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Preface 

The theory of algebraic groups results from the interaction of various basic 
techniques from field theory, multilinear algebra, commutative ring theory, 
algebraic geometry and general algebraic representation theory of groups and 
Lie algebras. It is thus an ideally suitable framework for exhibiting basic 
algebra in action. To do that is the principal concern of this text. Accordingly, 
its emphasis is on developing the major general mathematical tools used for 
gaining control over algebraic groups, rather than on securing the final 
definitive results, such as the classification of the simple groups and their 
irreducible representations. In the same spirit, this exposition has been made 
entirely self-contained; no detailed knowledge beyond the usual standard 
material of the first one or two years of graduate study in algebra is pre
supposed. 

The chapter headings should be sufficient indication of the content and 
organisation of this book. Each chapter begins with a brief announcement of 
its results and ends with a few notes ranging from supplementary results, 
amplifications of proofs, examples and counter-examples through exercises 
to references. The references are intended to be merely suggestions for 
supplementary reading or indications of original sources, especially in cases 
where these might not be the expected ones. 

Algebraic group theory has reached a state of maturity and perfection 
where it may no longer be necessary to re-iterate an account of its genesis. Of 
the material to be presented here, including much of the basic support, the 
major portion is due to Claude Chevalley. Although Chevalley's decisive 
classification results, contained in [6J, have not been included here, a 
glimpse of their main ingredients can be had from Chapters XVII and XIII. 
The subject of Chapter XIII is Armand Borel's fundamental theory of 
maximal solvable subgroups and maximal toroids, which has made it 

v 



vi Preface 

possible tc recreate the combinatorial features of the Cartan-Weyl theory of 
semisimple Lie algebras, dealt with in Chapter XVII, in terms of subgroups of 
semisimple algebraic groups. In particular, this has freed the theory from the 
classical restriction to base fields of characteristic O. 

I was encouraged to write this exposition chiefly by the appearance of 
James Humphreys's Linear Algebraic Groups, where the required algebraic 
geometry has been cut down to a manageable size. In fact, the algebraic
geometric developments given here have resulted from Humphreys's 
treatment simply by adding proofs of the underlying facts from commutative 
algebra. Moreover, much of the general structure theory in arbitrary charac
teristic has been adapted from Borel's lecture notes [1] and Humphreys's 
book. 

I have made use of valuable advice from my friends, given in the course of 
several years on various occasions and in various forms, including print. It is 
a pleasure to express my thanks for their help to Walter Ferrer-Santos, 
Oscar Goldman, Bertram Kostant, Andy Magid, Calvin Moore, Brian 
Peterson, Alex Rosenberg, Maxwell Rosenlicht, John B. Sullivan, Moss 
Sweedler and David Wigner. However, it must be emphasized that no one 
but me has had an opportunity to remedy any of the defects of my actual 
manuscript. 

Gerhard P. Hochschild 
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Chapter I 

Representative Functions 
and Hopf Algebras 

This chapter introduces the basic algebraic machinery arising in the study of 
group representations. The principal notion of a Hopf algebra is developed 
here as an abstraction from the systems of functions associated with the 
representations of a group by automorphisms of finite-dimensional vector 
spaces. This leads to an initializing discussion of our main objects of study, 
affine algebraic groups. 

1. Given a non-empty set S and a field F, we denote the F-algebra of all 
F -valued functions on S by FS• In the statement of the following lemma, 
and frequently in the sequel, we use the symbol 6ij , which stands for 1 if 
i = j, and for U if i :f= j. 

Lemma 1.1. Let V be a non-zero finite-dimensional sub F-space of FS. There 
is a basis (vt> . .. , Vn) of V and a corresponding subset (st> ... ,Sn) of S such 
that v;(s) = 6ij for an indices i and j. 

PROOF. Suppose that we have already found elements S1' ... , Sk of S and a 
basis (v1.k>' .. , vn•k) of V such that the Vi,k'S and the s/s satisfy the require
ments of the lemma for each i from (1, ... , n) and each j from (1, ... , k). If 
k < n, there is an element sk+ 1 in S such that Vk+ 1,k(Sk+ 1) :f= O. We set 

Vk+1.k+1 = Vk+1,k(Sk+l)-1 Vk +1.k' 

For the indices i other than k + 1, we set 

Now the sets (S1"'" Sk+ 1) and (V1.k+ 1, ... , Vn.k+ 1) satisfy our requirements 
at level k + 1. The lemma is obtained by induction, starting with an arbitrary 
basis of V at level k = O. 0 
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For non-empty sets Sand T, we examine the canonical morphism of 
F-algebras, n, from the tensor product FS ® FT to FSX T, where 

n(L f ® g)(s, t) = L f(s)g(t). 

Proposition 1.2. The canonical morphism n: FS ® FT ~ FS x T is injective, 
and its image consists of all functions h with the property that the F-space 
spanned by the partial functions ht, where t ranges over T and hls) = h(s, t), 
is .finite-dimensional. 

PROOF. Let L,J= 1 fi ® gj be an element of the kernel of n, and let V be 
the sub F-space of FS spanned by f1' ... ,fm. If V = (0) then our element is O. 
Otherwise choose (Vl> ... , vn) and (SI' ... ' sn) as in Lemma 1.1, and write 
our element in the form L7=1 Vi ® hi. Applying n and evaluating at (Sk' t) 
yields hk(t) = O. This shows that each hi is 0, and we conclude that n is 
injective. 

It is clear that if h is an element of the image of n then it has the property 
stated in the proposition. Conversely, suppose that h is an element of FSX T 

having this property. This means that there are elementsfl, ... ,j" in F S such 
that each ht is an F -linear combination of the fi's. Choosing coefficients 
from F for each t in T, we obtain elements g 1, ..• ,gn of FT such that, for 
each t, 

n 

ht = Lgi(t)!;. 
i= 1 

This means that 

h = n(.i h ® g;). 
,= 1 

D 

Let us consider the above in the case where both Sand T coincide with the 
underlying set of a monoid G, with composition m: G x G ~ G. This 
composition transposes in the natural fashion to a morphism of F -algebras 
m*: FG ~ FGXG, where m*(f) is the compositef 0 m. We abbreviate m(x, y) 
by xy, so that m*(f)(x, y) = f(xy). By transposing the right and left trans
lation actions of G on itself, we obtain a two-sided G-module structure on 
FG, which we indicate as follows 

(x . f)(y) = f(yx), (f. x)(y) = f(xy). 

Now we see from Proposition 1.2 that m*(f) belongs to the image of 
n: FG ® FG --+ FG x G if and only if the F -space spanned by the functions 
x·J, with x ranging over G, is finite-dimensional. If this is so, we say thatfis 
a representative function. We denote the F -algebra of all F -valued representa
tive functions on G by ~F(G), but we shall permit ourselves to suppress the 
subscript F when there is no danger of confusion. Clearly, ~F(G) is a two
sided sub G-module of FG, as well as a sub F-algebra. 
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Proposition 1.3. The image of the morphism of F -algebras 

n- I 0 m*: &tF(G) --+ FG ® FG 

actually lies in &fF(G) ® &tF(G). 

3 

PROOF. Letfbe an element of &tF(G). Proceeding as in the proof of Proposi
tion 1.2, we find elements S10 ••• 'Sn in G and elements VI' . .. , Vn in FG as 
in Lemma 1.1 such that we may write 

n 

n- 1 (m*(f)) = L Vi ® hi. 
i= 1 

Evaluating this at (Sj' t), we find h/t)= f(sjt), whence hj = f· Sj. This 
shows that h j belongs to &f p( G). The conclusion is that the image of n - 1 0 m* 
lies in FG ® &tF(G). Changing sides throughout, we find that this image 
also lies in &tp(G) ® FG. Clearly, the last two conclusions imply the assertion 
of Proposition 1.3. 0 

The morphism of F-algebras &t(G) --+ &t(G) ® &t(G) defined by Proposi
tion 1.3 is called the comuitiplication of &t(G), and we shall denote it by b. 
For an element S of G, let s*: &t(G) --+ F denote the evaluation at s, so that 
s*(f) = f(s). Then 15 is characterized by the formula 

(x* ® y*)(b(f)) = f(xy). 

More explicity, if 

b(!) = L f; ®f;', 
then 

i 

f(xy) = L f;(x)f;'(Y)· 
i 

We adopt some general terminology, as follows. The structure of an 
F-algebra A is understood to consist of 

(1) the structure of A as an F -space; 
(2) the multiplication of A, viewed as an F-linear map /1: A ® A --+ A; 
(3) the unit of A, viewed as an F -linear map u:F --+ A sending each element 

a of F onto the a-multiple a1 A of the identity element of A. 

In writing the axioms, it is convenient to name the canonical identification 
maps coming from the F -space structure of A. These are 

PI: F ® A --+ A and P2: A ® F --+ A. 

Generally, we use is to denote the identity map on a set S. The axioms 
of an F-algebra structure may now be written as follows 
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Purely formal dualization of this system yields the notion of an F
coalgebra. Thus, the structure of an F -coalgebra e consists of the following: 

(1) the structure of e as an F -space; 
(2) the comultiplication of e, an F -linear map (j: e ~ e ® e; 
(3) the counit of e, an F-linear map /-;: e ~ F. 

Let ql: e ~ F ® e and qz: e ~ e ® F denote the canonical identi
fications coming from the F -space structure of C. Then the axioms of an 
F -coalgebra structure are the following 

(s ® id 0 (j = ql> (ic ® s) 0 (j = qz, 

«(j ® id 0 (j = (ic ® (j) a (j. 

It is worth noting that, in the case where the given F -space e is F, the maps 
ql and qz coincide with a comultiplication (j which, together with the identity 
map s = iF, makes F into an F-coalgebra. When F is regarded as a co algebra 
in this way, then the co unit s of any coalgebra e is a morphism of coalgebras. 
This is the formal dual of the familiar fact that the unit u of an F -algebra A is 
a morphism of F-algebras when F is viewed as an F-algebra in the canonical 
fashion. 

Now let us return to the F-algebra BlF(G) and its comultiplication (j. 

If we define s: 9lF(G) ~ F as the evaluation at the neutral element 1G of 
the monoid G then the F -space structure of Bl F( G), together with (j and s, 
makes Bl F( G) into an F -co algebra. A notable feature here is that (j and s 
are morphisms of F-algebras. 

In general terms, let us recall that, if (A, 11, u) and (A', 11', u') are F -algebras, 
then a morphism of F-algebras h: A ~ A' is an F-linear map satisfying 

hall = 11' 0 (h ® h) and h 0 u = u'. 

Dually, if (e, (j, s) and (C', (j', s') are F-coalgebras, then a morphism of 
F-coalgebras h: e ~ C' is an F-linear map satisfying 

(j' 0 h = (h ® h) 0 (j and s' 0 h = s. 

Now suppose that B is an F-space carrying both, an algebra structure 
(11, u), and a co algebra structure «(j, s). Suppose in addition that (j and s are 
morphisms of F-algebras. Then (B, 11, u, (j, s) is called an F-bialgebra. Our 
above discussion of Bl F( G) amounts to the definition of a bialgebra structure. 

The usual definition of the tensor product of two F -algebras (A, 11, u) and 
(A', 11', u') yields (A ® A', 11 ~ 11', u ® u'), where 

Here, s stands for the canonical switch of tensor factors A' ® A ~ A ® A', 
and in writing u ® u' we have identified F ® F with F. 
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Similarly, if (C, b, E) and (C', b', E') are F-coalgebras, one defines the 
tensor product F-coalgebra (C ® C', b [25l b', E ® E') by making 

b [25l b' = (ic ® s ® id 0 (b ® b'), 

where now s is the switch C ® C' ~ C' ® c. 
We remark that, in the notation used in defining a bialgebra, the condition 

that band E be morphisms of F-algebras is equivalent to the condition that fl 
and u be morphisms of F-coalgebras. 

Returning to ~(G), let us now suppose that G is a group. Then the inversion 
of G transposes into a map 1]: ~(G) ~ ~(G), defined by 1](f)(x) = f(x- 1). 

This is called the antipode of ~(G). 
In order to give the proper setting for the antipode, we need to develop 

more of the machinery of algebras and coalgebras. Let (C, b, E) be an F
co algebra and let (A, fl, u) be an F-algebra. Then we obtain an F-algebra 
structure on the F-space HomF(C, A) of all F-linear maps from C to A as 
follows. The product of two elements hand k of HomF(C, A) is defined as 
the composite fl 0 (h ® k) 0 b. It is verified directly that this does in fact 
define an associative multiplication, for which u ° E is the neutral element. 

Now let (H, fl, u, b, E) be a bialgebra. In the definition just made, put 
C = H and A = H, so that we obtain an F-algebra structure on 

The multiplication of this structure is called the convolution. One calls 
H a Hopf algebra if iH has an inverse with respect to the convolution. The 
inverse of iH is called the antipode of the Hopf algebra H. Denoting it by 1], 

the defining property is 

fl ° (1] ® iH) ° b = u ° E = fl ° (iH ® 1]) ° b. 

An immediate verification shows that the map 1] defined above for ~(G) 
is indeed an antipode in the general sense. It can be shown that, for every 
Hopf algebra, the antipode is an antimorphism of algebras, as well as an 
antimorphism of co algebras, where" anti" signifies the intervention of the 
usual switching of tensor factors. Also, if one of b or fl is commutative, then 
1] ° 1] = iH • In our case, H = ~(G), these properties of 1] are evident. For the 
general situation, see the notes at the end of this chapter. 

2. Let (C, b, E) be an F-coalgebra, and write CO for HomF(C, F). Viewing 
F as an F -algebra, we have the structure of an F -algebra on Co. Let bO denote 
the multiplication and EO the unit of this algebra. Note that the neutral 
element for bO is simply E, so that EO(a) = aE for every element a of F. If we 
identify F ® F with F then bO may be written simply as composition with 
b, i.e., bO(z) = z 0 b for every element z of Co ® Co. 
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With every element! of Co, we associate the F-linear endomorphisms 
![ and !] of C, as defined by the following formulas, where we identify C @ F 
and F @ C with C. 

![ = (ic @ !) ° 15, 

!] = (! @ id 0 b. 

Proposition 2.1. The map! I->![ is an il~iective morphism of F-algebras ji-om 
Co to End F(C), and the map! I->!] is an injective antimorphism of F-algebras 
from CO to EndiC). Every![ commutes with every 0"1' so that these maps define 
the structure of a two-sided CO-module on C. This module is locaLLy finite, in 
the sense that C coincides with the sum of the family of its finite-dimensional 
two-sidedly Co -stable subspaces. 

PROOF. Throughout the computations below, we identify F @ F with F, 
C @ F with C, F ® C with C, etc. Let 0" and! be elements of CO. We have 

15 ° 0"[ = 15 0 (ic @ 0") 0 15 = (15 ® 0") 0 15 

= (ic @ ic @ 0") 0 (15 @ id 0 b. 

Now we use the associativity of 15, replacing (15 @ id 0 15 with (ic @ b) ° b. 
This gives 

15 ° 0"[ = (ic @ (ic @ 0") 0 b) 0 15 = (ic @ O"[) ° b. 

On composition with ic @ !, this yields 

![ ° 0"[ = (ic @ ! 0 O"[) 0 b. 

It is clear from the definitions that! 0 0"[ coincides with the product !O" in 
Co. Therefore, the last equality above means that ![ ° 0"[ = (!O")[. Since the 
identity element of Co is c and since c[ = ic, we may now conclude that the 
map ! I->![ is the structure of a Co -module on C. This map is injective, 
because c ° ![ = !. 

In the exactly analogous way, one verifies that the map! I-> !] is injective 
and a right CO-module structure on C. Note that 0" ° !] coincides with the 
product !O" in Co. In particular, CO!] = !. 

Next, it follows directly from the definitions that 

0"] 0 ![ = (0" @ ic @ !) ° (15 @ id 0 15, 

while 

![ 0 0"] = (0" ® ic @ !) ° (ic @ b) 0 b. 

By the associativity of 15, this shows that 0"] and ![ commute with each other, 
so that we have indeed the structure of a two-sided CO-module on C. 

It remains to be proved that C is locally finite. Let c be any element of C, 
and write (5(c) = Li C;'® C;'. Then it is clear from the definitions that the left 
CO-orbit C[(c) lies in the F-space spanned by the c;'s, while the right CO-
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orbit q(c) lies in the F-space spanned by the c;"s. Thus, each of these two 
orbits is finite-dimensional. Using the second fact for the elements c;, we 
see that the two-sided CO -orbit q( q(c» is finite-dimensional. D 

Proposition 2.2. Each of q and q is the commuting algebra of the other, 
in EndF(C). An element e of EndF(C) belongs to q if and only if 
oDe = (ic ® e) 0 o. If this holds, then e = (c 0 e)[. 

PROOF. We have already shown that the elements of q and q commute 
with each other. Now suppose that e is any element of EndF( C) that commutes 
with every element of C1. This means that, for every element T of Co, we have 

eo (T ® id ° 0 = (T® id ° 0 ° e. 

We may write this in the form 

(T ® id 0 ((ic ® e) 0 0 - 0 ° e) = O. 

Since this holds for every T in Co, it follows that 0 ° e = (ic ® e) ° o. Com
posing this with ic ® c, we obtain e = (c 0 e)r. The part of Proposition 2.2 
not yet proved, namely that Cj is the commuting algebra of q in EndF(C), 
is proved by changing sides throughout the above. D 

Recall that, in the case where C is the coalgebra ~(G) of a monoid G, 
the evaluation at an element x of G was denoted by x*, so that x* is an 
element of CO. Now x( is the automorphism f ~ x· f, corresponding to 
the action of x on G from the right, while xf is the automorphismf ~ f· x 
corresponding to the action of x on G from the left 

Now let us consider a locally finite G-module over a field F. This is an 
F-space V, together with a morphism of monoids p from G to EndF(V), 
such that every element of V is contained in a finite-dimensional G-stable 
sub F-space of V. Let VO denote the dual space HomF(V, F) of V. For each 
element y of VO and each element v of V, we define an F-valued function 
y/v on G by putting 

(y/v)(x) = y(x· v). 

where x . v is the customary abbreviation for p(x)(v). Referring to the G
module structure of F G, we have, as a direct consequence of the definitions, 
x . (y/v) = y/(x . v). Since V is locally finite as a G-module, this shows that 
y/v belongs to ~(G). Hence, we have an F-linear map 

p': V --> HomF(VO, ~(G», 

where p'(v)(y) = y/v. On the other hand, consider the canonical F-linear 
map 

T: V ® ~(G) --> HomF(VO, ~(G». 

Clearly, T is injective. We claim that the image of p' lies in the image of T. 

In order to see this, choose an F-basis (VI, ... , vn) for the space spanned 
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by the transforms x· v of the fixed given element v of V by the elements 
x of G. Next, choose elements Yl' ... ,Yn of VO such that y;(v) = (jij' One 
verifies directly that 

,{t Vi ® (Y/V») (y) = i~l y(vJy;/v = y/v, 

which shows that 

p'(v) = 1:"(t Vi® (y/V»). 

Since 1:" is injective, it follows that there is one and only one linear map 

p*: V -+ V ® ~(G) 

such that p' = 1:" ° p*. Viewing the elements of V ® 9i(G) as maps from 
G to V in the evident way, we may write 

p*(v)(x) = x· v, 

which shows that 

p(x) = (iv ® x*) ° p*. 

The fact that the neutral element of G acts as the identity map on V is 
expressed by the formula 

(iv(6)op*=iv, 

while the fact that p(xy) = p(x)p(y) for all elements x and y of G is expressed 
by the formula 

{iv ® (j) ° p* = (p* ® i~(G» ° p*. 

Generally, if (C, (j, 6) is any F -coalgebra, then a C-comodule is an F -space 
V, together with an F -linear map 

a:V-+V®C 

satisfying 

(iv ® 6) ° a = iv and (iv ® (j) ° a = (a ® id ° a. 

The above connections between p and p* show that the category of 
locallyfinite G-modules over the field F is naturally equivalent to the category 
Qf ~ p( G)-comodules. 

In the general situation, we may let CO take the place of G in the above 
discussion to show that the category of C-comodules is naturally equivalent 
to the category of those locally finite CO-modules which are of type C, in the 
sense that the associated represel1tative functions belong to the canonical 
image of C in CO". Note that (j is a C-comodule structure on C, and that the 
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corresponding CO-module structure is given by the map y I--> Yr' ~f V is any 
locally finite CO-module oJtype C, then the corresponding C-comodule structure 
a: V ~ V ® C is a morphism oj CO-modules when Co acts on V ® C via the 
Jactor C alone. 

Let (B, Il, u, 6, e) be an F-bialgebra. The multiplication fl of B comes into 
play with the construction of the tensor product oj comodules, which is as 
follows. Suppose that 

a: S -4 S ® Band r: T ~ T ® B 

are B-comodules. Then we define the map 

a~r:S®T~S®T®B 

as the composite of the ordinary tensor product of a ® r from S ® T to 
S ® B ® T ® B with the switch S2,3 of the middle two tensor factors and 
the map is ® iT ® fl from S ® T ® B ® B to S ® T ® B. One verifies 
directly that this is indeed the structure of a B-comodule on S ® T. 

In the case where B = ~(G), if a and r are the comodule structures 
0:* and fJ* corresponding to G-module structures 0: and fJ, we have 
0:* ~ P* = y*, where y(x) = o:(x) ® P(x) for every element x of G, 

Finally, let (H, fl, u, 6, e, 11) be a Hopf algebra, where 11 is the antipode. 
The representation-theoretical significance of 11 is that it yields the con
struction of dual comodules. This is as follows. Let 

a:S -4 S®H 

be an H-comodule, and define the linear map 

by 

a'(y) = (y ® 11) ° a. 

Now assume that S isfinite-dimensional. Then the canonical map 

is an isomorphism, so that we can form aO = 0:- 1 0 a', One verifies directly 
that 

is the structure of an H-comodule on So, called the dual of a. 
In the case where H = ~(G), with G a group, if a = p*, we have aO = y*, 

where y is the familiar dual of p, given by y(x)(f) = J ° p(x- 1) for every fin 
SUo 

In the general case, with S finite-dimensional, the tensor product aO !29 r 
gives a co module structure on HomF(S, T), because this F-space may be 
identified with So ® T. 
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3. We introduce some terminology from algebraic geometry, as follows. 
An affine algebraic F-set is a non-empty set S, together with a finitely gener
ated sub F-algebra g>(S) of FS such that the following requirements are 
satisfied 

(1) g>(S) separates the points of S; i.e., for every pair (Sl, S2) of distinct 
points of S, there is anfin g>(S) withf(sl) #- !(S2); 

(2) every F -algebra homomorphism from g>(S) to F is the evaluation 
s* at an element s of S. 

Frequently, we shall abbreviate "affine algebraic F -set" to "algebraic 
set". Such a set S is viewed as a topological space, the topology being the 
Zariski topology, which is defined by declaring that the closed sets be the 
annihilators in S of subsets of g>(S). If T is a non-empty closed subset of S 
then the annihilator, J T say, of T in g>(S) is a proper ideal, and T inherits 
the structure of an algebraic set, with g>(T) the F -algebra of restrictions 
to T of the elements of g>(S), so that g>(T) is isomorphic with g>(S)/Jr. 

If A and B are affine algebraic F -sets then a morphism of affine algebraic 
F-sets from A to B is a set map if. from A to B such that g>(B) 0 if. c g>(A). 
Note that this implies that if. is continuous. 

The elements of .'?'p(S) are calIed the polynomial functions on S. A morphism 
of affine algebraic sets is also called a polynomial map. 

Let Sand T be algebraic sets. We known from Proposition 1.2 that the 
canonical map from ,000(S) ® &>(T) to FSX T is injective. By considering 
elements of the formf ® 1 + 1 ® g, we see that the image of g>(S) ® g>(T) 
in F S x T separates the points of S x T. Now it is clear that S x T is made 
into an algebraic set if g>(S x T) is defined as the image of g>(S) 09 g>(T) 
in FSX T. Evidently, the projection maps from S x T to Sand Tare mor
phisms of algebraic sets. Moreover, if (J : A ----* Sand r: A ----* Tare morphisms 
of algebraic sets, then their direct product (J x r as set maps is clearly a 
morphism of algebraic sets from A to S x T. This shows that our definition 
of g>(S x T) satisfies the categorical requirements of a direct product in 
the category of affine algebraic F-sets. 

An affine algebraic F-group is a group G, equipped with the structure 
,gP( G) of an affine algebraic F -set, such that the composition map G x G ----* G 
and the inversion map G ----* G are morphisms of affine algebraic F -sets. 
Note that the last two requirements are equivalent to the requirement 
that g>(G) be a sub Hopf algebra of fHF(G). 

Now let (A, fl, u, 6, B, 11) be a Hopf algebra over F. The F-algebra homo
morphisms from A to F constitute a group, with the composition 

ab = (a ® b) 0 6 

whose neutral element is B, and where the inverse of an element a is a 0 1]. 

We denote this group by ,§(A). We know from Proposition 2.1 that A is 
locally finite as an AO-module. In particular, this implies that the evident 
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map from A to F'§(A) sends A into ~P(~(A». Moreover, it is seen directly 
from the definitions that this map is a morphism of Hopf algebras. Let 
G = ~(A), and let 2J>(G) be the image of A in ~F(G). If .9'(G) is finitely gener
ated as an F -algebra, it makes G into an affine algebraic F -group. Conversely, 
if we are given an affine algebraic F -group G and make the above construc
tion with A = .9'(G), then we recover the given affine algebraic F-group. 
Accordingly, we shall permit ourselves to identify the elements x of G with 
the corresponding F-algebra homomorphisms x* from .9'(G) to F. 

As with algebraic sets, we shall frequently abbreviate "affine algebraic 
F -group" to" algebraic group." 

There are three basic examples of algebraic groups, which we present in 
detail. The first is the additive group of F. For this, .9'(F) consists of all 
those F -valued functions on F which can be written as polynomials in the 
identity map x : F -l- F. The comultiplication b, the counit c: and the antipode 
1] are the unique morphisms of F-algebras satisfying b(x) = x @ 1 + 1 @ x 
and c:(x) = 0 and 1](x) = -x. 

The second basic example is the multiplicative group of F, which we 
denote by F*. For this group, .9'(F*) consists of all those F-valued functions 
on F* which can be written as polynomial in u and its reciprocal u - 1, where 
u denotes the identity map on F*. The formulas characterizing b, c: and 1] 

as morphisms of F -algebras are 

b(u) = u @ u and c:(u) = 1 and 1](u) = u- 1 • 

The third basic example is of a more general nature. In fact, it contains 
the last example as a very special case. Let E be any finite-dimensional 
F-algebra, and let E* denote the group of units of E, whose composition 
comes from the multiplication of E. We define .9'(E*) as the smallest sub 
Hopf algebra of ~F(E*) containing the restrictions to E* of the elements of 
EO. It is easy to check that this makes E* into an affine algebraic F-group. 
We proceed to obtain an explicit description of .9'(E*). 

Let p be an injective representation of E by linear endomorphisms of a 
finite-dimensional F-space V, and let (J denote the restriction of p to E*. 
Let S«(J) be the F-space of representative functions associated with (J, i.e., 
the functions 'Y ° (J with 'Y in EndF(Vt. Let d" be the function on E* that 
maps every element e onto the determinant d,,(e) of (J(e). Clearly, S«(J) is 
contained in the image of EO in .9'(E*). Since d" is a polynomial in elements 
of S«(J), it follows that d" belongs to &(E*). The reciprocal d;; 1 of d" coincides 
with 1](d,,), so that it also belongs to &(E*). The explicit formula for the inverse 
of a matrix shows that, iff is an element of S«(J), then 1](f) is of the form 
d;; 19, where g is a polynomial in elements of S«(J). Therefore, if A is the 
sub algebra of .9'(E*) that is generated by d;; 1 and the elements of S«(J), 
then A is stable under the antipode 1], as well as under the right and left 
translation actions of E*, which evidently stabilize S«(J). Therefore, A coin
cides with .9'(E*). 
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Finally, let (VI' ... , un) be an F-basis of V. For e in E, write 
n 

p(e)(u) = I fife)Ui' 

This defines elements fij of EO. Let % be the restriction of fij to E*. Then 
£!P(E*) is generated as an F-algebra by the gij's and d;; I. We have 

n 

e(gij) = bij and b(gi) = I gik ® gkj' 
k=1 

4. Let (C, b, e) be a coalgebra. A subspace] of C is called a coideal if 

e(]) = (0) and be]) C C ® ] + ] ® c. 
These are precisely the conditions needed to ensure that CjJ inherit a co
algebra structure. By a biideal of a bialgebra one means a co ideal that is 
also an ideal. Note that, since a biideal is annihilated by the counit, it is 
always a proper ideal. Finally, a Hopf ideal of a Hopf algebra is a biideal 
that is stable under the antipode, so that the factor space with respect to a 
Hopf ideal inherits the structure of a Hopf algebra. 

Now let G be an affine algebraic group, and let K be a subgroup of G. 
Let] K denote the annihilator of Kin £!P(G). Evidently, ] K is a Hopf ideal of 
£!P(G). Conversely, if ] is any Hopf ideal of £!P(G), then the annihilator of 
] in G is a subgroup of G. 

A subgroup K of G is called an algebraic subgroup if it is closed in G. 
The restrictions of the elements of £!P(G) to K make up the algebra £!P(K) 
of polynomial functions of an algebraic group structure on the closed sub
group K. Clearly, £!P(K) is isomorphic, as a Hopf algebra, with £!P(G)/] K, 

via the restriction morphism. 

Proposition 4.1. Let G be an algebraic group, K a submonoid of G. Then the 
closure of K in G is an algebraic subgroup of G. 

PROOF. From the fact that K is a submonoid of G, it follows immediately 
that] K is a biideal of £!P(G). This implies that the annihilator, K' say, of] Kin G 
is a submonoid of G. 

Now let x be an element of K', and consider the translation operator 
xi" on ,9( G). Evidently, this stabilizes] K, and so induces an injective linear 
endomorphism on ] K' Since £!P( G) is locally finite as a G-module, it follows 
that this endomorphism of] K is also surjective. Therefore, the inverse (x - I)i" 
of xi" also stabilizes] K' This implies that x - I belongs to K'. Thus, we con
clude that K' is a subgroup of G. Evidently, K' is the closure of K in G. 0 

Let G and H be algebraic groups. It is clear that the direct product struc
ture of G x H as an algebraic set, together with its structure of an abstract 
group, is the structure of an algebraic group. Note that the coalgebra struc-
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ture of &>(G x H), via the canonical identification, becomes the tensor 
product co algebra structure of &>(G) ® &>(H). 

By a morphism of affine algebraic F -groups one means a group homo
morphism that is also a morphism of affine algebraic F-sets. Evidently, 
the direct product G x H, as defined above, satisfies the categorical require
ments of a direct product in the category of affine algebraic groups. 

Since we have been casual about categorical concerns, a warning in the 
form of a classical example may be appropriate at this point. The exponen
tial map from the additive group of complex numbers to the multiplicative 
group is not a morphism of affine algebraic groups! 

Let V be a finite-dimensional F -space, and let E stand for the finite
dimensional F-algebra EndF(V). Then the affine algebraic F-group E*, 
as defined in Section 3, is called the full linear group on V. If G is an affine 
algebraic F-group, then a polynomial representation of G on V is a morphism 
of affine algebraic F-groups from G to E*. It is equivalent to say that V has 
the structure of a G-module such that the associated representative functions 
on G belong to &>( G). One then refers to V as a polynomial G-module. 

Notes 

1. Let (H, /1, U, b, e, 1]) be a Hopf algebra over the field F. At the end of Section 1, 
we mentioned some formal properties of the antipode I] without proof. 
We sketch a procedure by which the reader can establish these properties. 
In order to show that I] is an antimorphism of coalgebras, verify first that 
COl] = e by writing 

e = e 0 (u 0 e) = e 0 /1 0 (I] ® iH ) 0 b = .... 

In order to show that 

b 0 IJ = (I] ® 1]) 0 sob, 

consider the F-algebras HOffiF(H, H) and HomF(H, H ® H) constructed 
from the co algebra structure of H and the algebra structures of Hand 
H ® H, and note that the map IX 1--4 b 0 IX is a morphism of F -algebras from 
the first to the second. Since I] is the inverse of iH in HomF(H, H), this shows 
that b 0 I] is the inverse of b in HomF(H, H ® H). Hence, it suffices to show 
that (I] ® 1]) 0 sob is the inverse of b. This can be done by a direct calcula
tion. 

Similarly, by considering the morphism of F -algebras from HomF(H, H) 
to HomF(H ® H, H) sending each IX onto IX 0 /1, one can show that I] is an 
anti morphism of F-algebras. 

Using this, one obtains 
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Now, if one of fJ. or 6 is commutative, one finds that the above reduces to 
U ° 8, whence one obtains 1J ° 1J = iH · 

2. With the help of Proposition 2.1 and the above results concerning the 
antipode, one shows that every Hopf algebni with commutative multi
plication is the union of the family of its finitely algebra generated sub Hopf 
algebras. 
3. Let C be an F -space, and suppose that CO is endowed with the structure 
of an F -algebra, and C is endowed with the structure of a locally finite 
two-sided CO-module such that a(f3· c) = f3(c . a) for all elements c of C and 
all elements a and f3 of Co. Define a coalgebra structure 6, 8 on C such that 
the given two-sided CO-module structure of C is that of Proposition 2.1. 

4. Basic references for the machinery of Hopf algebras and the associated 
module theory are [9J and [17]. 



Chapter II 

Affine Algebraic Sets and Groups 

We begin with the basic facts concerning the irreducible components of 
algebraic sets in general, and the irreducible component of the neutral 
element in an algebraic group. The main result of Section 2 is the fact that 
algebraic subgroups are determined by their semi-invariants in the algebra 
of polynomial functions of the containing group. Section 3 contains the 
fundamental results on homomorphisms from commutative algebras to the 
base field, culminating in Hilbert's Nullstellensatz. Section 4 applies this to 
yield an important tool theorem about polynomial maps between algebraic 
groups, and then establishes the principal general result concerning factor 
groups of algebraic groups. 

1. A topological space is said to be irreducible if it is non-empty and not the 
union of two non-empty closed proper subsets. Equivalently, a topological 
space is irreducible if it is non-empty and every pair of non-empty open 
subsets has a non-empty intersection. This notion is of importance for us in 
the case where the space is an affine algebraic set, with its Zariski topology. 

Let S be such a set, and let T be a non-empty subset of S. We show that 
T is irreducible if and only if its annihilator J T in &>(S) is a prime ideal. 

First, suppose that T is irreducible, and let a and b be elements of &>(S) 
such that ab belongs to J T' If A and B are the sets of zeros in S of a and b, 
respectively, then T = (A () T) u (B () T). Since T is irreducible, it follows 
that one of A () T or B () T coincides with T, whence one of a or b belongs 
to J T . Thus, JT is a prime ideal. 

Now suppose that T is not irreducible, so that T = (A () T) u (B () T), 
where A and B are closed subsets of S neither of which contains T. Now 
J A () J B C J T, while neither J A nor J B is contained in J T' This shows that 
J T is not a prime ideal. 

15 
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From the fact that Y'(S) is a Noetherian ring, it follows immediately 
that S is Noetherian as a topological space, in the sense that it satisfies the 
maximal condition for open sets. We use this in showing that S is the union 
of a finite family (S I, ... ,Sn) of maximal irreducible subsets, the uniquely 
determined irreducible components of S. 

Consider the family !JB of non-empty closed subsets of S that are not 
finite unions of irreducible closed sets. Since S is Noetherian, it satisfies 
the minimal condition for closed sets. Therefore, if!JB is not empty, it has a 
minimal member, T say. Now T is not irreducible, so that T = Tl U T2 , 

where TI and T2 are non-empty closed proper subsets of S. By the minimality 
of T, each Ii is a finite union of closed irreducible subsets. But this implies 
that T is such a union, so that we have a contradiction. Thus, !JB is empty. 

In particular, S is therefore the union of a finite family of closed irreducible 
subsets. Let (S I, ... , Sn) be a family of closed irreducible subsets obtained by 
discarding redundant members from any such family whose union is S. 
Then it is easy to see that every irreducible subset of S is contained in one 
of the S;'s, and hence that the family (S j, •.• , Sn) satisfies all of our require
ments. Note that each irreducible component is closed. 

It is easily seen from the definition of irreducibility that every non-empty 
open subset of an irreducible space S is irreducible, and dense in S. Also, the 
closure of an irreducible subset is irreducible. 

Proposition 1.1. Let rJ.: S -> T be a morphism of algebraic sets. If A is an 
irreducible subset ofS, then rJ.(A) is an irreducible subset ofT. 

PROOF. This follows direcly from the definition of irreducibility; using only 
the continuity of rJ.. D 

Lemma 1.2. Let F be a field, S an irreducible affine algebraic F-set, B an 
integral domain F -algebra. Then Y'(S) ® B is an integral domain. 

PROOF. Let u and v be elements of Y'(S) ® B such that uv = 0. Write 
n n 

U = L: Ui ® bi and v = L: Vi ® bi , 
i= 1 i= 1 

where the b;'s are F -linearly independent elements of B, and the u;'s and 
v;'s belong to &(S). Every element s of S, via evaluation at s, defines a B
algebra homomorphism SB from £?I(S) ® B to B. If there is an index i such 
that VieS) #- 0, then SB(V) #- 0, whence SB(U) = 0, so that Uj(s) = ° for eachj. 
Therefore, in any case, we have UiS)Vi(S) = ° for all indices i and j and all 
elements s of S. Thus, U j Vi = ° for all indices i and j. If v#-O then one of the 
v;'s must be different from 0, and it follows that u = 0. D 

Proposition 1.3. If Sand T are irreducible algebraic sets, so is S x T. 

PROOF. We know from the beginning of this Section that Y'(S) and &(T) 
are integral domains. By Lemma 1.2, it follows that Y'(S) ® Y'(T) is an inte
gral domain. Since this is Y'(S x T), we conclude that S x T is irreducible. D 
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Theorem 1.4. Let G be an affine algebraic group. The irreducible components 
of G are mutually disjoint. The component G! containing the neutral element 
of G is a closed normal subgroup of G, and the irreducible components of G 
are the co sets ofG! in G. Moreover, G! is the only irreducible closed subgroup 
offinite index in G. 

PROOF. Suppose that U and V are irreducible components of G and that each 
contains the neutral element of G. The product set UV in G is the image of 
U x V under the composition map of G. By Propositions 1.3 and 1.1, it is 
therefore irreducible. Since it contains U and V, we conclude that 

U = UV = V. 

Thus, only one of the irreducible components of G contains the neutral 
element. This defines G!. 

We have just seen that G! G! = G!. Since the inversion of G is a homeo
morphism, GI ! is an irreducible component of G. Since it contains the neutral 
element, it therefore coincides with G!. Thus, G! is a subgroup of G. By 
considering the translation actions of G on itself, we see immediately that 
the set of left co sets of G! in G, as well as the set of right cosets, coincides 
with the set of irreducible components of G. This evidently implies that 
G! is a normal subgroup of finite index in G. 

Finally, let K be any closed irreducible subgroup of finite index in G. 
Clearly, the set of left (or right) co sets of K in G coincides with the set of 
irreducible components of G, i.e., with the set of co sets of G!. Hence, 
K = G!. 0 

2. Let F be a field, V an F -space. The exterior algebra /\ (V) built over V is 
defined as the factor algebra of the tensor algebra ®(V) mod the ideal gen
erated by the squares of the elements of V. If G is a group and V is a G
module, then /\(V) inherits the structure of a G-module via the tensor 
product construction, and G acts on V by F -algebra automorphisms re
specting the grading of V by its homogeneous components /\ k(V) 
(k = 0, 1, ... ). A module of this type plays the decisive role in the proof of 
the following theorem. 

Theorem 2.1. Let G be an affine algebraic F-group, H an algebraic subgroup 
of G. There is a finite subset E of qJ>(G), and an element f of qJ>(G) whose restric
tion to H is a group homomorphism from H to F*, such that 

(1) X· e = f(x)efor every x in H and every e in E 
(2) if x is an element of G such that x . e belongs to Fe for every element e 

of E then x belongs to H. 

PROOF. Let I denote the annihilator of H in qJ>(G). There is a finite-dimen
sionalleft G-stable sub F-space V of qJ>(G) such that V n I generates I as an 
ideal. Let d denote the dimension of V n I, and consider the action of G on 
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/V(V). Let S denote the canonical image of Ad(V (") I) in Ad(V). Clearly, S is 
I-dimensional, and we write S = Fs, fixing any non-zero element s of S. 

Since H . I c: I, it is clear that S is an H-stable subspace of Ad(V). Thus, 
for x in H, we have x . s = g(x)s, where g is a group homomorphism from 
H to F*. Now choose a from (Ad(V)t such that a(s) = 1, and letfbe the 
representative function a/s on G. It is clear from the co module form of the 
construction of tensor products of G-modules that f is an element of &( G). 
Evidently, the restriction off to H coincides with g. 

Now let (a 1, ••. , a p) be an F -basis of the annihilator of S in (A d(V)o, 
and consider the elements a;/s of eP(G). For every element x of H, we have 

x . (a;/s) = aJ(x . s) = g(x)ai/s. 

Conversely, suppose that x is an element of G such that X· (aJs) is an F
multiple of aJs for each i. Evaluating at the neutral element of G, we obtain 
ai(x . s) = 0 for each i. This shows that X· s belongs to S, so that x . S = S. 
Let t be an element of V (") I. Then, in Ad+ l(V), we have tS = (0), whence 
also x . (tS) = (0). But 

x . (tS) = (x· t)(x . S) = (x· t)S. 

Thus, we have (x· t)S = (0), which means that x . t belongs to V (") I. Since 
V (") I generates I as an ideal, our result shows that x . I c: I, whence x belongs 
to H. This proves the theorem, with E = (a ds, ... , a p/s). 0 

If e is an element of eP(G), and g is a group homomorphism from H to 
F* such that x . e = g(x)e for every element x of H, then e is called a semi
invariant of H, and g is called the weight of e. 

Theorem 2.2. Let H be a normal algebraic subgroup of the algebraic group G. 
There is a finite subset Q of eP( G) such that the left element-wise fixer of Q in 
G is precisely H. 

PROOF. Let E be a finite set of semi-invariants of H, such as given by Theorem 
2.1, and let g denote the common weight of the elements of E. Let 1 be the 
smallest left G-stable subspace of eP(G) that contains E. Since eP(G) is locally 
finite as a G-module, 1 is of finite dimension over the base field F. Those 
elements of 1 which are H-semi-invariants of weight g evidently constitute 
a sub H-module, 11 say, of 1. 

If x is an element of G then x .11 is clearly the sub H-module of 1 con
sisting of those elements which are semi-invariants of weight gx, where 
gx(Y) = g(x- 1yx) for every element y of H. Since 1 is finite-dimensional, 
it is therefore a finite direct H-module sum 11 + ... + 1k> where the l;'s 
are all the distinct x . 11 's. 

Let U denote the sub F -algebra of Endi1) consisting of the endomorph
isms stabilizing each1i' and let p: G -+ EndF(l) be the representation of 
G on 1 coming from the action of G on eP( G) from the left. It is clear from the 
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definitions that, if u is an element of U and x is an element of G, then 
p(x)Up(X)-1 belongs to U. Thus, we have a representation a of G on U, where 

a(x)(u) = p(x)up(x)- I. 

It is easy to see that the representative functions associated with a belong 
to .?l(G). In fact, S(p) is the smallest left and right G-stable subspace of .?l(G) 
containing J, and Sea) c S(p)I](S(p)), where 11 is the antipode of .9'(G). 
Since every element of H acts as a scalar multiplication on each J i , the 
kernel of a contains H, so that the representative functions associated with a 
must actually belong to the left H-fixed part of .?l(G), which we denote by 
.?l(G)H (the normality of H implies that this coincides with the right H-fixed 
part H.?l( G)). 

Now let Q be any finite subset of .?l(G)H spanning Sea). Let x be an element 
of G such that x . q = q for every q in Q. Then x belongs to the kernel of a, 
which means that p(x) commutes with every element of U. It follows from 
this that p(x) stabilizes each J i , and that the restriction of p(x) to J i is a scalar 
multiplication. Since E c J I, the element x therefore satisfies condition (2) 
of Theorem 2.1, so that x belongs to H. 0 

We make an immediate simple application of Theorem 2.2 to the situation 
of Theorem 1.4. It is clear from Theorem 2.2 that .?l(G)G1 separates the 
elements of GIG I • If S is a finite set, and A is a sub F-algebra of FS separating 
the elements of S, then A must coincide with P. Hence, viewed as an F
algebra of F-valued functions on GIG!, the algebra .?l(G)G1 coincides with 
FG/G 1 • In particular, the characteristic functions of the irreducible com
ponents of G are elements of .?l(G), whence we have the following result. 

Theorem 2.3. Let G be an affine algebraic F-group. As an F-algebra, .?l(G) 
is isomorphic, via the restriction maps, with the direct F -algebra sum of the 
algebras of polynomial funcions on the irreducible components of G. 

3. Lemma 3.1. Let R be a subring of afield K, and suppose that J is a proper 
ideal of R. For every element u of K, if R[u]J = R[u] then 

R[u-I]J =1= R[u- I]. 

PROOF. Suppose this is false. Then there is an element u in K for which we 
have relations 

m n 

L ai ui = 1 = L bju- j, 
i=1 j=O 

where the a/s and b/s are elements of J. We assume that the relations have 
been so chosen that m + n is as small as possible. Replacing u with u - 1, if 
necessary, we arrange to have n :::;; m. Since J =1= R, these indices m and n 
must be greater than O. From the second relation, we obtain 

II 

(1 ~ bo)um = L bjum - j. 

j= I 
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Multiplying the first relation by 1 - bo and then substituting for (1 - bo)um , 

we obtain 

m-l n 

1 - bo = I (1 - bO)aiui + am I bjum- j. 

i=O j= 1 

This may be written in the form 
m-1 

L Ci ui = 1, 
i=O 

where each Ci is an element of J, so that we have a contradiction to the 
minimality of m + n. D 

A subring S of a field K is called a valuation subring if, for every element 
u of K not belonging to S, the reciprocal u- 1 does belong to S. 

Proposition 3.2. Let R be a subring of a field K, and suppose that p is a ring 
homomorphismfrom R to an algebraically closedfield F. Then p can be extended 
to a ring homomorphism from a valuation subring S of K to F, where ReS. 

PROOF. An evident application of Zorn's lemma shows that, among the 
sub rings T of K containing R and such that p can be extended to a ring 
homomorphism T ~ F, there is a maximal one. Therefore, we assume 
without loss of generality that R is already maximal, and we show that R 
is a valuation subring of K. 

Let u be an element of K. We must show that one ofu or u- 1 belongs to R. 
Let J denote the kernel of p. By virtue of Lemma 3.1, we may suppose that 
R[uJJ i= R[uJ, and it suffices to show that then u belongs to R. The last 
assumption implies that J is contained in some maximal ideal, M say, of 
R[u]. Evidently, p can be extended to a ring homomorphism from the 
ring of fractions R[(R \ J)-lJ to F, where R \ J denotes the complement 
of J in R. Therefore, the maximality of R implies that this ring of fractions 
coincides with R. This means that peR) is a subfield of F, so that J is a maximal 
ideal of R. Therefore, M n R = J. 

Now consider the canonical homomorphism 

n: R[uJ -t R[uJ/M. 

Since the kernel of n in R is J, there is an isomorphism 

(J: nCR) -t peR) 

such that the restriction to R of (J 0 n coincides with p. Next, we observe 
that u must be algebraic over R, because otherwise the evident extension of 
p to a ring homomorphism R[uJ -t F sending u onto 0 would contradict 
the maximality of R. Hence, n(u) is algebraic over the subfield nCR) of 
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R[u]/M. Since F is algebraically closed, the isomorphism a can therefore 
be extended to a homomorphism 

r: R[u]/M --* F. 

Now the homomorphism r 0 11: from R[u] to F is an extension of p, and the 
maximality of R implies that u belongs to R. D 

Theorem 3.3. Let R be a subring of afield K, and let P be afinite subset of K. 
For every non-zero element u of R[P], there is a non-zero element u' in R such 
that every homomorphism from R to an algebraically closed field F not an
nihilating u' extends to a homomorphism from R[P] to F not annihilating u. 

PROOF. Evidently, the statement of the theorem is adapted to an induction 
on the cardinality of P. Therefore, we suppose without loss of generality 
that P consists of a single element p. First, we deal with the case where p 
is not algebraic over the field of fractions of R, which we denote by [R]. 
Write 

u = ro + ... + rnpn, 

with each ri in Rand rn #- O. Let p be a ring homomorphism from R to F 
not annihilating rn. There is an element tin F such that 

p(ro) + ... + p(rn)tn #- O. 

Evidently, p can be extended to a ring homomorphism a from R[P] to F 
such that a(p) = t, and our choice of t ensures that a(u) #- 0, so that we have 
the desired conclusion, with u' = rn. 

Now suppose that p is algebraic over [R]. Then we can find a non-zero 
element u' in R such that u'p and u'/u are integral over R, which implies that 
p and u- 1 are integral over R[U'-1]. Suppose that p is a homomorphism 
from R to F not annihilating u'. Evidently, we can extend p to a homo
morphism a from R[U'-1] to F. By Proposition 3.2, there is a valuation 
subring S of K containing R[U'-1] and a homomorphism r from S to F 
extending a. Since S is a valuation subring of K, it is integrally closed in K, 
so that p and u- 1 belong to S. The restriction of r to R[P] is an extension 
of p, and we have r(u) #- 0, because u -1 belongs to the domain of rand 
r( u )r( u - 1) = 1. D 

Lemma 3.4. Let B be a commutative ring. The intersection of the family of 
all prime ideals of B coincides with the set of all nilpotent elements. 

PROOF. Evidently, every nilpotent element of B belongs to every prime 
ideal. Conversely, suppose that b is an element of B that belongs to every 
prime ideal of B. Consider the polynomial ring B[x], where x is an auxiliary 
variable. The assumption on b clearly implies that b, and hence bx, belongs 
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to every maximal ideal of B[x]. Therefore, 1 - bx is a unit of B[x], so that 
there are elements bi in B such that 

(1 + ... + bnxn)(l - bx) = l. 

One reads off from this that b l = b, ... , bn = bn-lb, and bnb = O. This 
gives bn + 1 = O. 0 

The following theorem is a version of the Hilbert Nullstellensatz. 

Theorem 3.5. Let L be a field, B a finitely generated L-algebra haVing no 
nilpotent elements other than O. Let F be an algebraically closedfield containing 
L. Then the L-algebra homomorphisms from B to F separate the elements of B. 

PROOF. By Lemma 3.4, the assumption on B means that the intersection 
of the family of all prime ideals of B is (0). Hence, if b is any non-zero element 
of B, there is a prime ideal] in B not containing b. We identify L with its 
canonical image in the integral domain B/1, and we regard BI] as an L
algebra. Evidently, it is finitely generated as such. Now we apply Theorem 
3.3, with L in the place of R, and B/1 in the place of R[P]. This shows that 
there is an L-algebra homomorphism from B/1 to F not annihilating the 
canonical image of b. The composite of this with the canonical homo
morphism from B to BI] is an L-algebra homomorphism from B to F not 
annihilating b. 0 

Proposition 3.6. Let Fe L c K be a tower of fields. Suppose that K is 
finitely field-generated over F. Then the same is true for L. 

PROOF. There is a transcendence basis (st. ... , Sm, tf, ... , tn) for Kover 
F such that (S1, ... , sm) is a transcendence basis for Lover F and (tl'··., tn) 

is one for Kover L. Now K is finite algebraic over F(Sl,.'" Sm' t l , ... , tn), 
whence the same is true for the subextension L(tl'.'.' tn). Write P for 
F(Sl,.'·' sm). We have just seen that L(t 1 , ••• , tn) is of finite dimension over 
P(t 1, ... , tn)· Since the t/s are algebraically independent over L, this implies 
that L is of finite dimension over P. In particular, L is therefore finitely 
field-generated over F. 0 

Proposition 3.7 (Artin-Tate). Let R, B, A be commutative rings, with 
ReB c A. Suppose that R is Noetherian, that A is finitely generated as 
an R-algebra and also that A is finitely generated as a B-module. Then B is 
finitely generated as an R-algebra. 

PROOF. Exhibiting the assumptions on the generation of A, we write 

R[al, ... , an] = A = BUl + ... + BUm 
choosing U l = 1. Then we have 

m 

ai= L bijuj and 
j= 1 

m 

UiUj = L bijkUb 
k=l 
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where the bi/s and the bijk's are elements of B. Let C denote the sub R-algebra 
of B that is generated by these elements. Since R is Noetherian and C is 
finitely generated as an R-algebra, C is Noetherian. Clearly, CUI + ... + CUm 

is a subring of A containing R as well as each ai. Therefore, this subring 
coincides with A, showing that A is finitely generated as a C-module. Since 
C is Noetherian, the sub C-module B of A is also finitely generated as a 
C-module. Now, if (b l , ... ,bq) is a set of C-module generators of B, then 
B is generated as an R-algebra by the bp's, the bij's and the bijk's. 0 

Lemma 3.8. Let A be a commutative algebra over the field F that can be 
generated as such by a finite set of cardinality n. Then every chain of prime 
ideals of A has length at most n. If P and Q are prime ideals of A such that P 
is properly contained in Q then the degree of transcendence of [A/Q] over F is 
strictly smaller than that of [A/ P]. 

PROOF. It is clear that the transcendence degree of [A/P] cannot exceed n. 
Hence, it suffices to prove the second assertion of the lemma. 

There is a transcendence basis (Yl, ... , YI) of [A/Q] relative to F consisting 
of elements of A/Q. For each Yb we choose an element Xi from A/P whose 
canonical image in A/Q is Yi. Let Xo be any non-zero element of Q/P. It 
suffices to show that the x/s are algebraically independent over F. 

Suppose that this is not tije case, and choose a non-zero polynomial 
f with coefficients in F of the smallest possible total degree such that 
f(xo, . .. , XI) = O. We may write this in the form 

g(x!, ... , XI) + h(xo, ... , xI)xo = 0 

where g and h are polynomials with coefficients in F. The canonical image in 
A/Q of the element on the left is g(ylo ... ,YI). Since the y/s are algebraically 
independent over F, it follows that g must be the zero polynomial, whence 
h(xo, ... , XI) = o. This contradicts the minimality of the degree of f 0 

4. Theorem 4.1. Let F be an algebraically closed field, and let G and H be 
affine algebraic F-groups, G being irreducible. Suppose that P is a polynomial 
map Fom G to H sending the neutral element of G onto that of H. Then the 
products of finite sequences of elements of p( G) constitute an irreducible 
algebraic subgroup P of H, and there is a natural number n such that every 
element of P is the product of n elements of p( G). 

PROOF. For every positive natural number m, let Gm denote the direct pro
duct of m copies of G. Let Pm be the map from Gm to H defined by 

Pm(XI'···, xm) = P(XI)··· p(xm)· 

Clearly, Pm is a polynomial map. Let Jm denote the annihilator of Pm(Gm) 
in f!J>(H). Since G is irreducible, we have from Proposition 1.3 that Gm is 
irreducible. By Proposition 1.1, this implies that Pm(Gm) is irreducible, 
whence J m is a prime ideal of f!J>(H). 
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Since Pm(Gm) C Pm+I(Gm+I), we have Jm+ 1 C Jm, and it follows from 
Lemma 3.8 that there is a natural number q such that J m = J q for every 
m :;::: q. Clearly, J q is the annihilator of P in &i'(H), where P is the union of 
the family of Pm(Gm)'s. Let Q denote the closure of Pin H. Since P is a sub
monoid of H, we have from Proposition 1.4.1 that Q is an algebraic subgroup 
of H. Since J q is a prime ideal, Q is irreducible. 

Since F is algebraically closed, we can apply Theorem 3.3 to find that 
there is a non-zero elementfin &i'(H) 0 Pq such that every F-algebra homo
morphism from &i'(H) 0 Pq to F not annihilating f extends to an F-algebra 
homomorphism from &i'(Gq) to F, i.e., is the restriction of an evaluation 
y*withyinGq • 

Writef = go Pq , with 9 in &i'(H). Sincef -# 0, we have 9 ¢ Jq • Let x be 
any element of Q. Noting that J q is stable under the action of Q on &i'(H), 
as well as under the antipode, 11 say, we conclude that x 'l1(g) ¢ Jq • This 
means that there is an element u in Gq such that 

(x'l1(g»(pq(u» -# 0, i.e. g(X-lpq(U)-l) -# 0. 

Now x-1pq(U)-1 is an element of Q. Therefore, it annihilates J q , so that it 
defines an F -algebra homomorphism 

a: &i'(H) 0 Pq -+ F, 

where a(h 0 pq) = h(x-1pq(u)-1) for every h in &i'(H). In particular, 

a(f) = g(x-1pq(U)-I) -# 0. 

By the choice of J, the homomorphism a is therefore the restriction of a 
y* with y in Gq • 

Thus, for every h in &i'(H), we have 

h(x-Ipq(U)-I) = h(pq(y», 

so that x-Ipq(U)-1 = pq(y), or 

X-I = Pq(y)pq(u) 

showing that every element of Q is the product of 2q elements of p( G), whence 
also Q = P. 0 

Let F be an arbitrary field, G an affine algebraic F -group, K a field con
taining F as a subfield. We can construct the K-Hopf algebra &i'(G) ® K 
and the associated affine algebraic K-group ,§(&i'(G) ® K), which we denote 
by GK • It is easy to see that GK separates the elements of &i'(G) ® K. In fact, 
the canonical extension of F-algebra homomorphisms &i'(G) -+ F to K
algebra homomorphisms &i'(G) ® K -+ K defines an injective group homo
morphism from G to GK , and the image of G in GK already separates the 
elements of &i'(G) ® K. Hence, we may identify &i'(GK ) with &(G) ® K, 
and G with a dense subgroup of GK• If G is irreducible, we see from Lemma 1.2 
that &i'(G) ® K is an integral domain, which means that GK is irreducible. 
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Lemma 4.2. Let F be a field, G an irreducible affine algebraic F-group, B a 
sub Hopf algebra of &'(G). Then [B] n &'(G) = B. 

PROOF. By Note 1.2, B is the union of a family of sub Hopf algebras that are 
finitely generated as F -algebras. Therefore, we assume, without loss of 
generality, that B is finitely generated as an F-algebra. 

Let L be an algebraically closed field containing F, and consider the 
extended irreducible affine algebraic L-group GL whose algebra of poly
nomial functions is &'(G) ® L. If we prove that the intersection of [B ® L] 
with &'(G) ® L coincides with B ® L, then it clearly follows that 

[B] n &'(G) = B. 

Therefore, we assume, without loss of generality, that F is algebraically 
closed. 

Consider an element f of [B] n &'( G). Let J be the ideal of B consisting 
of all elements b with the property that (x . f)b belongs to B for every element 
x of G. Since all the transforms x -f lie in a finite-dimensional subspace 
of [B], we have J =1= (0). Evidently, J is stable under the action of G. Let j 
be a non-zero element of J, and let y be an element of ~(B). Then j . y =1= O. 
Since G separates the elements of B, there is an element x in G such that 
(j. y)(x) =1= O. But U· y)(x) = (x· j)(y). Thus, we have (x· j)(y) =1= 0 and 
x . j E J. This shows that J has no zero in ~(B). 

Since F is algebraically closed, this last fact implies that J = B, as is seen 
by applying Theorem 3.5 as follows. Let J' denote the radical of J. If J' =1= B, 
we obtain a contradiction by applying Theorem 3.5 to BjJ'. Hence J' = B, 
which evidently implies that J = B. From this, it is clear that f belongs to 
B. D 

Theorem 4.3. Let G be an affine algebraic F-group, B a sub Hopf algebra of 
.o/(G). Then B is finitely generated as an F-algebra. U F is algebraically closed 
then the restriction map G --+ ~(B) is surjective. 

PROOF. First, we deal with the case where G is irreducible. In that case, we 
see from Proposition 3.6 that [B] is finitely field-generated over F. Let 
(u 1 V 11, ... , un v;; 1) be a finite system of field generators for [B] over F, 
where each Ui and each Vi belongs to B. Let Bl denote the smallest sub Hopf 
algebra of B containing all these u/s and Vi'S. By Note 1.2, Bl is finitely 
generated as an F-algebra, while [B 1] = [Bl Using Lemma 4.2, we obtain 

B = [B] n &'(G) = [B 1] n &'(G) = B 1, 

so that B is finitely generated as an F-algebra. 
In the case where G is not irreducible, we use Theorem 2.3, as follows. 

Let fl denote the characteristic function of the irreducible component G1 

of the neutral element in G, and letf2,"" fm be the characteristic functions 
of the other irreducible components of G. We know from Theorem 2.3 that 
these are elements of &'(G). Now &'(G)fl may be identified with &'(G 1), 
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and this identifies Bfl with a sub Hopf algebra of i?J>(G I ). By what we have 
already proved, Bfl is therefore finitely generated as an F-algebra. For each 
i, there is an element Xi in G such that./; = Xi' fl' and then Bji = Xi' (Bfl)' 
It follows that the sub F-algebra Bfl + ... + Bf,1I of £~(G) is finitely generated. 
Clearly, this sub F-algebra contains B. Now it follows immediately from 
Proposition 3.7 that B is finitely generated as an F -algebra. 

Finally, suppose that F is algebraically closed, and consider the restriction 
morphism p: G ~ C1(B). By Theorem 4.1, p(G l ) is closed in C1(B). Since peG) 
is the union of a finite family of translates of p(G l), it follows that peG) is 
closed in C1(B). Since G separates the points of B, it is clear that peG) is dense 
in C1(B). Therefore, we have peG) = C1(B). 0 

Our "results combine to yield the following main theorem concerning 
factor groups. 

Theorem 4.4. Let F be an algebraically closed field, G an affine algebraic 
F-group, H a normal algebraic subgroup of G. Then G/H has the structure of 
an affine algebraic F-group such that, via the transpose of the canonical 
morphism n: G ~ G/H, the Hopf algebra i?J>(G/H) is isomorphic with i?J>(G)H. 
If y: G ~ K is a morphism of affine algebraic F -groups whose kernel contains 
H, then the induced group homomorphism yH: G/H ~ K, satisfying yH 0 n = y, 
is a morphism of affine algebraic F -groups. 

PROOF. Clearly, i?J>(G)H is stable under the left and right actions of G on 
i?J>(G), as well as under the antipode. Hence, .UJ(G)H is a sub Hopf algebra 
of i?J>( G). It follows from Theorem 2.2 that the kernel of the restriction 
morphism from G to C1(i?J>(G)H) coincides with H. By Theorem 4.3, this 
morphism is surjective, and 2Jl( G)H is finitely generated as an F -algebra. 
Thus, C1(2I'(Gt) is canonically isomorphic with G/H, and its algebra of 
polynomial functions may be identified with 2I'(G)H as indicated in the 
theorem. 

Now let y: G ~ K be as described in the theorem. Then we have 
i?J>(K) 0 y c i?J>(G)H, showing that yH is a morphism of affine algebraic 
groups, because i?J>(K) 0 yH coincides with i?J>(K) 0 y when i?J>(G/H) has been 
identified with i?J>( G)lI. 0 

Notes 

1. It will become evident later on that, in Theorem 2.2, the condition that 
H be normal is not superfluous, so that the much weaker Theorem 2.1 
cannot be strengthened. The simplest example illustrating the difficulty 
with non-normal subgroups is as follows. Let G be the multiplicative group 
of all matrices 

\_=(Ci(X) fleX») 
- y(x) 6(x) 
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of determinant 1, with entries in a field F. This has the structure of an affine 
algebraic F-group with 2P(G) = F[et, f3, y, 6J (where et6 - f3y = 1). Let H 
be the algebraic subgroup consisting of the elements x such that y(x) = O. 
It is not difficult to exhibit a set of H-semi-invariants characterizing H as in 
Theorem 2.1. On the other hand, taking F to be an infinite field, one can 
verify directly, though somewhat painfully, that .9'(G)H = F. 

2. Over non algebraically closed base fields, the theory of factor groups is 
deficient, because Theorem 4.3 fails easily. For example, let F be the field of 
real numbers, and let G be the multiplicative group of matrices 

( et(x) f3(X») 
x = _ f3(x) et(x) 

with non-zero determinant d(x) = et(X)2 + f3(X)2. Regard G as an affine 
algebraic F-group, with .9'(G) = F[et, f3, d- 1 ]. Let H be the normal algebraic 
subgroup consisting of the elements of determinant 1 (i.e., the group of rota
tions of the real plane). First, one shows that 21'( G)H = F[d, r 1 J, and then 
one sees that the restriction map G ~ qj(2P(G)H) is not surjective. 

3. The surprisingly elementary proof of the finite generation of B in Theorem 
4.3 is due to J. B. Sullivan. 



Chapter III 

Derivations and Lie Algebras 

Here, we introduce some concepts and techniques that could be described 
as the differential calculus of algebra and group theory. As in analysis, 
this is a tool for linearizing problems. 

Sections 1 and 2 deal with the basic separability and transcendence 
questions in field theory from the point of view of derivations. The results 
will be needed later on in connection with dimension-theoretical problems. 
Sections 3 and 4 begin the Lie algebra theory for algebraic groups. 

1. If R is a commutative ring, and S is an R-module, then a derivation from 
R to S is a homomorphism r from the additive group of R to that of S such 
that 

r(xy) = x· r(y) + y. r(x) 

for all elements x and y of R. This notion is the basis for the following defini
tion of separability of a field extension, which combines the case of a separable 
algebraic extension, in the usual sense, with the case of a purely transcendental 
extension in an appropriate way. 

Definition 1.1. Let K be an extension field of a field F. We say that K is sep
arable over F if,for every K-space S, every derivationjrom F to S extends to 
onefromKtoS. 

The natural heredity pattern is described in the following proposition. 

Proposition 1.2. Let F eKe L be a tower of fields. If K is separable over 
F and L is separable over K then L is separable over F. If L is separable over 
F, so is K. 

28 
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PROOF. The first part is clear from the definition. In order to prove the 
second part, let r be a derivation from F to a K-space S. We form the L
space L ® S, and write it as a direct K-space sum S + T. Now we may 
view r as a derivation from F to L ® S. By assumption on L, this derivation 
extends to a derivation, a say, from L to L ® S. If n is the K -space projection 
from L ® S to S corresponding to our above decomposition, then the 
restriction of n 0 a to K is evidently a derivation from K to S extending r. 0 

In the following proposition, "separably algebraic" has the usual meaning. 

Proposition 1.3. Let K be a field, F a subfield of K, and u an element of K. 
Let r be a derivation from F to an F(u)-space S. If u is not algebraic over F 
then,for every element s ofS, there is one and only one extension ofr to a deriva
tionfrom F(u) to S sending u onto s. Ifu is separably algebraic over F then r 
has precisely one extension to a derivation from F(u) to S. 

PROOF. First, consider the case where u is not algebraic over F. Clearly, 
there is one and only one derivation a from F[u] to S sending u onto sand 
coinciding with r on F. In fact, a is given by 

a( ~ CiU i) = ~ (u i . r(ci) + iCiui-1 . s). 
Now a extends in one and only one way to a derivation from F(u) to S by 
the usual formula for the derivative of a fraction: 

a(ab- I ) = b- 2 • (b· a(a) - a· a(b». 

Next, suppose that u is separably algebraic over F. Letfdenote the monic 
minimum polynomial for u relative to F, and letl' denote the formal deriva
tive off The assumption on u means that l'(u) i= 0. Let us denote the co
efficients offby Ci (i = 0, ... ,n), with Cn = 1. Let x be an auxiliary variable, 
and let us regard S as an F[x]-module via the F-algebra homomorphism 
from F[x] to F[u] sending x onto u. Let p be the derivation from F[x] to S 
that is determined by the conditions that p be an extension of r and that 

n 

p(x) = - l'(U)-l . LUi. r(cJ 
i=O 

Then p annihilates the ideal F[x]f(x), and therefore induces a derivation 
from F[u] to S extending r. If a is any such extension of r, we must have 

n ° = a(f(u» = l'(u)· a(u) + LUi. r(cJ, 
i=O 

which shows that a must coincide with the derivation induced by p. D 

Via an evident application of Zorn's Lemma, Proposition 1.3 shows that, 
in characteristic 0, every field extension is separable, and also that every 
purely transcendental field extension is separable. 
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Lemma 1.4. Let F be afield ornon-zero characteristic p, let S be an F-space, s 
an element ofS, and u an element ofF that is not the p-th power of an element of 
F. There is a derivation, from F to S such that LeU) = s. 

PROOF. Let F[pl denote the subfield of F consisting of the p-th powers of the 
elements of F, let L be a subfield of F containing F[pl, and let v be an element 
of F not belonging to L. Let f(x) denote the minimum polynomial for 
v relative to L. Then f(x) divides xP - vP = (x - v)p in F[x], so that we 
must havef(x) = (x - v)q, with 0 < q s;: p. Now vq and vP lie in L. If q -# p, 
there are integers rand s such that rp + sq = 1, so that v = (vP)'(vq)S E L, 
contrary to assumption. Therefore, we have q = p, so thatf(x) = xP - vp • 

Let p be any derivation from L to S. Clearly, p can be extended to a deriva
tion from L[x] to S sending x to s. This extension sendsf(x) to 0 and hence 
induces an extension of p to a derivation from L[v] to S sending v to s. 
Using this result in an evident application of Zorn's Lemma, we obtain the 
required derivation ,. D 

Proposition 1.5. Let F be a field of non-zero characteristic p, and let K be a 
field extension ofF. Then K is separable over F if and only if,for every F-linearly 
independent subset V of K, the set U[PI of p-th powers of the elements of V is 
F-linearly independent. 

PROOF. First, suppose that the condition is satisfied. Then the multiplica
tion map from F Q9F[P] K[pl to K is injective, so that the subfield F[K[Pl] 
of K is F -algebra isomorphic with F Q9 F[p] K[PI. Let, be a derivation from 
F to a K-space S. Evidently" annihilates F[pl, so that it is an F[pl-linear map. 
As such, it extends naturally to a K[pl-linear map from F Q9 F[p] K[pl to S, 
which is clearly a derivation. Because of the isomorphism noted above, 
this means that, extends to a derivation from F[K[Pl] to S. It is clear from 
Lemma 1.4 that we can apply Zorn's Lemma in the usual way in order to 
extend this further to a derivation from K to S. Thus, K is separable over F. 

Now suppose that the condition of the proposition is not satisfied, and 
choose an F-linearly independent subset (UI, ... , un) of K such that the 
uf's are not linearly independent over F, with n as small as possible. Then 
there are elements C2' •.. ' Cn in F such that 

n 

u~ + L ciuf = o. 
i=2 

Suppose that, contrary to what we must prove, K is separable over F. 
Then every derivation, from F to F extends to a derivation a from K to K. 
Applying a to our above relation, we obtain 

n 

L ,(ci)uf = O. 
i=2 

By the minimality of n, this gives ,(c) = 0 for each i from 2 to n. Thus, each 
Ci is annihilated by every derivation from F to F. By Lemma 1.4, this implies 
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that each Ci is the p-th power df of an element di of F. Our original relation 
may now be written 

( u l + .± diUi)P = 0 . 
• =2 

This contradicts the F -linear independence of the u/s. The conclusion is 
that if the condition ofthe proposition is not satisfied then K is not separable 
over F. 0 

If R is any commutative ring, let us agree to call a derivation from R to R 
simply a derivation of R. The last part of the proof of Proposition 1.5 has 
shown that if every derivation of F extends to a derivation of K then the 
condition of Proposition 1.5 is satisfied. Hence, if K is an extension field of 
thefield F such that every derivation ofF extends to one of K, then K is separable 
over F. 

It follows from Zorn's Lemma and Proposition 1.3 that an extension 
that is separably algebraic in the usual sense is separable also in the sense of 
Definition 1.1. Conversely, if K is an algebraic field extension of F that is 
separable in the sense of Definition 1.1, it follows from Proposition 1.5 that 
K is separably algebraic over F in the usual sense. Thus,for algebraic field 
extensions, separability in the sense of Definition 1.1 is equivalent to separability 
in the usual sense. 

A field F is called perfect if either F is of characteristic 0, or F is of non
zero characteristic p and coincides with F[p]. Since every extension in charac
teristic ° is separable, it follows from Proposition 1.5 that every field extension 
of a perfect field is separable. 

2. Theorem 2.1. Suppose that K is a separable finitely generatedfield extension 
F(u 1, ... , Un) of a field F. Then some subset X of (u 1, ... , Un) is a transcendence 
basis for Kover F such that K is separably algebraic over F(X). The degree 
of transcendence of Kover F is equal to the dimension of the K-space of all 
F-linear derivations of K. 

PROOF. Let S denote the K-space of all F-linear derivations of K. Since 
every element of S is determined by its values at the u/s, it is identifiable with a 
subspace of the space of all maps from the set (Ul, ... ,un) to K. Hence, we 
can apply Lemma 1.1.1 to conclude that there is a K-basis (a l , ... , ar ) of S 
and corresponding elements Vb . .. , v" chosen from (u l , ... ,un), such that 
ai(v) = (jij. Relabelling, we arrange to have Vi = Ui for each i ::; r, and we 
take X to be the set (Ul, ... ,ur ). 

First, we show that K is separably algebraic over F(X). Let t be the 
smallest index 2: r such that K is separably algebraic over F(Ul' . .. , Ut). 
We shall obtain a contradiction from the assumption that t is strictly greater 
than r. By the choice of t, the field K is not separably algebraic over 
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F(U1, ... , Ut-1)' By Proposition 1.2, it follows that F(UI,' .. , Ut) is not sep
arably algebraic over F(U1"'" Ut-I)' By Proposition 1.3, the element Ut 

is therefore not separably algebraic over F(u 1 , ••• , ut - 1 ). 

Let us first deal with the case where U t is algebraic over F(u 1,· .. , U t -1)' 

In this case, F must be of non-zero characteristic p, and the monic minimum 
polynomial,fsay, for Ut relative to F(UI,"" ut- 1) must satisfy f(x) = g(xP), 

where x is an auxiliary variable, and g is a polynomial with coefficients in 
F(U1'" . ,Ut-I)' This shows that every F(u 1, ... ,ut_I)-linear derivation of 
F(U1" .. , Ut-1)[X] annihilates f(x), so that it yields an F(ul>"" Ut-1)
linear derivation of F(u 1, ... , Ut) in the evident way. In particular, it follows 
that there exists a non-zero F(U1" .. ,ut _1)-linear derivation of F(U1,' .. ,ut). 
Since K is separable over F(U1, ... , Ut), this extends to a derivation of K. 
On the other hand, each of Ul> ... ,Ur belongs to F(U1"'" ut - 1) and is 
therefore annihilated by this derivation. We have the contradiction that our 
derivation is the O-map, because its coefficients with respect to 0'1, .•• , O'r 

are its values at Ul> ..• , Ur • 

Now consider the case where Ut is not algebraic over F(Ul,···, Ut-1)' 
In this case, Proposition 1.3 gives us the existence of a non-zero 
F(u 1, ... , ut- J-linear derivation of F(u j, ... , Ut), whence we have the same 
contradiction as in the first case. 

Our conclusion so far is that K is separably algebraic over F(U1' ... ,ur ), 

and it remains only to show that the set (U1,"" ur ) is algebraically free 
over F. Suppose that this is not the case, and letfbe a non-zero polynomial 
with coefficients in F of the smallest possible total degree such that 
f(uj, ... , ur ) = O. Let fi denote the formal derivative of f with respect to the 
i-th variable. Applying the derivation O'j to our relation, we obtain 
f;(u j , ••• , ur ) = O. By the minimality of the degree of f, this implies that 
fi = O. Therefore, F must be of non-zero characteristic p, and there must be a 
polynomial g with coefficients in F such that 

f(X1" .. ,xr ) = g(xf, ... , xn, 
where the x/s are independent auxiliary variables. Writing g as an F-linear 
combination of monomials, we see from this that there is a non-empty 
F-linearly independent set (Wl>"" wm) of monomials formed from Ul>"" Ur 

such that the set (wf, ... , wi:,) is not F-linearly independent. This contradicts 
Proposition 1.5, because K is separable over F. D 

Theorem 2.2. A field extension K of a field F is separable if and only if, for 
every field L containing F, the tensor product K ® F L has no non-zero nil
potent element. 

PROOF. First, suppose that K is separable over F, and let U be a nilpotent 
element of K ®F L. We shall prove that U = O. Clearly, there is a field Kl 
between F and K that is finitely field-generated over F and such that U 

belongs to the canonical image of K I ® F L in K ® F L, which we may 
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identify with K 1 ® F L. Therefore, we assume without loss of generality 
that K is finitely field-generated over F. Then, by Theorem 2.1, there is a 
transcendence basis X for Kover F such that K is separably algebraic over 
F(X). In fact, since K is also afinite algebraic extension of F(X), there is an 
element s in K that is separably algebraic over F(X) and such that 
K = F(X)[s]. 

Let X' be a set of independent variables over L that is in bijective cor
respondence with X. Then F(X) ®F L may evidently be identified with an 
F(X')-subalgebra of the purely transcendental field extension L(X') of L. 
Accordingly, we may write 

K ®F L = K ®F(X) (F(X) ®F L) c K ®F(X) L(X'), 

where L(X') is viewed as an F(X)-algebra via an F-algebra isomorphism 
from F(X) to F(X') extending a bijection from X to X'. 

Let f denote the monic minimum polynomial for s relative to F(X), 
but view f as a polynomial with coefficients in F(X') via the isomorphism 
just mentioned. Since s is separable over F(X), the polynomialfis the pro
duct of a set of mutually distinct monic irreducible factors with coefficients 
in L(X'). It follows from this that K ® F(X) L(X') is a direct sum of fields, 
one for each irreducible factor off Therefore, our nilpotent element u must 
be 0. 

Now suppose that the condition of the theorem is satisfied. In showing 
that K is separable over F, we may assume that F is of non-zero characteris
tic p. We show that then the condition of Proposition 1.5 is satisfied, so that 
K is separable over F. Let (UI' ... ,un) be an F-linearly independent subset 
of K, and suppose that CI' •.. 'Cn are elements of F such that 

n 

I c;uf = 0. 
;= 1 

We construct a field extension L = F[t\> ... , tnJ of F such that tf = C; for 
each i. Then the p-th power of the element Ii = I U; ® t; of K ® F L is equal 
to 0, so that, because of the present assumption on K, the element itself 
must be 0. This gives t; = 0, and hence C; = ° for each i. Our conclusion 
is that the set (uf, ... , u~) is F-linearly independent. 0 

Theorem 2.3. Let K be a field, and let A be a group offield automorphisms of 
K. Then K is separable over its A-fixed part KA. 

PROOF. By Theorem 2.2, it suffices to prove that K ®KAL has no nilpotent 
element other than 0, for every field L containing KA. Since there is nothing 
to prove if K is of characteristic 0, we assume that K is of non-zero charac
teristic p. Suppose that the result is false for some L. Then there is a non
zero element x in K ®KA L such that xP = 0. Write 

n 

X = I k; ® t;, 
;= 1 
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with each ki in K and each ti in L. We suppose that x has been so chosen 
that n is as small as possible. Clearly, we must have n > 1, and we can arrange 
to have k1 = 1. Then 

n 

X = t1 + L ki ® t i • 
i=2 

Now we let A act by L-algebra automorphisms on K ® KA L, via the 
factor K. For IY. in A, we have 

n 

lY.(x) = t1 + L lY.(ki ) ® t i , 
i=2 

so that 

n 

X - lY.(x) = L (k i - lY.(ki)) ® t i . 
i=2 

Since (x - lY.(xW = 0, it follows from the minimality of n that x = lY.(x). 
Also, it is clear from the minimality of n that the ti'S are linearly independent 
over KA. Therefore, it follows from the fact that x = lY.(x) for every IY. in A 
that each ki belongs to KA. This makes n = 1, and we have a contradiction. 

D 
Proposition 2.4. Let L he a field, A a .finitely generated integral domain L
algebra, B a sub L-algebra of A. Let F be an algebraically closed field contain
ing L. Suppose that x is an element of A with the property that L-algebra 
homomorphisms from A to F whose restrictions to B coincide take the same 
value at x. Then x is purely inseparably algebraic over [B]. 

PROOF. First, we obtain a contradiction from the assumption that x is not 
algebraic over [B]. By Theorem II.3.3, there is a non-zero element y in 
B[x] such that every L-algebra homomorphism from B[x] to F not annihila
ting y extends to an L-algebra homomorphism from A to F. Write 

y = bo + b1x + ... + bnxn, 

with each bi in Band bn # O. By Theorem 11.3.5, bn is not annihilated by 
every L-algebra homomorphism from A to F. A fortiori, there is an L
algebra homomorphism (J from B to F such that (J(bn) # O. Since x is not 
algebraic over [B], (J has infinitely many extensions to L-algebra homomor
phisms from B[x] to F not annihilating y and therefore extending further 
to L-algebra homomorphisms from A to F. This contradicts the assumption 
on x. Thus, we conclude that x must be algebraic over [B]. 

Let p denote the characteristic of L if that is not 0; otherwise, let p = 1. 
Suppose that x is not purely inseparable over [B]. Then there is a non
negative exponent e such that x P" is separably algebraic over [B], but does 
not belong to [B]. We can find a non-zero element b in B such that the monic 
minimum polynomial, f say, for bxP<> relative to [B] has all its coefficients 
in B. Write z for bxpe. 
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As before, there is a non-zero element y in B[z] such that every L-algebra 
homomorphism from B[z] to F not annihilating y extends to an L-algebra 
homomorphism from A to F. We write 

y = bo + blZ + ... + bnzn, 

with each bi in Band bn =I- 0, and n strictly smaller than the degree off Let 
g denote the polynomial whose coefficients are these b;'s, so that y = g(z). 
There are polynomials u and v with coefficients in B such that uf + vg is a 
non-zero element, s say, of B. On the other hand, since f is a separable 
polynomial, there are polynomials q and r with coefficients in B such that 
qf + if' is a non-zero element, t say, of B. 

Appealing to Theorem II.3.5 as in the first part of this proof, we find that 
there is an L-algebra homomorphism p from B to F such that pest) =I- O. 
Let p(f) denote the polynomial with coefficients in F obtained by applying 
p to the coefficients off Define peg) and pCf') in the same way. Then, since pes) 
and pet) are non-zero elements of F, the polynomials p(!) and peg) are 
relatively prime, and the same is true for p(f) and p(f'). Moreover, since 
f is monic, the degree of p(!) equals that off Call this degree m, and note 
that m > 1. 

Now it is clear that p(f) has m distinct roots in F, and that none of them 
is a root of peg). Using these roots as values for z, we obtain m different 
extensions of p to L-algebra homomorphisms from B[z] to F, none of which 
annihilates y, so that each extends further to an L-algebra homomorphism 
from A to F. The images of x under these homomorphisms are mutually 
distinct, so that again we have a contradiction. D 

3. A Lie algebra over a field F is an F -space L that is equipped with a bilinear 
composition L x L -+ L, indicated by (x, y) H [x, y], satisfying 

(1) [x, x] = 0, 
(2) [x, [y,z]] + [y, [z,x]] + [z, [x,y]] = O. 

The identity (2) is called the Jacobi identity. It is better to think of this 
structure as follows. For every element x of L, let Dx denote the linear endo
morphism of L given by Diy) = [x, y]. Then, in the presence of (1), the 
identity (2) means that Dx is a derivation with respect to the composition 
of L, i.e., that 

Di[u, v]) = [Diu), v] + [u, Div)]. 
If A is an associative F -algebra, not necessarily having a unit, we obtain 

a Lie algebra structure on the F-space A by setting [x, y] = xy - yx. We 
denote this Lie algebra by .P(A). 

By a derivation of A we mean an F -linear endomorphism, of A such that 

,(xy) = ,(x)y + xr(y). 

The derivations of A constitute' a sub Lie algebra of .P(EndF(A», which 
we denote by f:&(A), or more fully by f:&F(A). 
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Now let us consider a bialgebra (B, fl, u, 6, 8). Recall that the dual BO of 
B has an algebra structure coming from the comultiplication 6, where 
ar = (a @ r) ° 6. We are interested in a certain sub Lie algebra of the Lie 
algebra !f(BO). The elements of this sub Lie algebra are the differentiations 
of B, by which we mean those elements r of BO which satisfy 

r(ab) = 8(a)r(b) + r(a)8(b) 

for all elements a and b of B. One can verify directly that the differentiations 
do indeed constitute a sub Lie algebra of !f(BO). However, we shall see that 
this is the case by the following connection between the differentiations 
of B and the F-linear derivations of B. 

Consider the two-sided BO-module structure of B, as dealt with in Proposi
tion 12.1. Recall that the element r[ of Endp(B) corresponding to an element 
r of BO in the left BO -module structure of B is defined by 

r[ = (iB @ r) 0 6. 

One verifies directly that r is a differentiation if and only if r[ is a derivation. 
By Proposition 12.2, the left BO-module structure of B induces an isomor
phism of F-Lie algebras from !f(BO) to the sub Lie algebra of !f(EndF(B)) 
consisting of the endomorphisms that commute with the action of BO on 
B from the right. From our last statement about the differentiations, it is 
now clear that the differentiations of B constitute a sub Lie algebra of !f(BO) 
which, via the BO-module structure of B, is isomorphic with the sub Lie algebra 
of~(B) consisting of those derivations of B which are also right BO-module 
endomorphisms. 

Now let G be an affine algebraic F -group. We define the Lie algebra of G 
as the Lie algebra of differentiations of f!JJ(G), and we denote it by !f(G). 

A morphism p: G -l> K of affine algebraic F-groups naturally induces a 
morphism of F-algebras from f!JJ(Gt to f!JJ(K)O; namely, the dual of the 
transpose of p. This restricts to amorphism of Lie algebras p' : !f(G) -l> !f(K) 
where 

p'(r)(g) = reg ° p) 

for every element r of !f(G) and every element g of f!JJ(K). We call p' the 
differential of p, and we note that the association of p' with p makes !f a 
functor from the category of affine algebraic F -groups to the category of 
F-Lie algebras, i.e., the composite of differentials coincides with the differ
ential ofthe composite. 

In particular, consider the case where p is the injection G1 -l> G. Let Q 
denote the annihilator of G 1 in f!JJ( G). It is clear from Theorem 11.2.3 that 
QQ = Q. Since 8 annihilates Q, it follows from this that every element of 
!f(G) annihilates Q, whence p' is injective, in the present case. Looking at 
Theorem 11.2.3 once more, we see immediately that p' is also surjective. 
Thus, via the injection morphism from G1 to G, !f(Gd is isomorphic with 
!f(G). 
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Note that 2(G) is finite-dimensional, because a differentiation of £?1>(G) 
is already determined by its values on a finite system of F -algebra generators. 

Theorem 3.1. Let G be an affine algebraic F-group. The £?1>(G)-module homo
morphism 

£?1>(G) ® 2(G) --+~F(£?1>(G)) 

determined by the condition that it send each element, of 2(G) onto '[ is an 
isomorphism. 

PROOF. Let '5J= 1 ai ® 'i be an element of £?1>(G) ® 2(G) whose image in 
~(£?1>(G)) is 0, where the ,/s are F-linearly independent elements of 2(G). 
Let a be an element of £?1>(G), let x be an element of G, and apply the formal 
image of our element in ~( £?1>( G)) to the element a . X-I of £?1>( G). This yields 
the following relation in £?1>( G): • 

n 

I a;(,;)[(a· X-I) = o. 
i= 1 

Now operate from the right with x, and use the fact that each (,;)[ commutes 
with this operation. This gives 

n 

I (ai· X)('i)[(a) = o. 
i= 1 

Now apply e, obtaining 
n 

I a;(X)'i(a) = o. 
i= 1 

Since this holds for every element a of £?1>(G), and since the ,/s are F -linearly 
independent, we must therefore have ai(x) = 0 for each i. Since this holds 
for every element x of G, it follows that ai = O. Our conclusion is that the 
homomorphism of the theorem is injective. 

Now let e be an element of ~(£?1>(G)). For every element x of G, define the 
endomorphism e . x of £?1>( G) by 

(e·x)(a) = e(a·x- 1)·x. 

One verifies directly that e . x is in fact an element of ~(£?1>(G)), so that the 
composite eO (e· x) is an element of 2(G). Let ('1' ... ' Tn) be an F-basis 
of 2(G), and write 

n 

eO (e· x) = I ai(X)'i 
i= 1 

By applying this element of 2(G) to suitable elements of £?1>(G) one sees 
that the functions ai defined by the above relation belong to £?1>(G) (cf. Lemma 
1.1.1). It is verified directly that 

i= 1 

showing that the homomorphism of the theorem is also surjective. D 
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Assuming that G is irreducible, we show that tensoring the isomorphism 
of Theorem 3.1 with [9t'(G)] yields an isomorphism of [.0"(G)]-spaces from 
[.o/'(G)] Q9 f£1(G) tof0F([.o/'(G)]). 

Let us write A for .o/'(G). It suffices to show that [A] Q9 A f0(A) may be 
identified with f0([A]). Let f0(A, [A]) denote the [A]-space of all F-linear 
derivations from A to [Al Clearly, the canonical [A]-linear map 

[A] Q9 A f0(A) ~f0(A, [A]) 

is injective. From the fact that A is finitely generated as an F-algebra, we 
see that, for every element a of f0(A, [A]), there is a non-zero element s in 
A such that sa sends A into A. This shows that the canonical map is also 
surjective. Finally, since every element of f0(A, [A]) extends in one and 
only one way to an element of f0([A]), we may identify f0(A, [A]) with 
f0([A]). 

Theorem 3.2. Let G be an irreducible algebraic group. The dimension of f£1(G) 
is equal to the degree of transcendence of [P(G)] over the base field. 

PROOF. By the isomorphism established just above, the dimension of f£1(G) 
as a vector space over the base field F equals the dimension of f0F([.9'(G)]) 
as a vector space over [.o/'(G)]. By Lemma 11.1.2 and Theorem 2.2, [.9'(G)] 
is separable over F. Therefore, the theorem is an immediate consequence of 
Theorem 2.1. D 

If S is an irreducible affine algebraic F -set, one defines the dimension of 
S as the degree of transcendence of [.o/'(S)] over F. Thus, Theorem 3.2 says 
that the dimension of G as an affine algebraic set is equal to the dimension 
of f£1(G). 

Theorem 3.3. Let p.' G ~ H be a morphism of algebraic groups, where G 
and H are irreducible. Suppose that peG) is dense in H, and that [.o/'(G)] is 
separable over [.o/'(H) 0 pl Then the differential'of pis surjective from f£1(G) 
to f£1(H). 

PROOF. Since peG) is dense in H, the transpose of p is injective from .o/'(H) 
to .o/'(G). Accordingly, we identify the elements g of .o/'(H) with their images 
gop in .o/'(G), so that we have .o/'(H) c .o/'(G). Now let, be an element of 
f£1(H), and consider the corresponding element 'r of f0(.9'(H». This has one 
and only one extension to an element of f0([.o/'(H)]). Since [.o/'(G)] is separable 
over [9t'(H)], our element ofE0([.o/'(H)]) extends further to yield an element, 
a of f0([.o/'( G)]). Since .0/'( G) is finitely generated as an algebra, there is a 
non-zero element a in .o/'(G) such that aa stabilizes .o/'(G). Choose an element 
x from G such that a(x) =1= 0, and consider the transform (aa) . x, defined as 
in the proof of Theorem 3.1. This is equal to (a· x)(a· x). We have 

s(a' x) = a(x) =1= 0. 
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On the other hand, the restriction of (J . x to flJ>(H) coincides with 

'[' p(x) = '[. 

39 

Thus, replacing (J with (J. x, if necessary, we arrange to have c(a) # O. 
This ensures that the composite CO (J is defined on flJ>(G). Clearly, it is a 
differentiation of flJ>(G), i.e., an element of 2(G). Its restriction to flJ>(H) 
coincides with CO '[ = " and this means that, = p'(c ° (J). 0 

Let G be an algebraic group, H a closed subgroup of G. If J H is the annihil
ator of H in flJ>( G) then we may identify flJ>(H) with flJ>( G)/ J H' Accordingly, 
we identify 2(H) with the sub Lie algebra of 2(G) consisting of the differ
entiations that annihilate J H' Moreover, as we have seen earlier in this 
section, this sub Lie algebra remains the same if we replace H with HI, 
i.e., the annihilator of J H in 2(G) annihilates also the Hopf ideal J HI' which 
contains JH • 

Now let K be another closed subgroup of G. If Hie K 1 (in particular, 
if H c K) then it is clear from the above that 2(H) c 2(K). Moreover, 
if Hie K 1 and 2(H) = 2(K), then it follows that HI = K l' In order to 
see this, write P for J K 1 and Q for J HI' so that P c Q. By Theorem 3.2, our 
assumption that 2(H 1) = 2(K1) implies that [flJ>(G)/PJ and [flJ>(G)/QJ 
have the same degree of transcendence over the base field. By Lemma II.3.8, 
this implies that P = Q, whence HI = K l' 

In general, these results concerning the relations between algebraic 
subgroups and sub Lie algebras cannot be strengthened. In particular, if F 
has non-zero characteristic, there are cases where two distinct irreducible 
algebraic subgroups have the same Lie algebra. Also, in any characteristic, 
there are sub Lie algebras of an 2(G) that do not belong to any algebraic 
subgroup of G. 

4. We determine the Lie algebra of the main general example of Chapter I. 
Here, we have a finite-dimensional algebra E over a field F, and we consider 
the group E* of units of E, made into an affine algebraic F -group whose 
algebra of polynomial functions is generated by the restrictions to E* of 
the elements of EO and their antipodes. In the case where F is a finite field, 
E* is a finite group, flJ>(E*) is the algebra of all F-valued functions on E*, and 
(E*)1 is the trivial group, so that 2(E*) = (0). Therefore, we assume that F 
is an infinite field. In this case, it is easy to see that the restriction images in 
&(E*) of the elements of an F -basis of EO are algebraically independent 
over F. Moreover, the sub F-aJgebra of (1'(E*) generated by these and the 
reciprocal of a certain polynomial in them (the restriction to E* of the 
determinant of any injective finite-dimensional representation of E) is a 
sub Hopf algebra of flJ>(E*), and so coincides with flJ>(E*). In particular, 
flJ>(E*) is therefore an integral domain. Thus, if the base field is infinite then 
E* is irreducible. 
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Let r be an element of 2(E*). Via the restriction map from EO to &>(E*), 
r yields an F -linear map from EO to F. Therefore, there is one and only one 
element r' in E such that this linear map is the evaluation at r'. Clearly, 
the map r 1--4 r' is an injective F-linear map from 2(E*) to E. Conversely, 
given an element e of E, it is clear from our above description of &>(E*) 
that there is a differentiation r of &>(E*) such that r' = e. Thus, the map 
r 1--4 r' is an isomorphism of F -spaces from 2(E*) to E. 

Since the image of EO in &>(E*) is stable under the right and left translation 
actions of E*, the co multiplication 0 of &>(E*) sends the image of EO into 
its tensor square. Hence, iff is an element of EO, there are elements/; and 
.Ii' of EO such that 

n 

o([fJ) = I [f;] ® [f7], 
i= 1 

where we have used [ ] to indicate restriction of a function on E to E*. 
Thus, if x and yare elements of E*, we have 

n 

f(xy) = I f;(x)f7(y). 
i= 1 

This says that a certain polynomial function on E x E vanishes on the 
subset E* x E*, which is easily seen to imply that that polynomial function is 
identically o. Therefore, the above equality holds for all elements x and y 
of E. 

Now let a and r be elements of 2(E*). Then we have 

f([a, rJ') = [a, r]([fJ) = (a ® r - r ® a)(o([fJ» 

n n 

= I a([f;])r([f;']) - I r([f;])a([f7]) 
i= 1 i= 1 

n 

= I U;(a')f7(r') - f;(r')f;'(a'» 
i= 1 

= f(a'r' - r'a'). 

Since this holds for every element f of g, it follows that 

[a, rJ' = a'r' - r'a'. 

Our conclusion is that the map r 1--4 r' is an isomorphism of F-Lie algebras 
from 2(E*) to 2(E). 

In particular, let us consider the case where E is the F-algebra EndF(V) 
of endomorphisms of a finite-dimensional F -space V. Let G be an affine 
algebraic F -group, and suppose we are given a morphism of affine algebraic 
F-groups p: G -+ E*. Let p' denote the morphism of Lie algebras from 2(G) 
to 2(EndF(V» that is obtained by following up the differential p. of p with 
the above isomorphism from 2(E*) to 2(E). Thus, for r in 2(G), p'(r) 
denotes the F-linear endomorphism p·(r), of V. 
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The definition of p' evidently generalizes to the situation where V is a 
locally finite G-module whose associated representative functions belong to 
.9'(G). We call such a G-module a polynomial G-module, and we let p denote 
the group homomorphism from G to the group Autp(V) of all F-linear 
automorphisms of V that defines the G-module structure. In the evident 
way, p is the direct limit of the system of finite-dimensional polynomial 
representations of G on the finite-dimensional G-stable subspaces of V. 
It is easy to see that the differentials of these finite-dimensional representa
tions, extended as above, fit together to yield a morphism of F-Lie algebras 
p': ft'(G) -+ ft'(Endp(V)), which we call the extended differential of p. 

Recall from Section 1.2 that p defines the structure 

p*: V -+ V ® .9'(G) 

of a .9'(G)-comodule on V, from which p is recovered by the formula 

p(x) = (iv ® x*) 0 p* 

for every x in G. The following lemma records the description of p' in the 
context of .9'(G)-comodules. 

Lemma 4.1. Let G be an affine algebraic F-group, and suppose that 

p: G -+ Autp(V) 

is the structure of a polynomial G-module. If p* denotes the corresponding 
comodule structure, then the following equations hold for every element r of 
ft'(G): 

(1) p'er) = (iv ® r) 0 p*; 
(2) p* 0 p'er) = (iv ® r[) 0 p* 

PROOF. Consider an element y/v of Endp(Vt, where y is an element of VO 

and v is an element of V. The composite function (y/v) 0 p is an element of 
.9'( G), and the definition of p' gives, for every r in ft'( G), 

r«y/v) 0 p) = (y/v) (p'(r)). 

Using the above formula connecting p and p*, we write the value of (y/v) 0 p 
at an element x of G in the form 

y«iv ® x*)(p*(v))) = (y ® x*)(p*(v)). 

This shows that 

(y/v) 0 p = (y ® i9(G») 0 p*(v). 

Substituting this in the above equation involving r, we obtain 

y(p'(r)(v)) = (y ® r)(p*(v)). 

Since this holds for every element y of V O and every element v of V, formula 
(1) of the lemma is established. 
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Using this, we may write 

p* 0 p'C,) = (iv ® i9 (G) ® ,) 0 (p* ® i9 (G» 0 p*. 

Now (2) is obtained from this by replacing (p* ® i9'(G» 0 p* with (iv ® 6) 0 p*, 
where 6 is the comultiplication of fP( G). D 

If L is any Lie algebra over F, if V is an F-space and p a morphism of 
Lie algebras from L to Y(EndF(V», then we call p a representation of L 
on V, and we refer to V as an L-module. Thus, if V is a polynomial module 
for an algebraic group G, then the extended differential of the representation 
of G on V makes V into an Y( G)-module. It is seen directly that, with this, 
a morphism of polynomial G-modules is also a morphism of Y(G)-modules. 

Proposition 4.2. Let A and B be polynomial modulesfor an algebraic group G. 
Let a, fJ, a ® fJ denote the representations of G on A, B, A ® B, respectively. 
For every element, of Y(G), one has 

(a ® fJ)'(,) = a'e,) ® iB + iA ® fJ'(,)· 

PROOF. By (1) of Lemma 4.1, we have 

(a ® fJ)'(,) = (iA ® iB ® ,) 0 (a ® fJ)*· 

In Section I.2, we saw that 

(a ® fJ)* = (iA ® iB ® J1) 0 S2,3 0 (a* ® fJ*), 

where J1 denotes the multiplication of -'?P(G), and S2,3 is the switching of the 
2nd and 3rd tensor factors. We substitute the expression on the right for 
(a ® fJ)* in the above equation involving " and we note that 

We obtain 
, 0 J1 = c ® ' + , ® c. 

(a ® fJ),(,) =(iA ® iB ® c ® ,) 0 S2,3 0 (a* ® fJ*) 

+ (iA ® iB ® ' ® c) 0 S2, 3 0 (a* ® fJ*) 

= (iA ® c ® iB ® ,) 0 (a* ® fJ*) 

+ (iA ® ' ® iB ® c) 0 (a* ® fJ*). 

The formula of the proposition follows upon noting that one has 

(iA ® c) 0 a* = iA and (iA ® ,) 0 a* = a'e,) 

as well as the analogous relations for fJ*. D 

Proposition 4.3. Let V be a finite-dimensional polynomial module for an 
affine algebraic F-group G, and let p denote the representation of G on V. 
For every element ,of Y(G), the endomorphism p'C,) of V is an F-linear 
combination of endomorphisms of the form p(x) - iv, with x in G. 
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PROOF. Suppose that a is an element of EndAVt that annihilates every 
endomorphism of the form p(x) - iv. This means that the representative 
function a ° p is a constant, whence T( a ° p) = O. Hence, 

a(p'(T» = p'(T)(a) = r(a ° p) = O. 

Thus, p'(T) is annihilated by every element of EndF(V)O annihilating each 
p(x) - iv. 0 

As we shall see in the next chapter, if F is of characteristic 0, Proposition 
4.3 has a converse, saying that every endomorphism of the form p(x) - iv 
is an F-linear combination of products of elements of p'(2(G». With this, 
the Lie algebra becomes an extremely powerful tool for the structure and 
representation theory of algebraic groups over fields of characteristic O. 

Notes 

1. At the end of Section 1, we gave an intrinsic definition of a perfect field, 
and we saw that every extension of a perfect field is separable. One should 
complete the picture by showing that every non-perfect field has an insepar
able finite algebraic extension (whose degree is equal to the characteristic). 

2. In connection with the discussion at the end of Section 3, concerning 
the correspondence between closed subgroups and sub Lie algebras, con
sider the following example. Let F be an infinite field of non-zero charac
teristic p. Let G be the direct product of two copies of the multiplicative 
group F* of F. Let H be the subgroup of G consisting of the elements of the 
form (a, aP - I ), and let K be the subgroup consisting of the elements of the 
form (a, a-I). It is easy to see that Hand K are irreducible algebraic sub
groups of G, and that 2(H) = 2(K). However, if p =p 2, we have H =P K. 

3. Let A be a finite-dimensional general F -algebra, i.e., a finite-dimensional 
F-space that is equipped with a bilinear composition. Let G be the group 
of all algebra automorphisms of A, regarded as an algebraic subgroup of 
the group of all F -linear automorphisms of A. By viewing the composition 
of A as a linear map from A ® A to A and using Proposition 4.2, one shows 
that 2(G), when identified with a sub Lie algebra of 2(EndF(A» in the 
canonical fashion, becomes a sub Lie algebra of the Lie algebra of deriva
tions of A. 



Chapter IV 

Lie Algebras and Algebraic 
Subgroups 

This chapter establishes the Lie algebra technique for the structure and 
representation theory of algebraic groups. Section 1 contains only special 
field-theoretical preparations. Section 2 develops the connections between 
the algebraic subgroups of an algebraic group G and the sub Lie algebras 
of ~(G) fully, under the assumption that the base field be of charac
teristic O. This assumption is retained in Section 3, which is devoted to 
reducing, as far as is possible in general, the representation theory of an 
algebraic group to that of its Lie algebra. 

Section 4 determines the structurally basic adjoint representation of an 
algebraic group, as well as its differentiaL Again, the principal benefits can 
be had only in characteristic O. 

Section 5 returns to the characterization of algebraic subgroups by 
invariants, as given in Chapter II, providing concomitant characterizations 
of the Lie algebras of algebraic subgroups. These results play an important 
technical role in the algebraic-geometric theory of coset spaces given in 
Chapter XII. As a first application, this section establishes the expected 
relation between the dimensions of G, Hand G/H, where H is a normal 
algebraic subgroup of the algebraic group G. 

1. Lemma 1.1. Let K be a field, and let (u!, ... , ur) be a set of independent 
variables over K. Let S be afinite group offield automorphisms of K(Ul" .. ,ur) 
that stabilizes K as well as the multiplicative group generated by the u;'s. 
Suppose that the representation of Son K is injective. Then K(Ub ... ,ur)S is 
contained in a finitely generated purely transcendental extension field of K S• 

PROOF. Let n denote the order of S, and choose new independent variables 
vij over K, where i ranges from 1 to r, and j ranges from 1 to n. Note that 

44 
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the dimension of Kover K S is n, and choose a KS-basis (k l , ... ,kn) of K. 
Let U denote the multiplicative group generated by the u;'s. Evidently, 
there is one and only one group homomorphism n from U to the multi
plicative group of K(Vll, ... , Vrn) such that 

n 

n(u;) = L kjvij 
j= I 

for each i. We extend the action of Son K to an action by field automorphisms 
on K(Vl1o ... , vrn) leaving the vij's fixed. 

From Galois theory, we know that the K -space spanned by the auto
morphisms s' of K corresponding to the elements s of S is the space of all 
KS-linear endomorphisms of K. Hence, for each index q from (1, ... , n), 
there are elements csq in K such that the endomorphism LSES CSqS' sends 
kq onto 1 and annihilates every other kj. Using these in conjunction with 
the extended action of S on K(Vll, . .. , vrn), we obtain 

V;q = L cSqs(n(u;). 
SES 

This shows that the rn elements s(n(uJ) of K(VII, . .. , vrn) are algebraically 
independent over K. 

Let N denote the multiplicative group generated by the elements s(n(u;». 
We define a group homomorphism Yf from U to N by forming the product 
of the S-conjugates of n, so that 

Yf(u) = TI s(n(s-l(u») 
SE S 

for every element u of U. The algebraic independence of the elements s(n(u;» 
ensures that Yf is injective, and that the same is true for the K -algebra homo
morphism from K[U] to K(VI I, ... , vrn) obtained from Yf in the evident 
fashion. By the definition of Yf, we have Yf(s(u» = s(Yf(u» for every element 
s of S and every element u of U. Therefore, our K-algebra homomorphism 
is also a morphism of S-modules, and so is therefore its unique extension 
to a field homomorphism 

,: K(U1o···, ur) --+ K(Vl1o· .. , vrn)· 

Now, restricts to a KS-linear field homomorphism from K(U1o . .. ,ur)S to 
K(Vl1o ... , vrn)S = KS(Vll' ... , Vrn). D 

Lemma 1.2. Let K be a field of characteristic 0, and let K[[t]] be the K
algebra of integral power series in the variable t. Let (aI, ... ,aq) be a subset 
of K that is linearly independent over the field of rational numbers. Then the 
elements t, exp(alt), ... , exp(aqt) of K[[t]] are algebraically independent 
over K. 

PROOF. Every polynomial relation among the elements figuring in the lemma 
may be written in the form 

I c(eo,···, eq)teO exp«elal + ... + eqaq)t) = 0, 
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where the summation goes over a finite set of q-tuples (eo, ... , eq) of non
negative integers. The assumption on the a;'s ensures that no two of the 
linear combinations elal + ... + eqaq are equal. Therefore, the lemma will 
be established as soon as we have proved that, if bl , ... ,bn are n distinct 
elements of K, the n power series exp(bit) are linearly independent over 
the polynomial algebra K[t]. 

We do this by induction on n, and accordingly suppose that the result 
holds in the lower cases. Let PI" .. , Pn be elements of K[t] such that 

n 

L Pi exp(bit) = 0. 
i= I 

Multiplying by exp( - bn t), and then differentiating k times with respect to 
t (indicated by (k»), we obtain 

n-l 
p~k) + L Pik exp«b i - bn)t) = 0, 

i= I 

where the Pik'S are elements of K[t] determined recursively by 

PiO = Pi; Pi(h+l) = p!~) + (b i - bn)Pih' 

If k is large enough, we have p~k) = 0, and then the inductive hypothesis 
gives Pik = ° for each i. Hence, the recursion relation yields 

P!ld-l) + (b i - bn)Pi(k-l) = 0. 

Since bi - bn =1= 0, this gives Pi(k-l) = 0, and we can repeat the argument 
until we obtain Pi = 0. D 

2. Let F be a field, G an affine algebraic F-group, r an element of 2(G). 
We regard .o/'(Gt as an F-algebra, with the multiplication obtained by 
dualizing the co multiplication (j of .0/'( G). Let J, denote the set of all elements 
f of .o/'(G) such that rn(f) = ° for every non-negative exponent n, where we 
agree that rO is the identity element c of .o/'(G)o. We wish to show that J, is 
a bi-ideal. Since J, is evidently an ideal and since c(J,) = (0), it suffices to 
show that 

(j(J,) c J, ® .o/'(G) + .o/'(G) ® J,. 

For all non-negative integers P and q, we have 

rp +q = (rP ® rq) 0 (j, 

whence (j(J,) is contained in the kernel of the element r P ® r q of 

(.o/'(G) ® .o/'(G))o. 

The intersection of the family of these kernels is evidently 

J, ® .o/'(G) + .o/'(G) ® J" 

so that we have the desired conclusion. 



IV.2 47 

Let Gt denote the annihilator in G of J t • Since J t is a bi-ideal of .9'(G), 
we know from Proposition 1.4.1 that Gt is an algebraic subgroup of G. In 
the case where F is of non-zero characteristic p, we have (f - 1',(f»P E J t for 
every elementf of .9'(G), whence Gt consists of the neutral element 8 alone. 
On the other hand, if F is of characteristic 0, the group Gt is significant, by 
virtue of the following theorem. 

Theorem 2.1. Let F be afield of characteristic 0, and let G be an affine algebraic 
F-group. For 't in 2(G), the group Gt is contained in every algebraic subgroup 
of G whose Lie algebra contains 'to It is irreducible, and, belongs to 2(Gt). 

PROOF. Let H be an algebraic subgroup of G whose Lie algebra contains 'to 
Let J H denote the annihilator of H in .9'( G). From the assumption that 't 
belongs to 2(H), we have 't[(J H) c J H' For every positive integer n, we have 
Tn = TO 't['-l. Since 't and 8 annihilate JH , it follows that JH c J., whence 
Gt c H. 

Next, we show thatltis a prime ideal. Let a and b be elements of .9'(G) \ Jr' 
Let p be the smallest non-negative exponent such that ,Pea) "# 0. Similarly, 
define q with respect to b. Using that 't[ is a derivation, we obtain 

'tP+tJ(ab) = F.(Tr+q(ab» = I (p ;- ~)! 'tU(a)TV(b). 
u+v;p+q U.v. 

The expression on the right reduces to the single non-zero term where 
u = p and v = q. Thus 'tP + q(ab) "# 0, so that ab does not belong to J t • 

Now it is clear that the theorem will be established as soon as we have 
shown that the annihilator of Gt in .9'(G) coincides with Jr' In the case where 
F is algebraically closed, this follows immediately by applying Theorem 
11.3.5 to .9'(G)/lt. In the general case, we shall be able to replace this appeal 
with an explicit specialization argument based on the fact, to be shown, that 
.1l(G)/Jr is contained in a finitely generated purely transcendental exten
sion field of F. 

Choose a finite-dimensional left G-stable sub F-space V of .9'(G) that 
generates .9'(G) as an F-algebra. Then V is stable under the derivation 't[ 
of .9'( G). There is a finite Galois extension K of F such that the characteristic 
polynomial of the restriction of 't[ to V splits into a product of linear factors 
in the polynomial algebra over K. We consider the K-algebra .9'(G) ® K, 
and the K-linear extensions of e, ' and '[' which we continue to denote by 
the same letters. 

By the choice of K, the characteristic roots, Cl' ... 'Cn say, of the restriction 
of 't[ to V ® K lie in K, so that V ® K is the direct sum of 't[-stable K
subspaces VI, ... , v" such that each J!; is annihilated by some power of '[ - ci · 

Now let t be an auxiliary variable, and form the K-algebra K[[t]] of integral 
formal power series. Then the infinite sum 

, t i . 

exp(t't[) = I -:r 't[ 
i~O l. 



48 IV.2 

has a meaning as a map from &(G) ® K to &(G) ® K[[t]]. Since r[ is a 
K-linear derivation, this exponential map is a homomorphism of K-algebras. 
If Pi denotes the restriction of r[ - Ci to Vi' then the restriction of exp(tr[) 
to Vi is evidently exp(tcJexp(tpJ 

Now we consider the map exp(tr) from &(G) ® K to K[[t]]. This coin
cides with B 0 exp(tr[), so that it is a homomorphism of K -algebras. Moreover, 
since some power of Pi is equal to 0, the above expression for the restriction 
of exp(tr[) to V; shows that exp(tr)(V;) is contained in the K-algebra 
K[t, exp(tci)J. Since the V;'s generate /?J(G) ® K as a K-algebra, it follows 
that 

exp(tr)(£?l'(G) ® K) c K[t, exp(tcl),"" exp(tcn)J. 

Since the additive subgroup of K that is generated by the c/s is torsion
free, it is the free abelian group based on a set (ai' ... ,aq) of integral linear 
combinations of the c/s. Now it is clear that the field of fractions of 

K[t, exp(tc 1), ... , exp(tcn)] 

is K(t, exp(tal), ... ,exp(taq». By Lemma 1.2, this last field is a purely 
transcendental extension of K, the displayed elements constituting a trans
cendence basis. 

Let S denote the Galois group of Kover F, and let S act coefficient
wise on K[[t]]. Since the characteristic polynomial of the restriction of 
r[ to V ® K has its coefficients in F, the set (Cl,"" cn) of characteristic 
roots is S-stable. Therefore, S stabilizes the multiplicative group generated 
by (t, exp(ta l ), ... , exp(tall» in K[[t]]. The action of Son K[[t]] extends 
uniquely to an action by field automorphisms on the field of fractions of 
K[[t]], under which the subfield K(t, exp(ta l ), ... , exp(taq» is stable. We 
have 

exp(tr)(&( G» c K(t, exp(ta l ), ... , exp(taq»S 

and we can apply Lemma 1.1 to conclude that exp(tr)(&(G» is contained 
in a finitely generated purely transcendental extension of F. Choose a set 
(Xl"", Xm) of algebraically independent elements such that this extension 
field is F(x b ... , xm). Clearly, the kernel of the restriction of exp( tr) to &( G) 
is precisely J" and we may regard &( G)jJ r as a sub F -algebra of F(x 1> ••• , xn,). 

Now let J denote the annihilator of Gr in &(G). Clearly, J r c J. Suppose 
that, contrary to what we wish to prove, we have J r #- J, and choose an 
element b from J \ Jr' Indicate the canonical homomorphism 

£?l'( G) --> £?l'( G)jJ r 

by a ~ d. Let (PI"", Pj) be a system of representatives in £)leG) \ J r for a 
set of F-algebra generators of /;P(G)/Jr • Write P; = f)gi and b' = f /g, where 
thej;'s, g/s,jand g are non-zero elements of F[XI' ... , xm]. There are elements 
rl"'" rm in F such that 
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Clearly, the specialization Xi ~ ri defines an F -algebra homomorphism 
from f!J'(G)jJr to F not annihilating b'. This may be viewed as an F-algebra 
homomorphism from f!J'(G) to F annihilating Jr but not b. Thus, we have 
an element of Gr not annihilating b, contradicting the assumption that b 
belongs to J. Therefore, we have the conclusion that J = Jr' 0 

We note that G, is commutative. This is seen as follows. Let s stand for 
the switch of tensor factors in f!J'(G) ® f!J'(G). Let p and q be non-negative 
exponents.We have 

(rP ® rq) 0 s 0 (5 = (rq ® rP) 0 (5 = rp+q = (rP ® r q) 0 (5, 

whence 

(rP ® r q) 0 (s 0 (5 - (5) = 0. 

This shows that s 0 (5 - (5 sends f!J'( G) into J r ® f!J'( G) + f!J'( G) ® Jr' Hence, 
if x and yare elements of Gp we have 

(X ® y) 0 (s 0 (5 - (5) = 0, 

which means that xy = yx. 

Theorem 2.2. Let G be an algebraic group over a field of characteristic 0. For 
every sub Lie algebra L of 2(G), let GL denote the intersection of the family 
of all algebraic subgroups of G whose Lie algebras contain L. Then GL is an 
irreducible algebraic subgroup of G, and L c 2(GL ). If Hand K are irre
ducible algebraic subgroups of G, then H c K if and only if 2(H) c 2(K). 

PROOF. Evidently, GL is an algebraic subgroup of G. By the first part of 
Theorem 2.1, we have Gr c GL for every dement r of L. This implies that 
2(Gr ) c 2(GL), and now the last part of Theorem 2.1 gives r E 2(GL ). 

Thus,L c 2(GL ).Since2«GL )1) = 2(GL),thisshowsalsothatGL c (GL)l' 
so that GL is irreducible. 

Let H be any irreducible algebraic subgroup of G. Since GY(H) c H, we 
have 2(GY (H) c 2(H). From the above, we have the reversed inclusion, 
so that 2( G Y(H) = 2(H). Since Hand G Y(H) are irreducible and G Y(H) c H, 
we know from the end of Section 1113 that therefore GY(H) = H. Now, if H 
and K are irreducible algebraic subgroups of G, and 2(H) c 2(K), then 
we have GY(H) c GY(K), i.e., H c K. Conversely, if H c K, then it is clear 
from the definitions that 2(H) c 2(K). 0 

Theorem 2.3. Let p: G ~ H be a morphism of algebraic groups over a field 
of characteristic 0, and let K be the kernel of p. Then the kernel of the differ
ential p' coincides with 2(K). 

PROOF. In any characteristic, it is clear from the definitions that 2(K) is 
contained in the kernel of p'. Conversely, let r be an element of the kernel of 
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p'. Letfbe an element of f!JJ(H), and let x be an element of G. Then we have 

r[(f 0 p)(x) = r«(f 0 p). x) = r«(f . p(x» 0 p) 

= p'(r)(f . p(x» = o. 
Thus, r[(f 0 p) = 0, whence fop - e(f 0 p) belongs to the annihilator J t 

of Gt • Since this holds for every elementfof f!JJ(H), it follows that Gt c K, 
whence 2(G.) c 2(K). By Theorem 2.1, this gives r E 2(K). 0 

3. Theorem 2.1 yields the following important converse to Proposition 
111.4.3. 

Theorem 3.1. Let G be an irreducible affine algebraic F-group, where F is a 
field of characteristic O. Let p be a polynomial representation of G on a finite
dimensional F-space V. Every endomorphism of the form p(x) - iv, with 
x in G, is an F-linear combination of products of elements of p'(2(G». 

PROOF. Let r 1, ••• , rn be elements of 2(G). From Lemma 111.4.1, we obtain 

p* 0 p'(r 1)··· p'(rn) = (iv Q9 (r1)[··· (rn)[) 0 p*. 

Composing this with iv Q9 e, we find that 

p'(r1)··· p'(rn) = (iv Q9 r 1 ... rn) 0 p*. 

Now let v be an element of VO and v an element of V. One verifies directly 
from the definitions that 

(v Q9 i9"(G)(P*(v» = (v/v) 0 p. 

Next, let y be an element of f!JJ( Gt. The last relation gives 

y«v/v) 0 p) = (v Q9 y)(p*(v» = (v/v)(iv Q9 y) 0 p*). 

Since the functions v/v span EndF(V)O over F, it follows that, for every (I. 
in EndiV)O, we have 

Y«(I. ° p) = (I.«iv Q9 y) 0 p*). 

Now apply (I. to our above expression for the product of the p'(r;)'s, and 
use the last relation for y = r 1 ... r n' This yields 

(I.(p'(rd··· p'(rn» = (rl ... rn)«(I. 0 p). 

Suppose that (I. annihilates every non-empty product of elements of 
p'(2(G», and fix an element r of 2(G). Our last result shows that (I. ° P is 
annihilated by every rn with n > O. Therefore, the element (I. 0 p - 8«(1. 0 p) 
of f!JJ(G) belongs to the annihilator J t of G" which means that (I. annihilates 
every endomorphism of the form p(x) - iv with x in Gt • We conclude 
from this that every such endomorphism is an F -linear combination of 
products of elements of p'(2(G». 
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If Xi is an element of Gr , (i = 1, ... , n), we can write the endomorphism 
P(XI ... xn) - iv as an integral linear combination of products of the endo
morphisms p(xi) - iv, and it follows from the above that this endomorphism 
is also an F-linear combination of products of elements of p'(£(G». Thus, 
we conclude that every element rx of EndF(V)O with the property assumed 
above annihilates every endomorphism p(x) - iv with X in the group 
generated by the family of all G/s. It follows that rx annihilates also the endo
morphisms p(x) - iv with x in the closure, H say, of this group. It is clear 
from Theorem 2.1 that £(H) = £(G), whence H = G. 0 

Corollary 3.2. Let F be a field of characteristic 0, let G be an irreducible 
affine algebraic F~group, and let V be a polynomial G-module. Then, with 
respect to the structure of an £(G)-module given by p', the G-flxed part of V 
coincides with the £(G)-annihilated part, and the family of sub G-modules 
of V coincides with the family of its sub £( G)-modules. 

4. Let G be an algebraic group. For each element x of G, let Cx denote the 
conjugation effected by x on G, so that 

cxCy) = xyx- 1• 

Since Cx is an automorphism of affine algebraic groups, we have the differ
ential c~, which is a Lie algebra automorphism of £(G). Clearly, the map 
sending each element x of G onto c~ makes £( G) into a polynomial G-module. 
We shall denote this polynomial representation of G by rx. It is called the 
adjoint representation of G. Thus, 

rx(x) = c~. 

In order to make this explicit, let us regard the elements of G, as well as 
those of £(G), as elements of the F-algebra &>(Gt. Using some of the defini
tions and formal results of Section 1.2, we obtain, with x in G, r in £( G) and 
fin &>(G), 

whence 

rx(x)(r)(f) = r(x- 1 . f· x)= (r ° (x- 1)[ 0 xj)(f) 

= (rx- 1 0 xj)(f) = (xrx-1)(f), 

rx(x)(r) = xrx- 1. 

Next, we calculate the differential of rx. Let (J and r be elements of £( G) 
and letfbe an element of &>(G). Letr stand for the element of £(Gt given 
by r(p) = p(f) for every p in £( G). Then, if r Ir has its usual meaning 
as an element of EndF(£(G)t, the composite (r/r) ° rx is an element of 
&>( G), and we have 

rx'«(J)(r)(f) = r(rx'«(J)(r» = (r Ir)(rx'«(J» 
= (J«r Ir) ° rx). 
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Now we obtain an explicit expression for crt,) 0 a as a function of f 
We have, with x in G, 

C(r/1:) 0 rx)(x) = r(a(x)(1:» = r(xu- 1) = (X1:X- 1)(f). 

In Hopf algebra terms, 

X1:X- 1 = x 01:[ 0 (x- I)[ = x 0 1:[ 0 (i9(G) ® x 0 Yf) 0 b 

= x 0 (1:[ ® x 0 Yf) 0 b = (x ® x) 0 (1:[ ® Yf) 0 b 

= x 0 fl 0 (1:[ ® Yf) 0 b. 

This shows that 

(rM 0 a = (fl 0 (1:[ ® Yf) 0 b) (f). 

From our first expression for a'(a)(1:)(f) we see now that 

a'(a)(1:) = a 0 fl 0 (1:[ ® Yf) 0 b. 

Replacing a 0 fl with a ® e + e ® a, we find that 

a' ( a)( 1:) = a-r; + 1:( a 0 Yf). 

Finally, from fl 0 (Yf ® i9 (G» 0 b = u 0 e, we obtain 

a 0 fl 0 (Yf ® iq>(G») 0 b = 0, 

whence, as just above, 

a 0 Yf + a = o. 
Thus, we have 

a'(a)(-r;) = a1: - 1:a = [a, 1:]. 

Denoting the derivation effected by 1: on 2(G) by D" we summarize 
our results as follows. 

Theorem 4.1. Let a denote the adjoint representation of the algebraic group G 
on its Lie algebra 2(G). Then, for every element x of G and every element 1: 
of 2( G), we have 

rx(x)(1:) = XU-I. 

The extended differential of a is given by 

a'(1:) = Dr. 

The next three theorems concern basic properties ofthe adjoint represen
tation, which are decisive only in the case where the base field is of charac
teristic o. 

Theorem 4.2. IfG is an irreducible algebraic group over afield of characteristic 
0, then the kernel of the adjoint representation of G coincides with the center 
ofG. 
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PROOF. Let x be an element of the kernel of the adjoint representation. 
It is evident from Theorem 4.1 that x commutes with every element of 5l'(G). 
By Proposition 12.1, this implies that x[ commutes with T[ for every element 
T of 5l'(G). Now it follows from Theorem 3.1 that x[ commutes with y[ for 
every element y of G, whence xy = yx for every y in G. 0 

A Lie algebra L is called abelian if [x, yJ = ° for all elements x and y of L. 

Theorem 4.3. Let F be a field, G an irreducible affine algebraic F-group. 
If G is abelian, so is 5l'( G). Conversely, if 5l'( G) is abelian and F is of charac
teristic 0, then G is abelian. 

PROOF. Suppose that G is abelian. Then the adjoint representation of G is 
trivial, whence its extended differential is the O-map. By Theorem 4.1, this 
implies that 5l'( G) is abelian. 

Now suppose that F is of characteristic 0, and that 5l'(G) is abelian. 
This last assumption, in conjunction with Proposition 1.2.1, implies that 
the sub F-algebra of Endi&(G» generated by the elements T[ with T in 5l'(G) 
is commutative. By Theorem 3.1, this implies that the elements XI' with x 
in G, commute with each other, whence G is abelian. 0 

An ideal of a Lie algebra L is a subspace that is stable under every Dx with 
x in L. Clearly, the ideals are precisely the kernels of Lie algebra homo
morphisms. 

Theorem 4.4. Let F be a field, G an irreducible algebraic F-group, K an 
irreducible algebraic subgroup of G. If K is normal in G, then 5l'(K) is an 
ideal of 5l'(G). Conversely, if 5l'(K) is an ideal of 5l'(G), and if F is of charac
teristic 0, then K is normal in G. 

PROOF. Suppose that K is normal in G. Let I be the annihilator of Kin &(G), 
let x be an element of G and let T be an element of 5l'(K). Then X-I. I . x c I, 
i.e., XjX[-l stabilizes I, whence T 0 XjX[-l annihilates I, i.e., XTX- 1 annihilates 
I. By Theorem 4.1, this means that 5l'(K) is G-stable under the adjoint 
representation IX. By Proposition IIIA.3, this implies that 5l'(K) is 5l'(G)
stable under IX'. By Theorem 4.1, this means that 5l'(K) is an ideal of 5l'(G). 

Now suppose that F is of characteristic 0, and that 5l'(K) is an ideal of 
5l'(G). This means that 5l'(K) is 5l'(G)-stable under IX'. By Corollary 3.2, 
it follows that 5l'(K) is G-stable under IX. Now let x be an element of G. Then 
xKx - 1 is an algebraic subgroup of G whose annihilator in &( G) is x . I . X-I, 

where I is the annihilator of K. It follows that 

By Theorem 2.2, this implies that xKx- 1 = K. o 
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5. Recall that Theorem II.2.l provides a finite set E of semi-invariants for 
an algebraic subgroup H of an algebraic group G that characterizes H. 
The next result says that E also characterizes !l'(H) as a sub Lie algebra of 
!l'(G). 

Proposition S.L In the notation of" Theorem 11.2.1, !l'(H) consists precisely 
of those elements! of !l'(G) which satisfy ![(e) E Fefor every e in the finite set 
E of H-semi-invariants constructed in the proof of that theorem. 

PROOF. It is clear from Proposition IIIA.3 that every element of !l'(H) 
satisfies the stated condition. Now suppose that! is an element of !l'(G) 
satisfying this condition. Recall from the proof of Theorem 11.2.1 that the 
elements of E are the functions ab, where s is an F -space generator of the 
canonical image S of IV(V n I) in /V(V), and the a;'s are basis elements of 
the annihilator of S in /V(Vr. Since ![(a;/s) is a scalar multiple of a;/s, 
while B annihilates a;/s, we have !(ab) = O. If!· s denotes the transform of s 
by ! with respect to the extended differential of the representation of G 
on /\ d(V), this means that al!· s) = O. Thus, !. s is annihilated by the 
annihilator of Sin /\d(Vr, so that!· s belongs to S. 

Now, if t is an element of V n I, we have ts = 0 in /\(V). It follows from 
Proposition IIIA.2 that !l'(G) acts by derivations on /\(V). Therefore, we 
have 

![(t)s + t(!· s) = 0 

because the expression on the left is the transform of ts by!. By the definition 
of S, this implies that ![(t) belongs to V n I. Since V n I generates I as an 
ideal, it follows that ![ stabilizes the annihilator I of H in &>(G). Therefore, 
!(I) = (0), which means that! belongs to !l'(H). 0 

The next result makes a similar addition to Theorem II.2.2, concerning 
the characterization of the Lie ideal corresponding to a normal algebraic 
subgroup H of an algebraic group G. 

Proposition S.2.,In the notation of Theorem 11.2.2, !l'(H) consists precisely 
of those elements! of !l'(G) which satisfy ![(q) = Ofor every element q of the 
finite set Q of H -invariants constructed in the proof of that theorem. 

PROOF. One sees immediately from Proposition II1.4.3 that every element 
of !l'(H) satisfies the stated condition. In order to prove the converse, we 
must consider the differential of the representation a of G on V used in the 
proof of Theorem II.2.2. 

Recall that we considered a certain finite-dimensional left G-stable 
subspace J of q)!( G), that V is a sub F -algebra of EndF(J) stable under the 
conjugations effected by the elements p(x) with x in G, where p denotes the 
representation by left translations on J, and that a is defined by 

a(x)(u) = p(x)Up(X)-l. 
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Let K denote the group of units of EndF(J). so that p is a morphism of 
affine algebraic F-groups from G to K. Let us identify seCK) with EndF(J) 
in the canonical fashion, so that the adjoint representation of K becomes a 
representation, y say, of K on EndF(J). Then we see from Theorem 4.1 that 
(f is the representation of G on U that is induced by the representation y 0 p 
of G on EndF(J). It follows that (f' is the representation of sec G) on U that is in
duced by the representation y' 0 p' of se(G) on EndF(J). Now we see from 
the second part of Theorem 4.1 that (f'(r) = Dp-(r) for every element r of 
L(G), where the identification of seCK) with EndF(J) is to be used in inter
preting the expression on the right. This means that 

(fl(r)(u) = p'(r)u - up'(r), 

for every element u of U. 
Now suppose that r[(Q) = (0). By the definition of Q, this implies that 

r[ annihilates the space of representative functions associated with (J, so 
that r belongs to the kernel of (f'. By the above, this means that p'( r) commutes 
with every element of U. By the proof of Theorem III.2.2, this implies that 
r satisfies the condition of Proposition 5.1, whence r belongs to se(H). 0 

Lemma 5.3. Let F be an algebraically closed field, G an irreducible affine 
algebraic F-group, H an algebraic subgroup ofG. Suppose that the left element
wise fixer of r!J(G)H in G coincides with H. Then [r!J(G)]H = [r!J(G)H]. 

PROOF. Let f be an element of [r!J( G)]H. We must prove that! belongs to 
[r!J(G)H]. Choose a non-zero element v in r!J(G) such that vf lies in r!J(G). 
Now fbelongs to the ring of fractions r!J(G)[v- 1], which is a finitely generated 
integral domain F-algebra. The F-algebra homomorphisms from r!J(G)[v- 1] 
to F are the unique extensions of the F-algebra homomorphisms from r!J(G) 
to F that do not annihilate v, i.e., of the elements x of G such that vex) #- 0. 
Let x and y be two such elements of G that coincide on .9'(G)H. Then, for 
every z in G and every gin &(G)H, we have g . z in PJ(G/i , so that 

(g. z)(x) = (g. z)(y). 

This may be written 

g(zx) = «x-1y). g)(zx) 

showing that (x - 1 y) . g = g. By assumption, this implies that x - 1 Y belongs 
to H, so thatf = (x- 1 y) . f. It follows that the unique extensions of x and y 
to F-algebra homomorphisms from r!J(G)[v- 1] to F coincide at f Our 
conclusion is that homomorphisms from r!J(G)[v- 1 ] to F that coincide on 
r!J(G)H also coincide atf By Proposition III.2.4, this implies thatfis purely 
inseparably algebraic over [r!J(G)H]. If F is of characteristic 0, this means 
thatfbelongs to [r!J(G)H]. 

Now suppose that F is of non-zero characteristic p. Then our result says 
that there is a non-negative integer n such that f P" belongs to [r!J(G)H]. 
Thus, there is a non-zero element u in r!J(G)H such that (uf)P" belongs to 
r!J(G)H. Write w for uf 
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We claim that, if Xl>"" Xm are elements of G such that the transforms 
Xi . ware F -linearly independent, then also the transforms Xi' wpn are F

linearly independent. In order to see this, let Cl" .. 'Cm be elements of F 
such that 

m 

L CiXi . wpn = 0. 
i= 1 

We may write this in the form 

( 
m )pn 

.LdiXi· W = 0, 
,= 1 

where the d/s are the elements of F such that df" = Ci' This gives 
m 

LdiXi'W = 0, 
i= 1 

whence each d i = 0, so that each Ci = 0, and our above claim is established. 
Since &1(G) is locally finite as a G-module, it follows from what we have 

just shown that the F -space spanned by t)le transforms X . w with X in G 
is finite-dimensional. Hence, the ideal, J say, of all elements d in &1(G) such 
that d(x· w) belongs to &1(G) for every element X of G is not the O-ideal. 
On the other hand G . J = J. Therefore, J has no zero in G. By Theorem 
11.3.5, it follows that J must coincide with &1(G), which means that w belongs 
to &1(G). Thus, we have 

uf E &1(G) II [&1(G)]H = &1(G)H. 

Since u belongs to &1(G)H, this givesf E [&1(G)H]. o 
Theorem 5.4. Let G be an algebraic group over an algebraically closed field, 
and let H be a normal algebraic subgroup ofG. Then 

dim(G) = dim(G/H) + dim(H). 

PROOF. We have H 1 C Gl> and H 1 is of finite index in Gl II H. Hence, 
H 1 = (G l II H)l> so that dim(H) = dim(G l II H). The injection Gl ~ G, 
followed by the canonical map G ~ G/H, is a morphism of affine algebraic 
groups from Gl to G/H. The image is an irreducible normal algebraic sub
group of finite index, so that it coincides with (G/H)l' Thus we have a sur
jective morphism of affine algebraic groups Gl ~ (G/H)l' By Theorem 
11.4.4, the induced bijective map 

Gd(G l II H) ~ (G/H)l 

is a bijective morphism of affine algebraic groups. The transpose of 11: is an 
injective algebra homomorphism from &1«G/H)l) to &1(Gd(G l II H)). By 
Proposition 111.2.4, the injectiveness of 11: implies that [&1(Gd(G l II H))] is 
(purely inseparably) algebraic over the field of fractions of the image of 
&1«G/H)l)' Hence, 

dim(G/H) = dim«G/H)l) = dim(Gd(G l II H)) 
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Now it is clear that we may replace G with GI and H with GI (\ H, which 
means that we may now suppose that G is irreducible. In this case, Lemma 
5.3 applies to show that [gP(G)JH = [gP(G)HJ. By Theorem III.2.3, [gP(G)J is 
therefore separable over [gP(G)HJ = [gP(G/H)]. Let p: G -> G/H denote 
the canonical morphism. Because of the separability just noted, we have 
from Theorem III.3.3 that p' is surjective from Sf(G) to Sf(G/H). It is clear 
from Proposition 5.2 that the kernel of p' coincides with Sf(H). Thus, we 
have 

dim(Sf(G» = dim(Sf(G/H» + dim(Sf(H». 

By Theorem III.3.2, the dimension of an algebraic group is equal to that of 
its Lie algebra. 0 

Notes 

1. Almost exclusively, the original sources for the material of this chapter 
are [4J and [5]. 

2. The proof of Theorem 2.1 gives information about the dimension of 
Go as follows. It is easy to see that each Vi contains a non-zero element 
Vi such that r[(vi) = CiVi' Replacing V with a translate V· x, where x is a 
suitable element of G, we can ensure that 8(Vi) # 0 for each i. Then exp(tr)(vi) 
is a non-zero K multiple of exp(tci)' Hence, 

K[exp(tcI),'" ,exp(tcn)J c exp(tr)(gP(G) ® K). 

Now one can see from the proof of Theorem 2.1 that the dimension of Gt 

is either q or q + 1, where q is the rank of the additive group generated by the 
characteristic values ofr[. In fact, the dimension is q when each fli is 0, and 
q + 1 otherwise. The condition that each fli be 0 is equivalent to the condition 
that r[ be a semisimple linear endomorphism. 

3. The following example shows how Theorem 4.3 can fail in non-zero 
characteristic. Let F be an infinite field of non-zero characteristic p. Let G 
be the group of pairs (r, s) with rand s in F and s # 0, whose composition 
is given by 

Define the functions u and v on G by 

u(r, s) = r, vCr, s) = s. 

Then G has the structure of an irreducible affine algebraic F -group, with 
gP(G) = F[u, v, V-I]. One finds that Sf(G) is abelian, although G is not 
commutative. 
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4. The bijective morphism 

n: Gd(G1 n H) -7 (G/H)l 

of the proof of Theorem 5.4 is actually an isomorphism of affine algebraic 
groups. This can be seen as follows. Using Theorem U.2.3, one may write 
&'(G) as a direct algebra and G1-module sum of &'(G1) and the annihilator 
of G1. Then one can show that, for every element u of 

&'(Gd(G 1 n H» = &'(G1YG , nH), 

the sum in &'(G) of the left transforms of u by a set of representatives of the 
elements of H/(G1 n H) is an element w in &'(G)H such that won = u. Thus, 
the transpose of n is seen to be surjective, whence it and n are isomorphisms. 



Chapter V 

Semisimplicity and Unipotency 

Section 1 is devoted to the generalities concerning simple and semisimple 
modules over a ring, and to the theory of a single linear endomorphism. 
The main result from this second area is the multiplicative Jordan decomposi
tion of a linear automorphism, which plays an important role in the structure 
theory of algebraic groups. 

Section 2 introduces unipotent representations, which are the extreme 
opposites of semisimple representations, and the corresponding notion of 
a unipotent algebraic group. Such a group is characterized by the property 
that all its polynomial representations are unipotent. The main structural 
result is Theorem 2.3, which says that the multiplicative Jordan components 
of an element of an algebraic group belong to that group, and that the 
additive Jordan components of an element of the Lie algebra belong to that 
Lie algebra. 

Section 3 introduces the notion of a linearly reductive algebraic group, 
i.e., a group having the property that all its polynomial representations 
are semisimple. Over fields of characteristic 0, all the" classical" groups are 
linearly reductive, and the motivation for this section stems from this fact. 
Theorem 3.1 is essentially Hilbert's "first main theorem on invariants," 
in terms ofHopfalgebras and comodules. 

Section 4 is devoted to semidirect products, preparing the ground for 
the structure theory of solvable algebraic groups in arbitrary characteristic, 
and of general algebraic groups in characteristic 0. 

Section 5 contains the basic facts concerning the structure of abelian 
affine algebraic groups. 

1. We recall from general algebra that a module is said to be semisimple if 
every submodule is a direct module summand, and that this is so if and only 
if the module coincides with the sum of its simple submodules. 

59 
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Proposition 1.1. Let R be a ring, M a semisimple R-module, C = EndR(M). 
Assume that M is finitely generated as a C-module. Then the image of R in 
End(M) coincides with EndcCM). 

PROOF. Choose a finite system (m1,"" mq) of C-module generators of M, 
and let S be the direct sum of q copies ofthe R-module M, so that this system 
may be viewed as an element of the R-module S. For i = 1, ... , q, let 

1!:i: S ~ M and O"i: M ~ S 

denote the ith projection and injection of the direct sum structure of S. 
Let us write D for EndR(S). First, we note that every sub R-module, T 

say, of S is stable under EndD(S). In fact, since S is semis imp Ie as an R
module, there is an R-module projection t from S to T. Now t belongs to 
D, so that we have, for every element e of EndD(S), 

e(T) = (et)(S) = (te)(S) c t(S) = T. 

Now let y be any element of EndcCM), and let y' denote the endomorphism 
of S given by 

We claim that y' belongs to EndD(S). In order to see this, let d be an element 
of D, and put dij = 1!:idO"j. We see immediately that dij belongs to C, whence 
ydu = duY' Noting that 

d = L O"i dij1!:j, 
i,j 

we see that y'd = dy', so that y' belongs to EndD(S). 
Hence, the sub R-module of S that is generated by the element (m1' ... , mq) 

is stable under y'. This means that there is an element r in R such that 

y'(mb"" mq) = r· (m1,"" mq) 

i.e., y(mi) = r· mi for each index i. Since the m;'s generate M as a C-module, 
it follows that y(m) = r· m for every element m of M. 0 

Proposition 1.2. Let V be a vector space over afield F, and let S be a sub F
algebra ofEndF(V). Let K be an extension field of F.lf V @ K is semisimple 
with respect to S @ K, then V is semisimple with respect to S. Conversely, 
if V is finite-dimensional and semisimple with respect to S, and F is a perfect 
field, then V @ K is semisimple with respect to S @ K. 

PROOF. Suppose that V @ K is semisimple, and consider a sub S-module U 
of V. The assumption implies that there is an S-module projection f1 from 
V @ K to U @ K. Choose an F-space complement C of Fin K. For v in V, 
write 

f1(v) = a(v) + [3(v), 
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where a(v) lies in U and f3(v) in U ® c. Then one sees immediately that a 
is an S-module projection from V to U. Our conclusion is that V is semi
simple. 

In proving the converse, we suppose, without loss of generality, that V 
is a simple S-module. Moreover, if L is an algebraic closure of K, and if 
we show that V ® L is semisimple with respect to S ® L, it will follow from 
what we have already proved that V ® K is semisimple with respect to 
S ® K. Accordingly, we assume that K is algebraically closed. 

Let G be the group of all F-algebra automorphisms of K. Using that F 
is perfect, and the fact that every automorphism of a subfield of K extends 
to one of K, one shows that the G-fixed part KG of K coincides with F. We 
let G act on V ® K by F -algebra automorphisms via the tensor factor K. 
Clearly, G thus acts by S-module automorphisms that permute the sub 
S ® K-modules among themselves. 

Since V ® K is of finite dimension over K, it contains a non-zero simple 
sub S ® K -module, A say. Let B denote the sum in V ® K of the family of 
all transforms x(A), with x in G. Since each x(A) is a simple S ® K-module, 
B is semisimple as an S ® K -module. Therefore, it suffices to prove that 
B = V®K. 

Write the non-zero elements of B in the form Li~ 1 Vi ® Ci' where the 
v;'s are F -linearly independent elements of V, and the c;'s belong to K. 
Take such a sum in which n is as small as possible, and multiply it by ci l 

to ensure that then CI = 1. Apply an element of G to this, and subtract the 
original from the result. This yields a sum in B with fewer than n summands, 
so that we must obtain O. This shows that each Ci must belong to KG, i.e., 
to F, so that B n V =F (0). Since V is simple, this implies that V c B, whence 
B = V ® K. D 

The only purpose of the following lemma is its use in the proof of the 
next theorem, concerning the Jordan decomposition of a linear endo
morphism. 

Lemma 1.3. Let F be a perfect field, x a variable over F. Let f be an element 
of F[x] \ F, and let g be a product of mutually inequivalent prime elements of 
F[x], including the prime factors of f. There is an F-algebra endomorphism 
n of F[x] satisfying 

(1) n(g) E F[x]J, 
(2) n(x) - x E F[x]g. 

PROOF. Since F is perfect, g has no multiple roots in any extension field of 
F, so that g is relatively prime to its formal derivative g'. Thus, there are 
elements u and v in F[x] such that 

ug' + vg = 1. 
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Let a denote the F -algebra endomorphism of F[x] that sends x onto x - ug. 
Then, for every non-negative exponent e, we have 

O'(xe) = x e - exe-1ug + we g2, 

where We is an element of F[x]. It follows that 

O'(g) = g - g'ug + wg2, 

where w belongs to F[x]. By the choice of u and v, the expression on the 
right is equal to vg2 + wg2, so that O'(g) lies in F[X]g2. Since some power 
of g lies in F[x]J, it follows that there is a positive integer m such that O'm(g) 
lies in F[x]f 

Put 11: = ~, so that 11: satisfies (1). Also, 
m-l m-l 

1I:(x) - X = I (O'i+ l(X) - O'i(x» = I O'i(O'(x) - x) 
i=O i=O 

m-l 

= I O'i( -ug) E F[x]g, 
i=O 

which shows that n satisfies (2). o 
Theorem 1.4. Let F be a perfect field, V a finite-dimensional F-space, e an 
F-/inear endomorphism of V. There are F-linear endomorphisms e(n) and e(S) 
of V satisfying the following conditions: e(n) is nilpotent, e(S) is semisimple, 
the sum of these endomorph isms is e, and each is an F -linear combination of 
positive powers of e. Moreover, if a and b are linear endomorph isms of V such 
such that a is nilpotent, b is semisimple, a + b = e and ab = ba, then a = e(n) 
and b = e(s). 

PROOF. Let p be the F-algebra homomorphism from F[x] to Endp(V) 
sending x onto e. The kernel of p is a principal ideal F[x]f Iffis a multiple 
of x, we define g as the product of the prime factors of f; otherwise, we 
define g as this product times x. 

Now let n be the F-algebra endomorphism of F[x] that is provided by 
Lemma 1.3. Let q = p(n(x». By (2) of Lemma 1.3, q belongs to eF[e]. The 
homomorphism po n annihilates F[x]g, because n(g) lies in F[x]f The 
image F[q] of this homomorphism is therefore a homomorphic image of 
F[x]/F[x]g, and so is a direct F-algebra sum offield extensions of F, because 
g is squarefree. This shows that q is a semisimple endomorphism of V. We 
have 

e - q = p(x - n(x» E p(F[x]g), 

whence it is clear that e - q is nilpotent. Therefore, the elements e(S) = q 
and e(n) = e - q satisfy the requirements of the theorem. 

Finally, let a and b be as described in the theorem. Then a and b commute 
with e, and therefore also with e(s) and e(n). It follows that a - e(n) is nilpotent 
and e(s) - b is semisimple. Since these two endomorphisms coincide, each 
is therefore O. 0 
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The decomposition of Theorem 1.4 is called the additive Jordan decomposi
tion of e. The endomorphisms e(S) and e(lI) are called the semisimple and the 
nilpotent component of e. 

In the case where e is an automorphism of V, this decomposition gives 
rise to the multiplicative Jordan decomposition of e, as follows. First, we show 
that, if e is an automorphism, so is e(s). Let W denote the kernel of e(S). Since 
ern) commutes with e(s), it stabilizes W. Since ern) is nilpotent, it follows that, 
if W =I (0), it contains a non-zero element w that is annihilated by ern). But 
then w lies in the kernel of e, contradicting our assumption. Thus, we must 
have W = (0), so that e(s) is an automorphism. 

Now we define 

e(U) = iv + (e(S»-le(n). 

Then e(U) - iv is nilpotent, which is expressed by saying that e(u) is unipotent. 
We have e(s)e(u) = e, and e(S) and e(u) commute with each other. Since e is an 
automorphism, we have iv E eF[e], whence also e(u) E eF[e]. The auto
morphism e(u) is caIIed the unipotent component of e. Finally, as in the situa
tion of Theorem 1.4, one sees readily that the decomposition e = e(s)e(u) is 
unique, in the sense exactly analogous to the uniqueness of the additive 
Jordan decomposition. 

2. Let M be a module and S a subset of End(M). We say that S is nilpotent on 
M if there is a positive integer n such that the product of every sequence of n 
elements of S is O. Let F be a field, G a group, p a representation of G by 
F-linear automorphisms of a finite-dimensional F-space V. We say that p 
is a unipotent representation and that V is a unipotent G-module if the set of 
endomorphisms p(x) - iv, with x in G, is nilpotent on V. 

Theorem 2.1. Let F be a field, and let p be a representation of a group G by 
linear automorphisms of a finite-dimensional F-space V. If p(x) - iv is nil
potent for every element x of G, then p is a unipotent representation. 

PROOF. If K is an algebraically closed field containing F, we can extend the 
given structure in the canonical fashion so as to obtain a representation of 
G by K -linear automorphisms of V ® K that stilI has the property assumed 
for p. Therefore, we suppose without loss of generality that F is algebraically 
closed. Next, if we proceed by induction on dim(V), we reduce the theorem 
to the case where V is simple as a G-module. 

In that case, let R denote the sub F -algebra of EndF(V) that is generated 
by peG). Since F is algebraically closed and V is simple, we have 

EndiV) = Fiv. 

Therefore, we have from Proposition 1.1 that R = EndF(V). The sub F
space of R that is spanned by the elements p(x) - iv is evidently a two-sided 
ideal, J say, of R. If J = (0), then there is nothing to prove. Suppose that 
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J =1= (0). Evidently, EndF(V) is a simple F-algebra. Therefore, we have 
J = EndF(V). On the other hand, since each p(x) - iv is nilpotent, every 
element of J has trace 0, which is clearly not the case for every element of 
EndiV). Thus, we have a contradiction, and so conclude that J = (0). D 

Proposition 2.2. Let G be a group of linear automorphisms of a finite-dimen
sional vector space V. Let Sand T be subgroups of G, with T normal in G. 
If V is unipotent as an S-module and as aT-module, then V is unipotent as an 
ST-module. 

PROOF. For convenience of notation, let us work with the ordinary group 
algebra ~[G] of G over the ring ~ of integers, and let us view V as a ~[G]
module in the evident fashion. If s E Sand t E T then, in ~[G], 

1 - st = s(1 - t) + 1 - s 

and 
(1 - t)s = s(1 - s-Its). 

Hence, a product (1 - Slt l )··· (1 - sntn)' where the s;'s belong to S and the 
t;'s to T, can be written as a sum of products of the form su, where s belongs 
to S, and u is a product whose factors are either 1 - x with x in S or 1 - Y 
with y in T, the total number of factors being n. Using that 

(l - y)(1 - x) = 1 - Y - x(1 - x-1yx), 

we can rewrite each u as an integral linear combination of products of the 
form 

x(1 - Xl)· .. (1 - Xp)(l - Yl) ... (1 - yq), 

where x and the x;'s belong to S, and the y/s belong to T. Moreover, q is 
the number of factors 1 - Y with y in T that occurred in the original expres
sion for u. Therefore, if d is the dimension of V, it follows from the unipotency 
of V as aT-module that the endomorphism corresponding to u is ° whenever 
q ~ d. On the other hand, if q < d and n ~ d2 , then u must contain at least 
d successive factors of the form 1 - x with x in S, so that the corresponding 
endomorphism of V is again equal to 0, because V is unipotent as an S
module. D 

A subgroup T of an algebraic group G is called unipotent if the representa
tions of T by translations from the left on the finite-dimensional left T
stable subspaces of &'(G) are unipotent. We express this property by saying 
that &'(G) is locally unipotent as a T-module. It is clear from the definitions 
that a subgroup T of G is unipotent if and only if the restriction to T of every 
finite-dimensional polynomial representation of G is unipotent. 

Let T be a unipotent subgroup of G, and let V be a finite-dimensional 
left T -stable subspace of &'( G). Let 

(0) = v" c ... c Vo = V 
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be a composition series for V as a T-module. The unipotency of the rep
resentation of T on V is equivalent to the property that the induced rep
resentation of T on each Vj~+ 1 is trivial. This is expressible by the condition 
that T annihilate certain elements of &(G), via evaluation. It follows that 
the closure in G of a unipotent subgroup is still unipotent. Taking the above V 
so that it generates &( G) as algebra, we see that every unipotent subgroup of an 
algebraic group is nilpotent as an abstract group. 

Let Gu denote the subgroup of G that is generated by the family of all 
normal unipotent subgroups of G. We claim that Gu is a unipotent normal 
algebraic subgroup of G. In order to see this, let V be any left Gu-stable 
subspace of &(G) having finite dimension d, and consider the endomorphism 
of V that corresponds to a product in ~(G) of the form 

(l - Xl) ... (1 - Xd), 

where each Xi belongs to Gu • There is a subgroup K of G that contains each 
Xi and is generated by a finite family of normal unipotent subgroups of G. 
By Proposition 2.2, the representation of K on V is unipotent, whence the 
endomorphism of V corresponding to our product is O. Our conclusion is 
that &(G) is locally unipotent as a Gu-module, i.e., that Gu is a unipotent 
subgroup of G. Evidently, Gu is normal in G. By the remark just preceding 
our discussion of Gu , the closure of Gu in G is still unipotent, and it is evidently 
normal in G. Therefore, Gu must coincide with its closure in G, so that it 
is an algebraic subgroup of G. 

We call Gu the maximum normal unipotent subgroup of G. It will play an 
important role in the general structure theory of algebraic groups. 

Let (C, (j, e) be the structure of a coalgebra over a perfect field F. We 
wish to examine the left CO-module structure of C with regard to the Jordan 
decompositions. Recall that the element of Endp(C) corresponding to an 
element y of CO in the left Co -module structure of Cis 

y[ = (ic ® y) ° (j. 

If V is any finite-dimensional CO-stable sub F-space of C, the restriction 
of y[ to V has an additive Jordan decomposition, as described in Theorem 
1.4. It is clear from the unicity part of Theorem 1.4, in conjunction with the 
fact that C is locally finite as a Co -module, that the semisimple and nilpotent 
components of the restrictions of y[ to the various V's fit together to yield 
endomorphisms yl') and y!n) that commute with each other and whose sum 
coincides with y[, such that C is semisimple with respect to y!S) and locally 
nilpotent with respect to y!n). Since, on each V, each of these coincides with 
an F-linear combination of powers of y[, it follows from Proposition 1.2.2 
that they belong to the image of Co in Endp(V), i.e., that there are elements 
y(S) and y(n) in Co whose images under the map, --+ '[ from Co to Endp( C) 
coincide with y!S) and y!n), respectively. Since this map is injective, the elements 
y(S) and y(n) are determined by this last property. In fact, they are the compo
sites of the corresponding elements of Endp( C) with e, as is seen from Prop
osition 1.2.2. We call them the semi simple and nilpotent components of y. 
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In the case where y is an automorphism of C, we obtain the unipotent 
component y(U) in essentially the same way from the finite-dimensional 
situation described at the end of Section 1. 

Theorem 2.3. Let F be a perfect field, and let G be an affine algebraic F -group. 
For every element x of G, the multiplicative Jordan components x(s) and x(u) 

belong to G. For every element r of 2(G), the additive Jordan components 
r(s) and r(n) belong to 2(G). If P is a morphism of affine algebraic F-groups, 
one has 

p(x(S) = p(xYS), 

p'(r(S) = p'(r)(S), 

p(x(U) = p(xYU), 

p'(r(n) = p·(ryn). 

PROOF. Let V be a finite-dimensional left G-stable sub F-space of g}J(G). 
For every linear automorphism e of V + V 2 stabilizing both V and V 2 , 

we define the linear automorphism [e] of HomF(V ® V, V2) by 
[e](h) = eo h 0 (e- l ® e- l ), 

where we use the same letter for an automorphism and its restriction to 
Vor V 2. It is easy to see that [e] is unipotent whenever e is unipotent. We 
claim that [e] is semis imp Ie whenever e is semisimple. Clearly, Proposition 
1.2 enables us to reduce the proof of this to the case where F is algebraically 
closed. In that case, V and V 2 are direct sums of I-dimensional e-stable 
subspaces, whence HomF(V ® V, V2) is a direct sum of I-dimensional 
[e }stable subspaces, showing that [e] is semisimple. 

Now we know that eelS)] is semis imp Ie and that [e(U)] is unipotent. Clearly, 
they commute with each other, and their product is [el Therefore, we have 
from the unicity of the multiplicative Jordan decomposition that 

eelS)] = [e]<s) 

and 
[e(U)] = [e](U). 

Now let x be an element of G, and let e be the restriction of x[ to V + V 2 • 

Let m: V ® V ~ V denote the multiplication map. Since x[ is an F-algebra 
automorphism of &>(G), we have [e] (m) = m. It follows that [e]<S) and [e]<U) 
stabili~e Fm, and hence that they also leave m fixed. By the above, this means 
that eelS)] and [e(U)] leave m fixed. Since this holds for all finite-dimensional 
sub G-modules V of g}J(G), we conclude that xfS) and xfU) are F-algebra auto
morphisms of g}J( G). This implies that x(S) and x(u) are F -algebra homomor
phisms from &>(G) to F, i.e., that they belong to G. 

The proof of the corresponding result for Lie algebra elements is the 
additive analogue of the above. If r is a linear endomorphism of V + V 2 

stabilizing V and V 2 , we define the linear endomorphism (r) of 

HomF(V ® V, V2) 

by 

(r)(h) = r 0 h - h 0 (r ® iy + iy ® r). 
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As above, we see that (r(S» = (rYS) and (r(n» = (ryn). Then we use the fact 
that the F -linear derivations of &Ie G) are characterized by the property 
that their restrictions r to V + V2 satisfy (r)(m) = 0, for every Vas above. 
This proves that the additive Jordan components of the elements of 'p(G) 
belong to .P( G). 

Finally, consider a morphism p: G ~ H of affine algebraic F -groups. 
This makes &I(H) into a polynomial G-module in the evident way. Let x 
be an element of G. We know that every polynomial G-module is locally 
unipotent with respect to X(U) and semisimple with respect to x(S). In particular, 
&I(H) is locally unipotent with respect to p(x(U» and semisimple with respect 
to p(x(S». Since these automorphisms commute with each other and since 
their product is p(x), they must be the components p(x)(S) and p(xYU) of p(x). 

The corresponding results concerning p' are proved in essentially the 
same way. D 

3. We say that a subgroup R of an algebraic group G is linearly reductive 
if &I(G) is semisimple as an R-module. This property is clearly equivalent 
to the property that every polynomial G-module is semisimple as an R
module. Evidently, if R is linearly reductive, so is the closure of R in G. If S 
is a normal subgroup of R then every simple R-module is the sum of the 
family of R-transforms of any simple sub S-module, and hence is semisimple 
as an S-module. Thus, a normal subgroup of a linearly reductive subgroup 
is still linearly reductive. 

It follows that, if G is a linearly reductive algebraic group, then Gu is 
trivial. The converse is true over fields of characteristic 0, but is not true in 
general. 

Finally, it is easy to see from the definitions that a direct product of lin early 
reductive algebraic groups is linearly reductive. 

If F is any field, then the multiplicative group F* of F, with its standard 
structure of affine algebraic F -group, as described in Section 13, is linearly 
reductive. In fact, we have &I(F*) = F[x, X-I], where x is the identity map 
on F*, and, as an F*-module, this is the sum of the family of 1-dimensional 
submodules generated by the powers of x. 

Therefore, the direct product of a finite family of copies of F* is a linearly 
reductive affine algebraic F-group. When F is an infinite field, this group is 
irreducible, and it is called an F-toroid. If F is algebraically closed and of 
non-zero characteristic, then every irreducible linearly reductive affine 
algebraic F-group is an F-toroid. On the other hand, over fields of charac
teristic 0, the supply of linearly reductive groups is ample, including almost 
all the groups of classical interest. 

We wish to describe the role played by linear reductiveness in the context 
of classical invariant theory. It will be convenient to do this in terms of 
comodules, especially because the analogous results concerning Lie algebras 
can thus be covered at the same time. 
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Let C be a coalgebra over a field F. Suppose there is given the structure 
of a C-comodule on F; say 

y: F -> F ® C = C. 

Then y is determined by F-linearity and the single value y(l) E C. If band 8 

are the comultiplication and counit of C, then the assumption on y is equi
valent to the assumption that 8(y(1» = 1 and b(y(1» = y(1) ® y(1). We 
identify F with its image y(F) in C. Then our assumption amounts to having 
the trivial co algebra F contained in C as a sub coalgebra and direct F-space 
summand, in such a way that 8 is an F-space projection from C to F. Note 
that, in the case where C is a Hopf algebra, these extra data are contained 
in the definition of C as such. 

If V is a C-comodule, we denote by V e the subspace of V consisting of 
the elements v for which b(v) = v ® 1. In the case C = &(G), where G is an 
algebraic group, so that V is a polynomial G-module, the subspace Ve is 
precisely the G-fixed part V~ 

We are concerned with the situation where C has the property that 
every C-comodule is semisimple. In this case, there is one and only one 
projection of C-comodules from V to Ve. In order to see this, let us recall 
from Chapter I that the category of C-comodules is naturally isomorphic 
with the category oflocally finite CO -modules of type C. When V is regarded as 
a CO-module, then Ve is the sub CO-module consisting of all elements v such 
that, for every r:t. in Co, r:t.. V = r:t.(l)v. Since V is semisimple as a C-comodule, 
it is semisimple as a CO-module, so that there is CO-module complement, 
W say, for V e in V. By writing an element v of V as a sum of an element of 
Ve and an element of W, we see that r:t.. v - r:t.(I)v belongs to W for every 
element r:t. of Co. 

Let Ve denote the subspace of V that is spanned by the elements of the 
form r:t.. V - r:t.(l)v. This is evidently a sub CO-module of W By semisimplicity, 
there is a CO-module complement, T say, for Ve in W It is clear that T eVe. 
Hence, 

T c V e n Ve c Ve n W = (0). 

Our conclusion is that Ve is the only CO -module complement for VC in V, 
i.e., the only C-comodule complement for Ve in V, so that our above claim is 
established. 

Let H be an F -Hopf algebra, R any F -algebra. Let p: R ® R -> R denote 
the multiplication of R. We say that R is an H-comodule algebra if it is 
endowed with a structure [3: R -> R ® H of an H-comodule that is com
patible with the algebra structure of R, in the sense that the maps [3 0 p and 
(p ® iH ) ° ([3 [8] [3) from R ® R to R ® H coincide. In the case where 
H = &'(G), this means that G acts by F-algebra automorphisms on R. 

Theorem 3.1. Let F be afield, Han F-Hopf algebra with the property that 
every H-comodule is semisimple. Suppose that R is a commutative H-comodule 
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algebra that isfinitely generated as an F -algebra. Then RH is afinitely generated 
F-algebra. 

PROOF. It follows directly from the definitions that RH is a sub F -algebra 
of R. What must be proved is that it is finitely generated. There is a finite
dimensional sub F -space of R that generates R as an F -algebra. The smallest 
sub H-comodule of R containing this is still finite-dimensional. Hence, there 
is a finite-dimensional sub H-comodule V of R that generates R as an F
algebra. 

Let S denote the symmetric F-algebra constructed over V. From the H
co module structure of V, we obtain an H-comodule structure of S in the 
canonical fashion via the tensor product construction for comodules. It 
is clear that S thus becomes an H-comodule algebra. From the multiplication 
of R, we have a surjective map a: S -+ R, which is evidently a morphism of 
H-comodule algebras. We have S = SH + SH, R = RH + RH, a(SH) c RH 
and a(SH) c RH. Since the sums here are direct sums, it follows that 
a(SH) = RH. Therefore, it suffices to prove that SH is finitely generated. 

In doing this, we use the grading of S, writing Sm for the homogeneous 
component of degree m of S. Each Sm is a sub H-comodule of S, so that 
SH is the sum of the (Sm)H's. Let I denote the ideal of S that is generated by 
the (Sm)H's with m > 0. There are homogeneous elements Ul"'" Un of 
strictly positive degrees in SH such that 

I = Su 1 + ... + SUn· 

We shall prove that 

SH = F[u!> ... , un]. 

It suffices to show that each (Sm)H is contained in F[u!> ... , un]. This is 
evidently true for m = 0. Therefore, we suppose that m > 0, and that (Sk)H 
is contained in F[Ul,' .. ,un] for every k < m. 

Let U be an element of (Sm)H. Then U belongs to I, so that 

U = S 1 U 1 + . . . + Sn Un , 

with each S; in S. Moreover, if d; is the degree of U;, we may evidently 
choose S; from Sm-di' Now let n be the unique H-comodule projection 
from S to SH. Then the restriction of n to Sk is the unique H-comodule pro
jection from Sk to (Sk)H for every k. Furthermore, if x is a non-zero element 
of SH then the maps sx -+ n(sx) and sx -+ n(s)x must coincide, because 
each is an H-comodule projection from Sx to (SX)H. Hence, we have 

U = n(u) = n(sl)ul + ... + n(sn)un. 

Now n(s;) belongs to (Sm-df, and it follows from our inductive hypothesis 
that n(s;) belongs to F[Ul' ... ,un]. Hence, U E F[Ul" .. ,un]. D 

The most important case of Theorem 3.1 is the case where H is the Hopf 
algebra of polynomial functions of an algebraic group. We state this as 
follows. 
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Corollary 3.2. Let G be a linearly reductive algebraic group, and let R be a 
finitely generated commutative algebra on which G acts by algebra automorph
isms and in such a way that R is a polynomial G-module. Then the G-fixed 
part of R is a finitely generated algebra. 

4. We discuss the general features of semidirect products of algebraic groups. 
Let F be a field, G an affine algebraic F -group, N a normal algebraic subgroup 
of G. We know from Theorem 11.2.2 that :?lJ(G)N separates the elements of 
GIN. By Theorem 11.4.3, the sub Hopf algebra :?lJ(Gt is finitely generated as 
an F-algebra. Let K denote the group '§(:?lJ(Gt). This is an affine algebraic 
F-group with :?lJ(K) = :?lJ(Gt, because the restriction image of G in K 
separates the elements of :?lJ(G)N. We know, also from Theorem 11.4.3, that 
the restriction morphism from G to K is surjective whenever F is algebraic
ally closed. However, this does not always hold if F is not algebraically 
closed. We shall say that N is properly normal in G if the restriction morphism 
G ~ ,§(:?lJ(G)N) is surjective, so that GIN is an affine algebraic F-group 
with :?lJ(GIN) = :?lJ(G)N. 

Now suppose that N is properly normal in G, and that there is an algebraic 
subgroup R of G such that the following conditions are satisfied: (1) G = N R; 
(2) N n R = (1); (3) the restriction to R ofthe canonical morphism G ~ GIN 
is an isomorphism of algebraic groups. Under these circumstances we say 
that G is the semidirect product of Nand R, and we indicate this by writing 
G=N><lR. 

As to condition (3), note that, in any case, the restriction to R of the 
canonical morphism G ~ GIN is a bijective morphism of algebraic groups 
from R to GIN. The extra assumption is that its inverse is also a morphism of 
algebraic groups. This is satisfied automatically whenever the base field 
is algebraically closed and of characteristic 0, by virtue of the following 
theorem. 

Theorem 4.1. Let F be an algebraically closed field of characteristic 0. Let 
G be an affine algebraic F-group, and let B be a sub Hopf algebra of :?lJ(G). 
If the restriction morphism p: G ~ ,§(B) is injective then B coincides with 
:?lJ( G). 

PROOF. Under the present assumptions, '§(B) is an affine algebraic F-group 
with :?lJ(,§(B» = B, and p is a bijective morphism of affine algebraic F
groups. Clearly, this implies that p maps the set of irreducible components 
of G bijectively onto the set of irreducible components of ,§(B). We have the 
direct F-algebra decompositions of :?lJ(G) and B reflecting the irreducible 
components, as described in Theorem 11.2.3. From what we have just said 
concerning p, it is clear that the transpose of p respects these F -algebra 
decompositions. We see from this that it suffices to prove the theorem in 
the case where G is irreducible. In that case, we may apply Proposition 
III.2.4 and conclude that :?lJ(G) is purely inseparably algebraic over [Bl 
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Since F is of characteristic 0, this means that £?lI(G) is contained in [Bl 
By Lemma II.4.2, this implies that B coincides with £?lI(G). 0 

Now let us examine the above semidirect product G = N Xl R. For 
each element f of £?lI( G), we denote by fR and fN the restrictions off to Rand 
N, so that fR E £?lI(R) and fN E £?lI(N). Let us denote the inverse of the restric
tion to R of the canonical morphism n: G ---4 GIN by cc GIN ---4 R. The 
transpose of IX is an isomorphism ofHopf algebras, p say, from £?lI(R) to £?lI( G)N. 
On the other hand, define the polynomial projection f3: G ---4 N by 

f3(x) = xlX(n(x»-l 

and note that f3(xy) = f3(x) whenever y belongs to R. It follows that the 
transpose of f3 is an isomorphism of F -algebras, (J say, from £?lI(N) to £?lI( G)R, 
the inverse being the restriction map. 

We shall use p and (J in showing that, as an affine algebraic F-set, G is the 
direct product of Nand R. In fact, we shall show that the multiplication map 

£?lI( G)R ® £?lI( Gt ---4 £?lI( G) 

is an isomorphism of F -algebras. Then, by preceding this with (J ® p, we 
obtain an isomorphism of F-algebras from £?lI(N) ® £?lI(R) to £?lI(G). 

From the fact that the set N x R separates the elements of 

£?lI(Gl ® £?lI(G)N, 

it follows that the multiplication map is injective. In order to prove the 
surjectivity, consider an element f of £?lI( G), and write 

6(f) = I Ui ® Vi 
i 

with the u/s and v/s in £?lI( G), so that 

f(xy) = I u;(x)v;(y). 
i 

Here, we let x range over Nand y over R. Then, from the definitions of p 
and a, we have 

v;(Y) = P«Vi)R)(XY) and u;(x) = a«u;)N)(XY), 

whence the above shows that 

f = I a«U;)N)p«Vih), 
i 

so thatfbelongs to the multiplication image of £?lI(Gl ® £?lI(Gt. 0 

Theorem 4.2. Let G be an algebraic group, and suppose there is a linearly 
reductive subgroup R of G such that G = GuR. Then R is an algebraic sub
group ofG, and G is the semidirect product Gu Xl R. 
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PROOF. Let R + denote the closure of R in G. Then R + is still linearly reductive. 
The intersection R + n Gu is a normal subgroup of R +, and therefore is 
again a linearly reductive subgroup of G. On the other hand, it is clearly a 
unipotent subgroup ofG. It follows that R+ n Gu = (1) and R = R+. 

Choose a finite-dimensional sub G-module V of gt/(G) that generates 
gt/( G) as an algebra, and let 

(0) = v" c ... c Vo = V 

be a composition series of V as a G-module. Construct the external direct 
sum, V' say, of the G-modules V;/V;+ 1. Since V is semisimple as an R-module, 
there is an isomorphism of R-modules y: V' ~ V. Let, and " denote the 
representations of G on V and V', respectively. 

Clearly, there is one and only one map a: G ~ R such that xGu = a(x)Gu 
for every element x of G, and a is evidently a group homomorphism leaving 
the elements of R fixed. We shall prove that a is a morphism of algebraic 
groups. 

Since Gu acts trivially on each V;/V;+ 1, we have " = " 0 a. Hence, for every 
element x of G, we have 

y,'(X)y-1 = y,'(a(x))y-1 = ,(a(x)). 

Hence, if v is an element of V, we have 

v(a(x)) = e(,(a(x))(v)) = e«y,'(X)y-1)(v)), 

which shows that v 0 a is a representative function associated with the 
polynomial representation ,', so that v 0 a belongs to gt/( G). Since V generates 
gt/(G) as an algebra, we conclude that gt/(G) 0 a c gt/(G). Since 

gt/( G) 0 a = gt/(R) 0 a, 

this means that a is a morphism of algebraic sets, and hence a morphism of 
algebraic groups from G to R. 

Clearly, gt/(G) 0 a is element-wise fixed under the translation action of 
Gu. Moreover, iffis an element of gt/(G)Gu, thenf = f 0 a. We see from this 
that the transpose of a yields an isomorphism of Hopf algebras 

p: gt/(R) ~ gt/( G)Gu. 

Now define the polynomial map f3: G ~ Gu by 

f3(x) = xa(x)-1. 

Then the transpose of f3 yields an isomorphism of algebras 

a: gt/( Gu) ~ gt/( G)R 

Now the argument just precediqg Theorem 4.2 applies without change to 
show that the multiplication map from gt/(G)R @ gt/(G)Gu to gt/(G) is an 
isomorphism of algebras. From this, we see immediately that the restriction 
map from G to ~(gt/(G)Gu) is surjective, i.e., that Gu is properly normal in G. 
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Our above morphism IX has Gu for its kernel, and therefore induces a 
morphism of algebraic groups from GIGu to R in the natural fashion. Clearly, 
this is the inverse of the restriction to R of the canonical morphism from G 
to GIGu. Now it is clear that G is the semidirect product Gu Xl R. D 

5. Theorem 5.1. Let F be a perfectfield, and let G be an abelian affine algebraic 
F-group. There is one and only one linearly reductive algebraic subgroup Gs 

ofG such that G is the direct product Gu x Gs • The elements ofGs are precisely 
the semisimple elements of G, and every linearly reductive subgroup of G is 
contained in Gs . 

PROOF. Let R be a linearly reductive subgroup of G. Since F is perfect and 
PJ>(G) is locally finite as an R-module, we may apply Proposition 1.2 and 
conclude that, for every field K containing F, the tensor product PJ>(G) ® K 
is still semisimple as an R-module. Choose K algebraically closed, and 
consider a finite-dimensional G-stable sub K-space V of PJ>(G) ® K. Since R 
is abelian, there is a finite family of group homomorphisms p from R to K* 
and a corresponding decomposition of V into the direct sum of sub K -spaces 
Vp such that each element x of R acts on Vp as the scalar multiplication by 
p(x). If R' is another linearly reductive subgroup of G then, since the elements 
of R' commute with those of R, each Vp is R' -stable, and has a decomposition 
as a direct sum of characteristic subs paces with respect to R'. Thus, by 
refining the first decomposition, we obtain a decomposition of V into a 
direct sum of a family of sub K-spaces such that the group generated by R 
and R' acts by scalar multiplications on each component. 

Now let (Raj be a totally inclusion-ordered family of linearly reductive 
subgroups of G. Since V is finite-dimensional, the decomposition refinement 
process obtained by applying the above to successive members of our family 
(Raj must terminate, whence we see that V is a sum of 1-dimensional sub 
K -spaces each of which is stable under the action of the union of our family 
(R,,) Since this holds for each V, it follows that PJ>(G) ® K is semisimple as 
a module for the union of the family (RaJ By Proposition 1.2, this implies 
that this union is a linearly reductive subgroup of G. At the same time, it is 
clear from the above that the subgroup generated by a pair of linearly 
reductive subgroups is again a linearly reductive subgroup. 

Now we can apply Zorn's lemma and conclude that there exists a maximal 
linearly reductive subgroup Gs of G. From the last remark, it is clear that 
every linearly reductive subgroup of G is contained in Gs • In particular, 
it follows that every semisimple element of G belongs to Gs • On the other 
hand, it is clear from the situation in PJ>(G) ® K that every element of Gs is 
a semisimple element. 

Now let x be any element of G, and consider its multiplicative Jordan 
decomposition x = x(u)x(S). We have x(S) E Gs • Since G is abelian, we have 
x(U) E Gu. Thus, G = GuGs . By Theorem 4.2, G is therefore the semidirect 
product of Gu by Gs • Since G is abelian, this is the direct product. 0 
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Theorem 5.2. IfF is an algebraically closed field then every abelian irreducible 
linearly reductive affine algebraic F -group is an F -toroid. 

PROOF. Let G be such a group, and let V be a finite-dimensional G-stable 
sub F-space of &(G) that generates &(G) as an F-algebra. The assumptions 
on G imply that V is the direct G-module sum of a finite family of I-dimen
sional G-modules. Say 

V = FVl + ... + Fvq . 

For each element x of G, we have X· Vi = 'Ylx)v;, where 'Yi is an element of 
&(G) that is a group homomorphism from G to F*. From now on, we shall 
refer to such homomorphisms as polynomial characters. 

We have Vi = S(Vi)'Yi' Since V generates &(G) as an F-algebra, it follows 
that, ifL denotes the multiplicative group generated by the 'Y/s, every element 
of &(G) is an F-linear combination of elements of L. Recall the elementary 
fact that group homomorphisms from an arbitrary group to the multi
plicative group of a field are linearly independent over that field, as functions. 
It follows from this that every element of &( G) that is a group homomorphism 
to F* belongs to L. In other words, L is the group of all polynomial charac
ters of G. 

Let a be any polynomial character of G. Evidently, a is a morphism of 
affine algebraic F-groups from G to F*. By Theorem 11.4.1, a(G) is therefore 
an irreducible algebraic subgroup of F*. By the evident dimension consider
ation, we have therefore a(G) = F* or a(G) = (1). In particular, this shows 
that L is torsion-free. Since L is finitely generated, it is therefore the free 
abelian group based on a finite subset (a 1, ... , an). Since the elements of L are 
F-linearly independent as functions, the a/s are algebraically independent 
over F. We have 

&( G) = F[ a b ... , an' all, ... , a,;- 1]. 

This is the tensor product of the sub Hopfalgebras F[ai' ai- 1], each of which 
may be identified with &(F*). Accordingly, G is the direct product of a 
family of n copies of F*. 0 

Theorem 5.3. Let F be an algebraically closed field, G an abelian affine al
gebraic F-group, K an algebraic subgroup of G, and r a morphism of affine 
algebraic F-groups from K to an F-toroid T. Then r extends to a morphism of 
affine algebraic F -groups from G to T. 

PROOF. Evidently, it suffices to prove the theorem in the case where T = F*. 
By Theorem 5.1, we have the direct product decompositions G = Gu x Gs 

and K = Ku x Ks. Clearly, Ku is an algebraic subgroup of Gu, and Ks is 
an algebraic subgroup of Gs • Since r(Ku) is a unipotent subgroup of F*, it 
is clear that Ku is contained in the kernel of r. If we show that the restriction 
of r to Ks extends to a morphism of affine algebraic F-groups from Gs to 
F*, then we obtain the required extension of r by composition with the 
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projection morphism from G to Gs with kernel Gu • Therefore, we assume 
without loss of generality that G and K are linearly reductive. 

Next, we reduce the theorem to the case where G is irreducible. Let 
r 1 : G1 n K ~ F* be the restriction of r. Suppose that there is an extension 
of r 1 to a morphism bf affine algebraic F-groups 0'1: G1 ~ F*. Consider the 
group homomorphism 

0:: G1 x K ~ F* 

where 

o:(x, y) = 0'1 (.x)r(y). 

Since 0'1 coincides with r on G1 n K, the kernel of 0: contains the kernel of 
the composition morphism from G1 x K to G1 K c G. Therefore, 0: yields a 
group homomorphism f3 from G1K to F* such that the restriction of f3 to 
G 1 coincides with 0' b and the restriction of f3 to K coincides with r. Since 
F* is a divisible group, f3 extends further to a group homomorphism from 
G to F*. Since the restriction of f3 to G1 is a morphism of affine algebraic 
F-groups, so is this last group homomorphism from G to F*. 

It remains to deal with the case where G is irreducible. In this case, we 
know from Theorem 5.2 that G is an F-toroid. Let us regard r as an element 
of &P(K), and let us choose an element f of &P( G) whose restriction to K is r. 
Since G is an F-toroid,f is an F-linear combination Lf= 1 Cih;, where each 
Ci is in F, and each hi is a polynomial character of G. We choosefso that m 
is as small as possible. The F-linear combination Lf= 1 C;(h;)K of the restric
tions to K of the h;'s is the given group homomorphism r. Since m is minimal, 
the (hi)K'S are mutually distinct. If r were distinct from each (hi)K, we would 
have a contradiction to the fact that distinct group homomorphisms to the 
multiplicative group of a field are linearly independent as functions. Thus, 
we must have m = 1 and r = (hdK, so that hI is the required extension of 
r. 0 

Notes 

1. Let V be a finite-dimensional real or complex vector space, and let x 
be a linear endomorphism of V. In the notation of the Jordan decompositions, 
show that 

exp(xYS) = exp(x(S») and exp(x)<U) = exp(x(n»). 

2. Let F be a field of non-zero characteristic p, and let G be an affine 
algebraic F -group. Show that, for every unipotent element x of G, there is 
an exponent n ;;:: 0 such that x is of order pn. Assuming that F is perfect, 
deduce from this that, for every element x of G, there is an n ;;:: 0 such that 
x p" is semisimple. 

3. With regard to our allusions to the classical invariant theory and" classical" 
linearly reductive groups, see [18]. 
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4. Let F be an algebraically closed field, and let p denote the characteristic 
exponent of F, i.e., the characteristic of F if that is not zero, and 1 otherwise. 
Let G be an abelian linearly reductive affine algebraic F-group. Let X(G) 
denote the group of polynomial characters of G. One sees as in the proof of 
Theorem 5.2 that X(G) is finitely generated. Moreover, it is easily seen that 
X(G) is p-torsion free. The Hopf algebra &P(G) may be identified with the 
group algebra F[X(G)], whose co multiplication and antipode are given by 
(j(f) = I ® I and Yf(f) = 1- l, for every element I of X( G). 

Conversely, let A be any finitely generated abelian group without p
torsion. One shows readily that the group algebra F[A] has no nilpotent 
elements other than 0, so that ~(F[A]) is an affine algebraic F-group with 
F[A] as its Hopf algebra of polynomial functions. Next, one can show that 
this is a group G as above, and that X(G) = A. 

The above yields a functor X(*) from the category of abelian linearly 
reductive affine algebraic F -groups to the opposite of the category of finitely 
generated abelian groups with no p-torsion, and a functor ~(F[ *]) in the 
opposite direction, by which these two categories become naturally iso
morphic. 
5. Let F be an algebraically closed field of non-zero characteristic p, and 
suppose that V is a non-trivial irreducible unipotent affine algebraic F
group. Let M be a finite-dimensional polynomial V -module such that 
the associated representative functions generate &P( V) as an F -algebra. 
Let SP(M) denote the homogeneous component of degree p of the symmetric 
algebra SCM) built over M, and let T denote the sub V-module of SP(M) 
consisting of the pth powers in SCM) of the elements of M. 

It has been shown by M. Nagata that T is not a direct V-module sum
mand in SP(M). This implies that, if G is an irreducible affine algebraic 
F-group having an infinite unipotent subgroup, then G is not linearly 
reductive. It will be seen later (cf. Note XIII.3) that the only irreducible 
affine algebraic F-groups having no infinite unipotent subgroup are the 
toroids. Thus, one has Nagata's result that the only irreducible linearly 
reductive affine algebraic F-groups are the toroids. 

In order to verify that T has no V -module complement in SP(M), observe 
first (using that [.9(V)] is a finitely generated separable field extension 
of F) that not every element of &P(V) is a p-th power of an element of &P(V). 
Let Q denote the sub F-algebra of &P(V) consisting of the p-th powers of 
the elements of &P(V). There is an F-basis (Xl, ... , xm) of M such that, for 
every indexj and every element u of V, one has 

i>j 

with each hj in &P(V). By assumption, these h/s generate .9(V) as an F
algebra. Therefore, it follows from the first observation that there are indices 
rand s, with r > s, such that frs does not belong to Q, while Iij belongs 
to Q whenever j > s, and hs belongs to Q whenever i > r. 
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Choose the basis (x 1, ... , Xm) so that r - s is minimal. Then it follows 
that Irs is not the sum of an element of Q and an F-linear combination of 
h;s with i =f. r. In fact, otherwise there are elements Ct.i in F such that 
Irs - LS<i<r Ct.ihs belongs to Q. Replacing each Xi where s < i < r with 
Xi + Ct.iXr, one obtains a new F-basis of M with the same "triangular" 
property as (x 1, ••. , xm ), the same" s", but a smaller" r". This contradicts the 
minimality of the original r - s, so that the claim concerning the" indepen
dence" of Irs is established. 

Since hs belongs to Q whenever i > r, the same is true for the translates 
hs' u, where u is an element of V. Thus, Li h/u)jjs belongs to Q for every 
i> r and every element u of V. By virtue of the independence property of 
Irs, this implies that hr(u) = 0, which means that Xr is V-fixed. 

Now suppose that there is a V-module complement, H say, for Tin 
SP(M). For i ~ sand i =f. r, let hi denote the component of XiX~-l in H. For 
every element u of V, we have (interpreting Iss as the constant 1) 

whence 

and 

U· (xsX~-l) = L h,(U)XiX~-l 
i'2!s 

u . hs = L h,(u)hi 
i2!s 
i*r 

u . (xsX~-l - hs) = Ir'(u)x~ + L h,(U)(XiX~-l - h;) 
i'2:;s 
i*r 

Since xsX~-l - hs belongs to T, the expression on the left has the form 
Li giu)PX) with each gi in 9(V). Writing each XiX~-1 - hi as an F-linear 
combination of x)'s, we see that the last equation yields coefficients Yi in F 
such that 

Irs + L Yi hs = g~ E Q, 
i'2:;s 
i*r 

which contradicts the independence property of Irs. 



Chapter VI 

Solvable Groups 

This chapter develops the basic structure theory of solvable algebraic 
groups. For the principal results, it is assumed that the base field is algebrai
cally closed and that the group is irreducible. In the presence of these assump
tions, the solvable groups are characterized by the property that their simple 
polynomial modules are I-dimensional. This is the Lie-Kolchin Theorem, 
given here as Theorem 1.1. 

Section 2 is devoted to technical preparations for the proof of the main 
structural result, Theorem 3.2, which gives the decomposition of an irre
ducible solvable algebraic group G over an algebraically closed field as a 
semidirect product of Gu by a toroid. 

In Section 4, it is shown that irreducible 1-dimensional algebraic groups 
are commutative, and Section 5 deals with the structure of commutative 
groups. 

1. Theorem 1.1. Let F be an algebraically closedjield. G an irreducible solvable 
affine algebraic F-group. Then every simple polynomial G-module is I-dimen
sional. 

PROOF. By applying Theorem 11.4.1 to the polynomial map from G x G to G 
that sends each pair (x,y) onto xyx-1y-l, we see that the commutator 
subgroup, K say, of G is an irreducible algebraic subgroup of G. Since G is 
solvable, we have K #- G whenever G is non-trivial. Making an induction 
on the dimension of G, we assume that the theorem holds for K. 

Let V be a simple polynomial G-module. From the normality of K in G, 
it follows that V is a semisimple K-module (cf. the beginning of Section V.3). 
By our inductive hYPolhesis, V is therefore a direct sum of a family of 1-di
mensional K-stable subspaces. By forming the appropriate partial sums, we 
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obtain a direct K-module decomposition 

with corresponding mutually distinct polynomial characters Yi of K such that 
each element x of K acts on each V; as the scalar multiplication by Yi(X). Since 
K is normal in G, the elements of G permute the V;'s among themselves. 
Therefore, the stabilizer of V1 in G is of finite index in G. Since G is irreducible, 
this implies that the stabilizer of V1 coincides with G. Since V is simple as a 
G-module, we have therefore V1 = V. This result means that K acts by 
scalar multiplications on V. 

The determinants of the linear automorphisms of V corresponding to the 
elements of K must all be equal to one, because these elements are products 
of commutators. Hence, if n is the dimension of V, we have Yl(X)" = 1 for 
every element x of K. This shows that the kernel of Yl is of finite index in 
K. Since K is irreducible, this implies that Yl is the trivial character, i.e., 
that every element of V is fixed under the action of K. Therefore, we may view 
Vas a GIK-module. Since GIK is abelian and V is simple as a GIK-module, 
while F is algebraically closed, it follows that V is 1-dimensional. 0 

Corollary 1.2. rr G is as in Theorem 1.1 then GIGu is abelian, and every uni
potent element ofG belongs to Gu • 

PROOF. By Theorem 1.1, the commutator subgroup of G acts trivially on 
every simple polynomial G-module. Therefore, it must be contained in Gu , 

so that GIGu is abelian. 
Now let x be a unipotent element of G, and let H be the subgroup of G 

that is generated by x and Gu • It follows from Proposition V.2.2 that H is 
unipotent. Since GIGu is abelian, H is normal in G. Therefore, we must 
have H = Gu , which means that x belongs to Gu . D 

2. Lemma 2.1. Let F be a field, G a unipotent affine algebraic F-group, e a 
positive integer not divisible by the characteristic ofF. Then the map x 1--+ xe is 
bijective from G to G. 

PROOF. First, we deal with the case where F has non-zero characteristic p. 
Choose a finite-dimensional sub G-module V of £?P(G) that generates £?P(G) 
as an F-algebra. Let x be an element of G, and denote the restriction of x[ 
to V by x'. Since G is unipotent, there is a positive integer n such that the 
pn-th power of x' - iv is 0, so that (x,yn = iv. Since V generates £?P(G) as an 
F -algebra, this implies that xpn is the neutral element of G. By the assumption 
on e, there are integers rand s such that re + spn = 1. If y = xr, we have 
ye = x. Moreover, if ze = ye,and we choose rand s as above for a sufficiently 
large n, then taking the rth power yields z = y. 
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It remains to deal with the case where F is of characteristic O. Write i 
for i&'(G)' From the fact that ,o/'(G) is the sum of sub G-modules on each of 
which i - x[ is nilpotent, it follows that the formal sum 

10g(xD = - L n-1(i - x[t 
n>O 

makes sense as a linear endomorphism of £!l>(G). Evidently, it is locally 
nilpotent on £!l>( G). Similarly, if y is any locally nilpotent linear endomorphism 
of £!l>( G), we interpret the formal exponential series exp(y) as a linear endo
morphism of £!l>(G). By a straightforward application of the calculus of 
formal power series, one verifies that, for every integer m, 

exp(m log(x[» = xr. 

U sing this in conjunction with the fact that x[ is an F -algebra homomorphism, 
we show that log(x[) is a derivation, as follows. 

Let t be an auxiliary variable, and extend the various F -linear endo
morphisms of £!l>(G) to F[tJ-linear endomorphisms of the polynomial ring 
£!l>(G)[tJ in the evident way. Clearly, we may extend the above so as to 
interpret exp(t log(x[» as an F[tJ-linear endomorphism of £!l>(G)[t]. Now let 
fand g be elements of £!l>(G), and consider the expression 

exp(t log(x[»(fg) - exp(t log(x[»(f) exp(t log(x[»)(g). 

This is a polynomial pet) with coefficients in £!l>(G). By the above, we have 
p(m) = 0 for every integer m. This implies that every coefficient of pet) is O. 
Equating the coefficient of t to 0 yields 

Thus, log(x[) is a derivation of £!l>(G). A familiar formal argument shows 
that this implies that exp(e- 1 log(x[» is an F-algebra automorphism of 
£!l>(G). Denoting this by u, we have ue = xl' Hence, if y = eo u, we have 
y E G and ye = x. Finally, if z is any element of G such that ze = x, we have 
z[' = y[" from which we get z = y by taking logs, dividing bye, and then 
applying e 0 expo 0 

Let S be a group, M an S-module,f a map from S to M. One says that 
f is a co cycle for S in M if 

f(xy) = X· fey) + f(x) 

for all elements x and y of G. Such a co cycle is called a coboundary if there is 
an element m in M such that 

f(x) = x·m - m 

for every element x of S. 
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Proposition 2.2. Let F be an algebraically closed field, G an abelian linearly 
reductive affine algebraic F-group, M a unipotent abelian affine algebraic 
F-group having a G-module structure such that the defining map from G x M 
to M is a polynomial map. Let/be a polynomial (map and) cocyclefor G in M. 
Then/is a coboundary. 

PROOF. By Theorem V.5.2, the irreducible component G1 of the neutral 
element in G is an F-toroid. Since F is algebraically closed, G1 is therefore a 
divisible group. Since G is abelian, it follows from this that G is the direct 
product of G1 and a finite group. With all this information, it is easy to see 
that there is an increasing sequence (G(n») of finite subgroups of G whose 
union is dense in G. In the case where F has non-zero characteristic p, the 
order of every element of each G(n) is not divisible by p, because every element 
of the abelian linearly reductive group G is semisimple. Therefore, if en 
denotes the order of G(n), then en is not divisible by the characteristic of F. 
Now we have from Lemma 2.1 that, if we write M additively, the multi
plication by en is bijective from M to M. 

Consider the restriction of f to G(n). If we sum the cocycle identity for 
all y's in G(n), we obtain 

enf(x) = s - x· s, 

where s is the sum of the f(y)'s. Since we can divide by en, this shows that 
the restriction off to G(n) is a coboundary. 

Now let M(n) denote the set for all elements m of M such that 

f(x) = X· m - m 

for all elements x of G(n). We have just seen that M(n) is non-empty. Evi
dently, M(n + 1) c M(n) for each n. The assumption on the G-module 
structure of M implies that each M(n) is closed in M. Since M is Noetherian 
as a topological space, it follows that the sequence (M(n» is eventually 
constant. This implies that there is an element m in M such that 

f(x) = X· m - m 

for every x in the union of the sequence (G(n». Since this union is dense in G, 
and since f and the G-module structure are polynomial maps, it follows that 
f(x) = X· m - m for every element x of G. 0 

3. Theorem 3.1. Let F be an algebraically closed field, G an irreducible 
nilpotent affine algebraic F -group. The semisimple elements of G constitute 
a central algebraic subgroup Gs o{G such that G is the direct product Gu x Gs • 

The group Gs is an F-toroid and contains every linearly reductive subgroup 
ofG. 

PROOF. Let C denote the center of G. Since G is nilpotent, C 1 is trivial only 
if G is trivial, because the descending central series of G terminates at the 
trivial subgroup and, by Theorem 11.4.1, all its members are irreducible 
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algebraic subgroups of G. First, we show by induction on the dimension 
of G that every semisimple element of G belongs to C. In doing this, we 
assume that G, and hence C 1, is non-trivial, and that the assertion has been 
established in the lower cases. 

Since C1 is non-trivial, the dimension of GjC is strictly smaller than that 
of G. Let x be a semisimple element of G, and let y be an arbitrary element 
of G. The canonical image of x in GjC is a semisimple element, so that our 
inductive hypothesis implies that yxy-1 = ex, with e E C. It is clear that the 
multiplicative Jordan components of e as an element of G lie in C. It follows 
that the unipotent component of e is that of yxy-1. Since x is semisimple, so 
is yxy-1. Therefore, the unipotent component of e is trivial, i.e., e is a semi
simple element of G. On the other hand, e belongs to the commutator sub
group of G, which is contained in Gu, by Corollary 1.2. Therefore, e must be 
the neutral element, whence x lies in the center of G. 

Since the semisimple elements of G belong to C, we conclude from 
Theorem V.S.l that they constitute the unique maximum linearly reductive 
subgroup Cs of C. Thus, the group Gs of the present theorem is Cs • We know 
from Corollary 1.2 that every unipotent element of G belongs to Gu . There
fore, the Jordan decompositions for the elements of G show that G = GuGs. 
By Theorem V.4.2, this implies that G is the semidirect product Gu Xl Gs • 

Since Gs is central in G, this means that G is the direct product Gu x Gs • 

Since G is irreducible, so are therefore Gu and Gs • In particular, by Theorem 
V.S.2, Gs is therefore an F-toroid. 

Finally, let R be any linearly reductive subgroup of G. The image of R 
under the projection morphism from G to Gu with kernel Gs is a linearly 
reductive subgroup of Gu, and is therefore trivial. This means that ReGs. 

o 
For subgroups A and B of a group G, we denote by [A, BJ the subgroup 

of G that is generated by the commutators aba - 1 b - 1 with a in A and b in B. 
Let F be an algebraically closed field, G an affine algebraic F-group. 

Define a sequence of subgroups of Gu as follows. 

Clearly, each G~n) is normal in G, and G~n+ 1) C G~n). The intersection of the 
family of these G~n)'s is a normal subgroup of G, and it is denoted by G;:'. 

Now suppose that G is irreducible and solvable. Define a sequence of 
subgroups of G as follows. G[O] = G; G[n+ 1] = [G, G[n]]. Again, this is a 
descending sequence of normal subgroups of G. By Theorem 11.4.1, each 
G[n] is an irreducible algebraic subgroup of G, and we know from Corollary 
1.2 that G[1] c Gu.1t follows that, for each n > 1, we have 

G~n) c G[n] c G~n-1). 

Since G is Noetherian. as a topological space, the descending sequence of 
closed subsets G[n] must be eventually constant. Hence, the above shows that 
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G:' = GIn] for all sufficiently large n's. In particular, G:' is an irreducible 
normal algebraic subgroup of G whenever G is irreducible and solvable. 

Theorem 3.2. Let F be an algebraically closed field, G a solvable irreducible 
affine algebraic F-group, T a maximal F-toroid in G. Then G is the semidirect 
product Gu><J T, and,jor every linearly reductive subgroup K of G, there is an 
element r in G:' such that rK,.-l c T 

PROOF. First, we show that there is an F -toroid T in G such that G is the 
semi direct product Gu><J T By Theorem VA.2, this will hold provided 
only that G = Gu T In the case where G is nilpotent, Theorem 3.1 contains 
the required result. Now suppose that G is not nilpotent. Then G must 
contain a non-central semisimple element, s say, because otherwise every 
commutator formed with elements of G is also a commutator formed with 
unipotent elements, i.e., elements of Gu , which implies that G is nilpotent. 

Let GS denote the centralizer of s in G. Since G is irreducible and GS =F G, 
the dimension of GS is strictly smaller than that of G. Proceeding by induction 
on the dimension of G, we shall have from the inductive hypothesis that 
there is an F-toroid Tin (GS)l such that 

(GS)l = «GS)l)u T 

Now suppose we have G = GuGs• Then we have also G = Gu(GS)l' By 
Corollary 1.2, «GS)i)u c Gu. Hence, the above now gives G = Gu T Thus, 
we shall have the decomposition result as soon as we have shown that 
G = GuGs• 

Let S denote the smallest algebraic subgroup of G that contains s. Since 
s is a semisimple element, S is a linearly reductive abelian algebraic subgroup 
of G. Let G(n) denote the nth member of the chain of successive commutator 
subgroups in G. Each G(n) is an irreducible normal algebraic subgroup 
of G, and G(n) is trivial for n large enough. We know also that G(1) c Gu , 

so that G(n) is unipotent for every n > O. Now G(n)jG(n + 1) is a unipotent 
abelian affine algebraic F-group, and we regard it as an S-module via the 
conjugation action of Son G(n). Clearly, this module structure satisfies the 
requirements of Proposition 2.2. 

Fix a positive index n, and suppose that x is an element of G with the 
property that yxy-1x- 1 belongs to G(n) for every element y of S. Note that 
every element of G satisfies this condition for n = 1. Let fey) denote the 
canonical image of yxy-1x- 1 in G(n)jG(n + 1). Then f is a polynomial 
co cycle for S in G(n)jG(n + 1), in the sense of Proposition 2.2. By that 
proposition,jis therefore a coboundary. When this is written out, one sees 
that there is an element z in G(n) such that Y(ZX)y-l(ZX)-l belongs to 
G(n + 1) for every element y of S. Since G(n) is eventually trivial, repetition 
of this process yields an element b of G(1) c Gu such that bx commutes 
with every element of S, and so belongs to GS • Our conclusion is that 

G = GuGs . 
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As we have seen above, this suffices for establishing the result that there is an 
F-toroid T such that G = Gu><l T. 

Now let G[n] be the irreducible normal unipotent algebraic subgroup of G 
defined just above Theorem 3.2, with n > O. Clearly, the product G[n]T 
in G is an algebraic subgroup of G and, in fact, is the semidirect product 
G[n] ><I T. Let R be any linearly reductive subgroup of G, and suppose that R 
is contained in G[n] ><I T for some n > O. Evidently, G[n+ 1] ><I T is a normal 
algebraic subgroup of G[n] ><I T, and the factor group is identifiable with the 
unipotent affine algebraic F-group G[n]/G[n+ 1]. Since R is linearly reductive, 
its canonical image in this factor group must be trivial. Therefore, we have 
R c G[n+ 1] ><I T. The final conclusion of this argument is that every linearly 
reductive subgroup of G is contained in G;;' ><I T. 

At this point, we simplify our notation as follows. We write G for G;;' ><I T, 
and we write G(O) for G;;'. On the other hand, for n > 0, we let G(n) stand 
for the n-th commutator subgroup of the new G. Let K be any linearly re
ductive subgroup of G. What remains to be proved is that there is an element r 
in C(O) such that rKr- 1 c T. Replacing K with its closure in G, we reduce 
this to the case where K is an algebraic subgroup of G. From the fact that 
G/Gu is abelian, it follows that K is abelian. Suppose that, for some n 2:: 0, 
we have already found an element rn of G(O) such that rnKr;; 1 c G(n) ><I T. 
Note that, for n = 0, we may simply take ro to be the neutral element of G. 
Write S for rnKr;;l, and note that S is a subgroup of G of the same type 
as K. For every element x of S, let f(x) denote the canonical image of y(x) 
in G(n)/G(n + 1), wherey is the projection from G(n) ><l Tto G(n) coming from 
the semidirect product structure. Viewing G(n)/G(n + 1) as an S-module via 
the conjugation action of S on G(n), we see directly that f is a polynomial 
cocycle as in Proposition 2.2. Therefore,fis a coboundary. Writing this out, 
we see that there is an element t in G(n) such that tSC 1 c G(n + 1) ><I T. 
Now the element rn+ 1 = trn takes the place of rn on the next level. Since 
G(n) is eventually trivial, repetition of this process leads to the required 
element r, so that the conjugacy result is established. The fact that the 
place of T may be taken by any maximal F-toroid in G follows immediately 
from the conjugacy result. 0 

4. The basic example of a solvable algebraic group is the triangular group, 
T(n). This is defined as follows. Let V be a finite-dimensional vector space 
over a field F, equipped with a basis (VI"'" Vn). For each index i from 
(1, ... ,n), let Vi denote the subspace of V spanned by (VI' ... , Vi), and let 
us agree that Vo stands for (0). Now T(n) is defined as the subgroup of 
AutF( V) consisting of the linear automorphisms that stabilize each Vi. 
Evidently, T(n) is a solvable affine algebraic F-group, and T(n)u consists 
of the elements of T(n) inducing the identity map on each Vi/Vi- l' We write 
U(n) for T(n)u' Clearly, T(n) = U(n) ><I D(n), where D(n) consists of the 
elements stabilizing each line Fvi . Of course, D(n) is the standard model 
of an F -toroid. 
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We analyze T(n) further by introducing a chain of normal algebraic 
subgroups, as follows. For each pair (i, j) of indices with 1 ::; i < j ::; n, 
let U(i,j) denote the subgroup consisting of the elements of U(n) that fix 
the elements of Jj-l and induce the identity map on Jj/Vi. Evidently, each 
U(i,j) is a normal algebraic subgroup of T(n), and is contained in U(n). 
This family is totally ordered by inclusion. We have U(i,j) c U(t,j') when
ever j > j', and U(i, j) c U(t, j) whenever i ::; t. 

Let hi denote the function on U(n) whose value at each x is the (i, j) 
matrix entry of x with respect to our basis of V. It is easy to see that .9'( U(n» 
is generated as an F -algebra by the h/s with 1 ::; i < j ::; n, and that each 
U(r, s) is the set of zeros in U(n) of a certain set of h/S. 

Now let us suppose that F is an infinite field. Then the functions hj are 
algebraically independent over F, whence each .c?J(U(r, s» is an ordinary 
polynomial algebra. In particular, each U(r, s) is now irreducible. Moreover, 
it is seen directly from the matrix description that the dimensions of succes
sive members of the chain of U(r, s)'s differ by exactly 1. From this, we 
obtain the following general result. 

Theorem 4.1. Let F be an algebraically closed field, G an irreducible solvable 
affine algebraic F-group. There is a chain of irreducible normal algebraic 
subgroups U i of G, starting with Uo = (1) and ending with Uk = Gu , such 
that each UJU i + 1 is I-dimensional. 

PROOF. Let V be a finite-dimensional sub G-module of .9'(G) that generates 
.9'(G) as an F-algebra, and let p denote the representation of G on V. Then p 
is an isomorphism of affine algebraic F -groups from G to the algebraic 
subgroup peG) of AutF(V), and we identify G with peG) by means of p. 

It is clear from Theorem 1.1 that there is a basis (Vl" •. , Vn) of V such 
that G is contained in the corresponding triangular group T(n) and Gu is 
contained in U(n). Put V(i, j) = (Gu (\ U(i,j»l' Then the family of V(i, j)'s 
is totally ordered by inclusion, and each member is an irreducible normal 
algebraic subgroup of G. Since the dimensions of successive U(i, j)'s differ 
by 1, the corresponding V(i, j)'s either coincide or have their dimensions 
differ by 1. The required chain of U;'s is obtained simply by picking out the 
distinct terms from the sequence (V(i, j». D 

It is true, but not obvious, that every I-dimensional irreducible algebraic 
group is commutative. In proving this, we shall use the following elementary 
result. 

Proposition 4.2. Let F be an algebraically closed field, M afinite-dimensional 
F-space, G a group of linear automorphisms of M. Suppose that M is simple 
as a G-module, and that there is a positive integer e such that xe = iM for every 
element x of G. Then G is finite. 
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PROOE Applying Proposition V.I. 1 to the subalgebra of EndF(M) that is 
generated by G, we see that G contains an F-basis (Xl' ... ' Xq) of EndF(M). 
Let T denote the trace function on EndF(M). The map from 

EndF(M) x EndF(M) 

to F sending each (x, y) onto T(xy) is a non-degenerate bilinear form, whence 
the linear map r from EndF(M) to P defined by 

rex) = (T(xx l ), • .. , T(XXq» 

is injective. For each element x of G, each T(xx;) is a sum of e-th roots of 1 
in F; namely, characteristic roots of XXi. The number of summands is dim(M). 
This shows that r( G) is a finite set. Since r is injective, G is therefore finite. D 

Proposition 4.3. Let F be an algebraically closed field, G an irreducible 
affine alqebraic F-group such that there is a positive integer e with xe = IG for 
every element X of G. Then G is unipotent. 

PROOF. Let V be a finite-dimensional sub G-module of &>( G) that generates 
&>( G) as an F -algebra. Let 

(0) = Vo c ... c v" = V 

be a composition series of V as a G-module. Let H be the normal algebraic 
subgroup of G consisting of the elements that fix the elements of each V;/V;-l. 
Clearly, H is unipotent. Now let W denote the direct sum of the G-modules 
V;/V;-l, so that H is the kernel of the representation of G on W. By Proposi
tion 4.2, the image of Gin AutF(W) is finite, which means that G/H is finite. 
Since G is irreducible, this implies that G = H. D 

Theorem 4.4. Every irreducible I-dimensional algebraic group is commutative. 

PROOF. Let F denote the base field, and let F' be an algebraic closure of F. 
Let G be an irreducible I-dimensional affine algebraic F-group. We know 
from Lemma 11.1.2 that Y'(G) ® F' is an integral domain. The group 
~(&>( G) ® F') is therefore an irreducible affine algebraic F' -group. Evidently, 
it is of the same dimension, 1, as G. Since G may be identified, in the evident 
way, with a subgroup of ~(&>(G) ® F'), this shows that it suffices to prove 
the theorem in the case where F is algebraically closed, which we now assume 
to be the case. 

First, suppose that G contains an element X that is not of finite order. 
Then the smallest algebraic subgroup of G containing X has strictly positive 
dimension, and hence must coincide .with G, giving the result that G is 
commutative. 

It remains to deal with the case where every element of G is of finite 
order. For every positive integer n, let G(n) be the set of elements x of G 
such that xn = IG • Clearly, G(n) is a closed subset of G. If G(n) is finite then 
it follows from the irreducibility of G and the stability of G(n) under the 
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conjugation action of G that G(n) is contained in the center of G. Therefore, 
if every G(n) is finite, then G is commutative. On the other hand, if some 
G(n) is infinite, then that G(n) must coincide with G, because it has an irre
ducible component of positive dimension. Hence, we can apply Proposition 
4.3 and conclude that G is unipotent. This implies that the commutator 
subgroup of G does not coincide with G. Since it is irreducible and closed in G, 
it must therefore be trivial. 0 

5. If F is an algebraicaIIy closed field, and G is an irreducible I-dimensional 
affine algebraic F -group, then we have from Theorem V.5.1 that G is either 
unipotent or linearly reductive. In the second case, G is the multiplicative 
group F*, by Theorem V.5.2. We shall see that, in the case where G is uni
potent, it is the additive group of F. However, we obtain this result from a 
more general theorem on abelian unipotent algebraic groups. This requires 
some preparation. 

Let H be a Hopf algebra. An element h of H is caIIed primitive if 

b(h) = h® 1 + 1 ® h 

We denote the subspace of primitive elements by PH' From CiH ® s) 0 15 = iH , 

we see that PH lies in the kernel of s. In the following lemma, we consider 
the tensor product of two Hopf algebras A and B, and we shall identify 
A and B with their canonical images in A ® B. 

Lemma 5.1. Let A and B be Hop! algebras over afield. Then 

PA®B = PA + PB· 

PROOF. Let u = I a ® b be an element of P A®B' Then we have 

I b(a) ® b(b) = s23(b(u» = I a ® lA ® b ® IB + I IA ® a ® IB ® b 

where S23 is the switch of the 2nd and 3rd tensor factors. Now apply the 
linear map SA ® iA ® iB ® SB' This yields 

u = I s(a)IA ® b + I a ® £(b)IB' 

Since u is primitive, it is annihilated by the counit £A ® £B of A ® B, whence 
we have I s(a)s(b) = O. Using this, we rewrite u by replacing b with b - £(b)IB 
in the first sum, and a with a - £(a)IA in the second sum. Then we have 

u = IA ® s + r ® IB' 

with SB(S) = 0 = £A(r). From the primitivity ofu, we get (using S23 as above) 

lA ® IA ® b(s) + b(r) ® IB ® IB = lA ® lA ® (s ® IB + IB ® s) 

+ (r ® lA + lA ® r) ® IB ® lB' 

Applying £A ® £A ® iB ® iB' we find that b(s) = s ® IB + IB ® S, so that 
s belongs to PB • Similarly, r belongs to P A- 0 
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Lemma 5.2. Let F be a field, and let H be the polynomial Hopf algebra 
F[x l , ••• , XII]' where the x/s are algebraically independent primitive elements. 
Then PH consists of the F-linear combinations of the powers xf', where p is the 
characteristic exponent of F. 

PROOF. Lemma 5.1 reduces the problem to the case n = 1. In this case, let 
us write x for XI' and let us consider a primitive element u. Using that 
c(u) = 0, we write 

with each Ci in F. Then we have 

m 

U = L: CiX i 

i= I 

o = b(u) - u ® 1 - 1 ® u = .f (c/.I ~(~)xi ® xi - i)). 
,=2 J=I\I J 

This shows that, in F, the binomial coefficients (~), with 0 < j < i, are equal 
to 0 whenever Ci =f. 0.1t follows that Ci = 0 unless i is a power of p. D 

Proposition 5.3. Let F be a perfect field, and let A be a commutative integral 
domain Hopf algebra that is generated by a finite set of primitive elements. 
Then A is generated also by a finite set of algebraically independent primitive 
elements. 

PROOF. Let (YI' ... ,Yn) be a system of primitive elements generating A as an 
F-algebra. If n = 1 and YI =f. 0, it follows from the assumption that A is an 
integral domain that YI is not algebraic over F, as is seen by noting that 
r.(YI) = O. Now we make an induction on n, assuming that n > 1, and that 
the proposition has been established in the lower cases. 

Let H be the polynomial Hopf algebra F[x 1, ... , xn], where the x;'s are 
algebraically independent primitive elements. Let rx be the surjective mor
phism of Hopf algebras from H to A sending each Xi onto Yi' There is nothing 
to prove if the kernel of rx is (0). Assume this kernel is not (0), and choose a 
non-zero element h from it having the smallest possible degree. Since 
b(h) - h ® 1 - 1 ® h is annihilated by rx ® rx, it is contained in 

J ® A + A ®J, 

where J denotes the kernel of rx. On the other hand, this element has the 
form Li ai ® bi, where each ai and each bi has degree strictly smaller than 
that of h. Since h has the smallest possible degree among the non-zero 
elements of J, this element must therefore be 0, i.e., hE P /I' 

By Lemma 5.2, h is therefore an F-linear combination of powers xf', 
where p is the characteristic exponent of F. Since F is perfect, we may there
fore write 

h = ho + hf + ... + ht, 
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where each hi is a linear combination of the x/so Since h is of minimal degree, 
we must have ho # O. It follows that, with suitably relabeled Yi'S, we have a 
relation 

where Co # 0, Cr # 0 and at least one dis # O. From all relations satisfying 
these conditions, among all sets of primitive generators (YI,"" Yn), choose 
one in which r + s is as small as possible. We show that then r = O. 

If r # 0 and r ;;::: s, we choose an index i with dis # 0 and replace Yi with 
Yi - diyr- S

, where dj' = cr(dis)-I. Then our relation can be written as a 
relation among the new y/s in which r is strictly smaller than before, while s 
has remained unchanged. This contradicts the minimality of r + s in the 
original relation, so that we must have r < s. 

N I . h "n - 1 d p s - r h dpr - ( ) - I d ow we rep ace Yn WIt Yn - L.i= 1 iYi , were i - Cr is' 
Then our relation can be written as a relation among the new y/s in which 
s is strictly smaller than before, while r has remained unchanged, so that we 
have again a contradiction to the minimality of r + s. Hence, we must 
have r = 0, which means that Yn is an F-linear combination of yf"s with 
i < n. Now the inductive hypothesis applies, because A is generated by 
(YI, ... , Yn- I)' D 

If G is an affine algebraic F -group such that .'?P( G) is generated by a finite 
set of algebraically independent primitive elements then G is the direct 
product of a finite family of copies of the additive group of F. We call such 
a group an algebraic vector group. 

Theorem 5.4. Let F be a field, G an irreducible abelian unipotent algebraic 
F-group. In the case where F has non-zero characteristic p, assume that 
x P = 1 G for every element x of G. Suppose also that there is a perfect sub field 
K ofF such that .'?P(G) has a K-form, in the sense that .'?P(G) = A ®K F, where 
A is a K-Hopf algebra. Then G is an algebraic vector group, and so is ~(A), 
with Y'(~(A)) = A. 

PROOF. Let us identify G with an algebraic subgroup of AutF(V), where V 
is a finite-dimensional F-space. Let U denote the subspace of EndF(V) 
that is spanned by the elements x - iv with x in G. Clearly, U is closed 
under multiplication, the elements of U commute with each other, and every 
element of U is nilpotent. 

More precisely, if u(r) is the ideal of U that is generated by the elements 
ur with u in U, there is a non-negative integer q such that U(q+ I) = (0) and 
q < p if F has non-zero characteristic p. We choose q minimal, and we 
fix an F-basis (u!, ... , un) of U such that, for each r with 1 ::;; r ::;; q, there 
is an index r* such that the u/s with i ;;::: r* constitute an F-basis of u(r). 
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For U in U, we define the element exp(u) of AutF(V) by 

exp(u) = L (i!)-I[{ 
i 5, q 

Note that, in the case of non-zero characteristic p, this makes sense, because 
q < p. Now define the map cc U --> AutF(V) by 

a(clu l + ... + CIIUII) = exp(clu j )··· exp(clI lIlI), 

where the ci's belong to F. Clearly, a is a group homomorphism. Since it 
is also a polynomial map, it is therefore a morphism of affine algebraic 
F-groups from the algebraic vector F-group Uta AutF(V), Let S denote the 
algebraic subgroup of AutF( V) consisting of the elements iv + 11 with 11 in U. 
We shall prove that a is an isomorphism of affine algebraic F-groups from 
Uta S. 

In doing this, we ignore the origin of U from G, so that we can proceed 
by induction on q, dealing with nilpotent multiplicatively closed subspaces 
of EndF(V). If q = 0 then U = (0), and both groups are trivial. If q = 1, 
then U(2) = (0), whence a(u) = iv + u for every element u of U, and it is 
clear that our claim is true. 

Now suppose that q > I, and that our claim has been established in the 
lower cases. Let YI"'" YII be the coordinate functions on U, so that, for 
every element u of U, 

11 = L Yi(U)Ui, 
i= I 

Let liS write t for the index 2* - I. Then we have 

It follows that 

t 

U - I Yi(U)Ui E U(2). 
i= I 

(iv + u) Il exp( -yJu)uJ E iv + u(2). 
i= I 

By inductive hypothesis, the restriction, a l say, of a to U(2) is an isomorphism 
of affine algebraic F-groups from U(2) to iv + U(2). Hence, we may write 

iv + u = a[J/i(U)Ui + a~I(iv + U)i~ eXP(-Yi(U)UJ)]. 

If we denote the expression in square brackets on the right by /3(iv + u), 
then /3 is a polynomial map from S to U such that a 0 [1 is the identity map 
on S. 

We have 
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If this is equal to iv, then we see that 
t n exp(ciui) E iv + U(2). 

i= 1 

It follows from this that Ci = 0 for each i ::::;; t, and hence that 

a l (2.: CiUi) = iv, 
i>t 

so that Ci = 0 also for each i > t. Thus, a is injective. 

91 

With the above, this yields the result that a is bijective, and that f3 is the 
inverse of a. Thus, a is indeed an isomorphism of affine algebraic F -groups, 
whence S is an algebraic vector group. 

Since G is an algebraic subgroup of S, it follows that .?J( G) is generated 
as an F-algebra by a finite set of primitive elements. It is easy to see from 
this that the K-Hopf algebra A is also generated by a finite set of primitive 
elements. Since K is perfect, we can apply Proposition 5.3 and conclude that 
A = K[x l , ... ,xm], where the x/s are algebraically independent primitive 
elements. Since .?J(G) = A Q!h F, the canonical images in .?J(G) of the x/s 
constitute a system of algebraically independent primitive F-algebra gener
ators. Clearly, this establishes the theorem. D 

Let G be any irreducible unipotent abelian algebraic group. In the case 
where the base field has non-zero characteristic p, for every non-negative 
integer e, let G(e) be the closure in G of the subgroup consisting ofthe elements 
x P". This is clearly an irreducible algebraic subgroup of G, and we know 
that G(e) is trivial for some e. It follows that, if G is non-trivial, then G(l) l' G. 
Hence, if G is I-dimensional, then G(l) is trivial, i.e., x P = lG for every x 
in G. Now it is clear from Theorem 5.4 that the following result holds. 

Corollary 5.5. Let F be a field, G an irreducible unipotent affine algebraic 
F-group of dimension 1. Suppose that there is a perfect sub field K of F such 
that .?J( G) has a K -form. Then G is isomorphic with the additive group of F. 

Notes 

1. Over non-algebraically closed fields, the structure of solvable algebraic 
groups is considerably less transparent than the results of this chapter 
might suggest, even in characteristic O. For example, let V be the 2-dimen
sional vector group over the field of real numbers, which we shall here 
denote by F. Regarding Vas the Euclidean plane, let T denote the group of 
rotations of V. This is a I-dimensional linearly reductive affine algebraic 
F-group, with .?J(T) = F[c, s], where c2 + S2 = 1, s(c) = 1, s(s) = 0, 
(i(c) = c @ c - s @ sand r5(s) = c @ s + s @ c. Let G be the semidirect 
product V Xl T, the conjugation action of T on V being the rotation action. 
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Then Gu = V, and there is no chain as in Theorem 4.1. The group T is the 
simplest example of an irreducible linearly reductive group that is not a 
toroid. 

2. In non-zero characteristic p, the higher-dimensional abelian irreducible 
unipotent algebraic groups need not be vector groups. The simplest example 
showing this is as follows. For 0 < i < p, let Ci stand for the integer p-l(f). 
Let n denote the symmetric polynomial in two variables with integer coeffi
cients given by 

p-l 

n(x, y) = L c;xiyP-i. 
i= 1 

Let F be a field of characteristic p, and define a composition of pairs of 
elements of F by 

(aI' bl ) + (a2, b2) = (al + a2' b i + b2 - n(al' a2))' 

One shows directly that this defines a commutative group, G say (the additive 
group of Witt vectors of length 2), and that G is a unipotent affine algebraic 
F-group with .?P(G) = F[u, vJ, where u(a, b) = a and v(a, b) = b. The sum 
in G of p summands, each equal to (a, b), is equal to (0, aP), showing that G 
is not an algebraic vector group. If F is infinite, then G is irreducible and of 
dimension 2. 

3. The idea for the proof of Proposition 2.2 is due to Grothendieck (cf. 
[6J, Expose 6). The proof of Theorem 4.4 was found with the help of David 
Wigner. 

4. Theorem 5.4, as well as the proof given here, is due to M. Rosenlicht 
[13]. 



Chapter VII 

Elementary Lie Algebra Theory 

This chapter establishes fundamental results concerning Lie algebras over 
fields of characteristic o. The principal notions involved are semisimplicity, 
solvability ane: nilpotency. 

The main result of Section 1 is Cartan's solvability criterion. In Section 2, 
this is used for obtaining the salient features of semisimple Lie algebras, 
the most important result being that, in characteristic 0, every finite-dimen
sional module for a finite-dimensional semisimple Lie algebra is semisimple. 

Section 3 begins with the theorem that extensions of Lie algebras of finite 
dimension over a field of characteristic 0 in which the image Lie algebra is 
semisimple are split. Then, it deals with the radical of a Lie algebra, with 
reference to the representation theory of the Lie algebra. Section 4 deals 
with the Levi semidirect sum decomposition of a Lie algebra with respect 
to its radical. 

The results of this chapter will be used in the next chapter, chiefly for 
proving the semi direct product decomposition theorem for algebraic groups 
over fields of characteristic 0, which extends Theorem VI.3.2 to the completely 
general situation. 

1. Let F be a field, Va finite-dimensional F-space, e an element of EndF(V). 
An easy elementary result (a special case of Fitting's Lemma) says that V 
is the direct sum of two e-stable subspaces Vo and VI such that the restriction 
of e to Vo is nilpotent, while the restriction of e to VI is a linear automorphism. 
Now suppose that F is of characteristic 0 and that the trace of every power 
of e is equal to O. Then we can conclude that e is nilpotent, as follows. Our 
assumption on e implies that, if e l is the restriction of e to VI, then the trace 
of every power of e l is equal to O. If VI =1= (0) then the minimum polynomial 
of e l has a non-zero constant term, and we get a contradiction by applying 
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the trace map to the corresponding relation among the powers of e l , because 
F is of characteristic O. Thus, we have VI = (0), which means that e is nil
potent. 

Lemma 1.1. Let F be a field of characteristic 0, and let V be a finite-dimen
sional F-space. Let XI"'" Xn and Yt> ... , Yn be elements of EndF(V), and let 

n 

e = L (XiYi - YiXJ 
i= I 

If e commutes with each Xi then e is nilpotent. 

PROOF. For every positive exponent s, we have 

n 

eS = I (Xi(eS-Iy;) - (eS-1Yi)X;), 
i= I 

where eO stands for iv. It is clear from this that the trace of eS is equal to 0, 
so that the above remark applies. 0 

If A and B are subsets of a Lie algebra L, then [A, BJ denotes the subspace 
of L that is spanned by the elements [a, bJ with a in A and b in B. The center 
of L is the ideal consisting of the elements X such that Dx = 0, i.e., such 
that [(x), LJ = (0). We say that L is semisimple if it has no non-zero abelian 
ideal. 

Theorem 1.2. Let L be a Lie algebra of linear endomorph isms of a finite
dimensional F-space V, where F is a field of characteristic O. Suppose that 
V is semis imp Ie as an L-module. If Z is the center of L, then LIZ is a semi
simple Lie algebra, [L, LJ n Z = (0), and every element of Z is semisimple. 

PROOF. Let A denote the (associative) sub F-algebra of EndF(V) that is 
generated by L. First, we show that A has no non-zero nilpotent left ideal. 

Suppose this is false. Then there is a non-zero left ideal B of A such that 
BB = (0). Now B· V is a sub A-module of V. Clearly, V is semisimple as an 
A-module. Therefore, there is. a sub A-module W of V such that 

V=B·V+W 

and (B· V) n W = (0). Now B· W c: (B· V) n W, whence B· W = (0). 
Hence B . V = B . (B . V) + B· W = (0), contradicting B =ft (0). 

Let C denote the center of A. By what we have just shown, C has no 
non-zero nilpotent element. Therefore, every element of C is semisimple, 
as is seen either quite directly, or from Theorem V.1.4. In particular, every 
element of Z is semisimple. Moreover, by Lemma 1.1, every element of 
[A, AJ n C is nilpotent, so that we must have [A, AJ n C = (0). In particular, 
[L, LJ n Z = (0). 

This last result shows that the inverse image in L of an abelian ideal of 
LIZ is an abelian ideal, J say, of L. Now consider the abelian ideal [L, J]. 
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By Lemma 1.1, all its elements are nilpotent. Let B denote the subspace of 
A that is spanned by the products of elements of [L, J]. 

Then the elements of B commute with each other, and Bm = (0) for some 
positive exponent m. Directly from the definition, we see that LB c BL + B, 
whence AB c BA. Now it follows by induction that (AB), c BSA for every 
positive integer s. Therefore, AB is a nilpotent left ideal of A, so that we must 
have AB = (0). In particular, [L, J] = (0), so that J c Z. Thus, (0) is the 
only abelian ideal of LjZ. 0 

The ideal [L, L] of a Lie algebra L is called the commutator ideal. We say 
that L is solvable if the chain of successive commutator ideals ends with 
(0). The following result is known as Lie's Theorem (cf. Theorem VI. 1.1). 

Theorem 1.3. Let L be a solvable Lie algebra over a field of characteristic O. 
Then every finite-dimensional semisimple L-module is annihilated by [L, L]. 

PROOF. Let V be such an L-module. Let L' denote the image of Lin End(V), 
and let Z denote the center of L'. By Theorem 1.2, L'jZ has no non-zero 
abelian ideal. Since L'jZ is solvable, this implies that L'jZ = (0), i.e., that L' 
is abelian. This means that [L, L] annihilates V. 0 

If L is a Lie algebra, Van L-module and S a subset of L then we shall say 
that S is nilpotent on V if there is a positive integer n such that peS)" = (0), 
where p denotes the given representation of L on V. 

Lemma 1.4. Let L be a Lie algebra, V an L-module, S a subspace of L that is 
nilpotent on V. Suppose that x is an element of L that is nilpotent on V and 
such that [x, S] c S. Then x + S is nilpotent on V. 

PROOF. Without loss of generality, we assume that L is given as a Lie algebra 
of linear endomorphisms of V. Then the assumption is that there are positive 
integers p and q such that SP = (0) and xq = O. We show that (x + S)pq = (0). 

Consider a product U1 ••• upq , where each Ui is either an element of S 
or equal to x. For s in S, we have 

We see from this that 

sx = xs + [s, x] E xs + S. 

pq 

U 1 .•• upq E L xrs', 
r=O 

where t is the number of indices i such that Ui belongs to S. Therefore, this 
product is 0, unless t < p. However, if t < p, there must be an index i such 
that Ui+ 1, •.• , Ui+q are all equal to x, because there are pq - t > p(q - 1) 
elements x in the t + 1 ::::; P intervals not containing elements of S. Con
sequently, U 1 •.• upq = 0 in all cases. 0 
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Now we are in a position to obtain Engel's Theorem, which is closely 
related to Theorem V.2.I. 

Theorem 1.5. Let L be a Lie algebra, and let V be a finite-dimensional L
module. If every element of L is nilpotent on V then L is nilpotent on V. 

PROOF. As above, we assume without loss of generality that L is given as a 
Lie algebra of linear endomorphisms of V. Let x and y be elements of L, 
and consider D';(y) for positive integers m. This is a sum of products ±xPyxq, 

where p + q = m, so that our assumption gives the result that Dx is nil
potent. 

Now we proceed by induction on the dimension of L. There is nothing 
to prove if L = (0). We suppose that L =1= (0) and that the result has been 
established in the lower-dimensional cases. Among the sub Lie algebras of 
L other than L, choose one, H say, having the largest possible dimension. 
Let us view L as an H-module by the map x ~ Dx from H to End(L). We 
have just seen that, for this module structure, every element of H is nilpotent 
on L. By inductive hypothesis, H is therefore nilpotent on L. It follows from 
this that there is an element y in L \ H such that [H, y] c H. Now we can 
apply Lemma 1.4 to conclude that y + H is nilpotent on V. Clearly, the 
subspace of L that is spanned by y and H is a sub Lie algebra of L. By the 
maximality of H, this subspace therefore coincides with L, and we have 
just seen that it is nilpotent on V. D 

Next, we establish Cartan's solvability criterion, which is as follows. 

Theorem 1.6. Let F be a field of characteristic 0, V a finite-dimensional F
space, L a Lie algebra of linear endomorph isms of V such that the tracefunction 
vanishes on LL. Then L is solvable. 

PROOF. It is easy to see that it suffices to prove this when F is algebraically 
closed, which we shall now assume to be the case. Making an induction on 
the dimension of L, we suppose that the result holds for all Lie algebras of 
lower dimension than L. Then, if [L, L] =1= L, it follows that L is solvable. 
Therefore, we assume that L = [L, L] and derive a contradiction. 

Among the sub Lie algebras of L other than L, choose a maximal one, H 
say. By inductive hypothesis, H is solvable. Consider the H-module L/H, 
where the module structure comes from the map x ~ Dx. If U /H is a minimal 
non-zero sub H-module of this, we know from Theorem 1.3 that the endo
morphisms of U / H corresponding to the elements of H commute with each 
other. Since F is algebraically closed, this implies (via Schur's Lemma) 
that U/H is I-dimensional, so that U = Fy + H, with y 1= H. Since this is a 
sub H-module of L, there is an element f1 in HO such that 

[x,y] - f1(x)YEH 

for every element x ofB. In particular, Fy + H is a sub Lie algebra of L, 
so that the maximality of H implies that L = Fy + H. 
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Let W be any non-zero simple L-module, and let Wo be a non-zero 
simple sub H -module of W. As above for U /H, we see that Wo is 1-dimensional: 
Wo = Fwo· For i > 0, define Wi = y. Wi-I' and let W; = Fwo + ... + FWi. 
Then, for x in H, we have 

X·Wi+l = X·(Y·Wi) = [x,y] ·Wi + y·(x·w;) 

= ([x, y] - .u(x)y)· Wi + y. (.u(X)Wi + X· wJ 

Since [x, y] - .u(x)y belongs to H, we see from this inductively that each 
W; is a sub H-module of W. 

Write x . Wo = a(x)wo for every x in H. Then it is easy to verify inductively 
from the above that, for each index i, the element x of H acts on W;/W;-1 
as the scalar multiplication by a(x) + i.u(x) (where we have written W- 1 for 
(0». 

Now let q be the largest index i for which the set (wo, ... , Wi) is linearly 
independent. Then Wq is a sub L-module of W, so that Wq = W. Hence, 
if Xw denotes the linear endomorphism of W corresponding to the element 
x of H, and if T denotes the trace function, we have 

T(xw) = (q + l)a(x) + iq(q + l).u(x). 

Since L = [L, L], each x is a sum of commutators of elements of L, so that 
we must have T(xw) = 0, whence 

a(x) = -iq.u(x). 

Substituting this above, we have that x acts on W;/W;-I as the scalar multi
plication by (i - !q)ll(X), which gives 

q 

T(xij;) = I (i - !q)2.u(X)2. 
i=O 

Now let 

(0) = VIc c ... c Vo = V 

be a composition series for the L-module V. Applying our above result 
to the simple L-modules l-j/l-j+ 1, we obtain 

TCx~) = :t~(to(i - !qY).uCX)2, 

where qj = dimC l-j/l-j + I) - 1. 
If .uCx) = ° for every x in H, then we have [L, L] c H, contradicting 

[L, L] = L. Hence there is an element x in H such that .u(x) "# 0. Since 
T(x~) = 0, it follows that we must have i = iqj for all the indices of the 
above sum. This is possible only if each qj is 0, i.e., only if each l-j/l-j+ 1 is 
I-dimensional. But then, since L = [L, L], we have L· l-j c l-j+ 1 for each 
j, so that L is nilpotent on V. Evidently, this contradicts L = [L, L]. D 
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2. Let L be a Lie algebra. The representation of L on L sending each element 
x of L onto the derivation Dx of L is called the adjoint representation of L. 
If p is any finite-dimensional representation of L, then we define the trace 
form T p on L x L by 

Tix, y) = T(p(x)p(y», 

where T again denotes the trace function. Evidently, Tp is bilinear and sym
metric. Moreover, one verifies directly that, for all x, y, z in L, 

Ti[x, y], z) = Tp(X, [y, z]). 

Theorem 2.1. Let L be a finite-dimensional Lie algebra over afield of charac
teristic o. If L is semisimple and p is an injective finite-dimensional representa
tion of L, then the trace form T p is non-degenerate. If the trace form of the 
adjoint representation of L is non-degenerate then L is semisimpie. 

PROOF. Let H denote the set of all elements x of L such that Tp(X, y) = 0 
for every y in L. The formal property of Tp noted above shows that H is an 
ideal of L. Theorem 1.6, applied to p(H), shows that H is solvable. If H were 
not zero, then a member of the sequence of successive commutator ideals 
of H would be a non-zero abelian ideal of L. Therefore, if L is semisimple, 
we must have H = (0), which means that Tp is non-degenerate. 

Now suppose that the trace form of the adjoint representation of L is 
non-degenerate. Let I be any abelian ideal of L. If x belongs to I and y to L, 
then DxDy sends L into I and annihilates I, so that T(DxDy) = O. Therefore, 
our assumption implies that x = 0, so that I = (0). D 

Proposition 2.2. Let L be a finite-dimensional semis imp Ie Lie algebra over a 
field of characteristic 0, and let I be an ideal of L. There is one and only one 
ideal l' of L such that L = I + l' and In l' = (0). Also, L = [L, L]. 

PROOF. Since L is semisimple, its center is (0), so that the adjoint representa
tion of L is injective. By Theorem 2.1, the trace form of the adjoint representa
tion of L is therefore non-degenerate. Let l' be the set of all elements x of L 
such that T(DxDy) = 0 for every element y of I. The formal property of the 
trace form noted at the beginning of this section shows that l' is an ideal of 
L. By Theorem 1.6, I n l' is solvable, and hence (0). By definition, l' is the 
set of zeros in L of a set of linear functions in bijective correspondence with 
a basis of I. Hence dim(I') + dim(l) 2: dim(L). Since I n l' = (0) it follows 
that L = I + 1'. 

In particular, L = [L, L] + [L, L]" and by applying the endomorphisms 
Dx we see that [L, L], must lie in the center of L, which is (0). Thus L = [L, L]. 

Finally, suppose that J is any ideal of L such that L = I + J and 

In J = (0). 
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Using that L = [L, L], we find 

J = [L, J] = [J + 1', J] = [1', J] c 1', 

and hence J = 1'. D 

Let L be as in Proposition 2.2, and let p be an injective representation 
of L on a finite-dimensional vector space V. There is a linear map 

J.l: L ® L ...... End(L) 

such that 

J.l(x ® y)(z) = 'p(z, x)y 

for all elements x, y, z of L. From the non-degeneracy of 'p' it follows that 
J.l is an isomorphism. In fact, 'p yields an isomorphism from L to LOin the 
canonical fashion, and J.l is the composite of the induced isomorphism 
L ® L ...... L 0 ® L with the canonical isomorphism L 0 ® L ...... End(L). We 
define the Casimir element up of pin L ® L by J.l(up) = iL. 

The adjoint representation of L yields a representation of L on L ® L 
by the canonical tensor product construction. This representation is charac
terized by the formula 

t . (x ® y) = [t, x] ® y + x ® [t, y]. 

On the other hand, the adjoint representation yields a representation of 
Lon End(L), which is given by 

where tEL and e E End(L). Using the formal property of 'p noted at the 
beginning of this section, we see that, with respect to these L-module struc
tures, J.l is an isomorphism of L-modules. It is clear from this that up belongs 
to the L-annihilated part (L ® L)L of L ® L. 

Let p2 stand for the linear map L ® L ...... End( V) that comes from p in 
the canonical way, so that 

p2(X ® y) = p(x)p(y). 

We define the Casimir operator of p by p2(Up). Clearly, p2 is a morphism of 
L-modules. It follows that the Casimir operator is an L-module endomorphism 
of V (i.e., that it commutes with every p(x)). 

Let us choose a basis (Y1' . .. ,Yn) of L, and write 
n 

up = LXi®Yi. 
i= 1 

Then the trace of the Casimir operator is equal to L7=1 'ixi'Y;). From 
J.l(u p) = iL we see immediately that 'ixi' Yi) = 1 for each i. Thus, the trace 
of the Casimir operator is equal to dim(L). In particular, if L =f. (0) then the 
Casimir operator of p is not nilpotent. 
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For any L-module V, let us denote the L-annihilated part of V by VL, and 
let L· V denote the L-submodule spanned by the elements x . v = p(x)(v) 
with x in L and v in V. 

Lemma 2.3. Let L be a finite-dimensional semisimple Lie algebra over a field 
of characteristic 0, and let V be a finite-dimension L-module. Then 

V = L· V + VL. 

PROOF. Let p denote the representation of L on V, let I be the kernel of p, 
and let I' be the ideal complementary to I figuring in Proposition 2.2. 
Clearly, I' is a semisimple Lie algebra, L· V = I' . Vand VL = VI. Therefore, 
restriction of p to I' reduces the problem to the case where p is injective. 
Then, let cp be the Casimir operator of p. Let V = VI + Vo be the Fitting 
decomposition of V with respect to cp , so that the restriction of cp to VI 
is a linear automorphism, while the restriction of cp to Vo is nilpotent. Since 
cp is an L-module endomorphism, these components Vo and VI are sub L
modules of V. Since VI = c/ VI), we have VI = L· VI' If V # (0) then cp is 
not nilpotent, which means that VI # (0). Therefore, Vo is of strictly smaller 
dimension than V. Now it suffices to prove the result for Vo in the place of V. 
This is all we need for establishing Lemma 2.3 by induction on the dimension 
~V. D 

Theorem 2.4. Let L be a .finite-dimensional semis imp Ie Lie algebra over a 
field of characteristic O. Then every finite-dimensional L-module is semisimple. 

PROOF. Let V be a finite-dimensional L-module, and let V be a sub L-module 
of V. We show that V has an L-module complement in V. Let H be the space 
of all linear mapsf: VIV ~ v. We make H into an L-module by 

(x· f)(a) = x . f(a) - f(x . a), 

where x ELand a E V IV. The elements f of this module with the property 
that (x· f)( V IV) c V for every element x of L clearly constitute a sub 
L-module, M say, of H. By Lemma 2.3, we have M = L· M + ML. 

Now let us choose a linear map g: V I V ~ V whose composite with the 
canonical map V ~ V IV is the identity map on V IV. Clearly, g belongs to 
M. Write g = h + k, where h belongs to L· M and k belongs to ML. Then 
the composite of k with the canonical map V ~ V IV is still the identity 
map on V IV, and k is a morphism of L-modules. Hence k(V IV) is an L
module complement of V in V. D 

If L is a Lie algebra and V an L-module, then a cocycle for L in V is a 
linear map ffrom L to V satisfying the identity 

f([x, yJ) = X· fey) - y. f(x). 
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Such an f is called a co boundary if there is an element v in V such that 
f(x) = x· v for every element x of L. 

Corollary 2.5. Let L be a finite-dimensional seinisimple Lie algebra over the 
field F of characteristic 0, and let V be a finite-dimensional L-module. Then 
every cocyclefor L in V is a coboundary. 

PROOF. Let f be a co cycle for L in V. We define an L-module structure on 
the direct sum V + F by setting 

x· (v, a) = (af(x) + x· v, 0) 

for every x in L, every v in V and every a in F. In fact, the co cycle identity 
is exactly what is needed for making this an L-module structure. By Theorem 
2.4, this L-module is semisimple, so that the sub L-module V has an L
module complement. If we write the component of (0, 1) in this complement 
in the form ( - v, 1), then we find that f(x) = x . v for every element x of L, 
because the complement of V in our module must be annihilated by L. 0 

An application of direct interest is as follows. 

Proposition 2.6. Let L be a finite-dimensional semisimple Lie algebra over a 
field of characteristic O. Then every derivation of L is of the form Dx, with x 
in L. 

PROOF. This is seen immediately from Corollary 2.5 by observing that a 
derivation is a cocycle for L in L, with respect to the adjoint representation. 

o 

3. Theorem 3.1. Let E and L be finite-dimensional Lie algebras over a field 
of characteristic 0, and suppose that L is semisimple. Let n: E -+ L be a sur
jective Lie algebra homomorphism. There is a Lie algebra homomorphism 
p: L -+ E such that n 0 p is the identity map on L. 

PROOF. We prove this result by induction on the dimension of the kernel, P 
say, of n, and thus assume that P =1= (0) and that the theorem has been estab
lished in the lower cases. If E is semisimple, we know from Proposition 2.2 
that it is the direct Lie algebra sum of P and a complementary ideal P'. 
Clearly, the restriction of n to P' is an isomorphism from P' to L, and we 
may take p to be the inverse of this isomorphism. Therefore, we assume 
without loss of generality that E has a non-zero abelian ideal. Let A be a 
non-zero abelian ideal of E having the smallest possible dimension. Now 
(A + P)(P is an abelian ideal of the semisimple Lie algebra E(P, and hence 
is (0). Thus, we have A c P. 

First, suppose that A =1= P. Then we consider the surjective Lie algebra 
homomorphism n' from E(A to L that is induced by n. The kernel of n' is 
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PIA, and our inductive hypothesis ensures that there is a Lie algebra homo
morphism b from L to EIA such that n' 0 b is the identity map on L. Write 
beL) = MIA with M c E. Since dim(A) < dim(P), we can again apply 
our inductive hypothesis to conclude that there is a Lie algebra homo
morphism (J from beL) to M such that f.1. 0 (J is the identity map on beL), 
where f.1. is the canonical map M --+ MIA = beL). Clearly, we may take p 
to be (J 0 b. 

Now suppose that P = A. Since P is now abelian, the adjoint representa
tion of E induces an L-module structure on P such that n(e)· p = [e, p] 
for every e in E and every p in P. The sub L-modules of P are precisely the 
ideals of E that are contained in P. Since P = A, the minimality of A implies 
that P is a simple L-module. If the representation of L on P is trivial then 
[E, P] = (0) and the adjoint representation. of E induces an L-module 
structure of E extending that of P. By Theorem 2.4, there is an L-module 
complement Q for P in E. Clearly, Q is an ideal of E, and the restriction of 
n to Q is a Lie algebra isomorphism from Q to L whose inverse will serve 
for p in the statement of our theorem. 

Now we consider the remaining case where P is a simple non-trivial 
L-module. Let I be the kernel of the representation of L on P, and let l' 
be its complementary ideal in L. By our present assumption, l' #- (0), so 
that the Casimir element in l' @ l' of the representation of l' on P is not O. 
Since P is simple as an L-module, the corresponding Casimir operator is an 
L-module automorphism, ')' say, and we write our Casimir element as 

n 

U = LXi@Yi' 
i= 1 

where the x/s and Yi'S are elements of L (actually, of 1'). 
Let us choose a linear map f from L to E such that n 0 f is the identity 

map on L. We consider the deviation offfrom a Lie algebra homomorphism, 
i.e., we consider the bilinear map g from L x L to P that is given by 

g(x, y) = [f(x), fey)] - f([x, y]). 

By the definition of the L-module structure of P, we have X· P = [f(x), p] 
for every x in L and every p in P. Using this and the Jacobi identity for E, 
we find that g satisfies the identity 

x· g(y, z) - y·g(x,z) + z·g(x,y) = g([x,y],z) 

- g([x, z], y) + g([y, z], x). 

Using this, we obtain the following expression for Yi· g(x, y): 

X·g(yi'·Y) - y·g(Yi'X) + g([Yi' x], y) - g([Yi,Y],X) + g([x,y],y;). (*) 

Next, we write 
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Now we know that the Casimir element u is annihilated by L via the L
module structure of L ® L coming from the adjoint representation of L. 
This means that 

n 

L ([x, xJ ® Yi + Xi ® [x, yJ) = O. 
i= 1 

It follows that, for every bilinear map k from L x L to P, 
n 

I (k([x;, x], Yi) + k(Xi, [Yi, x]» = o. 
i= 1 

Now let us write out y(g(x, y» as L7= 1 Xi' (Yi' g(x, y» and transform 
this by applying (*), (* *) and the formula obtained by interchanging x and 
Y in (* *). The result is 

y(g(x, y» = x . hey) - y' hex) - h([x, y]) 
/I 

+ I ([Xi, x] . g(Yi, y) + Xi' g([Yi, x], y» 
i= 1 

/I 

- L([Xi,Y] ·g(Yi,X) + xi'g([Yi,Y],X», 
i= 1 

where h is given by 

n 

h(z) = I Xi' g(y;, z). 
i= 1 

Using (***) with the evident k's, we see that the sums on the second and 
third lines of the above formula are O. Now define the map p from L to E by 

p(z) = fez) - y-l(h(z» 

Then the above formula shows that p is a homomorphism of Lie algebras. 
Also 1C a p = 1C a f = i L • 0 

Let A and B be solvable ideals of a Lie algebra L. The ideal (A + B)/ A 
of L/ A is a homomorphic image of B and is therefore solvable. Since A is 
solvable, it follows that A + B is solvable. It is clear from this that every 
finite-dimensional Lie algebra L has a solvable ideal containing every 
solvable ideal of L. This unique maximum solvable ideal of L is called the 
radical of L; we denote it by Lr. Clearly, L/Lr is a semisimple Lie algebra. 

Theorem 3.2. Let L be a finite-dimensional Lie algebra over a field of charac
teristic O. Then [L, L] n Lr = [L, Lrl If V is a finite-dimensional L-module 
then [L, Lr] is nilpotent on V. 

PROOF. If we apply Theorem 3.1 to the canonical homomorphism L -4 L/L" 
we see that there is a semisimple sub Lie algebra S of L that is mapped 
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isomorphically onto L/Lr by the canonical map. Clearly, L = Lr + Sand 
Lr n S = (0). Since Sis semisimple, we have [S, S] = S, whence 

[L, L] = [L, Lr] + S. 

It is clear from this that [L, L] n Lr = [L, Lrl 
We know from Theorem 1.3 that [L" Lr] is nilpotent on V. Let T be a 

subspace of [L, Lr] that contains [L" Lr] and is nilpotent on V. If 
T i=- [L, Lr] there is an element z in L and an element x in Lr such that [z, x] 
does not belong to T. The sub Lie algebra of L that is spanned by z and L, is 
evidently solvable. By Theorem 1.3, its commutator ideal is therefore nilpotent 
on V. In particular, [z, x] is nilpotent on V. Since [[z, x], T] c T, it follows 
from Lemma 1.4 that the space spanned by [z, x] and T is nilpotent on V. 
Now it is clear that if T is chosen maximal then T = [L, Lrl 0 

Theorem 3.3. Let L be a finite-dimensional Lie algebra over a field of charac
teristic 0, and let V be a finite-dimensional L-module. There is an ideal P of L 
that is nilpotent on V and contains every ideal of L that is nilpotent on V. 
Every element of Lr that is nilpotent on V belongs to P. 

PROOF. Let (0) = Vo c ... c v" = V be a composition series for the L
module V. Let Pi be the kernel of the induced representation of Lon Vi/Vi-1, 
and put P = ni'= 1 Pi. Clearly, P is nilpotent on V. 

Now let J be any ideal of L that is nilpotent on V, and let W be one of 
the factor modules Vi/Vi _ 1. From the fact that J is an ideal of L, it follows 
that J. W is an L-submodule of W. Since W is simple as an L-module, we 
have therefore either J. W = W or J. W = (0). The first possibility is 
ruled out because J is nilpotent on V. Therefore, J annihilates W, and we 
conclude that J c P. 

Now let x be an element of L, that is nilpotent on V. By Lemma 1.4, the 
space spanned by x and P is nilpotent on V. We know from Theorem 3.2 
that [L, Lr] is nilpotent on V, so that, from what we have just proved, 

[L,L r ] c P. 

Since [L, x] c [L, Lr] c P, the space spanned by x and P is actually an 
ideal of L, so that it must be contained in P. 0 

4. Let L be a Lie algebra. Define L 0 = Land Li+ 1 = [L, Lil Clearly, the 
Li,s constitute a descending chain of ideals of L. We say that L is nilpotent 
if this chain ends at (0). If we apply Theorem 3.2 to the adjoint representation, 
we find that, if Lis afinite-dimensional Lie algebra over afield of characteristic 
0, then [L, Lr] is a nilpotent ideal of L. 

Write L~O) = L" and L~i+ 1) for [L, L~i)l Assuming that L is finite-dimen
sional, we have L~i+ 1) = L~i) for all sufficiently large indices i, and we denote 
this limit by L~<XJ). Clearly, this is a nilpotent ideal of L. If x is an element of 
L~<XJ), then Dx is nilpot,ent, so that exp(DJ becomes a polynomial in Dx and 
has a meaning as a Lie algebra automorphism of L. 
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Theorem 4.1. Let L be a finite-dimensional Lie algebra over afield of charac
teristic 0, and let S be a semisimple sub Lie algebra of L such that L = Lr + S 
(the existence of S is guaranteed by Theorem 3.1). Let T be any semisimple 
sub Lie algebra of L. There is an element x in L~OO] such that exp(Dx)(T) c S. 

PROOF. Suppose that T c L~i] + S, for some index i. Then, since T = [T, T], 
it follows that T c L~i+ 1] + S. Thus, we have T c L~OO] + S, so that it 
suffices to prove the theorem when Lr = L~OO]. Accordingly, we assume that 
Lr is nilpotent and then proceed by induction on dim(LJ Our inductive 
hypothesis is now that the theorem has been established in the cases of lower 
dimensional radical, and we suppose that Lr i= (0). 

Since Lr is nilpotent, its center, Z say, is not (0). It is easy to see that Z 
is an ideal of L, so that we can apply our inductive hypothesis to LIZ. This 
gives the existence of an element y of Lr such that exp(Dy) sends T into 
Z + S. Now suppose that there is an element z in Z such that exp(Dz) sends 
exp(Dy)(T) into S. Then we note that, since Dy and Dz commute with each 
other, we have 

exp(Dz)exp(D) = exp(Dz + Dy) = exp(Dy + z ), 

so that we may take the required element x to be z + y. Thus, it remains 
only to deal with the case where Lr is abelian. 

In this case, we consider the linear maps p and (J from T to Lr and S, 
respectively, such that, for every t in T, t = pet) + (J(t). We see directly that 
(J is a homomorphism of Lie algebras, and that p is a cocyc1e for T in L" 
with respect to the T-module structure of Lr coming from the adjoint 
representation of L. Since T is semisimple, we have from Corollary 2.5 that 
there is an element x in Lr such that pet) = [t, x] for every element t of T. 
Now we have 

exp(DJ(t) = t + Dx(t) = t + [x, t] = t - pet) = (J(t), 

which shows that exp(Dx) sends T into S. D 

Notes 

1. The most transparent general example of a semisimple Lie algebra 
is as follows. Let F be a field of characteristic 0, and let V be a finite-dimen
sional F-space. Let L be the sub Lie algebra of Y(EndF(V)) consisting of 
the linear endomorphisms of trace 0. It is easy to show directly that Land 
(0) are the only ideals of L, and that the trace form of the identity representa
tion of L on V is non-degenerate. Using our earlier results on algebraic 
groups and their Lie algebras, one can show that L is the Lie algebra of the 
subgroup of AutF(V) consisting of the automorphisms whose determinant 
is equal to 1. 

2. For the basic generalities of Lie algebra theory, see [3]. For a full develop
ment of the theory, see [8]. 



Chapter VIII 

Structure Theory in 
Characteristic 0 

The theme of this chapter is the use of Lie algebras in the structural analysis 
of affine algebraic groups over fields of characteristic 0. In addition to giving 
far more incisive results than the general structure theory, this Lie theory 
has the important feature that the basic general results hold over arbitrary, 
not necessarily algebraically closed fields of characteristic 0. 

Section 1 reduces the study of unipotent algebraic groups completely 
to the study of representation-theoretically nilpotent Lie algebras. As a 
consequence, the theory of factor groups of unipotent algebraic groups is 
free of any limitations. 

Section 2 establishes the result that, in characteristic 0, the tensor product 
of semisimple group representations is semisimple. This fact is decisive 
for the role played by linearly reductive groups in the general structure 
theory. Although the result, Theorem 2.2, has a completely elementary 
statement, it has never been proved without the use of algebraic groups and 
their Lie algebras. 

Section 3 deals with the "algebraic hulls" 2(GL ) of sub Lie algebras L 
of the Lie algebra of an algebraic group G. An important result is that if 
L = [L, L], then L coincides with its algebraic hull. In addition, Section 3 
contains the semidirect sum decomposition of 2(G) underlying the semi
direct product decomposition of G, which is the main result of Section 4. 

1. Let F be a field of characteristic 0, and let G be an affine algebraic F -group. 
If T is a unipotent algebraic subgroup of G, it is clear from Theorem III.4.3 
that 2(T) is locally nilpotent on &(G). Consequently, exp(T[) has a meaning 
as an element of EndF(&(G)) for every element T of 2(T). Since T[ is a deriva
tion, exp(T[) is an F-algebra endomorphism, and G 0 exp(T[) is an element of G. 
Clearly, this element of G annihilates the annihilator of T in &(G), so that it 
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actually belongs to T. We denote it by exp(r). In the statement of Theorem 1.1, 
we view .se(T) as an affine algebraic F -set, the polynomial functions being the 
polynomials in the elements of .se(Tr. 

Theorem 1.1. Let F be a field of characteristic 0, let G be an affine algebraic 
F-group and T a unipotent algebraic subgroup of G. Then T is irreducible, 
and the map sending each element r of .se(T) onto the element exp(r) of Tis 
an isomorphism of affine algebraic F-sets from .se(T) to T In this way, the 
family of all unipotent algebraic subgroups of G is in bijective correspondence 
with the family of all those sub Lie algebras of .se( G) which are locally nilpotent 
on &'(G). 

PROOF. Consider the representation of T on &'(T)T!. This factors through 
the finite group T ITt. Since F is of characteristic 0, it follows that the repre
sentation of T on &'(Tf! is semisimple. On the other hand, T is locally 
unipotent on &,(T). Therefore, the representation of T on &,(T)Tl is trivial. 
By Theorem 11.2.2, the element-wise fixer of &'(T)T! coincides with T1• 

Thus, we have T = T1 • 

Let t be an element of T Then t[ is locally unipotent on £?li( G), so that the 
expression 

loge t[) = - L n - I (i{!l'(G) - t[)n 
n>O 

makes sense as an element of EndF(&'(G». In proving Lemma VI.2.1, we 
showed that this is a derivation. Clearly, it stabilizes the annihilator of T in 
&'(G). Therefore, so 10g(tD is an element of .se(T). We shall denote it by log(t). 
From the formal properties of the power series for exp and log, together with 
what we have just shown, it is clear that the maps 

exp: .se(T) -+ T and log T: --+ .se(T) 

are mutually inverse polynomial maps. 
What remains to be shown is that, if L is any sub Lie algebra of .se( G) 

that is locally nilpotent on &'( G), then expeL) is a unipotent algebraic sub
group of G. In order to see this, we need more information about the exponen
tial map. 

Let p be a polynomial representation of G on a finite-dimensional F
space V, and consider the extended differential pi: .se(G) --+ EndF(V). We 
claim that, for every element r of .se(T), 

p(exp(r» = exp(p'(r». 

In order to prove this, consider the comodule structure 

p*: V --+ V ® &'(G) 

corresponding to p. By Lemma 11104.1, we have 

(iv ® r[) 0 p* = p* 0 p'(r). 
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It follows directly from this that 

exp(iv ® r[) 0 p* = p* 0 exp(p'(r». 

The expression on the left is equal to (iv ® exp(r[» 0 p*, and our claim 
follows upon applying iv ® e. 

Now let p be the adjoint representation of G on Y(G). By Theorem 
IV.4.I, we have p'(r) = Dt and 

p(x)( 0) = XO"X - 1 

for every element x of G and every element 0" of Y(G). Hence, our above 
general result gives 

exp(r)O" exp(r)-l = exp(Dt)(O") 

for every element 0" of Y(G) and every element r of YeT). In the case where 
0" also belongs to YeT), we may apply the exponential map, which yields 

exp(r)exp(O")exp(r)-l = exp(exp(Dt)(O"». 

Now consider any sub Lie algebra L of Y(G) that is locally nilpotent 
on .o/'(G). We wish to prove that expeL) is a unipotent algebraic subgroup ofG. 
First, consider the case where L is I-dimensional; say L = Fr. Evidently, 
expeL) is a unipotent subgroup of G, in this case. Let K denote the closure 
of expeL) in G. Then K is a unipotent algebraic subgroup of G, and 

L c Y(K). 

Now expeL) is the inverse image of L with respect to the polynomial map 
log: K ~ Y(K), so that expeL) is closed in K. Thus, expeL) = K, so that 
expeL) is a I-dimensional unipotent algebraic subgroup of G. 

Now suppose that dim(L) > I and that the result has been established 
in the lower-dimensional cases. Since L is a nilpotent Lie algebra, we have 
L = J + Fr, where J is an ideal not containing r. By our inductive hypothesis, 
exp(J) is a unipotent algebraic subgroup of G, and by the above exp(Fr) 
is a I-dimensional unipotent algebraic subgroup of G. 

It is clear from our above result on conjugation of exponentials that 
exp(Fr) normalizes exp(J). Thus, the product set exp(J)exp(Fr) is a subgroup 
of G. By Proposition Y.2.2, it is a unipotent subgroup of G. Let M denote 
its closure in G, so that M is a unipotent algebraic subgroup of G. The compo
sition map of G yields a morphism of affine algebraic sets 

exp(J) x exp(Fr) ~ M 

whose image, exp(J)exp(Fr), is dense in M. It follows from this that the 
dimension of M is at most equal to that of exp(J) x exp(Fr) which is evi
dently equal to dim(L). Now we have L c Y(M), and dim(Y(M) s dim(L), 
whence L = Y(M). ~y the part of the theorem we have already proved, 
M = exp(Y(M). Hence, expeL) = M. 0 
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Theorem 1.2. Let F and G be as in Theorem 1.1, and let U be a unipotent 
affine algebraic F -group. Let p be a morphism of affine algebraic F -groups 
from U to G. Then p(U) is a unipotent algebraic subgroup ofG. 

PROOF. It follows directly from the definitions that p·('p(U» is a sub Lie 
algebra of 'p(G) that is nilpotent on &(G). By Theorem 1.1, U = exp(.P(U». 
From what we have seen in proving Theorem 1.1 concerning the behavior 
of exp with respect to polynomial representations, it is clear that, for every 
element T of .P(T), we have 

p(exp(T» = exp(p·(r». 

Hence, we have p(U) = exp(p·(.p( [1))) which, by Theorem 1.1, is a unipotent 
algebraic subgroup of G. 0 

Theorem 1.3. Let G be a unipotent affine algebraic F-group, where F is a 
field of characteristic O. Let H be a normal algebraic subgroup of G. Then the 
restriction map from G to ~(&(G)H) yields a bijective group homomorphism 
from G/H to ~(&(G)H), so that G/H is an affine algebraic F-group with 
&(G/H) = &(G)H. Moreover, there is a polynomial map G/H --+ G whose 
composite with the canonical map G --+ G/H is the identity map on G/H. 

PROOF. Let p denote the restriction map from G to ~(&(G)H). By Theorem 
II.2.2, the kernel of p coincides with H. By Theorem IIA.3, &(G)H is finitely 
generated as an F-algebra, so that ~(&(G)H) is an affine algebraic F-group 
whose algebra of polynomial functions may be identified with &(G)H. By 
Theorem 1.2, peG) is a unipotent algebraic subgroup of ~(&(G)H). 

We have .P(p(G» = p·('p(G», and we choose a linear map 

y: .P(p(G» --+ 'p(G) 

such that p. 0 y is the identity map on .P(p( G». Now we define the polynomial 
map !Y. from p( G) to G as the composite exp 0 y 0 log. Using that 

po exp = exp 0 p., 

we verify directly that p 0 rx is the identity map on p( G). 
Clearly, &(p(G» 0 p c &(G)H. Since p 0 rx is the identity map, the trans

pose of p is injective from &(p(G» to &(G)H. We claim that this map is also 
surjective. In order to see this, let g be an element of &(G)H and consider the 
element g 0 CI. of &(p(G». We have, for every element a of 'p(G), 

(g 0 CI. 0 p)(exp(a» = (g 0 CI.)(exp(p·(a))) = g(exp(y(p·(a»». 

On the other hand, 

p(exp(y(p·(a») = exp(p·(a» = p(exp(a». 

Since the kernel of p is H, it follows that exp(y(p·(a») belongs to the coset 
exp(a)H. Therefore, the above gives 

(g 0 CI..o p)(exp(a» = g(exp(a», 

showing that 9 0 CI. 0 P = g. 
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Our conclusion is that the transpose of p is an isomorphism of Hopf 
algebras from &(p( G» to &( G)H, whence it is clear that p is surjective. D 

2. Let F be a field, G a group, B a sub Hopf algebra of ~F(G). By a B-represen
tat ion of G, we mean a representation of G by linear automorphisms of a 
finite-dimensional F-space whose associated representative functions belong 
to B. Let K be a normal subgroup of G, and denote the restriction image of B 
in ~iK) by BK • 

Proposition 2.1. In the above notation, suppose that every B-representation 
of G whose kernel contains K is semisimple, and that the tensor product of 
semisimple Brrepresentations of K is always semisimple. Then every B
representation of G whose restriction to K is semisimple is semisimple also with 
respect to G. 

PROOF. Let V be a B-representation space for G that is semisimple as a 
representation space for K. Let W be a sub G-module of V, and let n denote 
the dimension of W. Consider the homogeneous component /\ n( V) of the 
exterior F -algebra built over V, viewing it as a G-module in the usual way. 
Clearly, this is a B-representation space of G, and /\n(w) may be identified 
with a i-dimensional sub G-module of /\n(v) in the canonical fashion. 
For u in /\n(w) and x in G, we have x· u = f(x)u, wherefis a group homo
morphism from G to F*, andf E B. Since /\n(v) is a homomorphic image of 
the n-th tensor power of V, our assumption on K implies that /\n(v) is semi
simple as a K-module. It follows that there is a direct K-module decomposi
tion 

where P consists of all elements p such that x . p = f(x)p for every element 
x of K, and Q consists of all sums of elements of the form x· p - f(x)p 
with x in K and p in /\n(v). Using thatfis a group homomorphism from G 
to F* and that K is normal in G, one sees directly that both P and Q are 
actually sub G-modules of /\n(v). 

Now we define a new representation of G on P by setting 

x(P) = f(x-1)x· p 

for every element x of G and every element p of P. Evidently, this is again a 
B-representation of G, and its kernel contains K. By assumption, it is there
fore a semisimple representation. Therefore, the sub G-module /\n(w) of P 
has a G-module complement, R say, in P. However, the G stable subspaces 
of P for our new representation are clearly the same as those for the original 
representation. Thus, R is a sub G-module of P also with respect to the 
original representation. Let S = R + Q. Then S is a G-module complement 
for /\n(w) in /\n(v). 
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Let Wi denote the sub F -space of V consisting of the elements v for which 
the exterior product v IV-l(W) is contained in S. Since Sand IV-l(W) 
are G-stable, so is Wi. Now observe that S is of codimension 1 in IV(V), 
so, that it is the space of zeros of some element J1 of (I\n(V)t. The space 
I\n-l(W) is of dimension n, and if (Ul, ... ' un) is an F-basis for it then an 
element v of V belongs to Wi if and only if J1(vu;) = 0 for each i. This shows 
that, if m is the dimension of V, then the dimension of Wi is at least m - n. 

Let Wi be any non-zero element of W, and choose elements W2'···' Wn 
such that (Wi' ... , wn) is an F-basis of W Then W2 •.. Wn belongs to 1\ n-l(W), 
and Wi ... Wn is a non-zero element of I\n(w). This shows that Wi does not 
belong to Wi' and we have the conclusion that W n Wi = (0). With the 
above, this implies that V is the direct sum of the sub G-modules Wand Wi. 
Our conclusion is that every sub G-module of V has a G-module comple
ment in V, which means that V is a semisimple G-module. D 

Theorem 2.2. Let G be an arbitrary group, and let V and V be finite-dimensional 
semisimple representation spaces for G, over a field of characteristic O. Then 
the tensor product G-module V ® V is semisimple. 

PROOF. Let S denote the closure of the image of G in the affine algebraic 
group of all linear automorphisms of the direct sum V + V. Clearly, S 
stabilizes V and V, and the S-stable subspaces of V and V coincide with the 
G-stable subspaces. Moreover, the images of Sand G in the group of all 
linear automorphisms of V ® V have the same closure, so that the S-stable 
subspaces of V ® V coincide with the G-stable subspaces. Therefore, it 
suffices to prove the theorem for the S-modules V and V. Accordingly, we 
assume that G is an affine algebraic group, and that V and V are polynomial 
G-modules. 

Since G/G l is finite and since our base field is of characteristic 0, every 
representation of G/G l over our base field is semisimple. Therefore, it follows 
from Proposition 2.1 that no generality is lost in assuming that G is irreduc
ible. In that case, we know from Corollary IV.3.2 that the G-stable subspaces 
of V, V and V ® V coincide with the .P(G)-stable subspaces. 

Hence, it suffices to prove that if L is a Lie algebra over a field of charac
teristic 0, and if V and V are finite-dimensional semisimple L-modules, then 
the tensor product L-module V ® V is semisimple. In doing this, we may 
evidently replace L with its image in End(U + V). Therefore, we assume 
that L is given as a Lie algebra oflinear endomorph isms of V + V stabilizing 
V and V. and that V + V is semisimple as an L-module. 

By Theorem VII. 1.2, [L, LJ is semisimple, L is the direct Lie algebra 
sum of [L, LJ and its center, Z say, and every element of Z is a semisimple 
linear endomorphism of V + V. Appealing to Proposition Y.1.2, we assume 
without loss of generality that our base field is algebraically closed. Then 
V and V are direct sums of I-dimensional Z-stable subs paces to each of 
which there corresponds an element J1 of ZO such that every element z of Z 
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acts as the scalar multiplication by p(z) on that subspace. Adding together 
all those I-dimensional Z-stable subspaces of U, or of V, for which the linear 
functions p coincide, we obtain direct L-module decompositions 

U = U I + ... + Up and V = VI + .. , + Yq 

such that Z acts on each Ui via a certain element (Ji of ZO and on each VJ 
by a certain element Tj of ZOo Now it suffices to show that each Ui <8> VJ is 
semis imp Ie as an L-module. Since Z acts on U i <8> VJ by scalar multiplications, 
the sub L-modules of Ui <8> VJ coincide with the sub [L, LJ-modules. Since 
[L, LJ is semisimple, we know from Theorem VII.2.4 that U i <8> VJ is semi
simple as an [L, LJ-module. Therefore, Ui <8> VJ is semisimple as an L
m~~~ 0 

. Let G be an algebraic group. A sub Lie algebra L of !£'( G) is called an 
algebraic sub Lie algebra if there is an algebraic subgroup K of G such that 
L = !£,(K). If the base field is of characteristic 0, there is an algebraic sub 
Lie algebra of !£'(G) containing L and contained in every other such. This 
is !£'(GL ), where GL is the group of Theorem IV.2.2. We call it the algebraic 
hull of L in !£'( G), and we denote it by L + . 

Let W be a polynomial G-module, and let U and V be subspaces of W 
such that U c V. The elements x of G with the property that x . v - v belongs 
to U for every element v of V evidently constitute an algebraic subgroup K 
of G. If the base field is of characteristic 0, it follows from Proposition 111.4.3 
and Theorem IV.3.I that !£,(K) consists precisely of those elements of !£'( G) 
which map V into U. Hence, if L is any sub Lie algebra of !£'( G) that maps 
V into U then L + also maps V into U. 

Proposition 3.1. Let G be an affine algebraic group over a field of charac
teristic 0, and let L be a sub Lie algebra of !£'( G). Then [L, LJ = [L +, L +]. 

PROOF. Consider the adjoint representation of G on !£'(G). In the above 
remark, let W = !£'(G), V = Land U = [L, L]. The remark shows that 
[L +, LJ c [L, L]. Now apply the remark again, with V = L +. This gives 
[L +,L +J c [L,L]. 0 

Theorem 3.2. Let G be an affine algebraic group over afield of characteristic 0. 
Every semisimple sub Lie algebra of !£'(G) is an algebraic sub Lie algebra. 

PROOF. Let L be a semisimple sub Lie algebra of !£'( G). By Theorem VII.2.4, 
&P( G) is semisimple as an L-module. By the remark just preceding Proposition 
3.1, the sub L-modules of &P( G) coincide with the sub L + -modules. Therefore, 
&P( G) is semisimple as an L + -module. In particular, if V is a finite-dimensional 
sub G-module of &P( G) generating &P( G) as an algebra, then the representation 
of L + on V is injective and semisimple. By Theorem VII.1.2, L + is therefore 



VIII.3 113 

the direct sum of its center, Z say, and [L +, L +]. By Proposition 3.1, we 
have [L +, L +] = [L, L]. Since L is semisimple, we have [L, L] = L. Thus 
L + is the direct sum of Land Z, so that it suffices to prove that Z = (0). 

Let F' be an algebraic closure of the base field F, and let us make the canon
ical base field extension, replacing G with ~(.?J>(G) @ F'). This replaces 
'p(G) with 'p(G) @ F', and we consider the sub Lie algebra L @ F'. It is 
clear from Theorem VII.2.1 that L ® F' is a semisimple Lie algebra. Its 
algebraic hull in 'p(G) @ F' is L + @ F'. The direct decomposition of L + 
has now become the direct decomposition of L + @ F' as the direct sum of 
its center, Z @ F', and L @ F'. It is clear from this that we do not lose gen
erality in assuming that F is algebraically closed. 

In this case, let z be an element of Z, let r be a characteristic root of the 
element of EndF(V) corresponding to z, and let v,. be the corresponding 
characteristic subspace of V. Evidently, this is stable under the action of L +. 

Let (Vl' ... , Vd) be an F -basis of v,. , and consider the exterior product Vl ... Vd 
in the polynomial G-module I\d(V). The transform by the endomorphism 
corresponding to z is 

z· (Vl ... Vd) = Tdz)Vl ... Vd = (dr)v 1 ••• Vd, 

where T stands for trace. On the other hand, the sub F-space of I\d(V) 
spanned by V1 ••• Vd is L-stable. Since L = [L, L], it is therefore annihilated 
by L. It follows that it is annihilated also by L +. Therefore, we must have 
r = 0. Thus, ° is the only characteristic root of the endomorphism of V 
that corresponds to z. On the other hand, we know from Theorem VII.1.2 
that this endomorphism is semisimple. Therefore, this endomorphism is 0, 
whence z = 0. D 

Theorem 3.3. Let F be a field of characteristic 0, and let G be an irreducible 
affine algebraic F-group. Let [G, G]+ denote the closure in G of[G, G]. Then 
[.P(G), 'p(G)] = .P([G, G]+). 

PROOF. First, we deal with the case where F is algebraically closed. By Theorem 
VII.3.1, applied to the canonical homomorphism from .P( G) to .P( G)/'p( G)r, 
there is a semisimple sub Lie algebra S of 'p(G) such that 'p(G) is the semi
direct Lie algebra sum of 'p(G)r and S. Hence we have a semidirect sum 
decomposition 

['p(G), 'p(G)] = T + S, where T = ['p(G), 'p(G)r]. 

It follows from Theorem VII.3.2 that T is locally nilpotent on .?J>(G). By 
Theorem 1.1, T is therefore an algebraic sub Lie algebra of .P( G). By Theorem 
3.2, S is an algebraic sub Lie algebra of .P( G). 

Thus, we have S = 'p(Gs) and T = 'p(GT). Since T is an ideal of .P(G), 
we know from Theorem IV.4.4 that GT is normal in G. Therefore, GTGS 

is a subgroup of G. Since F is algebraically closed, we may apply Theorem 
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II.4.1 and conclude that GTGS is an irreducible algebraic subgroup of G. 
Since it is the image of GT x Gs by the morphism of affine algebraic sets 
coming from the composition of G, its dimension is at most 

dim(GT x Gs) = dim(T) + dimeS). 

Clearly, T + S c ff'(GTG S )' Hence, our dimension inequality shows that 
T + S = ff'(GTGS )' i.e., 

[ff'(G), ff'(G)] = ff'(GTGS)' 

In particular, [ff'(G), ff'(G)] is an algebraic sub Lie algebra of ff'(G), and 
so coincides with ff'(G[.?(G) . .?(G)]). 

As above for T, we know that G[.?(G) . .?(G)] is normal in G. It follows from 
Theorem III.3.3 and Theorem IV.2.3 that the differential of the canonical 
morphism from G to G/G[.?(G) . .?(G)] induces a Lie algebra isomorphism from 
ff'(G)/[ff'(G), ff'(G)] to the Lie algebra of G/G[.?(G) . .?(G)]' Hence, we have 
from Theorem IV.4.3 that G/G[.?(G) . .?(G)] is abelian, which means that 
[G, G] is contained in G[.?(G) . .?(G)]' By Theorem II.4.1, [G, G] is an irreduc
ible algebraic subgroup of G. The last inclusion relation implies that 

ff'([G, G]) c [ff'(G), ff'(G)]. 

On the other hand, since G/[G, G] is abelian, so is its Lie algebra. This Lie 
algebra is the image of ff'(G) under the differential ofthe canonical morphism 
from G to G/[G, G], whose kernel is ff'([G, G]). Therefore, we have 

[ff'(G), ff'(G)] c ff'([G, G]). 

With the above, this gives [ff'(G), ff'(G)] = ff'([G, G]). 

If F is not algebraically closed, let F' be an algebraic closure of F, and let 
G' = ~(.?J'(G) ® F'). From the above, we know that 

ff'([G', G']) = [ff'(G'), ff'(G')] = [ff'(G), ff'(G)] ® F'. 

Clearly, ([G, G]+)' c [G', G'l On the other hand, .?J'(G)[G.G] ® F' is a Hopf 
algebra whose comultiplication is commutative, whence the restriction 
image of [G', G'] in ~(.?J'(G)!G. G] ® F') is trivial. It follows that ff'([G', G']) 
is contained in the kernel of the representation of ff'(G') on .?J'(G)!G.G] ® F'. 
By Proposition IV.5.2, the kernel of the representation of ff'( G) on .?J'( G)!G. G] 

is the Lie algebra of the element-wise fixer of .?J'(G)!G.G] in G, i.e., of [G, G] +. 

It follows that the kernel of the representation of ff'(G') on .?J'(G)!G,G] ® F' 
is ff'([G, G]+) ® F'. Thus, we have ff'([G', G']) c ff'([G, G]+) ® F'. The 
reversed inclusion holds because ([G, G]+)' c [G', G'l Therefore, our 
conclusion is that 

ff'([G, G]+) ® F' = [ff'(G), ff'(G)] ® F', 

which clearly yields the conclusion of the theorem. o 
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Theorem 3.4. Let F be afield of characteristic 0, and let G be an affine algebraic 
F -group. Let U and V be irreducible algebraic subgroups of G, and let W be 
the closure in G of the subgroup generated by U and V. Then !.f(W) coincides 
with the sub Lie algebra of !.f(G) that is generated by !.f(U) and !.f(V). 

PROOF. First, we deal with the case where F is algebraically closed. In this 
case, we know from Theorem 11.4.1 that W is the group generated by U 
and V. Let S denote the sub Lie algebra of !.f(G) that is generated by !.f(U) 
and !.f(V). It is easy to see that we must have Gs = W, so that S+ = !.f(W). 
By Proposition 3.1, we have therefore [S, S] = [!.f(W), !.f(W)]. By Theorem 
11.4.1, [w, W] is an irreducible algebraic subgroup of G, so that Theorem 3.3 
gives [!.f(W), !.f(W)] = !.f([W, W]). Thus, [S, S] = !.f([W, W]). 

Now let 1[ denote the canonical morphism from W to W I[W, W], and let 
p: U x V -+ W be the polynomial map sending each (u, v) onto the product 
uv in W. Put (J = 1[ 0 p. Then (J is a surjective morphism of affine algebraic 
F-groups from U x V to WI[W, w]. By Theorem 111.3.3, the differential 
(J' is surjective from !.f(U x V) to !.f(WI[W, W]). Since !.f(U x V) is the 
direct sum of the canonical images of !.f(U) and !.f(V), we have 

!.f(W I[W, W]) = (J·(!.f(U x V» = 1[·(!.f(U» + 1[·(!.f(V». 

By Theorem IV.2.3, the kernel of 1[' is !.f([W, W]) = [S, S]. Hence, the above 
shows that 

!.f(U) + !.f(V) + [S, S] = !.f(W). 

Evidently, the sum on the left coincides with S, so that we have the required 
result in the case where F is algebraically closed. 

In the general case, let F' be an algebraic closure of F, and put 

G' = ~(9(G) ® F'), 

etc. Then W' is the subgroup of G' that is generated by U' and V'. By the 
above, the sub Lie algebra of !.f(G') that is generated by !.f(U') and !.f(V') 
coincides with !.f(W'). This means that S ® F' coincides with !.f(W) ® F', 
so that S = !.f(W). 0 

If G is an algebraic group, and L is a sub Lie algebra of !.f(G), then we 
say that L is a linearly reductive sub Lie algebra of !.f(G) if every polynomial 
G-module is semisimple as an L-module. In characteristic 0, this condition 
is equivalent to the condition that GL be linearly r~ductive, as is easily seen 
from the discussion immediately preceding Proposition 3.1. It follows that, 
if L is linearly reductive, so is L +. 

Theorem 3.5. Let F be afield of characteristic 0, and let G be an affine algebraic 
F-group. There is a linearly reductive algebraic sub Lie algebra T of !.f(G) 
such that !.f(G) = !.f(Gu) + T 
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PROOF. We know from Theorem VII.3.1 that there is a semisimple sub Lie 
algebra S of !£(G) such that !£(G), + S = !£(G). By Theorem VII.2.4, S 
is linearly reductive. Among the linearly reductive sub Lie algebras of !£(G) 
containing S, choose a maximal one, T say. Since the adjoint representation 
of !£( G) on !£( G) is the differential of the adjoint representation of G on 
!£(G), we have that !£(G) is semisimple as a T-module, with respect to the 
restriction of the adjoint representation. Clearly, !£(Gu) and !£(G), are sub 
T-modules of !£(G), and !£(Gu) c !£(G),. Hence, !£(Gu) has aT-module 
complement, P say, in !£(G),. By Theorem VIl.3.2, [!£(G), !£(G),J is locally 
nilpotent on £?P(G). By Theorem 1.1, this implies that G[Z(G),Z(G)rl is uni
potent. Since [!£( G), !£( G),J is an ideal of !£( G), this group is also normal 
in G, and hence is contained in Gu . Therefore, [!£(G), !£(G),J is contained 
in !£(Gu). In particular, it follows that [T, PJ = (0). The maximality of T 
implies that T is an algebraic sub Lie algebra of !£(G). 

Evidently, it suffices to show that !£(G), = !£(Gu) + !£(G), (\ T. Suppose 
this is not the case. Then there is an element a in P that does not belong to 
!£(Gu) + T. By Theorem V.2.3, the semisimple and nilpotent components 
a(s) and a(n) belong to !£( G)" because !£( G), is an algebraic sub Lie algebra 
of !£(G), as one sees easily from the remark just preceding Proposition 3.1. 
Since [!£(G), !£(G),J c !£(Gu), it is clear that !£(Gu) + Fa(n) is an ideal of 
!£( G). Since it is locally nilpotent on £?P( G), it must therefore coincide with 
!£(Gu), by the same argument we used just above for [!£(G), !£(G),J. This 
means that a(n) belongs to !£(Gu). Since a does not belong to !£(Gu) + T, 
it follows that a(s) does not belong to T. 

Since [a, TJ = (0), a[ commutes with T[ for every element T of T. There
fore, the same is true for als). It follows that T + Fa(S) is a sub Lie algebra, 
U say, of !£(G), and that £?P(G) is semisimple as a U-module. Thus, U is a 
linearly reductive sub Lie algebra of !£( G), in contradiction to the maximality 
~T. 0 

4. Now we are in a position to establish the basic semidirect product decom
position for affine algebraic groups over a field of characteristic O. This is a 
substantial extension of Theorem VI.3.2, and it is obtained by strengthening 
the auxiliary results that entered into the proof of that theorem with the 
aid of Lie algebras. 

Lemma 4.1. Let G be a linearly reductive algebraic group, and let V be a 
finite-dimensional polynomial G-module. Then every polynomial cocycle for 
G in V is a coboundary. 

PROOF. We proceed in exact analogy with the proof of Corollary VII.2.5. 
Letfbe a polynomial cocycle for G in V, and let F denote the base field. We 
define an action of G on the direct sum V + F by 

x . (v, a) = (af(x) + x . v, a), 
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where x E G, v E V and a E F. This is a G-module structure by virtue of the 
co cycle identity, whence it is clear that V + F thus becomes a polynomial 
G-module containing V as a sub G-module. Since G is linearly reductive, 
there is a G-module complement for V in V + F. Let v be the element of V 
such that (v, 1) lies in this complement. Then we must havef(x) + X· v = v, 
because the action of G on the complement of V is trivial. This shows that f 
is a coboundary. D 

Proposition 4.2. Let G be an algebraic group over the field F of characteristic 
0, and suppose that there is a linearly reductive subgroup P of G such that 
GuP = G. Let Q be any linearly reductive subgroup of G. Then there is an 
element t in Gu such that tQt- 1 c P. 

PROOF. By Theorem VA.2, P is an algebraic subgroup of G, and G is the 
semi direct product Gu Xl P. If Gu is trivial, there is nothing to prove. If 
Gu is non-trivial, then the center of Gu is non-trivial, because Gu is nilpotent. 
Let C denote this center. We know from Theorem 1.3 that C is properly 
normal in Gu , in the sense of the beginning of Section VA. From the semi
direct product decomposition of G, it is clear that C is therefore properly 
normal in G, and that GjC is identifiable with the semidirect product 
(GulC) Xl P. Assuming that the proposition has been established in the 
cases of lower-dimensional Gu , we obtain an element s in Gu such that 
SQS-1 c C Xl P. Thus, proceeding by induction on the dimension of Gu , 

we reduce the proposition to the case where Gu is abelian. 
In that case, we know from Proposition VI.5A that Gu is an algebraic 

vector F -group. Let f denote the restriction to Q of the projection G ~ Gu 

coming from our semidirect product decomposition. Then we see directly 
that 

f(xy) = f(x)xf(y)x- 1 . 

Replacing Q with its closure in G, we arrange that Q is an algebraic subgroup 
of G. Writing Gu additively and viewing it as a polynomial Q-module, with Q 
acting by conjugation, we see that the above identity means thatfis a cocycle 
for Q in Gu • Evidently, f is a polynomial map. By Lemma 4.1, it follows that 
there is an element tin Gu such thatf(x) = xtx- 1t- 1 for every x in Q. This 
gives txt- 1 E P, so that tQt- 1 c P. D 

Theorem 4.3. Let F be afield of characteristic 0, and let G be an affine algebraic 
F -group. There is a linearly reductive algebraic subgroup P of G such that G 
is the semidirect product Gu Xl P. If Q is any linearly reductive subgroup of G, 
there is an element t in Gu such that tQt -1 C P. 

PROOF. In view of Theorem VA.2 and Proposition 4.2, all that remains to 
be proved is that there is a linearly reductive subgroup P of G such that 
G = GuP. First, we do this in the case where G is irreducible. 
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By Theorem 3.5, there is a linearly reductive algebraic sub Lie algebra 
T of 'p(G) such that 'p(G) = 'p(Gu) + T. Consider the corresponding 
irreducible algebraic subgroup GT of G. By Corollary IV.3.2, GT is linearly 
reductive. The Lie algebra of the closure (GuG T )+ of GuGT in G contains 
.P(GJ and T, and therefore coincides with 'p(G). Since G is irreducible, we 
have therefore (GuG T )+ = G. We shall prove that, actually, GuGT = G. 

In order to do this, we extend the base field F to an algebraic closure 
F' of F. We write G' for <;§(&(G) ® F'), etc., and we identify G with its canon
ical image in G'. Now (GJ'(GT ), is an algebraic subgroup of G' containing 
GuGT , so that (Gu)'(G T )' = G'. Let L denote the Galois group of F' relative 
to F. We let L act on &(G) ® F' via the tensor factor F', and we identify 
the elements of L with the corresponding F-algebra automorphisms of 
&(G) ® F'. It is then clear that an element x of G' belongs to G if and only 
if a 0 x 0 a-I = x for every element a of L. 

Let x be an element of G, and write x = yz with yin (Gu)' and z in (GT )'. 

Then we have 

whence 

In the second relation, the element on the left belongs to (GJ', while that on 
the right belongs to (GT)'. Thus, each belongs to (Gu)' n (G T )" which is 
trivial, because it is both linearly reductive and unipotent. Our conclusion 
is that y = a 0 y 0 a-I and z = a 0 z 0 a- 1, so that y belongs to 

(GJ' n G = Gu , 

and z belongs to (G T )' n G = GT . Thus, G = GuGT , so that the theorem 
is established in the case where G is irreducible. 

In the general case, we proceed by induction on the dimension of G". 
If Gu is trivial, then we know from what we have just proved that G1 is 
linearly reductive. This implies that &(G) is semisimple as a G1-module. 
Since G/G 1 is finite and F is of characteristic 0, every G/G 1-module over F 
is semisimple. Hence, we can apply Proposition 2.1 and conclude that &(G) 
is semi simple as a G-module, i.e., that G is linearly reductive. 

Now suppose that Gu is non-trivial, and that the theorem has been 
established in the cases of lower-dimensional Gu • Let C denote the center 
of Gu . From the proof of Proposition 4.2, we know that C is properly normal 
in G1 . Since C is normal in G, it is clear from Theorem ll.2.3 that C is therefore 
properly normal also in G. By inductive hypothesis, there is a linearly 
reductive algebraic subgroup L of G/C such that G/C is the semi direct 
product (GulC) Xl L. On the other hand, by what we have already proved, 
there is a linearly reductive algebraic subgroup P of G1 such that 

G1=GuXlP. 



VIII.4 119 

The canonical image of P in G/C is a linearly reductive subgroup of G/C. 
By Proposition 4.2, it is contained in a conjugate of L. Therefore, we may 
choose L so that it contains the canonical image of P. Now we have , 

(Gu/C)L I = (G/C)l = GriC = (GjC)«CP)/C), 

which shows that LI coincides with the canonical image (CP)/C of P. 
Moreover, it is clear from the semidirect product decompositions of G1 

and G/C that the canonical map from P to LI is an isomorphism of algebraic 
groups. 

Let M denote the inverse image of Lin G, so that M/C = Land 

MriC = L l · 

Make a coset decomposition L = U:,= I XiLI' choosing Xl to be the neutral 
element. For each i, choose an element Yi in M whose canonical image in 
L is Xi> taking the neutral element of M for YI. Define the map p: L -+ M 
by making the restriction of p to Ll the inverse of the canonical isomorphism 
P -+ Ll and setting P(XiU) = YiP(U) for every element U of L 1• Then P is 
clearly a polynomial map, and the composite of P with the canonical map 
M -+ L is the identity map on L. 

We obtain the structure of a polynomial L-module on the algebraic 
vector F-group C by defining the transform of an element c of C by an 
element X of L to be 

x·v = p(x)Cp(X)-I, 

noting that p is a group homomorphism mod C, so that the map sending 
each X onto the conjugation of C effected by p(x) is indeed a group homo
morphism. Finally, define a mapffrom L x L to C by 

f(x,y) = p(x)p(y)p(xy)-l. 

Writing this in the form p(x)p(y) = f(x, y)p(xy), we see from the associa
tivity of the group composition of M that f satisfies the identity 

(x· fey, z»f(x, yz) = f(x, y)f(xy, z). 

For each fixed x in L, let fx denote the map from L to C given by 
fiy) = f(x, y). Then the above identity may be written in the form 

(x· f/z))f..bz) = f(x, y)fx/Z). 

Now write C additively, and identify the elements c of C with the constant 
maps from L to C with values c. Then the last identity may be written as an 
identity among maps from L to C, as follows 

x . fy + Ix· y = f(x, y) + fxy, 

where the left and right transforms x . hand h . x of a map h from L to C 
by an element x of L are de6ned by 

(x· h)(z) = x . h(z) and (h· x)(z) = h(xz). 
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All the maps involved above are polynomial maps, and therefore may 
be viewed as elements of C ® £?J(L). Since L is linearly reductive, £?J(L) 
is semisimple as a right L-module. Hence, there is a right L-module pro
jection TC from £?J(L) to £?J(L)L = F. Define the map g from L to C by 

g(x) = (ic ® TC)(fx)· 

If we apply ic ® TC to our above identity for f, we obtain 

x . g(y) + g(x) = f(x, y) + g(xy). 

Reverting to the multiplicative notation, we have 

(x· g(y»g(x) = f(x, y)g(xy). 

This shows that if h is the map from L to M defined by 

hex) = g(X)-lp(X) 

then h is a group homomorphism. Clearly, the composite of h with the 
canonical map M ~ L is the identity map on L. Moreover, h is evidently 
a polynomial map, and so is a morphism of algebraic groups. We have 
M = Ch(L), and h(L) is linearly reductive as a subgroup of G. Since 

(Gu/C)L = G/C, 

we have GuM = G, i.e., Guh(L) = G. D 

Theorem 4.4. Let p: G ~ H be a morphism of algebraic groups over a field 
of characteristic O. Suppose that peG) is dense in H. Then pCGJ = Hu' 

PROOF. Clearly, p(Gu) is a normal unipotent subgroup of H, so that 

p(GJ c H u • 

Let L denote the inverse image of Hu in G. Then L is a normal algebraic 
subgroup of G containing Gu, whence Lu = Gu. By Theorem 4.3, there is a 
linearly reductive subgroup P of L such that L = GuP. Now pCP) is a linearly 
reductive subgroup of H, and pep) c Hu' Therefore, pep) is trivial, so that 
peL) = p(Gu). Since peG) is dense in H, we know from Theorem III.3.3 
that p'(2CG» = 2(H). The inverse image of 2(Hu) in 2(G) is 2(L), and 
p'(2(L» = p'C2(Gu», because peL) = peG). Hence, we have 

p'(2(Gu» = 2(HJ. 

Now we apply Theorem 1.1. obtaining 

Hu = exp(2(HJ) = exp(p'(2(GJ» = p(exp(2(GJ» = p(Gu)' 0 

Notes 

1. In order to see how Theorem 2.2 can fail in non-zero characteristic, 
consider the following example. Let F be a field' of non-zero characteristic 
p, and let V be an F -space of dimension p. Let J be the kernel of the canon-
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ical map from @P(V)to the I-dimensional space /V(V). Let G be the group 
of all F-linear automorphisms of V, and regard @P(V) and /V(V) as G
modules in the canonical fashion, so that the canonical map is a morphism 
of G-modules. Now one can show that J has no G-module complement in 
@P(V), as follows. 

Suppose that U is a G-module complement of J in @P(V). Then, as a 
G-module, U is isomorphic with IV(V). Therefore, every element x of G 
acts on U as the scalar multiplication by the determinant det(x) of x. Let 
(Vb ... , Vp) be an F-basis of V, and let S be the subgroup of G consisting 
of the elements that stabilize our basis. By writing Vt @ ... @ vp as the sum 
of an element of U and an element of J, one sees that 

I det(x)x· (Vt @ ... @ vp) = 0, 
xeS 

which is clearly a contradiction. 

2. Theorem 4.3 is due to G. D. Mostow [10]. Note that, in the above example, 
Gu is trivial, showing that Theorem 4.3 fails in non-zero characteristic. 

3. Regarding the conjugacy part of Theorem 4.3, if F is algebraically closed, 
one can show, as in the proof of Theorem VI.3.2, that t may be chosen 
from G;:'. Actually, this holds even if F is not algebraically closed, but the 
proof then requires more information on the exponential map than we 
have at this point (the Campbell-Hausdorff formula). 

4. Let G be an affine algebraic group over a field of characteristic 0, and let 
U be a normal unipotent algebraic subgroup of G. It follows from Theorems 
4.3 and 1.3 that U is properly normal in G, in the sense of Section V.4, and 
that there is a polynomial map from GjU to G whose composite with the 
canonical map from G to GjU is the identity map on GjU. 



Chapter IX 

Alge braic Varieties 

This chapter is devoted entirely to basic concepts of algebraic geometry. 
The point of view adopted is that an algebraic variety is a topological space, 
equipped with a superstructure of functions. Section 1 introduces pre
varieties, a preliminary notion slightly more general than that of a variety, 
which is convenient for developing the basic technical results concerning 
varieties. Section 2 is devoted to products of prevarieties and the notion of a 
variety. 

In Section 3, we discuss projective varieties, which are fundamental for 
algebraic group theory, because all the varieties that occur are open sub
varieties of projective varieties. The most important example of a projective 
variety, the Grassmann variety of d-dimensional subspaces of an n-dimen
sional vector space, is introduced in Section 4. This plays a vital role later 
on, in the theory of Borel subgroups. 

Section 5 deals with the notion of completeness of a variety. In particular, 
it is shown here that projective varieties are complete. As in all subsequent 
applications, it is assumed here that the base field is algeb~aically closed. 
In the interest oftechnical clarity, this assumption is made explicitly wherever 
it is meant to be in force. 

1. Let S be a topological space, F a field. A sheqf of F-valuedfunctions on S 
is a function !IF s associating with each non-empty open set U of S a sub 
F-algebra !IF s(U) of the F-algebra FU of all F-valued functions on U, subject 
to the following conditions, where we agree that !IF s(0) = (OF) and coincides 
with the restriction image of every !IF s( U). 

(1) If U and V are open sets with U c V then the restrictions to U of the 
elements of !IF s(V) belong to !IF s(U). 

122 
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(2) Let "Y be a family of open sets of S. Suppose that, for each member V 
of "Y, there is given an element fv of !F seV) such that the restriction 
images of fv, and fV2 in !F S(VI n V2) coincide, for all pairs (Vb V2) of 
members of "Y. Then the function, with domain the union of the family 
"Y, that is defined by the fv's belongs to !Fs(u ("Y». 

If T is any subspace of S then the restriction maps yield a sheaf of functions 
on 1; from !F s. The resulting !F T is called the induced sheaf 

F or our purposes, the basic example of a sheaf of functions is the sheaf 
of regular functions of an irreducible affine algebraic F -set. This is defined 
as follows. 

Let S be an irreducible affine algebraic F-set, and let [&>(S)] denote the 
field of fractions of the F-algebra &>(S) of polynomial functions on S. We say 
that an element f of [&>(S)] is defined at a point s of S if there are elements 
u and v of &>(S) such thatf = u/v and v(s) #- 0. If (u', v') is another such pair 
of elements of &>(S) we have v'u = vu' and hence u(s)/v(s) = u'(s)/v'(s). Thus, 
if f is defined at s, then it determines an element f(s) of F, where 

f(s) = u(s)/v(s), 

whenever f = u/v and v(s) = 0. This defines f as a rational function on S. 
One says thatfis regular on a subset U of S iffis defined at every point of U. 

Now we define !F s by making !F s( U) the F -algebra of the restrictions 
to U of the rational functions that are regular on U. It is evident that sheaf 
condition (1) is satisfied. In order to verify (2), consider two non-empty 
open sets VI and V2 of S, and elementsj~, andfv2 of !Fs(VI) and!F s(V2) whose 
restrictions to VI n V2 coincide. Choose UI' VI and U2, V2 from &>(S) such 
that fv, = ut/v i and fV2 = U2/V2. For i = 1 or 2, let Pi be the set of non
zeros of Vi in S. Then, since S is irreducible, Pin P 2 n VI n V2 is a non-empty 
open set of S, and we have uI(S)/U2(S) = uzCs)/vzCs) for every point s in this 
set. Therefore UI V2 - U2 VI vanishes on this non-empty open set of S, whence 
it is 0, so that ut/v i = U2/V2. This means that fv, and fV2 are represented 
by the same element of [&>(S)]. It is clear from this that, if (fv) is a family 
of functions as described in sheaf condition (2), then there is an element of 
[&>(S)] that represents each member fv, showing that condition (2) is satisfied. 

The space S, equipped with the sheaf !F s just defined, is called an irre
ducible affine F -variety. 

Definition 1.1. An irreducible prevariety over the field F is an irreducible 
Noetherian topological space S, equipped with a sheaf!F s ofF-valued functions 
satisfying the following condition: S is the union of a finite family of open sets, 
called affine patches, each of which is an irreducible affine F -variety, with 
the sheaf induced by !F s as the sheaf of regular functions. 

By a prevariety is meant a Noetherian topological space S, equipped with 
a sheaf !Fs of functions such that each irreducible component of S becomes 
an irreducible prevariety when equipped with the induced sheaf of functions. 
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Clearly, if S is a Noetherian topological space, and if each irreducible 
component Si of S is equipped with the structure of an irreducible pre variety 
such that, on each Si (l Sj' the sheaves induced by ff Si and ff Sj coincide, 
then the ff s:s fit together so as to yield a sheaf ff S of functions on S with 
which S is a prevariety. 

An irreducible closed subset of an irreducible affine variety clearly 
inherits the structure of an irreducible affine variety, the sheaf of regular 
functions being the induced sheaf. It is easy to see from this that a closed 
subset of a prevariety becomes a prevariety when equipped with the induced 
sheaf. It is called a closed sub prevariety. 

Let S be an irreducible affine variety, and let a be a non-zero element of 
!?J!(S). We denote the set of non-zeros of a in S by Sa, and we call this the 
principal open set defined by a. Now form the sub F -algebra !?J!(S) [1/ a] of 
[!?J!(S)]. Like !?J!(S), this is a finitely generated integral domain F -algebra, 
and it is clear that Sa has the structure of an irreducible affine F -variety, 
with !?J!(Sa) = !?J!(S)[l/a], and ff Sa coinciding with the sheaf induced by ff s. 

Now consider an arbitrary non-empty open subset U of S. Let J be the 
annihilator in !?J!(S) of S \ U, and let (aI' ... , an) be a system of ideal gener
ators of J. Then we have 

U = Sa, U ... U San' 

By the above, each Sai becomes an irreducible affine variety when equipped 
with the sheaf induced by ff s . Therefore, the sheaf induced on U by ffs 

makes U into an irreducible prevariety, the Sa,'s being affine patches. 
It follows that every open subset of a prevariety becomes a prevariety 

when equipped with the induced sheaf. This is called an open sub prevariety. 
Putting this result together with the one above concerning closed subsets, 
we see that if S is a pre variety, T a closed subset of Sand U an open subset 
of S, then the induced sheaf makes T (l U into a prevariety. Sets like T (l U 
are called locally closed subsets. A union of a finite family of locally closed 
subsets is called a constructible subset. This is still a prevariety, when equipped 
with the induced sheaf. 

If U is a non-empty open subset of the irreducible affine variety S, then the 
rational functions on U, each with its maximum possible domain, constitute 
a field that is isomorphic, in the evident way, with [!?J!(S)]. This is called the 
field of rational functions ofU. For every such U, this field is isomorphic, via 
restriction, with the field of rational functions of S. 

Proposition 1.2. Let S be an irreducible affine variety over an algebraically 
closed field F. The rational functions that are regular on all of S are precisely 
the elements of 9(S), i.e., ff s(S) = !?J!(S). 

PROOF. Letfbe a rational function that is regular on all of S, and let J f be the 
ideal of all elements v of !?J!(S) such that vfbelongs to .9'(S). The assumption 
on f means that J f has no zero in S. Since F is algebraically closed, this 
implies that J f = !?J!(S), which means thatfbelongs to !?J!(S). 0 
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If Sand Tare prevarieties then a morphism of prevarieties from S to T is a 
continuous map (J from S to T such that, for every open set V of T, one has 
%"~V) 0 (J C %"S«(J-l(V)). In general terms, this condition is that (J be a 
morphism of sheaves. 

Proposition 1.3. Suppose that (J is a map from a pre variety S to a prevariety T 
satisfying the following condition. There are open sets VI' .. ·' Vn of Sand 
VI, ... , v" of T such that S is the union of the V;'s and T is the union of the 
Vi's, (J( V;) C Vi, each V; is an affine patch of T, and the restrictions to Vi of the 
elements of%" T(Vi) 0 (J belong to %" iVJ Then (J is a morphism ofprevarieties. 

PROOF. Each Vi is the union of a finite family of affine patches. Not requiring 
that the V;'s be mutually distinct, we enlarge the index set so as to achieve 
that each new Vi is an affine patch. 

Let (Ji denote the restriction of (J to Vi' regarding it as a map from the 
irreducible affine variety Vi to the irreducible affine variety V;. By assumption, 
we have %" T(V;) 0 (Ji C %"iVJ In particular, iffis an element of Y'(V;), and 
if x is a point of Vi such thatf«(Ji(x)) =F 0, then we may writef 0 (Ji = alb, 
where a and b are elements of Y'(Vi) not vanishing at x. The set of non-zeros 
of ab in Viis open, contains x and is mapped by (Ji into the set of non-zeros 
offin V;. It is clear from this that (Ji is continuous. Since the V;'s constitute 
an open covering of T, it follows that (J is continuous. 

Moreover, if V is any open set of T, we may represent the elements of 
%" T(V n V;) by fractions formed from elements of Y'(Vi). Using that 

Y'(Vi) 0 (Ji C %"s(V;), 

we conclude that the restrictions to Vi n (J-l(V n Vi) of the elements of 
%" T(V n Vi) 0 (J belong to %" s(Vi n (J-l(V n V;)). Since 

(J-l(V) n Vi C (J-l(V n V;), 

this says that the restrictions to (J-l(V) n Vi of the elements of 

%" T(V n V;) 0 (J 

belong to %"i(J-l(V) n VJ Now it follows from sheaf condition (2) that 
%" T(V) 0 (J C %" S«(J-l(V)). D 

2. We construct direct products of prevarieties as follows. First, let us 
consider irreducible prevarieties Rand S. If V is an affine patch of R and V 
is an affine patch of S, then the direct product in the category of affine alge
braic sets gives us the structure of an irreducible affine variety on V x V. 
If P is an open subset of this irreducible affine variety, then P is called an 
elementary open subset of R x S. 

If A is an open subset of V and B is an open subset of V, then (V \ A) x V 
and V x (V \ B) are closed subsets of V x V, and their union is 

(V x V) \ (A x B), 
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so that A x B is open in U x V. It follows that, if Y is open in Rand Z is 
open in S, then P n (Y x Z) is open in U x V, and thus is an elementary 
open subset of R x S. If we choose Y and Z to be affine patches, we see 
from this that the intersection of a pair of elementary open subsets of R x S 
is again an elementary open subset of R x S. Therefore, we obtain a topology 
on R x S by defining the open sets to be the unions of families of elementary 
open subsets. It is easy to see that this makes R x S into a Noetherian 
topological space. Moreover, if the sets Y and Z above are non-empty, then 
P n (Y x Z) is non-empty for every non-empty elementary open subset P. 
Hence, the intersection of every pair of non-empty open sets of R x S is 
non-empty, so that R x S is irreducible. 

N ow we define a sheaf ff R x S of functions on R x S as follows. Let X be 
an open subset of R x S. Then we make a function f on X an element of 
ff R x seX) if and only if, for every pair (U, V) as above, the restriction of fto 
X n (U x V) belongs to ff u x veX n (U x V». The verification of the sheaf 
conditions involves no difficulties. If R is written as the union of a finite 
family of affine patches U, and if S is written as the union of a finite family 
of affine patches V, then R x S is the union of the family of products U x V, 
each of which is open in R x S, and is an irreducible affine variety. Thus, 
R x S is an irreducible prevariety, the U x V's being affine patches. 

We verify that the categorical requirements for a direct product are 
satisfied. Denote the projections from R x S to Rand S by p and (J. Since 
the projections of a product of irreducible affine varieties are morphisms of 
affine algebraic sets and hence of prevarieties, an evident application of 
Proposition 1.3 shows that p and (J are morphisms of prevarieties. Now let 
T be a pre variety, and let a and f3 be prevariety morphisms from T to Rand 
S. We must show that the map a x f3 from T to R x S, where 

(a x f3)(t) = (a(t), f3(t» 

is a morphism of prevarieties. In the case where R, Sand T are all irreducible 
affine varieties, we know this from the corresponding fact in the category of 
affine algebraic sets. The general case follows from an evident application of 
Proposition 1.3. 

If Rand S are general, not necessarily irreducible prevarieties, let 
R1, ... ,Rp and SI, ... ,Sq be the irreducible components of Rand S. We 
define a topology on R x S by declaring a subset X to be open if and only if 

X n(Ri x S), 
is open in R; x Sj for all i and j. We define a sheaf of functions on R x S by 
making a function on an open set X an element of ff R x seX) if and only if 
its restriction to each X n (Ri x S) belongs to ff Ri x Sj(X n (Ri x S). 
clearly, this makes R x S into a prevariety satisfying the requirements 
for a direct product in the category of prevarieties. 

A variety is a prevariety R with the property that the diagonal, «r, r»rER' 
is closed in R x R. The significance of this restriction becomes clear with 
the following proposition. 
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Proposition 2.1. A prevariety R is a variety if and only ifit satisfies thefollowing 
condition. For every pair (p, a) ofmorphismsfrom a prevariety S to R, the set 
of points sin S such that p(s) = o'(s) is closed in S. 

PROOF. Suppose the condition is satisfied. Choose p and a to be the projec
tions from R x R to the first and second factor. Then the set described in the 
condition is the diagonal, whence R is a variety. 

Conversely, suppose that R is a variety, and let p and a be as in the con
dition. Consider the morphism p x a from S to R x R. The set described 
in the condition is the inverse image of the diagonal of R x R with respect 
to p x o'. This is closed in S, because p x a is continuous. 0 

We remark that there is no terminological conflict: an "irreducible 
affine variety" in the sense of Section 1 is clearly a variety in the sense of the 
above definition. A general, not necessarily irreducible affine variety is a 
closed subvariety of an irreducible affine variety. Clearly, its irreducible 
components are irreducible affine varieties, in both senses. 

Proposition 2.2. If Rand S are varieties, so is R x S. 

PROOF. Let p and a denote the projections from R x S to Rand S, and let 
(J( and {3 be morphisms from a pre variety T to R x S. Let Ea, p denote the 
set of all points t in T such that (J(t) = {3(t), and use the same notation for 
other pairs of morphisms. Then we have 

Since Rand S are varieties, we know from Proposition 2.1 that each of the 
two sets figuring on the right is closed. Therefore, Ea,p is closed. By Proposi
tion 2.1, this shows that R x S is a variety. 0 

Proposition 2.3. Suppose that S is a prevariety for which there exists an 
injective morphism into a variety. Then S is a variety. 

PROOF. Let T: S -+ T be an injective morphism, where T is a variety. Let (J( 
and {3 be morphisms from a prevariety V to S. Using the same notation as in 
the last proof, we have from Proposition 2.1 that E,oa,toP is closed. Since T 

is injective, we have E, 0a, "p = Ea,p' Now the result follows from Proposition 
2.1. 0 

Proposition 2.4. Let (J( be a morphism from a variety S to a variety T Then 
the graph of (J( is closed in S x T 

PROOF. Define the map b from S x T to TxT by 

b(s, t) = «(J(s), t). 
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Then the graph of (J. is the inverse image, with respect to D, of the diagonal in 
TxT. Clearly, D is a morphism of prevarieties, so that D is continuous. 
Since T is a variety, the diagonal is closed, whence also its inverse image is 
~~. 0 

3. Let F be a field, and let A be a finitely generated integral domain F -algebra 
that is graded, in the sense that A is the direct F -space sum of sub F -spaces 
An (n = 0, 1, ... ) such that Ao = F and ArAs c: Ar+s for all rand s. Write 
A+ for Ln>o An. We assume that A+ #- (0), and that the F-algebra homo
morphisms from A to F separate the elements of A, so that the elements of 
A may be regarded as F -valued functions on the set ofthese homomorphisms. 

We consider the F-algebra homomorphisms from A to F not annihilating 
A+. Two such homomorphisms, p and (1, are said to be equivalent if there is a 
non-zero element c in F such that, for every n and every element a of An, one 
has pea) = cnO"(a). We denote the set of all F-algebra homomorphisms from 
A to F by YeA), and the set of equivalence classes of elements of YeA) not 
annihilating A+ by ~(A). 

We define a topology on ~(A) by declaring a subset C to be closed if 
and only if there is a set T of homogeneous elements of A such that the 
elements of C are the equivalence classes of those homomorphisms which 
annihilate T. It is equivalent to say that the closed sets are the sets of equi
valence classes of the elements of YeA) annihilating homogeneous ideals of 
A, but not A +. It is clear from this that our definition makes ~(A) into 
a Noetherian topological space. 

We show that ~(A) is irreducible, as follows. Suppose that X and Y 
are closed sets in ~(A) such that Xu Y = ~(A). For every subset S of 
~(A), let Is denote the ideal of A that is generated by those homogeneous 
elements of A which are annihilated by the representatives in YeA) of the 
elements of S. Then we have Ix n ly c: IJff(A)' Iffis an element of IJff(A) then 
fA+ is annihilated by every element of YeA). Since YeA) separates the points 
of A, this implies thatfA + = (0). Since A + #- (0) and A is an integral domain, 
this gives f = O. Thus, I Jff(A) = (0), so that I x n I y = (0). Since A is an 
integral domain, it follows that one of I x or I y is (0); say I x = (0). By the 
definition of a closed set of ~(A), this means that X = ~(A). 

Let [A]o denote the subfield of [A] consisting of the fractions alb, where 
a and b are homogeneous elements of the same degree. Each such fraction 
determines an F -valued function on a certain non-empty open subset of 
~(A), as in the definition of a rational function on an affine algebraic set, 
because p(a)/p(b) = O"(a)/O"(b) whenever p and 0" are equivalent elements of 
yeA) not annihilating b. Now we define a sheaf of F -valued functions on 
~(A), as follows. 

If U is a non-empty open subset of ~(A), then ff Jff(A)(U) consists of the 
restrictions to U of those elements of [A]o which are defined at every point 
of U. As before, we agree that ff Jff(A)(0) = (OF)' Evidently, sheaf condition 
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(1) is satisfied. The verification of sheaf condition (2) is almost identical with 
the verification of this condition in the case of an irreducible affine variety, 
as carried out in Section 1. 

Now we assume that A is generated as an F-algebra by AI' Since A is 
finitely generated as an F -algebra, A I is finite-dimensional, and since 
A+ =F (0) we have Al =F (0). Let d be any non-zero element of AI> and let 
A(d) denote the sub F -algebra of A [d- I] consisting of the sums of elements 
of the form a/dn, where a is an element of An (n = 0, 1, ... ). If (ab ... ,am) 
is an F -basis of A b then A(d) is generated as an F -algebra by the elements 
at/d, ... , am/d. Thus, A(d) is a finitely generated integral domain F-algebra. 
Let £(A)d denote the complement in £(A) of the closed set determined by 
d. If r is a point of £(A)d' and if p is a representative of r in 9"(A), then 
p(d) =F 0, so that p defines an element of 9"(A(d)) by canonical extension. 
Clearly, this element depends only on r, not on the particular choice of the 
representative p. Thus, we have a map 

(j: £(A)d ~ 9"(A(d))' 

We regard 9"(A(d)) as an irreducible affine variety whose defining algebra of 
polynomial functions is A(d)' Then it is clear from the definitions that (j is a 
morphism of sheaves when £(A)d is equipped with the sheaf induced from 
ff' K(A)' 

We wish to prove that (j is actually an isomorphism of sheaves. In order 
to construct the inverse of (j, choose an F-basis (al"'" am) of Al such that 
al = d. Then the elements of A(d) may be written in the form p(a2/d, ... ,am/d), 
where p is a polynomial in m - 1 variables with coefficients in F. Let e be 
the degree of p, and let p* denote the polynomial in m variables Xl' ... , Xm 
given by 

P*(Xb ... , xm) = X1P(X2/Xl, ... , Xm/Xl)' 

Then, if p(a2/d, ... , am/d) = 0, the element p*(al" .. ,am) of A is 0. Using 
this, we see that, given an element (J of 9"(A(d))' there is an element (J' of 9"(A) 
such that (J'(al) = 1 and (J'(ai) = (J(ai/d) for every i > 1. If s is the equivalence 
class of (J' in £(A), then s belongs to £(A)d and (j(s) = (J. In this way, we 
obtain a map 

y: 9"(A(d)) ~ £(A)d 

such that (j 0 y is the identity map on 9"(A(d))' Also, it is clear from the above 
construction that, for every r in £(A)d' the element (j(r)' of 9"(A) is a repre
sentative of r, so that y 0 (j is the identity map on £(A)d' Finally, one sees 
directly from the definitions that y is a morphism of sheaves. 

Thus, £(A)d, with the sheaf of functions induced by ff' K(A) , is isomorphic 
with the irreducible affine variety 9"(A(d))' Since £(A) is the union of the 
family of open subsets £(A)ai' this proves that £(A) is an irreducible 
prevariety. In order to show' that, actually, £(A) is a variety, we use the 
following lemma. 
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Lemma 3.1. Suppose that V is a prevariety such that,for every pair (x, y) of 
points of V, there is an affine patch of V containing x and y. Then V is a variety. 

PROOF. Letp and abemorphisms from a pre variety W to V, and let Ep ,(1 be the 
set of all points w in W such that pew) = a(w). By Proposition 2.1, it suffices 
to show that Ep ,(1 is closed in W. Let w be a point of the closure of Ep ,(1' 

By assumption, there is an affine patch S of V containing pew) and a(w). 
Now p -l(S) n a- 1(S) is an open subset of W containing w. Let p' and a' 
be the restrictions of p and a to this subset. These are morphisms from the 
prevariety p-l(S) n a- 1(S) to the variety S. By Proposition 2.1, the set 
Ep', (1' is therefore closed in p -l(S) n a- l(S), i.e., Ep, (1 n p - l(S) n a- 1(S) is 
closed in p -l(S) n a- 1(S). Every open subset of p -l(S) n a- l(S) containing 
w has a non-empty intersection with Ep ,(1' because it is open also in W. 
Therefore, w belongs to Ep,(f' D 

Now let rand s be points of JIl'(A). Choose representatives p and a for 
rand s in YeA). There are elements a and b in Al such that pea) =f. ° and 
a(b) =f. 0, because p and a do not annihilate A+. If a(a) = 0 and pCb) = 0, 
we have pea + b) =f. 0 and a(a + b) =f. 0. Thus, in every case, there is an 
element c in Al such that p(c) =f. 0 and a(c) =f. O. This shows that both rand s 
belong to the affine patch JIl'(A)c. By Lemma 3.1, it follows that JIl'(A) is a 
variety. We call JIl'(A) the projective variety defined by A. We know that it is 
irreducible. A general, not necessarily irreducible projective variety is a closed 
subvariety of an Yf(A). Its irreducible components are again JIl'(A)'s, as is 
easy to see from the definitions. 

Next, we show that the direct product JIl'(A) x JIl'(B) of two irreducible 
projective varieties is again an irreducible projective variety. Let A . B denote 
the subalgebra of A ® B that is generated by the subspaces An ® Bn. We 
regard this as a graded algebra, with (A· B)n = An ® Bn. Clearly, this 
algebra satisfies all the conditions we imposed above in defining projective 
varieties. Accordingly, we have the projective variety JIl'(A . B). The canonical 
map from YeA) x Y(B) to Y(A ® B) evidently induces a map b from 
JIl'(A) x JIl'(B) to JIl'(A . B), which we shall prove to be an isomorphism of 
varieties. 

Let (al"'" am) be an F-basis of AI' and let (b 1, ••• , bn) be an F-basis of 
B1• Then (al ® b1, ••• , am ® bn) is an F-basis of (A· B)l' Each product 
JIl'(A)ai x JIl'(B)bj is open in JIl'(A) x JIl'(B), and the restriction of b to this is a 
morphism of varieties to the affine patch JIl'(A· B)ai®bj of JIl'(A· B). By 
Proposition 1.3, this implies that b is a morphism of varieties. 

Next, we show that b is injective. Let (r, s) and (r', s') be points of 
JIl'(A) x JIl'(B) such that b(r, s) = b(r', s'). Choose representatives p and p' 
of rand r' in YeA), and representatives a and a' of sand s' in Y(B). Then 
we have, for all indices i and j, 

p(a;)a(b) = cp'(a;)a'(b), 
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where c is a non-zero element of F. There is a pair (p, q) of indices such that 
p(ap) of. 0 and a{bq) of. O. Then the above relations give 

and 

for all indices i and j. This shows that r = r' and s = s', and we have the 
conclusion that (j is injective. 

Now let u be a point of Jf(A . B), and let J1 be a representative of u in 
9'(A . B). There is a pair (p, q) of indices such that J1(ap ® bq) of. O. We 
claim that there is an element p in 9'(A) such that p(ai) = J1(ai ® bq) for 
each i. In order to see this, consider a polynomial f in m variables with 
coefficients in F such that f(al"'" am) = O. Write f = fo + ... + A, 
where eachfi is homogeneous of degree i. Then.fi(al,' .. ,am) = 0 for each i. 
Hence 

k 

f(a 1 ® bq, . .. , am ® bq) = L .fi(al ,· .. , am) ® b~ = O. 
i=O 

It is clear from this that the required element p of 9'(A) exists. Similarly, 
there is an element a in 9'(B) such that a(b) = J1(ap ® b) for eachj. Now p 
and a do not annihilate all of A+ or B+, respectively. Therefore, they repre
sent elements rand s of Jf(A) and Jf(B). If we define the element p . a of 
9'(A . B) so that (p. O")(a ® b) = p(a)O"(b) then p . a represents (j(r, s). We 
have 

(p . a)(ai ® bj ) = p(ai)O"(b j ) = J1(ai ® bq)J1(ap ® b) 

= J1(aiap ® bqb) 

= J1(ap ® bq)J1(ai ® bj ) 

for all indices i and j. Since J1(a p ® bq) of. 0, this shows that p . 0" is equivalent 
to J1, so that b(r, s) = u. Thus, b is surjective. 

Our conclusion is that (j is a bijective morphism of varieties. Moreover, 
the above shows that, for each index pair (p, q), the restriction of (j - I to 
Jf(A· B)ap®bq is a morphism of varieties to Jf(A)ap x Jf(B)bq' It follows, by 
Proposition 1.3, that (j - I is a morphism of varieties. Thus, (j is an iso
morphism of varieties from Jf(A) x Jf(B) to Jf(A· B). 

4. For our purposes, the most important projective variety is the Grassmann 
variety ~iV), whose points are the d-dimensional subspaces of an n-dimen
sional vector space V over a field F. We consider the exterior F-algebra 
A(V°), and we let V act on this by homogeneous derivations of degree -1. 
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Explicitly, if PI ... Pm is the product in AmeVO) of m elements Pi of yo, and 
if v is an element of V, then the transform is given by 

m 

V'(PI"'Pm) = L(-IY-IPieV)PI"'Pi"'Pm, 
i= 1 

where the ~ indicates omission. From this action, we have the canonical 
homomorphism of F-algebras 

n:: A(V) -+ EndFeAeVO». 

For each index d with 0 < d s n, this map n: induces a linear isomorphism 
from Ad(V) to (Ad(V°)t. 

Let A denote the symmetric algebra built over the F -space Ad(Vo), so 
that A is graded, and generated as an F-algebra by Al = Ad(VO). We assume 
that F is infinite, so that we have the irreducible projective variety J'l'(A). 
Via the above linear isomorphism, the I-dimensional subspaces of Ad(V) 
may be identified with the points of J'l'(A). 

The d-dimensional subspaces of V are in bijective correspondence with 
those I-dimensional subspaces of Ad(V) which are spanned by decomposable 
elements, i.e., products of d-tuples of elements of V. We shall show that they 
constitute a closed subvariety of J'l'(A). This comes from the following 
criterion. 

Let p be a non-zero element of the I-dimensional F-space An(vo). Then a 
non-zero element z of Ad(V) is decomposable if' and only if' n:(z)(p)n:(zx)(p) = 0 
for every x in /\n-d-l(V). 

In order to establish this, let us first suppose that z is decomposable; 
say z = VI ... Vd' The criterion is trivially satisfied if z = O. Therefore, we 
assume that z =I- 0, so that the set (VI" .. , Vd) is linearly independent. We 
complete it to an F-basis (VI"", Vn) of V, and we let (PI"", Pn) be the 
dual basis of yo. We may take p = Pl'" Pn' If x = Vi, '" Vin -d -1 then 
zx = 0 unless each ik > d. If each ik > d and zx =I- 0 there is exactly one Vj 
different from each Vik and withj > d, and we have n:(zx)(P) = ±Pj. On the 
other hand, n:(z)(P) = ±Pd+l'" Pn' Therefore, n:(z)(P)n:(zx)(p) = 0 in every 
case, and hence for every x in An-d-I(V). 

Now suppose that z satisfies the above vanishing conditions, and write z 
as an F-linear combination of products of basis elements VI"'" vn of V, 
as follows 

z = L c(i l ,· .. , id)vi, ... Vid' 
it < ... <id 

We may suppose that c(l, ... , d) =I- 0, and hence that c(l, ... , d) = 1. For 
j = d + l, ... ,n, put Xj = Vd+I"'Vj"'vn, Then, for each i > d, we have 
ZXjVi = ±bijVI ... Vn, whence we see that the elements ZXj are linearly 
independent. Therefore, the elements n:(zx) of EndF(A(VO» are linearly 
independent. They belong to n:(An-l(v», and it is easy to see that the 
evaluation at p is injective from n:(An-l(v» to yo. Therefore, the elements 



IX.5 133 

n(zx)(p) of Vo are linearly independent. For each j > d, put Pj = n(zx)(p), 
and choose PI> ... ' Pd from VO such that (Pl, ... , Pn) is an F-basis of yo. 
Let (w l , ... , wn) be the dual basis of V. Then our assumption on z gives 
n(z)(p)pj = 0 for every j > d. This implies that n(z)(p) is an F-multiple of 
PH 1 ••• Pn, whence z is an F -multiple of W 1 ... Wd. 

It is evident from the criterion we have just established that z is decom
posable if and only if it is a zero of a certain set of elements of A 2 • Therefore, 
the set of d-dimensional subspaces of V is identified, via n, with a closed 
subset of ~(A). 

Finally, we show that this is an irreducible subset, so that, if the base 
field is infinite, (giV) is an irreducible projective variety. 

Let G denote the irreducible affine algebraic F-group AutiV). In the 
evident fashion, G acts transitively on our variety of d-dimensional subspaces 
of V. Fix a d-dimensional subspace S of V. It is easy to see that the map 
associating with each element cr of G the subspace cr(S) of V is a morphism 
of varieties from G to (giV). Since it is surjective, and since G is irreducible, 
it follows that (giV) is irreducible, by continuity. 

5. Definition 5.1. A variety X is said to be complete if, for all varieties W, the 
canonical projection from X x W to W is a closed map. 

The following proposition contains suggestions regarding the significance 
of the completeness property. 

Proposition 5.2. Let X and Y be varieties. 

(1) If X is complete and Y is a closed subvariety of X then Y is complete. 
(2) If X and Yare complete, so is X x Y. 
(3) If X is complete and ')' is a morphism of varieties from X to Y then y(X) is 

closed in Y and complete. 
(4) A complete irreducible affine variety consists of a single point. 

PROOF. Evidently, (1) follows immediately from the definition. 
As for (2), it suffices to observe that the projection from X x Y x W 

to W is the composite of the projection to Y x W with the projection from 
Y x W to W, each of which is a closed map. 

In order to establish (3), consider the graph, Gy say, of y in X x Y. By 
Proposition 2.4, Gy is closed in X x Y. Since X is complete, the projection 
image of Gy in Y is therefore closed, i.e., y(X) is closed in Y. If n denotes the 
canonical projection from X x W to W, and n' denotes the canonical 
projection from y(X) x W to W, then n = n' 0 (y x iw). If C is a closed 
subset of y(X) x W, then (y x iw) - l( C) is closed in X x W. Since X is 
complete, it follows that n«y x iw)-l(C» is closed in W, i.e., that n'(C) is 
closed in W. This shows that y(X) is complete. 
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Finally, suppose that V is a complete irreducible affine variety, and let 
f be an element of !?P( V). If the base field is finite then V consists of a single 
point, because it is finite and irreducible. Therefore, we assume without 
loss of generality that our base field is an infinite field F. Then we regard F 
as a I-dimensional irreducible affine algebraic variety in the usual way. 
Our element f of &>(V) is a morphism of varieties from V to F. By part (3) 
above,J(V) is closed in F and complete. Since fey) is an irreducible subset 
of F, it follows that either fey) = F, or fey) consists of a single point. In 
the first case, it would follow that F is a complete variety. However, this is 
not the case, because the closed subset of F x F consisting of the points 
(a, b) with ab = 1 projects onto the non-closed subset F \ (0) of F. There
fore, fey) consists of a single point. Our conclusion is that the constants 
are the only elements of &>( V), so that V consists of a single point. 0 

Theorem 5.3. Every projective variety over an algebraically closed field is 
complete. 

PROOF. Evidently, it suffices to prove that every irreducible projective 
variety P = £(A) is complete. We must show that, for every variety W, 
the canonical projection from P x W to W is a closed map. Now W is the 
union of a finite family of affine patches U. A subset of W is closed in W if and 
only if its intersection with each U is closed in U, and a subset of P x W is 
closed in P x W if and only if its intersection with each P x U is closed in 
P x U. Therefore, it suffices to deal with the case where W is an irreducible 
affine variety, Y(B) say. 

Let (al"'" an) be a basis of AI, so that P is the union ofthe affine patches 
Pa, = Y(A(a,», in the notation of Section 3. Accordingly, P x W is the 
union of the family of open subvarieties Pa , x W, each of which is an irre
ducible affine variety Y(A(a,» ® B). 

Consider a closed subset C of P x W, and put Ci = C n (Pa, x W). Let 
I(Ci ) denote the annihilator ideal of Ci in A(a,) ® B. Regarding A ® B as a 
graded algebra with the grading coming from that of A, let I be the homo
geneous ideal of A ® B whose homogeneous components Ie consist of 
those elements 

I (alYI ... (an)en ® b(el' ... ,en) 
el +"'+en=e 

for which the corresponding elements 

I (adaJe l ••• (an/aJen ® b(el> ... , en) 
el+"'+ en=e 

belong to I(Ci ) for each i. Working in A[al l , ... , a,;-l] ® B, consider an 
elementfof I(CJ There is an exponent e ~ 0 such that «aiY ® I)fbelongs 
to A ® B. Then, for each j, 
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and this element vanishes on 

Ci n (Paj x W) = Cj n (Pa, x W). 

On the other hand, the element 

«a/a)e+ 1 @ 1)f = «ai/a) @ 1)«a/aX @ 1)f 

vanishes on the part of Cj that does not lie in Pal x W Since j is arbitrary, 
this shows that the element «aJe+l @ 1)fbelongs to Ie+1 . 

Now let w be a point of W not belonging to the projection image of C. 
Then Ci and Pa , x (w) are disjoint closed subsets of the irreducible affine 
variety Pa, x W Let J be the annihilator of w in B. Then A(a,) @ J is the 
annihilator of Pa, @ (w) in A(ad @ B. Since F is algebraically closed, it follows 
from the disjointness of the sets C i and Pa, x (w) that we must have 

I(Ci) + A(a,) @J = A(ad @ B. 

This means that there are elements j; in I(C i ), 9u in A(a') and mij in J such 
that 

j; + I gij @ mij = 1. 
j 

By the above, there is an exponent e such that «aJe @ 1)j; belongs to Ie 
for each i, and (aiYgij belongs to A for all i andj. With this, the above expres
sion for 1 yields the result that (aiY @ 1 belongs to Ie + (A @ J)e. By 
enlarging e, if necessary, we obtain the result that all monomials of total 
degree e in ai' ... , an belong to Ie + (A @ J)e' This means that 

(A @ B)e = Ie + (A @ J)e· 

Now consider the finitely generated B-module R = (A @ B)e/le. Our 
last result means that J. R = R. If (rl' ... , rk) is a system of B-module 
generators of R, we have therefore relations 

k 

rp = I Upqrq 
q= 1 

with each u pq in J. The determinant,jsay, of this system is of the form 1 + u, 

with U E J, and f . R = (0). Thus, we have Ae @ Bf c Ie and f ¢ J. In parti
cular, (aiY @ f belongs to Ie> so that f vanishes on the projection image of 
C in W, while f(w) -# O. Thus, WI is an open subset of W containing wand 
not meeting the projection image of C. Our conclusion is that the complement 
in W of the projection image of C is open. D 

Notes 

1. The simplest example of an open subvariety of an affine variety that is 
not an affine variety is as follows. Let F be an algebraically closed field, x 
and y independent variables over F, and S the irreducible affine F-variety 



136 IX.5 

9"(F[x, y ]). Identifying the points s of S with the corresponding pairs 
(s(x), s(y)) of elements of F, let U denote the open subvariety S \ (0, 0) of S. 
One can show that every rational function of S that is defined at every point 
of U belongs to F[x, y]. If U were affine, 9'(U) would therefore be the 
restriction image of F[x, y], by virtue of Proposition 1.2. But then (0, 0) 
would belong to U. [In order to prove the assertion concerning the rational 
functions, let f be an element of :IF s(U), and consider the ideal J f of all 
elements u of F[x, y] such that ufbelongs to F[x, y]. Then the only zero of 
J f in S is (0, 0), which implies that J f contains some power of x, as well as 
some power of y. Using unique factorization in F[x, y], one sees from this 
thatfmust belong to F[x, y]]. 
2. The recipe we have used for constructing the direct product of projective 
varieties is due to M. E. Sweedler. 

3. The proof of Theorem 5.3 is due to Grothendieck. Generally, the above 
treatment of the completeness property comes from D. Mumford [11]. 



Chapter X 

Morphisms of Varieties 
and Dimension 

This chapter is concerned mainly with the dimension-theoretical analysis 
of morphisms between varieties. This involves substantially more com
mutative algebra than has been used up to now. Thus, Section 1 establishes 
Noether's Normalization Theorem, which is used for reducing some of the 
required ideal theoretical considerations to the situation of an ordinary 
polynomial algebra. The remaining results of Section 1 concern the connec
tions between the dimensions of irreducible closed subvarieties of irreducible 
affine varieties and the generation of their annihilating ideals. 

Section 2 contains the "Going Down Theorem" of Cohen-Seidenberg 
for prime ideals with respect to integral ring extensions, which is used in 
proving Proposition 2.4. This proposition is an important step in the exam
ination of inverse images with respect to morphisms. 

Section 3 deals with the commutative algebra underlying the notion of a 
normal variety. Every variety has a non-empty open normal subvariety, 
and the morphisms to a normal variety are far more tractable than morphisms 
are in general. This fact appears in Section 4, especially in Theorem 4.3, 
which enables one to exploit the vital criterion of Theorem 4.5 for a morphism 
to be an open map. 

1. Proposition 1.1. Let F be a field, and let A = F[al' ... ,an] be a finitely 
generated commutative F-algebra. Let I be an ideal of A, other than A. There 
are elements b1, ... ,bn in A, and an index r :s; n, such that bi belongs to I for 
each i < r, I n F[b" . .. ,bn] = (0) and A is integral over F[b 1,···, bnJ. 

PROOF. We make an induction on n. If n = 0 we have A = F and I = (0), 
so that the proposition holds trivially. Now suppose that n > 0 and that the 
proposition has been estabIished in the lower cases. If I = (0) we may evi
dently take r = 1 and each bi = ai. Therefore, we assume that I -:f. (0). 

137 
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Choose any non-zero element b1 from 1, and let Xl>"" Xn be independent 
variables over F. Write 

b1 = f(al, ... , an), 

where f E F[x 1, • •• , xn], and let d denote the total degree off Since 1 =1= A, 
we must have d > O. For each i > 1, put 

Then we have 

The term of the highest degree in Xl in the expansion of 

(X1YI(X2 + x1+ ly2 ... (xn + xld+ 1)n-Iyn, 

is Xl' where 

e = el + eid + 1) + ... + en(d + 1)n-l. 

As the e/s range over the natural numbers from 0 to d, the exponent e of 
X 1 here is never repeated. It follows that, if we arrange the full expansion 
of our above expression for b1 according to the powers of al, we obtain 

e-l 

b1 = u(aJ + I NC2,···, Cn)(aiY, 
;=0 

where u is a non-zero element of F, the exponent e is greater than 0 and the 
j;'s belong to F[X2' ... , xn]. Hence, a 1 is integral over F[b 1, C2' ... , cn]. 

Now write B for F[C2' ... ,cn] and J for 1 n B. By our inductive hypothesis, 
there are elements b2 , ••• , bn in B and an index r ~ n such that bi belongs 
to J for each i with 2 ~ i < r, J n F[b" ... ,bn] = (0) and B is integral 
over F[b2, ... , bn]. Clearly, bi belongs to 1 for each i < r, and 

1 n F[b.,. .. ,bn] = (0). 

Finally, each ai is integral over F[b 1, C2,"" cn], while F[b!> C2"'" cn] is 
integral over F[b!> . .. , bn]. Therefore, each ai is integral over F[b!> . .. , bn]. 

o 

The following almost immediate consequence is known as Noether's 
Normalization Theorem. 

Theorem 1.2. Let F be a field, and let R be a finitely generated commutative 
F-algebra. There is a subset (Zl,"" zs) of R that is algebraically free over F 
and such that R is integral over F[z 1, ..• ,zs]. 

PROOF. Write R = F[Xl, ... , xn]/1, where the x;'s are independent variables 
over F. Let (b 1, ••• , bn) and r be as obtained from Proposition 1.1, with 
F[Xl,' .. ,xn] in the place of A. Let Zi denote the canonical image in R of 
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hi + r - 1 (i = 1, ... , n + 1 - r). Since F[xI' ... , XII] is integral over 
F[b l , ... ,b,,], it follows that R is integral over the canonical image of 
F[b l , ... , bn] in R. This image is F[zl"'" Zn+ 1-r], because bi belongs to I 
for each i < r. Clearly, the set (b l , ... , bn) must be algebraically free over F. 
Since I n F[br , •.• ,bn] = (0), it follows that the set (z I, ... , Zn + I - r) is 
algebraically free over F. 0 

Let X be an irreducible algebraic variety, U and V affine patches of X. 
By restriction to an affine patch W contained in U n V, each, the field of 
rational functions of U, and the field of rational functions of V, is isomorphic 
with the field of rational functions of W. Thus, we may identify all the fields 
of rational functions of affine patches of X, and so arrive at the notion of 
the field of rational functions of X. The degree of transcendence of this field 
over the base field is the dimension of X, denoted dim(X). This is equal to 
the dimension of every affine patch of X. 

Proposition 1.3. Let X be an irreducible variety, and let Y be a closed irre
ducible subvariety of X, other than X. Then dim(Y) < dim(X). 

PROOF. There is an affine patch U of X such that Y n U i= 0. Now Y n U 
is closed in U, and Y n U i= U, because otherwise Y contains the closure of 
U, which is X. Also, Y n U is open in Y, and hence is irreducible. We have 
dim(X) = dim(U) and dim(Y) = dim(Y n U). Since U is an irreducible 
affine variety, we can apply Lemma 11.3.8 in the evident way to conclude 
that dim(Y n U) < dim(U). 0 

Corollary 1.4. Let X be an irreducible affine variety, and let Y be a closed 
irreducible subset of X such that dim(Y) = dim(X) - 1. Then, for every 
non-zero elementf of&(X) such thatf(Y) = (0), Y is an irreducible component 
of the set of zeros offin X. 

PROOF. Evidently, the irreducible set Y is contained in some irreducible 
component, Z say, of the set of zeros of f By Proposition 1.3, we have 
dim(Z) < dim(X), and dim(Y):S; dim(Z). Since dim(X) - dim(Y) = 1, 
this gives dim(Y) = dim(Z). By Proposition 1.3, this implies that Y = Z. 0 

Proposition 1.5. Let X be an irreducible affine variety, and let f be a non-zero 
element of &(X). Suppose that Y is an irreducible component of the set of 
zeros off in X. Then dim(Y) = dim(X) - l. 

PROOF. Let YI , ... , 1; be the irreducible components of the set of zeros off, 
with YI = Y. Let J i denote the annihilator of Y; in &(X). For any ideal I, 
let 1* denote the radical of I. Then we have (&(X)f)* = J In· .. n Jt • 

Choose an element g from the non-empty set (J 2 n ... n J t ) \ J I (if t = 1, we 
interpret this expression as &(X) \ J I), and consider the principal open 
subset Xg of X. This is an irreducible affine variety, and Y n Xg is precisely 
the set of zeros offin X g. Moreover Y n Xg = Yg., where g' is the restriction 
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of g to Y, so that Y n X 9 is an irreducible affine variety of the same dimension 
as Y. Since dim(X g) = dim(X), it suffices to prove that 

dim(Y n Xg) = dim(Xg) - 1. 

Thus, we may replace X with Xg and Y with Y n X g. Then we have the 
simplified situation where Y is the set of zeros offin X, and the annihilator 
of Yin &(X) is (&(X)f)*, for which we shall simply write]. In this situation, 
we proceed as follows. 

If d = dim(X), we have from Theorem 1.2 that there is a subset (Zb ... , Zd) 
of &(X) that is algebraically free over the base field F and such that &(X) 
is integral over F[Zl, ... , Zd]. Let us write A for &(X) and B for F[Zl,···, Zd], 
and let us consider the finite algebraic extension [A] of [B]. Sincefis integral 
over B, and since B is integrally closed in [B], the monic minimum polynomial 
for f relative to [B] has all its coefficients in B. Let J-l denote the norm map 
for [A] relative to [B]. Then J-l(f) is, up to sign, a power of the constant 
term of the minimum polynomial forf, so that J-l(f) lies in (Bf) nBc] n B. 
Hence we have (BJ-l(f»* c ] n B. Conversely, let g be an element of] n B. 
There is a positive integer m such that gm = hI, with some h in A. Applying 
J-l, we obtain gem = J-l(h)J-l(f), where e is the degree of [A] relative to [Bl 
As with J-l(f), we find J-l(h) E B, so that our last equation shows that g lies in 
(BJ-l(f»*. Thus, we have] n B = (BJ-l(f»*. 

Since B is a unique factorization domain, and since (BJ-l(f»* is the prime 
ideal] n B, the element J-l(f) must be a non-zero F -multiple of a power of a 
prime element p of B, so that (BJ-l(f»* = Bp. Now p is an irreducible poly
nomial in Zl' ... ' Zd with coefficients in F. By relabeling, if necessary, we 
arrange to have Zd actually occur in p. 

Now dim(Y) is the transcendence degree of [AjJ] over F, which is equal 
to the transcendence degree of [BI(J n B)] over F. If Yi denotes the canon
ical image of Zi in BI(] n B), we have 

F[Yl, ... , Yd-l] c BI(] n B). 

If the elements Yb ... , Yd-l were not algebraically independent over F 
there would be a non-zero polynomial q in d - 1 variables with coefficients 
in F such that q(Yb ... , Yd-l) = O. This means that q(Zl,·.·, Zd-l) belongs 
to Bp. Since Zd actually occurs in p, this contradicts the algebraic independence 
of Zl' ... ' Zd. Therefore, the transcendence degree of BI(] n B) over F is at 
least equal to d - 1, whence dim(Y) ?: d - 1. By Proposition 1.3, we have 
dime Y) < d. Hence, dime Y) = d - 1. D 

Corollary 1.6. Suppose X is an irreducible affine variety and Y is a closed 
irreducible subset of X, with dim(Y) = dim(X) - r, where r > O. There are 
closed irreducible subsets Y; of X such that Y = Y,. c ... C Yl and 

dim(Y;) = dim(X) - i, 

for each i. 
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PROOF. If r = 1 there is nothing to prove. Suppose r > 1 and the corollary 
established in the lower cases. Since Y i= X there is a non-zero element f in 
.'?Jl(X) that vanishes on Y. Now Y is contained in some irreducible component 
Yl of the set of zeros offin X. By Proposition 1.5, dim(Yl) = dim(X) - 1. 
Now apply the inductive hypothesis with Yl in the place of X. 0 

Corollary 1.7. Let X be an irreducible affine variety, and let f1> ... ,J,. be 
elements of&(X). Suppose Y is an irreducible component of the set "Y(fl, ... ,J,.) 
of common zeros in X of the ;;'s. Then dim(Y) ;;::: dim(X) - r. 

PROOF. This follows by induction on r, using Proposition 1.5 for the inductive 
step. In fact, Y is an irreducible closed subset of some irreducible component, 
Z say, of "Y(ft> ... , J,.- d. Since Y is a maximal irreducible subset of 
"Y(fl' ... ,J,.), it follows that Y is an irreducible component of Z 11 "Y(fr)' 
By inductive hypothesis, dim(Z) ;;::: dim(X) - r + 1. If the restriction of 
J,. to Z is 0, then Y = Z. If the restriction of J,. to Z is not 0, we have from 
Proposition 1.5 that dim(Y) = dim(Z) - 1 ;;::: dim(X) - r. 0 

Lemma 1.8. Let T be a commutative ring, PI' ... , Pk prime ideals of T, and K 
a subset of T that is closed under addition and multiplication. Then, if the 
union ofthefamity of P;'s contains K, one of the P;'s contains K. 

PROOF. Making an induction on k, we may suppose that k > 1 and that K 
is not contained in the union of any proper subset of the set of P/s, and 
show that then K is not contained in Uf= I Pi' Choose aj from K \ Ui*j Pi 
for eachj, and put 

If K is contained in the union of the set of P;'s, we must have aj E Pj' so that 
bi E Pj for each i other thanj. On the other hand, bj i Pj' because none of its 
factors ai belongs to Pj' It follows that b does not belong to Pj' Since b belongs 
to K, this contradicts the assumption that the union of the family of P;'s 
contains K. 0 

Theorem 1.9. Let X be an irreducible affine variety. Suppose that Yl ,···, Y,. 
are irreducible closed subsets of X such that Y,. c ... C Yl and 

dime¥;) = dim(X) - i, 

for each i. Then there are elements fl' ... ,J,. in &(X) satisfying the following 
conditions,for each i with 1 :::;; i :::;; r: 

(1) ¥; is an irreducible component of"Y(fl"" ,;;); 
(2) every irreducible component of "Y(f1> ... ,;;) has dimension dim (X) - i. 

PROOF. By Corollary 1.4, th~re is an elementfl in &(X) such that Yl is an 
irreducible component of "Y(fl)' By Proposition 1.5, every irreducible 
component of "Y(fl) has dimension dim (X) - 1. 



142 X.2 

Now suppose we have already found flo . .. ,.r; satisfying (1) and (2). 
Write Z1 for y;, and let Z2, ... , Zm be all the other irreducible components 
of 1/(f1' ... ,jJ The dimension of each of these components is dim(X) - i, 
which is greater than the dimension of Y;+ 1. Therefore, none of Zl' .. ·, Zm 
is contained in Y;+ 1. Let P j denote the annihilator of Zj in &(X), and let K 
denote the annihilator of Y; + 1 in &(X). By our last remark, K is not contained 
in any Pj. By Lemma 1.8, this implies that K is not contained in the union 
of the set of P/s. Thus, there is an element fi+ 1 in &(X) that vanishes on 
Y;+ 1 but not on any Zj. Let Z be an irreducible component of 1/(fl , ... ,fi+ 1). 
Then Z c Zj for some j and Z c 1/(fi+ 1). By Proposition 1.5, every irre
ducible component of Zj n 1/(fi+ 1) is of dimension 

dim(Z) - 1 = dim(X) - (i + 1). 

Therefore, we have dim(Z) ~ dim(X) - (i + 1). On the other hand, by 
Corollary 1.7, we have dim(Z) ;;::: dim(X) - (i + 1). Thus, 

dim(Z) = dim(X) - (i + 1). 

Since Y;+ 1 c 1/(fi+ 1) n y;, we have Y;+ 1 c 1/(fb ... , fi+ 1). Since 
dim(Y;+ 1) = dim(X) - (i + 1), which is the dimension of every irreducible 
component of 1/(fl, ... ,fi+ 1), it follows that Y;+ 1 is an irreducible compo
nent of 1/(fl' ... ,fi+1). Thus, the set (fl' ... ,fi+l) satisfies conditions (1) 
and (2) for i + 1 in the place of i. D 

2. Let (J be a morphism from an irreducible variety X to a variety Y. We say 
that (J is dominant if (J(X) is dense in Y. If X is not irreducible, we say that (J 
is dominant if the restriction of a to each irreducible component of X is a 
dominant morphism from that component to some irreducible component 
of Y and a(X) is dense in Y. 

Theorem 2.1. Suppose a: X ~ Y is a dominant morphism between irreducible 
varieties. Let W be a closed irreducible subset of Y, and let Z be an irreducible 
component of a- 1(W) such that a(Z) is dense in W. Then 

dim(Z) ;;::: dim(W) + dim(X) - dim(Y). 

PROOF. There is an affine patch V of Y such that V n W i= 0. Then V n W 
is a closed irreducible subset of the irreducible affine variety V, and 
dim(V n W) = dim(W). Now a induces a morphism of varieties from 
a- 1(V) to V, and Z n a- 1(V) is an irreducible component of a- l(V n W) 
whose image is dense in V n W. We have dim(Z n a- 1(V» = dim(Z), 
dim(V n W) = dim(W), dim(V) = dim(Y) and dim(a- 1(V» = dim(X). 
Therefore, it suffices to prove the theorem in the case where Y is affine 
(Y = V), which we shall now assume. 

Let r = dim(Y) -dim(W). By Corollary 1.6 and Theorem 1.9, there 
are elements fl' ... ,f,. in .9( Y) such that W is an irreducible component of 
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1/'U1,' .. ,J,.). Let gi = J; 0 a, so that gi is an everywhere regular function 
on X. Then we have Z c 1/'(g 1, .•. ,gr)' Since Z is irreducible, it is contained 
in some irreducible component Zo of 1/'(gl' ... , gr)' If T' denotes the closure 
of a set T, we have 

W = a(Z)' c a(Zo)' c 1/,U1,· .. ,J,.). 

Since W is an irreducible component of 1/'Ub ... ,J,.) and since a(Zo)' is 
irreducible, it follows that W = a(Z)' = a(Zo)', whence Zo c a- l(W). 
Since Z is an irreducible component of a- 1(W), we must therefore have 
Z = Zo, so that Z is an irreducible component of 1/'(g 1, ..• ,gr)' Intersecting 
with a suitable affine patch of X and applying Corollary 1.7, we see that 
therefore dim(Z) z dim(X) - r = dim(W) + dim(X) - dim(Y). 0 

A morphism a: X -+ Y between affine varieties is called finite if &>(X) 
is integral over &>( Y) 0 a. 

Proposition 2.2. Let a: X -+ Y be a finite dominant morphism between irre
ducible affine varieties over an algebraically closed field F. Then a is surjective. 

PROOF. Let y be a point of Y, and view y as an F-algebra homomorphism 
from &>(Y) to F. Since a is dominant, its transpose is injective from &>(Y) 
to &>(X). Consequently, y defines an F -algebra homomorphism y' from 
&>(Y) 0 a to F. By Proposition II.3.2, y' extends to an F-algebra homomor
phism y" from some valuation subring S of [&>(X)] containing &>(Y) 0 a 
to F. Since &>(X) is integral over &>(Y) 0 a, we have &>(X) c S. If x is the 
restriction of y" to &>(X), then a(x) = y. 0 

Theorem 2.3. Let R be an integral domain that is integrally closed in its field 
of fractions. Let S be an integral domain containing R and integral over R. 
Let Q be a prime ideal of S, and let Po be a prime ideal of R that is contained 
in Q. There is a prime ideal Qo in S such that Qo c Q and Qo n R = Po. 

PROOF. Let D denote the multiplicatively closed subset of S consisting of 
the products rs with r in R \ Po and s in S \ Q. First, we show that it suffices 
to prove that (SP 0) n D = 0, where SP 0 denotes the ideal of S generated 
byPo· 

If this is the case, we can apply Zorn's Lemma in the evident way to show 
that there is an ideal Qo in S that is maximal in the set of all ideals of S con
taining SPo and not meeting D. We show that Qo is a prime ideal. Since 
Qo does not meet D, we have Qo t= S. Let u and v be elements of S \ Qo. 
Then, by the maximality of Qo, both Qo + Su and Qo + Sv meet D. There
fore, Qo + Suv also meets D, so that uv cannot lie in Qo. Thus, Qo is a prime 
ideal of S. We have 
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On the other hand, 

(Qo n R)\Po c Qo n D = 0, 

so that Qo nRc Po. Thus, Qo n R = Po. Finally, 

Qo c S \ DeS \ (S \ Q) = Q, 

so that Qo satisfies the requirements of Theorem 2.3. 
It remains to be proved only that (SPo) n D = 0. Suppose this is false, 

and choose r from R \ Po and S from S \ Q such that rs belongs to SP o. 
Then 

rs = L SiPi, 
i 

with each Si in S and each Pi in Po. Now Si is a root of a monic polynomial 
with coefficients in R, whence SiPi is a root of a monic polynomial whose 
coefficients other than the leading one lie in Po. We show that the sum of 
two elements a and b having this property also has this property. Suppose 
m and n are the degrees of polynomials as described just above for a and b, 
respectively. Let Ub"" Umn be the products aib j , with 0 s i < m and 
Osj<n. 

Then every monomial aeb f with e + .f ~ m + n - 1 is a linear combina
tion with coefficients in Po of the Uk'S. Hence, for t = m + n - 1 and 
i = 1, ... , mn, 

mn 

(a + bYUi = L PijUj, 
j= 1 

with each Pij in Po. It follows that, if T is the determinant with entries 
(a + by bij - Pii' we have TUi = 0 for each i. Since one of the Ui'S is 1, this 
gives T = 0, showing that a + b has the property in question. 

Now we conclude that rs is a root of a monic polynomial, h say whose 
coefficients other than the leading one lie in Po. Let fbe the monic minimum 
polynomial of rs with respect to [R]. Then h = fg, where g is a monic 
polynomial with coefficients in [R]. The roots (in an algebraic closure of 
[R]) off and g are roots of h, and thus are integral over R. Therefore the 
coefficients of f and g are integral over R. Since R is integrally closed in 
[R], it follows that the coefficients off and g belong to R. We claim that 
these coefficients, except for the leading ones, actually belong to Po. 

In order to see this, let m and n denote the degrees off and g, respectively, 
and write f = xm + f1' g = xn + gl> where f1 is a polynomial of degree 
less than m, and gl is a polynomial of degree less than n. Indicating the 
canonical homomorphism from the polynomial ring R[x] to the polynomial 
ring (R/Po)[x] by', we have, from h = fg, 

(xm + (f1)')(Xn + (gl)') = xm+n, 

whence 
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This implies that (fl)'(gl)' = 0, because otherwise the product of the non
zero terms of lowest degree in (fl)' and (gl)' cannot cancel out. Moreover, 
the above relation shows that the vanishing of one of (fl)', (gd' implies 
that of the other. Therefore, we have (fl)' = 0 = (gl)', which establishes 
our claim. 

Thus, we have 

f = xm + PIXm- 1 + ... + Pm' 

with each Pi in Po. Now 

xm + (P/)xm - I + ... + (~:). 
is the monic minimum polynomial for s relative to [R]. Since s is integral 
over R, it follows, by a now familiar argument, that p;/ri belongs to R for 
each i. But ri(p;/ri) belongs to Po, while ri does not belong to Po. Hence 
p;/ri belongs to Po. But this gives sm E SP 0 c Q, contradicting the fact that s 
does not belong to Q. 0 

Proposition 2.4. Let a: X -+ Y be a finite dominant morphism between affine 
varieties over an algebraically closed field. Let W be a closed irreducible 
subset of Y, and let Z be an irreducible component of a-I(W). Then a(Z) is 
closed in Y, and dim(a(Z» = dim(Z). For at least one such Z, one has 
a(Z) = W. If X and Yare irreducible and g1>(Y) is integrally closed in its 
field of fractions then a(Z) = W for every irreducible component Z of a-leW). 

PROOF. Clearly, Z and the closure, a(Z)' say, of a(Z) are irreducible, and the 
restriction of a to Z is a dominant morphism a 1: Z -+ a(Z)'. Let J be the 
annihilator of Z in g1>(X), so that g1>(Z) = g1>(X)jJ. Let I be the annihilator 
of a(Z) in g1>(Y). Then g1>(a(Z)') = g1>(Y)/I, and g1>(a(Z)') 0 a l may be identified 
with (g1>(Y) 0 a)/(1 0 a). Now loa = J n (g1>(Y) 0 a), so that 

g1>(a(Z)') 0 a1 = (g1>(Y) 0 a)/(1 n (g1>(Y) 0 a». 

Since g1>(X) is integral over g1>( Y) 0 a, this shows that g1>(Z) is integral over 
g1>(a(Z)') 0 aI' i.e., that a I is a finite morphism. Now we have from Proposi
tion 2.2 that a 1 is surjective, which means that a(Z) is closed in Y. From the 
fact that .9(Z) is integral over.9( a(Z» 0 a I, it is clear that dim(a(Z» = dim(Z). 

Now let P be the annihilator of W in g1>(Y), and Q the annihilator of 
a-leW) in g1>(X). Then po a = Q n (g1>(Y) 0 a). Write Q = J 1 n ... n Jk , 

where the J/s ll!e the annihilators in g1>(X) of the irreducible components, 
Zi say, of a- 1(W). Then po a is the intersection of the family of ideals 
J i n (.9(Y) 0 a). Since po a is a prime ideal, there is an index i such that 
po a = J i n (g1>(Y) 0 a). We claim that W = a(Z). In order to see this, 
let g be an element of g1>(Y) and suppose that g(a(Zi» = (0). Then goa 
belongs to J i n (g1>( Y) 0 a), i.e., goa E P 0 a. Since a is dominant, it follows 
that g belongs to P, i.e., that g(W) = (0). Since a(Z;) is closed in Y, this 
shows that W = a(Z;). 
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Now suppose that X and Yare irreducible and that &>(Y) is integrally 
closed in its field of fractions. For each i, we have 

po (f = Q n (&>(Y) 0 (f) c J i n (&>(Y) 0 (f). 

By Theorem 2.3, there is a prime ideal T in q»(X) such that T c J i and 
Tn (&>(Y) 0 (f) = po (f. Now (f("Y(T» c W, so that "Y(T) is an irreducible 
subset of (f- leW). Since Zi c "Y(T), we must therefore have "Y(T) = Zi, 
whence T = J;. Thus we have J; n (&>(Y) 0 (f) = po (f for each i. As we have 
seen above, this implies that (f(Z;) = W for each i. D 

3. Lemma 3.1. Let A be a Noetherian integral domain that is integrally closed 
in itsjield offractions [Al Let L be ajinite separable algebraicjield extension 
of [Al Then the integral closure of A in L is Noetherian as an A-module. 

PROOF. Let, denote the trace map L ~ [Al Since L is separable over [A], 
the [A]-bilinear trace form (u, v) f---+ ,(uv) on L x L is non-degenerate. 
Let AL denote the integral closure of A in L. Clearly, AL contains an [A]
basis (u l , ... , un) of L. Because of the non-degeneracy of the trace form, 
we can find elements t 1, ... , tn in L such that ,(u;t) = bij for all i and j. 
Evidently, (t 1, ..• , t n) is also an [A]-basis of L. 

Now let u be any element of AL , and write 
n 

U = L a;t;, 
;= 1 

with each ai in [Al Multiplying by Uj and then applying" we find ai = ,(uu). 
Since UUj belongs to A L, this shows that ai is integral over A. Since A is 
integrally closed in [A], we have therefore ai E A. Thus, AL is contained 
in At 1 + ... + Atn. Since A is Noetherian, it follows that A L is Noetherian 
as an A-module. D 

Theorem 3.2. Let F be ajield, A ajinitely generated integral domain F-algebra. 
Let L be ajinite algebraicjield extension of[Al Then the integral closure of A 
in L is Noetherian as an A-module. 

PROOF. By Theorem 1.2, there is a finite subset (z I> ••• , zs) of A that is alge
braically free over F and such that A is integral over F[ZI, ... , zsl Write 
B for F[zl> ... ' zs], and note that the integral closure BL of Bin L coincides 
with the integral closure A L of A. If BL is Noetherian as a B-module then, a 
fortiori, it is finitely generated as an A-module, and therefore Noetherian 
as an A-module, because A is Noetherian. Therefore, it suffices to prove 
Theorem 3.2 in the case where A is an ordinary polynomial algebra 
F[x 1, .•. , xnl We assume this from here on. 

Let L' be an algebraic closure of L. Then L' contains a purely inseparable 
algebraic field extension P of [A] such that P is a perfect field. Let (Yl,· .. ,Ym) 
be a set of field generators for Lover [Al The coefficients of the monic 
minimum polynomials of the y/s relative to P generate a finite purely 
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inseparable algebraic field extension S of [A], and the subfield S[L] of L' is a 
finite separable algebraic field extension of S. Write S = [A][UI,· .. ,Uk]. 
There is a power, q say, of the characteristic of F such that uJ belongs to 
[A] for each j; if the characteristic of F is 0, we define q as 1. 

Now each uJ is a fraction formed with two polynomials in the x;'s with 
coefficients in F. Let alo"" as be all these coefficients. Working in L', put 

Then C is integral over A. Let K denote the field extension of F that is 
generated by the elements al 1q. Then (xi 1q, ... , x~/q) is algebraically free 
over K, and C is the polynomial algebra over K that is generated by this 
set. Hence, C is integrally closed in its field of fractions, which is 

[C] = [A][xi 1q, ... , x~/q, ai1q, ... , a;lq]. 

Clearly, S c [C], and the integral closure AS of A in S is contained in C. 
Since C is finitely generated as an A-module and A is Noetherian, AS is 
therefore Noetherian as an A-module. A fortiori, AS is a Noetherian ring. 
Moreover, AS is integrally closed in its field of fractions, because this field 
of fractions coincides with S. 

Now we can apply Lemma 3.1 to conclude that the integral closure of 
AS in the finite separable field extension S[L] of S is Noetherian as an AS_ 
module. Since AS is Noetherian as an A-module, it follows that the integral 
closure of AS in S[L] is Noetherian also as an A-module. Evidently, this 
integral closure contains AL. Since A is Noetherian, it follows that AL is 
Noetherian as an A-module. 0 

If Rand S are commutative rings with ReS then the conductor C(f(R, S) 
of R in S is defined as the largest ideal of S that is contained in R. It consists 
of the elements r of R for which rS c R. 

Let us say that an integral domain A is normal if it is integrally closed in 
its field of fractions. If A is normal, and S is a multiplicatively closed subset 
of A, then A[S- 1] is normal, as is easy to verify. Conversely, suppose that 
the integral closure A* of A in [A] is finitely generated as an A-module 
and that A[(A \ P)- 1] is normal for every maximal ideal P of A. Then A is 
normal. Indeed, otherwise we have C(f(A, A *) =1= A, so that there is a maximal 
ideal P in A containing C(f(A, A*). Since A[(A \ p)-I] is normal and A* is 
finitely generated as an A-module, there is an element u in A \ P such 
that uA * c A. But this means that U belongs to C(f(A, A *) and hence to P, 
so that we have a contradiction. 

Let X be a variety, p a point of X. The local ring at p is the direct limit of 
the system of rings ff x(U), where U ranges over the open subsets of X 
containing p, with respect to the restriction maps ff x(U) ~ ff x(V) for the 
pairs (U, V) with V c U. This is also called the stalk at p of the sheaf of 
regular functions, and is denoted by ff x(p). Its elements are the equivalence 
classes of functions regular on a neighborhood of p, two such functions 
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being called equivalent if their restrictions to some neighborhood of p 
coincide. If U is an affine patch of X containing p, and if P is the annihilator 
of pin &( U), then !F x(p) may evidently be identified with the ring of fractions 
A[(A \ p)-l], where A = &(U). The point p of X is called a normal point 
if !F x(p) is normal. The variety X is said to be a normal variety if every 
point of X is normal. 

Let X be an irreducible affine variety. By Theorem 3.2, the integral 
closure of &(X) in its field of fractions is Noetherian as a &(X)-module. 
If the base field is algebraically closed then every maximal ideal of &(X) 
is the annihilator of a point of X. Hence we see from our above discussion 
of normal integral domains that an irreducible affine variety X over an 
algebraically closed field is normal if and only if &(X) is normal. Of course, 
the sufficiency ofthis condition holds even ifthe base field is not algebraically 
closed. 

Let X be an irreducible affine variety, and write A for &(X). Let A* 
denote the integral closure of A in [A]. Let (u 1, ... , Un) be a system of A
module generators for A*. There is a non-zero element a in A such that 
aUi belongs to A for each i, whence aA * c A, i.e., a E ~(A, A *). Consider 
the principal open subset Xa = Y(A[a- l ]) of X. We have -

(A[a- l ])* = A*[a- l]. 

Since aA* c A, we have A* c A[a- l ], whence (A[a- l ])* = A[a- l]. Thus, 
Xa is a normal variety. 

We summarize as follows, for reference. 

Proposition 3.3. Let V be a variety, and let X b ... , X n be affine patches 
of V covering V. If &(X;) is integrally closed in its field of fractions for each i 
then V is a normal variety. The converse holds whenever the base field is 
algebraically closed. Every variety has a non-empty normal open subvariety. 

4. Proposition 4.1. Let A and B be commutative rings, with A c B. Suppose 
that f is an element of the polynomial ring B[x] that is integral over A[x]. 
Then the coefficients off are integral over A. 

PROOF. By assumption, there are elements Pl' ... , Pm in A[x] such that 

fm + pdm- 1 + ... + Pm = O. 

Let r be an integer greater than the maximum of the degrees off and the 
p;'s. Put g = f - xr. In the above, substitute g + xr for f and write the 
resulting relation for g over A[x] in the form 

(_g)[gm-l + qlgm-2 + ... + qm-l] = qm' 

where the q;'s are elements of A[x]. By the choice of r, the polynomial 
- g is monic. On the other hand, 

qm = xrm + P1Xr(m-l) + ... + Pm_1Xr + Pm' 
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showing that qm is monic. Therefore, the above relation shows that 

is monic. 
Generally, if u and v are monic polynomials in B[x] such that the coeffi

cients of uv are integral over A, then the coefficients of u and v are integral 
over A. This is proved by constructing a commutative ring C containing B 
such that u and v are products of polynomials x - c with c in C. Then, 
since the coefficients of uv are integral over A, so are all these c's, whence 
the same holds for the coefficients of u and v. 

Applying this to the above, since the coefficients of qm lie in A, we see 
that the coefficients of g are integral over A, which means that the coefficients 
off are integral over A. D 

Lemma 4.2. Let A be an integral domain, B a subring of A such A is finitely 
generated as a B-algebra. Then there is a finite subset (x l> ... , Xr) of A that 
is algebraically free over [B], and a non-zero element b of B, such that A[b - 1] 
is integral over B[b-1][XI"'" XrJ. 

PROOF. Let AI be the sub [BJ-algebra of [A] that is generated by A. Then AI 
is a finitely generated [BJ-algebra to which we can apply Theorem 1.2. 
This yields a finite subset (Xl> ... ,xr ) of AI that is algebraically free over 
[B] and such that A' is integral over [B][xto ... , xrJ. Each Xi is a fraction 
a/bi where ai lies in A and bi in B. Multiplying each Xi by bi does not disturb 
the relevant properties. Thus, we see that the x/s may be chosen from A. 
Since A is finitely generated as a B-algebra, and since every element of A 
is a zero of a monic polynomial with coefficients in [B][Xl' ... , xr], we can 
clearly find a non-zero element b in B such that A[b- 1] is integral over 
B[b-I][Xl"'" xrJ. D 

Theorem 4.3. Let F be an algebraically closed field, and let (J: X ~ Y be a 
dominant morphism between irreducible varieties over F. Then (J(X) contains a 
non-empty open subset V of Y. Moreover, V may be so chosen that, if W is a 
closed irreducible subset of Y meeting V, and Z is an irreducible component of 
(J-I(W) meeting (J-I(V), then dim(Z) = dim(W) + dim(X) - dim(Y). 

PROOF. Appealing to Proposition 3.3, we reduce the theorem to the case 
where Y is a normal variety. As in the beginning of the proof of Theorem 2.1, 
we see that no generality is lost in assuming that Y is affine. Now write X 
as a union of affine patches Xl>"" X n • Then, if Vi is an open subset of Y 
satisfying the requirements of the theorem for the restriction of (J to X;, the 
intersection of the family of V/s satisfies the requirements for (J. Therefore, 
it suffices to deal with the case where X is affine. Accordingly, we assume 
that both X and Yare affine, and that Y is normal. 
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Write A for 9'(X), and B for 9'(Y) 0 a. Let (Xl' ... ' Xr ) and b be as obtained 
in Lemma 4.2, so that A[b - l] is integral over the polynomial algebra 
B[b-l][xl' ... ' Xr ]. We have b = co a, with c in 9'(y), and 

B[b- l ] = 9'(Yc) 0 a. 

We shall show that Yc satisfies the requirements for U in Theorem 4.3. 
We have a-l(Yc) = X b , and .9(Xb) = A[b- l ]. Let us regard the poly

nomial algebra F[x l , ... , x r ] as the algebra 9'(pr) of polynomial functions 
on the direct product pr of r copies of F, with its standard structure of an 
affine F-variety. Consider the affine F-variety Yc x pro We have 

9'(Yc x pr) = 9'(Yc) ® F[Xb ... ,Xr ]. 

Using the composition with a on the factor 9'(Yc), we obtain an F-algebra 
injection 9'(Yc x pr)~9'(Xb) whose image is B[b-1][XI' ... ,XrJ. This 
defines a dominant morphism r: Xb ~ Yc x pro Since 9'(Xb) is integral 
over B[b-I][XI' ... ' x r ], this morphism r is a finite morphism. By Proposi
tion 2.2, r is therefore surjective. Clearly, the restriction of a to X b is the 
composite of r with the canonical projection Yc x pr --+ Yc. Hence 

Yc = a(X b) c: a(X). 

Now let Wand Z be as in the statement of Theorem 4.3. We may replace 
W with W n Yc, and Z with Z n X b , and a with its restriction to X b • Thus, 
we may assume that W c: Yc and that Z is an irreducible component of 
a-leW) in Xb = a-l(Yc). Then Z is an irreducible component of 
r-1(W x pr). Now W x pr is a closed irreducible subset of Yc x pro The 
integral closure of 9'( Yc x pr) in its field of fractions is contained in 

By Proposition 4.1, the elements of this integral closure, when written as 
polynomials in Xl' ... ' X" have their coefficients integral over 9'(Yc). Since 
Y is a normal variety, so is Yc. Therefore, we have from Proposition 3.3 
that 9'(Yc) is integrally closed in [9'( Yc)]' Thus, 9'( Yc x pr) is integrally 
closed in its field of fractions. Now we can apply Proposition 2.4 to conclude 
that r(Z) = W x pr and dim(r(Z» = dim(Z). Therefore, we have 
dim(Z) = dim(W) + r. Finally, it is clear that r is equal to the transcendence 
degree of [.9(X)] over [9'(Y) 0 a], so that r = dim(X) - dim(Y). D 

Recall from Section IX.1 that a constructible subset of a variety is a finite 
union of locally closed subsets, and that it inherits a variety structure in the 
natural way. 

Theorem 4.4. Let a: X ~ Y be a morphism between varieties over an alge
braically closed field. If A is a constructible subset of X then a(A) is a construct
ible subset of Y. 
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PROOF. Since a constructible subset of X is a subvariety, it suffices to prove 
that a(X) is a constructible subset of Y. Moreover, no generality is lost in 
assuming that X is irreducible. Hence, it suffices to prove that a(X) is con
structible in the case where both X and Yare irreducible and 0' is dominant. 

We assume this and proceed by induction on the dimension of Y. The 
result is trivial if dim(Y) = O. Suppose dim(Y) > 0, and that the theorem 
has been established in the lower cases. By the first part of Theorem 4.3, 
a(X) contains a non-empty open subset U of Y. Let WI", . , W; be the irre
ducible components of Y\ U; evidently, we may assume that U "# Y. By 
Proposition 1.3, each W; is of strictly smaller ditnension than Y. Let 
Zit, ... , Zii', be the irreducible cotnponents of a-I(W;). By our inductive 
hypothesis, each a(Zi) is a constructible subset of W;, and hence also is a 
constructible subset of Y. Now a(X) is the union of U and the a(Zij)'s, and 
thus is constructible. 0 

Theorem 4.5. Let 0': X --+ Y be a dominant morphism between irreducible 
varieties over an algebraically closed field. Suppose that, for every closed 
irreducible subset W of Y, each irreducible component of 0'- I(W) has dimension 
dim(W) + dim(X) - dim(Y). Then 0' is an open map. 

PROOF. If we apply the assumption with W any I-point subset of Y, we find 
that 0' is surjective. Now let W be any closed irreducible subset of Y, and let 
Z I, ... , Zk be the irreducible components of a-I(W). Put 

r = dim(X) - dim(Y). 

Indicating the closure of a set by', note that Zi is also an irreducible compo
nent of 0'- l(a(Zin so that the assumption of the theorem gives 

dim(a(Z;)') + r = dim(Zi) = dim(W) + r, 
whence dim(a(Zi)') = dim(W), and therefore a(Z;)' = W. Thus, the restric
tion of 0' to Zi is dominant from Zi to W. 

Now let x be a point of X, and let U be an open subset of X containing x. 
We must show that a(x) lies in the interior of 0'( UkSuppose this is not the 
case, so that a(x) E (Y \ a(U»'. By Theorem 4.4, a(U) is a constructible 
subset of Y. Therefore, also Y \ a(U) is constructible. Hence, there is a closed 
set C in Y and an open set E in Y such that a(x)E(C (1 E)' and 

C (1 E c Y \ 0'( U). 

Moreover, we may choose C to be irreducible, so that C (1 E is dense in C. 
We know from the above that the irreducible components of a-I(C) all 
dominate C, via 0'. It follows that a-I(E) meets each of these components, 
whence a-I(E) (1 a-I(C) is dense in a-I(C). On the other hand, 

0'- I(E) (1 a- I( C) = 0'- I(E (1 C) C a-I(y \ a(U» C X \ U. 

Since X \ U is closed, it follows that a-I(C) C X \ U. Since x E a-I(C) (1 U, 
this is a contradiction. 0 
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5. We append three purely technical results which will be needed when we 
return to algebraic groups. 

Proposition 5.1. Let X be an irreducible variety, x a normal point of X. Let 
f be a rational function on X that is not defined at x. There is a closed sub
variety Y of X such that x E Y, 1/ fis defined at some point of Y and 1/ ftakes 
the value ° at every point of Y where it is defined. 

PROOF. Let R denote the local ring of x. Without loss of generality, we 
assume that X is affine. Then we may identify R with the appropriate ring 
offractions of 9(X), and we may regardfas an element of [9(X)]. Working 
in this field, let I denote the ideal of R consisting of the elements 9 for which 
gf E R. Since R is a Noetherian ring, it follows from elementary ideal theory 
that the set of prime ideals of R that are minimal among the prime ideals 
containing I is finite (see Note 3 at the end of this chapter). Let PI' ... ,Pt 

be all the prime ideals minimal prime over I. Their intersection is the radical 
of I, and there is a positive integer n such that Pi ... P~ c I. Write Rl for 
the local ring R[(R \P1)-I]. Then we have P i R I = Rl for each i> 1. 
It follows that PiR I c fR I . Since If c R, we have therefore Pif c R 1. 
Let k be the smallest non-negative integer m for which Pif c R 1• If we 
had k = 0, we would have f E Rb so that there would be an element 9 in 
R \ PI with gf E R, giving gEl, which contradicts I cPl' Thus, we have 
k > O. 

Now choose an element 9 from (P1- 1 f) \ R 1• Since x is a normal point, 
R is integrally closed in [R], whence also Rl is integrally closed in [R]. 
Therefore, 9 is not integral over Rl.1t follows that gP1R 1 ¢ P1R 1. In order 
to see this, note that P lRI has a finite system (Ub"" ur ) of R 1-module 
generators. If gP1R 1 c P1R 1 we have 

r 

gUi = L cijUj, 
j= 1 

with cij in R 1. Hence the determinant of the matrix with entries gi5ij - cij is 
equal to 0, showing that 9 is integral over R 1 ; a contradiction. 

On the other hand, we have gP I c P1f C R 1. Since, as we have just 
seen, (gP 1)R1 ¢ P1R 1, and since P1R 1 is the maximum ideal of the local 
ring R 1, it follows that gP1R 1 = R 1, so that R 1(1/g) = P1R 1. 

Now put h = f/l. Then hE pH c R 1• Moreover, h is a unit of R 1 . 

Indeed, otherwise hEP 1R 1 = R 1(1/g), so that fll- 1 = ghER1' whence 
fP1- 1 c RJ, contradicting the definition of k. Hence, we have 

1/f = (l/h)(l/gk) E P1R 1• 

Let P be the prime ideal Pin 9(X) of 9(X), and let Ybe the set of zeros 
of Pin X. Then Y is an irreducible closed subvariety of X, and x E Y (because 
PI is contained in the maximum ideal of the local ring R at x). Now 1/ f 
defines a rational function on Y. Since 1/ f E P lRl' it is clear that (1/ f)(y) = 0 
for every point y of Y at which 1/f is defined. The elements of Rl may be 
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written as fractions u/v, with u and v in &(X) and v ¢ P. There are points 
y in Y with v(y) 01 0, i.e., points y at which u/v is defined. In particular, Ilf 
is defined at some point of Y. 0 

Proposition 5.2. Let (J: X ~ Y be an injective and dominant morphism 
between irreducible varieties over an algebraically closed field F. Then the 
field of rational functions of X is a finite purely inseparable algebraic extension 
of the image, under the transpose of (J, of the field of rational functions of Y. 

PROOF. Applying Theorem 2.1 with a i-point subset of Y in the place of W 
and using that (J is injective, we see that we must have dim(X) = dim(Y). 
Therefore the field of rational functions of X is a finite algebraic extension 
of the image of the field of rational functions of Y. There is an affine patch U 
of X such that O"(U) is contained in some affine patch V of Y. Let A = &(U), 
B = &(V) 0 (J. Let a be an element of A, and suppose 'Y and (5 are F-algebra 
homomorphisms A ~ F whose restrictions to B coincide. Then 'Y and (5 

are points of U whose images, under 0", in Y coincide. Since 0" is injective, 
we have y = (5. Now we can apply Proposition III.2.4 to conclude that a 
is purely inseparably algebraic over [B]. Since the field of rational functions 
of X may be identified with [A] and, compatibly, the image of the field 
of rational functions of Y with [B], this is the required result. 0 

Proposition 5.3. Let p: X ~ Y be a morphism between irreducible varieties 
whose transpose is an isomorphism of the field of rational functions of Y onto 
the field of rational functions of X. Then there is an open non-empty subset U 
of Y such that p induces an isomorphism of varieties from p - l( U) to U. 

PROOF. Without loss of generality, we assume that Y is affine. Let V be an 
affine patch of X, and let W denote the closure of p(X \ V) in Y. Since the 
irreducible components of X \ V are of dimension < dim(X), the irreducible 
components of Ware of dimension < dim(Y). Therefore, there is a non
zero elementfin &(Y) such thatf(W) = (0). Now we have 

p-l(yJ ) = X JoP C V. 

This shows that no generality is lost in assuming that both X and Yare 
affine. 

Then, by assumption, the transpose pO of p maps [&(Y)] isomorphically 
onto [&(X)]. Write &(X) = F[fl, ... ,fn], where F is the base field and 
fi = (giop)/(hop), with gi and h in &(Y). Then po maps &(Y)[h-l] iso
morphically onto &(X)[(h 0 p)-l], so that p induces an isomorphism from 
Xilop to Y". 0 

Notes 

1. The dimension-theoretical analysis of morphisms, as presented here, 
comes from [11]. 

2. Theorem 4.5 and Proposition 5.1 are due to C. Chevalley. 
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3. In proving Proposition 5.1, we have used the fact that, in a Noetherian 
commutative ring R, the set of prime ideal minimal over a proper ideal, 
J say, is finite. It suffices to show that the radical of J is the intersection of a 
jinite family of prime ideals. Suppose this is false. From the family of ideals 
that are intersections offamilies of prime ideals, but not ofjinite such families, 
choose a maximal one, Q say. There are elements a and b in R \ Q such that 
ab belongs to Q. Let A be the radical of Q + Ra, and let B be the radical of 
Q + Rb. It is easy to see that A n B = Q, and this gives a contradiction. 



Chapter XI 

Local Theory 

The content of this chapter is the dimension theory of local rings, and its 
application to the investigation of tangent spaces to varieties and local 
properties of morphisms. The resulting technique enables us to use Lie 
algebras in dealing with coset varieties arising from algebraic groups later on. 

Section 1 deals with general results centering around the notion of length 
of modules. In Section 2, these results are used for defining the "charac
teristic degree" of a Noetherian local ring. With this, it is shown that, for 
such a ring, the Krull dimension is equal to the parametric dimension. This 
equality connects the maximum length of chains of prime ideals with the 
minimum cardinality of systems of generators for ideals whose radical is 
the maximum ideal. 

The main result of Section 3 is the equality of the Krull dimension with 
the degree of transcendence of the field of fractions for finitely generated 
integral domain algebras over a field. 

Section 4 contains the background in local ring theory for the notion of 
singular point of a variety. The basic results concerning singular points are 
established in Section 5. 

In the varieties arising directly from algebraic groups, all points are non
singular, which has the effect that the local behavior of a morphism reveals 
its properties with regard to the dimensionalities of its image and its fibers. 
The general auxiliary results used later on for exploiting this are developed 
in Section 6. 

1. We begin with preparations for the dimension theory of local nngs. 
The first lemma is known as the Artin-Rees Lemma. 

155 
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Lemma 1.1. Let R be a commutative Noetherian ring, M a finitely generated 
R-module, N a sub R-module of M, and J an ideal of R. There is a non-negative 
integer k such that,for every n ~ k, 

(J" . M) n N = ]"-k . «Jk . M) n N). 

PROOF. Let (al> ... , ar ) be a system of R-module generators of J, let t be an 
auxiliary variable over R, and let S be the sub R-algebra R[alt, ... , art] 
of the polynomial algebra R[t]. Since R is Noetherian and S is finitely 
generated as an R-algebra, S is Noetherian. 

We imbed the given R-module M in the R[t}module M[t] = L"2:o Mtn 

in the evident fashion, and we consider the sub S-module S· M of M[t]. 
Clearly, every system of R-module generators of M is also a system of 
S-module generators of S· M, so that S· M is finitely generated as an S
module. Since S is a Noetherian ring, S . M is therefore Noetherian as an 
S-module. 

Let (fl>' .. ,/q) be a system of S-module generators for (S . M) n N[t], 
and let k be the maximum of the degrees of the /;,s. Suppose x is an element 
of (]" . M) n N, where n ~ k. Then xt" belongs to (S· M) n N[t], so that 
there are elements Si in S such that 

xtn = Sl . fl + .. , + Sq' fq· 

The coefficient of tn in Si . /;. is 
k 

L sln - e)/;.(e), 
e=O 

where sln - e) is the coefficient of tn - e in Si and.f;(e) is the coefficient of t e 

ink This shows that x belongs to ]"-k. «Jk. M) n N), so that 

(]". M) nNe ]"-k. «Jk. M) n N). 

The reversed inclusion relation is evident. o 
Proposition 1.2. Let R be a Noetherian commutative ring, M a finitely gener
ated R-module, J an ideal ofR. Suppose that,for every a in J and every non-zero 
element x of M, we have (1 + a)· x -=1= 0. Then nn>O ]". M = (0). 

PROOF. Put N = nn>O]"' M. Then we have (Jrn. M) n N = N for every 
non-negative integer m, so that Lemma 1.1 gives N = ]"-k. N for all n ~ k. 
Thus N = J. N. 

Now let (Xl, ... , x q) be a system of R-module generators of N. Then we 
have 

q 

Xi = L cijXj' 
j= 1 

with cij in J. This gives D· Xj = ° for each j, where D is the determinant 
of the matrix with entries Dij - cij' Since D is of the form 1 + a, with a in J, 
our assumption implies that each x j = 0, so that N = (0). 0 
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Let R be an arbitrary ring, and let M be an R-module having a finite 
composition series 

(0) = Mo C ... c Mn = M. 

By the Jordan-Hoelder Theorem, the length n of such a series is determined 
by M. We call it the R-length of M and denote it by LRCM). 

A ring R is called an Artin ring if it satisfies the minimal condition for 
left ideals. This implies that R also satisfies the maximal condition for left 
ideals. We shall not use this result, but we shall define an Artin ring as a ring 
satisfying both the minimal and the maximal condition for left ideals. 
Familiar elementary arguments show that R is an Artin ring if and only if 
every finitely generated R-module has a finite composition series. 

Let A be an Artin ring, and consider the polynomial ring A[Xb ... ,xq], 
where the x;'s are variables, central in A[Xb ... ,Xq]. We regard this as a 
graded ring, the elements of A being of degree 0, while each Xi is of degree 1. 

Theorem 1.3. Let A[Xb ... ,Xq] be as described just above, and let M be a 
finitely generated graded A[Xb ... , xq}module. There is a polynomial PM 
of degree strictly less than q, with rational coefficients, such that,for all suffi
ciently large n's, LA(Mn) = PM(n), where Mn is the component of degree n 
ofM. 

PROOF. If q = ° then, since M is finitely generated, we have Mn = (0) for all 
sufficiently large n's, and PM is the zero polynomial. Now we suppose that 
q > 0, and that the theorem has been established in the cases of fewer than q 
variables. 

The endomorphism of M corresponding to Xq yields a morphism of 
A-modules from Mn to Mn+ 1, whose kernel is K n , where K is the kernel of 
the endomorphism corresponding to x q • This gives an exact sequence of 
morphisms of A-modules 

The alternating sum of the lengths of the terms of an exact sequence must 
be 0, whence we obtain 

Now we can apply our inductive hypothesis to the graded A[Xb ... ,xq - 1} 

modules M/(xq· M) and K. This gives the existence of polynomials PM (X •• M) 
and PK of degree strictly less than q - 1 such that, for all sufficiently large n's, 

LA(Mn+ 1 ) - LA(Mn) = PM/(x •. M)(n + 1) - PK(n). 

As a function of n, the expression on the right is a polynomial of degree 
strictly less than q - 1. It follows that, for all sufficiently large n's, LA(Mn) 

is given by a polynomial of degree strictly less than q. 0 
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Theorem 1.4. Let B be a Noetherian local ring, m(B) its maximum ideal, J 
an ideal such that m(BY c J c m(B) for some positive e. Let q denote the 
minimum number of B-module generators of J, and let E be afinitely generated 
B-module. There is a polynomial PE,] of degree no greater than q, with rational 
coefficients, such that, for all sufficiently large n's, LB(EjJn. E) = PE,An). 

PROOF. Consider the filtration of B by the powers of J, and let G(B) denote 
the associated graded ring Ln;o,o rjJn+ 1. Similarly, let G(E) denote the 
graded G(B)-module Ln;o,o (In. E)/(r+ 1. E). Since E is finitely generated 
as a B-module, G(E) is finitely generated as a G(B)-module. 

Now choose a system (b 1, • •• , bq) of B-module generators of 1. There is a 
surjective morphism of graded rings from the polynomial ring 

(B/J)[x 1, • •• , Xq] 

to G(B) sending each Xi onto the element bi + J2 of JjJ2 and coinciding 
with the injection on B/J. Using this, we obtain the structure of a graded 
(B/J)[Xl' ... ,xq]-module on G(E), for which G(E) is clearly still finitely 
generated. 

We show that B/J is an Artin ring, so that we may then apply Theorem 
1.3. Since BjJ is a homomorphic image of B/m(BY, it will suffice to show 
that B/m(BY is an Artin ring for every positive exponent t. Evidently, this 
is true for t = 1, because B/m(B) is a field. Suppose we have already shown 
that B/m(BY is an Artin ring for some t. Consider the canonical exact sequence 
of morphisms of B-modules 

(0) -> m(BY/m(Br 1 -> B/m(Br 1 -> B/m(BY -> (0). 

The sub B-modules of m(BY/m(BY+ 1 are the subs paces for the vector space 
structure over the field B/m(B). Since m(BY is finitely generated as a B
module, m(BY/m(Br 1 is of finite dimension over B/m(B), and so has a 
finite composition series as a B-module. By inductive hypothesis, B/m(BY 
has a finite composition series as a B-module. The exact sequence shows 
that therefore the same holds for B/m(BY+ 1, so that B/m(B)t+ 1 is an Artin 
rmg. 

Now we can apply Theorem 1.3 to the (BjJ)[x 1 , ••• , xq]-module G(E) 
and conclude that there is a polynomial P of degree strictly less than q 
such that LB(J(r· EjJn+ 1. E) = Pen) for all sufficiently large n's. We consider 
the canonical exact sequence of morphisms of B-modules 

(0) -> r· E/r+ 1. E -> EjJn+ 1. E -> E/r· E -> (0). 

For n = 0, we have E/r· E = (0). Suppose we have already shown that 
EjJn . E has finite B-length for some n. Clearly, r . E/r+ 1 . E has the finite 
B-length LaCr· E/r+ 1 . E) = LB1ir . E/r+ 1. E). The exact sequence 
shows that E/r+ 1 . E again has finite B-length. Thus, E/r· E has finite 
B-length for all n, and the exact sequence shows, moreover, that 

LaCE/r+ 1 . E) - LaCE/r . E) = Pen) 
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for all sufficiently large n's. It follows that, for large n, LB(EjJ" . E) is given 
by a polynomial of degree no greater than q. D 

2. Consider the result of Theorem 1.4 in the case where E = B. This says 
that there is a polynomial P J of degree no greater than q, with rational 
coefficients, such that LiBjJn) = Pin) for all sufficiently large n's. We 
claim that the degree, dJ say, of P J is the same for all J's. In order to see this, 
suppose that J' is another ideal like J. There is an exponent e > 0 such 
that r c J'. Now rn c (J')" for all n, so that Bj(J')n is a homomorphic 
image of Bjrn. Hence, for all sufficiently large n's, we have PAn) ::;;; P ien), 
which clearly implies that dJ' ::;;; dJ • By symmetry, it follows that dJ , = dJ • 

We shall denote this degree by d(B) and call it the characteristic degree 
of B. Note that d(B) is at most equal to the minimum number of generators 
for an ideal with radical m(B). This minimum number will be called the 
parametric dimension of B, and denoted by r(B). Thus, d(B) ::;;; r(B). 

On the other hand, we consider chains of prime ideals of B, 

Po c··· C Pn c B, 

where the inclusions are proper. The index n is called the length of the chain. 
The largest such length, or 00, if there is no largest, is called the Krull dimen
sion of B and denoted k(B). The main result concerning these invariants is 
as follows. 

Theorem 2.1. If B is a Noetherian local ring then d(B) = r(B) = k(B). 

PROOF. As long as we can, let us choose elements b l , b2 , • " from m(B), 
as follows: b l is any element of m(B) not belonging to any minimal prime 
ideal of B; ifb l , ... , bs have been chosen, choose bs + I from m(B) not belonging 
to any prime ideal minimal among those containing Bb l + ... + Bbs • 

Since B is Noetherian, this process must come to a halt, i.e., we must reach 
an index q (q = 0 being possible) such that the union of the family of prime 
ideals minimal among those containing Bb l + ... + Bbq (= (0) in the case 
where q = 0) is m(B). Then we see from Lemma X.1.8 that m(B) is the only 
prime ideal of B containing Bb 1 + ... + Bbq • 

Now we need the elementary result that if S is a commutative ring, Q a 
prime ideal of S and I an ideal contained in Q, then there is a prime ideal Qo 
such that I c Qo c Q and Qo is minimal among the prime ideals containing I. 
In order to prove this one applies Zorn's Lemma to the family of all prime 
ideals between I and Q, endowed with the reversal of the inclusion order. 
The applicability of Zorn's Lemma comes from the nearly evident fact that 
the intersection of a totally ordered family of prime ideals is a prime ideal. 
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Thus, m(B) contains a prime ideal Pq - 1 minimal over Bb 1 + ... + Bbq _ 1• 

Next, Pq - 1 contains a prime ideal Pq - 2 minimal over Bb 1 + ... + Bbq - 2 , 

etc. In this way, we obtain a chain of prime ideals 

Po C ... c Pq = m(B), 

where the inclusions are proper, by the choice of the b;'s. Since m(B) is the 
only prime ideal containing Bb 1 + ... + Bbq , it is the radical of this ideal. 
It follows that, for some e > 0, 

m(B)e c Bb 1 + ... + Bbq c m(B). 

By the definition of the parametric dimension, this shows that reB) ~ q. 
The above chain of prime ideals shows that q ~ k(B). Thus, we have 
reB) ~ k(B). We have already seen that deB) ~ reB). Therefore, it will 
suffice to prove that k(B) ~ deB). 

If deB) = 0 then LiBjm(Bt) becomes constant as n is made large, and 
it is easy to see that therefore m(B)n+ 1 = m(B)n for all sufficiently large 
n's. An evident application of Proposition 1.2 (noting that 1 + a is a unit of 
B for every element a of m(B» shows that nn:2:0 m(Bt = (0). Hence, we 
must have m(Bt = (0) for some n, which implies that m(B) is the only 
prime ideal of B, so that k(B) = O. 

Now suppose that deB) > 0 and that the theorem has been established 
for all local rings whose characteristic degree is strictly smaller than deB). 
Consider a chain of prime ideals 

Poe ... c Pt = m(B), 

with proper inclusions and t > O. Put B' = BjPo. Then B' is a Noetherian 
local ring, with m(B') = m(B)jPo. Now B'jm(B't is isomorphic with 
Bj(m(Bt + Po), and LB,(B'jm(B't) = LB(Bj(m(Bt + Po» ~ LB(B/m(Bt). 
Hence, deB') ~ deB). 

In order to proceed, we need the general result that if A is a Noetherian 
local ring, and a is a non-zero element of A that is not a zero divisor, then 
d(A/Aa) < d(A). This is proved as follows. By Lemma 1.1, there is a non
negative integer k such that, for all n 2 k, 

Aa n meAt = (Aa n m(A)k)m(Ay-k c Aam(Ay-k. 

Using this and the canonical A-module isomorphism between the modules 
(Aa + m(At)/m(At and Aa/(Aa n m(AY), we obtain 

LA«Aa + m(At)/m(An 2 LA(Aa/Aam(Ay- k). 

Since a is not a zero divisor, the multiplication by a is an isomorphism of 
A-modules from A to Aa, so that the length on the right above coincides 
with LA(A/m(Ay-k). Using this, we get 

LA/Aa(A/(Aa + m(AY» = LA(A/(Aa + m(AY» 
= LA(A/m(A)n) - LA«Aa + meAn/meAt) 
~ LA(A/m(AY) - LA(A/m(At- k). 
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This shows that, for all sufficiently large n's, we have 

LA1Aa(A/(Aa + meA)"»~ ~ Pm(A)(n) - P m(A)(n - k). 

The module figuring on the left is isomorphic with (A/Aa)/m(A/Aa)". Hence, 
for large n, the left side is equal to P m(AIAain). As a function of n, the expression 
on the right is a polynomial of degree strictly smaller than d(A). Hence our 
inequality shows that d(A/Aa) is strictly smaller than d(A). 

Now choose a non-zero element a from PdPo, and put BO = B'/B'a. 
By what we have just proved, we have deBe) < d(B'), and so deBe) < deB). 
Hence, our inductive hypothesis gives k(BO) ~ deBe), so that k(BO) < deB). 

On the other hand, the chain 

(PI/Po)/B'a c ... C (Pt/Po)/B'a 

is a chain of prime ideals of BO with proper inclusions, so that k(BO) ;;:::: t - 1. 
With the last inequality above, this gives t ~ deB). Thus, we conclude that 
k(B) is finite and at most equal to deB). D 

The following generalization of Krull's principal ideal theorem is an almost 
immediate consequence of Theorem 2.1. 

Theorem 2.2. Let R be a Noetherian commutative ring. Let P be a prime 
ideal of R that is minimal prime over an ideal 1 generated by n elements. Then 
every properly increasing chain of prime ideals ending at P has length at most n. 

PROOF. Let Po c ... C Pk = P be such a chain. We must prove that k ~ 11. 

Replacing R with R/ Po, if necessary, we reduce the problem to the situation 
where R is an integral domain. Consider the local ring Rp = R[(R \ p)-l]. 
The only prime ideal of Rp containing lRp is PRp. Thus, the radical of lRp 
is PRp. Since lRp is generated by n elements, we have r(Rp) ~ n. By Theorem 
2.1, this implies that k(Rp) ~ n. But 

PoRp c ... c PkR p = PRp 

is a properly increasing chain of prime ideals of Rp. Therefore, we must 
~~k~~ D 

3. Lemma 3.1. Let R be a commutative ring, x a variable over R. Suppose 
that Po c P 1 C P2 is a chain of prime ideals of R[x], with proper inclusions. 
Then Po n R =1= P 2 n R. 

PROOF. Put P = (Po n R)R[x]. This is clearly a prime ideal of R[x] that is 
contained in Po. We may identify R[x]/P with (R/(Po n R»[x], and PdP, 
P2/P are prime ideals of this polynomial ring such that, with proper inclu
sions, 

(0) c PdP c P2/P. 
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Now let K denote the field of fractions of the integral domain RI(Po n R), 
and consider the ideals KP tiP and KP 21P of K[x]. First, suppose that 
KP 21P = K[x]. Then P 21P contains a non-zero element J1 of RI(Po n R), 
and if u is a representative of J1 in R we have u E (P 2 n R) \ (Po n R), so that 
Po nRi=P2 nR. 

If KP21P i= K[x] then both KP21P and KPtlP are non-zero prime 
ideals of K[x]. Since every non-zero prime ideal of K[x] is maximal, we 
must therefore have KPtlP = KP2Ip. Choose an element p from P 2 \ Pl' 
By the last equality, there is a non-zero element J1 in RI(Po n R) such that 
f1(P + P) E PtiP. Let u be a representative of J1 in R. Then up E Ph whence 
u E P 1 n R, while u ¢: Po n R. Thus, Po n R i= P 1 n R. D 

Theorem 3.2. Let R be a commutative ring. If R satisfies the maximal condition 
for prime ideals, so does the polynomial ring R[x]. If R has finite Krull dimen
sion then the same holds for R[x], and 

k(R) + 1 :s; k(R[x]) :s; 2k(R) + 1. 

PROOF. Let Poe P 1 C ... be a properly ascending chain of prime ideals of 
R[x]. By Lemma 3.1, the chain Po nRc P2 nRc··· formed with the 
even indices is properly ascending. Evidently, this gives the first part of 
Theorem 3.2. 

Now suppose that k(R) = n. Then it is clear that the second chain above 
must stop at P 2n n R or before, whence the original chain must stop at 
P 2n+ 1 or before. Thus, k(R[x]) :s; 2n + 1. 

On the other hand, let Qo c ... c Qn be a properly ascending chain of 
prime ideals of R. Then 

QoR[x] c ... c QnR[x] c QnR[x] + xR[x] 

is a properly ascending chain of prime ideals of R[x], showing that 

k(R[x]) ~ n + 1. D 

Lemma 3.3. Let P be a minimal non-zero prime ideal of the Noetherian com
mutative ring R. Then PR[x] is a minimal non-zero prime ideal of R[x]. 

PROOF. Let p be a non-zero element of P. We show that PR[x] is minimal 
prime over pR[x]. Suppose that Q is a prime ideal of R[x] containing p and 
contained in PR[x]. Then Q n R is a non-zero prime ideal of R contained 
in P. By assumption on P, we have therefore Q n R = P, so that Q = PR[x]. 

Now let J be any prime ideal of R[x] that is contained in PR[x]. Then 
either J n R = P or J n R = (0). In the first case, J = PR[x]. In the second 
case, (0) is a prime ideal of R, and hence also a prime ideal of R[x]. We have 
(0) c J c PR[x]. Since PR[x] is minimal prime over the principal ideal 
pR[x], we have from Theorem 2.2 that the inclusions here cannot both be 
proper. Thus, either J = (0) or J = PR[x]. D 
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Theorem 3.4. Let R be a Noetherian commutative ring, and assume that R 
has finite Krull dimension k(R). Then k(R[x]) = k(R) + 1. 

PROOF. If k(R) = 0 then Theorem 3.2 gives k(R[x]) = 1. Now assume that 
k(R) = n > 0, and that the theorem has been established in the lower 
cases. Let Poe . .. c Pm be a properly ascending chain of prime ideals of 
R[x]. In view of Theorem 3.2, it suffices to show that m ::; n + 1. Write 
Qi for Pi n Rand Qi[X] for QiR[X]. 

First, suppose that Q1 #- Qo. Then k(R/Q1) < n, and we have the following 
properly ascending chain of prime ideals of (R/Q1)[X]: 

(0) c P2/Q1[X] c ... c Pm/Q1[X]. 

By inductive hypothesis, this gives m - 1 ::; n, i.e., m ::; n + 1. 
Now consider the case Q1 = Qo. Then P1 #- Q1[X], because otherwise 

P1 c Po. Hence we have the proper inclusions 

showing that P2/Q1[X] is not minimal among the non-zero prime ideals of 
(R/Q1)[X]. 

If P2 = Q2[X] then P2/Q1[X] = (Q2/Q1)[X], and it follows from Lemma 
3.3 that Q2/Q1 is not a minimal non-zero prime ideal of R/Q1' Hence we have 

k(R/Q2) ::; k(R/Q1) - 2 ::; n - 2. 

Therefore, the properly ascending chain 

(0) c P3/Q2[X] c ... c P m/Q2[X] 

of prime ideals of (R/Q2)[X] and our inductive hypothesis give 

m - 2 ::; n - 1, 

i.e., m ::; n + 1. 
Finally, if P2 #- Q2[X], we have the properly ascending chain 

(0) c P 2/Q2[X] c ... c P m/Q2[X] 

of prime ideals in (R/Q2)[X]. By Lemma 3.1, Q2 #- Qo, so that k(R/Q2) < n. 
Therefore, the chain and the inductive hypothesis give m - 1 ::; n, i.e., 
m::;n+1. D 

Corollary 3.5. Let R be a Noetherian integral domain, S an integral domain 
containing R and algebraic over [R]. Then k(S) ::; k(R). 

PROOF. We suppose, without loss of generality, that k(R) is finite; say 
k(R) = n. Assume the corollary is false, and consider a properly ascending 
chain (0) c Q1 C ... c Qn+ ~ of prime ideals of S. Choose an element qi 

from Qi \ Qi-1 (where Qo = (0», and put Pi = Qi n R[qb' .. ,qn+ 1]. Then 
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the P;'s are prime ideals of R[q I, ... , qn+ I], and we have the proper inclusions 
(0) C PI C ... C Pn+l. Now R[ql, ... , qJ is isomorphic with 

R[ql'···, qi-I][X]/Ii, 

where Ii is a non-zero prime ideal. Hence, 

k(R[ql, ... ,qJ) ~ k(R[qi> ... ,qi_I][X]) - 1. 

By Theorem 3.4, the right side is equal to k(R[ql, ... , qi-I]). Hence, we have 
k(R[ql> ... ,qn+I]) ~ k(R) = n, contradicting the existence of the above 
chain of P;'s. D 

Theorem 3.6. Let Rand S be integral domains such that ReS and S is integral 
over R. Let Q be a prime ideal of S, and let P I be a prime ideal of R containing 
Q n R. There is a prime ideal QI of S such that QI n R = PI and Q c QI. 

PROOF. Let y denote the canonical homomorphism R/(Q n R) ---7 R/PI. 
The inclusion map R ---7 S clearly induces an injective ring homomorphism 
R/(Q n R) ---7 S/Q, by means of which we identify R/(Q n Q) with a subring 
of S/Q. Evidently, S/Q is integral over R/(Q n R). By Proposition 11.3.2, 
y extends to a ring homomorphism from a valuation subring T of [S/Q], 
containing R/(Q n R), to an algebraic closure, F say, of [R/Pt ]. Since 
S/Q is integral over R/(Q n R), we have S/Q c T. Thus, y extends to a ring 
homomorphism y': S/Q ---7 F. The kernel of y' is of the form QdQ, where 
Qt is a prime ideal of S containing Q. The kernel of the restriction of y' to 
R/(Q n R) is the kernel Pt/(Q n R) of y. Hence, QI n R = Pt. D 

Corollary 3.7. Let Rand S be as in Theorem 3.6. Then S has finite Krull 
dimension if and only if R has finite Krull dimension, and k(S) = k(R). 

PROOF. Let Poe PIC· .. be a chain of prime ideals of R. It follows at once 
from Theorem 3.6 that there is a chain Qo c QI C ... of prime ideals of S 
such that Qi n R = Pi for each i. Therefore, if k(S) is finite, so is k(R), and 
k(S) ~ k(R). By Corollary 3.5, if k(R) is finite, so is k(S), and k(S) ~ k(R). D 

Theorem 3.8. Let F be afield, and let R be afinitely generated integral domain 
F -algebra. Then R has finite Krull dimension, and k(R) is equal to the degree 
of transcendence of[R] over F. 

PROOF. Let r denote the degree of transcendence of [RJ over F. By Theorem 
X.1.2, there is a transcendence basis (ZI, ... , zr) for [RJ over F such that R 
is integral over the polynomial F-algebra F[ZI' ... ' zr]. By Corollary 3.7, 
we have k(R) = k(F[z I, ... , zrJ). By Theorem 3.4, we have therefore k(R) = r. 

4. Let R be a Noetherian local ring, meR) the maximum ideal of R. It is 
clear from Theorem 2.1 that the cardinality of every system of R-module 
generators of meR) is no smaller than the Krull dimension k(R). One calls R 
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regular if meR) has a system of R-module generators of cardinality k(R). 
We let G(R) denote the graded ring derived from the filtration of R by the 
powers of meR), so that G(R)n = m(Rr/m(Rt+ 1. Evidently, G(R) is an 
algebra over the field R/m(R) in the natural way. 

Theorem 4.1. In the notation introduced above, let (Yl, ... , Yq) be an R/m(R)
basis of m(R)/m(R)2, and let Xi be a representative of Yi in meR). Then 
(xt. ... , Xq) is a system of R-module generators ofm(R). If R is regular, then 
G(R), as a graded R/m(R)-algebra, is isomorphic with the polynomial algebra 
(R/m(R»[t 1, .•• , td], where the t/s are independent variables, and d = k(R). 
Conversely, if G(R) is isomorphic with such a polynomial algebra then R is 
regular and d = k(R). 

PROOF. Put P = meR) and Q = RX1 + ... + Rxq. Then P = Q + p2, 
and it follows inductively that P = Q + pn for every positive exponent n. 
Now R/Q is a Noetherian local ring, with m(R/Q) = P/Q. From Proposition 
1.2, we see that nn>o (P/Qt = (0). Here, we have 

P/Q = (Q + pn)/Q = (P/Qt, 

so that we must have P/Q = (0), i.e., P = Q. 
Now suppose that R is regular, and put d = k(R). Let (Xl"'" Xd) be a 

system of R-module generators of P, and let t 1, ••• , td be independent 
variables over R/P. Consider the surjective morphism of graded R/P
algebras 

1'/: (R/P) [t 1, ••• , td] ~ G(R), 

where 

l'/(tJ = Xi + p2 E G(R)l' 

The kernel of 1'/ is a homogeneous ideal whose component of degree 0 is (0). 
We shall derive a contradiction from the assumption that Yf is not injective, 
in which case the kernel of 1'/ contains a non-zero homogeneous element u 
of strictly positive degree, n say. If m ~ n then the kernel of the restriction 
of 1'/ to the homogeneous component of degree m contains 

u(R/P)[t b ···, td]m-n' 

The dimension of the component (R/P)[t 1, ••• , td]q of degree q is the 
number of monomials of total degree q in d variables, which is the binomial 
coefficient ceq + d - 1, d - 1). Thus, the above part of the kernel of 1'/ is 
of dimension cern - n + d - 1, d - 1). Therefore, the dimension of G(R)m 
is no greater than cern + d - 1, d - 1) - C(m - n + d - 1, d - 1). With n 
and d fixed, this last integer is of the form f(m), where f is a polynomial of 
degree strictly less than d - 1, and if LR denotes R-module length we have 
LR(pm/pm+l) ~ f(m). Applying this to the exact sequences 

(0) ~ pm/pm + 1 ~ R/pm+ 1 ~ R/pm --+ (0), 
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we find that, for m > n, 
m-I 

LR(R/pm) :s; LR(R/Pll) + I f(q)· 

Here, the expression on the right is a polynomial in m, of degree strictly less 
than d. 

On the other hand, we know from Theorem 2.1 that the characteristic 
degree d(R) is equal to k(R), i.e., d(R) = d. Hence, for all sufficiently large 
m's, we have LR(R/pm) = gem), where g is a polynomial of degree d. This con
tradicts the above. The conclusion is that IJ is an isomorphism. 

Now suppose that G(R) is isomorphic with a polynomial algebra 
(R/P)[t I, ... , tq]. Then the dimension of G(R)n is the number of monomials 
of degree n in q variables, i.e., LR(pn/pn+ 1) = C(n + q - 1, q - 1). It follows 
that, for m > 0, 

m-l 

11=0 

The sum on the right is the number of monomials in q variables of degree 
< m, and so is equal to C(m + q - 1, q). Therefore, the above expression 
for LR(R/pm) shows that d(R) = q, whence also k(R) = q. By the first part 
of Theorem 4.1, P has a system of R-module generators of cardinality q, 
so that R is regular. D 

Corollary 4.2. If R is a regular Noetherian local ring then R is an integral 
domain, and integrally closed in [R]. 

PROOF. By Theorem 4.1, G(R) is an integral domain. Clearly, this implies 
that R is an integral domain. In order to proceed, we introduce the following 
notation. For a non-zero element x of R, let flex) be the largest exponent n 
such that x belongs to pn, where P = meR). Let x' denote the element 
x + Pf-l(X) + 1 of G(R)f-I(x). If x and yare non-zero elements of R, since G(R) 
is an integral domain, we have x'y' = (xy)'. 

Now let x be a non-zero element of [R], and suppose that x is integral 
over R. Write x = alb, with a and b in R. There is a non-zero element d in R 
such that dxq lies in R for every positive exponent q, i.e., daq E Rbq. We show 
that, for all non-negative exponents n, we have a E Rb + pn. Evidently, 
this holds for n = o. Suppose it holds for some 11; say a = cb + e, with c 
in Rand e in pn. Then, for all q, 

deq = d(a - cb)q E Rbq, 

whence d'(e,)q belongs to G(R)(b')q for all q. Since G(R) is a unique factoriza
tion domain, this implies that e' belongs to G(R)b'. Since e belongs to pn, 
this shows that there is an element Cl in R such that e - c1b belongs to 
pn+ 1, whence a E Rb + pn+ 1. 

Thus, a E Rb + pn for all 11. If b does not lie in P then x is evidently in R, 
because b is then a unit. Now suppose that b lies in P, and consider the local 
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ring R/Rb, with m(R/Rb) = P/Rb. If aO is the canonical image of a in R/Rb, 
then aO E nn>o m(R/Rb)" = (0). Thus aO = 0, which means that a E Rb, so 
that xER. D 

5. Let X be a variety, p a point of X, and ~ x(p) the local ring at p. Since 
this is the direct limit of the system formed with the algebras ~ x( U) of regular 
functions on open neighborhoods of p, the evaluations at p define an F
algebra homomorphism ~ x(p) -+ F, where F is the base field. We indicate 
this by f H f(P). A tangent to X at p is a differentiation r: ~ x(P) -+ F, based 
on the evaluation f H f(P). These tangents constitute an F-space, which 
we call the tangent space at p, and which we denote by X p' 

Let U be an affine patch of X containing p. We may evidently identify 
X p with Up. Therefore, it suffices to examine X p in the case where X is an 
irreducible affine variety. Assuming this, write A for &I(X), and M for the 
annihilator of p in A. Then ~ x(P) may be identified with A[(A \ M)-l], 
which is a Noetherian local integral domain with maximum ideal 
MA[(A \ M)-l]. Let us write R for this local ring, and P for its maximum 
ideal. Since R/P is isomorphic with F, we have R = F + P, and clearly 
FliP = (0). Let r be an element of X p' Then r annihilates p2 and hence 
induces an F-linear map r': P/p2 -+ F. Conversely, if a is any F-linear map 
from P/p2 to F, then we can define an F-linear map a* from R to F by 
a*(1X + u) = a(u + p2), where IX is an element of F and u is an element of P. 
It is verified directly that a* belongs to Xp. This shows that the F-space 
Xp is isomorphic with the dual space (P/p2)O of P/p2. Since P is finitely 
generated as an R-module, it follows that X p is finite-dimensional. 

Write d for the F-dimension of P/p2, and choose elements Ul"'" Ud 
from P such that (Ul + p 2, ... , Ud + p 2) is an F-basis of P/p2. Then 
P = RUl + ... + RUd + p2, and if we write S for the R-module 

we have S = p. S. Now we see from an evident application of Proposition 1.2 
that S = (0), i.e., that P = RUl + ... + RUd' Thus, dim(X p) is equal to 
the (minimum) cardinality of a system of R-module generators for P, so that 
dim(X p) is no smaller than the parametric dimension r(R) of R. By Theorem 
2.1, this means that dim(X p) ~ k(R). By Theorem 3.8, k(R) is equal to the 
degree of transcendence of [R] over F, i.e., the degree of transcendence of 
the field of rational functions of X over F. Our conclusion is that 
dim(X p) ~ dim(X). We call p a singular point of X if dim (X p) > dim(X). 

Next, we show that the singular points constitute a closed subset of X. 
Let us write A as a homomorphic image of an ordinary polynomial F -algebra, 
by y: F[ Xl' ... , Xn] -+ A. Let! denote the kernel of y, and I p the kernel of the 
homomorphism p ° y from F[Xl" .. , xn] to F. Clearly, I p is generated by the 
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elements Xi - y(xJ(p), and Ie 1p. For an element f of F[x l ,···, xnJ, 
letf; denote the formal derivative off with respect to Xi' Now define 

bi(f) = }'(fi)(P), 

and b: F[x l , •.. , xnJ --> Fn by b(f) = (bl(f), ... , bnCf)). Then the images 
b(Xi - y(Xi)(P)) are the canonical basis elements of r, while b(1;) = (0). 
It is clear from this that b induces an F -linear isomorphism bO from I p/1; 
to Fn. 

Now let g1"'" g1 be a set of ideal generators of I, and consider the 
Jacobian matrix J p whose rows are the b(gJ's. Evidently, the rank of J p is 
equal to the F-dimension of b(1). We have b(l) = bO«(1 + 1;)/1;). Since bO 
is an isomorphism, it follows that the rank of J p is equal to the F -dimension 
of(1 + 1;)/1;. 

Now the annihilator M of p in A is isomorphic with 1p/1, whence M/M2 
is isomorphic with I p/(1 + I;). On the other hand, M/M2 is isomorphic 
with p/p2. Hence, we have dim(1 p/(1 + I;)) = dim(X p), so that 

dim(Xp) + rank(Jp) = dim(1p/1;) = n. 

Thus, dim(X p) is strictly larger than dim(X) if and only if rank(J p) is strictly 
smaller than n - dim(X). If dim (X) = d, this means that the singular points 
of X are precisely the common zeros in X of the determinants of the n - d 
by n - d submatrices of the matrix with rows (y«gJ'1), ... , y«gi)~)) (whose 
value at p is J p). In particular, the set of singular points is therefore closed 
in X. 

Now we assume that our base field F is algebraically closed, and we 
show that then not every point of X is singular. Recall from Section 111.1 
that, since F is algebraically closed (and hence perfect), the field [AJ of 
rational functions on our variety X is 1t separable extension of F. Therefore, 
by Theorem 111.2.1, there is a transcendence base (t b ... , tm ) of [AJ relative 
to F such that [AJ is a finite separable algebraic extension of F(t 1, ... , tm). 
Thus, we may write [AJ = F(t b ... , tm)[cJ, where c is separably algebraic 
over F(t 1 , ••• , tm). Let f denote the minimum polynomial for c relative to 
F(t b ... ,tm), with denominators cleared so that the coefficients of fare 
polynomials in F[t 1, ••• ,tmJ. Now let us view fas an element of F[to, ... , tmJ, 
where to is an auxiliary variable, and let Y be the set of zeros off in Fm+l. 

Then Y is clearly an irreducible (because f is an irreducible polynomial) 
affine variety whose field of rational functions is isomorphic with [AJ. 
Using an F-algebra isomorphism, 7r say, from the field of rational functions 
of Y to [AJ, it is easy to construct a morphism from an appropriate irreducible 
open subvariety of X to Y whose transpose is 7r. By Proposition X.S.3, 
it follows that there is a non-empty open subvariety ,U say, of X that is 
isomorphic with an open subvariety, V say, of Y. This shows that it will 
suffice to prove that not every point of Y is singular. Indeed, since we have 
already shown that the set of non-singular points is open, we can then con
clude that not every point of V is singular, so that not every point of U is 
singular. 
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Now suppose that, contrary to what we have to show, every point of Y 
is singular. Let us apply our above Jacobian criterion, viewing &(Y) as a 
homomorphic image of F[to, ... , tm], the kernel of the homomorphism 
being the ideal generated by f In the present case, the dimension of our 
variety Y is m, and the number of auxiliary variables (denoted n earlier) 
is m + 1. The assumption that every point is singular therefore is equivalent 
to the assumption that the Jacobian matrix be of rank O. This means that all 
the partial derivatives off vanish on Y, and so belong to the ideal generated 
by J, and therefore are equal to o. As a polynomial in to, our f is irreducible 
and separable, so that the derivative offwith respect to to is different from 0, 
giving the desired contradiction. 

We summarize our results as follows. 

Theorem 5.1. For every point p of the irreducible variety X, we have 
dim(X p) ~ dim (X). If the base field is algebraically closed then the set of 
points where the equality holds, i.e., the set of non-singular points, is non-empty 
and open in X. 

It is clear from the definitions that a point p of X is non-singular if and 
only if the local ring at p is regular. From Corollary 4.2, we have that every 
non-singular point is a normal point. 

6. Proposition 6.1. Let X be an irreducible variety over a perfect field F. 
Suppose that p is a non-singular point of X. There is an F(X)-basis (0 1, •.• , Om) 
of the F(X)-space of F-linear derivations from F(X) to F(X) satisfying the 
following requirements: 

(1) each Di stabilizes the local ring ff x(p); 
(2) if Dip: ff x(p) -> F is the tangent at p defined by Dip(f) = D;(f)(p) then 

(DIP, .. ·,Dmp) is an F-basis of Xp; 
(3) there are elements fl> . .. , fm in ff x(p) such that D;(jj) = Dij. 

PROOF. Without loss of generality, we assume that X is affine, and we write 
A for &(X). Then F(X) = [A], and 

ff x(p) = A[(A \ M)-l], 

where M is the annihilator of p in A. 
Now let us use the notation and the Jacobian criterion of Section 5. If 

m = dim(X) then the rank of the Jacobian matrix Jp is n - m exactly, while 
the rank of J q is at most n - m for every point q of X. Write aij for the element 
y«gi)j) of A, and let J be matrix with rows (ail> ... , ain), so that J(q) = Jq • 

Then the rank of the matrix J is n - m, and we choose the indexing of the 
ideal generators gi and the variables Xj such that the determinant, D say, of 
the matrix with entries aij' where 1 :::;; i :::;; n - m and 1:::;; j :::;; n - m, 
does not vanish at p. 
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For k = 1, ... , m, define elements Ukb"" Ukn of [AJ as follows: for 
j > n - m, put Ukj = 0, except when j = n - m + k, in which case put 
Ukj = 1; since the rank of J is n - m and since D "# 0, there is one and only 
one choice of elements Ukj of [AJ, with j ~ n - m, such that, for all i and k, 

n 

I aijukj = O. 
j= 1 

In fact, each Ukj belongs to A[D- 1]. 

Now let Lk be the F-linear derivation from F[Xl,"" xnJ to [AJ (viewed 
as F[Xl, ... , xn}module via y) sending each Xj onto Ukj' From the defining re
lations for the UkjS, we have then Lk(I) = (0), so that Lk induces a derivation 
from A to [AJ, and so defines an F -linear derivation bk from [AJ to [A]. Since 
LiA) c A[D-1J and D(P)"# 0, it is clear that bk stabilizes ~x(P). If 
jj = y(xn - m +) for j = 1, ... , m then we have b;(jj) = b;j, by the choice of 
the Uk/S with j > n - m. It is clear from this that the b;'s are linearly inde
pendent over [A]. Since F is perfect, [AJ is a separable extension of F. 
Hence, by Theorem IIL2.1, the [A}dimension of the space of F-linear 
derivations of [AJ is equal to m. Therefore, (bb' .. , bm) is an [A}basis of 
this space. From b;(jj) = b;j, we see also that the tangents b;p are linearly 
independent (i = 1, ... , m). Hence, they constitute a basis for the m-dimen
sional F -space X p' Thus, (b 1, .•. , bm) satisfies all the requirements of the 
Proposition. D 

Let p: X -+ Y be a morphism of varieties, and let p be a point of X. Then 
p defines an algebra homomorphism from the local ring at p(P) to the local 
ring at p, and this transposes to a linear map p~: X p -+ ¥p(P)' called the 
differential of p at p. 

Let p: X -+ Y be a dominant morphism between irreducible varieties. 
One says that p is a separable morphism if F(X) is separable over F(Y) 0 p. 

Proposition 6.2. Let p be a dominant morphism from an irreducible variety X 
to an irreducible variety Y over a perfect field F. Suppose that p is a non
singular point of X such that p(P) is non-singular and p~: X p -+ Yp(P) is surjec
tive. Then p is a separable morphism. 

PROOF. For a commutative algebra R over our base field F, and an R-module 
M, we denote the R-module of F-linear derivations from R to M by 
DerF(R, M). In particular, we consider the F(X)-space DeriF(X), F(X», 
and the F(Y)-space DerF(F(Y), F(X», where F(X) is viewed as an F(Y)
module via the injection 9 -+ gop from F(Y) to F(X). 

In the evident way, the second of these may be viewed as an F(X)-space, 
and we consider the F(X)-linear map 

p': DerF(F(X), F(X» -+ DerF(F(Y), F(X», 

where p'(b)(g) = b(g 0 p). From Section IIll, it is clear that F(X) is separable 
over F(Y) 0 p if (and only if) p' is surjective. 
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By Theorem III.2.1, the F(Y)-dimension of DerF(F(Y), F(Y» is equal to 
dim(Y), for which we shall write n. Choose an F(Y)-basis of DerF(F(Y), F(y» 
satisfying the requirements of Proposition 6.1 with respect to the non
singular point pcp) of Y. Via the injective map 9 ~ gop from F(Y) to F(X), 
this yields a system (I]b ... , I]n) of elements of DerF(F(Y), F(X». Evidently, 
this system is linearly independent over F(X). On the other hand, by choosing 
a transcendence basis (t 1, ••• , tn) for F(Y) over F such that F(Y) is separably 
algebraic over F(t 1, ... , tn), we see that the F(X)-dimension of 

DerF(F(Y), F(X», 

cannot exceed n. Therefore, (1]1, ... , I]n) is an F(X)-basis of DerF(F(Y), F(X». 
On the other hand, let (Ob . .. ,om) be an F(X)-basis of DerF(F(X), F(X» 

satisfying the requirements of Proposition 6.1 with respect to the non
singular point p of X, and write 

with eachhi in F(X). 

n 

P'(Oi) = L fjil]j, 
j= 1 

Now there are elements gl, ... ,gn in Ji'y(p(p» such that I];(g) = Oij' 
so that hi = P'(Oi)(g) = Oi(gj 0 p). But gj 0 p belongs to Ji' x(p), which is 
stabilized by 0i. Hence, we have hi E Ji' x(p) for all i and j. If, is any element 
of DerF(F(Y), F(X» that sends Ji' y(p(p» into Ji' x(p), let 'P(p) denote the 
tangent to Y at pcp) that is obtained by following up the restriction to 
Ji' y(p(p» of, with the evaluation at p. Then we have 

n 

P'(Oi)p(p) = L h;{P)l]jp(P)· 
j= 1 

The expression on the left coincides with P~(Oip). Since P~ is surjective, and 
(Olp, ... ,omp) is an F-basis of X P' while (l]lP(P)' ... ' I]np(p» is an F-basis of 
¥;'(P) , it follows that the rank of the matrix with entries fij(P) must be equal to 
n, whence the rank of the matrix with entries fij must also be equal to n, 
so that p' is surjective. 0 

Proposition 6.3. Let p: X ~ Y be a dominant morphism between irreducible 
varieties over an algebraically closed field. Suppose that p is separable. Then 
there is a non-empty open subset U of X such thatJor every p in U, the points 
p and p(p) are non-singular and P~ is surjective. 

PROOF. Since p is separable, the map p' from DerF(F(X), F(X» to 
DerF(F(y), F(X» used in the proof of Proposition 6.2 is surjective. It is 
clear from Theorem 5.1, applied first to Y and then to X, that the set, S say, 
of points p of X such that both p and pep) are non-singular is non-empty 
and open in X. With reference to anyone point p in S, choose bases 
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(b 1 , ••• ,bm ) of DerF(F(X), F(X)) and (111, ... , 1}") of DerF(F(Y), F(X)) as 
in the proof of Proposition 6.2, and, as done there, write 

" 
p'(bi) = L jji1}j· 

j= 1 

Then the matrix with entries jji has rank n, because p' is surjective. Hence 
the set, T say, of points p of X such that eachfji belongs to ff x(P) and the 
matrix with entries jji(P) is of rank n is non-empty and open in X. Finally, 
the set, L say, of the points p such that each bi stabilizes ff x(p), each 1}j 
sends ff y(p(P)) into ff x(P) and the bip's and 1}jP(P)'s are linearly independent 
is non-empty and open in X. If we set U = S n T n L then it is clear from 
what we saw in proving Proposition 6.2 that U satisfies the requirements 
of Proposition 6.3. D 

Notes 

1. The development of Sections 1 and 2, where it goes beyond the classical 
theory in generality, efficiency and elegance, is due to P. Samuel and J-P. 
Serre. 

2. A standard example of a non-regular local integral domain is as follows. 
Let F be a field, x and y independent variables over F. Let R be the factor 
ring of F[x, y] mod the ideal generated by x 3 - y2. Let f be the ideal of R that 
is generated by the cosets of x and y. Note that f is a prime ideal, and consider 
the corresponding local ring S = RI whose maximum ideal is J = fRI . 

It is easy to see from Theorem 3.8 that the Krull dimension k(S) is equal to 1. 
One can verify directly that J is not a principal ideal, showing that S is not 
regular. 



Chapter XII 

Coset Varieties 

At this point, we have accumulated enough from algebraic geometry for 
dealing with coset varieties. Suppose that G is an irreducible algebraic 
group over an algebraically closed field F, and H is an algebraic subgroup 
of G. The main task for this chapter is the construction of an appropriate 
variety structure on G/H. In Section 1, it appears that [£!l>(G)JH is a suitable 
candidate for the field F(G/H) of rational functions. Starting with this field, 
Section 2 provides an imbedding of G/H as an open irreducible subset of a 
projective variety, and shows that the resulting variety structure of G/H has 
all of the desirable properties. 

Section 3 begins with the presentation of the Grassmann variety as a 
coset variety. The rest of this section is devoted to an examination of con
ditions under which a coset variety is quasi-affine, i.e., an open subvariety 
of an affine variety. 

In Section 4 it is shown that if G is as above and solvable then G/H is 
affine for every algebraic subgroup H. Section 5 is concerned with the 
representation-theoretical significance of the condition that a coset variety 
be quasi-affine. It is shown that this condition is equivalent to the condition 
that every polynomial representation of the subgroup extend to one of the 
whole group, allowing enlargement of the representation space. 

1. Proposition 1.1. Let G be an algebraic group, H an algebraic subgroup ofG. 
Let N be a finite-dimensional polynomial H-module. There is a polynomial 
character g of H and a finite-dimensional polynomial G-module M, with 
module structure (x, m) ~ x(m), such that N is a sub vector space of M and 
x(n) = g(x)x· nfor every element x of H and every element n of N, where the· 
indicates the given H-module structure of N. 
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PROOF. Let S denote the space of representative functions on H that is 
associated with N. Then, via its co module structure, N may be identified 
with a sub H-module of the direct sum of a finite family of copies of S. Since 
every polynomial function on H is the restriction to H of a polynomial 
function on G, it follows that N may be written in the form U IV, where U 
is a sub H-module of some finite-dimensional G-module, T say, and V is a 
sub H-module of U. 

Let n = dim(V), and consider the homogeneous component 

M = I\n+I(T) 

ofthe exterior algebra built on T. This contains U I\n(v) as a sub H-module, 
which is H-module isomorphic with N ® I\n(v), owing to the fact that 
V 1\ n( V) = (0). Now 1\ n( V) is I-dimensional, and the action of an element 
x of H on I\n(v) is the scalar multiplication by the determinant, g(x) say, 
of the linear automorphism of V that corresponds to x. If u is any fixed 
non-zero element of I\n(v), then the composite of the map from N to 
N ® I\n(v) sending each n onto n ® u with the injection 

N ® I\n(v) -4l\n+ leT) 

coming from N = U IV identifies N with a sub vector space of M so as to 
satisfy the requirements· of the proposition. D 

Proposition 1.2. Let G be an irreducible algebraic group, H an algebraic 
subgroup ofG. Letfbe an element of [&>(G)]H. There is a polynomial character 
g of H and elements sand t of &>(G) such that f = sit and,for every x in H, 
x . s = g(x)s and x· t = g(x)t. U1ith respect to the action of G on [.9'(G)] 
from the left and the induced action of 2'(G) by derivations, the element-wise 
fixer of [&>(G)JH in G coincides with H, and the annihilator of [&>(G)JH in 
2'( G) coincides with 2'(H). 

PROOF. We assume, without loss of generality, that f # 0, and we consider 
the polynomial H-module (&>(G)f) n &>(G). This contains a simple sub 
H-module V # (0). Let VO denote the dual H-module, and let g and M be as 
in Proposition 1.1, with va in the place of N. Evidently, va is a simple 
H-module also with respect to the H-module structure of M coming from 
its G-module structure. Like every finite-dimensional polynomial G-module, 
M is isomorphic with a sub G-module of the direct sum of a finite set of 
copies of &>( G). Therefore, the simplicity of va implies that there is an 
injective morphism, p say, of H-modules from va, viewed as a sub H-module 
of M, to &>( G). With the original H -module structure of Va, we have, for every 
x in H and every a in VO, 

x . pea) = g(x)p(x . a). 

Now let (VI' ... ' vn) be an F-basis of V such that VI(1G) # 0, while 
vDG) = ° for every i > 1. Let (aI' ... ,an) be the dual basis of VO, so that 
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rxlv) = bij. Put ki = P(rxi), so that each ki is a non-zero element of &>(G). 
Choose an element y from G such that kl(y) #- 0, and put 

n 

S = L: (ki · Y)Vi· 
i= 1 

For x in H, write 
n 

X· Vi = L: hix)Vj. 
i= 1 

Then we have 
n 

X . ki = g(X)p(X· rxi) = g(X) L: hi/x- 1)kj • 

j= 1 

By direct substitution, we find that x . s = g(x)s for every x in H. Now s 
belongs to (&>(G)f) n &>(G), so that we have s = if, with tin &>(G). Since 
s(1G) = k1(Y)Vl(lG) #- 0, we have s #- 0, whence also t #- 0. From the fact 
thatfis fixed under the action of H, w~ see that X· t = g(x)t for every x in H. 
Thus,! = sit, with sand t as required. 

Now let E be a finite set of H-semi-invariants in &>(G) such as is given by 
Theorem 112.1. Let U denote the sub G-module of &>(G) that is generated 
by the elements of E, and let V be the direct sum of n copies of U, where n 
is the number of elements of E = (el> ... , en). Let v stand for the point 
(el' .. . ,en) of V. Then, by Theorem 112.1, an element x of G belongs to H 
if and only if X· v is a scalar multiple of v. Clearly, this implies that, for every 
element T of 'p(H), the transform T· v is also a scalar multiple of v. Con
versely, it follows from Proposition IV.5.1 that every element T of 'p(G) 
satisfying this condition belongs to 'p(H). 

Suppose that x is an element of G that fixes every element of [&>(G)]H. We 
wish to show that x belongs to H. Suppose this is false. Then the elements V 

and x . v of V are linearly independent. Therefore, there are elements rx and 
pin VO such that 

rx(v) = 1, rx(x . v) = 0, P(v) = 1, P(x· v) = 1. 

Now the rational function (rxlv)/(Plv) belongs to [&>(G)]H, by the choice of v. 
It is defined at 1G and at x, and takes the values 1 and ° there. Hence, the 
transform of this rational function under the action of x on [&>(G)] is defined 
at 1G and takes the value ° there. This contradicts our assumption that x 
fixes the elements of [&>(G)]H. Our conclusion is that the element-wise 
fixer of [&>(G)]H in G coincides with H. 

Finally, let T be an element of ,P( G) such that the corresponding derivation 
of [&>(G)] annihilates [&>(G)]H. We wish to show that T belongs to 'p(H). 
Suppose this is false. Then the elements v and T· v of V are linearly indepen
dent. Therefore, there are elements rx and P in VO such that 

rx(v) = 0, rx(T·V) = 1, P(v) = 1. 
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We have 

r· [(a/v)/(/3/v)] = «/3/v)r . (a/v) - (a/v)r· (/3/v»/(/3!v)2. 

This is defined at IG' and its value there is 

rea/v) - a(v)r(/3/v) = rea/v) = a(r· v) = 1, 

contradicting our assumption that the derivation corresponding to r annihi
lates [.9'(G)]H. Our conclusion is that the annihilator of [.9'(G)]H in £l(G), 
with respect to the action by derivations, coincides with £l(H). D 

2. Let F be a field, G an irreducible affine algebraic F -group, H an algebraic 
subgroup of G. Let (fb"" J,,) be a system of field generators for [.9'(G)]H 
over F. We know from Proposition 1.2 that each!; can be written as a 
fraction of H-semi-invariants. An evident adjustment of numerators and 
denominators yields H-semi-invariants Uo,"" Un in &(G), all of the same 
weight, such that!; = ujuo for i = 1, ... , n. Let S denote the sub G-module 
of .9'( G) that is generated by all the u/s, and let T be the direct sum of n + 1 
copies of S. Let t denote the point (uo, ... , un) of T We consider the projective 
variety T* whose points are the I-dimensional subspaces of T, and we let 
t* be the point of T* corresponding to t. The action of G by linear auto
morphisms on T induces an action of G by algebraic variety automorphisms 
on T*. We know from Proposition 1.2 that the element-wise fixer of [&(G)]H 
in G coincides with H. It is clear from this that the fixer of t* in G is precisely 
H. 

The map a from G to T* defined by a(x) = x· t* is evidently a morphism 
of algebraic varieties. We assume that our base field is algebraically closed. 
Then we have from Theorem X.4.4 that a(G) is a constructible subset of T*, 
so that it inherits a variety structure from T*. Moreover, since G is irreducible, 
so is a( G). The closure of a( G) in T* is therefore an irreducible projective 
variety. By Theorem X.4.3, a(G) contains a non-empty open subset of its 
closure in T*. Evidently, this closure is stable under the action of G, and G 
acts transitively on a( G). It follows that a( G) is open in its closure. Thus, 
a( G) is an open subvariety of a projective variety. Such varieties are called 
quasi-projective varieties. 

Clearly, a induces a bijective map aH from the set G/H of cosets to a(G). 
We endow G/H with the variety structure coming from that of a(G) via aH. 
If n is the canonical map from G to G / H then n = (aH ) - loa, so that n is now 
a morphism of varieties. It is clear from the construction of a that the field 
of rational functions of the variety G/H is mapped isomorphically onto 
[.9'(G)]H by the transpose of n. By Theorem III.2.3, [.9'(G)] is separable 
over [.9'(G)]H. Thus, the canonical map n: G -4 G/H is a separable morphism 
of varieties. 

By Proposition XI.6.3, there is a non-singular point x in G such that 
n(x) is non-singular and the differential n~ is surjective from Gx to (G/H)xH' 
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Since n is compatible with the actions of G on G and G/H, it follows from the 
transitivity of the action of G on G that all the points of G and G/H are 
non-singular and that n~ is surjective for every x in G. Taking x to be the 
neutral element 1 of G and identifying £P(G) with the tangent space to Gat 1, 
we have that n'l maps £P(G) surjectively onto the tangent space to G/H at H. 
From the last part of Proposition 1.2, we see that the kernel of n~ is precisely 
£p(H). Therefore, n'l induces a linear isomorphism from £P(G)/£p(H) to the 
tangent space to G/H at H. Since H, like every point, is a non-singular 
point of G/H, this shows that 

dim(G) = dim(H) + dim(G/H) 

By Theorem X.4.3, there is a non-empty open subset U of G/H having the 
following property: if W is a closed irreducible subset of G/H meeting U, 
and Z is an irreducible component of n-I(W) meeting n-I(U), then 

dim(Z) = dim(W) + dim(G) - dim(G/H). 

Now the G-translates of U cover G/H, and their inverse images in G are the 
corresponding G-translate.s of n-I(U). It follows that the above dimension 
relation holds for every closed irreducible subset W of G/H and every 
irreducible component Z of n- leW). Therefore, we can apply Theorem 
X.4.S and conclude that n is an open map. 

In order to analyze n further, we need the following technical result 
concerning regular functions. 

Lemma 2.1. Let a: X --+ Y be an open surjective and separable morphism 
between irreducible varieties over an algebraically closed field. Assume that 
Y is a normal variety, and that f is a regular function on X that is constant on 
each a-l(y) with y E Y. Then f = h 0 a, where h is a regular function on Y. 

PROOF. Let F denote the base field, and define a map 

p: X --+ Y x F, 

by p(x) = (a(x),f(x». Let Z denote the closure of p(X) in Y x F. Then Z 
is an irreducible subvariety of Y x F. By Theorem X.4.3, p(X) contains an 
irreducible open subset V of Z. Let IJ: Z --+ Y denote the restriction to Z of 
the canonical projection morphism from Y x F to Y. It is clear from the 
constancy property off that the restriction of IJ to V is injective. Indicating 
restrictions by subscripts, we have IJv 0 P = ap- 1(V). Since p-I(V) is open in 
X and since a is an open map, a(p-I(V» is open in Y, and therefore dense in 
Y. Thus, IJv is dominant from V to Y. 

Consider the field map q f--', q 0 p from F(V) to F(p -leV»~ = F(X). 
This sends the subfield F(Y) 0 IJv of F(V) onto the subfield F(Y) 0 ap- 1(V) of 
F(p-I(V». Since a is a separable morphism, F(X) is separable over F(Y) 0 a, 
i.e., F(p-I(V» is separable over F(Y) 0 ap -l(V). Therefore, also the subfield 
F(V)op is separable over F(Y)Oap-l(V). Thus, F(V)op is separable over 
F(Y) 0 IJv 0 p. Since the transpose of p is injective, this implies that F(V) 
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is separable over F( Y) 0 1'/v. Our conclusion is that 1'/v is a separable mor
phism. Now we know that 1'/v is injective, separable and dominant. By 
Proposition X.5.2, we must therefore have F(Y) 0 1'/v = F(V). Thus, the 
transpose of the morphism 1'/: Z ~ Y is an isomorphism of F( Y) onto 
F(Z). 

Let g denote the restriction to Z of the canonical projection Y x F ~ F. 
Clearly, g is a regular function on Z. By what we have just seen concerning 1'/, 
we have g = h 0 1'/, where h is an element of F(Y). Now 

f = gop = h 0 1'/ 0 p = h 0 <1. 

It remains only to show that h is actually a regular function on Y. Suppose 
this is not the case. Since Y is a normal variety, we can apply Proposition 
X.5.1 and conclude that l/h is defined at some point y of Y and takes the 
value 0 at y. On the other hand, we have «(1/h) 0 (1)f = 1. Evaluating this 
at a point x of X such that <1(x) = y, we get a contradiction. Thus, h is indeed 
regular on Y. D 

Essentially, the above establishes the following main result on coset 
varieties. 

Tbeorem 2.2. Let F be an algebraically closed field, G an irreducible affine 
algebraic F-group, H an algebraic subgroup ofG. Then G/H can be endowed 
with the structure of an F -variety, actually, a quasi projective variety, such that 
the following requirements are fulfilled: 

(1) dim(G/H) + dim(H) = dim(G); 
(2) the canonical map n: G ~ G/H is a separable open morphism of varieties; 
(3) F(G/H) = [&J(G)]H; 
(4) for every morphism a: G ~ V of algebraic F-varieties that is constant 

on the cosets xH, the induced map aH from G/H to V is a morphism of 
algebraic F -varieties; 

(5) the canonical map from G x (G/H) to G/H coming from the composition 
of G is a morphism of varieties. 

PROOF. We have already established (1), (2) and (3). Clearly, (5) follows from 
our above construction of the variety structure on G/H. It remains only to 
verify (4). 

Let U be an open subset of V. Then a-leU) is an open subset of G. Since 
n is an open map, n(a-l(U» is open in G/H. Since n(a-l(U» = (aH)-l(U), 
this shows that aH is continuous. 

Now letfbe an element of !F v(U). Thenf 0 a is an element of!F G(a-l(U» 
that is constant on the intersections of a-leU) with the cosets xH. We 
know that every point of G/H is non-singular. By the remark at the end of 
Section XI.5, this implies that G/H is a normal variety. Therefore, we can 
apply Lemma 2.1 in the evident way and conclude thatf 0 a = h 0 n, where h 
is an element of !F GIH«aH)-l(U». Since f 0 a = f 0 aH 0 n, it follows that 
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f 0 aH = h, showing that aH satisfies the sheaf condition for a morphism of 
varieties. 0 

Note that (4), together with the crude part of (2) that n is a morphism of 
varieties, determines the algebraic variety structure of G/H. This remedies 
the defect that our above construction of the variety structure of G / H was 
not technically natural. 

The appropriate extension of Theorem 2.2 to the case where G is not 
irreducible is as follows. Let G1 denote the irreducible component of the 
neutral element in G. By writing G as a union of cosets xG 1H, we see that 
G/H is a disjoint union of a finite family of subsets that are G-translates of 
(G 1H)/H, which may be identified with Gd(H n G1). Transporting the 
variety structure of Gd(H n G1) to each of these G-translates, we obtain a 
variety structure on G/H satisfying all the requirements of Theorem 2.2, 
with the evident modification of (3). 

Let F, G and H be as in Theorem 2.2. In the case where H is normal in G. 
Theorem IIAA establishes the structure of an affine algebraic F -group on 
G/H. We claim that, in this case, the variety structure ofG/H given by Theorem 
2.2 is the same as that obtained from Theorem IIA.4. 

In proving this, let us denote the factor group with its variety structure 
as obtained from Theorem IIA.4 by G//H. We have fYJ(G//H) = fYJ(G)H, 
so that F(G//H) = [fYJ(G)H]. Since the element-wise fixer of fYJ(G)H in G 
coincides with H, we know from Lemma IV.S.3 that [fYJ(Gt] = [0?(G)]H. 
Now let us apply part (4) of Theorem 2.2 to the canonical morphism 
G ~ G//H. This gives the conclusion that the identity map y: G/H ~ G//H 
is a morphism of varieties. The equality [fYJ(G)H] = [fYJ(G)]H says that the 
transpose of y is an isomorphism of F(H//G) onto F(G/H). By Proposition 
X.S.3, this implies that there is a non-empty open subset U of G//H such that 
the restriction of y to y- l(U) is an isomorphism of varieties. Here, this 
means simply that U is open also for the topology of G/H and that the 
variety structures of U induced by those of G/H and G/ /H coincide. Clearly, 
the same is therefore true for every G-translate xU of U. Since G//H is 
the union of a finite family of these translates, we can apply Proposition 
IX.l.3 and conclude that y-1 is a morphism of varieties, thus establishing 
our above claim. 

In particular, it is now clear that the universal mapping property described 
in Theorem II.4.4 extends from the category of affine algebraic groups to 
the category of algebraic varieties, where it is part (4) of Theorem 2.2. 

3. Let F be an algebraically closed field, V an n-dimensional F -space, d an 
integer with 0 < d s n. We consider the Grassmann variety <;§iV) whose 
points are the d-dimensional subspaces of V. Let G be the group of all linear 
automorphisms of V, viewed as an irreducible affine algebraic F-group in 
the canonical fashion. Let s denote a point of <;§ iV), to be kept fixed in our 
discussion. We consider the morphism of varieties a: G ~ <;§iV), where 
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O'(x) = xes). Let H denote the stabilizer of sin G. Then 0' is constant on the 
cosets xH and induces the bijective map~: G/H ~ <§lV) in the canonical 
fashion. Let n denote the canonical morphism from G to G/H, so that 
O'H on = 0'. We know from Theorem 2.2 that O'H is a morphism of varieties. 
By Proposition X.S.2, the field F(G/H) is (purely inseparably) algebraic 
over F(<§lV» ° O'H. Hence, we have dim(<§a(V» = dim(G/H). 

In order to determine this dimension, choose an F-basis of V whose 
initial section of length d is an F -basis of s. Let fij denote the corresponding 
matrix entry functions on G. These are algebraically independent and, 
together with the reciprocal of the determinant function, generate g>( G) as 
an F -algebra. The annihilator of H in g>( G) is generated as an ideal by the 
functions fij withj s d and i > d. This shows that dim(H) = n2 - den - d), 
so that dim(G/H) = den - d). 

We identify 5l'(G) with EndF(V) in the canonical fashion, and we denote 
the matrix entry functions on 5l'(G) that correspond to our basis of V by 
gij' so that each fij is the restriction of gij to G. The Lie algebra 5l'(H) is 
evidently contained in the stabilizer of s in EndiV). The annihilator in 
EndF(V)O of this stabilizer is spanned over F by the functions % withj s d 
and i > d. This shows that the dimension of the stabilizer of s in EndF(V) 
is equal to n2 - den - d), which we know to be the dimension of 5l'(H). 
Therefore, 5l'(H) coincides with the stabilizer of s in EndF(V). 

We shall prove that O'H is actually an isomorphism of varieties, so that 
<§a(V) may be identified with G/H. This will follow from arguments we have 
used before once we have shown that O'H is a separable morphism of varieties. 

Let us view the differential 0"1 of 0' at the neutral element 1 of G as a linear 
map from 5l'(G) to <§iV)s' From the fact that 0' is constant on H, it is clear 
that 5l'(H) is contained in the kernel of 0"1' Conversely, let T be an element 
of the kernel of 0"1' Let a and b be elements of /V( YO), choosing b so that it 
does not vanish on the line in I\d(V) that is determined by s. Then alb is 
an element of the local ring of <§lV) at s. The action of G by algebra auto
morphisms on I\(VO) induces an action of 5l'(G) by derivations, which we 
indicate by a dot. Then 0"1 (T)(a/b) is the value at s of the rational function 
represented by «T' a)b - (T' b)a)/b2. Let s* denote an F-space generator 
of the canonical image of s in 1\ d( V). Then, since 0"1 (T) = 0, we have 

(T' a)(s*)b(s*) - (T' b)(s*)a(s*) = 0. 

We choose s* so that b(s*) = 1. Then the above gives 

a(T's*) = -(T' a)(s*) = -(T' b)(s*)a(s*), 

where T . s* is the transform of s* by the derivation of I\(V) corresponding 
to T. Keeping b fixed and letting a range over I\d(VO), we see from this that 
T' s* E Fs*, which means that T stabilizes s. From the above, we know that 
this means that T belongs to 5l'(H). Our conclusion is that the kernel of 0"1 

coincides with 5l'(H). 
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Since G acts transitively on ~lV) by variety automorphisms, every 
point of ~iV) is non-singular. In particular, the dimension of the tangent 
space ~lV)s is equal to the dimension of ~lV), which we have shown to 
be equal to dim(Sf(G)/Sf(H». This shows that 0"1 is surjective. Since 
0"1 = (O'H)~ 0 n'l, this implies that (O'H)~ is surjective. By Proposition XI.6.2, 
it follows that O'H is a separable morphism of varieties. Since ~ is bijective, 
this implies that the transpose of O'H is an isomorphism from F(~iV» to 
F(G/H). By the same argument we made at the end of Section 2, we see from 
this that O'H is an isomorphism of varieties. 

We know from Theorem IX.5.3 that ~lV) is a complete variety. Hence, 
G/H is a complete variety. The elements of f!J(G)H may be regarded as 
everywhere regular functions on the variety G/H. By (3) and (4) of Proposi
tion IX.5.2, the only everywhere regular functions on an irreducible complete 
variety are the constants. Thus, we have f!J(G)H = F. 

This phenomenon, representing an extreme opposite to the situation 
of a normal subgroup H, should be viewed in the light of Theorem 3.1 below. 
There, and subsequently, a variety is called quasi-affine if it is isomorphic 
with an open subvariety of an affine variety. 

Theorem 3.1. Let G be an irreducible algebraic group over an algebraically 
closed field, H an algebraic subgroup of G. The following conditions are 
mutually equivalent: (1) the element-wise fixer off!J(G)H in G coincides with H; 
(2) [p(G)H] = [p(G)]H; (3) the variety G/H is quasi-affine. 

PROOF. Lemma IV.5.3 says that (1) implies (2). Now suppose that (2) holds, 
and let K be the element-wise fixer of f!J(G)H in G. Evidently, it follows from 
(2) that the elements of [f!J(G)]H are fixed under action of K. By Proposition 
1.2, we must therefore have K = H. Thus, (1) and (2) are equivalent. 

Next, we show that (2) implies (3). Let F denote the base field. By Proposi
tion 11.3.6, [f!J(G)]H is finitely generated as a field over F. Therefore, it 
follows from (2) that there is a finitely generated sub F -algebra A of f!J( G)H 
such that [A] = [f!J(G)]H. Since f!J(G)H is locally finite as a right G-module, 
we may choose A so that it is stable under the action of G from the right. 
Let YeA) denote the irreducible affine algebraic F-variety whose points 
are the F-algebra homomorphisms from A to F. Clearly, G acts by variety 
automorphisms on YeA) via the right G-module structure of A. Let 
p: G -> YeA) be the restriction morphism. Evidently, p is compatible 
with the actions of G on G from the left and on Y(A).1t is clear from Theorem 
11.3.3 that peG) contains a non-empty open subset of YeA). Since G acts 
transitively on peG), and since p is a G-morphism, it follows that peG) is 
open in YeA), so that it is a quasi-affine variety. 

Clearly, p is constant on the cosets xH, and we know from Theorem 2.2 
that the induced map pH: G/H -> YeA) is a morphism of varieties. Since A 
separates the points of G/H,this morphism is injective. Thus, pH defines a 
bijective morphism of varieties 0': G/H -> peG). Since peG) is open in YeA) 
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and since [A] = F(G/H), the transpose of (J is an isomorphism of F(p(G» 
onto F(G/H). Now the argument of the end of Section 2 can be applied again 
and shows that (J is an isomorphism of varieties. Thus, (2) implies (3). 

Finally, we show that (3) implies (2). Assuming that (3) holds, we show 
that every element of [&>(G)JH belongs to [&>(G)H]. Write such an element, 
f say, in the form sit, where sand tare H -semi-invariants in &>( G) of the same 
weight, p say. We know from Proposition 1.2 that this is possible. It suffices 
to show that, for some x in G, we havef . x E [&>(G)H]. Therefore, we assume 
without loss of generality that t does not vanish at the neutral element 1 
of G. Let V denote the set of zeros of tin G. Since r is an H-semi-invariant, 
we have VH = V. Let n denote the canonical morphism from G to G/H. 
Using our last remark and the. fact that n is an open map, we see that n(V) 
is closed in G/H. Since t(l) #- 0, the point H of G/H does not belong to 
n(V). By assumption, G/H is an open subvariety of some affine variety, S say. 
Let T denote the closure of n(V) in S. Since n(V) is closed in the open subset 
G/H of S, we have Tn (G/H) = n(V). Therefore, the point H of G/H does 
not belong to T, so that there is an element of &>(S) that vanishes on T but 
not at H. The restriction of this function to G/H is an everywhere regular 
function g on G/H such that g(n(V» = (0), but g(H) #- O. Put h = go n. 
By Proposition IX. 1.2, h belongs to &>(G)H. Clearly, h(V) = (0) and h(l) #- O. 
By Theorem II.3.S, the vanishing of h on the set V of zeros of t implies that 
there is some positive exponent e such that he belongs to &>(G)t. Accordingly, 
let us write he = ut, with u E &>( G). Since he is fixed under the action of H, while 
t is a semi-invariant of weight p, it is clear that u is a semi-invariant of weight 
lip. Hence, both us and ut are elements of &>(G)H. Sincef = (us)/(ut), this 
shows thatfbelongs to [&>(G)H]. D 

4. Let G be an algebraic group, Van algebraic variety. Suppose there is given 
a group homomorphism from G to the group of variety automorphisms of V 
such that the corresponding map from G x V to V is a morphism of varieties. 
Then we say that V is a strict G-variety. 

Lemma 4.1. Let G be a unipotent algebraic group over an algebraically closed 
field, and let V be an affine strict G-variety. Then every G-orbit in V is closed. 

PROOF. Without loss of generality, we assume that G is irreducible. Let T 
be a G-orbit in V. In proving that T is closed, we assume without loss of 
generality that T is dense in V. Then we know from Theorem XA.3 that T 
contains a non-empty open subset, U say, of V. Now suppose that, contrary 
to what we wish to prove, we have T #- V. Then U #- V, so that there is a 
non-zero elementfin &>(V) such thatf(V \ U) = (0), and hence 

f(V \ T) = (0). 

The action of G on V defines the structure of a right polynomial G
module on &>(V), in the evident way. Let M denote the right sub G-module 
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of &I(V) that is generated by f Since G is unipotent, there is a non-zero 
element m in M such that m . x = m for every element x of G. This implies 
that m is constant on T. Since T is dense in V, it follows that m is a constant. 
Sincefvanishes on V \ T, so does every element of M. This gives the con
tradiction m = O. 0 

Proposition 4.2. Let G be an irreducible algebraic group over an algebraically 
closed field, H an algebraic subgroup of G. If the variety G/H 1 is affine, so is 
the variety G/H. 

PROOF. It is clear from Proposition IX.1.2 that the transpose of the canonical 
morphism from G to G/H1 is an isomorphism of &I(G/H1) onto &I(G)HI. 
Let us write A for &I(G) and identify AHI with &I(G/H 1)' We know that the 
element-wise fixer of [A]H in G coincides with H. Hence, [A]HI is a finite 
Galois extension of [A]H whose Galois group is isomorphic with H/H 1 in 
the evident way. 

Let r denote the trace map from [A]HI to [A]H. Then r is not the zero 
map and, if Xl"" ,Xn is a system of representatives in H for the elements of 
H/H1' we have 

i= 1 

Now let f be an element of [A]H. Since [A]HI coincides with [AHI], by 
Theorem 3.1, we can write f = u/v, where u and v are elements of AHI. 
There is an element g in [A]HI such that r(vg) oF O. Write g in the form alb 
with a and b in AHI, and put 

n 

h = gnxi·b. 
i= 1 

Then h belongs to AHI and we still have r(vh) oF O. Sincefis fixed under the 
action of H, and since f = (uh)!(vh), we have f = r(uh)/r(vh), which shows 
thatfbelongs to [AH]. Thus, [A]H = [AH], which implies that the element
wise fixer of AH in G coincides with H. 

Now AHI is finitely generated as an algebra. Since H/H 1 is finite, it follows 
that AHI is finitely generated also as an AH-module. By Proposition 11.3.7, 
it follows that A H is finitely generated as an algebra. Let p denote the res
triction map from G to the affine algebraic variety 9'(A H). By Theorem 2.2, 
the induced map pH from G/H to 9'(AH) is a morphism of varieties. Since 
the element-wise fixer of AH in G coincides with H, this map pH is injective. 

Now let F denote the base field, and let u: AH --. F be an element of 
9'(AH). Since AHI is integral over AH, it follows from Proposition 11.3.2 that 
u extends to an F-algebra homomorphism v: AHI --. F. By assumption on 
HI, this point v of 9'(AHI) is a point of G/H 1> and therefore is the canonical 
image of an element X of G. Thus, p is surjective, so that pH is bijective. 

Since F(G/H) = [A]H = [AH], the transpose of pH is an isomorphism 
of F(9'(AH)) onto F(G/H). By an argument used already several times in 
this chapter, we can now conclude that pH is an isomorphism of varieties. 0 
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Theorem 4.3. Let G be an irreducible solvable algebraic group over an alge
braically closed field, H an algebraic subgroup of G. Then the variety G/H is 
affine. 

PROOF. Proposition 4.2 reduces the theorem to the case where H is irreducible. 
Then, by Theorem VI.3.2, we can write H = Hu Xl T, where T is a toroid, 
and G = Gu Xl S, where S is a toroid containing T. It follows immediately 
from Theorem V.S.3 that S is a direct product TxT. By Corollary VI.1.2, 
every unipotent element of G belongs to Gu. Hence, we have Hu c Gu. 
Now G is the semidirect product (Gu Xl T) Xl T, and H is an algebraic 
subgroup of Gu Xl T. This shows that it suffices to deal with the case where 
S = T, so that G = GuXl T and H = HuXl T. 

In this case, we consider the variety morphism p from G to GjHu that is 
defined as the composite of the projection G -7 Gu of the semidirect product 
presentation with the canonical morphism Gu -7 GjHu' This is constant 
on the cosets xH, and we know from Theorem 2.2 that the induced map 
pH from G/H to GjHu is a morphism of varieties. On the other hand, let. 
be the morphism from Gu to G/H coming from the injection Gu -7 G and the 
canonical morphism from G to G/H. This is constant on the cosets xHu and 
induces the morphism .Hu from the variety GjHu to the variety G/H. 
Evidently, pH and .Hu are mutually inverse. Thus, the variety G/H is iso
morphic with the variety GjHu' 

Now consider Proposition 1.2 in the case where H is unipotent. In this 
case, the weight of the semi-invariants sand t is necessarily the constant 1, 
so that the first part of Proposition 1.2 says that [.9(G)]H coincides with 
[.9(G)H]. By Theorem 3.1, this implies that G/H is quasi-affine. Moreover, 
the proof of Theorem 3.1 has shown that G/H is isomorphic with a G-orbit 
in an affine strict G-variety. If G is unipotent, it follows therefore from 
Lemma 4.1 that the variety G/H is affine. Thus, the above GjHu is affine, 
whence also the original G/H is affine. 0 

5. Theorem 3.1 has a representation-theoretical aspect involving the follow
ing notion. An algebraic subgroup H of an algebraic group G is said to be 
observable if every finite-dimensional polynomial H-module is a sub H
module of a polynomial G-module. 

Proposition 5.1. Let G be an algebraic group, H an algebraic subgroup of G. 
Suppose that, for every I-dimensional polynomial H-module that is a sub 
H-module of a polynomial G-module, the dual H-module is also a sub H-module 
of a polynomial G-module. Then H is an observable subgroup of G. 

PROOF. Let N be a finite-dimensional polynomial H-module, and let M and 
g be as in Proposition 1.1. Let R be the I-dimensional polynomial H-module 
determined by the polynomial character g, so that the automorphism of R 
corresponding to an element x of H is the scalar multiplication by g(x). 
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In our proof of Proposition 1.1, R appeared as a sub H-module of the 
polynomial G-module /\n(T). Therefore, it follows from our present assump
tion that there is a polynomial G-module, S say, such that the dual of R, 
whose associated character is 1/g, is a sub H-module of S. Now it is clear 
from Proposition 1.1 that N may be identified with a sub H-module of 
M®S. 0 

Theorem 5.2. Let G be an irreducible algebraic group, H an algebraic subgroup 
ofG. Then H is observable in G if and only if[qp(G)]H = [qp(G)H]. 

PROOF. First, suppose that H is observable in G, and let f be a non-zero 
element of [qp(G)]H. We must show that f belongs to [qp(G)H]. For this, it 
evidently suffices to show that the H -fixed part of the polynomial G-module 
(qp(G)f) () qp(G) is not (0). We do this by copying the construction of the 
first part of the proof of Proposition 1.2. Thus, we start with any non-zero 
simple sub H-module V of this module. By the present assumption, VO is a 
sub H-module of some finite-dimensional polynomial G-module W. Since 
W is isomorphic with a sub G-module of a direct sum of a finite family of 
copies of qp( G) and since va is simple, it follows that there is an injective 
morphism of H-modules y: va ~ g(G). Choose a vector space basis 
(VI, ... , Vn) of V such that Vl(1G) "# 0 and vJlG) = 0 for every i> 1. Let 
(/11" .. ,/1n) be the dual basis of va, and put gi = Y(/1i)' Then Li'= 1 (g;. X)Vi 
is an H-fixed element of (g(G)f) () g(G) for every element x of G. Choose x 
so that gl(X) "# O. The value at lG of our element is g1(X) "# 0, so that our 
element is not O. This proves the necessity of the condition of the theorem. 

In order to prove the sufficiency, we show first that it suffices to deal 
with the case where the base field, F say, is algebraically closed. Let F' be 
an algebraic closure of F, and let G' and H' be the affine algebraic F'-groups 
obtained from G and H by canonical base field extension. Thus, we have 
qp(G') = g(G) ® F', and when we identify G with its canonical image in 
G' then G is dense in G', and H' is the closure of H in G'. It follows that 

It is clear from this that if the condition of the theorem holds for the pair 
(G, H) then it holds also for the pair (G', H'). A similar but easier considera
tion shows that if H' is observable in G' then H is observable in G. 

It remains only to establish the sufficiency of the condition in the case 
where F is algebraically closed. We show that if F is algebraically closed 
and [g(G)]H = [g(G)H] then the condition of Proposition 5.1 is satisfied, 
so that H is then observable in G. 

Suppose that V is a l-dimensional polynomial H-module that is contained 
in a polynomial G-module. Let V be an F -space generator of V, and let f be 
the element (J/v of g(G), where (J is the element of Va such that (J(v) = l. 
For every element y of H, we have y. f = fey)! Moreover, for every 
element x of G, we have y. (f. x) = f(y)f . x whenever y belongs to H. 
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Hence, each fraction (f . x)/ f belongs to [&(G)]H. By our present assump
tion, there is a non-zero element gx in &(G)H such that (f. x)gx belongs to 
&(G)Hf Let Z denote the set of zeros offin G, and write Z' for the comple
ment of Z in G. Clearly, gx must vanish on Z n x-1Z'. Since the family of 
open sets x - 1 Z' covers the closed set Z and since G is a Noetherian space, 
there is a finite set (Xl, ... , xn) in G such that Z is the union of the family of 
sets Z n X;-l Z'. Put g = gXI ... gxn • Then g is a non-zero element of &(G)H 
that vanishes on Z. Since F is algebraically closed, we can apply Theorem 
II.3.5 and conclude that there is an exponent e > 0 such that ge = hf with 
h in &(G). Since g is fixed under the action of H, we must have y . h = f(y)-lh 
for every element y of H. This shows that the sub H-module of &(G) that is 
spanned by h may be identified with vo, so that Vo is contained in a poly
nomial G-module. 0 

Notes 

1. The simplest example of a coset variety that is quasi-affine but not 

affine is as follows. Let G be the multiplicative group of matrices (: ~) 
with ad - bc = 1, over an algebraically closed field F. Let H be the subgroup 

of matrices (~ ~). Let oc, fl, y, () be the matrix entry functions on G with 

values a, b, c, d, respectively. We regard G as an affine algebraic F-group 
with &(G) = F[oc, fl, y, ()], where oc{) - fly = 1. Let A be the sub F-algebra 
F[oc, y]. One verifies directly that A is stable under the action of G from the 
right, and that the element-wise fixer of A with respect to the action of G 
from the left coincides with H. With a little more computation, one sees that, 
actually, A = &(G)H. From the proof of Theorem 3.1, it is now clear that the 
variety G/H is isomorphic with the restriction image of Gin YeA). Clearly, 
YeA) is the 2-dimensional F-space, and the image of G is the complement 
of the point (0, 0). From Note IX.l, we know that this quasi-affine variety 
is not affine. 

2. The following corollaries are worth noting: if G is an irreducible solvable 
algebraic group over an algebraically closed field then every algebraic 
subgroup of G is observable in G; if G is any irreducible algebraic group 
over an algebraically closed field, and H is an algebraic subgroup of G that is 
either unipotent or coincides with its commutator subgroup, then G/H is 
quasi-affine. 

3. The following procedure shows that, ifG is an irreducible affine algebraic 
group over the algebraically closed field F, and if H is a linearly reductive 
algebraic subgroup of G, then the variety G/H is affine. 

First, observe that, since H is linearly reductive, the module V in the 
proof of Proposition 1.1 may be taken to be (0), whence the polynomial 
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character g of Proposition 1.1 may be taken to be the constant 1. Therefore, 
the polynomial character g of Proposition 1.2 may also be taken to be the 
constant 1, whence [&(G)]H coincides with [&(G)H]. 

By Corollary V.3.2, &(G)H is finitely generated as an F-algebra, so that 
we have the irreducible affine F-variety Y(&(G)H). By the above, the canon
ical map from G/H to this variety is injective. We have the canonical H
module decomposition &(G) = &(G)H + &(G)H. Now let (J be an element 
of Y(&(G)H), and let J be its kernel in &(G)H. Our decomposition of &(G) 
shows that J&(G) c J + &(G)H' whence we see that J&(G) does not 
coincide with &( G). If M is a maximal ideal of &( G) containing J &( G) then 
M n &(G)H = J, and it follows that (J extends to an F-algebra homo
morphism from &(G) to F. Thus, the canonical map from G/H to Y(&(G)H) 
is actually bijective. Now it follows as in Section 2 (for the case where H 
is normal in G) that this map is an isomorphism of varieties. 

4. The discussion preceding Lemma 2.1 of the differential of the canonical 
morphism n from G to G/H appealed to Proposition 1.2 for the conclusion 
that the kernel of n'l coincides with Sf(H). This is justified by noting that if T 
is an element of the kernel of n'l in Sf(G) then the derivation of [&(G)] 
effected by T annihilates [&(G)]H. Indeed, if f is an element of [&(G)]H, so 
is f· x for every element x of G, and this is defined at 1 for all elements x of 
some non-empty open subset Sf of G. Indicating the action of T as a derivation 
of [&(G)] by a dot, we have 

(T· f)(x) = «T· f). x)(l) = (T· U· x»(l) = T'lU· x) = 0 

for every x in Sf' whence T • f = o. 



Chapter XIII 

Borel Subgroups 

This chapter contains the basic ingredients for the detailed structure theory 
of algebraic groups that leads to the classification of the simple groups. 
This theory is based on certain families of subgroups, such as toroids and 
Borel subgroups, i.e., irreducible maximal solvable subgroups. To some 
extent, the consideration of Borel subgroups reduces the structure theory 
to that of solvable groups. 

The principal result of Section 1 is Borel's fixed point theorem concerning 
actions of solvable groups on complete varieties. This is the key for the 
study of groups via their Borel subgroups. 

Let G be an irreducible algebraic group over an algebraically closed 
field. Section 2 establishes the conjugacy of the Borel subgroups of G and 
characterizes the subgroups P of G that contain a Borel subgroup by the 
property that GjP is a complete variety. Section 3 shows that G is the union 
of the family of its Borel subgroups. The main result of Section 4 is that the 
centralizer of a toroid S in G is irreducible and that its Borel subgroups 
are its intersections with the Borel subgroups of G that contain S. Section 5 
shows that the algebraic subgroups of G containing a Borel subgroup are 
irreducible and coincide with their normalizers. Finally, it introduces the 
Weyl group of G, deriving the simplest basic property with regard to a maximal 
toroid of G. 

1. Proposition 1.1. Let G be an irreducible algebraic group over an algebrai
cally closed .field, and let V be a strict G-variety. Each G-orbit of minimal 
dimension is closed in V. 

PROOF. By Theorem X:4.4, each orbit G· v is a constructible subset of V, 
and thus a subvariety. Since G is irreducible, so is G· v. Without loss of 
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generality, we replace V with the closure of G . v in V, and so assume that 
G . v is dense in V. Then we know from Theorem X.4.3 that G . v contains a 
non-empty open subset of v. From the transitivity of the action of G on 
G . v, it follows that G· v is open in V. Now V \ G . v is stable under the 
action of G, and every irreducible component of V \ G . v is of strictly 
smaller dimension than V, i.e., of strictly smaller dimension than G· v. If 
G . v is of minimal dimension among the G-orbits, V \ G . v must therefore 
be empty. D 

Lemma 1.2. Let F be an algebraically closed field, and let p: X -? Y be a 
bijective morphism between irreducible algebraic F-varieties. Suppose that an 
arbitrary group G acts transitively by variety automorphisms on X and on y, 
and that p commutes with the action ofG. Then p is a closed map. 

PROOF. By Proposition X.5.2, F(X) is a finite algebraic extension of F(Y) 0 p. 
As in the proof of Theorem X.4.3, with r = 0, we see from this that there are 
affine patches U of X and V of Y such that p restricts to a finite morphism 
from U to V. By Proposition X.2.2, this finite morphism is a closed map. 
The same is therefore true for the restriction of p to 9 . U for every element 
9 of G. Now let C be a closed subset of X. Then, for every 9 in G, the image 
p( C n 9 . U) is closed in 9 . V, i.e., p( C) n 9 . V is closed in 9 . V. Since Y is 
the union of a finite family of such affine patches 9 . V, it follows that p( C) 
is closed in Y. D 

The next theorem is a fundamental tool theorem for the structure theory 
of algebraic groups. It is known as Borel's fixed point theorem. 

Theorem 1.3. Let G be an irreducible solvable algebraic group over an alge
braically closed field, and let X be a complete strict G-variety. Then the set 
xG of G-fixed points of X is not empty. 

PROOF. Making an induction on the dimension of G, we suppose that the 
theorem has been established in the lower cases. Then we know that X[G, GJ 

is not empty. Being closed in X, this is a complete variety, and it is evidently 
stable under the action of G. This action factors through G/[G, G], and we 
see from Theorem XII.2.2 that X[G,GJ thereby becomes a strict G/[G, G]
variety. This reduces the theorem to the case where G is commutative. 

In this case, choose a point x from X such that the orbit G . x is of minimal 
dimension. We know from Proposition 1.1 that G . x is closed in X, so that 
it is a complete variety. Let GX denote the fixer of x in G. Then the map 
from G to G· x sending each element 9 of G onto 9 . x induces a bijective 
morphism of varieties 

11: G/Gx -? G· x. 

Since G is commutative, it is clear that G/Gx is an affine variety (note that 
we could get to this point without making an induction by using Theorem 
XII.4.3). 
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On the other hand, from the fact that G· x is complete, we find that 
GIGx is complete, as follows. Let V be an arbitrary variety, and consider 
the projection morphism 

Using the above 1], we may factor this as shown: 

~ 

1J x iv 
(G· x) x V ~ v. 

n' 

Since G . x is complete, the projection n' is a closed map. Applying Lemma 
1.2, we see that I] x iv also is a closed map. Therefore, the composite n is a 
closed map, showing that GIGx is complete. 

Since GIGx is also affine, we must therefore have G = Gx, which means 
that x belongs to XG. 0 

2. Let G be an irreducible algebraic group. A Borel subgroup of G is an 
irreducible solvable algebraic subgroup of G that is maximal in the family 
of all such subgroups. We shall see later on that a Borel subgroup is actually 
maximal in the family of all solvable subgroups of G. 

Let V be a vector space of finite dimension n > O. A full flag in V is an 
n-tuple (S 1, ..• ,Sn) of subspaces of V such that Si is of dimension i and 
Si c Si+1' These flags may be regarded as points of the projective variety 
<;§ 1 (V) X ... x <;§ n(V). It is easy to see from the definition of the variety 
structure of <;§ i V) as given in Section IX.4 that the full flags constitute a 
closed subset of <;§l(V) x ... x <;§iV). Now let us suppose that the base 
field is algebraically closed, and let G be the irreducible algebraic group of 
all linear automorphisms of V. In the canonical fashion, G acts by variety 
automorphisms on <;§ 1 (V) x ... x <;§n<V), and the set of full flags is stable 
under the action of G. Moreover, it is clear that G acts transitively on this 
set. It follows that the full flags constitute an irreducible closed subvariety of 
<;§ 1 (V) X ... x <;§ n(V), In particular, the variety offullflags is an irreducible pro
jective variety. 

Theorem 2.1. Let G be an irreducible algebraic group over an algebraically 
closed field. For every Borel subgroup B of G, the algebraic variety GIB is a 
projective variety, and every Borel subgroup of G is a conjugate of B. 

PROOF. Let C be a Borel subgroup of the largest possible dimension. By 
Theorem 1l.2.1, there is an injective polynomial representation of G on a 
finite-dimensional vector space V having a I-dimensional subspace Sl 
whose stabilizer in G coincides with C. Consider the induced representation 
of Con VIS1' By Theorem IV.1.I, C stabilizes a full flag in VIS!. Hence, 
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there is a full flag (S 1, ... , Sn) in V whose stabilizer in G is precisely C. We 
regard this flag as a point, p say, of the irreducible projective variety of all 
full flags of V. Let 

Yf: GjC -+ G . p, 

be the canonical bijective morphism. Clearly, 

dime G . p) = dime G) - dime C). 

For every full flag q, the identity component of the fixer of q in G is an irre
ducible solvable algebraic subgroup T, and 

dim(G· q) = dim(G) - dim(T) ~ dim(G) - dim(C). 

Thus, the orbit G· p is an orbit of minimal dimension. By Proposition 1.1, 
this implies that G . p is closed in the flag variety, so that it is a projective 
variety. By Lemma 1.2, the map Yf is a closed map, and the argument of the 
end of Section 1 shows that GjC is therefore a complete variety. We know 
from Theorem XII.2.2 that GjC is a subvariety of a projective variety, W 
say. Since GjC is complete, it must be closed in W, so that it is a projective 
variety. 

Now consider the canonical action of an arbitrary Borel subgroup B 
on the projective variety GjC. By Theorem 1.3, there is a point xC of GjC 
that is fixed under the action of B. This means that BxC = xC, whence 
x- 1 Bx c: C. Since x- 1 Bx is a Borel subgroup, it follows that X-I Bx = C. 

o 

Theorem 2.2. Let G be an irreducible algebraic group over an algebraically 
closed field. An algebraic subgroup P of G contains a Borel subgroup of G if 
and only ifGjP is complete. 

PROOF. If P contains a Borel subgroup B of G, then the canonical morphism 
n from G to GjP is constant on the co sets xB and therefore induces a mor
phism nB from GjB to GjP. Since GjB is complete and nB is surjective, it 
follows from Proposition IX.S.2 that GjP is complete. 

Now suppose that GjP is complete, and let B be any Borel subgroup of G. 
By Theorem 1.3, there is a point xP of GjP that is fixed under the action of B. 
Thus, BxP = xP, showing that P contains the Borel subgroup X-I Bx of G. 

o 

Proposition 2.3. Let G be an irreducible algebraic group over an algebraically 
closed field. Let IX be an automorphism of G leaving the elements of some 
Borel subgroup B fixed. Then IX is the identity automorphism. 

PROOF. Consider the map J from G to G where J(x) = IX(X)X- I . This is a 
morphism of varieties that is constant on each coset xB. Therefore, J defines 
a morphism of varieties JB from GjB to G. Since GjB is complete, we 
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know from Proposition IX.5.2 that (jB(GjB) is closed in G and complete. 
Since G is affine, this implies that (jB(GjB) consists of a single point, which 
means that IY. is the identity map. D 

Proposition 2.4. Let G be as above. If a Borel subgroup of G is nilpotent then 
it coincides with G. 

PROOF. We make an induction on the dimension of G, and suppose that the 
proposition has been established in the lower cases. Let B be a nilpotent 
Borel subgroup of G. If B is trivial then it follows from Theorem 2.1 that G 
is trivial. Therefore, we suppose that B is non-trivial. For any group K, let 
reCK) denote the center of K. By Proposition 2.3, we have re(B) c re(G), 
and it is clear from Theorem 2.1 that re(G)1 c B. Hence, we have 
re(G)1 = re(B)1' The nilpotency of B implies that re(B)1 is non-trivial. Now 
Bjre(G)1 is a nilpotent Borel subgroup of Gjre(G)1' and our inductive hypo
thesis gives B = G. D 

We denote the normalizer of a subset K of G by JV G(K), and the centra
lizer by re G(K). 

Proposition 2.5. Let G be as above, and let T be a maximal toroid in G. Let 
C = reG(T)1' Then C is nilpotent and coincides with JV G(C)1' 

PROOF. There is a Borel subgroup S of C such that T c S. Evidently, T is a 
maximal toroid in S. By Theorem VI.3.2, we have S = Su><l T. Since T is 
central in S, this means that S is the direct product of Su and T, so that S is 
nilpotent. By Proposition 2.4, C is therefore nilpotent. 

Now consider the map from v4l'G(C)1 x T to C that sends each (x, t) 
onto xtx - 1. Since T is stable under every automorphism of C, this map 
defines a morphism of varieties 

(j: JV G( C) 1 x T -+ T. 

For every positive integer e, let T(e) denote the subgroup of T consisting 
of the elements t such that te = IT' If t belongs to T(e) then (j(JVG(C)1 x (t» 
is evidently contained in T(e). Since T(e) is finite, while (j(JV G(C)1 x (t» is 
irreducible, it follows that t belongs to the center of JV G(C)1' Thus, every 
T(e) is contained in the center of X G(C)1' Since the union of the family of 
subgroups T(e) is dense in T, it follows that T lies in the center of JV G(C)1, 
whence JV G(C)1 = C. D 

3. Lemma 3.1. Let G be an irreducible algebraic group over an algebraically 
closed field, and let H be an irreducible algebraic subgroup of G. If GjH is 
complete then u XE GxHx- 1 is closed in G. If there is an element of H whose set 
of fixed points in GjH is finite then u xE GxHx- 1 contains a non-empty open 
subset ofG. 
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PROOF. Let -r denote the map from G x G to G x G sending each (x, y) onto 
(x, xyx- 1). Evidently, -r is an automorphism of the variety G x G. Let n 
denote the canonical morphism from G to GjH, and consider the map 
(n x iG) 0 -r from G x G to (G/H) x G. Let S denote the image of G x H 
under this map. We claim that S is closed in (GjH) x G. Since n x iG is an 
open map, it suffices to show that (n x iG)-l(S) is closed in G x G. This 
set is easily seen to coincide with -r(G x H), which is closed in G x G. Thus, 
S is closed in (GjH) x G. 

Now suppose that GjH is complete. Then the canonical projection from 
(GjH) x G to G is a closed map, so that the projection image of S in G is 
closed. This projection image is precisely uxEGxHx- 1, so that the first 
part of the lemma is established. 

For each point xH of GjH, the inverse image of xH in S with respect to 
the projection from (G/H) x G to GjH is isomorphic with xHx- 1 as a 
variety, and thus has always the same dimension dim(H). By Theorem X.4.3, 
this implies that dim(H) = dimeS) - dim(GjH), whence dimeS) = dim(G). 

Now suppose that there is an element h in H whose set of fixed points in 
G/H is finite. This means that the inverse image of (h) in S, with respect to 
the projection from S to G, is finite. By Theorem X.2.1, it follows that the 
dimension of the projection image of S in G is at least equal to dimeS), i.e., 
by the above, at least equal to dime G). Thus, the projection from S to G 
is a dominant morphism. By Theorem X.4.3, the projection image of S in G 
therefore contains a non-empty open subset of G. This establishes the 
second part of the lemma. D 

Proposition 3.2. Let G be as above, and let S be any toroid in G. There is an 
element s in S such that every element of G that commutes with s belongs to 
~G(S), 

PROOF. Let V be a finite-dimensional polynomial G-module such that the 
representation of G on V is injective. We may write V as a direct sum of 
S-stable subspaces l-{ corresponding to mutually distinct polynomial 
characters Ji such that every element s of S acts as the scalar multiplication 
by Ji(s) on l-{. For each index pair (i,j), let Sij be the set of all elements s of S 
for which Ji(s) = jj(s). For i "# j, Sij is closed in S, but does not coincide 
with S. Since S is irreducible, there is an element s in S not belonging to 
anyone of these Sij's. Now, if x is an element of G that commutes with s 
then x stabilizes each Vi, whence it commutes with every element of S. D 

Theorem 3.3. Let G be an irreducible algebraic group over an algebraically 
closed field, and let B be a Borel subgroup of G. Then uxEGxBx- 1 coincides 
with G. 

PROOF. Choose a maximal toroid Tin G, and write C for ~ G(T)l' By Proposi
tion 2.5, C is nilpotent, so that it follows from Theorem VI.3.1 and the maxi
mality of T that C = Cu x T. By Proposition 3.2, there is an element t in (T) 
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such that ~G(T)l = ~G(t)l. We show that the fixed point set for t in G/C is 
finite, and then apply Lemma 3.1. 

Let x be an element of G such that txC = xc. Then x- 1tx is a semisimple 
element of C, and therefore belongs to T. Hence, every element of T commutes 
with x-ltx or, equivalently, every element of xTx- 1 commutes with t. By 
the choice of t, this implies that xTx- l c C, whence xTx- l = T. Thus, 
the conjugation effected by x on G stabilizes T, so that it must also stabilize 
C, which means that x belongs to % G( C). We know from Proposition 2.5 
that % G(C)l = C. Therefore, the fixed point set for t in G/C is in bijective 
correspondence with a subset of the finite set % G(C)/% G(C)l. 

Now we have from Lemma 3.1 that uXEGXCX- l contains a non-empty 
open subset of G. The nilpotent irreducible algebraic subgroup C of G is 
contained in some Borel subgroup, B say, of G, and uXEGxBx- l contains a 
non-empty open set of G. On the other hand, by the first part of Lemma 3.1, 
U xEGxBx-! is closed in G. Therefore, it must coincide with G. 0 

We shall see later on that B = % G(B). At this point, we record the follow
ing weaker result. 

CoroUary3.4. IfG and B are as in Theorem 3.3 then B = % G(B)!. 

PROOF. Evidently, B is a Borel subgroup of % G(B)I. Since B is normal in 
% G(B)!> the corollary follows at once from Theorem 3.3, with % G(B) 1 in 
the place of G. 

4. Lemma 4.1. Let G be an algebraic group over an algebraically closed field, 
and let U be an irreducible unipotent algebraic subgroup of G. Suppose that s 
is a semisimple element of G that normalizes U. Then the centralizer of s in U 
is irreducible. 

PROOF. First, we deal with the case where U is commutative. Let Us denote 
the centralizer of sin U, and let Us be the subgroup of U consisting of the 
elements sus- 1u- 1 with u in U. We claim that Us n Us = (1). In order to 
see this, consider an element v = sus- lU -1 of this intersection. Let S be the 
closure in G of the group generated by s. Since s is semisimple, S is linearly 
reductive. We have sus- 1 = vu, whence seus-e = veu for every integer e. 
Hence xUX- 1U- 1 belongs to Us for every element x of the group generated by 
s, and therefore also for every element x of S. Consider the map (j from S to 
Us that sends each x onto xux - lU - 1. One sees directly that (j is a morphism 
of algebraic groups. It follows that (j(S) is a reductive subgroup of Us. 
Since Us is unipotent, (j(S) is therefore trivial. In particular, v = (j(s) = 1. 
Thus, Us n Us = (1). 

Now consider the map y from U to Us that sends each u onto sUS- 1U- 1. 

This is evidently a surjective morphism of algebraic groups, whence Us is 
irreducible. The kernel of y is Us, whence 

dim(U) = dim(US) + dim(Us). 
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Since Us" Us = (1), the morphism of algebraic groups from Us x Us 
to U coming from the composition of U is injective. This implies that 

dim«US)l Us) = dim«US)1 x Us) = dim(U), 

whence (US )1 Us = U. Hence, the images of Us x Us and (US )1 x Us in U 
coincide, so that we must have Us = (US)l' This establishes the lemma in 
the case where U is commutative. 

Now we proceed by induction on the dimension of U, and so suppose 
that U "# (1) and that the lemma has been established in the lower cases. 
Let Z denote the irreducible component of the neutral element in the center 
of U. Since U is unipotent and non-trivial, we have Z "# (1). Hence, our 
inductive hypothesis implies that (U/Z)' is irreducible. 

Let uZ be an element of (U /Z)S, so that sUS-lU- l belongs to Z. It follows 
that xUX-lU- l belongs to Z for every element x of S. Now consider the map 
b from S to Z that sends each x onto xux - 1U - 1. One verifies directly that b is a 
polynomial cocycle for S in Z with respect to the conjugation action of S 
on Z. By Proposition VI.2.2, this cocycle is a coboundary, i.e., there is an 
element z in Z such that xUX- 1U- l = xZX- 1Z- 1 for every element x of S. 
This shows that Z-1U belongs to Us. 

Our conclusion is that (U /Z)' coincides with the canonical image of Us. 
The kernel of the canonical morphism from US to (U /Z)S is ZS, which we 
know to be irreducible. Since this morphism is surjective to the irreducible 
group (U /Z)", it follows that US is irreducible. D 

Theorem 4.2. Let G be an irreducible algebraic group over an algebraically 
closed field, S a toroidal algebraic subgroup of G. Then ~ G(S) is irreducible. 

PROOF. Let x be any element of ~ G(S), and let B be a Borel subgroup of G. 
By Theorem 3.3, x belongs to some conjugate of B. This means that the 
fixed point set, P say, for x in G/B is non-empty. Being closed in the complete 
variety G/B, this set P is a complete variety. Since the elements of S commute 
with x, it is clear that P is stable under the action of S on G/B. Therefore, 
we know from Theorem 1.3 that there is a fixed point for S in P. If this is 
zB then zBz- 1 contains S as well as x. Now x belongs to the centralizer 
of Sin ZBZ-l. If we show that this centralizer is irreducible we may conclude 
that x belongs to ~ G(S) l' Thus, it suffices to establish the theorem in the case 
where G is solvable. 

In that case, we have G = Gu Xl T, where T is a maximal toroid in G 
containing S. Clearly, ~G(S) is the semidirect product (~G(S)" Gu) Xl T. 
By Proposition 3.2, there is an element s in S such that ~G(S) = GS • Now 
we have ~G(S) = G~ Xl T. By Lemma 4.1, G~ is irreducible, so that ~G(S) 
is irreducible. D 

Lemma 4.3. Let G and S be as in Theorem 4.2, and let B be a Borel subgroup 
ofG containing S. Let P be the fixed point setfor S in G/B, and let p be afixed 
point for B in G/B. Then ~G(S) . p coincides with the irreducible component 
ofp in P. 
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PROOF. Let Q denote the irreducible component of p in P, and let n be the 
canonical map from G to GIB. First, we note that n- 1(Q) is irreducible. In 
order to see this, let H be an irreducible component of n- 1(Q). Since B is 
irreducible, so is the product set HB, whence HB = H. It follows that 
Q\n(H) coincides with n(n- 1(Q)\H). Since n is an open map, this shows that 
n(H) is closed in Q. Since Q is irreducible, we must therefore have n(H) = Q 
for at least one of the irreducible components H of n- 1(Q). Since HB = H, 
it follows that H = n- 1(Q). 

Let x be an element of n- 1(Q). Then S· n(x) is the singleton (n(x», which 
means that x - 1 Sx is contained in B. Let (j be the variety morphism from 
n- l(Q) x S to BIBu that sends each (x, s) onto x - 1 sxBu. If s is an element of S 
that is of finite order, then the image of n- 1(Q) x (s) under (j lies in a finite 
subgroup of the toroid BIBu. Since it is irreducible, this image is therefore 
the singleton (t - 1 stBu), where t is an element of G such that p = tB. Thus, we 
have 

(c ls -1 t)(X- 1sx) E Bu, 

for every element x of n- l(Q) and every torsion element s of S. Since the 
torsion subgroup of S is dense in S, it follows that the above holds for every 
element s of S. Hence, we have x-1Sx c C1StBu for every element x of 
n- l(Q). From the fact that p is fixed under the action of B, it follows that t 
normalizes B, and hence also Bu' Therefore, C 1 StBu is actually a subgroup 
of G. Clearly, it is therefore an irreducible solvable algebraic subgroup of G, 
and its maximum unipotent normal subgroup coincides with Bu' Each of the 
groups t - 1 St and x - 1 Sx is a maximal toroid in t 1 StBu • Therefore, there is 
an element b in Bu such that b - 1 X - 1 Sxb = t - 1 St, so that xbt - 1 belongs to 
JV G(S), Thus, we have n- l(Q) c JV G(S)tB. 

Evidently, ~G(S)tB is contained in n- 1(Q), so that we have the inclusions 

~G(S)tB c n- 1(Q) c JV G(S)tBu' 

The set JV G(S)tBu is the union of a finite family of translates of the closed 
irreducible subset JV G(S)ltBu' By considering the conjugation action of 
JV G(S)l on the torsion subgroup of S, we see that JV G(S)l is contained in 
~G(S), By Theorem 4.2, ~G(S) is irreducible, and therefore '%G(S)l = ~G(S), 

Thus, the irreducible components of JV G(S)tBu are translates of ~G(S)tBu' 
Since n-1(Q) is irreducible, it must be contained in one of these translates. 
Since it contains ~G(S)tBu, we must therefore have n-1(Q) = ~G(S)tBu' 
Applying n, we find Q = ~ G(S) . p. D 

Theorem 4.4. Let G be an irreducible algebraic group over an algebraically 
closed field. Let S be a toroidal subgroup of G, and let B be a Borel subgroup 
ofG containing S. Then ~G(S) n B is a Borel subgroup of~G(S), 

PROOF. Applying Lemma 4.3, with the point B of GIB taking the place of p, 
we conclude that the canonical image of~G(S) in GIB is closed in GIB, and 
therefore complete. The canonical map induces a bijective morphism from 
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CCG(S)/(CCG(S) n B) to the canonical image of CCG(S) in G/B. Therefore, we 
can apply the argument of the end of Section 1 and conclude that the variety 
CCG(S)/(CCG(S) n B) is complete. By Theorem 2.2, this implies that CCG(S) n B 
contains a Borel subgroup of CC G(S), We have CC G(S) n B = CC is), so that 
we know from Theorem 4.2 that this group is irreducible. Since it is solvable, 
it must therefore coincide with the Borel subgroup it contains. 0 

5. Theorem 5.1. Let G be an irreducible algebraic group over an algebraically 
closed field, and let B be a Borel subgroup of G. Then % G(B) = B. 

PROOF. Let x be an element of % G(B), and let T be a maximal toroid in G 
that is contained in B. Then xTx- 1 is also a maximal toroid in G that is 
contained in B. Because the maximal toroids in B are conjugates in B, there 
is an element b in B such that xb normalizes T. In order to conclude that x 
belongs to B, it suffices to show that xb belongs to B. Thus, we assume 
without loss of generality that x normalizes T, as well as B. We proceed by 
induction on the dimension of G, and so assume that the theorem has been 
established in the lower cases. 

Let S = CCT(x)j, and let us first deal with the case where S is non-trivial. 
We know from Theorem 4.2 that ~G(S) is irreducible, and from Theorem 4.4 
that CC G(S) n B is a Borel subgroup of CC G(S), From the inductive hypothesis, 
we have that every Borel subgroup of CC G(S)/S coincides with its normalizer. 
Clearly, S must be contained in every Borel subgroup of CCG(S). Hence, 
it follows that every Borel subgroup of CC G(S) coincides with its normalizer 
in CCG(S). In particular, this applies to CCG(S) n B. Since x belongs to CCG(S) 
and normalizes B, we have therefore x E B. 

It remains to deal with the case where S is trivial. We know from Corollary 
3.4 that B = % G(B)!. It follows that some power of x belongs to B, so that 
the subgroup, H say, of G that is generated by x and B is an algebraic sub
group of G, with HI = B. Let [) be the algebraic group endomorphism of T 
that sends each tonto xtx - 1 t - 1. Our assumption that S is trivial means 
that the kernel CCT(x) of [) is finite. This implies that dim([)(T» = dim(T), 
so that [) is surjective. In particular, this shows that T is contained in [H, H]. 
Since B = Bu T, it follows that B is contained in Bu[H, H]. 

By Theorem 11.2.1, there is a finite-dimensional polynomial G-module 
V such that H coincides with the stabilizer in G of some I-dimensional 
subspace L of V. Let )1 be the corresponding polynomial character of H, 
so that every element h of H acts on L as the scalar multiplication by )1(h). 
Then, since B c Bu[H, H], it is clear that B is contained in the kernel of )1. 

Now let v be a non-zero element of L, and consider the map p from G 
to V that sends each g onto g . v. Since B lies in the kernel of )1, the map p 
is constant on the cosets gB, and so induces the morphism pH from G/B to V. 
Since G/B is complete and V is affine, the image of G/B under pH reduces to 
the single point v. By the definition of L, this implies that G = H. Since G 
is irreducible, it follows that G = HI = B, so that x E B. 0 
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Corollary 5.2. With G as in Theorem 5.1, let P be an algebraic subgroup ofG 
containing a Borel subgroup of G. Then P is irreducible, and P = AI G(P), 

PROOF. Let B be a Borel subgroup of G that is contained in P, and let x be an 
element of AlG(P), Then Band xBx- 1 are Borel subgroups of Pl' Hence, 
there is an element p in P 1 such that px normalizes B. By Theorem 5.1, px 
belongs to B, so that x belongs to P 1 B = Pl' Thus A!'G(P) = P 1 = P. D 

It is an immediate consequence of this corollary that every Borel subgroup 
ofG is maximal in thefamity of all solvable subgroups ofG. 

Corollary 5.3. Let G be as above, B a Borel subgroup ofG. Then B = AI G(Bu). 

PROOF. Write P for AlG(BJ. Since P contains B, we know from Corollary 5.2 
that P is irreducible. From the conjugacy of Borel subgroups, it follows that 
Bu is maximal in the family of irreducible unipotent subgroups of G. Hence, 
PIBu has no non-trivial irreducible unipotent subgroups. Therefore, if C 
is a Borel subgroup of PIBu , then C is a toroid. Now it follows from Proposi
tion 2.4 that PIB. = C. Thus, PIBu is solvable, whence P is solvable, so that 
P=B. D 

Let G and B be as above, and let f!J denote the set of all Borel subgroups 
of G. We define a map y: GIB ---'>f!J by y(xB) = XBX-1. By Theorems 2.1 and 
5.1, y is bijective. If L is any subset of G, we denote the fixed point set for 
Lin GIB by (GIB)L. Then y maps (GIB)L onto the setf!J(L) of all Borel sub
groups of G that contain L. 

In particular, let T be a maximal toroid in G, and choose B so that T c B. 
Clearly, (GIB)T is stable under the action of AI G(T). We claim that AI G(T) 
acts transitively on (GIB)T. By the above, this is equivalent to saying that 
AI G(T) acts transitively onf!J(T), by conjugation. Let X and Y be members 
of f!J(T). There is an element g in G such that gXg- 1 = Y. Now Tand gTg- 1 
are maximal toroids in Y. Therefore, there is an element y in Y such that yg 
belongs to AI G(T). Since (yg)X(yg)-l = Y, this proves the transitivity. 

Next, we show that iG'G(T) is contained in every member of f!J(T). We know 
from Theorem 4.2 that iG'G(T) is irreducible. Hence, we have from Proposi
tion 2.5 that iG'G(T) is nilpotent and coincides with AI G(T)l' In particular, 
it is clear from the irreducibility and nilpotency that iG' G(T) is contained in 
some member, X say, of f!J(T). As above, for every member Y of !!J(T) there 
is an element z in AI G(T) such that zXz- 1 = Y. Hence 

It follows that the action of AI G(T) on (GIB)T factors through the finite 
group AI G(T)I AI G(T)l = AI G(T)IiG' G(T). In particular, f!J(T) is therefore 
finite. Finally, suppose that x is an element of AI G(T) such that xBx- 1 = B. 
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Then x belongs to B, by Theorem 5.1. Thus x belongs to A' BCT). Hence, 
for every element t of T, we have 

xtx-1t- 1 E T n [B, BJ c Tn Bu = (1), 

so that x lies in C{j' GC T). 
The group A' GCT)/C{j' G(T) is called the Weyl group of G with respect to T. 

Since all the maximal toroids T of G are conjugates, the isomorphism class 
of the Weyl group is determined by G. The above has shown that the Weyl 
group acts simply transitively on the finite set of all Borel subgroups of G con
taining T. 

Notes 

1. Let V be a finite-dimensional vector space over an algebraically closed 
field F. It is easy to see that the Borel subgroups of AutiV) are precisely 
the stabilizers of the full flags in V. 

2. It is not true that every maximal solvable subgroup of an irreducible 
algebraic group over an algebraically closed field is a Borel subgroup. For 
example, let F be an algebraically closed field of characteristic other than 2. 
Let G be the group of all n by n orthogonal matrices of determinant 1 with 
entries in F, where n > 2. Let D be the subgroup of G consisting of the 
elements whose entries off the diagonal are all equal to O. Then D is the 
direct product of n - 1 copies of the group of order 2, and D coincides with 
its centralizer in G. If D were contained in a Borel subgroup of G, it would 
follow from Theorem VI.3.2 that D is contained in a toroid of G. Thus, D 
is not contained in any Borel subgroup of G. 

3. Let G be an irreducible algebraic group over an algebraically closed 
field. Suppose that G has no infinite unipotent subgroup. Use Proposition 
2.4 for showing that G is a toroid. 

4. For the detailed structure and classification theory, we refer the reader to 
[6J, [1J, [16J and [7]. 



Chapter XIV 

Applications of Galois Cohomology 

The theme of this chapter is the use of Galois theory for extending the 
structure theory of algebraic groups. The applicability of Galois theory 
stems from the fact that solvable algebraic groups are made up from the 
additive and multiplicative groups of the base field, and Section 1 provides 
the technical preparations for exploiting this. 

The main result of Section 2 is the extension of the basic semidirect 
product decomposition for solvable groups from the case of an algebraically 
closed base field to that of a perfect base field. 

Section 3 contains the crucial cross-section result that is used in Section 4 
for showing that if G is an irreducible algebraic group over an algebraically 
closed field, and H is a unipotent irreducible algebraic subgroup of G such 
that G/H is an affine variety then, as a variety, G is the direct product of 
G/H and H. This cross-section result is of considerable importance for the 
theory of group extensions, of which we give only a glimpse in Theorem 4.2. 

1. Let F be a field, G an affine algebraic F-group. One says that G is defined 
over a sub field K of F if there is given a K-form for the Hopf algebra &>(G), 
i.e., a K-Hopf algebra A such that &>(G) = A ® F. In this situation, an 
algebraic subgroup H of G is said to be associated with A if the kernel of the 
restriction map from .';P(G) to :!fJ(H) is generated as an ideal by its intersection 
with A, so that &>(H) = AH ® F, where AH stands for the restriction image 
of A. Thus, H is then defined over K, by the K-form AH of &>(H). 

We are interested in the case where K is the fixed part FS for a group S 
of automorphisms of F. In this case, if G is defined over K, the group S 
acts on G by abstract group automorphisms in the following way. Regard G 
as the group of all K-algebra homomorphisms from A to F. Then the trans
form of an element x of G by an element (J of S is simply the composite (J 0 x. 

200 
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If a' is the automorphism of G corresponding to the element a of S, we have 

foa' = a 0 (iA ® a-1)(f), 

for every element f of &(G). In particular, this shows that, although a' is 
not an automorphism of affine algebraic F -groups, it is a homeomorphism 
from G to G with respect to the Zariski topology of G. In fact, if J Q is the 
annihilator of a subset Q of Gin &(G), then (iA ® a)(JQ) is the annihilator 
of a'(Q) in £!I(G), and if Q is the annihilator in G of a subset J of £!I(G), then 
a'(Q) is the annihilator in G of CiA ® a)(J). 

Proposition 1.1. Let F be a Galois extension of a field K, with Galois group S. 
Let G be an affine algebraiC F-group that is defined over K by the K10rm A 
of&(G). Then the S-stable algebraic subgroups ofG are precisely the algebraic 
subgroups that are associated with A. 

PROOF. Let H be an algebraic subgroup of G, and let J be its annihilator in 
&(G). First, suppose that H is associated with A, so that J is generated as 
an ideal by A n J. Clearly, this implies that (iA ® a)(J) = J for every element 
a of S. By the remark just preceding the statement of the proposition, this 
means that a'(H) = H for every a in S. 

Now suppose that H is S-stable. Then J is S-stable with respect to the 
S-module structure of &(G) coming from the action of S on the tensor 
factor F of A ® F. Let f be an element of J, and write it in the form 
L7= 1 /; ® Ci' where the c;'s are K-linearly independent elements of F, 
and the /;'S belong to A. Let M be the smallest Galois extension of K that is 
contained in F and contains each Ci' Then M is finite over K, and S induces 
the full Galois group of M relative to K. Therefore, every K -linear endo
morphism of M is an M -linear combination of restrictions to M of elements 
of S. In particular, this holds for the endomorphisms sending one of the 
c;'s to 1 and annihilating all the others. Since J is S-stable, it follows that each 
/; belongs to J. Hence, we have J = (J n A) ® F, which means that H is 
associated with A. D 

Proposition 1.2. Let F, K, S, G and A be as in Proposition 1.1. Suppose that H 
is a properly normal algebraic subgroup of G that is associated with A. Then 
G/H is defined over K, with AH as the K10rm of&(G/H). 

PROOF. Let f be an element of &(G/H) = (A ® F)H. For every element y 
of G, every element x of H and every element a of S, we have 

(iA ® a)(f)(a'(y)a'(x» = a(f(yx» = a(f(y» = (iA ® a)(f)(a'(y», 
whence 

a'(x)· «iA ® a)(f» = (iA ® a)(f). 

Since H is S-stable (by Proposition 1.1), this shows that (A ® F)H is S-stable 
with respect to the S-module structure of A ® F coming from the action of S 
on the tensor factor F. Exactly as in the proof of Proposition 1.1, we see 
from this that (A ® F)H = AH ® F. D 
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Lemma 1.3. Let S be a finite group of automorphisms of a field F. Then every 
multiplicative and every additive cocycle for S in F is a co boundary. 

PROOF. There is an element tin F such that LaES a"(t) = 1. Letfbe an additive 
cocycle for S in F, so that 

f«(J'1:) = a(f(,» + f(a), 

for all elements a and, of S. Put c = L<ES ,(t)f(r). One verifies directly 
that c - a(c) = f(a) for every element a of S, which means that f is a co
boundary. 

Now letfbe a multiplicative cocycle, so that 

fear) = a(f(r»f(a), 

for all elements a and r of S, and all the values of f are different from O. 
Since the elements of S are linearly independent as maps from F to F, there 
is an element u in F such that L<ES f(r),(u) i= O. If e denotes this element 
of F, one verifies directly that ea(e)-l = f(a) for every element a of S, 
which means thatfis a coboundary. 0 

Let F be a Galois extension of a field K. We endow the Galois group S 
for F relative to K with the Krull topology, in which a fundamental system 
of neighborhoods of the neutral element of S consists of the element-wise 
fixers of the finite Galois extensions of K that are contained in F. If G is an 
affine algebraic F-group that is defined over K, we shall, from now on, 
write a(x) for the transform of an element x of G by the automorphism a' 
corresponding to an element a of S. A Galois cocycle for S in G is a map 
ffrom S to G that satisfies the identityf(ar) = a(f(r»f(a) and is continuous 
with respect to the Krull topology of S and the discrete topology of G. For 
every element x of G, the map g from S to G defined by 

g(a) = a(x)-l f(a)x, 

is also a Galois cocycle for S in G. In the case where f is the constant map 
whose value is the neutral element of G, this shows that the co boundaries 
are actually Galois cocycles. 

Suppose that G has a series of S-stable algebraic subgroups 

(1) = Go c ... c Gn = G, 

such that each G; is properly normal in G;+ 1 and G;+ dG; is isomorphic, as 
an affine algebraic F-group and S-module, with either the additive group of 
F or the multiplicative group. Then we say that G is split solvable with 
respect to the S-fixed part K of F. 

Proposition 1.4. Let F be a Galois extension of a field K with Galois group S. 
Suppose that G is an affine algebraic F-group that is defined over K so as to 
be split solvable with respect to K. Then every Galois co cycle for S in G is a 
coboundary. 
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PROOF. Letfbe a Galois cocycle for S in G, and let the G/s be as in the above 
definition of "split solvable." Starting with i = n, suppose that we have 
already found an element Ui of G such that a(u;) -1 f(a)u i belongs to Gi 

for every element a of S. Write this element of Gi as g(a), and let g' be the 
map from S to Gi/Gi- 1 obtained by composing g with the canonical map from 
Gi to Gi/Gi- l . Then g' is a Galois cocycle for S in G;/G i - 1 . By assumption 
on the series of G/s, we may regard g' as an additive or multiplicative cocycle 
for Sin F. 

By the continuity assumption on Galois cocycles, there is a finite Galois 
extension M of K that is contained in F and such that, if T is the element
wise fixer of M in S, our cocycle is constant on the cosets of T in S. This, 
together with the co cycle identity, implies that g' actually maps S into M 
and defines a co cycle for the Galois group of M relative to K in the additive 
or multiplicative group of M. By Lemma 1.4, this cocycle is a coboundary. 
For the original cocyclef, this means that there is an element u in Gi such that 
a(ui)-lf(a)ui belongs to a(u)-l uGi_ 1 for every element a of S. Put 
U i - 1 = UiU-1. Then a(ui_ 1 )-lf(a)ui_1 belongs to Gi - 1 for every element 
a of S. When we reach the index 0, we have the desired conclusion. 0 

2. Theorem 2.1. Let K be a perfect field, F an algebraic closure of K and S 
the Galois group of F relative to K. Let U be an irreducible unipotent affine 
algebraic F -group that is defined over K. Then every Galois cocycle for S in U 
is a coboundary. 

PROOF. Making an induction on the dimension of U, we suppose that the 
theorem has been established in the lower cases. First, we deal with the case 
where U is non-abelian. Evidently, [U, U] is S-stable. It follows from 
Propositions 1.1 and 1.2 that U I[U, U] is defined over K such that, if A 
is the given K-form for 8l'(U), then A[U,Ul is the K-form for 8l'(UI[U, U]). 
Let f be a Galois cocycle for S in U. In the canonical fashion, f defines a 
Galois cocycle for S in U I[U, U], which we denote by f'. Our inductive 
hypothesis applies to l' and gives the result that there is an element u in U 
such that f(a) belongs to a(u)u- 1 [U, U] for every element a of S. If 
g(a) = a(u)-l f(a)u, then g is a Galois cocycle for Sin [U, U] to which we 
can again apply our inductive hypothesis. It follows thatfis a coboundary. 

It remains to deal with the case where U is abelian. Let p be the charac
teristic of F. There is a non-negative integer r such that uP" is the neutral 
element for every element u of U. Let e be the smallest such r; in the case 
where p = 0, we agree that e = 1. If e > 1, let V be the image of the morphism 
from U to U sending each u onto upe - 1

• Then V is an irreducible algebraic 
S-stable subgroup of U, and V is neither trivial nor coincides with U. There
fore, we can apply the inductive hypothesis to V and to U IV, which reduces 
the problem to the case where e = 1. 

In that case, we know from Theorem V1.5.4 that, if A is the given K -form 
of ,<?leU), the affine algebraic K-group '!leA) is an algebraic vector group 



204 XIV.2 

whose algebra of polynomial functions is A. Evidently, this implies that U 
is identifiable, as an affine algebraic F -group and S-module, with the direct 
product of a finite family of copies of the additive group of F, so that the 
result follows from Lemma 1.3. D 

Theorem 2.2. Let K be a perfect field, G an irreducible affine algebraic K
group, U an irreducible unipotent normal algebraic subgroup of G. Then U is 
properly normal in G. 

PROOF. Let F and S be as in Theorem 2.1, and let GF and UF denote the groups 
obtained from G and U by the canonical base field extension. Then every 
element h of <§(&(G)V) is the restriction to &(G)V of an element x of GF • For 
every element a of S, the restriction of a(x) to &(G)V also coincides with h. 
Therefore, a(x)x- 1 belongs to UF , so that the map sending each element a 
of S onto a(x)x- 1 is a Galois cocycle for S in UFo By Theorem 2.1, there is an 
element y in UF such that a(x)x- 1 = a(y)y-l for every element a of S. 
This says that the point y-1x of GF is fixed under the action of S, which means 
that y-l x belongs to G. Since its restriction to &(Gt coincides with h, this 
shows that the restriction map from G to <§(&(G)V) is surjective, i.e., that U 
is properly normal in G. D 

Theorem 2.3. Let K be a perfect field, G an irreducible solvable affine algebraic 
K-group. There is a linearly reductive algebraic subgroup R of G such that 
G=GuXlR. 

PROOF. Let F be an algebraic closure of K, and let S be the Galois group 
of F relative to K. Let us write H for the extended group GF• We have 
H = H u Xl T, where T is a toroid. 

By Theorem 2.2, GIGu is the affine algebraic K-group <§(&(G)Gu). Since 
it is abelian and since (GIGu)u is trivial, we know from Theorem V.S.l that 
GIGu is linearly reductive. Since K is perfect, we can apply Proposition 
V.1.2 and conclude that &(G)Gu @ F is semisimple as a G-module, and 
therefore also as an H-module. This shows that HIG~ is linearly reductive, 
whence Hu must coincide with G~. Thus, Hu is S-stable. We shall show that 
T may be chosen so as to be S-stable. 

Let Z be the normalizer of T in Hu. It is seen immediately from the 
semidirect product decomposition that Z coincides with the centralizer 
of T in Hu. First, we deal with the case where Hu is abelian. In this case, Z 
is clearly the intersection of Hu with the center of H, whence Z is S-stable. 
By Proposition 1.2, the definition of Hu over K yields a definition of HuiZ 
over K. By Theorem 2.1, every Galois cocycle for S in HuiZ is a coboundary. 

Let a be an element of S. We know that a(T) is an algebraic subgroup 
of H, that H = a(Hu)a(T) = Hua(T), and that Hu n a(T) = (1). Thus H 
is the semidirect product Hu Xl a(T), whence a(T) is a maximal toroid of H. 
Therefore, there is an element he; in Hu such that a(T) = he; Th;l. Letf(a) 
denote the canonical image of he; in HuIZ. Then f(a) depends only on a, 
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and not on the particular choice of h" .. We see directly from this and the 
definition offthatf(O'r) = O'(f(r))f(O') for alI elements 0' and r of S. From 
the fact that the annihilator of T in f1J(H) is finitely generated as an ideal, 
one sees that the stabilizer of T in S is an open subgroup of S. Hence,fhas 
the continuity property making it a Galois co cycle for S in HuiZ. From 
the above, we know that there is therefore an element h in Hu such that ha 
belongs to O'(h)h -1 Z for every element 0' of S, whence we see that h -1 Th 
is S-stable. 

Now we deal with the general case by making an induction on the dimen
sion of H II • Identifying T with its canonical image in Hj[Hu' H.], we write 
Hj[Hu, H.] = (HuI[Hu, Hu]) ><I T. Applying what we have just proved to 
this situation, we conclude that there is an element h in H u such that 
[Hu , H.] ><I h- 1 Th is S-stable. Clearly, we can apply the inductive hypothesis 
to this group, thus obtaining an element hi of [Hu, Hu] such that 
(hh 1) -1 T(hh l ) is stable under the action of S. 

Now we have H = Hu><l T, where T is an S-stable toroid. Let x be any 
element of G, and write x = yz, with y in Hiland z in T. Then, for every 
element 0' of S, we have x = O'(x), and therefore O'(y)-1 y = O'(Z)Z-l. This 
element belongs to Hu (I T, so that it must be the neutral element. Thus, 
y and z are fixed under the action of S. In particular, y belongs to H~ = Gu • 

This shows that G is the semidirect product Gu><l T S , and it is clear that 
T S is linearly reductive. D 

3. Proposition 3.1. Let F be an algebraically closed field, G an irreducible 
affine algebraic F-group. Suppose that H is an irreducible solvable algebraic 
subgroup of G, and that the variety GjH is affine. Then there is a non-empty 
open subset U ofGjH and a variety morphism pfrom U to G whose composite 
with the canonical map from G to GjH is the identity map on U. 

PROOF. Let n denote the canonical map from G to GjH, and consider the 
image f1J(GjH) 0 n of f1J(GjH) in f1J(G). Evidently, this is contained in f1J(G)H. 
Conversely, iff is an element of f1J(G)H, we see immediately from part (4) 
of Theorem Xn.2.2 thatfbelongs to f1J(GjH) 0 n. Thus, we have 

f1J(GjH) 0 n = f1J(G)H. 

Accordingly, we identify f1J(GjH) with f1J(G)H. 
Let us write K for the field [f1J(G)H] which, here, coincides with the 

field [f1J(G)]H of rational functions of GjH. Let A denote the sub K-algebra 
of [f1J(G)] that is generated by f1J(G). Our aim is to show that there is a K
algebra homomorphism from A to K. In fact, if rx is such a K-algebra homo
morphism, and if U is the set of points of GjH at which every element of 
rx(f1J(G)) is defined, then U is a non-empty open subset of GjH, and the 
restriction of rx to f1J(G) transposes into a variety morphism p from U to G 
such that n 0 p is the identity' map on U. 

We know from Theorem· 111.2.3 that [f1J(G)] is separable over K. By 
Theorem 111.2.1, this implies that there is a transcendence basis (Xl' ... ,xn) 
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for [£Ji'( G)] over K such that [.9'( G)] is a finite separable algebraic extension 
of K. Accordingly, we write 

[£Ji'(G)] = K(x l , ... , xn)[a], 

where a is separably algebraic over K(x l , ... , xn). 
Now let (PI"", Pk) be a system of K-algebra generators of A, and write 

Pi in the form Ii pijai , where each Pij belongs to K(x l ,··., xn). Since a is 
separable over K(x l , ... , x n), we have 1'(a) =f. 0, where fis the monic mini
mum polynomial for (f relative to K(x l , ... , xn), and l' is the formal deriva
tive off Let qo, ... , qs be the coefficients off, and let 

By Theorem 11.3.3, there is a non-zero element r in R such that every K
algebra homomorphism from R to an algebraic closure, L say, of Knot 
annihilating r extends to a K-algebra homomorphism from R[a] to L not 
annihilating1'(a). Clearly, we can find elements k l , ... , kn in K such that r, 
the q/s and the Pij's are in the specialization sub K-algebra of K(x l ,···, xn) 
for the specialization Xi f---+ ki' and such that this specialization does not 
annihilate r. The restriction to R of this specialization extends to a K -algebra 
homomorphism (J from R[a] to L such that (J(R) c K and (J(f'(a» =f. 0. 
If (J(f) denotes the polynomial whose coefficients are the (J(qtYs, we have 
(J(f)«(J(a» = 0, but (J(f)'(a-(a» = (J(f'(a» =f. 0. This shows that (J(a) is 
separable over K. 

Let K' denote the composite in L of the family of all intermediate fields 
between K and L that are separable over K. Our conclusion is that there is a 
K-algebra homomorphism from A to K'. 

Now let us make the canonical base field extension from F to K' and 
consider the extended group GK ' with the algebraic subgroup HK'. Let us 
denote these groups more simply by G' and H'. We have £Ji'(G') = £Ji'(G) ® K' 
and qJ(G,)H' = £Ji'(G)H ® K'. It is clear that the element-wise fixer of £Ji'(G)H 
in G coincides with H. The condition that an element of G' leave the elements 
of ,OJ(G)H fixed is equivalent to the condition that this element be a zero of a 
certain ideal, Q say, of ,OJ( G). Let J be the annihilator of H in £Ji'( G). The re
mark we just made concerning H implies that the radical of Q coincides 
with J. It follows that every element of G' leaving the elements of £Ji'(G)H fixed 
is a zero of J, which means that it belongs to H'. Thus, the element-wise 
fixer of £Ji'(G)II in G' coincides with H', whence also the element-wise fixer of 
£Ji'(G')H' in G' coincides with H'. It follows that G'jH' may be identified with 
the affine algebraic K'-variety resulting from GjH by the canonical base 
field extension, and that the canonical map from G' to G'jH' then becomes 
the canonical extension n' of n. 

The injection #(G)H -+ K' defines a point of our affine algebraic K'
variety G'jH'. Let X denote this point. As we have shown above, there is a 
K-algebra homomorphism from A to K'. Let y denote its restriction to 
£Ji'(G). Then y may be viewed as a point of G', and it is clear that n'(y) = x. 
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Let S denote the Galois group of K' relative to K, and consider the natural 
actions of Son G', H' and G'/H'. Evidently, n' is compatible with the actions 
of S on G' and G'/H', in the sense that, for every a in S and every z in G', 
we have n'(a(z» = a(n'(z». Since the point x of G'/H' is fixed under the 
action of S, it follows that n'(a(y» = x. Since n,-l(x) is the coset yH', it 
follows that y-la(y) belongs to H'. 

Define th~map ffrom S to H' by f(a) = a(y)-l y. Then it is easy to see 
that f is a Galois cocycle for S in H'. Since F is algebraically closed and H' 
comes from H by canonical base field extension, it is clear that H' is split 
solvable relative to K. Therefore, it follows from Proposition 1.4 that there 
is an element z in H' such that f(a) = a(z)z-l for every element a of S. 
This is equivalent to the statement that yz is fixed under the action of S, 
so that yz belongs to GK • Since z belongs to H', we have g(yz) = g(y) for 
every element g of ;J)J(G)H. Using this and the fact that y is the restriction 
to ;J)J(G) of a K-algebra homomorphism from A to K', we see that yz extends, 
by K-linear extension, to a K-algebra homomorphism from A to K. D 

4. Theorem 4.1. Let F be an algebraically closed field, G an irreducible affine 
algebraic F-group, H an irreducible unipotent algebraic subgroup of G such 
that G/H is affine. There is a variety morphismfrom G/H to G whose composite 
with the canonical map nfrom G to G/H is the identity map on G/H. 

PROOF. Using the result of Proposition 3.1 and the translation action of G 
on G/H in the evident way, we obtain a covering of G/H by a finite family 
of non-empty open sets Vi' with associated morphisms Pi to G, as described 
in Proposition 3.1. Then, for every element u of Vi n Vj, we have 

p/U)-lpi(U) E H. 

We shall prove by induction on the dimension of H that the p;'s can be so 
modified that they fit together to make up a morphism a from G/H to G 
such that no a is the identity map on G/H. 

First, suppose that H is I-dimensional. Then, by Corollary VI.5.5, H is 
identifiable with the additive group of F. By refining the above covering 
of G/H, we arrange that each Vi is a principal open set (G/H)qi' where qi is 
a non-zero element of .OJ>(GIH). If t is our isomorphism from H to F, then 
the function on Vi n Vj whose value at each point u is t(pj(U)-lpi(U» is an 
element fij of ;J)J(Vi n V) = ;J)J(G/H)[1/(qiq)]. There is a positive integer e 
such that, for each index pair (i, j), we have q'[fij E ;J)J(VJ Since the V;'s 
cover G/H, the q;'s have no common zero in G/H. This implies that there 
are elements ri in ;J)J(G/H) such that Li riqf = 1. Now define the element 
gj of ;J)J(Vj) by 

gj = Lr;q'tfu· 
i 

Let Yj denote the morphism from Vj to H given by to Yj = gj' and define 
the morphism aj from Vj to G by a/u) = p/u)y/u). Identifying H with F 
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by means of t and writing out (J/U)-l(Ji(U) additively, one sees that the 
restrictions to Vi n Vj of (Ji and (Jj coincide. Thus, the (J/s fit together to 
make up the required morphism (J from G/H to G. 

Now suppose that the dimension of H is greater than 1, and that the 
existence of a (J has been established in the lower cases. There is an irreduc
ible normal algebraic subgroup Q of H such that H/Q is of dimension 1. 
Let the V/s and p/s be as above, let IJ denote the canonical map from G 
to G/Q, and put 'i = IJ 0 Pi. Now observe that, with u in Vi n V j , the element 
piu)-I Pi(U)Q of H/Q depends only on 'iu) and ,lu), and that the map 
sending each u in Vi n Vj onto this element is a morphism from Vi n Vj to 
G /Q. Clearly, the above proof of the existence of (J in the case of a I-dimen
sional H extends without change to the present situation and yields the 
existence of a morphism, from G/H to G/Q whose composite with the 
canonical morphism from GjQ to GjH is the identity map on G/H. The 
existence of , shows that the variety GjQ is isomorphic with the direct 
product of the varieties G/H and H/Q, so that the variety G/Q is affine. 
Therefore, we can apply our inductive hypothesis to the pair (G, Q) and 
conclude that there is a morphism y from GjQ to G such that 11 0 Y is the 
identity map on G/Q. Clearly, the morphism yo, from G/H to G satisfies 
our requirement. D 

Theorem 4.1 can be applied to the structure theory of unipotent groups. 
In particular, it yields the following result. 

Theorem 4.2. Let H be an irreducible unipotent algebraic group over an 
algebraically closed .field F. Then &(H) = F[t l , ... , tn], where the t/s are 
algebraically independent over F, and 6(tJ - ti ® 1 - 1 ® ti belongs to 
F[t l , ..• , ti - I] ® F[t l , ... , t i - I ] for each i> 1 and is 0 for i = 1. 

PROOF. Clearly, the result holds when H is of dimension 1. Therefore, we 
suppose that the dimension of H is greater than 1, and that the theorem has 
been established in the lower cases. There is a 1-dimensional irreducible 
central algebraic subgroup Z of H. Let n be the canonical morphism from 
H to HjZ, and let (J be a morphism of algebraic varieties from H/Z to H 
as obtained in Theorem 4.1, so that no (J is the identity map on HjZ. Let y 
be the variety morphism from H to Z given by y(x) = x(J(n(x))-I. Then 
we have x = y(x)(J(n(x)), whence we see that the multiplication map is an 
isomorphism of F-algebras from (!?l'(Z) 0 y) ® (&(HjZ) 0 n) to !?l'(H). We 
know that the transpose of n is an isomorphism of Hopf algebras from 
!?l'(HjZ) to !?l'(H)z. 

By inductive hypothesis, !?l'(H/Z) = F[tl' ... ' tn-I]' where the t/s are as 
described in the theorem. We regard them as elements of !?l'(H)Z by identify
ing them with the ti 0 n's. On the other hand, we have !?l'(Z) = F[t], where t 
is a group homomorphism from Z to F. Put tn = toy. Then it is clear from 
the above that !?l'(H) = F[t I' ... , tn], that the t/s are algebraically indepen
dent over F and that, for i < n, the 6(tJ's are as required by the theorem. 
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In order to analyze b(tn), consider two elements x and y of B. We have 

tn(x) + tiy) = t(xa(n(x»-l ya(n(y»-l) 

= t(xya(n(y» -1 a(n(x» - 1) 

= tn(xy) + t(a(n(x)n(y»a(n(y» - 1a(n(x»-1). 

The second summand on the right is clearly of the formf(n(x), n(y», where 
fis a polynomial function on (BIZ) x (BIZ). Hence, it is clear that b(tn) is 
as required. 0 

Notes 

1. Proposition 3.1 is a specialized adaptation of a basic cross-section 
result on orbit varieties of solvable groups due to M. Rosenlicht [12]. 

2. Essentially, the material of Section 4 is due to J-P. Serre, who analyzed 
the structure of commutative unipotent groups with a group extension 
technique based on Theorem 4.1. See Chapter VII of [14J for this. 

3. Let F be an algebraically closed field, G an irreducible solvable algebraic 
F-group, B an irreducible algebraic subgroup of G. Recall that, by Theorem 
XIIA.3, the variety GIB is affine. Using the reduction to the case where G 
is unipotent that is made in the proof ofthat theorem, one can apply Theorem 
4.1 and show that there is a variety morphismfrom GIB to G whose composite 
with the canonical morphism from G to GIB is the identity map on GIB. 



Chapter XV 

Algebraic Automorphism Groups 

For an algebraic group G, let "If/(G) denote the group of all algebraic group 
automorphisms of G. In this chapter, we examine the possibility of endowing 
"If/(G) with the structure of an algebraic group in such a way that G becomes 
a strictYV(G)-variety. The example of a toroid of dimension greater than 1 
shows that this is not always possible. However, good questions remain 
concerning suitable subgroups of 1//(G) or suitably restricted groups G. 

Section 1 gives a general description of the appropriate algebraic group 
structures for the" algebraic" subgroups of "If/( G). Section 2 deals with the 
passage from "If/(G) to "If/(H), where H is an algebraic subgroup of G, and 
with the passage to "If/(GjH) in the case where H is normal in G. Also, it 
contains the general results concerning the canonical map from "If/(G) to 
the group of Lie algebra al,ltomorphisms of .!e(G). 

The principal results are developed in Sections 3 and 4. They depend 
on the assumption that the base field is algebraically closed and of charac
teristic O. In particular, Theorem 4.3 characterizes the groups G for which 
"If/(G) is an algebraic group in the appropriate way. 

1. Let F be a field, G an affine algebraic F-group, "If/(G) the group of all 
affine algebraic group automorphisms of G. Let K be a subgroup of "If/(G), 
and suppose that K has been endowed with the structure of an affine algebraic 
F-group such that G is a strict K-variety, i.e., such that the map from K x G 
to G that sends each (a, x) onto a(x) is a morphism of varieties. Then, for 
every element f of &>(G), the F-valued function on K x G sending each 
(a, x) onto f(a(x» is an element of &>(K) ® &>(G). This means that there are 
elements gJ,' .. ,gn of &>(G) and elements hi, ... , hn of &>(K) such that 

n 

f 0 a = L h;{a)gi' 
i= I 

2lO 
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for every element CI. of K. This shows that a necessary condition for the 
existence of an affine algebraic group structure on K for which G becomes a 
strict K-variety is that gP(G) be locally finite as a right K-module. Moreover, 
the above shows that, for every element f of £iP( G) and every linear function 
1: on &P( G), the function 1:/ f on K that is defined by 

(1:/ f)(CI.) = rU 0 CI.), 

must then belong to &P(K). We say that a subgroup K of 1f/( G) is an algebraic 
automorphism group of G if &P(G) is locally finite as a right K-module, and K 
is endowed with the structure of an affine algebraic F-group such that 
&P(K) coincides with the smallest sub Hopf algebra of BfF(K) containing all 
these functionS r/ f 

Let L be any subgroup of 1f/(G) with the property that £?J(G) is locally 
finite as a right L-module. Clearly, the functions on L of the form r/ f as 
above are then representative functions on L. Let ~G(L) denote the smallest 
Hopf algebra of representative functions on L that contains all these func
tions 1:/ f We show that ~G(L) isfinitely generated as an F-algebra. 

Evidently, there is a finite-dimensional L-stable sub F-space S of 9(G) 
that generates &P(G) as an F-algebra. Let T denote the sub F-space of .~dL) 
spanned by the functions r/ f with f in Sand 1: in .J>(Gt· If (g1, ... , gil) 
is an F-basis for the space spanned by the transformsf 0 CI. with CI. in L, and if 

II 

foCI. = L hlCl.)gi, 
i= 1 

then the space of functions rlf, with r ranging over &P(Gt, is the space 
spanned by the functions h1 , ••• , hll • This shows that the space T is finite
dimensional. One verifies directly that T is stable under the right and left 
translation actions of L on BfG(L). 

Now let f and g be elements of £?J( G), and let r be an element of &P( G)o. 
The restriction of r to the L-orbit (f.q) 0 L is an F -linear combination of 
evaluations at the elements of G. Since these evaluations are F-algebra 
homomorphisms, it follows that r/Ug) is contained in the F -algebra generated 
by the functions plf and (J/g, where p and (J range over .9'(G)o. This shows 
that the sub algebra of '~GCL) that is generated by the elements of T contains 
every function 1:/ fwithfin &P(G) and r in &P(Gt. Since T is stable under the 
translation actions of L, it follows that ~GCL) is generated by the elements 
of T and l'/(T), where l'/ is the antipode of ·~G(L). Thus, BfG(L) is finitely 
generated as an F-algebra. 

Theorem 1.1. Let G be an algebraic group over the field F, and let K be a 
subgroup of'tYCG) such that &P(G) is locally finite as a right K-module. Then 
-;§(BfGCK» may be identified with a subgroup of'tY(G) so as to become an 
algebraic automorphism group of G whose algebra of polynomial functions is 
~G(K). As such, it coincides with the intersection of the family of all algebraic 
automorphism groups of G that contain K. 
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PROOF. Let (J be an element of ~(9€G(K», and let x be an element of G. 
Regarding x as an element of Y'(Gt, we consider the values (J(x/ f), where 
f ranges over Y'(G). Define the F-valued function (Jx on Y'(G) by setting 
(J x(f) = (J(x/ f). Using that x and (J are F -algebra homomorphisms, we see 
immediately that (J x is an F -algebra homomorphism, i.e., that (J x belongs to 
G. 

Let c5 denote the co multiplication of Y'( G), let f be an element of &( G), 
and write 

n 

c5(f) = L fli ® f2i' 
i= I 

Then, for every element a of K and all elements x and y of G, we have 

«xy)1 f)(a) = (xy)(f 0 a) = f(a(x)a(y» 
11 

= L fli(a(x»f2i(a(y», 
i= I 

which shows that 
11 

(xy)!f = L (X!fli)(y!f2i)' 
i= I 

This gives 
n 

(J Xy(f) = L (J x(fli)(J if2;). 
i= I 

Hence, we have 

(Jxy = «(Jx ® (Jy) 0 c5 = (Jx(Jy. 

Thus, the map sending each element x of G onto (J x is a group homomorphism 
(J*: G -+ G. 

For a fixed elementf of Y'(G), the functions xl fwith x in G all lie in some 
finite-dimensional sub F-space of ~G(K). In fact, if 

n 

f 0 a = L hi(a)gi' 
i= t 

then we have 
n 

x!f = Lgi(X)hi· 
i= t 

Therefore, the restriction of (J to the set of these functions xlf coincides with 
a finite F-linear combination of evaluations at elements of K, i.e., there are 
elements C t , ••. , Cn of F and elements a l , ••• , an of K such that 

11 

(J(xl f) = L CiX(f 0 ai) 
i= I 

for every element x of G. This means that 
n 

fO(J* = Lcifoai' 
i= t 
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In particular, this shows thatf 0 a* belongs to £?!leG), so that a* is a morphism 
of affine algebraic groups from G to G. 

Next, we observe that if the element a of cg(~G(K» is the canonical 
image of an element a of K we have a* = a. Indeed, for every fin &'(G) and 
every x in G, we have 

f(a*(x» = a(xl f) = (xl f)(a) = f(a(x». 

Now let y denote the co multiplication of ~G(K), let a and r be elements 
of cg(~G(K», and let h be an element of ~G(K). Writing i for the identity 
map on ~G(K), we have 

(ar)(h) = r«a ® i)(y(h))). 

If a is the canonical image, a' say, of an element a of K then (a ® i)(y(h» is 
simply the translate h . a, and the above reads 

(a'r)(h) = r(h . a). 

On the other hand, 

(a'r)(h) = a'((i ® r)(y(h») = (i ® r)(y(h»(a). 

Thus, we have 

(i ® r)(y(h»(a) = r(h . a). 

In particular, for h = xl f, this gives 

(i ® r)(y(xl f) (a) = r(xl(f 0 a» = (f 0 a)(r*(x» = (r*(x)1 f)(a). 

Hence, we have 

(i ® r)(y(xl f) = r*(x)1 f. 

Applying an arbitrary element a of cg(~G(K» to this last equality, we obtain 

(a ® r)(y(xl f) = f(a*(r*(x»). 

The expression on the left is equal tof«ar)*(x». Lettingfrange over &'(G), 
we conclude from this that (ar)*(x) coincides with a*(r*(x». Since this 
holds for every element x of G, we have (ar)* = a* 0 r*. 

Clearly, if e is the neutral element of cg(~G(K» then e* is the identity 
map on G. Therefore, the last result above shows that every a* is in fact an 
element of "#I( G), its inverse being (a - 1 )*. The map sending each a onto a* 
is therefore a group homomorphism from cg(~G(K» to "#I(G). Evidently, 
this homomorphism is injective, and we use it for identifying cg(~G(K» 
with a subgroup of "#I(G). This subgroup contains K, because (a')* = a for 
every element a of K. 

Now it is clear that, by the above identification, cg(~G(K» is an algebraic 
group of automorphisms of G, that K is dense in cg(~G(K», and that the 
restriction map is an isomorphism of Hopf algebras from &,(cg(~G(K») to 
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~G(K). Finally, if L is any algebraic group of automorphisms of G con
taining K, then the restriction map from 9fG(L) to ~G(K) is evidently sur
jective and transposes to an injective morphism of algebraic groups from 
rs(9fG(K» to rs(~G(L» = L. In 1fI(G), this becomes the statement that 
rs(~G(K» is contained in L. 0 

2. Proposition 2.1. Let G be an algebraic group over an algebraically closed 
field, and let K be an algebraic automorphism group of G. Suppose that H is a 
K-stable algebraic subgroup of G. Then the image KH of K in 1fI(H) is an 
algebraic group of automorphisms of H, and the canonical map K --7 KH is a 
morphism of algebraiC groups. If H is normal in G then the same facts hold for 
GjH in the place ofH. 

PROOF. Let, denote the canonical map from K to K lI , and let p denote the 
restriction map from £J>(G) to !?l'(H). Evidently, for fin £J>(G) and IX in K, we 
have p(f 0 IX) = p(f) 0 '(IX). This shows that £J>(H) is locally finite as a right 
KH-module, and also that, is a morphism of algebraic groups from K to 
rs(9fH(KlI»' Since the base field is algebraically closed, it follows that KH 
is an algebraic subgroup of rs(9fH(K H», whence these two groups coincide. 

Now suppose that H is normal in G, and let (J denote the canonical map 
from K to the corresponding subgroup KG/H of 1fI(GjH). The KG/H-module 
structure of £J>(GjH), i.e., of £J>(G)H, when lifted to a K-module structure via (J, 

becomes the restriction to £J>(G)H of the K-module structure of £J>(G). It 
is clear from this that £J>(GjH) is locally finite as a KG/wmodule, and that (J 

is a morphism of algebraic groups from K to rs(~G/H(KG/H»' This yields the 
second part of the proposition in the same way by which we obtained the 
first part. 0 

Proposition 2.2. Let G and K be as in Proposition 2.1. Suppose that L is 
another algebraic automorphism group of G that is normalized by K. Then 
LK is an algebraic automorphism group of G. 

PROOF. It is easy to see that £J>(G) is locally finite as a right LK-module. 
Evidently, the restriction maps from ~G(LK) to 9fG(L) and ~G(K) are 
surjective morphisms of Hopf algebras. Their transposes are injective 
morphisms of affine algebraic groups from Land K to rs(9fG(LK». Since 
the base field is algebraically closed, Land K thus become algebraic sub
groups of rs(~G(LK», and it follows that LK is an algebraic subgroup 
of rs(9fG(LK». Therefore, LK coincides with rs(~G(LK». 0 

Proposition 2.3. Let F be afield, G an affine algebraic F-group, K an algebraic 
automorphism group of G. Then the restriction to K of the canonical group 
homomorphism from1fl(G) to the affine algebraic group of all Lie algebra 
automorphisms of !l'(G) is a morphism of affine algebraic F-groups. 



XV.3 215 

PROOF. For every element rx of 1fi'(G), let rx' denote the corresponding Lie 
algebra automorphism of Sf(G). Then the transform by rx' of an element l' 
of Sf(G) is given by 

rx'( 1')(f) = 1'(f 0 rx) 

for every element f of Y'(G). Let r denote the element of Sf(Gt given by 
r(1') = 1'(f). Accordingly, we denote by rl1' the element of EndF(Sf(GW 
defined by 

(rl1')(e) = r(e(1'» = e(1') (f). 

The algebra of polynomial functions of the group of all Lie algebra 
automorphisms of Sf(G) is generated by the restrictions of the elements of 
EndF(Sf(GW and their antipodes. Since EndiSf(GW is spanned over F 
by the functions r 11', it suffices to show that, for each of these, the function 
on K sending each rx onto (rl1')(rx') belongs to Y'(K), i.e., to ~G(K). A direct 
check shows that this function is simply the element 1'1 f of ~G(K). D 

3. For an algebraic group H, the irreducible component of the neutral 
element in the center of H will be denoted by <c 1 (H). 

Theorem 3.1. Let F be an algebraically closed field of characteristic 0, and let 
G be an affine algebraic F-group. Let K be a subgroup of 1fi'(G). Then Y'(G) 
is locally finite as a right K-module if and only if the canonical image of K 
in 1fi'(<C1(GdGu» is finite. 

PROOF. First, we reduce the theorem to the case where G is irreducible. 
Let K' denote the canonical image of K in'lf/(G 1). If Y'(G) is locally finite 
as a K-module, then it is clear that Y'(G 1 ) is locally finite as a K'-module. 
Therefore, if the theorem holds for G1 , it follows that the image of K' in 
1fi'(<C1(GdGu» is finite. But this coincides with the image of K. 

Conversely, suppose that the canonical image of Kin 1fi'(<C1(G 1/Gu» is 
finite. If the theorem holds for G1, it follows that Y'(G 1 ) is locally finite as a 
K'-module. Choose representatives Xl"'" xn in G for the elements of GIG 1• 

For every element f of 21'( G), let;; denote the restriction of Xi . f to G l' In 
this way, we obtain an injective F-linear map from Y'(G) to the direct sum 
of n copies of Y'(G 1), sending each f onto (f1"'" In). If rx is any element 
of K, we have 

(f 0 rx)i = (Xi' (f 0 rx»G, = (rx(x)· f) a rx)G, = (rx(Xi)' f)G, a rx', 

where rx' is the image of rx in K'. Using that .cJ!(G) is locally finite as a G-module 
and ;!.P(G 1) is locally finite as a right K'-module, we see directly from this 
that all the functions (f a rxL with i and f fixed and IX ranging over K, lie in 
some finite-dimensional space of functions. It follows that the same is true 
for the functions fa rx, so that Y'(G) is locally finite as a right K-module. 

Now we assume that G is irreducible, and that Y'(G) is locally finite as a 
right K-module. It is clear from Proposition 2.1 that, consequently, 
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.9(~ 1 (G/GJ) is locally finite with respect to the action of the canonical 
image of K in "If/(~I(G/Gu))' The group 'G'I(G/GJ is a toroid, T say, and we 
have 

.9'[T] = F[h l , ... , hm' h11, ... , ht~ I], 

where the h;'s are algebraically independent polynomial characters of T. 
For every element !Y. of "f1l(T), hi 0 !Y. is again a polynomial character of T, 
so that there are integers aji such that hi 0 !Y. is the product of the h'ji"s with 
j = 1, ... , m. If !Y. ranges over an infinite subset of 'fll( T), the corresponding 
set of exponents aji is unbounded. This shows that, if the canonical image of 
K in "If/(T) is not finite, then &>(T) is not locally finite as a module for this 
group. Thus, our assumptions on G and K imply that the canonical image of 
Kin "If/('G'I(G/GJ) is finite. 

Now suppose that G is irreducible and that the canonical image of K 
in "If/(~I(G/Gu)) is finite. We must show that then &>(G) is locally finite as a 
right K-module. Let G' denote the group of inner automorphisms of G. 
Since the canonical image of G' Kin "If/('G'I (G/Gu)) coincides with that of K, 
we may replace K with G' K. Therefore, we now suppose that K contains G'. 
We may write G = Gu><l P, where P is linearly reductive. Let L denote the 
stabilizer of P in K. Since the maximal linearly reductive subgroups of G 
are conjugate under G', we have G'L = K. 

Put T = 'G'I (P), and let Z denote the element-wise fixer of T in L. Suppose 
that y is an element of L whose canonical image in 'f1l('G'I(G/GJ) is trivial. 
Then we have y(t)Gu = tGu for every element t of T. This gives 

t-I},(t) E Gu n T = (1), 

so that y E Z. Since the canonical image of L in "fII'('G' 1 (G jGu)) is finite, this 
shows that Z is of finite index in L. Hence, G'Z is of finite index in G'L = K. 
Evidently, G'Z is normal in K. Therefore, it suffices to show that &>(G) is 
locally finite as a G'Z-module. Since, in any case, &>(G) is locally finite as a 
G'-module, this simply means showing that &>(G) is locally finite as a Z
module. 

The algebra &>(G) is the tensor product &>(Gt Q9 &>(G)Gu • Evidently, 
&>(G)Gu is stable under the action of "If/(G). Since Z stabilizes P, the tensor 
factor &>(Gt is stable under the action of Z. Now it suffices to prove that each 
of &>(Gt and .9(G)Gu is locally finite as a right Z-module. 

First, we deal with .9( Gt. By the restriction map, this is isomorphic 
with .9'(GJ, and it is clear that the restriction map is a morphism of right 
Z-modules. Therefore, what we wish to show here is an immediate conse
quence of the general fact that if U is a unipotent affine algebraic group over a 
field of characteristic 0 then &>(U) is locally finite as a right "If/(U)-module. 

In order to see this, recall from Theorem VIII.l.1 that the exponential 
map is a variety isomorphism from :.f(U) to U. In proving this theorem, 
we showed that if p isany polynomial representation of U then 

po exp = exp 0 p', 
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where p' is the extended differential of p. This shows that the transpose of 
the exponential map is an isomorphism of rightir(V)-modules from £?l(V) 
to £?l(.5t'( V». Since 1r( V) acts by linear automorphisms on .5t'( V), and since 
£?l(.5t'(V» is the symmetric algebra built over .5t'(vt, it is clear that £?l(.5t'(V» 
is locally finite as a 11'( V)-module, so that the same holds for £?l(V). 

It remains to be shown only that £?l( G)Gu is locally finite as a Z-module. 
We identify £?l(G)Gu with £?l(P), noting that this identification is compatible 
with the actions of Z. It follows from Theorems IV.2.2, Vn.3.2 and VII.1.2 
that P = T[P, P], and that .5t'([P, P]) is semisimple. The surjective multi
plication map from T x [P, P] to P transposes to an injective F-algebra 
and Z-module homomorphism from £?l(P) to £?leT) ® £?l([P, P]). By defini
tion, Z leaves the elements of £?leT) fixed, and it clearly stabilizes £?l([P, P]). 
Therefore, it suffices to prove that if S is all irreducible affine algebraic group 
over an algebraically closed field of characteristic ° such that 5E(S) is semi
simple then lr(S)/S' is finite. 

In order to see this, consider the canonical image of S' in the group of all 
Lie algebra automorphisms of .5t'(S), which we denote by 1r(.5t'(S». This is 
the image of S under the adjoint representation, and therefore is an algebraic 
subgroup of lr(.5t'(S». By Theorem IVA.1, its Lie algebra is the Lie algebra 
of all inner derivations of .5t'(S). Since S is semisimple, we know from Pro
position Vn.2.6 that this coincides with the Lie algebra of all derivations 
of .5t'(S), i.e., with the Lie algebra of lr(.5t'(S». Therefore, the image of S' 
coincides with the irreducible component of the neutral element in lr(.5t'(S», 
and so is of finite index in 1r(.5t'(S». Since the base field is of characteristic 
0, it follows from Corollary IV.3.2 that the canonical map from lr(S) to 
'/f'(.5t'(S» is injective. Hence, we conclude that lr(S)/S' is finite. D 

4. Theorem 4.1. Let F be an algebraically closed field of characteristic 0, 
and let G be an affine algebraic F -group. Let Q be the kernel of the canonical 
homomorphism from lr(G) to lr(~l(GdGJ). Then Q is an algebraic auto
morphism group of G, and every irreducible algebraic group of automorphisms 
of G is an algebraic subgroup of Q. 

PROOF. By Theorem 3.1, £?leG) is locally finite as a right Q-module. Consider 
the algebraic automorphism group <;§(~G(Q» of G. We can apply Proposition 
2.1 three times in succession and conclude that the canonical map is a mor
phism of algebraic groups from <;§(91!G(Q» onto an algebraic group of auto
morphisms of ~l(Gl/Gu)' Since Q is the kernel of this morphism, it is an 
algebraic subgroup of <;§(~G(Q», and therefore coincides with it. 

Now let R be any irreducible algebraic automorphism group of G. Again, 
the canonical map is a morphism of algebraic groups from R onto an alge
braic group of automorphisms, S say, of ~ 1 (GdGu). Since R is irreducible, 
so is S. On the other hand, we know from Theorem 3.1 that S is finite. There
fore, S is trivial, which means that R is contained in Q. Since ~G(R) is the 
restriction image of ~G(Q), it is clear that R is an algebraic subgroup of Q. D 
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Theorem 4.2. Let F be an algebraically closed field of characteristic 0, and let 
G be an irreducible affine algebraic F-group. A subgroup of'/{l(G) is an alge
braic groupo} automorphisms of G if and only if its canonical image in 1fi(!£(G» 
is an algebraic subgroup oj'fll'(!£( G». 

PROOF. It is clear from Proposition 2.3 that the condition of the theorem is 
necessary. In order to prove the sufficiency, let K be a subgroup of 1f1(G) 
whose image in1f''(!£(G» is an algebraic subgroup of'fll'(!£(G». First, we 
show that the canonical image, Q say, of K in 1fi(~ 1 (GjGu» is finite. Let us 
write T for ~1(GjGu). The stabilizer of !£(Gu) in 1fi(!£(G» is evidently an 
algebraic subgroup of 1fi(!£(G» containing the canonical image of K as an 
algebraic subgroup. The canonical map from this stabilizer to 1fi(!£(T» is 
clearly a morphism of affine algebraic groups. It follows that the canonical 
image of Q in 1fi(!£(T» is an algebraic subgroup of 1fi(!£(T». Hence we 
shall know that Q is finite as soon as we have proved that i}H is any algebraic 
subgroup of1fi(!£(T» that lies in the image of1fi(T) then H is finite. 

From our discussion of T in the proof of Theorem 3.1, we see that there 
is an F-basis of !£(T) with respect to which the image of 1fi(T) appears as 
the group of all integral matrices of determinant 1 or -1. Let gij be the 
polynomial function on HI such that, for every element rx of HI' gu(rx) is the 
(i, j)-entry of the matrix representing rx. If HI is non-trivial, then at least 
one of these gi/S is non-constant, and hence is transcendental over F. Let u 
be such a gu. By Theorem II.3.3, there is a non-zero polynomial p(u) in 
F[u] such that every F-algebra homomorphism F[u] ---'> F not annihilating 
p(u) extends to an F-algebra homomorphism [lJJ(H 1 ) ---'> F, i.e., is the evalua
tion at some element of HI. Clearly, this contradicts the fact that u takes 
only integer values. Thus, HI must be trivial, so that H is finite. 

Our conclusion is that the canonical image of K in 1fi«((J 1 (GjGu» is 
finite. By Theorem 3.1, [lJJ(G) is therefore locally finite as a right K-module, 
so that we have the algebraic automorphism group t§(BfG(K». By Proposi
tion 2.3, the canonical homomorphism from this group to 1fi(!£(G» is a 
morphism of affine algebraic groups, and we know that this morphism is 
injective (cf. the end of Section 3). Now K is the inverse image in t§(BfG(K» 
of an algebraic subgroup of the image of t§(BfG(K» in 1fi(!£(G». Hence, K 
is an algebraic subgroup of t§(BfG(K» and therefore coincides with it. 0 

Theorem 4.3. Let F be an algebraically closed field of characteristic 0, and let G 
be an irreducible affine algebraic F-group. Then 1fi(G) is an algebraic auto
morphism group of G if and only if one of the following two conditions is 
satisfied: (1) ~l(G) is unipotent; (2) the dimension of the center of GjGu is 
at most 1. 

PROOF. Clearly, (2) implies that 1fi(~l(GjGJ) is finite. By Theorem 3.1, 
this implies that &(G) is locally finite as a 1fi(G)-module, which evidently 
implies that 1fi(G) is an algebraic automorphism group of G. Thus, condition 
(2) is sufficient. 
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In order to establish the sufficiency of condition (1), let us write, as in the 
proof of Theorem 3.1, G = Gu Xl P, and T = (~'t(P). Let L be the stabilizer 
of Pin 1f/(G). Then G'L = 1f/(G), so that the canonical image of 1f/(G) in 
1f/(~ I (G/GJ) coincides with that of L. In view of Theorem 3.1, it suffices 
therefore to prove that the canonical image of L in 1f/(~ I (G/GJ) is finite, 
whenever (1) is satisfied. For this, it clearly suffices to show that the image of 
L in 1f1(T) is finite. 

Consider the adjoint representation of T on 2(Gu). Since T is a toroid, 
we can decompose 2(Gu) into a direct sum VfI + '" + VIn of sub T
modules, where the ii's are mutually distinct morphisms T -7 F*, and 
t· v = .t;(t)v for every element t of T and every element v of VI,' If a is an 
element of L, and aT is its restriction image in'lP'(T) then the automor
phism of 2(Gu) corresponding to a maps each VI, onto some VIi' where 
Jj = i; 0 aT I. In this way, we obtain a homomorphism () from L to the 
finite group of permutations of the set (fl, ... , f,J Now let a be an element 
of the kernel of b. Then the adjoint action of a(t)C 1 on 2( GJ is trivial for 
every element t of T. Hence each a(t)t -I centralizes Gu , and therefore lies 
in the center of G. Let (J be the map from T to the center of G defined by 
(J(t) = a(t)t- I • Clearly, (J is a morphism of affine algebraic groups, whence 
(J(T) is an irreducible algebraic subgroup of the center of G, so that 

(J(T) c ~ I (G). 

Since T is linearly reductive, while ~I(G) is unipotent (condition (1)), it 
follows that (J is the trivial map, which means that a leaves the elements of T 
fixed. Thus, b induces an isomorphism from the image of L in 1f/(T) to a 
finite group, so that the image of L in 1f;"(T) is finite. Our conclusion is that 
condition (1) is sufficient. 

It remains to be shown that if neither (1) nor (2) is satisfied then 1f/( G) 
is not an algebraic automorphism group of G. By Theorem Y.S.3, every 
subtoroid of a toroid is a direct factor. Hence we may write T = To X TI , 
where To is the irreducible component of the neutral element in the inter
section of T with the center of G, and TI is a complementary subtoroid. First, 
we consider the case where the dimension of To is greater than 1. Recall that 
P = TS, where S = [P, P]. Hence G = (Gu TIS)To. The factor Gu TIS is an 
algebraic subgroup of G, and its intersection with To is finite. Therefore, as is 
easy to see, there are infinitely many elements of 1f/(To) that leave the 
elements of (Gu TIS) n To fixed. Clearly, each of these extends to yield an 
element of 1f/(G) leaving the elements of Gu TIS fixed. By Theorem 3.1, 
1f/(G) can therefore not be an algebraic automorphism group of G, in this 
case. 

Now suppose the dimension of To is not greater than 1. If To were trivial, 
condition (1) of our theorem would be satisfied. Thus, we are left with the 
case where To is of dimension 1. Since condition (2) is not satisfied, the 
toroid TI is non-trivial, in this case. Therefore, there are infinitely many 
morphisms p of affine algebraic groups from TI to To whose kernels contain 
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the finite group (Gu ToS) n TI . For each such P, we have an element P* of 
"lfI"(G) such that p* leaves the elements of Gu ToS fixed, while p*(t) = tp(t) 
for every element t of TI . Again by Theorem 3.1, "If/(G) is therefore not an 
algebraic automorphism group of G. D 

Notes 

1. Evidently, Theorem 4.1 implies that if Rand S are irreducible algebraic 
automorphism groups of G then so is the group generated by Rand S in 
"If/(G). The following example shows that this fails in non-zero charac
teristic. 

Let F be an algebraically closed field of non-zero characteristic p, and let 
G be the 2-dimensional algebraic vector F-group, so that &>(G) is the poly
nomial algebra F[x, yJ, where x and yare the usual coordinate functions 
on G. For every element a of F, define the automorphisms Pa and O"a of G by 

Pa(U, v) = (u, v + auP), O"aCu, v) = (u + avP, v). 

Clearly, the Pa's constitute an algebraic automorphism group R of G, and 
the O"a's constitute an algebraic automorphism group S of G, each of Rand S 
being isomorphic, as algebraic group, with the additive group of F. Let y 
denote the automorphism PI 00"1 of G. Then we have 

x 0 y = x + yP, 

which shows that &>( G) is not locally finite as a module for the group gener
ated by Rand S. 

2. In the situation of Theorem 4.1, if Rand S are algebraic automorphism 
groups of G, and if R is irreducible, it follows from Theorem 3.1 that &>(G) 
is locally finite as a right module for the subgroup of "If/(G) that is generated 
by Rand S. The following example shows that this can fail if neither R nor S 
is irreducible. 

Let G be the 2-dimensional F-toroid. Then "If/(G) is isomorphic with the 
multiplicative group of the 2 by 2 integer matrices of determinant 1 or -1, 
as is seen from the proof of Theorem 3.1. Let 0" be the automorphism corre-

sponding to the matrix ( - ~ - ~). and let '[ be the automorphism corre

sponding to the transpose of this matrix. Then each of 0" and '[ is of order 3, 
while '[ 0 0" has infinite order. 

3. The automorphism groups of affine algebraic groups over fields of 
characteristic 0 are analyzed by A. Borel and J-P. Serre in [2]. 



Chapter XVI 

The Universal Enveloping Algebra 

The universal enveloping algebra of a Lie algebra is the analogue of the 
usual group algebra of a group. It has the analogous function of exhibiting 
the category of Lie algebra modules as a category of modules for an asso
ciative algebra. This becomes more than an analogy when the universal 
enveloping algebra is viewed with its full Hopf algebra structure. By dual
ization, one obtains a commutative Hopf algebra which, in the case where 
the Lie algebra is that of an irreducible algebraic group over a field of charac
teristic 0, contains the algebra of polynomial functions of that group as a 
sub Hopf algebra in a natural fashion. This theme is developed in Section 3. 

Section 1 is devoted to the Poincare-Birkhoff-Witt Theorem, which is 
needed in Section 2 for establishing the Campbell-Hausdorff formula. 
This formula concerns the formal exponential map and is decisive in many 
applications of Lie algebra theory to algebraic groups or Lie groups. Section 
4 is devoted to our principal application of the Campbell-Hausdorff formula 
in perfecting the theory of unipotent algebraic groups over fields of charac
teristic ° by reducing it completely to that of nilpotent Lie algebras. 

1. Let L be a Lie algebra over a field F. If A is an associative F-algebra, 
we may consider the Lie algebra 2(A), whose underlying F-space is A and 
whose Lie composition is defined by [u, v] = uv - vu. By a Lie homo
morphism from L to A, we shall mean a homomorphism of Lie algebras 
from L to 2(A). 

Let ®(L) denote the tensor F-algebra built over L, and let J(L) denote 
the two-sided ideal of ®(L) that is generated by the elements of the form 
a ® b - b ® a - [a, b], with a and b ranging over L. The associative 
F-algebra ®(L)jJ(L) is called the universal enveloping algebra of L, and we 
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denote it by JU(L). The canonical injection from L to ®(L) yields the canon
ical map y: L -> ol1(L), which is a Lie homomorphism by virtue of the defi
nition of J(L). It is easy to see that the pair (JU(L), y) is characterized up to 
isomorphisms by the following universal mapping property. For every Lie 
homomorphism a from L to an associative algebra A, there is one and only 
one homomorphism a* of associative algebras from JU(L) to A such that 
a* 0 y = a. 

The following Poincare-Birkhoff-Witt Theorem says that the canonical 
map from ®(L) to JU(L) is as non-degenerate as one could wish. 

Theorem 1.1. Let L be a Lie algebra over a field F, and let X be a totally 
ordered F-basis of L. Let SeX) denote the set of all finite non-decreasing 
sequences of elements of X. For (Xl' ... ,xn) in SeX), put 

Y(XI' ... ,Xn) = y(X I)· .. y(xn) 

and y(0) = 1. Then y is a bijection from SeX) to an F-basis ofJU(L). 

PROOF. An evident "straightening" procedure, based on the relations 

Y(X)y(y) = y(y)y(x) + y([x, y]) 

for all elements X and y of L, shows inductively that the set y(S(X» spans 
JU(L) over F. Therefore, it suffices to show that y maps SeX) injectively onto a 
linearly independent subset of JU(L). This will be clear once we have proved 
the following fact. There is an F-linear map a from ®(L) to the symmetric 
algebra geL) built over L satisfying the following conditions. 

(1) a(l) = 1; 
(2) if(x l , ... , xn) belongs to SeX) then 

(3) a annihilates J(L). 

Let Bo(X) = (1) and, for n > 0, let Bn(X) be the subset of ®(L) consisting 
of the elements Xl ® ... ® Xn, with each Xi in X. Clearly, Bn(X) is an F-basis 
of ®n(L). Let B(X) denote the union of the family of Bn(X)'s. For each 
element u = Xl ® ... ® Xn of BiX), define the disorder D(u) as the number 
of index pairs (i, j) such that i < j and Xi > Xj. Let ®n(L)q denote the 
subspace of ®n(L) that is spanned by the elements u of Bn(X) with D(u) ::;; q. 

Now observe that J(L) is spanned over F by the elements of the form 

u ® X ® y ® v - u ® y ® X ® v - u ® [x,y] ® v, 

where u and v are elements of B(X), and X and yare elements of L. Therefore, 
it suffices to define a as an F-linear map satisfying the above conditions (1) 
and (2) and annihilating each of these elements. Condition (1) serves to 
define a on ®O(L) = F. Proceeding inductively, suppose that a has already 
been defined on I~=o ®n(L), for some r 2 0, so that (1) and (2), for n ::;; r, 
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are satisfied, and such that (J annihilates J(L) n (L~=o ® "(L)). Using (2) 
for n = r + 1, we extend the definition of (J to the domain 

r 

®r+ 1 (L)o + L ®n(L). 
n=O 

It is easy to see that this does not create a violation of (3). 
Now suppose that (J has already been defined on ®r+ I(L)s + L~= 0 ®n(L), 

with some s ?: 0, in such a way that (J annihilates the intersection, J(L)r,s 
say, of J(L) with this space and satisfies (2) for all n ~ r + 1. Let w be an 
element of Br+ I(X) such that D(w) = s + 1. We may write 

w = u®x®y®v, 

where x and yare elements of X such that x > y, and u and v are elements 
of B(X). Evidently, we have D(u ® y ® x ® v) = D(w) - 1, so that 
u ® y ® x ® v belongs ®r+ I(L)s. Condition (3) demands the equality 

(J( w) = (J( u ® y ® x ® v + u ® [x, y] ® v). 

Conversely, if (J has been defined on ®r+ I(L)s+ I + L~=o ®n(L) so that all 
these equalities, for all elements w of Br+ I(L) with D(w) = s + 1 and all 
possible choices of (x, y), are satisfied then (J annihilates J(L)r,s+ I' Clearly, 
this extension of the domain of definition of (J is possible, provided that, 
for each w, the right side of the above equality is the same for every possible 
choice of (x, y). Thus, it suffices to show that if w can also be written 
u' ® x' ® y' ® v' with x' > y' then (J annihilates the element 

u ® y ® x ® v + u ® [x, y] ® v - u' ® y' ® x' ® v' - u' ® [x', y'] ® v'. 

If the indicated positions in w ofthe elements x, y, x', y' are all distinct from 
each other, we have (possibly only after exchanging the primed and the 
unprimed labels) 

w = u ® x ® y ® a ® x' ® y' ® b. 

Then the above element is 

u ® y ® x ® a ® x' ® y' ® b + u ® [x, y] ® a ® x' ® y' ® b 

- u ® x ® y ® a ® y' ® x' ® b - u ® x ® y ® a ® [x', y'] ® b. 

Addition of suitable elements of J(L)r,s has the effect of replacing each 
factor x ® y with y ® x + [x, y], and each factor x' ® y' with 

y' ® x' + [x', y']. 

The resulting sum is O. This shows that the above element belongs to J(L)r,S' 
so that it is annihilated by (J. 

We are left with the case where x' coincides, literally, with y. Writingz for y', 
we have 

w = u ® x ® y ® z ® b. 
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and x > y > z. We must show that the element 

u ® y ® x ® z ® b + u ® [x, y] ® z ® b 

-u ® x ® z ® y ® b - u ® x ® [y, z] ® b 

is annihilated by (J. Addition of suitable elements of J(L)" s has the effect 
of replacing each factor x ® z with z ® x + [x, z]. Similarly, the resulting 
factors y ® z and x ® y may be replaced with 

z ® y + [y, z], and y ® x + [x, y], 

respectively. Finally, again by adding elements of J(L),.s' we can replace 
the factors [y, z] ® x, y ® [x, z] and [x, y] ® z with 

x ® [y, z] + [[y, z], x] etc. 

After evident cancellations, there remains a sum of three terms, which is 0 by 
virtue of the Jacobi identity. 

This completes the inductive step for extending the domain of definition 
of (J to I~;;b (8nL) by induction on the disorder s. The result is the inductive 
step for the degree r of the main induction. It is clear that the existence of (J 

so established implies the theorem. 0 

Usually, one identifies L with its canonical image y(L) in d/i(L), by means 
of y. Now, there is a Lie homomorphism from L to d/i(L) ® d/i(L) sending 
each element x of L onto the element x ® 1 + 1 ® x of d/i(L) ® d/i(L). 
By the universal mapping property, this defines a morphism of F -algebras, c5 
say, from d/i(L) to d/i(L) ® d/i(L). Next, note that d/i(L) is the direct F-space 
sum F + Ld/i(L). Let 8 denote the projection d/i(L) ~ F with kernel Ld/i(L). 
Making an induction on the formal degree with respect to L of expressions 
for the elements of d/i(L), one verifies easily that c5 and 8 make d/i(L) into 
a coalgebra. Together with the multiplication, J1 say, from d/i(L) ® d/i(L) 
to d/i(L), this makes d/i(L) into a bialgebra. Finally, it is easy to see that this 
bialgebra has an antipode, I] say, which is characterized as an anti endo
morphism of the F-algebra d/i(L) by I](x) = -x for every element x of L. 
Thus, d/i(L) has the structure of a Hopf algebra. The identities relating to 1], 

J1 and c5 are established inductively. 

2. Let V be a vector space over a field F, and write T for the tensor algebra 
®(V) built over V. Actually, T has the structure of a Hopf algebra, as follows. 
The counit 8 is the projection @(V) ~ ®o(V) = F of the graded structure of 
®(V). The comultiplication c5 is the unique F-algebra homomorphism 
from T to T ® T sending each element t of Tonto t ® 1 + 1 ® t. The 
antipode I] is characterized as an anti-endomorphism of the F-algebra T 
by I](t) = - t for every element t of T. 

Let L denote the sub Lie algebra of !i'(T) that is generated by V. Now 
suppose that p is a linear map from V to an F-Lie algebra M. Let lI. denote 
the canonical map from M to d/i(M). By the universal mapping property 
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of T in the category of F -algebras, there is one and only one morphism of 
F-algebras p* from T to 1J(M) whose restriction to V is a 0 p. The restriction 
of p* to L is clearly a morphism of F -Lie algebras from L to a(M). By Theorem 
1.1, the map a is injective. If we compose the restriction of p* to L with the 
inverse a(M) -+ M of r:t., we obtain a morphism (J of Lie algebras from L 
to M that extends p. Since V generates L as a Lie algebra, there can be at 
most one such (J. The property of L with respect to V we have thus established 
means that L is a model for the free Lie algebra based on V: for every linear 
map p from V to a Lie algebra M, there is one and only one morphism of 
Lie algebras from L to M that extends p. 

Let '1: be a Lie homomorphism from L to an associative F-algebra A. 
There is one and only one morphism '1:* of F-algebras from T to A that 
extends the restriction of '1: to V. Evidently, the restriction of '1:* to L coincides 
with T. This shows that T has the same universal mapping property with 
respect to L as 1J(L). Therefore, T is naturally isomorphic, as a Hopf algebra, 
with 1J(L). We shall make use of this fact after some general preparation. 

Theorem 2.1. Let L be a Lie algebra over a field F of characteristic O. Then 
the space of primitive elements of1J(L) coincides with L. 

PROOF. Choose a totally ordered F-basis (x,) for L. By Theorem 1.1, the 
element 1 of F and the ordered monomials x~: ... x~::. where the e;'s are 
strictly positive integers, and x,! < ... < x'n' constitute an F-basis of 1J(L). 
We have 

where I is the sum of the terms in (L1J(L» ® (Uli(L» resulting from the 
expansion of 6(x,)e! ... 6(x,J"n. These terms are 

C ... C x e! - It ... X en - In ® Xl! ... X ln 
el.il en.in (Xl an . al iln' 

where the Cei.I:s are the binomial coefficients, and the summation goes over 
all n-tuples (fl,··" fn) such that 0 ::; fi ::; ei and 0 < I?; 1 fi < Ii; 1 ei' 

Since F is of characteristic 0, all these binomial coefficients are different from 
O. Hence, it follows from the linear independence of the ordered monomials 
in the x;s that, if u is a linear combination of such ordered monomials and 
6(u) = u ® 1 + 1 ® u, then u must actually be a linear combination of the 
x;s. This means that every primitive element of 1J(L) belongs to L. D 

Now let us return to the free Lie algebra L based on the F-space V. If F 
is of characteristic 0, we know from Theorem 2.1 that L is precisely the 
space of primitive elements of the Hopf algebra T = ®(V), because T may 
be identified with qf(L) as a Hopf algebra. 

Proposition 2.2. Let F, V, T, L be as above, and aSSl4me that F is of characteristic 
O. For every element t of T, let Dt be the derivation effected by t in T, so that 
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DtCu) = tu - ut. There is an F-linear projection n of Tonto L such that 
n(1) = 0 and 

net 1 ... t q) = q -l(Dtl ... Dtq _ ,)(tq) 

for every q-tuple (t 1, ... , tq) of elements of V, where q > l. 

PROOF. Clearly, there is one and only one linear endomorphism n of T 
satisfying the equalities of the proposition and the condition n(v) = v for 
every element v of V. Moreover, it is evident from these properties that neT) 
is contained in L. It remains only to prove that n(x) = x for every element 
xof L. 

Let p denote the F-algebra homomorphism from T to EndF(T) that is 
determined by the condition p(v) = Dv for every element v of V. Making 
an induction on the degree relative to V, one shows that p(x) = Dx for every 
element x of L. Define the linear endomorphism n' of T such that n' coincides 
with nn on each (8)n(v). Then we have 

n'(ut) = p(u)(n'(t», 

for all elements u of T and t of VT If x and yare elements of L, we have 

n'([x, y]) = n'(xy - yx) = p(x)(n'(y» - p(y)(n'(x» 

= DxCn'(y» - Din'(x» = [x, n'(y)] + [n'(x), yJ. 
Thus, the restriction of n' to L is a derivation of L. Using this, one shows 
easily by induction on the degree that n'(x) = nx for every element x of 
L n (8)n(v), whence we have n(y) = y for every element y of L. 0 

Let A be any F-algebra that is graded by the non-negative integers, and 
let A + denote the ideal of A that consists of the elements whose components 
of degree 0 are equal to O. We regard A as a topological algebra by making 
the powers of A + a fundamental system of neighborhoods of O. As such, A 
has a completion, A' say, which is a complete topological F -algebra con
taining A as a dense subalgebra. Here, completeness means that every 
Cauchy sequence is convergent, and the elements of A' are the usual equi
valence classes of Cauchy sequences in A, i.e., of the sequences (an) with the 
property that, for every m, there is an M such that an+ 1 - an belongs to 
(A+r for every n ;?: M. The elements of A' are most conveniently viewed 
as formal infinite sums Ln;;,o tn' with each tn in the homogeneous component 
An of A. We write A'+ for the ideal A+ A' of A', and we note that the powers 
of A'+ constitute a fundamental system of neighborhoods of 0 for the topology 
ofA'. 

Let F be a field of characteristic 0, and suppose that B is any complete 
topological F-algebra, the topology being defined by the powers of some 
ideal J. Then we can define the exponential map Exp: J ~ 1 + J, where 
Exp(x) is the limit in B of the Cauchy sequence whose nth term is L~=o(xq/q !). 
Similarly, we define the map Log: 1 + J ~ J, where Log(l - x) is the 
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limit in B of the Cauchy sequence whose nth term is - L~= I (xq/q). Note 
that these maps are continuous and mutually inverse. 

In particular, we consider the completions T' and (T @ T)" where Tis 
our above tensor algebra @(V). The comultiplication £5 from T to T @ T 
is evidently continuous, so that it extends to a morphism of F -algebras from 
T' to (T @ T)" which we shall still denote by £5. We regard T' @ T' as a 
sub F-algebra of (T @ T)', in the evident way, and we denote the closure of L 
in T' by L'. We know that L consists precisely of the primitive elements 
of T By an evident continuity argument, this implies that L' consists precisely 
of all elements x of T' for which £5(x) = x @ 1 + 1 @ x. 

Let X denote the set of all elements x of 1 + T'+ for which £5(x) = x @ x. 
Clearly, XX c X. Moreover, every element x of X is a unit of T', with 
X-I = Ln~o(l - x)". It follows that x @ x is a unit of (T @ T)" with 
(X@X)-I = X-I @x- I. Now £5(x- l ) = £5(X)-1 = X-I @x-l, showing 
that X-I belongs to X. Thus, X is a subgroup of the group of units of T'. 

Let y be an element of L'. Noting that we have Exp(u + v) = Exp(u)Exp(v) 
whenever uv = vu, we obtain 

£5(Exp(y)) = Exp(b(y)) = Exp(y @ 1 + 1 @ y) = Exp(y) @ Exp(y). 

Thus, Exp(L') c X. Now let x be an element of X. Then we have 

£5(Log(x)) = £5(Log(1 - (1 - x)) = Log(l @ 1 - £5(1 - x)) 

= Log(£5(x)) = Log(x @ x). 

Applying Exp, we see that Log(uv) = Log(u) + Log(v) whenever uv = vu. 
Hence, the above gives 

£5(Log(x)) = Log(x @ 1) + Log(1 @ x) 

= Log(x) @ 1 + 1 @ Log(x). 

Our conclusion is that Log(X) c L'. Thus, Exp maps L' bijectively onto 
X, and the inverse map is the restriction of Log to X. 

Using Exp and Log, we can transport the group structure of X to a group 
structure on L'. We examine the "product" of two elements x and y of V. 
This is expressible as follows. 

Log(Exp(x)Exp(y)) = Log(1 - (l - Exp(x)Exp(y))) 

= L ( _1)n+ In-I(Exp(x)Exp(y) - 1)n. 
n>O 

Expansion of the terms of the last sum yields the double sum 

L ( _1)n+ In- I ( L (PI!· .. Pn!ql ! ... qn!)-lxP'yq, ... xpnyqn). 
n>O ~+~>O 

Since this sum is an element of L', each of its homogeneous partial sums 
must lie in L. By Proposition 2.2, we may therefore replace each term with 
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its image under the map n of that Proposition without changing the sum 
of the whole series. Let us write 17(x, y) for the resulting series of elements 
of L. The Campbell-Hausdorff Formula is the identity 

Exp(x)Exp(y) = EXP(17(X, y», 
in the freely non-commuting variables x and y or, in more rigorous terms, 
the equality of these series as elements of T', with V = Fx + Fy. 

We shall write 17k(X, y) for the sum of the terms of degree :s; k of the series 
17(x, y). Then, if M is any Lie algebra over F, 17k(X, y) defines a map 17k from 
M x M to M, where 17k(a, b) is the result of substituting a for x and b for y 
in the expression of 17k(X, y) in terms of iterated commutators. For example, 
we have 

171(a, b) = a + b, 17z(a, b) = a + b + ![a, b], 

and 

lh(a, b) = a + b + !Ca, b] + /z[a, [a, b]] + /z[b, [b, aJ]. 

3. Let F be a field, (C, <5, B) an F-coalgebra and (A, fl, u) an F-algebra. We 
know that HomF(C, A) inherits the structure of an F-algebra in a natural 
fashion. The dual question, concerning a natural coalgebra structure on 
HomF(A, C) is somewhat more subtle. Let us regard A as a topological 
algebra, not necessarily Hausdorff, by making the two-sided ideals of finite 
codimension in A a fundamental system of neighborhoods of O. On the 
other hand, we endow C with the discrete topology. Now let Hom~(A, C) 
be the F-space of all continuous F-linear maps from A to C. We use the 
topological language only for brevity; an element of HomF(A, C) belongs to 
Hom~(A, C) if and only if it annihilates some two-sided ideal of finite co
dimension in A. We shall see that Hom~(A, C) is an F-coalgebra in a natural 
way. 

Writing simply Hom(A, C) for HomiA, C), etc., we consider the natural 
F-linear map 

a: Hom(A, C) ® Hom(A, C) -+ Hom(A ® A, C ® C), 

where a(f ® g)(u ® v) = feu) ® g(v). It is easy to see that a is injective. 
If f and 9 belong to Hom'(A, C), let I and J be two-sided ideals of finite 
co dimension in A such thatfannihilates I and 9 annihilates J. Then a(f ® g) 
annihilates I ® A + A ® J, which is a two-sided ideal of finite codimension 
in A ® A. Thus, a maps Hom'(A, C) ® Hom'CA, C) injectively into 
Hom'(A ® A, C ® C). We claim that this restriction of a is also surjective. 

In order to see this, consider an element h of Hom'(A ® A, C ® C). 
There is a two-sided ideal K of finite codimension in A ® A that is anni
hilated by h. Let I and J be the intersections of K with the first and second 
tensor factors A, respectively. Then I and J are two-sided ideals of finite 
codimension in A. In order to conclude that h belongs to the image of 
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Hom'(A, C) ® Hom'(A, C), it is evidently sufficient to prove that the natural 
map (defined as was a) 

Hom(A/J, C) ® Hom(A/J, C) --+ Hom«A/I) ® (A/J), C ® C) 

is surjective. Since A/I and AjJ are finite-dimensional, this amounts to show
ing this in the case where C is finite-dimensional. Since the map is injective, 
and since then the space on the right has the same dimension as the space 
on the left, the surjectiveness follows. 

Now we know that the natural map (obtained by restricting a) 

a': Hom'(A, C) ® Hom'(A, C) --+ Hom'(A ® A, C ® C) 

is a linear isomorphism. Let, denote the inverse of a', and define the map y 
from Hom'(A, C) to its tensor square as the following composite 

Hom'(A, C) Hom'(/l,ci Hom'(A ® A, C) Hom'(A®A,oi Hom'(A ® A, C ® C) 

---------> Hom'(A, C) ® Hom'(A, C). 
t 

This means that, for fin Hom'(A, C), we define 

y(f) = (a')-l(J 0 f 0 Ji). 

One checks in the straightforward fashion that y is a comultiplication 
making Hom'(A, C) into an F-coalgebra. The counit sends each f onto 
e(f(1». 

We shall be concerned with the special case where A is actually a Hopf 
algebra, and where C is the trivial coalgebra F. In this case, let us write A' 
for Hom'(A, F). Then A' has the above structure of an F-coalgebra. The 
map a is now just the usual injection AD ® AO --+ (A ® At, where the 
superscript ° denotes the full dual. If I and J are two-sided ideals of finite 
co-dimension in A then the inverse image in A of I ® A + A ® J with 
respect to the comultiplication of A is evidently a two-sided ideal of finite 
codimension. Using this, we see immediately that A' is a subalgebra of AD. 
Moreover, one verifies directly from the definitions that the co algebra 
structure of A', together with the algebra structure inherited from A 0, 

makes A' into a Hopf algebra. We call this the Hopf algebra dual to A. 
We are especially interested in the case where A is the universal enve

loping algebra OU(L) of a Lie algebra L. Since the comultiplication of OU(L) 
is commutative, the multiplication of the dual algebra OU(L)O is commutative. 
Moreover, if F is of characteristic 0 then OU(Lt, and therefore also OU(L)" 
is an integral domain. 

In order to see this, let (x~) be a totally ordered F-basis of L, so that, 
by Theorem 1.1, the elements of OU(L) may be identified with the finite 
F-linear combinations of the ordered monomials in the x~'s. For each oc, 
letL be the element of OU(Lt that takes the value 1 at x~ and the value 0 at 
every other ordered monomial in the xa's. It is easy to verify that each 
monomial n:··· n:: takes the value el!'" en! at x::··· x:::' and the 
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value 0 at every other ordered monomial in the xa's. Let o//(LL denote the 
sub F-space of o//(L) that is spanned by the ordered monomials in the xa's 
of total degree ::; d. Then every element of otl(Lt coincides on o//(L)d with 
one and only one linear combination of monomials in the j~'s of 
total degree ::; d (the empty monomial is the projection from o//(L) to F 
with kernel Lo//(L». The result follows easily from this by considering the 
terms of lowest degree in a product. 

Now let G be an affine algebraic F-group, L the Lie algebra of G, and V 
the universal enveloping algebra o//(L). Note that L is a sub Lie algebra of 
the Lie algebra Sf(&>(Gt) defined from the F-algebra structure of &>(Gt. 
By the universal mapping property of V, it follows that there is one and only 
one morphism of F-algebras from V to &>(Gt that extends the injection 
map from L to &>(Gt. It is easy to verify from the definitions that the trans
pose of this morphism is a morphism of F-Hopf algebras from &>(G) to V'. 
We shall denote this last morphism by 11:. 

If we regard &>(G) as an L-module, via the differential of the left translation 
representation of G on &>( G), we see that &>( G) is naturally also a V -module 
(again by the universal mapping property of V). In terms of this V-module 
structure, the map n is given by n(f)(u) = (u· f)(1G) for every element f of 
gl!(G) and every element u of V. 

Now let us suppose that F is of characteristic 0 and that G is irreducible. 
Then we see immediately from Theorem IV.3.1 that n is injective. We record 
these facts for reference. 

Theorem 3.1. Let G be an affine algebraic group over a field F. There is a 
natural morphism of Hopf algebras 

n: .qJl(G) -4 otl(Sf(G»', 

which is injective whenever G is irreducible and F is of characteristic O. 

4. Lemma 4.1. Let L be a finite-dimensional nilpotent Lie algebra. Then the 
intersection of the family of powers of the ideal Lo//(L) ofO//(L) is (0). 

PROOF. There is a basis (Xl' ... , xn) of L such that each [Xi' Xj] belongs to 
the subspace of L that is spanned by the Xk'S with k > max(i, j). By Theorem 
1.1, every element of o//(L) has one and only one expression as a linear com
bination of ordered monomials X~' ... x~n. We define a weight function w 
on o//(L) as follows: (1) w(l) = 0; (2) w(x;) = 2i; (3) the weight of an ordered 
monomial is the sum of the weights of its factors; (4) the weight of a linear 
combination of ordered monomials is the minimum of the weights of the 
monomials occurring with non-zero coefficients. Now one shows by an 
evident induction on the degree that, if u is an ordered monomial, one has 
W(XiU) ;:::: W(Xi) + w(u) .. Evidently, this implies that the same holds for 
every non-zero element u of o//(L). It follows that, given any natural number 
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p, there is a natural number q such that every non-zero element of (LOU(L»q 
has weight at least p. 0 

Retaining the notation of Lemma 4.1, let £!B(L) denote the sub Hopf 
algebra of OU(L), consisting of the elements annihilating some power of 
LOU(L). We call £!B(L) the algebra of nilpotent representative functions on 
OU(L). Indeed, the elements of £!B(L) are precisely the functions on OU(L) that 
are associated with nilpotent representations of L, in the evident way. 

Now let us assume that our base field F is of characteristic O. Let 
fl' ... ,.f,. be the elements of OU(L)O that we used in Section 3 for showing 
that OU(L)O is an integral domain, so that .t;(xJ = 1, while./; takes the value 
o at every other ordered monomial in Xl"'" xn • Evidently, eachfi belongs 
to £!B(L). Moreover, it is clear from what we have seen in Section 3 that Lemma 
4.1 implies that every element of £!B(L) is a polynomial in fl" .. ,fn. We 
know from Section 3 that the functions fi are algebraically independent 
over F. Thus, as an F-algebra, £!B(L) is the ordinary polynomial algebra 
F[fl" .. , fnl Finally, it is clear from Section 3 that the natural map from 
OU(L) to F[Jl" .. , fnJo is injective. Evidently, this map sends each element 
of L to a differentiation of £!B(L). Since L is of dimension n, which is equal to 
the dimension of the space of all differentiations of the polynomial algebra 
£!B(L) in n variables, we conclude that the natural map from OU(L) to £!B(L)O 
identifies L with the Lie algebra of all differentiations of £!B(L). 

Since £!B(L) is an ordinary polynomial algebra, the F-algebra homo
morphisms from £!B(L) to F separate the elements of £!B(L). Therefore, we 
may regard £!B(L) as the algebra of polynomial functions ofthe affine algebraic 
F-group f§(£!B(L», and it is clear from the definition of £!B(L) that the repre
sentation of L by derivations of £!B(L) is locally nilpotent. By Theorem 
IV.3.1, this implies that f§(£!B(L» is unipotent. 

Conversely, let G be a unipotent algebraic F-group. By Theorem VIII. 1.1, 
G is irreducible, so that we may appeal to Theorem 3.1 and identify .o/'(G) 
with its canonical image in OU(.P( G»'. Since G is unipotent, the representation 
of .P( G) by derivations of .0/'( G) is locally nilpotent. With our identification, 
this means that .o/'(G) is contained in £!B('p(G». Let us write L for 'p(G), 
and let us consider the restriction morphism from f§(£!B(L» to G. Since the 
Lie algebra of f§(£!B(L» is the Lie algebra L of G, the differential of the re
striction morphism is an isomorphism from the Lie algebra of f§(£!B(L» to 
the Lie algebra of G. By Theorem VIII. 1. 1 and the property p ° exp = exp ° p' 
of the exponential map, this implies that the restriction morphism is sur
jective. Moreover, since the differential of this morphism is injective, the 
kernel is a finite subgroup of f§(£!B(L». Since F is of characteristic 0 and 
f§(£!B(L» is unipotent, it follows that the restriction morphism is also in
jective. 

In the case where F is algebraically closed, it follows from this and Pro
position 111.2.4 that .0/'( G) = £!B(L). In the general case, let F' be an algebraic 
closure of F. The extended group G' = f§(.o/'(G) ® F') has L ® F' as its Lie 
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algebra, and what we have just said shows that &(G) ® P coincides with 
:!J(L ® P). It is not difficult to see that fJ8(L ® F') = fJ8(L) ® P. From 
[!P(G) ® P = fJ8(L) ® P, we obtain [!P(G) = fJ8(G) immediately. We sum
marize our results in the following theorem. 

Theorem 4.2. Let F be afield of characteristic 0. For every finite-dimensional 
nilpotent F-Lie algebra L, the affine algebraic F-group q}(fJB(L» is unipotent, 
its algebra of polynomial jimctions coincides with fJ8(L) and its Lie algebra 
coincides with L. This construction yields a functor q} 0 fJB ji-om the category 
of finite-dimensional nilpotent F-Lie algebras to the category of unipotent 
affine algebraic F-groups, inverse, up to natural isomorphisms, to the Lie 
algebra jimctor fi', so that these two categories are naturally equivalent. 

Notes 

1. In dealing with unipotent groups over fields of characteristic 0, the 
Campbell-Hausdorff formula can serve to remove the assumption that F 
be algebraically closed from basic structural theorems. We sketch an example 
of such an application. Let F be a field of characteristic 0, let G be an affine 
algebraic F-group, and let U be a unipotent normal algebraic subgroup of 
G. Let [G, U] denote the subgroup of G that is generated by the elements 
of the form XLlX-iU- i , with x ranging over G and u ranging over U. The 
objective is to show that [G, U] is an algebraic subgroup of G. Let a denote 
the adjoint representation of G on fi'(U), and let S be the sub F-space of 
fi'(U) that is spanned by [fi'(U), fi'(U)] and the elements of the form 
a(x)(cr) - cr with x in G and cr in fi'(U). It is easy to see that S is actually an 
ideal of fi'(G). Using the formal properties of the exponential map and the 
Campbell-Hausdorff formula, one can show that [G, U] coincides with 
exp(S). In particular, it is therefore an algebraic subgroup of G. 

2. Using the result of 1, above, one can strengthen the conjugacy part of 
Theorem VIII.4.3 by showing that the element t of that theorem may be 
chosen from G;:'. In fact, the result of 1, above, enables one to proceed in
ductively, much as in the proof of Theorem VI.3.2. 



Chapter XVII 

Semisimple Lie Algebras 

This chapter is devoted entirely to the classical representation theory of 
semisimple Lie algebras. Our principal goal is the basic result that, if L 
is a finite-dimensional semisimple Lie algebra over a field of characteristic 
0, then the continuous dual Olt(L)' of the universal enveloping algebra is 
finitely generated as an algebra. This will be used in the final chapter for 
constructing the" simply connected" affine algebraic group with Lie algebra 
L. The required finite generation of Olt(L)' is obtained from the classification 
of the finite-dimensional L-modules by the theory of weights. 

This theory is based on the technique of analyzing the structure and the 
representations of a semisimple Lie algebra L by considering the action of a 
certain abelian subalgebra of L, called a Cartan subalgebra, on L and its 
modules. The Cartan subalgebras are introduced in Section 1, and the 
elementary facts concerning their actions on L and on L-modules are dealt 
within Sections 2 and 3. 

Section 4 develops the principal results concerning the structure of L 
with regard to a Cartan subalgebra. The main representation theoretical 
results are obtained in Sections 5 and 6. 

1. Let L be a finite-dimensional Lie algebra over a field F. A Cartan sub
algebra of L is a nilpotent sub Lie algebra H that coincides with its stabilizer 
in L, i.e., has the property that the only elements x of L for which [x, H] is 
contained in H are the elements of H. It follows from this definition that a 
Cartan suhalgehra H oj L is a maximal nilpotent suhalgebra. In order to see 
this, suppose that N is a nilpotent sub Lie algebra of L containing H. Consider 
the representation of H on NIH that is induced from the adjoint represen
tation of N. Since this is nilpotent the assumption N -=f. H would yield an 
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element x in N \ H such that [H, x] c H, and this contradicts the definition 
ofH. 

Proposition 1.1. For an element x of L, let LX denote the subspace of L con
sisting of all elements that are annihilated by some power of Dx. Then LX 
is a sub Lie algebra of L and coincides with its stabilizer in L. 

PROOF. The formula expressing D~([u, v]) as a sum of terms [D~(u), Di(v)], 
where p + q = n, shows that [LX, C] c LX. 

Next, if y is an element of L such that D/LX) c C, we have [x, y] E C, 
because x belongs to LX. Evidently, this implies that y belongs to LX. D 

Proposition 1.2. In the notation of Proposition 1.1, C has an F-space com
plement Lx in L such that [C, LxJ c Lx. 

PROOF. We let Lx be the subspace of L obtained from Fitting's Lemma, so 
that Lx is the largest subspace of L on which Dx induces a linear automor
phism. We have Lx = D~(L) for some positive exponent p, and it remains 
only to be shown that [C, LxJ is contained in Lx. 

We shall prove by induction on m that if D';(y) = ° then Dy(Lx) c Lx. 
For m = 0, the assumption means that y = 0, so that the implication holds 
in the case m = 0. If m = 1 we have [x, y] = 0, whence DxDy = DyDx. 
Since Lx = D~(L), this shows that Dy(LJ c Lx. 

Now suppose that m > 1 and that the implication has been established 
in the lower cases. Let y be an element of L such that D';(Y) = 0, and let u 
be an element of Lx. Write u = D~(v), with v in Lx. Then we have 

[y, u] = [y, D~(v)] = D~([y, v]) - f (P)[D;(Y), D~-q(v)]. 
q= 1 q 

The first term on the right belongs to Lx, because Lx = D~(L). The terms 
of the sum that follows belong to Lx by the inductive hypothesis, applied 
to each Di(y) in the place of y. D 

Theorem 1.3. Let L be a finite-dimensional Lie algebra over an infinite field 
F, and let x be an element of L such that Cis of the smallest possible dimension. 
Then LX is a Cartan subalgebra of L. 

PROOF. By Proposition 1.1, it suffices to prove that C is a nilpotent Lie 
algebra. By Theorem VII.1.S, it suffices to show that, for every element y 
of C, the restriction of Dy to C is nilpotent. Letfy denote the characteristic 
polynomial of Dy • By Propositions 1.1 and 1.2, both C and Lx are stable 
under Dy- Therefore, we have fy = gyhy, where gy is the characteristic poly
nomial of the restriction of Dy to C, and hy is the characteristic polynomial 
of the restriction of Dy to Lx (we assume Lx i= (0), as we may). 

Let t, t l , ... , tm be ,auxiliary variables over F, and let tn be the highest 
power of t that divides git) for every element y of C. Let (Yl" .. ,Ym) be a 
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basis of LX. There exists a polynomial u(t 1, ... ,tm ) with coefficients in F 
such that the coefficient of t n in g/t) is U(C1, . .. ,cm), where the c;'s are the 
coefficients of the y;'s in y. By the definition of n, the polynomial u is not the 
zero polynomial. Also, there is a polynomial vet 1, ... , t m) such that 

hlO) = v(c1,···, cm)· 

Since no non-zero element of Lx is annihilated by Dx, we must have hx(O) # O. 
Therefore, v is not the zero polynomial. Since F is infinite, it contains ele

ments c1 , ••• , cm such that U(C1' ... , Cm)V(C1, ... , cm) # O. Now, if 

y = C1Y1 + ... + CmYm, 

then this is the coefficient of tn in fit), so that fy(t) is not divisible by tn + 1. 
Since the dimension of LX is minimal, we have dim(U) 2 m. On the 

other hand, fit) is divisible by tdim(LY), and we have seen that fit) is not 
divisible by tn+1. Hence, we must have dim(U) ::;; n, so that m::;; n. Now 
let Y be an arbitrary element of LX. By what we have just proved, git) is 
divisible by tm. Since the degree of gy is equal to m, we must therefore have 
git) = t m, which shows that the restriction of Dy to C is nilpotent. D 

2. From now on, we assume that our base field F is algebraically closed and 
of characteristic O. Let L be an F-Lie algebra, Van L-module, y an element 
of L 0. Let Vy denote the subspace of V consisting of all elements that are 
annihilated by some power of p(x) - y(x)iv for every element x of L, where 
p is the given representation of L on V. If Vy # (0) then y is called a weight 
of p, and Vy is called the corresponding weight space. 

Theorem 2.1. Let L be a finite-dimensional nilpotent Lie algebra over the 
algebraically closed field F of characteristic 0, and let p be a representation 
of Lon afinite-dimensional F-space V. Each weight space Vy is a sub L-module 
of V, and the set of endomorph isms p(x) - y(x )iv is nilpotent on Vy. The sum 
in V of the Vy's is direct and coincides with V 

PROOF. It is easy to verify by induction on m that (p(x) - y(x)iv)mp(y) is a 
sum of endomorph isms oftheform p(D~(y»(p(x) - y(x)iv)q, withp + q = m. 
Using the nilpotency of L, we see from this that V, is a sub L-module of V. 

Let M denote the Lie algebra of linear endomorphisms of Vy that is 
generated by the restrictions to Vy of the endomorphisms p(x) - y(x)iv . 
Then [M, M] is contained in the restriction image of peL), which shows 
that M is solvable. By Theorem VII.1.3, it follows that [M, M] is nilpotent 
on Vy• Since each p(x) - y(x)iv is nilpotent on Vr ' it follows from Lemma 
VILl.4 that every element of M is nilpotent on Vy • By Theorem VII.l.5, 
this implies that M is nilpotent on V;,. 

Let y 1, ... , 'Yk be a finite set of distinct weights. Since F is infinite, there 
is an element x in L such that the values yJx) are all distinct. The endo
morphism p(x) - Ylx)iv is nilpotent on Vr,. On the other hand, for each j 
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other than i, the restriction of p(x) - ')\(x)iv to VYi is invertible, because it 
is the sum of the non-zero scalar multiplication by yj{x) - y;(x) and the 
nilpotent endomorphism induced by p(x) - Yj(x)i v . Evidently, we may 
conclude from this that the sum of the family of V~'s is direct, whence the 
set of weights is finite. 

It remains only to show that the sum of the family of Vy's coincides with V. 
Let Y 1, ... ,Yk be all the weights, and choose x as just above. For every 
element c of F, let Jt;, denote the subspace of V consisting of the elements 
that are annihilated by some power of p(x) - civ . The argument of the 
very beginning of this proof shows that Jt;, is a sub L-module of V. By Theorem 
VII.1.3, every simple sub L-module of Jt;, is annihilated by [L, L]. Since F is 
algebraically closed, it follows from this and Schur's Lemma that the non
zero simple sub L-modules of Jt;, are one-dimensional. Therefore, if Jt;, # (0), 
there is an index i such that Jt;, n VYi # (0). Clearly, we must have Ylx) = c. 
By the elementary theory of a single linear endomorphism of a finite
dimensional space over an algebraically closed field, V is the sum of the 
family of Jt;,'s. Therefore, it suffices to show that Vyi(x) coincides with V;i' 

Let y be an element of L, and let Vi,c denote the subspace of VYi(X) con
sisting of the elements that are annihilated by some power of p(y) - civ . 
As above, if Vi,c # (0), there is an indexj such that Vi.c n VYi # (0). We must 
havey/x) = y;(x),sothatj = i. Also, we must haveyj(Y) = c,andso Yi(y) = c. 
Since Vyi(X) is the sum of the Vi, /s, this shows that V;i(X) = Vi, Yi(Y)' Since this 
holds for every element y of L, we conclude that V;i(X) = V yi ' 0 

Now let L be an arbitrary finite-dimensional Lie algebra over F. Using 
Theorem 1.3, let us choose a Cart an subalgebra H of L. A weight of the 
representation of H on L coming from the adjoint representation of L is 
called a root of L with respect to H. The corresponding weight spaces Ly are 
called the root spaces of L with respect to H. 

Theorem 2.2. Let F be an algebraically closed field of characteristic 0, and 
let L be afinite-dimensional F-Lie algebra. Let H be a Cartan subalgebra of L. 
For all elements IJ. and {J of HO, one has [L", Lp] c L,,+p, and Lo = H. 

PROOF. The first statement follows immediately from the formula 

where Dz• J' = Dz - y(z)iL , which is easily established by induction on n. 
Since H is nilpotent on H, we have H c Lo. Since H is nilpotent on L o, 

the assumption Lo # H would imply that there is an element v in Lo \ H 
such that [H, v] c H, which contradicts the fact that H coincides with its 
stabilizer in L. Therefore, we must have Lo = H. 0 
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Theorem 2.3. Let F, Land H be as in Theorem 2.2, and let B denote the trace 
jarm of the adjoint representation of L. For y in HO, put dy = dim(Ly). Then, 
jar all elements x and y of H, one has 

B(x, y) = I dyY(x)y(y), 

where the summation goes over the set of all roots y. 

PROOF. By Theorem 2.1, L is the direct sum of the family of sub H-modules 
L y. Hence, if T stands for trace and Dx/y for the restriction of Dx to L y, we 
have 

B(x, x) = T(D;) = L T(D;/l')' 
y 

for every element x of H. Next, we have 

D;/y - y(x)2iLy = (Dx/y - y(x)iL)(Dx/y + y(x)iL). 

The first factor on the right is nilpotent and commutes with the second 
factor. Therefore, D;/y - y(x)2iLy is nilpotent, whence we have 

T(D;/y) = T(y(x)2iL) = dyY(x? 

This is the required result in the case where x = y. Applying this with 
x + y in the place of x, we 0 btain the general result. D 

Theorem 2.4. In the notation of Theorem 2.3, if IY. and f3 are elements of HO 
such that IY. + f3 i= 0 then B(La, Lp) = (0). 

PROOF. By Theorem 2.2, if x belongs to La and y to L p, then DxDy maps 
each Ly into La+ p+ y. Now, it y is a root then IY. + f3 + y is either no root or a 
root distinct from y. In either case, DxDy sends Ly into the sum of the L6'S 
with b i= y, which is an H-module complement of Ly in L. Clearly, this 
implies that T(DxDy) = O. D 

3. Let L be a finite-dimensional semisimple Lie algebra over the algebraically 
closed field F of characteristic o. Let H be a Cartan subalgebra of L, and let 
B denote the trace form of the adjoint representation of L. Let IY. and f3 be 
roots of L with respect to H, with f3 i= o. We denote by IY.P the non-negative 
integer defined by the condition that IY. + mf3 be a root for all integers m 
with 0 ~ m ~ IY.P, while this is no longer the case for m = IY.P + 1. Similarly, 
we define IY.p by the condition that IY. - mf3 be a root for all integers m with 
o ~ m ~ IY.p, while this is no longer the case for m = IY.p + 1. 

Let IY. be a root, and let x be a non-zero element of La. We know from 
Theorem VII.2.1 that B is non-degenerate. Therefore, there is an element y 
in L such that B(x, y) i= O. By Theorems 2.1 and 2.4, it follows that -IY. is 
also a root and that we may choose y from L_ a • This yields the following 
conclusions. If IY. is a root, so is -IY., and B induces a non-degenerate pairing 
from La X L_ a to F. In particular, B is non-degenerate on H x H. 
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From the last statement, we have that,for every element rx of HO, there is 
one and only one element ha in H such that B(h, h,) = rx(h)for every element h 
ofH. 

Suppose that rx is a non-zero root. Since the set of endomorphisms 
Dh - rx(h)iL with h in H is nilpotent on La, there is a non-zero element Xa 
in La such that [h, xJ = rx(h)xa for element h of H. Let y be any element 
of L_ a . By Theorem 2.2, we have [xa, y] EH. Recall from the beginning 
of Section VII.2 that B satisfies the identity B([u, v], w) = B(u, [v, w]). 
Using this, we find that, for every element h of H, we have 

B(h, [xa, y]) = B([h, xJ, y) = rx(h)B(xa' y) = B(h, B(xa, y)ha)· 

Since B is non-degenerate on H x H, it follows that 

[xa, y] = B(xa, y)ha' 

for every element y of L_ a • We shall use this fact in proving the next theorem. 

Theorem 3.1. In the notation introduced above, let rx and 13 be roots, with 
rx =I O. Then the following statements hold: 

(1) rx(ha) LiYa - ya)2 = 4, the summation going over the set of all roots Y; 
(2) 2f3(ha) = (f3a - [3")rJ.(h,); 
(3) the only F-multiples of rJ. that are roots are 0, rx, - rx; 
(4) dim(La) = 1. 

PROOF. Let U = L~·= _P. Lp+ ma · It is clear from Theorem 2.2 that U is stable 
under the endomorphisms Dz with z in La + L_ a • Let Xa be an element of 
La as discussed just above the statement of our theorem. We know that 
there is an element y in L_ a such that B(xa , y) =I O. We have shown above 
that [x", y] = B(xa, y)ha. Therefore, we may choose y so that [xa, y] = ha. 
Now Dh• = [D x., Dy], whence it is clear that the restriction of Dh• to U is of 
trace O. Since Dh• - (13 + mrx)(ha)iL is nilpotent on Lp+ma , the trace of the 
restriction of Dh• to Lp+ma is equal to (13 + mrx)(ha)dim(Lp+ma). Therefore 
the sum of these elements of F from m = - f3a to m = f3a is equal to O. We 
deduce from this fact that rx(ha) =I O. Indeed, otherwise we obtain f3(ha) = 0, 
and since this then holds for every root 13 we see from Theorem 2.3 that 
B(h, ha) = 0 for every element h of H, which contradicts our assumption 
that rx =I O. Thus, we have rJ.(ha) =I O. 

Now let V = H + Fx, + Lm<o Lma. Evidently, V is stable under Dx. 
and Dy • Hence, we see as above with U that the restriction of D h• to V is of 
trace O. Thus, we have 

rJ.(ha)(1 + L m dim(Lma») = O. 
m<O 

Since rJ.(h,) =I 0, this implies that Lm, = (0) for m < -1, and dim(L_ a) = 1. 
This gives (4), by replacing rJ. with - rJ.. Moreover, this shows that the only 
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integral multiples of a that are roots are 0, a, - a. Hence, we have 0" = 1 = oa, 
a" = 0 and a" = 2. In particular, this shows that (2) holds in the case where f3 
is an integral multiple of a. 

Now suppose that f3 is not an integral multiple of a. Then we have from 
(4) that dim(Lp+ma) = 1 for every integer m with - f3a s m s f3a. We have 
seen above that the sum of the expressions (f3 + ma)(ha)dim(Lp+ma) for 
these values ofm is equal to O. This yields (2) upon replacing each dim(Lp+ma) 
with 1. 

From (4), (2) and Theorem 2.3, we obtain 

a(h,.) = B(ha, ha) = L dpf3(hx? = L f3(ha)2 
p p 

= ~ L Cf3a - f3a)2a(ha?, 
p 

whence we have (1). 
Finally, suppose that f3 is a root of the form ca, with c in F. Then it follows 

from (2) that c = p12, where p is an integer. If c =I- 0 we may exchange a 
and f3, and so conclude that 11c = q12, where q is an integer. Now we have 
pq = 4, and we have already seen that the only possible integral values of c 
are 0, 1, -1. This leaves us with the case where p is odd. Then pq = 4 allows 
only p = 1 and p = -1, which give a = 2f3 and a = - 2f3, respectively. 
Since the only integral multiples of f3 that are roots are 0, f3, - f3, these cases 
are ruled out. Thus (3) holds. D 

Theorem 3.2. In the above notation, H is abelian, and the roots of L with 
respect to H span HO over F. 

PROOF. Let a be a non-zero root. Since dim(La) = 1, Dh acts as the scalar 
multiplication by a(h) on La, for every element h of H. Now let N be the 
subspace of H consisting of the elements that are annihilated by every root. 
By what we have just seen, we have [N, LJ = (0) and [H, H] c N. Since 
L is the sum of H and the family of La's with a a non-zero root, N is therefore 
an ideal of L. Since N is nilpotent and Lis semisimple, it follows that N = (0). 

D 

Proposition 3.3. In the above notation, let (f3I' ... ' f3r) be any maximal F
linearly independent set of roots of L with respect to H. Then every root is a 
rational linear combination of the f3/s. 

PROOF. Let f3 be any root. Then f3 = D = I bi f3i, with each bi in F. Applying 
this to hpj, we obtain 

r 

B(hp, hp) = L biB(hp, hpJ 
i= I 

By (1) and (2) of Theorem 3.1, all the values of B occurring here are rational 
numbers. It follows from Theorem 3.2 and the non-degeneracy of B that the 
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hp:s constitute an F-basis of H and that the determinant of the matrix with 
entries B(hpi , hp) is different from O. Therefore, the above system of equations, 
for j = 1, ... , r, determines the b/s as rational numbers. 0 

4. Theorem 4.1. Let L be a finite-dimensional semisimple Lie algebra over an 
algebraically closed field F of characteristic 0, and let H be a Cartan sub
algebra of L. There is an F-linearly independent set (1X 1, ••• , IXr) of roots of L 
with respect to H such that, for every root IX, either IY. or -IX is a sum of IY./s, 
with repetitions allowed. 

PROOF. Let (P1"'" Pr) be any maximal F-linearly independent set of roots. 
By Proposition 3.3, every root is a rational linear combination of the p;'s. 
We define an ordering of the set of all roots from the lexicographic order 
based on their coefficients when expressed in terms of the p;'s. We call a posi
tive root simple if it is not the sum of two positive roots. Let 1X 1, ••. ,lY.s be 
all the simple roots. Evidently, every positive root is a sum of IY./s. Therefore, 
all that remains to be proved is that the IY./s are F-linearly independent. 

We suppose that this is false and derive a contradiction. Let R denote the 
space over the field of rational numbers that is spanned by the roots. We 
know already that the IY./s span R over the field of rational numbers. We 
know also that the P;'s constitute an F-basis of R @ F. Since the IX/S are 
not F-linearly independent and span R @ F over F, we must have s> r. 
It follows that the IY./s are not linearly independent over the field of rational 
numbers either. Hence, there is a non-trivial relation 

L nilXi = L njlXj, 
ieI jeJ 

where the n/s and n/s are positive integers, and I n J = 0. Let 

h = L nihai' 
ieI 

Then we have also h = LjeJ njh~j' whence 

B(h, h) = L L ninjlY.i(ha.). 
iEI jEJ 

Now observe that lXi - IY.j cannot be a root. For otherwise IXj - lY.i is also 
a root, and one of these is positive, so that either lY.i or IY.j is the sum of two 
positive roots, contradicting their choice as simple roots. By (2) of Theorem 
3.1, we have 

lXi(ha.) = !1Y./ha)«IX;)aj - (lY.iYj). 

By what we have just seen, (lY.i)aj = O. By (1) of Theorem 3.1, IY./ha) > O. 
Hence, we have lY.;Cha) :::;; 0, so that the above gives B(h, h) :::;; O. By Theorem 
2.3, B(h, h) is a sum of terms y(h?, with y ranging over the set of all roots. 
Since each y(h) is a rational number, it follows that each y(h) must be O. By 
Theorem 3.2, this implies that h = O. Hence, we have 

L nilY.i = 0 = L njlY.j. 
iEI jEJ 
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Since the n;'s and n/s are positive integers and the a;'s and a/s are positive 
roots, these relations cannot hold, unless both I and J are empty, so that 
we have the required contradiction. D 

A system (al> ... ,ar) as in Theorem 4.1 is called a fundamental system of 
roots. 

Let V denote the space over the field of rational numbers that is spanned 
by the ha's, where a ranges over the set of all roots. We know that the restric
tion of B to V x V is positive definite and takes on only rational values. 
Thus, V carries a rational-valued inner product: u· v = B(u, v). In particular, 
we have ha· v = a(v) for every root a and every element v of V. Let Pa be the 
kernel of a in V, where a is a non-zero root. In geometrical terms, Pais the 
hyperplane orthogonal to ha in V. Let ra denote the reflection of V in Pa, 
so that 

ra(v) = v - 2(:aa.·~Jha = v - 2 :(~:) ha· 

In particular, if P is a root, we see from (2) of Theorem 3.1 that 

By the definitions of Pa and pa, the element P - (Pa - pa)a of HO is a 
root. If P is a non-zero root then raChp) =j:. 0, because ra is a linear auto
morphism of V. This shows that P - (Pa - pa)a is a non-zero root if P is a 
non-zero root. We shall write naCP) for this non-zero root, so that 

rihp) = h"a(P)· 

The group of linear automorphisms of V that is generated by the re
flections r a is called the Weyl group of (L, H), and it is denoted by W. A 
Weyl chamber is a maximal convex subset of V \ uaPa. If (a l , ... ,ar) is a 
fundamental system of roots, then the set C(a l , ... , ar) of all points v in V 
such that ai(v) > 0 for each i is evidently a Weyl chamber. We have 

which shows that ra(Pp) = p"a(P). Thus, the elements of the Weyl group 
permute the Pa's among themselves, and hence permute also the Weyl 
chambers among themselves. A wall of a Weyl chamber is a non-trivial 
intersection of its" boundary" with one of the Pa's. 

Theorem 4.2. Let F, L, H be as in Theorem 4.1, and let (a l , ... , ar) be afun
damental system of roots. Then the Weyl group is generated already by the 
ra:s. Furthermore, the Weyl group acts transitively on the set ofWeyl chambers, 
and every non-zero root is the image of an ai by an element of the root permuta
tion group generated by the na/s. 
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PROOF. For every non-zero root a, we denote the linear automorphism of 
VO dual to ra by na' Note that VO may be identified with the space R spanned 
over the field of rational numbers by the roots, and that the above na is then 
the restriction to the set of roots of the new na' Let p stand for half the sum 
of all the positive roots. From the original definition of nai and Theorem 
4.1, we see that, if a is a positive root other than ai> then nai(a) is a positive 
root, while na,( a;) = - ai' It follows immediately from this that 

na,(P) = P - ai' 

Let W' be the subgroup of W that is generated by the r a/s, let C be a 
Weyl chamber, and let v be a point in C. Choose an element t from W' for 
which p(t(v» is as large as possible. Then we have p(t(v» ~ p(ra,t(v» for 
each i. On the other hand, 

p(ra,t(v» = nai(p)(t(v» = (p - a;)(t(v» = p(t(v» - a/t(v». 

Hence, we must have a/t(v» ~ O. Since v is in a Weyl chamber, so is t(v), 
and we must actually have alt(v» > O. Thus, t(v) belongs to C(a 1 , ••• , IXT)' 
Since the Weyl chambers are permuted among themselves by the elements 
of the Weyl group, this proves that t(C) = C(a 1, .•. , aT)' 

Now let a be any non-zero root, and let C be a Weyl chamber one of whose 
walls lies in P a' Then, with t as above, one of the walls of C( a 1, ... , IXT) lies 
in t(P a), i.e., there is an index i such that t(P a) = P ai' Hence, if n is the linear 
automorphism of VO dual to t, we must have n(lX) = ± lXi' If n(lX) = -ai 

then (nai n)(IX) = lXi' Hence, in any case, there is an element s in W' such that 
the corresponding root permutation sends IX onto lX i . Finally, we have 
r, = s-l rais E W'. D 

5. Let L be a finite-dimensional semisimple Lie algebra over the algebraically 
closed field F of characteristic 0, and let H be a Cart an subalgebra of L. 
Let V be an L-module. If y is a weight of the representation of H on V then 
we shall call y simply a weight of V, or a weight of the representation of L 
on V. We denote by vY the sub F-space of V consisting of all elements v 
such that h . v = y(h)v for every element h of H. In the cases of interest to us, 
and in particular whenever V is finite-dimensional, this space vY coincides 
with the weight space v;, defined in Section 2, as we shall see shortly. Through
out this section, we shall refer to vY as the weight space belonging to y. 
Observe that if y is a weight then VY i= (0). 

We choose a fundamental system (1X1' ... ,IXT) of roots, and we make an 
ordering of the set of roots such that lXi is positive for each i. We say that y 
is a dominant weight of V if the following two conditions are satisfied: 

(1) La' vY = (0) for every positive root a; 
(2) there is an element v in vY such that the sub L-module of V generated 

by v coincides with V. 
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TheoremS.I. Let F, Land H be as above, and let V be an L-module having a 
dominant weight y. Then VY is I-dimensional, each weight space VO is finite
dimensional, and V is the direct F -space sum of the family of Vb'S. Moreover, 
y is the only dominant weight of V, and every weight of V is of the form 
y - Li= 1 milXi> where the m/s are non-negative integers. Finally, for every 
element p of HO, there is one and only one isomorphism class of simple L
modules having p as a dominant weight. 

PROOF. Choose an element v from vY that generates V as an L-module. 
Consider the subspace Fv + La va of V, where 6 ranges over the set of 
weights y - Li= 1 micxi, other than y, as described in the statement of the 
theorem. Let ({3b ... ,13m) be the set of all positive roots. For each non
zero root IX, choose an element x" from L such that L" = Fx". Then the 
elements of OU(L) are the F-linear combinations of the products 

xe, ... x em ux!1 ... xfm -p, -Pm p, Pm' 

where u belongs to OUCH), and the e/s and fi's are non-negative integers. 
Since the xp,'s annihilate v, such a product maps v into our subspace 
Fv + La yo, so that this subspace coincides with OU(L)' v = V More pre
cisely, each va is spanned over F by the transforms x".!p, ... x':mprn ' v with 
LJ= 1 ej{3j = Y - 6. This shows that vY = Fv, that every weight of V is of 
the form y - Li= 1 m;lX;, where the m/s are non-negative integers, and that 
every weight space is finite-dimensional. 

If w is an element of va that is annihilated by L" for each positive root rx 
then OU(L) . w cannot contain v, unless 6 = y, as is evident from the above. 
Therefore, y is the only dominant weight of V 

In order to prove the last statement of the theorem, let 

Each of these is clearly a nilpotent sub Lie algebra of L. Put U + = OU(N +), 
U _ = OU(N _) and U 0 = OUCH), regarding each as a subalgebra of OU(L). 
Also, write U for OU(L). Let p be an element of HO, and let J p be the left ideal 
of U that is generated by N + and the elements h - p(h) with h in H. If V 
is an L-module having p as its dominant weight and J denotes the annihilator 
of VP in U then, as a U-module, V is isomorphic with UIJ. Evidently, J p c J, 
so that V is a homomorphic image of U I J p' Therefore, it will suffice to prove 
that,for every p in HO, there is one and only one maximal left ideal in U that 
contains J p' 

Let Kp be the left ideal of U 0 U + that is generated by N + and the elements 
h - p(h) with h in H, so that J p = U _ Kp. As an F-space, U is the tensor 
product U _ ® (Uo U +), and hence J p = U _ ® Kp. We have 

(UoU+)IK p ~ Uo/(UoilKp), 

and U 0 il Kp is the ideal of U 0 that is generated by the elements h - p(h), 
so that U 0 il Kp =F U o. Therefore, J p =F U. 
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Now let I be any left ideal of U containing J P' and consider the sub 
L-module 1/1 p of the L-module U IJ P' with L acting via the multiplication 
of U. Clearly, p is a dominant weight of U/1p, the coset 1 + Jp being an 
F -space generator of (U /1 py. By the part of the theorem already proved, 
we have 

UIJp = (U/1PY + L (U/1p)b, 
b 

where the (j's are as described above. It is easy to see that the submodule 
IIJp, like every submodule, coincides with the sum of the family of its inter
sections with the weight subspaces of U I J p. If the intersection of 1/1 p with 
(U /1 PY is not (0) then (U /1 PY is contained in II J P' because it is I-dimensional, 
and it follows that I = U. If the intersection of IIJ p with (U /1 PY is (0), 
we have I/1p C l .. iU/1p/. Let M be the inverse image of Lb(UIJp)b in U. 
Then we have J pel c M, and M l' U. It is clear from this that there is 
only one maximal left ideal of U containing J p. 0 

6. Retaining the notation of Section 5, let us put 

Generally, if r:x is any non-zero root, we put 

so that Ha; = hi. 
We shall use the Weyl group in its dual form, as a group of linear auto

morphisms of the rational subspace R of HO that is spanned by the roots. 
We know from Theorem 4.2 that it is generated by the na/s. It follows from 
the definitions and (2) of Theorem 3.1 that, for every non-zero root r:x and 
every element p of R, we have nip) = p - p(Ha)r:x. 

Theorem 6.1. Let V be a finite-dimensional simple L-module. Then V has a 
dominant weight. If (j is any weight of V and a is an element of the Weyl group, 
then a«(j) is also a weight of V. If r:x is a root such that (j + r:x is a weight of V 
then La· Vb l' (0). For a simple L-module with dominant weight y to be finite
dimensional, it is sufficient that each y(h i ) be a non-negative integer, and it is 
necessary that each y(h i ) be non-negative and that (j(Ha) be an integer for 
every weight (j and every root r:x. 

PROOF. The set of weights of V is finite and non-empty. Pick a weight (j and 
a non-zero element v of Vb. Since OZt(L) . v = V, every weight of V is the sum 
of (j and an integral linear combination of the r:x[s. This yields an ordering 
of the weights compatible with that of the roots. Clearly, the largest weight of 
V is a dominant weight. 
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Let (j be a weight of V, and let a be a non-zero root. Define (ja and (ja as in 
the case where (j is a root from the condition that (j + ka be a weight. Choose 
a non-zero element Uo from Va-a"'"'. Choose x from La and y from L_a so 
that [x, y] = Ha. Put Uj = x j · Uo, and let J be the smallest non-negative 
integer j for which Uj+ 1 = O. Agreeing that U-1 = 0, we claim that 
y. Uj = CjUj-1 with some Cj in F for all indices j in the interval [0, J]. This 
holds for j = 0, with Co = 0, because y. Uo belongs to VO-(1 +o~)a, which 
is (0) since (j - (1 + (ja)a is no longer a weight of V, by the definition of (ja. 
Suppose our claim has already been established for some j < J. Then we 
have 

y'Uj+1 = y·(x·u) = x'(y'Uj) + [y,x] ,uj = CjUj - Ha,uj 

= (Cj - ((j + U - (ja)!Y.)(Ha))uj' 

Thus, our claim holds for j + 1, with 

Cj+l = Cj - ((j + (j - (ja)a)(Ha). 

This establishes our claim inductively. Since UJ + 1 = 0, the above, with 
j = J,gives 

Hence we obtain 

J-1 J 
o = I (Cj+ 1 - Cj) - CJ = - I ((j + (j - (ja)a)(Ha), 

j=O j=O 

which yields 

(J + 1)(j(Ha) = (J + l)(jaa(Ha) - tJ(J + l)a(Ha). 

Since a(Ha) = 2, our result is 

In exactly the same way, using - a in the place of a, we find that 

i.e., 

where Jf is the analogue of J. 
Since (j + (j - (ja)a is a weight of V for eachj in [0, J], we have 

J - (ja ~ (ja. 

Similarly, since (j + (j - (j _ a)( - a), i.e., (j - (j - (ja)a is a weight of V for 
each j in [0, Jf], we have Jf - (ja ~ (ja. Thus, each of J and Jf is at most 
equal to (ja + (ja. From the above, we know that 2(ja - J = Jf - 2(ja, i.e., 
J + Jf = 2((ja + (ja). It follows that J = (ja + (ja = J f. With the above, this 
yields (j(Ha) = (ja - (ja. In particular, this shows that (j(Ha) is an integer. 
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We know that 15 + U - ba)1X is a weight of V for every j in 

[0, J] = [0, ba + 15"], 

and hence, in particular, for j = 15". Thus, 15 + (15" - b,,)1X is a weight of V, 
i.e., nib) is a weight of V. Since the n/s generate the Weyl group, it follows 
that 0'(15) is a weight of V for every element 0' of the Weyl group. 

Ify is the dominant weight of V then, since nb) is a weight of V, Theorem 
5.1 shows that y 2 niy). This says that y 2 Y - y(H,,)IX. If IX > 0, this gives 
y(H,,) 2 0. In particular, y(h i ) 2 ° for each i. 

If 15 + IX is a weight of V then 15" > 0, so that J is strictly greater than 
15". Therefore, in the notation of the definition of J, 

which shows that L" . Va # (0). 
Now let V be any simple L-module having a dominant weight y, and 

suppose that y(h;) is a non-negative integer for each i. Choose Xi from L"i 
and Yi from L_"j such that [Xi' yJ = hi' Let Li = FXi + FYi + Fhi. This is a 
sub Lie algebra of L, and its only ideals are (0) and L i . In particular, Li is a 
semisimple Lie algebra. Let v be a non-zero element of P, and let V; denote 
the sub Li-module of V that is generated by v. For every element p of HO, 
we denote the restriction of p to Fhi by p', while we keep i fixed. Then V; 
has y' as its dominant weight. We know from the proof of Theorem 5.1 that 
V; is spanned over F by the elements y~ . v. For j # i, we have [Xj' y;] = 0, 
and Xj' v = ° for every j. It follows that each Xj with j # i annihilates V;. 
By Theorem 5.1, we have 

V; = Fv + LVi, 

where r ranges over the set of elements y' - klX; of (Fhit, with k = 1,2, .... 
We claim that V; is a simple Li-module. In order to prove this, consider 

any sub Lcmodule, P say, of V; other than V;. We have 

P = P n (Fv) + LPn Vi. 

Since P # V;, we must have P n (Fv) = (0), so that PeLT Vi. Now, if 
r = y' - klX;, then Vi = Fy~· v C p-k<x,. Thus, we have P c Lk>O V1'-k"" 
and we know from the above that Xj' PcP for each indexj. 

By the part of the theorem we have already proved, applied to the simple 
sub L-modules of L, we know that if IX, f3 and IX + f3 are roots and IX # ° 
then [L", LfJ] # (0). If, moreover, IX and f3 are positive it follows that 

[L", LfJ] = L"+fJ' 

because LdfJ is 1-dimensional. Therefore, we conclude from the above 
that X,,' PcP for every positive root IX. Since P is contained in Lb,oy Vb, 
and since this space is stable under the action of H and the L_,,'s with IX a 
positive root, it follows that the sub L-module of V that is generated by P 
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is contained in Lo~y yo. Since V is a simple L-module, this implies that 
P = (0). Our conclusion is that ~ is a simple Li-module with dominant 
weight y'. 

On the other hand, we can exhibit a finite-dimensional simple Li-module 
with dominant weight y'. This module has an F-basis fo, ... , h(h;), and the 
action of L; is given by the following formulas: 

Xi' fk = k.fk-1' 

Yi' fk = (y(h i ) - k).fk+ 1, 

hi' .fk = (y(hi) - 2k).fk. 

By the unicity part of Theorem 5.1, this Li-module is isomorphic with ~, 
so that ~ is finite-dimensional. 

Let M be any finite-dimensional sub L;-module of V. We have 

so that L . M is again a finite-dimensional L;-module. This shows that the 
sum of the family of all finite-dimensional sub Li-modules of V is a sub 
L-module of V, so that it coincides with V. In other words, V is locally finite 
as an Li-module. 

Now let 3 be any weight of V. The space Lk VHkai, where k ranges over the 
set of integers, is evidently a sub L;-module of V. Since V is a locally finite L i -

module, there is afinite-dimensional non-zero L;-module M C Lk VHkai. We 
may apply our above argument involving the indices J and JI, operating on M 
and letting X; and Yi play the roles ofthe former X and y. In this way, we obtain 
the conclusion that 11:a,( 3) is also a weight of V. It follows, as in the finite
dimensional case, that a(3) is a weight of V for every weight 3 of V and every 
element a of the Weyl group. 

We know from Theorem 5.1 that every VO is finite-dimensional. There
fore, in order to prove that V is finite-dimensional, it suffices to show that 
the set of weights of V is finite. Let b be a weight of V, and let 11 be the largest 
among the weights a(b) with a in the Weyl group. Then 11 ~ 11:a(p.) for every 
non-zero root Ct.. Let R denote the space spanned by the set of all roots over 
the field of rational numbers. Since each y(h;) is an integer, R contains y, 
and hence all the weights of V. We have 

Hence, if Ct. > 0, we have 11 . Ct. ~ O. Thus, every weight of V is the transform 
by an element of the Weyl group of a weight 11 with the property that 11 . Ct. ~ 0 
for every positive root Ct.. Since 11 = Y - p, where p is a sum of positive 
roots, we have 
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which shows that the set of these weights J1 is bounded in R. Since these 
weights are all of the form y - Li miex;, where the m/s are non-negative 
integers, they make up a discrete subset of R. It follows that the set of J1'S 
is finite. Since the Weyl group is finite, this implies that the set of all weights 
of V is finite. D 

Notes 

1. Let G be an irreducible algebraic group over an algebraically closed 
field of characteristic 0, and suppose that <5l'(G) is semisimple. Then the 
Cartan subalgebras of 2(G) are the Lie algebras of the maximal toroids 
in G and, via this correspondence, the Weyl group of this chapter is iso
morphic with that of the end of Chapter XIII. 

2. A concise account of the representation theory of semisimple Lie algebras 
is given by J-P. Serre in [15J, part of which has been embodied above. 

3. In the notation of Theorem 6.1, let V be a finite-dimensional L-module, 6 
a weight of V and ex a non-zero root. If k is an integer such that 6 + kex is a 
weight of V then k must belong to the interval [ - 6",6"]' In order to see this, 
suppose that there are integers k > 6" such that 6 + kex is a weight, and let 
kl' ... ,kp be all of them. By the definition of 6", we must actually have 
ki > 1 + 6" for every i. Put 

p 

W = L VHki". 
i= 1 

Clearly, W is stable under H + L" + L_II.' As in the proof of Theorem 
3.1, one sees that the trace of the endomorphism of W corresponding to 
H" is 0. This yields 

p 

I (6(H,,) + 2ki)dim(VHki") = 0, 
i= 1 

whence we see that 6(HII.) + 2(1 + 611.) < 0. Since 6(H,,) = 6" - 611., this is a 
contradiction. Similarly, one sees that there can be no integer k < - 611. such 
that 6 + kex is a weight of V. 



Chapter XVIII 

From Lie Algebras to Groups 

In this final chapter, we apply the above results on Lie algebras in order to 
bring the Lie theory of algebraic groups over fields of characteristic ° to a 
satisfactory state of completeness. 

Section 1 establishes the adjoint criterion for a Lie algebra to be that of an 
algebraic group. This is refined in Section 2, where it is shown that the 
isomorphism classes of Lie algebras satisfying the adjoint criterion are in 
bijective correspondence with the isomorphism classes of irreducible 
algebraic groups with unipotent centers. 

In Section 3, we deal with the basic facts concerning group coverings and 
simply connected groups. 

Section 4 prepares the ground for Section 5, which provides a construction 
of the simply connected algebraic group with a given Lie algebra. For 
this to exist, it is necessary and sufficient that the radical of the Lie algebra 
be nilpotent. An irreducible affine algebraic group over an algebraically 
closed field of characteristic ° has a universal covering in the category of 
affine algebraic groups if and only if its radical is unipotent. 

1. Let G be an affine algebraic group over an algebraically closed field F 
of characteristic 0, and let IX denote the adjoint representation of G. Then 
IX(G) is an algebraic subgroup of Autp (2(G)), and its Lie algebra is the image 
of 2(G) in the Lie algebra Endp (2(G)) of Autp (2(G)) under the adjoint 
representation r f--+ Dr of 2(G). Thus, the image of 2(G) under its adjoint 
representation is an algebraic sub Lie algebra of 2(Autp (2(G)), in the 
sense of Section VII!'3. We are concerned with a converse of this result, 
whose crude part is as follows. 

249 
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Theorem!.!. Let F be afield of characteristic 0, and suppose that Lis afinite
dimensional F -Lie algebra having the property that its adjoint image in EndFCL) 
is the Lie algebra of an irreducible algebraic subgroup H of AutF(L). Then 
there is an affine algebraic F-group G such that 2(G) is isomorphic with L. 
In the case where F is algebraically closed, G may be so chosen that its center is 
unipotent. 

PROOF. Appealing to Theorem VIII.4.3, we make a semi direct product 
decomposition H = Hu Xl P, where P is linearly reductive. Let cr:: L ~ 2(H) 
be the surjective Lie algebra homomorphism defined by the adjoint repre
sentation of L, and let M denote the maximum nilpotent ideal of L. Now, 
2(H) is the semidirect Lie algebra sum 2(H u) + 2(P). Since the action of 
2(P) on L is semisimple and 2(Hu) is an ideal of 2(H) whose action on L 
is nilpotent, it follows that rx(M) = 2(H J. 

Let us write S for the sub Lie algebra rx- 1(2(P» of L, so that L = M + S. 
Evidently, Sand M n S are stable under the action of 2(P) on L. Since this 
action is semisimple, it follows that there is an 2(P)-module complement, 
T say, for M n S in S. The restriction of rx to T is a linear isomorphism 
from T to 2(P), because the kernel of rx is contained in M. Moreover, we 
have 

[T, T] = rx(T)(T) = 2(P)(T) c T, 

showing that T is a sub Lie algebra of L. From L = M + S, we see that L 
is the semidirect Lie algebra sum M + T. 

Now let us consider the unipotent affine algebraic F-group ~(36(M» 
obtained from M by Theorem XVI.4.2. Via the composite functor ~ 0 36, 
the action of P by Lie algebra automorphisms on M determines an action 
of P by affine algebraic group automorphisms on ~(36(M». Using this, 
we define a semidirect product group ~(36(M» Xl P. The algebra of poly
nomial functions of ~(36(M» is 36(M). In proving Theorem XY.3.1, we 
showed that the algebra of polynomial functions of a unipotent algebraic 
group over a field of characteristic 0 is locally finite under the action of the 
group of algebraic group automorphisms. In particular, 36(M) is locally 
finite as a right P-module. It is easy to see from this that ~(36(M» Xl P is 
an affine algebraic F -group whose algebra of polynomial functions is 
36(M) ® £lJ!(P). The Lie algebra of this semidirect product is the semidirect 
Lie algebra sum M + 2(P), and we have seen above that this is isomorphic 
with L. 

Now let Z denote the center of ~(36(M» Xl P. Then 2(Z) may be identi
fied with the center of L, so that 2(Z) c M. This shows that Z 1 is contained 
in ~(36(M». Since ~(36(M» is unipotent, so is therefore Z 1, and we have 
Z 1 = Z n ~(36(M». Now it is clear that Z = Z 1 X D, where D is a finite 
central subgroup of P. 

If F is algebraically closed, then the factor group (~(36(M» Xl P)/D is an 
affine algebraic F-group whose Lie algebra is isomorphic with M + 2(P), 
via the differential of the canonical morphism. The center of this factor 
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group coincides with the canonical image of Z, because the original group 
is irreducible and the kernel of the canonical morphism is the finite group D. 
Thus, the center of our factor group is the canonical image of Zl' and this is 
unipotent. D 

2. Let L be a finite-dimensional Lie algebra, and let M be the maximum 
nilpotent ideal of L. We say that L is regular if the centralizer of M in L 
is contained in M. 

Lemma 2.1. Let L be a finite-dimensional Lie algebra over a field of charac
teristic O. There is one and only one direct Lie algebra decomposition 

L = Lo + L 1, 

where Lo is semisimple and L1 is regular. 

PROOF. Let K denote the centralizer of M in L, and let T be the radical of K. 
Since K is an ideal of L, its radical T is contained in the radical of L. An 
application of Theorem VII.3.2 shows that [T, T] c M, whence 

[T, [T, T]] = (0). 

Thus, T is a nilpotent ideal of L, so that we must have T c M and 
[T, K] = (0). Using Theorem VII.3.l, we write K as a semi direct Lie algebra 
sum T + S, where S is a semisimple sub Lie algebra of K. Since [T, K] = (0), 
this is actually a direct Lie algebra sum, and S = [K, K]. 

We put Lo = [K, K], and we define L1 as the centralizer of Lo in L. 
From the fact that Lo is a semisimple ideal of L, it follows that L is the 
direct Lie algebra sum Lo + L 1. In fact, if x is any element of L, the derivation 
effected by x in La is of the form Dy with y in L o, by Proposition VII.2.6. 
Now x = y + (x - y), and x - y belongs to L 1• Evidently, the maximum 
nilpotent ideal of L1 is M, and the centralizer of M in L1 is T, which we 
know to lie in M. Thus, L1 is regular. 

Now consider any direct Lie algebra decomposition L = U + V, where 
U is semisimple and V is regular. Evidently, the maximum nilpotent ideal 
of V coincides with M, and we have K = U + (K n M). This shows that 
U = [K, K] = La. Clearly, V is the centralizer of U in L, so that V = L 1. D 

In connection with the relations between isomorphisms of algebraic 
groups and isomorphisms of their Lie algebras, there is an unavoidable 
difficulty, as follows. Let H be an irreducible algebraic group, and let /(H) 
denote the ideal2(HJ + [2(H), 2(H)] of 2(H). We assume that the base 
field is algebraically closed and of characteristic O. Then 

/(H) = 2(Hu[H, H]). 

Let :!l(H) denote centralizer of 2(H) in 2(Hu). Now suppose that s is a 
linear map from 2(H) to :!l(H) whose kernel contains /(H). Let a be the 
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map from !i'(H) to !i'(H) given by cr(x) = x + sex) for every element x 
of !i'(H). One verifies directly that cr is a Lie algebra automorphism of 
!i'(H). However, unless s = 0, cr is not the differential of an algebraic group 
automorphism of H. Indeed, if r is a morphism of algebraic groups from 
H to H such that r· = cr, then r(h) = hp(h), with p(h) in the centralizer of H 
in Hu. Now p is a morphism of algebraic groups from H to H,,, and the 
kernel of p contains Hu. Since H/Hu is linearly reductive, it follows that p 
is trivial, so that r is the identity map. 

Let us call Lie algebra automorphisms like the above cr exceptional. 

Theorem 2.2. Let F be an algebraically closed field of characteristic 0, and 
suppose that G and H are irreducible affine algebraic F-groups with unipotent 
centers. Suppose that p is a Lie algebra isomorphism from !i'(G) to !i'(H). 
Then there is an algebraic group isomorphism cr from G to H such that cr· 0 p - 1 

is an exceptional automorphism of !i'(H). 

PROOF. Let the subscripts ° and 1 on Lie algebras indicate the components 
of the decomposition given by Lemma 2.1. Clearly, a Lie algebra isomorphism 
from !i'(G) to !i'(H) restricts to Lie algebra isomorphisms !i'(G)o --+ !i'(H)o 
and !i'(G)l --+ !i'(H)l. It is clear from the definition of these components 
that they are the Lie algebras of irreducible normal algebraic subgroups 
Go and Gl of G, and Ho and H 1 of H. Moreover, the Lie algebra of Go n Gl 
is (0), so that Go n Gl is a finite central subgroup of G. Since the center of G 
is unipotent, it follows that Go n Gl is trivial, so that G is the direct product 
Go x Gl . Similarly, H is the direct product Ho x H l . 

This reduces the theorem to two special cases, where !i'(G) and !i'(H) 
are semisimple, and where !i'(G) and !i'(H) are regular. In the first case, 
the adjoint representations of G and H are isomorphisms identifying G 
and H with the irreducible components of the identity in the groups of all 
Lie algebra automorphisms of !i'(G) and !i'(H). The proof of this fact 
consists in combining the result of the end of Section XV.3 concerning the 
image of the adjoint representation with the remark that the kernel of the 
adjoint representation is a finite central subgroup and hence trivial. Now, 
if p is a Lie algebra isomorphism from !i'(G) to !i'(H), the required iso
morphism from G to H is the map sending each element x of G, viewed as 
an automorphism of !i'(G), onto the automorphism pox 0 p-l of !i'(H). 

We are left with the case where !i'(G) and !i'(H) are regular. In this case, 
we make a semidirect product decomposition G = Gu:xl P, where P is an 
irreducible linearly reductive algebraic subgroup of G. Then !i'(P) is the 
direct Lie algebra sum of its center, T say, and a semisimple Lie algebra, S 
say. Moreover, the adjoint representation of T on !i'(G) is semisimple. 
Evidently, the maximum nilpotent ideal M of !i'(G) is of the form !i'(Gu) + Tl , 
with Tl C T. The adjoint representation of Tl on !i'( G) is semisimple, as 
well as nilpotent, so that Tl lies in the center of !i'( G). Since the center of G 
is unipotent, we must therefore have Tl c !i'(GJ, whence Tl = (0). Thus, 
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M = .P(GJ. Since 'p(G) is regular, it follows that the centralizer of 'p(Gu) 

in .P(P) is (0), which implies that the centralizer of Gu in P is finite. Since 
this group centralizer is a normal subgroup of the irreducible group P, it 
must lie in the center of P, and therefore in the center of G. Since the center 
of G is unipotent, it follows that the centralizer of Gu in P is trivial. Therefore, 
the adjoint representation of P on.P( GJ is an isomorphism of affine algebraic 
groups a: P ~ a(P), where a(P) is an irreducible algebraic subgroup of 
the group of all Lie algebra automorphisms of .P(GJ, the Lie algebra of 
a(P) being the adjoint image of .P(P) in the Lie algebra of all derivations 
of 'p(Gu). 

The given Lie algebra isomorphism p from .P( G) to .P(H) must send the 
maximum nilpotent ideal .P(GJ of 'p(G) onto the maximum nilpotent 
ideal 'p(Hu) of .P(H). It is clear from Theorem XVI.4.2 that there is an alge
braic group isomorphism au from Gu to Hu whose differential is the restriction 
of p to 'p(Gu). 

From the situation in 'p(G), it is clear that .P(H) is the semidirect Lie 
algebra sum 'p(Hu) + p(.P(P», that the adjoint representation of p(.P(P» 
on .P(H) is semisimple, and that the adjoint representation of p(.P(P» on 
'p(Hu) is injective. Let Q denote the smallest algebraic subgroup of H whose 
Lie algebra contains p(.P(P». It is clear from the results of Chapter IV that the 
sub Q-modules of .P(H) coincide with the sub p(.P(P»-modules. Therefore, 
the adjoint representation of Q on .P(H) is semisimple. It follows that Qu 
is contained in the center of H. Since the center of H is unipotent, it is contained 
in H,,, whence Qu c H u' 

Since .P(P) is the direct sum of its center T and the semisimple ideal S, the 
group Q is the product in H of the element-wise commuting subgroups Hp(T) 
and Hp(s), where we use the notation of Theorem IY.2.2. The semisimple Lie 
algebra peS) is an algebraic sub Lie algebra of .P(H), whence we have 
.P(H P(S» = peS). On the other hand, .P(H p(T» lies in the center of .P(Q). 
Consequently, .P( Q) is the direct Lie algebra sum .P(H P(T) + peS). Moreover, 
it is now clear that H p(T) is the direct product Qu x R, where R is a toroid 
contained in the center of Q. 

For every element x of peT), let us write 

x = sex) + (x - sex»~ 

with sex) in .P(Qu) and x - sex) in .P(R). Next, observe that .P(H), as an 
F-space, is the direct sum of .P(HJ, peS) and peT), and that [.P(H), .P(H)] is 
contained in .P(H u) + peS). Therefore, we have 

peT) n ('p(Hu) + [.P(H), .P(H)]) = (0) 

Since .P(QJ is contained in q'(H), it is clear from this that s can be extended 
to yield a linear map from .P(H) to q'(H) whose kernel contains .P(H.) + 
[.P(H), .P(H)]. If IJ is the isomorphism from .P( G) to .P(H) that is obtained 
by composing p with the exceptional automorphism of .P(H) defined by -s, 
we have 

IJ(.P(P» = .P(R) + peS) = .P(RHp(s»' 
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This reduces the theorem to the case where p(2(P» is the Lie algebra of a 
linearly reductive subgroup Q of H such that H is the semidirect product 
H u ><l Q. We shall show that, in this case, p is the differential of an algebraic 
group isomorphism (J from G to H. 

As in the case of G and P treated above, we see that the adjoint representa
tion of Q on 2(HJ is actually an isomorphism of affine algebraic groups 
f3: Q -+ f3(Q), where f3(Q) is an irreducible algebraic subgroup of the group 
of all Lie algebra automorphisms of 2(H u), its Lie algebra being the adjoint 
image of p(2(P» in the Lie algebra of all derivations of 2(Hu). Clearly, 
we have 

f3(Q) = Pu 0 (X(P) 0 p;; 1, 

where Pu is the isomorphism from 2(GJ to 2(Hu) obtained from p by 
restriction. Hence, we have an isomorphism of algebraic groups (Jr: P -+ Q, 
where 

(Jr(P) = f3-1(pu 0 (X(p) 0 p;; 1) 

for every element p of P. The required isomorphism (J from G to H is given by 
(J(xp) = (Ju(x)(Jr(P) for every element x of Gu and every element p of P. 0 

Combining Theorems 1.1 and 2.2, we have the result that if Lis a finite
dimensional Lie algebra over the algebraically closed field F of characteristic ° whose adjoint image is algebraic, then there is one and only one isomorphism 
class of irreducible affine algebraic F -groups with unipotent centers whose 
Lie algebras are isomorphic with L. 

If G is as in Theorem 2.2 then it is easy to see that the group of exceptional 
automorphisms of 2(G) is normalized by the image in Aut(2(G» of the 
group "IY(G) of all algebraic group automorphisms of G. Directly, from the 
definition, one sees that the group of exceptional automorphisms is an 
algebraic subgroup of the group of all Lie algebra automorphisms. Theorem 
2.2 yields the following corollary. 

Corollary 2.3. Let F be an algebraically closed field of characteristic 0, and 
let G be an irreducible affine algebraic F-group whose center is unipotent. Then 
the group of all Lie algebra automorphisms of 2(G) is the semidirect product 
E><l W, where E is the group of exceptional automorphisms, and W is the 
canonical isomorphic image of "If/( G). 

PROOF. By Theorem XV.4.3, "IY( G) is an algebraic automorphism group 
of G, and thus is an affine algebraic F -group in the canonical fashion of 
Chapter XV. By Proposition XY.2.3, the canonical map from 1f/'(G) to 
Aut(2( G» is a morphism of affine algebraic groups. It follows from Corollary 
IV.3.2 that this morphism is injective. Since F is of characteristic 0, it is 
therefore an algebraic group isomorphism from "If"(G) to W By Theorem 
2.2, EW coincides with the group of all Lie algebra automorphisms of 
2(G). Since En W is trivial, it follows that the group of automorphisms 
of 2(G) is the semidirect product E><l W 0 
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3. Suppose that G and H are irreducible affine algebraic groups over an 
algebraically closed field F. A surjective morphism of affine algebraic 
F-groups from G to H is called a group covering if its kernel K is finite (and 
hence central in G) and the induced bijective morphism GIK -;. H is an 
isomorphism of algebraic groups. If F is of characteristic ° then the last 
requirement is always satisfied, so that then a group covering is simply a 
surjective morphism between irreducible groups with finite kernel. We say 
that an irreducible algebraic group H is simply connected if every covering to 
H is an isomorphism of algebraic groups. 

Proposition 3.1. Let G be a simply connected affine algebraic group over an 
algebraically closed field, and let N be a normal irreducible algebraic subgroup 
ofG. Then GIN is simply connected. 

PROOF. Let n denote the canonical morphism from G to GIN, and consider a 
group covering 1]: H -;. GIN. We must show that the kernel, K say, of 1] is 
trivial. Consider the fibered product P = H x(n, xl G, i.e., the algebraic 
subgroup of the direct product H x G consisting of the elements (h, g) such 
that 1](h) = neg), The factor group of P by the canonical image of N is iso
morphic with H. Since Hand N are irreducible, it follows that P is irreducible. 
Let 'Y denote projection from P to G. It is easy to see that 'Y is a group covering 
whose kernel is the canonical image of K in P. Since G is simply connected, 
it follows that K is trivial. D 

Let G be any affine algebraic group over an algebraically closed field. 
The subgroup of G that is generated by the family of all irreducible solvable 
normal algebraic subgroups of G is still a member of this family. It is called the 
radical of G. Evidently, it contains Gu whenever Gu is irreducible. 

Proposition 3.2. Let G be a simply connected affine algebraiC group over an 
algebraically closed field of characteristic 0. Then the radical of G is unipotent. 

PROOF. Write P for GIGu , and note that P is an irreducible linearly reductive 
affine algebraic group. Appealing to Theorems VII.l.2 and VIII.3.3, we see 
that 2([P, P]) is semisimple. By Proposition 3.1, P, and hence also PI[P, P], 
is simply connected. On the other hand, PI[P, P] is an irreducible abelian 
linearly reductive algebraic group, and therefore a toroid. Evidently, a 
non-trivial toroid is not simply connected. Hence, we have P = [P, P], so 
that 2(P) is semisimple. This implies that P has no non-trivial irreducible 
solvable normal algebraic subgroup, because the Lie algebra of such a 
subgroup is a solvable ideal of 2(P). Therefore, Gu coincides with the 
radical of G. D 

Theorem 3.3. Let G be an irreducible affine algebraiC group over an algebrai
cally closed field of characteristic 0, and let R denote the radical of G. Then G 
is simply connected if and only if R is unipotent and G/R is simply connected. 
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PROOF. The necessity of the conditions has already been established in 
Proposition 3.1 and 3.2. Now suppose that the conditions are satisfied, 
and consider a group covering 1]: H ~ G, with kernel K. Let S denote the 
irreducible component of the neutral element in 1] l(R). Then S is an irre
ducible normal algebraic subgroup of H, and 1] induces a group covering 
1]': H/S ~ G/R. Since G/R is simply connected, the kernel of 1]' is trivial, 
which means that K c S. Clearly, the restriction of 1] to S is a group covering 
of R. We have just seen that the kernel of this group covering coincides 
with K. Since R is solvable, so is S. Hence, S = Su Xl T, where T is a toroid. 
Since R is unipotent, 1](T) must be trivial, so that T c K. Since K is finite, 
this shows that T is trivial, which means that S is unipotent. Finally, since 
the base field is of characteristic 0, the finite subgroup K of S must therefore 
be trivial. 0 

Proposition 3.4. Let G be as in Theorem 3.3. If G is simply connected, so is 
every irreducible normal algebraic subgroup of G. 

PROOF. Let R denote the radical of G, and let N be any irreducible normal 
algebraic subgroup of G. Clearly, N (\ R is a normal algebraic subgroup 
of N, and N/(N (\ R) may be identified with its canonical image in G/R. 
Since !£(G/R) is semisimple, so is the ideal !£(N /(N (\ R» of !£(G/R), and 
!£( G/R) is the direct Lie algebra sum of !£(N /(N (\ R» and a complementary 
semisimple ideal, J say. By Theorem VIII.3.2, J is an algebraic sub Lie 
algebra of !£(G/R). Thus, there is an irreducible normal algebraic subgroup 
Q of G/R such that !£(Q) = J. It follows that G/R is the image of the direct 
product (N/(N (\ R» x Q by the evident morphism of algebraic groups. 
Since the intersection of J with the Lie algebra of N/(N (\ R) is (0), the 
intersection of Q with N /(N (\ R) is finite, so that the kernel of our morphism 
of algebraic groups is finite. By Proposition 3.1, G/R is simply connected, 
which implies that this finite kernel is trivial. Hence, N /(N (\ R) is iso
morphic with CG/R)/Q. Since Q is irreducible, it follows, by virtue of Pro
position 3.1, that N /(N (\ R) is simply connected. By Proposition 3.2, R is 
unipotent, so that N (\ R is unipotent. Now Theorem 3.3 applies and shows 
that N is simply connected. 0 

4. Let L be a finite-dimensional Lie algebra over a field F, and suppose 
that L is a semidirect Lie algebra sum K + H, where K is an ideal and H a 
complementary sub Lie algebra of L. Then we may write ilI/(L) as the tensor 
product F-algebra ilI/(H) ® ilI/CK). We describe a corresponding tensor 
product decomposition of the continuous dual ilI/CL)'. Note that L acts 
on ilI/CL)' by F-algebra derivations, making ilI/(L)' an L-module. The trans
form of an element f of ilI/(L)' by an element x of L is given by 

(x· n(u) = f(lIx). 
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Via the canonical morphism L --? L/K = H, we obtain an identification 
of W(H), with the K -annihilated sub F -algebra ('Jlf(L)')K of u7t(L)'. 

On the other hand, we make o7t(K), into an L-module as follows. Let f 
be an element of W(K)'. If k is an element of K, we define the transform 
k· fas above by 

(k . f)(u) = f(uk). 

If h is an element of H, we define h . f by 

noting that, for every element u of w(K), the element uh - hu of W(L) 
actually belongs to W(K), owing to the fact that K is an ideal of L. One 
verifies directly that these definitions, extended additively, make W(K), 
into an L-module, the main point being that 

h· (k· f) - k· (11· f) = [h, kJ . f 
This shows also that, iff is the restriction to W(K) of an element of W(L)" 
thenf generates afinite-dimensional sub L-module of W(K)'. 

Conversely, suppose that f is an element of W(K), belonging to some 
finite-dimensional sub L-module, T say, of W(K)'. Using the canonically 
induced W(L)-module structure of T, define the function f+ on W(L) by 
f+(u) = (u· f)(1) for every element u of W(L). The finite-dimensionality 
of T implies that f + belongs to W(L)'. It follows directly from the definition 
that the restriction off + to W(K) coincides withf, and thatf+ is annihilated 
by H under the right L-module structure of OJf(L)', which is given by (f. u)(v) 
= f(uv). 

Our conclusion is that the restriction image of W(L)' in W(K), coincides 
with the sum of the family of all finite-dimensional sub L-modules of W(K)', 
and the map sending each f onto f + pre inverts the restriction map and has 
the right H-annihilated part H(W(L),) of W(L)' as its image. 

Finally, we show that the multiplication map 

(OJ1(L)')K ® H(OJf(L)') --? W(L)" 

is an isomorphism of F-algebras. In order to show that this map is surjective, 
consider an arbitrary element f of W(L)', and let (fl, ... , in) be an F -basis of 
the space spanned by the L-transforms of f. This yields elements gl' ... , gn of 
OJ/(L)' such that 

n 

V· f = I gi(V)};, 

for every element c of W(L). If u is in W(H) and v is in W(K), we obtain 
n 

f(ur) = I j;(U)gi(V), 
i= 1 

Let g; be the element of H(W(LY) obtained by first restricting gi to W(K) and 
then applying the above map, indicated by +. Similarly, let fi denote the 
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element of (Olt(L)')K corresponding to the restriction of fi to Olt(H). If 6 is 
the comultiplication of Olt(L), we have 

(fig;)(uv) = (fi (8) gi)(6(u)6(v». 
Writing this out, and noting that gi vanishes on HOlt(L) and fi vanishes on 
Olt(L)K, we see that it reduces to the single term ri(u)gi(v) = .t;(U)gi(V). 
Hence, the above expression for f(ul') yields 

f(uv) = (t/;gi)(UV), 

whencef = D= 1 figi, showing thatfbelongs to the image of 

(Olt(L)'l (8) H(Olt(L)') 

We have just seen that (fg)(uv) = f(u)g(v) whenever f E (Olt(L)')K, 
g E H(Olt(L)'), u E Olt(H) and v E Olt(K). From this, it is easy to see that our multi
plication map is also injective. 

Now let us suppose that the ideal K of L is nilpotent. Letfbe an element 
of Olt(K)' that vanishes on some power of the ideal generated by K. Then it 
is clear that every L-transform off vanishes on the same power of the ideal 
generated by K. Therefore, the sub L-module of Olt(K)' generated by f is 
finite-dimensional, so thatfbelongs to the restriction image of Olt(L)'. Thus, 
if Q denotes the sub Hopf algebra of Olt(L)' consisting of the elements whose 
restrictions to Olt(K) lie in the algebra /!4(K) of nilpotent representative 
functions, we have Q = (Olt(L)')K (8) HQ, and the restriction map induces an 
isomorphism from HQ to /!4(K). 

We apply the above to the following situation. Let L be a finite-dimen
sional Lie algebra over a field F of characteristic 0, and assume that the 
radical, R say, of L is nilpotent. We have a semidirect decomposition 
L = R + S, where S is a semisimple sub Lie algebra of L. Extending the 
notation of Section XVI.4, we define /!4(L) as the sub Hopf algebra of Olt(L)' 
consisting of the elements whose restrictions to Olt(R) belong to /!4(R). 
From the above, we see that, as an F-algebra, /!4(L) is isomorphic with 
Olt(S)' (8) /!4(R). 

We claim that Olt(S)' is finitely generated as an F -algebra. First, consider 
the case where F is algebraically closed. In this case, we fix a Cart an sub
algebra of S and a fundamental system of roots. By Theorem XVII.6.1, 
there is a set (Yl' ... ' Yr) of weights such that the finite sums, with repetitions 
allowed, of the y;'s are precisely the dominant weights of the finite-dimen
sional simple S-modules. For each i, choose a finite-dimensional simple 
S-module Mi having Yi as its dominant weight. Now observe that, if PI'· .. ,Pr 
are non-negative integers, then the tensor product S-module 

@P1(M 1 ) (8) ... @Pr(Mr) 

has an S-simple component whose dominant weight is I~= 1 PiYi. Con
sequently, every finite-dimensional S-module is isomorphic with a sum of 
submodules of tensor products of the M;'s. It follows immediately from 
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this that every representative function on OlI(S) is a sum of products of 
representative functions associated with one of the M/s. In particular, 
q/(S)' is finitely generated as an F -algebra. 

If F is not algebraically closed, let F' be an algebraic closure of F, and 
consider the Lie algebra Sf = S @ F'. Evidently, OU(Sf) = OlI(S) @ F'. Let 
Mf be a finite-dimensional Sf-module. Choose an F-basis (5 1, ... ,5,,) of S, 
and an F'-basis (u 1, . .. , Uk) of Mf. Write each Si' Uj as an Ff-linear combina
tion of the u/s, and let K be the field generated over F by the coefficients in 
F' that appear. Then K is of finite F -dimension, so that the K -space spanned 
by the u/s is a sub S-module, M say, of Mf that is of finite dimension as an 
F-space. We have Mf = M @KF', which is an Sf-module homomorphic 
image of M @F F'. This shows that OU(ST coincides with OU(S)' @ F'. More
over, it shows that every finite-dimensional Sf-module is semisimple. From 
S = [S, S], we have Sf = [Sf, Sf]. Therefore, Theorem VII.1.2 shows that 
Sf is semisimple, and we have from the above that OU(S)' @ Ff is finitely 
generated as an F' -algebra. Clearly, this implies that OU(S)f is finitely generated 
as an F -algebra. 

We know from Section XVI.4 that :?J(R) is finitely generated as an F
algebra. Therefore, we may summarize as follows. 

Theorem 4.1. Let L be afinite-dimensional Lie algebra with nilpotent radical R 
over afield of characteristic O. Then the Hopf algebra :?J(L) of the R-nilpotent 
representative functions on q/(L) is finitely generated as an F -algebra, and 
F-algebra isomorphic with OU(LjR)f @ :?J(R). 

5. Let us suppose that our base field F is algebraically closed and of charac
teristic O. Then the Hopf algebra :?J(L) of Theorem 4.1 may be regarded as 
the algebra of polynomial functions of the affine algebraic F-group C5(:?J(L». 
We wish to show that the Lie algebra of this group may be identified with 
L. The evaluations at the elements of R annihilate the factor OU(LjR)" and 
we know from Theorem XVI.4.2 that they make up the Lie algebra R of 
C5(£3U(R» on the factor :?J(R). On the other hand, the evaluations at the 
elements of S = LjR annihilate the factor £3U(R). Therefore, we shall have the 
desired conclusion once we have established it in the case where L is semi
simple. 

In that case, let G be the irreducible component of the identity in the 
group of all Lie algebra automorphisms of L. We know that £"(G) may be 
identified with L, via the adjoint representation of L. By Theorem XVI.3.1, 
.?l(G) may therefore be identified with a sub Hopf algebra of OU(L)f. It follows 
that the map associating with each element of L the evaluation of OU(L)' at 
that element is an injective Lie algebra homomorphism from L to the Lie 
algebra of 'O?l(Olt(L)'). 

Now write K for 'Ji(OU(L)'), and let M be a finite-dimensional sub K
module of OU(L), that generates OU(L)' as an F-algebra. We may identify K 
with its image in AutF(M). The image of L in EndF(M) is a sub Lie algebra 
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of !£,(K). Since L = [L, L], the image of Lin EndF(M) is an algebraic sub 
Lie algebra of !£,(K). Let KL be the corresponding irreducible algebraic 
subgroup of K, so that !£'(KL) is the image of Lin EndF(M). Now we drop M 
from our situation, merely retaining the conclusion that there is an irreduc
ible algebraic subgroup KL of K whose Lie algebra is the canonical image 
of L in !£,(K). Let Q be the annihilator of KL in IJlt(L)'. Then Q is stable 
under the action of K L, and hence stable also under the action of IJlt(L). 
Therefore, iffis an element of Q and u an element of IJlt(L), we have 

(u· j)(1K) = 0, 

i.e.J(u) = 0. Thus, Q = (0), whence KL = K and L = !£,(K). 
We shall write '§(L) for the affine algebraic F-group ,§(&6(L». 

Theorem 5.1. Let F be an algebraically closed field of characteristic 0, and let 
L be a finite-dimensional F -Lie algebra with nilpotent radical R. Then q}(L) 
is simply connected, its Lie algebra may be identified with L, and its algebra 
of polynomial functions is &6(L). IfG is an irreducible affine algebraic F-group 
with unipotent radical, and if (J is a surjective homomorphism from L to !£'( G), 
then there is a surjective morphism of affine algebraic groups (J+ : q}(L) ~ G 
whose differential coincides with (J. 

PROOF. What remains to be proved is the last statement concerning (J, and the 
fact that ,§(L) is simply connected. However, if the last statement is applied 
to the inverse of the differential of a group covering of q}(L), it shows that the 
group covering is an isomorphism. Thus, it suffices to prove the last state
ment of the theorem. 

The surjective Lie algebra homomorphism (J defines a surjective morphism 
of Hopf algebras from IJlt(L) to 1Jlt(!£'( G» in the canonical fashion. This 
dualizes into an injective morphism of Hopf algebras from 1Jlt(!£'(G»)' to 
IJlt(L)'. Composing this with the morphism n of Theorem XVI.3.1, we obtain 
an injective morphism of Hopf algebras (J* from &p(G) to IJlt(L)'. 

The restriction of (J to R is a surjective Lie algebra homomorphism from 
R to the radical of !£'(G). Since the radical of G is unipotent, &P(G) is locally 
nilpotent as a module for the radical of !£'( G). This shows that (J* actually 
sends &p(G) into the sub Hopf algebra &6(L) of IJlt(L)'. The transpose of (J* 

is the required morphism (J+ • D 

Theorem 5.2. Let F be an algebraically closed field of characteristic 0, and let 
1]: H ~ G be a covering of irreducible affine algebraic F -groups. Suppose 
that T is a simply connected affine algebraic F-group, and r is a morphism 
of affine algebraic F-groups from T to G. Then there is one and only one 
morphism of affine algebraic F-groups r~: T ~ H such that I] 0 r q = r. 

PROOF. By Theorem 5.1, we may identify T with q}(!£,(T». Now reT) is an 
irreducible algebraic subgroup of G, and there is evidently an irreducible 
algebraic subgroup K of H such that the restriction of I] to K is a group 
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covering of reT). Therefore, we now assume without loss of generality 
that r is surjective. Then the radical of G is the image under r of the radical 
of T, whence the radical of G is unipotent. The radical of H is the irreducible 
component of the neutral element in the inverse image of the radical of G, 
with respect to 1]. Since unipotent affine algebraic F-groups are simply 
connected, it follows that the restriction of I] to the radical of H is an iso
morphism onto the radical of G. Therefore, the radical of H is unipotent. 
Now the differential of I] is a Lie algebra isomorphism from 2(H) to 2( G), 
and (1]')-1 0 r' is a surjective Lie algebra homomorphism from 2(T) to 
2(H). Applying Theorem 5.1, we conclude that there is a morphism 
of affine algebraic groups r~: 1'§(2(T) -l- H whose differential is (I]r 1 0 r·. 
We know that, over a field of characteristic 0, a morphism of algebraic 
groups is determined by its differential. Hence, I] 0 r~ = r and there is only 
one such rij. 0 

Notes 

1. If L is a finite-dimensional Lie algebra over a field F of characteristic 0, 
then OlI(L)' is finitely generated as an F -algebra if and only if L = [L, L]. 

In order to see this, first suppose that the condition is satisfied, and let R 
denote the radical of L. One sees readily that R is nilpotent, and that the 
restriction image of OlI(L)' in OlI(R)' coincides with &g(R). Hence, OlI(L)' 
coincides with the finitely generated F-algebra &geL). If L =F [L, L], choose 
an ideal M of codimension 1 in L. Then OlI(L/M), may be identified with 
its canonical image in o7t(L),. It is not hard to determine OlI(L/M)' explicitly. 
As an F-algebra, it is isomorphic with a polynomial algebra T[x], where T 
is the group algebra over F of the additive group of F. The field of fractions 
of T has infinite transcendence degree over F, so that I1I1(L)' cannot be finitely 
generated. 

2. The following examples show that Theorem 2.2 cannot be improved 
so as to admit homomorphisms other than isomorphisms. In each example, 
there are no non-trivial exceptional automorphisms. 

Let F be an algebraically closed field of characteristic 0. Let H be the 
additive group of F, and let G be the semidirect product of H with the multi
plicative group of F, where 

(a, u)(b, v) = (a + ub, uv). 

Then 2(G) has an F-basis (x, y), where [x, y] = y, 2(H) = Fy and Fx is 
the Lie algebra of the multiplicative group of F. Let p be the Lie algebra 
homomorphism from 2( G) to 2(H) that sends x onto y and annihilates y. 
Then p is surjective. However, p is not the differential of an algebraic group 
homomorphism a from G to H, because then a would map the multiplicative 
group of F onto its additive group, which is impossible. 



262 Notes 

Let Q denote the group of all 2 by 2 matrices of determinant 1 with 
entries in F. The center of Q is of order 2, and we let G be the factor group 
of Q modulo its center. Let V denote the canonical 2-dimensional repre
sentation space for Q. Accordingly, construct the semidirect product 
H = V ><I Q. The group covering Q -> G induces a Lie algebra isomorphism 
£'(Q) -> £'(G). The inverse of this isomorphism yields an injective Lie 
algebra homomorphism p: £'(G) -> £,(H). Both G and H have trivial 
center, and £'(G) is semisimple. Here again, p cannot be the differential 
of a homomorphism of algebraic groups (J": G -> H, because then (J" would 
yield an inverse of the group covering Q -> G, which is impossible. 

3. Theorem 1.1 is due to M. Goto. 
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