. A simple, yet useful example to keep in mind is that of the 
two-dimensional unit sphere 52, where for any point P E 52, the neighborhood 
52 \ { -p} of P is homeomorphic to R2. 

1. Basic Definitions 

Recall that the vector space Rn is the set {(Pl, ... ,Pn) I Pi E R}, together 
with coordinate-wise addition and scalar multiplication. The i-th projection is 
the map u i : Rn -+ R given by Ui(Pl, ... ,Pn) = Pi, and the j-th standard basis 
vector ej is defined by ui(ej) = Oij. 

Let U be a subset of Rn. Given a function f : U -+ R, P E U, the i-th 
partial derivative of f at P is 

D;J(p) = lim f(p + tei) - f(p) = (f 0 c)'(O), 
t->O t 

where c is the line c(t) = P+tei through P in direction ei. f is said to be smooth 
or differentiable on U if it has continuous partial derivatives of any order on U. 

A map f : U -+ Rk is said to be smooth if all the component functions 
Ji := u i 0 f : U -+ R of f are smooth. In this case, the Jacobian matrix of f 
at P is the k x n matrix Df(p) whose (i,j)-th entry is DjJi(p). The Jacobian 
will often be identified with the linear transformation Rn -+ Rk it determines. 

DEFINITION 1.1. A second countable Hausdorff topological space M is said 
to be a topological n-dimensional manifold if it is locally homeomorphic to Rn; 
i.e., if for any P E M there exists a homeomorphism x of some neighborhood 
U of P with some open set in Rn. (U, x) is called a chart, or coordinate system, 
and .7: a coordinate map. 

DEFINITION 1.2. A differentiable atlas on a topological n-dimensional man
ifold M is a collection A of charts of M such that 

(1) the domains of the charts cover M, and 
(2) if (U, x) and (V, y) E A, then y 0 X~l : x(U n V) -+ Rn is smooth. 

The map y 0 X~l is often referred to as the transition map from the chart 
(U, x) to (V, y). 
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If A is an atlas on M, a chart (U, x) is said to be compatible with A if 
{ (U. x)} U A is again an atlas on M. A differentiable structure on M is a 
maximal differentiable atlas A: Any chart compatible with A belongs to the 
atlas. Alternatively-for those uncomfortable with the term "maximal" -given 
two atlases A and A', define A", A' iffor any charts (U, x) E A and (V, y) E A', 
y 0 X-I and x 0 y-l are differentiable. A differentiable structure is then an 
equivalence class of the relation", defined above. 

DEFINITION 1.3. A differentiable n-dimensional manifold is a topological 
n-dimensional manifold together with a differentiable structure. 

From now on, the term manifold will always denote a differentiable mani
fold. 

EXAMPLES AND REMARKS 1.1. (i) In order to specify a differentiable struc
ture, it suffices to provide some atlas A: This atlas then determines a differ
entiable structure A' which consists of all charts (U, x) such that x 0 y-l and 
yo X-I are smooth for any coordinate map y of A. 

(ii) The standard differentiable structure on IRn is the one determined (as 
in (i)) by the atlas consisting of the single chart (IRn , l]Rn), where l]Rn denotes 
the identity map. 

(iii) Let V denote an n-dimensional real vector space. The standard dif
ferentiable structure on V is the one induced by the atlas {(V, Ln, where 
L : V -+ IRn is some isomorphism. Why is this structure independent of the 
choice of L? 

(iv) Any open subset U of a manifold M inherits a natural differentiable 
structure (of the same dimension) from that of M: An atlas {(Ua, XanaEA 
of M induces an atlas {(U n Ua,xalunUanaEA of U. For example, the set 
GL(n) C Mn,n ~ IRn 2 of all invertible n x n real matrices is an n 2-dimensional 
manifold. 

(v) Let r > 0. The n-sphere S-:: of radius r is the compact topological 
subspace of IRn +1 consisting of all points at distance r from the origin. Let 
PN = (0, ... ,0, r) and Ps = (0, ... ,0, -r) denote the north and south poles, 
respectively, and set UN = S-:: \ {PN}, Us = S-:: \ {ps}. Then the collection 
{(UN,XN), (Us,xsn is a differentiable atlas on the sphere, where XN and Xs 
are the "stereographic projections" 

r 
XN(PI, ... ,Pn+d = (PI, ... ,Pn), 

r - Pn+l 
r 

XS(PI, ... ,Pn+l) = (PI, ... ,Pn)' 
r + Pn+l 

In fact, the tram;ition map is given by 

r2 
XN 0 XSI = Xs 0 x,i = -I --121lRn : IRn \ {O} -+ IRn \ {O} 

llRn 
and is clearly differentiable. 

The sphere is thus described by two charts, and can therefore be considered 
to be the simplest nontrivial example of a manifold. 

(vi) Let (Mini, Ai) be manifolds of dimension ni, i = 1,2. The collection 

Al x A 2 := {(U x V,x x y) 1 (U,x) E AI, (V,y) E A 2 } 
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/ 

FIGURE 1. Stereographic projection from the north pole. 

is an atlas on Ml x M2 . Here, (x x y)(p, q) = (x(p), y(q)). The induced differ
entiable structure is called the product manifold Ml x M2 . 

DEFINITION 1.4. A function f : M ----+ lR is said to be smooth if f 0 x- 1 : 

x(U) ----+ lR is smooth for any chart (U, x) of M. 

DEFINITION 1.5. A partition of unity on M is a collection {<Pa}aEA of 
smooth nonnegative functions <Pa on M such that 

(1) {suPP<Pa}aEA is a locally finite cover of M. Recall that the support 
of a function is the closure of the set on which the function is nonzero. 
A collection of sets is locally finite if any point has a neighborhood 
that intersects at most finitely many of the sets. 

(2) Ea <Pa == 1. (Why does this possibly infinite sum make sense?) 

THEOREM 1.1. Any open cover {Ua}aEA of a manifold M admits a count
able subordinate partition of unity {<Pk} kEN" i. e., for any integer k, there exists 
an a E A such that SUPP<Pk C Ua . 

There are several steps involved in the proof of Theorem 1.1. Given E > 0, 
q E lRn , BE (q) will denote the set of points at distance less than than E from q. 

THEOREM 1.2. If {Ua} is an open cover of M, then there is a countable 
differentiable atlas {(Vk' Xk)} of M such that 

(1) {Vd is a locally finite refinement of {Ua }; 
(2) Xk(Vk) = B 3 (0),. 
(3) the collection {Wd, where Wk = Xk1 (B1 (0)), is a cover of M. 

PROOF OF THEOREM 1.2. Since M is locally compact (i.e., every point has 
a neighborhood with compact closure), Hausdorff, and second countable, there 
exists a countable basis {Zk} for M with Zk compact. Let Ai = Zl. Given 
Ai compact, let j denote the smallest integer such that Ai C Zl U ... U Zj; 
define AHl = Zl U ... U Zj U ZH1. Then {Ak} is a sequence of compact sets 
with Ak C intAk+l, and UkAk = M. Define Ao to be the empty set. Since 
M = Ui~o(AHl \ int Ai), we may assume that for each p E M, there exists a 
chart (Vp, xp) sending p to 0, such that 

xp(Vp) = B 3 (0), Vp C Ua for some a, and Vp C (intA i +2)\Ai _ 1 for some i. 

Then {X;l (Bl (O)}PEAi+l \int Ai is an open cover of the compact AHl \ int Ai, 
and contains a finite subcover which we denote Pi. If P = Po U Pi U "', 



4 1. DIFFERENTIABLE MANIFOLDS 

then P consists of a countable cover {Vd of M subordinate to {Uct}. Each 
Vk is the domain of a chart {(Vk,Xk)} with Xk(Vk) = B3(0), and the collection 
{x;I(Bl(O))} covers M. 

It remains to show that {Vd is locally finite. Now, any P E M belongs to 
some Ai+1 \ int Ai. Then W = (int Ai+2) \ Ai- 1 is an open neighborhood of p 
that intersects at most finitely many Vk : Indeed, each Vk is contained in some 
set (int Aj+2) \Aj - 1 , so if Vk is to intersect W, then j cannot exceed i+2. Since 
there are only finitely many Vk in each crown (int Aj+2) \ Aj - 1 , the statement 
follows. D 

Given E > 0, denote by C,(O) the open cube (-E, E)n in IRn. 

LEMMA 1.1. There exists a differentiable function <p : IRn ----+ IR satisfying 

(1) <p == 1 on (,\(0), 
(2) 0 < <p < 1 on C2 (0) \ 0 1 (0), and 
(3) <p == 0 on IRn \ C2 (0). 

PROOF OF LEMMA 1.1. Let h : IR ----+ IR be given by 

h(x) = {e- 1/x , if X> 0, 
0, otherwise, 

and define 

f(x) = h(2 + x)h(2 - x) 
h(2 + x)h(2 - x) + h(x - 1) + h( -x - 1)" 

This expression makes sense because h(x - 1) + h( -x - 1) is nonnegative, and 
equals 0 only when Ixl :::; 1, in which case h(2 + x)h(2 - x) > o. Furthermore, 
f(x) = 1 if Ixl :::; 1, 0 < f(x) < 1 if 1 < Ixl < 2, and f(x) = 0 if Ixl ~ 2. Now 
let <p(al, ... , an) = I1i=d(ai). D 

PROOF OF THEOREM 1.1. Let {(Vk, Xk)} be a differentiable atlas as in 
Theorem 1.2, and <p the function from Lemma 1.1, where n equals the dimension 
of M. For each k define a function ek : M ----+ IR by 

if p E Vk, 
otherwise. 

ek is differentiable on M, since it is differentiable on Vk, and is identically zero 
on the open neighborhood M \ X;I(02(0)) of M \ Vk. Any p E M belongs 
to xjl(Bl(O)) for some j, so that ej(p) > O. Since {Vd is locally finite and 
suppek C Vk , the collection {supped is a locally finite cover of M. This means 
that L:k ek(p) is finite for every p EM; now set <Pk := ek/(L:i ei ). D 

EXERCISE 1. Show that the transition maps for the atlas in Examples and 
Remarks 1.1(iv) are given by 

r2 
XN 0 XSl = Xs 0 x-;./ = -I --121]Rn : IRn \ {O} ----+ IRn \ {O}, 

l]Rn 

and deduce that {(UN,XN),(US,xs)} is indeed a differentiable atlas on the 
sphere. 
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(Notation: Given a manifold M, 1M : M ----> M denotes the identity map 
of M.) 

EXERCISE 2. Let U be an open subset of M, V a set whose closure is 
contained in U. Show that there exists a smooth nonnegative <I> : M ----> IR that 
is identically 1 on the closure of V, and the support of which is contained in U. 

2. Differentiable Maps 

The superscript in the symbol Mn will refer to the dimension of the mani
fold M. 

DEFINITION 2.1. Let Mn, Nk denote manifolds, and suppose U is open in 
M. A map f : U ----> N is said to be differentiable or smooth if y 0 f 0 X-I is 
smooth as a map from IRn to IRk for any coordinate maps x of M and y of N. 

If A is an arbitrary subset of M, f : A ----> N is said to be smooth if it can 
be extended to a smooth map 1 : U ----> N for some open set U containing A. 

Observe that the composition of differentiable maps is differentiable. f: 
M ----> N is said to be a diffeomorphism if it is bijective and both f and its 
inverse f- 1 are smooth. The collection Diff(M) of all diffeomorphisms of M 
with itself is clearly a group under composition. 

EXAMPLES AND REMARKS 2.1. (i) For a function f : M ----> IR, the Defini
tion 2.1 coincides with 1.4. 

(ii) If (U, x) is a chart, then x : U ----> x(U) c IRn is a diffeomorphism. 
(iii) It is known that any two differentiable manifolds of dimension no larger 

than 3 which are homeomorphic are actually diffeomorphic. On the other hand, 
there exist "exotic" IR4 's; i.e., manifolds that are homeomorphic but not diffeo
morphic to IR4 with the standard differentiable structure. 

Given a subset A of M, let F(A) denote the set of all smooth functions 
f : A ----> IR. F(A) is a real algebra (and in particular, both a ring and a vector 
space) under the operations 

(f + g)(p) = f(p) + g(p), (f. g)(p) = f(p)g(p), (oJ)(p) = af(p), a E R 

For example, if (U, x) is a chart, then Xi E F(U), where xi := ui 0 x, 1 ::; i ::; 
dimM. 

DEFINITION 2.2. Let U be an open subset of M, p E U, and set :F2(U) = 

{f E F(U) If == 0 in a neighborhood of pl. Fg(U) is an ideal in F(U), and the 
quotient algebra Fp = F(U)/Fg(U) is called the algebra of germs of functions 
at p. 

Thus, a germ is an equivalence class of functions, with two functions being 
equivalent iff they agree on a neighborhood of the point. The reason we omitted 
U in the terminology for Fp = Fp(U) is due to the fact that the map F(M) ----> 

F(U) given by f 1-+ f 0 2, where 2 : U ----> M denotes inclusion, induces an 
isomorphism Fp(M) ~ Fp(U): This map is clearly injective; to see that it's 
surjective, let f E F(U), and consider an open set V whose closure is contained 
in U. Let <I> be the function from Exercise 2, and define a smooth function 9 on 
M by setting it equal to <l>f on U and 0 outside U. Since f and 9 coincide on 
V, the germ of 9 at p is mapped to the germ of f at p. 
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EXERCISE 3. Consider lR with the two atlases {hd and {<I:>} , where <1:>( t) = 

(a) Show that these atlases are not compatible: i.e., they determine different 
differentiable Htructures on lR. 

(b) Show that the two differentiable manifolds from (a) are diffeomorphic. 

EXERCISE 4. (a) Show that J : S~ ---> lR. where J(P1 .... ,Pn+d = Li Pi' is 
Hmooth. 

(b) Show that J : Sf ---> S~, where J(p) = -rp, is a diffeomorphism. 

3. Tangent Vectors 

A vector v in lRn acts on differentiable functionH in a natural way, by as
signing to J : lRn ---> lR the derivative Dv J (p) : = D J (p) . t' of J in direc
tion v. This assignment dependH of course on the point p at which the de
rivative is evaluated; furthermore. it is linear, and satisfies the product rule 
Dv(1g)(p) = J(p)Dv(g)(p) + g(p)Dv(1)(p). This is essentially the motivation 
behind the following: 

DEFINITION 3.l. Let p E Ai. A tangent vector v at p is a map u : Fp(AI) ---> 

lR Hatisfying 

(1) v(O'J + (3g) = O'v(1) + (3v(g): and 
(2) v(1g) = J(p)v(g) + g(p)v(1) 

for O' . .B E R f. 9 E Fp(M). 

In the above definition, we have used the same letter to denote both a germ 
and a function belonging to that germ: If U is a neighborhood of p, then a 
tangent vector v at p induces a map F(U) ---> lR given by v(1) := v([J]). The 
point p is called the Jootpoint of v, and the set Alp of all tangent vectors at p is 
called the tangent space of AI at p. It is a real vector Hpace under the operations 
(v + w)(1) = v(1) + w(1), (O'v)(1) = O'v(1). 

In the familiar context of Euclidean space, one can think of a tangent vector 
at p as simply being a vector v whoHe origin has been translated to p, denoted 
(p, v). Then (p.v)(1) = DvJ(p). Notice that one recovers v from the way (p, v) 
acts on functionH: v = ((p, v)(u1) .... , (p, V)(11")). 

The first condition in Definition 3.1 says that a tangent vector iH a linear 
operator on (germs of) functionH. and the second that it is a derivation. 

Let x be a coordinate map around p (that is, p belongs to the domain of x). 
and aH usual, let Xi = u" 0 x. The coordinate vector fields at p are the tangent 
vectors a I axi (p) E Mp given by 

(3.1) 
a 

-a . (p)(1) := Di(1 0 X-1)(:C(p)). 
x' 

J E F(M), 1 <::: i <::: n. 

One often denotes the left Hide of (3.1) by aJlaxi(p). For example. in lRn , the 
Htandard coordinate vector fields at pare alaui(p), where aJ laui(p) = D;J(p). 
\Ve will often denote them simply by D i . When n = 1, we write D instead of 
alau, so that DJ(a) = J'(a). 

The coordinate vector fieldH actually form a basis for the tangent space at 
a point. In order to show this, we need the following: 
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LEMMA 3.1. Let U denote a star-shaped neighborhood of 0 E ]Rn- that is, 
the line segment connecting the origin to any point of U is also contained inside 
U. Given f E FU, there exist n functions 7/Ji E FU, with 7/Ji(O) = Dd(O), such 
that 

PROOF. For any fixed p E U, consider the line segment c(t) = tp, and set 
¢ = f 0 c. ¢ is a differentiable function on [0,1]' and ¢'(t) = 'I:.;piDd(tp). 
Thus, 

f(p) - f(O) = ¢(1) - ¢(O) = 11 ¢' = LPi 11 Dd(tp) dt. 
o i 0 

The claim then follows by setting 7/Ji(p) := fol Dd(tp) dt. o 

PROPOSITION 3.1. Let (U,x) be a chart aroundp. Then any tangent vector 
v E Mp can be uniquely written as a linear combination v = 'I:.i G:iO/OXi(p). In 
faci, G:i = v(xi ). 

Thus, M; is an n-dimensional vector space with basis {8/ oxi (p) h <;i<;n. 

PROOF. We may assume without loss of generality that x(p) = o. and 
that x(U) is star-shaped. By Lemma 3.1, any f E FM satisfies f 0 X-I = 

f(p) + 'I:. ui7/Ji, with 7/Ji(O) = %xi(p)(J). Thus, flu = f(p) + 'I:.i Xi(7/Ji 0 x)lu, 
and 

v(J) = v(J(p)) + L[v(xi ) . 7/Ji(O) + xi(p) . V(7/Ji 0 x)] = L V(Xi) D~i (p)(J), 
i i 

where we have used the result of Exercise 5 below. It remains to show that the 
0/ ox i (p) are linearly independent; observe that 

",0. (p)(xj) = Di(Xj 0 x-1)(0) = Di(Uj)(O) = 6;j. 
ux' 

o 

Notice that if x and yare two coordinate systems at p, then taking v = 
0/ oyi (p) in Proposition 3.1 yields 

(3.2) 
o n ox j 0 n. 0 

7ji(p) = L 7Ji(p) oxj (p) = L Di(UJ 0 X 0 y-l )(y(p)) ox] (p) 
Y j=1 Y j=1 

for 1 :::: i :::: n. This means that the transition matrix from the basis {o / oxi (p) } 
to the basis {o / oyi (p)} is the Jacobian matrix of x 0 y-l at y(p). 

EXERCISE 5. Let c E R Show that if c E FM denotes the constant function 
c(p) := c for all p E M, then v(c) = 0 for any tangent vector v at any point of 
M. 

EXERCISE 6. Write down (3.2) explicitly for the n-sphere of radius r, if x 
and y denote stereographic projections. 
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4. The Derivative 

In calculus, one usually thinks of the Jacobian Df(p) of f : ]Rn ----* ]Rk as 
the derivative of f at p. It is therefore natural, when seeking a meaningful 
generalization of this concept for a map f : M ----* N between manifolds M and 
N, to look for a linear transformation. In view of the previous section, where 
we defined vector spaces at each point of a manifold, this suggests a linear 
transformation f*p : Mp ----* Nf(p) between the respective tangent spaces. We 
would of course like f*p to correspond to Df(p) when M =]Rn and N = ]Rk, 
if ]R; is identified with the set of pairs (p, v), v E ]Rn; i.e, we require that 
f*p(p, v) = (f(p) , Df(p)v) for all v E ]Rn. Now, if ¢ : ]Rk ----*]R is differentiable, 
then by the Chain rule, 

f*p(p, v)(¢) = (f(p) , D f(p)v)(¢) = DDf(p)v¢(f(p)) = D¢(f(p)) D f(p)v 

= Dv(¢ 0 f)(p) = (p, v)(¢ 0 f). 

This motivates the following: 

DEFINITION 4.1. Let M and N denote differentiable manifolds of dimen
sions nand k respectively, f : U ----* N a differentiable map, where U is open in 
M, and p E U. The derivative of f at p is the map f*p : Mp ----* Nf(p) given by 

(f*pv)(¢) := v(¢ 0 f), ¢ E F(N), v E Mp. 

It is clear from the definition that f*p is a linear transformation. 

PROPOSITION 4.1. With notation as in Definition 4.1, let x be a coordinate 
map around p E U, y a coordinate map around f(p) E N. Then the matrix 
of f*p with respect to the bases {8/8xi(p)} and {8/8yj((f(p))} is the Jacobian 
matrix of yo f 0 X-I at x(p). 

PROOF. 

8 ,,8.8 ,,8.8 
f*p 8xj (p) = L f*p 8xj (p)(y') 8yi (f(p)) = L 8xj (p)(y' 0 f) 8yi (f(p)) 

, , 

= LDj(uio(yofox-I))(x(p)) 8~i(f(P))' 
, 

o 

EXAMPLES AND REMARKS 4.1. (i) It follows from Definition 4.1 that the 
identity map 1M of M has as derivative at p E M the identity map IMp of Mp-

(ii) If 9 : N ----* Q is differentiable, then go f is differentiable, and (g 0 f)*p = 
g*f(p) 0 f*p' In particular, if f : M ----* N is a diffeomorphism, then by (i), f*p is 
an isomorphism with inverse (f-I )*f(p)' Furthermore, given coordinate maps 
x and y of M and N respectively, the diagram 

Mp 
f. p 

Nf(p) ------+ 

X. p 1 1 Y·f(p) 

]Rn 
(yofox-1)ox(p) 

]RZyoJ)(p) x(p) I 
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commutes. Observe that x*p%xi(p) = %ui(x(p)), since x*%xi(uj ) 
%xi(uj 0 x) = %xi(xj ) = 6ij. 

9 

(iii) A (smooth) curve in M is a (smooth) map c : 1-+ M, where I is an 
interval of real numbers. The tangent vector to c at t is c(t) := c*tD(t). Thus, 
given ¢ E F(M), 

c(t)(¢) = c*tD(t)(¢) = D(t)(¢ 0 c) = (¢ 0 c)'(t). 

(iv) Let E be an n-dimensional real vector space with its canonical differ
entiable structure, cf. Examples and Remarks 1.1(iii). For any VEE, E may 
be naturally identified with its tangent space Ev at v by "parallel translation" 
Jv : E -+ Ev , defined as follows: Given wEE, let ,(t) = v + tw, and set 
Jvw := 1'(0). If x: E -+ ]Rn is any isomorphism, then 

so that Jv, being linear and one-to-one, is an isomorphism. 
Notice that for E = ]Rn and x = 11Rn, we obtain Jvei = %ui(v). This 

formalizes our heuristic description of the tangent space of ]Rn at v from the 
previous section, since the map 

{v} x ]Rn -+ ]R~, 

(v,w) f--+ Jvw 

is an isomorphism that preserves the action on F(]Rn). 

Consider, for example, a linear transformation L : ]Rn -+ ]Rk. By Proposi
tion 4.1, the matrix of L*v with respect to the standard coordinate vector fields 
bases is that of the Jacobian of L. But since L is linear, 

D .( j L)() _ l' (u j 
0 L)(v + tei) - (u j 

0 L(v)) - (j L)( .) " u 0 v - 1m - u 0 e", 
t~O t 

so that the Jacobian matrix of L is just the matrix of L in the standard basis. 
Thus, the following diagram 

]Rn L ]Rk ------+ 

Jlj 1 JLv 

]Rn L*v 
]R2v ------+ v 

commutes. 
(v) Let U be an open set in M, f E FU, p E U. The differential of fat p is 

the element df(p) of the dual space M; (i.e., df(p) : Mp -+ ]R is linear) defined 
by 

df(p)(v) := v(f), 
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Thus, for example, {dxi(p)} is the basis dual to {%xi(p)}. Notice also that 
the diagram 

commutes: 

Jf(p)df(p)(v) = Jf(p)v(f) = v(f)Df(p) = f*pv. 

DEFINITION 4.2. The tangent bundle (resp. cotangent bundle) of M is the 
set TM = UPEMMp (resp. T* M = UpEMM;). The bundle projections are the 
maps rr : T M ---> M and ir : T* M ---> M which map a tangent or cotangent 
vector to its footpoint. 

PROPOSITION 4.2. The differentiable structure D on Mn induces in a nat
ural way 2n-dimensional differentiable structures on the tangent and cotangent 
bundles of M. 

PROOF. For each chart (U, x) of M, define a chart (rr-1(U), x) of TM, 
where x: rr-1(U) ---> ~2n is given by 

x(v) = (x 0 rr(v), dx1(rr(v))v, ... , dxn(rr(v))v). 

Similarly, define x : ir-1 (U) ---> ~2n by 

x(a) = (x 0 ir(a), a(0/ox1(ir(a))), ... , a(%xn(ir(a)))). 

One checks that the collection {X-1(V) I (U,x) ED, V open in ~2n} forms a 
basis for a second countable Hausdorff topology on TM. A similar argument, 
using x instead of x, works for T* M. 

Let A = {(rr-1(U), x) I (U,x) ED}. We claim that A is an atlas for TM: 
clearly, each x : rr- 1 (U) ---> x(U) X ~n is a homeomorphism. Furthermore, if 
(V, y) is another chart of M, and (a, b) E x(U n V) X ~n, then 

yox-1(a,b) = (y o x-1(a),D(y o x-1)(a)(b)). 

To see this, write b = L biei; then 

x-1(a, b) = '" bi"o. (x-1(a)) = '" bi ~yJ (x- 1(a)),,0. (x-1(a)), 
~ u~ ~ u~ u~ 

2 'L,J 

so that 

',J 
= (y o x- 1(a),D(y o x-1)(a)(b)). 

o 

For example, the bundle projection rr : T M ---> M is differentiable, since for 
any pair (U,x), (rr-1(U),x) of related charts, xorrox-1 : x(U) X ~n ---> x(U) 
is the projection onto the first factor. 
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Any f : M -> N induces a differentiable map f* : TM -> TN, called the 
derivative of f: For v E Mp, set f*v := f*pv. Differentiability follows from the 
easily checked identity: 

(Yof* ox-i)(a,b) = (yofox-i(a),D(yofox-i)(a)b). 

EXERCISE 7. Show that if M is connected, then any two points of Mean 
be joined by a smooth curve. 

EXERCISE 8. (a) Prove that Jv : IRn -> (IRn)v from Examples and Re
marks 4.1(iv) satisfies Jvw(f) = Dwf(v) = (f 0 c)'(O), where c is any curve 
with c(o) = v, c'(O) = w. 

(b) Show that any v E TM equals C(O) for some curve c in M. 

EXERCISE 9. For positive p, (I, consider the helix c : IR -> IR3, given by 
c( t) = (p cos t, P sin t, (It). Express c( t) in terms of the standard basis of IR~( t) . 

EXERCISE 10. Let M be connected, f : M -> N a differentiable map. Show 
that if f*p = ° for all pin M, then f is a constant map. 

EXERCISE 11. Fill in the details of the argument for the cotangent bundle 
in the proof of Proposition 4.2. 

5. The Inverse and Implicit Function Theorems 

Let U be an open set in M, f : U -> N a differentiable map. The rank of f 
at p E U is the rank of the linear map f*p : Mp -> Nf(p), that is, the dimension 
of the space f*(Mp )' Recall the following theorem from calculus: 

THEOREM 5.1 (Inverse Function Theorem). Let U be an open set in IRn, 
f : U -> JRn a differentiable map. If f has maximal rank (=n) at p E U, then 
there exists a neighborhood V of p such that the restriction f : V -> f(V) is a 
diffeomorphism. 

The inverse function theorem immediately generalizes to manifolds: 

THEOREM 5.2 (Inverse Function Theorem for Manifolds). Let M and N be 
manifolds of dimension n, and f : U -> N a smooth map, where U is open in 
M. If f has maximal rank at p E U, then there exists a neighborhood V of p 
such that the restriction f : V -> f (V) is a diffeomorphism. 

PROOF. Consider coordinate maps x at p, y at f(p), and apply Theorem 
5.1 to yo f OX-i. Conclude by observing that x and yare diffeomorphisms. 0 

We now use the inverse function theorem to derive the Euclidean version 
of one of the essential tools in differential geometry: 

THEOREM 5.3 (Implicit Function Theorem). Let U be a neighborhood of ° 
in IRn, f : U -> IRk a smooth map with f(O) = 0. For n ::; k, let z : IRn -> IRk 
denote the inclusion z(ai, ... ,an ) = (ai, ... ,an,O, ... ,O), and for n ~ k, let 
7r : IRn -> IRk denote the projection 7r( ai, ... , ak, ... , an) = (ai, ... , ak). 

(1) If n ::; k and f has maximal rank (= n) at 0, then there exists a 
coordinate map g of IRk around ° such that go f = z in a neighborhood 
ofO E IRn. 
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(2) If n 2: k and f has maximal rank (= k) at 0, then there exists a 
coordinate map h of jRn around 0 such that f 0 h = 7r in a neighborhood 
of 0 E jRn. 

PROOF. In order to prove (1), observe that the k x n matrix (Djfi(O)) has 
rank n. By rearranging the component functions P of f if necessary (which 
amounts to composing f with an invertible transformation, hence a diffeomor
phism of jRk), we may assume that the n x n submatrix (DjP(O)h~i,j~n is 
invertible. Define F : U X jRk-n ---> jRk by 

F(a1,"" an, an+1,···, ak) := f(a1,"" an) + (0, ... ,0, an+1,···, ak). 

Then F 0 z = f, and the Jacobian matrix of Fat 0 is 

( (Djfi(O)h~i~n 0) 
(Djfi(0))n+1~i~k 1jRk-n ' 

which has nonzero determinant. Consequently, F has a local inverse g, and 
go f = go F 0 z = z. This establishes (1). Similarly, in (2), we may assume that 
the k x k submatrix (Djfi(O)h~i,j~k is invertible. Define F : U ---> jRn by 

F(a1, ... , an) := (J(a1,"" an), ak+l,"" an). 

Then f = 7r 0 F, and the Jacobian of Fat 0 is 

((DjP(O)h~j~k (Djfi(0)h+1~j~n) 
o 1jRn-k' 

which is invertible. Thus, F has a local inverse h, and f 0 h = 7r 0 F 0 h = 7r. 0 

6. Submanifolds 

The implicit function theorem enables us to construct new examples of 
manifolds. Before doing so, however, there are certain "nice" maps, such as the 
inclusion sn '---> jRn+l, that deserve special recognition: 

(1,0) 

FIGURE 2. The lemniscate CI(O,27r)' 

DEFINITION 6.l. A map f : Mn ---> N k is said to be an immersion if for 
every p E M the linear map f*p : Mp ---> Nf(p) is one-to-one (so that n :::; k). If 
in addition f maps M homeomorphic ally onto f(M) (where f(M) is endowed 
with the subspace topology), then f is called an imbedding. 
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Notice that if M is compact, then an injective immersion is an imbed
ding. This is not true in general: For example, the curve c : ]R --+ ]R2 which 
parametrizes a lemniscate, c(t) = (sint,sin2t), is an immersion; its restriction 
to (0,27r) is a one-to-one immersion, but not an imbedding, although cl(O,7r) is. 
In fact, an immersion is always locally an imbedding: 

PROPOSITION 6.1. If f : M n --+ N k is an immersion, then for any p EM, 
there exists a neighborhood U of p, and a coordinate map y defined on some 
neighborhood V of f(p) such that 

(1) A point q belongs to f(U) n V iff yn+l(q) = ... = yk(q) = 0, i.e., 
y(J(U) n V) = (]Rn X {O}) n y(V); 

(2) flu is an imbedding. 

PROOF. Consider the inclusion z : ]Rn --+ ]Rk, and let x be a coordinate map 
around p with x(p) = 0, y a coordinate map around f(p) with (fj 0 J)(p) = 0. 
Since yo f 0 X-I has maximal rank at 0, there exists by the implicit function 
theorem a chart g of]Rk around 0, and a neighborhood W of ° E ]Rn such that 
goyofox-1lw = zlw. Set U = x- 1(W), y = goy; by restricting the domain of 
9 if necessary, (1) clearly holds. (2) follows from the fact that flu = y-l ozoxlu 
is a composition of imbeddings. 0 

f 

N 

x J' 
I 

o ) ---EO---( 
w 

o 

FIGURE 3 

REMARK 6.1. When f in Proposition 6.1 is an imbedding, then f(U) equals 
f(M) n W for some open set Win N . Thus, in this case, (1) reads 

f(M) n V = {q E V I yn+l(q) = .. . = yk(q) = O} . 

DEFINITION 6.2. Let M, N be manifolds with MeN. M is said to be a 
submanifold of N (respectively an immersed submanifold of N) if the inclusion 
map z : M '---+ N is an imbedding (respectively an immersion). 
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By Rcmark 6. L if I\1 is an n-dimensional submanifold of N k , then for any 
p in AI. there exists a neighhorhood V of p in N, and a chart (V, x) of N such 
that 

M n V = {q E V I xn+l(q) = ... = xk(q) = o}. 
When f : /1.1 ---> N is a one-to-one immersion (resp. imhedding). then AI is 
diffeomorphic to an immersed submanifold (resp. submanifold) of N: namely 
f(M), where f(M) is endowed with the differentiable structure for which f : 
M ---> f(M) is a diffeomorphism. Clearly, 'l : f(M) ---> N is a one-to-one 
immersion (resp. imbedding). More generally, two immersions h : All ---> Nand 
12 : Ah ---> N are said to be equivalent if there is a diffeomorphism g : Ah ---> Ah 
such that hog = h. This defines an equivalence relation where each equivalcnce 
class contains a unique immersed submanifold of N. 

DEFINITION 6.3. Let f : AIn ---> N k he differentiable. A point pEAl is 
said to be a regular point of f if f* has rank k at p; otherwise, p is called a 
critical point. q E N is said to be a regular value of f if its preimage f-l(q) 
contains no critical points (for example, if q tI. f(M)). 

THEOREM 6.l. Let f : AIn ---> N k be a smooth map, with n :;:, k. If q E N 
is a regular value of f and if A := f-l(q) f 0, then A is a topological manifold 
of dimension n - k. Moreover, there exists a unique differentiable structure for 
which A becomes a differentiable submanifold of AI. 

PROOF. Let y : V ---> ]Rk be a coordinate map around q with y(q) = 0: 
given pEA, let x : U ---> ]Rn be a coordinate map sending p to O. Decompose 
]Rn = ]Rk X ]Rn-k, and denote by 7'<i, i = 1,2, the projections of ]Rn onto the 
two factors; finally, let Z2 : ]Rn-k ---> ]Rn be the map given by z2(al, ... ,an-k) = 

(0, ... ,0, a1,'" ,an-k). 
Since yofox-l has maximal rank at 0 E ]Rn, there exists, by Theorem 5.3(2), a 
chart (W, h) around 0 in ]Rn such that yo f 0 X-I 0 h = 7'<llw. Set W = 7'<2 (W). 
W is open in ]Rn-k, and yo f 0 X-I 0 h 0 z21vv = 7'<1 0 z21,'ii = O. Thus, if 

z := X-I ohoz2lw, then z(W) c A. We claim that z(W) = An (x- l oh)(W), so 

that z maps W homcomorphically onto a neighborhood of p in A in the subspace 
topology. Clearly, z(W) cAn (x- 1 0 h)(W), since z(W) = (x- l 0 h 0 Z2)(W) = 
(x- 1 0 h)(W n (0 x ]Rn-k)). Conversely, if j5 E An (x- 1 0 h)(W), then j5 = 
(x- l oh)(11.) for a unique 11. E W, and 0 = yof(j5) = (yofox-l oh)(u) = 7'<1(11.), 

so that 11. = (0, a) EO x TV. Then j5 = z(a) E z(W). It follows that the inclusion 
z : A '--> M is a topological imbedding. 

Endow A with the differentiable structure induced by the charts (z(W), z-l) 
as p ranges over A. Then z : A '--> /I.;f is smooth, since .T 0 '10 (Z-l ) -1 = h 0 1'2. 0 

EXAMPLES AND RE~lARKS 6.l. (i) Let l' > 0, and consider the map f : 
]Rn+1 --->]R given by f(a) = lal 2 _1'2. Since Df(a) = 2(al, ... ,an +d, f has 
maximal rank 1 everywhere except at the origin. Thus, S~ = f- 1 (0) is a 
differentiable submanifold of ]Rn+1. This differentiable structure coincides with 
the one introduced in Examples and Remarks l.1: it is straightforward to check 
that the inclusion of the sphere into Euclidean space is smooth for the atlas 
introduced there; i.e., that z 0 X-I: ]Rn ---> ]Rn+l is differentiable. if X denotes 
stereographic projection. 
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FIGURE 4 

(ii) Let f : Mn -> Nk be a differentiable map as in Definition 6.3. A point 
of N that is not a regular value is called a critical value of f. Sard proved that if 
U is an open set in IRn, and f : U -> IRk is differentiable, then the set of critical 
values of f has measure zero; i.e., given any E > 0, there exists a sequence of 
k-dimensional cubes containing the set of critical values, whose total volume is 
less than E. A proof of Sard's theorem can be found in [25]. As a consequence, 
the set of regular values of a map f : M -> N between manifolds is dense in N, 
since its complement cannot contain an open nonempty set. 

(iii) A surjective differentiable map f : Mn -> N k is said to be a submersion 
if every point of M is a regular point of f. In this case, f has no critical values, 
and each p EM belongs to the (n - k)-dimensional submanifold f-1(f(p)). 

Let Z : A -> M be an imbedding. For pEA, z.p identifies the tangent space 
Ap with a subspace of Mp. 

PROPOSITION 6.2 . Let q be a regular value of f : Mn -> N k , where n 2: k, 
and suppose that A := f - 1(q) =I- 0. Then for pEA, z.pAp = ker f. p' 

PROOF. Since both subspaces have common dimension n - k, it suffices to 
check that z.pAp C ker f. p . Let v E Ap. For ¢ E FN , we have 

where the last identity follows from the fact that f 0 Z == q, so that ¢ 0 f 0 Z is a 
constant function. This establishes the result. 0 

EXAMPLE 6.1. Given manifolds M, N withp E M, q E N , define imbed
dings Zq : M -> M x Nand Jp : N -> M x N by Zq(p) = Jp(q) = (p,q) . If 7f1, 

7f2 denote the projections of M x N onto M and N, then 

where p is identified with the constant map M -> M sending every point to p , 
and similarly for q. Thus, 
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This implies that the map 

L : 1\1p x N q -> (1\1 x N)(p,q), 

(u, v) r-> 1,'1*p U + Jp*q v 

is an isomorphism with inverse ('ifh(p,q) , 'if2*(p,q)): Both maps are linear, and by 
the above, ('ifh(p.q),'if2*(p.q))oL = 1MpXNq . The claim follows since both spaces 
have the same dimension. 

EXERCISE 12. Let U be an open set in JP;.n, f E FU. Show that F : 
U -> JP;.n+l, where F(a) = (a, f(a)), is a differentiable imbedding. It follows 
that F(U) is a differentiable n-submanifold of JP;.n+l, called the graph of f. 
For example, if U = JP;.n and f(a) = lal 2 , the corresponding graph is called a 
paraboloid. 

EXERCISE 13. Suppose f : 1\1 -> N is differentiable, and let Q denote a 
submanifold of N. f is said to be transverse regular at p E f- 1 (Q) if f*p1\1p + 
Qf(p) = Nf(p)· Show that if f is transverse regular at every point of f-l(Q) of. 0, 
then f- 1 (Q) is a submanifold of 1\1 of co dimension equal to the codimension 
of Q in N. Theorem 6.1 is the special case when Q consists of a single point. 

EXERCISE 14. For p E JP;.n+l, let .Jp : JP;.n+l -> (JP;.n+l)p denote the canonical 
isomorphism. Use Proposition 6.2 to show that if pES;:, then 

z*(S;:)p = .Jp(p.l..), 

where p.l.. = {a E JP;.n+l I (a,p; = O} is the orthogonal complement of p. 

EXERCISE 15. Prove that if .fI.i is compact, then f : !vIn -> JP;.TI cannot have 
maximal rank everywhere. Show by means of an example that such an f can 
nevertheless have maximal rank on a dense subset of 1\1. 

7. Vector Fields 

In calculus, one defines a vector field on an open set U c JP;." as a differ
entiable map F = (h, ... , f n) : U -> JP;.". When graphing a vector field on, 
say, JP;.2, one draws the vector F(p) with its origin at p, in order to distinguish 
it from the values of F at other points; in terms of tangent spaces, this means 
that F(p) is considered to be a vector in the tangent space of JP;." at p. It is now 
natural to generalize this concept to manifolds as follows: 

DEFINITION 7.l. Let U be an open set of the differentiable manifold .fI.f1'. 
A (differentiable) vectoT field OIl U is a (differentiable) map X : U -> T 1\1 such 
that 'if 0 X = 1u. Here 'if : T!vI -> 1\1 denotes the tangent bundle projection. 

Thus, the value of X at p, which we often denote by Xp, is a vector in jl/lp. 
Any f E FU determines a new function Xf on U by setting Xf(p) := Xp(f). 
If (U, x) is a chart, the coordinate vector fields are the vector fields 8 j 8xi whose 
value at p E U is 8j8xi(p), d. (3.1). Any vector field X on U can then be 
written as X = L:i X(x i )8j8xi = L:i dXi(X)8j8xi. 

PROPOSITION 7.l. Let X : U -> T.fI.! be a map such that 'if 0 X = 1u. The 
following statements aTe equivalent: 
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(1) X is a vector field on U (i.e., X, as a map, is differentiable). 
(2) If (V, x) is a chart with V c U, then XXi E FV. 
(3) If f E FV, then Xf E FV. 

17 

PROOF. (1):::H2): Recall that (V, x) induces a coordinate map x on 7r- 1 (V), 
where x(v) = (x 07r(v),v(xl ), ... ,v(xn)). Since X is smooth, x 0 Xlv = 
(x 0 11 v, X I v (Xl), ... , X I v (xn)) also has that property. Thus, each component 
function XXi is differentiable on V. 

(2)=}(3): If each XIV(xi) E FV, then Xlv(l) = L:i(XlvXi)8f /8xi E FV. 
(3)=}(1): xoXlv = (x, Xlv(x 1 ), ... , Xlv(xn)) is smooth, and therefore so is 

X I v· Since this is true for any chart (V, x) with V c U, X is differentiable. D 

EXAMPLE 7.1. A vector field X on ~n induces a differentiable map F = 
(1\ ... , fn) : ~n -> ~n, where fi = dui(X); conversely, any smooth map 
F : U -> ~n on an open subset U of ~n determines a vector field X on U, with 
X(p) = .:JpF(p). 

Let XU denote the set of vector fields on U. XU is a real vector space and 
a module over FU with the operations (X + Y)p = Xp + Yp, (¢X)p = ¢(p)Xp. 
If f,g E FU and a,{3 E~, then X(af + (3g) = a(Xf) + (3(Xg), and X(lg) = 
(Xf)g + (Xg)f· 

We recall two theorems from the theory of ordinary differential equations: 

THEOREM 7.1 (Existence of Solutions). Let F : U -> ~n be a differentiable 
map, where U is open in ~n. For any a E U, there exists a neighborhood W of 
a, an interval I around 0, and a differentiable map 'ljJ : I x W -> U such that 

(1) 'ljJ(0, u) = u, and 
(2) D'ljJ(t, u)el = F 0 'ljJ(t, u) 

for tEl and u E W. 

Theorem 7.1 may be interpreted as follows: A curve c : I -> U is called an 
integral curve of (the system of ordinary differential equations defined by) F if 
Cif = Fioc, 1 :'S: i :'S: n; in this case, Dc = Foc, and the restriction of F to c is the 
"velocity field" of c. Thus, 7.1 asserts that integral curves t f--> c(t) := 'ljJ(t, u) 
exist for arbitrary initial conditions c(O) = u, that they depend smoothly on 
the initial conditions, and that at least locally, they can be defined on a fixed 
common interval. Also notice that in manifold notation, c is an integral curve 
of F : ~n -> ~n iff C = X 0 c, where X = .:JF, cf. the example above. 

THEOREM 7.2 (Uniqueness of Solutions). If c, c : 1-> U are two integral 
curves of F : U -> ~n with c(to) = c(to) for some to E I, then c = c. 

DEFINITION 7.2. Let M be a manifold, X E XM, and I an interval. A 
curve c : I -> M is called an integral curve of X if c = X 0 c. 

THEOREM 7.3. Let M be a manifold, X E XM. For any q E M, there 
exists a neighborhood V of q, an interval I around 0, and a differentiable map 
<I> : I x V -> M such that 

(1) <I>(O,p) = p, and 
(2) <I>*gt(t,p)=Xo<I>(t,p) 
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for all t E I, p E V. Here, ajat(t,p) := zp*D(t) for the injection zp : I ----> I x V 
which maps t to (t,p). 

Notice that 

a ...-"---. . 
<I>* at (t,p) = <I> 0 zp(t) = <I>p(t), 

where <I>p(t) = <I>(t,p). Theorem 7.3 asserts that for any p E V, <I>p : I ----> M is 
an integral curve of X passing through p at t = O. <I> is called a local flow of X. 

PROOF. Let (U,x) be a chart around q, and set G:= x(U), a:= x(q), and 

F := (dxl(X), ... , dxn(x)) 0 X-I: G ----> JRn . 

By Theorem 7.1, there exists a neighborhood W of a, an interval I around 0, 
and a map 'ljJ : I x W ----> G such that (1) and (2) of 7.1 hold. Let V := x-l(W), 
and <I>: I x V ----> M be given by <I>(t,p) = X-I o'ljJ(t,x(p)). 0 

An argument similar to the one above generalizes the uniqueness theo
rem 7.2 to manifolds: 

THEOREM 7.4. If c, c : I ----> M are two integral curves of X E XM with 
c(to) = c(to) for some to E I, then c = c. 

For each p EM, let Ip denote the maximal open interval around 0 on which 
the (unique by 7.4) integral curve <I>p : Ip ----> M of X with <I>p(O) = p is defined. 

THEOREM 7.5. Given any X E XM, there exists a unique open set W c 
JR x M and a unique differentiable map <I> : W ----> M such that 

(1) Ip x {p} = Wn (JR x {p}) for allp EM, and 
(2) <I>(t,p) = <I>p(t) if (t,p) E W. 

<I> is called the maximal flow of X. By (2), {O} x MeW, and (1), (2) of 
Theorem 7.3 are satisfied. 

PROOF. (1) determines W uniquely, while (2) does the same for <I>. It thus 
remains to show that W is open, and that <I> is differentiable. 

Fix p E M, and let I denote the set of all t E Ip for which there exists 
a neighborhood of (t,p) contained in W on which <I> is differentiable. We will 
establish that I is nonempty, open and closed in Ip, so that I = Ip: I is 
nonempty because 0 E I by Theorem 7.3, and is open by definition. To see that 
it is closed, consider to E I; by 7.3, there exists a local flow <I>' : I' x V' ----> M 
with 0 E I' and <I>p(to) E V'. Let tl E I be small enough that to - tl E I' 
(recall that to belongs to the closure of 1) and <I>p(h) E V' (by continuity of 
<I>p). Choose an interval 10 around to such that t - tl E I' for tEla. Finally, 
by continuity of <I> at (iI, p), there exists a neighborhood V of p such that 
<I>(tl x V) c V'. 

We claim that <I> is defined and differentiable on 10 x V, so that to E I: 
Indeed, if tEla and q E V, then by definition of 10 and V, t - iI E I' 
and <I>(iI, q) E V', so that <I>' (t - tl, <I>(tl' q)) is defined. The curve s f---+ <I>' (s -
iI, <I>(tl' q)) is an integral curve of X which equals <I>(h, q) at iI. By uniqueness, 
<I>(t, q) = <I>'(t - tl, <I>(tl' q)) is defined, and <I> is therefore differentiable at (t, q). 

o 
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DEFINITION 7.3. Let <P : JR x lV[ -+ 1\1 be differentiable, and define <Pt : 
1\1 -+ 1\1 by <Pt(p) := <p(t,p). {<PdtEIR is called a one-parameter group of 
diffeomorphisms of 1\1 if 

(1) <Po = 1M , and 
(2) <Pt1 +t2 = <Pt1 0 <Pt2' tl, t2 E lR. 

Observe that each <Pt is indeed a diffeomorphism of !vI with inverse <P~t. If 
<P is a one-parameter group of diffeomorphisms, then the vector field X defined 
by Xp := <p*ftl(o,p) has <P as maximal flow (since integral curves are defined 
for all time). Conversely, if X E X1\1, then the maximal flow of X induces a 
one-parameter group of diffeomorphisms provided X is complete; i.e., provided 
integral curves are defined for all time. The exercises at the end of the section 
establish that vector fields on compact manifolds are always complete. 

EXAMPLE 7.2. Consider the vector field X E XJR2 whose value at a = 

(aI, a2) is given by -a2Dlla +al D2Ia' Fixp = (Pl,P2) E JR2, and let c: JR -+ JR2 
denote the curve 

c(t) = ((cost)Pl - (sint)p2' (sint)Pl + (cost)p2)' 

Then 

c(t) = (-(sin t)Pl - (cos t)p2)Dl lc(t) + ((cost)Pl - (sin t)P2)D2Ic(t) = X 0 c(t). 

Thus, c is the integral curve of X with c(O) = p, and X is complete. The 
one-parameter group of X is the rotation group 

<Pt(Pl,P2) = G~~~ ~~~~t) (~~) . 
EXERCISE 16. Show explicitly that <P in Theorem 7.3 satisfies (1) and (2). 

EXERCISE 17. With notation as in Theorem 7.5, 
(a) Show by means of an example that there need not exist an open interval 

I around 0 such that I x 1\1 c W. Hint: Let !vI = JR, X t = -t2 Dt . 
(b) Show that if such an interval exists, then it equals all of JR; i.e., W = 

JR x !vI, and integral curves are defined for all time. 
(c) Prove that if AI is compact, then any vector field on lvi is complete. 

EXERCISE 18. Let cb : [a,;3) -+ 1\1 be an integral curve of X E X1\1, and 
suppose that for some sequence tn -+ ;3, ¢(tn) -+ P for some P E AI. 

(a) Show that ¢: [a,;3] -+ 1\1, where ¢lla,!3) = ¢ and ¢(;3) = P, is continu
ous. 

(b) Prove that if c : I -+ AI is the maximal integral curve of X with 
c(;3) = P, then [a. mel, and clla,!3] = ¢. 

(c) Use parts (a) and (b) to recover the result from Exercise 17 (c): Namely, 
if AI is compact, then every integral curve of X E XlvI is defined on all of lR. 

8. The Lie Bracket 

Consider two vector fields X and Y on an open subset U of !vI, with flows 
<Ps and wt , respectively. It may well happen that these flows commute; i.e., 
that <Ps 0 wt = Wt 0 <Ps for small sand t. This is the case for example when 
X and Yare coordinate vector fields, since the standard fields Di and D j in 
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Euclidean space have commuting flows. In general, the Lie bracket [X, Y] of 
X and Y is a new vector field that detects noncommuting flows. This concept 
actually makes sense in the more general setting of an arbitrary vector space 
E: 

DEFINITION 8.1. A Lie bracket on a real vector space E is a map [,] : 
E x E ---+ E satisfying: 

(1) [aX + {3Y, Z] = a[X, Z] + {3[Y, Z], 
(2) [X, Y] = -[Y, X], and 
(3) [X, [Y, Zll + [Y, [Z, X]] + [Z, [X, Yll = 0 

for all X, Y, Z E E, a, {3 E R By (1) and (2), the Lie bracket is linear in 
the second component also. (3) is called the Jacobi identity. A vector space 
together with a Lie bracket is called a Lie algebra. 

A trivial example of a Lie algebra is IRn with [,] == O. This is the so-called 
abelian n-dimensional Lie algebra. IR3 is also a Lie algebra, if one takes the Lie 
bracket to be the classical cross-product of two vectors. 

Let M be a differentiable manifold, p a point in an open set U of M, and 
X, Y E xU. Define XpY : FpU ---+ IR by setting (XpY)f := Xp(Y f). XpY is 
not a tangent vector at p, because although it is linear on functions, it is not a 
derivation. However, XpY - YpX is one: 

(XpY - YpX)(fg) = Xp(Y(fg)) - Yp(X(fg)) 

= Xp(f(Yg) + g(Yf)) - Yp(f(Xg) + g(Xf)) 

= (Xpf)(Ypg) + f(p)Xp(Yg) + (Xpg) (Ypf) + g(p)Xp(Yf) 

- (Ypf)(Xpg) - f(p)Yp(Xg) - (Ypg)(Xpf) 

- g(p)Yp(Xf) 

= f(p) (XpY - YpX)(g) + g(p) (XpY - YpX)(f). 

Thus, p f---+ XpY - YpX is a vector field on U. 

DEFINITION 8.2. Let X, Y E xU, where U is open in M. The Lie bracket 
of X with Y is the vector field [X, Y] on U defined by [X, Y]p := XpY - YpX. 

It is straightforward to check that xU with the above bracket is a Lie 
algebra. One often denotes X (Y f) by XY f, so that one may write 

[X, Y] = XY - Y X. 

Observe also that for f E FU, [J X, Y] = J[X, Y] - (Y f)X. 

PROPOSITION 8.1. Let (U,x) denote a chart of Mn. Then [a/axi,a/axj ] == 
o for 1 :::; i, j :::; n. 

PROOF. For ¢ E FU, 

a a a a a a 
[ axi ' axj ] ¢ = axi axj ¢ - axj axi ¢ 

= Di (~¢ 0 X-i) 0 X - D· (~¢ 0 x-i) 0 X 
ax] ] ax' 

= Di(Dj(¢ 0 X-i)) 0 X - Dj(Di(¢ 0 X-i)) 0 X = O. 

D 
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If f : M ---> N is differentiable and X E XM, then the formula Yf(p) := f*Xp 
does not, in general, define a vector field on N. We say X E XM and Y E XN 
are f-related if Yf(p) := f*Xp for all p E M; i.e., if f*X = Yo f. When f is a 
diffeomorphism, any X E XM is f-related to the vector field f* 0 X 0 f- l on 
N. 

PROPOSITION 8.2. Let f : M ---> N be differentiable, Xi E XM, Yi E XN, 
i = 1,2. If Xi and Yi are f -related, then [Xl, X 2] and [Yl , Y2] are f -related. 

PROOF. If ¢ E FN, then for p EM, 

[Yl , Y2]f(p)¢ = Yl If(p) (Y2¢) - Y2If(p) (Yl¢) = f*Xl1p (Y2¢) - f*X2Ip(Yl¢) 

= Xllp((Y2¢) 0 f) - X2Ip((Yl¢) 0 I). 

Next, observe that (Yi¢) 0 f = X i(¢ 0 I), since 

((Yi¢) 0 f)(q) = (Yi¢)(f(q)) = Yilf(q)¢ = (f*Xilq)¢ = Xilq(¢ 0 I). 

Thus, 

[Y1 , Y2]f(p)¢ = X l1p (X2(¢ 0 I)) - X2Ip(Xl(¢ 0 I)) = [Xl, X 2]p(¢ 0 I) 

= (f* [Xl, X 2]p)¢' 

D 

DEFINITION 8.3. An n-dimensional manifold and group G is called a Lie 
group if the group multiplication G x G ---> G and the operation of taking the 
inverse G ---> G are differentiable. 

It follows that for h E G, left-translation Lh : G ---> G by h, Lhg := hg, 
is differentiable. A vector field X E XG is said to be left-invariant if it is Lg
related to itself for any g E G. Such a vector field will be abbreviated Li.v.f. 
The collection 9 of all Li.v.f. is a real vector space, and by Proposition 8.2, is 
also a Lie algebra. It is called the Lie algebra of G. 

Any X Egis uniquely determined by its value at the identity e: indeed, 
Xg = X 0 Lg(e) = Lg*Xe. Thus, the linear map 9 ---> Ge which sends a Li.v.f. 
to its value at the identity is one-to-one. It is actually an isomorphism: given 
v E Ge, the vector field X defined by Xg := Lg*v is left-invariant, since 

Lh*Xg = (Lh 0 Lg)*v = Lhg*v = X 0 Lh(g). 

We may therefore consider Ge to be a Lie algebra by setting [Xe, Ye] := [X, Y]e 
for l.i.v.f.'s X and Y. 

EXAMPLE 8.1. (i) jRn is a Lie group with the usual vector addition. Left 
translation by v E jRn is just Lvw = v + w. Since the Jacobian matrix of Lv 
is the identity, we have that Lv*Dija = DiILv(a); equivalently, the standard 
coordinate vector fields form a basis for the Lie algebra of jRn; this Lie algebra 
is abelian by Proposition 8.1. 

(ii) Let G = GL(n) denote the collection of invertible n by n real matrices. 
It becomes a Lie group under matrix multiplication. As an open subset of the 
n 2-dimensional vector space Mn of all n by n matrices, its Lie algebra gl(n) 
may be identified with Mn via 

Mn ~ Ge ~ g[(n), 
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where e is the n by n identity matrix. We claim that under this identification, 
the Lie bracket is given by 

(8.1) M,NEMn. 

To see this, let X, Y be the left-invariant vector fields with X(e) = JeM, 
Y(e) = JeN. Since left translation by A is a linear transformation, X(A) = 
J A (AM). If u ij : G --> jR denotes the function that assigns to a matrix A its 
(i,j)-th entry A ij , then 

(Yuij)(A) = Y(A)(uij ) = JA(AN)(uij ) = (AN)ij, 

so that Yuij = uij 0 R N , where RN is right translation by N, RN(A) = AN. 
Consider the curve t f---+ c( t) = e + tM. Then 

X(e)(Yuij ) = c(O)(uij 0 RN) = Do(t f---+ uij(N + tMN)) = (MN)ij, 

and similarly, Y(e)(Xuij ) = (NM)ij. Thus, 

[JeM, Je N ] (uij ) = [X, Y](e)(uij ) = (MN - NM)ij = Je(MN - NM)(uij ). 

Since JeQ = '£i,j(JeQ)(uij )(8!auij )le for any Q E M n , this establishes the 
claim. 

(iii) Given a Lie group G, and g E G, conjugation by g is the map Tg := 

Lg ORg-I : G --> G. Under the identification 9 = Ge, the derivative Tg*e belongs 
to GL(g), and is denoted Adg . The map Ad: G --> GL(g) which sends g to Adg 

is then a Lie group homomorphism, and is called the adjoint representation of 
G. Notice that if G is abelian, then this representation is trivial; in general, the 
kernel of Ad is the center Z(G) = {g E G I gh = hg, hE G} of G. 

As an example, consider the Lie group G = GL(n). We claim that Adg is 
just Tg; more precisely, viewing G as an open subset of the space Mn of all n 
by n matrices, we have the identification Je : Mn --> g[(n) as in (ii). Linearity 
of Tg then implies that the diagram 

g[(n) ~ g[(n) 

79 

commutes. 
(iv) The set IHI of quaternions is just jR4 = {'£;=1 aiei I ai E jR}; in 

addition to the vector space structure, there is an associative and distributive 
multiplication which generalizes that of complex numbers: write '£;=1 aiei as 
a1 +a2i+a3j+a4k, and define i2 = j2 = k2 = -1, ij = -ji = k, jk = -kj = i, 
ki = -ik = j, and 1 u = u for any quaternion u. The set IHI* of nonzero 
quaternions is then a Lie group with the above multiplication. Furthermore, it 
is straightforward to check that multiplication is norm-preserving in the sense 
that luvl = lullvl for quaternions u, v (with the usual Euclidean norm), so that 
IHI* contains S3 as a subgroup. 

Recall the canonical isomorphism Ju : IHI --> lHIu with Juei = Dilu , u E 

IHI. Since left translation by u is a linear transformation of jR4, we have that 
Lu*Jel a = Ju(ua). Thus, the l.i.v.f. X with Xel = Jel a is given by Xu = 
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Ju(ua). Applying this to a = ei, we obtain a basis Xi of !.i.v.f. with Xilel = 
Di[el' where 

Xl = ulDl +u2D2 +u3D3 +u4D4' 

X 2 = _u2 Dl + u l D2 + u4 D3 - u3 D4, 

X3 = _u3 Dl - u4D2 + u l D3 + u2 D4, 

X 4 = -u4Dl + u3 D2 - u2 D3 + u l D4· 

Observe that Xl is the "position" vector field, Xl[p = JpP, and that for i > 1, 
the Xi's form a basis of the orthogonal complement Jp(P.l..) at p. Thus, there 
are vector fields I, J, and K on S3 which are z-related to X 2, X 3, and X 4 for 
the inclusion z : S3 ~ 1Hl*. They are left-invariant and form a basis of the Lie 
algebra of S3. This Lie algebra is actually isomorphic to the Lie algebra of 
lR3 = {ai + j3j + "(k I a, j3, "( E lR} with the cross product, via I f--+ 2i, J f--+ 2j, 
K f--+ 2k. It is well known that Sl and S3 are the only spheres that admit a Lie 
group structure. 

DEFINITION 8.4. Let X E XM have flow <Pt. The Lie derivative of a vector 
field Y with respect to X at p is the tangent vector at p given by 

(L Y) - I' <P- h Y1>,(p) - Yp 
x p - 1m . 

t-.o t 
Notice that (Lx Y)p = c'(O), where c is the curve in Mp given by c(t) = 

<P-hY1>,(p)' 
Recall that as a special case of Lemma 3.1, any smooth function f : 1-+ lR 

with f(O) = 0 may be written as f(t) = t'lj;(t) , where 'lj;(0) = f'(O). In fact, 

'lj;(to) = fol f'(sto) ds. 

LEMMA 8.1. Let I denote an interval around 0, U an open set of M, and 
f : I x U -+ lR a differentiable function such that f(O,p) = 0 for all p E U. 
Then there exists a differentiable function g : I x U -+ lR satisfying 

a 
f(t,p) = tg(t,p), at (O,p)(f) = g(O,p), tEl, P E U, 

where a/at is the vector field on I x U that is zp-related to D; i.e., zp*D = 

a/at 0 Zp for the imbedding zp : I -+ I xU, zp(t) = (t,p). 

PROOF. Set g(to,p) := fo\a/at(sto,p) (f)) ds. 0 

THEOREM 8.1. For vector fields X and Y on M, Lx Y = [X, Y]. 

PROOF. Let p EM, f : M -+ lR, and <P : I x U -+ M be a local flow of X 
with p E U. Apply Lemma 8.1 to the function I x U -+ lR which maps (t, q) to 
(f 0 <p)(t, q) - f(q), and deduce that there exists a one-parameter family gt of 
functions on U such that f 0 <P t = f + tgt, and go = X f. Now, 

<P-hY1>,(p)(f) = Y1>,(p)(f 0 <P-t) = Y1>,(p)(f - tg-t) 

= (Y f) 0 <Pt(p) - t(Y g-t) 0 <Pt(p). 

Observe that for a function ¢ on U, 

(8.2) Xp(¢) = (¢ 0 c)'(O) = lim ¢ 0 <Pt(p) - ¢(p) , 
t-.o t 
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where c(t) = <I>t(p), Therefore, 

(Lx Y)PJ = lim (Y f) 0 <I>t(p) - (Y f)(p) - lim(Y g-t) 0 <I>t(p) 
t-O t t_O 

= Xp(Yf) - (Ygo)(p) = [X, Y]pJ, 

as claimed. D 

The Lie bracket of two vector fields measures the extent to which their flows 
fail to commute: 

PROPOSITION 8.3. Let <I>t and \}is denote local flows of X and Y E XM. 
Then [X, Y] == 0 iff<I>t 0 \}is = \}is 0 <I>t for all s, t. 

PROOF. Suppose that <I>t 0 \}is = \}is 0 <I>t. By Exercise 21 below, Y is <I>t
related to itself; i.e., <I>t*Y = Yo <I>t, so that <I>-t*Y 0 <I>t = Y. Lx Y then 
vanishes by definition. 

Conversely, suppose that the Lie bracket of X and Y vanishes. For any 
fixed p in M, the curve c in Mp given by c(t) = <I>-hY 0 <I>t(p) then satisfies 
c'(O) = O. We will show that c is the constant curve c(t) = Yp for all t, or 
equivalently, that c' == O. Fix any t, and set q = <I>t(p). Then 

'() l' c(t+h)-c(t) 
ct=lm h 

h-O 

. 1 
= hm -h [<I>-(t+hl* 0 Y 0 <I>t+h(p) - <I>-h 0 Y 0 <I>t(p)] 

h-O 

= lim -hI <I>-h[(<I>-h* 0 Y 0 <I>h)(<I>tp) - Y(<I>tp)] 
h-O 

. 1 
= <I>-h hm -h[<I>-h* 0 Yo <I>h(q) - Y(q)] = 0, 

h_O 

as claimed. D 

THEOREM 8.2. Let V be open in Mn, and consider k vector fields Xl, ... ,Xk 

on V that are linearly independent at some p E V. If [Xi, X j ] == 0 for all i and 
j, then there exists a coordinate chart (U, x) around p such that a / axi = Xil u , 
for i = 1, ... , k. As a special case, if X is a vector field that is nonzero at 
some point, then there is a coordinate chart (U, x) around that point such that 
a/ax l = X IU ' 

PROOF. Recall that if (U, x) is a chart, then a/axi is the unique vector 
field on U that is x-related to D i . The theorem states that under the given 
hypotheses, there exists a chart (U, x) such that x* 0 Xi 0 X-I = Di on x(U). 

It actually suffices to consider the case when M = lR,n, p = 0, and Xilo = 
Dilo: For the first two assertions, notice that if z is a coordinate map taking p to 
o E lR,n, then the vector fields Yi := z* 0 Xi 0 Z-1 have vanishing bracket, being 
z-related to Xi' Furthermore, if y is a local diffeomorphism of lR,n such that 
y* 0 Yi 0 y-l = D i , then x := yo z is a chart satisfying the claim of the theorem. 
The last assertion follows from the fact that if x : lR,n ----t lR,n is an isomorphism 
that maps the basis {.JO- 1 X ilo} to the standard one, then Xil o = Dilo, where 
- -1 Xi := x* 0 Xi 0 X • 
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Let <I>~ denote the flow of Xi, and define in a small enough neighborhood 
W of 0 a map I : W ....... ~n by 

I(al, ... , an) = (<I>~1 0··· 0 <I>~k)(O, ... , 0, ak+l,···, an). 

Then for a smooth function ¢ on ~n, 

I*Dlla(¢) = Dlla(¢ 0 f) = lim -hI [(¢ 0 f)(al + h, a2, ... , an) - (¢ 0 f)(a)] 
h-+O 

= lim -hl[(¢o<l>~ +h0<l>~2 o ... o<l>~k)(O, ... ,O,ak+l, ... ,an) h-+O 1 

- (¢ 0 f)(a)] 

= lim -hI [(¢ 0 <I>~)(f(a)) - ¢(f(a))] = Xl1f(a)(¢) 
h-+O 

by (8.2), so that I*Dl = Xl 0 I. Since <1>;1 o· .. 0 <I>~i o· .. 0 <I>~k = <I>~i o· .. 0 <I>~k' 
Di and Xi are I-related for all i ~ k. Moreover, 

. 1 
I*Dk+iIO(¢) = Dk+ilo(¢ 0 f) = hm -h [(¢ 0 f)(0, ... , 0, h, 0, ... ,0) - ¢(O)] 

h-+O 
. 1 = hm -h [¢(O, ... , 0, h, 0 ... ,0) - ¢(O)] = Dk+ilo(¢). 

h-+O 
Thus, the derivative of I at 0 is the identity, and by the inverse function 
theorem, there exists a chart (U, x) around 0 with x = 1-1. The equation 
I*Di = Xi 0 I is equivalent to x*Xi = Di 0 x. 0 

The last theorem of this section provides a useful characterization of the 
Lie bracket that generalizes Proposition 8.3: 

THEOREM 8.3. Let <l>t and III s denote local flows of the vector fields X and 
Y respectively. Given p E M, consider the curve c: [0, to) ....... M given by 

c(t) = (Ill _0 0 <I> _0 0 III 0 0 <I> 0)(P) , 

which is defined for small enough to > o. If IE FU, where U is a neighborhood 
of p, then 

[X, Y] (f) = lim (f 0 c)(t) - (f 0 c)(O). 
p t-+O+ t 

The curve c is, in general, not (even right-) differentiable at o. The theorem 
states that if we formally define a tangent vector c* Do by setting c* Do (f) equal 
to the right derivative of f 0 cat 0, then this vector equals [X, Y]p. 

PROOF. It is more convenient to work with the (smooth) curve c(t) = c(t2). 
We will show that 

(1) (f 0 c)'(O) = 0, and 
(2) ~(f 0 C)"(O) = [X, Y]p(f). 

Once this is established, it follows from Taylor's theorem that 

[X Y] (f) = ~(f 0 c) II (0) = lim (f 0 c)(t) - (f 0 c)(O) 
'P 2 t-+O t 2 

= lim (f 0 c)(Jt) - (f 0 c)(O) = lim (f 0 c)(t) - (f 0 c)(O). 
t-+O+ t t-+O+ t 
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In order to prove (1), we introduce "variational rectangles" VI, V2, and V3 
defined on a small enough rectangle R around 0 E JR2, given by 

Vds, t) = (\lis 0 <I>t)(p), 

V2(s, t) = (<I>-s 0 \lit 0 <I>t)(p), 

V3(s, t) = (\lI- s 0 <I>-t 0 \lit 0 <I>t)(p). 

Observe that c(t) = V3 (t, t), V3(0, t) = V2(t, t), and V2(0, t) = VI (t, t). By the 
chain rule, 

(f 0 c)' (0) = Dl (f 0 V3)(0, 0) + D2(f 0 V3)(0, 0) 

= Dl (f 0 V3)(0, 0) + Dl (f 0 V2)(0, 0) + D2(f 0 V2)(0, 0) 

= Dl (f 0 V3)(0, 0) + Dl (f 0 V2)(0, 0) + Ddf 0 Vd(O, 0) 

+ D 2 (f 0 V1)(0, 0) 
= - Ypf - Xpf + Ypf + Xpf = 0, 

which establishes (1). For (2), we have 

(f 0 c)" (0) = Dll (f 0 V3)(0, 0) + 2D21 (f 0 V3)(0, 0) + D22 (f 0 V3)(0, 0). 

Using the identity Dl (f 0 V3 ) = -(Y f) 0 V3 , the first term on the right becomes 

Dll (f 0 V3)(0, 0) = D1( -Y f 0 V3)(0, 0) = YpY f. 

A lengthy but straightforward calculation using in addition the fact that Dl (f 0 

Vd = (Yf)o VI, D1(fo V2) = -(Xf)o V2, and D2(fO Vd(O, h) = (Xf)o VI(O, h) 
yields 

2D21 (f 0 V3)(0, 0) = -2YpY f, D22 (f 0 V3)(0, 0) = YpY f + 2[X, Y]pf. 

Substituting into the expression for (f 0 c)"(O) now yields (2). 

EXERCISE 19. Let (U, x) denote a chart of M, X, Y E XU, so that 

8 
X = L¢i 8xi ' 

Show that 

o 

EXERCISE 20. Recall that the orthogonal group 0 (n) consists of all matrices 
A in GL(n) such that AAt = In. Apply Theorem 6.1 to the map F : GL(n) -+ 

GL(n) given by F(A) = AAt to deduce that O(n) is a Lie subgroup of GL(n) 
of dimension (;). Show that its Lie algebra o(n) is isomorphic to the algebra 
of skew-symmetric matrices (A = -At) with the usual bracket. 

EXERCISE 21. Let f : M -+ M be a diffeomorphism. Show that if X E XM 
has local flow <I>t, then the vector field f*oX of-Ion M has local flow fo<I>tof-l. 
Conclude that X is f-related to itself iff <I>t 0 f = f 0 <I>t for all t. 

EXERCISE 22. Fill in the details of the proof of (2) in Theorem 8.3. 



9. DISTRIBUTIONS AND FROBENIUS THEOREM 27 

9. Distributions and Frobenius Theorem 

Consider a nowhere-zero vector field X on a manifold M. The map p f--> 

span{X(p)} assigns to each point p in M a one-dimensional subspace of Mp. 
The theory of ordinary differential equations guarantees that any point of M 
belongs to an immersed submanifold-the flow line of X through that point
that is everywhere tangent to these subspaces. 

If we now replace the one-dimensional subspace by a k-dimensional one at 
each point (where k > 1), a little experimenting with the case M = ]R3 and 
k = 2 will convince the reader that is not always possible to find k-dimensional 
submanifolds that are everywhere tangent to these subspaces. In this section, we 
will describe conditions guaranteeing the existence of such manifolds. Although 
they are formulated in terms of Lie brackets, they actually reflect a classical 
theorem from the theory of partial differential equations. 

DEFINITION 9.1. Given an n-dimensional manifold Mn and k ::::: n, a k
dimensional distribution ~ on M is a map p f--> ~p, which assigns to each 
point p E M a k-dimensional subspace ~p of Mp. This map is smooth in the 
sense that for any q E M, there exists a neighborhood U of q, and vector fields 
Xl, ... ,Xk on U, such that X llTl ... ,Xklr span ~r for any r E U. 

We say a vector field X on M belongs to ~ (X E ~) if Xp E ~p for all 
p E M. ~ is said to be integrable if [X, Y] E ~ for all X, Y E ~. 

DEFINITION 9.2. A k-dimensional immersed submanifold N of M is said 
to be an integral manifold of ~ if z.Np = ~p for all PEN, where z : N "'--> M 
denotes inclusion. 

PROPOSITION 9.1. If for every p E M there exists an integral manifold 
N(p) of ~ with p E N(p), then ~ is integrable. 

PROOF. Let X, Y E ~, P E M. We must show that [X, Y]p E ~p. Since 
z*q : N(p)q ---.. ~q is an isomorphism for every q E N(p), there exist vector 
fields X and Y on N(p) that are z-related to X and Y. By Proposition 8.2, 
[X, Y]p = z.[X, Y]p E ~p. 0 

An important special case is that of a one-dimensional distribution; any 
nowhere-zero vector field on M defines one such, and conversely a one-dimensional 
distribution yields at least locally a vector field on M. Such a distribution ~ is 
always integrable (why?). Moreover, the converse of Proposition 9.1 holds: In 
fact, given p EM, there exists a chart (U, x) around p, an interval I around 0, 
such that x(p) = 0, x(U) = In, and for any a2, ... ,an E I, the slice 

{q E U I x 2(q) = a2,." ,xn(q) = an} 

is an integral manifold of~. Any connected integral manifold of ~ in U is of this 
form. To see this, let X be a vector field that spans ~ on some neighborhood 
V of p. Since Xp i:- 0, there exists by Theorem 8.2 a chart (U, x) around p such 
that Xlu = 8/8xl . 

What we have just described holds for any integrable distribution, and is 
the essence of the following theorem: 
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THEOREM 9.1. Let ~ denote a k-dimensional integrable distribution on M. 
For every p E M, there exists a chart (U,x) with x(p) = 0, x(U) = (-I,I)n, 
and such that for any ak+1,"" an E I = (-1,1), the slice {q E U I x k+1(q) = 
ak+l,"" xn(q) = an} is an integral manifold of~. Furthermore, any connected 
integral manifold of ~ contained in U is of this form. 

PROOF. The statement being a local one, we may assume that M = IRn, 
p = 0, and ~o is spanned by Dilo, 1 ::; i ::; k. Let 7r : IRn ----+ IRk denote the 
canonical projection. Then 7r 4:lo : ~o ----+ IR~ is an isomorphism, and therefore 

so is 7r*I6.q : ~q ----+ IR~(q) for all q in some neighborhood {; of O. It follows that 

there are unique vector fields Xi on {; that belong to ~, and are 7r-related to 
Di , 1 ::; i ::; k. Thus, 7r*[Xi,Xj ] = O. But [Xi,Xj] E ~ and 7r* is one-to-one 
on ~, so that [Xi, X j ] == O. By Theorem 8.2, there exists a chart (U, x) around 
the origin, with x(U) = In and XiJU = ajaxi . 

Let f = 7r2 0 X : U ----+ In-k, where 7r2 : IRn ----+ IRn- k denotes projection. f 
has maximal rank everywhere, and the above slices are the manifolds f- 1 (a), 
a E In-k. If N is the slice containing q E U, then by Proposition 6.2, 

~*Nq = {v E Mq I f*v = O} = {v E Mq I v(xk+j) = O,j = 1, ... ,n - k} 

= span { "a i Iq} , 
ux l::;i::;k 

so that N is an integral manifold of ~. 
Conversely, suppose N is an integral manifold of ~ contained in U. Given 

v E N q , ~*v belongs to ~q = span{ajaxilqh::;i::;k, so that ~*v(xk+j) = O. Thus, 
(x k+j 0 ~)*q = 0 for every q E N. Since N is connected, xk+j 0 ~ is constant by 
Exercise 10. D 

DEFINITION 9.3. A k-dimensional foliation F of M is a partition of Minto 
k-dimensional connected immersed sub manifolds , called leaves of F, such that 

(1) the collection of tangent spaces to the leaves defines a distribution ~, 
and 

(2) any connected integral manifold of ~ is contained in some leaf of F. 

A leaf of F is then also referred to as a maximal integral manifold of ~, and ~ 
is said to be induced by F. 

THEOREM 9.2 (Frobenius Theorem). Every integrable distribution of M is 
induced by a foliation of M. 

PROOF. By Theorem 9.1 and the fact that M is second-countable, there 
exists a countable collection C of charts whose domains cover M, such that for 
any (U,x) E C, the slices 

{q E U I xk+1 (q) = ak+l, ... , xn(q) = an} 

are integral manifolds of the distribution ~. Let S denote the collection of all 
such slices, and define an equivalence relation on S by S rv S' if there exists 
a finite sequence So = S, ... , Sl = S' of slices such that Si n SHI #- 0 for 
i = 0, ... , l - 1. Each equivalence class contains only countably many slices 
because a slice S of U can intersect the domain V of another chart in C in only 
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countably many components of V, since S is a manifold. The union of all slices 
in a given equivalence class is then an immersed connected integral manifold 
of ~, and two such are either equal or disjoint. By definition, any connected 
integral manifold of ~ is contained in such a union. 0 

EXAMPLES AND REMARKS 9.1. (i) Leaves need not share the same topol
ogy: Let S3 = {(Zl,Z2) E ((:2 IIZll2 + IZ212 = 1}, and for a E IR, consider the 
one-dimensional foliation F of S3 defined as follows: the leaf through (Zl' Z2) is 
the image of the curve c : IR ~ S3, c(t) = (zleit , z2eiD:t). When a is irrational, 
some leaves will be immersed copies of IR, while others (the ones through (1,0) 
and (0,1)) are imbedded circles. The foliation corresponding to a = 1 is known 
as the Hopf fibration. 

(ii) Let M be the torus Si/v'2 x Si/v'2 = {(Zl,Z2) E ((:2 IIZll2 = IZ212 = 
1/2}. M is a submanifold of S3, and the foliation from (i) above induces one 
on M. If a is irrational, it is easy to see that each leaf is dense in M. 

EXERCISE 23. Define an inner product on the tangent space of IRn at 
any point p so that Jp : IRn ~ IR; becomes a linear isometry; i.e., (u, v) := 

(Jp-1U, Jp-lv) for u, v E IR;, with the right side being the standard Euclidean 
inner product. Let ~ denote the two-dimensional distribution of S3 which is 
orthogonal to the one-dimensional distribution induced by the Hopf fibration 
in Example 9.1(i). Show that ~ is not integrable. 

EXERCISE 24. Let 7[ : Mn ~ Nn-k be a surjective map of maximal rank 
everywhere. Show that the collection of pre-images 7[-1 (q), as q ranges over N, 
is a k-dimensional foliation of M. 

10. Multilinear Algebra and Tensors 

The material in this section is fairly algebraic in nature. The modern 
interpretation of many of the important results in differential geometry requires 
some knowledge of multilinear algebra; Stokes' theorem, Chern-Weil theory 
among others are formulated in terms of differential forms, which are tensor
valued functions on a manifold. Here, we have chosen Warner's approach [36], 
which is in a sense more thorough than Spivak's [34]. 

The free vector space generated by a set A is the set F(A) of all functions 
f : A ~ IR which are 0 except at finitely many points of A, together with 
the usual addition and scalar multiplication of functions. The characteristic 
function fa of a E A is the function which assigns 1 to a and 0 to every 
other element. If we identify elements of A with their characteristic functions, 
then any v E F(A) can be uniquely written as a finite sum v = L aiai, with 
ai = v(ai) ERIn other words, A is a basis of F(A). 

Let V and W be finite-dimensional real vector spaces, and consider the 
subspace F(V x W) of F(V x W) generated by all elements of the form 

(Vl + V2, w) - (Vl' w) - (V2' w), (v, Wl + W2) - (v, wt) - (v, W2), 

(av, w) - a(v, w), (v, aw) - a(v, w), a E IR, v, Vi E V, W, Wi E W. 

DEFINITION 10.1. The tensor product V 181 W is the quotient vector space 
F(V x W)/F(V x W). 
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The equivalence class (V, w) + F(V x W) is denoted v 0 w. The first relation 
above implies that (Vl + V2) 0 w = Vl 0 W + V2 0 w, and similar identities follow 
from the others. 

When W = lR, V 0 lR is isomorphic to V, by mapping v 0 a to at' for 
a E lR, v E V, and extending linearly. Yet another simple example is the 
complexification of a vector space: Recall that the set C of complex numbers is 
a real 2-dimensional vector space. The complexification of a real vector space 
V is V 0 C Given v E V, z = a + bi E C, the element v 0 Z = v 0 a + v 0 bi is 
usually written as av + ibv. 

Given vector spaces V1 , ... , Vn, and Z, a map m : V1 x ... X Vn ---> Z is said 
to be multilinear if 

m(Vl, ... , aVi + W, ... , vn) = am(Vl, ... , Vi,"" Vn) + m(Vl,.'" W, ... , Vn) 

for all Vi, w E Vi, a E R When n = 2, a multilinear map is also called bilinear. 
The next lemma characterizes such maps as linear maps from the tensor product 
V1 0 ... 0 Vn to Z: 

LEMMA 10.1. Let 1f : V x W ---> V 0 W denote the bilinear map 1f(v, w) = 
V 0 w. For any vector space Z and bilinear map b : V x W ---> Z, there exists 
a unique linear map L : V 0 W ---> Z such that L 0 1f = b. Conversely, if X is 
a vector space that satisfies the above property (namely, there exists a bilinear 
map p : V x W ---> X such that if b : V x W ---> Z is any bilinear map into some 
space Z, then there exists a unique linear map T : X ---> Z with Top = b), then 
X is isomorphic to V 0 W. 

PROOF. Since V x W is a basis of V 0 W, b induces a unique linear map 
f : F(V x W) ---> Z such that f 02 = b, where 2 : V x W ---> F(V x W) is inclusion. 
Since b is bilinear, the kernel of f contains .t(V 0 W), and f induces a unique 
linear map L : V 0 W ---> Z such that Lon- = f, where n- : F(V x W) ---> V 0 W 
denotes the projection. Thus, L 0 1f = Lon- 0 2 = f 0 2 = b. 

Conversely, if X is a space as in the statement, then there exist linear maps 
T : X ---> V 0 Wand L : V 0 W ---> X such that the diagrams 

VxW VxW 

pl l~ 
X 

T 
V0W -------+ 

and 
VxW VxW 

pl l~ 
X 

L 
V0W f----

commute. Thus, T and L are mutual inverses. 0 

For vector spaces V and W, Hom(V, W) denotes the space of all linear 
transformations from V to W with the usual addition and scalar multiplication. 
Choosing bases for V and W (which amounts to choosing isomorphisms V ---> 

lRn , W ---> lRm) yields isomorphisms 

Hom(V, W) ~ Hom(lRn,lRm) ~ Mm,n 
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with the space ]v!m,n of m x n real matrices. In particular, dim Hom(V, W) = 

dim V . dim W. The dual V* of V is the space Hom(V, JR) ~ M 1,n ~ JRn ~ V. 
This noncanonical (because it depends on the choice of basis) isomorphism 
between V* and V is equivalent to saying that if {ei} is a basis of V, then {ai } 
is a basis of V* (called the dual basis to {e;}), where a i is the unique element 
of V* such that a i (ej) = 6ij. 

Notice, however, that there is a canonical isomorphism L : V ---+ V**, given 
by 

(Lv)(a) = a(v), v E V, a E V*. 

PROPOSITION 10.l. V* ® W is canonically isomorphic to Hom(V, W). In 
particular, dim(V ® W) = dim V . dim W. In fact if {e;} and {Ij} are bases of 
V and W respectively, then {ei ® fj} is a basis of V ® W. 

PROOF. The map 

V* x W ---+ Hom(V, W), 

( a, w) f-7 (v f-7 (av) . w) 

is bilinear, and by Lemma 10.1 induces a unique linear map L : V* ® W ---+ 

Hom(V, W). L is easily seen to be an isomorphism with inverse T f-7 L: a i ® 
T(ei), where {e;} and {ail are any dual bases of V and V* respectively. As 
to the second statement, if v = L: aiei E V and w = L: bj fj E W, then 
v ® w = L:i,j aibjei ® fj, so that {ei ® fj} is a spanning set for V ® W. It must 
then be a basis by dimension considerations. 0 

Thus, for example, V ® JR ~ V** ® JR ~ Hom(V*, JR) ~ V** ~ V. 

DEFINITION 10.2. A tensor of type (r, s) is an element of the space 
s 
~ 

Tr,s(V) := ~® V* ® ... ® V*. 

r 

Our next aim is to show that Tr,s (V) may be naturally identified with the 
space Ms,r(V) of multilinear maps V x ... x V x V* x ... x V* ---+ JR (s copies of 
V, r copies of V*). For example, a bilinear form on V (e.g., an inner product) 
is a tensor of type (0,2). 

Recall that a nonsingular pairing of V with W is a bilinear map b : V x W ---+ 

JR such that if the restriction of b to {v} x W, respectively V x { w }, is identically 
0, then v, respectively w, is 0 for any v E V and w E W. When V and Ware 
finite-dimensional, such a pairing induces isomorphisms V ---+ W* and W ---+ V*: 
Define L : V ---+ W* by (Lv)w = b(v,w). L is one-to-one, and since b induces 
a similar map from W to V*, V and W must have the same dimension, and L 
is an isomorphism. The isomorphism V ~ V** above comes from the pairing 
b: V x V* ---+ JR, b(a,v) = a(v). 

PROPOSITION 10.2. Tr,s(V) is canonically isomorphic to Ms,r(V). 

PROOF. Define a nonsingular pairing b of Tr,s(V) with Tr,s(V*) as follows: 
for u = U1 ® ... ® Ur ® V;+l ® ... ® v;+s E Tr,s(V) and v* = vr ® ... ® 
v; ® Ur+1 ® ... ® Ur+s E Tr,s(V*) (such elements are called decomposable), 
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set b(u, v*) := II V;(Ui), and extend bilinearly to all elements. Together with 
Lemma 10.1, this yields the sequence of isomorphisms 

It follows that under the above identification, an element U1 ® ... ® Ur ® ui ® 
... ® u; E Tr,s (V) is a multilinear map V-' x v*r ---> JR satisfying 

r s 

U1 ® ... ® Ur ® u; ® ... ® U;(V1,'" ,vs,v;, ... ,v;) = II V;(Ui) II uj(Vj). 
i=l j=l 

D 

As an elementary example, consider a manifold M n , p E M, and a chart 
(U, x) around p. Set V = Mp. Then {dx1p ® dX1ph<::i,j<::n is a basis of VO,2' By 

Proposition 10.2, dxi ® dxj(v, w) = dxi(v)dxj(w). 
It is convenient to group all the tensor spaces into one: The tensor algebra 

of V is the graded algebra T(V) = EBr,s;:,oTr,s(V) with the multiplication ® : 
Tr"SI (V) x Tr2 ,S2(V) ---> Tr,+sl,r2+s2(V), The subalgebra To(V) = EBrTr,o(V) is 
called the algebra of contravariant tensors. Let I(V) denote the ideal of To(V) 
generated by the set of elements of the form v ® v, v E V. We may write 
I(V) = EBrIr(V), where Ir(V) = I(V) n Tr,o(V). 

DEFINITION 10.3. The exterior algebra of V is the graded algebra A(V) = 
To(V)/I(V). 

Observe that A(V) = EBk;:,oAk(V), where Ao(V) = JR, A1 (V) = V, and 
Ak(V) = Tk,o(V)/ h(V) for k > l. The multiplication in To(V) induces one in 
A(V), called the wedge product, and denoted !\: If 7r : To(V) ---> A(V) denotes 
the projection, then 

7r(V1 ® ... ® Vk) = V1 !\ ... !\ Vk· 

PROPOSITION 10.3. If {e1,'" ,en} is a basis of V, then {eil !\ ... !\ eik I 
1 ~ i1 < ... < ik ~ n} is a basis of Ak(V)' Thus, dimAk(V) = (~) for k ~ n, 
An(V) ~ JR, and An+k(V) = O. 

PROOF. Since (ei + ej) !\ (ei + ej) = 0, ei !\ ej = -ej !\ ei, so the set in the 
statement spans Ak(V), To see that it is linearly independent, suppose that 
Lj ajei,j !\ ... !\ eid = O. Fix j, and let ejl"'" ejn_k be those basis vectors 
that do not appear in the expression ei,j !\ ... !\ eid' Observe that for I -I- j, 
the set {ei,l, ... ,eikl} intersects {ejl'"'' ejn_k}' Thus, 

0= (~alei,l!\"'!\ eikl) !\ (ej, !\ ... !\ ejn_k) = ±aje1!\"'!\ en, 

and it only remains to show that e1 !\ ... !\ en -I- 0, or equivalently, that e1 ® ... ® 
en t/:- In(V). But any wE In(V) can be uniquely written as a linear combination 
of terms ej, ® ... ® ejn' each of which either satisfies ji = ji+1 for some i, or else 
comes paired with another term of the form ej, ® .. ·®eji+l ®eji ® .. ·®ejn bearing 
the same scalar coefficient. This is clearly not the case for e1 ® ... ® en. D 
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Given a space W, a multilinear map m : Vk -+ W is said to be alternating 
if m( ... , V, ... , v, ... ) = O. When W = JR., the space of such maps will be 
denoted Ak(V), Just as multilinear maps can be viewed as linear maps from a 
tensor algebra, Exercise 26 establishes that alternating multilinear maps from 
Vk can be considered as linear maps from Ak(V), 

PROPOSITION 10.4. There are canonical isomorphisms Ak(V*) ~ Ak(V)* ~ 
Ak(V)' 

PROOF. The second isomorphism is the one induced from Exercise 26. For 
the first one, there is a unique bilinear map b : Ak(V*) x Ak(V) -+ JR. which is 
given on decomposable elements by 

b(v; /\ ... /\ v'k, VI/\"'/\ Vk) = det(v:vj). 

It determines a nonsingular pairing, and therefore an isomorphism Ak (V*) ~ 
Ak(V)*, 0 

Observe that under the identification Ak(V*) ~ Ak(V), 

(v; /\ ... /\ vk)(VI,"" Vk) = det(v:vj). 

Moreover, A(V) := EBkAk(V) ~ EBAk(V*) = A(V*), so that A(V) is a graded 
algebra. Now, ifu E Ak(V), v E AI(V), then u/\v = (-l)klv/\u, as follows 
by writing u and v in terms of decomposable elements and considering the case 
k = I = 1. It follows that 

PROPOSITION 10.5. For 0: E Ak(V) and (3 E AI(V), 

0: /\ (3(VI,"" Vk+I) = L (sgn a)O:(Va(I)' ... , Va(k)){3(Va(k+l) , ... , Va(k+I)) 
aEFk+l 

1 
= L k!l! (sgna)o:(va(I),"" Va(k)){3(Va(k+1) , ... , Va(k+I))' 

aEPk +l 

(Here, Pk+1 is the group of all permutations of {I, ... , k + I}, and Pk+1 is the 
subset of all (k,l}-shuffles; i.e., those permutations a with a(l) < ... < a(k) 
and a(k + 1) < ... < a(k + I)}. 

PROOF. It suffices to establish the result for decomposable elements 0: = 
ui /\ ... /\ u'k and (3 = wi /\ ... /\ wi· Notice that 

O:(VI, ... , Vk) = det(u7 vj) = L (sgn T)U~Vr(I)'" u'kvr(k) 
rEPk 

by definition of the determinant. Given a E Pk+I, let Wi = Va(i)' so that 

O:(Va(I),"" Va(k)) = O:(Wl, ... , Wk) = L (sgn T)UrWr(I)'" U'kwr(k) 

= L (sgn T)U~Var(l) ... u'kVar(k)' 
rEPk 
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Now, for any a E Pk+l, there exist unique Tk E Pk, T/ E PI, and (k, l)-shuffle U 
such that a(i) = UTk(i) for i::; k and a(k + i) = u(k + Tl(i)) for i::; l. Thus, 

L (sgna)a(vcr(I),"" Vcr(k)) f3(Vcr (k+1) , ... , Vcr(k+l)) 
crEPk +1 

= L (sgna) L (sgnT)urvcrT(I)" .ukvcrT(k) 
crEPk+1 TEPk 

. L (sgn T)WrVcr(k+T(l)) ... W;Vcr(k+T(I)) 

= (ur /\ ... /\ uk) /\ (w; /\ ... /\ Wl)(VI,"" Vk+l) = (a /\ f3)(VI,"" Vk+l). 

The second identity is left as an exercise. D 

EXAMPLE 10.1. Let Mn be a manifold, and (U, x) a chart around some 
p EM. Then {dx1p /\ dxfph~i<j~n is a basis of A2(M;) ~ A2(Mp), and 

dxi /\dxj(u,v) = dxi(u)dxj(v) - dXi(V)dxj(u), U,V E Mp. 

Any 2-form wE A2(Mp) can be written as W = LI<i<J'<n wijdx'I' /\ dxJ
1

' , with 
- - p p 

w(8/8xklp, 8j8x1Ip) = Lwijdxi /\ dxj(8/8xklp, 8/8x1Ip) = Wkl for k < l. 

iff 

EXERCISE 25. Show that V ® W is canonically isomorphic to W ® V. 

EXERCISE 26. (a) Prove that a multilinear map m : V k ---t W is alternating 

m(Vcr(I),"" Vcr(k)) = (sgna)m(vI"'" Vk), Vi E V, a E Pk· 

(b) Let 7r : Vk ---t Ak (V) denote the alternating multilinear map sending 
(VI, ... , Vk) to VI/\ ... /\ Vk. Show that if m : Vk ---t W is alternating multilinear, 
then there exists a unique linear L : Ak (V) ---t W such that L 0 7r = m. 

EXERCISE 27. Prove the second identity in Proposition 10.5. 

EXERCISE 28. Show that vectors VI, ... , Vk E V are linearly independent 
iff VI /\ ... /\ Vk i= O. 

EXERCISE 29. Let (V, (,)) denote an n-dimensional inner product space, 
and o(V) the Lie algebra of all skew-symmetric linear endomorphisms of V 
from Exercise 20. Consider the linear map L : A2(V) ---t o(V) defined on 
decomposable elements by 

(L(u /\ v))(w) = (v, w)u - (u, w)v, 

Prove that L is an isomorphism. 

u,V,w E V. 

EXERCISE 30. (a) Show that if dim V=3, then any element of A2 (V) is 
decomposable. 

(b) Show that (a) is false if dim V> 3. (Hint: consider UI /\ U2 + U3 /\ U4, 
where the Ui'S are linearly independent.) 

(c) Prove that nevertheless, any element in A2 (V) can be written as UI /\ 
U2 + ... + Uk-I /\ Uk, where the u/s are linearly independent. 
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11. Tensor Fields and Differential Forms 

We can now do with tensors what we did with vectors when defining vector 
fields; i.e., assign to each point p of a manifold M a tensor of a given type in 
the tangent space Mp of M at p in a differentiable way. This is conveniently 
done by introducing the following concepts: 

DEFINITION 11.1. Let M n denote a manifold. The three sets Tr,s(M) := 

UpEMTr,s(Mp) , Ak(M) := UpEMAk(M;), and A*(M) := UPEMA(M;) are called 
the bundle of tensors of type (r,s) over M, the exterior k-bundle over M, and 
the exterior algebra bundle over M, respectively. 

The term "bundle" will be explored further in the next chapter. For now, 
observe that each of these sets admits a natural map 7r onto M, called the 
projection, which sends a tensor on Mp to the point p itself. The following 
proposition should be compared to our construction of the tangent bundle of 
M. 

PROPOSITION 11.1. The differentiable structure on M induces differentiable 
structures on Tr,s(M), Ak(M), and A*(M) for which the projection onto Mare 
submersions. 

PROOF. Given a chart (U, x) of M, consider bases {8/8x1p } and {dx1p } 
of Mp and M; respectively. These in turn induce bases for the vector spaces 
Tr,s(Mp), Ak(M;), and A*(Mp); i.e., isomorphisms Lp between these spaces 
and the Euclidean space ~l for appropriate choices of l. This yields bijective 
maps (x 0 7r, L) : 7r-l(U) --4 x(U) X ~l, where L(u) := L71'(u)(u). Endow each 
space with the topology for which these maps become local homeomorphisms. 
It follows that the collections of such maps are differentiable atlases, and the 
projections onto M are differentiable submersions. 0 

We will denote by the same letter 7r the projections of all three bundles 
onto M. 

DEFINITION 11.2. A tensor field of type (r,s) on M is a (smooth) map 
T: M --4 Tr,s(M) such that 7r 0 T = 1M. A differential k-form on M is a map 
a: M --4 Ak(M) such that 7r 0 a = 1M. 

Notice that a vector field on M is just a tensor field of type (1,0). The 
following proposition is proved in the same way as we did for vector fields: 

PROPOSITION 11.2. T is a tensor field of type (r,s) on M iff for any chart 
(U,x) of M, 

E 88· . 
Til u = T '. . . --.@ .. ·@--.@dxJl@···@dxJs 

ZI,''',Zr,)I,···,)s ax'Ll 8x'l,r 

for smooth functions Til , ... ,i r ;l1, ... ,js on U. Similarly, a is a differential k-form 
on M iff 

l:'Oil < .. ·<ik:'On 

for smooth functions ail .. . ik on U. 
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Observe that the functions in Proposition 11.2 satisfy 

( . . a a ) 
Til , ... ,ir;j, ,···,j8 = T dX", ... , dx'r, OXjl ' ... 'OXjs ' 

ai, , ... ,ik = a (O:i l ' ... , O:ik ) . 

EXAMPLES AND REMARKS 11.1. (i) Let (U,x) and (V,y) be charts of Mn. 
Then on un V, 

dyl /\ ... /\ dyn = det D(y 0 X-I )dx1 /\ ... /\ dxn 

because dyl /\ .. ·/\dyn(%x1 , ... , %xn) = det(dyi(%xj)) = det Dj(yiox-l). 
(ii) A Riemannian metric on a manifold M is a tensor field 9 of type (0,2) 

on M such that for every p EM, g(p) is an inner product on Mp. 

We denote by Ak(M) the set of all differential k-forms on M, and by A(M) 
the collection of all forms. Given a, {3 E A(M), a E JR, define aa, a + {3, a /\ {3 E 
A(M) by setting 

(aa)(p) = aa(p), (a+ {3)(p) = a(p) + {3(p) , (a/\{3)(p) = a(p) /\{3(p), p EM. 

A(M) then becomes a graded algebra with these operations. 
Since Ao(M) = UpEMAo(M;) = UpEMJR = M x JR, Ao(M) is naturally 

isomorphic to F(M) if we identify a E Ao(M) with f = 7r2 0 a, where 7r2 : 

M x JR ---> JR is projection. For f E Ao(M), we write fa instead of f /\ a. Thus, 
A(M) is a module over F(M). 

Any a E Ak(M) is an alternating multilinear map 

a : X(M) x ... x X(M) ---> F(M), 

Moreover, a is linear over F(M); i.e., 

a(XI , ... , fXi , ... , Xk) = fa(X1 , ... , Xi,"" X k). 

The converse is also true: 

PROPOSITION 11.3. A multilinear map T : X(M) x ... x X(M) ---> JR is a 
tensor field iff it is linear over F(M). 

PROOF. The condition is necessary by the above remark. Conversely, sup
pose T is multilinear and linear over F(M). We claim that T "lives pointwise": 
If X i1p = Yil p for all i, then T(X I , ... , Xk)(p) = T(YI , ... , Yk)(p). To see this, 
assume for simplicity that k = 1, the general case being analogous. It suf
fices to establish that if Xp = 0, then T(X)(p) = O. Consider a chart (U, x) 
around p, and write XIU = L fi 0/ oxi with fi (p) = O. Let V be a neigh
borhood of p whose closure is contained in U, and ¢ a nonnegative function 
with support in U which equals 1 on the closure of V. Define vector fields 
Xi on M by setting them equal to ¢%x i on U and to 0 outside U. Sim
ilarly, let gi be the functions that equal ¢h on U and 0 outside U. Then 
X = ¢2 X + (1- ¢2)X = LgiXi + (1- ¢2)X, and 

(TX)(p) = Lgi(p)(TXi)(p) + (1- ¢2(p))(TX)(p) = 0, 

establishing the claim. 
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We may therefore define for each p E AI an element Tp E To,dlvIp) by 

for any vector fields Xi with Xi!p = Ui, The map p f-+ Tp is clearly smooth. 0 

EXAMPLES AND REMARKS 11.2. (i) Given a, (3 E Al (M) and X, Y E 
X(M), 

(a 1\ (3)(X, Y) = a(X){3(Y) - a(Y){3(X). 

(ii) Recall that for f E F(M) and p E M, df(p) is the element of M; given 
by df(p)u = u(f) for u E Mp. The assignment p f-+ df(p) defines a differential 
I-form df, since in a chart (U, x), df!u = Li(of /oxi)dxi with of /ox i E F(U). 
df is called the differential of f. Observe that d : Ao (M) -+ Al (M) and that 
d(fg) = fdg + gdf· 

THEOREM 11.1. There is a unique linear map d : A(M) -+ A(M), called 
the exterior derivative operator such that 

(i) d: AdM) -+ Ak+l(M), kEN; 
(ii) d(a 1\ (3) = da 1\ {3 + (-I)ka 1\ d{3, a E Ak(M), (3 E A(M); 

(iii) d2 = 0; and 
(iv) for f E Ao(M), df is the differential of f· 

PROOF. We will first define d locally in terms of charts, and then show that 
the definition is independent of the chosen chart. An invariant formula for d 
will be given later on. 

Given p E !'vI, and a chart (U, x) around p, any form a defined on a neighbor
hood of p may be locally written as a = L a1dxI , where I ranges over subsets 
of {I, ... ,n}, dx I = dXi1 1\ ... 1\ dxik if I = {i 1 , ... ,ik} with il < ... < ik (or 
dx I = 1 if I = 0), and the aI are smooth functions on a neighborhood of p. 
Define 

da(p) = L daI(p) 1\ dx I (p). 

We first check that d satisfies the following properties at p: Given a E A k (Al), 

(1) da(p) E Ak+1 (M;); 
(2) if a = (3 on a neighborhood of p, then da(p) = d{3(p); 
(3) d(aa + b(3)(p) = ada(p) + bd{3(p) , a, bE lR, (3 E A(M): 
(4) d(a 1\ (3)(p) = da 1\ (3(p) + (-I)ka 1\ d{3(p); 
(5) d(df)(p) = 0, f E Ao(M). 

Properties (1)-(3) are immediate. To establish (4), we may, by (3), assume that 
a = f dx I and (3 = gdxJ . In case I and/or J are empty, the statement is clear 
from the definition and the fact that (4) is true for functions. Otherwise, 

d(a 1\ (3)(p) = d(fgdxI 1\ dxJ)(p) = (df(p)g(p) + f(p)dg(p)) 1\ (dx I 1\ dxJ)(p) 

= (df(p) 1\ dx I (p)) 1\ (g(p)dxJ (p)) 

+ (_I)k(f(p)dxI(p)) 1\ (dg(p) I\dxJ(p)) 

= da(p) 1\ (3(p) + (-I)ka(p) 1\ d{3(p). 
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For (5), write df locally as L(Df /Dxi)dx' . Then 

'" (0) . '" 02 f . . d(dj)(p) = L..- d oxi (f) (p) 1\ dx'(p) = L..- DxjDxi (p)dxJ(p) 1\ dx'(p) 
l L.J 

_ L ( 0 2 f () 0 2 f ()) d" i () d· j ( ) -- ~ p -~ p x P 1\ x P - o. 
ux'uxJ uxJ ux' i<j 

NexL we verify that d is well defined: i.e .. independently of the chosen chart. 
Suppose d' is defined in the same way relative to some other chart around p. 
Then df (p) = d' f (p) for fUllctions f. Furthermore. d' satisfies properties (1) 
through (5), so 

d' o(p) = L d' (oIdx I ) = L d' OI(p) 1\ dx I (p) + oI(p)d' (dxI)(p) 

= L doI(p) 1\ dx I (p) + 01 (p)d'(dxI)(p), 

and it only remains to show that d' (dXI)(p) = O. But this follows immedi
ately from applying (4) to d'(dx i1 1\ ... 1\ dxik)(p), together with the fact that 
d'(dxi)(p) = d'(d';J;i)(p) = O. Thus, d = d', and d is well defined. Moreover, d 
clearly satisfies the statements (i)-(iv) of the theorem. 

It finally remains to establish uniqueness. Let d' be any operator satisfying 
the properties of the theorem. By the previous argument, it suffices to show 
that d' satisfies properties (1)-(5). All but (2) are immediate. For (2), it 
is enough to show that if 0 E A(A1) is 0 on a neighborhood U of p, then 
d' o(p) = 0. To see this, let ¢ be a nonnegative function which is ° on a 
neighborhood of p whose closure is contained in U and 1 on AI \ U. Then 
¢o = 0, and d'o(p) = d'(¢o)(p) = d'¢(p) 1\ o(p) + ¢(p)d'o(p) = 0. This 
establishes uniqueness. D 

DEFINITION 11.3. 0 E A(AI) is said to be closed if do = 0, and is said to 
be exact if 0 = df3 for some f3 E A(AI). 

It follows from Theorem 11.1 that every exact form is closed. vVe will later 
see that the converse is true locally. 

EXAMPLE 11.1. Let AI = ]R2 \ {o}. We claim there exists a closed I-form 
0: on 1\1 which is not exact, even though any point of AI has a neighborhood 
such that the restriction of 0 to this neighborhood is exact: Roughly speaking, 
if e is the classical polar coordinate angle on AI, then 0: = de locally. To make 
this more precise, let L denote the half-line [0,(0) x ° in ]R2, and consider the 
map F : (0, (0) x (0,27r) --+ ]R2 \ L given by F(al' a2) = (al cosa2, al sina2). 
Since F is a diffeomorphism, we may define polar coordinate functions rand e 
on R2 \ L by r = u 1 0 F- I , e = u 2 0 F- I . 

In order to extend de to all of AI, fix any a E (0, 27r), and define P : (0, (0) x 
(a, 27r + a) --+ ]R2 \ L by the same formula as for F; here L denotes the half-line 
from the origin passing through (cos a, sin a). P is also a diffeomorphism, and 
has an inverse p- I = (r, e). 

On their common domain, e = e or e = e + 27r. We may therefore define a 
global I-form 0: on AI by setting it equal to de on ]R2 \ L, and to de on ]R2 \ L. 
o is closed since it is locally exact, but there is no function f on AI such that 
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a = df: For otherwise, d(f - e) = 0 on ]R2 \ L implies that f = e + con ]R2 \ L 
for some constant c. Similarly, f = iJ + c on ]R2 \ L for some constant c. This 
would imply that e + c = iJ + c on all of]R2 \ (L U L), which is false. 

In general, the collection Zk(M) of closed k-forms on !v! is a vector space, 
and the collection Bk(.M) of exact k-forms is a subspace. 

DEFINITION 11.4. The k-th (de Rham) cohomology vector space of M is 
the space Hk(M) = Zk(M)/Bk(M). 

Thus, Hk(A1) = 0 iff every closed k-form on !v! is exact. vVhen k = 0, we 
define HO(M) := Zo(M). If M is connected, it follows from Exercise 10 that 
HO(M) ~ R 

DEFINITION 11.5. Let f : M ----+ N be differentiable. For a E Ak(N), define 
the pullback of a via f to be the k-form f*a on M given by 

(j*a)(p)(v1"'" Vk) = a(f(p)) (f*V1 , ... , f*Vk), p E M, Vi E Mp. 

In the special case that k = 0, i.e., when a is a function ¢ on M, define 
f*¢=¢of· 

Clearly, f* : A(N) ----+ A(M) is linear. 

THEOREM 11.2. If f : M ----+ N is differentiable, then 

(1) f* : A(N) ----+ A(M) is an algebra homomorphism, 
(2) df* = f*d, and 
(3) f* induces a linear transformation f* : Hk(N) ----+ Hk(M). 

PROOF. In order to establish (1), notice that because f* is linear, it suffices 
to check that f*(a1 /\ ... /\ ak) = f*a1 /\ ... /\ f*ak for I-forms ai on N. But 
if Xl, ... ,Xk E x(M), then 

f*(01 /\ ... /\ ad(X1, ... , Xk) = (a1/\'" /\ ak) 0 f(f*X1, ... , f*Xk) 

= det((ai 0 f)(f*X j )) = det(f*ai(Xj)) 

= f*a1 /\ ... /\ j*ak(X1, ... ,Xk ). 

(2) We first prove the statement for functions. If ¢ E F(N) and X E x(M), 
then 

j*d¢(X) = (d¢) 0 f(f*X) = (f*X)¢ = X(¢ 0 f) = d(¢ 0 f)(X) = d(f*¢)(X), 

so (2) holds on Ao(N). In the general case, a E A(N) may locally be written 
as a = 2: a]dxi1 /\ ... /\ dXik . By the above and (1), 

j*a = 2:)a] 0 f)j*d.1;i 1 /\ ... /\ j*dXik = 2)a] 0 f)dj*X i1 /\ ... /\ dj*Xik , 

so that 

dj*a = Ld(a] 0 f) /\ j*dXi1 /\ ... /\ j*dXik 

= L j* da] /\ j* dXi1 /\ ... /\ j* dXik 

= j*(L da] /\ dXi1 /\ ... /\ dXik ) = j*da. 

The last statement in the theorem is a direct consequence of the first two. D 
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We end this section with a coordinate-free characterization of the exterior 
derivative operator d. The proof uses concepts and results from Exercises 33 
and 34 below. 

THEOREM 11.3. If wE Ak(M) and X o, Xl' ... ' X k E X(M), then 
k 

dw(Xo, ... , X k) = ~ .. ) -l)iXi(w(Xo, ... , Xi' ... ' Xk) 
i=O 

i<j 

(The "hat" over a vector field means the latter is deleted.) 

PROOF. We shall consider the case k = 1, the general case being a straight
forward induction. It follows from Exercise 33 that, in general, 

k 

(LxoW)(Xl' ... ' Xk) = Lxo(w(Xl, ... , X k)) - Lw(Xl , ... , LxoXi , ... , Xk). 
i=l 

Together with Exercise 34, this implies that 

dw(Xo, Xl) = (i(Xo)dw)(Xl) = (Lxow)(Xd - d(i(Xo)w)(Xd 

= LXo(W(Xl)) - W[XO,XIJ- d(w(Xo))(Xd 

= Xo(wXd - Xl (wXo) - W[XO,XlJ. 

EXERCISE 31. Show that the form a in Example 11.1 is equal to 

_u2 u l 

(Ul )2 + (u2)2dul + (Ul )2 + (u2)2du2. 

D 

EXERCISE 32. Let a be a I-form on ~2, so that we may write a = hdu l + 
hdu2 for smooth functions fi on ~2. 

(a) Show that da = 0 iff D2h = Dd2. 
(b) Show that if a is closed, then it is exact. Thus, Hl(~2) = o. 
Hint: Fix any (a, b) E ~2, and show that a = df, where f is defined by 

f(x, y) = J: h(t, b)dt + J; h(x, t)dt. 

EXERCISE 33. If w is a k-form on M, and X a vector field with flow <Pt, 
one defines the Lie derivative of w with respect to X to be the k-form given by 

(Lxw)(p) = lim ~[(<P;w)(p) - w(p)], p EM. 
t->O t 

(a) Show that Lxf = Xf for f E Ao(M). 
(b) Show that LX(Wll\···l\wk) = L:iwll\···I\LxWil\···l\wk for I-forms 

(c) Show that Lx 0 d = do Lx on Ao(M). 
(d) Use (a) through (c) to show that Lx 0 d = do Lx on A(M). 

EXERCISE 34. Given a vector field X on M, interior multiplication i(X) : 
Ak(M) ----> Ak-l(M) by X is defined by 

(i(X)w)(Xl , ... , Xk-I) := w(X, Xl' ... ' Xk-d, wE Ak(M), Xi E X(M). 
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Prove that Lx = i(X) 0 d + do i(X) (see Exercise 33). 

12. Integration on Chains 

We are now ready to generalize integration on Euclidean space to manifolds. 
Thanks to the work done in the preceding sections, we will be able to integrate 
differential forms rather than functions; one advantage lies in that the change 
of variables formula for integrals is particularly simple for differential forms. 

DEFINITION 12.1. A singular k-cube in a manifold M n is a differentiable 
map c : [0, l]k ----; M. (For k = 0, define [0,1]0 = {O}, so that a singular O-cube 
is determined by one point c(O) EM). The standard k-cube is the inclusion 
map Jk : [0, l]k '-t ]Rk. 

DEFINITION 12.2. Let W be a k-form on [0, l]k, and write w = fdu l /\ ... /\ 
duk, where f = w(Dl , ... , Dk). The integral of w over [0, l]k is defined to be 

(12.1) r W= r f 
i[0,11 k i[0,11 k 

If w is a k-form on a manifold M, k > 0, and c is a singular k-cube in M, 
the integral of w over c is 

(12.2) 1 w = lO,11 k c*w, 

where the right side is defined in (12.1). For k = 0, feW := w(c(O)). 

EXAMPLES AND REMARKS 12.1. (i) In classical calculus, a vector field on 
the plane is a differentiable map F = (f,g) : ]R2 ----; ]R2. If c : [0,1] ----; ]R2 is a 
curve (or a singular I-cube) in the plane, the integral of the vector field along 

c is defined to be fol (F 0 c, c'). In the current context, it equals fe w, where w 
is the I-form dual to F: w = fdu l + gdu2 . This is because 

c*w(D) = (w 0 c)(c) = (F 0 c, c'). 

(ii) (Change of Variables) Consider a singular n-cube c in]Rn with det D(c) =f. 
0, and an n-form w = fdu l /\ ... /\ dun. The change of variables formula for 
multiple integrals translates into 

1 w = ± 1[0,11 n f, 

with the sign depending on whether the Jacobian matrix D(c) of c has nonneg
ative determinant. Indeed, 

Thus, 

C*W(Dl' ... ' Dn) = w 0 c(c*D1 , ... , c*Dn) 

= (f 0 c)dul /\ ... /\ dun(c*Dl , ... , c*Dn) 

= (f 0 c) det(dui(c*Dj )) = (f 0 c) det(Dj(u i 0 c)) 

= (f 0 c) det D(c). 

Jw = r (foc)detD(c) = ± r (foc)ldetD(c)1 = ±J f. 
e i[o,lln i[o,W e[O,lln 
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(iii) (Independence of Parametrization) Let c be a singular k-cube in M. 
If F is a diffeomorphism of [0, I]k with positive determinant, then the singular 
k-cube c := co F is called an orientation preserving reparametrization of c. In 
this case, few = few for any k-form won M: 

1 W= r (coF)*w= r F*c*w= r c*w*= r C*W(D1, ... ,Dk) 
eoF J[O,ll k J[O,1Jk J F J F[O,llk 

= r C*W(Dl , ... ,Dk)=1w, 
J[O,ll k e 

where we used (ii) in the fourth equality. 

DEFINITION 12.3. A k-chain in M is an element of the free vector space 
generated by the collection of all singular k-cubes in M. Thus, a k-chain has 
the form c = L~=l aici, where ai E JR and each Ci is a singular k-cube. The 
integral of a k-form w over the k-chain c = L aici is defined to be 

1 w = Lai1 w. 
C Ci 

We will need the concept of boundary of a chain. For 1 :s: i :s: n, the (i,O) 
and (i,I) faces of the standard n-cube In are the singular (n - I)-cubes Iio 
~~~~~ , 

I~o(a) = (al, ... ,ai-l,O,ai, ... ,an-d, 

I~l (a) = (a1"'" ai-I, 1, ai,···, an-d 

for a = (a1, ... ,an-d E [0,I]n-1. Similarly, the (i,j) face of the singular 
n-cube c is defined to be Ci,j = C 0 I~j' 1 :s: i :s: n, j = 0, 1. 

The boundary of a singular n-cube c is the singular (n - 1 )-chain 
n 

8c = L L (-I)i+jci,j. 
i=l j=O,l 

For example, the boundary of a I-cube c is the chain & = c(I) - c(O) if we 
identify O-cubes with their values. The boundary of a O-cube c : {O} ---t M is 
defined to be 8c = 1 E R Notice that for I-cubes, 8& = O. We extend 8 
linearly to the space of n-chains. 

EXAMPLE 12.1 (The Fundamental Theorem of Calculus, or Stokes' Theo
rem). If f : JR ---t JR is differentiable, and c is a singular I-chain in JR, then 

1df = r f. 
e Jae 

Indeed, by linearity of the integral, we may, without loss of generality, assume 
that c is a singular I-cube. By the fundamental theorem of calculus, 

1 df = r1 
c*df(D) = rl (f 0 c)' = (f 0 c)(1) - (f 0 c)(O) = 1 f -1 f 

e Jo Jo ell) e(O) 

= r f. Jae 

PROPOSITION 12.1. 8 2 = O. 
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PROOF. Since 8 is linear, it suffices to show that 88c = 0 for a singular 
n-cube c. Now, 

The terms in this sum cancel pairwise because of the identity in Exercise 35 
below. D 

EXERCISE 35. Show that if i :'S j :'S n -1, and k, l = 0,1, then I~k oI;;ZI = 
Ij+l,l 0 I~kl. Deduce that (Ci,k)j,l = (Cj+l,l)i,k for a singular n-cube c. 

13. The Local Version of Stokes' Theorem 

We saw in the previous section that the fundamental theorem of calculus, 
translated in the notation of chains and forms, says that fe df = foe f for a 
smooth function f and a singular I-cube in R This generalizes to the following: 

THEOREM 13:1 (Stokes' Theorem, Local Version). If c is a k-chain in M, 
and w is a (k - I)-form on M, then 

j dW = r w. 
e Joe 

PROOF. We first consider the case M = ~k and c = Ik. Then 

By linearity, we may assume that w = fdu 1 1\ ... 1\ J;;i 1\ ... 1\ duk for some i, 
so that 

Ij,:w(D1 , ... , Dk-d 

= (f 0 Ij,oJdu l 1\ ... 1\ J;;i 1\ ... 1\ duk(Ij,a*D1 , ... , Ij,a*Dk-d 

= (f 0 Ij,a) det(Dl(uP o Ij,a))' 

1 :'S l :'S k - 1, P = 1, ... , i-I, i + 1, ... , k. This determinant is 1 if i = j, and 
o otherwise, because 

so that u j oIJ,a == 0:. Thus, 

1 -(1)i+11 f( 1 i-IIi k-l)d 1 d k-l w-- U, ... ,U "U, ... ,U u ... u 
ae ~,~k-l 

( l)il f( 1 i-I 0 i k-l)d 1 d k-l +- U, ... ,U "U, ... ,U U ... U. 
[O,I]k-l 
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On the other hand, 

j dW = j df /\ d1L1 /\ ... /\ d;;i /\ ... dlLk- 1(D 1, .... Dd 
c [k 

= j L)Dj f)dlL j /\ d1L1 /\ ... /\ d;;i /\ ... dlLk- 1(D 1, ... ,Dk) 
[k J 

= (-lr- 1 j D;J 
[' 

= (_1)i-1 101 . .. 101 If( 1L1, ... , L ... ,1Lk) 

- f(lL1, . .. ,0, ... , lLk)] du1 ... d;;i ... duk 

= r (-I)i-1[J(n 1, ... ,I, ... ,uk) 
J[O,1]' 

+ ( -1) i f ( 1L 1 , ... , 0, ... , 1L k)] dlL 1 ... dlL k , 

which establishes the result when M = ]R'.k and c = Jk • In the general case, if 
W E A k - 1 (M) and c is a singular k-cube in AI, we have 

Thus, 

r W = r c*w = j dc*w = j c*dw = !dW. 
Jac Ja[k [k [k . c 

By linearity, the formula then also holds for singular k-chains. o 

EXAMPLES AND REMARKS 13.1. (i) Consider the closed I-form 

_1L2 1L1 

0: = (1L1)2 + (u2 )2 d1L1 + (n 1)2 + (n2)2 d1L2 

on M = ]R'.2 \ {O} from Exercise 31. If c is the I-cube on M given by c(t) = 
(COS(271't), sin(271't)), then Ie 0: = 271'. Indeed, 

1 0: = 101 
c*o:(D) = 101

0: 0 c(t)(c*D(t)) dt 

= 10 1
0: 0 c(t)((1L1 0 c)'(t)D1(C(t)) + (1L2 0 c)'(t)D2(C(t))) dt 

= 101 _1L 2 0 c(t)(n1 0 c)'(t) + n1 0 c(t)(1L2 0 c)'(t) dt 

= 101 
271' (sin2 (271't) + cos2 (271't)) dt = 271'. 
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This shows once again that a is not exact: For if 00= df, then 

100 = Idf = r f = f(c(I)) - f(c(O)) = o. 
c c Joc 

FIGURE 5 

(ii) Let M, a be as in (i), and consider positive functions f, F : JR -) JR of 
period 27f, with f < F. Define singular I-cubes cf and Cp by 

cf(t) = (f(27ft) cos(27ft), f(27ft) sin(27ft)), 

cp(t) = (F(27ft) cos(27ft), F(27ft) sin(27ft)); 

see Figure 5. We claim 1 a = 1 a = 27f. To see this, consider the singular 
Cf CF 

2-cube C in M defined by 

c(al' a2) = (1 - a2)cf(ad + a2cp(a1). 

Since a is closed, Stokes' theorem implies 

0= 1 da = lac a = lOlL a -lalf,o a - loti" a + lali,o a. 

Now, colf1(t) = colfo(t) = (I-t)(f(O),O)+t(F(O),O), whereas coli1 = Cp, 
and C 0 Ii,~ = cf' Th~s 0 = Ioc a = ICj 00- ICF a. By (i), Ic! a = 2'7f when 
f == 1. This establishes the claim. 

14. Orientation and the Global Version of Stokes' Theorem 

As the title of this section suggests, the global version of Stokes' theorem 
uses the concept of orientation. Recall that if V is an n-dimensional vector 
space, then A~ (V) ~ R An orientation of V is a choice of one of the two 
components of A~ (V) \ {O}. An ordered basis V1,' .. ,Vn of V is said to be 
positively oriented (resp., negatively oriented) if w( V1, ... ,vn ) > 0 (resp., < 0) 
for some w in the chosen component. An orientation is therefore also specified 
by an ordered basis V1,"" Vn , since the dual basis 001,"" an determines a 
nonzero n-form w = 001 1\ ... 1\ an satisfying w( V1, ... ,vn ) > O. 

If M is an n-dimensional manifold, then each A~(Mp) ~ JR, but the bundle 
A~(M) itself is not always identifiable with M x R As usual, 7f : A~(M) -) M 
will denote the bundle projection. 
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DEFINITION 14.1. Mn is said to be orientable if there is a map L : A~(M) """"'* 
lR, which is an isomorphism on A~(Mp) for each p E M, such that (-rr, L) : 
A~ (M) """"'* M x lR is a diffeomorphism. 

In this case, the set ~o = {O E A~(Mp) I p E M} corresponds to M x 0 
under (Jr, L), so that A~ (M) \ ~o has two components. An orientation of M is 
then a choice of one of these components. 

THEOREM 14.1. The following statements are equivalent for a connected 
n-dimensional manifold: 

(1) M is orientable. 
(2) There is a nowhere-zero n-form on M. 
(3) There exists an atlas A of charts on M such that for any (U, x) and 

(V, y) in A, det(D(y 0 X-I)) > O. 

PROOF. We first show that (1) and (2) are equivalent: If (Jr, L) is a diffeo
morphism as in Definition 14.1, then w, defined by w(p) = (Jr, L)-l(p, 1), is a 
nowhere-zero n-form on M. Conversely, if w is a nowhere-zero n-form on M, 
let F : M x lR""""'* A~(M) be given by F(p, t) = tw(p). Then F- 1 is the desired 
map A~ (M) """"'* M x R 

To complete the proof, we now show that (2) and (3) are equivalent: If w is 
a nowhere-zero n-form on !v!, consider the collection A of all charts (U, x) on M 
such that w(alax1, .. . , alaxn) > o. A is an atlas, since the components of any 
coordinate map may be reordered. Furthermore, if (U, x) and (V, y) belong to 
A, then wI U = f dx 1 1\ .. . 1\ dxn and Ww = gdyl 1\ .. . 1\ dyn for positive functions 
9 and h. Thus on Unv, dy11\ ... dyn = hdx11\ ... dxn , where h = fig> O. But 
h = det(D(y 0 X-I)). Conversely, if A is an atlas as in (3), choose a partition ¢>i 
of unity subordinate to the domains Ui of the charts (Ui , Xi) in A, and define 
n-forms Wi on M by setting Wi(p) = ¢>i(p)dx} 1\ ... 1\ dxi(p) if p E Ui , and 
Wi(p) = 0 otherwise. Then w = Li Wi is a nowhere-zero n-form on M. 0 

If Mn is an oriented manifold, a nowhere-zero n-form on M is said to be a 
volume form if it belongs to the component of A~(M) \ ~o determined by the 
orientation. An imbedding ~ : M """"'* N between two oriented manifolds of the 
same dimension is said to be orientation-preserving if ~*w is a volume form on 
M for any volume form won N. 

As an application of the above theorem, we show that the n-sphere sn is 
orientable: Let ~ : sn """"'* lRn+1 denote inclusion, and consider the "position" 
vector field P on lRn +1 given by P(p) = Jpp. By Exercise 14, if w = du1 1\ 
... 1\ dun+1 , then ~*(i(P)w) is a nowhere-zero n-form on the sphere (here i(P) 
is interior multiplication by P as defined in Exercise 34). 

In order to exhibit a nonorientable example, we must disgress and briefly 
consider group actions on manifolds. If G is a Lie group, a (smooth, left) action 
of G on a manifold M is a differentiable map J-l : G x M """"'* M such that 
/L(91,/L(92,P)) = J-l(9192,P) and J-l(e,p) = p for all gi E G, P E M. We denote 
J-l(g,p) simply by g(p). Observe that 9 : M """"'* M is then a diffeomorphism of 
M with inverse g-l. The orbit G(p) of p E M is the set {g(p) I 9 E G}, and 
the collection of orbits is denoted MIG. 

Two orbits G(p) and G(q) are said to have the same type if there exists an 
equivariant bijection between them; i.e., a bijection f such that f(gm) = gf(m) 
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for all 9 E G and m in an orbit. When all orbits have the same type, we say the 
action is by principal orbits. This is the case for example when the action is free; 
i.e., when the condition g(p) = p for some p EM and 9 E G implies that 9 = e. 
For in this case, the map h : G ---- G(p) given by h(g) = g(p) is an equivariant 
bijection for any p EM. Finally, G is said to act properly discontinuously on 
M if for any two points p and q in M, there exist neighborhoods U of p and V 
of q such that g(U) n V = 0 for all 9 E G. 

THEOREM 14.2. (1) If G acts freely and properly discontinuously on M, 
then there exists a unique differentiable structure on the space MIG of orbits 
for which the projection 7r : M ---- MIG becomes a local diffeomorphism. 

(2) If a compact Lie group G acts on M with principal orbits, then there 
exists a unique differentiable structure on MIG for which 7r : M ---- MIG 
becomes a submersion; i. e., 7r is onto MIG, and its derivative has maximal 
rank everywhere. 

PROOF. Part (2) will be proved in Chapter 5, once we have discussed Rie
mannian metrics on manifolds. For (1), notice that since the action is free 
and properly discontinuous, the orbit of any point, and hence G itself, is dis
crete. For the same reason, MIG is a Hausdorff space in the quotient topology. 
Consider an orbit q in MIG and a point p E M in this orbit. There exists a 
neighborhood V of p on which 7r is a homeomorphism. If (U, x) is a chart of 
M around p, then (7r(U n V), x 0 (7rlUnv) -1) can be taken as a chart of MIG 
around q. It is straightforward to check that this induces a differentiable struc
ture on the quotient MIG. Uniqueness follows from the fact that 7r is a local 
diffeomorphism. 0 

Under the hypotheses of Theorem 14.2 (1), 7r : M ---- MIG is called a 
covering map. As an example, let M = sn, G = {±lM}. The quotient MIG is 
called real projective n-space IRpn. Observe that if n is even, then the antipodal 
map -1M: p f-+ -p, when extended to IRn+1 , is orientation-reversing: Since 
-1M is linear, (-lM)*JpU = J-1M(p)(-lM(U)) = -J-pU for p E IRn+\ u E 
IRn+l. But if JpUl, ... , J pUn+1 is a positively oriented basis of 1R;+1, then 
-J-pU1, ... , -J-pUn+l is a negatively oriented basis at the antipodal point. 
This implies that the antipodal map is orientation-reversing on the sphere, since 
the position vector field is -1M -related to itself. Thus, (-lM)*W #- w for any 
n-form on M. Now, if IRpn were orientable, it would admit a nonvanishing 
n-form 7], and 7r*7] would be a nonvanishing n-form on M. This is impossible, 
because 7r 0 (-1M) = 7r, so that (-1M )*7r*7] = 7r*7]. 

We now define integration on M in terms of integration on orientation
preserving cubes. The following lemma ensures that it will be independent of 
the particular cube chosen: 

LEMMA 14.1. Let Mn be an oriented manifold, C1, C2 : [O,l]n ---- M two 
orientation-preserving imbeddings. If W E An(M) has support in Cl[O, l]n n 
c2[0,1]n, then J. W = J. W. 

Cl C2 

PROOF. This follows from Examples and Remarks 12.1(iii), since c2'l OC1 is 
orientation-preserving, so that J. w = J. -1 W = J. w. Notice that C2- l OC1 

C2 C20C2 OCI Cl 
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is not necessarily defined on all of [0, l]n, but the support of w is contained in 
el[O, l]n n edO, l]n. 0 

DEFINITION 14.2. Let wE An(M) have support in the image of an orientation
preserving imbedding e: [0, IJn ----; M. Define fM w = few. 

In general, there exists an open cover of M such that for any open set U in 
the cover, there exists an orientation-preserving imbedding e : [0, l]n ----; M the 
image of which contains U. Let «I> be a partition of unity subordinate to this 
cover. 

DEFINITION 14.3. If w E An(M) has compact support, define the integral 
ofw over M to be 

1 w = L 1 cPw. 
M </>Ei.f? M 

Notice that the above sum is finite, because w has compact support. Fur
thermore, the definition is independent of the chosen partition of unity: If W is 
a partition of unity subordinate to some other open cover, then 

L 1 cPW = L 1 L 1PcPW = L 1 L cP1Pw = L l 1Pw. 
</>Ei.f? M </>Ei.f? M ,pEW ,pEW M </>Ei.f? ,pEW M 

One can also define integration on manifolds with boundary, which are 
locally modeled on the closed half-space H n = {p E ~n I un(p) ?: O} instead of 
~n. A map from Hn to ~n is defined to be differentiable if it can be extended 
to a differentiable map on a neighborhood of Hn. 

DEFINITION 14.4. A topological n-manifold with boundary is a second
countable Hausdorff space M, with the property that for any p EM, there 
exists a neighborhood U of p and a homeomorphism x : U ----; x(U), where 
x(U) is an open set of either ~n or H n, and x(p) = O. The boundary 8M 
of M consists of those points that get mapped to the boundary 8Hn of H n 

under some (and hence any) coordinate map, and is an (n - I)-manifold. One 
defines a differentiable structure as usual by requiring the transition maps to 
be differentiable. 

For example, H n itself is an n-manifold with boundary ~n-\ the same is 
true of the closed n-disk D n = {p E ~n I Ipl ::::; I}, which has boundary sn-l. 

It follows from the above definition that if p E 8M, and (U, x) is a chart of 
M with x(p) = 0, then Un8M = {q E M I xn(q) = O}, and (Un8M,7f o x) 
is a chart of 8M, where 7f : ~n ----; ~n-l denotes the projection. Furthermore, 
a function f defined on a neighborhood of p is smooth iff f 0 x-I: Hn ----; ~ 
is smooth; i.e., extendable to a smooth function on ~n. Thus, one has a well
defined n-dimensional tangent space 

Mp = (x- l )*o(~o) 

at p, and if z : 8M '----> M, j : ~n-l X ° '----> ~n denote inclusions, then 

z.(8M)p = x:;-l(j*(~n-l X 0)0). 

If M is oriented, it induces an orientation of the boundary 8M: For p E 8M, 
v E Mp is said to be outward-pointing (resp., inward-pointing) if v(xn) < 0 
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(resp., > 0). A basis Vl, ... ,Vn-l of 81vlp is said to be positively oriented if 
v, VI, ... ,Vn-l is a positively oriented basis of Mp for any outward-pointing V E 

Mp. It is easily checked that this does indeed define an orientation on 8M: If 
(U, x) and (V, y) are charts of M sending p to 0, and such that det D (yox-1) > 0, 
then for the induced coordinate maps £ = 7r 0 x and f) = 7r 0 yon 8M, one has 

( D(- 0 £-1)(0) 
detD(yox-l)(o) =det y 0 

where Dn(yn ox-1)(0) > 0 by Exercise 41. 
Now, let w be an n-form on an oriented manifold Mn. There is an open 

cover U of M such that each U E U is contained inside some c[O, l]n, where C 

is an orientation-preserving imbedding with either c[O, l]n C M \ 8M or else 
8M n c[O, l]n = cn,o[O, l]n-l. If <I> is a partition of unity subordinate to U and 
w has compact support, we define as before 

1 W= Ll cpw. 
M ¢EP M 

THEOREM 14.3 (Stokes' Theorem, Global Version). Ifw is an (n -I)-form 
with compact support on an oriented n-manifold M with boundary 81v1, then 

laM W = 1M dw. 

PROOF. Suppose first that the support of w is contained in some U E U, 
where U itself lies inside the image of c, for one of the above cubes c. If the 
image of c does not intersect the boundary of M, then by the local version of 
Stokes' theorem, 

1M dw = 1 dw = lac w = laM w. 

Indeed, w has support in U, and the latter does not intersect the image of 8c, 
so that the integral of w on the boundary of c is zero. Similarly, the integral of 
w on the boundary of M vanishes. If on the other hand c is of the second type, 
then U, and hence the support of w, may intersect the boundary of M. Now, 
c*D1, ... ,c*Dn is positively oriented, so -c*Dn , c*D1, ... ,c*Dn- 1 is positively 
oriented iff n is even. Observe that if (a,O) E [O,I]n-l x 0, then c*(a,O)Di = 
(cn,o)MD i for 1 ::; i ::; n - 1. Thus, cn,o : [0, l]n-l ~ 8M is orientation
preserving iff n is even. In any case, by Exercise 38, 

r dw=jdW= r w=J W=(-I)nj W 
JAI c Jac (-I)n cn .o Cn.o 

In general, 

r w = L r cpw = L r d(cpw) = L r dcp i\ w + cpdw 
JaM ¢EpJaM ¢EpJM ¢EpJM 

= r dw + L r dcp i\ W. 
JM ¢EpJM 



50 1. DIFFERENTIABLE MANIFOLDS 

The last term is actually a finite sum IM I:~=l dcpi II w, with I: CPi == 1 on a 
neighborhood of the support of w. Thus, I: dCPi = d(I: CPi) = 0, which concludes 
the argument. D 

We end this section by discussing some additional properties of integration 
when M is a compact, connected Lie group G. By Exercise 36 below, G is 
orientable. Choosing an orientation on G, there exists a unique w E Ak(M) 
which is left-invariant in the sense that L;w = w for g E G, and satisfies 
Ie w = 1. We then define the integral of a function f : G --+ JR by 

PROPOSITION 14.1. For f : G --+ JR, g E G, Ie f = Ie f 0 Lg = Ie f 0 Rg. 

PROOF. For the first identity, notice that Ie L;Uw) = Ie fw by Exercise 
39 below, since Lg is an orientation-preserving diffeomorphism of G. But w is 
left-invariant, so that 

fa f = fa fw = fa L;Uw) = fa U 0 Lg)L;w = fa U 0 Lg)w = fa f 0 Lg. 

The second identity follows by a similar argument, once we establish that (i) 
Rg is orientation-preserving, and (ii) w is right-invariant. Since (i) follows from 
(ii), we only need to prove the latter. Now, for any g E G, the form R;w is left
invariant, since L~R;w = R;L~w = R;w. In particular, this form is nowhere 
zero, and there exists a function h : G --+ JR \ {O} such that R;w = h(g)w, g E G. 
Furthermore, h: G --+ (JR \ {O},·) is a Lie group homomorphism, because 

h(ab)w = R~bW = RbR~w = R'b(h(a)w) = h(a)R'bw = h(a)h(b)w. 

Since G is both compact and connected, h == h(e) = 1. D 

EXERCISE 36. Show that any connected Lie group is orient able. 

EXERCISE 37. Prove the statement preceding Definition 14.3; namely, that 
there exists an open cover U of M, such that any U E U is contained inside the 
image of some orientation-preserving imbedding c: [0, 1]n --+ Mn. 

EXERCISE 38. Let M be an oriented n-manifold, and denote by - M the 
manifold with the opposite orientation. Show that I M w = - L M W for any 
n-form w with compact support on M. 

EXERCISE 39. Let f : Mn --+ Nn be a diffeomorphism of oriented manifolds, 
and w an n-form on N with compact support. Prove that IM f*w = ± IM w, 
with the plus sign occuring iff f is orientation-preserving. 

EXERCISE 40. Show explicitly that the closed n-disk Dn = {p E JRn I Ipi ::; 
1} is a n-manifold with boundary. 

EXERCISE 41. Let p E 8M, and (U, x), (V, y) be two charts around p with 
x(p) = y(p) = O. Prove that Dn(yn 0 x-1)(0) > O. Deduce that the definition 
we gave of an outward-pointing vector v E Mp is independent of the chosen 
chart. 
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15. Some Applications of Stokes' Theorem 

In this section, we derive the Poincare Lemma, which implies that any 
closed form is locally exact, and also yields important topological applications. 
But we can already establish, as an immediate consequence of Stokes' theorem, 
that the top cohomology class of a (compact, oriented) manifold is nontrivial: 

PROPOSITION 15.1. Let Mn be an oriented, compact manifold without bound
ary, n > 0. Then Hn(M) -I- 0. 

PROOF. Let W be a volume form on M; i.e., W is a nowhere-zero n-form 
with w( VI, ... ,Vn ) > ° for any positively oriented basis VI, ... ,Vn of Mp, p E M. 
If c : [O,I]n -+ M is an orientation-preserving imbedding, then c'w = fdu l /\ 

... /\ dun for some positive function f. Thus, Jew, and therefore also JMw is 
positive. This means that the closed n-form W is not exact, for if w = dry, then 
JM w = JM dry = JaM ry = 0, since 8M is empty. D 

Proposition 15.1 will later be refined to show that Hn(M) is isomorphic 
to JR if M is connected. In order to derive further consequences from Stokes' 
theorem, we will need the Poincare Lemma, which deals with homotopic maps. 

Recall that a manifold M is said to be (smoothly) contractible if there exists 
some point Po in M and a differentiable map H : M x [0, 1] -+ M such that 
H OZo =- Po and H OZl =- 1M, where Zt : M -+ M x [0,1] is given by Zt(p) = (p, t) 
for t E [0,1] and p EM. More generally, two maps fa, II : M -+ N are said to 
be ( smoothly) homotopic if there exists a differentiable map H : M x [0, 1] ---> N 
such that H 0 Zo = fa and H 0 Zl = II. H is then called a homotopy between 
fa and II· Thus, M is contractible if the identity map 1M is homotopic to 
a constant map. Our next aim is to show that homotopic maps induce the 
same cohomology homomorphism. Let 7rM and t denote the projections of 
the product M x [0,1] onto the factors, so that (7rM*' t.) : (M x [0, 1]) (p,to) -+ 

Mp x [0, I]to is an isomorphism. We will denote by D the vector field on M x [0, 1] 
given by D(p, a) = (7rM*' t*)(-l )Da . p,a 

LEMMA 15.1. Any W E Ak(M x [0,1]) can be uniquely written as w = 
WI + dt /\ ry, where WI and ry are k and (k - I)-forms on M x [0,1] respectively 
such that i(D)WI = i(D)ry = 0. 

PROOF. Because of the isomorphism (7rM*' t.), it suffices to check that if 
a vector space V decomposes as W x JR, then any wE Ak(V*) can be uniquely 
written as WI + (X /\ ry, where i(t)W1' i(t)ry = ° for t E JR and (X E JR* \ {O}. But 
this is clear, since if (Xl, ... ,(Xn is a basis of W*, then (Xl, ... , (Xn, (X is a basis of 
V*. D 

Writing W = WI + dt /\ ry E Ak(M x [0,1]) as in Lemma 15.1, define a linear 
operator I : Ak(M x [0,1]) -+ A k- 1(M) by 

(15.1) Iw(p) (VI , ... , vk-d = 11 ry(p, t)(Zt*V1, .. " Zt*Vk-ddt. 

PROPOSITION 15.2 (Poincare Lemma). If W is a k-form on M x [0,1], then 
ziw - zow = d(Iw) + I(dw). 
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PROOF. Let x be a coordinate map on M so that (x, t) is a coordinate map 
on M x [0,1], where x = x 07rM. By Lemma 15.1, the restriction of w can be 
written as a sum of terms of two types: fdx' = fdx i1 A ... A dXik (type (1)), 
and fdt A dx' = fdt A dxil A··· A dXik - 1 (type (2)). Since I is linear, it suffices 
to consider the case when w is one of the above types. 

If w = fdx', then dw = df A dx' = (terms not involving dt) +(af /at)dt A 
dx'. Now, for any t E [0,1], 7rM OZt = 1M , so that z;dxi = d(xi OZt) = dxi , and 

I(dw)(p) (aa , ... , aa ) = r1 
aaf (p, t)dx(p t) (Zh aa. , ... , Zt* aa ) dt Xll Xlk io t ' Xll Xlk 

Thus, 

r1 af , ( a a ) 
= io at (p, t)dxlp axj1' ... , axjk dt. 

I(dw)(p) = [11 ~: (p, t) dt] dx' (p) = [J(p, 1) - f(p, 0)] dx' (p) 

= ziw(p) - zow(p), 

which proves the result in this case, since Iw = O. Similarly, if w = fdt A dx', 
then ziw = zow = 0, since z;odt = 0 for any to. On the other hand, 

I(dw)(p) = I (-~ ::Ct dt A dxCt A dX') (p) 

= - L [11 :la (p,t) dt] dxCt Adx', 
Ct 

while 

d(Iw)(p) = d ([11 
f(p, t) dt] dX') = L a~Ct (11 

f(p, t) dt) dx Ct A dx', 
Ct 

so that I(dw) + d(Iw) = O. o 
The Poincare Lemma is particularly useful when dealing with homotopic 

maps: 

THEOREM 15.1. If fo, iI : M --> N are homotopic, then the induced maps 
fo,fi: Hk(N) --> Hk(M) are equal for all k. 

PROOF. Let w E Ak(N) be closed, and denote by [w] its equivalence class 
in Hk(N). If H is a homotopy between fo and iI, then 

fiw - faw = ziH*w - zoH*w = dIH*w + IdH*w = dIH*w +IH*dw = dIH*w 

is exact, so that [fiw] - [fowl = [Jiw - fowl = o. o 
If M is contractible, then the identity map 1M is homotopic to a constant 

map (sending all of M to some point p EM). Since the latter induces the 
trivial map at the cohomology level, we have as an immediate consequence of 
Theorem 15.1: 

COROLLARY 15.1. If Mn is contractible, then Hk(M) = 0 for 1 :::; k :::; n. 
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In particular, any closed k-form a on a manifold is locally exact, as we 
stated earlier: Given p E M, Hk(U) = 0 for any contractible neighborhood 
U of p, so that the restriction of a to U is exact. Several texts refer to this 
property as the Poincare Lemma. 

Corollary 15.1 and Proposition 15.1 now yield: 

COROLLARY 15.2. A compact oriented n-manifold with boundary is not 
contractible if n > O. 

Corollary 15.1 says that cohomology cannot help us distinguish between 
contractible spaces of different dimensions. For this, we need the following 
concept: 

DEFINITION 15.1. Let Mn be a manifold. For k ::::; n, the de Rham cohomol
ogy vector spaces with compact support H~(M) are the spaces Z~(M)/ B~(M), 
where Z~(M) denotes the space of all closed k-forms with compact support, and 
B~(M) the space of all k-forms da, where a E Ak- 1(M) has compact support. 

Hk(M) and H~(M) coincide of course when M is compact. In general, 
though, not every exact k-form with compact support belongs to B~(M): If 
f is a nonnegative function on JR.n which is positive at some point and has 
compact support, then the n-form w = fdu 1 /\ ... /\ dun is exact (because it is 
closed and Hn(JR.n) = 0). Since JRn W > 0, the following proposition shows it 
does not equal da for any a with compact support: 

PROPOSITION 15.3. Let Mn be connected and orientable (without bound
ary). Given wE Z;;(M), w belongs to B;;(M) iff JM w = O. 

PROOF. If w belongs to B',;(M), then w = da, where a has compact sup
port. By Stokes' theorem, 

1M W = 1M da = laM a = O. 

We merely illustrate the proof of the converse in the case M = JR.: Suppose w 
is a I-form on JR. with compact support such that JR w = O. Since Hl(JR.) = 0, 
w = df for some function f (which need not, a priori, have compact support). 
However, df must vanish outside some interval [-N, NJ, so that f(t) = Cl when 
t < -N and f(t) = C2 when t > N for some constants Cl and C2. Then 

o = r w = r df = r f = C2 - Cl, 
JR J l-N-l,N+lj Jal-N-l,N+lj 

so that Cl = C2 = c. Then f - c has compact support, and w = d(f - c). D 

THEOREM 15.2. If Mn is connected and orientable, then H;;(M) ~ lR.. 

PROOF. Consider the linear transformation from Z;;(M) to JR. which maps 
a closed n-form w with compact support to JM w E lR.. This map is nontrivial 
(and hence onto) since for example if (U, x) is a positively oriented chart around 
some p E M, and f a nonnegative function which is positive at p and has support 
in U, then J M w > 0, where w = f dx 1 /\ ... /\ dxn. By Proposition 15.3, its 
kernel is B',; (M), and the statement follows. D 
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Thus, for example, if lv[n is compact, connected, and orientable, then 
Hn(M) ~ R It can be shown that for n ::::: 1, H:;(M) = 0 if M is not 
orientable, and in general, Hn(M) = H:;(M) if M is compact and equals 0 
otherwise. 

Let Ml', M2 be connected orientable, f : Ml ----* M2 differentiable. We 
then have a linear transformation ffi. ----* ffi. such that the diagram 

commutes. For [w] E Hn(M2 ), the above diagram reads 

[w] [f*w] 

1 1 
iMI f*w 

The bottom map must then be multiplication by some number deg f, called 
the degree of f; i.e., 

r f*w = (degf) r w. 1MI 1M2 

This number can in many cases be computed as follows: 

THEOREM 15.3. Let Mr be connected and orientable, i = 1,2, and consider 
a proper map f : MI ----* M 2. Suppose q E M2 is a regular value of f. For each 
p E f-l(q), define the sign of f at p to be the number sgnp f = +1 if f*p is 
orientation-preserving, and -1 if it is orientation-reversing. Then 

deg f = L sgnp f. 
pE/-I(q) 

EXAMPLES AND REMARKS 15.1. (i) Recall that f is proper if the preimage 
of a compact set is compact. In particular, f is proper whenever MI is compact. 

(ii) Regular values always exist by Sard's theorem; in fact, their complement 
has measure O. Notice that deg f = 0 if f is not onto. 

PROOF OF THEOREM 15.3. By the inverse function theorem, f-l(q) con
sists of isolated points; being compact, it is a finite collection {PI, ... , pd. 
Choose charts (Ui , Xi) around Pi such that each restriction f : Ui ----* Vi := f(Ui ) 

is a diffeomorphism, and Ui n Uj = 0. Then V := ni Vi is the domain of a chart 
(V,y) around q, and redefining Ui to be Ui n f-1(V), we still have diffeomor
phisms f : Ui ----* V. Let g be a nonnegative function with compact support in 
V, and set w = gdyl 1\ ... 1\ dyn. f*w then has support in UI U ... U Uk, so that 
by Exercise 39, 

k k k 1 f*w = L 1 f*w = L(sgnpi f) 1 w = L(sgnpi f) 1 W. 

M, i=l Ui i=1 V i=1 M2 

D 
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We end this chapter with a couple of topological applications of Theo
rem 15.3: 

COROLLARY 15.3. If n is even, then any vector field on sn vanishes some
where. 

PROOF. We have seen in Section 14 that the antipodal map f : sn --+ sn is 
orientation-reversing when n is even, so that f has degree -1. By Theorems 15.1 
and 15.3, f is not homotopic to the identity I. But if X were a nowhere-zero 
vector field on the sphere, it would induce a homotopy between f and I: Recall 
that there is a canonical inner product on each tangent space (the one for 
which Jp : IRn --+ IR; becomes a linear isometry for each p), so that we may 
assume IXI == 1. Given p E sn, let cp denote the great circle cp(t) = (COS7rt)p+ 
(sin 7rt)Jp- 1 X(p). The desired homotopy H is then given by H(p, t) = cp(t). 0 

COROLLARY 15.4. Hk(lRn \ {a}) ~ Hk(sn-1) for all k. 

PROOF. Let r : IRn \ {a} --+ sn-1 denote the retraction r(p) = p/lpl, and z : 
sn-1 '----+ IRn \ {a} the inclusion. Then roz is the identity map on the sphere, and 
zor is homotopic to the identity map on IRn\ {a} via H(p, t) = tp+(l-t)(zor)(p). 
By Theorem 15.1, (r 0 z)* = z* 0 r* and (z 0 r)* = r* 0 z* are the identity on 
the respective cohomology spaces, so that z* : Hk(lRn \ {o}) --+ Hk(sn-1) is an 
isomorphism. 0 

EXERCISE 42. Let W be a I-form on M such that Jew = ° for any closed 
curve C in M. Show that W is exact. 

EXERCISE 43. M is said to be simply connected if any closed curve c : 
Sl --+ M is homotopic to a constant map. Use Exercise 42 to prove that if M 
is simply connected, then H1(M) = 0. 

EXERCISE 44. Let U = 1R3 \ {(O,O,z) I z 2: O}, V = 1R3 \ {(O,O,z) I z:::; O}. 
(a) Show that U and V are contractible. 
(b) Suppose W is a closed I-form on 1R3 \ {O}. Show that there are functions 

f : U --+ IR and 9 : V --+ IR, such that wlU = df, wlV = dg. Conclude that 
w = dh for some function h, so that H1 (1R3 \ {O}) = 0. 

(c) Prove that H1(S2) = O. 

EXERCISE 45. This exercise generalizes Example 11.1, exhibiting a closed 
(n - I)-form on IRn \ {a} which is not exact. Let P be the position vector 
field on IRn , P(p) = JpP, and w the (n - I)-form on IRn \ {O} given by w = 

i(P)du1 /\ ... /\ dun. 
(a) Show that if z : sn-1 --+ IRn \ {a} is inclusion, then w := z*w is the form 

which gives the standard orientation on the sphere. 
(b) Let r : IRn \ {a} --+ sn-1 denote the retraction r(p) = p/lpl, and 

N : IRn \ {a} --+ IR the norm function N(p) = Ipl. Prove that r*w = (l/Nn)w. 
(c) Show that r*w is a closed form on IRn \ {a} which is not exact. 

EXERCISE 46. Show that the wedge product of forms induces a ring struc
ture on H*(M) := ffi~oHi(M). The corresponding product is called the cup 
product. Prove that if f : M --+ N is differentiable, then 1* : H*(N) --+ H*(M) 
is a ring homomorphism. 



CHAPTER 2 

Fiber Bundles 

1. Basic Definitions and Examples 

We have already encountered examples of manifolds that possess some ad
ditional structure, such as the tangent bundle T M of an n-dimensional manifold 
M. In this case, each point of T M has a neighborhood diffeomorphic to a prod
uct U x ~n, where U is an open set in M. Of course, TM itself need not be 
diffeomorphic to M x ~n. In most of the sequel, we will be concerned with 
manifolds that, roughly speaking, look locally like products. 

As usual, all maps are assumed to be differentiable. 

DEFINITION 1.1. Let F, M, B denote manifolds, G a Lie group acting 
effectively on F (i.e., if g(p) = p for all p E F, then g = e). A coordinate bundle 
over the base space B with total space M, fiber F, and structure group G is a 
surjective map 7f : M ----> B, called the bundle projection, together with a bundle 
atlas A = {(7f-1(Ua,), (7f, ¢a)}aEA on M; i.e., 

(1) {Ua}aEA is an open cover of B. 
(2) (7f, ¢a) : 7f-1(Ua ) ----> Ua x F is a diffeomorphism, called a bundle chart. 

Notice that for p E Ua, ¢al7r-1(p) : 7f-1(p) ----> F is a diffeomorphism. 
If p also belongs to U {3, then ¢ (317r -1 (p) : 7f -1 (p) ----> F need not coincide 
with ¢a; however, they must differ by the operation of some element 
in G. To be specific: 

(3) For a,/3 E A, there is a smooth map fa,{3 : Ua n U{3 ----> G, called the 
tmnsitionfunctionfrom ¢a to ¢(3 given by fa,{3(P) = ¢{3o(¢al7r-1(p))-1 : 
F ----> F; equivalently, ¢(3I7r-1(uanu/3) = (fa,{3 0 7f) . ¢al7r-1(uanu/3)' 

Statement (3) says that the diagram 

7f-1(Ua n U(3) 

(7r,1>0)1 

(Ua n U(3) x F ----+ 

(p,m) ----+ 

7f-1(Ua n U(3) 

1 (7r,1>/3) 

(ua nU{3)xF 

(p, fa,{3(P) m) 

commutes. Roughly speaking, the total space M consists of a collection U Ua x 
F, where the Ua's cover B, and copies of F belonging to intersecting Ua's are 
identified by means of elements of G. The projection 7f is a submersion by (2). 
The set 7f-1(p) is called the fiber over p. Notice that (3) implies that fa,a = e, 
(fa,{3(p))-l = f{3,a(P), and fa,,(p) = f{3,,(p) . fa,{3(P)' 

57 
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I X F 

c_r __ =:> , 
p 

FIGURE 1 

DEFINITION 1.2. A (real) coordinate vector bundle 0] rank n is a coordinate 
bundle with fiber ~n and structure group G L( n) (or a subgroup of G L( n)). 

We will often use Greek letters such as ~ to denote a bundle Jr : M -> B. If ~ 
is a rank n vector bundle, then each fiber Jr- 1 (b), b E B , is a vector space: Given 
a bundle chart (Jr-1(U) , (Jr , <p)) with bE U, define the vector space operations 
on the fiber over b so that <P17r~l(b) : Jr - 1(b) -> ~n becomes an isomorphism. The 
vector space structure is independent of the chosen chart because any transition 
function] </>,..p (p) at p is an isomorphism of ~n. 

EXAMPLES AND REMARKS 1.1. (i) The trivial bundle with base space B 
and fiber F is the projection Jr : B x F -> B onto the first factor. The structure 
group is {IF} . In general, the size of the structure group measures how twisted 
the bundle is. 

(ii) The tangent bundle T M of an n-dimensional manifold M is the total 
space of a rank n vector bundle over M with the bundle projection Jr : T M -> M 
from Chapter 1: If {(Ua , Xa)} is an atlas on M, then {(Ua, (Jr , <Pa)} is a bundle 
atlas on T M, where 

<Pa = (dx;, ... ,dx~) : Jr - 1(Ua) -> ~n . 

The transition function from <Pa to <Pf3 is fa ,f3 = D(xf3 0 X;;: 1 ) 0 Xa : Ua n Uf3 -> 

GL(n). A similar argument applies to the tensor bundles Tr,s(M) and the 
exterior bundles Ah(M) . The tangent bundle of M will be denoted TM to 
distinguish it from its total space T M (which, to confuse things further, is 
traditionally also referred to by the same name). 

(iii) The Hop] fibration (see also Chapter 1, Examples and Remarks 9.1(i)): 
View s2n+1 C ~2n+2 = en+1 as the set of all (Z1"'" zn+d E en+! such that 
L: IZil 2 = 1, and consider the free action of S1 = {z E e Ilzl = I} on s2n+1 
given by z(z1 " ",zn+d = (Z1Z, ... ,zn+!z). Since S1 is compact, this action 
is proper, and by Chapter 1, Theorem 14.2, there exists a unique differentiable 
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structure on the quotient s2n+1 / Sl for which the projection becomes a sub
mersion. The quotient is called complex projective n-space cpn of dimension 
2n. 

We claim that 'if : s2n+1 ----7 cpn is the projection of a bundle with fiber 
and group Sl, called t4e Hopf fibration. In order to establish this, we exhibit 
an atlas of bundle charts satisfying Definition 1.1: for i = 1, ... ,n + 1, define 
Ui = {(Zl,"" zn+r) E s2n+1 I Zi =F O}, and Ui = 'if(Ui ) C cpn. It is easily 
checked that Ui = 'if-I (Ui ), so that {Ud is an open cover of cpn. Define 
¢i : Ui ----7 Sl by ¢i(Zl, ... , zn+r) = zdlzil. Then ('if, ¢i) : Ui ----7 Ui X Sl is a 
diffeomorphism with inverse ('if(W1, ... , wn+r), z) f----> (ZIWil/Wi)(W1, ... , wn+r), 
and the transition function fi.j : Ui nUj ----7 Sl is given by fi,j ('if ( Zl, ... , zn+ r)) = 

zjz;llzi IIZj 1-1. 
DEFINITION 1.3. Let 'ifi : !vIi ----7 Bi be two coordinate bundles with fiber F 

and group G. A differentiable map h : All ----7 A12 is said to be a bundle map if 

(1) h maps each fiber 'if11(pr) diffeomorphic ally onto a fiber 'if2 1(P2), 
thereby inducing a differentiable map h : B1 ----7 B2 such that 7r2 0 h = 
h07r1; and 

(2) for any bundle charts ('ifl1 (U oJ, ('if 1 , ¢o:)) and (7r21 (V;3), (7r2' 7/J;3)) of 7r1 
and 'if2, respectively, p E Ua n h -1 (V;3), the map 7/J;3 0 h 0 (¢ alrr;-' (p))-l 

from F to F coincides with the operation of an element of G, and the 
resulting map 

10,(3 : Ua n h- 1 (V;3) ----7 G, 

p f----> 7/J;3 0 h 0 (¢ alrr;-' (p))-l 

is differentiable. 

The two coordinate bundles are said to be equivalent if B1 = B2 and the 
induced map is the identity on the base. A fiber bundle is then defined to be 
an equivalence class of coordinate bundles. Alternatively, one could define it to 
be a coordinate bundle with a maximal atlas. 

Notice that if h is a bundle map, then by the second condition above, the 
coordinate bundle over B1 with bundle charts of the form (7rl1(h-1(U)), (7r1' ¢o 
h)), where (7r21(U). ('if2,¢)) is a bundle chart of 7r2, is equivalent to 'if1. Its 
transition functions f q,oh,,poh are equal to f~,,p 0 h, where 1~.,p are the transition 
functions of 7r2. 

EXERCISE 47. (a) Show that the functions la,;3 from Definition 1.3 satisfy 
fa,-y = 1;3,"1 . 1~,(3 and la,-y = lffi,-y . la,;3, where 1~,;3 and n,-y are transition 
functions for 'if1 and 7r2, respectively. 

(b) Conversely, suppose 7ri : Ali ----7 B are two coordinate bundles over B 
with fiber F and group G. Show that if there is a collection of maps fa,(3 as in 
Definition 1.3 satisfying the identities in (a), then the bundles are equivalent. 

EXERCISE 48. Identify s4n+3 C ]R4nH = IHIn+1 with the set of all (n + 
I)-tuples of quat ern ions (q1,"" qn+d such that L Iqil 2 = 1 (see Chapter 1, 
Example 8.1(iii)). Replace complex numbers by quaternions in Examples and 
remarks 1.1 (iii) to construct quaternionic projective space IHIpn and a fiber 
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bundle 7r : 84n+3 ----+ lHIpn over lHIpn with fiber and group 8 3 . This bundle is 
often called a generalized Hop! fibration. 

EXERCISE 49. (a) Show that Cpl is diffeomorphic to the 2-sphere via 

Cpl ----+ 8 2 , 

1 _ 2 2 
[ZI' Z2J f---7 1 12 1 12 (2Z1Z2' IZll - IZ21 ). 

ZI + Z2 

(b) Show that lHIpl from Exercise 48 may similarly be identified with 8 4 . 

Thus, for n = 1, the Hopf fibrations become 8 3 ----+ 8 2 with fiber 8 1 , and 
8 7 ----+ 8 4 with fiber 8 3 . 

2. Principal and Associated Bundles 

The Hopf fibration discussed in the previous section is a prime example of 
the following key concept: 

DEFINITION 2.1. A fiber bundle 7r : P ----+ B with fiber and group G is called 
a principal G-bundle if there exists a free right action of G on P and an atlas 
such that for each bundle chart (7r- l (U), (7r,¢)), the map ¢: 7r-l(U) ----+ G is 
G-equivariant; i.e., 

(7r, ¢)(pg) = (7r(p) , ¢(p)g), P E 7r- l (U), g E G. 

It follows that B is the quotient space PIG: Since 7r(pg) = 7r(p), the orbit 
G(p) = {pg 1 g E G} of p is contained in 7r- l (7r(p)); conversely, if (7r,¢) is a 
bundle chart around p, then for q E 7r- l (7r(p)), 

q = (7r, ¢)-I(7r(q), ¢(q)) = (7r, ¢)-l(7r(p), ¢(p)¢(p)-I¢(q)) 

= (7r, ¢)-I(7r(p), ¢(p)g) = pg, 

where g = ¢(p)-I¢(q) E G. Furthermore, the structure group is G acting on 
itself by left translations: for PEP, 

f</J,';;(7r(p)) = 'IjJ(p)¢(p)-l, 

where the choice of the element p E 7r- l (7r(p)) is irrelevant because 

'IjJ(pg)¢(pg)-l = 'IjJ(p)g(¢(p)g)-l = 'IjJ(p)gg-l¢(p)-1 = 'IjJ(p)¢(p)-I. 

EXAMPLES AND REMARKS 2.1. (i) The Hopf fibrations 8 2n+1 ----+ cpn and 
8 4n+3 ----+ lHIpn are principal 8 1 and 8 3 bundles. 

(ii) The trivial principal G-bundle over B is the projection B x G ----+ B onto 
the first factor. The action of G is by right multiplication (b, gdg = (b, gIg) on 
the second factor. 

(iii) Let G be a Lie group, H a closed subgroup of G, and denote by B 
the homogeneous space G I H. We first show that the quotient space Gn I Hk 
admits a (unique) differentiable structure of dimension n - k for which the 
projection 7r : G ----+ G I H becomes a submersion. This actually follows from 
Theorem 14.2 in Chapter 1, but we provide an independent argument, since 
that theorem won't be proved until Chapter 5. Observe that 7r is an open 
map for the quotient topology on G I H: If U is open in G, then so is 7r(U) 
(in GIH), because 7r-l(7r(U)) = UhEHRh(U) is open in G. Furthermore, the 
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quotient space is Hausdorff: If 71'(a) =f:. 71'(b) , so that a- lb tt H, there exists a 
neighborhood of a- 1b that does not intersect H. Such a neighborhood always 
contains an open set of the form U . a-lb· U, where U is a neighborhood 
of the identity with U = U- 1. Then U a -1 bU n H = 0, which implies that 
bU HnaU H = 0. Thus, 71'OLb(U) and 71'oLa(U) are disjoint open sets containing 
71' (b) and 71' (a), respectively. 

In order to exhibit a manifold structure on G / H, recall that Frobenius' 
theorem applied to the distribution Lg*He , 9 E G, guarantees the existence of 
a chart (U, x) around e, with x(U) = (O,l)n, such that each slice 

{g E U I xk+l(g) = a1, ... ,xn(g) = an-d 

is contained in a left coset of H. If S denotes the slice containing e, there exists 
a neighborhood V of e such that V n S = V n H (since H is a sub manifold 
of G), and V = V-I, V· V c U. For the sake of simplicity, denote V by U 
again. Let N = (71'10 x)-l(a), where 71'1 : lR,n -+ lR,k X 0 denotes projection, and 
a := 71'1 0 x(e). We claim that 71' is one-to-one when restricted to N: Indeed, if 
71'(a) = 71'(b), then a-1b E Un H = Un S, so that b belongs to La(U n S). The 
latter set, being connected, is contained in a single slice. Since it also contains 
a, a and b lie in the same slice, so that x(a) = x(b); i.e, a = b. 

It follows that 71'IN : N -+ W := 71'(N) is an open, bijective map, hence a 
homeomorphism. So is x := 71'2 0 X 0 (7I'1N )-1 : W -+ x(W) cOx lR,n-k, where 
71'2 : IRn -+ 0 x IRn-k denotes the projection onto the other factor. We may 
then take (W,x) as a chart around 71'(e). In order to produce a chart around 
71'( a), consider the homeomorphism lLa of G / H induced by left-multiplication 
by a in G, lLa(7I'(g)) := 71'(ag). The desired chart is then given by (lLa(W), x 0 

lLa-1). Given bEG, the corresponding transition function is 71'2 0 XIN 0 La-1b 0 

(71'20 XIN)-l, so that the collection {(lLa(W),x 0 lLa-1) I a E G} induces a 
differentiable structure on G / H. 

It remains to check that 71' is differentiable at 9 E G. Using the charts 
(Lg(U), x 0 Lg-1) around 9 and (lLg(W), x 0 lLg-1) around 71'(g), we have 

- lL (L )-1 - lL L -1 - -1 X 0 g-1 071'0 X 0 g-1 = X 0 g-1 071'0 gO x = x 0 71' 0 X = 71'2, 

which establishes the claim. 
Finally, we show that 71' : G -+ G/H is a principal H-bundle: Notice that 

for any [g] := 71'(g) , there exists a neighborhood U = lLg(W) of [g] on which 
71' has a right inverse suo In fact, taking Su = Lg 0 (7I'1N )-1 0 lLg-1IU, we have 
71' 0 Su = lu. Then the map 

U x H -+ 71'-1 (U), 

([g], h) f-> (su[g]) . h 

is a diffeomorphism. Its inverse is of the form (71', ¢u), where ¢u : 71'-1 (U) -+ H 
is H-equivariant, since ¢u(g) = sU(7I'(g))-lg, so that 

¢u(gh) = sU(7I'(gh))-lgh = (su(7I'(g))-1 . g)h = ¢u(g)h. 

Thus, the collection of such maps (71', ¢u) forms a principal bundle atlas on G 
over B. 
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We have seen that given a fiber bundle 7r : M ---+ B with fiber F and 
group G, a bundle atlas {(7r- 1 (U,,), (7r, 1>,,))} determines a family of transition 
functions f",{3 : U" n U{3 ---+ G which satisfy f"" = f{3" . f",{3' It turns out 
that the bundle may be reconstructed from these transition functions. More 
generally, one has the following: 

PROPOSITION 2.1. Let {U"}"EA be an open cover of a manifold B, and G 
a Lie group acting effectively on a manifold F. Suppose there is a collection of 
maps f",{3 : U" n U{3 ---+ G such that 

(2.1) fa,,(p) = f{3,,(p) . f",{3(p), pEU"nU{3nu" O'.,/3,'YEA. 

Then there exists a fiber bundle 7r : M ---+ B with fiber F, structure group G, 
and a bundle atlas whose transition functions are the given collection {f ",{3}' 
Furthermore, if F = G and G acts on itself by left translations, then the atlas 
is a principal bundle atlas. 

Notice that taking 0'. = /3 = 'Y in (2.1) implies that f",,, == e. Taking 0'. = 'Y 
then yields f;;,1 = f{3,,,· 

PROOF. Consider the disjoint union U"EA(U" x F), and the quotient space 
M under the equivalence relation: 

(p, qd "" (p, q2) iff q2 = fa,{3(p)q1 for some 0'., /3 E A. 

If p : U"(U,, x F) ---+ M denotes the projection, then each restriction p : 
U" x F ---+ p(U" x F) is a homeomorphism, and its inverse (7r, 1>,,) may be taken 
as a bundle chart. By construction, the transition functions of this atlas are 
the f",{3' 0 

As a simple application, consider the group G = {±l} acting on lR by 
multiplication. The circle B = Sl of unit complex numbers admits U1 = 
Sl \ {-i} and U2 = Sl \ {i} as open cover. Then the map 

iI,2 : U1 n U2 ---+ G, 

{
I, if Rez > 0, 

Zf--t 
-I, otherwise, 

determines a rank 1 vector bundle over the circle, called a Moebius band. 

DEFINITION 2.2. Let 7r : M ---+ B be a fiber bundle with fiber F and group 
G. The principal G-bundle obtained as in Proposition 2.1 from the transition 
functions of 7r is called the principal bundle associated to 7r. 

Thus, a fiber bundle with group G induces an associated principal G-bundle. 
One can recover the original bundle from the principal one: More generally, let 
7rp : P ---+ B be a principal G-bundle, F a manifold on which G acts effectively 
on the left. Define an equivalence relation"" on the space P x F by setting 
(p, m) "" (pg, g-l m ), and denote the quotient space (P x F)! "" by P Xc F. 
There is a well-defined map 7r : P Xc F ---+ B given by 7r[p, m] = 7rp(p). 

THEOREM 2.1. Let 7rp : P ---+ B be a principal G-bundle, F a manifold on 
which G acts on the left. Then the map 7r : P Xc F ---+ B constructed above 
is a fiber bundle over B with fiber F and structure group G, called the fiber 
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FIGURE 2. A Moebius band. 

bundle with fiber F associated to the principal bundle 7rp : P -+ B and the 
given action of G. Furthermore, the principal G-bundle associated to 7r is 7rp. 

PROOF. If (7rp, ¢) : 7rpl(U) -+ U x G is a principal bundle chart, define 
¢: 7r - l(U) -+ U x F by ¢[p,m] = ¢(p)m. We claim that (7r,¢) is a candidate 
for a bundle chart; i.e., it is invertible. Indeed, define s : U -+ 7rpl(U) by 
s(b) = (7rp, ¢) - l(b, e); then f : U x F -+ 7r - 1 (U), where f(b , m) = [s(b), m], is 
the inverse of (7r, ¢) : On the one hand, 

(7r, ¢) 0 f(b, m) = (7r , ¢)[s(b), m] = (7rp(s(b» , ¢(s(b»m) = (b, m); 

on the other, given p E 7rpl(U), we have s(7rp(p» = p¢(p)-l, so that 

f 0 (7r , ¢)[P, m] = f(7rp(p), ¢(p)m) = [s(7rp(p», ¢(p)m] 

= [p¢(p) - l , ¢(p)m] = [p, m]. 

This establishes the claim. Since both (7r, ¢) and f are continuous, they are 
homeomorphisms. Now, let (7rp , ¢) and (7rp , 7/J) be two principal bundle charts 
with overlapping domains. Given b in the projection of their intersection and 
m E F, the transition function of the (candidates for) associated bundle charts 
at b is given by 

I;j, ,;r, (b)m = 1[; 0 (7r, ¢)-l(b, m) = 1[; [(7rp , ¢) - l(b, e), m] 

= (7/J 0 (7rp, ¢)-l(b, e»m = (fq,, 1/; (b)e)m 

= fq, ,1/;(b)m. 

The collection of charts therefore induces a differentiable structure on P x G F 
and satisfies the requirements for a bundle atlas. Since the transition functions 
of the bundle coincide with those of 7rp, 7rp is the principal G-bundle associated 
~7r. 0 

EXAMPLE 2.1 (The Frame Bundle of a Vector Bundle) . Let 7r : E -+ B 
denote a rank n vector bundle over B. We shall construct a principal GL(n)
bundle 7rp : Fr(E) -+ B, called the frame bundle of E, with the same transition 
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functions. It will then follow from Proposition 2.1 and Theorem 2.1 that the 
frame bundle of E is the principal GL(n)-bundle associated to 7l', and that 
E ---t B is equivalent to Fr(E) XCL(n) IRn ---t B. Denote by Eb the fiber 7l'-l(b) 
over b E B, and let Fr(Eb) be the collection of all frames of the vector space 
Eb; i.e., the collection of ordered bases P = (Vl' ... ,vn) of Eb. Each such frame 
can be viewed as an isomorphism IRn ---t Eb mapping ei to Vi for 1 ~ i ~ n. 
Given two frames Pi : IRn ---t Eb, there exists a unique 9 E GL(n) such that 
Pl = P2g· Identifying any single frame P with e E GL(n) yields a bijective map 
Fr(Eb) f-> GL(n). 

Let Fr(E) := UbEBFr(Eb), 7l'p : Fr(E) ---t B the map that assigns the 
point b to a frame of Eb. If (7l',¢) : 7l'-l(U) ---t U x IRn is a vector bundle chart 
for E, define 

¢ : 7l'pl(U) ---t G = GL(n), 

P f--> ¢IE"p(p) 0 p. 

¢ is G-equivariant by construction, and (7l'p, ¢) : 7l'pl(U) ---t U x G is therefore 
bijective. Given another vector bundle chart (7l',7[;) over U, we have 

(7l'p, 't/J) 0 (7l'p, ¢)-l(b,g) = (7l'p, 't/J)(¢liib g) = (b,7[; 0 (¢IiiJg). 

The collection of maps (7l'p, ¢) therefore induces a differentiable structure on 
Fr(E) and forms a principal bundle atlas with transition functions f</>,'Ij; = f¢,{J' 
This establishes the claim. 

Notice that there is an explicit equivalence between Fr(E) XCL(n) IRn ---t B 
and 7l': if P = (Vl' ... , vn ) is a frame of Eb, the equivalence maps [p, (lXl' ... , lXn ) 1 E 

Fr(E) Xc IRn to L lXiVi E Eb. 

EXERCISE 50. Consider a principal G-bundle 7l'p : P ---t B and an associated 
bundle 7l' : P Xc F ---t B. 

(a) Show that p: P x F ---t P Xc F, where p(p,q) = [p,q], is a principal 
G-bundle, and that the projection 7l'1 : P x F ---t P onto the first factor is a 
G-equivariant map inducing 7l' on the base spaces. 

PxF ~P 

PXcF ---+ B 

(b) Show that for any pEP, the map F ---t 7l'-1(1l'(p)) given by q f--> p(p, q) 
is a diffeomorphism. 

(c) If F is a vector space and G acts linearly on F, show that 7l' is a vector 
bundle. 

EXERCISE 51. Let H be a Lie subgroup of G, 7l'c : Pc ---t B, 7l'H : PH ---t B 
two principal G and H-bundles over B respectively with PH C Pc. PH ---t B 
is said to be a principal sub bundle of Pc ---t B if for any b E B, there exists 
a neighborhood U of b and principal bundle charts (7l'H,¢), (7l'C,'t/J) of 7l'H, 7l'c 
over U such that 
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is the inclusion map. Show that in this case, given an action of G on a manifold 
F, the total spaces PH XH F and Pc Xc F of the associated F-bundles are 
diffeomorphic via a fiber preserving map. We say the structure group G of 
Pc Xc F --t B is reducible to H. 

EXERCISE 52. Prove that the structure group G of a bundle is reducible 
to H (see Exercise 51) iff the bundle admits an atlas with H-valued transition 
functions. 

3. The Tangent Bundle of sn 

In this section, we apply some of the concepts introduced above to discuss 
a basic example, that of the tangent bundle of the n-sphere. 

The standard action of SO(n + 1) on sn yields a map SO(n + 1) --t sn 
that sends 9 E SO(n + 1) to g(el). The subgroup of SO(n + 1) acting trivially 
on el may be identified with SO(n), and one has an induced map 

SO(n+ l)jSO(n) --t sn, 

[g] f-+ gel, 

which is one-to-one by construction. It is also onto since SO(n + 1) acts tran
sitively on the unit sphere. This map is a homeomorphism (SO(n + l)jSO(n) 
being compact) which is easily checked to be a diffeomorphism. By Examples 
and Remarks 2.1(iii), SO(n + 1) --t sn is a principal SO(n)-bundle. 

On the other hand, the tangent bundle of sn is a vector bundle with group 
G L( n). For p E sn, the derivative of the inclusion map sn '---> ]R.n+l induces 
an inner product on the tangent space of sn at p. By requiring the second 
component </> of each bundle chart (7r, </» to be a linear isometry </>Is; : S; --t 

]R.n, we obtain a reduction of the structure group to O(n); cf. Exercise 52. 
Since the sphere is orientable, the group may further be reduced to SO(n). 
(More generally, we will see in the next section that any vector bundle admits 
a reduction of its structure group GL(n) to O(n). The bundle is said to be 
orientable if its structure group is further reducible to SO(n). The Moebius 
band from the preceding section is an example of a nonorientable bundle.) 

In terms of principal bundles, we are reducing the frame bundle Fr(T sn) of 
Example 2.1 to the SO(n)-subbundle SO(Tsn) --t sn of oriented orthonormal 
frames whose fiber over p E sn consists of all positively oriented orthonormal 
frames of S;. 

We claim that SO(Tsn) --t sn is equivalent to SO(n + 1) --t sn: In fact, 
the map f : SO(n + 1) --t SO(Tsn) which sends 9 E SO(n + 1) to the ordered 
orthonormal frame (Jgelge2, ... , Jgelgen+l) of S;el induces the identity on 
sn. Its inverse maps an orthonormal frame VI, .. . ,Vn of S; to the element 
9 E SO(n + 1) defined by gel = p, gei+l = Jp-IVi' 1 :::; i :::; n. Since f is 
SO (n)-equivariant, the claim now follows from the following theorem: 

THEOREM 3.1. Let 7ri : Pi --t B, i = 1,2, be two principal G-bundles over 
B. If h : PI --t P2 is a G-equivariant map inducing the identity on B, then the 
two bundles are equivalent. 
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PROOF. If (7f11 (U a), (7fl' ¢a)) and (7f21 (V,a), (7f2, 'Ij;,a)) are bundle charts of 
7fl and 7f2, there are smooth maps 7fl1(Ua) -> G and 7fl1(V,a) -> G given by 
p f--+ ¢a(P) and q f--+ ('Ij;,a 0 h)(q) respectively. Thus, the assignment 

fa,,a : Ua n V,a -> G, 

b f--+ ('Ij;,a 0 h)(P)¢a(P)-l, 

where p is any element of the fiber over b, is a well-defined smooth map. The 
bundles are then equivalent by Definition 1.3, since fa,,a(b) = 'Ij;,aoho(¢al7rl1(b»): 
Indeed, let 9 E G, a := ¢a(P); then 9 = aa-1g = ¢a(p)a-1g = ¢a(pa-1g), so 
that 

'Ij;,a 0 h 0 (¢al7rl1(b»)-I(g) = 'Ij;,a 0 h(pa-1g) = 'Ij;,a(h(p)) . a-1g 

= ('Ij;,a 0 h)(p) . ¢a(p)-l . g. 

o 
COROLLARY 3.1. Let 7fi : Ei -> B, i = 1,2, be two rank n vector bundles 

over B. If h : El -> E2 is a diffeomorphism mapping each fiber 7f 11 (b) linearly 
onto 7f 21 (b), then the bundles are equivalent. 

PROOF. Define f : Fr(Ed -> Fr(E2) by f(p) = hop, where p : IRn -> 

7fl1(b) is a frame of E1. By Theorem 3.1, the two frame bundles are equivalent, 
and therefore so are the associated vector bundles Ei -> B. 0 

Corollary 3.1 provides another approach to the tangent bundle of the sphere, 
or more generally, to the tangent bundle T M of any homogeneous space M = 

G / H: Let p = eH EM, so that H is the isotropy group at p of the action; 
i.e., H = {g E G I gp = p}. The linear isotropy representation at p is the 
homomorphism p : H -> GL(Mp) given by p(h) = h*p' It is not difficult to 
show that if M is connected and G acts effectively on M, then p is one-to-one; 
in this case, p induces an effective linear action of H on Mp-

PROPOSITION 3.1. If G acts effectively on the homogeneous space M = 

G/ H, then the tangent bundle of M is equivalent to the bundle G XH Mp -> M, 
where H acts on Mp via the linear isotropy representation at p. 

PROOF. Consider the map f: G XH Mp -> TM defined by j[g,u] = g*u, 
which is clearly smooth, and linear on each fiber. Its inverse is given as follows: 
if v E M q , then by transitivity of the action of G, there exists some 9 E G such 
that gp = q. Then f-l(V) = [g,g;p1v]. This is well-defined, for if q = gp = gp, 
then g-lg E H, so that 9 = gh for some hE H, and 

[g, g';-p1v] = [gh, p(h)-lg';-p1v] = [gh, h';-plg';-plv] = [gh, (gh)';-/v] = [9, g';-p1v]. 

o 
The hypothesis that G act effectively on M in Proposition 3.1 is not re

strictive: Exercise 54 shows that M can always be realized as G / fI, where G 
acts effectively on M. 

EXERCISE 53. Let 8 3 denote the group of quaternions of norm 1. Identify 
80(3) with the special orthogonal group of span{ i, j, k} = 1R3 , and define p : 
8 3 -> 80(3) by p(p)q = pqp-l (quaternion multiplication). 
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(a) Show that p is a homomorphism with kernel {±l}. It is not hard to 
see that p is onto, so that SO(3) is diffeomorphic to !R.p3 and p is the standard 
double covering. 

(b) Consider the principal SO(2)-bundle n : SO(3) -+ S2. Prove that 
n 0 p : S3 -+ S2 is equivalent to the Hopf fibration. 

EXERCISE 54. Let M = G I H be a homogeneous space. 
(a) Show that the subgroup of G which acts trivially on M is the largest 

normal subgroup N(H) of G which lies in H. 
(b) Show that G = GIN (H) acts effectively on M, and that M = G I fI, 

where fI = HIN(H). 

4. Cross-Sections of Bundles 

A trivial bundle B x F -+ B has the property that through any point 
(b, m) E B x F, there is a copy B x {m} of B; alternatively, the map s : B -+ 

B x F given by s(b) = (b, m) is a lift of the identity IB (in the sense that 
nos = I B) through (b, m). It is by no means clear that such lifts exist in 
general, and they have a special name: 

DEFINITION 4.1. Let ~ = n : M -+ B be a fiber bundle. A map s : B -+ M 
is said to be a cross-section of ~ if nos = lB. 

For example, a vector field on a manifold M is a cross-section of the tan
gent bundle of M; a differential k-form on M is a cross-section of the bundle 
AZ,(M) -+ M. It is common practice to abbreviate cross-section by section. 
Before looking at further examples, we point out that one can construct from a 
given vector bundle ~ many other vector bundles whose structure is induced by 
that of~. We illustrate the procedure in detail for the dual C of a vector bundle 
~. It is convenient to denote the fiber n -1 (b) of a vector bundle n : E -+ B over 
b by Eb, and we will often do so. 

PROPOSITION 4.1. Let ~ = n : E -+ B be a rank n vector bundle, and 
define E* = UbEBE;. For a E E;, let n*(a) = b. There exists a natural rank 
n vector bundle structure on C = n* : E* -+ B induced by ~. C is called the 
dual bundle of ~. 

PROOF. Let (n, ¢) be a bundle chart of ~ over U c B. Since ¢IEb : Eb -+ !R.n 

is an isomorphism for each b E U, so is ¢IEi, : E; -+!R.M ~ !R.n , where ¢IEi, := 

(¢IEb)-h (recall that the transpose of a linear transformation L : V -+ W is 
the linear map L* : W* -+ V* given by (L*a)v = a(Lv) for a E W*, v E V). 
Then (n*,¢) : n*-1(U) -+ U x!R.n is one-to-one, onto, and its restriction to 
each E; is linear; if (n, 'l/J) is another bundle chart, then 

(n*, if;) 0 (n*, ¢)-1 (b, a) = (b, if; 0 (¢IEi, )-1a) = (p, (1) 0 'l/JIE~)* a). 

Thus, there exist unique topological and differentiable structures on E* for 
which the maps (n*, ¢) become local diffeomorphisms. These maps form a 
bundle atlas, since the transition functions are given by f¢,1f;(b) = f1f;,c/>(p)*. D 
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Given two vector bundles ~i = 7ri : Ei ----+ B, one defines in a similar fashion 
the tensor product bundle 61296 with fiber Elb 129 E 2b over b, the homomorphism 
bundle Hom(6, 6) whose fiber over b consists of all linear transformations 
Elb ----+ E 2b, etc. The isomorphism Hom(E1b , E 2b ) ~ Erb 129 E 2b induces an 
equivalence Hom(6,6) ~ ~i 129 6· 

DEFINITION 4.2. A Euclidean metric on a vector bundle ~ = 7r : E ----+ B 
is a section s of the bundle (~i81 ~)* such that s(b) is an inner product on Eb 
for each b E B. A Euclidean metric on the tangent bundle of a manifold !v! is 
called a Riemannian metric on M. 

Loosely translated, a Euclidean metric on ~ is just an inner product on the 
fibers that varies smoothly with the base point. 

THEOREM 4.1. Every vector bundle ~ = 7r : E ----+ B admits a Euclidean 
metric. 

PROOF. Consider a locally finite cover of B by sets {Ua} whose preimages 
are the domains of bundle charts {( 7r, ¢a)}. Define a Euclidean metric Sa on 
each 7r- 1 (Ua) so that ¢a becomes a linear isometry: sa(u, v) = (¢au, ¢av), 
where (,) denotes the standard inner product on IRn. Let {'l/Ja} be a partition 
of unity subordinate to {Ua}, and extend Sa to all of B by setting sa(b) = 

'l/Ja(b)sa(b) if bE Ua and sa(b) = 0 otherwise. Then S = La Sa is a Euclidean 
metric on ~. 0 

Theorem 4.1 implies that every rank n vector bundle admits a reduction of 
its structure group to O(n), by requiring that charts be linear isometries when 
restricted to each fiber. 

Notice that a vector bundle always admits a section, namely the zero section 
given by s(b) = 0 E E b . Principal bundles, on the other hand, do not, in general, 
admit sections: 

THEOREM 4.2. A principal G-bundle 7r : P ----+ B admits a section iff it is 
trivial. 

PROOF. If 7r : B x G ----+ B is trivial, then for any fixed g E G, the map 
s(b) := (b,g) defines a section of 7r. Conversely, suppose s : B ----+ P is a 
section. Since pEP and s(7r(p)) belong to the same fiber, there is a well-defined 
equivariant map ¢ : P ----+ G such that p = s(7r(p))¢(p), (7r, ¢) : P ----+ B x G is 
then an equivalence by Theorem 3.1. 0 

EXAMPLE 4.1. Recall from Section 3 that the principal 80(n)-bundle over 
8 n associated to the tangent bundle of 8 n is 7r : 80(n + 1) ----+ 80(n + 
1)j80(n) = 8 n . When n = 3,83 is identified with the group of quaternions of 
norm 1, and el = 1 E 1HI. 

Consider the map S : 8 3 ----+ 80(4) given by s(q)u = qu, for q E 8 3 C 1HI, 
u E 1HI = 1R4. Then (7r 0 s)(q) = s(q)1 = q; i.e., s is a section of 7r : 80(4) ----+ 8 3 , 

and 80(4) is diffeomorphic to 8 3 x 80(3) (although not isomorphic, as a group, 
to the direct product 8 3 x 80(3)). Since 7r is trivial, so is the associated tangent 
bundle T 8 3 ----+ 8 3 . We saw in Chapter 1 that even-dimensional spheres do not 
admit a nowhere-zero vector field; i.e., their tangent bundle does not admit a 
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nowhere-zero section, and is therefore nontrivial. Thus, none of the bundles 
SO(n + 1) --t sn admit sections when n is even. 

EXERCISE 55. Consider the map 

¢: S3 x S3 --t SO(4), Q;(ql,q2)U = qlUq:;l, 

Show that ¢ is a Lie group homomorphism, and determine its kernel. It is not 
hard to see that ¢ is onto, so that S3 x S3 is the two-fold covering group of 
SO(4), denoted Spin(4). Notice that if z, 6. : S3 --t S3 X S3 are the imbedding
homomorphisms given by z(q) = (q, e) and 6.(q) = (q, q), then ¢oz is the section 
from Example 4.1, and ¢ 06. is the two-fold covering from Exercise 53. 

EXERCISE 56. Let ~i = Jri : Ei --t B be vector bundles over B, i = 1,2, and 
denote by r~i the collection of sections of ~i' 

(a) Show that r~i is a module over the ring of smooth functions B --t JR. 
(b) Show that rHom(~1,6) and Hom(r~1,r6) are naturally isomorphic 

as modules. 

EXERCISE 57. A complex vector bundle is a bundle with fiber en whose 
transition functions are complex linear. Show that a real rank 2n vector bundle 
~ admits a complex vector bundle structure iff there exists a section J of the 
bundle Hom(~, 0 such that j2 equals minus the identity on the total space. J 
is called a complex structuTe on ~. 

5. Pullback and Normal Bundles 

Let ~ = Jr : .!'vI --t B denote a fiber bundle with fiber F and group G. Given 
a manifold 13 and a map f : 13 --t B, one can construct in a natural way a 
bundle over 13 with the same fiber and group: Consider the subset 

1*M = {(b,m) E 13 x M I Jr(m) = f(b)} 

together with the subspace topology from 13 x NI, and denote by Jrl : 1* .!'vI --t 13, 
Jr2 : 1* NI --t .!'vI the projections. 

PROPOSITION 5.1. 1* ~ = Jrl : 1* M --t 13 is a fiber bundle with fiber F and 
group G, called the pullback bundle of ~ via f, and Jr2 : 1* M --t AI is a bundle 
map covering f. Furthermore, 1* ~ is uniquely characterized by the property 
that Jr 0 Jr2 = f 0 Jrl; 

13 --+ B 
f 

i. e., if ( = if : AI --t 13 is a fiber bundle with fiber F and group G, and there 
exists a bundle map f : ( --t t; covering f : 13 --t B, then ( ~ 1* ~. 

PROOF. A bundle chart (Jr, ¢) of ~ over U c B induces a chart (Jrl,;P) of 
1*t; over f-1(U), where ;p = ¢ 0 Jr2. It is easily checked that the transition 
functions satisfy h,7b = f¢,1/J 0 f, so that 1* ~ is a bundle as claimed, and Jr2 
is a bundle map by definition. For the uniqueness part, let ( be a bundle 
as in the statement. By the remark following Definition 1.3, the coordinate 
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bundle over B with bundle charts of the form Cn--1(f-l(U)), (ft, ¢ 0 f)), where 
(-rr-l(U), (7r, ¢)) is a bundle chart of 7r, is equivalent to~. Since it has the same 
transition functions as f* ~, f* ~ is equivalent to ~. D 

Observe that the structure group of f*~ may very well be smaller than G, 
since its transition functions are those of ~ composed with f. 

If ~i = 7ri : Ei ----+ B are two vector bundles of rank ni over B, then 6 x 6 = 
7rl X 7r2 : El x E2 ----+ B x B is a vector bundle of rank nl + n2. Consider the 
diagonal imbedding ~ : B ----+ B x B, ~(b) = (b, b). 

DEFINITION 5.1. The Whitney sum 6 EB 6 is the rank (nl + n2) vector 
bundle ~*(6 x 6)· 

The fiber of 6 EB 6 over b E B is Elb EB E2b. 

DEFINITION 5.2. Let ~i = 7ri : Ei ----+ B be two vector bundles over B. A 
map h : El ----+ E2 is said to be a homomorphism if it maps each fiber Elb 
linearly into E2b. 

Thus, a homomorphism h : El ----+ E2 is just another word for a section s of 
the bundle Hom(6, 6): We can go from one to the other via s(b) = hlElb . By 
Corollary 3.1, if h is an isomorphism on each fiber, then h is an equivalence. 
Conversely, an equivalence is a homomorphism (and a bundle map). More 
generally: 

PROPOSITION 5.2. Let ~i = 7ri : Ei ----+ Bi be vector bundles over B i , i = 1,2. 
If h : El ----+ E2 maps each fiber 7rll(bd linearly into a fiber 7ril(b2), then 
h = fog, where g is a homomorphism and f a bundle map. 

PROOF. Consider the pullback bundle h*6, where h : Bl ----+ B2 is the map 
induced by h. If pr2 : h* E2 ----+ E2 is the bundle map given by projection onto 
the second factor, then h = pr2 0 g, where g : El ----+ h* E2 is the homomorphism 
g(u) = (7rl(U), h(u)). 

El 
9 h*E2 PT2 

E2 ----+ ----+ 

~l 1 PTll 1 ~2 
Bl ----+ Bl ----+ B2 

lBl Ii 

D 

THEOREM 5.1. Let ~i = 7ri : Ei ----+ B denote vector bundles over B, h : 
El ----+ E2 a homomorphism. 

(1) If h is one-to-one (on each fiber), then coker h = 6/h(6) is a vector 
bundle over B. 

(2) If h is onto, then ker h is a vector bundle over B. 

PROOF. (1) Suppose that for each b E B, the restriction h : Elb ----+ E2b is 
injective. If 6 has rank nand 6 rank n + k, then the vector space E 2b /h(E1b) 
has dimension k. We construct a bundle atlas for coker h = UbEBE2b/h(Elb): 
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Let b E B, (1fl,¢) and (1f2,'1/;) be bundle charts on 1f;I(U), where U IS a 
neighborhood of b. Consider the map 9 : U ---> Hom(]R.n, ]R.n+k) given by 

g(p) = 'I/; 0 h 0 (¢IEI P )-I. 

g(p) has rank n for all p E U, and we may assume, by reordering coordinates 
if necessary, that the first n rows of the matrix M(b) of g(b) with respect to 
the standard bases are linearly independent; i.e., that prl 0 g(b) : ]R.n ---> ]R.n is 
an isomorphism, where prl : ]R.n+k ---> ]R.n is the projection. By continuity, this 
holds for all p in a neighborhood (which we also call U) of b. It follows that for 
each p E U, the map 

(u, v) f--+ g(p)u + (0, v) 

is an isomorphism, and f : U x ]R.n x ]R.k ---> U x ]R.n+k, where f (p, u, v) = 

(p,g(p)u + (O,v)), is an equivalence of trivial bundles. Thus, (1f2' w) := f- 1 0 

(1f2' '1/;) is a bundle chart for 6. By construction, v E E2p belongs to h(Elp) 
iff (1f2' w)(v) E P x]R.n x 0 C U x]R.n x ]R.k. Therefore, if 1f : cokerh ---> B is 
the natural projection and pr2 : ]R.n x ]R.k ---> ]R.k the projection onto the second 
factor, then the bundle chart (1f2' w) of 6 induces a diffeomorphism 

1f-1 (U) ---> U X ]R.k, 

W + h(Elp) f--+ (p, (pr2 0 w)w), 

which is linear on each fiber. This yields a bundle atlas on coker h ---> B: 
smoothness of the transition functions follows from smoothness of h and of the 
transition functions of ~i' 

(2) Suppose h : E 1b ---> E 2b is onto for each bE B, with n+k and n denoting 
the ranks of 6 and 6 respectively. Let U, 9 : U ---> Hom(]R.n+k,]R.n) be as in 
(1). We may assume that g(p)el"" ,g(p)en are independent for each pin U. 
Define a bundle equivalence 

f : U x ]R.n+k ---> U x ]R.n x ]R.k, 

(p, a) f--+ (p, g(p)a, an+l, ... ,an+k), 

so that (1fl' <I» := f 0 (1fl' ¢) is a bundle chart for 6 over U. By construction, 
h(v) = 0 for v E 1fll(U) iff (1fl' <I»(v) E U x 0 X ]R.k. (1fl,pr2 0 <I» is therefore a 
bundle chart for ker h. 0 

If h : 6 ---> 6 is a one-to-one homomorphism, then h(6) is a subbundle of 
6 equivalent to 6. An exact sequence of bundle homomorphisms is a sequence 
of homomorphisms 

0--->6~6L6--->0 
such that the kernel of each map equals the image of the preceding one; thus, 
h is one-to-one, f is onto, and h(6) = ker f. 

PROPOSITION 5.3. If 0 ---> 6 ~ 6 L 6 ---> 0 is an exact sequence 
of homomorphisms, then there exists an equivalence 9 : 6 ---> 6 EB 6 with 
go h : 6 ---> 6 EB 6 being the inclusion, and f 0 g-1 : 6 EB 6 ---> 6 the projection. 
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PROOF. Consider a Euclidean metric (,) on 6 (cf. Theorem 4.1). Since 
the metric is smooth as a section, the orthogonal projection 'IT: 6 -t h(6) is a 
bundle homomorphism. Being onto, its kernel h(6)l.. is a bundle, and the map 

L: h(6) EB h(6)l.. -t 6, 
(v,w)~v+w 

is an equivalence. The restriction h : 6 -t h(6) of h is also an equivalence. 
Furthermore, the restriction 1 : h(6)l.. -t 6 of f is a one-to-one homomorphism 
because ker f = h(6), so that by rank considerations, it is an equivalence. Thus, 
9 := (h- 1 EB 1) 0 L -1 : 6 -t 6 EB 6 has the required properties. 0 

EXAMPLE 5.1. Let ~ = 'IT : E -t B be a vector bundle over B, and denote 
by TE, TB the tangent bundles of E and B. Since 'IT* : TE -t TB maps the fiber 
over u E E linearly onto the fiber over 'IT(u) E B, 'IT. induces an epimorphism 
h : TE -t 'IT*TB by Proposition 5.2. Its kernel ker h = ker 'IT * is therefore the 
total space of a bundle V~ = 'lTv : VE -t E over E, called the vertical bundle of 
~. By Proposition 5.3, 

TE ~ V~ EB 'IT*TB' 
The fiber VEu of V~ over u E E can be described as follows: If b = 'IT(u), and 
z : Eb = 'IT-I (b) -t E denotes inclusion, then VEu = Z*(Eb)u as an immediate 
consequence of Proposition 6.2 in Chapter 1 (here, (Eb)u is the tangent space 
of Eb at u). 

Let f : M -t N be an immersion. Since f* : T M -t TN is linear and 
one-to-one, it induces a monomorphism h : TM -t f*TN. 

DEFINITION 5.3. Let f : M -t N be an immersion. The normal bundle of 
f is the bundle v(f) = f*TN/h(TM) over M. 

Since 0 -t TM -t f*TN -t v(f) -t 0 is an exact sequence of homomor
phisms, Proposition 5.3 implies that f*TN ~ TM EB v(f). In fact, given a Eu
clidean metric on f*TN (for instance one induced by a Riemannian metric on 
N), v(f) is equivalent to the orthogonal complement of h( TM)' 

EXAMPLE 5.2. Consider the inclusion z : sn -t ]Rn+1. By the remark 
following Proposition 5.1, the pullback of the trivial tangent bundle of ]Rn+l 

via z is the trivial rank (n + 1) bundle En +I over sn. The normal bundle of z is 
also the trivial rank 1 bundle EI over sn: Indeed, the restriction of the position 
vector field P ~ JpP to the sphere is a section of the frame bundle of Tgn . Thus, 

Tsn EB E1 ~ En +1 , 

even though Tsn is not, in general, trivial. 

EXERCISE 58. Show that if ~ is a vector bundle, then ~EB~ admits a complex 
structure, see Exercise 57. Hint: Let J(u,v) = (-v,u). 

EXERCISE 59. If ~ = 'IT : E -t B is a vector bundle, show that the vertical 
bundle of ~ is equivalent to the pullback 'IT * ~. Hint: Recall the canonical iso
morphism Ju of the vector space Eb with its tangent space (Eb)u at u. Show 
that f : 'IT * E -t V E is an equivalence, where f (u, v) = Ju v. 



6. FIBRATIONS AND THE HOMOTOPY LIFTING/COVERING PROPERTIES 73 

EXERCISE 60. If ~ = 7r : E --> B is a vector bundle, then by Example 5.1 
and Exercise 59, TE ~ 7r*~ EB 7r*TB. Prove that if s is the zero section of~, then 

S*TE ~ ~ EB TB· 

Thus, the normal bundle of the zero section in ~ is ~ itself. 

6. Fibrations and the Homotopy Lifting/Covering Properties 

Although we have so far only considered bundles over manifolds, the defi
nition used also makes sense for manifolds with boundary (and even for topo
logical spaces-the traditional type of base in bundle theory- if we replace 
diffeomorphisms by homeomorphisms). Let B be a manifold, 1= [0,1], and for 
t E I, denote by 2t : B --> B x I the imbedding 2t(b) = (b, t). Recall that two 
maps f, 9 : 13 --> B are said to be homotopic if there exists H : 13 x I --> B with 
H 0 20 = f and H 0 21 = g. H is called a homotopy of f into g. 

Homotopies play an essential role in the classification of bundles: In this 
section, we will see that if ~ is a bundle over B, then for any two homotopic 
maps f,g: 13 --> B, the induced bundles f*~ and g*~ are equivalent. 

We begin by introducing the notion of fibration, which is weaker than that 
of fiber bundle: 

DEFINITION 6.1. A surjective map 7r : M --> B is said to be a fibration if 
it has the homotopy lifting property: namely, given f : 13 --> M, any homotopy 
H : 13 x 1--> B of 7r 0 f can be lifted to a homotopy if : 13 x 1--> M of fi i.e., 
7r 0 if = H, if 0 20 = f. 

In order to show that a fiber bundle ~ = 7r : M --> B is a fibration, we first 
rephrase the problem: Notice that a homotopy H : 13 x I --> B can be lifted 
to if : 13 x I --> M iff the pullback bundle H* M --> 13 x I admits a section. 
Indeed, if if is a lift of H, then (b, t) f-+ (b, t, if(b, t)) is a section. Conversely, if 
s is a section of H* M --> 13 xI, then 7r2 0 s is a lift of H, where 7r2 : H* M --> M 
is the second factor projection. In other words, the homotopy lifting property 
may be paraphrased as saying that if ~ is a fiber bundle over B x I, then any 
section of ~IBXO can be extended to a section of ~. 

We begin with the following: 

LEMMA 6.1. Let ~ be a principal bundle over B x I. Then any b E B has 
a neighborhood U such that the restriction ~IUXI is trivial. 

PROOF. By compactness of b x I, there exist neighborhoods Vi, ... , Vk of b, 
and intervals Ii, ... , h such that {Vi x Ii} is a cover of b x I, and each restriction 
~lViXli is trivial. We claim that U may be taken to be Vi n··· n Vk . The proof 
will be by induction on k. 

The case k = 1 being trivial, assume the statement holds for k - 1. Order 
the intervals I j by their left endpoints, so that if I j = (t~, t}), then t~ < t~+l 
(if t~ = t~+l' then either I j or 1]+1 can be discarded). We may also assume 
that tt < t~ since otherwise h may be discarded. If to E (tg, tt), then by the 
induction hypothesis, ~ is trivial over U1 x [0, to), and over U2 x (to, 1], where 
U1 = Vi and U2 = V2 n··· n Vk • Let Sl and S2 be sections over these two sets. 
For each (q, t) E (U1 n U2 ) x (tg, tt), there exists a unique g(q, t)) E G such that 
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SI (q, t) = S2(q, t)g(q, t), and g : (U1 n U2 ) x (t8. ti) -+ G is smooth because the 
sections are. Extend g to a differentiable map g : (U1 n U2 ) x (t8.1] -+ G. \Ye 
then obtain a section S of ~ restricted to (U1 n U2 ) x I by defining 

( ) {
SI(Q, t). 

S q, t = 
S2(q. t)g(q. t). 

for t :::; to, 
for t ::::: to. 

o 

THEOREM 6.1. Let E, = Jr : P -+ B x I be a principal G-bandle, and 
consider- the maps p: B x I -+ B x I, p(b,t) = (b, I), and j: B xI -+ B x I, 
j(b, 1) = (b, 1). Then 

PROOF. Denote by JrB : P -+ Band u : P -+ I the maps obtained by 
composing Jr with the projections of B x I onto its two factors. \Ve will construct 
a G-equivariant bundle map I : P -+ Jr- 1 (B xI) covering p: the theorem will 
then follow from Theorem 3.1 and Proposition 5.1. 

By Lemma 6.1, there exists a countable cover {Un} of B such that ~ is 
trivial over each Un X I. Let Sn denote a section of ~IUn x I, and {6 n } a partition 
of unity subordinate to {Un}. Since any element in Jr- 1 (b,t) with b E Un can 
be written as sn(b, t)g for a unique g E G, the assignment 

In: Jr-l(Un X 1) -+ Jr-l(Un X 1), 

Sn(b, t)g f--+ sn(b, min{ t + cPr> (b), 1})g 

is a G-equivariant bundle map. Furthermore, In is the identity on an open set 
containing Jr- 1 (fJUn x 1), and may therefore be continuously extended to all of 
P by defining In(q) = q for q tic Jr-l(Un x 1). Finally, set 1= h 01'2 0 .... The 
composition makes sense because all but finitely many In are the identity on 
a neighborhood of any point. I is G-equivariant since each In is, and u 0 I = 
min{u + (2: cPn) 0 JrB, I}, so that u 0 I == 1. Thus, I maps into Jr-l(B xI), 
and furthermore, I is differentiable, because although u 0 In is in general only 
continuous, u 0 I is differentiable. This completes the proof. 0 

COROLLARY 6.1 (Homotopy Lifting Property). A fiber- bundle is a fibmtion. 

PROOF. As noted at the beginning of this section, what needs to be shown 
is that if ~ is a fiber bundle over B x [ with group G and fiber F, then any 
section s of ~!BXl can be extended to the whole bundle. With the notation of 
Theorem 6.1, if Jr : P -+ B x I denotes the principal G-bundle associated to ~, 
then there exists a bundle map I: P -+ Jr- 1 (B x 1) covering p. I then induces a 
bundle map I : ~ -+ ~IBXl between the associated bundles with fiber F. Thus, 
1-10 sop is a section of~. Furthermore, the restriction of I to Jr-l(B x 1) is 
the identity, so 1-1 0 sop is an extension of s. 0 

Recall that 7t : B -+ B x I denotes the imbedding Zt(b) = (b, t). 

COROLLARY 6.2. Let ~ be a fiber- bnndle over- B x I. Then 1·0~ ~ 7i~. 
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PROOF. We may assume that ~ is a principal bundle. Let Pi : B x I -t B 
denote the projection onto the first factor. With notation as in Theorem 6.1, 
j 0 P = Zl 0 Pi, and ~ ~ (j 0 p)*~ = pizi~. Thus, 

z~~ ~ z~przr~ = (Pi 0 zo)*z~~ = z~~, 

since Pi 0 Zo = lB· o 
COROLLARY 6.3 (The Homotopy Covering Property). Let ~ denote a fiber 

bundle over B. If f, g : B -t B are homotopic, then f* ~ ~ g* ~. 

PROOF. Let H : B x I -t B be a homotopy with H oZo = f and H OZl = g. 
By Corollary 6.2, 

o 

EXERCISE 61. Show that a bundle over a contractible space (one for which 
the identity map is homotopic to a constant map) is trivial. 

EXERCISE 62. Suppose M -t B is a fiber bundle, and let iI : B x I -t M be 
a lift (the existence of which is guaranteed by Corollary 6.1) of some homotopy 
H : B x I -t B. Show that iI may be chosen to be stationary with respect to 
H; i.e., if H(b, t) is constant in t for some bE B, then so is iI(b, t). 

EXERCISE 63. Let 7r : M -t B be a fibration, bE B, P E 7r- l (B). 
(a) Show that any curve c : I -t B with c(O) = b may be lifted to a curve 

C in M with c(O) = p. 

(b) Let Ci, i = 1,2, denote two curves in B from b to b, and H a homotopy 
of Cl into C2 with H(O, s) = b, H(l, s) = b for all s E I. Prove that, if Ci is a 
lift of Ci to M with Ci(O) = p, then Cl is homotopic to C2, and the two curves 
have the same endpoint. 

(c) Prove that the lift of c in (a) is unique. 

7. Grassmannians and Universal Bundles 

The collection Gn,k of all n-dimensional subspaces (or n-planes) of IRn+k 
is called the Grassmannian manifold of n-planes of IRn+k. Consider the map 
7r : O(n + k) -t Gn,k given by 7r(L) = L(IRn), where IRn denotes the subspace 
IRn x 0 C IRn+k. 7r is onto, and 7r(L) = 7r(T) iff L- l oT(IRn) = IRn; i.e., iff L-l 0 

T E O(n) x O(k) C O(n + k). 7r therefore induces a bijective correspondence 

O(n + k)jO(n) x O(k) f------t Gn,k, 

and we endow Gn,k with the differentiable structure for which this correspon
dence becomes a diffeomorphism. Gn,k is then a compact homogeneous space 
of dimension (n~k) - G) - m = nk. Gl,k, for example, is just IRpk. 

One can explicitly describe a differentiable atlas for Gn,k: Given an n-plane 
p in Gn,k, decompose IRn+k = p E6 p.L, and denote by 7rl, 7r2 the projections 
of IRn +k onto P and pl.. respectively. Let U be the open neighborhood of P 
consisting of all n-planes V such that 7rllV : V -t P is an isomorphism, and 
define x : U -t Hom(P, pl..) by x(V) = 7r2 0 7r~~. X is a homeomorphism with 
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inverse X-I (L) = {u + Lu I u E P}. Since Hom(P, p.l.) ~ P* 0 p.l. is a vector 
space of dimension nk, x may be considered as a coordinate map x : U ----+ IRnk. 
It is straightforward to check that the transition maps for the collection of all 
such charts are differentiable. 

There is a canonical rank n vector bundle 'Yn,k over Gn,k: its total space is 
the subset E( 'Yn,k) of Gn,k x IRnH consisting of all pairs (P, u) such that u E P, 
and 7r : Ehn,k) ----+ Gn,k is given by 7r(P, u) = P. Thus, the fiber over P E Gn,k 
is P itself. The differentiable atlas of Gn k described above induces a bundle 
atlas on 'Yn,k: given P E Gn,k, the ortho~onal projection P : IRn+k ----+ P, and 
U = {V E Gn,k I PlY is an isomorphism}, let ¢ : 7r-I(U) ----+ P ~ IRn be given 
by ¢(v) = p(v). Then (7r, ¢) : 7r-I(U) ----+ U x IRn is a diffeomorphism which 
maps each fiber isomorphically onto IRn. 

'Yn,k is called the universal rank n bundle over Gn,k, the reason being that 
any rank n vector bundle over a manifold B is equivalent to i*'Yn,k for suffi
ciently large k and some map f : B ----+ Gn,k. Recall that the pullback of a 
bundle is less twisted than the original, since the transition functions of the 
former equal those of the latter composed with the pullback map. Roughly 
speaking, the universal bundle is so twisted that any other bundle is a diluted 
version of it. Some more work is needed before we are in a position to prove 
this, but it can already be established in the case of a tangent bundle: 

EXAMPLE 7.1. A classical theorem in topology states that any n-manifold 
M can be immersed in Euclidean space IRnH, provided k is large enough. If 
f is such an immersion, then f*Mp is an n-dimensional subspace of IRf~~ for 

each pin M, and :rf(~/*Mp is an element of Gn,k' The map 

h: TM ----+ E('Yn,k), 

v f-+ (:rf(~)f*Mp, :rf(~/*v), 

for v E Mp, is a bundle map covering h : M ----+ Gn,k, where h(p) = :rf(~/*Mp" 
Thus, the tangent bundle of M is equivalent to h*'Yn,k by Proposition 5.1. 

YJ Mp 

\--
\ \ 
~_......l h(p) 

FIGURE 3. A classifying map h : 8 2 ----+ G2 ,1 for T82 . 

In order to deal with the general case, we will need the following: 
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LEMMA 7.1. Let ~ denote a vector bundle over an n-dimensional manifold 
B. Then B can be covered by n + 1 sets Uo, ... , Un, where each restriction ~I U i 

is trivial. 

PROOF. Choose an open cover of B such that ~ is trivial over each element. 
It is a well-known theorem in topology that this (and in fact any) cover of an 
n-dimensional manifold B admits a refinement {Va}aEA with the property that 
any point in B belongs to at most n + 1 Va's. Let {¢a} be a partition of unity 
subordinate to this cover, and denote by Ai the collection of all subsets of A with 
i + 1 elements. Given a = {ao, . .. , ad E Ai, denote by Wa the set consisting of 
those b E B such that ¢a(b) < ¢ao (b), . .. ,¢ai (b) for all a =F ao,· .. ,ai. Then 

(1) each Wa is open, 
(2) Wa n Waf = 0 if a =F a', and 
(3) ~IWa is trivial. 

Statements (1) and (2) follow immediately from the definition of these sets; 
(3) holds because Wa C nj=o supp ¢aj C nj=o Va], and ~ is trivial over each 
Va. Define Ui = UaEAi Wa. By (1), Ui is open, and by (2) and (3), ~ is trivial 
over Ui . 

It remains to show that Uo, .... Un cover B. For any fixed bE B, consider 
the set a = {a E A I ¢a(b) > o}. a is nonempty because ¢a(b) > 0 for some a, 
and a E Aj for some j :::; n because at most n + 1 of the sets Va contain b, so 
that at most n + 1 of the functions ¢a are positive at b. Then b E Wa C Uj . D 

THEOREM 7.1. Let ~ be a rank n vector bundle over B. For large enough 
l, there is a map f : B ---+ Gn.l such that ~ ~ f*"Yn,I' 

Gn,l is then called a classifying space and f a classifying map for ~. 

PROOF OF THEOREM 7.1. By Lemma 7.1, there is an open cover U1 , ... , Uk 
of B with the restriction of ~ over each Ui being trivial, so that there exist bun
dle charts (7r,¢i) : 7r~l(Ui) ---+ Ui X lRn. Let 'ljJl,'" ,'ljJk be a partition of unity 
subordinate to U1 , ... , Uk, and define <Pi : E(~) ---+ lRn for each i = 1, ... , k by 

U E 7r~I(Ui)' 

U f:. 7r~l(Ui)' 

<Pi is linear on each fiber of ~, but not one-to-one in general. However, <P = 
(<PI, ... , <Pk) : E(~) ---+ lRnk is one-to-one: suppose <p(u) = 0; if b = 7r(u), then 
'ljJj(b) > 0 for some j, and b E Uj . Since <p(u) = 0, <Pj(u) must also vanish. But 
<Pj is an isomorphism on Eb, so that U = 0, and <P is one-to-one. Then 

f: E(O ---+ E(rn,n(k~l)), 

is a bundle map covering 

u f-+ (<p(7r~l(7r(U))), <p(u)) 

f: B ---+ Gn,n(k~l)' 

b f-+ <p(7r~l(b)), 

and ~ ~ f*"Yn,n(k~l) as claimed. D 
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It follows from Lemma 7.1 and the proof of Theorem 7.1 that the integer 
1 in that theorem may always be chosen to equal nk, where k is the dimension 
of B, and n the rank of the bundle. In some cases, it may be taken to be much 
smaller: When B is a k-sphere, one can choose 1 = n, since Sk may be covered 
by two contractible open sets, and the restriction of the bundle to each of these 
is trivial by Exercise 61. 

A classifying map is not unique, since any homotopic map will induce the 
same bundle by Corollary 6.3. Furthermore, if k < k', then the inclusion 
lR.n+k c lR.n+k' induces an inclusion z : Gn,k '-+ Gn,k' and a bundle map I'n,k --+ 

I'n,k' covering z. Thus, I'n,k ~ Z*l'n,k" and if f : B --+ Gn,k is a classifying map 
for~, then so is zof. We claim, however, that for large enough k', the homotopy 
class of z 0 f is uniquely determined by~. To be more precise, let B denote a 
k-dimensional manifold. Then Gn,nk is a classifying space for rank n bundles 
over B, and by the above remark, so is Gn,n(2k+l)' Let [B, Gn,n(2k+nl denote 
the collection of homotopy classes of maps B --+ Gn,n(2k+1) , and Vectn(B) the 
collection of equivalence classes of rank n vector bundles over B. 

THEOREM 7.2. If B is a k-dimensional manifold, then there exists a bi
jective correspondence between Vectn(B) and [B, Gn,n(2k+l)], which maps the 
equivalence class of the vector bundle ~ over B to the homotopy class of z 0 f, 
where f : B --+ Gn,nk is a classifying map for~, and z : Gn,k --+ Gn,n(2k+l) is 
the inclusion. 

PROOF. We only need to check that the correspondence is well-defined, 
since it will then be onto by Proposition 5.1, and one-to-one by the homotopy 
covering property. 

So suppose ~ ~ f*l'n,nk ~ g*l'n,nki we must show that z 0 f, z 0 9 : B --+ 

Gn,n(2k+l) are homotopic. This will be done in two steps: 

Step 1: Let L : lR.2n(k+l) = lR.n(k+1) x lR.n(k+l) --+ lR.2n(k+l) be the iso

morphism given by L(u,v) = (-v,u), and denote by L the induced map from 
Gn,n(2k+l) into itself. Then Lot 0 9 ~ z 0 g. 

Step 2: t 0 f ~ Lot 0 g. 

For the first step, observe that L actually lies in SO(2n(k + 1)), and the 
latter is connected. Any smooth curve c in SO(2n(k + 1)) joining the identity 
to L induces a homotopy between the identity map of Gn,n(2k+l) and L, so that 
Lot 0 9 ~ tog. (One example of such a c : 1--+ SO(2n(k + 1)) can actually 
be explicitly described: Let c(t) be the direct sum of rotations by angle 1ft/2 in 
each 2-plane Pi spanned by ei, ei+n(k+l)') 

For the second step, the equivalence f*l'n,nk ~ g*l'n,nk induces an equiv
alence (t 0 f)*l'n,n(2k+l) ~ (t 0 g)*l'n,n(2k+l)' By step 1, (z 0 f)*l'n,n(2k+l) ~ 
(L 0 t 0 g)*l'n,n(2k+l)' The latter equivalence is just a smooth section h of the 
homomorphism bundle Hom((t 0 f)*I', (L 0 z 0 g)*I') (where we have dropped 
the subscripts for brevity) such that h(b) : (t 0 f)(b) --+ (L 0 t 0 g)(b) is an 
isomorphism for each b E B. Let H(b, t) be the subspace of lR.2n(k+l) given by 

H(b, t) = ((1 - t)1]R2n(k+1) + th(b))((z 0 f)(b)). 
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Then H(b, 0) = (z 0 f)(b), and H(b, 1) = (£ 0 z 0 g)(b). It remains to show that 
H(b, t) is n-dimensional for each t, so that H maps into Gn,n(2k+l) (this is the 
reason why we had to go to a higher-dimensional Grassmannian). Notice that 
(z 0 f)(b) is a subspace of ]Rn(k+1) x 0 C ]Rn(k+1) x ]Rn(k+1), whereas h(b)((z 0 

f)(b)) = (£ 0 z 0 g)(b) is a subspace of 0 x ]Rn(k+1) C ]Rn(k+l) x ]Rn(k+l) because 
of the way L was defined. Thus, for u E (z 0 f)(b), 

((1 - t)l IR 2n(k+l) + th(b))u = ((1 - t)u, tv) E ]Rn(k+l) x ]Rn(k+1), 

where (O,v) = h(b)u. This expression can only vanish when u = 0, thereby 
completing the proof. 0 

There is a way of avoiding having to consider different classifying spaces 
in the previous discussion: define BGL(n) to be the union of the increasing 
sequence Gn,l c Gn,2 c ... with the weak topology; i.e., a subset of BGL(n) 
is open iff its intersection with each Gn .k is open. Let ]Roo denote the union of 
the increasing sequence ]R C ]R2 C ... with the corresponding topology, and set 

Ebn) = {(P, u) E BGL(n) x ]Roo I u E P}. 

Endow Ebn) with the subspace topology, and define 7r : Ebn) ----+ BGL(n) 
by 7r(P, u) = P. If we relax the conditions in the definition of fiber bun
dle by allowing bundle charts to be homeomorphisms instead of diffeomor
phisms, and transition functions to be continuous rather than differentiable, 
then 'Tn = 7r : Ebn) ----+ BGL(n) is a rank n vector bundle. Furthermore, if 
z : Gn.k ----+ BG L( n) denotes inclusion, then z*'Tn is (continuously) equivalent to 
'Tn.k' The arguments in the previous theorem can be adapted to yield a bijective 
correspondence 

Vectn(B) <---+ [B, BGL(n)] 

between equivalence classes of rank n vector bundles over a manifold Band 
homotopy classes of maps B ----+ BGL(n). BGL(n) is called the classifying 
space for rank n bundles, and 'Tn the universal rank n bundle. 

The work in this section carries o~er to principal GL(n)-bundles: Indeed, 
let Pe" Pry denote the principal frame bundles of ~, T/ respectively. If T/ ~ 
1*~, then Pry ~ 1* Pe,. Thus, if Gn •k is a classifying space for rank n vector 
bundles over B, then any principal GL(n) bundle over B is the pullback of 
the principal frame bundle of 'Tn,k. The total space of the latter is called the 
Stiefel manifold Vn,k. By definition of the frame bundle, it is the open subset 
of ]Rn(n+k) consisting of all n-tuples (VI, ... , Vn) E ]Rn+k x ... x ]Rn+k with 
VI, ... ,Vn linearly independent. It admits a principal O( n) subbundle with 
total space V~,k consisting of those (VI, ... , Vn) E Vn,k for which (Vi, Vj) = tSij . 

By Exercise 51, 'Tn.k admits a reduction of its structure group to O(n). By 
Theorem 7.1, every rank n bundle admits a reduction of its structure group 
to O(n). This is just another way of proving that a vector bundle admits a 
Euclidean metric. 

Although 'Tn,k is not orient able and therefore does not admit a reduc
tion of its structure group to SO(n), there is a classifying space for bundles 
with group SO(n): Let G~,k denote the collection of oriented n-planes in 
]Rn+k. SO( n + k) acts transitively on G~,k, and the map 7r : SO( n + k) ----+ 
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G~,k which assigns to L E 50(n + k) the n-plane L(]Rn x 0) oriented by 
the ordered basis (LeI,"" Len) identifies G~,k with the homogeneous space 
50(n+k)/50(n) x 50(k). Since a given n-plane has exactly two orientations, 
the projection G~,k ---+ Gn,k (which forgets orientation) is a 2-fold covering. As 
before, one defines the universal oriented n-plane bundle 'Y;;',k over the oriented 

Grassmannian G~,k with total space E(!';;',k) = {(P, u) E G~,k X ]Rn+k I u E P}. 
The total space of the associated oriented orthonormal frame bundle is V~,k: 

The projection 7r : V~,k ---+ G~,k assigns to an n-tuple of orthonormal vectors 
the plane spanned by them together with the orientation determined by the 
ordering of the vectors. The group of this bundle is 50(n), so that 'Y;;',k admits 
50(n) as structural group. 

We say two oriented bundles are equivalent if there exists an equivalence 
which is orientation-preserving on each fiber. 

THEOREM 7.3. Let ~ be an oriented rank n bundle over B. Then for suffi
ciently large k, there is a map f : B ---+ G~,k with J*'Y;;',k ~ ~. 

The proof is left as an exercise. The procedure followed in constructing 
BGL(n) and 'Yn can be applied to obtain the classifying space B50(n) for 
vector bundles with group 50(n), and the universal bundle in over B50(n). 

EXERCISE 64. Let ~ denote a rank n vector bundle over B together with a 
Euclidean metric. The unit sphere bundle of ~ is the bundle e with fiber 5 n- 1 

over B and total space E(e) = {u E E(~) I (u,u) = 1}. Show that the total 
space of the unit sphere bundle of T 5n is diffeomorphic to the Stiefel manifold 

V2~n-1' 
EXERCISE 65. Show that Gn,k is diffeomorphic to Gk,n' 

EXERCISE 66. Define the complex Grassmannian Gn,k(C) to be the set of 
all complex n-dimensional subspaces of cn+k. 

(a) Show that there exists a bijective correspondence Gn,k(C) f--t U(n + 
k) /U (n) x U (k), where U (n) denotes tthe unitary group of n x n complex matrices 
A such that A.At = I, see Chapter 6. Under this identification, Gn,k(C) becomes 
a compact homogeneous space. 

(b) Construct a universal complex rank n vector bundle 'Yn,k(C) over Gn,k(C) 
as we did for Gn k. 

(c) When n ~ k = 1, G 1,1(C) = Cp1 cv 52 by Exercise 49. Show that the 
unit sphere bundle of 1'1,1 (C) is equivalent to the Hopf fibration 53 ---+ 52 from 
Examples and Remarks 1.1(iii). 

EXERCISE 67. Prove Theorem 7.3. 

EXERCISE 68. Let ~ be a rank n vector bundle over a manifold B, so that 
~ ~ J*'Yn,k for some k and f : B ---+ Gn,k' 

(a) Show that there is a one-to-one homomorphism ~ ---+ fn+k of ~ into the 
trivial rank n + k bundle fn+k over B. 

(b) Conclude that there exists a rank k bundle 'T/ over B such that ~ EEl 'T/ is 
trivial. 



CHAPTER 3 

Homotopy Groups and Bundles Over Spheres 

1. Differentiable Approximations 

We saw in Chapter 2 that the concept of homotopy plays a central role in 
bundle theory. Although we have so far dealt only with differentiable maps, 
it is more convenient, when working with homotopies, to consider continuous 
maps, and we will do so in this chapter. One purpose of this section is to try and 
convince the reader that we are not introducing new objects when, for example, 
we consider the pullback f*~ of a bundle via a continuous map f: Explicitly, 
we will show that any continuous map between manifolds is homotopic to a 
differentiable one, and the latter can be chosen to be arbitrarily close to the 
original one. 

We begin with the following: 

THEOREM 1.1 (Tubular Neighborhood Theorem). Let h : Mn ----t ]Rn+k be 
a differentiable imbedding. Then there is a neighborhood of the zero section 
in the normal bundle E(Vh) of h which is mapped diffeomorphically onto a 
neighborhood of h(M) in ]Rn+k. 

PROOF. Recall that E(Vh) = {(p, u) E M x T]Rn+k I u E (h*Mp)~}, 
using the canonical Euclidean metric on T]Rn+k. Define f : E(Vh) ----t ]Rn+k 
by f(p,u) = h(p) + Jh(~)u. If s : M ----t E(Vh) denotes the zero section, we 
claim that f* is an isomorphism at each s(p), p E M; equivalently, f* 07r2 : 

s*TE(Vh) ----t T]Rn+k is an isomorphism on each fiber, where 7r2 : s*TE(Vh) ----t 

TE(Vh) is projection onto the second factor. 
Now, by Exercise 60, S*TE(Vh) ~ TM EB Vh, and under this equivalence, 

f* 07r2 maps (u, v) E E(TM EB Vh) to h*u + v; since v 1- h*u, the assertion is 
clear. Thus, there is an open neighborhood of s(M) in E(Vh) on which f is a 
local diffeomorphism. Since the restriction of f to s(M) is a homeomorphism 
onto its image h(M), the statement of the theorem is now a consequence of the 
next lemma. D 

LEMMA 1.1. Let M, N be second countable Hausdorff spaces, with M locally 
compact, and f : M ----t N a local homeomorphism. If the restriction of f to 
some closed subset A of M is a homeomorphism, then f is a homeomorphism 
on some neighborhood V of A. 

PROOF. We construct V inductively. Let Wi be a sequence of nested com
pact sets Wi C W2 C ... whose union equals M, and set Ai = A n Wi. Notice 
that if f is one-to-one on a compact set C, then it remains so on some com
pact neighborhood of C: Otherwise, there would exist sequences Pn ----t P E C, 

81 
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qn ----> q E C, such that Pn =I- qn but f(Pn) = f(qn). By continuity, f(p) = f(q), 
so that p = q. But since any neighborhood of p contains Pn and qn for large 
enough n, f would not be a local homeomorphism at p. 

A similar argument shows that if C is a compact subset of A, then C has 
a neighborhood U with compact closure such that f is one-to-one on U U A. 
Otherwise, we could choose a sequence {Pn} in U\A converging to some pEe, 
and a sequence {qn} in A with f(Pn) = f(qn). Since f(qn) ----> f(p) and f 
is a homeomorphism on A, qn ----> p, contradicting the fact that f is a local 
homeomorphism at p. 

By the above, there exists a neighborhood VI of Al such that VI is compact 
and f is a homeomorphism on VI U AI. Inductively, if V; is a neighborhood of 
Ai satisfying these conditions, then V; U Ai+l is a compact subset of V; U A, and 
since f is a homeomorphism on the latter, there exists a neighborhood V;+l of 
V; U Ai+l such that f is one-to-one on V;+l U A. Then f is one-to-one on the 
neighborhood V := UV; of A. 0 

Let (N, d) be a metric space as defined in Chapter 5, Section 7, and let 
E > 0. A map 9 : M ----> N is said to be an E-approximation of f : M ----> N 
if d(g(p), f(p)) :::; E for all p E M. A homotopy H : M x I ----> N is said to be 
E-small if d(H(p,to),H(p,td):::; E for all to,tl E I, P E M. 

LEMMA 1.2. Let M be a manifold, f: M ---->]Rk be a continuous map. For 
any E > 0, there exists a differentiable E-approximation 9 : M ---->]Rk of f which 
is homotopic to f via an E-small homotopy. 

PROOF. Denote by lal the norm of a E ]Rk, and by B,(a) the set of all 
bE ]Rk with la - bl < E. For each p E M, let Vp = f-l(B,(f(p))), and define 
hp : Vp ---->]Rk by hp(q) = f(p). Consider a locally finite refinement {UaJaEA of 
{VP}PEM' so that for each a E A, there exists some p(a) E M with Ua C Vp(a). 
Let {cPa} be a partition of unity subordinate to {Ua}, and define for each a a 
differentiable map go. : M ----> ]Rk by 

( ) _ {cPa(q)hp(a)(q), for q E Ua, 
ga q - . 

0, otherwIse. 

We claim that 9 := La ga satisfies the conclusion of the lemma: g is differen
tiable, since it is a finite sum of smooth maps in a neighborhood of any point. 
Furthermore, 

Ig(q) - f(q)1 = I: cPa(q)hp(a)(q) - f(q) = II: cPa (q)f(p(a)) - f(q)1 
{alqEU,,} 

= I: cPa(q)lf(p(a)) - f(q)1 < E I: cPa(q) = E. 

The homotopy H : M x I ----> ]Rk can be taken to be given by H(q, t) = 
(1 - t)f(q) + tg(q). 0 

THEOREM 1.2. Let f : M ----> N be a continuous map between differentiable 
manifolds, where N is compact. Endow N with a metric d. Given any E > 0, 
there exists a differentiable E-approximation 9 of f, which is homotopic to f via 
an E-small homotopy. 
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PROOF. Choose some imbedding h: N ~ ]Rk, cf. Example 7.1 in Chapter 
2. Since h : N ~ h(N) is a homeomorphism between compact spaces, there 
exists some 8> 0 with the property that Ih(p) - h(q)1 < f whenever d(p, q) < 8. 
Again by compactness, we may assume that the tubular neighborhood of h(N) 
guaranteed by Theorem 1.1 is B8/2(h(N)). Let r : B8/2(h(N)) ~ h(N) be the 
smooth retraction that corresponds to the normal bundle projection under the 
diffeomorphism from 1.1. Choose some differentiable 8/2- approximation j of 
h 0 f. We claim that 9 := h- l 0 r 0 j : M ~ N satisfies the conclusion of the 
theorem: This map is by definition differentiable, and for any p E M, 

- - - - 8 8 I(r 0 f)(p) - (h 0 f)(p) I ::; I(r 0 f)(q) - f(p)1 + If(p) - (h 0 f)(p) I < '2 + '2 = 8, 

so that d(f(P),9(P)) = d(h- l (h(f(p))), h- l ((r 0 j)(p))) < f. The homotopy is 
given by H(p, t) = (h- l 0 r)(t](p) + (1 - t)(h 0 f)(p)). D 

EXERCISE 69. Modify the proofs of Lemma 1.2 and Theorem 1.2 to show 
that if the restriction of the continuous map f : M ~ N to a closed subset A of 
M is differentiable, then the differentiable f-approximation of f may be chosen 
to agree with f on A. 

EXERCISE 70. Let f : M ~ N be a continuous map between differentiable 
manifolds, where N is no longer assumed to be compact. Show that f is homo
topic to a differentiable map 9 : M ~ N. Given f > 0, can 9 always be chosen 
to be an f-approximation of f? 

2. Homotopy Groups 

The boundary [)In of the n-cube In consists of the (n - I)-faces {a E In I 
ai = a}, 1::; i ::; n, a = 0, 1. The initial (n -I)-face I n - l x 0 will be identified 
with In-I, and the union of the remaining faces will be denoted In-l. 

Let X be a topological space, A a subset of X, and pEA. We will be dealing 
in this section with the set en(X, A,p) (sometimes denoted en when there is 
no risk of confusion) of all continuous maps f : (In,In-l,Jn-l) ~ (X,A,p) 
from In to X that map In-l into A and In-l into p. 

Two maps f,9 E en are said to be homotopic in en if there exists a 
homotopy H between f and 9 with H 0 Zt in en for all t E I. The relation 
f "" 9 if f and 9 are en-homotopic is an equivalence relation, and partitions en 
into equivalence classes. The collection of these classes is denoted 7[' n (X, A, p), 
and 7['n(X,p) in the case A = {pl. 

Given f,9 E en, define their sum f + 9 E en to be 

(f )( ) - {f(2al ' a2,·· ., an), if 0::; al ::; 1/2, + 9 al,···, an -
9(2al - 1, a2, ... ,an), if 1/2 ::; al ::; 1. 

If Hj and Hg are en-homotopies between f,it, and 9,91 respectively, then 
f + 9 is en-homotopic to it + 91 via H, where 

if 0 ::; al ::; 1/2, 

if 1/2 ::; al ::; 1. 
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There is therefore a well-defined addition in 7fn(X, A, p) given by [I] + [g] := [J + 
g], where [J] denotes the element in 7fn determined by f. It is straightforward 
to check that 7f n (X, A, p) together with this operation is a group, called the n-th 
homotopy group 01 X relative to A, based at p; cf. the exercises below. 

THEOREM 2.1. 7f2(X,P) is abelian, and 7fn(X,A,p) is abelian when n > 2. 

PROOF. Consider a homeomorphism F of]2 with the unit disk D mapping 
the line segment al = 1/2 to the diameter 0 x [-1,1] in D, and let H : D x] ---7 

D be given by H(a,t) = ei7rt a. Then H : ]2 x] ---7 ]2, where H(a,t) = 

F-l(H(F(a), t)), can be viewed as a 'rotation' of ]2 by angle 7ft, 0 ::::: t ::::: 1. 
Now, any I E e 2(X,p) is homotopic to / := 10 H 0 Zl; since a f---+ H(a, 1) 
interchanges the two half-squares 0 ::::: a1 ::::: 1/2 and 1/2 ::::: al ::::: 1, we have that 

I+grvl+g=g+/rvg+f. 
When n > 2, the homeomorphism F can be extended to ]n = ]2 X ]n-2 by 
keeping the last n - 2 variables fixed. The rotation H 0 Zt defined above then 
belongs to en (In ,In-I, In-1 ), so that any I E en (X, A, p) is en-homotopic 
to /, with / as before; the rest of the argument then goes through to show that 
7fn(X, A,p) is abelian. 0 

OJ HO" 

, ~ 

0) Ho" 

FIGURE 1. The "rotation" H 0 21 of ]2. 

Notice that if I and 9 are homotopic in en(X,A,p), then their restrictions 
to ]n-1 are homotopic in e n- 1(A,p), and the assignment I f---+ IIIn-l is a 
homotopy group mapping. 

DEFINITION 2.1. For n ~ 2, the boundary operator is the map 8 : 7f n (X, A, p) ---7 

7fn-1(A,p) given by 8[/] = [/IIn-l]. 

The boundary operator is a group homomorphism, since (f + g)IIn-l = 

IIIn-l + gIIn-l. 
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Another important group homomorphism is the one induced by a contin
uous map h: (X,A,p) ---. (Y,B,q). When composed with 1 E en(X,A,p), h 
yields an element ho 1 E en(y, B, q). Moreover, ho 1 and hog are en-homotopic 
whenever 1 and 9 are, so that h induces a map 

h# : 7l'n(X, A,p) ---. 7l'n(Y, B, q), 

[J] f-4 [h 0 1], 

which is a homomorphism because h 0 (f + g) = h 0 1 + hog. 

DEFINITION 2.2. The homotopy sequence of (X,A,p) is the sequence of 
homomorphisms 

... -----; 7l'n(A,p) ~ 7l'n(X,p) .l!!..,. 7l'n(X,A,p) ~ 7l'n-l(A,p) -----; ... 
a z# 

... -----; 7l'l(A,p) -----; 7l'l(X,p), 

where 2: (A,p) ---. (X,p) and J : (X,p,p) ---. (X, A,p) are the inclusion maps. 

THEOREM 2.2. (1) The homotopy sequence of (X,A,p) is exact. 
(2) If h: (X,A,p) ---. (Y,B,q) is continuous, then the diagram 

7l'n(A,p) 
z# 

7l'n(X,p) J# 7l'n(X, A,p) 
a 

7l'n-l(A,p) -----t -----t -----t 

h# 1 h# 1 h# 1 h# 1 
7l'n(B, q) 

z# 
7l'n(Y, q) J# 7l'n(Y, B,q) a 

7l'n-l(B, q) -----t -----t -----t 

commutes. 

PROOF. Statement (1) is fairly straightforward, and we illustrate the pro
cedure by showing exactness of the portion 

7l'n(X,p) .l!!..,. 7l'n(X,A,p) ~ 7l'n-l(A,p), 

which is perhaps also the more instructive part. If [f] E 7l'n(X,p), then (J 0 

f)(8In) = {p}, and (J 0 f)IIn-l is a constant map. Then 8J#[1] = [(J 0 f)IIn-l] 
is 0 by Exercise 71, so that imJ# C ker 8. Conversely, if [1] E ker 8, then 
flln-l is homotopic in en-1(A,p) to the constant map sending In-l to p via 
some H : (In-l x I,8In-l x 1) ---. (A,p) with H 0 20 = f. Consider the subset 
E = In X 0 U 8In X I of the boundary 8r+1 of In+! = In X I, and extend 
H to iJ : (E,In-l x I, r-1 x 1) ---. (X, A,p) by setting iJ(a,O) = f(a) for 
a E In, iJ(a, t) = H(a, t) for (a, t) E In-l x I, and iJ(a, t) = f(a) = p for 
(a, t) E In-l x I. Now, there exists a retraction r (see Exercise 74) from In X I 
onto E: For example, if Po = (1/2, ... ,1/2,2) E lRn+1 , let r(q) be the point 
where the line through Po and q intersects E. Then iJ 0 r : (In X I, In-l X 

I, r- 1 X 1) ---. (X, A,p) is a homotopy of 1 into a map 9 : (In, mn) ---. (X,p), 
and [1] = J#[g]. Thus, ker8 = imJ#. 

Statement (2) follows from Exercise 73 and the fact that (k 0 h) # = k# 0 h# 
for maps h: (X,A,p) ---. (Y,B,q) and k: (Y,B,q) ---. (Z,e,r). 0 

EXAMPLES AND REMARKS 2.1. (i) If h : (X, A,p) ---. (Y, B, q) is a homotopy 
equivalence (i.e., there exists k : (Y,B,q) ---. (X,A,p) such that k 0 h rv Ix 
and h 0 k rv l y ), then h# : 7l'n(X,A,p) ---. 7l'n(Y,B,q) is an isomorphism for 
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each n. Indeed, k# 0 h# = (k 0 h)# = (lx)# = Llrn(X,A,p) , and similarly 
for h# 0 k#. Notice that for the second equality, we used the fact that if 
H: (X x I, A x I,p x 1) ---> (Y, B, q) is a homotopy, then (H ozo)# = (H ozd#. 
In particular, if X is contractible, then all its homotopy groups vanish. 

(ii) 7rk(sn,p) = ° for all k < n: To see this, notice first that given q E Sk, 
any map (Ik,{)Ik) ---> (X,p) can be considered as a map (Sk,q) ---> (X,p), so 
that 7rk(X,p) consists of homotopy classes of such maps. The above assertion 
then says that any f : (Sk, q) ---> (sn, p) is homotopic to a constant map if k < n. 
By Theorem 1.2, we may assume that f is differentiable. By Sard's theorem, f 
cannot be onto (otherwise all values would be critical because k < n), so that 
f maps into a sphere with a point deleted. The latter is contractible, and by 
(i), f is homotopic to a constant map. 

(iii) 7rn(sn,p) ~ Z: As observed in (ii), 7rn(sn,p) may be identified with ho
motopy classes of maps (sn,p) ---> (sn,p). Recall from Chapter 1, Theorem 15.3 
and Theorem 1.2 that each class contains a differentiable representative f to 
which we may assign an integer deg fEZ. Furthermore, two homotopic maps 
have the same degree, and it can be shown that conversely, maps with the same 
degree are homotopic. Thus, there is a one-to-one function deg : 7rn(sn,p) ---> Z. 
Since the degree is computed by adding the local degrees in the preimage of a 
regular value, deg(f + g) = degf + degg, and deg is a group homomorphism. 
In particular, deg(k . Isn) = k, and deg is an isomorphism. 

We next examine the dependence of 7rn on the base point. Suppose X is 
path-connected. We claim that for any two points Po and PI of X, 7rn(X,po) ~ 
7rn(X,pd. To see this, consider a curve c : I ---> X from Po to Pl. Given 
f E Cn(X,po), define 

he,! : E = In X ° U a In X I ---> X, 

( t) 1-+ {f(q), 
q, c(t), 

if t = 0, 
if q E {)In. 

If r : In X I ---> E denotes the retraction used in the proof of Theorem 2.2, 
then He,! := he,! 0 r : In X I ---> X is a homotopy of f into a map c(f) := 
He,! 0 Zl : (In, aln) ---> (X,PI), and c(f) represents an element of 7rn(X,pd. 
Furthermore, given a homotopy F in Cn(X,po) of f into g, the map 

G : E x I ---> X, 

( t ) 1-+ {F(q, s), 
q, ,S C(t), 

if (q,t,s) = (q,O,s) E In X ° X I, 
if (q, t, s) E aln X I X I, 

homotopes he,! into he,g. Then He,! and He,g are homotopic, so that [c(f)] = 

[c(g)], and c induces a map c# : 7rn(X,po) ---> 7rn(X,pd. Similarly, if F is 
a homotopy of c into another curve c from Po to PI, then G : E X I ---> X 
is a homotopy of he,! into he,!, where G(q,O,s) = f(q) when q E In, and 
G(q, t, s) = F(t, s) when q E aln. Thus, c# only depends on the homotopy 
class of c. 

Finally, it is clear from the above construction that c# is a homomorphism. 
It follows that c# is an isomorphism with inverse c"i/ ' where c 1 (t) = c(1 - t). 
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If we now restrict ourselves to the case when Po = PI, we obtain the follow-
ing: 

PROPOSITION 2.1. The fundamental group 1f1(X,P) acts on 1fn(X,p) by 
means of [c]([f]) = c#([f])· 

Although we used a particular homotopy H of f to construct c(f), the only 
condition required of H is that H(8In, t) = c(t): 

LEMMA 2.1. Let c be a curve in X from Po to Pl. If f E en(X,po) and H 
is a homotopy of f such that H(8In, t) = c(t) for all t, then H 0 21 represents 
the same element as c(f) in 1fn(X,pd. 

PROOF. Let 

h(p, t) = {Hc,/(P, 1 - 2t), t:'S 1/2, 
H(p,2t - 1), t ~ 1/2. 

The map h homotopes c(f) into H 0 21, and h(8In, t) = c-1c(t). Consider a 
homotopy F : (12, J1) -+ (X, pd of F 0 20 = c- 1c into F 0 21 = PI, and define a 
map h on the subset E = In X I X ° U 8(In X I) X I of In+2 by 

{

h(P,t), 

h(p, t, s) = c(f)(p), 
(H 0 21)(P), 
F(h(p, t), s), 

if s = 0, 

if t = 0, 

if t = 1, 

if p E 8In . 

Let r : In X I X I = In+2 -+ E be the retraction onto E from Theorem 2.2, 
and extend hiE to all of In+2 by hiE 0 r. Finally, define k : In X I -+ X by 
k(p,t) = h(p,t,I). Then k 0 20 = c(f), k 0 21 = H o z1, and k(8In,t) =P1, so 
that k is a homotopy in en(X,pd of c(f) into H 0 21. D 

A space X is said to be simply connected if 1f1(X,P) = {e} for all p E X, 
and n-simple if the action of the fundamental group on 1fn from Proposition 2.1 
is trivial. Of course, any simply connected X is n-trivial for all n, but another 
large class of such spaces is given in the following: 

EXAMPLE 2.1. Any Lie group G is n-simple for every n: Let f E en(G, e), 
and consider a curve from e to go. Then H(a, t) = c(t)f(a) is a homotopy of f 
satisfying the hypotheses of Lemma 2.1, and [c(f)] = [H 021]. But (H 02d(a) = 
go . f (a), so that the isomorphism c# : 1f n (G, e) -+ 1f n (G, go) is induced by left 
translation LgO (it is also induced by right translation, if we take H(a, t) = 

f(a)c(t)). The special case go = e then yields that the action of 1f1 on 1fn is 
trivial, and G is n-simple. 

Another interesting fact about 1fn(G, e) is that addition is given by group 
multiplication; i.e., if II, 12 E en (G, e), then 

[II] + [12] = [II ·12]· 
To see this, let e denote the constant map; then II + 12 = (II + e) . (e + h) by 
definition of addition, and (II +e)· (e+ h) is homotopic to II· 12 by multiplying 
the homotopies II + e rv II and e + 12 rv h. 
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When X is not n-simple, one can consider the set 7rn(X,p)/7rl(X,P) of 
orbits under the action of 7rl: 

PROPOSITION 2.2. If X is path-connected, then there is a bijection between 
the set of orbits 7rn(X, P)/7rl (X, p) and the set [sn, X] of (free) homotopy classes 
of maps sn --+ X. 

PROOF. We have already seen that any f : (In ,8In) --+ (X,p) can be 
viewed as f : (sn, q) --+ (X,p), yielding a map h : 7rn(X, p) --+ [sn, X]. Further
more, c(f) is homotopic to f, so that h factors through h : 7rn(X, P)/7rl (X,p) --+ 

[sn, X]. 
To see that h is onto, let f : sn --+ X, and set Po = f(q)· View f : 

(In,8In) --+ (X,Po). If c is a curve in X from Po to p, then c(f) : (In,8In) --+ 

(X,p) is homotopic to f, so that h is onto. 
Finally, suppose two orbits 0 0 and 0 1 are mapped to the same homotopy 

class in [sn, X]. Choose fi E en(X,p) with [fi] E Oi, i = 0,1. Now, fo 
homotopes into II via some H : In X I --+ X with H constant on each 8In x t. 
If c(t) = H(8In x t), then [c] E 7rl(X,P), and by Lemma 2.1, [II] = [H 0 Zl] = 
c# [fo], so that 0 0 = 0 1 . Thus, h is bijective. 0 

EXERCISE 71. Show that if f E en (X, A, p) maps In into A, then [f] = 
o E 7rn (X, A,p). 

EXERCISE 72. Show that if f E en(X,A,p), then -[f] = [-f]' where-f 
is given by - f(al,"" an) = f(l - aI, a2, ... , an). 

EXERCISE 73. Let h : (X, A,p) --+ (Y, B, q). Prove that if h : (A,p) --+ 

(B, q) denotes the restriction of h to A, then 80 h# = h# 08. 

EXERCISE 74. Let A eX, and suppose there is a retraction r : X --+ A of 
X onto A; i.e., riA = 1A. Let z: (A,p) --+ (X,p), J : (X,p) --+ (X, A,p) denote 
inclusions. 

(a) Show that z# : 7rn(A,p) --+ 7rn(X,p) is one-to-one, and J# : 7rn(X,p) --+ 

7rn (X, A,p) is onto. 
(b) Show that 7rn(X,p) ~ 7rn(A,p) E9 7rn(X, A,p). 

3. The Homotopy Sequence of a Fibration 

Our goal in this section is to develop a powerful tool for investigating and 
classifying bundles, and more generally fibrations. It is based on the homotopy 
exact sequence of (M, F, m) for a fibration 7r : M --+ B with fiber F based at a 
point m E M, and consists of replacing the triple 7rn (M, F, m) in that sequence 
by an isomorphic homotopy group of the base space B. 

LEMMA 3.1. Let 7r : M --+ B be a fibration, X a space which admits a 
subspace A as a strong deformation retract,- i. e., there is a homotopy H between 
1x and some retraction r : X --+ A, with H(a, t) = a for all a E A, tEl. Then 
given a map f : X --+ B, any lift g : A --+ M of flA can be extended to a lift of 

f· 
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PROOF. Let 9 : X ---t M denote go r. Now, f 0 H is a homotopy of f into 
for. Since for = 7f 0 9 0 r = 7f 0 g, there exists, by the homotopy lifting 
property together with Exercise 62, a homotopy h : X x I ---t M covering f 0 H 
and stationary with respect to it, such that h 0 Zl = g. Then h 0 Zo is a lift of f 
(because 7f 0 (h 0 zo) = f 0 H 0 Zo = f 0 Ix = 1) which extends g: Given a E A, 
(f 0 H)(a, t) = f(a), so that (h 0 zo)(a) = (h 0 zr)(a) = g(a) = g(a). 0 

THEOREM 3.1. Let 7f : M ---t B denote a fibration. If bE B, F = 7f- 1(b), 
and mE F, then 7f# : 7fn(M, F, m) ---t 7fn(B, b) is an isomorphism for n ~ 2. 

PROOF. We first show 7f# is onto: Given f E Cn(B, b), the constant map 
9 : In-1 ---t M sending everything to m is a partial lift of f. An extension 9 of 9 
to a lift of f is then an element of Cn(M, F, m), and 7f#[g] = [fl. Next, suppose 
that 7f#[f] = 0 for f E Cn(M,F,m), so that there is a Cn(B, b)-homotopy h of 
7fO f into the constant map hoz1 = b. Define 9 : E = In X ouIn X lUJn-1 X I ---t 

M by g(a,O) = f(a) if a E In, g(a, 1) = m again if a E In, and g(a, t) = m 
for a E In-1. Then 9 is a partial lift of h, and since E is a strong deformation 
retract of In xI, 9 can be extended to a lift 9 : In X I ---t M of h. 9 is then a 
homotopy in Cn(M, F, m) of f into the constant map m, so that [f] = O. 0 

Let 7f : M ---t B be a fibration, b E B, F = 7f- 1 (b), m E F. Recall from 
Theorem 2.2 that the homotopy sequence 

... ----+ 7fn(F,m) ~ 7fn(M,m) ~ 7fn(M,F,m) ~ 7fn-1(F,m) ----+ ... 

of (M, F, m) is exact. Using Theorem 3.1, we may replace the third term by 
the isomorphic group 7f n (B, b). Since 7f 0 J = 7f, we obtain an exact sequence 

'# n# ~ 
... ----+ 7fn(F,m) ----+ 7fn(M,m) ----+ 7fn(B,b) ----+ 7fn_l(F,m) ----+ ... , 

where ~ := 80 7fi/ may be described as follows: Given f : (In, 8In) ---t (B, b), 
the partial lift 9 : In-l ---t M sending In-l to m may be extended to a lift 
g: (In,In-l, In-l) ---t (M,F,m) of f. Then glIn-l represents ~[f]. 

The above sequence terminates in 7fl (M, m). When we add the map 7f # : 
7fl (M, m) ---t 7fr( B, b), the resulting sequence is called the homotopy sequence 
of the fibration based at m. 

THEOREM 3.2. The homotopy sequence of a fibration is exact. 

'# ) n# PROOF. Exactness of the last portion 7fl (F, m) ----+ 7f1 (M, m ----+ 7fl (B, b) 
is what remains to be established. If [c] E 7fl (F, m), then 7f 0 z 0 c is the 
constant curve b, so that 7f # z# is the zero homomorphism, and im z# C ker 7f #. 

Conversely, given [c] E 7fl (M, m) with 7f#[c] = e, there exists a homotopy 
h : (12, II, J1) ---t (B, (7f 0 c) (1), b). If Ii is a covering homotopy of h stationary 
with respect to it, and such that Ii 0 Zo = c, then Ii 0 Zl is a curve lying in F 
which is C 1(M,m)- homotopic to c; i.e., [c] = z#[1i 0 ZI] E z#(7fl(F,m)). 0 

EXAMPLES AND REMARKS 3.1. (i) Suppose that 7f: M ---t B is a covering 
map, so that it can be considered a bundle with discrete fiber F over M. Then 
7fn(F, m) = 0, so that 7f# : 7fn(M, m) ---t 7fn(B, b) is an isomorphism for n ~ 2, 
and a monomorphism for n = 1. 
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(ii) Since 7fk(SI) ~ 7fk(JR) = 0 when k > 1, Theorem 3.2 applied to the Hopf 
fibration s2n+l ----7 cpn with fiber SI implies that 7fk(S2n+1) ~ 7fk(cpn) for 
k> 2. In particular, 7f3(S2) ~ 7f3(S3) ~ Z, and the Hopf fibration 7f : S3 ----7 S2 
is a generator of 7f3(S2). 

(iii) Consider the principal fibration SO(n + 1) ----7 sn = SO(n + 1)/ SO(n). 
Since 7fk(sn) = 0 when k < n, the homotopy sequence of this fibration yields 
isomorphisms 7fk(SO(n)) ~ 7fk(SO(n + 1)) for n > k + 1 ~ 2. Thus, 7fk(SO(n)) 
is independent of n provided n is large enough; it is called the k-th stable 
homotopy group 7fk(SO). 

(iv) Let M = SO(n + k)/SO(k). If k > q + 1> 2, then by (ii), 

7fq(SO(k)) ~ 7fq(SO(n + k)) ---+ 7fq(M) ---+ 7fq-dSO(k)) ---=-. 
---=-. 7fq_l(SO(n + k)). 

By exactness, the last isomorphism implies that 7fq (M) ----7 7fq-l(SO(k)) is the 
zero map. The first isomorphism implies that 7fq(M) ----7 7fq_l(SO(k)) is one-to
one. Thus, 7fq (M) = 0 whenever k > q + 1 > 2. 

In order to compute 7fl (M), we use the following: 

LEMMA 3.2. Let ~ = 7f : M ----7 B be a fiber bundle with connected fiber 
F. Then the homotopy sequence of~ terminates in 7fl(M,m) ----7 7fl(B,b) ----70; 
equivalently, 7fl(M, m) ----7 7fl(B, b) is onto. 

PROOF. Let [c] E 7fl (B, b), and consider the map f from the one-point 
space {O} into M given by f(O) = m. Then c is a homotopy of 7f 0 f, so there 
is a lift e of c with e(O) = m. Since c(l) E F and the latter is connected, there 
exists a curve e in F from e(l) to m. Then [eel E 7fl(M, m), and 7f#[ee] = [ce] = 

~. 0 

(iv) (continued) 7fl(SO(k)) ~ 7fl(SO(n + k)) when k > 2 by (iii). Since 
SO(k) is connected, the homotopy sequence for SO(n + k) ----7 M terminates in 

by Lemma 3.2, and 7fl (M) = e by exactness. 
(v) Recall that the Grassmannian of oriented n-planes in JRn+k is Gn,k = 

SO(n + k)/SO(n) x SO(k). Thus, M = SO(n + k)/SO(k) from (iii) is the 
total space of a principal SO(n) bundle over the Grassmannian; it is in fact the 
orthonormal frame bundle of the universal bundle in,k, see Exercise 75 below. 
Applying (iv) and Lemma 3.2 to the homotopy sequence of this bundle implies 
that 

(C- ) ~ {7fq_ l (So(n)), if k > q + 1> 2, 
7fq n k -

, 0, if q = 1 and k > 2. 

The above example actually provides us with a way of classifying vector 
bundles over spheres (this problem will be approached in a geometric and more 
general manner in the next section). But we must first establish the following: 

LEMMA 3.3. Any vector bundle over a simply connected base is orientable. 
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PROOF. Let ~ = 7r : E -+ B denote a rank n coordinate vector bundle 
over B with transition functions fn,(3 : Un n U(3 -+ O(n). Since det : O(n) -+ 

0(1) = {±1} is a homomorphism, there exists, by Proposition 2.1 in Chapter 
2, a principal O(I)-bundle det ~ over B with transition functions det fn,(3 : 
Un n U(3 -+ 0(1). It is called the determinant bundle of~. Thus, ~ is orient able 
if and only if its determinant bundle is trivial. But the total space of det ~ is 
either B or a two-fold cover of it, so if B is simply connected, this bundle must 
be trivial. 0 

THEOREM 3.3. The collection Vectn(Sk) of equivalence classes of rank n 
vector bundles over Sk, k > 1, is in bijective correspondence with the collection 
[Sk-l, SO(n)] of homotopy classes of maps Sk-1 -+ SO(n). When k = 1, 
Vectn(Sl) consists of two elements. 

PROOF. Any vector bundle over Sk admits an atlas with two charts, since 
Sk can be covered by two contractible open sets Sk \ {p}, Sk \ {q}, with Pi- q, 
and a bundle over a contractible space is trivial by Exercise 61. Lemma 3.3 
together with the proof of Theorem 7.1 in Chapter 2 shows that Gn,n is a 
classifying space for rank n bundles over Sk when k > 1, and the proof of The
orem 7.2 that Vectn(Sk) is in bijective correspondence with homotopy classes 
of maps Sk -+ Gn,3n. By Proposition 2.2 and Examples and remarks 3.1(v), 

k - - - -
[S ,Gn,3n] f--+ 7rk(Gn,3n)/7rdGn,3n) = 7rk(Gn,3n) ~ 7rk-1(SO(n)). 

Finally, 7rk-1(SO(n)) is in bijective correspondence with [Sk-1, SO(n)] by Ex
ample 2.1. 

When k = 1, the bundle need no longer be orientable. In this case, the clas
sifying space is Gn,3n, and the collection of rank n bundles over Sl is identified 
with [Sl, Gn,3n]' Since the oriented Grassmannian is a simply connected 2-fold 
cover of the nonoriented one, there is exactly one nontrivial rank n bundle over 
Sl. 0 

EXAMPLE 3.1. Any vector bundle over S3 is trivial: In view of Theorem 3.3, 
this amounts to showing that 7r2(SO(k)) = 0 for all k. This is clear for k = 1,2. 
By Exercise 53, S3 -+ SO(3) is a 2-fold cover, so 7r2(SO(3)) ~ 7r2(S3) = O. The 
portion 

7r2(SO(3)) ----t 7r2(SO(4)) ----t 7r2(S3) 

of the homotopy sequence of SO( 4) -+ SO( 4)/ SO(3) = S3 implies that 7r2(SO( 4)) 
is trivial. 7r2(SO(k)) then vanishes for all k by Examples and Remarks 3.1(iii). 

The observant reader has no doubt noticed that we have sometimes replaced 
the fiber Fb over b E B in the homotopy sequence of a bundle by the fiber F 
of the bundle. Laziness notwithstanding, this may be justified as follows: Let 
~ = 7r : M -+ B denote a fiber bundle with fiber F and group G. Consider the 
trivial bundle E : F -+ * over a point * with group G. Let bE B, 2 : Fb -+ M 
denote inclusion. A map f : F -+ Fb is called admissible if z 0 f : E -+ ~ is a 
bundle map covering * -+ b. Given m E Fb, f# : 7rk(F, f-1(m)) -+ 7rk(Fb, m) is 
an isomorphism for all k, and we may replace 7rk(Fb) by 7rk(F) in the homotopy 
sequence of~. If h : F -+ Fb is another admissible map, then h-1 0 f : F -+ F 
coincides with the operation of an element of G. Thus, the identifications of 
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homotopy groups induced by two admissible maps differ by an isomorphism 
g# induced by the action of some 9 E G. In the case when the bundle is 
principal, F = G, and if one considers only base-point preserving admissible 
maps (G, e) ----; (G b, m), then the element 9 above must equal e (because h -1 0 f : 
( G, e) ----; (G, e)), so that the identification is unique. 

More generally, suppose f : 6 ----; 6 is a bundle map. By Theorem 2.2(2), 
f induces a homomorphism of the homotopy sequences of 6 and 6, which 
according to the preceding paragraph may be represented by the commutative 
diagram 

7rk(Md 7rdBd 
Ll. 

7rk-1 (F) -------+ -------+ -------+ -------+ 

1 1f # 1f # 1~ 1 
7rk(M2) 7rk(B2) 

Ll. 
7rk-1 (F) -------+ -------+ -------+ -------+ 

If ~i are principal bundles, so that F = G, and one considers only base-point pre-
serving admissible maps, then the isomorphism g# : 7rk-1(G,e) ----; 7rk-1(G,e) 
must be the identity, and the diagram becomes 

7rk(Md 7rk(Bd 
Ll. 

7rk-1(F) -------+ -------+ -------+ -------+ 

II 1f # 1f # II 1 
7rk(M2) 7rk(B2) 

Ll. 
7rk-1 (F) -------+ ------+ -------+ -------+ 

Now suppose ~ is a rank n vector bundle over Sk. By Theorem 3.3, the 
equivalence class of ~ is determined by the homotopy class of a classifying map 
f : Sk ----; Gn,3n, and [J] may be considered an element of 7rk-1(SO(n)). This 
identification may be explicitly seen as follows: Denote by SO(~) and SO(in,3n) 
the principal SO(n)-bundles associated to ~ and in,3n (in other words, the 
bundles of oriented orthonormal frames). By Exercise 75(a) below, the total 
space E(SO(in,3n)) has vanishing homotopy groups, so that the homomorphism 
of homotopy sequences induced by f becomes 

7rk(E(SO(~)) 7rk(Sk) Ll. 
7rk-1(SO(n)) -------+ ------+ ------+ -------+ 

II 1f # 1f # II 1 
-------+ 0 ------+ 7rk(Gn,3n) "" ------+ 7rk-1(SO(n)) -------+ 

We have proved the following: 

THEOREM 3.4. Let ~ denote a rank n vector bundle over Sk. Then the 
element Ct E 7rk-1(SO(n)) which classifies ~ in Theorem 3.3 is Ct = ~[lsk], 
where ~ is the boundary operator in the homotopy sequence of the principal 
SO(n)-bundle SO(~) associated to~. 

Exactness of the homotopy sequence yields direct sum theorems in many 
cases. We illustrate one such below, and leave some others as exercises. 

THEOREM 3.5. If the bundle ~ = 7r : M ----; B with fiber F admits a cross
section s, then s# : 7rn(B) ----; 7rn (M) and z# : 7rn(F) ----; 7rn (M) are one-to-one, 
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and 

The above relation also holds for n = 1, provided S#1fl (B) is a normal subgroup 
of 1fl (M) (e.g., if the fundamental group of M is abelian). 

PROOF. Since 1f 0 s = 1B , 1f# : 1fn(M) -> 1fn(B) is onto, and s# is one
to-one. Applying this to n + 1 instead of n in the homotopy sequence, we see 
that Do : 1fn+l(B) -> 1fn(F) is zero, so that ~# : 1fn(F) -> 1fn(M) is one-to-one. 
Thus, we have a short exact sequence 

0--; 1fn(F) .!J!.." 1fn(M) ~ 1fn(B) --; O. 

It is a well-known and easy to verify fact that if a short exact sequence 0 --; 

A ~ B ~ C --; 0 of groups admits a homomorphism J : C -> B such that 
j 0 f = Ie, then B ~ i(A) EEl J(C), provided f(C) is normal in B. In our case, 
f is provided by s#. 0 

EXAMPLES AND REMARKS 3.2. (i) 1fn(B X C) ~ 1fn(B) EEl 1fn(C), This 
follows from Theorem 3.5, since a trivial bundle B x C -> B admits a cross 
section. When n = 1, one of the summands is normal; the other one is then 
also normal by symmetry. 

(ii) Let ~ = 1f : E -> B be a vector bundle. Then 1fn(E) ~ 1fn(B) for all 
n. This again follows from Theorem 3.5 applied to the zero section, together 
with the fact that 1fn (F) = 0 (of course, it also follows from the fact that B is 
a strong deformation retract of E). 

EXERCISE 75. (a) Show that SO(n + k)/ SO(k) = V~ k' and is therefore 
the total space of the principal SO(n)-bundle associated'to in,k' Thus, by 
Examples and Remarks 3.1, 1fq(V~ k) = 0 for all q < k - 1 if k > 2. 

(b) Let ESO(n) denote the u~ion of the increasing sequence V~l C V~2 C 

... with the weak topology, so that ESO(n) -> BSO(n) is the principal SO(n)
bundle associated to in. Show that all the homotopy groups of ESO(n) are 
trivial. 

EXERCISE 76. The unit sphere bundle of a vector bundle ~ = 1f : E(~) -> B 
with Euclidean metric is the bundle e over B with total space E( e) = {u E 
E(~) I lui = I}. The bundle projection is the restriction of 1f. 

(a) Show that e is the bundle with fiber sn-l associated to the princi
pal O(n)-bundle O(~), so that its total space is E(O(~)) xO(n) sn-l. If ~ is 
orientable, then O(~) may be replaced by SO(~). 

(b) Let i~ denote the unit sphere bundle of the universal bundle. Show 
that E(i~) has the same homotopy groups as BSO(n). Hint: Define for each 
k a map f: E(i~,k) -> Gn-1,k+l which assigns to u E P the plane u.l nP with 
appropriate orientation. Show that this is a fiber bundle with fiber Sk-2, and 
use Theorem 3.2. 

EXERCISE 77. Let M -> B be a fiber bundle with fiber F. Show that if 
the fiber Fb over b E B is a retract of M, then the conclusion of Theorem 3.5 
holds. 
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4. Bundles Over Spheres 

Bundles over contractible spaces are trivial. Since a sphere is the simplest 
example of a connected space which is not contractible, bundles over spheres 
provide the simplest examples of nontrivial bundles. In Theorem 3.3, we clas
sified vector bundles over sn by means of classifying spaces. In this section, 
we adopt a geometric approach to the more general problem of classifying 0-
bundles over sn. 

LEMMA 4.1. Let 7r i : !vIi ---> B denote two coordinate bundles over B with the 
same fiber F, group 0, and trivializing cover {Ua} of B. Let f~,(3 : u a nu(3 ---> 0 
denote the transition functions of 7ri. Then the bundles are equivalent iff there 
exist maps ga : Ua ---> 0 such that 

(4.1) f~,(3(p) = g(3(p)-l . f~,(3(p) . ga(P), p E Ua n U(3. 

PROOF. Suppose the bundles are equivalent. By Exercise 47(a), there exist 
maps fa,(3 : U a n U (3 ---> 0 satisfying 

fa" = f(3" . f~,(3 = fJ" . fa,(3' 

In particular, f~,(3 = f(3,(3 . f;;'~, and f~,(3 = fa,a . f;;'~. Setting ga = f;;'~, we 

obtain f~,(3 = f(3,(3 . f~,(3 . f;;,~ = gr/ . f~,(3 . gao Conversely, suppose there exists 

a collection ga : Ua ---> G satisfying (4.1). If we define fa,(3 := gr/ . f~,(3' then 

fa" = g::/ . f~" = g:;l . fJ", f~,(3 = f(3,,' f~,(3' and similarly, fa" = fl,' fa,(3' 
The bundles are then equivalent by Exercise 47 (b ). D 

Notice that if 7r : M ---> B is a coordinate bundle with transition functions 
f~,(3 : Ua n U(3 ---> 0, then, given any collection ga : Ua ---> 0, there exists, 
by Proposition 2.1 in Chapter 2, a coordinate bundle over B with transition 
functions f~,(3 defined as in (4.1), and this bundle is equivalent to the original 
one. 

Let G be a connected Lie group. By Example 2.1 and Proposition 2.2, there 
is a bijective correspondence between 7rk (0) and [Sk, OJ. If ~ = 7r : M ---> sn is 
a bundle with group 0, we define a characteristic map T of ~ as follows: Let 
P1 = (0, ... ,0,1) and P2 = (0, ... ,0, -1) denote the north and south poles of 
sn, U1 = sn \ {P2}, and U2 = sn \ {pd. Then {U1, U2} is an open cover of 
sn, and since Ui is contractible, there exists a bundle atlas {7r- 1(Ui ),(7r,<Pi)} 
consisting of two charts. The transition function h,2 : U1 n U2 ---> 0 is defined 
on a neighborhood of the equator sn-1. The map T = f1,2Isn-1 : sn-1 ---> 0 is 
called a characteristic map of ~, and its homotopy class C(~) = [TJ E 7rn-1 (0) 
the characteristic class of ~. 

THEOREM 4.1. Let 0 be a connected Lie group acting effectively on a man
ifold F. The operation which assigns to each bundle ~ with group 0 and fiber F 
over sn the characteristic class of ~ yields a bijective correspondence between 
the collection of equivalence classes of such bundles and the set [sn-1, OJ of 
homotopy classes of maps sn-1 ---> O. 

PROOF. We first check that equivalent bundles 6 and 6 have homo
topic characteristic maps. By Lemma 4.1, there exist maps gi : Ui ---> 0, 
i = 1, 2, satisfying (4.1). If hi denotes the restriction of gi to the equator, then 
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T2(P) = h2 (p)-1 . Tl(p), hl(P) for P E sn-l. Let Hi : Ui x I --> {Po} be strong 
deformation retractions of Ui onto some Po in the equator, so that 9i 0 Hi I Sn - 1 X I 

are homotopies of hi into constant maps sn-l --> ai E G. Then 

sn-l X 1-> G, 

(p, t) f-+ (920 H2 )(p, t)-l . Tl (p) . (91 0 Hd(p, t) 

is a homotopy of T2 into a;;lTlal. Composing it with the homotopy given by 
(p, t) f-+ C2(t)-lTl (p)Cl(t), where Ci : I -> G are curves from ai to e, yields a 
homotopy of T2 into T l . 

Conversely, suppose ~i are bundles with characteristic maps Ti , and H is 
a homotopy of Tl into T2. We will construct maps 9i as in (4.1). If we set 
9l(P) = !f,2(P)-lR,2(P) and 92(P) = e, then the 9i formally satisfy (4.1). The 
problem is of course that 91 is not defined at the north pole Pl. We can, 
however, use H to extend 9l!sn-l to all of UI : Indeed, (p,t) f-+ Tl(p)-lH(p,t) 
is a homotopy of the constant map sn-l -> e into Tl- lT2 . If El denotes the 
closure of the northern hemisphere, then each point of El can be represented 
as cos(7ftj2)Pl + sin(7ftj2)p with tEl and p E sn-l. Define T : El -> G 
by T(cos(7ftj2)Pl +sin(7ftj2)p) = Tl(p)-lH(p,t). The formula makes sense at 
PI because the right side is then e. Furthermore, the restriction of T to the 
equator equals T l-

l T2 , and 

91 : U1 -> G, 

{
T(P)' pEEl, 

P f-+ !f,2(P)-1 R,2(P), p E Ul \ El , 

is a continuous extension of T to U1 . Now, we may in both bundles replace the 
charts over U2 by their restrictions to the open southern hemisphere V2 . If we 
set 92 to be the constant map e on V2 , then (4.1) holds, and the bundles are 
therefore equivalent. 

To complete the proof, it must be shown that any map T : sn-l -> G 
is the characteristic map of some bundle. Let r : U1 n U2 -> sn-l be the 
retraction that maps p to the closest point r(p) on the equator, and define 
Ii.j : Ui n Uj -> G by Ii,i = e, h,2 = Tor, and hI = Il,i. By Proposition 2.1 
from Chapter 2, there is a bundle ~ with these transition functions, and T is a 
characteristic map of ~. D 

Since G is connected, [sn-l, G] equals 7f n-l (G), and the characteristic class 
C (0 of a principal G-bundle ~ over sn belongs to 7f n-l (G). On the other hand, 
the boundary operator ~ from the homotopy sequence of ~ maps into 7f n-l ( G). 
In view of Theorem 3.4, the following result should come as no surprise: 

PROPOSITION 4.1. C(~) = ~(1), where 1 is the class in 7fn(sn) containin9 
lsn. 

PROOF. As before, P2 will denote the south pole of sn, and E l , E2 the 
closed northern and southern hemispheres. Recall that the boundary homo
morphism ~ maps 7f n (sn, P2) into 7f n-l (G2 , Q2), where G2 is the fiber over P2, 
Q2 E G2. The latter homotopy group is then identified with 7f n-l (G) via an 
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admissible map k : G2 -+ G, which in this case will be taken to be <P2IG2 ' The 
argument will be based on the following two steps: 

(a) construction of a map f: (Dn,sn-l) -+ (sn,P2) with [J] = 1, and 
(b) construction of a lift 1: (Dn,sn-l) -+ (E(~),G2) of f such that k 0 

~sn-l = T. 
This will suffice: Since n 0 1 = f, we have that n # 1 [J] = [1]' and 

as claimed. For (a), view Dn as El . Given pEEl \ {pd, let h(p) denote 
the point on the boundary sn-l that is closest to p. Then any pEEl-even 
Pl-can be expressed as p = (cos t)Pl + (sin t)h(p) for some 0 ::::; t ::::; n /2. Define 
f(p) = (cos2t)Pl + (sin2t)h(p). Then f : (Dn,sn-l) -+ (sn,P2), and f has 
degree +1 because Pl is a regular value of f, and f*Pl equals two times the 
identity on the tangent space. Thus, [J] = 1. Next, define 

if f(p) EEl, 

if f(p) E E2 . 

The two definitions coincide on the overlap: When f(p) E sn-l, h(p) = f(p). If 
m = (n, <P2)-1(f(p), Tf(p)), then <p2(m) = Tf(p). But the bundle is principal, 
so that Tf(p) = <P2(m)<Pl(m)-1 for any m in the fiber over Tf(p), and in 
particular for m = m. Thus, <Pl (m) = e, and both parts of the definition agree. 

It remains to show that k 0 ~sn-l = T. When p E sn-l, f(p) = P2 and 
h(p) = p. Then J(p) = (n, <P2)-1(p2, T(p)), so that k 0 J(p) = <P2 0 J(p) 
T(p). D 

EXERCISE 78. (a) Prove that nl(SO(n)) = Z2 if n 2: 3. It is not difficult to 
show that the universal cover G of a Lie group G admits a Lie group structure 
for which the covering map p : G -+ G becomes a group homomorphism. The 
simply connected 2-fold cover of SO(n), n 2: 3, is called the spinor group 
Spin(n). 

(b) Show that Spin(3) ~ S3, and Spin(4) ~ S3 x S3. 

EXERCISE 79. Let ~ = n : E -+ B denote an oriented rank n vector bundle 
over B, and P the total space of the oriented orthonormal frame bundle SO(~) 
of ~. Then ~ is said to admit a spin structure if there exists a principal Spin ( n)
bundle Spin(~) = P -+ B together with a principal bundle homomorphism f 
over the identity: i.e., f : P -+ P satisfies 

f(pg) = f(p)p(g), pEP, 9 E Spin(n). 

(a) Show that if ~ admits a spin structure, then f : P -+ P is a 2-fold 
covering map, and E is diffeomorphic to P XSpin(n) IRn. Here Spin(n) acts 
non-effectively on IRn via the covering homomorphism p. 

(b) Prove that any vector bundle of rank 2: 3 over sn admits a spin structure 
if n 2: 3. 
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5. The Vector Bundles Over Low-Dimensional Spheres 

The tools developed in previous sections enable us to analyze in more de
tail the vector bundles over spheres of dimension ::; 4. Bundles over Sl were 
discussed in Section 3. For n > 1, rank k bundles over sn are orientable, and 
are classified by 7rn-1(SO(k)). Since SO(l) = {l}, any line bundle over sn is 
trivial. 

Bundles over S2: Since 7r1(SO(2)) ~ Z, there is a plane bundle C,k with 
C(C,k) = k for each integer k. Consider the portion 

7r2(S3) ---; 7r2(S2) ~ 7r1(SO(2)) ---; 7r1(S3) 

of the homotopy sequence of the Hopf fibration. The end groups are trivial, 
so that Ll(l) = ±l. The sign here is merely a matter of orientation: Indeed, 
denote by -c, the bundle over S2 obtained from C, by reversing the orientation. 
The identity map E(c,) ---> E( -C,) is an orientation-reversing equivalence, and if 
(7r, ¢) is a positively oriented chart of c" then (7r, L 0 ¢) is a positively oriented 
chart of -c" where L is the automorphism of]R2 given by L(a1' a2) = (a2' ad. 
Thus, -iI,2 = LiI,2L-1, and [-Tj = [LTL- 1j. By Lemma 4.1, C, and -c, are 
equivalent as bundles with group the full orthogonal group 0(2). However, 
viewing SO(2) as the unit circle, conjugation by L is a reflection in the x-axis 
and the induced map on the fundamental group sends each element of 7r1 (Sl) 
into its inverse. It follows that [-Tj = - [Tj, and C,-k is C,k with the opposite 
orientation. 

The standard orientation on the Hopfbundle-the one induced on each fiber 
of the total space S3 x 8' ]R2 by the standard orientation of ]R2-corresponds to 
C,-1; this will be established below for the Hopf bundle S7 x 83 ]R4 ---> S4, and 
the same argument carries over to the former bundle if one replaces quaternions 
by complex numbers. 

Since the Hopf bundle is C,-1, it is a generator of all oriented plane bun
dles over S2: If fk : S2 ---> S2 has degree k, then C,-k ~ f kc,-l, because the 
transition functions of fk C,-1 equal those of the Hopf bundle composed with fk. 
Alternatively, the total space of SO(C,±k) can be viewed as a lens space S3 jZk, 
where Zk denotes a cyclic subgroup of Sl of order k. 

The tangent bundle TS2 is C,±2 by Exercise 53. In order to determine 
the sign, we construct a characteristic map for the associated principal bundle 
7r: SO(3) ---> S2, with 7r(A) = Ae1. Let s: S2 \ {-e1} ---> SO(3) be given by 

s(p) = (~~ 
P3 

-P2 2 -P3) 
1 - ~ .E.illl.. 

1+P1 -l+p:l ' 
_ P2P3 1 _ .J!.;L 

l+PI l+PI 

When P = e1, s(p) = h Otherwise, (0, -P3,P2) is left fixed by s(p), and is 
orthogonal to e1 and p. s(p) is therefore a rotation in the plane spanned by e1 
and p, sending e1 to p. In particular, 7r 0 s(p) = p, and s is a section of the 
bundle over S2 \ { -e1}. Let U1 = S2 \ { -e3} and U2 = S2 \ {e3}. If A denotes 
the matrix 

(H T) 
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in 50(3), then SI(p):= Ats(Ap) and S2(P):= As(Atp) define sections over Ul 
and U2 respectively. Any B E 50(3) which lies in some fiber over U l n U2 can 
therefore be written as 

(5.1 ) 

where ('if. c!Ji) are bundle charts over Ui . The transition function h.2 at 'if(B) is 
given by h,2('if(B)) = rP2(B)¢I(B)-I. Taking B = SI(P) for p in the equator 
and substituting in (5.1) implies SI(P) = s2(p)T(p), so that T(p) = S2(P)tSl(P)' 
A straightforward computation with p = (cos 8, sin 8,0) E 51 X 0 then yields 

T ( cos 8, sin 8, 0) 

( 
cos8 

- sin8cos8 
- sin2 8 

= (~ 
o 

cos 28 
sin 28 

Thus, T5 2 = 6. 

sin8 
cos2 8 - s~n 8) (~~~: 

sin 8 cos 8 cos 8 0 

- S~128) E 1 x 50(2). 
cos 28 

- sin8cos8 
cos2 8 
sin8 

sin2 8 ) 
- sin 8 cos 8 

cos 8 

Bundles of rank k 2': 3 over 52 are classified by 'ifl(50(k)) = Z2. Thus, 
there is exactly one nontrivial rank k bundle over 52. Consider for example the 
nontrivial rank 3 bundle ~. Exactness of the portion 

in the homotopy sequence of 50(3) ---> 52 shows that the inclusion 50(2) ---> 

50(3) induces an epimorphism 'ifl (50(2)) ---> 'ifl (50(3)) of fundamental groups. 
~ is therefore equivalent in 80(3) to a bundle e with group 80(2), and E(O = 
P X SO(2) IR3, where P is the total space of the principal 80(2)-bundle associated 
to e. Since 80(2) acts trivially on 0 x IR C IR2 X IR, the map S : 8 2 ---> P X SO(2) 
IR3, with s(q) = [p,e3], P E Pq , is a well-defined cross-section of~. Thus, ~ 
splits as a Whitney sum of a rank 2 bundle with the trivial line bundle £1. This 
rank 2 bundle is not unique: if ~k denotes the plane bundle with C(~k) = k, 
then ~ ~ 6n+l E9 £1, since the homomorphism 'ifl (80(2)) ---> 'ifl (50(3)) maps 
an even multiple of a generator to O. This also implies that 6n E9 £1 is the trivial 
bundle, a phenomenon already observed earlier for T8 2 = 6. 

Notice that ~ does not admit a spin structure; cf. Exercise 79(b): If it did, 
the latter would be the trivial bundle 8 2 x 5pin(3) ---> 8 2 since 'ifl (5pin(3)) = 

{e}, and by Exercise 79(a), E(~) = (52 x 8pin(3)) xSp in(3) IR3 = 52 X IR3, 
contradicting the fact that ~ is not trivial. 

Bundles over 5:': Any bundle over 53 is trivial by Example 3.1. 
Bundles over 8 4: 'if3(80(2)) = 0, so any plane bundle over 54 is triv

ial. Since 'if3(50(3)) ~ 'if3(53 ) ~ Z. there are infinitely many rank 3 bundles 
over 8 4. View 8 7 as the collection of all pairs (Ul' U2) of quaternions with 
IU11 2 + IU21 2 = 1. The quotient 8 7/Z2 under the equivalence relation (Ul, U2) '" 
-(Ul,U2) is IRp7 . Recall the homomorphism p : 8 3 ---> 1 x 50(3) C 50(4) 
given by p(z)u = ZlLZ- 1 for U E 1HI = IR4, and identify 1 x 50(3) with 50(3). 
If p(z) = A E 80(3). then p-l(A) = ±z. There is therefore a well-defined free 
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right action of 80(3) on ~p7 given by 

[Ul, u2]A := [UlP-l(A), U2P-l(A)J, 

where [Ul,U2] denotes the equivalence class of (Ul,U2) in ~p7. The quotient 
~p7 / 80(3) is diffeomorphic to 8 4 by mapping the 80(3)-orbit of [Ul' U2] to 
the point (2UlU2, IUll2 - IU212) E 8 4 C JH[ x lEt We therefore have a principal 
80(3)-bundle ~p7 -+ 8 4. Let ~ denote the associated rank 3 vector bundle, 
with total space E(~) = ~p7 xSO(3) ~3. The portion 

7r4(84) = Z ~ 7r3(80(3)) = Z ----> 7r3(~p7) = 0 

of the homotopy sequence of ~p7 -+ 8 4 implies that ~(l) is a generator of 
7r3(80(3)). Thus, any rank 3 bundle over 8 4 is equivalent to f*(~) for some 
I : 8 4 -+ 8 4 of appropriate degree. 

Rank 4 vector bundles over 8 4 are classified by 7r3(80(4)) ~ 7r3(83 x 
80(3)) ~ 7r3(83) EB 7r3(80(3)) ~ Z EB Z, with generators s : 8 3 -+ 80(4), 
p: 8 3 -+ 1 x 80(3) C 80(4), where s(q)u = qu, U E JH[, and p is as above; cf. 
Exercise 55: Indeed, the map 8 3 x 80(3) -+ 80(4) which sends (q,p(A)) to 
s(q)p(A) is a diffeomorphism with inverse A f---t (q, s(q-l )A), where q := Ael E 

8 3. The restriction of this diffeomorphism to 8 3 x e is s, and the restriction 
to 1 x 80(3) is the identity. The induced isomorphism on the homotopy level 
therefore maps (m[lsnJ, n[pJ) E 7r3(83) EB 7r3(80(3)) to mrs] + n[p]. 

Let ~m,n denote the vector bundle with ~(l) = mrs] + n[p]. Then the 
structure group of ~m,O is reducible to 8 3, and that of ~O,n to 1 x 80(3). Since 
1 x 80(3) leaves ~ x 0 C ~ X ~3 fixed, ~O,n admits a nowhere-zero cross-section 
and is equivalent to the Whitney sum 1'1 EB ~n of the trivial line bundle 1'1 and 
the rank 3 bundle ~n with C(~n) = n discussed earlier. Similarly, ~m,O ~ 1:;'6,0, 
where 1m : 8 4 -+ 8 4 has degree m, and we only need to identify 6,0. But the 
latter is, up to sign, the bundle associated to the Hopf fibration 8 7 -+ 8 4, since 
exactness of 

implies that ~ is an isomorphism. 
These bundles can also be described by their characteristic maps T : 8 3 -+ 

80( 4) from the discussion in Section 4. For instance, characteristic maps for 
6,0 and ~O,l are sand p respectively. This actually enables us to determine the 
sign of the Hopf bundle: Recall that the Hopf fibration is the free right action 
of 8 3 on 8 7 = {(Ul,U2) E JH[2 IIull2 + IU212 = I} given by right multiplication 
(Ul,U2)q = (Ulq,u2q). The quotient space JH[pl = 8 7/83 is diffeomorphic to 
8 4, and under this identification, the bundle projection 7r : 8 7 -+ 8 4 is given by 

In order to compute a characteristic map for this bundle, consider Ul = 8 4 \ 
{-e5} and U2 = 8 4 \ {e5}, so that 7r- l (Ui ) = {(Ul' U2) E 8 7 I Ui =I- a}. 
Then (7r,¢i) : 7r- l (Ui) -+ Ui x 8 3, with ¢i(Ul,U2) = udluil, are principal 
bundle charts. Notice that q = 7r(Ul,U2) belongs to the equator of 8 4 iff 
lUll = IU21 = 1/V2, and in this case, q = 2UIU2 E 8 3. By definition of a 
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characteristic map, 

T(q) = h,2(q) = <P2(Ul, U2) . <PI (Ul' U2)-1 = I~~II~~ I = 2U2ih = ii = p(q)-l. 

By the remark following Example 2.1, [T] = -[p] E 7l"3(SO(4)), and the Hopf 
bundle S7 XS3 IR4 -+ S4 is ~-1,0. 

It is also clear from the above discussion that ~n,O is the bundle correspond
ing to the spin structure of ~O,n' cf. Exercise 85. In particular, if Pn denotes the 
total space of the principal Spin(3)-bundle of ~n,O, then E(~o,n) is diffeomorphic 
to Pn X Spin(3) IR4, where Spin(3) acts on IR4 via p. 

An argument similar to the one for T S2 shows that a characteristic map for 
the bundle SO(5) -+ S4 is given by T(q)p = qpq. Thus, T(q) = p(q)-lS(q)2, 
and [T] = 2[s]- [p]; i.e., TS4 = 6,-1, 

If we denote by Sm,n = E(~m,n) XSO(4) S3 the total space of the sphere 
bundle of ~m,n' then S±l,n is known to always be homeomorphic to S7. In 
general, however, Sl,n is not diffeomorphic to S7; namely, if n(n + 1) ~ 0 
mod 56. Such manifolds are called exotic 7-spheres, and were first discovered 
by Milnor. 

We have only discussed bundles over sn (n ::; 4) of rank::; n. Higher rank 
bundles are accounted for via the following: 

PROPOSITION 5.1. If ~n+k is a rank n + k bundle over sn, then there exists 
a rank n bundle TJn over sn such that ~n+k ~ TJn EB Ek, where Ek denotes the 
trivial bundle of rank k. 

PROOF. The exact homotopy sequence of the bundle SO(n + 1) -+ sn 
implies that 1l"n-l(SO(n)) -+ 7l"n-l(SO(n+ 1)) is surjective. By Examples and 
Remarks 3.1(iii), the inclusion homomorphism 7l"n-l(SO(n)) -+ 7l"n-l(SO(n + 
k)) is then also onto, so that the structure group of ~n+k reduces to SO(n). 0 

The problems that follow provide an alternative approach to some rank 
4 bundles over S4: View IR4n = IHIn as a right vector space over IHI, so that 
(Ul,"" un)q := (Ulq, ... , unq). Given p = (PI, ... ,Pn), q = (ql,"" qn) E IHIn, 
the symplectic inner product of p with q is 

n 

(p, q) := I:>iiii E IHI, 
i=l 

where the conjugate ii of q = al + ia2 + ja3 + ka4 is the quaternion al - ia2 -
ja3 - ka4 obtained after reflection in the real axis. The symplectic group Sp(n) 
is the group of n x n quaternion matrices A with AAt = At A = In. 

EXERCISE 80. (a) Show that (q,p) = (p, q) for p, q E IHIn. Thus, the relation 
p ..1 q iff (p, q) = 0 is symmetric. 

(b) Show that Sp( n) is the group of linear transformations of IHIn that 
preserve the symplectic inner product. 

(c) Prove that Sp(l) ~ S3. 

EXERCISE 81. (a) Show that Sp(n)/l x Sp(n -1) = s4n-l. In particular, 
S7 = Sp(2)/1 x Sp(l). 
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(b) Prove that f : S3 --+ Sp(2), f(p) = G ~) is a generator of 7r3Sp(2). 

(c) Use the homotopy sequence of the bundle Sp(2) --+ Sp(2)/Sp(1) x 1 = 

S7 to show that h: S3 --+ Sp(2), h(p) = (~ ~) is also a generator of7r3(Sp(2)). 

EXERCISE 82. The free action by right multiplication of Sp(1) x 1 on Sp(2) 
descends to S7 = Sp(2)/1 x Sp(1). Show that the resulting principal Sp(1)
bundle S7 --+ Sp(2)/Sp(1) x Sp(1) is the Hopf fibration. 

EXERCISE 83. Let Z2 = {±1} C S3, so that the map S3 x (S3 /Z2) --+ SO( 4) 
which sends (p, ±q) to s(p)p(q) is a diffeomorphism. Prove that the group 
operation on S3 x (S3/Z2) for which this map becomes an isomorphism is the 
semi-direct product 

EXERCISE 84. In this exercise, we construct an exotic sphere, following an 
example due to Rigas [33]. Identify SO(4) with S3 x (S3/Z2) as in Exercise 83. 

Let Z2 denote the subgroup {G n, G ~1)} of Sp(2), and consider the 

right action of SO(4) on Sp(2)/Z2 given by 

[(~ ~)](P,±q)=[(~q :q)(~ ~)(P(~q) ~)], 
where the bracket denotes the Z2-class. 

(a) Show that this is a well-defined free action, and that the quotient is 

diffeomorphic to S4 via the map that sends the SO( 4)-orbit of (~ ~) to 

(2bd, IW -ldI 2 ) E S3 x [-1,1]. 
(b) Identify the fiber of this principal bundle whith the SO(4)-orbit of the 

identity. Use Exercise 81 to show that the homomorphism 2# : 7r3SO(4) --+ 

7r3(Sp(2)/Z2) in the homotopy sequence of the bundle sends the elements [s] 
and [p] to generators of 7r3(Sp(2)/Z2) ~ Z. 

(c) Conclude that the associated vector bundle ~m,n satisfies Iml = Inl = l. 
The total space Sm,n = E(~m,n) XSO(4) S3 of the corresponding sphere bundle 
is then an exotic 7-sphere, according to the remarks at the end of the section. 

EXERCISE 85. Prove that the principal Spin(3)-bundle associated to ~n,O 
is a spin structure for ~O,n. 



CHAPTER 4 

Connections and Curvature 

There are many more classical applications of homotopy theory to geometry, 
but the central theme here being differential geometry, we wish to return to the 
differentiable category. Our next endeavor is to try and understand how bundles 
fail to be products by parallel translating vectors around closed loops. This 
depends of course on what is meant by "parallel translation" (which is explained 
in the section below), but roughly speaking, if parallel translation always results 
in the original vector, then the bundle is said to be fiat. Otherwise, it is curved, 
and the amount of curvature is measured by the holonomy group, which tallies 
the difference between the end product in parallel translation and the original 
one. In this chapter, all maps and bundles are once again assumed to be 
differentiable. 

1. Connections on Vector Bundles 

In Euclidean space lRn , there is a natural way of identifying tangent spaces 
at different points: Given p, q E lRn , the isomorphisms Jp : lRn -+ lR; and 
Jq : lRn -+ lR~ combine to yield an identification JqoJp- 1 : lR; -+ lR~. It is called 
parallel translation from p to q, and for u E lR;, J q 0 J p- 1 U is called the parallel 

translate of u. Notice that if u = L:i aiDi(p), then J q 0 Jp-1u = L:i aiDi(q). 
More generally, a manifold Mn is said to be parallelizable if there exist 

vector fields Xl"'" Xn on M with the property that {Xi (p)} is a basis of 
Mp for all p E M. {Xi} is then called a pamllelization of M. For example, 
Euclidean space is parallelizable via {D;}. So is any Lie group G, by taking a 
basis {u;} of Ge , and considering the left-invariant vector fields Xi on G with 
Xi(e) = Ui' 

If {Xi} is a parallelization of M, then one can define parallel translation 
(with respect to {X;} ) from p to q to be the isomorphism Mp -+ Mq which sends 
Xi(p) to Xi(q) for i = 1, ... , n. Most manifolds are not parallelizable, however. 
We have seen for example that 8 2 does not even admit a single nowhere-zero 
vector field. 

All this can be interpreted in the broader context of vector bundles over 
M, if the tangent space at p is replaced by the fiber of the bundle over p. Thus, 
a vector bundle is parallelizable iff it is a trivial bundle. 

If ~ = 7r : E -+ M is a vector bundle over M, there are ways of parallel 
translating vectors in Ep to E q, provided p and q can be joined by a curve. In 
general, though, the isomorphism Ep -+ Eq will depend on the chosen curve, so 
that parallel translation along a closed curve need not equal the identity map. 
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We will approach the problem from an infinitesimal point of view: Suppose 
some system of parallel translation has been defined on ~, so that given pEAl. 
and a curve c : I ----> NI emanating from p, there exists, for each u E E p , a 
unique map Xu ; I ----> E with 7T 0 X = c, where Xu(t) is the parallel tramilate 
of u along c from c( 0) to c( t). Then Xu (0) is a vector in the tangent space 
of E at u, and 7T*Xu (O) = C(O). It is reasonable to expect that iterating this 
procedure for all curves emanating from p produces a subspace Hu of TuE such 
that 7T* : Hu ----> !'vIp is an isomorphism (here, as elsewhere, TuE denotes the 
tangent space of E at u, since we have reserved the notation Ep for the fiber of 
the bundle over p E ill1). In order for parallel translation to be an isomorphism, 
the field aXu must also be parallel for a E lR. This motivates the following: 

DEFINITION 1.1. Let ~ = 7T : E ----> AI be a vector bundle. A connection H 
on ~ is a distribution on the total space T E of the tangent bundle of E such 
that 

(1) 7T*u : Hu ----> 1Ilrr(u) is an isomorphism for all U E E, and 
(2) f..La*Hu = Ha'Ll where f..La(u) = au is multiplication by a E lR. 

If we denote by V the total space of the vertical bundle of ~ (see Chapter 2, 
Example 5.1), then (1) implies that the assignment v 1-+ v+ Vu is an isomorphism 
between Hu and TuE jVu' Thus, H admits a vector bundle structure for which 
it becomes the normal bundle of V in TE, and H So! 7T*TM. 

Notice that by (2), Hop = s*p!'vIp, where S denotes the zero section of~; In 
fact, if c is a curve in E with C(O) = v E H u , and 7T(U) = p, then the image of 
f..Lo 0 c lies in s(M), so that f..Lo*V E s*pMp' Thus, Hop = f..Lo*Hu c s*pMp' The 
two spaces then coincide by dimension considerations. 

THEOREM 1.1. Every vector bundle admits a connection. 

PROOF. The statement is clear for a trivial bundle M x ]Fkk ----> M: Given 
U E ]Fkk, let ~u : 111----> M x]Fkk be given by ~u(p) = (p,u), and define H(p,u) = 

~u*Mp. Then 7T*H(p,u) = Mp. Furthermore, given a E ]Fk, we have f..La~u = ~au, 

tiO that f..La*H(p,u) = f..La*~u*Mp = ~au*1Ilp = H(p,au)' 
In general, let {Uo,} be a locally finite open cover of M such that the bundle 

is trivial over each Uon and {<Po:} a subordinate partition of unity. Chootie a 
connection H a on 7T- 1 (Ua ). Given p EM, U E E p, define Lu ; !'vIp ----> TuE by 

Lu(v) = L <Pa(P)wa, 
{alpEUa } 

where Wa is the vector in H~ such that 7T*Wa = v. Lu is then a linear transfor
mation satisfying 7T*u 0 Lu = IMp. The distribution H, where Hu := Lu(Mp), 
therefore satisfies the conditions of Definition 1.1. D 

Given a connection on ~, the splitting T E = H ffi V induces a decomposition 
W = w h + WV E H ffi V for wET E. w is said to be horizontal if WV = 0, vertical 
if w h = O. If U E Ep and v E NIp, the horizontal lift of v to U is the unique 
vector v E Hu such that 7T * v = v. A vector field X on M then determines a 
vector field X on E, where X ( u) is the horizontal lift of X (7T ( u) ), u E E. 
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Recall that a map f : N ----+ M induces a pullback bundle J* E ----+ N such 
that the diagram 

J*E~ E 

N ------+ M 
f 

commutes by Proposition 5.1 in Chapter 2. The following is a key property of 
connections: 

THEOREM 1.2. Let 1{ be a connection on E ----+ M. Then for any f : 
N ----+ M, the distribution J*1{ := (1f20)-11{ defines a connection on the bundle 
J* E ----+ N, called the pullback of 1{ via f. 

It will be convenient to have a description of the tangent space of J* E at 
a point (p, u) in order to prove Theorem 1.2. 

LEMMA 1.1. Given (p, u) E J* E, the map 

(1fh' 1f20) : T(p,u)J* E ----+ 1fhT(p,u)!O Ex 1f20T(p,u)f* E c Np x TuE 

is an isomorphism. Under this identification, 

T(p,u)!OE = {(v,w) E Np x TuE I fopv = 1fouW}. 

PROOF OF LEMMA 1.1. In order to show that (1fh' 1f20) is an isomorphism 
onto its image, it suffices to check that it is one-to-one. So assume (1fh' 1f20)V = 
O. Since 1fhV = 0, v E VUo E) = zoT(p,u)(p x Ef(p)), where Z : p x Ef(p) '----+ J* E 
is inclusion. Thus, v = ZoW for some W E T(p,u)(p x Ef(p)). But 1f2 0 Z : 

p X Ef(p) ----+ Ef(p) is the isomorphism (p, v) t---t v, so that 0 = 1f20V = (1f2 0 z)ow 
implies W = 0, and therefore also v = O. 

For the second statement, recall that fo 01fh = 1fo 01f20, so that T(p,u)J* E C 

{(v,w) E Np x TuE I fopv = 1fouw}. It remains to show that both spaces have 
the same dimension. Now, the space on the right is the kernel of the linear map 

Np x TuE ----+ Mf(p), 

(v, w) t---t fopv - 1f.uW. 

This map is onto, since it is already so when restricted to 0 x TuE. Thus, 
its kernel has dimension equal to dimNp + dimTuE - dim Mf(p) = dimN + 
rank E = dim T(p,u)J* E, which establishes the claim. D 

PROOF OF THEOREM 1.2. Lemma 1.1 implies that VUo E) = 0 x VE, and 
that J*1{ = {(v,w) E TN x 1{ I f.v = 1f.w}. Since W E TE decomposes 
uniquely as W = wh + WV E 1{ ffi VE, any (v,w) E TJ*E decomposes as 
(v, w) = (v, wh ) + (0, WV) E J*1{ ffi VUo E). Thus, the first condition of Defi
nition 1.1 is satisfied. The second condition holds because 1{ is a connection, 
and Ma.(V,W) = (v, Ma.W) for (v,w) E J*'H. D 

DEFINITION 1.2. Let ~ = 1f : E ----+ M be a vector bundle. A section of ~ 
along f : N ----+ M is a map X: N ----+ E such that 1foX = f. Given a connection 
1{ on ~, the section X is said to be parallel along f if XoNp C 1{X(p) for all 
pEN. When ~ = T M, X is also referred to as a vector field along f. 
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Notice that X is a section of ~ along f iff p ~ X (p) : = (p, X (p)) is a section 
of the pullback bundle J* ~. Since 1f2 ° X = X, X is parallel along f iff X is 
parallel with respect to the induced connection J*1t on J* ~. 

PROPOSITION 1.1. Let 1t be a connection on a vector bundle ~ = 1f : E ---t 
M, c : [a, bl ---t M a curve in M. For any u E Ec(a) , there exists a unique 
parallel section Xu of ~ along c such that Xu(a) = u. Furthermore, the map 
Pc : Ec(a) ---t Ec(b) that assigns to u the vector Xu(b) is an isomorphism, called 
parallel translation in ~ along c. 

PROOF. Let D denote the standard coordinate vector field on [a, b], D its 
c*1t-horizontallift to c* E. If Cu denotes the integral curve of D with cu(a) = 
(a,u), then 

.....-.-... . -
1f1 0 Cu = 1fh 0 Cu = 1fh 0 D ° Cu = D ° 1f1 ° cu, 

and 1f1 ° Cu is an integral curve of D; i.e., cu(t) = (t,1f2 0 cu(t)). Thus, Xu := 
1f2 ° Cu is a section of ~ along c, which is parallel because eu is horizontal. To 
show uniqueness, suppose Xu is any parallel section along c with Xu(a) = u. 
Then t ~ cu(t) := (t,Xu(t)) is a parallel section of c*~, and ~u is horizontal. 
Furthermore, 1fh ° ~u = Do 1f1 ° cu, so that Cu is also an integral curve of D. 
Since it coincides with Cu at a, Cu = cu, and thus, Xu = Xu. 

It remains to show that Pc : Ec(a) ---t Ec(b) is an isomorphism. But Pc 
is invertible with inverse Pcl, where c-1(t) = c(a + b - t), so we only need 
to. establish linearity. Now, given a E IR, the field aXu is parallel because 
,.-"-.. . 
aXu = J.La*Xu is horizontal. Thus, Pc(au) = aPc(u). For brevity of notation, 
let us denote by the same letter .10 the canonical isomorphisms of Ec(a) and 
Ec(b) with their tangent spaces at o. We claim that Pc is the composition 
.1o-1(Pc)*0.10 of linear transformations, and is therefore linear. To see this, 
consider w in the tangent space o~ Ec(a) at 0, so that w = 4>(0), where ¢(t) = tv, 

-1 ,....-"--.. 
V = .10 w. Then (Pc)*ow = Pc ° ¢(O); but (Pc ° ¢)(t) = Pc (tv) = tPc(v), so 
(Pc)*ow = .1OPcv = .10Pc.1o-1w, as claimed. D 

If C1: [a,bl---t M, C2: [b,cl---t M are curves in M with c1(b) = c2(b), define 
parallel translation along the piecewise-smooth curve C1 *C2 by PCl *C2 = PC2 0PCl . 
Then the set G(p) of isomorphisms Ep ---t Ep consisting of parallel translation 
along piecewise-smooth closed curves based at p is a subgroup of GL(Ep), called 
the holonomy group of 1t at p. If c is a curve from p to q, then G(p) is isomorphic 
to G(q) via Pc ~ Pc-l*c*c. 

A connection on ~ is said to be a trivial connection if for any u E E(~), 

there exists a parallel section X of ~ with X(1f(u)) = u. Clearly, ~ admits a 
trivial connection iff it is a trivial bundle. 

PROPOSITION 1.2. If1t is a connection on a bundle over a connected man
ifold, then 1t is trivial iff its holonomy group is trivial. 

PROOF. The only if part of the statement is clear. Conversely, if the holo
nomy group is trivial, then the parallel translate of any vector u E Ep to a point 
q is independent of the chosen curve, and therefore defines a parallel section of 
the bundle. D 
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DEFINITION 1.3. A connection on a vector bundle is said to be fiat if it is 
integrable as a distribution, cf. Chapter 1, Definition 9.1. 

If H is triviaL then it is fiat: Given u E E, the parallel section X of ~ with 
X ('if(u)) =u is an integral manifold of H. Conversely: 

PROPOSITION 1.3. Let H be a connection on a vector bundle ~ = 'if : E ~ 
M. The following statements are equivalent: 

(1) H is fiat. 
(2) For any open, simply connected subset U of AI, the restriction of H 

to 'if-1(U) is a trivial connection on ~IU' 

PROOF. We have already remarked that a locally trivial connection is fiat. 
Conversely, if H is fiat, then given U E 'if- 1(U), there exists by Frobenius' 
theorem (Theorem 9.2 of Chapter 1), a maximal connected integral manifold fj 
of HI7r-'(U) through u. By Proposition 1.1, any curve c in U can be uniquely 

lifted horizontally to fj. This implies that 'if : fj ~ U is a covering map 
(see, e.g., Spanier's "Algebraic Topology" 2.7.8 and 2.4.10), and therefore a 
diffeomorphism. Its inverse is then a parallel section of ~IU through u. 0 

EXAMPLES AND REMARKS 1.1. (i) It follows from Proposition 1.3 that 
a fiat connection on a bundle over a simply connected manifold is a trivial 
connection. In particular, both the bundle and the holonomy group of the 
connection are trivial. 

(ii) More generally, one defines the restricted holonomy group at p E ]1,;[ of 
a connection to be the subgroup Go(p) of G(p) obtained by considering only 
those closed curves that are homotopic to the identity. A homotopy H between 
the closed curve c and the constant curve p induces a curve t f--+ PHo" joining 
Pc to 1 Ep' Thus, the restricted holonomy group is a path-connected subgroup 
of the Lie group GL(Ep), and is then itself a Lie group. Notice that Go(p) is a 
normal subgroup of G(p), and that the map 

'if1(M,p) ~ G(p)/Go(p), 

[c] f--+ Pc . Go(p) 

is a surjective homomorphism. Thus, G (p) / Go (p) is countable, and G (p) is also 
a Lie group. If the connection is fiat, then by Proposition 1.3, Go (p) is trivial, 
and there is an epimorphism 'if 1 (M,p) ~ G(p). 

(iii) The canonical connection on the tangent bundle of sn: If 2 : sn ~ 
IRn+1 denotes inclusion, then by Exercise 14 in Chapter 1, 2*S; = {u E IR;+1 I 
(p, J p- 1u) = O} for p E sn. The equivalence IRn+1 x ]Rn+1 ~ TIR,,+1 mapping 
(u, v) E IR"+l x IRn+1 to Juv E TIRn+1 allows us to identify Tsn with the set 
of all (p, u) E sn x ]Rn+1 with u orthogonal to p. Under this identification, the 
tangent field c to a curve c in sn is C = (c, c'), since Jc(t)c'(t) = c(t). 

In order to specify a connection on T sn, we need a similar description of 
T(Tsn). If X = (c, x) is a section of TSn along c, then X = (c, x) = (c, x, c', x'). 
Since (c,x) = 0, (c',x) + (c,x') = (c,x)' = O. Furthermore, (c,c') = 0 because 
(c, c) == 1. Thus, if X(O) = (p, u), then Ts(n ) is contained in the space of all p,u 

(p, u, v, w), where (v, w) E IR2n+2 satisfies (p, v) = 0 and (u, v) + (p, w) = O. By 
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dimem;ion considerations. 
(1.1 ) 

(TSn)(p,u) = {((po u). (v. w)) E TSn x JR2n+2 I (u, v) + (p, u') = (p. v) = O}. 

Now, X, as a section of TJRn+ l along c, is parallel (with respect to the canonical 
trivial connection on TJRn+l) if x' = O. But if x is constant. then in general 
(c, x) will not be zero, and X does not remain tangent to the sphere. The 
most one can hope for is that the orthogonal projection of x' onto sn be zero; 
i.e., x' should be a multiple of c. In terms of Equation (1.1), this means that 
((p, u), (v, w)) should be horizontal if w is a multiple of p. But then the condition 
(u, v) + (p, w) = 0 forces w to equal -(u, v)p. We therefore define the horizontal 
space at (p, u) to be 

(1.2) H(p,u) = {((p, u), (v, -(u, v)p)) I v E JRn+l, (p, v) = o}. 

The verification that (1.2) does indeed define a connection on TSn is left as an 
exercise. 

When n = 2, it is easy to describe the parallel fields along great circles 
c in S2, since they are determined by their length and the angle they make 
with c. Let c(t) = (cost)p+ (sint)q, wherep,q E S2, (p,q) = 0, and consider 
a parallel field X = (c,x) along c. Since (c,x) = 0 and x' = -(x,c')c, it 
follows that (x, x') = 0, and Ixl is constant. In particular, the holonomy group 
is a subgroup of 0(2). Since S2 is simply connected, the holonomy group is 
path connected, and is actually a subgroup of SO(2). Furthermore, (x, C')' = 
(x', c' ) + (x, c") = 0 - (x, c) = 0, so that (x, c' ) is constant; i.e., the parallel 
fields along c have constant length and make a constant angle with c. 

By parallel translating any vector in (S2)p along c from p to -p = c(Jr), 
and then parallel translating it back to p along a different great circle, one 
easily sees that the holonomy group G(p) acts transitively on the unit circle in 
the tangent space at p; i.e., the orbit of any point is the whole circle. Thus, 
G(p) ~ SO(2). 

EXERCISE 86. Let H be a connection on ~ = Jr : E --+ !vI, and denote by 
X the horizontal lift of a vector field X on !vI. 

(a) Show that for X, Y E XM, a, (3 E JR, 

aX + (3Y = aX + (3Y, 

(b) Prove that if [X, y]V = 0 for all X, Y E XM, then H is flat. 

EXERCISE 87. (a) Consider the bundle projection Jr : Tsn --+ sn. With 
notation as in Examples and Remarks 1.1 (iii), show that Jr. : TTSn --+ Tsn is 
given by 

Jr. ((p, u), (v, w)) = (p, v). 

Deduce that the vertical space at (p, u) is 

{((p, u), (0, w)) E TSn x 0 x JRn+l I (p, w) = o}. 

(b) Prove that (1.2) defines a connection on Tsn. 
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FIGURE 1. A parallel field along a circle of latitude. 

EXERCISE 88. Describe the parallel fields along a circle of latitude 

c(t) = (cost sin</>, sintsin </>, cos</» 

2. Covariant Derivatives 

109 

Let H be a connection on ~ = 7r : E -. M, so that TE = V EElH, where 
by abuse of notation H also denotes the bundle H -. E. A vector wET E 
decomposes as w = WV + w h . The vertical component measures the amount by 
which a vector fails to be horizontal. It is more convenient to replace it by a 
vector in E rather than in TE. This can be done as follows: by Exercise 59, 
V is equivalent to 7r*~. Under this identification, the second factor projection 
7r2 : E(V) = 7r* E -. E is a bundle map (E(V) denotes the total space of the 
bundle V). 

DEFINITION 2.1. The connection map /'£ : TE -. E of H is given by 

wETE. 

Alternatively, for w E TuE, let p:= 7r(u), and z : Ep -. E be the inclusion. 
Then by Example 5.1 in Chapter 2, 

E(V)u = z*(Ep)u = {z*JuV I VEEp}. 

Thus, 

(2.1) 

Notice that H = ker /'£. This implies the following: 

PROPOSITION 2.1. (7r*, /'£) : TE -. TM EEl ~ is a bundle map covering 7r : 
E-.M. 

E ----+ M 
7r 
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PROOF. Both T E and T lv[ EB ~ have the same fiber dimension, and since 
(7r *' K) is linear on each fiber, it suffices to show that it has trivial kernel. But 
ker(7r*,K) = keu* nkerK = E(V) n'H = {O} fiberwise. D 

DEFINITION 2.2. Let 'H denote a connection on ~ = 7r : E -+ Al with 
connection map K. Given f : N -+ M, a section X of ~ along f, and u E TN, 
the covariant derivative of X with respect to u is the vector 

\7uX:= KX*U E E. 

When N = M and f = 1M , \7 is called the covariant derivative operator of 'H. 

Notice that if U E Np, then \7uX E Ef(p). Thus, for U E XN, \7uX is 
a section of ~ along f, where \7u X(p) := \7U (p)X. Furthermore, X is parallel 
along f iff \7 U X = 0 for all U E XN, since ker K = 'H. 

We have already observed that the space r f of sections of ~ along f is 
canonically isomorphic to the space r f'~ of sections of f*~ via 

r f ---+ r f'~' 
X f------+ (IN,X). 

By the remark following Definition 1.2, the covariant derivative f*\7 of the 
induced connection on f* ~ is given by 

THEOREM 2.1. Suppose 'H is a connection on ~ with covariant derivative 
operator \7. Given f : N -+ M, U, v E Np, and sections X, Y of ~ along f, 

(1) \7u(X + Y) = \7uX + \7uY. 
(2) \7 au+vX = a\7 uX + \7 vX, a E R 
(3) \7uhX = u(h)X(p) + h(p)\7uX, hE FN. 
(4) Ifg:L-+N, andwETL, then\7w(Xog)=\7g.wX, 

The proof of the above theorem requires a couple of lemmas: 

LEMMA 2.1. K ° /-La* = /-La ° K, a E ~. 

PROOF OF LEMMA 2.1. It suffices to consider vertical vectors, since both 
sides vanish when applied to horizontal ones. So let W E (Ep)u, v := Ju-1W E 
Ep. If Z : Ep '-+ E denotes inclusion, then /-La ° K(Z*W) = /-La ° K(Z*JuV) = av by 
(2.1). On the other hand, K0/-La*(Z*w) = K0/-Lu*(Z*Juv) = KOZ*0/-La*JuV, because 
Z ° /-La = /-La oz. Thus, K ° /-La* ° Z*W = K ° Z* ° /-La*JuV = K ° z*Jauav = avo D 

LEMMA 2.2. Let (7r, cp) : 7r-l(U) -+ U X ~k be a bundle chart of~, where 
(U,x) is a chart of M. Set x = X07r, so that (x,cp): 7r-l(U) -+ x(U) X ~k is a 
(manifold) coordinate map of E. 

If u, VEEp, x(p) = 0, then 

K(8~i(U+V)) =K(c!i(U))+K(c!i(V)), l~i~n. 
PROOF OF LEMMA 2.2. Consider the map L : Ep -+ Ep given by L(u) = 

K(8j8xi(u)). Notice that 8j8xi(tu) = /-Lh8jiJXi(u) for t E ~: Indeed,8j8xi(tu) 
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may be written as (\tu(O), where Ci,tu(S) = (x, ¢)-l(sei' tu) = t(x, ¢)-l(sei' u). 
Thus, 

O~i (tu) = Ci,tu(O) = Ji-t*Ci,u(O) = Ji-h; (u). 

It follows that the derivative DL of L at 0 satisfies DL(u) = c'(O), where 
c(t) = /'C(ojOxi(tu)) = /'C(Ji-t*ojaxi(u)) = t/'C(ojoXi(U)) by Lemma 2.1; i.e., 
DL(u) = L(u), so that L is linear, and the lemma is proved. D 

PROOF OF THEOREM 2.1. We will again use the coordinate map (x, ¢) : 
1["-l(U) ---t x(U) X ]Rk from Lemma 2.2, where f(p) E U. Define sections Ui of 
~Iu by ¢(Ui(q)) = ei, q E U, 1 :S i:S k, and write Xlf-1(U) = '5:. XiUi oj. Then 

n . 0 k . 0 
X*u = L X*u(x') oxJX(p)) + LX*u(cP) 0</>1 (X(p)) 

,=1 J=l 

(2.2) ". 0 ". 0 = L u(x' ° X)--=i(X(p)) + L u(cP ° X) rlA.i (X(p)) 
. ox . ur 
, J 

".0 ,,0 
= L u(x' ° J)-i (X(p)) + L u(XJ) rlA.i (X(p)). 

. ax . ur , J 

The vector Y* u can be expressed in a similar way. On the other hand, 

(X + Y)*u = L U(Xi oJ) :Xi (X(p) + Y(p)) + L u(xj + yj) o~ (X(p) + Y(p)). 
, J 

Next, observe that Uj 01[" = /'Cojo¢J: Indeed, recall that Uj(p) = (¢IEp )-lej . If 
u E Ep and z : Ep ---t E denotes inclusion, then 

o 
0</>1 (u) = Z*(¢IEp );:-l Dj(¢(u)) = 2*(¢IEp );:-1 :lcl>(u)ej = 2*Ju(¢IEp )-lej 

= 2*JuUj (p), 

where the third equality uses the fact that ¢ is linear. Applying (2.1) now yields 
the claim. Thus, 

j 

where the second equality makes use of Lemma 2.2. This proves (1). Statement 
(2) is an immediate consequence of the definition of /'i,. For (3), observe that 
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Xi 0 hX = Xi 0 X = Xi 0 f, SO that (2.2) yields 

'"' . 8 (hX).u = L... u(x' 0 f) 8xi (h(p)X(p)) 
, 

+ L[u(h)Xj (p) + h(p)u(Xj)] 8~ (h(p)X(p)) 
J 

[~U(x; 0 f)Mh(,).; (X(P)) + h(P) ~ u(X') a~ (h(P)X(P»] 

'"' . 8 + u(h) L... XJ (p) 8¢j (h(p)X(p)). 
J 

Applying K to the expression inside brackets and using Lemma 2.1 then yields 
h(p)KX.U, while the last line becomes u(h)X(p) under K, thus establishing (3). 
Finally, (4) is an immediate consequence of the chain rule. D 

It is often useful to express an arbitrary cross-section along a curve in 
terms of parallel ones: Consider a map f : N ----> M, and let ~ be a rank k 
vector bundle with connection over M. Given a basis Xl, ... , xk of the fiber 
of ~ over some point f(p), PEN, and a curve c : [a, b] ----> N with c(a) = p, 
there exist by Proposition 1.1 parallel sections Xl' ... ' Xk of ~ along f 0 c with 
Xi(a) = Xi. Thus, any section X along f 0 c can be written as X = ,,£hiXi 
for some functions hi : [a, b] ----> R Let us use this fact to show that "\7 uX only 
depends on the values of X along any curve tangent to u: 

PROPOSITION 2.2. Let ~ be a vector bundle with connection over M, f : 
N ----> M, u E Np , and X a section of ~ along f. Given a curve c : 1----> N with 
C(O) = u, denote by X t the parallel section along f 0 c with Xt(t) = X 0 c(t). 
Then 

"\7 u X = lim Xt(O) - X 0 c(O) . 
t--+O t 

PROOF. Choose linearly independent parallel sections Xl"'" X k of ~ along 
f 0 c, so that X 0 c = "£ hi Xi, and Xt(s) = "£ hi(t)Xi(S). Then 

lim Xt(O) - X 0 c(O) = lim '"' hi(t) - hi(O) Xi(O) = '"' hil(O)Xi(O). 
t--+O t t--+O L... t L... 

On the other hand, 

"\7u X = "\7c(O)X = "\7D(O) (X 0 c) = "\7D(O) LhiXi = LD(O)(hi)Xi(O) 

= L hil(O)Xi(O). 

D 

EXAMPLES AND REMARKS 2.1. (i) We have seen how a connection 'H on 
~ determines a covariant derivative operator "\7. The two concepts are in fact 
equivalent; i.e., if "\7 is a covariant derivative operator on ~ (in the sense that it 
satisfies (1)-(3) of Theorem 2.1 for the case N = M and f = 1M)' then there 
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exists a connection H on ~ whose covariant derivative coincides with V': given 
wE E(O, define 

Hw = {Jw V'u X - X*u I X E r~, X(7r(w)) = W, u E M7r (w)}' 

It is straightforward to verify that H is a connection. In order to establish that 
its covariant derivative is V', it suffices to check that V' uX = 0 iff X* u E H since 
the vertical distribution is the same for all connections. But this is immediate 
from the definition of H. 

In view of this, we shall use the word connection to denote either H or V'. 
(ii) If ~ is a vector bundle over M, a differential k-Jorm on !vI with values in 

~ is a section of the bundle Hom(Ak(M), 0, where by abuse of notation Ak(M) 
refers both to the bundle and to its total space. The space of these sections is 
denoted Ak(M, ~). Notice that in the notation of Section 11 in Chapter 1, the 
space of k-forms Ak(M) = Ak(M, [1), where [1 is the trivial line bundle over 
M. 

If V' and '\7 are two connections on ~, then w := V' - '\7 E Al (M, End 0, 
where End~ = Hom(~,O: Given u E M p, x E E(Op, w(u)x = V'uX - '\7uX E 

E(Op for any section X of ~ with X(p) = x; w is well-defined by Proposition 11.3 
of Chapter 1, together with the fact that V' u(J X) - '\7 u(J X) = J(V' uX - '\7 uX) 
for J E F(M) by Theorem 2.1(3). w(u) : Ep ----7 Ep is clearly linear. Conversely, 
if V' is a connection and w E AI(M,End~), then ~ := V' + w is again a 
connection. In other words, the set of connections on ~ is an affine space 
modeled on the vector space AI(M,End~). 

(iii) At the beginning of Section 1, we defined parallel translation in IRn 
by letting the standard coordinate vector fields Di be parallel. Thus, if X E 

XIRn , so that X = "L-XiDi, where Xi = X(ui ), then V'uX = "L-U(Xi)Di' 
Alternatively, identify TIRn with IRn x IRn by mapping (u, w) E IRn x IRn to 
Ju w E IR~. Then a vector field X along a curve c : I ----7 IRn becomes identified 
with (c,x), where x: I ----7 IRn, and V'DX = (c,x'). 

(iv) In Examples and remarks 1.1(iii), we defined the canonical connection 
on T sn first in terms of parallel sections: A section X of T sn along c can be 
viewed as a section of TIRn+I along c via the derivative of the inclusion map 
2 : sn ----7 IRn+ 1, and may thus be written as X = (c, X). X was then said to be 
parallel along c if the component of x' tangent to sn is zero. The connection 
V' on T sn can therefore be expressed in terms of the Euclidean connection '\7 
as follows: Given p E sn, v E IR~+I, let vi.. denote the orthogonal projection 
(with respect to the usual Euclidean metric on TIRn+I) of v onto 2*S;. Then 
for u E TSn, X E xsn, 
(2.3) 

More generally, (2.3) makes sense in the context of any submanifold lv! of IRn , 
and defines the so-called canonical connection on T lv!. 

(v) A connection V' on ~ determines a connection (which will be also denoted 
V') on the dual bundle C by 

(V'uw)X:= u(w(X)) - w(V'uX), u E TM, wEre, X E r~. 

If c is a curve in M, then W 0 c is parallel iff W 0 c( X) is constant for any parallel 
section X of ~ along c. 
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Similarly, if 'Vi are connections on the bundles ~i over M, i = 1,2, define a 
corresponding connection 'V on the tensor product 6 181 6 by 

'V u(XI 181 X 2) = ('V~Xd 181 X 2(p) + Xl (p) 181 ('V~X2)' U E M p , Xi E r~i' 

and one on the Whitney sum 6 EB 6 by 

'Vu(XI,X2) = ('V~XI' 'V~X2)' 
(vi) Let 9 denote a Euclidean metric on~. Since 9 is a section of (~181 0*, 

(v) implies that 

('Vug)(X 181 Y) = u(g(X 181 Y)) - g('VuX 181 Y(p)) - g(X(p) 181 'VuY), 

for u E M p , X, Y E r~. 'V is said to be a Riemannian connection if 9 is parallel. 
Writing (X, Y) instead of g(X 181 Y), the connection is Riemannian iff 

u(X, Y) = ('V uX, Y(p)) + (X(p), 'V uY). 

In this case, (X, Y) is constant for parallel sections X, Y of ~ along a curve c, 
so that the holonomy group is a subgroup of the orthogonal group. 

EXERCISE 89. Prove that 1t as defined in (i) is indeed a connection. 

EXERCISE 90. Show that if 'V is a connection on ~ and W E AI(M,End~), 
then '\7 = 'V + w is again a connection. 

EXERCISE 91. Let p, q E sn, p 1- q, and consider the great circle c : 
[0,27f] --- sn given by c(t) = (cost)p + (sint)q. Prove that 'VDC = a for the 
canonical connection 'V on T sn. 

EXERCISE 92. Let ~i be vector bundles over M with connections 'Vi. Show 
that the induced connection 'V on Hom(6,6) is given by 

('VuL)X = 'V~(LX)-L('V~X), u E TM, L E r(Hom(6, 6)), X E r6. 

Deduce that L 0 c is parallel (c : I --- M) iff LX is a parallel section of 6 along 
c whenever X is a parallel section of 6 along c. 

EXERCISE 93. Let 6, 6 be vector bundles over M with connections 'V I, 

'V 2 . Define a "natural" connection on the product 6 x 6 so that the Whitney 
sum connection from Examples and Remarks 2.1 becomes its pullback via the 
diagonal imbedding of Minto M x M. 

3. The Curvature Tensor of a Connection 

In the previous section, we saw that flat connections are those for which 
parallel translation is, at least locally, independent of the chosen curve. Devia
tion from flatness is measured by a tensor field called the curvature. 

DEFINITION 3.1. The curvature tensor R : XM x XM x r~ --- r~ of a 
connection 'V on ~ = 7f : E --- M is given by 

R(U, V)X = 'Vu'VvX - 'Vv'VuX - 'V[u,v]X, U, V E XM, X E r~. 

PROPOSITION 3.1. The operator R is a 2-form on M with values in End~; 
i.e., R E A2(M,End~), cf. Examples and Remarks 2. 1 (ii). In particular, R is 
tensorial in all three arguments. 
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PROOF. It is clear that R(U1 +U2 , V)X = R(U1 , V)X +R(U2 , V)X. Since 
R is skew-symmetric in the first two arguments, a similar identity holds for the 
second argument. We apply Proposition 1l.3 of Chapter 1 to show tensoriality: 
Given f E FM, 

R(jU, V)X = \7fu \7vX - \7v \7fu X - \7[fu,vJX 

= f\7u\7v X - \7v (j\7u X) - f\7[U.vJX + \7V(f)u X 

= f\7u\7v X - (Vf)\7u X - f\7 v \7uX - f\7[U,vJX + V(j)\7uX 

= fR(U, V)X. 

Similarly, 

R(U, V)hX = \7u\7v hX - \7v \7uhX - \7[U,vJhX 

= \7u (h\7v X + V(h)X) - \7v(h\7uX + U(h)X) - h\7[u,vJX 

- ([U, V]h)X 

= h\7u \7vX + U(h)\7vX + V(h)\7u X + UV(h)X 

- h\7v \7u X - V(h)\7uX - U(h)\7v X - VU(h)X 

- h\7[u,v]X - ([U, V]h)X 

= hR(U, V)X + (UV(h) - VU(h) - [U, V](h))X 

= hR(U, V)X. 

D 

A useful interpretation of R can be given in terms of the so-called exterior 
covariant derivative operator of a connection: 

DEFINITION 3.2. Given a connection \7 on ~, its exterior covariant deriv
ative operator is the collection of maps d'v : Ak (M,~) ---t Ak+ 1 (Ai, ° given 
by 

d'v (X)U = \7u X, X E Ao(M,~) = f(O, U E :tM, 

and by 

k 

(d'v w)(UO •... , Uk) = 2..:( -l)i\7u, (w(Uo .... , Ui , ... , Uk)) 
i=O 

+ 2..:( -l)i+j w([Ui , Uj ], Uo,···, Ui , ... , Uj , ... , Uk) 
i<j 

for wE AdM,O, k:;:. 1, and Ui E :tM. 

The operator d'v is the generalization to vector bundles of the exterior 
derivative operator d on A(M). In fact, if ~ = E1 is the trivial line bundle over 
AI with the canonical connection, then a section X of ~ can be written as X = 
(1M, f) for some f E FM. and d"V (X)U = \7u X = (1M, U(j)) corresponds to 
df(U). Similarly, when k :;:. 1, the expression for d"V w is identical to that for dw 
in Theorem 1l.3 from Chapter l. Thus, d"V = d in this case. 

The connection on El is fiat, and we will soon see that fiat connections have 
vanishing curvature. This turns out to be the reason why d2 = 0: 
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THEOREM 3.1. Let R denote the curvature of a connection V' on ~. Given 
X E r~, define Rx E A 2(M,l;) by Rx(U, V) = R(U, V)X. Then Rx = d'V 0 

d'V X. 

PROOF. 

d'V2(X)(U, V) = V'u((d'V X)V) - V'v((d'V X)U) - d'V X([U, V]) 

= V'uV'v X - V'vV'uX - V'IU,v]X 

= R(U, V)X. 

D 

In order to provide a geometric interpretation of curvature, we need the 
following: 

LEMMA 3.1 (Cartan's Structure Equation). Given f : N ---> AI, U, V E :£N, 
and a section X of ~ along I, 

R(f*U, 1* V)X = V'uV'v X - V'vV'uX - V'IU,v]X, 

where V' denotes the covariant derivative along I. 

PROOF. Let pEN, x a coordinate map of M around I(p). Then locally, 

""" a"",,, a 
I*U = ~(f*U)(x') axi 0 f = ~ U(x' 0 f) axi 0 I· 

'i i 

Similarly, if E 1 , ... , Ek are local sections of ~ that are linearly independent, then 
(the restriction of) X = L hi Ei 0 I. Thus, by tensoriality of R, we may assume 
that t~ere exist U, if E :£M, X E r~ such that I*U = U 0 f, f* V = if 0 I, and 
X = Xof. Now, 

V'uV'v X = V'uV'v(X 0 f) = V'u(V' J*vX) = V'U(V'vofX) = V'u(V'v X ) 0 I 

= V' f*u(V'v X) = (V' U V'vX) 0 I· 

Similarly, 

V'lu,v]X = V'IU,v](X 0 f) = V' f*lu,v]X = V'lu,V]of X = (V'lu.V]X) 0 f. 
Thus, 

R(f*U,I*V)X = (R(U, if)X) 0 1= (V'uV'vX - V'vV'u X - V'lu,V]X) 0 I 

= V'uV'v X - V'vV'uX - V'lu,v]X. 

D 

The above lemma may be interpreted in terms of the induced connection 
on j*~: Given w E A(M,End~), define j*w E A(N, End j*O by 

(j*w)(U1 , ... , Uk )(lN , X) := (1N,w(f*U1 , ... , I*UdX). Ui E :£N, X E r f. 
If R f denotes the curvature tensor of j* ~, Cartan's equation states that R f = 
j*R. 

The next proposition clarifies the remark at the beginning of the section 
to the effect that the curvature tensor of a connection measures deviation from 
flatness: 
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PROPOSITION 3.2. Let u, v E Mp, x E Ep. Consider a map f from a 
neighborhood of the origin in]R2 into M with f(O) = p, f.D 1 (0) = u, f.D2(0) = 
v. For t, s small enough, let Xt,s denote the vector in Ep which is obtained after 
parallel translating x along 

Then 

(1) T f-+ f(T, 0) from p to f(t,O), then along 
(2) (1 f-+ f(t, (1) from f(t, 0) to f(t, s), then along 
(3) T f-+ f(t - T, s) from f(t, s) to f(O, s), and finally along 
(4) (1 f-+ f(O, s - (1) from f(O, s) to p. 

() . Xt s - x 
R u, v x = - hm' . 

t,s-->O ts 

x 

f(t, s) ..... -----~ 

p 
f(t,O) 

FIGURE 2. Curvature via parallel translation. 

PROOF. Define a section X along f by letting X(t, s) be the parallel trans
late of x along the curves in (1) and (2) from p to f(t, s). By Lemma 3.1, 

R(u,v)x = R(f.D1(0),f.D2(0))x 

= V'D1(0)V'D2X - V' D2(0)V' D1 X (since [DI,D2J = 0) 

= -V'D2(0)V'D1 X (since X is parallel along the curves (2)). 

If Ps is parallel translation along (1 f-+ f(O, (1) from p to f(O, s), then by Propo
sition 2.2, 

p-1V' X V' X p-1V' X 
't"'7 't"'7 X l' S Dl(O,S) - Dl(O) l' s DI(O,s) 
v D 2 (0) V Dl = 1m = 1m s-->O S s-->O S 

Now, if Pt,s denotes parallel translation along T f-+ f(T, (1) from f(O, s) to f(t, s), 
then 

Thus, 

. Pt~sl X(t, s) - X(O, s) 
V'D1(0 s)X = hm ---'-------

, t-->O t 

1. Xt,s - x 
1m . 

t,s-->O ts 

o 
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The curvature tensor of a connection H measures the amount by which the 
distribution H fails to be integrable: Recall that 7i is integrable iff [0, ifl is 
horizontal for all U, V E XM, where 0, if are the horizontal lifts of U, V to 
TE. Notice that Auif:= ~[O, ifl v is tensorial: If J E F(TE), then 

- 1-- 1 -- - - 1-- -
AfuV = 2[JU, Vlv = 2(f[U, Vr - V(f)UV

) = 2J[U, Vlv = JAuV . 

A is then tensorial in the second argument by skew-symmetry. We may therefore 
define 

(3.1) Auv:= ~[U, Vnx), u, v E H x , x E E, 

where U, V are horizontal vector fields on E with Ux = u, Vx = v. 

THEOREM 3.2. Let H be a connection on ~ = 7r : E ---; M. The curvature 
tensor R oj H is given by 

R(u, v)x = -2KAuv, 

where it, v are the horizontallijts of u, v at x. 

PROOF. Let U, V be vector fields in a neighborhood of p with U(p) = u, 
V(p) = v, and [U, Vl(p) = O. Denote by {cPd, {'IPs} local flows of U, V, and 
by {¢t}, {?/ls} flows of the horizontal lifts 0, if of U, V. Since 7r 0 ¢t = cPt 0 7r, 

¢t(x) is the parallel translate of x along the curve T f---+ cPr(7r(x)), 0 :s; T :s; t, for 
any x E Ep , and similarly for ?/ls. By Proposition 3.2, 

R(u v)x = _ lim Xt,s - x = _ lim xVi,Vi - x = _ lim c(t) - c(O) 
, t,s->O ts t->O+ t t->O+ t ' 

where c(t) = ?/l-v't 0 ¢-Vi o?/lVi 0 ¢Vi(x). Thus, given J E F(TE), 

z*JxR(u, v)x(f) = _!~ (f 0 c)(t) ~ (f 0 c)(O) = -[0, ifl(x)(f) 

by Theorem 8.3 in Chapter 1. Finally, [U, Vl (p) = 0, so [0, if] (x) is vertical, 
and equals 2Auv. The somewhat annoying factor 1/2 in the definition of A 
comes from the traditional terminology used for Riemannian submersions in 
the next chapter. D 

The following is an immediate consequence: 

COROLLARY 3.1. A connection is fiat iff its curvature tensor vanishes. 

PROPOSITION 3.3. Let V' and '\7 denote two connections on~, w := '\7 - V' E 
Al(M,End~). Then 

R = R + d'V W + [w, w], 
where [w,w] E A2(M,End~) is given by [w,w](U, V) = w(U)w(V) -w(V)w(U), 
U, VEXM. 

PROOF. Given U, V E XM, 

'\7u'\7v X = V'u(V'vX + w(V)X) + w(U)(V'vX + w(V)X) 

= V'uV'vX + V'u(w(V)X) + w(U)(V'vX) + w(U)w(V)X. 
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Thus, 

R(U, V)X = R(U, V)X + Vu(w(V)X) - w(V)(VuX) - Vv(w(U)X) 

+ w(U)(Vv X) - w[U, V]X + [w(U), w(V)]X 
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= R(U, V)X + (Vuw(V) - Vvw(U) - w[U, V])X + [w(U), w(V)]X 

= R(U, V)X + d'V w(U, V)X + [w(U), w(V)]X. 

o 
EXAMPLES AND REMARKS 3.1. (i) Since the standard connection on 7]Rn 

is fiat, its curvature tensor is zero. 
(ii) (Curvature tensor of 7S2) Consider the circle of latitude given by t f-+ 

c(t) = (acost,asint,b) on S2, where 0 < a :::; 1, -1 < b < 1, a2 + b2 = 1. 
Let X = ~c, and t f-+ Y(t) := -bcostDl(C(t)) - b sin tD2(C(t)) + aD3(C(t)) the 
northward-pointing unit vector field along c orthogonal to X. Then the parallel 
vector field E along c with E(O) = coscoX(O) + sincoY(O) is given by 

(3.2) E(t) = cos(co - bt)X(t) + sin(co - bt)Y(t), 

cf. Exercise 88. To see this, recall from Examples and Remarks 2.1 that the 
connection V on 7 S2 satisfies 

where V is the connection on the tangent bundle of Euclidean space, and z : 
S2 ---> ]R3 is inclusion. A straightforward computation yields 

V D(t)z.E = -a cos(co - bt)P 0 c, 

where P is the position vector field n f-+ P(n) := :Tun on ]R3. Since pl.. = 0, E 
is parallel, as claimed. 

Let p = (1,0,0), n = D2(p), and v = D3(P)' We will use Proposition 3.2 to 
compute R( n, v)n: Define a map f from a neighborhood of 0 E ]R2 into S2 by 
f(t,s) = (cosscost,cosssint,sins), so that f(O,O) =p. Then 

. nt t - n 
R( n, v)n = - hm ' 2 ' 

t-->O t 
where nt,t is the parallel translate of n along 

(1) 7 f-+ f(7, 0) from p to f(t, 0), 
(2) CJ f-+ f(t, CJ) from f(t, 0) to f(t, t), 
(3) 7 f-+ f(t - 7, t) from f(t, t) to f(O, t), and 
(4) CJ f-+ f(O, t - CJ) from f(O, t) to p. 

Notice that the curves (1), (2), and (4) are great circles, so that by Examples 
and Remarks 1.1(iii), parallel fields have constant length and make a constant 
angle with the tangent field to the curve. The curve (3) is the circle of latitude 
described above with b = sin t, traveled in the opposite direction. The parallel 
translate of n along the first two curves is then X (t). Parallel translating X (t) 
along curve (3) yields E(O), where E is the parallel field along the circle of 
latitude with E(t) = X(t). By (3.2), E(O) = cosbtX(O) + sinbtY(O). Finally, 
since curve (4) is a great circle, we obtain 

nt,t = (cos bt)n + (sin bt)v = cos(t sin t)n + sin(t sin t)v, 
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and 

() . [COS ( t sin t) - 1] u + sin ( t 8in t) v 
Ru v u = - lun = -v. 

't->o t2 

Since R is skew-symmetric in the first two arguments, R(u,v)v = -R(v,u)v = 
U, and thus, 

(3.3) R(u,v)w = (v,w;u- (u,w;v, wE S;, 
where (,; is the inner product on S; induced by the one on ]R~ and '1*; i.e., 
(u, v; = (z*u, z*v;. Using the fact that u, v in (3.3) form a basis of the tangent 
space of S2 at p, it is easy to check that (3.3) holds for arbitrary u, v E S;. 

If q is another point on S2, choose some A E SO(3) with A(p) = q, and 
replace f by A 0 f in the above discussion. Since A maps great circles to great 
circles and circles of latitude to circles of latitude (possibly around a different 
axis), we conclude that R is given by (3.3) at any point of S2. 

(iii) Let 'V be a connection on a bundle ~ over M, U c M such that 
~Iu is trivial. A section X of ~Iu can then be written as X = (Ie. x), where 
x : U ~ ]Rk. The standard flat connection D on ~Iu is given by 

D u (1u, x) = (1r(u), (x 0 c)'(O)), 

where c is a curve in U with C(O) = u. It follows that 'V = D + A, for some A E 
Al (U, End ~Iu), Since the flat connection has zero curvature, Proposition 3.3 
implies that the curvature tensor R of 'V can be locally written as 

RIU = DA + [A, A]. 

EXERCISE 94. Prove the Bianchi identity: If R is the curvature ten80r of a 
connection 'V, then d'V R = O. 

EXERCISE 95. Let ]\;1 denote an n-dimensional affine subspace of ]Rn+l. 

Compute the curvature tensor of the canonical connection on T M given by 
(2.3). 

4. Connections on Manifolds 

If ]\;1 is a manifold, a connection on M is a connection 'V on the tangent 
bundle of M. Those curves c in M whose tangent field c is parallel along c play 
a key role in the study of 'V. 

DEFINITION 4.1. A curve c in M is said to be a geodesic if 'V DC = O. 

We will see below that the tangent fields of geodesics are integral curves of a 
certain vector field on T M, and therefore enjoy the usual existence, uniqueness, 
and smooth dependence on initial conditions properties. These properties can 
also be shown to hold locally with the help of a chart (U, x): Let Xi = 0/ oxi , 

and define the Christoffel symbols to be the functions f7j E FU given by 

1 :::; i,j, k :::; n. 
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Since C = c*D = Li c*D(Xi)Xi 0 C = Li D(xi 0 C)Xi 0 C = Li(Xi 0 c)' Xi 0 C, 

V'DC = L D(xi 0 c)' Xi 0 C + (xi 0 C)'V'D (Xi 0 c) 

= L(xi 0 c)" Xi 0 C + (Xi 0 c)' L(xj 0 c)'(V' XjXi ) 0 c 
j 

= L(xi 0 c)" Xi 0 C + (Xi 0 c)' L(x j 0 C)'(rJi 0 C)Xk 0 C. 
j,k 

Thus, c is a geodesic iff 

(xk 0 c)" + L(xi 0 c)'(x j 0 c)'r7j 0 c = 0, 
i,j 

1 ::; k ::; n. 
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Existence and uniqueness of geodesics for initial conditions in c and C are then 
guaranteed by classical theorems on differential equations. A connection is said 
to be complete if its geodesics are defined on all of R 

EXAMPLES AND REMARKS 4.l. (i) If M = JRn with the standard flat con
nection, then r~j = 0, and the geodesics are the straight lines t f-+ at + b, a, 
bE lvl. The connection is complete. 

(ii) More generally, let M be a parallelizable manifold, Xl"'" X k E XM a 
parallelization of M. Any X E XM can be written X = Li XiXi , Xi E FM. 
The formula 

UETM, 

defines a connection on A1 such that X E XM is a parallel section of T M iff X 
is a constant linear combination L aiXi, ai E R This can be seen by check
ing axioms (1)~(4) of Theorem 2.l. Alternatively, one can define a horizontal 
distribution H whose value at U = L aiXi(1T(U)) is Hu := X*1C(u)M1C (u) , where 
X := L aiXi E XlV!. Since 1T 0 X = 1M, 1T*Hu = 1T*X*M1C (u) = M1C(U)' Fur
thermore, Hau = (aX)*.I\I1C(U) = ({La 0 X).lv11C (u) = {La*Hu for a E JR, so that H 
is a connection. 

Given p E M, U = L aiXi(p) E Mp , the geodesic c of M with c(O) = U 
is the integral curve of the vector field X := L aiXi passing through p when 
t = 0: Notice that V' x X = 0, so that if, is an integral curve of X, then 

V'D"! = V'D(X 0,) = V'.-yX = (V'xX) 0, = O. 

(iii) In case M is a Lie group G, the connection from (ii) obtained by 
choosing as parallelization a basis of the Lie algebra g is called the left-invariant 
connection of G. It is independent of the chosen basis, because for U E TG, 
Hu = X*1C(U)G 1C (U) , where X is the element of g with X 1C (u) = u. 

The geodesics c with c(O) = e coincide with the Lie group homomorphisms 
c : JR -t G (and in particular the connection is complete): If c : I -t G is an 
integral curve of X with c(O) = e, let s, t be numbers such that s, t, s + t E I. 
Then the curve, defined by ,(t) = c(s)c(t) is an integral curve of X, since 

,,!(t) = Lc(s)*X(c(t)) = X(Lc(s)c(t)) = X(r(t)). 
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But t f---t c(s + t) is also an integral curve of X which coincides with 'Y when 
t = 0, so that c( s + t) = c( s ) c( t). A similar argument shows that if c : I ---- G is 
a maximal integral curve of X, then s + tEl whenever s, tEl. In particular, 
I=R 

Conversely, suppose c : JR ---- G is a homomorphism, and let X be the left
invariant vector field with X(e) = C(O). If to E JR, and'Y is the curve given by 
'Y(t) = c(to + t) = c(to)c(t), then as above, 

c(to) = 1'(0) = Lc(to)*c(O) = Lc(to)*X(e) = X(c(to)), 

so that c is an integral curve of X. 
The curvature tensor of a left-invariant connection on a Lie group is zero, 

since the connection is flat. 
(iv) (Geodesics on sn) Let p, q E sn, p ..1 q. Then the great circle t f---t 

c(t) = (cos t)p+ (sin t)q is a geodesic: In fact, c(t) = Jc(t)C' (t) = -(sin t)Jc(t)P+ 
(cost)Jc(t)q, and t f---t Jc(t)P is parallel along c for the connection '\7 on JRn+1. 
Thus, 

'\7 D(t)C = - (cos t)Jc(t)q - (sin t)Jc(t)q = -Po c(t), 

where P is the position vector field, and z* V DC = ('\7 DC)l. = O. Since z*pS; = 
Jp(Pl.), this describes, up to reparametrization, all geodesics passing through 
p at t = 0, cf. Exercise 96. 

DEFINITION 4.2. A vector field S on T M is called a spray on M if 

(1) 7r* 0 s = 1TM , and 
(2) So /La = a/La*S, for a E R 

By Theorem 7.5 in Chapter 1, the maximal flow cI> : W ---- T M of S is 
defined on an open set W c JR x T M containing 0 x T M, and if cI>v : Iv ---- T M 
denotes the maximal integral curve of S with cI>v(O) = v, then cI>v(t) = cI>(t, v). 

Let T M denote the open subset of T M consisting of all v such that 1 E Iv, 
and define the exponential map exp : T M ---- M of the spray S by 

( 4.1) exp( v) := 7r 0 cI>(1, v). 

For p EM, expp will denote the restriction of exp to Mp := TM n Mp. 

THEOREM 4.1. Let S be a spray on Mn with exponential map exp : TM ----
M. Then for any p EM, 

(1) Mp is a star-shaped neighborhood of 0 E Mp: Ifv E M p, then tv E Mp 
for 0 ~ t ~ 1, and exp(tv) = 7r 0 cI>v(t). 

(2) expp has rank n at 0 E Mp , and therefore maps a neighborhood of 0 
in Mp diffeomorphically onto a neighborhood of p in M. 

(3) (7r,exp) : TM ---- M x M has rank 2n at 0 E M p, and therefore maps 
a neighborhood of 0 in T M diffeomorphically onto a neighborhood of 
(p, p) in M x M. If s : M ---- T M denotes the zero section of T M, then 
there exists a neigborhood U of s( M) in T M such that (7r, exp) maps U 
diffeomorphically onto a neighborhood of the diagonal {( q, q) I q E M} 
in M x M. 
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PROOF. Notice first that if v E TM, and S E JR, then the curve "ljJ := 

/-Ls 0 <I> v 0 /-Ls : ~ Iv -+ T M is an integral curve of S. Indeed, 

~(t) = /-Ls*<I>v*/-Ls*D(t) = S/-Ls*<I>v*D(st) = S/-Ls*S(<I>v(st)) = So /-Ls 0 <I>v 0/-Ls(t) 

= So "ljJ(t). 

But "ljJ(0) = s<I>v(O) = sv = <I>sv(O), and by uniqueness of integral curves, 

<I>sv(t) = "ljJ(t) = s<I>v(st) for st E Iv. Now if v E Mp, then s· 1 E Iv for any 
s E [0,1], and <I>sv(1) = s<I>v(s). Thus, 

exp(sv) = 7r 0 <I>sv(l) = 7r 0 /-Ls 0 <I>v(s) = 7r 0 <I> v (s), 

which establishes (1). 
For (2), let c(t) = expp(tv). Then, by (1), 

(4.2) 

and expp* is an isomorphism at 0 E A1p. 
In order to prove (3), consider a chart (U, x) of M around p, and the 

associated chart (7r- 1(U),x) of TM from Proposition 4.2 in Chapter 1. If 
y := x X x, then (U x U, y) is a chart of M x M around (p,p), and 

a 2n a. a 
(7r, exp) * axk (0) = L axk (O)(y' 0 (7r, exp)) ayi (p,p). 

i=1 

But for i :::; n, yi 0 (7r, exp) = Xi 0 7r = xi, and yn+i 0 (7r, exp) = xi 0 expo Thus, 
for k :::; n, 

(4.3) 

( 4.4) 
a n a . a 

(7r, exp)* axn+k (0) = L axn+k (O)(x' 0 exp) ayn+i (p,p). 
i=1 

The right side of (4.4) can be rewritten as follows: Notice that exp* a / axn+k (0) = 

a / axk (p); Indeed, if z Mp '---t T M is inclusion, and Ck is the curve t 1--+ 

t8/axk(p) in Mp, then 

2n . a a 
(z 0 ck)*D(O) = L D(O)(xJ 0 Z 0 Ck) aXj (0) = aXn+k (0), 

j=1 

since xj 0 z 0 Ck = xj(p), and xn+j 0 Z 0 Ck(t) = tdxj(p)a/axk(p) for j :::; n. But 
we also have (z 0 ck)*D(O) = z*.1oa/axk(p), so that 

a a a a 
exp* axn+k (0) = exp* z*.1o axk (p) = expp*.1o axk (0) = axk (p) 

by (4.2), as claimed. On the other hand, 

a n a .' a 
exp* axn+k (0) = L axn+k (x' 0 exp) axi (p), 

i=1 
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and comparing with the previous expression, we deduce that (a / axn+k)(O)(xi 0 

exp) = 6ik. Substituting in (4.4) yields 

a a 
(4.5) (1T, exp)* axn+k (0) = ayn+k (p, p). 

By (4.3) and (4.5). the matrix of (1T.exp)*o with respect to the bases {a/ax i } 

and {a / ayj} is 

C: ~), 
where In denotes the n x n identity matrix. This matrix has rank 2n. The last 
statement of (3) then follows from Lemma 1.1 in Chapter 3. D 

THEOREM 4.2. Let \7 be a connection on M with connection map '"". Then 
there exists a unique horizontal spmy S on 111; i. e., '"" 0 S = s 0 1T, where s 
denotes the zero section of T 111. A curve c : I --+ !vI is a geodesic iff there exists 
an integml curve c : I --+ T M of S for which c = 1T 0 c. In this case, C = c. S 
is called the geodesic spray of 111. 

PROOF. S is a horizontal spray iff 

(1) 1T*S(V) = v, v E TM, 
(2) ,",,(S(v)) = 0 E Mrr(v) , and 
(3) S(av) = af..La*S(v), a E R 

The first two conditions determine S uniquely, since by Proposition 2.1, (1T*, '"") : 
TT 111 --+ T.M EEl T Al is a bundle map covering 1T : T 111 --+ 111. So let S (v) = 
(1T*,,",,)-l(v,S01T(V)), where s denotes the zero section ofTM. Then S satisfies 
(1) and (2). and is a differentiable vector field on TM, being a composition 
(1T*, ,",,)-1 0 (lrM,s 0 1T) of differentiable maps. In order to establish (3), it 
suffices to show that 

(4.6) 

and 

(4.7) 

But 1T 0 f..La = 1T, so that 

1T*(af..La*S(v)) = a1T*f..La*S(v) = a1T*S(v) = av = 1T*S(av), 

which proves (4.6). For (4.7), observe that ,""S(av) = 0 because S is horizontal. 
On the other hand. Lemma 2.1 implies that 

,",,(af..La*S(v)) = a(,"" 0 f..La*)S(v) = a(f..La 0 K)S(V) = O. 

D 

EXAMPLES AND REfvIARKS 4.2. (i) It follows from Theorems 4.1 and 4.2 
that for v E M p , the geodesic c with c(O) = p and C(O) = v is given by c(t) = 
expp(tv). 

(ii) On ~n, expp v = p + Jp- 1v, V E ~;. 
(iii) On sn, if v E S; has norm 1, then expp (1Tv) = -p by Examples and 

Remarks 4.1(iv). Thus, exp is not, in general, one-to-one. 
(iv) The terminology for the exponential map is derived from the classical 

exponential map on the space M n .n of n x n matrices. The Lie group G = 
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GL(n) is an open subset of Mn,n, so that there is a canonical identification 
JB : Mn,n ---t GB for BEG. The left-invariant vector field X with X(e) = JeA 
is given by X(B) = JB(BA); this follows from Examples and Remarks 4.1(iv) in 
Chapter 1, together with the fact that LB : Mn,n ---t l'vln,n, where LB(C) = BC, 
is a linear map. Define 

00 An 
eA '- '"' '-~-,' n. 

n=O 

Then the curve t f-t c(t) = etA has derivative c'(t) = c(t)A, and c(t) = 
Jc(t)(c(t)A) = X 0 c(t). c is therefore an integral curve of X, and by Ex
amples and Remarks 4.1(iii), c is a geodesic of the left-invariant connection on 
G. Thus, exp(tJeA ) = etA. 

More generally, the exponential map exp : 9 ---t G of a Lie group G is given 
by exp(X) := c(I), where c is the integral curve of X with c(O) = e. It follows 
that c(t) = exp(tX) for all t E JR, so that exp = eXPe: Given a E JR, the 
curve ¢ : s f-t c(as) is a I-parameter subgroup of G with 4>(0) = aX(e), and 
¢ is therefore the integral curve of aX passing through e when t = O. Thus, 
c(a) = ¢(1) = exp(aX). 

EXERCISE 96. Prove that if c is a geodesic, then so is any affine reparametriza
tion t f-t c(at + b) for a, bE R 

EXERCISE 97. Let M = JR \ {O} = GL(I), with its left-invariant connection. 
Determine \7 D D. 

EXERCISE 98. Show that two connections \7 and ~ on M have the same 
geodesics iff the connection difference I-form w = \7 - ~ is skew-symmetric: 
i.e., w(u)u = 0, u E TM. 

EXERCISE 99. Prove that if M is n-dimensional with tangent bundle 7r : 

T M ---t M, then 7r * : TT M ---t T M admits a rank 2n vector bundle structure. 
Notice that the fibers of 7r* do not coincide with those of T(TM), even though 
both bundles share the same total and base spaces. 

5. Connections on Principal Bundles 

Although the approach followed here has been to study connections on 
vector bundles, many authors prefer to do so on principal bundles. This is 
essentially a matter of taste, and in this section, we show how to go from one 
to the other and back. 

Let ~ = 7r : E ---t M be a vector bundle over M, Fr(~) = 7rp : P ---t M 
its frame bundle; i.e., the associated principal GL(n)-bundle over M. If 1{ 

is a connection on ~, there is a natural way of transferring it to the frame 
bundle: An element b E P is a basis U1, ... , Un of the fiber E"p(b) of ~; 
equivalently b : JRn ---t E"p(b) is an isomorphism, where Ui = b(ei)' Given 
a curve c : [0, a] ---t M with c(O) = 7rp(b), consider the parallel sections Ui 

of ~ along c with Ui(O) = Ui. Then "( : [0, a] ---t P, where "((t) is the basis 
U1(t), ... , Un(t), is a section of Fr(~) along c, and it seems reasonable to say 
that "( is the parallel section along c with "((0) = b. Furthermore, "( enables us 
to recover all parallel sections of f along c: If U = I:i aiui E E"p(b), then the 
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parallel section U along c with U(O) = u is just U = L aiUi = p(;;. a). where 
p: P x lFtll -> E = P XG1(,,) ]R;n is the projection, and a = (a], ... ,an) E lFtn. 
However. X can also be written as p(;g.g-]a) for any 9 E GL(n). so if this 
definition is to make sense, we must require that ,g be parallel whenever, is. 
In other words, if 1(t) is horizontal. then so is R*g1(t) for any 9 E GL(n) (here, 
Rg is the principal bundle equivalence given by Rg(b) = bg). 

DEFINITION 5.1. A connection on a principal G-bundle 1f : P -> 1\1 is a 
distribution H on P such that: 

( 1) T P = kel'1f * ED H. 
(2) R g* H = H 0 Rg for all 9 E G. 

As in the vector bundle case, the splitting in (1) determines a decomposition 
u = U V + u h E ker 1f * @ H of any u E T P as a sum of a vertical and a horizontal 
vector. 

By the above definition, any connection H on a vector bundle ~ determines 
a connection H = {71 E TP I p*(u,O) E H} on the principal GL(n)-bundle 
Fr(O: If 1fE denotes the vector bundle projection, and 1f1 : P x lFt" -> P 
the projection onto the first factor, then 1f 0 1f] = 1fE 0 p. Since 1fE*IH is 

onto, 1f*H = 1f*1fh(H x 0) = 1fE*p*(H x 0) = 1fE*(H) = TM, so that H is 
complementary to ker 1f *. Furthermore, if , is a basis of parallel fields along 
a curve in ~M and 9 E GL(n), then each element of ,g is a constant linear 
combination of the fields in " and is therefore parallel. Thus, H is invariant 
under R g . 

Conversely, given a principal GL(n)-bundle P -> M and a connection H on 
the bundle, we obtain a connection on the vector bundle ~ : E = P X GL(n) lFt" -> 

M by requiring that p(r, u) be parallel along c whenever, is parallel along c 
and u E lFt"; i.e., we claim that H := p*(H x 0) is a connection on~: Clearly, 
H + V~ = T E. To see that H is invariant under multiplication P,a by a E lFt, 
recall that the map po (Rq X 1JR!.n) on P x lFt" equals po (lp x g). Thus, 

Hap(b,u) = Hp(b,au) = Hp(baln.u) = p*(Hbaln X Ou) 

= p* 0 (RaIn X 1JR!.n)*(Hb X 0,,) = P* 0 (lp x aI,,)*(Hb x O,J. 

But po (lp x aIn) = fJa 0 p, so that 

Hap(b.u) = p'a* 0 P*(Hb x Ou) = P,a*Hp(b.,,) 

as claimed. 
For b E P, the map h : G -> P given by Ib(g) = Rg(b) = bg is an imbedding 

onto the fiber of P through b by Lemma 10.1 in Chapter 5. If U E g, the 
fundamental vector field U E XP determined by U is defined by 

bE P. 

In analogy with thE~ vector bundle case, define the horizontal lift of X E XM 
to be the unique horizontal X E XP that is 1f-related to X. Such an X is said 
to be basic. 

PROPOSITION 5.1. The map ?jJ : 9 -> XP 11Jhich assigns to U E 9 the 
fundamental vector field U determined by U is a Lie algebra homomorphism. 
Furthermore, [U, Xl is horizontal if X is, and is zero if X is basic. 
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PROOF. 'ljJ is by definition linear. To see that it is a homomorphism, notice 
first of all that the flow of U is Rexp(tU): In fact, if,/ is the curve t f-+ exp( tU) 
in G and c(t) = Rexp(tU) (b) = lb 0 ,/(t), then 

c(t) = lb* 0 --y(t) = Ib*Uexp(tU) = lb* 0 L(exptU)*U(e) = lbexp(tU)*U(e) = U 0 c(t). 

Thus, by definition of the Lie bracket, 

- - 1 
[U, V](b) = :~ t(Rexp(-tU)*lbexp(tU)* V(e) -lb* V(e)). 

If Ta denotes conjugation by a in G, then 

Rexp(-tU) 0 lbexp(tU) (g) = bexp(tU)gexp( -tU) = lb 0 Texp(tU) (g). 

By Example 8.1(iii) in Chapter 1, 

- - 1 
[U, V](b) = lb* lim -(Adexp(tU) V(e) - V(e)), 

t-->O t 

and it remains to show that the latter limit is [U, V] (e). But if R now denotes 
right translation in G, then 

1 1 
lim -(Adexp(tU) V(e) - V(e)) = lim -(Rexp(-tU)* 0 Lexp(tU)* V(e) - V(e)) 
t-->O t t-->O t 

. 1 
= hm -(Rexp(-tU)* 0 V 0 Rexp(tU) (e) - V(e)) 

t-->O t 
= [U, V](e), 

since U has flow Rexp(tU) and V is left-invariant. This shows that 'ljJ is a Lie al
gebra homomorphism. At this stage, it is worth noting that the above argument 
establishes the following: 

OBSERVATION. Denote by ad : 9 -+ g((g) the derivative at the identity of 
Ad: G -+ GL(g); i.e., for U E g, adu = Ad*e U. Then adu V = [U, V]. 

We now proceed to the second part of the proposition: If X is horizontal, 
then as above, 

- 1 
[U, X](b) = lim -(Rexp(-tU)* 0 X 0 Rexp(tU) (b) - X(b)) 

t-->O t 

is horizontal, since H is invariant under Rg . Finally, if X is basic and Jr-related 
to X E XIY!, then Jr* [U, X] = [0, X] 0 Jr = 0, since vertical fields are Jr-related 
to the zero field on AI. Thus, the horizontal component of [U, X], and by the 
above, [U, X] itself, must vanish. 0 

We next discuss an analogue for principal bundles of the connection map 
K, : T E -+ E for vector bundles: Recall that K, essentially picked out the vertical 
component U V of u E T E. Since U V E ker Jr*, it can be identified with an element 
K,( v) of E. A similar property holds for principal bundles: If u E np is vertical, 
that is, u E ker Jr *, then it is tangent to the orbit of b which is diffeomorphic 
to G, and hence parallelizable. In other words, there exists a unique U E 9 
with U (b) = u, so we may define K,( u) = U. It is customary to use the letter w 
instead: 
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DEFINITION 5.2. The connection form w of a connection on a principal 
G-bundle P ----} .1'.1 is the g-valued I-form given by 

(Strictly speaking, wEAl (P, T)), where r} denotes the trivial bundle over P with 
total space P x g.) 

PROPOSITION 5.2. The connection form w of a connection H satisfies 

(1) WIH == 0, h* oWlkef1r* = 1ker7r*' 

(2) R~w = Adg-I OW, 9 E G. 

Conversely, if w is a g-valued i-form on P satisfying the first part of (i) and 
part (2), then kerw is a connection on P ----} 11,1. 

PROOF. Part (1) is immediate from Definition 5.2. It suffices to verify (2) 
for a vertical vector u E kenT*b, since both sides vanish when applied to a 
horizontal one. Now, by (1), 

(R;w)(b)(u) = (w ° Rg)(b)Rg*'u = Z-bg~Rg*u = l/;g~Rg*lb*WU. 

Notice that Rg ° h = lbg ° L g-l ° Rg, where the Rg on the right side is right 
translation by 9 in G, so that l/;gl ° Rg ° lb = Lg-I ° Rg is conjugation by g-l. 

The derivative of the latter at e is Adg -l, which establishes (2). 
For the converse, (1) implies that TP = kerwEBker7r*, whereas (2) ensures 

that Rg * kerw C kerw (and hence Rg * kerw = kerw) for all g E G. Thus, kerw 
is a connection. 0 

Just as in Section 3, the assignment (X, Y) f--+ [X, y]V is tensorial for hor
izontal vector fields X, Y on P. The following definition should be compared 
with Theorem 3.2. 

DEFINITION 5.3. The curvature form 0 of a connection H is the g-valued 
2-form on P defined by 

O(b)(x, y) = -w[X, y]V(b), 

where X, Yare horizontal vector fields on P with X(b) = x, Y(b) = y. 

Here again, 0 is actually a form on P with values in the trivial bundle 
T) : Pxg ----} P, and we identify a E A(P, T)) with 7r2oa : XPx··· xXP ----} g, where 
7r2 : P x 9 ----} 9 is projection. In what follows, we consider the trivial connection 
on T); for example, any a E Ao (P, T)) can be written as 7r2 ° a = L P Xi with 
r E FP and Xi E g. The exterior covariant derivative operator is then given 
by da(x) = Lx(fi)Xi' 

THEOREM 5.1 (Cartan's Structure Equation). If wand 0 denote the con
nection and curvature forms respectively of a connection on a principal G-bundle 
P ----} 11,1, then 

0= dw + [wow]. 

PROOF. Consider X, Y E X1\1 with basic lifts X, Y, and U, V E 9 with 
fundamental vector fields f), V. Since both sides of the above equation are 
tensorial, it suffices to check its validity for various combinations of the above 
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fields, keeping in mind that (a) wU and wV are the constant functions U, 
V E Ao(P, 17), and (b) wX = wY = o. Now, 

dw(U, V) + [wU,wV] = U(wV) - V(wU) - w[U, V] + [wU,wV] -----= -w[U, V] + [U, V] = 0 = O(U, V), 
whereas 

dW(U, X) + [wU, wX] = -X(wU) - w[U, X] = 0 = O(U, X) 

since [U, X] = 0 by Proposition 5.1. Finally, 

dW(X, Y) + [wX,wY] = -w[X, Y] = O(X, Y). 

o 
THEOREM 5.2 (Bianchi's Identity). If 0 denotes the curvature form of a 

connection 'Ii on a principal bundle P --+ M, then dOI'H = O. 

PROOF. Since the connection on 17 is the trivial one, differentiating the 
structure equation yields dO = d[w, w]. But w vanishes on 'Ii, and therefore so 
does d[w,w]. 0 

Consider a rank n vector bundle ~ : E --+ M with covariant derivative \7 
and curvature tensor R, and its frame bundle Fr(~) = 1f : P --+ M together with 
the associated connection form wand curvature form O. We wish to describe 
the relationship between \7 and w, and between Rand O. 

Consider a curve c : I --+ M, 0 E I, and a section , = (Xl, ... , X n) of 
Fr(~) along c. If P : P x jRn --+ E = P XCL(n) jRn denotes the projection, then 
for any a = (a1, ... ,an ) E jRn, X:= b,a] = ph,a) is a section of ~ along c. 
Conversely, given a section X along c, there exists a section, of Fr(~) along 
c and a E jRn such that X = b, a]. Let lO = (E1 , ... , En) denote the parallel 
section of Fr(~) along c with lO(O) = ,(0), and 9 the curve 9 : I --+ GL(n) 
satisfying, = 109, so that X = Lj ajXj = Li,j ajgijEi . We have 

(5.1) (\7DX)(O) = Lajg~j(O)Ei(O) = p(lO(O),g'(O)a) = ph(0),Je- 1g(0)a). 
i,j 

For simplicity of notation, identify the tangent space of G L( n) at g(O) = In with 
the space Mn,n of n x n matrices via J e- 1 , and write \7 D(O)X = b(O), g(O)a]. 
Now, , = 109 = f..L(lO,g), where f..L : P x G --+ P denotes the action of G on P. 
Thus, 

-y(0) = f..L* (£(0), g(O)) = f..L* (£(0),0) + f..L* (0, g(O)) = Rg(o)*£(O) + l«o)*g(O) 

= £(0) + l«o)*g(O), 

and applying w to both sides, we obtain w-y(O) = g(O). Substituting in (5.1) 
then yields \7 DX(O) = ph(O), w(-y(O))a). We therefore have the following: 

PROPOSITION 5.3. Let, be a section of Fr(~) along a curve c. Then for 
a E jRn, \7Db, a] = b, (w-Y)a]. 

PROPOSITION 5.4. GivenbEP, andx,yETbP, thematrixofR(1f*x,1f*y) E 
O(E7r(b)) with respect to the basis b is O(b)(x, y). 
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PROOF. It must be shown that R(7r*x, 7r*y)[b, u] = [b, f2(b)(x, y)u] for u E 
IRn. Both sides of the equation vanish if x or yare vertical, so we may assume 
the vectors are horizontal. Extending 7r*X and 7r*y locally to vector fields on 
M, denote by X, Y (respectively X, Y) their horizontal lifts to E (respectively 
P). Let z:= p(b,u) = [b,u]. The map Pu: P ----7 E, Pu(p) = p(p,u), is a section 
of ~ along 7r : P ----7 M. Since horizontal lifts are unique, X, Yare pu-related to 
X, Y. Now, by Theorem 3.2, R(7r*x, 7r*y)z = -K[X, Y](z). Thus, 

R(7r*x, 7r*y)z = -K[X, Y] 0 Pu(b) = -Kpu*[X, Y](b) = -V[X,Y](b)PU' 

where V is the covariant derivative operator along 7r. If c is a curve in P with 
C(O) = [X, Y](b), then by Proposition 5.3, 

V[X,Y](b)PU = V c(O)Pu = V D(O)(Pu 0 c) = [b, (wc(O))u] = [b, (w[X, Y](b))u] 

= -[b, f2(b)(x, y)u], 

thereby completing the argument. o 

EXERCISE 100. Use Theorem 5.2 to prove the Bianchi identity d'V R = 0 
for vector bundles. 

EXERCISE 101. Show ~ a fundamental vector field U on P associated to 
U E 9 satisfies Rg*U = Adg-l U 0 Rg for g E G. 

EXERCISE 102. Let H be a subgroup of G, and Q ----7 M a principal H
subbundle of a principal G-bundle P ----7 M. Suppose that 9 admits a decompo
sition 9 = f) + m, where f) is a subspace invariant under the adjoint action of H; 
i.e., Adh me m for all h E H. Denote by p : 9 ----7 f) the projection induced by 
this decomposition. Show that if 1{ is a connection on P ----7 M with connection 
form w, then ker(z*pw) is a connection on Q ----7 M (here z : Q '---+ P denotes 
inclusion). 



CHAPTER 5 

Metric Structures 

1. Euclidean Bundles and Riemannian Manifolds 

A Euclidean bundle is a vector bundle together with a Euclidean metric g. 
Recall from Definition 4.2 in Chapter 2 that a Euclidean metric on the tangent 
bundle of a manifold is called a Riemannian metric. A Riemannian manifold 
is a differentiable manifold together with a Riemannian metric. We will often 
write (u,v) instead of g(u,v), and lui for (u,u)1/2. Maps that preserve metric 
stuctures are of fundamental importance in Riemannian geometry: 

DEFINITION 1.1. Let (';i, (, )i), i = 1,2, be Euclidean bundles over lVIi . A 
map h : E(6) -+ E(6) is said to be isometric if 

(1) h maps each fiber 7f1l (pd linearly into a fiber 7fil(P2), for Pi E M i ; 
and 

(2) (hu, hV)2 = (u, vh for u, v E 7f1l (p), P E MI' 

Given Riemannian manifolds (lVfi , gi), a map f : Ml -+ M2 is said to be iso
metric if f* : T Ml -+ T lVf2 is isometric. An isometric diffeomorphism is called 
an isometry. 

EXAMPLES AND REMARKS 1.1. (i) A parallelization Xl, ... ,Xn of Mn 
induces a Riemannian metric on M by defining (Xi,Xj) = 6ij. The canonical 
metric on 1Ftn is the one induced by the parallelization D l , ... ,Dn. 

(ii) A left-invariont metric on a Lie group C is one induced by a paral
lelization consisting of left-invariant vector fields; alternatively, it is a metric 
for which each left translation Lg : C -+ C is an isometry. Such metrics are 
therefore in bijective correspondence with inner products on C e . When in ad
dition, each right translation Rg : C -+ C is an isometry, the metric is called 
bi-invariant. In general, bi-invariant metrics are in bijective correspondence 
with inner products on C e ~ 9 which are Ad-invariant: If (,) is a left-invariant 
metric on C, then for X, Y E g, 

Thus, a left-invariant metric on C is right-invariant iff the induced inner product 
on C e is Ad-invariant. 

It follows for example that any compact Lie group admits a bi-invariant 
metric: Fix an inner product (,)0 on g, and define for X, Y E g, 

(X, Y):= fof' f(g) := (Adg X, Adg Y)o. 

131 



132 S. METRIC STRUCTURES 

(. I is clearly an inner product, and for a E G, 

(Ada X, Ada Y) = 1 foRa = 1 f = (X, YI· 
G G 

(iii) A Riemannian metric on a homogeneous space !vI = G / H is said to be 
G-invariant if 

lLg : M --+ M. 

aH 1-+ gaH 

is an isometry for every g E G. Notice that if 'if : G --+ Al is the projection, 
then lLg o 'if = 'if 0 L g . If g = h E H, then lLh o 'if = 'if 0 lLh 0 Rh-" so that 

(1.1 ) 

This implies that the G-invariant metrics on !vI are in bijective correspondence 
with the inner products on g/~ which are AdH-invariant (and in particular, 
any bi-invariant metric on G induces a G-invariant metric on AI): In fact, 
'if. e : g/~ --+ !vIp is an isomorphism (here p = 'if(e)), and for each II E H, 
Adh induces a map Adh : g/~ --+ g/~, since Adh(~) C ~. Thus, by (1.1), a 
G-invariant metric on M induces via 'if. e an AdH-invariant inner product on 
g/~. 

Conversely, any such inner product defines one on Mp by requiring 'if. to 
be a linear isometry. By (1.1), the latter is invariant under each lLh*p' It may 
then be extended to all of M by setting (lLg* u, lLg* v I = (u, v I. 

(iv) Although the group of diffeomorphisms of a manifold is not, in gen
eral, a Lie group, Myers and Steenrod have shown that the isometry group of 
a Riemannian manifold with the compact-open topology admits a Lie group 
structure. 

(v) Let c: [a, b] --+ M be a differentiable curve on a Riemannian manifold 
M. Since the function lei: [a, b] --+ lR is continuous, we may define the length 

of c to be L(c) := J: 14 If f : M --+ N is an isometry, then L(J 0 c) = L(c). 
(vi) Suppose ~i = 'ifi : (Ei' (, Ii) --+ Mi are Euclidean vector bundles, i = 

1,2. The product metric on 6 x 6 is defined by 

((u],vd, (U2,V2)/:= (Ul,VIII + (U2,V2/2. 

When ~i is the tangent bundle T Mi of M i , it is called the Riemannian prod
uct metric on Ml x !vh (after identifying the tangent space of AI] x !vh at 
(ml' m2) with (!vIdml x (M2)m2 via (Ph,P2.), where Pi : All x Ivh --+ Ali is 
the projection). Similarly, the tensor product metric on 6 06 is given by 

(Ul 0 U2, VI 0 v21 := (Ul, VIII' (U2. V2/2, 

on decomposable elements. 
If M = Ivh = M 2 , the Whitney sum metric on 6 EB 6 is the Euclidean 

metric for which 'if2 : E(6 EB 6) --+ El x E2 becomes isometric. 
(vii) Since a Euclidean metric is a nonsingular pairing of E = E(~) with 

itself (cf. Section 10 in Chapter 1), there are induced equivalences 

II : E --+ E*, ~ : E* --+ E, 
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where ul>(v) = (u, v), and aU is the unique element of E satisfying (aU, v) = a(v) 
for all vEE. The Euclidean metric on the dual C is that metric for which the 
above musical equivalences become isometric. 

If ~i are Euclidean vector bundles over M, the Euclidean metric on the 
bundle Hom(6, 6) is the metric for which the equivalence ~iQ96 ~ Hom(6, 6) 
becomes isometric. 

(viii) The Euclidean metric on Ak(~) is the one given on decomposable 
elements by (Ul 1\ ... 1\ Uk, VI 1\ ... Vk) = det((ui, Vj)). 

EXERCISE 103. Show that f : ]Rn --+ ]Rn is an isometry (with respect to 
the canonical metric) iff there exist some A E O(n) and b E ]Rn such that 
f(a) = Aa + b for all a E ]Rn. 

EXERCISE 104. The length function of a curve c : J = [a, b] --+ M in a 
Riemannian manifold M is given by lc(t) = L(cl[a,tJ), a ~ t ~ b. If ¢ : 1--+ J is 
a differentiable monotone function onto J, the curve co ¢ : I --+ M is called a 
repammetrization of c. 

(a) Show that lcoq, = lc 0 ¢ if ¢' 2:: 0, and lcoq, = L(c) -lc 0 ¢ if ¢' ~ O. In 
particular, the length of a curve is invariant under reparametrization. 

(b) Suppose that c is a regular curve; i.e., c(t) =I- 0 for all t. Prove that c 
may be reparametrized by arc-length, meaning there exists a reparametrization 
c of c with le(t) = t - a. 

EXERCISE 105. Let ~i be Euclidean vector bundles over M, i = 1,2, and 
suppose L : E(6)p --+ E(6)p E Hom(6,6). Show that ILI2 = Li ILvi12, 
where {vd denotes an orthonormal basis of E(6)p. 

2. Riemannian Connections 

Recall from Examples and Remarks 2.1(vi) in Chapter 4 that a connection 
on a Euclidean vector bundle (~, (,)) is called Riemannian if the metric (,) is 
parallel; i.e., if 

(2.1) u(X, Y) = (V'uX, y(/T(u))) + (X(/T(u)) , V'u Y ), 

for all u E TM, and X, Y E r~. In this section, we discuss further properties 
of Riemannian connections, and the extent to which these are preserved under 
isometric maps. 

LEMMA 2.1. Let V' denote a Riemannian connection on ~, f : N --+ M, 
and X, Y sections of ~ along f. Then for U E N p , u(X, Y) = (V'uX, Y(p)) + 
(X(p), V'uY). 

PROOF. Let Ui be linearly independent sections of ~ on a neighborhood of 
f (p). Then locally, X = L Xi Ui 0 f and Y = L yi Ui 0 f for functions Xi, yi 
defined on a neighborhood of p. Thus, 

u(X, Y) = U (LXiUi 0 f, Lyjuj 0 f \ = U L:Xiyj(Ui, Uj ) 0 f 
t J / t,J 

= L U(Xiyj)(Ui' Uj ) 0 f(p) + L(Xiyj)(p)u( (Ui , Uj ) 0 f). 
i,j i,j 
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The second summation may be rewritten as 

i,j i,j 

i,j 

+ (Ui 0 f(p), 'V f.uUj» 

= ~)Xiyj)(p)( ('V u(Ui 01), Uj 0 f(p» 
i,j 

+ (Ui 0 f(p), 'Vu(Uj 0 f»)· 

On the other hand, 

('luX, yep»~ + (X(p), 'V uY) = \'V u (2: XiUi 0 f) ,2:Yj (p)Uj 0 f(p») 

+ \2: Xi (p)Ui 0 f(p), 'Vu (2:yjUj 0 f)) 

= 2:(UXi)yj(p) (Ui , Uj ) 0 f(p) 
i,j 

+ (Xiyj)(p) ('Vu(Ui o1),uj of(p» 

+ Xi(p)(uyj)(Ui, Uj ) 0 f(p) 

+ Xiyj (p)(Ui 0 f(p), 'V u(Uj 01), 

and therefore equals the expression for u(X, Y). D 

THEOREM 2.1. A connection 'V on a Euclidean vector bundle,; : E -t M 
is Riemannian iff for any curve c in M and parallel sections X, Y of'; along 
c, the function (X, Y) is constant. 

PROOF. If the connection is Riemannian and X, Yare parallel along c, 
then by Lemma 2.1, 

D(X, Y) = ('V DX, Y) + (X, 'V DY) = O. 

Conversely, suppose u E TM, X, Y E f';. Consider a curve c : I -t M 
with c(O) = p, c(O) = u, and let U1 , ... , Uk denote parallel sections of ~ along 
c such that U1 (t), ... , Uk(t) is an orthonormal basis of Ec(t) for tEl. If 
Xi := (X 0 c, Ui), yj := (Y 0 c, Uj ), then 

('luX, yep»~ = ('Vc(O)X' yep»~ = ('V D(O)(X 0 c), yep»~ 

= (2: Xil(O)Ui(O), 2: yj (O)Uj (O) \ = 2: Xil(O)yi(O). 
• J I, 

Similarly, (X(p), 'V uY) = 2:i Xi(O)yil(O). Thus, 

u(X, Y) = ((X, Y) 0 C)'(O) = 2:(Xiyi)/(O) = ('luX, yep»~ + (X(p), 'VuY), 

and the connection is Riemannian. D 

In particular, the holonomy group of a Riemannian connection is a subgroup 
of the orthogonal group. 
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PROPOSITION 2.1. Any Euclidean vector bundle admits a Riemannian con
nection. 

PROOF. Any trivial Euclidean bundle ~ admits a Riemannian connection: 
If Xl' ... ' X k is an orthonormal parallelization of ~ and u E E(~), define a 
section Xu:= L(u,Xi (7f(u)))Xi of~, and set 1iu := X"!:M7r (u). Then a section 
of ~ will be parallel iff it is a constant linear combination of Xl, ... , X k, so that 
1i is Riemannian. 

In the general case, recall that in the proof of Theorem 1.1 in Chapter 
4, we constructed a connection on an arbitrary bundle ~ by piecing together 
connections 1ia on ~Iu", where {Ua} is a locally finite cover of the base such 
that ~Iu" is trivial. We claim that when each 1ia is Riemannian, then the 
resulting connection 1i on ~ also has that property: In fact, if V is the covariant 
derivative operator of 1i, then by Examples and Remarks 2.1 in Chapter 4, 
V = La ¢a va, where {¢"'} is a partition of unity subordinate to the cover, 
and V'" is the covariant derivative of 1i'" extended to be zero outside U ",. To see 
this, write u'" for the 1i"'-component of u E T E and u h for its 1i-component. 
Then 

X*u = Jx V~X + (X*u)'" 
for any a with 7f(x) E U",. Thus, 

X*u = L ¢",(7f(x))X*u = L ¢",(7f(x))(Jx V~X + (X*u)"') 

= Jx (~¢"'(7f(X))V~X ) + (X*u)h. 

But X*u also equals JxVuX + (X*u)h, and the claim follows. Since each va 
is Riemannian, so is V. D 

PROPOSITION 2.2. If R denotes the curvature tensor of a Riemannian con
nection V on ~, then 

(R(U, V)X, Y) = -(R(U, V)Y, X), U, V E XM, X, Y E r~. 

PROOF. Given u,v E Mp , R(u,v) belongs to the Lie algebra of the ho
lonomy group at p by Proposition 3.2 in Chapter 4. Since the connection is 
Riemannian, the holonomy group is a subgroup of the orthogonal group O(Ep), 
so that R( u, v) is a skew-adjoint transformation of Ep- D 

The torsion tensor field T of a connection V on a manifold M (i.e., on the 
tangent bundle of M) is defined by 

T(U, V) = VuV - VvU - [U, V], U,VEXM. 

It is straightforward to check that T is indeed a tensor field on M; when it 
vanishes identically, the connection is said to be torsion-free. 

THEOREM 2.2 (The Fundamental Theorem of Riemannian Geometry). A 
Riemannian manifold (M, (,)) admits a unique Riemannian connection that is 
torsion-free. 

This connection is called the Levi-Civita connection of M. 
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PROOF. We first establish uniqueness. Given X, Y, Z E XM, the Rie
mannian and torsion-free properties of \7 imply that 

(\7 xY, Z) = X(Y, Z) - (Y, \7 xZ) = X(Y, Z) - (Y, \7 zX + [X, Zl) 

= X(Y, Z) - Z(X, Y) + (\7 zY, X) + (Y, [Z, Xl) 

= X(Y, Z) - Z(X, Y) + (\7y Z + [Z, Yl,X) + (Y, [Z, Xl) 

= X(Y, Z) - Z(X, Y) + Y(Z, X) - (Z, \7 y X) - (X, [Y, Zl) 

+ ([Z, X], Y) 

= X (Y, Z) - Z (X, Y) + Y (Z, X) - (Z, \7 x Y - [X, Yl) - (X, [Y, Zl) 

+ ([Z, X], Y). 

Grouping the \7-terms, we obtain 

1 
(2.2) (\7xY,Z) = "2{X(Y,Z) + Y(Z,X) - Z(X, Y) 

+ (Z, [X, Yl) + (Y, [Z, Xl) - (X, [Y, Zl)}, 

which establishes uniqueness. 
In order to show existence, define for fixed X, Y E XM a map a : XM --+ 

F(M), where a(Z) equals the right side of (2.2). Clearly, a(Zl +Z2) = a(Zd+ 
a(Z2). Furthermore, given f E F(M), 

1 
a(fZ) = "2 {X(Y, fZ) + Y(fZ, X) - fZ(X, Y) 

+ (f Z, [X, Yl) + (Y, [f Z, Xl) - (X, [Y, f Zl)} 

= fa(Z) + ~{(Xf)(Y, Z) + (Yf)(Z, X) - (Xf)(Y, Z) - (Yf)(X, Z)} 

= fa(Z). 

Thus, a is a I-form on M, and we may define \7 x Y := aU; i.e., \7 x Y is the 
unique vector field on M such that (\7 x Y, Z) = a( Z) for Z E XM. The 
operator 

\7 : XM x XM --+ XM 

satisfies the axioms (1) through (3) for a covariant derivative operator (Chapter 
4, Theorem 2.1): Axioms (1) and (2) are immediate. For (3), 

2(\7 x fY, Z) = X (fY, Z) + fY (Z, X) - Z (X, fY) + (Z, [X, fYl) 

+ (fY, [Z, Xl) - (X, [jY, Zl) 

= 2(f\7xY,Z) + (Xf)(Y,Z) - (Zf)(X, Y) + (Xf)(Z, Y) 

+ (Zf)(X, Y) 

= 2(f\7 x Y + (Xf)Y, Z), 

so that \7xfY = f\7xY + (Xf)Y. Furthermore, \7 is Riemannian, as can be 
seen by writing out (2.2) for (\7 x Y, Z) and adding this to the corresponding 
expression for (\7 x Z, Y). The torsion-free property is verified in the same 
~ D 
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PROPOSITION 2.3. Let M be a Riemannian manifold with Levi-Civita con
nection V'. If f : N ---> M and U, V, WE XN, then 

1 
(V'uf*V,f*W) = 2{U(f*V,f*W) + V(f*W,f*U) - W(f*U,f*V) 

+ (f*W,f*[U, V]) + (f*V,f*[W,U]) - (f*U,f*[V, W])}. 

PROOF. By Lemma 2.1, 

U(f*V,f*W) = (V'uf*V,f*W) + (f*V, V'uf*W). 

The result then follows from the proof of the uniqueness part in Theorem 2.2, 
once we establish that 

V'uf*V - V'vf*U = f*[U, V]. 

Equivalently, T(f*U,J* V) = V'uf* V - V'v f*U - f*[U, V]. Now, in a chart x of 
M, f*U may be locally written as L U(Xi 0 f) a~i 0 f. Since T is tensorial, we 
may assume that there exist vector fields U, V on M such that f*U = U 0 f 
and f* V = V 0 f. Then 

V'u f* V - V'v f*U = V'u(V 0 f) - V'v(U 0 f) = V' f.U V - V' f. v U 

= (V'uV - V'vU) 0 f = [U, V] 0 f = f*[U, V]. 

o 
Let (M,g) be a Riemannian manifold, z: N ---> M an immersion. Then z*g 

is the Riemannian metric on N for which z becomes isometric. If X is a vector 
field along z, define a I-form ax on N by 

UEXN. 

In other words, ax = z* Xl>. The tangential component of X with respect to z 
is the vector field XT along z given by 

XT := z*a~, 
where U denotes the musical isomorphism with respect to z*g. Thus, (XT, z*U) = 

(X, z*U) for all U E XN. The orthogonal component of X with respect to z is 
X.l := X - XT. It is easy to see that T, .1 are tensorial. In fact, the restriction 
T : M,(p) ---> z*Np is just the orthogonal projection onto z*Np. 

A key property of Riemannian connections is that they are preserved under 
isometric maps: 

PROPOSITION 2.4. Let z : N ---> M be an isometric immersion between 
Riemannian manifolds. If KN, KM denote the connection maps of TN, TM, 
and V' N, V'M are the respective Levi-Civita connections, then 

(1) Z*KNW = (KMZ**w)T for wE TTN. If in addition dimN = dimM, 
then KM 0 z** = z* 0 KN; i.e., the diagram 

TTN ' .. TTM ----t 

KN 1 1 KM 

TN ----t TM 
'. 

commutes. 
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(2) If 1: P -+ N, then for U E :IP and any vector field X along 1, 

z* V'fj X = (V'tf z*X) T, 

and z* V' fj X = V'if z*X when the dimensions of M and N coincide. 

PROOF. Let X, Y, Z E :IN. By Theorem 2.2 and Proposition 2.3, 

(V'1£ z*Y, z*Z) = (V'~Y, Z) 

because z is isometric. Furthermore, (V'~Y, Z) = (z* V'~Y, z*Z), and therefore 
(V'1£z*y)T = z*V'~Y. This proves (2) for the case P = N, 1 = IN. It 
also implies that (ti:MZ**Y*X(p))T = z*ti:NY*X(p) for pEN. Since the set 
{Y*v lYE :IN,v E Mp} spans (TN)y(p) , (1) holds. (2) then follows from the 
definition of the connection map ti:. D 

When M and N have the same dimension, Proposition 2.4 implies that 
an isometric map preserves parallel fields (and therefore geodesics) as well as 
curvature: 

THEOREM 2.3. Let 1 : N -+ M be an isometric map between Riemannian 
manifolds of the same dimension. 

(1) If X is a parallel vector field along a curve c : I -+ N, then f*X is 
parallel along 1 0 c : I -+ M. 

(2) eXPM 01* = 1 0 eXPN' 
(3) 1*RN (x, y)z = RM (f*x, f*y)f*z, x, y, z E N p, pEN. 

PROOF. (1) By Proposition 2.4(2), V'M 1*X = f* V'~X = O. 
(2) Taking X = c in (1), we see that f maps geodesics of N to geodesics 

of M. If v E TN and c(t) = expN(tv), then 10 c is the geodesic of M with 
initial tangent vector 1*v. Thus, 1(expN(tv)) = eXPM(t1*v). (3) follows from 
Proposition 2.4(2) and Cartan's Structure Equation 3.1 in Chapter 4. D 

EXAMPLES AND REMARKS 2.1. (i) The Levi-Civita connection of the canon
ical metric on IRn is the standard flat connection by (2.2). 

(ii) Let (M,g) be a Riemannian manifold. A submanifold N of M is said 
to be a Riemannian submanifold of M if it is endowed with the metric z* g, 
where z : N '--; M denotes inclusion. The Levi-Civita connection of sn, as a 
Riemannian submanifold of Euclidean space, is the canonical connection from 
Examples and remarks 1.1(iii) in Chapter 4. 

(iii) Let G be a Lie group. The Levi-Civita connection of a left-invariant 
metric on G is given by 

1 
(2.3) (V' x Y, Z) = 2{ ([X, Yl, Z) - ([Y, Zl, X) + ([Z, Xl, Y)}, X,Y,Z E g. 

This follows immediately from (2.2). Suppose that the metric is actually bi
invariant. We claim that the flow <I>t of any left-invariant X E 9 consists of 
isometries of M: If c is the integral curve of X with c(O) = e, then the integral 
curve passing through a E G at t = 0 is t f--> ac(t) because X is left-invariant. 
Thus, <I>t(a) = ac(t) = Rc(t)a, and each <I>t is an isometry. By Exercise 111, the 
assignment Y f--> V'y X is then skew-adjoint for Y E g. Consequently, 

1 
([X, Yl, Y) = (V'xY, Y) - (V'yX, Y) = 2X(Y, Y) = 0, 



2. RIEMANNIAN CONNECTIONS 139 

and ([".J,.) is skew-adjoint in all three arguments. The last two terms on the 
right side of (2.3) then cancel, and 

1 
"9 x Y = 2" [X, YJ, X,Y Eg. 

The curvature tensor is therefore given by 

(2.4) 
1 

R(X, Y)Z = -"4[[X, YJ, ZJ, X,Y,Z E g. 

Notice also that "9 x X = 0 for any X E g; i.e., the integral curves of 
left-invariant vector fields are the geodesics of G, just as in the case of the 
left-invariant connection from Examples and Remarks 4.1(iii) in Chapter 4. 

(iv) If Aln is an oriented Riemannian manifold, the volume form of AI is the 
n-form w such that w( V1, ... ,vn ) = 1 for any positively oriented orthonormal 
basis V1, ... , Vn of Alp, p E lvI, cf. Proposition 15.1 in Chapter l. When M is 
compact, it is customary to define the integral of a function f on M by 

r f:= r fw. 
1I1! 1I1! 

Suppose X is a vector field on lvI. The Lie derivative Lxw of w in direction X 
(see Exercise 33) is then again an n-form, and may therefore be expressed as 
fw for some function f on M. This function is called the divergence div X of 
X. In other words, the divergence of X is determined by the equation 

(2.5) (div X)w = Lxw. 

Thus, the divergence is an infinitesimal measure of the amount by which the 
flow of a vector field fails to preserve volume. It is locally given by 

n 

(2.6) (div X)p = L ("9 v; X, Vi)' 
i=l 

where {vd is an orthonormal basis of Alp, pEAl: To see this, extend the 
set {vd to a local orthonormal basis {Vi} of vector fields around p. Since 
w(V1 , ... , Vn ) is constant, 

n 

i=l 

= - L w( V1, .... ("9 xp Vi - "9 v, X, Vi)Vi, ... , vn ) 

= L("9v ,X,Vi)W(P)(V1, ... ,Vn ) 

= L("9v ,X,Vi), 

which establishes (2.6). Notice that by Exercise 34, the n-form 

(2.7) Lxw = i(X) 0 dw + do i(X)w = do i(X)w 

is exact, since w is closed. Suppose next that AI is compact with boundary 
8A1, so that the volume form Wi of the latter is given by Wi = i(N)w, where 
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N is the outward-pointing unit normal field on 8M. Then i(X)w = (X, N)w', 
and Stokes' theorem together with (2.7) yields 

(2.8) r div X = r (X, N). 
JM JaM 

(2.8) is known as the divergence theorem. 

EXERCISE 106. Given a Riemannian connection on ~, there is an induced 
connection on C (by Examples and Remarks 2.1(v) in Chapter 4). Show that 
the latter is Riemannian with respect to the Euclidean metric on C defined in 
Examples and Remarks 1.1(vii). 

EXERCISE 107. Let (Mi' gi) be Riemannian manifolds, i = 1,2, and con
sider M := M1 x M2 with the Riemannian product metric from Examples and 
Remarks 1.1 (vi). Show that the curvature tensor R of M is related to the 
curvatures Ri of Mi by the formula 

R(X, Y)Z = (R1 (1fhX, 1fhY)1fhZ, R2(1f2*X, 1f2*Y)1f2*Z) , 

where 1fi : M ---; Mi denotes projection. Here, we identify M CP1 ,P2) with Mpl x 
Mp2 via (1fh' 1f2*). 

EXERCISE 108. Let M n be a Riemannian manifold. The gradient \7 f of 
f E F M is the vector field dfU; i.e., (\7 f, X) = X (f) for X E XM. 

(a) Let a E IR be a regular value of f, so that N := f-1(a) is an (n - 1)
dimensional submanifold of M. Show that for any PEN, z*Np = \7f(p).1., 
where z : N ---; M denotes inclusion. Thus, (\7 f) IN is a nowhere-zero section 
spanning the normal bundle of z. 

(b) Givenp EM with \7 f(p) -10, show that (\7 f 11\7 fj)(p) and -(\7 f 11\7 fj)(p) 
represent the directions of "maximal increase" and "maximal decrease" of f at 
p: For any v E Mp of unit length, 

\7f \7f 
-1\7fl(P)(f)::; vf::; l\7fl(P)(f). 

EXERCISE 109. The Hessian tensor of a function f : M ---; IR on a Rie
mannian manifold M is the tensor field of type (1,1) given by 

Hf(X) = \7x \7f, 

The associated quadratic form 

hf(X,Y) = (\7x\7f,Y), 

is called the Hessian form of f. 

XEXM. 

X,Y E XM, 

(a) Prove that H f is a self-adjoint operator, so that the Hessian form is 
symmetric. 

(b) Show that, at a critical point p of f, hf(X, Y)(p) = X(p)Y f = Y(p)Xf. 
(c) Suppose that the Hessian form is positive definite at a critical point p 

of f. Prove that f has a local minimum at p. 

EXERCISE 110. The Laplacian of a function f on a Riemannian manifold 
M is the function 

fl.f = div \7 f. 
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Prove that if M is compact, oriented, without boundary, then 

EXERCISE 111. If T is a tensor field of type (0,1') on M and X E XM, 
the Lie derivative of T in direction X is the tensor field LxT of the same type 
given by 

LxT(p) = lim ~[(cI>;X)(p) - X(p)], 
t-+O t 

pEM, 

where cI>t denotes the flow of X. Just as in the case of an r-form on M, it is 
not difficult to show that 

r 

LxT(XI, ... ,Xr) = X(T(X1' ... ,Xr)) - LT(X1, ... , LXXi, ... ,Xr)' 
i=l 

cf. Exercise 33 in Chapter 1. A vector field X on a Riemannian manifold (M, g) 
is said to be a Killing field if its flow consists of isometries of M. 

(a) Show that X is Killing iff Lxg = O. 
(b) Show that X is Killing iff \7 X is skew-symmetric; i.e., (\7 u X, U) = 0 

for U E XM. 
(c) Prove that a Killing field is divergence-free. Give an example that shows 

the converse is not true. 

3. Curvature Quantifiers 

We have seen that the Levi-Civita connection of a Riemannian manifold 
is the unique torsion-free connection for which the metric is parallel. This 
translates into additional properties for its curvature tensor, properties which 
allow us to introduce other types of curvature commonly used in Riemannian 
geometry. 

PROPOSITION 3.1. Let R denote the curvature tensor of a Riemannian 
manifold M. The following identities hold for any vector fields X, Y, Z, U on 
M: 

(1) R(X, Y)Z = -R(Y,X)Z. 
(2) (R(X, Y)Z, U) = -(R(X, Y)U, Z). 
(3) R(X, Y)Z + R(Y, Z)X + R(Z, X)Y = O. 
(4) (R(X, Y)Z, U) = (R(Z, U)X, Y). 

PROOF. Statement (1) is true for any connection and follows from the def
inition of R, whereas (2) holds for Riemannian connections and is the content 
of Proposition 2.2. Statement (3) is a consequence of the fact that the Levi
connection is torsion-free: We may assume that the vector fields involved have 
vanishing Lie brackets, since it is enough to show the property for, say, coordi
nate vector fields. Then 

R(X, Y)Z = \7x\7yZ - \7y\7xZ, 

R(Y,Z)X = \7y\7zX - \7z\7yX = \7y\7x Z - \7z\7yX, 

R(Z,X)Y = \7z\7xY - \7x\7zY = \7z\7yX - \7x\7yZ, 
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and adding all three identities yields (3). Finally. (4) is an algebraic consequence 
of (1) (3): 

2(R(X, Y)Z, U) = (R(X, Y)Z, U) + (R(X, Y)Z, U) 

= -(R(Y, X)Z, U) - (R(X. Y)U. Z) by (1) and (2) 

= (R(X, Z)Y, U) + (R(Z, Y)X, U) 

+ (R(Y, U)X, Z) + (R(U, X)Y. Z) by (3) 

= (R(Z, X)U. Y) + (R(Y. Z)U. X) 

+ (R(U. Y)Z. X) + (R(X, U)Z, Y) by (1) and (2) 

= (R(Z, X)U, Y) + (R(X, U)Z, Y) 

+ (R(U. Y)Z, X) + (R(Y, Z)U. X) rearranging terms 

= -(R(U, Z)X, Y) - (R(Z, U)Y, X) by (3) 

= (R(Z, U)X, Y) + (R(Z, U)X, Y) by (1) and (2) 

= 2(R(Z, U)x' Y). 

o 

Notice that for x, y E Alp, R(x, y) is a linear transformation R(x, y) : Mp -+ 

Mp. Thus, for vector fields X, Y on lvI, R(X, Y) is a section of the bundle 
End(M) = Hom(TM, TM). By (2), it is actually a section of the bundle o(M) = 
{L E End(M) I L + Lt = O} of skew-adjoint endomorphisms. The latter bundle 
is in turn equivalent to A2(M) via L : A2(M) -+ o(M), where 

(3.1) L(x /\ y)z := (y, z)x - (x, z)y; 

skew-:symmetry of L(x /\ y) follows from 

(L(x/\y)z,u) = (y,z)(x,u) - (x.z)(y,u) = (x/\y,u/\z), 

cf. Examples and Remarks 1.1(viii). Since L is one-to-one on each fiber, it is 
an equivalence by dimension considerations. But R is also bilinear and skew
symmetric in its first two arguments, so that for each pEAl, R may be viewed 
as a linear map p : A2(Mp) -+ A2(Mp). By (4), p is symmetric. 

DEFINITION 3.1. The curvature opemtoT p of a Riemannian manifold M is 
the self-adjoint section of End(A2M) given by 

(p(x/\y),z/\u) = (R(x,y)u,z) 

on decomposable elements. 

Let k denote the quadratic form 

k(x /\ y) = (p(x /\ y), x /\ y) 

associated to p. If P is a 2-plane in some tangent space. then A2 P is one
dimensional, and contains exactly 2 unit vectors: they can be written as ±x /\ 
y/lx /\ yl, where x and yare linearly independent in P. Since k(o;) = k( -0;) 
for 0; E A2 P, we may associate to each 2-plane P c Alp a unique number k(o;), 
where 0; is a unit bivector in A2 P. 
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DEFINITION 3.2. The sectional curvature of the plane spanned by x, y E Mp 
is 

K .- k (X Ay ) _ (R(x,y)y,x) 
X,Y .- Ix A yl - Ixl21Yl2 - (x, y)2' 

There are two additional types of curvature commonly used in Riemannian 
geometry: The Ricci tensor is the tensor field of type (0,2) given by 

Ric(x, y) := tr(u ~ R(u, x)y). 

It is symmetric, since in an orthonormal basis {Ui} of M p , (1), (2), and (4) 
imply 

Ric(x,y) = 2)R(Ui,X)y,Ui) = L(R(y,Ui)Ui,X) = L(R(Ui,y)X,Ui) 

= Ric(y, x). 

If x i- 0, the Ricci curvature in direction x is 

Ric(x) := Ric (1:1' 1:1) = 1:12 L KX,Ui' 
t 

The scalar curvature s(p) at p E M is the trace of the Ricci tensor: 

s(p) := L Ric(ui) = 2 L KUi,uj" 
i<j 

Both Ricci and scalar curvatures are averages, and the curvature tensor R 
cannot be reconstructed from them. R can, however, be recovered from the 
sectional curvature: 

1 
(R(x, y)z, u) = "6{k(x + u, y + z) - k(y + u, x + z) - k(x + u, y) - k(x + u, z) 

- k(x, y + z) - k(u, y + z) + k(y + u, x) + k(y + u, z) 

+ k(y,x + z) + k(u,x + z) + k(x,z) - k(y,z) + k(u,y) 

- k(u, x)}, 

where we have replaced k(x Ay) by k(x, y), etc. This formula is readily verified 
by expanding the right side and using (1) through (4). It implies in particular 
that R = ° whenever k = 0. 

M is said to be a space of constant curvature Ii E ~ if K == Ii. More 
generally, suppose there exists a function K : M --+ ~ such that K p = K (p) for 
every plane P C M p , p EM. Then k(X, Y) = KIX A YI 2 = (p(X A Y), X A Y); 
i.e., p = K1A2 M. This in turn implies 

(R(X, Y)Z, U) = (p(X A Y), U A Z) = K(X A Y, U A Z) = K(L(X A Y)Z, U), 

so that 

(3.2) R(X, Y)Z = K· L(X A Y)Z = K((Y, Z)X - (X, Z)Y). 

~2 with the standard metric has constant curvature 0, and by Examples and 
Remarks 3.1(ii) in Chapter 4, 8 2 has constant curvature 1. In order to describe 
a 2-dimensional space of constant curvature -1, we will need the following 
concept: Two Riemannian metrics 9 and 9 on M are said to be conformally 
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equivalent if there exists a positive function f such that 9 = fg. If h = log f, 
then by (2.2), the respective Levi-Civita connections are related by 

- 1 
V' x Y = V' x Y + 2(X(h)Y + Y(h)X - (X, Y)V'h), 

where V'h is the gradient of h in the metric g. A straightforward computation 
shows that the curvature tensors are related by 

- 1 
R(X, Y)Z = R(X, Y)Z + 2{ (V'xV'h, Z)Y - (V'yV'h, Z)X + (X, Z)V'yV'h 

- (Y,Z)V'xV'h} + ~{((Yh)(Zh) - (Y,Z)IV'hI 2)X - ((Xh)(Zh) 

- (X, Z)IV'hI2)y + ((Xh)(Y, Z) - (Yh)(X, Z))V'h}. 

Thus, if x, y form an orthonormal basis (in the metric g) of a plane P, then the 
sectional curvatures of P satisfy 

fKp = Kp - ~((V'xV'h,x) + (V'yV'h,y)) - ~(IV'hI2 - (xh? - (yh)2), 

and 

(3.3) 
- 1 1 

fKp = Kp - 2((V'xV'h,x) + (V'yV'h,y)) = Kp - 2!:::.h 

when dim M = 2. 
Now, let M = {p E ]R.2 I u2 (p) > O} denote the upper half-plane, 9 the 

standard Euclidean metric, and 9 = (1/(u2)2)g. By (3.3), (M,g) has constant 
sectional curvature -1. 

EXERCISE 112. Use (3.3) to construct a 2-dimensional space of constant 
curvature /)', where /), is an arbitrary real number. 

EXERCISE 113. Let G be a Lie group with bi-invariant metric. Prove that 
for X, Y E g, 

1 2 
(R(X, Y)Y,X) = "4 1[X, Y]I . 

Thus, a Lie group with bi-invariant metric has nonnegative sectional curvature. 

EXERCISE 114. Let M 1, M2 be Riemannian manifolds, and M = M1 X M2 
together with the product metric. Show that if Mi has nonnegative (resp. non
positive) sectional curvature, i = 1,2, then so does M. If Mi has strictly 
positive or strictly negative curvature, is the same true for M? 

EXERCISE 115. Let F : ]R.n --+ sn C ]R.n+1 denote the inverse of the stereo
graphic projection from the north pole, 

1 2 
F(p) = 1 + Ipl2 (2p, Ipl - 1). 

(a) Compute F*Di , and show that (F*D i , F*Dj ) = Nij, where f(p) = 
4/(1 + IpI2)2. Thus, if we endow]R.n with the conformal metric f(,) (where (,) 
is the standard one), then F : ]R.n --+ sn is isometric. 

(b) Show that sn has constant curvature 1. 
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4. Isometric Immersions 

A large class of Riemannian manifolds consists of the submanifolds of Eu
clidean space together with the metric induced from the Euclidean one. In this 
section, we will investigate the sectional curvature of these spaces. Somewhat 
more generally, suppose t : M ---; iiI is an isometric immersion between Rie
mannian manifolds M and iiI. If r, denotes the space of vector fields along t 

and rt the subspace consisting of those N E r, such that NT = 0, then rt is 
naturally identified with the space rv of sections of the normal bundle v of t. 

Recall from Section 2 that for each X E r" we have an associated I-form 
ax := t* Xi>. Define a vector field t* X on M by 

t*X:= a~. 

Thus, t*(t*X) = X T, and for Y E :£M, 

Given X E :£M, N E rt, we define the second fundamental tensor of t with 
respect to N to be the map S N : :£M ---; :£M given by 

(4.1) XE:£M, 

where "\7 denotes the Levi-Civita connection of iiI. Notice that, as the name 
suggests, S : rt x :£M ---; :£M is tensorial: S is clearly bilinear over JR, and 
over FM in X; given f E FM, 

We therefore obtain a map S : E(v) x TM ---; TM. Furthermore, given a unit 
vector n E E(v)p, the linear transformation Sn : Mp ---; Mp is self-adjoint: If N 
is a local extension of n, then 

(SNX, Y) = (-t*("\7 xN), Y) = -("\7 xN, t*Y) = (N, "\7x(t*Y)) 

= (N, "\7y(t*X) + t* [X, Y]) = (N, "\7y(t*X)) = -("\7y N, t*X) 

= (SNY, X). 

The eigenvalues of Sn are called the principal curvatures at p in direction n, 
and the corresponding unit eigenvectors the principal curvature directions. The 
Gauss curvature Gn of M in direction n is 

The second fundamental tensors of an isometric immersion t : M ---; M measure 
the difference between the curvatures of M and iiI: 

PROPOSITION 4.1 (The Gauss Equations). Consider an isometric immer
sion t : M ---; iiI, where dim iiI ~ 2, and set m = dim iiI - dimM. Given 

. - ..l.. 
P E M, let x, y, Z E M p, and nl, ... , nm be an orthonormal basts of M,(p). De-
note by Sj : Mp ---; Mp the second fundamental tensor of t with respect to nj, by 
Rand R the curvature tensors of M, iiI, and by k, k the associated quadratic 
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forms from Section 3. Then 
m 

R(x, y)z - z*(R(z*x, z*y)z*z) = 2:)SjY, z)SjX - (SjX, z)SjY, 
j=l 

PROOF. We only prove the first equation, since the second one is an im
mediate consequence of it. Extend x, y, z, nj locally to X, Y, Z, Nj • Then 

Vyz*Z = (Vyz*zf + (Vyz*Z).l = z* V'yZ + L(Vyz*Z, Nj)Nj 

j 

by Proposition 2.4. Taking the covariant derivative in direction X yields 

VxVyz*Z = Vxz* V'yZ + L(X(Vyz*Z, Nj))Nj + L(Vyz*Z, Nj)VxNj. 

Thus, 

and 

j j 

(VXVYZ*Z)T = z* V' xV'yZ + L(SjY, Z)(V xNjf, 
j 

z*VxVyz*Z = V'xV'yZ - L(SjY, Z)SjX. 
j 

A similar identity holds when interchanging X and Y. Finally, 

z*V[X,Ylz*Z = V'[X,YlZ, 

and substituting these expressions in the left side of the Gauss equation yields 
the right side. 0 

EXAMPLES AND REMARKS 4.1. (i) The Gauss equation may be expressed 
in terms of the curvature operators p, p of M, M, cf. Definition 3.1: Extend 
Sj to a linear map Sj : A2Mp --+ A2Mp, where Sj(x 1\ y) := SjX 1\ SjY for a 
decomposable element x 1\ y. If we define z* p : A2Mp --+ A2Mp by 

((z* p)x 1\ y, w 1\ z) := (p(z*x 1\ z*y), z*w 1\ z*z), 

then 

(4.2) (R(x,y)z,w) - (R(z*x, z*y)z*z, z*w) = ((p-z*p)xl\y,wl\z). 

But by the Gauss equation, the left side of (4.2) equals 
m 

j=l 

Thus, 

(4.3) 
m 

p-z*p= LSj. 
j=l 

j 
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(ii) When M is 2-dimensional and if = ]R.3, sectional and Gauss curvature 
coincide. More generally, when dim if - dim M = 1, there are two choices ±n E 

if,tp) for a unit normal vector at z(p). Although S-n = -Sn as endomorphisms 
of M p , S-n = Sn as endomorph isms of A2 M p , so that S±n extends to a unique 
linear map S : A2Mp ----; A2Mp, and (4.3) reads 

p - z*p = S. 

If N is a normal field of unit length extending n, then (fl x N, N) = ~ X (N, N) = 

0, so that flxN is tangential, and Z*SNX = -flxN measures the amount by 
which N fails to be parallel in direction X. 

(iii) (The sectional curvature of the round sphere of radius r). Let S;! = 

{p E ]R.n+1 I Ipi = r}. If P is the position vector field on ]R.n+1 given by 
P(p) = JpP, then N := ~ P is a unit normal vector field when restricted to S;!. 
Since 

\lxP = \Ix (LUiDi) = Lx(ui)Di = x, 

the second fundamental tensor with respect to N is given by SNX = -x/r. The 
Gauss equation then yields 

1 
R(x, y)z = 2 ((y, z)x - (x, z)y), 

r 

and S;! is a space of constant sectional curvature 1/ r2 . 

EXERCISE 116. A Riemannian submanifold M of if is said to be totally 
geodesic if the geodesics of M are also geodesics of if. Prove that M is totally 
geodesic iff all the second fundamental tensors vanish. 

EXERCISE 117. Show that a connected, complete submanifold of ]R.n is 
totally geodesic iff it is an affine subspace. 

EXERCISE 118. Use the Gauss equations to show that the paraboloid of 
revolution z = x 2 + y2 in ]R.3 has curvature K = 4/ (4z + 1)2. 

EXERCISE 119. An n-dimensional sub manifold of ]R.n+1 is called a hyper
surface. A hypersurface M n is said to be {strictly} convex if at any point of M 
the second fundamental tensor with respect to a unit normal is definite; i.e., 
if all its eigenvalues have the same sign. This makes sense because there are 
exactly two such tensors, one being the negative of the other. Prove that a a 
strictly convex hypersurface of Euclidean space has positive definite curvature 
operator, and in particular positive sectional curvature. 

5. Riemannian Submersions 

Recall that a map 7r : Mn ----; Bk between manifolds M and B is a submer
sion if 7r and 7r *p are onto for all p E M. Submersions are topologically dual to 
immersions in the sense that both have derivatives of maximal rank, and thus 
generalize diffeomorphisms. 
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Before studying the interplay between submersions and metrics. we inves
tigate the problem of lifting curves of B to M. Let c : I = [a, b] --+ B be a 
regular curve; i.e., c(t) i- 0 for t E [a, b]. Define 

c* M := {(t,p) E I x M l'if(p) = c(t)}, 

and endow c* M with the subspace topology. 

LEMMA 5.1. c* Al is a differentiable manifold of dimension n - k + 1. 

PROOF. We construct a chart h in a neighborhood of (to,p) E c* AI. Denote 
by PI : c* !vI --+ I, P2 : c* !vI --+ Al the respective projections, and similarly for 
'ifl : IRn = IRk X IRn-k --+ IRk and 'if2 : IRn --+ IRn-k. Since 'if has maximal rank at 
p, there exist, by Theorem 6.1 in Chapter 1, charts x : U --+ x(U) = W c IRn 

around p, and y : V --+ y(V) C IRk around 'if(p) such that yo 'if 0 X-I = 'ifllw, 
Define h : (x 0 P2)-1(W) --+ I x IRn-k by h:= (Pl.'if2 0 x 0 P2). We claim that 
h is a homeomorphism onto its image: To see this, let z be the map defined on 
the image im h of h by 

z(t, al, ... , an-k) = (t, x-l ((y 0 c)(t), al,.'" an-k)). 

Notice that z(imh) C c* M; i.e., 

(5.1) 'if 0 P2 0 Z = cO PI 0 z. 

In fact, 

yo 'if 0 P2 0 z(t, al,"" an-k) = (y 0 'if) 0 x-l((y 0 c)(t) , al,"" an-k) 

= 'if 1 ( (y 0 c) ( t ) , a 1, ... , an - k ) 

= (y 0 c)(t). 

On the other hand, yo c 0 PI 0 z(t, al,"" an-k) = (y 0 c)(t). Since y is a 
homeomorphism, 'if 0 P2 0 Z = cO PI 0 z as claimed, and z(im h) C c* M. Now, 

(hoz)(t,al, ... ,an_k) = h(t,.T-l((yoc)(t),al, ... ,an_k) = (t,al, ... ,an-k), 

and 

(z 0 h)(t, q) = z(t, ('if2 0 x)(q)) = (t, x-l((y 0 c)(t), ('if2 0 x)(q))) 

= (t, x-l((y 0 'if)(q), ('if2 0 x)(q))) = (t, X-l(('ifl 0 :J;)(q) , ('if2 0 x)(q))) 

= (t, q). 

Thus, h is a homeomorphism with inverse z. We then obtain in the usual way 
an atlas with differentiable transition functions, and the projections PI, P2 are 
smooth for the induced differentiable structure. 0 

Suppose next that we are given a distribution 1i on !vI that is comple
mentary to the kernel V of 'if *, so that T M = V EB 1i, and 'if * : 1ip --+ Bn(p) 
is an isomorphism for each P E AI. Given a curve c in B as before, there 
exists for each (t,p) E c* M a unique vector Y(t,p) E 1ip c Mp such that 
'if*Y(t,p) = c(t). We claim that there exists a unique vector field X on c*!vI 
such that P2*X = Y. To see this, consider a chart h with inverse z as above. 
By (5.1), P2*z*Dl , ... ,P2*z*Dn- k span the kernel of 'if*, whereas 'if*P2*z*D = c. 
Thus, Y - P2*z*D E V = ker'if*; i.e., for each (t,p), Y(t,p) E P2*(C* M)(t.p), 
and there exists some X(t,p) E (c* M)(t,p) with P2*X(t,P) = Y(t,p). To verify 
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uniqueness, observe that any such vector field X is PI-related to the coordinate 
vector field D on I: In fact, since 7r 0 P2 = cO PI, we have 

and the claim follows from regularity of c. Since 1t is differentiable, so is X. 

PROPOSITION 5.1. Let 7r : M ----+ B be a submersion, 1t a distribution 
complementary to ker 7r *, and c : [a, b] ----+ B a regular curve. If M is compact, 
then for any P E 7r- I (c(a)), there exists a unique curve c : [a, b] ----+ M with 
c(a) = p, 7r 0 C = c, and c E 1t. Such a curve c is called the horizontal lift of c 
at p. 

PROOF. Let X be the vector field defined above, and consider the maximal 
integral curve 'Y of X with 'Y(a) = (a,p). Now, c* M is compact because Mis, 
and by Exercise 18 in Chapter 1, 'Y is defined on all of [a, b]. Furthermore, X is 
PI -related to D, so that 

(PI 0 'Y)*D = PI/Y = Ph 0 X 0'Y = Do (PI 0 'Y), 

and PI 0'Y is an integral curve of D. Recalling that (PI 0 'Y) (a) = a, we conclude 
that (PI 0 'Y)(t) = t for all t E [a, b]. Define c := P2 0 'Y. Then c(a) = p, 
7r 0 C = 7r 0 P2 0'Y = cO PI 0'Y = c, and c*D = P2*~ = P2*X 0'Y E 1t. This 
establishes existence. 

If c is any curve satisfying the conclusion of Proposition 5.1, then t ~ 
(t, c(t)) is an integral curve of X, and c = c by uniqueness of integral curves. 0 

Notice that when M is not compact, the result is no longer necessarily true: 
Consider M = ]R.2 \ {p}, P E ]R.2. The projection u l : M ----+ ]R. x 0 = ]R. is a 
submersion, but the identity curve t ~ c(t) = t on [uI(p) - 1, uI(p) + 1] c ]R. 

admits only a partial1t-lift at the point P - (1, 0), if one takes 1t to be the span 
of D I . 

Suppose that M is a Riemannian manifold, 7r : M ----+ B a submersion. The 
vertical distribution is V := ker 7r *, and the horizontal distribution is defined by 
1t := V-L. Thus, T M = 1t EB V, and we write e = eh + eV for the corresponding 
decomposition of e E T M. 

DEFINITION 5.1. A submersion 7r : Mn ----+ Bk is said to be Riemannian if 
17r*el = lehl for all e E TM. 

In the same way that an isometric immersion may be viewed as general
izing an isometry for n < k, a Riemannian submersion is the corresponding 
generalization to n > k. 

Horizontal vectors will be denoted x, y, z, vertical ones u, v, w. A horizontal 
vector field X on M is said to be basic if it is 7r-related to a vector field on 
B. Thus, any vector field X E XB yields a unique basic field X E XM with 
7r*X=X 0 7r. 

LEMMA 5.2. If X is basic and U E XM is vertical, then [X, U] is vertical. 

PROOF. Let Y be the vector field on B that is 7r-related to X. Since U is 
7r-related to 0, 7r*[X, U] = [Y,O] 07r = O. 0 
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The curvature tensors of AI and B will be denoted RM and R B : their 
Levi-Civita connections by V M and VB. 

LEMMA 5.3. Suppose X. Y E :£11.1 are basic. Then (V~y)h is basic. In 

fact, if X, Y E :£B are 7r-related to X. Y. then V~Y is 7r-related to V~Y; i.e., 

M- B 
7r*Vx Y=V x Y07r. 

PROOF. This is an immediate consequence of (2.2) together with the fact 
that 1'1* [X, Yl = [X, Yl 01'1. 0 

DEFINITION 5.2. The A-tensoT is the (1.1) skew-adjoint tensor field A : 
H x H ---+ V given by 

A is clearly tensorial in the first argument: for the second one, observe that 
if f E F1I.1, then 

(vlj fY)V = f(vlJ[Y)V + (Xf)Yv = f(vljy)V, 

since Y is horizontal. To check skew-symmetry, we may, by tensoriality of A, 
assume that X is basic, so that by Lemma 5.2, (VljU)h = (vtf X)h for vertical 
U. Then 

(Ax X, U) = (vlJ[ X, U) = -(X, vlJ[U) = -(X, vfj X) = -~U(X, X) = 0, 

and the claim follows. 
The A-tensor represents the obstruction to the horizontal distribution being 

integrable: If we think of the horizontal distribution H as generalizing the notion 
of connection, then the A-tensor represents a multiple of the curvature, since 

2Ax Y = (vlJ[Y)V + (vljY)V = (v1J!Y)V - (V~ X)V = [X, Yl". 

Given x E T1I.1 or TB, denote by Ix the geodesic Ix(t) = exp(tx). The 
next proposition says that geodesics which start out horizontally remain so for 
all time. Thus, even though H is not, in general, integrable, the geodesic spray 
of Ai restricts to a vector field tangent to H. 

PROPOSITION 5.2. If.r E H, then 1x(t) E H for all t, and 1'1 0 Ix = /-".x. 

PROOF. Let x E Hp. It clearly suffices to prove the statement in a neigh
borhood of p: choosing this neighborhood to be compact, Proposition 5.1 guar
antees the existence of a horizontal lift c of 17r.X at p. Extend 17r.J locally to a 
vector field X: For example, choose a neighborhood U of 0 E B 7r (p) on which 
exp7r(p) : U ---+ V := exp(U) is a diffeomorphism. Given b = exp(u) E V, define 
X (b) to be the parallel translate of x along the geodesic t ---+ exp( tu), 0 :::; t :::; l. 
If X is the basic lift of X, then by Lemma 5.3, 

1'1* (vIfJc) = 7r*(vIfJ (X 0 c)) = 7r*(V~1 X 0 c) = V~X 0 17r.X = Vg17r.x = O. 

so that (V~c)h = O. Similarly, 

(V~ c)" = (V~ (X 0 c))V = (V~ X)V 0 c = AxX 0 c = O. 

Thus, the horizontal lift c of 17r.X is a geodesic, which implies that c = lx, 
thereby concluding the argument. 0 
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In order to describe the relation between the curvatures of M and B, it 
is convenient to introduce the pointwise adjoint A; : V ........ 'H of Ax: 'H ........ V. 
Notice that for basic X and vertical U, 

(5.2) 

Indeed, if {Xd denotes a local orthonormal basis of horizontal fields, then for 
any horizontal X, 

C<:;lPjU)h = L('vPjU,Xi)Xi = - L(U, VPjXi)Xi = - L(AxXi , U)Xi 
i 

When furthermore X is basic, then (VPjU)h = (vfj X)h by Lemma 5.2. 

PROPOSITION 5.3. Let X, Y, Z E XM be basic, and denote by X, Y, Z E XB 
the corresponding 7r-related vector fields on B. Then 

(1) 7r*RM(X, Y)Z = RB(X, Y)Z 0 7r + 7r*( -ARAyZ - A~AzX 
+ 2AiAxY); 

(2) 7r*RM(X, Y)Y = RB(X, Y)Y 0 7r + 37r*A~AxY; and 

(3) if x, y E 'Hp are orthonormal, then K!x,7r*Y = K!:;y + 3[Axy[2. 

PROOF. Statements (2) and (3) are direct consequences of (1). For (1), we 
have that 

- - - M M- M M- M -
RM(X, Y)Z = V xV y Z - V Y V x Z - V[X,y]Z 

= VA! (V¥ Z)h - V¥ (VA! Z)h - (V!1..-Z)h 
X Y Y x [X,Y] 

+ Vf (Vr zt - Vr (Vf Z)V - 2(V~xyZ)h 

- (V!1..-Z)V - 2(VM zt 
[X,Y] AxY' 

where [X, Y] denotes the basic lift of [X, Y]. Take horizontal components on 
both sides. The first line in the second equality is then basic by Lemma 5.3 and 
7r-related to RB(X, Y)Z, whereas the third line vanishes. Applying 7r* to both 
sides and using (5.2) on the second line yields the result. 0 

EXAMPLES AND REMARKS 5.1. (i) A Riemannian manifold M is said to 
be complete if the geodesic spray of its Levi-Civita connection is complete; i.e., 
if expp is defined on all Mp for each p E M. We will also implicitly require 
that a complete manifold be connected. Let 7r : M ........ B be a submersion with 
M complete, so that B is also complete by Exercise 118 below. Then all the 
"fibers" 7r- 1 (b), bE B, are diffeomorphic: In fact, if c: [0, a] ........ B is a geodesic, 
and Fa, Fa denote the fibers over the endpoints of c, then the map he from 
Fa to Fa which assigns to p E Fa the point cp(a), where cp is the horizontal 
lift of c with cp(O) = p, is a diffeomorphism. The claim then follows from the 
Hopf-Rinow theorem in Section 7, which guarantees that any two points of B 
can be joined by a geodesic. 

Given a Riemannian metric on B, b E B, consider an open neighborhood 
U of b which is the diffeomorphic image under eXPb of some neighborhood of 
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Ob in B b . If 1m : [0,1] ----> U denotes the geodesic from b to min U, we obtain a 
diffeomorphism 

h: 7r-1(b) xU ----> 7r- 1(U), 

(p, m) ...... h'"'irn (p). 

In particular, the restriction of 7r to '7r-1(U) is a fibration. By a standard result 
in topology, the submersion 7r : M ----> B itself is then a fibration. 

(ii) Proposition 5.3 implies that if 7r : M ----> B is a Riemannian submersion 
and the sectional curvature K M of M is nonnegative, then B has nonnega
tive curvature as well. Apart from convex hypersurfaces in Euclidean space 
(those for which the second fundamental tensor SN with respect to a global 
outward-pointing normal field N is nonnegative definite) and Lie groups with 
bi-invariant metrics, virtually all known examples of nonnegatively curved man
ifolds are constructed by means of submersions. One of the largest classes of 
such examples consists of the base spaces of homogeneous submersions, which 
we now describe: Let M be a Riemannian manifold with KM ~ O. Suppose G 
is a subgroup of the isometry group of M that acts freely and properly on M, 
so that the orbit space B := MIG admits a differentiable structure for which 
the projection 7r : M ----> B becomes a submersion according to Theorem 14.2 
in Chapter 1. We claim that there exists a unique Riemannian metric on B 
for which 7r becomes Riemannian: Given b E B, choose any p E 7r- 1 (b), and 
define an inner product on Bb by requiring that 7r*p : (ker7r*p).l = 'Hp ----> Bb 
be a linear isometry. To see that this inner product is well-defined, consider 
some other point q E 7r-1(b). Then there exists some g E G with g(p) = q, and 
since g is an isometry which leaves 7r-1(b) invariant, g*p maps 'Hp isometrically 
onto 'Hq. Now consider x EBb. If Y E 'Hp is the vector that gets mapped to x 
by 7r*, then g*y is the vector in 'Hq that is mapped to x, since 7r 0 g = 7r. But 
Iyl = Ig*yl, so that the inner product is well-defined. Uniqueness, on the other 
hand, is immediate. 

(iii) (Normal homogeneous spaces). Let G be a Lie group, H a closed 
subgroup of G, so that 7r : G ----> G I H is a principal H-bundle over M := G I H. 
Suppose that G e = 9 admits an inner product that is Adh-invariant for all 
h E H. By Examples and Remarks 1.1(ii), this inner product induces a left
invariant metric on G that is right-invariant under H. Thus, G I H is the orbit 
space of the free isometric action of {Rh I h E H} on G, and by (ii), there 
exists a unique Riemannian metric on G I H such that 7r becomes a Riemannian 
submersion. By Examples and Remarks 1.1(iii), the metric on M is G-invariant. 

We now consider the special case when the metric on G is bi-invariant. The 
Riemannian manifold M is then called a normal homogeneous space. KG ~ 0 
by Exercise 113, so that M has nonnegative sectional curvature. Notice that 
any X E ~.l is basic: In fact, the vector field X on M, defined by 

is 7r-related to X by Examples and Remarks 1.1(iii). Furthermore, Ax Y 
~[X, y]V is the projection ~[X, Y]~of ~[X, Y] onto ~ for X, Y E ~.l. 
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Consider orthonormal X, Y E b.l. By (2.4), 

1 1 2 
(R(X,Y)Y,X) = -4([[X, Y], Y], X) = 4 1[X,Y]1 , 

and the sectional curvature of the plane in T M spanned by 7r *X, 7r * Y is given 
by 

_1 ]2 3 1)2 
K 7r .x,7r.Y - 41[X, Y I + 41[X, Y] I , 

(iv) (Curvature of complex projective space). The restriction N of the 
position vector field P of jRn+2, P(p) = JpP, to the unit sphere 8 2n+l is a unit 
normal field to the sphere. Identify jR2n+2 with <cn+l via 

(Xl, Yl,···, Xn+l, Yn+d 1-+ (Xl + iYl, ... , Xn+l + iYn+l), 

and consider the canonical complex structure I on TjRn+2 given by 

p,V E <cn+l . 

Notice that IN is a unit vector field on the sphere that spans the fibers of 
the Hopf fibration 7r : 8 2n+l ---> <cpn. Moreover, I is a parallel section of 
End( TjRn+2) , so that 

(5.3) X E T82n+l. 

The covariant derivatives in (5.3) are the Levi-Civita connection of Euclidean 
space, but since I X and IN are both tangent to the sphere, the first covariant 
derivative also represents the Levi-Civita connection of the sphere. 

The Hopf action of 8 1 on 8 2n+l is by isometries, so that by (ii), there exists 
a unique metric on complex projective space for which the Hopf fibration be
comes a Riemannian submersion. Since IN is a unit field spanning the vertical 
distribution, 

for horizontal X and y. Here, we used the fact that if X is horizontal, then so 
is Ix: In fact, given any X E T82n+ l , (Ix,IN) = -(x,I2N) = (x,N) = o. By 
Proposition 5.3(3), 

K 7r • x ,7r.Y = 1 + 3(y, Ix)2 

for orthonormal x, Y E 'ri. Thus, the sectional curvature K of <cpn satisfies 
1 ::; K ::; 4. For any horizontal x, the plane spanned by X and I X projects 
down to a plane of curvature 4 (such a plane is sometimes called a holomorphic 
plane), whereas the plane spanned by X and any vector orthogonal to both X 

and I x projects to a plane of curvature l. 
(v) Cheeger and Gromoll [11] have shown that every complete, noncompact 

Riemannian manifold M with sectional curvature K ~ 0 contains a compact, 
totally geodesic submanifold 8, called a soul of M. Since 8 is totally geodesic, 
it too has nonnegative curvature by the Gauss equations. Furthermore, M is 
diffeomorphic to the total space of the normal bundle v(8) of 8 in M. In 
particular, M is homotopy equivalent to a compact manifold of nonnegative 
curvature. Let 7ry : E(v(8)) ---> 8 denote the bundle projection, and expy : 
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E(v(S)) ---t M the restriction of the exponential map of T(M) to v(S). Perelman 
[30] showed that there is a well-defined map 7r : M ---t S such that the diagram 

E(v(S)) ~ M 

nv 1 1 n 

S S 

commutes, and that 7r is a Riemannian submersion. Notice that 7r maps p EM 
to the unique point 7r(p) E S that is connected to p by a geodesic orthogonal 
to S; in particular, the fibers of the submersion are totally geodesic at the soul. 
In Section 7, we will see that 7r(p) is the point of S that is closest to p, which 
justifies calling 7r the metric projection onto the soul. 

(vi) If z : M ---t N is an immersion of M into a Riemannian manifold N, 
there exists a unique metric on M for which z becomes isometric. The dual 
problem for submersions may be phrased as follows: Let 7r : M ---t B be a 
submersion. If M is a Riemannian manifold, does there exist a metric on B for 
which 7r becomes Riemannian? Clearly, such a metric is unique if it exists. 

Notice that the vertical and horizontal distributions are still defined, as is 
the A-tensor. A necessary condition for 7r to be Riemannian is that A be skew
symmetric. We will show that this condition is in fact sufficient. Observe that 
the discussion in (ii) is a special case: If B is the orbit space of an isometric 
action on M, then for any vertical Killing field U, 

(AxY, U) = (\lx Y, U) = -(\lxU, Y) = (\lyU, X) = -(\lyX, U) 

= (-AyX,U) 

by skew-symmetry of X r-+ \l xU. A is then also skew-symmetric because the 
vertical distribution is spanned by Killing fields. 

To establish the above claim, consider the fiber N of 7r over some point of 
B. The Bott connection on the normal bundle v of N in M is defined by 

U E TN, X E fv, 

where U and X are vertical and horizontal fields extending u and X respectively. 
It is straightforward to verify that \lb is indeed a well-defined connection on v. 
For Y E fv, 

(\l~X, Y) = ([U, X], Y) = (\luX, Y) - (\l xU, Y) = (\luX, Y) + (u, Ax Y), 

so that 

(\l~X, Y) + (X, \l~Y) = (\luX, Y) + (X, \l uY) + (u, Ax Y + Ay X) 

= (\luX,Y) + (X,\luY ) 

= u(X, Y), 
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and V'b is Riemannian. The curvature tensor Rb of the Bott connection is given 
by 

Rb(U, V)X = V'b V'~X - V'~ V'bX - V'tu,v]X 

= [U, [V, X]h]h - [V, [U, X]h]h - [[U, V], X]h 

= [U, [V, X]]h + [V, [X, U]]h + [X, [U, V]]h 
=0 

by the Jacobi identity and the fact that vertical fields have vertical brackets. 
Thus, v is a flat bundle, and in fact a trivial one: For any x E B7r(N) , the 
assignment 

PEN, 

defines a global section X of v that is 7f-related to x. This section is then Bott
parallel, since any U E XN is 7f-related to 0, so that V'bX = [U, Xjh = O. In 
particular, X has constant norm along N. If we now define Ixl := lXI, then 7f 
becomes a Riemannian submersion. 

EXERCISE 120. Let M -> B be a Riemannian submersion. Prove that B is 
complete whenever Mis. 

EXERCISE 121. Show that the Riemannian submersions in Examples (iii) 
and (iv) have totally geodesic fibers. 

EXERCISE 122. View JR.3 as <C x JR., and consider the free isometric action 
of JR. on JR.3 given by t(z, to) = (eit z, to + t), t E JR., (z, to) E <C x R Compute 
the sectional curvature of the space M = JR.3/JR. of orbits, if M is endowed 
with the metric for which the projection 7f : JR.3 -> M becomes a Riemannian 
submersion. This example also shows that homogeneous submersions do not, 
in general, have totally geodesic fibers, see Figure 1. 

EXERCISE 123. Use Example (ii) to construct a metric of nonnegative sec
tional curvature on the total space TSn = SO(n + 1) xSO(n) JR.n of the tangent 
bundle of sn. 

EXERCISE 124. Prove that the Bott connection from Examples and Re
marks 5.1(vi) is a well-defined connection. Explain why it is not even necessary 
to consider an extension X of X in the definition. 

EXERCISE 125. Let M be a Riemannian manifold, I : M -> JR. a func
tion that has maximal rank everywhere. Show that if IV' II ~ 1, then I is a 
Riemannian submersion with respect to the usual metric on R 

6. The Gauss Lemma 

One of the fundamental properties of geodesics is that they are, at least 
locally, length-minimizing, as we shall see in the next section. Since a geodesic 
c is the image via the exponential map of a ray t f--+ tv in the tangent bundle, 
it is to be expected that such extremal properties follow from the behavior of 
the derivative of expo This derivative can be conveniently expressed in terms of 
certain vector fields along C. If Y is a vector field along a curve c, we will often 
abbreviate the covariant derivative V'D Y by Y'. 
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fiber over a ---. 
,..-- ..... y 

a 

FIGURE 1 

DEFINITION 6.1. Let c be a geodesic in M. A vector field Y along c is 
called a Jacobi field along c if 

y" + R(Y, c)c = o. 

Notice that the collection Jc of Jacobi fields along c is a vector space that 
contains c. The space of Jacobi fields orthogonal to c is the one of interest to 
us: If X and Yare Jacobi, then 

(Y", X) = -(R(Y,c)c,X) = -(R(X, c)c, Y) = (X",Y) 

by Proposition 3.1. Thus, (X", Y) - (ylI, X) = 0, and (X', Y) - (Y', X) must 
be constant. In particular, (Y,c)' = (Y',c) = (Y',c) - (Y,C') is constant, so 
that for a normal geodesic, the tangential component yT of Y is given by 

yT = (Y, c)c = (a + bt)c, a = (Y, c)(O), b = (Y, c)'(O), 

and satisfies the Jacobi equation. It follows that the component y.l = Y _ yT 
of Y orthogonal to c is also a Jacobi field. 

PROPOSITION 6.1. Let c : I ---> M be a geodesic, to E I. For any v, w E 
Mc(to) there exists a unique Jacobi field Y along c with Y(to) = v and Y'(to) = 

w. 

PROOF. Let Xl, ... ,Xn be parallel fields along c such that Xl (to), ... , X n-1 (to) 
form an orthonormal basis of c(to).l, and Xn = C. Any vector field Y along c 
can then be expressed as 

for i ::::: n - 1, 

for i = n. 
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Since Xi is parallel, Y" = Efi"Xi . Furthermore, R(Xi'C)C = E?::ll h{Xj , 

where h{ = (R(Xi' c)c, Xj), so that R(Y, c)c = E~j~l fih{Xj . The Jacobi 
equation then reads 

or equivalently, 
n-1 

f j" + L fih{ = 0, j = 1, ... ,n, 
i=l 

if we set hi = (R(Xi' c)c, c) = O. This is a homogeneous system of n linear 
second-order equations, which has a unique solution for given initial values 
J1(to) = (v,Xj(to)), J1'(to) = (w,Xj(to)) (j < n), r(to) = (v, (c/lcI 2 )(to)), 
and r'(to) = (w, (c/lcI2 )(to)). D 

Proposition 6.1 implies that the space Je of Jacobi fields along c is 2n
dimensional, since the map 

is an isomorphism. 

Je ---t Me(to) x Me(to) ' 

Y f-+ (Y(to), Y'(to)) 

EXAMPLE 6.1. Let Mn be a space of constant curvature K" and let c", s" 
denote the solutions of the differential equation 

!" + K,f = 0 

with c,,(O) = 1, c~(O) = 0, s,,(O) = 0, s~(O) = 1. For example, C1 = cos, and 
Sl = sin. Consider a normal geodesic c : [0, b] ---t M. Given v, w E Me(o) 
orthogonal to C(O), the Jacobi field Y along c with Y(O) = v and Y'(O) = w is 
given by 

Y = c"E+s"F, 

where E and F are the parallel fields along c with E(O) = v and F(O) = w: 
Indeed, Y" = c~E + s~F = -K,Y = -R(Y, c)c, so that Y is a Jacobi field, and 
clearly satisfies the initial conditions at O. 

Jacobi fields essentially arise out of variations of geodesics: If c : [a, b] ---t M 
is a curve, and I is an interval containing 0, a variation of c is a smooth 
homotopy V : [a, b] x I ---t M with V(t,O) = c(t) for t E [a, b]. Notice that 
V*D 1 (t, 0) = c(t); the variational vector field Y along c is defined by Y(t) = 

V*D2 (t, 0). 

PROPOSITION 6.2. Let c : [0, b] ---t M be a geodesic. If V is a variation of c 
through geodesics-meaning that t f-+ V(t, s) is a geodesic for each s, then the 
variational vector field t f-+ V*D2 (t,0) is Jacobi along c. Conversely, let Y be 
a Jacobi field along c. Then there exists a variation V of c through geodesics 
whose variational vector field equals Y. 
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PROOF. Given a variation V of c through geodesics. define vector fields X 
and Y along V by X = V*D 1 , Y = V*D2 . By assumption, V'D,X = 0, so that 

R(Y,X)X = V' D2 V' D, X - V' D, V' D2 X = -V'D, V' D2 X 

= -V' D, V' D2 V*D 1 = -V' D, V'D, V*D2 

= -V'D,V'DjY. 

\Vhen s = 0, the above expression becomes R(Y, e)e = -Y", and Y is Jacobi. 
Conversely, suppose Y is a Jacobi field along c, and v := Y(O), W := Y'(O). 

Let, be a curve with ')'(0) = v, and X, W parallel fields along, with X(O) = 
e(O), W(O) = 11'. Choose E > 0 small enough so that t(X(s) + sW(s)) belongs 
to the domain ofexp,(s) for (t,s) E [O.b] x (-Cf), and consider the variation 

V: [O.b] x (-EoE) -+ M, 

(t, s) f-+ exp,(s) t(X(s) + sW(s)) 

of c. Since the curves t f-+ V (t, s) are geodesics. the variational vector field Z 
is Jacobi along c. Moreover, V(O, s) = ,(s), so that Z(O) = ')'(0) = v. Finally, 

Z'(O) = V' DdO,O) V*D2 = V' D2(O.O) V*D 1 = W(O) = w, 

because V*D1(0,s) = X(s) + sW(s), and X, Ware parallel along T By 
Proposition 6.1, Z = Y. D 

In the special case when Y(O) = 0, the variation from Proposition 6.2 
becomes V(t,.5) = expc(O) t(C(O) + sw); the Jacobi field Y with initial conditions 
Y(O) = 0, Y'(O) = w is given by 

(6.1) Y(t) = expc(O)*(tJtC(O)w). 

One can interpret this as follows: Let p = c(O), v = e(O), and consider the man
ifold 1\Ip with the canonical Riemannian metric induced by the inner product 
on NIp. Then t f-+ tJtvw is the Jacobi field F along the geodesic t -+ tv in Mp 
with F(O) = 0, F'(O) = JvW, and we have Y = exp* F. 

We now use the above observation to show that the exponential map at a 
point is "radially" isometric: 

LEI\!MA 6.1 (The Gauss Lemma). Consider the canonical metric on 1\Ip! 
p E 1\1. If v E Alp belongs to the domain of expp! then 

PROOF. The right side of the above identity equals (v, w) by definition 
of the canonical metric on M p , whereas the left side is (e(1), Y(1)), where 
c(t) = exp(tv). and Y is the Jacobi field along c with initial conditions Y(O) = 0, 
Y'(O) = w. Since Y is Jacobi, \y, e)(t) = (Y, e)(O) + t(Y', e)(O) = t(v, wI. 
Evaluating this expression at t = 1 yields the claim. D 

EXAMPLE 6.2. Consider a Riemannian submersion 7r : NI -+ B. As noted 
in Examples and Remarks 5.1(i), if c : [0, a] -+ B is a geodesic, and Fo, Fa 
denote the fibers over the endpoints of c, then the map h : Fo -+ Fa which 
assigns to p E Fo the point cp(a), where cp is the horizontal lift of c with 
cp(O) = p, is a diffeomorphism. To compute its derivative, let 11 be a vector 
tangent to Fo at p, , : I -+ Fo a curve with ')'(0) = u. For simplicity of 
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notation, identify u with the vector in Mp that is related to u via the derivative 
of the inclusion Fo C M. There is a unique basic vector field X along "( with 
1f *X = x := c(O). If V : [0, a] x I ---7 M denotes the variation by geodesics given 
by V(t, s) = exp(tX(s)), then hb(s)) = V(a, s) by definition. Thus, 

h*u = h*'Y(O) = V*D2 (a, 0) = Y(a), 

where Y is the variational vector field of V. 
Now suppose M above is a complete, noncompact manifold with curvature 

K ;::: 0, 1f : AI! ---7 S the Riemannian submersion onto the soul S from Examples 
and Remarks 5.1(v). Let PES, c : [0, a] ---7 S as above. Since S is horizontal, it 
is an integral manifold of the horizontal distribution, and the A tensor is zero 
along S. If Z is any horizontal vector field along c, then 

(y', Z) = (Y, Z)' - (Y, Z') = -(Y, Z'V) = -(Y, AcZ) = 0, 

so that Y' is vertical. On the other hand, 

Y'(O) = 'V D ,(o.o)V*D2 = 'V D2 (O,O)V*D 1 = 'VuX = -Sxu, 

where S is the second fundamental tensor field of Fo at p (here too, Sxu is 
identified with a vector in TM). Since the fiber is totally geodesic at p, Y'(O) = 

0. The same argument shows that Y'(t) = ° for all t; i.e., Y is parallel. Thus, 
R(Y,c)c= _Y" =0. 

Summarizing, we have that at any point p in a soul, the curvature of the 
plane spanned by x E Sp and u 1.. Sp is zero. In particular, if M has strictly 
positive curvature, then a soul must have trivial tangent space, and therefore 
consists of a single point. Since the normal bundle of a point p is M p , Mn is then 
diffeomorphic to ]Rn. The above argument can actually be refined to show that 
the conclusion is still valid if one only assumes that all sectional curvatures are 
positive at some point of M. This remarkable fact was conjectured by Cheeger 
and Gromoll [11], and proved more than twenty years later by Perelman [30]. 

Another famous question of Cheeger and Gromoll is whether every vector 
bundle over sn admits a metric of nonnegative curvature. At the time of 
writing, the answer to this question is not known, although all bundles over 
spheres of dimension :::: 4 have been shown to admit such metrics, as does 
the tangent bundle of the n-dimensional sphere, see Exercise 114. This is no 
longer true if one allows flat souls instead of positively curved ones: Among the 
plane bundles over the torus Sl x Sl, only the trivial one admits a metric of 
nonnegative curvature [29]. 

EXERCISE 126. Let c : [0, b] ---7 M be a geodesic. to E [0, b] is said to be 
a conjugate point of c if there exists a nontrivial Jacobi field Y along c with 
Y(O) = 0, Y(to) = 0. Prove that to is a conjugate point of c iff expc(O) does not 
have maximal rank at toc(O). Show, furthermore, that the nullity of exp*c(O) 
equals the dimension of the vector space of Jacobi fields Y that vanish at. ° and 
at to. 

EXERCISE 127. (a) Use Example 6.1 to show that if c is a normal (i.e., 
unit-speed) geodesic in sn, then every Jacobi field Y along c, orthogonal to c, 
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with Y(O) = 0 vanishes at 7r. Thus, expp has minimal rank 1 at any v E Mp 
with Ivl = 7r by Exercise 126. 

(b) Let M be a Riemannian manifold with sectional curvature K ~ 0, c 
a geodesic in M. Prove that if Y is Jacobi along c, then the function IYI 2 

is convex. Why does this imply that in a manifold of nonpositive curvature, 
geodesics have no conjugate points? 

EXERCISE 128. Let X be a Killing field on M (cf. Exercise 111), c a geo
desic. Prove that X 0 c is Jacobi along c. Hint: Recall that the flow <P t of X 
consists of isometries. Consider the variation (t, s) t-+ <P s (c( t)) of c. 

EXERCISE 129. Let 7r : M ---. B denote a Riemannian submersion with M 
complete, c: [0, a] ---. B a geodesic, and Fo, Fa the fibers of 7r over the endpoints 
of c. Consider the diffeomorphism h : Fo ---. Fa given by h(p) = cp(a), where 
cp is the horizontal lift of c starting at p. Prove that for u E (Fo)p c Mp, 
h*u = Y(a), where Y is the Jacobi field along cp with initial conditions 

Y(O) = u, Y'(O) = -Sxu - A;u. 

Conclude that if the fibers of 7r are totally geodesic, then they are all isometric 
to one another. 

7. Length-Minimizing Properties of Geodesics 

In this section, we will see that geodesics are the shortest curves between 
two points, provided the latter are "close enough." The curves we consider are 
assumed to be piecewise-smooth, but thanks to the following lemma, we only 
need to deal with differentiable ones: 

LEMMA 7.1. Any piecewise-smooth curve c : [a, b] ---. M admits a differen
tiable reparametrization c : [a, b] ---. M. 

PROOF. By assumption, there exist numbers a = to < h < ... < tk = b 
such that each portion Ci := cl [ti-l ,t;] is differentiable. Let ¢i : [a, b] ---. lR be a 
smooth function such that ¢i(t) = 0 if t ~ ti-l, ¢i(t) = 1 if t ?: ti, and ¢i is 
strictly increasing on [ti-l, ti], cf. Lemma 1.1 in Chapter 1. Then the function 
¢ := to + 2:7=1 (ti - ti-l)¢i is differentiable, strictly increasing on [a, b], and 
satisfies ¢(ti) = ti, ¢(m)(ti) = 0, for all i = 0, ... , k and mEN. It follows that 
c := co ¢ is a smooth reparametrization of c. D 

Consider a curve 'Y : I ---. Mp in the tangent space at p EM, where Mp is 
endowed with its canonical Riemannian structure. If 'Y(t) #- 0 for all t, we may 
write 'Y = 'Yr + 'YO, with 

'Yr = 1~12 \'Y, J,'Y)J,'Y and 'Yo = 'Y - 'Yr. 

'Yr and 'Yo are called the radial and polar components of'Y respectively. Notice 
that they are mutually orthogonal. When 'Y is a ray, i.e., 'Y(t) = tv for some 
v E M p , then 'Y = 'Yn and'Y is length-minimizing. The following lemma says 
that this property is preserved under the exponential map: 
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v 

exp{v) 

FIGURE 2 

LEMMA 7.2. Let p EM, and consider a vector v in the domain NIp of expp ' 

Denote by "(v : [0,1] -+ NIp the ray from 0 to v, "(v(t) = tv . If "(: [0,1] -+ NIp is 
any piecewise-smooth curve with "((0) = "(v (0) = ° and "((1) = "(v (1) = v, then 

L(expo"( ) ~ L(expo"(v) . 

Inequality is strict if there is some to E [0,1] for which the polar component of 
"'t at to does not vanish under the exponential map; i.e. , if expp * "'to (to) =I 0. 

PROOF. We may assume, by Lemma 7.1, that "( is differentiable, and that 
both v and "((t) are nonzero for t E [0,1]. By the Gauss Lemma, 

(7.1) I expp * "'t1 2 = I expp * "'tr 12 + I expp * "'to 12 ~ I expp * "'tr 12 = hr 12. 

Now, hi' = hrl, because 

I I' = ( )1/2' = ("(,,,(') = (J'Y"(' '''t) = I' I 
"( ,,(, "( 1"(1 1"(1 "(r . 

Thus, 

L(expp o"() = 11 I expp * "'tl ~ 11 hr l = 11 hi' = h(l)1 = Ivl = L(expp o"(v). 

The last assertion of the lemma is clear, since the inequality in (7.1) is strict if 

expp * "'to =I 0. 0 

THEOREM 7.1. Let p E M, and choose E > ° so that expp : U€ -+ expp(U€) 
is a diffeomorphism, where U€ = {v E Mp I Ivl < E} is the open ball of radius 
E centered at ° E Mp. For v E U€, denote by Cv : [0, 1] -+ M the geodesic in 
direction v, cv(t) = expp(tv). Then for any piecewise-smooth curve c : [0, 1] -+ 

M withc(O) = cv(O) = p andc(l) = cv(l) = q, the length ofc is at least as great 
as that of cv, and is strictly greater unless c equals Cv up to reparametrization. 
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PROOF. For u E UE , denote by ,u the ray t f--+ tu. Suppose first that the 
image of c is contained inside expp(UE ), so that there exists a lift, of c in UE ; 

i.e., c = expp 0" ,(0) = 0, ,(I) = v. By Lemma 7.2, L(c) :::: L(cv ). We claim 
that if c is not a reparametrization of cv , then for some t E [0, 1], ~ is not radial 
(and therefore L(c) > L(cv ) by the same lemma): Otherwise, 

(7.2) L(r) = 11 hi = 11 I~rl = 11 1,1' = 1,(1)1 

as in the proof of Lemma 7.2. On the other hand, there exists to E (0,1) such 
that ,(to) rt {sv I s E [0, I]}. Then 

L(r) = L(rl[o,to]) + L(rI[to,lj) :::: b(to)1 + 11'(1) -,(to)1 > 1,(1)1, 
which contradicts (7.2). This establishes the result if the image of c lies in 
expp(UE ). Next, suppose c is not entirely contained inside expp(UE ) , and let 
b = sup{t I c[O,tJ c expp(UE )}. There must exist some to E (O,b) such that 
Vo := (expp luJ- 1c(to) has norm greater than that of v. Then 

L(c) :::: L(cl[o,toj) :::: Ivol > Ivl = L(cv ). 

o 
Recall that a distance function on a set M is a function d : M x M --+ ~ 

satisfying 

(1) d(p,q) = d(q,p), 
(2) d(p, q) :::: 0, and = ° iff p = q, and 
(3) d(p, q) ::; d(p, r) + d(r, q), (the triangle inequality) 

for all p, q, rEM. When d is a distance function on a topological space M, 
(M, d) is called a metric space if the open balls BE (p) = {q E M I d(p, q) < E} 
of radius E > ° around p EM form a basis for the topology of M. 

Suppose M is a connected Riemannian manifold, and define a map d 
MxM--+~by 

(7.3) d(p, q) = inf{ L(c) I c: [0, IJ --+ M, c(O) = p, c(l) = q}, 

where c is assumed to be piecewise-smooth. 

PROPOSITION 7.1. Let M be a connected Riemannian manifold. If d is the 
function defined in (7.3), then (M, d) is a metric space. 

PROOF. We first check that d is a distance function on M. The only axiom 
that requires some work is: If d(p, q) = 0, then p = q. So consider the ball UE 

around ° in Mp, where E > ° is small enough so that expp : UE --+ expp(UE ) 

is a diffeomorphism. Then q E expp(UE ), since any curve from p which is not 
contained in expp(UE ) has length greater than or equal to E by the proof of 
Theorem 7.1. By that same theorem, 

(7.4) 

Thus, q = expp ° = p. 
We show next that the distance function is continuous on M x M: If 

Pn --+ p, then d(P,Pn) --+ ° by (7.4) and the continuity of I (expp luJ- 1 1. Now, 
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if (Pn,qn) ----> (p,q) E 1\1 x 1\1, then 

d(p, q) - d(p, Pn) - d(q, qn) ::; d(Pn, qn) ::; d(Pn' p) + d(p, q) + d(q, qn) 

by the triangle inequality, and d(Pn' qn) ----> d(p, q). Since d is continuous, each 
E-ball Bf(P) around P E 1\1 is open. It remains to show that any neighborhood 
of P contains such a ball. This in turn will follow once we establish that 

(7.5) 

where, as usual, E is chosen so that expp lu, is an imbedding. Now, expp(Uf ) C 

Bf(P) by (7.4). Furthermore, expp(Uf ) is open. In order to prove (7.5), it 
therefore remains to show that expp(U,) is closed in Bf(p), since the latter, 
being path-connected, is also connected. So let qn E expp(Uf ), qn ----> q E Bf(p), 
Vn : = (expp I u,) -1 (qn). { vn} is a bounded sequence in the vector space 1\1p, 
and contains a subsequence that converges to, say, v. Denoting the subsequence 
by Vn again, we have Ivi = lim IVn I = lim d(p, qn) = d(p, q) by continuity of d, 
so that Ivi < E. But q = expp v by continuity of the exponential map, and we 
conclude that q E expp(Uf ); i.e., expp(Uf ) is closed in Bf(P). 0 

DEFINITION 7.1. The injectivity radius injp at P E 1\1 is the supremum of 
the set of all E > 0 for which Uf lies in the domain of expp' and expp lu, is 
injective. The injectivity radius of a subset A C 1\1 is 

injA = inf{injp I pEA}. 

LEMMA 7.3. If A c 1\1 is compact, then injA > O. 

PROOF. By Theorem 4.1 in Chapter 4, there exists an open neighborhood 
U of the zero section {Op I pEA} in T 1\11 A on which (7r, exp) is an imbedding. 
By compactness of A, there exist P1, ... ,Pk E A and E1, ... ,Ek > 0 such that the 
sets B f ,j3(Pi) cover A and Bfi (pd x B f , (Pi) C (7r, exp)(U). If q is an arbitrary 
point of A, then q E B f ;j3(Pi) for some i. Then eXPq is invertible on U2f ,/3' so 
that injq ~ 2f.;/3. Thus, injA ~ E, where E := min1:::i:::d2E.;/3} > O. 0 

A geodesic c : [0, b] ----> 1\1 is said to be minimal if d(c(O), c(b)) = L(c). 
Recall that Uf C 1\1p denotes the open ball of radius E centered at Op E 1Up. 

LEl\lMA 7.4. If Uf is contained in the domain of expp for E > 0, then P can be 
joined to any q E BE (p) by a minimal geodesic. In particular, expp : Uf ----> B f (p) 
is surjective. Furthermore, each open ball Bs (p) in Iv! has compact closure for 
0< 6" < E. 

PROOF. For each (j E (0, E), denote by Gs the subset of Bs(p) consisting 
of all points q that can be joined to p hy a minimal geodesic. The lemma will 
follow once we establish that 

(1) Gs is compact. and 
(2) Gs = Bs(p). 

For (1), we only need to show that Gs is closed, since it is contained in the com
pact set expp(Us). So let q belong to the closure of G(5, and consider a sequence 

{qn} in Gs converging to q. If Vn denotes a vector in Us with Ivnl = d(p, qn) and 
exp Vn = qn, n EN. then {vn} contains a subsequence that converges to some 
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v in Uo. By continuity of expp ' expp v = q, and by continuity of d, Ivl = d(p, q). 
Thus, q E Co, and Co is closed. 

For (2). consider the set I = {6 E (O,E) I Co = Bo(p)}. I contains a 
neighborhood of ° in (0, E) by Theorem 7.1. We will show that I is both open 
and closed in (0, E), so that I = (0, E), thereby establishing (2). To see that I 
is closed, let 60 E (0, E) be such that 6 E I for all 6 < 60. Then Co = Bo(p) 
for 6 < 60, and thus, Boo(p) C Coo' Since Coo is compact, Boo(p) C Coo' The 
reverse inclusion is always true by definition, so that I is closed. To see that I 
is open, let 60 E I. By Lemma 7.3, there exists a > ° such that injcso = a. Let 
a' = min{ a, E - 60} > 0. We claim that 60 + a' E I (so that I being an interval, 
is open). It actually suffices to show that BOo+CtI(p) C COO+",I, since the latter 
set is closed. Furthermore, we know that Boo (p) C COO+CX" so we only need to 
establish that 

Boo+al(p) \ Boo(p) C Coo+a" 
Consider to this end a point q belonging to the left side, and a sequence of 
curves Cn : [a, b] --> M from p to q such that L( cn) < d(p, q) + lin. By the 
intermediate value theorem, there exists tn E (a, b) with d(p, cn(tn )) = 60, and 
the sequence Tn := Cn(tn ) subconverges to some T at distance 60 from p. Then 

(7.6) d(p, q) = d(p, T) + d(T, q). 

Indeed, L(cn) ;::: d(p, Tn) + d(Tn, q), SO that by construction of Cn , 

1 - + d(p, q) ;::: d(p, Tn) + d(Tn' q). 
n 

Furthermore, for each n EN, there exists k > n such that d( Tk, T) < 1 In. Then 

3 2 
- + d(p, q) ;::: - + d(p, Tk) + d(Tk' q) 
n n 

> d(p, Tk) + d(Tk' T) + d(T, Tk) + d(Tk' q) 

;::: d(p, T) + d(T, q). 

Since this holds for arbitrary n, d(p, q) ;::: d(p, T) + d(T, q), which proves (7.6). 
Now, T E Boo (p), so there exists a minimal geodesic Co from p to T. There is 
also a minimal geodesic C1 joining T to q because d(T, q) < a' by (7.6). The 
composition Co * C1 is then a piecewise-smooth curve from p to q realizing the 
distance between them. By Theorem 7.1, Co * C1 is locally (and hence globally), 
up to reparametrization, a normal minimal geodesic from p to q. 0 

We defined earlier a complete Riemannian manifold M to be one with 
complete Levi-Civita connection, so that geodeiSics of M are defined on all of 
lR.. On the other hand, (NI, d) is a metric space, and such a space is iSaid to 
be complete if every Cauchy iSequence in M converges (a sequence {Pn} is said 
to be a Cauchy sequence if for any E > 0, there exists some natural number N 
such that d(Pn,Pm) < f whenever n, Tn > N). The next fundamental result 
implies that both concepts of completeness agree: 

THEOREM 7.2 (Hopf-Rinow). Let 1'v1 be a connected Riemannian manifold 
with distance function d. The following statements aTe equivalent: 

(1) M is complete as a metTic space. 
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(2) For each p E M, expp is defined on all of Mp. 
(3) Any bounded set B c lvI is relatively compact; i.e., B has compact 

closure. 

Furthermore, anyone of the above conditions implies: 

(4) Any two points in M are joined by a minimal geodesic. 

PROOF. (3) =? (1) Since a Cauchy sequence is bounded, it lies inside a 
compact set, and therefore converges. 

(1) =? (2) Let vET M, and consider the maximal integral curve ., : I -+ 

TM of the geodesic spray S with .,(0) = v, so that exp(tv) = (n O.,)(t). We 
claim that [0,00) c I. Now I is open, contains a neighborhood of 0, so it suffices 
to show that I is closed relative to [0,00); i.e., if [O,s) c I, then [O,s] c I. By 
Exercise 18 in Chapter 1, we only need to consider a sequence {tn } in [0, s) 
that converges to s, and establish that Vn := .,(tn ) sub converges in TlvI; but 
the sequence Pn := n( vn ) is Cauchy, because 

d(Pn' Pm) = d( exp(tnv), exp(tmv)) ::; Itn - tm Iv. 
Thus, {Pn} converges to some P E M. Since Ivnl = lvi, the sequence {vn } 
lies inside the total space of some sphere bundle n : Sr(T M) -+ M of radius 
r = Ivl over M. In fact, since n(vn ) -+ p, {n(vn )} lies inside some compact 
neighborhood C of p. Then {vn } is contained inside the compact set n- 1 (C), 
and must have a convergent subsequence. 

(2) =? (3) This follows from Lemma 7.4, since any bounded set B must 
be contained in a metric ball Br(P) for large enough r. If Br(P) has compact 
closure, so does B. 

(2) =? (4) Immediate from Lemma 7.4. 0 

EXERCISE 130. Let lUI be a Riemannian submanifold of M 2 , and denote 
by di the distance function on Mi. 

(a) Prove that d 1 (p, q) ~ d2 (p, q) for p, q in M 1 , and give an example where 
strict inequality occurs. 

(b) Show that lvh is totally geodesic in M2 iff d 1 = d2 locally. 

EXERCISE 13l. Determine injJl,1 and injp for P E 1\.1, if 
(a) M = ]Rn, (b) M =]Rn \ {O}, (c) M = sn. 
EXERCISE 132. Let M be complete. 
(a) Show that a closed Riemannian submanifold of 1\.1 is complete. 
(b) Given P E lvI, A c M, define 

d(p,A):= inf{d(p,q) I q E A}. 

If d(p, A) = 0, does it necessarily follow that pEA? Show that if A is closed, 
then there exists a point q E A such that d(p, q) = d(p, A). 

EXERCISE 133. Let n : lvI -+ B be a Riemannian submersion. 
(a) By Exercise 118, if M is complete, then so is B. Is the converse always 

true? 
(b) Given B, C eM, define 

d(B, C) := inf{ d(p, q) I p E B, q E C}. 
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Prove that if !vI is complete, then the fibers 71"-1 (bd. 71"-1 (b2 ) over any two 
points b1 , b2 in B are equidistant: i.e .. for Pi E 71"-l(b i ), 

EXERCISE 134. Show that statement (2) in Theorem 7.2 is equivalent to: 
(2') There exists some pEAl for which expp is defined an all of !vIp. Hint: 
Show that (2') implies completeness of .M: Given a Cauchy sequence {qn} in 
AI, let Vn E A[p so that exppvn = qn, and Iv,,1 = d(p,qn)' Observe that {l'n} is 
bounded. 

8. First and Second Variation of Arc-Length 

Consider a normal (i.e., unit-speed) geodesic c : [0, aJ ---> A[ in a Riemannian 
manifold AI, and a variation V : [0, a] x .J ---> !vI of c. where .J is an interval 
containing O. We assume that c = V 0 70, where Is : [0, aJ ---> [0, a] x .J maps t 
to (t, s) for s E .J. The length function L : .J ---> Jl{ of V is defined by 

i.e., L( s) is the length of the curve t ---> V (t, s). Let Y be the variational 
vector field along c given by Y(t) = V*D2 (t, 0), Y-L = Y - (Y, c) its component 
orthogonal to c. The derivative \7 D Y will be denoted Y'. The following theorem 
will enable us to compare the length of c with that of nearby curves: 

THEOREM 8.1. With notation as above, 

(1) L'(O) = (Y, c)(t)lg, and 
(2) LI/(O) = (faa lYiY - (R(Y-L, c)c, Y-L)) + (\7 D2 V*D 2 (t, 0), c(t))lg. 

PROOF. By continuity of !V*D1 1 and compactness of [0, aJ, there exists an 
interval 1 c.J around 0 such that V*D1(t,s) cf 0 for all (t,s) E [0, a] x 1. Then 
L is differentiable on 1, and for s E I, 

(8.1) 

When s = O. !V*D1 1 = Icl = 1, and 

(\7 D, V*D2 , V*D 1 ) = (Y', c) = (Y, c)' - (Y, \7 DC) = (Y, I;)', 

which establishes (1). 
Differentiating (8.1) yields 
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and the integrand may be rewritten as 

(IV*D1ID2(V'D, V*D2, V*D1) - (V'D, V*D2, V*Dl)D21V*Dll)/IV*DlI2 

(V'D2 V'D, V*D2, V*D1) + (V'D, V*D2, V'D2 V*D1) 

IV*D11 
(V'D, V*D2, V*D1) (V'D2 V*D1, V*D1) 

IV*Dl I3 

(V'D2 V'D, V*D2, V*D1) + IV'D, V*D21
2 

IV*D11 
(V'D, V*D2, V*D1)2 

IV*Dl I3 

When s = 0, yet) = V*D2(t,0). Yl = Y' - (Y',e)e, and 

(8.2) 
IYlI2(t) = (IY'1 2 - (Y',e)2)(t) = IV'D, V*D212(t,0) - (V'D, V*D2, V*D1)2(t, 0). 

Furthermore, 

(R(Y-L' e)e, Y-L)(t) = (R(e, Y)Y, e)(t) 

so that 

= ((V' D, V'D2 V*D2, V*D1) - (V'D2 V'D, V*D2, V*D1) )(t, 0) 

= (Dl (V' D2 V*D2, V*D1) - (V' D2 V' D, V*D2, V*D1) )(t, 0), 

(V' D2 V' D, V*D2, V*D1)(t, 0) = Dl (t, 0) (V' D2 V*D2, V*D1) - (R(Y-L' e)e, Y-L)(t). 

Together with (8.2), and the fact that IV*D11 (t, 0) = 1, this implies 

L" (0) = la (Dl (t, O)(V' D2 V*D2, V*D1») - (R(Y-L' e)e, Y-L)(t) + IYlI2(t) dt, 

which establishes (2). o 

The following is an immediate consequence: 

COROLLARY 8.1. Suppose V : [0, aJ x J ----; M is a variation of c with fixed 
endpoints; i.e., V(O, s) = c(O) and V(a, s) = c(a) for all s E J. Then 

L'(O) = 0, 

EXAMPLES AND REMARKS 8.1. (i) Theorem 8.1 generalizes to a larger 
class of variations: A continuous map V : [0, aJ x J ----; M is said to be a 
piecewise-smooth variation of c if there exists a partition to = 0 < tl < .. , < 
tk = a of [O,aJ such that each Vi := Vj[O,alx[ti_"t;j is a variation of C[ti_',t,j' 

Define a continuous vector field V*D2 along V by V*D2(t, s) = Vi*D2(t, s) 
for t E [ti-l, tiJ. Then t ~ yet) := V*D2(t,0) is a piecewise-smooth vector 
field along c, and Y' a (not necessarily continuous) vector field along c, if we 
define Y'(ti) = V' D 2 (ti,O) Vi-hD2. Let Yi := y[ti-l,til, Yi-L := Yi - (Yi, e)e. By 
Theorem 8.1, 

k 

L'(O) = I)Yi, e)(t)I~:_, = (Y, e)(t)lg, 
i=l 
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since Yi (td = Yi+ 1 (td, and 

LI/(O) = t (lt~l tY;'-1t 2 - (R(Yi-1,C)C,Yi-1j) + (V'D 2 Vi*D2(t,0),c(tm;i_1 

= (faa IYlt2 - (R(Y-1, C)C, Y-1j) + (V'D2 VhD2(a, 0), c(a)j 

- (V'D 2 V1*D2(0,0),C(0)j. 

(ii) We saw in (i) that a piecewise-smooth variation V of c induces a (like
wise piecewise smooth) variational vector field t f-> Y(t) := V*D2(t, 0) along c. 
Conversely, any piecewise-differentiable vector field Y along c induces a vari
ation V of c with Y(t) = V*D2(t,0): By continuity of Y and compactness of 
[0, a], there exists an interval J around 0 such that sY(t) lies in the domain of 
exp for all (t, s) E [0, a] x J. Define V : [0, a] x J --+ M by V(t, s) = exp(sY(t)). 

(iii) Let V be a variation with fixed endpoints of a geodesic c in a space of 
nonpositive curvature K ::; O. By Corollary 8.1, 

L'(O) = 0, 

so that all nearby variational curves (i.e., V 0 Zs for sufficiently small s) are at 
least as long as c. 

(iv) Recall from Exercise 126 that to E [0, a] is said to be a conjugate point 
of a geodesic c : [0, a] --+ M if there exists a nontrivial Jacobi field Y along 
c that vanishes at 0 and to. Suppose c : [0, a] --+ M is a normal geodesic 
without conjugate points. We claim that for any piecewise-smooth variation 
V : [0, a] x J --+ M of c with fixed endpoints, all nearby curves are longer than 
c; more precisely, there is an interval I c J around 0 such that L(O) ::; L(s) 
for all .9 E I, and L(O) < L( s) if the curves Vs := V 0 Zs and Va = c are not 
reparametrizations of each other. To see this, let p = c(O). By Exercise 126, 
expp has maximal rank on the compact set C = {tc(O) to::; t ::; a} in M p , 

so that expp is a local diffeomorphism from a neighborhood of C in Aip onto a 
neighborhood U of the image of c in lvi. Choose an interval I c J around 0 so 
that V([O, a] x 1) is contained in U. Then for each s E I, there exists a curve 
Is in Mp from 0 to ac(O) such that exp O,s = VS' The claim now follows from 
Lemma 7.2. 

'When, in addition, c is injective, then expp maps a neighborhood of C 
diffeomorphically onto a neighborhood U of the image of c, so that any curve 
in U from p to c( a) which is not a reparametrization of c must be longer than 
c. There may, however, be curves from p to c(a) that leave U and are shorter 
than c; this occurs for example on a fiat torus or on a cylinder. 

Denote by r c the space of piecewise-smooth vector fields Y along c such 
that (Y, cj = O. 

DEFINITION 8.1. The index form of a normal geodesic c : [0, a] --+ AI is the 
symmetric bilinear form J : rex r c --+ lR given by 

J(X, Y) = faa (X', Y'j - (R(X, c)c, Yj. 
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Notice that if V : [0, aJ ---+ M is the canonical variation of c induced by some 
Y E rc from Examples and Remarks 8.1, then £'(0) = 0, and £"(0) = I(Y, Y), 
since each curve s t---> V(t, s) = exp(sY(t)) is a geodesic, so that V'D 2 V*D2 = O. 

Let us denote by r~ the subspace consisting of those Y in r c that vanish at 
o and a. The index form is, in general, degenerate on both spaces. In fact, the 
next lemma characterizes the space of Jacobi fields as the degenerate subspace 
of the index form on r~: 

LEMMA 8.1. For Y E r~, Y is Jacobi if and only if I(Y, X) = 0 for all 
X E r~. 

PROOF. If Y is Jacobi, then 

I (Y, X) = l a 
(Y', X') - (R(Y, c )c, X) = l a 

(Y', X') + (Y", X) 

= la
(y"X)' = (Y',X)(t)lg = O. 

Conversely, suppose Y E r~ satisfies I(Y, X) = 0 for all X E r~. Assuming first 
that Y is differentiable, we have 

o = I(Y, X) = l a 
(Y', X') - (R(Y, c)c, X) 

= (Y',X)(t)lg -la 
(y" + R(Y,c)cX) 

= -la 
(Y" + R(Y, c)c, X). 

Let f be a smooth function on [0, a], with f positive on (0, a), and f(O) 
f(a) = O. Then X := f(Y" + R(Y, c)c) E r~, and 

0= I(Y, X) = -la 
flY" + R(Y, c)cI 2 , 

so that Y" + R(Y, c)C = 0, and Y is a Jacobi field. If Y is only assumed to be 
piecewise-smooth, then by a similar argument, there exists a partition 0 = to < 
t1 < ... < tn = a such that each Yi:= y![ti-l,ti] is Jacobi. Fixj E {I, ... ,n-l}, 
and consider a vector field Xj E r~ such that Xj(tj) = Yj+1(tj) - Yj(tj), and 
Xj(ti) = 0 if i -=f. j. Since each Yi is Jacobi, 

k 

0= I(Y, Xj) = L(Yi', Xj)(t)lt, = -(Yj+1' Xj)(tj) + (Yj, Xj)(t j ) 
i=O 

= -(Yj+l - Yj, Xj)(tj) = -IYj+l - YjI2(t j ). 

Thus, Yj(tj) = Yj+l(tj). Since Jacobi fields are determined by their value and 
that of their derivative at one point, Y is smooth on [0, aJ. 0 

THEOREM 8.2. Let c : [0, aJ ---+ M be a normal geodesic. The index form of 
c is positive definite on r~ if and only if c has no conjugate points. 

PROOF. Suppose c has no conjugate points, and let Y E r~. By Examples 
and Remarks 8.I(iv), the length function of the canonical variation induced by 
Y has a minimum at 0, so that I(Y, Y) = £"(0) ~ O. Suppose I(Y, Y) = O. For 
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any c E Jl{ and Z E r~, O:S: I(Y - cZ, Y - cZ) = -2cI(Y, Z) + c2 I(Y, Z). This 
can only happen if I(Y, Z) = 0 for all Z E r~, and by Lemma 8.1, Y is a Jacobi 
field that vanishes at 0 and a. Since c has no conjugate points, Y == O. 

For the converse, suppose c has a conjugate point to E (0, a]. Let Y be a 
nontrivial Jacobi field that vanishes at 0 and to, and define a piecewise-smooth 
vector field X along c by X(t) = Y(t) if t :s: to, X(t) = 0 if t ::::> to. Then 
I(X,X) = 0, and J is not positive definite on r~. 0 

COROLLARY 8.2. If c : [0, a] -+ M is a normal geodesic with a conjugate 
point to < a, then c is not minimal. 

PROOF. It suffices to construct a variation V with fixed endpoints of c such 
that L(s) < L(O) for small s. By hypothesis, there exists a nontrivial Jacobi 
field Y along c with Y(O) = 0, Y(to) = O. Observe that Y Ere, that is, Y 
is orthogonal to c: By the remark following Definition 6.1, (Y, c)' is constant. 
Thus, (Y, c) is a linear function that vanishes at 0 and at to, and must be 
identically zero. Now, Y'(to) of. 0, for otherwise Y would be trivial; so consider 
the parallel vector field E along c with E(to) = -Y'(to), and define X E r~ by 
X = fE, where f is a function satisfying f(O) = f(a) = 0, f(to) = 1. Finally, 
for a > 0, let Yo< E r~ be given by 

Then 

( ) _ {Y(t) + aX(t), if t :s: to, 
Yo< t -

aX(t), if t ::::> to. 

I(Y", Yc,) = lta (y' + aX', y' + aX') - (R(Y + aX, c)c, Y + aX) 

+ l a
(aX',aX') - (R(aX,c)c,aX) 

to 

= (Y, Y')(t) 16° + 2a(X, Y')(t) 16° + 00 2 J(X, X), 

since Y is Jacobi. Thus, J(Y,,'ya) = 00 2 J(X, X) - 2a(Y', Y')(to) < 0 if a is 
small enough. The canonical variation of c induced by Ya has 0 as a strict 
maximum of its length function. 0 

EXERCISE 135. Suppose V : [0, a] x J -+ M is a variation with fixed 
endpoints of c. Show that if all curves Vs = V 0 Zs are geodesics, then they have 
the same length, and a is a conjugate point of each and everyone of them. 

EXERCISE 136. Let c : [0, a] -+ M n be a geodesic with no conjugate points. 
(a) Show that for any X Ere, there exists a unique Jacobi field Y with 

Y(O) = X(O) and Y(a) = X(a). Hint: Recall that the space of Jacobi fields 
along c is 2n-dimensional. 

(b) Prove that for X and Y as in (a), I(X, X) > J(Y, Y) if X of. Y. Hint: 
J(X - Y, X - Y) > O. 

EXERCISE 137. Let c : [0, a] -+ S~ be a normal geodesic on the n-sphere of 
radius p, and consider Jacobi fields Y1, Y2 along c with .Y;(O) = 0, Yj'(O) 1.. C(O). 

(a) Show that J(Y1' Y2 ) = (p/2) sin(2a/ p)(Y{(O), Y;(O)). 
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(b) Conclude that if a < Jrp/2, then I is positive definite on the subspace 
of all X E fe with X(O) = O. 

EXERCISE 138. Show that the converse of Corollary 8.2 does not hold; i.e., 
give examples of geodesics that have no conjugate points, but are not minimal. 

9. Curvature and Topology 

As an application of the index form, we shall discuss two results illustrating 
how the knowledge of the sectional curvatures at every point can sometimes lead 
to an understanding of the large-scale structure of the space. The first one states 
that a manifold with curvature K <::: 0 has Euclidean space as its universal cover. 
The second is that a manifold with curvature bounded from below by a positive 
constant has compact universal cover. For further results in this direction, the 
reader is invited to consult a book that deals more exclusively with Riemannian 
geometry. Reference [31], for example, is a modern and thorough account of 
the subject. 

By Example 6.1, a normal geodesic in a space of constant curvature", has 
Jr /..fK as conjugate point if", > 0, and no conjugate point if", <::: O. This seems to 
suggest that the more curved the space, the earlier conjugate points occur. This 
is indeed the case, and it can be phrased more precisely in terms of the index 
form: Let lvI, NI be Riemannian manifolds of the same dimension n ~ 2, p E lvI, 
P E M. Given unit vectors u, u in lvIp , NIp respectively, choose a linear isometry 
L : Mp --+ NIp with iU = U, and denote by c : [0, a] --+ M (resp. c : [0, a] --+ iiI) 
the geodesic given by c( t) = expp (tu) (resp. c( t) = expp (tu)). 

Next, we construct an isomorphism L : fc --+ fe as follows: For t E [O,a], 
let Lt : Me(t) --+ l~Ie(t) denote the isometry PO,t_O 2 ° ?t.o, where Pt,o is parallel 

translation along c from 1I1c(t) to NIe(o) , and PO,t parallel translation along c 
from NIe(o) to Me(t). 

P"o 1 r Po" 

M p -------'-----+ if p 

For X E fe, define LX E fe by LX(t) = LtX(t). To see that L is an isomor
phism, consider an orthonormal basis U1, ... ,Un -1 of u-L, and denote by Ei the 
parallel vector field along c with Ei(O) = Ui, 1 <::: i <::: n - 1. Similarly, let Ei 

be the parallel field along c with Ei (0) = iUi. Any X E f e can be written as 
X = Li fiEi' where fi = (X, E i ), and by definition of L, 

(9.1) 

It follows that L is an isomorphism. 

LEMMA 9.1. With notation as above, suppose that Kc(t),v <::: K~(t),Ltv faT 
all t E [0, a], v E Me(t). Then I(X, X) ~ I(LX, LX) faT any X E f c' 
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PROOF.- By (9.1), (LX, LY) = (X, Y), and (LX)' = L(X') for all X, 
Y Ere' If X(t) of. 0, then 

(R(X, c)c, X)(t) = Kc(t),x(t) (X, X)(t) ::; K~(t),LX(t) (LX, LX)(t) 

= (R(LX, ~)~, LX)(t), 

whereas both sides are zero if X(t) = 0. Thus, 

I(X,X) = foa(X', X') - (R(X,c)c,X) ~ foa((LX)', (LX)') - (R(LX,~)~,LX) 
= I(LX,LX). 

o 

THEOREM 9.1. Let c : [0, a] -+ M be a normal geodesic in a Riemannian 
manifold with sectional curvature K. 

(1) If K ::; 0, then c has no conjugate points. 
(2) If K ::; Ii, where Ii > 0, and L(c) < 7r/"[K,, then c has no conjugate 

points. 
(3) If K ~ Ii > 0, and L(c) ~ 7r/"[K,, then c has a conjugate point. 

PROOF. Statement (1) follows from (2) by taking Ii > ° arbitrarily small; 
see also Exercise 127. For (2), let M denote the sphere of constant curvature 
Ii in Lemma 9.1. For X E r~, LX E r~, and I(X, X) ~ I(LX, LX). Since c 
has no conjugate points, the claim follows from Theorem 8.2. Statement (3) is 
argued as in (2), after interchanging the roles of M and M. 0 

THEOREM 9.2 (Hadamard, Cartan). Let Mn be a complete Riemannian 
manifold with sectional curvature K ::; 0. Then the universal cover of M is 
diffeomorphic to IRn. 

PROOF. The statement follows once we show that expp : Mp -+ M is 
a covering map for any p EM. Since (M, g) has nonpositive curvature, its 
geodesics have no conjugate points, and expp has maximal rank everywhere. Let 

M denote the Riemannian manifold Mp together with the metric exp; g. Notice 
that for v E Mp , the ray t r--. tv through the origin is a geodesic, since expp is 

isometric. By Exercise 134, M is complete. Given q E M and E E (0, injq), expp 

maps the open ball BE(U) of radius E centered at any u E exp;l(q) onto BE(q), 
because expp is isometric and M is complete. Furthermore it is one-to-one on 
this ball, since E < injq. Thus, BE(q) is evenly covered by expp ' and the latter 
is a covering map. 0 

THEOREM 9.3 (Bonnet, Myers). Let Mn be a complete Riemannian mani
fold with sectional curvature K ~ Ii > 0. Then d(p, q) ::; 7r / ,,[K, for all p, q EM. 
In particular, M is compact and has finite fundamental group. 

PROOF. By Theorem 9.1, any geodesic in M of length greater that 7r /,,[K, 
has a conjugate point to E (0, 7r / ,,[K,), and cannot be minimal by Corollary 8.2. 
On the other hand, any two points of M are joined by a minimal geodesic 
because M is complete. This show that the diameter diam(M) = sup{ d(p, q) I 
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p, q E M} of M cannot exceed 7r / yK,. By the Hopf-Rinow theorem, M is 
compact. 

If p : 1M ---; M denotes the universal covering map, endow 1M with the 
unique differentiable structure for which p becomes smooth. The above ar
gument may now be applied to the complete Riemannian manifold (1M, p* g), 
where 9 is the metric of M. Thus, 1M is compact, and the fiber 7r1 (M) of P is 
finite. 0 

EXERCISE 139. Generalize Myer's theorem to Riemannian manifolds whose 
Ricci curvature satisfies Ric(x) 2:: (n - l)K; > 0 for all Ixl = 1, as follows: 
Let c : [0, 7r / ~ ---; M be a normal geodesic, and consider parallel orthonor
mal vector fields E 1 , ... , En - 1 along c, with (Ei' c) = O. Define Xi E r~ by 
Xi(t) = sin( yK,t)Ei(t). Prove that 'EJ(Xi , Xi) = 0, and conclude that c has 
a conjugate point. 

EXERCISE 140. Show by means of an example that the conclusion of Myers' 
theorem no longer holds if one only requires that K > O. 

EXERCISE 141. A normal geodesic c : ~ ---; M is said to be a line if 
d(c(t), C(t/)) = It - t'l for all t, t' E R Prove that in a complete, simply 
connected manifold of nonpositive curvature, every normal geodesic is a line. 

EXERCISE 142. A normal geodesic c : [0,00) ---; M is said to be a ray if 
d(c(O), c(t)) = t for all t 2:: O. Show that if M is complete and noncompact, then 
for any p E M, there exists a ray c with c(O) = p. Is the statement necessarily 
true if one replaces "ray" by "line"? 

10. Actions of Compact Lie Groups 

In this section, we will prove (a somewhat stronger version of) Theorem 14.2 
in Chapter 1. Let G be a compact Lie group acting on M via fl, : G x M ---; M. 
When there is no risk of confusion, we write g(p) instead of fl,(g,p). Recall that 
the orbit G(p) of p E M is the set {g(p) I 9 E G}, and the isotropy group Gp 

of p is the subgroup consisting of all 9 E G such that g(p) = p. Notice that an 
isotropy group is necessarily closed in G. 

LEMMA 10.1. Let p EM, and set H := Gp . Then the map f : G/ H ---; M 
given by f(gH) = g(p) is an imbedding onto G(p). 

PROOF. The map f is clearly well-defined and bijective onto the orbit of 
p. Since G / H is compact and M is Hausdorff, f is a topological imbedding. It 
remains to show that f has maximal rank everywhere. By equivariance of f, it 
suffices to do so at eH; equivalently, we claim that if 7r : G ---; G / H is projection, 
then x E Ge belongs to He whenever x E ker(f 07r)*e' To see this, consider the 
vector field X E 9 with X(e) = x, and the curve t ~ c(t) := (f 0 7r)(exptx). 
Equivariance of f implies that f 0 7r = fl,g 0 f 0 7r 0 Lg-1 for any 9 E G. Thus, 

c(t) = f* 0 7r*(X(exptx)) = fl,exptx* 0 f* 07r* 0 Lexp-tx*X(exptx) 

= fl,exptx* 0 f* 0 7r*X = O. 

exptx therefore belongs to H for all t, and x E He. o 
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LEMMA 10.2. There exists a Riemannian metric on M for which the action 
of G is by isometries. 

PROOF. Given a Riemannian metric (,) on M, define a new metric (,) by 

(;;:y) := Ie f , where f(g) = (g.x,g.y). For h E G, (h-:;;:'y) = Ie]' with 

](g) = (g.h.x, g.h.y) = f(gh). Thus, (h-:;;:'y) = Ie f 0 Rh = Ie f = r;::;;) 
by Proposition 14.1 in Chapter 1. D 

In view of Lemma 10.2, we will from now on assume that G acts by isome
tries. The following version of the tubular neighborhood theorem will also be 
needed: 

PROPOSITION 10.1. Let N be a compact submanifold of a Riemannian 
manifold M with normal bundle v in M. There exists E > 0 such that exp : 
E(vE) --7 BE(N) is a diffeomorphism of the total space E(vE) = {u E E(v) I 
lui < to} of the disk bundle vE onto the E-neighborhood BE(N) of N in M. 

PROOF. Since exp has maximal rank on the zero section s(N) of v and is 
injective on s(N), there exists, by Lemma 1.1 in Chapter 3, a neighborhood U 
of s(N) in v such that exp : U --7 M is a diffeomorphism onto its image. By 
compactness of N, U contains (the total space of) some E-disk bundle v E , and 
exp(vE ) C BE(N). It remains to show that exp(vE ) contains BE(N). Consider 
a point q E BE(N). Choosing a smaller E > 0 if necessary, we may assume 
that BE(N) has injectivity radius larger than Eo By Exercise 132, there is a 
point pEN such that d(q, N) = d(q,p), and thus a minimal normal geodesic 
c : [0, a] --7 M from q to p. It must be shown that c(a) .1 Np; if not, choose a 
curve,,( : (-6,6) --7 N with "((0) = p and (-'((0), c(a)) < O. For small enough 6, 
the image of"( lies inside the E-neighborhood of q, so that "( may be lifted via 
eXPq to a curve i in M q. 

Consider the variation V : [0, a] x (-6,6) --7 M of c by geodesics, V (t, s) = 
eXPq(ti(s)), and denote by L(s) the length of the geodesic t f---+ V(t, s). Byas
sumption, L : (-6,6) --7 IR+ has a minimum at O. Denoting by Y the variational 
vector field of V, we have by Theorem 8.1 

L'(O) = (Y, c)(t)lg = (1'(0), c(a)) < 0, 

contradicting the fact that L has a minimum at O. D 

The above proposition can be used to explicitly describe tubular neighbor
hoods of orbits: 

PROPOSITION 10.2. Given p E M, denote by H the isotropy group Gp at 
p, by vp the normal bundle in M of the orbit G(p) = G / H of p, and by v~ the 
corresponding disk bundle of radius Eo There exists E > 0 such that the tubular 
neighborhood BE (G(p)) of radius E about the orbit is equivariantly diffeomorphic 
to G XH U, where U is the fiber of v~ over p, and H acts on U by h(u) = h.u. 
(The diffeomorphism is equivariant with respect to the action of G on G x H U 
given by g[a, u] = [ga, u].) 

PROOF. Choose E > 0 so that Proposition 10.1 holds for N = G(p), and 
define F : G XH U --7 BE(G(P)) by F[g, u] = 9 0 expu. G is assumed to act by 



10. ACTIONS OF COMPACT LIE GROUPS 175 

isometries, SO that h 0 exp = exp oh* for h E H, and F is well-defined. It is 
clearly equivariant. Furthermore, F is the composition 

1> exp 
F: G XH U -+ E(v;) -+ Bc(G(p)), 

where ¢[g, u] = g* u. The statement then follows from Proposition 10.1, once 
we establish that ¢ is a diffeomorphism. We claim more, namely that ¢ is a 
bundle map covering f : GIH -+ G(p), with f as in Lemma 10.1. It is clear 
that ¢ covers f, and therefore induces a map G XH U -+ E(f*v;). The latter 
is given by [g,u] f---> (gH,g*u), which is smooth, covers the identity, and has 
smooth inverse (gH, u) f---> [g, g;lU]; it is therefore an equivalence, so that ¢ is 
a bundle map. 0 

Recall from Section 14 in Chapter 1 that two orbits are said to have the 
same type if there exists an equivariant bijection between them. When all 
orbits have the same type, G is said to act by principal orbits. Theorem 14.2 
(2) in Chapter 1 states that in this case, the orbit space MIG is a differentiable 
manifold, and the projection 7f : M -+ MIG is a submersion. We are now in a 
position to deduce a stronger result, namely that M -+ MIG is a fiber bundle: 

THEOREM 10.1. Let G be a compact Lie group acting on M, H a closed 
subgroup of G. If all orbits have type G I H, then the projection 7f : M -+ MIG 
is a fiber bundle with fiber G I H and group N (H) I H, where N (H) denotes the 
normalizer {g E G I gH = Hg} of H. 

PROOF. The previous proposition implies that any point p of M has a 
G-invariant neighborhood equivariantly diffeomorphic to G x H U, where U is 
a metric ball around the origin in the subspace of Mp that is orthogonal to 
the orbit through p. Consider a point u in U. By hypothesis on the orbit 
type, there exists an equivariant diffeomorphism f : G IG[e,u] -+ G I H. Let 
aH := f(G[e,u]). Since f is equivariant, f(gG[e,u]) = gaH for any 9 E G. If 
we now choose 9 to lie in G[e,u], then gaH must equal aH; i.e., a- 1ga E H 
for all 9 E G[e,u], and G[e,u] is conjugate to some subgroup of H. Arguing in 
a similar fashion with f- 1 , we conclude that G[e,u] is conjugate to H. But if 
g[e, u] = [e, u], then [g, u] = [e, u], so that 9 E H, and G[e,u] = H. The latter 
implies that [e,u] = [g,u] = [e,gu]; thus, H acts trivially on U, and G XH U is 
equivariantly diffeomorphic to (G I H) xU. Composing this with the projection 
onto the second factor yields a homeomorphism of a neighborhood of G(p) in 
the orbit space (endowed with the quotient topology) with U, which is an open 
set in a vector space. Thus, 1M I G is a topological manifold. Consider two such 
homeomorphisms originating from the construction in the previous proposition 
by taking PI, P2 in M and the fibers Ui of v;: over Pi. The transition function is 
exp;:;-l og 0 expv for some 9 E G, which is differentiable. We therefore obtain 

P2 PI 

a differentiable structure on MIG for which the projection is a submersion. 
Let Vi = 7f( exp(U;). The construction above induces equivariant bundle 

charts (7f, ¢i) : 7f- 1 (Vi) -+ Vi x G I H whose transition function at any point 
is a G-equivariant diffeomorphism of G I H. It remains to show that the group 
Diff c (G I H) of such diffeomorphisms is isomorphic to N (H) I H. To see this, 
observe that if f E Diffc(GIH), then f(gH) = gaH for some a E G with 
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a -1 Hac H by the argument at the beginning of the proof. \Ve claim that 
a- 1 Ha = H; i.e., a E N(H): Indeed, if A = {an In = 0,1,2, ... }, then by 
Lemma 10.3 below, the closure A of A contains a- 1 . Now, the map F : G x G --> 

G sending (b, c) to b- 1cb is continuous, and by hypothesis, F(A x H) c H. Since 
H is closed, F(A x H) c H. Thus, aH a- 1 C H, so that H C a- 1 Haas claimed. 
Summarizing, any f E Diffc(GI H) has the form f(gH) = ga- 1 H = (gH)a 
for some a in the normalizer of H. It now easily follows that Diff c( G I H) is 
isomorphic to N(H)IH acting by right multiplication on GIH. D 

LEMMA 10.3. For any a E G, the closure of the set A = {an I n = 
0,1,2, ... } is a subgroup of G. 

PROOF. Notice first of all that the closure of a subgroup is again a subgroup 
by continuity of (a,b) f---+ ab- 1 . It suffices therefore to show that a- 1 E A, or 
equivalently, that any neighborhood of a- 1 intersects A. Consider the subgroup 
(a) generated by a. If e is an isolated point of (a), then (a) is discrete, and 
being compact, must be finite, so that an = e for some n E N. If n = 1, 
then a- 1 = e E A, and otherwise, a- 1 = an- 1 E A. So assume that e is 
not isolated. If U is a neighborhood of e, then so is V = Un U- 1 , where 
U- 1 := {g-l I 9 E U}. It must therefore contain an for some positive n, so that 
an- 1 E La-l (V)nA. In other words, if U is any neighborhood of e, then La-l (U) 
intersects A. But then any neighborhood W of a- 1 intersects A, because La(W) 
is a neighborhood of e, so that W n A = La-l (La(W)) n A =f. 0. D 

COROLLARY 10.1. If G is a compact Lie group acting freely on M, then 
'if: M --> MIG is a principal G-bundle. 

The corollary yields an alternative immediate proof of the fact that the Hopf 
fibrations, as well as the projections G --> G I H for G compact and H closed, are 
principal bundles. Neither the theorem nor its corollary remain true when G 
is no longer compact: Consider for example the JR.-action on the torus Sl x Sl 
given by t(Zl' Z2) = (e it Zl, eiat Z2) with ex irrational. There do exist criteria 
guaranteeing that certain maps M --> MIG are fibrations for noncompact G. 
One such (see [14]) is the condition that G act freely and properly; i.e., any two 
points that do not lie in the same orbit can be separated by open sets U, V, 
with the property that g(U) n V = 0 for all 9 E G; equivalently, the orbit space 
MIG is Hausdorff in the quotient topology. 



CHAPTER 6 

Characteristic Classes 

Let ~ = 7r : E -+ AI denote a rank n bundle over M with connection V 
and curvature R. The Bianchi identity d'l R = 0 from Exercise 94 implies that 
certain polynomial functions in R are closed differential forms on M, and thus 
represent cohomology classes in H*(AI,lR). These classes are called character
istic classes of ~, and turn out to be independent of the choice of connection. 

Since the algebraic machinery needed to establish this is fairly involved, 
we illustrate the process by discussing a simple example: Recall that the trace 
function tr : g[(n) -+ lR is invariant under the adjoint action of GL(n): Given 
A E g[(n), B E GL(n), tr(AdB A) = tr(BAB- 1 ) = tr A (throughout the 
chapter, we identify g[(n) with the space of n x n matrices). This elementary 
fact implies that the trace operator induces a parallel section Tr of the bundle 
End(~)*, if the latter is given the connection induced by V: Given p E AI, 
the fiber of End(O over p is g[(Ep). Now choose a basis of Ep, that is, an 
isomorphism b : lRn -+ Ep, and define, for L E g[(Ep), 

Tr(p)(L) := tr(b- 1 0 Lob). 

There is no ambiguity here, for if b is a different basis of Ep , then M := b-1 ob E 

GL(n), and b- 1 oLo b = M(b- 1 0 Lo b)M- 1 has trace equal to that of b- 1 oLob. 
Thus, Tr is a section of End(O*. To see that it is parallel, consider a curve c 
in M and a basis (3 of parallel sections of ~ along c. If X is a parallel section 
of End(~) along c, then t f--+ (3(t)-l 0 X(t) 0 (3(t) is a constant curve in g[(n), 
and Tr oc(X) is a constant function. Thus, Tr is parallel along any curve, as 
claimed. 

In general, given a vector bundle 7] over IvI with connection V, a section L of 
7]* assigns to each 7]-valued r-form w E Ar(AI, 7]) on !v! an ordinary differential 
form Lw E Ar(!vI) on !v! of the same degree. For vector fields Xi on !v!, we 
have 

d(Lw)(Xo,· .. , X r ) = 2) -l)iXi((Lw)(Xo, ... , Xi' ... ' X r)) 

+ 2:)-l)i+j(Lw)([Xi,Xj ],Xo, ... ,Xi' ... ,Xj , ... ,Xr). 
i<j 

On the other hand, 

Xi((Lw)(Xo, ... ,Xi, ... ,Xr)) = (VxiL)(w(Xo, ... ,Xi, ... ,Xr)) 

+ LV Xi (W(XO, ... , Xi' ... ' X r )), 

177 
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so that 
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d(Lw)(Xo, ... ,Xr) = 2)-1)i(V'xiL)(W(Xo, ... ,Xi"" ,Xr)) 

+ Ld'V W(XO, ••• , Xr). 

In particular, if L is a parallel section of 7]*, then 

(0.1) doL=Lod'V. 

Returning to our original vector bundle ~, the curvature tensor R of the 
connection is an End(O-valued 2-form on M. Then Tr oR is an ordinary 2-form 
on M, and by Equation (0.1) together with the Bianchi identity, 

do Tr 0 R = Tr od'V 0 R = O. 

In other words, Tr oR represents an element W E HZ (M). 

PROPOSITION 0.3. The element wE HZ(M) represented by TroR is inde
pendent of the choice of connection. 

PROOF. Consider connections 'Hi on ~ with curvature Ri , i = 1,2. Let 
I = [0,1], and denote by p : M x I -t M and t : M x I -t I the respective 
projections. The bundle p*~ then admits connections p*'Ho and P*'H1' with 
corresponding covariant derivatives V' 0 and V'1. One easily checks that 

V' := (1 - t)V'o + tV'l 

is a covariant derivative on p* ~, d. also Exercise 90 in Chapter 4. Furthermore, 
if'H and R denote the corresponding connection and curvature, then ~o'H = 'Ho, 
~i'H = 'HI, and similar equations hold for the curvature tensors; here, as usual, 
~s : M -t M x I maps p to (p,s). Now, by (0.1), the 2-form TroR on M is 
closed. The Poincare Lemma then implies that the form 

Tr oR1 - Tr oRo = (~r - ~o) TroR = d(I 0 Tr oR) 

is exact. o 

1. The Weil Homomorphism 

In order to generalize the example discussed in the previous section, we 
need some algebraic preliminaries. 

DEFINITION 1.1. A function f : JRn -t JR is said to be symmetric if for any 
permutation (J" of {I, ... , n}, f(Au (l), ... , A".(n)) = f(A1, ... , An) for all Ai E R 
The elementary symmetric functions 81, ... , Sn : JRn -t JR are defined by 

Sk(>'1, ... ,An)= L Ai1Ai2···Aik' 
i1 <···<ik 

1:::; k:::; n. 

For example, 81(A1, ... ,An) = I:iAi, and Sn(A1, ... ,An) = 11 Ai. A 
straightforward induction argument shows that 

(x - AI)··· (x - An) = xn - 81 (AI' ... ' An)Xn- 1 + ... + (-1)n 8n (A1, ... , An). 

The polynomials 8i may be extended to en. Notice that they are algebraically 
independent over the reals; i.e., if p : JRn -t JR is a real polynomial such that 

p(81(A1, ... , An), ... , 8n(A1, ... , An)) = 0 
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for all Ai with Sj(Al,"" An) E JR, then p == O. To see this, let al, ... , an E JR, 
and denote by AI, ... ,An E <C the roots of the equation 

(1.1) 

Then ai = Si(Al, .. " An), and by assumption, p(al, ... , an) = O. 

DEFINITION 1.2. A polynomial of degree k on a vector space V is a function 
p : V ~ JR such that if wI, ... ,wn is a basis of V*, then there exist ail ... ik E JR 
with p(v) = Lail ... ikWil(v)·· 'Wik(v) for all v E V. 

The coefficients of p may, and will, be assumed to be symmetric in the 
indices. The space of these polynomials will be denoted Pk(V), and P(V) := 
ffik=oPk (V) is then an algebra with the usual product of functions. For example, 
Sk E Pk(JRn). In fact, any symmetric polynomial f on JRn is a function of 
Sl, ... ,Sn: Given aI, ... ,an E JR, let AI, ... ,An denote the corresponding roots 
of (1.1), and define F : JRn ~ JR by F(al, ... , an) = f(Al,"" An). Then 

f(Xl,"" xn) = F(Sl(Xl, ... , xn), ... , Sn(Xl, ... , Xn)). 

It can be shown that F may be chosen to be a polynomial. 
When V is the Lie algebra g of a group G, a polynomial pin P(g) is said 

to be invariant if p(Adg v) = p(v) for all v E V, g E G. The collection PG of 
invariant polynomials on g is a subalgebra of P(g). 

EXAMPLE 1.1. For A E g[(n), define fi(A) = Si(Al, ... , An), where AI,"" An 
are the eigenvalues of A; equivalently, fi is determined by the equation 

det(xI - A) = xn - it (A)xn- l + ... + (_l)n fn(A). 

Then fi is an invariant polynomial of degree i on g[(n). 

Instead of working with Pk(g), it is often more convenient to deal with the 
space Sk(g) of symmetric tensors of type (0, k) on g: The polarization of a 
polynomial p = Lail ... ikWil .. 'Wik E Pk(g) is pol(p):= Lail ... ikWil ® ... ® 
wik E Sk(g). pol: Pk(g) ~ Sk(g) has inverse pOI-l(T)(v) = T(v, ... , v) for 
T E Sk(g), v E g. If we define multiplication in S(g) := ffik=oSk(g) by 

1 
(ST)(Vl, ... ,Vk+l) = (k+l)! L S(vcr(l)""Vcr(k)) .T(Vcr(k+l), ... ,Vcr(k+I)) 

crEPk+l 

for S E Sk(g), T E Sl(g), then the natural extension of pol to P(g) is an algebra 
isomorphism pol: P(g) ~ S(g). 

T E Sk(g) is said to be invariant if T(Adg VI, ... ,Adg Vk) = T( VI, ... ,Vk) 
for g E G, Vi E g. The sub algebra SG of invariant symmetric tensors is the 
isomorphic image of PG via pol. 

We are now ready to carry these concepts over to bundles: Recall that 
if ~ = 7r : E ~ M is a vector bundle over M, then End(~) = Hom(~,~) is 
the bundle over M with fiber gl(Ep) over p. Let us denote by Endk(~) the k
fold tensor product End(~) ® ... ® End(~), and set ® End(~) := ffik20 Endk(~)' 
Since the fiber of this bundle is an algebra, we may define the product a ® 
(3 E Ak+I(M,®End(~)) of®End(~)-valued forms a E Ak(M,®End(~)) and 
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(3 E AI(M, @End(O) by 

1 
(a@!3)(xl, ... ,Xk+z)= kill L a(xo-(l), ... ,Xcr (k))g!3(.T cr (k+l),····x cr (HI)). 

crEPk +1 

By Examples and Remarks 2.1(v) in Chapter 4, a connection on ~ induces one 
on @End(O. Since multiplication in the algebra bundle is parallel, an argument 
similar to the one for the trivial line bundle El over AI shows that the exterior 
covariant derivative operator satisfieH 

(1.2) 

for a, !3 aH above. 

PROPOSITION 1.1. Let T denote a symmetric (0, k) tensor on g[(n), and ~ 
a rank n bundle over ]\;I with total space E and connection \7. If T is invariant. 
then it induces a parallel section T of Endk (0 * . 

PROOF. Given pEAl, choose an isomorphism b : JR.n ----) Ep , and define 

T(p)(Ll @ ... @ L k) = T(b- 1 0 Ll 0 b, ... , b- 1 0 hob), Li E g[(Ep). 

The argument used in the last Hection to Hhow that Tr iH a well-defined parallel 
section of End(O* applies equally well to T. D 

If R is the curvature tensor of the connection on ~ and T E Sdg[(n)) is 
invariant, then the k-fold product Rk = R @ ... @ R E A2dM, EnddO), and 
T(Rk) is an ordinary 2k-form on M. 

THEOREM 1.1 (Weil). Let ~ denote a rank n bundle over M, and R the 
curvature tensor of some connection on~. 1fT E Sk(g[(n)) is invariant, then 

(1) the 2k-form T(Rk) is closed; and 
(2) if w(T) denotes the element of H2k(M) determined by T(Rk), then 

w(T) is independent of the choice of connection, and w : SeL(n) ----) 
H*(M) = ffii>oHi(M) is an algebra homomorphism. 

PROOF. By (0.1) and the Bianchi identity, 
- k -\7 k \7 \7 dT(R) =Td (R) =T(d R@R@ .. ·@R)+ .. ·+T(R@· .. gRgd R) =0, 

which establishes (1). For (2), replace Tr by T in the proof of PropoHition 0.3. 
The fact that w iH a homomorphism iH straightforward to prove. D 

The map w : SeL(n) ----) H*(M) is called the Weil homomorphism. It is 
natural with respect to pull-backs: 

PROPOSITION 1.2. Let ~ denote a vector bundle over ]\;1, f : N ----) AI. If 
w, 'Ii; denote the Weil homomorphisms associated to ~, f* ~ respectively, then 
'Ii; = f* 0 w. 

PROOF. Let R denote the curvature tensor of some connection on ( By 
Cartan's structure equation, the induced connection on f* ~ is f* R, so that for 
T E SeL(n) of type (0, k), 

'Ii;(T) = [T(f* R)k] = [f*T(Rk)] = f*w(T), 

where [a] denotes the cohomology class containing a. D 
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EXERCISE 143. Recall that for an n x n matrix A = (aij), the determinant 
of A equals LaEPn (sgn a )a1a(1) ... ano-(n). Use this fact to show that if fk is 
the invariant polynomial of degree k on g[(n) from Example 1.1, then 

EXERCISE 144. A linear transformation L : V -+ V on an n-dimensional 
vector space V induces for each k = 1, ... , n a linear map Lto : Ak(V) -+ Ak(V) 
given by 

wE Ak(V), Vi E V. 

Since fk is an invariant polynomial on g[(n), we may define fk(L) := fk([L]), 
where [L] denotes the matrix of L in some fixed basis of V. 

(a) Use Exercise 143 to show that fk (L) = tr L to. In particular, L~ : 
An(V) -+ An(V) is multiplication by det L. 

(b) Show that for A, B E g[(n), h(AB) = h(BA), and use this to give 
another proof of the invariance of fk. 

EXERCISE 145. Let R denote the curvature tensor of some connection on 
E-+M. 

(a) Given p EM, Xi E Mp, express R 2(X1,"" X4) E End2(Ep) explicitly in 
terms of R(Xi,Xj) E End(Ep). 

(b) Suppose E has rank 4. If g2 = polh, find an expression for ?h(R2) in 
terms of an orthonormal basis of Ep. 

2. Pontrjagin Classes 

If w : SCL(n) -+ H*(M) is the Weil homomorphism associated to a vec
tor bundle ~ over M, the element w(f) E H*(M), for f E SCL(n), is called a 
characteristic class of~. By Proposition 1.2, equivalent bundles have the same 
characteristic classes. A natural question to ask is whether generators can be 
found for these classes. The problem is simplified by the fact that any rank 
n bundle allows a reduction of its structure group to O(n), and thus admits a 
Riemannian connection. The corrresponding curvature tensor R then belongs 
to A2 (M, o(~)), where o(~) = {L E End(~) I L + Lt = a}. Since a characteristic 
class is independent of the choice of connection, we may restrict the Weil ho
momorphism to the group O(n). In other words, we wish to find generators of 
SO(n), or equivalently, of the algebra PO(n) of invariant polynomials on o(n). 

Now, the polynomials iI, ... , fn defined by 

A E g[(n), 

are invariant polynomials on g[(n). They are therefore also invariant (under 
AdO(n)) as polynomials on o(n). Furthermore, if A E o(n), then det(xI - A) = 
det(xI - A)t = det(xI + A), so that fi(A) = fi( -A). By Example 1.1, fi(A) 
must be zero for odd i. 

THEOREM 2.1. Let n = 2k or 2k + 1. The algebra PO(n) of invariant 
polynomials on o(n) is generated by 12, f4,"" 12k. 
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PROOF. Given >1] ..... Ak E IR. set 

if n = 2k, and 

o 
o 
o 

o 
o 

o 
o 
o 

o 
o 

o 
o 

o 
o 

o 
o 

o 0 
o 0 

if n = 2k + l. By elementary linear algebra, for any M E o(n), there exists 
A E O(n) such that AM A-I = (AI ... Ak) for some Ai E IR. Consider f E POrn)' 

Since both f and fi are invariant, it suffices to establish that there exists a 
polynomial p such that f(Al ... Ak) = p(h(Al ... Ak), ... , hdAl ... Ak)) for all 
Ai E JR. Notice first of all that 

(2.1 ) 

In fact, since the left side is independent of whether n is even or odd, we may 
assume that n = 2k. The characteristic polynomial of (AI .. . Ak) is 

k 2k 
II(x-iAJ)(x+iAJ) = 2)-1)jfj(Al ... Ak)x2k - J. 
j=1 j=O 

where fa := l. It can also be written as 

k k k 

II(x2 +A;) = I)-1)j8j(-Ai, ... ,-A%)(x2)k- j = L8j(A~, ... ,A%)X2k-2j, 
j=1 j=O j=O 

with 80 := l. The claim follows by comparing coefficients. 
In view of (2.1), it suffices to show that f(Al ... Ak) may be expressed 

as a polynomial in 81 (Ai, .. . , A%), ... , 8k(Ai, ... , A%); i.e., that f(Al ... Ak) = 
q(Ai, . .. , A%) for some symmetric polynomial q. To see this, let p denote the 
polynomial given by p(Al"'" Ak) = f(Al ... Ak)' If 

A ~ (~ ~ IJ E O(n) 

then A(Al ... Ak)A-1 = (-AIA2 ... Ak). Thus, p(Al, ... ,Ak) =p(-Al, ... ,Ak), 
and p contains only even powers of AI. An obvious modification of A shows that 
this is true for any Ai, so that p(Al"'" Ak) = q(Ai, .. ·, AD for some polynomial 
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q. It remain8 to show that p, and hence q, is symmetric. But if 

12 ) o E SO(n), 
In-4 

then B(AI ... Ak)B- 1 = (A2Al ... Ak)' Similarly, any pair (Ai, Aj) can be trans
posed by an appropriate B E SO(n). This concludes the argument. D 

Let g2i denote the polarization of hi. By Theorem 1.1, if R is the curvature 
tensor of a Riemannian connection on a rank n bundle ~ over M, then 92i (R2i) 
is a closed 4i-form on NI, and its cohomology class is independent of the choice 
of connection. 

DEFINITION 2.1. The i-th Pontrjagin class of a rank n bundle ~ over NI is 
the element Pi(~) E H4i(M) represented by the form 

1 _ 2i 
Pi = (27r)2ig2i(R), i = 1, ... , [n/2]. 

An explicit formula for Pi can be given using Exercise 143: For example, 

h(A) = L det (aa i2 aij ). 
J2 ajj l<::i<j<::n 

Given P E M and an orthonormal basis Ul, ... , Un of Ep, define 2-forms Rij on 
Mp by Rij(x,y) = (R(x,y)Uj,Ui), x,y E Mp. Since Rii = 0 and Rij = _RJi. 

Pl(P)(Xl, ... ,X4) = (2!)2 L 2~2! L (sgneJ)Rij(xa(I),Xa(2))·Rij(xa(3),Xa(4)); 
2<J aEP4 

. - 1 '\' Rij /\ Rij M 11 I.e., PI - (271')2 L..i<j . ore genera y, 

Pk = __ 1_ " (sgneJ)Ri,a(i,J /\ ... /\ Ri2ka(i2k). 
(27r)2k ~ 

l<::i, < .. -<i2k<::n 
aEP{ i, , .... i 2k } 

EXAMPLE 2.1 (Pontrjagin Classes of sn). The Pontrjagin classes of a man
ifold are defined to be those of its tangent bundle. Consider the canonical 
connection on T sn. By Examples and Remarks 3.1 in Chapter 4, its curvature 
tensor is given by 

R(x, y)u = (y, u)x - (x, u)y. 

Thus, if WI, ... , wn is a (local) orthonormal basis of I-forms on sn, then Rij = 
wi /\ wj . The summands in Pk are of the form wi, /\ Wa(i,J /\ ... /\ win /\ Wa(i 2k ), 

where eJ is a permutation of iI, ... , ik; i.e., Pk == O. 

A similar argument shows that any space of constant curvature has trivial 
Pontrjagin classes. 

EXERCISE 146. Suppose ~ is a rank n = 2k bundle over M that admits a 
nowhere-zero cross-section. Show that Pk(~) = O. Hint: Choose a connection 
for which the cross-section is parallel. 
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EXERCISE 147. Introduce a Euclidean metric on the bundle 0(0 by setting 

1 
(A, B) = "2 tr(At B), A,B E o(Ep), P EM. 

(More precisely, (A, B) = (1/2) tr(b- 1 oAt Bob) for some isomorphism b : JP;,n ---> 

E p .) Given a Riemannian connection on ~ with curvature tensor R, consider 
the 4-form 0: on M given by 

1 1 
o:(xJ, ... , X4) = (211-)2 (2!)2 L (sgn a)(R(xcr(I)' X cr (2)), R(Xa(3)' X u (4)))' 

(YE P4 

Show that 0: represents PI (0. 

EXERCISE 148. Use Exercise 147 to determine the Pontrjagin class of the 
rank 4 bundle 57 x S3 JP;,4 ---> 54 associated to the Hopf fibration 57 ---> 54. 

3. The Euler Class 

In this section, we investigate characteristic classes of oriented bundles of 
rank n; i.e., bundles the structure group of which reduces to 50(n). Since any 
polynomial on o(n) which is invariant under the adjoint action of O(n) is also 
invariant under that of 50(n), the algebra PSO(n) contains PO(n)' When n is 
odd, we will see that both algebras coincide. When n is even, however, a new 
polynomial, the Pfaffian, arises, yielding an additional class called the Euler 
class. 

THEOREM 3.1. If n = 2k + 1, then the algebra PSO(n) of invariant polyno
mials on o(n) is generated by 12, f4,"" 12k. 

PROOF. The argument in the proof of Theorem 2.1 goes through as before, 
with one modification: The matrix 

A~ (~ ~ IJ 
used in that proof does not lie in 50(n). However, since n is odd, the last 
diagonal entry in the matrix (AI ... Ak) is O. Instead of conjugating by A, 
conjugate by 

(~ ~ Tn -, J c SO(n). 

DEFINITION 3.1. For n = 2k, the Pfaffian Pf(A) of A = (aij) E g[(n) is 

1 
Pf(A) = --;:-k' L (sgn a)aa(l)cr(2) ... aa(2k-l)cr(2k)' 2 . 

(YEP2k 

o 

Given 1 ~ i1,jl, ... ,ik,jk ~ 2k, define Eid, ... idk to be 0 if the indices 
are not all distinct, and equal to the sign of the permutation (idl ... ikik) 
otherwise. 
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LEMMA 3.1. For A E o(2k), 

Pf(A) = 
{( i, ,j,), ... ,( ik ,jk)} EP 

where P denotes the collection of all sets {(i 1,jd, ... , (ik,jk)) of k pairs of 
integers (il, j!) with 1 ~ il < jl ~ 2k. 

PROOF. Notice that the expression (sgn 0' )aa(l )0'(2) ... aa(2k-1)a(2k) remains 
unchanged when two pairs (O'(2l - 1). O'(2l)) and (O'(2m - 1), O'(2m)) are inter
changed. It therefore remains unchanged under permutations of pairs. This 
means that 

Pf(A) = ;k L 
{(il ,j,) •... ,(ik ,jk) }EP 

where P denotes the collection of all sets {(i 1,jd, ... , (ik,jk)) of k pairs of 
integers between 1 and n. Since A is skew-adjoint, each summand in the above 
formula is unchanged when we interchange iz and jl' The statement now follows. 

D 

Our next aim is to show that the Pfaffian is invariant under the adjoint ac
tion of SO(n). Recall that for BE g[(n), det B = ~aEPn (sgnO')b1a(1) ... bna(n)' 
Notice that for T E Pn, bT(l) 0'(1) = bkaoT-'(k), where k = T(l). Thus, given a 
permutation T = (iI, ... ,in), 

... bnaoT-l(n) 

= (i 1 ... i n detB. 

PROPOSITION 3.1. Forn = 2k andA, B E gl(n), Pf(BtAB) = (detB)Pf(A). 
In particular, if B E SO(n), then Pf(B- 1 AB) = Pf(WAB) = Pf(A); i.e., the 
Pfaffian is invariant under the adjoint action of SO( n). 
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PROOF. 

2kk! Pf(Bt AB) = L (sgna)) (. t bilO'Cl)aili2bi20'C2l) 
aEPn 1..1,1.2=1 

... (. t bin_,O'cn-1lain_,inbindnl) 
'l.n-l 1'l.n=1 

n 

fil ... i n (det B))a· .... a· . 
1..1'l.2 'l.n-l'l.n 

it , ... ,in =l 

= 2k k!(det B) Pf(A). 

D 

COROLLARY 3.1. For A E o(2k), det A = Pf2(A). 

PROOF. Choose B E O(n) such that BAB-1 = (AI ... Ak). It follows from 
Lemma 3.1 that det(Al ... Ak) = Al ... Ak. By Proposition 3.1, 

Pf(A) = (det B)A1 ... Ak = ±Al ... Ak. 

Thus, Pf2(A) = Ai··· A~ = det A. D 

THEOREM 3.2. When n = 2k, the algebra PSOCnl of invariant polynomials 
on o(n) is generated by 12, f4,"" fn-2 and Pf. 

PROOF. The modification of the matrix 

A~ (~ ~ [.J 
used in the proof of Theorem 3.1 no longer works in this case because n is even. 
However, the matrix 

lies in SO(n), and A(AI ... Ak)A-1 = (-AI - A2 ... Ak)' Similarly, conjugation 
by an appropriate element of SO(n) changes the sign of any two elements 
of (AI ... Ak)' Thus, each monomial in the polynomial P from the proof of 
Theorem 2.1 contains either even powers of Ai for all i, or odd powers of Ai for 
all i; write P = Po + PI, where Po is the sum of monomials of the former type, 
and PI of the latter. Since P is symmetric, so are Po and PI, and 

PO(A1, ... ,Ak) =p(sl(Ai,···,A~), ... ,sk(Ai,···,A~)) 
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for some p. On the other hand, P1 (>'1, ... , Ak) = A1 ... Akq( Ai, ... ,AD for some 
symmetric q, so that 

f(M) = p(J2(M), ... , Jzk(M)) + Pf(M)j5(Jz(M), .... JzdM)) 

for some j5. Moreover, hk = fn may be dispensed with, since it equals Pf2. D 

DEFINITION 3.2. Let.; be an oriented vector bundle of rank n = 2k. If pf 
denotes the polarization of Pf, and pf the parallel section of Endk (.;)* induced 
by pf, then the Euler class of'; is the element e(.;) represented by 

1 - k 
e = (27T)k pf(R ). 

When n is odd, e(.;) is defined to be O. The form e representing the Euler class 
will be called the Euler form of the bundle. 

By Corollary 3.1, 

(3.1) pd.;) = e(';) U e(~), 

where U denotes the product in H*(M). 
We now derive a local expre8sion for e which is convenient for computations. 

Let U c 1\.1 be an open set such that ~Iu is trivial, and consider a positively 
oriented orthonormal basis of sections U1 , ... , U2k of ~Iu, Define 2-forms Rij 
on U by Rij (X, Y) = (R(X, Y)Uj , Ui ) as before. Then the Euler form is the 
2k-form on M with restriction to U given by 

1 '" .. 1", .. 
e(X1 , ... , X2d = (27T)k2kk! ~ E""'2k 2k ~ (sgna)R"'2(Xa (l), X a (2)) 

21,···,22k aE P2k 

Ri 2k-l'i 2k (X X) ... a(2k-1), a(2k)' 

Thus, 

e = (27T)!2 kk! . L Ei1 .. in R i l i 2 1\ ... 1\ R i 2k-, i 2k, 

21,"· ",'l2k 

and by Lemma 3.1, 

(3.2) 

where P is as in the lemma. 
The next proposition is an immediate consequence of (3.2), and its proof 

is left as an exercise. 

PROPOSITION 3.2. If the bundle ~ admits a nowhere-zero section, then its 
Euler class vanishes. 

EXAMPLES AND REMARKS 3.1. (i) When n = 2, the Euler form is given 
by 

1 
e(p)(x, y) = 27T (R(x, y)v, u), P E lvf, x, y E 1\.1p, 

where u, v is a positively oriented basis of Ep. In particular, if ~ is the tangent 
bundle TM of M, then e = (1/27T)Kw, with K and w denoting the sectional 
curvature and the volume form respectively of the Riemannian manifold M. 
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(ii) When n = 4, the Euler form is given by 

_1_(R12 /\ R34 _ R13 /\ R24 + R41 /\ R23 ) 
(271" )2 

according to (3.2). It can alternatively be described as follows: View R as an 
element of A 2(M, A2(~))' so that for x. y, z, w E Mp. R(x, y) /\~ R(z, w) E A4~' 
with /\E, denoting the wedge product in A~. Since ~ is oriented, there exists a 
unique section wE, of A4~ representing the orientation, with (wE" wE,) = 1; in fact, 
wE, (p) = el /\ e2 /\ e3 /\ e4 for any positively oriented orthonormal basis e 1 ..... e4 

of Ep. Notice that 

(R(x,y) /\t, R(z,w),wE,(p)) = L(Rij(x,y)RkZ(z,w)ei /\ej /\ek /\ez,wE,(p)) 
i<j 
k<Z 

=2 
{(i,j),(k,Z)}EP 

with P as in Lemma 3.l. Thus, if we define R /\E, R E A4 (M, A4~) by 

1 
R /\E, R(X1, ... , X 4 ) = 2!2! L (sgna)R(XO"(l)' X a (2») /\E, R(Xa(3)' XO"(4»)' 

aEP4 

then the Euler form is given by (1/871"2)\R /\E, R, we,)' 
In general, when V is an oriented n-dimensional inner product space with 

volume form w, the Hodge star operator is the endormorphism * : AdV) --+ 

An-k(V) defined by 

0: /\ *(3 = (0:, (3)w, 

It is easily seen that * is an isomorphism satisfying 

* 0 * = (-l)k(n-k)l A dV), *w = l. 

The Hodge operator extends naturally to oriented Euclidean bundles, and the 
resulting operator *1; is a parallel section of Hom(Ak~' An-k~), since \,) and w 
are both parallel. The Euler form of a rank 4 oriented bundle is then given by 

1 
(3.3) e = 871"2 *t; (R /\t, R). 

More generally, when the rank of ~ is 2k, then 

1 k 
(3.4) e = k!(271")k *t; R , 

where Rk denotes the k-fold wedge product in A~ of R with itself. 
(iii) Let -~ denote ~ with the opposite orientation. It follows from (3.4) 

that e( -0 = -e(O· 

EXERCISE 149. Let V be a 2k-dimensional oriented inner product space, 
with k even, so that * : Ak(V) --+ Ak(V) equals its own inverse. 

(a) Show that * is a self-adjoint operator, and that Ak(V) splits into an 
orthogonal direct sum At EEl AI: of the ±l-eigenspaces of *. 0: E Ak(V) is said 
to be self-dual (resp. anti-self-dual) if *0: = 0: (resp. *0: = -0:). 
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(b) If e1, ... , e4 is a positively oriented orthonormal basis of V 4 , write down 
explicit orthonormal bases of A~ (V). 

EXERCISE 150. Use (3.2) to prove that e(O = 0 whenever ~ admits a 
nowhere-zero section. Hint: Choose a connection as in Exercise 146. 

EXERCISE 151. (a) Show that for the canonical connection on TS2k , each 
summand in (3.2) is just the volume form of S2k. 

(b) Prove that the set P in that equation has (2k - 1) (2k - 3) ... 3 = 

(2k)!/(2kk!) elements. 
(c) Use the fact that the volume of the 2k-sphere equals (1fk22k+l k!)/(2k)! 

to prove that the Euler form e in (3.2) of TS2k satisfies J~2k e = 2. It turns out 
that the Euler (and Pontrjagin) classes are always integral cohomology classes, 
so that fM e E Z. 

EXERCISE 152. Use the fact that R: A2TS2k -+ A2TS2k is the identity (R 
being the curvature tensor of the canonical connection) to redo Exercise 151 
using (3.4) instead. 

4. The Whitney Sum Formula for Pontrjagin and Euler Classes 

It is worth emphasizing one important property of the characteristic classes 
studied so far, which follows immediately from Proposition 1.2: 

THEOREM 4.1. Let ~ denote a vector bundle over M, Pk(O its k-th Pontr
jagin class, and e(~) its Euler class if the bundle is oriented. Given f : N -+ M, 

e(f*~) = f*e(~). 
Our next goal is to understand the relation between the classes of two 

bundles ~i over M and those of their Whitney sum 6 EB 6. We begin with 
the Euler class; extend the Pfaffian to all skew-adjoint matrices, by setting 
Pf(A) = 0 is A is odd-dimensional. This way, the relation det A = Pf2(A) for 
A E 0 (n) holds regardless of whether n is odd or even, cf. Corollary 3.1. For 
A E o(n), BE o(m), set 

A®B= (~ ~) Eo(m+n). 

LEMMA 4.l. Pf(A ® B) = Pf(A) Pf(B). 

PROOF. The statement is clear if norm is odd, since 

Pf2(A ® B) = det(A ® B) = det A· det B = Pf2(A) . Pf2(B), 

and both sides vanish. If n = 2k and m = 21 are both even, then there exist 
orthogonal matrices Nh, M2 such that Ml1 AMI = (AI ... Ak) and M;;l BM2 = 
(ILl ... 1Lt)· Thus, 

Pf(A ® B) = Pf(Ml ® M2 . (AI ... AklLl .. . 1Lt) . Mll ® M;;l) 

= (det Md (det M 2 )Al ... Ak . ILl ... ILL 

= (detMdAl' "Ak(detM2 )1L1"'1L1 

= Pf(A) Pf(B). 

o 
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LEMMA 4.2. 

PROOF. 

fz;(A ® B) = L fzj(A)fzi-2j(B). 
j=l 

det(xIn+m - A ® B) = det((xIn - A) ® (xIm - B)) 

= det(xIn - A) det(xIm - B), 

so that 
k+l k I L x 2(k+l-i) fz;(A ® B) = L x 2(k-j) fzj(A) . L x 2(I-r) fzr(B). 
i=O j=l r=l 

The statement then follows by comparing coefficients. D 

Given Riemannian connections on vector bundles c'i of rank ni over M, 
i = 1,2, the induced connection on 6 EB 6 is the pullback via the diagonal 
imbedding ~ : M ----* M x M of the product connection on 6 x 6, cf. Examples 
and Remarks 2.1 in Chapter 4. Let p E M, and consider an orthonormal 
basis b : IRnl +n2 ----* E(6 EB 6)p such that the restrictions b1 := bll~nl xO and 
b2 := blOdn2 form orthonormal bases of E(6)p and E(6)p respectively. If 
B : 0(E(6 EB 6)p) ----* 0(n1 + n2) and Bi : O(E(c'i)p) ----* o(ni) denote the 
isomorphisms from Proposition 1.1 induced by band bi, then the curvature 
tensors R, Ri of 6 EB 6, c'i satisfy 

THEOREM 4.2. If 6, 6 are oriented vector bundles over M, then 

e(6 EB 6) = e(6) U e(6)· 

PROOF. Denote by ni the rank of c'i. The inclusion SO(nd ® SO(n2) C 

SO(n1 +n2) induces an orientation of 6 EB6. Consider Riemannian connections 
on c'i, and the induced connection on 6 EB6. With notation as above, BR(p) = 
BR1(p) ® BR2(P) for all p E M. By Lemma 4.1, if one of the bundles is 
odd-dimensional, then the Whitney sum has vanishing Euler class, and the 
statement is true. So assume ni = 2ki . By the same lemma, together with 
the fact that the product of polynomials corresponds to the wedge product of 
forms, 

pf(Rkl+k2) = pf(R~l) I\pf(R~2), 

which establishes the claim. D 

In order to state the Whitney sum formula for Pontrjagin classes, denote 
by Po (C,) the class in HO(M) containing the constant function 1 on M. 

DEFINITION 4.1. The total Pontrjagin class of a rank n bundle C, is 

p(t,) = Po (C,) + P1(c') + ... + P[~l(c') E HO(M) EB H4(M) EB··· c H*(M). 

THEOREM 4.3. If 6, 6 are vector bundles over M, then p(6 EB 6) 
p(6) U p(6)· 



5. SOME EXAMPLES 191 

PROOF. The statement means that Pk(6 EEl 6) = l:7=oPi(6) u Pk-i(6)· 
This follows from Lemma 4.2 by an argument similar to the one used for the 
Euler class of a Whitney sum. D 

EXERCISE 153. Use the results from this section to reprove that an oriented 
bundle which admits a nowhere-zero section has vanishing Euler class. 

EXERCISE 154. A bundle ~n is said to be stably trivial if there exists a 
trivial bundle fk such that ~n EEl fk = fn+k. For example, the tangent bundle 
of the sphere is stably trivial. Show that a stably trivial bundle has vanishing 
total Pontrjagin class. 

5. Some Examples 

In this section, we look at characteristic classes of vector bundles over low
dimensional spheres. It turns out that these classes determine the bundles 
up to "finite ambiguity." Since Hk(sn) = 0 except when k = 0 or n, any 
characteristic class lives in Hn(sn); in fact, they can only exist when n is even, 
so if n :::: 4, we are left with bundles over S2 and S4. This leaves out only one 
bundle, for any bundle over S3 is trivial, and there is exactly one nontrivial 
bundle over S1. 

By Theorem 15.2 in Chapter 1, the map 

Hn(sn) ~ JR, 

[w] f---; r w isn 
is an isomorphism, so that the Euler class and appropriate Pontrjagin class 
may be identified with numbers. As noted earlier, these numbers are actually 
integers, and are called the Euler and Pontrjagin numbers of the bundle. 

Recall that equivalence classes of rank k vector bundles over sn are in 
bijective correspondence with 7r n-1 (SO( k)). 

LEMMA 5.1. Let 0: denote the Euler or Pontrjagin form corresponding to 
rank k bundles over sn. Then the map 

Vectk(Sn) ~ 7rn-1(SO(k)) ~ IZ, 

~ f---; hn o:(~) 
is a homomorphism. 

PROOF. Let Ok,l be a classifying space for rank k bundles over sn. If 
f: sn --> Ok,l is a classifying map for ~, then ~ is equivalent to f*ik,l, and by 
Theorem 4.1, 

r o:(~) = r o:(f*ik,l) = r !*o:(ik,d = (deg f) ( o:(ik,l)' isn isn isn i6k ,! 

But deg : 7rn(Ok,l) ~ 7rn-1(SO(k)) --> IZ is a homomorphism (cf. Examples and 
Remarks 2.1 in Chapter 3), and the statement follows. D 
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5.1. Bundles over S2. Rank k bundles over S2 are classified by 7f1 (SO(k)). 
When k = 2, there exists, for each nEZ, precisely one bundle ~n with 
C(~n) = n, according to the discussion in Section 5 of Chapter 3. 

Letting R denote the curvature tensor of some Riemannian connection on 
~n' the 2-form en on S2 given by 

1 
en(p)(x, y) = 27f (R(x, y)v, u) 

(for x, y E S~ and a positively oriented orthonormal basis u, v of E(~n)p) 
represents the Euler class of ~n by Examples and Remarks 3.1(i). In the case of 
the tangent bundle 6 of the 2-sphere together with the canonical connection, 

1 1 
e2(p)(x, y) = 27f (R(x, y)y, x) = 27f 

if x, y is a positively oriented orthonormal basis of S~. Thus, e2 equals (1/27f) 

times the volume form w of S2, and the Euler number of 6 is 2~ I82 W = 2. By 
Lemma 5.1, the Euler number of ~n is n, and thus determines the bundle. 

When k > 2, there is exactly one nontrivial rank k bundle over S2; it cannot 
be distinguished from the trivial one by any characteristic class. 

5.2. Bundles over S4. Rank k bundles over S4 are classified by 7f3(SO(k)). 
When k < 3, any such bundle is trivial. For k = 3, there is one and only one 
rank 3 bundle ~~ over S4 with C(~~) = n for each n E Z. We will shortly see 
that the rank 4 bundle E1 EEl ~~ has first Pontrjagin number -4n. Assuming this 
for the moment, we have 

p(E1 EEl ~~) = p(E1) U p(~~) = p(~~), 

so that ~3 is determined by its first Pontrjagin number -4n. 
Rank 4 bundles over S4 are classified by 7f3(SO(4)) ~ 7f3(S3)EEl7f3(SO(3)) ~ 

Z EEl Z. Denote by ~~ n the bundle corresponding to (m[18n], n[p]) E 7f3(S3) EEl 
7f3(SO(3)), where p : 83 --; SO(3) is the covering homomorphism from Chapter 
3. ~~,o has structure group reducible to S3, and ~6,n to SO(3). In fact, ~6,n ~ 
E1 EEl~~. 

Insofar as the Pontrjagin class is concerned, we shall work in a slightly more 
general setting: Let M denote a 4-dimensional compact, oriented Riemannian 
manifold with volume form w, and Hodge operator *: AzM --; AzM, cf. Section 
3. For a E AzM, the identity a = ~(a+*a))+~(a-*a) decomposes AzM into 
a direct sum A + EEl A-of the + 1 and -1 eigenspaces of *. This decomposition 
is orthogonal, since * is norm-preserving: 

(*a, *a)w = *a 1\ a = a 1\ *a = (a, a)w. 

Furthermore, w is parallel, so that * is a parallel section of the bundle End (A2 M). 
There is a corresponding decomposition of the space A2(M) = At (M)EElA2 (M) 
of 2-forms on M. a E A2(M) is said be self-dual if *a = a, anti-seLf-dual if 
*a = -a. 

For a vector bundle ~ over M, we have, as above, a splitting A2 (M, End~) = 
At(M,End~) EEl A2(M,End~). The curvature tensor R of a connection on ~ 
decomposes as R = R+ + R- , and we say R is self-dual if R = R+, anti-seLf-dual 
if R = R-. 
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When the bundle ~ is Euclidean, the inner product on Ak(M;) extends to 
Hom(Ak(Mp), E(~)p) = Ak(M;) Q9 E(~)p by defining 

(a,{3) = L (a (XiI , ... , Xik),{3(Xip"" Xik))' 
i'<"'<ik 

where Xi is an orthonormal basis of Mp. (When ~ is the trivial line bundle over 
M with the standard inner product on the IR-factor, this inner product coincides 
with the one on Ak(M;). In general, it induces a pointwise inner product on 
Ak(M,~), which, when integrated over M, yields one on all of Ak(M,~).) 

In order to apply this to R E A2 (M, o(~)), we introduce an inner product 
on o(~) by defining 

(5.1) 
1 

(A, B) = "2 tr(At . B). 

This inner product is in fact the one for which the equivalence 

L : A2(~) ---. o(~), 

U 1\ v f---+ (w f-t (v, w)u - (u, w)v). 

becomes a linear isometry, if A2(~) is endowed with the Euclidean metric in
duced by the one on~: It is straightforward to check that if Ui is an orthonormal 
basis of Ep, then {Ui 1\ Uj 1 i < j} is one for A2(Ep). 

PROPOSITION 5.1. Let ~ be a Euclidean bundle over M4 with curvature 
tensor R. The first Pontrjagin form of ~ is given by 

_ 1 + 2 1 -1 2 ) P1 - (27r)2 (IR 1 - R w. 

PROOF. Let Rij denote as before the local2-form on M given by Rij(p)(X, y) = 
(R(x, y)Uj(p), Ui(p)), where {Ud is a local orthonormal basis of sections of the 
bundle. Given an orthonormal basis Xi of Mp, we have 

IRI2(p) = L ~ tr Rt(Xk' Xl) . R(Xk' Xl) = ~ L Rij2(Xk, xL) = L IRij 12(p). 
2 2 k I .. k<l i<j, < ><1 

In particular, IR±12 = Li<j IRiJ±12. Now, Rij+ 1\ Rij+ = Rij+ 1\ *Rij+ = 
IRij+1 2w, whereas Rij+ 1\ Rij- = _Rij+ I\*Rij- = -(Rij+,Rij-)w = O. Simi
larly, Rij- 1\ Rij- = -Rij- 1\ *Rij- = -IRij-1 2w. Thus, 

P1 = _1_ '" Rij 1\ Rij = _1_ "'(IRi j+1 2 -IRij-1 2)w 
(27r)2 ~ (27r)2 ~ 

><1 ><1 

= (2~)2 (IR+1 2 -IR-12)w. 

o 
Next, we derive an analogous formula for the Euler form of ~, where ~ is 

now assumed to be oriented, of rank 4. The Hodge operator *e : A2 (~) - A2 (~) 
is a parallel section of End(A2(~))' and induces an orthogonal, parallel splitting 
A2(~) = At(~) EEl A2(~) of A2 into a direct sum of the ±l-eigenspaces of *e. 
Given p E M, x, Y E Mp, R(x, y) E A2(Ep), and we write R = R+ + R_ for the 
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corresponding decomposition of the curvature tensor. By (3.3) and arguing as 
above, the Euler form e of ~ is given by 

1 
e = 87r2 (R+ At;, R+, wt;,) + (R_ At;, R_, wt;,). 

Now, 

so that 

e(x1, ... , X4) = (8~2) ~ L (sgna)~(tr R~(Xa(l)' xa(2))R+(xa(3)' Xa(4)) 
aEP. 

- tr R~ (Xa(l), Xa(2) )R~ (X a(3), Xa(4))) 

= 8~2 ~ L (sgn a) L(R~ (Xa(l), xa(2))R~ (Xa(3)' Xa(4)) 
aEP. i<j 

- R~ (Xa(l), Xa(2) )R~ (Xa(3)' Xa(4))) 

= 8~2 L(R~ A R~ - R~ A R~)(X1' ... ,X4). 
i<j 

This may be rewritten as 

e = _1_" Rij+ A Rij+ + R ij - A R ij - _ Rij+ A R ij+ _ Rij- A Rij-
87r2 ~ + + + + - - - -

i<j 

= 8~2 L(IR~+12 _IR~-12 _IR~+12 + IR~-12)w. 
i<j 

Summarizing, we have proved: 

PROPOSITION 5.2. Let ~ be an oriented rank 4 Euclidean bundle over M4. 
The Euler form e of ~ is given by 

e = 8~2 (I RtI 2 -IR:;:12 -IR:!:12 + IR=1 2)w. 

It turns out that the rank 4 bundle ~ is determined by the two rank 3 
bundles A~(~): Let ¢ : 53 x 53 ---+ 50(4) denote the covering homomorphism 
given by ¢(Q1,q2)U = q1Uq:;1, qi E 53, U E IHl = ]R4. Denote by 5! (resp. 5~) 
the subgroup ¢(53 x 1) (resp. ¢(1 x 53)) of 50(4). Since these are normal 
subgroups, Exercise 155 below implies that the bundles 

P~ := P XSO(4) (50(4)/5~J = P/5!. ---+ M 

associated to the orthonormal frame bundle 50(~) = P ---+ M of ~ are in 
fact principal bundles over M with group 50~(3) = 50(4)/5!. isomorphic to 
50(3). 

LEMMA 5.2. P± ---+ M is the principal 50(3)-bundle of A~(~). 

PROOF. An orthonormal basis e1, ... ,e4 of]R4 induces an orthonormal ba
sis ~(e1A e2 + e3A e4), ~(e1A e3 + e4A e2), ~(e1 A e4 + e2 A e3) of At (]R4) 

and a corresponding one for A:; (]R4) (obtained by changing the sign of the sec
ond term in each basis element of A +). Any g E 50(4) extends to a linear 
isometry (also denoted by) g : A2 (]R4) ---+ A 2 (]R4), by setting g( u A v) := gu A gv 
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and extending linearly. This action leaves A~ invariant since (gel, ... , ge4) is 
positively oriented whenever (el' ... ,e4) is. Given q E 53, 

(1/\ i + j /\ k)q = q /\ iq + jq /\ kq = 1/\ i + j /\ k, 

and the same is true for the other basis elements of At. Thus, 5~ is the kernel 
of the representation 50(4) --+ 50(At]R4), and similarly, 5t is the kernel of 
50(4) --+ 50(A2]R4); i.e., the special orthogonal group 50(A~]R4) is 50±(3). 
Since the map P± --+ 50(A~~) which takes b5~ (where b : ]R4 --+ Ep is a linear 
isometry) to the orthonormal basis Jzb(el /\ e2 ± e3 /\ e4), Jzb(el /\ e3 ± e4 /\ 

e2), Jzb(e l /\e4 ±e2/\e3) of A~(Ep) is 50±(3)-equivariant, it is an equivalence 
by Theorem 3.1 in Chapter 2. D 

Our next objective is to relate the first Pontrjagin numbers P± of A~(~) 
to the Euler and first Pontrjagin numbers of f Recall that if \7 is a covariant 
derivative operator on ~, then the one induced on A2 (~) is given by 

'9 x(Ul/\U2) = (\7 xUd/\U2(p)+Ul(p)/\(\7 xU2), p EM, x E M p, Ui E r~. 

This implies that the corresponding curvature tensor R of A2(~) is related to 
the one on ~ by 

R(x, Y)(UI /\ U2) = (R(x, Y)Ul) /\ U2 + Ul/\ (R(x, Y)U2)' 

The equivalence L : A2(~) --+ o(~) induces a Lie algebra structure on each fiber 
of A2(~)' see also Exercise 156 below; the corresponding Lie bracket is the one 
used in the following: 

PROPOSITION 5.3. The sub bundles A~(~) are parallel under the induced 
- - - - ± 

connection; i.e., R = R++R_, with R± E A2(M, End A2 (~)). Given x, y E Mp, 
and a, (3 E A~(Ep), 

(R(x, y)a, (3) = (R±(x, y)a, (3) = (R±(x, y), [a, (3]), 

where R(x, y) = R+(x, y) + R_(x, y) E At(Ep) EB A2(Ep). 

PROOF. By Exercise 157, R(x, y)a = [R(x, y), a]. Since A2(Ep) is a direct 
sum of the ideals A~(Ep), the first statement is clear. The inner product on 
o(Ep) = A2(Ep) is Ad-invariant, so that ad is skew-adjoint. Thus, 

(R±(x, y)a, (3) = ([R±(x, y), a], (3) = -(ada R±(x, y), (3) = (R±(x, y), ada (3) 

= (R±(x,y), [a,(3]). 

D 

PROPOSITION 5.4. Let P±, PI denote the first Pontrjagin forms of A~(~), 
~, and e the Euler form of~. Then 

(1) p+ = (2;)2 (IR!12 -IRt:12)w, p- = (2;)2(IR~12 -IR=12)w; and 
(2) 2Pl = p+ + p_, 4e = p+ - p_. 

PROOF. Consider a positively oriented orthonormal basis Ul,"" U4 of Eq, 
and denote by I±, J±, K± the induced orthonormal bases of A~(Eq); i.e., 
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I± = (1/ V2)( Ul/\ U2 ± U3/\ U4), etc. The first Pontrjagin form of At (~) is given 
at q by 

_1_(flIJ /\ flIJ + flJK /\ flJK + flIK /\ flIK) 
(2?T)2 + + + + + +, 

where we have omitted the superscripts in I, J, K for simplicity of notation. 
By Proposition 5.3, 

- IJ r;:; R+ (x,y) = (R+(x,y), [J,I]) = -v2(R+(x,y),K), 
- JK r;:; - IK r;:; and similarly, R+ (x, y) = -v 2(R+(x, y),I), R+ (x, y) = v 2(R+(x, y), J). 

Thus, 

1 1 
p+ = (2?T2) "4 2:= (sgnu) 2:= 2(R+(xu(1), Xu(2)), oo)(R+(xu(3)' Xu(4)), a) 

UE P4 aE{I,J,K} 

1 1 
= (2?T2) "4 2:= (sgnu)2(R+(xu(1),Xu(2)),R+(xu(3),Xu(4)))' 

UE P4 

Referring to Exercise 147, we see that p+ equals two times the first Pontrja
gin form of ~ with R replaced by R+. Proposition 5.1 then implies part (1). 
Comparing the expressions in (1) with Propositions 5.1 and 5.2 yields (2). 0 

Thus, for example, if the structure group of the bundle reduces to SO(3), 
then e = 0, and p+ = p_. In order to see what happens when the group reduces 
to Si, we use the following: 

LEMMA 5.3. A principal G-bundle P ----; M admits a reduction to a subgroup 
H of G iff the associated bundle P Xc (G / H) ----; M with fiber G / H admits a 
cross-section. 

PROOF. Suppose?TQ : Q ----; M is an H-reduction of?Tp : P ----; M. Then 
there exists a fiber-preserving diffeomorphism F : Q x H (G / H) ----; P Xc (G / H) 
between the associated bundles with fiber G / H. Define s : M ----; P Xc (G / H) 
by s(m) := F[q, H], where q is any point in ?TQ1 (m). s is a well-defined section, 
since [qh, H] = [q, H] for h E H. 

Conversely, let s : M = PIG ----; P/H = P Xc (G/H) be a section; 
i.e., for m E M, s(m) equals the H-orbit of some p E ?Tp1 (m). Define 
Q := UmEMs(m) C P. H acts on Q by restriction, and ?TQ : Q ----; M is a 
principal H-bundle equivalent to s*(P ----; P/H). It is also clearly a subbundle 
of ?Tp. 0 

Notice that Lemma 5.3 generalizes Theorem 4.2 in Chapter 2: When H = 

{e}, the statement says that a principal bundle is trivial if and only if it admits 
a cross section. 

COROLLARY 5.1. An oriented rank 4 bundle ~ over S4 admits a reduction 
to Si iff A~(~) is trivial; i.e., iff PI = ±2e. 

PROOF. The first assertion is an immediate consequence of the lemma, 
since in our case, H is normal in G, so that P Xc (G/H) ----; M is principal 
by Exercise 155 below, and thus admits a section iff it is trivial. The second 
assertion follows from Proposition 5.4(2), together with the fact (which will be 
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proved shortly) that a rank 3 bundle over S4 is determined by its Pontrjagin 
class, so that A~(~) is trivial iff P± = O. 0 

The Hopf bundle, for example, is a principal S3-bundle. As such, it is the 
reduction of a principal SO(4)-bundle to a subgroup isomorphic to S3. In order 
to determine which subgroup, we use the following: 

LEMMA 5.4. If Q ---> M is a principal H -bundle, where H is a subgroup of 
G, then Q XH G ---> M is a principal G-bundle which reduces to the original 
H-bundle Q ---> M. 

PROOF. There is a well-defined action by right multiplication of G on Q x H 

G, [q, g]a := [q, gal for a E G, and the quotient is M. In order to exhibit a 
principal bundle atlas, consider a principal bundle chart ¢ : 7rQ1 (U) ---> H of 
7rQ : Q ---> M. By the proof of Theorem 2.1 in Chapter 2, the induced chart 
1> : 7r-l(U) ---> G on the associated bundle 7r : Q XH G ---> M is given by 
1>: 7r-l(U) ---> G, where 1>[q,g] = ¢(q)g. But then for a E G, 

1>([q, g]a) = 1>[q, gal = ¢(q)ga = (1)[q, g])a, 

so that 1> is a principal bundle chart. Clearly, Q = Q x H H ---> M is a reduction 
of Q x H G ---> M. 0 

Consider the subgroup S~ of SO(4). It acts on 1HI from the left via f.1 : 
S~ x 1HI ---> 1HI, where f.1(q, u) = uq-l for q E S~, u E 1HI. Define a right action 
p of S~ on 1HI by p( u, q) = f.1 (q-l , u) = uq. This action extends to 1HI x 1HI, and 
its restriction to S7 is the Hopf fibration. By the above lemma, the bundle 
S7 xs~ SO(4) ---> S4, with S~ acting on S7 via p, is a principal SO(4)-bundle 

which reduces to the Hopf fibration with group S~. Corollary 5.1 then implies 
that the associated rank 4 bundle ~-I,O has first Pontrjagin form PI = -2e. 

On the other hand, the tangent bundle 6,-1 of S4 has Euler number 2 
(see Exercise 151), and by Lemma 5.1, e(6,-d = e(6,o) + e(~o,-d = 2. But 
~O,-1 admits a nowhere-zero section, so that its Euler number vanishes, and 
e(6,o) = 2, or more generally, e(~k,O) = k. For k = -1, this implies that 
the Hopf bundle has Pontrjagin number Pl(~-I,O) = -2e(~-I,o) = 2. More 
generally, Pl(~k,O) = -2k. Finally, since Pl(6,-d = 0, Pl(6,o) = pl(~o,d, and 
pl(~O,k) = Pl(6k,O) = -4k. Summarizing, we have: 

THEOREM 5.1. Oriented rank 4 bundles over S4 are determined by their 
Pontrjagin and Euler numbers. Specifically, Pl(~m,n) = -2m-4n, e(~m,n) = m. 

Bundles over sn with rank larger than n are in general not classified by 
their characteristic numbers. This can clearly be seen in the cases n = 2 and 
n = 4 that we discussed: According to Proposition 5.1 in Chapter 3, such a 
bundle is equivalent to a Whitney sum of a rank n bundle with a trivial bundle, 
so that by Theorem 4.2, it must have zero Euler class. 

As a final application, consider a vector bundle ~ over a compact manifold 
M, with structure group a compact subgroup G of GL(k). If C denotes the 
affine space of connections \7 on ~ with holonomy group G, the Yang-Mills 
functional on C is defined by 

YM(\7) = ~ 1M IRI2, 
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where R is the curvature tensor of \7. A critical point of this functional is called 
a Yang-Mills connection. Such a connection is said to be stable if it is a local 
minimum of the functional. 

Simons [7] showed that there are no stable Yang-l\Iills connections on bun
dles over sn if n > 4. Bourguignon and Lawson studied the four-dimensional 
case, which turns out to be quite different: Let ~ be an oriented rank 4 bundle 
over S4 with Pontrjagin number p and Euler number e. By Propositions 5.1 
and 5.2, the Yang-l\Iills functional for SO(4)-connections satisfies 

YM(\7) :2: 27f2 Ipl, 47f2 Iel· 
For example. when ~ is the tangent bundle of the 4-sphere, the curvature R 
of the canonical connection \7 is the identity on A2 , so that R~ = R+ = O. 
Thus, YM(\7) = 47f2 e, and since the tangent bundle has vanishing Pontrjagin 
class, the Levi-Civita connection is an absolute minimum of the Yang-l\Iills 
functional. Similarly, for a bundle with structure group S~, 

11 +2 .-2 p = -4 2 IR+ I - IR+ I . 
7f S4 

It is know that such a bundle admits connections the curvature tensor of which 
is self-dual or anti-self-dual depending on whether p is positive or negative. 
Any such connection is therefore stable. The reader is referred to [6] for further 
details. 

EXERCISE 155. Consider a principal G-bundle P -+ M. Show that if H is a 
normal subgroup of G, then the associated bundle with fiber G / H is principal. 
(Identify P / H with P x G (G / H) via pH f--+ [p, H]. The action of G / H on P / H 
is then given by (pH)(aH) := paH, for pEP, a E G). 

EXERCISE 156. Let ¢ : S3 X S3 -+ SO(4) denote the covering homomor
phism, ¢(q1,q2)1L = Q1uq:;1. Qi E S3. 1L E lHI = JR4. Define ¢± : S3 -+ SO(4) 
by ¢± = ¢ 0 Z±, where Z± : S3 -+ S3 X S3 are the inclusion homomorphisms 
z+ (Q) = (q. 1), L (q) = (1, q). 

(a) Prove that the Lie algebra 0(4) is isomorphic to ¢+*0(3) x ¢_*0(3) 
(recall that the Lie algebra of S3 is isomorphic to 0(3)). 

(b) Let L -1 : 0 (4) -+ A2 (JR4 ) = At E9 A:; denote the usual isometry. Show 
that L -10 ¢±* maps the Lie algebra 0(3) isomorphically onto Ar 

EXERCISE 157. Given A E o(n), define A : A2(JRn) -+ A2(JRn) by 

A(v /\ w) = (Av) /\ w + v /\ (Aw) 

on decomposable elements, and extending linearly. 
(a) Prove that A(v /\ w) = [L- 1Av /\ w], where L: A2(JRn) -+ o(n) is the 

canonical isomorphism. 
(b) Let R be the curvature tensor of some connection on the bundle ~ over 

M, and R the induced curvature tensor of A2~' Show that for a E A2 (E(Op), 

R(x, y)a = [R(x, y), a], 

after identifying R(x, y) with an element of A2 (E(Op) via L- 1 . 
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6. The Unit Sphere Bundle and the Euler Class 

Consider an oriented rank n = 2k Euclidean bundle ~ = 7r : E -t M and its 
unit sphere bundle e = 7rIE' : E1 -t M, where E1 = {u E Ellul = I}. Our 
goal in this section is to show that the pullback of the Euler form of ~ to E1 is 
exact, a fact that will be needed in the proof of the generalized Gauss-Bonnet 
theorem in the next section. 

Recall that for u E E, Ju denotes the canonical isomorphism of the fiber 
E 7r (u) of ~ through u with its tangent space at u. For convenience of notation, 
the latter will be identified with a subspace of TuE via the derivative of the 
inclusion E 7r(u) ~ E, so that Ju : E 7r (u) -t (VE)u c TuE. 

LEMMA 6.1. There is a canonical isomorphism J : r 7r~ -t rv~ of the space 
r 7r~ of sections of ~ along 7r with the space rv~ of sections of the vertical bundle 
V~ over E. A Riemannian connection '\7 on ~ induces a Riemannian connection 
\7 on V~ given by 

U E r 7r~' x E TuE, u E E. 

(fl in the above identity denotes the covariant derivative along 7r : E -t M.) 

PROOF. The equivalence 

7r'~ --t V~, 

(u, v) t-----+ JuV 

induces an isomorphism between r7r'~ and rv~. On the other hand, the map 
r7r'~ -t r 7r~ that takes U to 7r2U is an isomorphism with inverse V f---t (IE, V), 
where (IE, V)(u) = (u, V(u)). Combining the two, we obtain an isomorphism 
J : r 7r~ -t rv~ given by (JU)(v) = JvU(v). This establishes the first part of 
the lemma. 

A Riemannian connection '\7 on ~ induces a connection ~ on 7r'~, where 

~x(1E'U) = (u, '\7xU) , U E r7r~' x E TuE, u E E. 

The above equivalence 7r'~ ~ V~ then yields a connection \7 on V~, and 
\7 xJU = Ju '\7 xU, as claimed; \7 is Riemannian because '\7 is, and because 
Ju is isometric. D 

Denoting by R, R the corresponding curvature tensors, the structure equa
tion (Lemma 3.1 in Chapter 4) implies 

(6.1) 
R(x, Y)JuV = JuR(7r.x, 7r.y)v, x,y E TuE, u,v E E, 7r(u) = 7r(v). 

(Equivalently, in the bundle 7r'~, R(x, y)(u, v) = (u, R(7r*x, 7r*Y)v).) 
There is a canonical section of ~ along 7r, namely the identity IE. Under 

the isomorphism of Lemma 6.1, it corresponds to the position vector field P on 
the manifold TE; i.e., P is the section of V~ defined by P(u) = JuU for u E E. 
Notice that 

(6.2) xETE. 
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To see this, observe that if K, denotes the connection map of V' and x E TuE, 
then 

V' xP = V' xJ1E = Ju V x IE = JuK,lE*X = JuK,X = xv. 

By Theorem 3.1 in Chapter 4, d'V2 P(x, y) = R(x, y)P, which together with 
(6.1) implies 

(6.3) x, Y E TuE, U E E. 

The following observations will be used throughout the section: 

REMARK 6.1. (i) The wedge product from (3.4) extends to all of A(M, A~): 
For a E Ap(M, Aq~), (3 E Ar(M, As~), define a I\f. (3 E Ap+r(M, Aq+s~) by 

1 
(a I\f. (3) (Xl , ... , X p+r ) = -,-, L (sgna)a(X(J'(l),"" X(J'(p)) 

p.r. 
(J'EPp +r 

1\ (3 (X(J'(p+ 1) , ... ,X(J'(p+r))' 

(The wedge product in the right side is of course the one in A~). Then a I\f. (3 = 
(_1)pr+qs (3 I\f. a, and d'V (a I\f. (3) = (d'V a) I\f. (3 + (-1 )Pa I\f. d'V (3. Notice that 
il E A 2 (M, A2~) commutes with any other A~-valued form. 

(ii) Since *f. is parallel, (0.1) implies 

d(*f.a) = *f.d'Va, a E A(M, An~)' 

(iii) If Ui is an orthonormal basis of Err(u) , then JuUi is an orthonormal 
basis of (VE)u. Thus, by (6.1), *vRk = 7r* *f. ilk. 

(iv) Let Ul , ... , Un denote a local orthonormal basis of sections of~. If a, 
(3 are sections of Ap~, An-p~, respectively, then locally, 

a= '" (a U. 1\ ... 1\ U· )U· 1\ ... 1\ U· . ~ ''l..1 'tp 'l..1 'tp 

A similar expression holds for (3, so that 

il < ... <i p 
jl <···<jn-p 

((3, Uj1 1\ ... 1\ Ujn _ p ) 

1 1 
= '( _ )' L (sgna)(a, U(J'(l) 1\ ... 1\ U(J'(p)) 

p. n p. (J'EPn 

((3, U(J'(p+l) 1\ ... 1\ U(J'(n))' 

This identity also holds when a, (3 are A~-valued forms on M as in (i). 

From now on we will work in El, so let V~ denote the restriction 2*V~ 
of the vertical bundle to El, where 2 : El '---+ E is inclusion. Similarly, P 
will denote the restriction P 0 z of the position vector field, R the pullback 
2* R E A2 (E l , A2 V~) of R, and 7r : El --; M the projection. For i = 1, ... , k, 
define Wi E An- l (El, An V~) by 

Wi = P I\v (d'V p)2i-l I\v R k - i , 

with the wedge product as defined in Remark 6.1(i). 
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LEMMA 6.2. 

d''' . = (dv p)2i /\ R k- i _ 2i - 1 (dv p)2i-2 /\ Rk-i+1. 
Wt v k _ i + 1 V 

PROOF. By the Bianchi identity, 

dV Wi = (dV p)2i /\v R k- i + (2i - 1)P /\v dV2 P /\v (dV p)2i-2 /\ R k- i 

= (dV p)2i /\v R k- i + (2i - 1)(dV p)2i-2 /\v P /\v dV2 P /\v Rk-i. 

201 

In order to evaluate the second summand, consider a positively oriented or
thonormal basis Uj of local sections of V~ with U2i - 1 = P. Then 

((dv p)2i-2 /\v P /\v dV2 P /\v R k- i , U1 /\ ... /\ Un) 

= 2Li L (sgn cr)(dV P, U,,(l») /\ ... /\ (dV P, U,,(2i-2») /\ (P, U,,(2i-1») 
"EPn 

/\ (dV2 P, U,,(2i») /\ (R, U,,(2i+1) /\ U,,(2i+2») /\ ... 

/\ (R, U,,(n-1) /\ U,,(n») 
1 

2k-i 
{"I,,(2i-1)=2i-1 } 

/\ (R, U,,(2i-1) /\ U,,(2i») /\ ... /\ (R, U,,(n-1) /\ U,,(n») 

by (6.3) and (6.1). Fix any cr E Pn with cr(2i -1) i- 2i -1, so that P = U,,(l) for 
some l i- 2i - 1. If l < 2i - 1, the corresponding expression in the last equality 
vanishes, because (dVp,U,,(I») = (dVp,P), and (dVP(x),P) = (VxP,P) = 

~x(P, P) = 0 on E1 where P has constant norm 1. If l > 2i - 1, then the 
corresponding expression is the same as in the case cr(2i - 1) = 2i - 1: In 
fact, (sgn cr )(R, U,,(2i-1) /\ U,,(2i») /\ ... /\ (R, U ,,(n-1) /\ U,,(n») remains unchanged 
when switching pairs (cr(2p - 1), cr(2p)) and (cr(2q - 1), cr(2q)). Similarly, this 
expression undergoes a sign change twice when interchanging cr(2p - 1) and 
cr(2p) (once in (R, U,,(2p-1) /\ U,,(2p») and again in (sgncr)). Thus, 

((dv p)2i-2 /\v P /\v dV2 P /\v R k- i , U1 /\ ... /\ Un) 

so that 

1 "" V V = - 2k- i2(k _ i + 1) ~ (sgncr)(d P, U,,(l») /\ ... /\ (d P, U,,(2i-2») 
"EPn 

/\ (R, U,,(2i-1) /\ U,,(2i») /\ ... /\ (R, U,,(n-1) /\ UCT(n») 
2k - t +1 

-::-;-....,..,,--;-0-----,-;- ((dV p)2t-2 /\ R k-,+l U /\ ... /\ U ) 
2k- t2(k-i+1) v, 1 n, 

(dv p)2i-2 /\ P /\ dV2 P /\ R k- i = _ 1 (dv p)2i-2 /\ Rk-i+l. 
V V v k-i+1 v 

Substituting into the original expression for dV Wi then yields the result. D 

THEOREM 6.1. Consider an oriented Euclidean bundle ~ = E ---* M of 
rank n = 2k, with Riemannian connection and corresponding Euler form e. If 
e = 7r : E1 ---* M denotes the unit sphere bundle of~, then the pullback 7r*e E 
An (E1) of the Euler form is exact. Specifically, there exists n E An- 1 (E1) such 
that 
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(1) 7r*e = dO; and 
(2) for p E M, J(El)p J*O = -1, where J : (El)p ~ El denotes inclusion. 

PROOF. Set 0i := *VWi E An_1(E1). We seek constants ai E lR so that 
0= L: aiOi satisfies (1) and (2). We begin with (2): Given U E (El )p, P E M, 
consider a local positively oriented orthonormal basis Ui of sections of V~ in 
a neighborhood of U with U1 = P. Since P is orthogonal to the unit sphere 
sn-l = (El )p, the volume form of (El)p is given locally by (U2 1\ ... 1\ Un)D 0 J. 
Now, J*O is vertical, whereas R is horizontal by (6.1), so that 

lO = akj*Ok = ak(j*wk, U1 1\ ... 1\ Un) 

= ak L (sgn u)l ((P, Ua(l)) 1\ (d'V P, Ua(2)) 1\ ... 1\ (d'V P, Ua(n))) 

=ak L (sgnu)l((d'Vp,Ua(2)) 1\ ... 1\ (d'Vp,Ua(n))) 
{ala(l)=l} 

= ak L (sgn T)j* ((dV' P, Ul+r(l)) 1\ ... 1\ (d'V P, Ul+r(n-l))) 

=ak(n - 1)!j* ((dV' P, U2) 1\ ... 1\ (d'V P, Un)). 

Now, for Xi in the tangent space at u of the fiber (El)p over p, J*Xi is vertical, 
and j*d'V P(Xi) = J*Xi by (6.2). Thus, 

lO(Xl,'" ,Xn-l) = ak(n - I)! L (sgn u)(J*xa(l), U2(u))··· 
aEPn-l 

(J*Xa(n-l), Un(u)) 

= ak(n -1)!det(J*xi,Uj (u)) 

= ak(n -1)!(J*Xl 1\ .. ·I\J*Xn-l, U2(u) 1\ ... 1\ Un(u)) 

= ak(n -1)!W(Xl"" ,xn-r), 

where W denotes the volume form of (El )p. Since the latter is isometric to 
sn-l, 

1 lO = adn - I)! vol(sn-l) = ak(n - I)! (k27rk )' = -1, 
(El)p - 1 . 

if we set ak = -(k - 1)!/27rk(2k - I)!. 

Next, we determine ai for i < k so that 0 satisfies (1): 

d'V (L aiwi) = L ai (( d'V p)2i I\v R k- i - k ~ ~ : 1 (d'V p)2i-2 I\v R k- H1 ) 

al k V' 2k ~ ( 2i + 1 ) 'V 2' = -TR + ak(d P) + ~ ai - k _ i ai+l (d P) t 

I\v Rk-i. 

With ak as above, define ai = (2i + 11k - i)ai+l inductively; then 

(i - I)! 



7. THE GENERALIZED GAUSS-BONNET THEOREM 203 

and 

so that 

drl = d (*v L aiwi) = *vd\7 (L aiwi) = (2~)k *v Rk + ak *v (d\7 p)2k. 

Finally, *v(d\7 p)2k = ° by (6.2) , and *vRk = Jr* *.; ilk . Thus, drl = Jr*e, as 
claimed. 0 

EXERCISE 158. Use Theorem 6.1 to show once again that the Euler class 
of a vector bundle vanishes if the bundle admits a nowhere-zero section. 

7. The Generalized Gauss-Bonnet Theorem 

Let M be a compact, oriented, n-dimensional manifold. The Euler charac
teristic of M is defined to be X(M) = L~=o( _l)k dim Hk(M). It turns out that 
this number can be computed by looking at the behavior of any vector field X on 
M with finitely many zeros. We shall only explain the procedure and concepts 
involved. For a proof, the reader is referred to [25]. Let p be a zero of X, choose 
E E (0, injp) (for some Riemannian metric on M) so that the ball B E(P) of radius 
E centered at P contains no other z eros of X , and denote by sn-l the unit sphere 
centered at ° in Mp. Consider the maps ~t : sn- l ---> sn-l X [0, EJ, t E [0, EJ, 
~t(v) = (v , t) , and H : sn- l X [0, E] ---> M, H(v , t) = expp(tv) . The index indp X 
of X at P is the degree of the map f E := 1>E 0 (X/I X!) 0 H 0 ~E : sn-l ---> sn-l. 
Here, 1>( : Tl MaB, (p) ---> sn- l maps u E T l MnMexP€v to the parallel translate 
of u along the geodesic t f--7 expp (( E - t)v) , ° :s; t :s; E. 

~ (exp H') 

FIGURE 1 

Thus, to obtain the value of f E at a point v E sn-l , one goes out at distance 
E along the geodesic in direction v, evaluates the normalized vector field X/IXI 
at that point , and parallel translates it back to p along the same geodesic. The 
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index of X at p is well-defined, for if 8 E (0, injp), then 10 and fE are homotopic 
via (v, t) f---> ftc5+(1-t)E(v). 

t ~ 
"- t /' ~ t/ -- -- - - - -
/ t X /'t 

" index +1 index -1 

!t~h\ 
- t-

index 0 index +2 

FIGURE 2 

The proof of the following theorem can be found, for example, in [25]: 

THEOREM 7.1 (Poincare-Hopf). Let X be a vector field with finitely many 
zeros on a compact, oriented manifold M (such an X always exists). Then the 
Euler characteristic x( M) of M equals the index sum over all zeros of X. 

The next theorem is known as the generalized Gauss-Bonnet theorem: 

THEOREM 7.2 (Allendoerfel-Weil, Chern). If M2k is a compact, oriented 
Riemannian manifold with Euler form e, then iM e = X(M). 

PROOF. Consider a vector field X on M with finite zero set N = {p E M I 
X(p) = O}, and choose some 0 < I: < injM such that I: < mingd(p, q) I p, q E 

N}. Let Z be a vector field on M \ N that equals X/IXI on M \ B 2€/3(N), 
and such that for each PEN, and unit v E Mp, Z 0 Cv is parallel along the 
geodesic Cv : (0,1:/3) ----; M, cv(t) = exp(tv). If 7r denotes the projection of the 
unit tangent bundle 7 1 M, then 7rOZ = IM\N' and the restriction of e to M\N 
may be expressed as 

e = (7r 0 Z)*e = Z*7r*e = Z*dn = dZ*n, 

with n denoting the (2k -I)-form on T1 M from Theorem 6.1. Let pEN, and 
H : sn-1 X [0,1:] ----; M as above. Although Z does not extend continuously to 
BE(P), we obtain a differentiable vector field Y along H by setting 

Y(v, t) = Z 0 H(v, t) for t > 0, and Y(v, 0) = lim Z 0 H(v, t). 
t-+O+ 
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Stokes' theorem then implies 

r e = r dZ*O = r H*dZ*O = r dH*Z*O 
JE,(p) JH(sn-1x[0,Ej) Jsn-1x[0,E] Jsn-1x[0,E] 

= r H* Z*O - r H* Z*O 
Jsn-1XE lsn-1xo 

= r Z*O - r H*Z*O. 
JBB,~) Jsn-1xo 

Since the degree of Y 0 ~o equals the index of X at p, we have 

r H*Z*O= r (Yo~o)*O=indpX r O=-indpX. 
Jsn-1xo Jsn-l Jsn-l 

Thus, 

re=r e+L r e 
J M JM\UPENB,(p) PENJE,(P) 

= r dZ* 0 + L ( r Z* 0 + indp X) 
JM\UPENB,(p) pEN JBB,(p) 

= - L 1 Z*O + L 1 Z*O + L indp X 
pEN BB,(p) pEN BB,(p) pEN 

= X(M). 

D 

EXAMPLES AND REMARKS 7.1. (i) For an oriented surface M2, the Euler 
form at p E M is given by e(x, y) = 2~ (R(x, y)v, u), where u, v is a positively 
oriented orthonormal basis of Mp. Thus, e = 2~Kw, with K the sectional 
curvature, and w the volume form of M. The 2-dimensional case then reduces 
to the classical Gauss-Bonnet theorem: 

1M Kw = 211'x(M). 

(ii) A Riemannian manifold is said to be Einstein if the Ricci curvature 
Ric = "'(,) of M equals a constant multiple", of the metric, '" E R Any space 
of constant curvature is Einstein of course, but so is for example S2 x S2 with 
the product metric. 

Consider a compact, oriented 4-dimensional Einstein manifold. Given p E 
M, let el, ... ,e4 denote a positively oriented orthonormal basis of ltIp. If 

then ai ± *ai i = 2,3,4, is an orthonormal basis of A~(Mp). We claim that 
(Ra,!3) = 0 for all a E At(ltIp) and (3 E A'2(Mp). To see this, notice first that 

0= Ric(e2, e3) = (R(el' e2)e3, ell + (R(e4' e2)e3, e4! 

= (ReI 1\ e2, el 1\ e3) - (Re4 1\ e2, e3 1\ e4) 

= 2(Ra2' (3) - 2(R * a3, *(2). 
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Similarly, 

Thus, 
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0= Ric(el,e4) = (R(e2,ede4,e2) + (R(e3,ede4,e3) 

= 2(R0I2, *013) - 2(R0I3, *012). 

1 
(R( 012 + *012), 013 - *013) = '2 (Ric( e2, e3) - Ric( el, e4)) = O. 

A similar computation shows that (R(OIi + *OIi), OIj - *OIj) = 0 whenever i i- j. 
When i = j, 

(R(OIi + *OIi), OIi - *OIi)) = (ROIi, OIi) - (R * OIi, *OIi) = KY'i - K*ail 

with Kai denoting the sectional curvature of the plane spanned by el and ei. 

This expression is always zero: For example, 

Ka2 - K*a2 = K e" e2 - K e3 ,e4 

= ~(Ric(el' ed + Ric(e2, e2) - Ric(e3, e3) - Ric(e4, e4)) = O. 

This establishes our claim that the curvature tensor R of an oriented 4-dimen
sional Einstein manifold leaves the subspaces A~(Mp) invariant; i.e., R~ = 

R+. = 0 in the notation of Section 4. By Proposition 5.2, the Euler form of M 
equals 

e = 8!2 (IRt 12 + IR= 1
2 ). 

According to the Gauss-Bonnet theorem, the Euler characteristic of M is then 
nonnegative, and is zero iff M is flat. 

(iii) One large class of Einstein manifolds is the one consisting of so-called 
semi-simple Lie groups: The Killing form B : 9 X 9 ---+ lR of a Lie algebra 9 is 
the symmetric bilinear form given by B(X, Y) = tr adx 0 ady . A Lie group G 
is said to be semi-simple if the Killing form of its Lie algebra is nondegenerate. 

It turns out that a compact Lie group is semi-simple iff it has discrete center 
Z(G) = {g E G 1 gh = hg for all h E G}. To see this, assume first that G is 
compact and semi-simple. By compactness, there exists an inner product on 
9 for which adx : 9 ---+ 9 is skew-adjoint for each X E g, cf. Examples and 
remarks 1.1(ii) in Chapter 5. If (aij) denotes the matrix of adx with respect 
to some orthonormal basis of g, then 

B(X, X) = tr adi = L aijaji = - L a;j ~ 0, 
i,j i,j 

and equals zero iff adx = O. Thus, the kernel of ad = Ad*e is trivial (see 
the observation in Section 5 of Chapter 4), so that Z(G) c ker Ad has trivial 
Lie algebra, and must be discrete. Notice that in fact, Z(G) = ker Ad: If 
9 E ker Ad, then for any X E g, X(g) = Rg*X(e). Thus, the curve c, where 
c(t) = Rg(exptX), is an integral curve of X which passes through 9 when 
t = O. By uniqueness of integral curves, it must equal t f---+ Lg (exp tX). Since 
the exponential map is onto (we are implicit ely assuming G is connected), 9 
belongs to the center. This also implies that conversely, if Z (G) is discrete, 
then its Lie algebra is trivial, and B is nondegenerate. 
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Suppose then that G is compact and semi-simple, so that its Killing form 
is nondegenerate. Then - B is an inner product on 9 for which ady is skew
adjoint, Y E g: 

-B(ady X, Z) = B(adx Y, Z) = tr(ad[x,YJ oadz ) 

= tr(adx 0 ady 0 adz - ady 0 adx 0 adz) 

= tr(adx 0 ady 0 adz - adx 0 adz 0 ady ) 

= tr(adx 0 ad[y,zJ) = B(X, ady Z). 

Thus, - B induces a so-called canonical bi-invariant metric on G. (2.4) in 
Chapter 5 implies that G with the canonical metric is an Einstein manifold 
with ~ = ~: Given X, Y E g, and an orthonormal basis Zi of g, 

1 
Ric(X, Y) = 2:)R(Zi' X)Y, Zi) = -4 L([[Zi, X], Yl, Zi) 

i i 

EXERCISE 159. Prove that a compact, oriented 4-dimensional Riemann
ian manifold M with constant curvature ~ has Euler characteristic X(M) = 

~~~ vol(M). 

EXERCISE 160. Let G be a compact, connected, semi-simple Lie group 
with its canonical metric, L : A2g ---+ 9 the linear map which on decompos
able elements is given by L(X 1\ Y) = [X, Yj. Show that for any a E A2g, 
(Ra, a) = ~ ITaI 2 . Thus, G has nonnegative-definite curvature operator. The 
Gauss-Bonnet theorem can be used to show that any Riemannian manifold with 
nonnegative curvature operator has nonnegative Euler characteristic. 

8. Complex and Symplectic Vector Spaces 

There is yet another characteristic class, called the Chern class, that can be 
defined on certain bundles possessing additional structure. Before introducing 
it, we review some basic notions from complex linear algebra. The reader 
familiar with the material may proceed to Theorem 8.1 below without loss of 
continuity. 

A complex vector space (V, +,.) is a set V together with two operations 
+, " satisfying the usual vector space axioms, but taking e as the scalar field 
instead of IR. A (complex) linear transformation L : V ---+ W between complex 
spaces V, W is a map that satisfies L(v + w) = Lv + Lw, L(av) = aLv, 
for v, w E V, a E C. The standard example of a complex vector space is 
(en,+,.) where for v = (al,oo.,an), w = ((31,oo.,(3n) E en, and a E e, 
v + w = (al + (31, ... , an + (3n), a· v = (aal,"" aan). All standard notions 
from real linear algebra, such as linear independence, bases, etc., carryover. 
If ej denotes the n-tuple with 1 in the j-th slot and 0 elsewhere, then any 
n-dimensional complex vector space is isomorphic to en by mapping a basis 
VI, ... , Vn of V pointwise to el, ... ,en and extending linearly. 

DEFINITION 8.1. The realification VIR of a complex vector space (V, +,.) is 
the real vector space (V, +, 'IIR) with scalar multiplication restricted to the reals. 
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An endomorphism J of a real vector space V is said to be a complex struc
ture on V if J2 = -lv, cf. Exercise 57 in Chapter 2. The realification VlR. of 
a complex space V admits a canonical complex structure given by Jv = iv 
for v E V. Conversely, any real space with a complex structure J becomes a 
complex space when defining (a + ib)v = av + bJv. 

DEFINITION 8.2. The complexification VIC of a real vector space V is the 
complex space determined by the (real) space V EB V together with the complex 
structure J given by J(v, w) = (-w, v). 

Thus, the isomorphism (Vc)lR. ~ V EB V maps u + iv to (u, v). One cus
tomarily thinks of Cn as the complexification of JR.n, so that the identification 
between the underlying real spaces is given by 

h : (Cn)lR. ---> (JR.;C)lR. = JR.n x JR.n, 

V 1----+ (Re v, 1m v). 

The isomorphism h induces a linear map h : Mn,n(C) -t M2n ,2n(JR.) from 
the space of n x n complex matrices to the space of 2n x 2n real ones determined 
by h(Mv) = h(M)h(v), for M E Mn,n(C) and v E cn. Writing M = A + iB 
with A, B E Mn,n(JR.), we have for v = x + iy E cn, 

h(M)(x, y) = h(Mv) = h((A + iB)(x + iy)) = h(Ax - By + i(Bx + Cy)) 

= (Ax - By, By + Ax). 

Thus, 

(8.1) h(M) = (ReM 
ImM 

-ImM) 
ReM E M2n ,2n(JR.). 

If we denote by G L( n, C) the group of all invertible n x n complex matrices, then 
h : GL(n, C) -t GL(2n, JR.) is a group homomorphism. Identifying GL(n, C) 
with its image shows that it is a Lie subgroup of G L(2n, JR.) of dimension 2n2 . 

DEFINITION 8.3. A Hermitian inner product on a complex vector space V 
is a map (,) : V x V -t C satisfying 

(1) (O:VI + V2, v) = O:(VI, v) + (V2, v), 
(2) (VI, V2) = (V2' VI), and 
(3) (v, v) > 0 if v =I- 0, 

for all 0: E C, v, Vi E V. 

By (1) and (2), (v,o:w) = a(v, w). For example, the standard Hermitian 
inner product on Cn is given by 

(v, w) = L O:j/3j, 

j 

If J denotes a complex structure on a real space V, there is always a (real) 
inner product on V for which J is skew-adjoint: Let VI be any nonzero vector, 
and set Vn+l := JVI, WI = span{vI,vn+I}' Since J2 equals minus the identity, 
WI is invariant under J. Arguing inductively, V decomposes as a direct sum 
EBk Wk of J-invariant planes Wk = span{ Vk, Vn+k = Jvd, k = 1, ... , n. If (,) 
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denotes that inner product for which the basis VI, ... , V2n is orthonormal, then 
the matrix of J with respect to this basis is 

(1 -~n) E M2n,2n(l~). 
This shows that J is skew-adjoint, and in fact isometric: (Jv, Jw) = -(J2v, w) = 
(v, w). 

PROPOSITION 8.1. Let V be a complex vector space, J the induced complex 
structure on the underlying real space VIR. Given any inner product (,) on VIR 
for which J is skew-adjoint, the formula 

(8.2) (v, w)c := (v, w) + i(v, Jw) 

defines a Hermitian inner product (,)c on V. Conversely, if (,)c is a Hermitian 
inner product on V, then the real part of (,)c is an inner product on VIR with 
respect to which J is skew-adjoint, and (,)C is given by (8.2). 

PROOF. Given a real inner product on VIR, (8.2) defines a complex-valued 
function on V x V that is clearly additive in the first variable. Given a = 
a+ib E C, 

(av, w)c = ((a + ib)v, w) + i((a + ib)v, Jw) 

= a(v, w) + b(iv, w) + ia(v, Jw) + ib(iv, Jw) 

= a(v, w) - b(v, Jw) + ia(v, Jw) + ib(v, w) 

= (a + ib)( (v, w) + i(v, Jw)) = a(v, w)c. 

The second axiom follows from (v, w)c = (v, w) - i(v, Jw) = (w, v) +i(w, Jv) = 
(w, v)c by the skew-adjoint property of J. For the same reason (v, Jv) = 0, so 
that (v, v)c = (v, v) > 0 if v =1= O. Thus, (,) is Hermitian. Conversely, if (,)c is 
a Hermitian inner product on V, it is elementary to check that its real part (,) 
is an inner product on VIR. Furthermore, 

Im(v, w)c = Re( -i(v, w)c) = Re(v, iw)c = (v, Jw), 

so that (8.2) holds. Finally, 

(Jv, w) = Re(iv, w)c = Re(i(v, w)c) = - Im(v, w)c = -(v, Jw), 

where the last equality follows from the previous equation, so that J is skew
~~. 0 

There is an alternative way of describing complex structures: 

DEFINITION 8.4. A symplectic form on a real vector space V is a nondegen
erate, skew-symmetric, bilinear form a on V. (V, a) is then called a symplectic 
vector space. 

For example, the canonical symplectic form on ]R2n is ao = I:~=I uk A un+k. 
It is the bilinear form associated to the canonical complex structure Jo on ]R2n, 

in the sense that ao(v, w) = (Jov, w); this follows for instance from the fact 
that the matrix of ao with respect to the standard basis is given by 

( 0 In) -In 0 ' 
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so that aa(ei,ej) = -(Jaej,ei) = (Jaei,ej). Notice also that 

aa(Jav, Jaw) = (J6v, Jaw) = -(v, Jaw) = (Jav, w) = aa(v, w). 

Up to isomorphism, aa is the only symplectic form: For any symplectic vector 
space (V, a), there exists an isomorphism L : V ---+ JR.2n such that aa(Lv, Lw) = 
a(v, w) for all v, w E V (and in particular, V is even-dimensional). This is the 
essence of the following: 

PROPOSITION 8.2. For any symplectic vector space (V, a), there exists a 
basis aI, ... ,a2n of the dual V* such that a = L~=l ak 1\ an+k. 

PROOF. Let VI be any nonzero vector in V. Since a is nondegenerate, there 
exists some wE V with a(vI' w) = 1. Set Vn+1 := w, W := span{ VI, vn+d, and 
Z:= {v E V I a(v, vI) = a(v,vn+I) = O}. Any v E V can then be written as 
v = w+(v-w) E W +Z, where w = a(v,vn+I)vl-a(v,vI)vn+l. Ifu E wnz, 
then u = aVI + bVn+1 for some a, b E JR., and since u also belongs to Z, 0 = 
a(u, vI) = ba(vn+l' vI) = -b. Similarly, 0 = a(u, Vn +1) = aa(vI' vn+I) = a. 
Thus, W n Z = {O}, so that V = WEB Z, and the restriction of a to Z is 
symplectic. Arguing inductively, we obtain a basis VI, ... ,V2n of V, with dual 
basis al, ... , a2n, such that a = L ak 1\ an+k. 0 

A symplectic form a and a complex structure J on V are said to be com
patible if a(Jv, Jw) = a( v, w) for all v, w E V. 

PROPOSITION 8.3. If a real vector space has a complex structure J, then it 
admits a compatible symplectic form a. Conversely, any symplectic form a on 
V induces a compatible complex structure J. In each case, there exists an inner 
product on V such that a(v,w) = (Jv,w), and J is an isometry. 

PROOF. Given a complex structure J on V, choose an inner product for 
which J is skew-adjoint, and hence also isometric. Then a, where a(v, w) := 
(Jv, w) is symplectic. Furthermore, 

a(Jv, Jw) = (J2V, Jw) = -(v, Jw) = (Jv, w) = a(v, w). 

Conversely, if a is a symplectic form on V, choose a basis Vk such that a = 
L ak 1\ an+k, where ak denotes the basis dual to Vk, see Proposition 8.2. 
Consider the inner product on V for which Vk is orthonormal, and define 
Jv := (2va)#; i.e., (Jv, w) = a(v, w). The matrix of J with respect to the 
basis Vk has as (k,l)-th entry (Jvl,Vk) = a(vl,vk), and is thus given by 

(Z -~n). 
This clearly implies that J is a complex structure and an isometry. Compati
bility of J and a follows as before. 0 

PROPOSITION 8.4. If V is a complex vector space, then its realification VIR 
inherits a canonical orientation. 

PROOF. An arbitrary basis {VI, ... ,vn } of V induces an element 

VI 1\ ... 1\ Vn 1\ JVI 1\ .. . 1\ JVn E (A2n VIR) \ {O}. 
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The component of (A2n VIR) \ {O} containing it is independent of the original 
basis: If Wl, ... , Wn is another basis of V, and (,) is an inner product on VIR for 
which J is skew-adjoint, then 

-B) A ' 

where the components aij, bij , of A, B, are given by aij = (Vi, Wj) = (JVi' JWj), 
and bij = (Jvi,Wj) = -(Vi, JWj). The matrix above is the image via h of 
M = A + iB E Mn,n(C). The claim now follows from: D 

LEMMA 8.1. For ME Mn,n(C), det h(M) = I det M12. 

PROOF. The claim is easily seen to be true for diagonalizable matrices. But 
the latter are dense in Mn,nUC); in fact, we may assume that M E Mn,n(e) 
is in Jordan canonical form. If not all the diagonal terms are distinct, then 
modifying them appropriately yields a matrix arbitrarily close to M with n 
distinct eigenvalues. The latter is then diagonalizable. D 

REMARK 8.1. There is another orientation on VIR that is commonly used, 
namely the one induced by Vl A JVl A ... A vn A Jvn, where Vk is a basis of 
V. It coincides with ours only when [n/2] is even. The reason behind our 
choice is that it makes the isomorphism h : (e~,w) ---> (]R2n, can) orientation
preserving, where w denotes the orientation of e~ from Proposition 8.4, and 
can the canonical orientation of ]R2n. 

We next look at isometric automorphisms of a Hermitian inner product 
space; i.e., automorphisms that preserve the Hermitian inner product. Since 
such a space is linearly isometric to en with the standard Hermitian inner 
product, we only need to study linear transformations L : en ---> en that 
satisfy (Lv,Lw) = (v,w), V, wEen. Recall that the adjoint L* : en ---> en of 
L is defined by (L *v, w) = (v, Lw) for v, W in en. If Vk is an orthonormal basis 
of en, then the matrix [L *] of L in this basis is the conjugate transpose of the 
matrix [L] of L: 

[L*]ij = (L*Vj, ViI = (Vj,LVi) = (LVi,Vj) = [L]ji· 

Now, the transformation L preserves the Hermitian inner product iff (Lv, Lw) = 
(v,w), iff (L*Lv,w) = (v,w) for all v and W in en; equivalently, L*L = LL* = 

-t -t 
len. In terms of matrices, [L] [L] = [L] [L] = In. 

DEFINITION 8.5. The unitary group U(n) is the subgroup of GL(n, C) that 
preserves the Hermitian inner product: 

-t -t 
U(n) = {M E GL(n,C) I M M = MM = In}. 

LEMMA 8.2. h(U(n)) = h(GL(n, C)) n SO(2n). 

PROOF. By Lemma 8.1, it suffices to show that M E U(n) iff h(M) E 
-t -t 

O(2n). But since h(M ) = h(M)t, we have that A E U(n) iff AA = In iff 
h(A)h(A)t = 12n iff h(A) E O(2n). D 
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For example, U(l) is the group of all complex numbers z such that \ZV, zw) = 
\v. w). Since \zv. zw) = zvzw = ZZ\v. w). U(l) is the group Sl of all unit com
plex numbers, and 

by 

h(U(l))={(~ ~b)la2+b2=1}. 
The exponential map e : flIn.n(C) ---> GL(n. C) is defined as in the real case 

AI._ ~ lvIk. 
e .- L..t k! ' 

k=O 

cf. Examples and Remarks 4.2(iv) in Chapter 4. Since h(M N) = h(M)h(N), 
we have that h( eM) = eh(M), and the diagram 

h 
M 2n.2n (ll{) ----+ 

le 
----+ GL(2n,lR) 

h 
GL(n,q 

commutes. In particular, e is one-to-one on a neighborhood V of In E Mn.n(C), 

so that given A E U(n) neV , A = eM for a unique lvI. Then I = AAt = eM eM', 
M' M 1 M -t -t and e = (e )- = e- ; i.e., M + lvI = O. Conversely, if M + M = 0, 

then eM E U(n). This shows that U(n) is an n 2-dimensional Lie subgroup of 
GL(n, q with Lie algebra u(n) canonically isomorphic to 

-t (A {M E Mn,n(q 1M + M = O} ~ { B -B) t t A I A + A = 0, B = B }, 

a fact that also follows from Lemma 8.2. 

PROPOSITION 8.5. For any M E u(n), there exists A E U(n) such that 

Ai E lR; 

equivalently, 

h(A)h(M)h(A)-l = 

PROOF. Recall that an endomorphism L of cn is normal if LL * = L * L. 
The spectral theorem asserts that a normal endomorphism of cn has n or
thonormal eigenvectors. The endomorphism v f-+ Lv := M . v is skew-adjoint, 
hence normal, so that there exists a matrix A E GL(n,q such that A.i\IA- 1 is 
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diagonal. Since the eigenvectors are orthonormal, A E U (n). Furthermore, the 
conjugate transpose of 

is -AMAt, so that Ai + Ai = 0, and each Ai is imaginary. o 
A polynomial on u(n) is a map p : u(n) ----> lR such that po h- 1 : h(u(n)) c 

M2n ,2n(lR) ----> lR is a polynomial in the usual sense. p is said to be invariant 
if it is invariant under the action of U(n). For example, 12k 0 hand Pf oh are 
invariant polynomials, because h(U(n)) c SO(2n). Notice that !k can actually 
be defined on Mn,n(C) as in Example 1.1, but is not, in general, real-valued. 
However, the polynomial fk, where fk(M) = fdiM), is real-valued on u(n): 

n n 

2:) _l)k fk(]\I)x n- k = 2:) _l)k !k(iM)xn- k = det(x1n - iM) 
k=O k=O 

= det(xln + iMt) = det(xln - iM) 
n 

= 2:) _l)k fk(M)xn- k . 

k=O 

THEOREM 8.1. Any invariant polynomial on the Lie algebra u(n) is a poly
nomial in fl, ... , f~ . 

PROOF. For Zl, ... , Zn E C, let (Zl ... zn) denote the matrix 

c·· J 
Given an invariant polynomial f on u(n), it suffices to show that there exists a 
polynomial p such that 

f(iA1 ... iAn) = p(f{(iA1 ... iAn), ... , f~(iA1 ... iAn)) 

for all Ai E R To see this, denote by q the polynomial given by q(A1' ... , An) = 

f(iA1 ... iAn). Since any pair (Ak, Az) can be transposed when conjugating the 
matrix (iA1 ... iAn) by an appropriate A E U(n), q is symmetric, so that 

q(A1, ... , An) = p(Sl(A1, ... , An), ... , Sn(A1, ... , An)) 

for some polynomial p. Then 

f(iA1 ... iAn) = q(A1, ... , An) = P(Sl(A1, ... , An), ... , Sn(A1, ... , An)) 

= p(h (A1 ... An), ... , fn(A1 ... An)). 

But (A1 ... An) = -i(iA1 ... iAn), so that !k(A1 ... An) = (-l)k fk(iA1 ... iAn). 
Thus, 

as claimed. o 
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According to Theorem 8.1, 12k 0 hand Pf oh are polynomials in f1, ... , f~· 
These polynomials can be described explicitely: 

PROPOSITION 8.6. 12k oh = (_l)k L;~o( _l)lfU~k-l' Pf oh = (-1)ln/2]f~· 

PROOF. By Lemma 8.1, 
n 

1 det(xln-M) 12 = det(h(x1n-M)) = det(xI2n -h(M)) = I>2(n-k) hkoh(M). 
k=O 

On the other hand, 

I det(xln - M)I' ~ I det(xln - i( -iM))I' ~ I~( _1)'( _ilk !l<M)xn-' I' 
= Ixn + ixn- 1 fUM) - xn- 2 f~(M) - ixn- 3 f~(M) + .. '1 2 

= I(xn - x n- 2 f~(M) + xn- 4 fl(M) ... ) 

+ i(xn- 1 f{(M) - xn- 3 f~(M) + xn- 5 f~(M)··· )1 2 

= (xn _ xn- 2 f~(M) + xn- 4 fl(M) ... )2 

+ (xn- 1 fUM) - xn- 3 f~(M) + xn- 5 f~(M)··· )2. 

The coefficient of X 2n- 2k in the last equality is 

L (_1)(k- j )/2 fLj(M)( _1)(k+j )/2 fk+j(M) 
k-j even 

k-j odd 

k-j even k-j odd 

k-j 

= (_l)k L( _1)1 fi(M)f~k-/(M). 
1 

This establishes the first identity in the proposition. For the one involving the 
Pfaffian, it suffices to check the formula in the case when M = (iAl ... iAn)' 
Then 

Pf(h(M)) = Pf Ai 

An 
= E1(n+l)2(n+2) ... n(2n) (_l)n Ai' .. An 

= (_1)[n/2](-1)n A1 ··· An = (_1)ln/2] detiM = (-1)ln/2]f~(M). 

o 
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EXERCISE 161. Show that any Hermitian inner product is determined by 
its norm function. Specifically, 

1 
Re(v, w) = 4" (Iv + wl 2 - Iv - wI 2 ), 

EXERCISE 162. Show that a symplectic form on V induces a Hermitian 
inner product on V, and that conversely, if (,) is a Hermitian inner product on 
V, then a(v, w) = - Im(v, w) defines a symplectic form on V. 

EXERCISE 163. Fill in the details of the proof of Lemma 8.1. 

9. Chern Classes 

A complex rank n vector bundle is a fiber bundle with fiber en and structure 
group GL(n, e). Thus, the fiber over each point inherits a complex vector space 
structure. The realification ~1R of a complex bundle ~ and the complexification 
~tC of a real bundle ~ are defined in the same way as for vector spaces. In 
particular, ~1R is orientable, with a canonical orientation. 

A Hermitian metric on a complex vector bundle ~ = 7r : E --7 M is a section 
of the bundle Hom(~ 0~, <C) which is a Hermitian inner product on each fiber. 
Such a metric always exists, since one can choose a Euclidean metric on ~IR' 
and this metric induces, by Exercise 161, a Hermitian one on~. A Hermitian 
connection \7 on ~ is one for which the metric is parallel. In this case, 

X(U, V) = (\7 xU, V) + (U, \7 x V), X E XM, U, V E r~. 

Just as in the Riemannian case, the curvature tensor R of a Hermitian connec
tion is skew-adjoint: 

(R(X, Y)U, V) = -(U, R(X, Y)V). 

Thus, given p E M, and an orthonormal basis b : en --7 Ep , b- 1 0 R(x, y) 0 bE 

u(n) for any x, Y E Mp. 
Let g~ denote the polarization of the polynomial fk from the previous sec

tion. By Proposition 1.1, gk induces a parallel section g~ of Endk(O*, and 
g~(Rk) is a 2k-form on M. By Theorem 1.1, this form is closed, and its coho
mology class is independent of the choice of connection. 

DEFINITION 9.1. The k-th Chern class Ck(O E H2k(M) of ~ is the class 
determined by the 2k-form 

1 -i k 
Ck = (27r)kgdR ). 

Ck is called the k-th Chern form (of the connection). The total Chern class of 
~ is 

where co(O denotes the class containing the constant function 1. 
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EXAMPLE 9.l. A complex line bundle (or, more accurately, its realification) 
is equivalent to an oriented real plane bundle: To see this, it suffices to exhibit 
a complex structure J on an oriented plane bundle ~ = 7r : E -+ !vI. Choose a 
Euclidean metric on~, and for nonzero 'IL in E, define J'IL to be the unique vector 
of norm equal to that of 'IL, such that 1L, Ju is a positively oriented orthogonal 
basis of E7r (u)' J is then a complex structure on ~, and it makes sense to talk 
about the first Chern class C1(~) of~. Given a Hermitian connection on~, the 
Chern form C1 at p E lY[ is given by 

1 1 1 
C1(X,y) = 27r triR(x,y) = 27r (iR(x,y)u, u) = 27r(R(x,y)u,-iu) 

1 . 
= -(R(x, y)zu, u) E JR, 

27r 

for unit 'IL in Ep. In terms of the underlying real plane bundle, 

1 
C1(X,y) = -(R(x,y)Ju,u), 

27r 

where (,) now denotes the Euclidean metric on 6~ induced by the real part of 
the Hermitian metric on~. By Examples and Remarks 3.1(i), the first Chern 
class of a complex line bundle equals the Euler class of its realification. 

More generally, consider a complex rank n bundle ~ = 7r : E -+ M with 
Hermitian connection \7. The real part of the Hermitian metric is a Euclidean 
metric which is parallel under \7. Thus, \7 induces a Riemannian connection ~ 
on ~JR;. Since iU is parallel along a curve whenever U is, the complex structure 
J is parallel. 

A Hermitian orthonormal basis b : en -+ Ep induces an isomorphism B : 
u( Ep) -+ u( n). There is a corresponding Euclidean orthonormal basis b 0 h -1 : 

JR2n -+ Ep that induces an isomorphism 13 : o(Ep) -+ o(2n). Denote by Ii the 
corresponding homomorphism B- 1 0 hoB: u( Ep) -+ 0 (Ep). If R, il denote the 
curvature tensors of \7 and ~, then il = Ii 0 R. Thus, 

Bil = 13 0 Ii 0 R = 13 0 13- 1 0 hoB 0 R = h(BR), 

and by Proposition 8.6, 

2k 
?l2k(il2k ) = hk(Bil) = 12k 0 h(BR) = (_l)k 2) _l)lfli(BR)nk_l(BR) 

1=0 

2k 
= (_l)k 2) -1)lgf(R1) 1\ g~k_l(R2k-l). 

1=0 

Similarly, 

pf(iln) = Pf(Bil) = Pf oh(BR) = (_1)[n/2] f~(BR) = (_1)[n/2]g~(Rn). 

Summarizing, we have proved the following: 

THEOREM 9.l. If ~ is a complex rank n bundle, then 

2k 
Pk(~JR;) = (_l)k 2) _l)ICl(~) U C2k-l(O, k = 1, ... ,n, 

1=0 
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and 
e(6~) = (-1)[n/2Jcn(~)' 

In many references, one finds instead e(6R) = cn(~)' The sign in Theo
rem 9.1 stems from our choice of imbedding h : C~ ----> ]R2n and the resulting 
orientation on 6~. 

Instead of looking at the Pontrjagin classes of the realification of a complex 
bundle ~, one can instead begin with a real bundle C and look at the Chern 
classes of its complexification ~IC = (~ EB ~, J), where J (u, v) = ( -v, u). 

THEOREM 9.2. If ( is a real vector bundle, then c2d6c) = (_l)kpd~)· 

PROOF. Consider a Euclidean metric (,) on (, and denote by (,)c the 
Hermitian metric on ~IC the real part of which is (,). Then 

((U1, U2), (VI, V2))c = WI, VI) + (U2, V2) + i((U2, Vd - WI, V2)), 

for Ui , Vi E r(i cf. Exercise 164. A Riemannian connection \7 on ~ induces one 
on ~ EB (, with 

Vx(U1,U2 ) = (\7 xU1, \7xU2)' 
If (U1, U2 ) is parallel along a curve, then so is J(U1, U2) = (-U2, Ud, implying 
that J is parallel. Furthermore, if (VI, V2 ) is also parallel, then the function 
((U1 , U2 ), (VI, V2 ))c is constant. Thus, V is a Hermitian connection, with cur
vature tensor 

R(x, y)(U1, U2)(p) = (R(x, y)U1(p), R(x, y)U2(p)), x, y E M p , Ui E r~. 

Denoting by [R] E o(n) the matrix of R(x, y) in an orthonormal basis b : ]Rn ----> 

Ep of Ep, we have that the matrix of R(x, y) in the basis (b, b) of Ep EB Ep is 
given by 

( [Ra] a) 
[R] . 

In the corresponding Hermitian basis (b, b) 0 h, this matrix is just the original 
[R]. In other words, if B : 0 (Ep) ----> 0 (n) is the isomorphism induced by b, and 
B : u(Ep EB Ep) ----> u(n) the one induced by (b, b) 0 h, then BR = BR. Thus, 

-i - 2k i - - i k k - 2k g2k(R ) = f2k(BR) = hk(BR) = (-1) hk(BR) = (-1) g2dR ), 

which establishes the claim. o 
To account for the odd Chern classes that are missing in the above theorem, 

define the conjugate bundle ~ of a complex bundle ~ to be the (complex) bundle 
with the same underlying total space and addition, but with scalar multiplica
tion e given by aeu = au, where the right side is the usual scalar multiplication 
in~. Although the identity is a real bundle equivalence, ~ and its conjugate 
need not be equivalent as complex bundles; i.e., there may not be an equiva
lence h : ~ ----> ~ satisfying h(au) = a e h(u) = ah(u). Such an h does, however, 
exist when ~ is the complexification 7]1C of a real bundle 7]: It is straightforward 
to verify that the formula h( u, v) = (u, -v) defines such an equivalence. 

PROPOSITION 9.1. If ( is a complex bundle, then the total Chern class of 
its conjugate is given by 

c(~) = 1 - CI(O + C2(~) - C3(() + ... 
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PROOF. A Hermitian inner product (, I on ~ induces a Hermitian inner 
product (, I on ~ given by 

(U, VI := (U, VI = (V, UI, U, V E r~. 

A Hermitian connection 'V on ~ then becomes also a Hermitian connection 'V 
on the conjugate bundle, and their curvature tensors are related by 

(R(x, y)u, VI = (v, R(x, y)uI = (R(x, y)u, vI. 

Since the eigenvalues of Rand R are imaginary, R(x,y) = -R(x,y). Thus, 

9k(R) = 9k(-R) = (_1)k9k(R), 

which establishes the claim. o 
We have seen that given a real bundle ~, its complexification ~iC is equiv

alent, in the complex sense, to the conjugate bundle ~iC' Proposition 9.1 then 
implies the following: 

COROLLARY 9.1. If ~ is a real bundle, then the odd Chern classes of its 
complexification are zero. 

THEOREM 9.3. For complex bundles ~ and 71, c(~ EEl 71) = c(O U c(T/). 

PROOF. Notice that for complex matrices M, N, 

k 

fk(A ® B) = L ft(A)fL[(B). 
[=0 

The statement now follows by an argument similar to that in Theorem 4.2. 0 

EXAMPLE 9.2. Consider an oriented rank 4 bundle ~o, and suppose its 
structure group reduces to S~ C SO(4); cf. Section 5. Thus, if P denotes the 
total space of the corresponding principal S3-bundle, then ~o = 7r : P XS3 lHl-+ 

+ 
P / S~, with S~ acting on lHl = ]R4 by left multiplication. Any quaternion 
q = a + bi + cj + dk can be written as (a + bi) + j(c - di) = Zl + jZ2 for some 
complex numbers Zl, Z2. The map 

Ii : lHl ---+ ((:2, 

becomes a complex isomorphism if we define scalar multiplication in lHl by a(zl + 
jZ2) := (Zl + jZ2)a = zla + jZ2a. 

The map Ii in turn induces a homomorphism Ii : GL(1,lHl) -+ GL(2,C) 
determined by 

Ii(qu) = li(q)li(u), q E lHl\ {O}, u E lHl. 

Given q = Zl + jZ2 E S3 and u = W1 + jW2 E lHl, 

qu = (Zl + jZ2)(W1 + jW2) = (ZlW1 - Z2W2) + j(Z2W1 + ZlW2). 

Recalling that ZlZl + Z2Z2 = 1, we conclude that 

- (Zl h(Zl + jZ2) = 
Z2 

_ E U(2). -Z2) 
Zl 
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This exhibits ~o as the realification of a complex bundle ~ with group U(2). By 
Theorem 9.1, 

PI (~o) = -(2C2(~) - CI (~) U cd~)) = 2e(~o) + ci(~)· 
Consider the map L : lHl ---> lHl that sends q E lHl to qj. L preserves addition, and 
given 0: E C, q = ZI + jZ2 E lHl, 

L(o:q) = L(ZlO: + jZ20:) = (ZIO: + jZ20:)j = zda + jZ2ja = (ZI + jZ2)ja 

=aLq. 

Thus, L induces a complex equivalence ~ ~ ~, so that CI (0 = 0 by Proposi
tion 9.1, and 

Pl(~O) = 2e(~o), 
a property already observed earlier in the special case that the base is a 4-sphere, 
cf. Corollary 5.1. 

EXERCISE 164. Let ~ be a real vector bundle with complexification ~IC = 

(~EEl ~, J), J (u, v) = (-v, u). A Euclidean metric on ~ extends naturally to ~ EEl ~ 
by setting 

Ui , Vi E r~. 

By Exercise 161, there exists a unique Hermitian metric (,)c on ~IC the norm 
function of which equals that of the Euclidean metric. Prove that 

((U1 , U2), (Vl' V2))c = (U1 , VI) + (U2' V2) + i( (U2, VI) - (UI, V2)). 

EXERCISE 165. Determine the total Chern class of 1'f,1 (observe that Cf,1 
is just Cpl = 8 2 ). 
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sectional curvature, 143 

of bi-invariant metric, 144 
of sphere, 144, 147 

singular 
chain, 42 

boundary of, 42 
cube, 41 

sphere, 2, 46, 55 
bundles over 

characteristic class of, 94, 95 
characteristic map of, 94, 99 

canonical connection on, 107, 113 
curvature tensor of, 119, 144 
Euler class of, 189 
geodesics on, 122 
homotopy groups of, 86, 90 
Pontrjagin class of, 183 

Spin, 69, 96, 101 
spin structure, 96, 101 
spray, 122 

geodesic, 124 
structure group, 57 

reduction of, 65, 68 
submanifold, 13 

canonical connection on, 113 
immersed, 13 
Riemannian, 138 
totally geodesic, 147 

submersion, 15, 47, 60, 147 
homogeneous, 152 
Riemannian, 149 

symmetric function, 178 
elementary, 178 

symplectic form, 209 

tangent space, 6 
tangent vector, 6 
tensor, 31 
tensor field, 35 
transition function, 57 
transverse regular, 16 
tubular neighborhood, 81, 174 

unitary group, 80, 211 

variation 
piecewise-smooth, 167 

vector bundle, 58, see also bundle 
complex, 215 
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vector field, 16, 67, see also cross-section 
basic, 149 
complete, 19 
coordinate vector fields, 6, 16 
divergence of, 139 
index of, 203 
Jacobi,156 
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Killing, 141, 160 
left-invariant, 21, 23, 125 
position, 23, 46 

volume form, 46, 51, 139 

Whitney sum, 70 
Euler class of, 190 
metric, 132 
Pontrjagin class of, 190 
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