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Preface

Mathematical method, as it applies in the natural sciences in particular,
consists of solving a given problem (represented by a number of observed or
observable data) by neglecting so many of the details (these are afterward
termed “irrelevant”) that the remaining part fits into an axiomatically estab-
lished model. Each model carries a theory, describing the implicit features of
the model and its relations to other models. The role of the mathematician
(in this oversimplified description of our culture) is to maintain and extend
the knowledge about the models and to create new models on demand.
Mathematical analysis, developed in the 18th and 19th centuries to solve
dynamical problems in physics, consists of a series of models centered around
the real numbers and their functions. As examples, we mention continuous
functions, differentiable functions (of various orders), analytic functions, and
integrable functions; all classes of functions defined on various subsets of
euclidean space R", and several classes also defined with vector values. Func-
tional analysis was developed in the first third of the 20th century by the
pioneering work of Banach, Hilbert, von Neumann, and Riesz, among others,
to establish a model for the models of analysis. Concentrating on “external”
properties of the classes of functions, these fit into a model that draws its
axioms from (linear) algebra and topology. The creation of such “super-
models” is not a new phenomenon in mathematics, and, under the name of
“generalization,” it appears in every mathematical theory. But the users of
the original models (astronomers, physicists, engineers, et cetera) naturally
enough take a somewhat sceptical view of this development and complain
that the mathematicians now are doing mathematics for its own sake. As a
mathematician my reply must be that the abstraction process that goes into
functional analysis is necessary to survey and to master the enormous material
we have to handle. It is not obvious, for example, that a differential equation,
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a system of linear equations, and a problem in the calculus of variations have
anything in common. A knowledge of operators on topological vector spaces
gives, however, a basis of reference, within which the concepts of kernels,
eigenvalues, and inverse transformations can be used on all three problems.
Our critics, especially those well-meaning pedagogues, should come to realize
that mathematics becomes simpler only through abstraction. The mathe-
matics that represented the conceptual limit for the minds of Newton and
Leibniz is taught regularly in our high schools, because we now have a clear
(i.e. abstract) notion of a function and of the real numbers.

When this defense has been put forward for official use, we may admit in
private that the wind is cold on the peaks of abstraction. The fact that the
objects and examples in functional analysis are themselves mathematical
theories makes communication with nonmathematicians almost hopeless and
deprives us of the feedback that makes mathematics more than an aesthetical
play with axioms. (Not that this aspect should be completely neglected.) The
dichotomy between the many small and directly applicable models and the
large, abstract supermodel cannot be explained away. Each must find his own
way between Scylla and Charybdis.

The material contained in this book falls under Kelley’s label: What Every
Young Analyst Should Know. That the young person should know more (e.g.
more about topological vector spaces, distributions, and differential equa-
tions) does not invalidate the first commandment. The book is suitable for a
two-semester course at the first year graduate level. If time permits only a
one-semester course, then Chapters 1, 2, and 3 is a possible choice for its
content, although if the level of ambition is higher, 4.1-4.4 may be substituted
for 3.3-3.4. Whatever choice is made, there should be time for the student to
do some of the exercises attached to every section in the first four chapters.
The exercises vary in the extreme from routine calculations to small guided
research projects. The two last chapters may be regarded as huge appendices,
but with entirely different purposes. Chapter 5 on (the spectral theory of)
unbounded operators builds heavily upon the material contained in the
previous chapters and is an end in itself. Chapter 6 on integration theory
depends only on a few key results in the first three chapters (and may be
studied simultaneously with Chapters 2 and 3), but many of its results are
used implicitly (in Chapters 2-5) and explicitly (in Sections 4.5-4.7 and 5.3)
throughout the text.

This book grew out of a course on the Fundamentals of Functional
Analysis given at The University of Copenhagen in the fall of 1982 and again
in 1983. The primary aim is to give a concentrated survey of the tools of
modern analysis. Within each section there are only a few main results—
labeled theorems—and the remaining part of the material consists of sup-
porting lemmas, explanatory remarks, or propositions of secondary impor-
tance. The style of writing is of necessity compact, and the reader must be
prepared to supply minor details in some arguments. In principle, though, the
book is “self-contained.” However, for convenience, a list of classic or estab-
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lished textbooks, covering (parts of ) the same material, has been added. In the
Bibliography the reader will also find a number of original papers, so that she
can judge for herself “wie es eigentlich gewesen.”

Several of my colleagues and students have read (parts of) the manuscript
and offered valuable criticism. Special thanks are due to B. Fuglede, G. Grubb,
E. Kehlet, K.B. Laursen, and F. Topswe.

The title of the book may convey the feeling that the message is urgent and
the medium indispensable. It may as well be construed as an abbreviation of
the scholarly accurate heading: Analysis based on Norms, Operators, and
Weak topologies.

Copenhagen Gert Kjargard Pedersen

Preface to the Second Printing

Harald Bohr is credited with saying that if mathematics does not teach us
to think correctly, at least it teaches us how easy it is to think incorrectly.
Certainly an embarrassing number of mistakes and misprints in this book
have been brought to my attention during the past five years. Also, more or
less desperate students have pointed out many phrases and formulations that
made little sense without further explanation. I am deeply grateful to Springer-
Verlag for allowing the numerous corrections in this revised second printing,
and hope that it will be of improved service to the fastidious mathematicians
it was aimed for.

GKP
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CHAPTER 1

General Topology

General or set-theoretical topology is the theory of continuity and conver-
gence in analysis. Although the theory draws its notions and fundamental
examples from geometry (so that the reader is advised always to think of a
topological space as something resembling the euclidean plane), it applies
most often to infinite-dimensional spaces of functions, for which geometrical
intuition is very hard to obtain. Topology allows us to reason in these situa-
tions as if the spaces were the familier two- and three-dimensional objects, but
the process takes a little time to get used to.

The material presented in this chapter centers around a few fundamental
topics. For example, we only introduce Hausdorff and normal spaces when
separation is discussed, although the literature operates with a hierarchy of
more than five distinct classes. A mildly unusual feature in the presentation
is the central role played by universal nets. Admittedly they are not easy to
get aquainted with, but they facilitate a number of arguments later on (giving,
for example, a five-line proof of Tychonoff’s theorem). Since universal nets
entail the blatant use of the axiom of choice, we have included (in the regie
of naive set theory) a short proof of the equivalence among the axiom of
choice, Zorn’s lemma, and Cantor’s well-ordering principle. All other topics
from set theory, like ordinal and cardinal numbers, have been banned to the

exercise sections. A fate they share with a large number of interesting topo-
logical concepts.

1.1. Ordered Sets

Synopsis. The axiom of choice, Zorn’s lemma, and Cantor’s well-ordering
principle, and their equivalence. Exercises.



1. General Topology

1.1.1. A binary relation in a set X is just a subset R of X x X. Itis customary,
though, to use a relation sign, such as <, to indicate the relation. Thus
(x,y) € Ris written x < y.

An order in X is a binary relation, written <, which is transitive (x < y and
y < z implies that x < z), reflexive (x < x for every x), and antisymmetric
(x < yand y < x implies x = y). We say that (X, <)is an ordered set. Without
the antisymmetry condition we have a preorder, and much of what follows
will make sense also for preordered sets.

An clement x is called a majorant for a subset Y of X, if y < x for every y
in Y. Minorants are defined analogously. We say that an order is filtering
upward, if every pair in X (and, hence, every finite subset of X) has a majorant.
Orders that are filtering downward are defined analogously. If a pair x, y in
X has a smallest majorant, relative to the order <, this element is denoted
x v y. Analogously, x A y denotes the largest minorant of the pair x, y, if it
exists. We say that (X, <) is a lattice, if x v y and x A y exist for every pair
x, y in X. Furthermore, (X, <) is said to be totally ordered if either x < y or
y < x for every pair x, y in X. Finally, we say that (X, <) is well-ordered if
every nonempty subset Y of X has a smallest element (a minorant for Y
belonging to Y). This element we call the first element in Y.

Note that a well-ordered set is totally ordered (put Y = {x, y}), that a totally
ordered set is a (trivial) lattice, and that a lattice order is both upward and
downward filtering. Note also that to each order < corresponds a reverse
order >, defined by x > yiff y < x.

1.1.2. Exampiles of orderings are found in the number systems, with their usual
orders. Thus, the set N of natural numbers is an example of a well-ordered
set. (Apart from simple repetitions, N U N U -+, this is also the only concrete
example we can write down, despite 1.1.6.) The sets Z and R are totally
ordered, but not well-ordered. The sets Z x Z and R x R are lattices, but not
totally ordered, when we use the product order, i.€. (x1,X,) < (y1,y,) when-
ever x, <y, and x, < y,. [If, instead, we use the lexicographic order, ie.
(x1,%,) € (¥1,y,) if either x; < y,, or x; = y; and x, < y,, then the sets
become totally ordered.]

An important order on the system #(X) of subsets of a given set X is given
by inclusion; thus A < B if A < B. The inclusion order turns &(X) into a
lattice with @ as first and X as last elements. In applications it is usually the
reverse inclusion order that is used, i.e. A < B if A > B. For example, taking
X to be a sequence (x,) of real numbers converging to some x, and putting
T, = {x,|k > n}, then clearly it is the reverse inclusion order on the tails T,
that describe the convergence of (x,) to x.

1.1.3. The axiom of choice, formulated by Zermelo in 1904, states that for each
nonempty set X there is a (choice) function

e SO\ (B} - X,
satisfying ¢(Y) € Y for every Y in #(X)\{0}.
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Using this axiom Zermelo was able to give a satisfactory proof of Cantor’s
well-ordering principle, which says that every set X has an order <, such that
(X, <) is well-ordered.

The well-ordering principle is a necessary tool in proofs “by induction,”
when the set over which we induce is not a segment of N (so-called transfinite
induction). More recently, these proofs have been replaced by variations that
pass through the following axiom, known in the literature as Zorn’s lemma
(Zorn 1935, but used by Kuratowski in 1922). Let us say that (X, <) is
inductively ordered if each totally ordered subset of X (in the order induced
from X), has a majorant in X. Zorn’s lemma then states that every inductively
ordered set has a maximal element (i.e. an element with no proper majorants).

1.1.4. Let (X, <) be an ordered set and assume that ¢ is a choice function for
X. For any subset Y of X, let maj(Y) and min(Y), respectively, denote the sets
of proper majorants and minorants for Y in X. Thus x € maj(Y) if y < x for
every y in Y, where the symbol y < x of course means y < x and y # x.

A subset C of X is called a chain if it is well-ordered (relative to <) and if
for each x in C we have

c(maj(C nmin{x})) = x. (%)
Note that ¢(X) is the first element in any chain and that {c(X)} is a chain
(though short).
1.1.5. Lemma. If C, and C, are chains in X such that C, & C,, there is an
element x, in C, such that

C, = C; nmin{x,}.

PRrOOF. Since C,;\C, # @ and C, is well-ordered, there is a first element X, in
C;\C,. By definition we therefore have

() Ci nmin{x,} = C,.

If thc? inclusion in (i) is proper, the set C,\(C, N min{x, }) has a first element
X5, since C, is well-ordered. By definition, therefore,

(ii) C; nmin{x,} = C; nmin{x,}.

.If the inclusion in (ii) is proper, the set (C, N min{x, })\min{x,} (contained
in C; N C,) has a first element y. By definition

(iii) C, nmin{y} = C, nmin{x,}.

However, if y < x for some x in C, " min{x,}, then y € C, n min{x,}, con-
tradicting the choice of y. Since both x and y belong to the well-ordered, hence
totally ordered, set C,, it follows that x < y for every x in C, nmin{x,}.
Thus in (iii) we actually have equality. Since both C, and C, are chains
(relative to the same ordering and the same choice function), it follows from
the chain condition () in 1.1.4 that y = x,. But y€ C; nmin{x,} while
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X, ¢ C; nmin{x,}. To avoid a contradiction we must have equality in
(ii). Applying the chain condition to (ii) gives x, = X, in contradiction with
x; ¢ C; and x, € C,. Consequently, we have equality in (i), which is the desired
result. O

1.1.6. Theorem. The following three propositions are equivalent:

(i) The axiom of choice.
(i) Zorn’s lemma.
(ii)) The well-ordering principle.

PROOF (i) = (ii). Suppose that (X, <)is inductively ordered, and by assumption
let ¢ be a choice function for X. Consider the set {C;j € J} of all chains in X
and put C = { ) C;. We claim that for any x in C; we have

C nmin{x} = C;n min{x}. (%)

For if y belongs to the first (obviously larger) set, then y € C, for some i in J.
Either C; = C;, in which case ye C;, or C; ¢ C;. In that case there is by 1.1.5 an
x; in C; such that C; = C;nmin{x;}. As y < x < x;, we again see that y € C,.

It now follows easily that C is well-ordered. For if @ # Y = C, there is a j
in J with C;n Y # 0. Taking y to be the first element in C;n Y it follows from
(*x) that y is the first element in all of Y. Condition (+#) also immediately shows
that C satisfies the chain condition () in 1.1.4. Thus C is a chain, and it is
clearly the longest possible. Therefore, maj(C) = @. Otherwise we could take

Xo = ¢(maj(C)) € maj(C),

and then C U {x,} would be a chain [(x) in 1.1.4 has just been satisfied for x, ]
effectively longer than C.

Since the order is inductive, the set C has a majorant x, in X. Since
maj(C) = @, we must have x,, € C, i.e. x,, is the largest element in C. But then
X, is a maximal element in X, because any proper majorant for x, would
belong to maj(C).

(ii) = (iii). Given a set X consider the system M of well-ordered, nonempty
subsets (C;, <;) of X. Note that M # @, the one-point sets are trivial members.
We define an order < on M by setting (C;, <;) < (C;, <;) if either C; = C; and
<; = <;, orif there is an x; in C; such that

C; = C;nmin(x;) = {x € Gj|x <; x;} and <, = <;|C,. (#x%)

The claim now is that (M, <) is inductively ordered. To prove this, let N be a
totally ordered subset of M and let C be the union of all C;in N. Define < on
C by x < y whenever {x,y} = C;e N and x <;y. Note thatif {x,y} = C;e N,
then x <,y iff x <;y because of the total ordering of N, so that < is a
well-defined order on C. Exactly as in the proof of (i) = (ii) one shows that if
x € C;, then

C nmin{x} = C; min{x} (++)
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(the result of 1.1.5 has been built into the order on M). As before, this implies
that (C, <) is well-ordered. The conclusion that (C, <) is a majorant for N is
trivial if N has a largest element (which then must be C). Otherwise, each
(C;, <;) has a majorant (Cj, <;) in N and is thus of the form (*#x) relative to
C;; and, as (+*) shows, also of the form (x*x) relative to C. We conclude that
(C, <) is a majorant for N, which proves that M is inductively ordered.

Condition (ii) now implies that M has a maximal element (X, <,,). If
X,, # X, we choose some x,,in X\ X,, and extend <, to X,, U {x,} by setting
x <, X, for every x in X,,. This gives a well-ordered set (X, U {x,}, <,,) that
majorizes (X, <,,) in the ordering in M, contradicting the maximality of
(X,, <,) Thus X = X and is consequently well-ordered.

(iii) = (i). Given a nonempty set X, choose a well-order < on it. Now define
¢(Y) to be the first element in Y for every nonempty subset Y of X. O

1.1.7. Remark. The subsequent presentation in this book builds on the ac-
ceptance of the axiom of choice and its equivalent forms given in 1.1.6. In the
intuitive treatment of set theory used here, according to which a set is a
properly determined collection of elements, it is not possible precisely to
explain the role of the axiom of choice. For this we would need an axiomatic
description of set theory, first given by Zermelo and Fraenkel. In 1938 Gddel
showed that if the Zermelo—Fraenkel system of axioms is consistent (that in
itself an unsolved question), then the axiom of choice may be added without
violating consistency. In 1963 Cohen showed further that the axiom of choice
is independent of the Zermelo—Fraenkel axioms. This means that our accep-
tance of the axiom of choice determines what sort of mathematics we want to
create, and it may in the end affect our mathematical description of physical
realities. The same is true (albeit on a smaller scale) with the parallel axiom
in euclidean geometry. But as the advocates of the axiom of choice, among
them Hilbert and von Neumann, point out, several key results in modern
mathematical analysis [e.g. the Tychonoff theorem (1.6.10), the Hahn—Banach
theorem (2.3.3), the Krein—Milman theorem (2.5.4), and Gelfand theory (4.2.3)]
depend crucially on the axiom of choice. Rejecting it, one therefore loses a
substantial part of mathematics, and, more important, there seems to be no
compensation for the abstinence.

EXERCISES

ELL1. A subset & of a real vector space X is called a cone if R + R = &
and R, & = K. Ifin addition — R n ] = {0} and ] — ] = X, we say
that K generates X. Show that the relation in X defined by x < y if
y —x e R is an order on X if & is a generating cone. Find the set
{x € X|x > 0}, and discuss the relations between the order and the
vector space structure. Find the condition on & that makes the order
total. Describe some cones in R" forn = 1, 2, 3.
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E1.13.

El.14.

E1.15.

E 1.1.6.

E11.7.

1. General Topology

Let « be a positive, irrational number and show that the relation in
Z x Z given by

(x1,%2) <(y1,¥2) if aly; —x) <y, —x,
is a total order. Sketch the set
{(xl’xl)ez X Z l (xL’XZ)Z(()’O)}‘

An order isomorphism between two ordered sets (X, <)and (Y, <)is
a bijective map ¢: X — Y such that x, < x, iff ¢(x,) < (x,). A
segment of a well-ordered set (X, <) is a subset of X of the form
min{x} for some x in X, or X itself (the improper segment). Show
that if X and Y are well-ordered sets, then either X is order iso-
morphic to a segment of Y (with the relative order) or Y is order
isomorphic to a segment of X.

Hint: The system of order isomorphisms ¢: X, » Y, where X,
and Y, are segments of X and Y, respectively, is inductively ordered
if we define @ <y to mean that X, = X, and y|X, = ¢. Prove
that for a maximal element ¢: X, — Y, either X, or Y, must be an
Improper segment.

The equivalence classes of well-ordered sets modulo order isomor-
phism (E 1.1.3) are called ordinal numbers. Every well-ordered set has
thus been assigned a “size” determined by its ordinal number. Show
that the class of ordinal numbers is well-ordered.

Hint: Given a collection of ordinal numbers {«;|j € J} choose a
corresponding family of well-ordered sets (X;|j € J} such that g is
the ordinal number for X; for every jin J. Now fix one X;. Either its
equivalence class «; is the smallest (and we are done) or each one of
the smaller X;’s is order isomorphic to a proper segment min{x;} in
X; by E 1.1.3. But these segments form a well-ordered set.

Let f: X — Y and g: Y — X be injective (but not necessarily surjec-
tive) maps between the two sets X and Y. Show that there is a
bijective map h: X — Y (F. Bernstein, 1897).

Hint: Define

A=) @o /P \g(Y)),
n=0

and put h = f on A and h = g~' on X\ A. Note that X\g(Y) < 4,
whereas Y\ f(4) < g~ (X \A).

We define an equivalence relation on the class of sets by setting
X ~ Y if there exists a bijective map h: X — Y. Each equivalence
class is called a cardinal number. Show that the natural numbers are
the cardinal numbers for finite sets. Discuss the “cardinality” of some
infinite sets, e.g. N, Z, R, and R?.

For the cardinal numbers, defined in E 1.1.6, we define a relation
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E.1.18.

E.1.1.9.

E1.1.10.

E.1.1.11.

by letting o < p if there are sets A and B with card(4) = « and
card(B) = B (a more correct, but less used terminology would be
Aeoand Bep, cf. E1.1.6), and an injective map f: A — B. Show
with the use of E 1.1.5 that < is an order on the cardinal numbers.
Show finally that the class of cardinal numbers is well-ordered.

Hint: For each set X, let w(X) be the smallest ordinal number
corresponding to well-ordered subsets of X with the same cardinal-
ity as X. Show that w defines an order isomorphism between the
class of cardinal numbers and a subclass of the ordinal numbers, and
then apply E1.1.4.

A set is called countable (or countably infinite) if it has at most (or
exactly) the cardinality (cf. E.1.1.6) as the set N of natural numbers.
Show that there is a well-ordered set (X, <), which is itself un-
countable, but which has the property that each segment min{x} is
countable if x € X.

Hint: Choose a well-ordered set (Y, <) that is uncountable. The
subset Z of elements z in Y such that the segment min{z} is un-
countable is either empty (and we are done) or else has a first element
Q. Set X = min{Q}. The ordinal number (corresponding to) Q is
called the first uncountable ordinal.

Let X be a vector space over a field F. A basis for X is a subset
B = {¢;|j e J} of linearly independent vectors from X, such that
every x in X has a (necessarily unique) decomposition as a finite
linear combination of vectors from B. Show that every vector space
has a basis.

Hint: A basis is a maximal element in the system of linearly
independent subsets of X.

Show that there exists a discontinuous function f: R — R, such that
f(x + y) = f(x) + f() for all real numbers x and y. Show that f(I)
contains arbitrarily (numerically) large numbers for every (small)
interval I in R.

Hint: Let Q denote the field of rational numbers and apply E 1.1.9
with X = R and F = Q to obtain what is called a Hamel basis for
R. Show that f can be assigned arbitrary values on the Hamel

basis and still have an (unique) extension to an additive function
on R.

Let X be a set and & (X) the family of all subsets of X. Show that

the cardinality of the set & (X) is strictly larger than that of X, cf.
E1.1.7.

Hint: If f: X — % (X) is a bijective function, set
A= {xeXl|x¢f(x)},

and take y = f~!(A). Either possibility y € 4 or y ¢ 4 will lead to
a contradiction.



1. General Topology

1.2. Topology

Synopsis. Open and closed sets. Interior points and boundary. Basis and
subbasis for a topology. Countability axioms. Exercises.

1.2.1. A topology on a set X is a system 7 of subsets of X with the properties that

(i) every union of sets in 7 belongs to t.
(i) every finite intersection of sets in 7 belongs to 7.
(iii) ferand X e 1.

We say that (X, 1) is a topological space, and that T consists of the open subsets
in (X, 7).

1.2.2. A metric on a set X is a function d: X x X — R, (the distance function)
that is symmetric [d(x, y) = d(y,x)] and faithful [d(x,y) = 0 iff x = y], and
satisfies the triangle inequality [d(x, y) < d(x, z) + d(z, y)]. We declare a subset
A of X to be open if for each x in A, there is a sufficiently small ¢ > 0, such
that the e-ball {y € X|d(x,y) < ¢} around x is contained in A. It is straight-
forward to check that the collection of such open sets satisfies the requirements
(i)—(iti) in 1.2.1, and thus gives a topology on X, the induced topology. Con-
versely, we say that a topological space (X, 1) is metrizable if there is a metric
on X that induces 7.

1.2.3. Remark. Itis a fact that the overwhelming number of topological spaces
used in the applications are metrizable. The question therefore arises: What
is topology good for? The answer is (hopefully) contained in this chapter, but
a few suggestions can be given already now: Using topological rather than
metric terminology, the fundamental concepts of analysis, such as conver-
gence, continuity, and compactness, have simple formulations, and the argu-
ments involving them become more transparent. As a concrete example, con-
sider the open interval ]— 1, 1[ and the real axis R. These sets are topologically
indistinguishable [the map x — tan(}7nx) furnishes a bijective correspondence
between the open sets in the two spaces]. This explains why every property
of R that only depends on the topology also is found in ]—1, 1[. Metrically,
however, the spaces are quite different. (R is unbounded and complete; ] — 1, 1[
enjoys the opposite properties.) A metric on a topological space may thus
emphasize certain characteristics that are topologically irrelevant.

1.2.4. A subset Y in a topological space (X, ) is a neighborhood of a point x
in X if there is an open set 4 such that x € A < Y. The system of neighborhoods
of x is called the neighborhood filter and is denoted by @(x). The concept
of neighborhood is fundamental in the theory, as the name topology in-
dicates (topos = place; logos = knowledge). A rival name (now obsolete) for
the theory was analysis situs, which again stresses the importance of neighbor-
hoods (situs = site).
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A point x is an inner point in a subset Y of X if there is an open set 4 suc.h
that x € A = Y. The set of inner points in Y is denoted by Y°. Note that Y°is
the set of points for which Yis a neighborhood, and Y is the largest open set
contained in Y.

1.2.5. A subset F of a topological space (X, 7)is closed if X\ F € 7. The definition
implies that § and X are closed sets and that an arbitrary intersection and a
finite union of closed sets is again closed.

For each subset Y of X we now define the closure of Y as the intersection
Y~ of all closed sets containing Y. The elements in Y~ are called limit points
for Y. Note the formulas

X\Y =(X\Y), X\Y° = (X\Y)".
We say that a set Y is dense in a (usually larger) set Z,if Z = Y.

1.2.6. Proposition. If Y « X and xe X, thenxe Y™ iff Yn A # ® for each A
in O(x).

Proor. If Y A = §) for some A4 in ¢(x), then without loss of generality we
may assume that 4 € 7. Thus X\4 is a closed set containing Y, so that
Y cX\Aandx¢ Y .

Conversely, if x ¢ Y™, then X\ Y~ is an open neighborhood of x disjoint
from Y. O

1.2.7.For Y c X the set Y™\ Y°is called the boundary of Y and is denoted by
Y. We see from 1.2.6 that x € 8Y iff every neighborhood of x meets both Y
and X\Y. In particular,dY = 9(X\Y). Note that a closed set contains its
boundary, whereas an open set is disjoint from its boundary.

1.2.8. If (X, 1) is a topological space we define the relative topology on any
subset Y of X to be the collection of sets of the form A N Y, 4 € 7. It follows
that a subset of Y is closed in the relative topology iff it has the form Yn F
for some closed set F in X. To avoid ambiguity we shall refer to the relevant
subsets of Y as being relatively open and relatively closed.

1.2.9. If 0 and 7 are two topologies on a set X, we say that ¢ is weaker than t
or that  is stronger than o, provided that ¢ « 7. This defines an order on the
set of topologies on X. There is a first element in this ordering, namely the
trivial topology, that consists only of the two sets @ and X. There is also a last

element, the discrete topology, containing every subset of X. As the next result
shows, the order is a lattice in a very complete sense.

1.2.10. Proposition. Given a system {1;|j € J} of topologies on a set X, there is
a weakest topology stronger than every t;, and there is a strongest topology
weaker than every t;. These topologies are denoted v t; and A t;, respectively.
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Proor. Define A 1; as the collection of subsets 4 in X such that 4 € t; for all
jin J. This is a topology, and it is weaker than every t;, but only minimally so.

Now let T denote the set of topologies on X that are stronger than every
1;. The discrete topology belongs to T, so T # 0. Setting v1; = A7, 7€ T, we
obtain a topology with the required property. O

1.2.11. Given any system p of subsets of X there is a weakest topology (p)
that contains p, namely, 1(p) = A 1, where 7 ranges over all topologies on X
that contain p. We say that p is a subbasis for 7(p). If each set in 7(p) is a union
of sets from p, we say that p is a basis for t(p). It follows from 1.2.12 that this
will happen iff X and each finite intersection of sets from p is the union of sets
from p. In particular, p is a basis for 7(p) if it is stable under finite intersections
and covers X.

Given a topological space (X, ), we say that a system p of subsets of X is
a neighborhood basis for a point x in X, if p < @(x) and for each A4 in O(x)
there is a B in p, such that B « A. The reason for this terminology becomes
clear from the next result.

1.2.12. Proposition. For a system p of subsets of X, the topology t(p) consists
of exactly those sets that are unions of sets, each of which is a finite intersection
of sets from p, together with @ and X.

Conversely, a system p of open sets in a topological space (X, ) is a basis
(respectively, a subbasis) for T, if p (respectively, the system of finite intersections
of sets from p) contains a neighborhood basis for every point in X.

Proor. The system of sets described in the first half of the proposition is
stable under finite intersections and arbitrary unions, and it contains ¢ and
X (per fiat). It therefore is a topology, and clearly the weakest one that
contains p.

Conversely, if a system p = t contains (or after taking finite intersections
contains) a neighborhood basis for every point, let 7(p) be the topology it
generates and note that t(p) = 7. If 4 € 1, there is for each x in 4 a B(x) in p
[respectively, in 7(p)] such that x € B(x) = A. Since 4 = { B(x), we see that
p is a basis for 7 [respectively, T = t(p)]. O

1.2.13. A topological space (X, ) is separable if some sequence of points is
dense in X.

A topological space (X, 7) satisfies the first axiom of countability if for each
x in X there is a sequence (4,(x)) in O(x), such that every 4 in O(x) contains
some A,(x) (ie. if every neighborhood filter has a countable basis).

A topological space (X, 7) satisfies the second axiom of countability if T has
a countable basis. According to 1.2.12 it suffices for t to have a countable
subbasis, because finite intersections of subbasis sets will then be a countable
basis.

The three conditions mentioned above all say something about the “size”
of 7, and the second countability axiom (which implies the two previous
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conditions) is satisfied for the spaces that usually occur in the applications.
Thus R” is second countable, because n-cubes with rational coordinates for
all corners form a basis for the usual topology. Note also that any subset of
a space that is first or second countable will itself be first or second countable
in the relative topology.

EXERCISES

E1.2.1.

E1.2.2.

E1.23.

E1.24.

E1.25.

E1.2.6.

(Topology according to Hausdorff.) Suppose that to every point x
in a set X we have assigned a nonempty family %(x) of subsets of X
satisfying the following conditions:

(i) x € A for every A4 in %(x).
(ii) If Ae%(x) and Be %(x), then there is a C in %(x) with
Cc AnB.
(iii) If A € %(x), then for each y in A4 thereis a Bin % (y) with B c A.

Show that if 7 is the weakest topology containing all %(x), x € X,
then %(x) is a neighborhood basis for x in 7 for every x in X

(Topology according to Kuratowski.) Let &(X) denote the system
of subsets of a set X, and consider a function Y — cl(Y) of #(X) into
itself that satisfies the four closure axioms:

(i) cl(@) = 0.
(i) Y < cl(Y) for every Y in & (X).
(iii) cl(cl(Y)) = cl(Y) for every Y in £ (X).
(iv) (YU Z) = cl(Y) u cl(Z) for all Y and Z in (X).

Show that the system of sets F such that cl(F) = F form the closed
sets in a topology on X, and that Y~ = cl(Y), Y € #(X).

Let Y be a dense subset of a topological space (X,1). Show that
(YN A)” = A~ for every open subset 4 of X.

Show that d(Y U Z) = 0Y U 0Z for any two subsets Y and Z of a
topological space (X, 1).

Show that the sets Jt, o[, t € R, together with @ and R is a topology
on R. Describe the closure of a point in R.

Let (X, <) be a totally ordered set. The sets {x € X|x < y} and

{x € X|y < x}, where y ranges over X, are taken as a subbasis for a

topology on X, the order topology. A familiar example is the order

topology on (R, <). A less familiar example arises by taking X as

the well-ordered set defined in E 1.1.8. Show that the order topology

on this set satisfies the first but not the second axiom of countability.
Hint: A countable union of countable sets is countable.
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E1.2.7.

E1.28.

E1.29.

E1.2.10.

E1.2.11.

E1.2.12.

1. General Topology

(The Sorgenfrey line.) Give the set R the topology 1 for which a basis
consists of the half-open intervals [y, z[, where y and z range over
R. Show that every basis set is closed in 1. Show that (R,7) is a
separable space that satisfies the first but not the second axiom of
countability.

Hint: If p is some basis for 7 and x e R, then p must contain a set
A such that x = Inf{y e 4}.

(The Sorgenfrey plane.) Give the set R? the topology 12, for which a
basis consist of products of half-open intervals [y,,z,[ x [y,,2,[,
where y,, y,, z;, and z, range over R. Show that (R 1?) is a
separable space. Show that the subset {(x,y) e R*|x + y =0} is

discrete in the relative topology (and thus nonseparable), but closed
in R2,

Let (X, 7) be a topological space such that 7 is induced by a metric
d on X. Show that 7 satisfies the first axiom of countability. Show
that 7 satisfies the second axiom of countability iff (X, ) is separable.
Deduce from this that the Sorgenfrey line (E 1.2.7) is a nonmetrizable
topological space.

A topological space (X, 1) is a Lindeldf space if each family ¢ in 1
that covers X (ie. X = | ) A4, A € 0) contains a countable subset
{A,In € N} c ¢ that covers X. Show that (X, 7) is a Lindeldf space
if 7 satisfies the second axiom of countability.

Hint: If ¢ is an open covering of X and {B,|n e N} is a basis
for 7, consider the countable subset {B, |k € N} of basis sets such

that each B, is contained in some A4, from ¢. This subset must cover
X.

Let o be a family of half-open intervals in R (of the form [x, y[). Show
that there is a countable subset ¢’ of ¢ such that

U4a=U 4

Aea A€o’
Deduce from this that the Sorgenfrey line (E 1.2.7) is a Lindeldf space
(E 1.2.10).

Hint: If ¢ = {[x;,y;[|jeJ}, then the set ¢’ of j’s such that
x;¢ U Ixi, vl ieJ, gives a family of mutually disjoint half-open
intervals. Show that ¢’ must be countable. For the elements in o\ ¢’
we may replace half-open intervals by open intervals, and appeal to
the Lindeldf property of the usual topology on R (which is second
countable, cf. E 1.2.10).

Show that every closed subset of a Lindeldf space is a Lindeldf space
in the relative topology (cf. E 1.2.10). Deduce from this that the
Sorgenfrey plane (E 1.2.8) is not a Lindelof space.
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1.3. Convergence

Synopsis. Nets and subnets. Convergence of nets. Accumulation points. Uni-
versal nets. Exercises.

1.3.1. A netin a space X is a pair (A, i), where A is a non-empty upward-filtering
ordered set (cf. 1.1.1) and i is a map from A into X. The standard notation for
anet will, however, be (x;), . o, Where we put x; = i(4) and indicate the domain
of i. Since we do not ask i to be injective, we have no use for the antisymmetry
in the order on A. Often a net is therefore defined with only a preordered index
set A.

The most important example of a net arises when A = N, i.e. when we have
a sequence in X. It is, of course, this example that also motivates the notation
(x2)1ea> Which is standard for sequences (although there the index set N is
omitted).

Sequences suffice to handle all convergence problems in spaces that satisfy
the first axiom of countability, in particular, all metric spaces. Certain spaces
(e.g. Hilbert space in the weak topology, 3.1.10) require the more general
notion of nets, and certain complicated convergence arguments (refinement
of sequences by Cantor’s diagonal principle) are effectively trivialized by the
use of universal nets; cf. 1.3.7. Nets are also called generalized sequences in the
literature, and as such they should be regarded.

1.3.2. A subnet of a net (A,i) in X is a net (M,j) in X together with a map
h: M — A, such that j = i o h, and such that for each A in A there is a pu(4) in
M with 1 < h(u) for every u > u(4). In most cases we may choose h to be
monotone [i.. v < p in M implies h(v) < h(u) in A], and then, in order to
have a subnet, it suffices to check that for each 1 in A there is a u in M with
A < h(p).

The definition of subnet may sound a bit intricate, but try to formulate a
strictly correct definition of the concept of subsequence!

1.3.3. We say that a net (x;),. 5 in a set X is eventually in a subset Y of X, if
there is a A(Y) such that x; € Y for every 4 > A(Y). We say that the net is
frequently in Y if for each A in A, there is a u > A with x, in Y. Note that (x;,)
is not frequently in Y iff (x,) is eventually in X\ Y.

A net (x;);c4 in a topological space (X,1) converges to a point x, if it is
eventually in each 4 in O(x). We write this as x = lim x;, or just x, — x.

A point x in X is an accumulation point for a net (x Jaea if the net is
frequently in every A in O(x). Note that with these definitions x is an accumula-
tion point of a net if some subnet of it converges to x; and, as we shall see, all
accumulation points arise in this manner.

1.3.4. Fundamental Lemma. Let % be a system of subsets of X that is upward-
filtering under reverse inclusion. If a net (x )ica I8 frequently in every set B in
9B, there is a subnet (X)), u that is eventually in every B in 2.
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Proor. Consider the set
M = {(4,B) e A x %|x, € B}

equipped with the product order as a subset of A x #. This order is upward
filtering. Because if (4, B) and (y, C) belong to M, there is a D in # with
D = B n C. Since the net is frequently in D, thereisavin Awithv> 4, v > p,
and x, € D. This means that (v, D) is a majorant for (4, B) and (u, C).

The map h: M — A given by h(4, B) = A is monotone, and for each 1 in A
there is a B in # and a v > 4 with x, € B, whence h(v, B) > A. Thus (X uem
is a subnet of (x;);.4; and for every B in & the subnet is eventually in B,
namely when p > (4, C) for some (1, C) in M with C c B. O

1.3.5. Proposition. For every accumulation point x of anet in a topological space
(X, 7) there is a subnet that converges to x.

ProoOF. Apply 1.3.4 with &4 = O(x). ]

1.3.6. Proposition. A point x in a topological space (X, 1) belongs to the closure
of a set Y iff there is a net in Y converging to x.

Proor. If x € Y™, then A~ Y # @ for every A4 in O(x) by 1.2.6. Applying the
axiom of choice (1.1.3) we can choose x, in AN Y for every A. The net
(x4).4 <o) belongs to Y and obviously converges to x.

Conversely, ifa net(x,); ., in Y converges to x, then each 4 in ¢(x) contains
points from Y (indeed, the whole net, eventually), whence x € Y~ by 1.2.6.

(]

1.3.7. A net (x;);. o in X is universal if for every subset Y of X the net is either
eventually in Y or eventually in X\ Y. In a topological space (X, 7) a universal
net will therefore converge to every one of its accumulation points. Thinking
of subnets as “refinements” of the original net, we see that a universal net is
maximally refined. The existence of nontrivial universal nets (i.e. those that
are not eventually constant) requires the axiom of choice. Note thatif f: X —
Y is a map and (x,);. » is a net in X, then (f(x;));c is a net in Y. And if the
net is universal in X, then the image net is universal in Y.

1.3.8. Theorem. Every net (x;); . 5 in X has a universal subnet.

ProOF. We define a filter for the net to be a system # of nonvoid subsets of
X, stable under finite intersections, containing with a set F any larger set
G o F, and such that the net is frequently in every F in #.

The set of filters for our net is nonvoid (set #, = {X}) and ordered under
inclusion. This order is inductive: If {#| j € J } is a totally ordered set of filters,
then # = ) & will be afilter for the net, majorizing every %;. Applying Zorn’s
lemma (1.1.3) we can therefore find a maximal filter # for (x;)zca.

Fix asubset Y of X. Ifforsome AlinAand E, F in # wehadbothx, ¢ EnY
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and x, ¢ F\ Y forevery u > 4, then the same would hold with E and F replaced
by the smaller set E N F in #. But

EnF=(EnFNY)U(ENF\Y),

and the net is frequently in E N F, a contradiction. Thus, the net is either
frequently in E N Y for every E in & or frequently in F\Y for every F in &.
In the first case we conclude that the system

#' ={FIF > EnY,Ee %}

is a filter for the net; and since # < %’ and & is maximal, this means
that # = #/, ie. Ye &#. In the second case we conclude analogously that
X\Ye #.

Applying 1.3.4. with 2 replaced by the maximal filter %, we obtain a subnet
of (x;);c o, Which is universal, since for every Y < X we have either Y € # or
X\Ye Z. O

1.3.9. In a topological space (X, 1) satisfying the first axiom of countability
(1.2.13), sequences may replace nets in almost all cases (the exception being
1.3.8). Thus, for every accumulation point x of a sequence (x,),n, there is
a subsequence converging to x. Indeed, if {4,|n € N} is a basis for 0(x), we
may assume that 4, > A4,,, for all n. By induction we can then find a sub-
sequence (X,ukcn, such that x,,, € A, for every k. But then x,4 — x, as
desired. Similarly, the statements in 1.3.6, 1.4.3, 1.5.2, and 1.6.2 have equivalent
formulations with sequences instead of nets, under the assumption that the
topological spaces mentioned are first countable.

1.3.10. Remark. It follows from 1.3.6 that a topology is determined by the
family of convergent nets on the space. In principle, convergence is therefore
an alternative way to describe topological phenomena (cf. your high school
curriculum or freshman calculus course). One may say that a description in
terms of open sets gives a static view of the problem, whereas convergence
arguments yield a more dynamic description. Which one to choose often
depends on the nature of the problem, so keep both in mind.

EXERCISES

E1.3.1. Let & denote the set of real-valued functions on some fixed set X. For
each finite subset E = {x,,...,x,} of X, each ¢ > 0 and f in & set

A(f.E, &) = {g € §llg(x) — f(x)l < &%, € E}.

Supply the details for the fact that these sets are a neighborhood
basis for a topology T on §, called the topology of pointwise conver-

gence. Consider a net (f;); ., in & that converges to f and convince
yourself that the topology is well named.
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E1.3.2.

E1.33.

E1.34.

E1.35.

E 1.3.6.

E1.3.7.

E138.

1. General Topology

With the notation as in E1.1.8, consider the set X, =X U {Q}
equipped with the order topology defined in E 1.2.6. Show that Q is
in the closure of X, but that no sequence in X converges to Q.

Hint: A countable union of countable sets is countable.

Take a bounded interval [a,b] in R and consider the net A of finite sub-
sets A = {xg,%y,...,X,} of R such that a =x, < x; < <x,=b,
ordered by inclusion. For each bounded function f on [a,b] and 4 in
A we define the four numbers

(S = sup{ fWx4—y < x < x%s (e = inf{ fX) %y < X < x5

%S = 3 M= Xk i = 3 Uk — 5us)

Show that the two nets (3_*; f);c4 and (3, /), a both converges in
R. Recall from your calculus course what it means that the nets have
the same limit. Now realize that you have been using net convergence
for a long time without you (and your teacher?) noticing!

A filter in a set X is a system & of nonempty subsets of X satisfying
the conditions:

(i) AnBe % forall A and Bin Z.
(i) If 4 =« Band A € %, then Be #.

If z is a topology on X we say that the filter converges to a point x in
X if O(x) = &. Show that a subset Y of X is open iff Y € & for every
filter # that converges to a point in Y. Show that if # and ¥ are
filters and & is a subfilter of % (i.e. # < %), then ¥ converges to every
convergence point for #.

An ultrafilter in a set X is a filter (cf. E 1.3.4) that is not properly
contained in any other filter. Show that this is the case iff for every
subset Y of X we have either Ye & or X\ Y e &#. Show that every
filter is contained in an ultrafilter.

Hint: Zornication.

Let (x,;); be a net in a set X. Show that the system & of subsets 4
of X, such that the net is in 4 eventually, is a filter (E 1.3.4). Show that
the net converges to a point x in X iff the filter converges to x.

Let & be afilter in a set X (E 1.3.4) and let A be the set of pairs (x, 4)
in X x & such that x € A. Show that the definition (x, 4) < (y, B)
if B< A gives an upward filtering preorder on A. Thus the map
i: A > X given by i(x, A) = x gives a net (A, i), alias (x;), »- Show that
the filter # converges to a point x in X iff the net converges to x.

Net-men and filter-fans often discuss the merits of the two means of
expressing convergence. Having solved E 1.3.4-7 you are entitled to
join the discussion.
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1.4. Continuity

Synopsis. Continuous functions. Open maps and homeomorphisms. I.nitial
topology. Product topology. Final topology. Quotient topology. Exercises.

1.4.1. Let (X, ) and (Y, 0) be topological spaces. A function f: X — Yis said
to be continuous if f "1(A) € 7 for every A in o. It is said to be continuous at a
point x in X if f71(A) € O(x) for every A4 in O(f(x)).

1.4.2. Proposition. A function is continuous iff it is continuous at every point.

PRrOOF. If f: X — Y is continuous and 4 € O(f(x)) for some x in X, choose
B < Ain O(f(x)) no. Then f~(B) € tand f "}(B) = f(A), whence f ~}(4) €
O(x).

If, conversely, f is continuous at every point and A € o, take x in f “1(A).
Thus 4 € O(f(x)), whence f 1(A) € O(x); so that f~'(A) is a neighborhood of
every point it contains and, consequently, is open. O

1.4.3. Proposition. For a function f between topological spaces (X, 1) and (Y, o),
and x in X, the following conditions are equivalent:

(i) f is continuous at x.
(i) For each A in O(f(x)) there is a B in O(x) such that f(B) = A.
(ili) For each net (x;); . such that x, — x we have f(x,) = f(x).

PROOF. (i) = (ii). If 4 € O(f(x)), set B = f'(A). Then B e ((x) by assumption
and f(B) c A.

(ii) = (iii). If x; » x and 4 € O(f(x)), choose by assumption a B in ¢)(x) such
that f(B) < A. Since the net (x,);. 5 is eventually in B, it follows that the net
(f(x3))1c 1s eventually in A. This shows that f(x;) - f(x).

(iii) = (i). If A € O(f(x)) and f"*(A) ¢ O(x), then x ¢ (f 1(A4))’, i.e.

xe X\(fTHA)y =X\ ().

By 1.3.6 there is then a net (x;);. in X\ f 1(4) converging to x. But since
f(x,) ¢ Afor all 4, we cannot have f(x;) — f(x). a

1.4.4. A function f: X — Y between topological spaces is open if f(A4) is open
in Y for every open subset 4 of X. In contrast to counter images for continuous
functions, an open map will not necessarily take closed sets to closed sets.

A homeomorphism is a bijective function f: X — Y that is both open and
continuous. Equivalently, both f and f~! are continuous functions. Spaces
that are homeomorphic are topologically indistinguishable. (A topologist is a
person who cannot tell the difference between a doughnut and a coffee cup
[Kelley]).

It is clear from the definitions that compositions of two continuous or open
functions again produce a function of the same type.
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1.4.5. Let X be a set and # be a family of functions f: X — Y,. If each Y, has
a topology 1, there is a weakest topology on X that makes all the functions
in # continuous. A subbasis for this topology is evidently given by the system

{f[YAAer,, feF}).

We call it the initial topology induced by .
Note that when % consists of a single function f: X — Y, the initial topology
is simply the sets f 7 (4), A € 1.

1.4.6. Proposition. Let X have the initial topology induced by a family F of

Sfunctions. A net (x,); . is then convergent to a point x in X iff (f(x;))ica
converges to f(x) for every f in F.

Proor. If 4 € O(x), there is by 1.2.12 a finite number of open sets 4, < Y;,,
1 < k < n, such that

xe ﬂfk"l(Ak) < A.

In particular, 4, € O(f,(x)) for every k, and by assumption there is a (k)
such that f(x;) € 4, for all 2 > A(k). Choosing 4, as a majorant for all A(k),
1 < k < n,wesee that x; € [} fi *(4,) for all 2 > 4,. This proves that x, — x.
The converse statement is immediate from 1.4.3 (iii). O

1.4.7. Corollary. A map g: Z — X from a topological space Z to X with initial
topology induced by &, is continuous iff all functions f o g: Z - Y, for f in #,
are continuous.

ProOF. Immediate from 1.4.2, 1.4.3, and 1.4.6. [}

1.4.8. Let {(X;,7;)|j € J} be a family of topological spaces, and consider the
cartesian product X =[] X;. For each j in J we then have the projection
n;: X - X; of the product space onto its jth factor. The initial topology on X
induced by the projections {r;|j € J} is called the product topology. A basis
for this topology is given by finite intersections () 7;'(A4;), where 4; € 7;, cf.
1.4.5. However, these sets are product sets of the form H A;, where 4; € 1;and
A; = X; for all but finitely many j in J. Evidently, the projection of each such
set is open, and since any map preserves unions, it follows that the projections
m;, j € J, are all open maps on X.

If J is a finite set, the product topology is an easy analogy from euclidean
spaces R": the open boxes form a basis for the topology. When J is infinite,
the analogy breaks down. Intuitively, the set of all products [1A4;, where
A; € 1;, should be the basis, giving us a much stronger topology on X than the
product topology. Intuition is wrong, as the ensuing theory of product spaces
(notably the Tychonoff theorem, 1.6.10) will show.

1.4.9. Let Y be a set and & be a family of functions f: X, — Y. If each X has
a topology 7, there is a strongest topology on Y that makes all the functions
in # continuous. It is called the final topology induced by & and consists of
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the sets
{AcYNfeZF:f (A e}

1.4.10. Proposition. Let Y have the final topology induced by a family & of
functions. A functiong: Y— Z of Y into a topological space Z is then continuous
iff all functions g o f, f € &, are continuous.

Proor. If all functions g o f are continuous and 4 is open in Z, then f _l(g_l(A?)
is open in X ;. But this means that /™' (g7"(A)) € 7 for all f, whence g~"(A) is
open in Y. 0O

1.4.11. Let (X, 7) be a topological space and let ~ be an equivalence relation
on X. With X as the space of equivalence classes and Q: X — X as the quotient
map, we give X the final topology induced by Q. This is called the quotient
topology. From the definition (1.4.9) we see that points in X are closed sets iff
each equivalence class is closed in X and that Q is an open map iff the
saturation of every open set 4 in X under equivalence, i.c. the set

A={xeX|x~yye4}

is also open in X.

EXERCISES

E1.4.1. Find a continuous function f: R — R that is not open.

E14.2. Find an open function f: R - R that is not continuous.
Hint: If x-int(x) = 0, «;, a5, ... is the binary expansion of the
fractional part of x, define g(x) = lim sup(n™ ;| j < n). Show that
g(I) = [0, 1] for every interval I in R. Take f = h o g, where h is an
arbitrary surjective function from [0, 1] to R.

E1.4.3. Let X be the subset of points (x, y) in R? such that either x = y=0
or xy = 1, and give X the relative topology. Let f: X — R be the

restriction to X of the projection of R? to the x-axis. Is f a continuous
map? Is f an open map?

E1.4.4. Let (X,7) be a topological space and denote by C(X) the set of
continuous functions from X to R. Show that the following combina-
tions of elements f and g in C(X) again produce elements in C(X):

of (ifa e RE IS 1/STiEO ¢ fXOL f + g5 fg: f v 95 f A g.

E14.5. Let T (torus) denote the unit circle in C, with the relative topology.
Show that the product space T? (the 2-torus) is homeomorphic to a
closed subset of R*. Consider now the map f;: R — T2 given by
fo(x) = (expix, expifix) for some 0 in R. Prove that f is continuous,
and find a condition on 6 that makes f, injective.

E1.4.6. Let X, Y, and Z be topological spaces and give X x Y the product
topology. Show that if a function f: X x Y — Z is continuous, then
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E14.7.

E148.

E1.4.9.

E14.10.

E14.11.

E1.4.12.

1. General Topology

it is separately continuous in each variable [i.e., for each x in X the
function y — f(x, y) is continuous from Y, to Z, and similarly for
each y in Y]. Show by an example that the converse does not hold.

Hint: Try f(x,y) = xy(x* + y*)™ if (x,y) # (0,0) and f(0,0) = 0.

Given a set X, show that the product space RX, endowed with the

product topology, is homeomorphic to the space § described in
E1.3.1.

Let (X, 7) and (Y, 6) be topological spaces and consider the product
space (X x Y, 7 x o). Show thatif 4 =« X and B < Y, then

(Ax By =A" xB~ and (4 x B’ = A4° x B".
Let I = [0,1] be regarded both as a topological space and as an
index set, and consider the product space X = I' with the product
topology. Note from E 1.3.1 and E 1.4.7 that the elements in X can
be “visualized” as functions f: I - I. Show that the elements f in X
for which the function f: I — I is continuous is a dense subset of X.
Deduce from this that X is a separable space. Now consider the
subset Y of X consisting of functions f for which f(y) = 0 for all y
in I except a single point x (depending on f) for which f(x) = 1.
Show that Y is a discrete set in the relative topology and is non-
separable. Show that Y™\ Y consists of a single point @ in X, and

that every neighborhood of @ must contain all but finitely many
points from Y.

On R we consider the equivalence relation ~ given by x ~ y if
x — y € Z. Describe the quotient space and the quotient topology.
See what happens if Z is replaced by Q.

(Topological direct sum.) Let (X,,7,) and (X,,1,) be topological
spaces and let X denote the disjoint union of X, and X,. Find the
topology T on X that contains X, and X, and for which the relative
topology on X; is 7; for j = 1, 2. Show that 7 is the final topology
corresponding to the embedding maps 1;: X; » X forj =1, 2.

(Inductive limits.) Let (X,,,) be a sequence of topological spaces
and assume that there is a continuous injective map f,: X, = X,
for every n. Identifying every X, with a subset of X, (equipped with
the relative topology if f, is a homeomorphism on its image), we form
X ={J X,, and give it the final topology induced by the maps
L X, — X

Take X, = R" with the natural embeddings f,: R" - R" x R, so
that X (as a set) can be identified with the subset of points X = (x,)
in R, for which x, = 0 for all but finitely many n. Show that the
inductive limit topology on X is stronger than the restriction of the
product topology on RN to X.

Hint: Show that the intersection of X with the cube (3O, 1[)" is
open in the inductive limit topology on X.
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E1.4.13.

E14.14.

E14.15.

E14.16.

E1.4.17.

E1.4.18.

E1.4.19.

E 1.4.20.

E14.21.

(Connected spaces.) A topological space (X,7) is connected if it
cannot be decomposed as a union of two nonempty disjoint open
sets. A subset of X is clopen if it is both open and closed. Show that
X is connected iff @ and X are the only clopen subsets. Let f: X = Y
be a surjective continuous map between topological spaces. Show
that Y is connected if X is. Show that every interval in R is connected
in the relative topology.

(Arcwise connected spaces.) A topological space (X, 1) is arcwise
connected if for every pair x, y in X there is a continuous function
£:10,1] - X such that f(0) = x and f(1) = y. Geometrically speak-
ing, f([0, 1])is the curve or arc that joins x to y. Show that an arcwise
connected space is connected (E 1.4.13). Show that Y is arcwise con-
nected if it is the continuous image of an arcwise connected space
(cf. E1.4.13).

Show that R is not homeomorphic to R
Hint: R?\{x,, x,} is a connected space, but R\ {x} is disconnected.

Let E and F be closed sets in a topological space X, such that
E U F = X. Show that if both X and E n F are (arcwise) connected,
then E and F are also (arcwise) connected.

Let E be a connected subset of R. Show that E is an interval (possibly
unbounded).

Show that the unit circle in R? is not homeomorphic to any subset
of R.

Hint: Use E1.4.17.

(Homotopy.) Two continuous maps f: X - Y and g: X — Y be-
tween topological spaces X and Y are homotopic if there is a contin-
uous function F: [0,1] x X — Y (where [0,1] x X has the product
topology), such that F(0, x) = f(x) and F(1, x) = g(x) for every x in
X. Intuitively speaking, the homotopy F represents a continuous de-
formation of f into g. Show that any continuous function f: R" > Y
is homotopic to a constant function, and that the same is true for
any continuous function g: X — R". Show that the identity function
11 St > S [where S' = {(x,y) € R*|x? + y? = 1}]is not homotopic
to a constant function.

(Homotopic spaces.) Two topological spaces X and Y are homotopic
if there are continuous functions f: X — Y and g: Y — X such that
g o f is homotopic to the identity function 1y on X and fog is
homotopic to the identity function iy on Y. Show that homotopy
is an equivalence relation among topological spaces. Show that
homeomorphic spaces are homotopic.

(Contractible spaces.) A topological space (X, 1) is contractible if it
is homotopic to a point (E 1.4.20). Show that X is contractible iff the
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E1.4.22.

E 1.4.23.
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identity map 1, is homotopic to a constant map. Show that every
convex subset of R” is contractible.

(The fundamental group.) Let (X,7) be a nonempty arcwise con-
nected (cf. E 1.4.14) topological space, and choose a base point x, in
X. A loop in X is a continuous function (curve) f: [0,1] - X such

that f(0) = f(1) = x,. On the space L(X) of loops we define a com-
position fg (product) by

fagy =g, 0<t<%  fa=f2t—-1), <1<,

for f and g in L(X). We define homotopy of loops, written f ~ g,
if there is a continuous function F:[0,1] x [0,1] = X such that
F(s,0) = F(s,1) = x, for every s and F(0,t) = f(t), F(1,t) =g(t)
for every t. Show that the set n(X) of equivalence classes (under
homotopy) of loops is a group under the product n(f)n(g) = n(fg),
where 7: L(X) — n(X) is the quotient map.

Hint: If F is a homotopy between the loops f; and f,,and Gis a
homotopy between the loops g, and g,, set

H(s,t) = F(s,2t) for 0<s<l1, 0<t<i;

H(s,t) = G(s,2t — 1) for 0<s<1, i<t<1;
and check that H is a homotopy between f, g, and f,g,. The product
in n(X) is therefore well-defined. If f € L(X), define " in L(X) by

f7(t) = f(1 — t) and check that f ! f ~ e, where e(t) = x, for all ¢.
The relevant homotopy is

F(s,t) = f(2st) for 0<s<1, 0<t<4%;
F(s,t) = f2s(1 — 1)) for 0<s<l1, i<t=<l

Similarly ff™! ~ e, fe ~ ef ~ f, so that n(e) is the identity in m(X).
Given f, g, h in L(X) we have

h(41) for 0<t<ji

flghy(t)= < gdt —1) for t<t<3
f@t—-1) for t<r<1
h(2t) for 0<t<%

(fo)h(t) = < g4t = 2) for 1<t<3
f4t—3) for }<t<l1

To show that f(gh) ~ (fg)h, use the homotopy
h(4t(1 + 97 for 4 —1<s
F(s,t)= < g4t —s — 1) for 4t—2<s<dt—1

fl4t—s—2)2—s") for s<4r—2.

Show that S2— the unit sphere in R>—is simply connected [i.c. n(S?)
= {0}, cf. E 1.4.22] but not contractible.
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E 1.4.24. Show that homotopic spaces (cf. E 1.4.20) have isomorphic funda-
mental groups (cf. E 1.4.22).

E 1.4.25. Show that if f: X — Y is a continuous map between arcwise con-
nected topological spaces, and f(x,) = yo (Where x, and y, are basis
points for the loop spaces on X and Y, respectively), then there is a
natural group homomorphism f,: n(X) — n(Y) between the funda-
mental groups (cf. E 1.4.22). Show thatifg: Y - Z is a similar map,
then (g Of)* =Jx Of*-

1.5. Separation

Synopsis. Hausdorff spaces. Normal spaces. Urysohn’s lemma. Tietze’s exten-
sion theorem. Semicontinuity. Exercises.

1.5.1. Convergence of a net in a topological space (X, 7) is not a very restrictive
notion if = has only a few sets. In a sufficiently weak topology, e.g. the trivial
topology (1.2.9), a net may even converge to several points. This is undesirable
(because it does not really happen very often in our applications of general
topology), so one usually expects a topology to satisfy Hausdorff’s separation
axiom (from 1914): If x # y, there are disjoint sets 4 in ¢(x) and Bin O(y). In
this case we say that (X, 1) is a Hausdorff space.

Note that points are closed sets in a Hausdorff space (but the condition
that points are closed does not imply that the space is Hausdorff). Note further

that any subset of a Hausdorff space is itseif a Hausdorff space in the relative
topology (1.2.8).

1.5.2. Propesition. A topological space (X, 1) is a Hausdorff space iff each net
converges to at most one point.

ProoF. If (x,), . 5 converges to x in a Hausdorff space (X, 1), and y # x, choose
disjoint neighborhoods 4 and B of x and y, respectively. Then (x,) is eventually
in A4, thus not in B, so (x,) does not converge to y.

Conversely, if each net has at most one convergence point, and x # y,
consider the index set A = O(x) x O(y) with the product order. If for any A4,
Bin 0(x) x O(y) we could find x4 gin A N B, we would have a net (X4 g)4 pea

converging to both x and y. This being prohibited, there must be pairs A, B
with An B = 0. O

1.5.3. Proposition. Let X have the initial topology induced by a family F
of functions that separates points in X [i.e. if x #y there is an f in &

with f(x) # f(y)]. If all spaces Y;, f € #, are Hausdorff spaces, then X is a
Hausdorff space.



24 1. General Topology

Proor. If x # y in X, choose fin # with f(x) # f(y). Since Y} is a Hausdorff
space there are disjoint open neighborhoods 4 and B of f(x) and f(y),

respectively. But then f71(A4) and f ~1(B) are disjoint open neighborhoods of
x and y, so that X is a Hausdorff space. O

1.5.4. Corollary. The product topology on a product of Hausdorff spaces is a
Hausdorff topology.

1.5.5. The Hausdorff separation axiom turns out to be a minimal demand of
a decent topological space. To ascertain the existence of an ample supply of
continuous real functions on the space, we need a more severe separation
condition. We say that the Hausdorff space (X, 1) is normal, if for each disjoint
pair E, F of closed sets in X there are disjoint open sets A, B such that E = 4
and F = B (Warning: some authors do not include the Hausdorff axiom in
the definition of normality.) Note that normality is equivalent with the de-
mand that for each closed set F and each open set B, such that F — B, there
is an open set A with F < A and A~ < B (set B = X \E).
We can now prove Urysohn’s lemma:

1.5.6. Theorem. In a normal topological space (X, 1) there is for each pair E, F

of disjoint closed sets a continuous function f: X — [0, 1] that is 0 on E and 1
onF.

PROOF. Set A, = X\F. Then use normality to find an open set A4,,, with
E < A, and A7, = A,. The normality condition applied to E and A, gives
an open set A, with E < Ay, and A7, © A,pp. Similarly, we obtain an open
set Ay, With A7, = Ay, and A3, = 4. Continuing this process by induction
we obtain for each binary fraction r = m27™", 1 <m < 2", an open set 4,
containing E, such that A, < A, wheneverr <s.

We now define f: X —[0,1] by letting f(x) =1 if x ¢ { ) 4(=4,) and
otherwise

f(x) = inf{r|x € 4,}.

Clearly fis 1 on F and 0 on E, so it remains to show that f is continuous.
If0 < t < 1, then f(x) < tiff x € A, for some r < t; whence

o, =4 4.
r<t
which is an open set in X. If0 < s < 1, then f{(x) <'s iff for each r > s there is
a binary fraction p < r such that x € A,. Thus
fo,sh=01 U Ap=qﬂ Ag-
r>sp<r >s
where the last equation (rather: the nontrivial inclusion o) follows from the
fact that if x € A; for every g > s, and if r > s is given, we can ﬁnfl p and q
withr > p > g > s,whencex e A, < A,. Consequently, f *(]s, 1])is an open
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set in X (since its complement was closed). The system of intervals [0, [ and
1s,1], where 0 < s < t < 1, is a subbasis for the usual topology on [0, 1] (cf.
1.2.11). It follows from the above that f~'(A) is open in X for every open set
Ain [0, 1], so that f is continuous. O

1.5.7. Remark. A topology 7 on X induced by a metric d (cf. 1.2.2) is normal.
In this case it is even quite simple to prove Urysohn’s lemma directly (from
which normality follows, since E = f~1([0,4[) and F < f (1%, 1])). Define
d(E,x) = inf{d(y,x)|y € E}, and check that this is a continuous function of x,
whose null set is precisely E~. If now E and F are disjoint, closed sets in X,
the function

f(x) = d(E, x)(d(E,x) + d(F,x))™!

satisfies the requirements of the lemma.

In contrast to this, the next result, the Tietze extension theorem, is interest-
ing also for metric spaces. Note, though, that in the setting of normal spaces
Urysohn’s result is The lemma that leads to Tietze’s theorem. (However,
Urysohn proved it as a step toward the metrization theorem, 1.6.14.)

1.5.8. Proposition. In a normal topological space (X, ), each bounded, contin-
uous function f: F — R on a closed subset F on X has an extension to a bounded,
continuous function on all of X.

Proor. Without loss of generality we may assume that f (F)c[—1,1]. By
Urysohn’s lemma (1.5.6) there is a continuous function fi: X > [—4,1] that
is ~3on f7Y([—1,—4])and  on f ([, 1]). In the remaining part of F the
values of both f and f; lie in [—3,4], so | f(x) — f,(x)| < % for every x in F.
Repeating the argument with f — f,|F in place of f yields a continuous
function f;: X > [—%-4,4-2], such that

1) = £ix) = ()] < G)?

forevery x in F. Continuing by induction we find a sequence ( f,) of continuous
functions on X, with | f,(x)| < ($)(3)" for every x in X and

fm—éﬂw

<@r

for every x in F.
The function f = ' f, satisfies

|ﬂms§@@ﬂ=1

for every x in X, and f|F = f- That f is continuous follows from the next,
familiar looking, result. O

1.5.9. Proposition. Let C(X, Y) denote the space of continuous functions from
a topological space (X,t) to a complete, metric space (Y,d). Equipped with
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the uniform metric

do(f.9) = sup{d(f(x), g(x)} A 1|x € X},

C(X,Y) is a complete, metric space.

PrOOF. Let (f,) be a Cauchy sequence in the metric space (C(X, Y),d_). Then
(f,(x)) is a Cauchy sequence in the complete space (Y,d) for each x in X, so
that we have a function f: X — Y defined by f(x) = lim f,(x). Furthermore,
we have, by definition of d, for each ¢ > 0 an N such that d_(f,f,) <&
whenever n > N. If therefore (x,), . , is a net in X converging to some x, then

d(f(x2), (%)) < 2doo(f f) + d(f(x3), £,(X))
< 26 + d(fu(x3), /u(x))

for n > N. Since f, is continuous, we have d( f(x,), f(x)) < ¢, eventually, which
shows that f is continuous at x (cf. 1.4.3), whence f € C(X, Y) by 1.4.2. O

1.5.10. A real function f on a topological space (X, 7) is lower semicontinuous
if £71(J¢, oof) €  for every real t. Analogously f is upper semicontinuous if

f"Y1—o0,t]) € t for every t. Note that if f is both lower and upper semi-
continuous, then

f710s,tD) = 1A, 0D N f Q-0 th) e T

for all s, t; and since the open intervals form a basis for the topology on R
(cf.1.2.11), we see that f is continuous. Note further that a function f is upper
semicontinuous iff —f is lower semicontinuous, so that we may restrict our
attention to the class C2(X) of lower semicontinuous functions on X. This
class is intimately connected with 7. If namely 4 < X, and if [4] denotes the
characteristic function for A {i.e. [A](x) = lif x € A and [A](x) = 0if x ¢ A4},
then [A]*(Jt, oo[) will either be X (if t <0), A (if 0 <t < 1), or @ (if t = 1).
We conclude that [4] e C?*(X)iff A e 1.

1.5.11. Proposition. A real function f on a topological space (X,7) is lower
semicontinuous iff for each convergent net (x;); A in X we have

fllim x,) < liminf f(x;,).

PROOF. If e C¥2(X) and x, - x, then the net belongs eventually to the
open neighborhood f “1(Qt, o) of x for every t < f(x). Consequently,
liminf f(x;) > t, whence lim inf f(x,) > f(x).

To prove the converse, consider the set F = f1(]—o0,t]) for some real ¢.
If x € F~,thereis by 1.3.6anet(x;); 5 in F that converges to x. By assumption
we have

f(x) < liminf f(x;) <1,

whence x € F. Thus F is closed and the complement f ~1(Jt, o), conse-
quently, is open, so that f € C*(X). |
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1.5.12. Proposition. A (pointwise) supremum of any number of elements in
CY2(X) and an infimum of finitely many elements will again define an elemen't
in CY2(X). Furthermore, C'?(X) is stable under addition and under multl-
plication with positive real numbers. Finally, C**(X) is closed under uniform
convergence.

ProoF. If { fj|j € J} = C*(X)andif\/ f; defines a real function f (a restriction
we could avoid by considering also functions with values in [ —o0, c0]), then
for each real ¢

At oD = 710t 0D er,
whence f € C'*(X). Similarly, we have (when J is finite) for g = /\ £, that

g7 QoD =) 't oD e,

so that also g € C*2(X).
If f and g belong to CY3(X), then f(x) + g(x) > t iff f(x) > s and g(x) >
t — s for some real s. Consequently,

(f+ 97 Q60D =) f'(0s,00)ng™'(Jt — s, 0[) e 7,

whence f + g € CY2(X). For s > 0 we have

N7t o) = f* s e, 0 e 7,
so that also sf € CY2(X).

Consider, finally, a sequence (f,) in C*2(X), which is a Cauchy sequence in
the metric d, defined in 1.5.9. Since R is complete, we find as in the proof of
1.5.9 a function f such that

9, = sup | f,(x) — f(x)| > 0.

It follows that for every convergent net (*2)1e4 in X we have
Sflimx;) <6, + f,(limx,)
<9, + liminf f,(x;) < 26, + liminf f(x,).
Since J, — 0, we see from 1.5.11 that f € C12(X), O
1.5.13. Proposition. In a topological space (X,t) for which the continuous
Junctions from X to [0, 1] separate points and closed sets, in particular, in any

normal space, each lower semicontinuous Junction f: X — R, is the (pointwise)
supremum of continuous real functions.

ProoF. If fe C'(X) and f > 0, we let M(f ) denote the set of continuous
functions g on X dominated by f. For each x in X and ¢ > 0 the set
F=f7(1-0,f(x) — e])

is closed and disjoint from {x}. By assumption there is then a contin-



28

1. General Topology

uous function g: X — [0, 1] such that g|F = 0 and g(x) = 1. It follows that
(f(x) — e)g € M(f). Consequently, with

f=Va geM,

we see that f(x) > f(x) — e. Since x and ¢ were arbitrary, f = £, as desired.

O

EXERCISES

E15.1.

E15.2.

E153.

E154.

E15.S.

E 1.5.6.

Let (X, 7) be a topological space and consider X2 with the product
topology. Show that X is a Hausdorff space iff the diagonal

A= {(x,y) e X?x =y}

is a closed subset of X2.

Let f: X — Y be a continuous map between topological spaces X
and Y, and consider the graph of f:

6(f) ={(x,»eX x Y|y = f(x)}.
Show that &(f) is closed in X x Y if Y is a Hausdorff space.

Let f: X — R be a function on a topological space X and consider
the hypergraph of f

BT (f)={(x,) e X x R|f(x) <t}.

Show that f is lower semicontinuous on X (cf. 1.5.10)iff ®*(f)is a
closed subset of X x R.

Show that a real function f on a topological space X is lower
semicontinuous iff f: X - R is continuous, when R is given the
topology from E 1.2.5.

Let f and g be continuous functions between topological spaces X
and Y, where Y is a Hausdorff space. Show that the set

{x e X|f(x) = g(x)}

is closed in X. Show that if f and g are equal on a dense subset of
X, then f = g.

A topological group is a group G equipped with a topology 7 such
that the map (x,y) = x "'y from G x G (with the product topology)
into G is continuous. Show in this case that the maps x —» x7%,
x = xy, and x — yx are homeomorphisms of G onto itself for every
fixed y in G. Show that 0(x) = xO(e) = O(e)x for every x in G, where
e denotes the unit of G. Show that O(e) has a basis consisting
of symmetric sets (47! = A). Show that a (group) homomorphism
n: G — H between topological groups G and H is continuous iff = is

continuous at e. Show that a topological group G is a Hausdorff
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E1.5.7.

E158.

E15.9,

E1.5.10.

space if for every x in G with x # e there is either an 4 in ©(x) such
that e ¢ A or a B in O(e) such that x ¢ B. Show that if 4 € 7, then
AB € © and BA e 7 for every subset B of G. Show that every open
subgroup of G is closed.

(Bing’s irrational slope space.) Let @ denote the rational numbers
and set X = {(x,y) € Q?|y > 0}. Choose an irrational number 8 and
for every ¢ > 0 set

A7 (5 y) ={zeQ|lz —(x — 07'y)| < &}
A;(x,y)={zeQ|lz—(x +071y)| < &}.

Put B,(x,y) = {(x,y)} v 4 (x,y) U A7 (x, y), where the A-sets are re-
garded as subsets of X lying on the x-axis. Geometrically speaking,
the sets AT are intervals whose midpoints, joined to (x, ), give lines
with slopes +6. Let B,(x,y), where (x,)) € X, be the basis for a
topology T on X. Show that (X, t) is a Hausdorff space. Show that
the closure of a neighborhood B,(x, y) has the form of a W [the
strokes of the letter having width 2(1 + 62)7Y26¢]. Use this to show
that X is connected and that X is not normal (hence not metrizable).
Show that every continuous real function on X is constant.

A topological Hausdorff space (X, 1) is called regular if for each
closed set F in X and every x in X\ F there are disjoint open sets A
and Bsuch that x € 4and F < B. Show that a regular Lindel6f space
(cf. E1.2.10) is normal.

Hint: Use the proof of 1.7.8.

A subset Y of a topological space (X, 1) is an F,-set, if Y = U E,,
where (F,) is a sequence of closed subsets of X. Show that every F,-set
in a normal space is normal (in the relative topology).

Hint: Assume first that G is an open F,-set of the form G = UG,
where each G, is open and G, < G,+1- Let f: C - [0,1] be a con-
tinuous function on a relatively closed subset C of G. Construct
inductively continuous functions Ja on (G, " G) U G,_, such that
MGy = f,-11Gy_; and f,|G7 A C = f1G; A C. Then (f,) defines a
unique, continuous extension of f, which proves that G is normal.

In the general case Y = (JF,, let E and F be closed subsets of X
such that (ENY)N(F N Y) = @. Thus, H = X\(EnF)is open and
Y < H. Construct inductively open subsets G, such that F, U G, c
G,;; « H. Then G = U G, is open and normal, so EN G and F A G
can be separated by open, disjoints subsets 4 and B in G. Con-
sequently, AnY and BN Y are relatively open subsets of Y that
separate EnYand Fn Y.

(Completely normal spaces.) Show that the following conditions on
a topological space (X, 7) are equivalent:



30 1. General Topology

(i) Every subset of X (equipped with the relative topology) is a
normal space.
(i) Every open subset of X is a normal space.
(iii) If Y and Z are subsets of X such that Y™ nZ =YnZ™ =,
they can be separated by open, disjoint sets in X

Hints: For (ii) = (iii), consider the open, hence normal, subspace G =
X\(Y™ nZ7)and separate Y~ n G and Z~ n G with open, disjoint sets 4 and
B. Show that, in fact, Y « 4 and Z — B.

For (iii) = (i) consider a pair Y, Z of relatively closed, disjoint subsets of an
arbitrary subset H of X. Showthat Y nZ=ZnY = 0.

1.6. Compactness

Synopsis. Equivalent conditions for compactness. Normality of compact
Hausdorff spaces. Images of compact sets. Tychonoff’s theorem. Compact
subsets of R". The Tychonoff cube and metrization. Exercises.

1.6.1. An open covering of a subset Y of a topological space (X, 1) is a subset
o of T such that Y = U A, A€ o. A subcovering of o is a covering g, that is
contained in o.

1.6.2. Theorem. The following conditions on a topological space (X,t) are
equivalent:

(i) Every open covering of X has a finite subcovering.

(i) If A is a system of closed subsets of X, such that no intersection of finitely
many elements from A is empty, then the intersection of all elements in A
is nonempty.

(ili) Every net in X has an accumulation point.

(iv) Every universal net in X is convergent.

(v) Every net in X has a convergent subnet.

Proor. (i) = (ii). If ﬂ F = (, when F ranges over A, the system {X\F|F € A}
is an open covering of X. By (i) there is then a subcovering {X\Fj|1 <j < n},
which implies that () F; = @, in contradiction with (ii).

(i1) = (iii). If (x;), 4 is a net in X, put

FA. = {xyll S l’l’}_

Given 4, ..., A,in A there is a common majorant 4, from which we conclude
that F; < F,,_for all k. In particular, ﬂ F, # 0. It follows from (ii) that there
is an x in () F;, A € A. By 1.2.6 this imples that for every A in O(x) and every
Ain A there are elements x, in A4 with g > 4. Thus the net is frequently in 4
(1.3.3), which means that x is an accumulation point.
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(iii) = (iv) because a universal net converges to each of its accumulation
points. Furthermore, (iv) = (v) by 1.3.8 and (v) = (iii) is evident from 1.3.3.

(iii) = (i). Let o be an open covering of X. Ordered by inclusion, the finite
subsets A of ¢ have an upward filtering ordering. If no 4 covers X, we can,
using the axiom of choice (1.1.3), find a net (x ) such that

x,eX\|J A=) X\4
A€l A€l
for every A. By (iii) this net has an accumulation point x in X. For any given
A in ¢ and B in O(x) there is therefore a A such that {4} < 4 (ie. A€ 4) and
x, € B. In particular, (X\4) " B # 0. Since X \ A4 is closed and B is arbitrary,
we conclude that x € X \ 4. Since this holds forevery Aing,and gisa covering,
we have reached a contradiction. Thus, some finite subset A of & covers X, as
desired. O

1.6.3. The equivalent conditions in 1.6.2 constitute the definition of a compact
topological space. Some authors (notably a deceased French general) include
the Hausdorff separation axiom in the term compactness. They call our
compact spaces quasicompact (The words bicompact and full compact are
also used.) Their plausible explanation is that the shorter form should be
reserved for the spaces that appear most frequently. Unfortunately, there are
compact spaces that fail to be Hausdorff spaces (the primitive ideal space for
a unital ring, equipped with the Jacobson topology). Moreover, it may facili-
tate the learning process to keep the axioms apart. We shall therefore stick to
our definition of compactness.

A subset C of a topological space X is compact if it is a compact topological
space in the relative topology (1.2.8). This means precisely that every open
covering of C (1.6.1) has a finite subcovering. The term relatively compact is
reserved for subsets Y of X that are contained in some compact subset of X.
The covering theorem of E. Borel states that every bounded subset of R" is
relatively compact. For good measure we include a proof of this wellknown
result in 1.6.12.

Note from 1.6.2(ii) that every closed subset of a compact set is compact.
By contrast, a compact subset of a topological space need not be closed, but,
as we shall see, the Hausdorff property remedies this defect.

1.6.4. Lemma. If C is a compact subset of a Hausdorff topological space (X, 1),

there are for each x ¢ C disjoint open subsets A and B of X, such that C = A
and x € B.

Proor. Since X is a Hausdorff space, there are for each y in C disjoint
open subsets A(y) and B(y), such that y € A(y) and x € B(y). The family
{A(y)|y € C} is an open covering of C and has therefore a finite subcovering

A(y1), A(3), ..., A(y,)- Set A = | ] A(y;,) and B = () B(y,), and check that A
and B are disjoint, open sets with C = 4 and x € B. O
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1.6.5. Proposition. Each compact subset C of a Hausdorff topological space
(X, 1) is closed.

ProoF. If x ¢ C, there is by 1.6.4 a B in ()(x) disjoint from C. Thus x ¢ C~ by
1.2.6, whence C = C™. O

1.6.6. Theorem. Every compact Hausdorff space is normal.

Proor. If E and F are disjoint closed subset of the compact space X, they are
themselves compact [cf. 1.6.2(ii)]. By 1.6.4 we can therefore for each x in F
find disjoint, open sets A(x), B(x), such that E = A(x) and x € B(x). The family
{B(x)|x € F} is an open covering of F and therefore has a finite subcovering
B(x,), B(x,), ..., B(x,). Set B = | ) B(x,) and 4 = [} A(x,) and check that 4
and B are disjoint, open sets with E = 4 and F < B. O

1.6.7. Proposition. If f: X — Y is a continuous function between topological
spaces X and Y, and if X is compact, then f(X) is compact.

ProoF. If ¢ is an open covering of f(X), the system { f "!(4)|4 € ¢} will be an
open covering of X. Since X is compact there are sets 4,, ..., A, in o such

that X = | ) f7(4,), whence f(X) = | ) fo f71(4,) = | 4. |

1.6.8. Proposition. Let f: X — Y be a continuous, injective map from a compact
space X into a Hausdorff space Y. Then f is a homeomorphism of X onto f(X)
in its relative topology.

Proor. Every closed subset F of X is compact, whence f(F) is compact in Y
by 1.6.7. Since Y is a Hausdorff space, this implies that f(F) is closed by 1.6.5.
Since f is injective, we conclude from this that f(A) is relatively open in f(X)
for every open subset A of X, so that f: X — f(X) is a homeomorphism. [

1.6.9. A compact Hausdorff topology T on X is rigid: There is no weaker
topology ¢ on X that still makes it a Hausdorff space [apply 1.6.8 to the
identical map of (X, ) onto (X, )], and there is no stronger topology ¢ on X
in which it is still compact [apply 1.6.8 to the identical map of (X, o) onto
(X,7)].

1.6.10. Theorem. If {X;|j € J} is a family of compact topological spaces, then
the product space | | X;, equipped with the product topology, is compact.

PROOF Let (x;);. 4 be a universal net in H X;. If m; denotes the projection on

., the image net (m;(x;));ca 18 universal in X and consequently convergent
to a point x; by 1.6. 2(1v) Let x denote the pomt in [ ] X; for which z;(x) = x;
for all j in J Since m)(x;) — n;(x) for every j, we conclude from 1.4.6 that
x; — x. Thus each unlversal net is convergent, whence | | X; is compact by
1.6.2(iv). O
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1.6.11. Remark. The fundamental result above is Tychonoff’s theorem. The
deceptively short proof we have presented is based on the solid preparations
in 1.4.6 and 1.6.2. The proof of 1.6.2 and thus also the proof of Tychonoff’s
theorem uses the axiom of choice in a crucial manner. Indeed, Kelley has
shown that the axiom of choice can be derived from Tychonoff’s theorem
(when the latter is assumed to hold for arbitrarily large index sets and all
compact topological spaces).

1.6.12. Proposition. Every closed, bounded subset C of R" is compact.

Proor. Since C is bounded, we can find closed intervals I, I,, ..., I, such that
C is contained in the n-cube | | I, as a closed subset. By Tychonoff’s theorem
it therefore suffices to show that each closed interval I = [a, b] in R is compact.

Let o be an open covering of I. Consider the supremum s of all those
numbers t, witha < t < b + 1, such that the interval [q, t] is covered by some
finite subcovering of ¢. If s < b, there is some A4, in ¢ such that s € 4. Since
A, is open, it follows that [s — ¢, s + &] < A, for some & > 0. By definition of
s there is a finite subset {4, 4,,..., A,} of o that covers the interval [a, s — £].
But then the interval [a, s + €] is covered by the sets 4y, 4, ..., A, contradict-
ing the definition of s. Consequently, s > b, which means that [a, b] has a finite
subcovering of o, as desired. O

1.6.13. Our last result in this section provides a relatively concrete model for
a large class of nice topological spaces. At the same time it answers the rather
intriguing question: Which separable topological spaces are metrizable?

The Tychonoff cube is the space T = [0,1]Y obtained as a product of
countably many copies of the unit interval [0, 1]. Equipped with the product
topology, T is a compact Hausdorffl space by 1.5.4, 1.6.10, and 1.6.12. For
x = {x,} and y = {y,} in T define

d(x, ) = Y. 27Xy = yal-

It is easily verified that d is a metric on T. Given x in T and & > 0, set
A = {yeT|d(x,y) < &}. Choosing m such that 2™™ < L& we see that the set

B= 'Ql {(yeTlly, — x,| < e}

is contained in A. Since the A-sets form a basis for the topology t(d) induced
by the metric d (1.2.2), whereas the B-sets are a basis for the product topology
7 (1.4.8), we see that 7(d) = 7. Since 7(d) is a Hausdorff topology, it follows

from 1.6.9 that t(d) = 1. Consequently, the Tychonoff cube and all its subsets
are metrizable topological spaces.

1.6.14. Proposition. Each second countable, normal space is homeomorphic to

a subset of the Tychonoff cube, and, consequently, is metrizable. [f the space is
compact, the subset is closed.
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PROOF. Let {A4,|n € N} be a basis for the topology on the space X. If 4, < A,,,
then by Urysohn’s lemma there is a continuous function f: X — [0, 1] that is
O on A, and 1 on X\ A4,,. The collection of pairs (4,, 4,,) such that 4, < 4,,
is clearly countable, and gives rise, therefore, to a sequence (f;) of functions
as described above.

We now define a map 1: X — T (where T = [0,1]V) by #(x) = {£i(¥)}xen-
If Fisaclosed subsetin X and x ¢ F, thereisaset 4,,such thatx € 4,, « X\ F.
Thus, {x} = A,, and from the normality of X we see that there is some A4, such
that x € A, and A4, < A4, cf. 1.5.5. Consequently, one of the functions f, will
beOatxandlonF.Ify e X with y # x, weset F = {y} and have fi(y) # f(>).
This proves that the map : is injective. If A is open in X and x € 4, we set
F = X\ A4 and find an f, that is 0 at x and 1 on F. Then

1(x) e {y e Tly, < 4} n1u(X) = 1(A).
Since x is arbitrary, this proves that 1(A) is relatively open in 1(X). Clearly
1: X — Tis continuous (1.4.7), and we just showed that it was a relatively open

map and therefore a homeomorphism between X and 1(X).
If X is compact, 7(X) is closed in T by 1.6.7 and 1.6.5. ]

EXERCISES

E1.6.1. Let f: X - Y be a function between compact Hausdorff spaces X
and Y, such that the graph of fis closed in X x Y (see E 1.5.2). Show
that f is continuous.

E1.6.2. Let f: X - R be a continuous function on a compact space X. Show
that f is bounded. Show that f attains its maximum and its minimum
on X. Assume only that f is semicontinuous on X and prove “half”
of the two previous assertions.

E1.6.3. Let C and D be compact subsets of topological spaces X and Y,
respectively. Show that if G is an open subset of X x Y containing
C x D, there are open sets 4 and B in X and Y, respectively, such
that Cc A, Dc B,and A x Bc G.

E1.64. Let C and F be closed subsets of a metric space (X,d). Show that if
C is compact, there is an x, in C such that

inf{d(x, y)|x € C, y € F} = inf{d(x,, )y € F}.
E1.6.5. Let C be a compact subset of a metric space (X,d). Show that for

every open covering ¢ of C there is an ¢ > 0, such that for each x in
C the ball {y € X|d(x,y) < &} is contained in some element from o.

E 1.6.6. (Dini’s lemma.) Let (f3); . be a net of real continuous functions on
a compact space X. Assume that A < pimplies fi(x) < f.(x)forevery
x in X and that there is a continuous function f on X such that
lim f,(x) = f(x) for every x in X. Prove that (f,) converges uniformly

to f,ie. | fi = flle—0.
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E1.6.7.

E1.6.8.

E1.6.9.

E 1.6.10.

El.6.11.

Let X be an infinite set and let T denote the system of subsets 4 of
X such that X\ A is finite, together with the set @. Show that t is a
topology on X, and that (X, 7) is compact, but not a Hausdorff space.
Show that points are closed sets in X. Show that every infinite subset
of X is dense and deduce that (X, 7) is separable. Assume that X is
uncountable and show that (X, 7) satisfies neither the first nor the
second axiom of countability.

(The Cantor set.) Let C denote the set of real numbers x of the form

x=Y 37" wherea,=0o0ra,=2.
n=1

Show that C = ") C,, where C, = [0, 1] and where C,,, is obtained
from C, by deleting the (open) middle third of each of the intervals
that belong to C,. Deduce from this that C (in the relative topology
induced from R) is a compact Hausdorff space. Show that C as a
subset of R has empty interior, but no isolated points. Show that
every x in C has a unique expression x = » «,3™" and that C is
homeomorphic with the product space {0,1}N (and thus uncount-
able). Show that the map f: C — [0, 1] given by f(x) = ) «, 27"},
where x = Y a,37", is continuous and surjective.

Consider the Cantor set C defined in E 1.6.8. Show that if x, y, and z
are pointsin C withy < x < zand x = ¥(y + z), then,ifx = ) «,37",
y=3 837" z=)7y,37" there is an m such that a, = , = y, for
all n < m; then either o, = f, =0, y,, =2 whence a, =2 and
B.=v,=0forn>mora,=9,=2,f,=0and f,=y,=2 and
o, =0 for n > m. Deduce that R\C contains an interval, one of
whose endpoints is x.

Show that for each closed subset F of the Cantor set C (cf. E1.6.8)
there is a continuous function f: C — F such that f|F is the identity
map.

Hint: Define f(x) to be the nearest point to x in F. In case y and z
in F have the same minimal distance to x we have x = 1(y + z) with
y < x < z,and may define f(x) = yif ]x,x + ¢[ = R\C,but f(x) = z
if ]x — &, x[ = R\C, using E 1.6.9.

Show that every compact metric space X is the continuous, surjec-
tive image of the Cantor set C (cf. E 1.6.8).

Hint: Identify C with {0,1}"N and for « = (a,) in C let 1(x) =
{n e N|a, = 1}. Let D be the open set of points a in C for which 1(a)
is finite, and for each o in C\D define f(a) = () 4,, n € 1(«), where
(A,) is a basis for the topology on X consisting of closed balls with
radii tending to 0 as n— oo. Show that the set E of points o in
C\D for which f(x) = @ is open in C\D. Take F = C\(D U E) and
show that we have a surjective function f:F — X. Show that
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f7YA,) = {« € Fla, = 1} and hence that f is continuous. Now apply
E 1.6.10.

E1.6.12. Let (X, <)be a totally ordered set equipped with the order topology
from E 1.2.6. A subset Y of X is called order bounded if for some x
and z in X we have x < y < z for all y in Y. If every order bounded
subset of X has an infimum and a supremum, we say that X is order
complete. Show that X is order complete iff every closed, order-
bounded subset of X is compact. Show that X is connected iff it is
order complete and contains no holes [i.e. no pairs (x, z), such that
x <zbut {y|x <y <z} =0]

Hint: Imitate the proof of 1.6.12.

E1.6.13. Let X =[0,1] x [0,1] equipped with the lexicographic order
[(x15y1) < (x,,y,)ifeither x; < x,orifx; = x,and y, < y,]. Show
that X equipped with the order topology is a connected, compact
Hausdorff space. Show that X satisfies the first axiom of countability,
but that X is not separable and thus not metrizable.

Hint: Use E1.6.12.

E1.6.14. Let T (torus) denote the unit circle in C regarded as a multiplicative
group. Show that T is a compact topological group (cf. E 1.5.6). Show
that T* in the product topology is a compact topological group for
every index set X.

E 1.6.15. Given a discrete group G, take T as in E 1.6.14 and let hom(G, T)
denote the set of maps «: G — T such that a(g,g,) = a(g,)x(g,) for
allg,, g, in G. Show that hom (G, T) is a compact topological group.

Hint: Find a group isomorphism of hom(G, T) to a closed sub-
group of T

1.7. Local Compactness

Synopsis. One-point compactification. Continuous functions vanishing at
infinity. Normality of locally compact, o-compact spaces. Paracompactness.
Partition of unity. Exercises.

1.7.1. A topological space (X, ) is locally compact if every point in X has a
compact neighborhood. Equivalently, 7 has a basis of relatively compact sets.
The class of locally compact spaces is very important in analysis and geometry
and contains by 1.6.12 all euclidean (and all locally euclidean) spaces. The
class also contains all discrete spaces, which gives us a large but not very
serious collection of examples. .

Some problems about locally compact spaces can be solved by adjoining
a “point at infinity,” and then using compactness arguments on the enlarged
space. We first discuss this process.
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1.7.2. A compactification of a topological space (X, 1) is a triple.(X ,T,1), where
(X,7) is a compact topological space and : is a homeomorphism (?f X on a
dense subset of X. Usually the embedding is understood, and we just write
X < X. It may happen that a compactification of a Hausdorff space is not
itself Hausdorff, and therefore worthless. Fortunately, the class of topological
spaces that admit a Hausdorff compactification is quite large. These are the
Tychonoff spaces or completely regular spaces (defined in 4.3.17), a class
which contains all normal spaces. For our purposes here, the simplest com-
pactification—the one-point compactification—will suffice, because it gives a
Hausdorff compactification of every locally compact Hausdorff space.

1.7.3. Proposition. Every noncompact topological space (X, 1) admits a com-
pactification (X, %) with X = X U {o0}. The space X is Hausdorff iff X is a
locally compact Hausdorff space.

Proor. Let X denote the union of X with a single extra point, which we
suggestively denote by co. Consider now the system 7’ of subsets 4 of X such
that .o € 4 and X\ A is a closed, compact subset of X. Since every closed
subset of a compact set is compact, we see that 1’ is stable under formation of
arbitrary unions and finite intersections. Furthermore, if A € ' and B € 1, then
AuBet and AN B e 1, since

X\(4 U B) = (X\A4)n (X \B), AnB = X\((X\A4)u(X\B)).

It follows that the system £ = 7 U 1’ is a topology on X, such that the relative
topology on X is 7 (because X n 4 € tif 4 € 7'). Thus, the embedding of X in
X is a homeomorphism. Every neighborhood of oo meets X (because X is
noncompact), so X is dense in X. Every open covering of X must contain at
least one set A, from 7. The remaining sets give an open covering of the
compact set X\ A,, and therefore have a finite number A s ---» A, covering
X\ 4,. Taken together the sets A, A,, ..., A, form a finite subcovering of X.
This proves that X is a compactification of X.

If X is a locally compact Hausdorff space and x € X, we can choose a
compact neighborhood C of x. By 1.6.5 C is closed, so X\ C e . It follows
that C° and X\ C are disjoint, open neighborhoods of x and oo in X. All other
pairs of points can be separated by sets in 7, and we conclude that X is a
Hausdorff space. Conversely, if X is a Hausdorff space, then X must be locally
compact (Hausdorff), because it is an open subset of X so that the next
proposition applies. O

1.7.4. Proposition. Every open and every closed subset of a locally compact
Hausdorff space is a locally compact Hausdorff space in the relative topology.

PRrOOF. If 4 is an open subset of X and x € A, we choose a compact neighbor-
hood C of x in X. Applying 1.6.4 to x and C\ 4 we obtain disjoint open sets
B and D in X, such that xe B and C\4 = D. Then C\D is a compact
neighborhood of x contained in A.
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If F is a closed subset of X and x € F, we take, as before, C to be a compact
neighborhood of x in X. Then C n F is compact and is a neighborhood of x
in the relative topology on F. O

1.7.5. Proposition. Let (X, 1) be a locally compact Hausdorff space. To each
compact set C and every open set A containing C there is a continuous function

[+ X = [0,1], that is 1 on C and for which the set {x € X| f(x) > 0}~ is compact
and contained in A.

ProoF. Consider the compact Hausdorff space X u {0} (1.7.3). Since C is
closed in X U {c0}, which is normal by 1.6.6, we can find a closed neighbor-
hood D of o disjoint from C; and we may assume that D > X U {0} \ 4.
Applying Urysohn’s lemma (1.5.6) to the sets C and D we obtain a continuous
function g on X u {co} that is 1 on C and O on D. We define another
continuous function f by setting f(x) = 2(g(x} — 1) v 0. Then

{(xe X|f(x)> 0} = {xe Xlg(x) > 3}
< {x e X|g(9) > 3} < {x e X|g(x) > 0}
= XU {o}\D < 4.

Moreover, the first three of these sets are compact because g is continuous on
X v {00} and g(o0) = 0. O

1.7.6. We say that a function f on X has compact support if the set
{x € X|f(x) # 0}~ is compact, and we denote by C(X) the set of continuous
scalar-valued functions on X with compact support. It follows from 1.7.5 that
the class C,(X) is large enough to separate any compact set from any disjoint
closed set.

A slightly larger class of functions will be important to us later (see 2.1.13
and 4.3.14). This is the set Co(X) of continuous functions f on X, such that
for every ¢ > 0 the set

{x e X|lf(x)| > &}

is compact. Note that f € Co(X) iff it has an extension f in C(X U {c0}) such
that f(oo) = 0. We say that the function f vanishes at infinity.

1.7.7. A locally compact Hausdorff space X need not be normal. This un-
pleasant phenomenon will not arise, however, ifin addition we demand that X
is s-compact, i.e. a countable union of compact subsets. For future use we note
that in a locally compact, o-compact Hausdorff space X there is an increasing
sequence (E,) of open, relatively compact subsets, such that E, < E,, for
every n, and U E, = X.To see this we use 1.7.5 to observe that every compact
subset of X is contained in a relatively compact, open set. Since X by definition
is a union of a sequence (C,) of compact sets, we may construct a sequence
(E,) inductively by taking E,., as a relatively compact open set containing
C,VE,.
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1.7.8. Proposition. Every locally compact, a-compact H ausdorff’ space is normal.

Proor. If E and F are disjoint, closed sets in the space X, we choose for each
x in E an open neighborhood A(x) in ¢(x) such that A(x)” N F = . For this,
1.7.5 is more than enough. Since E is g-compact, the covering {A(x)|x € E}
has a countable subcovering (4,). Similarly, we can find a sequence (B,) of
open sets that covers F, such that B, N E = @ for every n. Now set
A = A,,\ U B, B,= B,,\ U Ar.
k<n k<n

If m < n, then A, < X\B,, and B,, < B, so that 4, " B, = 0. By symmetry
this also holds if n < m, so that A = (] 4, and B = (] B, are disjoint, open
subsets of X. Since (4,) covers E, whereas E n B, = §, it follows that E = A.
Similarly, F = B, and the proof is complete. O

1.7.9. Corollary. Every second countable, locally compact Hausdorff space is
metrizable.

Proor. If X is second countable and locally compact, choose a basis (4,) for
the topology. The subsequence of relatively compact A4,’s is still a basis,
because X is locally compact; in particular, X is g-compact. By 1.7.8 we see
that X is normal and thus metrizable by 1.6.14. ]

1.7.10. A refinement of an open covering {4;|j € J} of a topological space (X, 7)
is an open covering {B|i € I}, such that each B; is contained in some A4;. A
covering {4;|j € J} is called locally finite if each x in X has a neighborhood
A such that A n A; = @ for all but finitely many j in J. A topological space is
paracompact if every open covering has a locally finite refinement.
Paracompactness, like local compactness, is clearly a definition that at-
tempts to localize the useful properties of compactness. The class of para-
compact spaces is pleasantly large and includes, in fact, all metrizable spaces.
There are therefore spaces that are paracompact without being locally com-
pact (and vice versa). In view of 1.7.11 it is worth mentioning that every locally

compact, paracompact Hausdorff space is the topological disjoint union of a
family of g-compact spaces.

1.7.11. Propeosition. Every locally compact, o-compact Hausdorff space is para-
compact.

ProOF. Given an open covering {4;|je J} of the space X, we choose a
sequence (E,) of open, relatively compact subsets covering X, such that

E; c E,.,foreveryn,cf. 1.7.7. We write C, = E, \E,_, (with E, = @forn < 0)
and let

B = 4,00 (Enei\Ey—s), jeJ.

The sets B; are open and cover C,. Since C, is compact, there is therefore a
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finite subset J, of J such that C, = | } B;,j € J,. Put I = { J J, and note that the
family {B;|j € I} is an open covering of X and a refinement of the first covering.
Given an x in X we have x € E,\ E,_, for (exactly) one n, so that E \E, _, is
an open neighborhood of x. Now B; ~ (E,\E,_,) = 0 unless j € J,,, where

n—3<m<n+2;

and this holds only for a finite number of ’s. O

1.7.12. Propesition. Let (A,) be a locally finite, open covering of a normal space
X. There is then a sequence (f,) of continuous functions from X to [0, 1], such
that f,(x) = 0 for x ¢ A, and Y f,(x) = 1 for every x in X.

PrOOF. Assume that for each natural number k < n we have chosen open sets
B, such that B, < A4, and

()(ye)->

(so for n = 1 no choices have been made). Put

() (0)

It follows from () that F, = A,, and since F, is closed and X is normal, there
is an open set B, such that

F,eB,c B, c A,

cf. the remark in 1.5.5. Consequently,

(0,20, 4)= (U a)o(ya)om-x

which is the condition (*) for n + 1. By induction, we can therefore find a
sequence (B,) of open sets such that B, = 4, and (x) is satisfied for every n.
Since the covering (4, is locally finite, the “tails” in \J 4;,j = n, have empty
intersection, which by (%) implies that (B,) is a covering of X.

By Urysohn’s lemma (1.5.6) there is for every n a continuous function
g.: X = [0,1] thatis 1 on B, and 0 on X\ 4,. Set f = Y g, and note that f is
a finite and continuous real function because each sum ) g,(x) only contains
finitely many nonzero summands (of which at least one is 1). Defining f, = g,/f
we obtain the desired sequence ( f,). O

1.7.13. Remark. The construction in 1.7.12 is called partition of unity. Appeal-
ing to Zorn’s lemma it can be performed for an arbitrary locally finite covering.
Note, however, that the proof of 1.7.11 showed that in a locally compact,
g-compact Hausdorff space any open covering has a countable locally finite
refinement.
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EXERCISES

E17.1.

E1.7.2.

E1.73.

El174.

E1.7.5.

E1.7.6.

E1.7.7.

E1.78.

E179.

Show that the unit circle S! in R? and the unit interval [0, 1] both
are (Hausdorfl) compactifications of R.

Hint: Use the fact that R is homeomorphic to the open interval
70, 1[ and (therefore also) homeomorphic to S\ {(1,0)}.

Show for every n in N that R" has the closed unit ball B, =
{x € R"|x} + - + xZ < 1} in R" as a compactification.

Show for every n in N that R" has the unit sphere S"=
{x e R"™!|x? + -+ + xZ; = 1} in R""! as a compactification.

(The Bohr compactification.) Show that there is a compact, abelian
topological group R and a continuous, injective group homomor-
phism 1: R - R, such that (R) is dense in R

Hint: Let R denote R as a discrete group and put ® = hom(R, T),
cf. E 1.6.15. Define 1(x) to be the homomorphism y — exp(ixy), y € R
for each x in R.

Let X be a Hausdorff topological space and Y be a dense subset.
Assume that A4 is an open set and that A « B for some subset B such
that B n Y is compact. Show that 4 = Y.

Hint: If x € A\ Y, there is an open neighborhood A, of x disjoint
from BAY. But An A, Y # @, a contradiction.

Let X be a Hausdorff topological space and Y be a subset that is

locally compact in the relative topology. Assume first that Y is dense

in X and show that Y is open. Show in general that Y = A n F, where

A is open and F is closed in X. Compare this result with 1.7.4.
Hint: Use E 1.7.5.

Show that it is impossible to find a compact Hausdorff topological
group G and an injective group homomorphism 7: R — G such that
(G,1) is a compactification of R. Compare this with E1.7.4 and
conclude that the word compactification there is used in a weaker
sense than ours.

Hint: Use E 1.7.6 to see that (R) would be an open subgroup of
G, and kill this possibility with E 1.5.6 (last line).

Fix a prime number p, and take the sets
An,0) ={meZlm=n+ qp*, qe Z},

where n € Z and « € N U {0}, to be the basis for a topology 7 on Z.
Show that 7 is induced by the metric d given by d(n,m) = p™*, where
a is the largest number (in N U {0}) such that p* divides |n — ml|.
Show in particular that A(n,a) = {m € Z|d(n,m) < p~*}. Show that
(Z,7) has no isolated points and that the space is not locally compact.

Let X be the well-ordered set of countable ordinal numbers (see
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E1.7.10.

E1.7.11.

E1.7.12.

E1.7.13.

1. General Topology

E 1.1.8) and let Q denote the first uncountable ordinal number. Show
that X and X U {Q}, equipped with the order topology (cf. E 1.2.6),

are, respectively, a locally compact and a compact Hausdorff space.
Hint: Use E1.6.12.

Let X be as in E 1.7.9. Show that every increasing sequence in X is
convergent. Show that if (x,) and (y,) are increasing sequences in X
such that x, < y, < x,., for all n, then the sequences have the same
limit. Conclude from this that if E and F are disjoint closed subsets
of X, then there is an x in X such that either E = [1,x] or F = [1, x].
Show finally that X is a normal space.

Hint: If E c [1,x], then E is compact, so 1.7.5 applies to E and
A=X\F.

Take X and X u {Q} as in E 1.7.9, and show that the product space
Z=X x (Xu{Q}) is a nonnormal, locally compact Hausdorff
space.

Hint: Take E = {(x,y)€ Z|x = y} and F = X x {Q}.If A wasan
open set containing E, such that A~ N F = §, define the function
f: X — X by letting f(x) = y, where y is the first element such that
y=>x and (x,y) ¢ A. Use E1.7.10 to show that Z\ A contains a
sequence (x,, f(x,)) that converges to a point in E.

Show that a paracompact Hausdorff space X is regular in the sense
of E1.5.8.

Show that a paracompact Hausdorff space is normal.

Hint: If E and F are disjoint, closed subsets of X, use regularity
to cover E with a family {A;|j € J} of opensets such that 47 N F = 0.
Use paracompactness to conclude that the covering may be taken
to be locally finite. Set

A=U4, B=x\U4;, B=x\(U4)".

Show that E = 4, F < B and 4 n B = §. Use the local finiteness to
conclude that B = B°.



CHAPTER 2

Banach Spaces

Assuming a basic knowledge of linear algebra we now infuse extra topological
concepts and arrive at the theory of topological vector spaces. Keeping to the
essentials we only develop the theory of locally convex spaces, and we make
these appear as seminormed spaces (with initial topology).

The central theme in this chapter is the interplay between normed spaces
and their dual spaces (equipped with the w*-topology). We first prove the
basic results about normed spaces and their operators, and give some ex-
amples. We then use the category theorem to establish the open mapping
theorem, the closed graph theorem, and the uniform boundedness principle
for Banach spaces. Then dual spaces and weak topologies are introduced.
Following modern usage we divide the Hahn—Banach theorem in two: an
extension theorem (used mainly in normed spaces) and a separation theorem
(used mainly in dual spaces). We conclude with applications of compactness

in dual spaces, notably the theorems associated with the names Alaoglu,
Krein, Milman, and Smulian.

2.1. Normed Spaces

Synopsis. Normed spaces. Bounded operators. Quotient norm. Finite-

dimensional spaces. Completion. Examples. Sum and product of normed
spaces. Exercises.

2.1.1. We consider a vector space X over the number field F, where F = R or

F = C. A norm on X is (as you well know) a function ||-||: X » R, satisfying
the conditions:
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@ llx+ yil < x| + |yl (subadditivity).
(i) llax| = |af | x|, « € F (homogeneity).
(iii) ||x|| = 0= x = O (faithfulness).

If only (i) and (ii) are satisfied, we say that ||-| is a seminorm. Every normed
(vector) space is a metric space under the metric d(x, y) = {|x — y|. If (X,d) is
complete (i.e. if every Cauchy sequence is convergent), we say that the normed
space X is a Banach space.

In a normed space X we denote by B(x, r) the closed ball in X with center
x and radius r. These balls evidently form a basis for the neighborhood filter
0O(x). Since B(x,r) = B(0,r) + x and, more generally, O(x) = O(0) + x, we see
that the topology on X has a very uniform character.

Finally, note that the norm function is continuous on X since || x| — ||y}l| <
lx = »ii-

2.1.2. Proposition. Let T: X — ) be an operator (i.e. a linear function) between
normed vector spaces X and 9. Then the following conditions are equivalent:

(1) T is continuous.
(ii) T is continuous at some point in X.
(iii) T is bounded (i.e. there is a constant & > 0
such that | Tx| < allx| for every x in X).

PROOF. (i) = (ii) is trivial; we prove (ii) = (iii). If T is continuous at x, there is
a & > 0 such that |x — y|| < 6 implies | Tx — Tyl <1 for all y in X [cf.
1.4.3(ii)]. But for every z # 0 in X we have

1@ lz 7'z + %) — x|l <6,

whence | TS|z 22)ll < 1or [Tzl <67zl
(ifi) = (i). The inequality

1Ty — Txll = I T(y — )l <ally —xll

shows that T is continuous at x for every x in X, whence T is continuous by
1.4.2. O

2.1.3. The set of bounded (i.e. continuous) operators between Xand 9 is
denoted by B(X, 9). It is clearly a vector space. Setting

IT| = sup{ITx||x e & lIx]| <1}

we obtain a norm on B(X, 9)) called the operator norm.

If 3 is also a normed space and S € B(9, 3), Te B(X,9), then S o T (from
now on just written ST) belongs to B(X, 3), and |ST| < IISHITI. (The
operator norm is submultiplicative.) In particular, the set B(X, X) [from now
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on written B(¥)] is a normed algebra, i.e. an algebra equipped with a submulti-
plicative norm.

2.1.4. Proposition. If X and Y are normed spaces and ) is complete (i.e. a
Banach space), then B(X,9) is a Banach space. In particular, B(X) is a Banach
algebra for every Banach space X.

PrOOF. Let (T,) be a Cauchy sequence in B(X,9)). For each x in X we then
have the Cauchy sequence (T, x) in 9), and thus a limit vector denoted by Tx.
This defines a function T: X — 9, which is clearly linear. The inequality

ITx — Tox|| = lim || T,,x — T,x]|

<limsup | T, — T,| [Ix]|
shows that T is bounded and that T, —» T. O

2.1.5. Proposition. Let X be a normed vector space and ) be a subspace of X.

Denote by Q the quotient map of X onto the linear space X/%) of cosets x + 9,
x € X. The definition

10x] = inf{llx — yl|y € D}

gives a seminorm on X/9. If 9 is closed in X, we actually have a norm; and,
furthermore, if X is a Banach space, X/%) is a Banach space.

Proor. Given x, and x, in X, there is for every ¢ > 0 elements y, and y, in 9
such that

19x: Il + 1Qx21l + &= [Ix; — yill + l1x3 — y, |l

=[xy +x3 — (1 + y2) = 1Q(x; + X))l

Since ¢ is arbitrary, we have shown the subadditivity on X/9). The homo-
geneity is evident since Q is linear, so X/9) is a seminormed space.

If [|Qx|| = O, there is a sequence (y,) in ) such that ||x — y, || — 0. It follows
that X/9) is a normed space iff 9 is closed in X.

If (z,) is a Cauchy sequence in X/9), we can find a subsequence (z,) such
that ||z,,; — z,|| < 27" for all n. By induction we now choose X, in X such that
Ox, =z, and [|x,4, — x,| < 27" If X is a Banach space, (x,) converges to an
element x in X; and since Q is norm decreasing, (z.) converges to Qx. Then
(z,) converges to Qx also, so that X/9) is complete, as desired. |

2.1.6. Note that the quotient map Q takes the open unit ball of X onto the
open unit ball of X/9). A similar statement about the closed unit balls holds
only in special cases.

Note further that the (metric) topology on ¥/9) is the quotient topology

corresponding to the equivalence relation ~, where x; ~ x, iff x, — x, €Y,
see 1.4.11.
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2.1.7. Proposition. If T € B(X, D), where X and 9 are normed spaces, and if 3
isa closed sulispace of X contained inker T, then the equation TOx = Tx defines
an operator Tin B(¥/3,D) with | T|| = |T|.

PROOF. It follows from linear algebra that T is an operator on ¥/3, which is
a normed space by 2.1.5. Since

17TOx)l = I Txll = IT(x — 2l < IT ||x — 2|

fos every z in 3, it follows from th~e definition of the quotient norm (2.1.5) that
ITOx| < IIT| 1Qx|, whence ||T| < ||T|. The reverse inequality |T| >
| T} is clear, since Q is norm decreasing. O

2.1.8. Proposition. If X is a normed space and 9 is a closed subspace, such that
both V) and X/%) are Banach spaces, then X is a Banach space.

Proor. If (x,) is a Cauchy sequence in X, then (Qx,) is a Cauchy sequence in
X/, since Q is norm decreasing. By assumption, there is therefore an x in X
such that Qx, — Qx. By the definition of the quotient norm, see 2.1.5, we can
find y,in P such that | x, — x — y,|| < 1/n + ||Q(x, — x)|| for every n. But then

”yn - ym” = ”(yn +x— xn) - (ym + X — xm) + Xn — xm”
1 1
S 1Q(x, — )|l o+ 1Q0cm — X + llxp — Xmll,

from which we conclude that (y,) is a Cauchy sequence and consequently
convergent to some y in ) by assumption. Finally,

lxn — G + W < 1%0 = % = Yall + 1y — ¥lls

which shows that x, — x + y, as desired. O

2.1.9. Proposition. Every finite-dimensional subspace %) of a normed space X is
a Banach space and, consequently, closed in X. Moreover, if dim(9) = n, every
linear isomorphism of F" onto ) is a homeomorphism.

Proor. Given a basis x,, ..., x, for 9, consider the linear isomorphism
®: F" > 9 given by d(x) = Y . x,, where a = (a4, ..., a,). Clearly @ is continu-
ous, so if we set

"t = {ae F'|||laf| = 1}

(using, say, the euclidean norm on [F"), then ®(S""!) is compact, hence closed
in 9 (1.6.7 & 1.6.5), because the sphere S*~! is compact in F". By assumption
0 ¢ ®(S"1), so there is an open, convex neighborhood C of 0 (€.g. an open ball
of radius > 0), such that C 1 ®($"!) = J. But then ®1(C)is an open, convex
neighborhood of 0 in F”, and by convexity it is contained in the open unit ball
B of ", because it contains 0 and is disjoint from the boundary S"1of B. 1t
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follows that ®~!(¢C) < &B, which shows that ®~" is continuous, so that ® is
a homeomorphism. O

2.1.10. Remark. We see from 2.1.9 that operations in a normed space, which
only involve a finite number of vectors, can be performed as if we were dealing
with ordinary finite-dimensional vector spaces, with their ordinary topologies
and norms. Note also that the proof of 2.1.9 has been phrased so that it will
be valid also for finite-dimensional subspaces of locally convex topological
vector spaces, cf. 2.4.

2.1.11. Proposition. If X and 9 are Banach spaces and X, is a dense subspace
of X, then every operator T, in B(X,, D) has a unique extension to an operator
TinB(X, D), and |T| = | Tol-

ProOF. To each x in X we can find a sequence (x,) in X, converging to x. Since
T, is bounded and 9 is a Banach space, the sequence (T, x,) converges to an
element Tx in 9. It is easy to check that Tx is independent of the sequence
(x,) and depends linearly on x. Thus the map x — Tx is an operator that
extends Ty, and, clearly, | T|| = | T, |. O

2.1.12. Proposition. To each normed space ¥ there is a Banach space X, uniquely
determined up to isometric isomorphism, such that X contains X as a dense
subspace.

Proor. If ¥, and X, are two Banach spaces for which we have isometric
embeddings T;: X - ij, j=1,2, of X as a dense subspace, then T, = T, T; !
is an isometry of T;(¥) onto T,(X). Extending T; by continuity, as in 2.1.11,
we obtain an isometry T of X, onto X, [because T(%,) is both closed and
densein X,]. Since TT, = T,, it follows that the two completions (X,, T;) and
(%,, T,) are isometrically isomorphic.

The existence of a completion X of X can be established in several ways.
The most pedestrian is to imitate the construction of the real numbers from
the rationals, and define X to be the space of Cauchy sequences in ¥ modulo
the space of null sequences. We choose instead to let X be the closure of X
embedded in its bidual (Banach) space X**. The details are givenin 2.3.7. [

2.1.13. Finally, we mention a series of examples of classical Banach spaces and
constructions that generate new Banach spaces from old ones.

The euclidean spaces F” can be normed in many ways. Of major interest
are the p-norms (for 1 < p < o0), where

X1, = Q. Ix?)?, for p < oo;

[xllo = max|x,|.
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Of these, the 2-norm (the euclidean norm) is the most important; although we
see from 2.1.9 and 2.1.2 that all norms on [F" are equivalent, i.e. there are
constants o and f such that ||| < «|||-|||and |||-]|| < B|-| for any pair ||| and
Il |ll- This phenomenon is atypical, however. General experience confirms that
the Banach spaces that occur in applications have only one “natural” norm.
The result in 2.2.6 offers perhaps a partial explanation of this fact. Recall that
for metric spaces (without any linear structure) we have no such uniqueness;
and very often different metrics give the same topology.

2.1.14. For a locally compact Hausdorff space X we let C,(X) denote the vector
space of continuous functions f: X — F such that the support of f (i.e. the

closure of the co-null set of f) is compact; cf. 1.7.6. On C,(X) we define the
co-norm (the uniform norm) by

1f e = sup{|f()l|x € X}.

In general, C.(X) is not complete in the co-norm. It is easy to verify, however,
that the vector space C,(X) of bounded, continuous functions on X is a Banach
space in the co-norm (for every topological space X, cf. 1.5.9). To construct
the completion of C,(X) it therefore suffices by 2.1.12 to find the closure of
C.(X)in C,(X). Simple computations show this to be the Banach space Cy(X)
of continuous functions vanishing at infinity; see 1.7.6.

If X is an open or a closed subset of R” (or maybe an intersection of such
subsets, cf. 1.7.4), we define the p-norms on C,(X) for 1 < p < oo with the aid
of the Riemann integral:

i/p
111, = ( f If(x)l"dx> .

It requires the Holder and Minkowski inequalities (6.4.6 and 6.4.7) to see that
these definitions actually define norms on C,(X) (except for the case p =1,
which is evident). The completions of these spaces are the Lebesgue spaces
LP(X).

2.1.15. Let [ denote a Radon integral on a locally compact Hausdorff space
X; cf. 6.1.2. As in 6.4.5, let #7(X) denote the space of j-measurable functions
f: X — [, such that

Jlfl”<oo forl <p< o,

esssup|f|=inf{s J(Ifl—lfl/\s)=0}<oo,

for p = oo. Then the definitions

I/l = (JW) " for1<p<w;

I fllo =esssup|f| forp=oc0
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give seminorms on each #7(X) by the Holder and Minkowski inequalities. If
A'(X) denotes the space of null functions (i.e. functions f such that j ILfl=0),
the quotient spaces LP(X) = #7(X)/4"(X) are normed spaces in the respective
p-norms; and they are actually Banach spaces. This result, the Riesz—Fischer
theorem, is proved in 6.4.10. For X < R" and | the Lebesgue integral, we
recover the classical Lebesgue spaces from 2.1.14.

2.1.16. Given a family {X;| j € J} of normed spaces, we consider those elements
x in the cartesian product space [ | ¥; for which

%l = sup [ B(x)| < o

(where P; denotes the projection onto X;). These elements evidently form a
normed vector space with |||, as norm. We call it the direct product of the
normed spaces (and note that it is not the full cartesian product, unless the
set J is finite). If all the X,’s are Banach spaces, their direct product is also a
Banach space.

It is often more convenient to consider norms on the algebraic direct sum
2. X;, consisting of those elements x in [] X; for which P(x) = 0 for all but
finitely many j in J. On this vector space we define p-norms for 1 < p < oo by

Ixll, = G IPx)IP)? for1 <p < oo;
[xll = sup || Py(x)ll for p = .

That these expressions define norms is proved (for 1 < p < o) by applications
of the Minkowski inequality for sequences of numbers.

2.1.17. Proposition. If {X;|j € J} is a family of Banach spaces, the completion
of 3" X; in p-norm (1 < p < o0) consists of those elements x in [1%; for which
Y IIPX)I” < co. The completion of Y. X; in co-norm consists of those x in [1%
Jor which the norm function j — | P(x)|| belongs to Cy(J), where J is considered
as a discrete, topological space.

Proor. Let X, denote the space of elements in [ 1% that satisfies the require-
ments of the proposition. As in the case of ij we show that |||, is a norm
on X,. Moreover, we see that X, contains ) X; as a dense subspace. To prove
that X, is a Banach space it therefore suffices to show that each Cauchy
sequence (x,) in ij has a limit in X,. Since each projection P; is norm
decreasing, and every X; is a Banach space, we can define X; = lim P(x,) in X;.
Moreover, for p < oo and for every finite subset Jo of J we have
; %117 = lim ,2 IB(x)II” < lim ||x, |2 < co.
o]

4]

We conclude that Z %7 < o0, so that we can define an element % in X, by
P(X) = %;, j € J. Finally, since

,Z I£5(%) — B(x)I|” = lim } || P(x,, — x,)[|®

<lim |x,, — x,2
m
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for every finite subset J;, we see that

1% — Xall, < Him fix, — x, [ 5,
m

so that x, — X as desired.
For p = oo, the element % in [ | X; defined by P(%) = %, satisfies

IB(X) — Fi(x,)ll = lim || P(x,, — x,)|
< lim ”xm — Xp ”oo,

and it follows immediately that % € X and that x, — %. O

2.1.18. The completion of Y’ X; in co-norm is usually called the direct sum of
the Xs. The completion in 2-norm will play a prominent role later (in 3.1.5),
when we define the orthogonal sum of Hilbert spaces.

An important case of the construction in 2.1.16 arises by taking X; = F for
all jin J. The direct product, denoted by £°(J), is then the space of all bounded
functions from J to F. For p < o0, we obtain the spaces £?(J), which, via the
counting measure on J, can be identified with the measure-theoretic spaces
LP(J) defined in 2.1.15. The direct sum is the space ¢q(J) of functions from J
to F that vanish at infinity.

The most common index set is J = N, In this case we talk about the
sequence spaces denoted by 7%, £7 (1 < p < o), and ¢,.

If the index set J is finite, the direct sum and product of the Banach spaces
X; will be isometrically isomorphic, and all p-norms will be equivalent.

EXERCISES

E 2.1.1. Show that a normed vector space X is a Banach space iff for every
sequence (x,) in X, such that )’ ||x, || < oo, the series Y x, converges
in X.

E2.1.2. Given normed spaces X and 9), where 9 is finite-dimensional. Show
that an operator T: ¥ — 9 is continuous iff ker T is a closed sub-
space of X.

E 2.1.3. Show that the closed unit ball in a normed space ¥ is compact iff X
is finite-dimensional.

E2.1.4. Let 9 and 3 be closed subspaces of a Banach space X. Show that
P + 3 is closed if J is finite-dimensional.
Hint: Consider the quotient map Q: X — ¥/ and apply 2.1.9 to

Q(3). Note that 3 + 9 = 27(2(3)).

E2.1.5. Let /= denote the space of bounded sequences equipped with the co-
norm, cf. 2.1.18. Show that #* is a Banach space and is nonseparable.
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E2.1.6.

E2.1.7.

E2.1.8.

E2.1.9.

E2.1.10.

E2.1.11.

E2.1.12.

Consider the subspaces ¢, and ¢ of % (see E 2.1.5) defined by (x,) € <,
if x, — 0 and (x,) € ¢ if x, > x,, for some x,, in F. Show that both ¢,
and ¢ are closed subspaces of /* and that both are separable. Define
ein /* by e, = 1 for all n, and show that ¢ = Fe + ¢,.

On the space 7= (see E2.1.5 and E 2.1.6) define
[xllg =limsup|x,,  x=(x,)e’”.

Show that |||l is a seminorm on #% and that its null space is
precisely ¢,. Show that | x|, = [|Qx|, for every x in ¢*, where Q
denotes the quotient map onto £®/¢,, and this space is equipped
with the quotient norm.

Let Q be an open subset of C and let H,(Q) denote the bounded
complex functions that are holomorphic in Q. Show that H,(Q) is a
Banach space under the co-norm.

Let C"(I) denote the space of n times continuously differentiable
functions on the interval I = [a,b]. Show that C*(I) is a Banach
space under the norm

Ifl=3 19,
k=0

where f® as usual denotes the kth derivative of the function f in
c().

(Lipschitz functions of order a.) For 0 < a < 1 let lip*(I) denote the
space of functions f on the interval I = [a,b], such that

L(f) = sup{lf(x) = fW)I1x — yI7*|(x,y) € I, x # y} < co.

Show that lip*(I) is a Banach space under the norm || fll=L(f)+
| f(a)l. Show that this norm is equivalent with the norm AN =

L) + 1 f -

Let X and 9 be normed spaces and consider families of vectors
{x;ljeJ}in X and {y,|je J} in 9, with the same index set J, such
that the x;’s span a dense subset of X. Show that there is an operator
T in B(X, 9) such that Tx; = y;for every j in J iff there is a constant
o such that for every finite subset A of J we have

> %Y; > %; X

Jjea jeaA

<a

for all choices of scalars ®;, j € A. Show in this case that T is uniquely
determined.

Let X be a real Banach space. Show that the space Y =X x Xisa
complex Banach space with the operations
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(x1,%2) + (¥1,¥2) = (X1 + Y1, %3 + ¥5),
(o + 1) (x4, x3) = (ax; — Bxy, 0%, + fxy),

(x1,X2)l = sup |x; cos 6 + x,sin 0.
0

Show that the set 9, = X x {0} is a real subspace of 9 such that

Y =9, +i9,, and that the map x — (x, 0) is an isometry of X onto
9,.

E2.1.13. Let X be a real Banach algebra with unit element 1. Define the linear
operations in ¢} = X x X asin E 2.1.12, an define the product by

(*15%2)(¥1,¥2) = (X1 Y1 — X3¥2, %1 V5 + X2¥4).

Show that ¥ is a complex Banach algebra under the “operator
norm”

1Ge1s %)Ml = sup{ (X1, x2) (¥ 1, ) Iy 1, y2)I 7(y1, ¥2) € D},

where ||-|| is the norm on 9 defined in E 2.1.12. Show that the map
x — (x,0) is an isometry of X into ¥), and a real homomorphism.

2.2. Category

Synopsis. The Baire category theorem. The open mapping theorem. The
closed graph theorem. The principle of uniform boundedness. Exercises.

2.2.1. Three fundamental results on operators in Banach spaces (2.2.4, 2.2.7,
and 2.2.9) are based on Baire’s category theorem for complete metric spaces
(2.2.2). The name category theorem derives from Baire’s nomenclature that a
set is of first category if it can be written as a countable union of closed sets
with empty interior. All other sets are of the second category. The content of
Baire’s theorem is then that every first category set has empty interior. We
prefer not to use the terminology in the sequel.

2.2.2. Proposition. If (4,) is a sequence of open, dense subsets of a complete
metric space (X, d), then the intersection (| A, is dense in X.

PROOF. Let B, be a closed ball in X with radius r > 0. Since A4, is dense in X
and open, the set A4, N B} contains a closed ball B, with radius < 271y, Since
A, isalso dense and open, 4, N Bj contains a closed ball B, with radius <47'r.
By induction we find a sequence (B,) of closed balls in X, such that B, = 4, N
B¢_, and radius(B,) < 27" for every n. Since X is complete, there is evidently
a point x in X such that

{x} =()B. = Bo N () An)-
This shows that (1) 4, intersects every nontrivial ball in X, ensuring its
density. O
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2.2.3. Lemma. If T € B(X, 9)), where X and ) are Banach spaces, and the image
of the unit ball B(0, 1) in X is dense in some ball B(0,r) in Y withr > 0, then
B(0,(1 — g)r) = T(B(0,1))

for every e > 0.

ProOF. Put A = T(B(0, 1)). If y € B(0,r) and ¢ > 0, there is by assumption an
element y, in A with ||y — y, || < er. By homogeneity there is now a y, in el
such that ||y — y, — y,| < &*r. Proceeding by induction we find a sequence
(y,), such that y, € e" ' and

HJ’ - 2 Y
k=1
Choose x, in X such that Tx, = y, and ||x,[| < &"™'. Then x = Y x, € X and

Tx = y. Moreover, [ x|| <) &' = (1 — ¢)™*, which proves that (1 — &)™ >
B(0, r), as desired. ™

< &g"r.

2.2.4. Theorem. If X and U are Banach spaces and T € B(X, ) with T(X) = 9,
then T is an open map.

PROOF. By assumption
P = TX) = | J(T(BO,n)".

By the category theorem (2.2.2) not all of the closed sets T(B(0,n))” have
empty interior. Consequently, there is an n and a ball B(y,) such that
T(B(0,n))” contains B(y,e). This means that T(B(0, 1)) is dense in Bnly,
n”'e), and therefore also dense in B(0,n'e) [because 2B(0,n'e) = Bn 1y,
n"'e) — B(n~'y,n"'e)]. It follows from 2.2.3 that B(0,5) is contained in
T(B(0,1)) for every 6 < n~'e. Since every open set 9 in X is a union of balls,
we conclude from the linearity of T that T() contains a neighborhood

(actually a closed ball) around each of its points, whence T(A) is open. This
is the open mapping theorem. O

2.2.5. Corollary. Every bounded, bijective operator between two Banach spaces
has a bounded inverse.

2.2.6. Corollary. If a vector space X is a Banach space under two norms ||-|| and
I-1ll, and if ||-|| < a|ll-|l| for some constant o > 0, there is a B > O such that

M-r< gl
2.2.7. Theorem. If T: X — 9 is an operator between Banach spaces X and %),

such that the graph

6(T) = {(x,y) e X x 9| Tx = y}
is closed in X x 9, then T is bounded.
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ProoF. We use the co-norm on X x 9 (cf. 2.1.16) and note that &(T) by
assumption is a closed subspace of X x 9). The projection map P,: &(T) - X
given by P;(x, Tx) = x is norm decreasing and bijective and therefore has a
bounded inverse P! by 2.2.5. The other projection P,: 6(T) — 9, given by

P,(x, Tx) = Tx, is norm decreasing; and since T = P,P; ', it follows that T is
bounded. (W]

2.2.8. Remark. The usual way to use the closed graph theorem (2.2.7) is to check
that the graph &(T) of a given operator T contains all its limit points (1.3.6).
Thus, for every sequence (x,) in X such that x, —» x and Tx,— y for some
elements x and y in X and ), respectively, we must show that Tx = y. This is
a tremendous advantage from proving continuity of T from scratch, because
in that case we have no control over the sequence (Tx,,).

2.2.9. Theorem. Consider a family {T,|A € A} in B(X,9), where X and Y are
Banach spaces. If each set {T,x|A € A} is bounded in ) for every x in X, the set
{IT;|Il4 € A} is bounded.

Proor. For each 2 let 9); denote a copy of Y, and form the direct product 9,
of the 9),’s as defined in 2.1.16. Define an operator T: X - 9, by

Tx = {T,x|Ae A},

and note from the pointwise boundedness of the family {T} that T is well
defined. To show that the graph of T is closed in X x 9, consider a sequence
(x,) in ¥ such that x, —» x in X and Tx, — y in 9,. With P, as the projection
of 9, on 9, we see that T;x, —» P;y. But each T, is bounded, so T,x, — T x,
whence T;x = P,y for all 1. But this means that y = Tx, and thus T is
bounded by 2.2.7. Since T, = P, T, it follows that || T, < | T| for all 4 in A,
as desired. O

2.2.10. Corollary. Consider anet (T;); . » in B(X, ), such that each net (T;X); c
is bounded and convergent in Q) for every x in X. There is then a T in B(X, )
such that T,x — Tx for every x in X.

PRrOOF. Clearly we can define an operator T: X — 9 by Tx = lim T;x. From
2.2.9 we see that || T;|| < « for some o and all 4, and therefore | Txl} < ollx||
for every x in X, i.e. T is bounded. O

2.2.11. Remark. The principle of uniform boundedness (2.2.9), which allows us
to pass from pointwise boundedness to uniform boundedness, only uses
completeness of the space X (because we may replace 9 with its completion,
cf. 2.1.12). The very useful result in 2.2.10 is particularly applicable if the net
A is a sequence, because then convergence of each sequence (T,x), xe X,
automatically implies boundedness. Moreover, we see that it suffices in 2.2.10
to know that each net (T;x), . » is bounded and that the net is convergent for
a dense set of elements x in X; cf. 2.1.11.
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EXERCISES

E2.2.1.

E2.2.2.

E2.23.

E224.

(Complementary subspaces.) Let ¥ and 3 be closed subspaces in a
Banach space X. Show that each element x in X has a unique decom-
position x=y+z, yeY, zeJ iff P+ 3J =X and Yn 3 ={0}.
Show in this case that there is a constant « > Osuch that || y|| + ||z|| <
a|lx|| for every x in X.

Hint: Apply 2.2.6 to 9 + 3 with the 1-norm (2.1.17).

Let 9 and 3 be complementary subspaces of X as defined in E 2.2.1.
Define the operator P: X - X by Px = y, where x = y + z. Show that
P € B(X) and that P is idempotent, i.e. P*> = P. Show, conversely, that
if P is an idempotent operator in B(X), then 9 = P(X) and 3 = ker P
are complementary subspaces. Show finally that an operator T in
B(X) commutes with P (i.e. PT = TP)iff T(Y)) = Y and T(3) < 3.

Let 9 and 3 be complementary subspaces of X as defined in E2.2.1.
Show that every operator T in B(X) gives rise to four operators T,

1 <i,j<2, where Ty, e B(), T,, € B(3), T, € B(3,9), and Ty, €
B(9, 3), such that T can be regarded as an operator matrix.

T, T,
T = < 11 12)
7}1 7}2
Check that sum and product of elements in B(X) are compatible with
matrix sum and product of the corresponding matrices. Give neces-

sary and sufficient conditions on the matrix for having T(9) = D or
for T(3) = 3. Compare with the last question in E 2.2.2.

Consider the complex Banach space

X = {f e C([0,21])1 /(0) = f(2m)},

with the co-norm. For each n, let T, be the operator in B(X) that
assigns to f the nth partial sum of its Fourier series, i.e.,

n

1 2z
Li= 3 5 J f@e_ ) dte,
k=—n 4T 0

where e,(x) = exp(ikx). Show that || T,|| - oo and deduce from 2.2.10
that there are functions f whose Fourier series is not uniformly
convergent.

Hint: Use the fact that T, f = D, x f (convolution product, x;see
6.6.21), where D, is the Dirichlet kernel,

D)= 3 ex) =sin((n + 1)x)(sin(dx)) "

k=—n

Use the fact that

ITall = IDylly > 4n™2 3 k7

k=1
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E2.25. Take X = L'([0,2n]); cf. 2.1.14. By the Riemann-Lebesgue lemma
the Fourier coefficients of an integrable function tend to zero. We can
therefore define an operator T: X — ¢4(Z) by

2n
Tf(n) = if f@t)exp(—int)dt.
2n J,
It is well known that T is injective, and easy to prove that T is
bounded. Show that T cannot be surjective.
Hint: Use the Dirichlet kernel from E 2.2.4 to prove that there is
no ¢ > O such that || T(D,)|,, = ¢l D, |, for all n. Then apply 2.2.5.

E2.2.6. Consider the Banach space X = C([0, 1]) with the co-norm. For each
n, let &, denote the set of functions f in X, for which there is some x
in [0,1] such that | f(x) — f(y)| < n|x — y| for all y in [0, 1]. Show
that §, is closed in X and has empty interior. Conclude from 2.2.2
that there is a dense set of functions in X that are not differentiable
at any point in [0, 1].

Hint: Every function f in X can be uniformly approximated by
a piecewise linear function whose slope is everywhere numerically
larger than n.

2.3. Dual Spaces

Synopsis. The Hahn—Banach extension theorem. Spaces in duality. Adjoint
operator. Exercises.

2.3.1. A functional on a vector space X over the field [ is a linear map ¢: X - F.
If X is a normed space, we denote by X* the space B(X,[F) of bounded
(= continuous by 2.1.2) functionals on X. It follows from 2.1.4 that X* is a
Banach space, called the dual space of X. The fundamental result about the
existence of elements in X* is the Hahn—-Banach extension theorem (2.3.3). In
the theory of topological vector spaces this theorem plays the same role as
Urysohn’s lemma (1.5.6) for general topology.

We define a Minkowski functional to be a function m: X — R that is sub-
additive [m(x + y) < m(x) + m(y)] and positive homogeneous [m(tx) = tm(x)
for t > 0 in R]. A Minkowski functional (an abuse of our definition of func-
tionals) resembles a seminorm, except that the condition (ii) in 2.1.1 is only
supposed to hold for positive scalars.

2.3.2. Fundamental Lemma. If m is a Minkowski functional on a real vector
space X, and o is a functional on a linear subspace Y of X that is dominated by
m[i.e. o(y) < m(y) for every y in 9], there exists a functional ¢ on X, dominated
by m, such that $|D = o.

PrOOF. If x € X\ ), any extension of ¢ from Y to 9 + Rx is determined by

Gy +sx)=p( +so, seR, yed.
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We wish to choose a such that ¢(y) + sa < m(y + sx). Owing to the positive
homogeneity of m and ¢, it suffices to check these inequalities for s = 1 and
s = — 1. Therefore, the demand is that

e(y)—m(y —x) <a < —o(z) + m(z + x)
for all y and z in 9. Now by assumption
—¢(@) + mz + x) — @(y) + m(y — x)
=my—x)+miz+x)—o(y+2)=2my+2z2—9(y+2=0,

and we may therefore as our « take any number in the nonempty, closed
interval spanned by the numbers

sup{o(y) —m(y —x)},  inf{—e(2) + m(z + x)}.

Consider the family A of pairs (3, ), where 3 is a linear subspace of X
containing ¥) and  is a functional on 3 dominated by m such that /|9 = .
If we define (3,,¥,) < (3,,¥,) to mean that 3, = 3, and ¥,|3, = ¥, then
A is an ordered set. We claim that A is inductively ordered. Indeed, if N =
{(3,> V)|l € M} is a totally ordered subset of A, we let 3 = ( ) 3, and define
¥ on 3 by ¥(z) = y,(2) if z € 3,. Owing to the total ordering, we see that 3
is a linear subspace of X containing all the 3,’s, and ¥ is a well-defined
functional on 3 dominated by m that simultaneously extends all the y,’s. Thus,
(3,¥) € A and is a majorant for N, as claimed. By Zorn’s lemma (1.1.3) there
is therefore a maximal extension (), ¢) of (9, ¢) dominated by m. If we had
9 # X, the first part of the proof, applied to (%), ), would give a dominated
extension to the space 9 + Rx, contradicting the maximality of (), ). Conse-
quently, ‘D X, as desired. I

2.3.3. Theorem. If m is a seminorm on a vector space X, and ¢ is a functional
on a subspace ) of X such that || < m, there is-a functional ¢ on X with || <m
and ¢|Y = ¢.

Proor. If F = R, the result is contained in 2.3.2, because ¢ < m is equivalent
with [@| < m by the symmetry of m.

If F = C, we first regard X as a real vector space and consider the real
functional Re ¢ on 9. By 2.3.2 we can then find a real functional ¥ on X that
extends Re ¢ and is dominated by m. Define ¢: X — C by

P(x) = Y(x) — iY(ix), xeX.
Note that ¢(ix) = i¢(x), so that @ is a complex functional. Note further that
@Y = ¢, because _
Rep|D =¢|D =Reo,

and complex functionals with the same real part are identical. Finally,if x € X,
choose « in C with |a| = 1 such that @(ax) € R, . Then

PG| = P(ax) = Y(ax) < m(ax) = m(x),

whence |$| < m as desired. O
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2.3.4. Corollary. To every x # 0 in a normed space X there is a ¢ in X* with
lell =1 and o(x) = ||x|.

PRrOOF. Define ¢ on Fx by ¢(ax) = a||x|, and note that |¢|| = 1. Then apply
233 withY =Fxand m = |-{. O

2.3.5. Corollary. To every closed subspace ¥ of a normed space X and
every x in X\, there is a ¢ in X* with |o|| =1, ¢|D =0, and o(x) =
inf{||x — yll|y € D}. :

ProOF. Apply 2.3.4 on the normed space X/9), cf. 2.1.5, and note that func-
tionals in (X/9))* may be regarded as elements in X* that annihilate 9). (We
have more to say about this situation in 2.4.13.) O

2.3.6. For a subspace 9 of a normed space X, the annihilator of 9 is defined as

9 = {peX*|p(») =0,Vye D}.

Similarly, we define the annihilator of a subspace 3 of X* as

3t ={xeXlp(x)=0,Yp e 3}

It is immediate that 9 < (9*)*, and it follows from 2.3.5 that actually P =
(D)L if it is a closed subspace. By contrast, we cannot expect that 3 = (31)*
for every norm closed subspace 3 of X*. After all, our definition of annihilators
for subspaces of X* give spaces in X, which is, in general, much smaller than
the dual space of X*.

2.3.7. Given a normed space X, we form the Banach dual space X* and, by
iteration, we obtain the bidual space X**. We define a map 1: X —» X** by

1(x)(@) = @(x), xeX, @peX*

Clearly 1 is a norm decreasing operator, and we see from 2.3.4 that : actually
is an isometry. We may therefore identify X with a subspace of X**, and, if X
is not a Banach space, we obtain a completion ¥ of X by letting ¥ be the norm
closure of 1(%X) in the Banach space X**.

A Banach space X is reflexive if the isometry 1 defined above is surjective.
Typical examples of reflexive spaces (apart from finite-dimensional spaces) are
the LP-spaces for 1 < p < oo. Read about this in 6.5.11.

2.3.8. We say that two vector spaces X and 9 arein (algebraic) duality [or that
they form a (algebraic) dual pair], if there is a bilinear form

o)X x Pk,
such that the space ¢-,9) of functionals on X separates points in X and,

similarly, (X, - is a separating space of functionals on 9. If X and 9 are
normed spaces, we delete the word algebraic above if (-,9> = X¥* and

X, "> ="
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With this definition of duality it follows that for every normed space X, the
pair (X, X*) are in duality; the bilinear form being given by

(0> =0(x), xeX, @eX*
We obtain another dual pair (X**, X*), with the bilinear form
{z,0)> =z(p), zeX*™, @eX¥

and we may regard this form as an extension of the former, if we identify X
with its image in X¥** under the isometry 7 described in 2.3.7.

2.3.9. If X and 9 are normed spaces and T € B(X, 9)), we define T*: P* - X*
by the equation

X, T*e) =<Tx, @), xeX, peD* (*)

We say that T* is the adjoint operator to T.

It is clear from this definition that if S € B(%, ) as well, and « € F, then
(@T + S)* = aT* + S*. Furthermore, we see that if 3 is a third normed space
and R € B(9), 3), then (RT)* = T*R*.

2.3.10. Proposition. If T € B(X,9), where X and %) are normed spaces, then
T* e B(D*,X*) and | T*| = |T||.

Proor. From the defining relation (*) in 2.3.9 we have
IT*ll = sup{I{Tx, p>||x € X, | x|| < 1}

<sup{[IT| x| loll|xe X, x| <1} = |T| o]

Thus T* € B(D*, X*) and | T*|| < || T|.
Given & > 0 we can find x in X with |x|| = 1 such that || Tx|| = |T| —e.
Choosing ¢ in 9* for Tx as in 2.3.4 we obtain

IT) <&+ ITxll = & + |KTx, @)
=e+ K6 T*)| <&+ || T*|.

Since ¢ is arbitrary, we conclude that || T*| = ||T|. O

2.3.11. Proposition. Given operators T: X — 9 and S: D* — X* between Banach
spaces X and 9 and their duals, satisfying

(Tx, ) = {x,S9),
Sor all x in X and ¢ in D*, we have that both S and T are bounded and S = T*.
PROOF. Let (x, y) be a limit point on the graph of T in X x 9). Thus, we have

a sequence (x,) in X such that x, — x and Tx, — y. Now for each ¢ in P* we
have

¥, @) = lim{Tx,, ¢
= lim{x,, Sp> = {x,8¢)> = {Tx, ¢).
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Since P* separates points in Y (2.3.4), it follows that y = Tx. This means that
the graph of T is closed, whence T € B(X,%)) by 2.2.7. Thus T* € B(9*, X*)

by 2.3.10, and T* = § by (%) in 2.3.9, since certainly X separates points in
X*, O

2.3.12. Remark. Despite its formulation, the content of the preceding result
is negative. There is namely no hope of explaining away the existence in the
applications of important unbounded operators with well-defined adjoint
operators. We learn from 2.3.11 that these operators cannot be defined on
Banach spaces, but at best on dense subspaces. Especially for operators on
Hilbert space (see Chapter 3), where the adjoint operator is fundamental, we
see that the theory of unbounded (self-adjoint) operators necessarily must
come to terms with operators that are not everywhere defined.

EXERCISES

E2.3.1. If m, and m, are seminorms on a vector space X, and ¢ is a functional
on X such that |¢| < m; + m,, then there are functionals ¢, and ¢,
on X with ¢, + ¢, = ¢ and |¢;] < m;fori=1,2.

Hint: Define the seminorm m on X x X by m(x,, x,) = m,(x,) +
m,(x,), and consider the functional ¥ on the subspace D of X x X,
where (x,x,) € D if x; = x,, and Y (x, x) = @(x). Then apply 2.3.3.

E 2.3.2. Consider the Banach spaces ¢, ¢, and ¢ defined in E2.1.5 and
E2.1.6. Furthermore, consider the Banach space ¢ of absolutely
summable sequences, cf. 2.1.18. Show that the bilinear form

5Y> =) XuYn

gives rise to isometric isomorphisms of #! onto (¢,)* and of £* onto
(£1)*. Describe ¢* and show that neither ¢, nor ¢ are reflexive spaces.

E 2.3.3. (Banach limits.) On the real Banach space #* (cf. 2.1.18 and E2.1.5)
we define the shift operator S in B(£/*) given by (Sx), = X, for every
x = (x,) in #*. Show that there is a functional L in (/*)* satisfying

(i) L(Sx) = L(x);
(ii) liminf x, < L(x) < limsup x,;

for every x = (x,) in #*. Interpret the result as a process of taking
limits in a generalized sense.

Hint: Define m, on ¢° by m,(x) = n"*(x; + -+ + x,), and let 9
be the subspace in #* of elements x for which lim m,(x) exists. Define
Lon Y by L(x) = lim m,(x), and define m on /* by m(x) = lim sup x,.
Then apply 2.3.2.

E2.3.4. Show that a normed space X for which X* is separable is itself
separable. ‘ '
Hint: If (¢,) is a dense sequence in X*, choose (x,) in X with
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E2.3.5.
E2.3.6.

E23.7.

E2.38.

E2.3.9.

E2.3.10.

E23.11.

x| = 1 such that |@,(x,)| = ll¢,| for every n. Then use 2.3.5 to
show that the subspace spanned by (x,) is dense in X.

Show that a Banach space X is reflexive iff X* is reflexive.

Let ¥ be a normed space and consider an element ¢ in X* as an
operator in B(X, F). Compute ¢* in B(F, X*).

Consider the Banach spaces ¢, £, and % from 2.1.18 (and E 2.3.2).
Define T: £ — ¢, by

(T = Y, Xm» X =(x,)el".
m>n

Show that T e B(£1,¢,) and give an explicit formula for T* in
B(/1,£>).

Consider an operator T in B(X,%)), where X and 9 are Banach
spaces, such that T(¥) is closed in 9. Show that T*(9*) = (ker T)".

Hint: If ¢ € (ker T)* in X*, the equation yo(Tx) = ¢(x) deter-
mines a functional ¥, on T(X). Use the open mapping theorem to
prove that , is continuous, and extend ¥, to an element i in Y*
by 2.3.3. Show that T*y = ¢.

Given Banach spaces X, 9, and 3 we say thatamap B: X x 9 —» 3
is a bounded bilinear operator if x — B(x, y) belongs to B(X, 3) for

every fixed y and y — B(x, y) belongs to B(9), 3) for every fixed x.
Show in this case that

sup{[IBGe, Il Ixll < 1, lyll <1} < oo. (%)

Show that the space BIL(X x 9, 3) of bounded bilinear operators
from X x 9 to 3 is a Banach space under the norm determined by
(*) and the pointwise vector operations.

Hint: Use the principle of uniform boundedness.

Given Banach spaces X and 9 put BIL(X x ) = BIL(X x 9, F); cf.
E2.3.9. Show that if B € BIL(X x ), the definitions
<x,85(y)> = B(x, y) = <y, Ty(x)>

give operators S in B(Y), X*) and T, in B(X, 9*). Show that the maps
B — Sgand B — Tj are isometric isomorphisms of BIL(X x 9)onto
B(Y, X*) and B(X, P*), respectively.

(Projective tensor product.) Take X, 9), and BIL(X x 9)asin E2.3.10.
Show that there is a bounded bilinear operator ® from X x 9 to
BIL(X x 9)* defined by x, y » x ® ¥, where

(B.x®y)=B(xy), xeX ye?®, BeBILX x 9). (%)

Show that we also have a bounded bilinear operator ® from
X* x 9* to BIL(X x 9) defined by o, ¥ - ¢ ® Y, where
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POY(xy) =0(x)W(y), xeX, ye9, oeX* yYyeP*

Prove that |x ® y|l = [Ix] |yl and [l@ @ || = @l I¥.

Define X ® 9 to be the norm closed subspace of (BIL(X x P))*
spanned by the vectors x ® y, for xin X and yin 9. If ¢ € (X @ D)*
and B € BIL(X x 9), set B,(x,y) = ¢(x ® y) and ¢g(a) = <{a, BD, cf.
(), and show that the maps ¢ — B, and B — ¢ are the inverse
of each other and determine an isometric isomorphism between
(X ® 9)* and BIL(X x 9).

Finally, show that if 3 is a Banach space and B is a bounded bi-

linear operator in BIL(X x 9, 3), there is a unique Bin B(X ® 9, 3)
such that

Bx®y) =B(x,y), xeX ye9.
Hint:Ifae X ® 9, define B(a) in 3** by
{B(a),¢) =<a,p o B), ¢e3J*

Note that B(x ® y) = B(x,y) € 3, when 3 is identified with its image
in 3**(2.3.7), and finally use that the span of elements x ® y is dense
nX®?Y.

2.4, Seminormed Spaces

Synopsis. Topological vector spaces. Seminormed spaces. Continuous func-
tionals. The Hahn—Banach separation theorem. Weak* topology. W*-closed
subspaces and their duality theory. Exercises.

2.4.1. A topological vector space is a vector space X equipped with a Hausdorff
topology such that the vector operations are continuous. Thus both maps

(x,y)»x+ yfromX x X to X,
(o, x) > oaxfromF x Xto X

are continuous (when X x X and F x ¥ have the product topologies).

A topological vector space X is said to be locally convex if the neighborhood
filter around 0 has a basis consisting of convex sets. Since 0(x) = x + 0(0) in
any topological vector space, this implies that every point in X has a basis of
convex sets for its neighborhood filter.

Given a topological vector space X we denote by X* the set of continuous
functionals on X, cf. 2.3.1. This is clearly a vector space, called the dual space
of X. In general, X* need not be very large, indeed it can be {0}. However,
using the Hahn—Banach separation theorem (2.4.7), we shall show that if X is
locally convex, X* contains an abundance of elements.

The vast majority of topological vector spaces arising in analysis are locally
convex, and we shall be exclusively concerned with this case. To facilitate the
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presentation—drawing on intuition gained from normed spaces—we shall
(seemingly) be even more restrictive and only define topologies on vector
spaces that arise from seminorms. It is a good exercise to show, using 2.4.6,
that every locally convex space arises in this manner (E 2.4.17).

2.4.2. Consider a vector space X with a separating family § of seminorms.
This means that if x # y in X, there is an m in § with m(x — y) # 0. Equiva-
lently the set § x X of functions x — m(x — y), where (m,y) € § x X, sepa-
rates points in X. The initial topology (cf. 1.4.5) induced by the family § x X
is called the seminorm topology induced by §. By 1.5.3 it is a Hausdorff
topology on X, but much more is true. We see from 1.4.5 that a subbasis for
the neighborhood filter O(x) of a point x in X is given by sets

{yeX|lm(y — 2) — m(x — 2)| < &}

for min &, z in X and ¢ > 0. Taking here z = x we obtain the subfamily of
sets {y € X|m(y — x) < ¢}. On the other hand, by the triangle inequality for m
each of these sets is contained in any of the former (with the same m and ¢),
so that it suffices to consider the latter family. We conclude that sets of the form

Q {yeX|m(y — x) <&} (%)

for e > 0 and {m,,...,m,} a finite subset of &, constitute a basis for ¢(x) in
the seminorm topology.

From the description () above it is easy to describe continuity and conver-
gence in a seminormed space X: a net (x;) converges to a point x in X precisely
if m(x; — x) - 0 for each m in §. Also we see (cf. 1.4.7) that amap f: Y > X
from a topological space Y into X is continuous iff y, » y implies that
m(f(y:) — f(y)) = O for each m in § and every convergent net (y,) in Y.

It is now easy to verify that every seminormed space X is a locally convex
topological vector space. Thus, if x, — x and y, — y in X, we must verify that
X; + ¥, — x + y. But from the above we have

mx, + y; — (x + ) < m(x; — x) + m(y, — y) >0
for each m in &, as desired. Similarly, if also o; — « in F, then
m(o;x; — ax) < |og|m(x; — x) + |, — a|m(x) > 0.
Thus X is a topological vector space, and from () we get the desired neighbor-

hood basis for ¢(x) of convex sets.

If § = {m}, then by the separation condition m must be a norm, and we
are back in a known situation. The new phenomena will occur, therefore, when
& is infinite and each m in § has a kernel. Typically, m(x) = |@(x)|, where ¢
belongs to a (separating) family 9 of functionals on X. In this case we say that
X has the weak topology induced by 9.

2.43. Lemma. For a set ¢, ¢y, ..., @, of functionals on a vector space X the
Sollowing conditions are equivalent:
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(i) @ =) 0@, where {a,...,a,} < F.
(i) For some a > 0 we have |¢(x)| < a max|@,(x)| for every x in X.
(iit) ﬂ ker ¢, < ker .

l')‘}.{OOF. The implications (i) = (ii) = (iii) are evident, so it suffices to show that
(iii) = (i). Toward this end, consider the operator T: X — F" given by

Tx = (¢1(x),..., u(x))-

By assumption we have ker T < ker ¢, and it follows from linear algebra that
¢ = f o T, where f is a functional on F". But then f corresponds to a vector
(et;,...,0,) in F* and thus

o(x) = f(Tx) = Z“k(Pk(x)- O

2.4.4. Proposition. Consider vector spaces X and ) such that ) is a separating
space of functionals on X, and give X the weak topology induced by V. If ¢ is
a weakly continuous functional on X, then ¢ € 9.

Proor. Since ¢ is weakly continuous at 0, there is by (x) in 2.4.1 an ¢ > 0 and
Piseees Py in 2) such that

N {x e X|lpx)| < &} = {x € ¥||p()| < 1}.

By homogeneity this means that

lp(x)| < &™" max [ @(x)]

for every x in X. Thus ¢ is a linear combination of the ¢,’s by 2.4.3, in
particular, ¢ € 9. d

2.4.5. Remark. The result in 2.4.4 has a more symmetric version: If X and 9
are vector spaces in algebraic duality via a bilinear form {-,-}, as described
in 2.3.8, and if we give X and 9) the weak topologies induced by the families
¢+, 9> and (X, -, respectively, we obtain locally convex topological vector
spaces X and 9 such that X* = ) and 9* = X.

2.4.6. Lemma. Let € be an open, convex neighborhood of 0 in a topological
vector space X, and define

m(x) = inf{s > O|s'x € €}.
Then m: X — R, is a Minkowski functional on X and

€ = {xeXm(x) <1}

PROOF. Since n~1x — 0 as n — oo, and € is a neighborhood of 0, it follows that
n~'x e € eventually. This shows that m(x) < oo for every x in X.

It follows from the definition that m is positive homogeneous. To prove
subadditivity, take x and y in X and consider s and ¢ in R, such that s 'x e €
and "'y € €. Since € is convex we then have
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G+ x+yY =6+ s(sx)+ s+ )ty e,

whence m(x + y) < s + t. As this holds for all choices of s and ¢, it follows that
m(x + y) < m(x) + m(y); so that m is indeed a Minkowski functional.

If x € @, then also (1 + ¢)x € € for some ¢ > 0, because € is open. Thus
m(x) < (1 + ¢)~! < 1. Conversely, if m(x) < 1 we can find s < 1 such that
s !x e €. Since 0 € € and € is convex, it follows that

x=(1—29)0+s(s'x) e C. O

2.4.7. Theorem. Let U and B be disjoint, nonempty, convex subsets of a topo-
logical vector space X. If W is open, there is a @ in X* and a t in R such that

Rep(x) <t < Re(y)
for every x in W and y in B.

Proor. First consider the case F = R. Choose x, in % and y, in B and put
z=1Yyo— Xoand € = A — B + z. Then € is an open, convex neighborhood
of 0, because
C=JA-y+z
yeB

a union of open sets. Let m denote the Minkowski functional associated with
€ as defined in 2.4.6. Since A N B = @, we know that z ¢ €, whence m(z) > 1.
Define ¢, on Rz by ¢y (sz) = s. For s > 0 this implies that

Po(s2) = 5 < sm(z) = m(sz),

so that ¢, < m. By 2.3.2 we can therefore extend @, to a functional ¢ on ¥
dominated by m. To see that ¢ is continuous, note that o(x)<1lif xe @ by
2.4.6, which means that |¢| < ¢ on the neighborhood —&€ &€ of 0.

If xe U and ye B, then x — y + z € €, whence @(x — y + z) < 1. Since
¢(z) = 1, it follows that (x) < ¢(y)for all pairs x and y. Thus, ¢(2) and ¢(B)
are disjoint intervals in R, and since U is open, so is (). Taking t as the
right endpoint of ¢(2A) we obtain the desired result.

Next, if F = C, we regard it first as a real vector space and find as above a
real functional  such that /() < ¢ < ¥(B). Then, as in the proof of 2.3.3, we
define the complex functional ¢ as @(x) = ¥(x) — iy (ix). Since Re ¢ = y, we
are done, because the continuity of ¢ follows from that of Y. O

2.4.8. If X is a normed space, it may be considered as a separating family of
functionals on its dual space X* via the bilinear form {*, ) described in 2.3.8.
The ensuing weak topology on X* is known as the w*-topology, and turns X*
into a locally convex topological vector space, having X as its dual space, cf.
2.4.4. Convergence in the w*-topology is pointwise convergence: a net {@i}ien
in X* is w*-convergent to an element @ iff @;(x) > @(x) for every x in X.

It is clear from the definition of the w*-topology as an initial topology
that it is weaker than the norm topology on X*. That the two topologies in
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fact only coincide when dim(%) < oo will be seen from Alaoglu’s theorem
(2.5.2), because the unit ball in an infinite-dimensional normed space never is
compact, cf. E2.1.3.

Again using the duality between X and X* we define the weak topology on
X as the one induced from ¥*. Thus a net (X2)1ea in X is weakly convergent
to x iff ¢(x;) - @(x) for every ¢ in X*. The weak topology is weaker than the
norm topology, and, in general, they are different. However, we see from 2.4.4
that in both topologies ¥* is the dual space. This has a curious, but very
useful, consequence: every norm closed convex subset € of X is weakly closed.
Because if x ¢ €, then BN E = @ for some small open ball B around x.
Applying 2.4.7 we find an element @ in X* that separates x and €, and thus a
weakly closed neighborhood of € of the form

A= {yeXReop(y) =1},
such that x ¢ .

2.49. We see from 2.4.8 that a normed space X may have other interesting
topologies, so that the words and symbols for interior and closure have to be
qualified. Therefore, from now on we shall use the symbol 9~ for any subset
9 of X to denote norm closure (as distinct from other weak closures of ). This
closure symbol also has the advantage that it cannot be confused with complex
conjugation, an operation that will occur frequently in the following chapters.

2.4.10. Proposition. Let X be a normed space and 3 be a w*-closed subspace of
X*. For every ¢ in X*\ 3 there is an x in 3* such that {x, @) # 0.

Proor. Choose a w*-open, convex neighborhood € of ¢ disjoint from 3 (cf.
2.4.2). By 2.4.7 in conjunction with 2.4.4 there is then an x in X and a real ¢
such that

Redx, ) e Redx,€) <t < Relx, 3.

Since J is a subspace, this means that t < 0 and x € 3*. O

2.4.11. Corollary. Every w*-closed subspace of X* has the form D+ for some
norm closed subspace Y of X.

2.4.12. Proposition. If T € B(X,Y), for Banach spaces X and %), the adjoint
T*: P* - X* is w*-continuous. Conversely, every w*-continuous operator
S:D* — X* has the form S = T* for some T in B(X,9); in particular S is
bounded.

Proor. By 1.4.7 it suffices to show that x o T* is w*-continuous on 9* for
each x in X, which is trivially true, because x o T* = Tx € 9.

Assume now that S: P* — X* is a w*-continuous operator. Thenx o Sis a
w*-continuous functional on 9* for each x in X, whence x o S € 9 by 2.4.4.
We can therefore define an operator T: X — ¥} uniquely, suchthat Tx = xo §
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for every x in X. But then

<TX, (,0> =Xo° S((P) = <x5S(p>

for x in X and ¢ in 9*; whence T € B(X,9), S € B(D*,X*),and S = T* tl>:);
2.3.11.

2.4.13. Proposition. Consider a closed subspace ) of a normed space X. Let
I: 9 — X denote the inclusion map and Q: X — X/9) denote the quotzem't map.
Then we may identify Q* with the inclusion map of 9* into X* and I* with the
quotient map of X* onto X*/9*.

PrOOF. If ¢ € (X/9)*, then evidently Q*¢ € 9. Since Q maps the open unit
ball of X onto that of X/9), cf. 2.1.6, we have

10*¢| = sup{|<x, Q*>l|x e X, l|x| < 1}

= sup{IKQ@x, p)l|x e X, lIx|| < 1} = lloli;

which shows that Q* is an isometry of (X/9)* into 9+ in X*. On the other
hand, each y in 9 determines a unique ¢ in (¥/9)* such that (x,y> =
{Qx, 9, whence Q*¢p = y, so that Q* is surjective.

Since QI = 0 we know that I*Q* = 0, cf. 2.3.9, whence 9+ < ker I*. By
definition, however, I* is the restriction map ¢ — ¢|9) of X*, so ker I* = 9+.
Denoting by J the quotient map of X* to X*/9), we have by 2.1.7 an operator
T* in B(X*/9*,9*) such that I* = *(J. By the Hahn—Banach extension
theorem (2.3.3) each ¢ in P* extends to a ¢ in X* with |¢| = |y¥|. Thus,

Y = I*@, so that I'* is surjective. Moreover, I* is an isometry, because || T*|| =
II*| = I =1 and

IT*(@ + DY = ¥l = ol = o + .
We may therefore identify I* with (, as desired. d

EXERCISES

E24.1. Let {G;|j e J} be a family of convex subsets in a vector space X. Show
that the smallest convex set in X containing all the €;’s (the convex
hull, denoted by conv{;|j € J}) consists of all points of the form
X = Z A;x;, where x; € €;,4; > Oforall jand A; = Ofor all but finitely
many j,and } 4, = 1.

E24.2. Let €, and €, be convex, compact subsets of a topological vector
space X. Show that conv{€, U E,} (cf. E2.4.1) is compact.

Hint: Use the fact that the set {(s,f)e R, x R,|s +t = 1} is
compact in R,

E24.3. Let € be a convex subset of a topological vector space X. Show that
if x € € and y e €7, every point of the form z = ix + (1 — Ay for

0 < 4 <1 belongs to €°. Show that if €° # @, then (€°)" = €~ and
€y =6
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E2.44.

E24.5.

E24.6.

E24.7.

E2438.

E2.4.9.

E 2.4.10.

E24.11.

2. Banach Spaces

Let X be a normed space and 9) be a subspace of X*. Show that 9
is separating for X iff 9) is w*-dense in X*.

Let X be a normed space, identified with a subspace of X**, cf. 2.3.9.
Let B and B** denote the closed unit balls in X and X**, respec-
tively. Show that B is dense in B**, when X** is given the weak
topology induced by X*.

Hint: If a e B**\B~", it has an open, convex neighborhood
disjoint from B, and 2.4.7 applies.

Let (x,) be a sequence in a normed space X, such that ¢(x,) = ¢(x)
for some x in X and all ¢ in X*. Show that for each ¢ > 0 and m
there is a convex combination y = ) 4,x,, with all n > m, such that
Ix = yll <e.

Hint: Let € = (conv{x,|n € N})~ and use 2.4.7 to see that x € §;
cf. the last paragraph in 2.4.8.

Consider the space #1, both as a Banach space and as the locally
convex topological space with the weak topology induced by its dual
space £%; cf. E2.3.2. Show that every weakly convergent sequence in
£ is norm convergent. Explain why this fact does not imply that the
two topologies coincide.

Hint: If x, — 0 weakly, but ||x,||; = ¢ > 0 for infinitely many n,
we can find (passing if necessary to a subsequence) an increasing
sequence of numbers a(n), with a(0) = 0, such that

a(n—1) -1 a(n) -
Y, xR <n7, Y xR = Ix,lly — 207,
k=1 k=a{n-1)+1

for every n. Define x in £* by x(k) = signx,(k) for a(n — 1) < k <
a(n), and check that

1% X012 Xl — 407" 2 6 — 4n"

Let 9 be a closed subspace of a reflexive Banach space X. Show that
both 9 and X/9) are reflexive.
Hint: Use 2.4.13.

(Uniformly convex spaces.) A Banach space X is uniformly convex if
whenever we have sequences (x,) and (y,)in X, with ||x, || = [y, =1
for all nand || 1(x, + y»)Il = 1, then ||x, — y, || = 0. Show in this case
that every closed, convex subset of X has a uniquely determined
element with smallest norm.

Show that if J is not a singleton, the Banach space ¢o(J) (cf. 2.1.18)
is not uniformly convex (see E 2.4.9).

Let X be a uniformly convex Banach space (cf. E 2.4.9), equipped also
with the weak topology induced by a separating subspace 9 of X*
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E24.12.

E24.13.

E24.14.

E24.15.

E24.16.

E24.17.

such that the unit ball of 9 is w*-dense in the unit ball of ¥*. Show
that if (x,) converges weakly to some x in X, and || x, || — {|x|| as well,
then (x,) converges to x in norm.

Show that every uniformly convex Banach space is reflexive.

Hint: By assumption there is to each ¢ >0 a 6 such that
I3(x + y)|| > 1 — dimplies || x — y|| < efor all vectors x, y in B(0, 1);
cf. E2.49. Take z in X¥** with |z|| == 1 and choose ¢ in X* with
lell =1 and |{z,¢> — 1| < 4. Put

€ = {x e BO,1)|[<x, @) — 1] < 5}

and use E 2.4.5 to show that z belongs to the weak closure of €. Note
that [[x — y|| < ¢forall x and y in € and conclude that ||z — x|| < ¢
for some x in €.

Show that the Banach spaces L”(X), defined in 2.1.14 (or 2.1.15), are
uniformly convex (E 2.4.9) for p > 2.
Hint: Use the inequality

Is + 217 + |s — t]P < 2P71(|s|? + [¢]?),
valid for all real numbers s and ¢.

Given Banach spaces X and 9), such that X is reflexive and T -
X* is an isometry of P on a w*-dense subspace of X*. Show that
T(P) = X*, so that also Y is reflexive with P* = T*(X).

Show that the Banach spaces L?(X), defined in 2.1.14 (or 2.1.15), are
reflexive, and that L?(X)* = L9(X) whenever p~! + ¢! = 1.

Hint: Take p > 2, and use the Holder inequality (6.4.6) to con-
struct an isometry T of LX) into L?(X)*. Now use E2.4.13 and
E2.4.12 to see that the assumptions in E 2.4.14 are satisfied.

Show that a continuous Minkowski functional m on a topological
vector space X is a seminorm iff the corresponding open convex set
€ = {x € X|m(x) < 1} is balanced, i.c. «€ = &, whenever « € F and
la] = 1. (If F = R the term symmetrical is used.)

Show that if X is a locally convex topological vector space there is
a basis for the neighborhood filter around 0 consisting of balanced,
open, convex sets. Conclude that every locally convex topological
vector space is a seminormed space.

Hint: If € is an open, convex neighborhood of 0 and x 1 — 0, then
with S = {« € F[la| = 1} we have Sx, c G, eventually. Otherwise,
passing to a subnet, we could find o; in § such that «,x; ¢ € but
a; — o in S. Since scalar multiplication is continuous as a function
from F x X to X this leads to a contradiction. It follows that (o€,

a € S, is a neighborkood of 0 whose interior will provide a balanced,
convex neighborhood.
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E2.4.18. Let X and 9 be locally convex topological vector spaces in duality

via a bilinear form (-, - ), cf. 2.4.5. For each subset € of X define the
polar of € as

€% = {p e P|VxeC: Re{x, 0> > —1}

Show that € is a closed, convex subset of 9). Define the polar of any
subset of ) by the corresponding formula to obtain a closed, convex
subset of X. Show that the bi-polar €°° contains €. Show finally—
asa generalization of 2.3.6 and 2.4.11 — that €°° = € iff €is a closed,
convex subset of X.

Hing: If x e €°°\ €, apply 2.4.7 to obtain a contradiction.

2.5. w*-Compactness

Synopsis. Alaoglu’s theorem. Krein—Milman’s theorem. Examples of extre-
mal sets. Extremal probability measures. Krein—Smulian’s theorem. Vector-
valued integration. Exercises.

2.5.1. In this section we consider a normed space X and its dual space X*. We
shall be particularly interested in the closed unit ball of X*, which we denote
by B*; but also other convex (compact) sets may occur. Note that if X* is
given the w*-topology (2.4.8), then B* is a w*-closed subset of X*, but in
general not a w*-neighborhood of 0 [unless dim(¥) < oo]. The following easy,
but fundamental, result is known as Alaoglu’s theorem.

2.5.2. Theorem. For each normed space X, the unit ball B* of X* is w*-compact.

PROOF. Let (¢,); . be a universal net in B* (cf. 1.3.7). For every x in X we
have |@,(x)| < [ x|, so that the image net (¢;(x)); 4 is contained in a compact
subset of F, and thus convergent to a number ¢(x) by 1.6.2(iv). For all x and
y in X and « in F we have, by straightforward computations with limits, that

o) < lIxll,  @x+ ¥ =0+ o)  @x)=axp(x)

It follows that we have constructed a ¢ in B* such that ¢; - ¢ (in w*-
topology). Thus every universal net is convergent, whence B* is compact by
1.6.2. t

2.5.3. A face of a convex subset € in a vector space X is a nonempty, convex
subset § of € with the property that ix + (1 — A)y € § implies x € & and
yeg forallxand yin€Cand0 < i< L.

An extreme point in € is a one-point face, i.e., a point in € that cannot
be expressed as a nontrivial convex combination of elements from €. The
extremal boundary of € is the set of extreme points in G, denoted by 9€ (and
not to be confused with the equisymbolized topological boundary).

We are primarily interested in proving the Krein—Milman theorem (2.5.4)
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for convex, w*-compact subsets in the dual space X* of a normed space X.
However, it is convenient to have the more general result at our disposal.

2.5.4. Theorem. Consider a vector space X equipped with the weak topology
induced by a separating space X* of functionals on X. Then for each convex,
compact subset € of X, the convex hull of the extremal boundary o€ of € is
dense in C.

PRrOOF. Take a closed face €, of €, and consider the set A of closed faces of
©,. From the definition of a face in 2.5.3, we see that faces of €, are also faces
of €. We order A under reverse inclusion, and claim that the order is inductive.
Indeed, if {§;]j € J} is a totally ordered subset of faces of €, then NF#0
because € is compact, and clearly () §; is a face in A majorizing every &;. By
Zorn’s lemma (1.1.3) we conclude that €, contains a minimal face §.

Take ¢ in X* and put

s = inf{Re{x, p>|x € §}.

Since the function x — Re{x, ¢ is weakly continuous, it attains its minimal
value s on & [use e.g. 1.6.2(v)], so that

Fo = {x € FIReCx, 0> = s} #90. (*)

Evidently &, is a face of &, hence of €,, and since & is minimal, we conclude
that &, = &. Since X* separates points in X, this implies that § must be a
one-point set, i.c., & is an extreme point. We have thus shown that € n €, # @
for every closed face €, of €.

Now let conv{dC€} denote the convex hull of 0€, ie. the set of convex
combinations of points from 0€. Then conv{d€} is a convex subset of €, and
its closure B is therefore also convex, since the vector operations are con-
tinuous. If x € €\ B, there is an open, convex neighborhood A of x disjoint
from B, cf. 2.4.2. Applying 2.4.7 we find ¢ in X* and ¢ in R, such that

Re ¢(x) € Re (W) < t < Re ¢(B).

Thus s < t, where s denotes the minimum of Re ¢ on €, and the face §,, defined
as in (x) above (with & replaced by €) satisfies §, "B = 0. In particular,
&, " 0€ = @, which contradicts the first result in the proof. Consequently,
B = ¢, as desired. O

2.5.5. The following strategy for the attack on a problem concerning a convex,
compact set is often successful: First, find the extreme points of the set. These
points are often simpler to handle, so that the problem can be solved for them.
Now if the solution is stable under the formation of convex combinations, and
stable under limits (i.e. continuous), then the Krein—Milman theorem asserts
that the solution is valid on the whole set.

In order to use the strategy outlined above, it is necessary to have a
catalogue of extremal boundaries for the most common convex sets, which
are often unit balls in dual spaces. The catalogue follows. Except for the last,
most important, item, the proofs are left to the reader.
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2.5.6. Catalogue. (a) Consider C(X), where X is an infinite compact Hausdorff
space. The unit ball in C(X) under co-norm is not compact. Even so, the ball
is often well supplied with extreme points. These are the functions f in C(X),
such that | f(x)| = 1 for every x in X. If F = R and X is connected, there are
only two extreme points. However, if F = C, the convex hull of the extreme
points (the unitary functions) is uniformly dense in the ball.

(b) Consider L!(X), where X < R"(cf. 2.1.14). The unit ball is not compact,
and there are no extreme points.

(c) Consider LP(X)for 1 < p < oo. Since L?(X) = (LY X)*ifp ' + ¢ ' =
1 by 6.5.11, we know from 2.5.2 that the unit ball is w*-compact. In this case,
however, the extreme boundary coincides with the topological boundary, so
that every unit vector is an extreme point. This corresponds to the geometrical
fact that p-norms give “uniformly round” balls with no edges.

(d) Consider L*(X) = (L*(X))* (cf. 6.5.11). The extreme points in the unit
ball are the functions f such that | f(x)| = 1 for (almost) all x in X.

(e) Consider the convex set of monotone increasing functions f: [0,1] —
[0, 1], which is compact in the topology of pointwise convergence. The ex-
treme points are those functions that only take the values 0 and 1.

(f) Consider the convex set of holomorphic functions f on an open subset
Q of C, such that | f|l, < 1. The extreme points are the functions f(z) = .
a(z — zo)~!, where zy ¢ Qand |a| = d(z,, Q). The strategy in 2.5.5 is capitalized
in the Cauchy integral formula. »

(g) Consider M,—the n x n-matrices over F. Note that M} = M, because
dim(M,) = n*. Identifying M,, with B(F"), we obtain an operator norm on M,
corresponding to the 2-norm on F". The extreme points in the unit ball of M,
are the isometries on F". For F = R these are the orthogonal matrices, for
F = C the unitary matrices.

(h) Consider B($), where $ is an infinite-dimensional Hilbert space (sec
Chapter 3). By 3.4.13 we have B(9) = (B($))*, so that the unit ball in B($)
is compact in the weak* topology (known in this case as the o-weak topology).
The extreme points are operators T such that either T*T =1 (isometries) or
TT* = I (co-isometries), possibly both (unitaries). Quite unexpectedly, the
convex hull of the extreme points is the whole unit ball. In fact, already the con-
vex hull of the unitary operators contains the open unit ball, see 3.2.23.

(i) Consider B(),, the self-adjoint operators in B($). This is a real Banach
space (and a dual space in the o-weak topology). The extreme points in the
unit ball are the symmetries, i.e. the operators § = §* such that $2 = I.

(j) Consider B($)., the positive (definite) operators in B($). This is a
closed, generating cone for B(9). The extreme points in the unit ball of B($),
are the (orthogonal) projections, i.e. the operators P = P* such that P?> = P.
The strategy in 2.5.5 is capitalized in the spectral theorem for compact opera-
tors (3.3.7) and for arbitrary (normal) operators (4.5.8).

2.5.7. Proposition. Consider the Banach algebra C(X), with X a compact
Hausdorff space, equipped with the pointwise algebraic operations and co-norm.
Let M(X) denote the dual space of C(X) and P(X) denote the subset consisting
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of those w in M(X) such that ||p| < 1 and u(1) = 1. Then P(X) is a convex,
w*-compact set, whose extremal points are the Dirac measures 0, x € X, given

by 6.(f) = f(x), for every f in C(X).

Proor. The unit ball in M(X)is weak* compact (2.5.2), and P(X )is a w*-closed
face of it, because the map p — u(1) is a w*-continuous function. Thus P(X)
is a convex, w*-compact set.

Ifpe P(X)and f = fin C(X), then pu(f) € R. Indeed, if u(f) = s + it, then
for each n,

s + 21+ n)? = |u(f + itn)> < | f +im]|® = | f1I? + £2n%,

which only holds if t = 0. Moreover, if f> 0, then p(f) > 0. Indeed, as
0<|Ifll—f<Ifll,wehave

1A= u(f)=p( I =N <111

whence u(f) > 0. We have therefore shown that P(X) consists of positive,
self-adjoint functionals. As a consequence we have, for each f in C(X),

Re u(f) = u(Re f) < pu(lf1),

which implies that |u(f)| < u(1f)).
Suppose now that y is an extreme point in P(X), and take f in C(X) with

0 < f < 1. Then with « = u(f) we have 0 < o < 1. Assuming that 0 <« < 1
we define the functionals ¢ and ¥ on C(X) by

o(g) =o' u(fg), W9 =1~ u(—f)g)
for g in C(X). Note that ¢(1) = (1) = 1 and that
le(f9)l < u(lfg) = u(f1gl) < gl u(f) = «lgl, (%)

whence ||@|| < 1; so that ¢ € P(X). Similarly ¥ € P(X). Now by definition
u=ag + (1 — a)y, and since p is extreme, this implies that ¢ = ¢ = pu. We
conclude that u(fg) = u(f)u(g) if 0 < u(f) < 1; but of course that equation
holds also when u(f) = 0 by () above, and replacing f with 1 — f we see that
it holds when u(f) = 1 as well. It is elementary to verify that the linear span
of the positive functions in the unit ball of C(X) is all of C(X), and since u is

linear, we see that u(fg) = pu(f)u(g)forall f and g in C(X); i.e. uis a multiplica-
tive functional, or a homomorphism of C(X) onto C.

Assume for a moment that to each x in X there is an f in ker u such that
f(x) # 0. Then f is also nonzero in a neighborhood of x, so by a standard
compactness argument we find f;, ..., f, in ker u such that the open sets
{x € X|fi(x) # 0}, 1 <k <n, form a covering of X. The function f =Y f, £
belongs to ker p, because u is multiplicative; but f(x) > 0 for every x in X, so
that 1/f € C(X). This leads to the contradiction

U= p(1) = p(f-1/f) = u(f)uQ/f) = 0.

Consequently, there is an x in X such that (in the notation of 2.5.7) ker §, >
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ker p. Since f — p(f)1 € ker u for every f in C(x), we see that f(x) = u(f), i.e.
é, = U

Conversely, if we have a convex combination a¢ + (1 — &)y = §, for some
xin X,0 <« < 1, and ¢, ¥ in P(X), then from the inequalities

x| < ap(lf) < &:(/D) = 1f1(x) = )],

we see that ker ¢ o kerd,. As above this implies that ¢ = §,, whence also
¥ = d,; so that J, is an extreme point in P(X). O

2.5.8. Remark. To appreciate the result in 2.5.7 one should know that M(X)
is the set of Radon charges on X (signed measures, see 6.5.5); whereas P(X)
are the probability measures on X. Thus we learn from the Krein—Milman
theorem that every probability measure on X can be approximated pointwise
on C(X) by measures with finite support on X.

2.5.9. Theorem. Let X be a Banach space, and denote by B* the unit ball in X*.

A convex set € in X* is then w*-closed if each of the sets rB* €, r >0, is
w*-compact.

Proor. Under the assumptions on @, it is easy to see that it must at least be
norm closed. Indeed, every norm convergent sequence contained in € is
bounded, and thus contained in a ball rB* for some r > 0; and rB* ¢ is
w*-closed and, a fortiori, norm closed.

Therefore, if ¢ ¢ €, there is an r > 0 such that r8* N (€ — ¢) = #. We may
as well assume that r = 1, and replacing € with € — @, we may assume that
B* N E = @. We have then to prove that 0 is not in the w*-closure of €.

For any subset & of X we define the polar of & as the w*-closed, convex
subset

P = ) {peX*Rex,0) = —1}.
xey
We claim that P(r8) = r~!8*, where B as usual denotes the closed unit ball
in X. Clearly, "1 B* c P(rB), and if ¢ ¢ r ' B*, there is by 2.4.7 an x in X and
a tin R such that

Redx, 9> < t < Relx,r 1B*).

As Redx, r 18B*> = [—r7||x],r* x| ] by 2.3.4, we obtain by the normaliza-
tion ||x|| = r an element in r® such that Re{x, 9> < —1, whence ¢ ¢ P(rB).
Thus P(rB) = r 1 B*, as claimed.
We now by induction define a sequence §;, &, ... of finite subsets of X
such that &, = {0} and
g, c(n— 1B, (%)
nB* NENPG) N PE,) =9, (**)

for every n. The case n = 1 is given in advance, and we assume that &, &2,
..., &, have been chosen. Put
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D=+ )B*ENPF)n 0P,

and note that D is a convex, w*-compact subset of X* such that D " nB* = 0.
This means that

9=DAPE'B)= [ . DN P({x}),

xen!

and since D is compact, there is a finite subset &, in n~!B such that
DA P(F,+1) = 0. Thus &, satisfies (*) and (*+), and the induction proceeds.

The elements in | ) &, can be ordered in a sequence (x,), which converges
to 0 by (*). We can therefore define the bounded operator T: X* > ¢4 (cf.
2.1.18) by T(¢) = ({x,,, ¢>). If ¢ € €, then

mB*n {¢} N P({x,/JneN}) =9

by (x*) for every m (in particular for m > ||¢|), which means that inf Re{x,, ¢)
< —1, whence | To|,, = 1. This shows that the convex set T(€) does not
intersect the open unit ball %, in c,. As ¢§ = ¢, we can apply 2.4.7 to obtain
an element A = (4,) in £ such that

Re( %y, 1) <t < Re(T(€), 1)

for some ¢ in R. Normalizing [|4]|; = 1 we have 1 <t. Put x = ) 4,x, in (the
completion of) ¥ and note that

Redx, @) = 3 Red4,x,, 9> = ReTop, 1) > 1

for every ¢ in €; which shows that 0 does not belong to the w*-closure of €,
as desired. This is the Krein—Smulian theorem. (]

2.5.10. Corollary. A subspace 3 in X* is w*-closed iff 3 nB* is w*-closed
(= w*-compact).

2.5.11. Corollary. A functional x on X* is w*-continuous (and therefore belongs
to X) iff the restriction x|B* is w*-continuous.

2.5.12. Consider a function f: X — X, where X is a locally compact Hausdorff
space, and X is a Banach space. If { is a Radon integral on X, cf. 6.1, we may
ask for suitable conditions on f, which will ensure the existence of an element
in X, worthy of the symbol | f. Such a vector-valued integral should at least be
consistent with the coherent family of scalar-valued integrals obtained by
composing f with a continuous functional. Thus, we expect that

<jf,<p> = J(f(‘),qr) )

for every ¢ in X*. We shall see that condition (x) can actually be used to define
the integral.

As usual in integration theory there is no loss of complexity (but maybe
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some gain in familiarity) by assuming that X is an open or a closed subset of
R", and that { is the Lebesgue integral.

To simplify matters, we shall assume throughout that the scalar function
| f(-)| is integrable on X.

2.5.13. Lemma. Given f: X — X as in 2.5.12, let 9 ; denote the set of elements
@ in X*, for which the function {f(-), @) is measurable. Then Y, is a norm
closed subspace of X*; and if 9 , is separating for X, there is at most one element

§ f in X for which
<jf»¢> = J(f('):‘P% pe,.

Proor. If (¢,) is a sequence in 9 , that is w*-convergent to some ¢ in X*, then
(<f(), ,») converges pointwise to { f(), @) as functions on X. Since a sequen-
tial limit of measurable functions is measurable by 6.2.14, it follows that
¢ € Y,. In particular, 9, which is clearly a linear subspace, is norm closed
in X*. Note, moreover, that since |<f(*), ¢>| < || f(")|| @], which is an integra-
ble majorant by assumption, we may describe 9, as the functionals ¢ in X*
for which {f(-), @) € £1(X); cf. 6.2.16.

If 9, is w*-dense in X*, the unicity of { f is evident. O

2.5.14. Propeosition. If Y is a Banach space, and f: X — D* is a w*-measurable
function with integrable norm, there is a unique element | f in 9* such that

<y,Jf> = j<y,f(')>, yeP.

ProoF. Taking X = 9* we have 9, > 9 by assumption. For each y in P we
can form the integral | <y, f(*)), and this clearly defines a linear functional { f

on 9. Since
)

the functional { f is bounded (by | f(-)Il;), whence | f € 9*. The uniqueness
follows from 2.5.13. d

= U(J’,f('))\ <yl Jllf(')ll,

2.5.15. Proposition. Let f: X — X be a weakly measurable function from a
locally compact Hausdorff’ space into a separable Banach space, and assume
that || f(°)|| € L*(X). There is then a unique element _[ fin X such that

<Jf,<p>=J<f('),<p>, @ e X*. (%)

PROOF. By assumption 9, = X*; cf. 2.5.13. Regarding X as a subspace gf X**
there is therefore by 2.5.14 a unique element [ f in X** satisfying (*). Since X
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is separable, the w*-topology on the unit ball B* of X* is second countab}e.
To show that [ f is w*-continuous on B* it therefore suffices to check 1t's
behavior on a sequence (¢,) in B*, that is w*-convergent to an element ¢. This
means that we have a sequence of functions ({f(*),¢,») in £!(X) that is
pointwise convergent to {f(:),¢>. The function | f(-)| being a common
integrable majorant, we see from Lebesgue’s dominated convergence theorem
(6.1.15) that

f(f('),(pn)—»J(f('),@-

But this means that <[ f,¢,> = {[ f, ), so that [ f is w*-continuous on B*.
It follows from 2.5.11 that | f € X, as desired. O

EXERCISES

E25.1. Let C denote the convex hull in R? of the points (0,0, 1), (0,0, —1),
and the circle

{(1 + cos 0,sin6,0)|0 < 6 < 27}.
Show that the set of extreme points in C is not closed in C.

E25.2. A Banach space X is strictly convex if the equality ||x + y| = ||x| +
[yl for x and y in X always implies that x and y are proportional.
Show that X is strictly convex iff every x on the unit sphere of X is an
extreme point of the unit ball. Compare strict convexity with uniform
convexity defined in E 2.4.9.

E2.5.3. Let B* denote the closed unit ball in X*, for a separable Banach space
X. Show that the w*-topology on B* is metrizable, and deduce that
X* is separable in the w*-topology.
Hint: Show that a basis for the w*-topology on B* can be obtained
from a countable number of seminorms. Note also that a compact,
metric space is separable.

E2.54. Let € be a convex, w*-compact subset of X*, where X is a separable,
normed space. Show that the extremal boundary 6€ of € can be
written as a countable intersection of open subsets of € (known as a
G;-set).
Hint: Note first that € is bounded and the w*-topology is therefore
metrizable by E 2.5.3. Then use the fact that ¢ € @\ oC iff ¢ belongs
to one of the closed sets f(&,), n € N, where

& = {(91,0,) € € x €ld(gy,9,) = n71},

and f: € x € - € is the continuous function given by f(¢,, ®,) =
1
301 + 92).

E2.5.5. Prove some of the assertions in the catalogue 2.5.6.
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E25.6.

E25.7.

E25.8.

2. Banach Spaces

Let (f,) be a bounded sequence in C(X), for a compact Hausdorff
space X, such that f,(x) — f(x)for every x in X, where f € C(X). Show
that for each ¢ > 0 there is a convex combination g = Y A,f, such
that || f — gl <.

Hint: Use Lebesgue’s dominated convergence theorem (6.1.15) and
6.5.9 to conclude that f, — f weakly, cf. 2.4.8. Then apply E 2.4.6.

(Markov’s fixed point theorem.) Let € be a convex, compact subset of
a vector space X, equipped with the weak topology induced by a
separating subspace X* of functionals on X. Assume that T is a family
of mutually commuting, weakly continuous operators T: X — X, such
that T(€) < € for every T in . Show that there exists a point x in €
such that Tx = x for all T.

Hint: Put T,=n'(J+ T+ -+ T" ') for each Tin T and n in
N. Show that T,(&) is convex and compact for every convex, compact
subset }. Show further that

T.5.(€) € T,(€) n S,,(€)

for all S and T in T and all n and m, and deduce that & = () T,(€)
(intersection over T x N)is nonempty. If x € § and Tx # x for some
T in T, choose ¢ in X* with ¢(Tx — x) = 1. Given n thereisa yin €
with T,y = x. This implies that

n=o@n(TT,y — T,y)) = o(T"y — y).

But € — € is compact (as the continuous image of the compact
subset € x € in X x X), so ¢ is bounded on € — €, and we have a
contradiction.

Let f: X — X be a continuous function from a compact Hausdorff
space into a Banach space. Let u be a Radon measure on X and
consider elements of the form

Li(f)= kz f(s)u(Ey),
=1
where the E,’s form a partition of X into disjoint Borel subsets, and

sc€ B, {se X|| f(s) — flsll < £}.

With 4 = {E,,..., E,, ¢}, show that (I,(f))ica s 2 uniformly conver-
gent net in X. If { f(s) du(s) denotes the limit of the net, show that

¢ (Jf (s) d#(5)> = j(ﬂ(f () dps(s)

for every ¢ in X*. . .
Hint 1: Proceed as if you were constructing the Riemann integral.
Hint 2: Apply 2.5.15.



CHAPTER 3
Hilbert Spaces

The geometry of infinite-dimensional Banach spaces offers quite a few sur-
prises from the viewpoint of finite-dimensional euclidean spaces. Thus, the
unit ball may have corners, and closed convex sets may fail to have elements
of minimal norm. Even more alienating, there may be no notion of perpen-
dicular vectors and no good notion of a basis. By contrast, the Hilbert spaces
are perfect generalizations of euclidean spaces, to the point of being almost
trivial as geometrical objects. The deeper theory (and the fruitful applications)
is, however, concerned with the operators on Hilbert space. Accordingly, we
devote only a single section to Hilbert spaces as such, centered around the
notions of sesquilinear forms, orthogonality, and self-duality. We then develop
the elementary theory of bounded linear operator on a Hilbert space §, i.e.
we initiate the study of the Banach *-algebra B($)-—to be continued in later
chapters.

In order to present some advanced material, without yet having access to
the spectral theorem, we study the compact operators in some detail. For these
special operators we establish the spectral theorem and then proceed to the
notion of index for Fredholm operators and its invariance properties. Finally,
we introduce the trace on B($), define the trace class operators and the
Hilbert—Schmidt operators, and prove the duality theorems that arise from
the trace. We conclude with the basic theory of integral operators.

3.1. Inner Products

Synopsis. Sesquilinear forms and inner products. Polarization identities and
the Cauchy—Schwarz inequality. Parallelogram law. Orthogonal sum. Ortho-
gonal complement. Conjugate self-duality of Hilbert spaces. Weak topology.
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Orthonormal basis. Orthonormalization. Isomorphism of Hilbert spaces.
Exercises.

3.1.1. A sesquilinear form on a vector space X is a map

Cl')XxX->F
that is linear in the first variable and conjugate linear in the second. The word
means one and a half (semis qui ~ a half more) which is nonsense; but only
when | = R is the form honestly bilinear, and we are primarily interested in

the case F = C. (A mathematical physicist is a mathematician believing that

a sesquilinear form is conjugate linear in the first variable and linear in the
second.)

To each sesquilinear form (-|-) we define the adjoint form (-|-)* by
x|y)* = (yIx), x,yeX.

We say that the form is self-adjoint if (-|-)* = (*]*) (but if F = R, the term
symmetric is often used). For F = C a straightforward calculation shows that

4(x|y) = i i“(x + i*ylx + i*y). (*)
k=0

It is immediate from (*) that the form (-|-) is self-adjoint iff (x| x) € R for every
xin X.

We say that a sesquilinear form (-|-) is positive if (x|x) = 0 for every x in
X. Thus, for F = C a positive form is automatically self-adjoint. On a real
space this is no longer true.

An inner product on X is a positive, self-adjoint sesquilinear form, such that
(x]x) = 0 implies x = 0 for every x in X.

3.1.2. For a positive, self-adjoint sesquilinear form (-|-) we define the homo-
geneous function ||-|: X - R, by
Ixll = (xIx)"2, xeX. (*)

From () in 3.1.1 and a similar computation in the real case we obtain the
following two polarization identities, the first for F = C, the second for F = R:

3

4(xly) = Y Flx +iy)% (%)
k=0

4xly) = llx + ylI? = lIx = yI* (%)

3.1.3. With (-|-) as in 3.1.2 and o in F the formula
a2 x[)2 + 2Rea(x]y) + [Iyl? = llax + yI* = 0, (*)
for x and y in ¥, immediately leads to the Cauchy—Schwarz inequality:

eIl < iy ll- (%)
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Inserting this in () it follows that |- | is a subadditive function, and therefore
a seminorm on X. In the case where (-|-) is an inner product, the definition ()
in 3.1.2 therefore gives a norm on X. In this case we see from (x) that equality
holds in the Cauchy—Schwarz inequality only when x and y are proportional.

Elementary computations show that the norm arising from an inner pro-
duct satisfies the parallellogram law:

Ix + yI2 + llx = yI? = 20112 + 1y11%). (%)

Conversely one may verify that if a norm satisfies (+##), then the equation (+x)
in 3.1.2 [respectively (**x) in 3.1.2 for F = R] will define an inner product
on X.

Two vectors x and y are orthogonal, in symbols x L y, if (x]y) = 0. It follows
from () that orthogonal elements satisfy the Pythagoras identity

Ix + I = lIx1* + lyl%,

which conversely implies orthogonality in real spaces. Two subsets ) and 3
are orthogonal, in symbols 9 1 3,if y L z for every yin Y and z in 3.

3.1.4. A Hilbert space is a vector space $ with an inner product, such that
is a Banach space with the associated norm. For this reason a space with an
inner product is also called a pre-Hilbert space.

The euclidean spaces ", n e N, are Hilbert spaces with the usual inner
product (x|y) = Y x, 7. The associated norm is the 2-norm (2.1.13).

The spaces C,(R") (2.1.14) have the inner product

(flg) = jf (x)g(x) dx

The associated norm is the 2-norm. By completion we obtain the Hilbert space
L?*(R"). More generally, the Banach space L2(X), corresponding to a Radon
integral | on a locally compact Hausdorff space X, is a Hilbert space with the
inner product (f|g) = [ fg; cf. 2.1.15.

3.1.5.If {§,|j e J} is a family of Hilbert spaces, we form the algebraic direct
sum Y $; as in 2.1.16, and define the inner product by

(xly) =3 (Px|Py), x,yeY 9,

The associated norm is the 2-norm, and the completion of Y. 9; is called the
orthogonal sum of the §/’s, denoted by (P$;. We may identify each 9; with a
closed subspace of (P$;, such that $; L 9, for i # j. As shown in 2.1.17 the
elements in P9, are exactly those x in ]_[2) for which }" |Px||* < 0. In
particular, P,x = 0 except for countably many j’s.

3.1.6. Lemma. If € is a closed, nonempty, convex subset of a Hilbert space $,

there is for each y in $ a unique x in € that minimizes the distance from y
to €.
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Proor. Replacing € by € — y we may assume that y=0. Put a=
inf{|x|||x € €} and choose a sequence (x,) in € such that |x,|| = «. For any
y and z in € the parallellogram law gives

20017 + 1212y = lly + zl? + lly — zlI* > 4a® + |ly — z|1%, (%)

because 1(y + z) € €. Replacing y and z by x,, and x,, in (x) shows that (x,)
is a Cauchy sequence and, consequently, is convergent to an element x in €
with [|x|| = «. If z is any other element in € with ||z|| = o, then () immediately
shows that ||x — z||> = 0,i.e. x = z. O

3.1.7. Theorem. For a closed subspace ¥ of a Hilbert space $ set X' =
{xl e9Hlxt L X}. Then each vector y in & has a unique decomposition y =
x + x1, with x in X and x* in X*. The element x (respectively x') is the nearest
point in X (respectively 1) to y. Moreover, § = X ® X and (BH) = %

PrOOF. Given y in § we take x to be the nearest point in X to y, cf. 3.1.6, and
put x* = y — x. For every z in X and ¢ > 0 we then have

Ixt 12 = lly — x> < lly = & + e2)]?
= |x* —ez||® = |x*]* — 2eRe(x"|2) + &2 ||z||”.

It follows that 2 Re(x|z) < &||z||? for every ¢ > 0, whence Re(xt]z) <0 for
every z. Since X is a linear subspace, this implies that (x']z) = 0, ie. x" € X*.
Clearly X! is a closed subspace of , and it follows from the Pythagoras
identity that $ is isometrically isomorphic to the orthogonal sum X @ xt
defined in 3.1.5.

If y=z+ z' was another decomposition of y in X@® X1, then 0=
(x — z) + (x* — z1), whence 0 = |x — z||2 + ||x* — z*||%, so that x = z and
xt =zt

Take y in (X1)* and decompose it as y = x + x* in X @ X*. Since ¥ =
(X1)%, it follows that x* € X' n (¥*)*, whence x* = 0 and X = (X)L, There-
fore, replacing X by X in the previous arguments we see that if y = xt +x
in X+ @ X, then x* is the nearest point in X" to y. O

3.1.8. Corollary. For every subset X — $, the smallest closed subspace of
containing X is (XY)*. In particular, if X is a subspace of 9, then X~ =@hHt.

3.1.9. Proposition. The map ® given by ®(x) = (‘|x) is a conjugate linear
isometry of 9 onto H*.

PrOOF. Evidently @ is a conjugate linear map of § into $*, and is norm
decreasing by the Cauchy—Schwarz inequality. Since {x, ®(x)) = (x|x) =
[|x||2, we see that @ is an isometry.

Now take ¢ in $*\{0}, and put X = ker ¢. Then X is a proper, closed
subspace of §, so by 3.1.7 there is a vector x in X! with ¢(x) = 1. For every
yin $ we see that y — @(y)x € X, whence
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1% = (y — e(Mx + (y)x[x) = P(y) I x[1*
It follows that @ = ®(||x] ~2x). O

3.1.10. We define the weak topology on a Hilbert space $ as the initial topology
corresponding to the family of functionals x — (x|y), where y ranges over $;
see 2.4.1. It follows from 3.1.9 that the weak topology on $ is the w*-topology
on H* (2.4.8) pulled back to $ via the map ®. In particular, the unit ball in
is weakly compact by 2.5.2.

It will follow immediately from 3.2.3 that every operator T in B(9) is
continuous as a function T: § — H, when both copies of $ are endowed with
the weak topology. We say that T is weak—weak continuous. Conversely, if
T is a weak—weak continuous operator on $, we conclude from the closed
graph theorem 2.2.7 that Te B($). Indeed, if x, » x and Tx,—y (norm
convergence), then x,, — x and Tx, — y weakly, because the norm topology is
stronger than the weak topology. By assumption Tx, — Tx weakly, whence
Tx = y as desired. ‘

A similar argument shows that every norm—weak continuous operator on
$ is bounded. An operator that is weak—norm continuous must have finite
rank (3.3.1), which is a very special demand. A small variation along these
lines, however, gives a characterization of the compact operators, see 3.3.2.

3.1.11. A subset {¢;|j € J} of a Hilbert space § is said to be orthonormal if
lijll = 1 for every j, and (e;le;) = O for all i # j. Furthermore, if the subspace
spanned by the family {¢;| j € J} is dense in §, we call it an orthonormal basis.
By 3.1.5 this implies that § is the orthogonal sum of the one-dimensional
subspaces Fe;, j € J. Consequently (2.1.17), each element x in $ has the form

x =2 e,
where the sum converges in (2)-norm. Taking inner products with the ej's we

see that the coordinates for x are determined by a; = (x|e;). Finally, we note
the Parseval identity (a generalization of Pythagoras’)

%12 =3 1oy, (%)

obtained by computing (x|x).

3.1.12. Proposition. Every orthonormal set in a Hilbert space $ can be enlarged
to an orthonormal basis for $.

ProoF. Let {¢;|je J,} be an orthonormal set in $. Zorn’s lemma (1.1.3),
applied to the inductively ordered system of orthonormal subsets of $ con-
taining the given one, shows the existence of a maximal orthonormal set
{e;lj € J}, where J, = J.

Let X be the closed subspace of § generated by {eljeJ}. L X # H, there
is by 3.1.7 a unit vector e in X1, contradicting the maximality of the system
{e;lj € J}. Thus, X = $ and we have a basis. O
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3.1.13. It is often possible (and desirable) to prove 3.1.12 in a more constructive
manner. Assume that we are given a sequence (x,) in $ with dense linear span
(known as a total family). In particular, § is separable. Without loss of
generality we may assume that the vectors (x,) are linearly independent. There
is then an orthonormal basis (e,) for § such that

span{e,,...,e,} = span{x,,...,x,}

for every n. To construct this basis, put e; = |x,|"1x, and then inductively
€pi = Hyn+1”—1y”+1, where

n
Yne1 = Xpy1 — Z (Xat1ler)ey.
k=1

The method above is called the Gram—Schmidt orthonormalization process.
Its main advantage is that, when the Hilbert space has a dense subspace of
“interesting” vectors, the basis may be chosen among these vectors. For a
concrete Hilbert space of (equivalence classes of) square integrable func-

tions (cf. 3.1.4), the “interesting” vectors could be continuous functions, C*-
functions, polynomials, et cetera.

3.1.14. Proposition. If $ and K are Hilbert spaces with orthonormal bases
{ejlie I} and {fjlj € J}, and if I and J have the same cardinality (i.e. there is a
bijective map y: I — J), then there is an isometric operator U of $ onto K such
that (Ux|Uy) = (x|y) for all x and y in .

PRroOF. For every x = Y ae; in the algebraic direct sum ) Fe; we define
)
Upx =Y. & fr-

Then U, is linear and isometric by the Parseval identity (3.1.11); and it maps
S Fe; onto Y Ff; because  is surjective. Extending U, by continuity (2.1.11)
we obtain an isometry U of $ onto & For each such we have by the
polarization identities () and (++#) in 3.1.2 that

4Ux|Uy) = Y #IUx + 9112
=3 ¥llx + i yl17 = 4(x]y)- O

3.1.15. We see from 3.1.14 that all infinite-dimensional, separable Hilbert
spaces are isomorphic, because they have a countable orthonormal basis.
They can therefore all be identified with the sequence space ¢? definedin 2.1.18.
The real interest of Hilbert spaces, however, arises not so much from the space
(a rather trivial generalization of euclidean spaces), but from the operators
associated with it (translation operators, multiplication operators, integral
operators, and differential operators). A given operator is often intimat?ly
linked with a certain realization of the Hilbert space, and an insensitive choice
of basis can make even a simple problem quite incomprehensible. The further
theory of the Hilbert space concerns the operators on it.
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EXERCISES

E3.1.1.

E3.1.2.

E3.13.

E3.14.

E3.15.

E3.1.6.

Given n vectors x,, X,, ..., X, in the Hilbert space $, consider the
n x n matrix A = (a;;) given by a;; = (x;|x;). Show that the vectors
are linearly independent iff det(A4) # 0.

Let Q be an open subset of C and denote by 4%(Q) the linear space
of complex functions that are holomorphic in Q and square inte-
grable (with respect to Lebesgue measure). Show that if B(z,7) is a
closed disk contained in Q (with center z and radius r), then

f@=n"1r2 flx)dx (*)

B(z,r)

for every fin A%(Q).
Hint: Consider the power series expansion of f in B(z,r), and
integrate term by term.

On the space 4%(Q) defined in E 3.1.2 consider the inner product
(1o = [raeas,

and the corresponding 2-norm. Show that 42(Q) is a Hilbert space.
Hint: Use (%) in E 3.1.2 and the Cauchy-Schwarz inequality in
L*(B(z,7)) to show that

|f@) < ™27t (J If(X)Ide>1/2.
B(z,r)

Conclude that convergence in 2-norm implies uniform convergence
on compact subsets of Q.

Let Q = {z € C||z| < 1} and consider the Hilbert space A% = A2(Q);
cf. E3.1.2 and E 3.1.3. Show that the sequence

é2)=mn+ 1)P2g V2" n=0,1,...

is an orthonormal basis for A42.

Hint: Show that the power series for each f in A% converges in
2-norm toward f.

Let T denote the unit circle in C and consider the Hilbert space L2(T)

(with respect to Lebesgue measure on the circle). Show that the
functions

e,(z) = 2n)"2z", nez,
form an orthonormal basis for L2(T).

(The Hardy space.) Let H?> denote the closed subspace of L3(T)
(cf. E3.1.5) spanned by the vectors e,, n > 0. For each vector f =
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E3.1.7.

E3.18.

E3.1.9.

E3.1.10.

E3.L11.

3. Hilbert Spaces

Y e, in H> define f(z) = 2n)" 2 a,z" for |z| < 1. Show that
fe A% (cf. E3.1.4). Conversely, show that if g is holomorphic in the
open unit disk with Taylor series g(z) = }_ §,z", such that )" [B,|*> <
o0, then g = f for some (unique) f in H2. Show that if g € 4% and
g,(z) = g(tz),0 <t < 1,theng, = f, for some f, in H2. Finally show
jche;clzg = f for some f in H? iffsup| f,| < co; in which case f, - f
in H?.

; Hint: Define T: H? - A% by Te, = (2n + 2)"'2¢, and show that

= Tf.

Lgt X and 9P be closed subspaces of a Hilbert space . Assume that
dim X < oo and that dim X < dim 9). Show that X* n 9 # {0}.

Let {e,|n € N} be an orthonormal basis for the Hilbert space $, and
put

€= {x eHIY. (1 + %)2 I(x]e,)? < 1}.

Show that € is a closed, bounded, and convex set, but that it contains
no vector with maximal norm.

Hint: Define Tx = Y (1 + n™")(x|e,)e,. Then Te B(H) and € =
{xe 9|IITx|| < 1}, which proves that € is closed and convex.
Furthermore,

2
be1? = S0t <3 (14 1) llea? < 1

for every x in €.

Let {e,|n € N} be an orthonormal basis for the Hilbert space $, and
put T = {n'?e,|n e N}. Show that 0 belongs to the weak closure of
T, but that no sequence from T is weakly convergent to 0. Conclude
from this that the weak topology on $ does not satisfy the first axiom
of countability and, hence, is not metrizable.

Hint: If x = Zoc,,e,, € $, there is no & > 0 such that |(y|x)| > ¢ for
every yin T. Thus 0 € . On the other hand, every weakly conver-
gent sequence in $ is bounded by the principle of uniform bounded-
ness (2.2.10 and 2.2.11).

(The Hilbert cube.) Let € denote the set of vectors x = (x,)in the real
Hilbert space #2, such that |x,| < n~* for every n. Show directly that
¢ is convex and (norm) compact. [A more sophisticated proof would
use 3.3.2 and 3.3.8, because € = T(B), where B is the unit ball in
/2 and T is the compact operator given by (Tx), = nlx,, x=
(x,) %]

Show that every infinite, orthonormal sequence in a Hilbert space
converges weakly to 0.
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E3.1.12.

E3.1.13.

E3.1.14.
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(The Riemann—Lebesgue lemma.) Consider a function fin L*([0,2x])
with Fourier coefficients

2n
fn) = @n)™ J f(x)exp(—inx)dx.
0

Show that f(n) - 0 as n —» +oo.
Hint: Given ¢ > 0 find g in L?([0,2x]) such that || f —gll; <e.
Then apply E3.1.11.

Let X be a closed subspace of the Hilbert space L*([0,1]), and
assume that every element in X is essentially bounded (i.e. belongs
to L®([0,1]). Prove that dim X < oo.

Hint: As the identity map of X (with 2-norm) into L*([0, 1]) (with
oo-norm) has closed graph, there is an o > 0 such that [|f], <
al fll, for every fin X. Let {f}, f>,..., f,} be an orthonormal set in
X and for each x = (x;,...,x,) in C" set f, = Y x, fi. Then | £,(t)] <
allfell, < allx||, for almost all ¢ in [0, 1], so if A is a countable dense
subset of C", there is a null set N in [0, 1] such that | f(¢)] < a x|,
for every x in A and t in [0, 1]\ N. Each map x — f,(t) from C" to C
is linear, hence continuous, whence | f,(t)| < o[ x|, for all x in C" and
t ¢ N. In particular,

YAOP = X A0f0) < a1 A1),

whence Y | £,(1)|*> < o«® for t ¢ N. Integration gives

n=YAl3=3 jlfk(t)lzdt <a

(Fourier transform.) In this and the next two exercises we use the

normalized Lebesgue integral on R [i.e. the usual one divided by

(2m)*2]. One consequence of this is that | go(x) dx = 1, where go(x) =

exp(—3x?). We shall use the abbreviated notation L? for L?(R).
For each f in L! define f(y) = [ f(x)exp(—ixy)dx.

(a) Show that if fe L* and id- fe L' [where id(x) = x], then f is a
differentiable function and f "(y) = —i@d- /)" (y).

(b) Show that if f is diAfferentiable and both f and f” belong to L1,
then ()" (y) = 1yf (y).

(c) Let & (the Schwartz space) denote the space of C*-functions on
R such that (id)"f "™ e L! for all n and m. Use (a) and (b) to show
that fe & for every fin &.

(d) Show that the map F: f — fbelongs to B(L!, Cy(R)).

Hints: (a) Use Lebesgue’s theorem on majorized convergence
(6.1.15) on the difference quotient of f (b) Use integration by parts
and the fact that fe Cy(R). (d) For any polynomial p we have
Pgo € & . Use this to show that & is dense in L.
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(The inversion theorem.) (a) Show that g, = g4, Where go(x) =

exp(—3x?).

(b) Take gin L! and define g, by g,(x) = g(n~* x). Show that §,(y) =
ng(ny).

(c) For fand gin L! and nin N, show that

jf(y)g(n"y) dy = jf (n"1x)g(x) dx.

(d) Show thatif fe L* and fe L!, then f (x) = f(—x) for almost all
x in R.

Hints: (a) Use 3.1.14 to show that g, and g, both are solutions to
the differential equation g’(x) + xg(x) = 0; and therefore propor-
tional. Observe next that §,(0) = ¢o(0). (¢) For n = 1 the equation
follows by applying Fubini’s theorem (6.6.6) to the function h(x, y) =
f(x)g(yyexp(—ixy). Replacing g by g, and using (b) we get the
general formula. (d) If fe & [cf. E3.1.14(c)], we replace g by g, in
(c) and let n — oo to obtain | f(»)dy = f(0). Now replace f with the
function y — f(x + y). In the general case, put fy(x) = f(—x). The
inversion formula for a g in % in conjunction with (c) (for n = 1)
then gives

jfo(x)g(x) dx = ”ﬂy) exp(i xy)g(x)dx dy

= jf‘(y)a(—y) dy = f F)d(—x)dx = J F(x)g(x)dx.

As & is dense in L' it follows that fo(x) = f(x) for almost all x in R.

(Plancherel’s theorem.) Show that there is a unitary operator F on
L? with F* = I, such that

Ff(x) = jf (y)exp(—ixy)dy

for every fin L' n L2.

Hint: Take fand g in & [cf. E 3.1.14(c)] and use E 3.1.15 to prove
that (flg) = (f19). Set Fof = f for f in L' A L? and extend it by
continuity.

3.2. Operators on Hilbert Space

Synopsis. The correspondence between sesquilinear forms and operators.
Adjoint operator and involution in B($). Invertibility, normality, and posi-
tivity in B($). The square root. Projections and diagonalizable operators.
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Unitary operators and partial isometries. Polar decomposition. The Russo—
Dye—Gardner theorem. Numerical radius. Exercises.

3.2.1. The first lemma is of historical interest (apart from being quite a useful
result). It should be recalled that the spectral theory was developed by Hilbert
(in the years 1904-1910) as a theory for quadratic and bilinear forms. Com-
position of bilinear forms (by convolution product) entailed by necessity the
selection of a basis for the space, and the expression of the forms (and their
product) as infinite matrices. Even the simplest computation had a tendency
to drown in indices under these circumstances. One of the reasons (but not
the only one) to von Neumann’s success was his consistent use of the operator
concept to tackle problems on Hilbert space.

Throughout this section $ will denote a Hilbert space, and I will denote
the identical map on $, so that I is the unit in B().

3.2.2. Lemma. There is a bijective, isometric correspondence between operators
in B($) and bounded, sesquilinear forms on 9, given by T — B, where

Br(x,y) = (x| Ty).

Proor. If Te B($), then clearly B is a sesquilinear form on $, bounded by
| T||, since

IBzll = sup{|Br(x, )l lIxl < 1, Iyl <1}
= sup{|(x| Ty)l| x|l < L, Iyl < 1} < | T,
On the other hand,
ITx)1? = (Tx| Tx) = By(Tx, x)
< Bl I Tl Ix] < UBLIITH l1xI12,

which shows that || T|| < ||B7|, whence | T|| = || B|.
Assume now that B is a bounded, sesquilinear form on §. Then B(-, y) € $*

for each y in §. By 3.1.9 there is therefore a unique vector in $, denoted by
Ty, such that

(x|Ty) = B(x,y), x€9.
The map y — Ty is linear (we conjugate twice) and bounded by | B||, whence
Te B(9) and B = B;. (]
3.2.3. Theorem. To each T in B($) there is a unique T* in B($) such that
(Txly) = (x[T*y), x,ye$. (%)

The map T — T* is a conjugate linear, antimultiplicative isometry of B($) onto
itself of period two, and satisfies the identity

IT*Tl = (| T (++)
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Proor. Corresponding to the bounded sesquilinear form x, y — (Tx|y) on $
there is by 3.2.2 a uniquely determined operator T* in B($) satisfying (). As
the inner product is self-adjoint (cf. 3.1.1), we have

(| T**y) = (T*x|y) = (y| T*x)
= (Tylx) = (x| Ty).

Thus T** and T correspond to the same sesquilinear form, whence T** = T

by 3.2.2. In the same manner we show that the involution T —» T*is conjugate
linear. Furthermore,

(x[(ST)*y) = (STx|y) = (Tx|S*y) = (x| T*S*y),

whence (ST)* = T*S*, so that the involution is antimultiplicative.
Since the operator norm is submultiplicative we have |T*T| < | T| | T*|.
On the other hand, applying () to T* we get

1Tx]|? = (Tx| Tx) = (T*Tx|x) < | T* T} || x|%,

which shows that || T||> < | T*T|. Combining these inequalities we see that

ITI < IT*|, whence || T|| = || T*|| (since T** = T). All taken together show
that the involution is isometric and satisfies (). O

3.2.4. The involution defined in 3.2.3 is clearly a generalization of the well-
known process of taking adjoints of matrices, where the matrix 4 = («;;) is
transformed into the matrix 4* = (a¥), with af = &;;. We will use the same
terminology as developed in linear algebra. Thus, we say that T* is the adjoint
of the operator T and that T is self-adjoint if T = T*. [The word hermitian
(after C. Hermite) is also used.] Since T* corresponds to the adjoint of the
form corresponding to T, it follows from (x) in 3.1.1 that for F = C we have
T = T*iff (Tx|x) € R for every x in §.

3.2.5. Proposition. For every T in B($) we have
ker T* = (T($))*.

Proor. From the defining identity (Tx|y) = (x| T*y) we see that if y € ker T*,
then y e (T(H))*. Conversely, if y € (T($))*, then T*y e §* = {0}. |

3.2.6. Proposition. For an operator T in B(9) the following conditions are
equivalent:

(i) T is invertible [ie. T™' € B(9)].
(@ii) T* is invertible. :
(iii)y Both T and T* are bounded away from zero.
(iv) Both T and T* are injective, and T($) is closed.
(v) T is injective and T(H) = .
(vi) Both T and T* are surjective [i.e. T(9) = T*®) = 91
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PrOOF. By definition of the inverse we have T™!T = TT™! = I, and therefore
(T~!)* is the inverse of T*. Thus (i) < (ii).
(i) = (iii). For every x in § we have

Ixl = 1T Txll < ITHH Txl),

so that T is bounded away from zero by ||[T~*|~*. Since (i) <> (ii) we see that
also T* is bounded away from zero.

(i) = @iv). I | Tx|| = ellx|l and | T*x| = ¢l x|| for some ¢ > 0 and all x in
%, then evidently T and T* are injective. Moreover, | Tx — Ty|| = &lx — y|,
which shows that T($) is complete and therefore a closed subspace of H.

(iv) = (v). By 3.1.8 and 3.2.5 we have

(T()™ = (TOY)" = (ker T*)* = {0} = 9,
since T* is injective.
(v) = (i). This is the open mapping theorem (2.2.5).
(vi) = (v). Since ker T = (T*($))* = {0} thisis obvious, and so s (i) = (vi).
O

3.2.7. An operator T in B($) is normal if it commutes with its adjoint, i.e. if
T*T = TT*. Evidently this entails that

ITx|| = (T*Tx|x)"? = (TT*x|x)"? = | T*x|

for every x in $. We say that T and T* are metrically identical. Conversely, if
Te B(9) such that T and T* are metrically identical, the polarization identity
(3.1.2) shows that (T*Tx|y) = (TT*x|y) for all x and y, whence T is normal
by 3.2.2. Note from 3.2.6 that a normal operator is invertible iff it is bounded
away from zero.

3.2.8. An operator T in B(9) is positive, in symbols T > 0, if T = T* and
(Tx|x) > 0 for every x in 9. If F = C, the positivity condition alone implies
self-adjointness by the polarization identity.

Clearly, the sum of two positive operators is positive [the positive operators
form a cone in B($)]; but the product need not be positive, need not even
be self-adjoint. However, if the operators commute (i.e. if the product is
self-adjoint), we see from 3.2.11 that their product is positive (since ST =
S12TSY2 > 0 by 3.2.9).

The self-adjoint operators in B($) form a closed, real subspace, denoted by
B(9),,- On this subspace the cone of positive operators defines an order: S < T
if T — S > 0. As we know already from the 2 x 2 matrices, this order is not
total; it is not even a lattice order. For the deeper properties of (positive)
operators we need the square root lemma (3.2.11). We include a direct proof.
but must emphasize that the result is an immediate consequence of the spectral
theorem (4.4.1). It will therefore be reproved in that context; see 4.4.8.

3.2.9. Proposition. If S < T in B(9),,, then A*SA < A*TA for every A in B(9).
If, moreover, 0 < S, then ||S|| < | T||. In particular, S < I iff ||S|| < 1. Also, for
T=T*wehave —I1 < T<Iiff|T| <1.
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ProOF. We know that (T — S)y|y) = O for every y in $. Replacing y with Ax,
x € 9, it follows that A*(T — S)A = 0,ie. A*SA < A*TA.

If0 < § < T, we use the Cauchy—Schwarz inequality on the positive sesqui-
linear form (S-|-) to obtain, for every pair of unit vectors x and y in §,

I(Sx1»)* < (Sx1x)(Syly) < (Tx|x)(Tyly) < | T|I?,
whence ||S||2 < || T||?> by 3.2.2. Taking T = I we see that S < I iff |S| < 1,
whenever 0 < S.

For the last assertion, taking T = T* with —I < T < I. Then with x and
y unit vectors in § we have

(TCx + Y)Ix + y) < lIx + ylI?
—(T(x — pIx —y < lIx — y|*

Adding these inequalities and using the parallellogram law gives 4 Re(Tx|y) <
4, and since x and y are arbitrary this implies that | T|| < 1 by 3.2.2. Con-
versely, if || T|| < 1 then evidently |(Tx|x)| < | x|% whence —I < T<I. O

3.2.10. Lemma. There is a sequence (p,) of polynomials with positive coefficients,

such that Y. p, converges uniformly on the interval [0,1] to the function t —
1 — (1 -0,

ProoF. Define a sequence (g,) of polynomials inductively by g, = 0, g,(t) =
1t + q,_1(8)?). It is easily verified (by induction) that each g, has positive
coefficients and that g,(t) < 1 for every ¢ in [0, 1]. Moreover, since

2(Gnrr — 9n) = dn — da-1 = 0 — Gn-1)(Gn + du-1);
it follows, again by induction, that each polynomial p, = g, — 4,-, has posi-
tive coefficients.

Regarding the g,’s as elements in C([0,1]), we see that they converge
pointwise on [0, 1] to a function g such that 2¢(t) =t + q(t)%. Thus q(t) =
1 — (1 — 9)*2. Since q € C([0,1]) and [0, 1] is compact, the monotone con-
vergence g, /¢ is in fact uniform by Dini’s lemma (E 1.6.6). Thus > p, =
lim g, = g, as claimed. 0

3.2.11. Proposition. To each positive operator T in B(9) there is a unique posi-
tive operator, denoted by T2, satisfying (T*?)* = T. Moreover, T2 commutes
with every operator commuting with T.

PROOF. Since («T)"? = «'> T2 if & > 0, we may evidently assume that T < I.
Thus, with § = I — T we have 0 < S < I. Now take (p,) as in 3.2.10 and define
S, = p,(8). Given ¢ > 0 we can find n, such that

0< Y p)=Y ut*<e

n=ng

for allm > nyand every ¢ in [0, 1]. Since all the coefficients o, in the polynomial
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above are positive, this means that

5 s,

n=ng

<Y ol sYu<e

It follows that ) S, converges uniformly to an operator Rwith0O<R<IL
With g, as in the proof of 3.2.10 we have

(I —R?=(I -} 5, = lim(I — ¢,(5))’
= lim(l — 24,(S) + 4u(5)?) = im(I — 24,(S) + 244+1(S) — 5)
=1—-8S+2limp,,(S)=1-S=T

We may therefore take T*?> =1 — R.

Since TY2 is a uniform limit of polynomials in the variables I and T, it
commutes with every operator commuting with T. Finally, if A4 € B(9), such
that A > 0 and A% = T, then

(TV2 — A)(T'2 + A)x = (T'?)? — 4%)x =0

for every x in $, since T*? commutes with A. Thus, (T*? — A)y = 0 for every
yin® = (TY? + 4)$)~. Since P+ = ker(T*? + A) by 3.2.5, it follows that

(TY2z]|2) < ((TY? + A)z|z) =0

for every z in 9+, whence ||(T2)"2z||? = 0, so that T*?z = (T'?)"?(T'?)'?;
= 0. Similarly, Az = 0 for every z in 9+, whence T = 4, as desired. O

3.2.12. Proposition. A positive operator T is invertible in B(D) iff T > &l for
some ¢ > 0. In that case T™' > 0 and T'? is invertible, and (T ™*)'? = (T*?)7.
If, moreover, T < S, then S™* < T,

ProOOF. If T > eI, then T — el and T + &l are two commuting, positive opera-

tors. Their product, T? — £I, is therefore also positive, so T? > ¢*I. This
means that

ITx)1? = (T?x|x) = e2(x[x) = &*||x||?,

so T is bounded away from zero, hence invertible by 3.2.6. Moreover,
(T ' Tx|Tx) = (Tx|x) = 0, whence T~! > 0 since T(H) = $.

Conversely, if T is invertible, hence bounded away from zero by some ¢ > 0,
then

(T?x]x) = | Tx||* = & ||x]|* = &*(x|x)

for every x in §, whence T? > ¢21. From the first part of the proof we know
that T + &l is invertible with a positive inverse, so T — ¢l > 0, being the
product of the two positive, commuting operators T2 — 21 and (T + &l)™ L.
Thus, T > el. Tterating this argument we see that T2 > g2], so that T'? is
invertible with a positive inverse (T*?)7. Since the square of this element is
T, we see from the uniqueness part of 3.2.11 that (T*?)! = (T~!)*2. This
element will from now on be denoted T2,
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Suppose now that T < S. Then S™*2 exists by the previous arguments, so
S7V2TS™12 < I by 3.2.9. Combining 3.2.3 and 3.2.9 this gives

HTl/zs—l/Z ”2 = ”S—I/Z Ts—1/2” < 1.
But, again by 3.2.3, this means that
”T1/25—1 TI/ZH — I|S—1/2 T1/2||2 = ”TI/ZS—I/ZHZ < 1,

so that T'2S™' T'2 < |. Multiplication by T~'2 as in 3.2.9 finally shows that
S—l < T—l/ZIT—llz — T_l. D

3.2.13.If X is a closed subspace of the Hilbert space $, we have, for each y in
9, the orthogonal decomposition y = x + x* in X + ¥%; cf. 3.1.7. Since

ayy + By, = (ax; + Bx,) + (axi + Px3)

is the decomposition of a linear combination, it follows that the map P: § — §
defined by Py = x is an operator in B($) with |P|| < 1. Note that P is
idempotent (P2 = P), self-adjoint, and positive, since

(Pyilyz) = (xq1x; + x%) = (x1]x3) = (x; + xﬂxz) = (¥1|Py3)
and
(Pyly) = (x|x + x*) = [|Ix]|> > 0.

We say that P is an (orthogonal) projection. If, conversely, P is a self-adjoint
idempotent in B($), then

X={xeH|Px=x} =P
is a closed subspace of $; and if x' € ¥+, we have (since P = P*) that
1Px*|? = (x*|P*x") = 0.

Thus, P is the orthogonal projection of § onto X. Note that I — P is the
projection on ¥

3.2.14. The projections are just about the most elementary operators one can
imagine, and correspond to the characteristic functions in the theory of
functions of a real variable. The analogue of a simple function is obtained by
decomposing $ as a finite orthogonal sum $ =%, @ X, ® -+ ® X,, corre-
sponding to the projections P, P,, ..., P, (which are pairwise orthogonal, i.e.
P.P,=0 for i # j, and satisfy ) P, = I). Then one considers T = )’ 4,P, for
some scalars A, 4, ..., 4, in F. More generally, we say that an operator T is
diagonalizable if there is an orthonormal basis {¢;| j € J} for § and a bounded
set {4;]j € J} in [ such that

Tx =Y Aixle)e; (%)
for every x in §. Note that the numbers (x|e;) are the coordinates for x in the
basis {e;} and that each J; is an eigenvalue for T corresponding to the

eigenvector ¢;. Denoting by P; the projection of $ on the subspace Fe;, we
have Px = (x|e;)e;, so that we may formally write
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T=Z}~J'Pj

in analogy with the finite case above. However, the sum is no longer necessarily
convergent in B($), but only pointwise convergent (i.e. convergent in the
strong operator topology defined in 4.6.1).

It follows from () that T*x = Z,Tj(xlej)ej, so that T* is diagonalizable
along the basis {¢;} with eigenvalues {;}. Moreover, T*T = TT* (with
eigenvalues {|4;|*} along the basis {e;}), so that T is normal. We see that T is
self-adjoint iff all 4; are real and that T is positive iff 4; > 0 for all j.

If § is finite-dimensional, every normal operator is diagonalizable. This is
no longer true in infinite dimensions. As a matter of fact, most of the interesting
(normal) operators on infinite-dimensional Hilbert space are nondiagonaliz-
able, and must be handled with a continuous analogue of the concept of basis;
see 4.7.12.

3.2.15. A unitary operator is an isometric isomorphism of $ onto itself. (On
real Hilbert spaces the term orthogonal operator is used.) It follows from the
polarization identities in 3.1.2 that unitary operators conserve the inner pro-
duct, since

4(Ux|Uy) = Y iU (x + P*y))1?
=Y i*lx + Pyl? = 4(xly)

(and similarly in the real case). From this we see that U*U = I (cf. 3.2.2), and
since U is invertible, U™ = U*, so that U is normal with UU* = U*U = I.
Conversely, if U € B(9) such that U™ = U*, then U is unitary, because

IUx]? = (U*Ux|x) = ||x|%;

so that U is an isometry that is surjective because U is invertible.

If {¢;| j € J} is an orthonormal basis for § and U is unitary, then {U ejljeJ}
also is an orthonormal basis for §. Conversely, we saw in 3.1.14 that every
transition between orthonormal bases is given by a unitary operator. Note
that the product of unitary operators is again unitary, so that the set U(®) of
unitary operators on $ is a group [a subgroup of the general linear group
GL(9) of invertible operators in B($)].

We say that two operators S and T are unitarily equivalent if S = UTU*
for some U in U($). Note that unitary equivalence preserves norm, self-
adjointness, normality, diagonalizability, and unitarity.

3.2.16. An operator U in B($) is said to be a partial isometry if there is a closed
subspace X of $ such that U|X is isometric and U|X! = 0. This implies that
X! = ker U, whence X = (U*($))~ by 3.2.5. Set P = U*U. Then

(Px|x) = [ Ux||* = ||x||?

for every x in X, whence Px = x by the Cauchy-Schwarz inequality (3.1.3).
Moreover, Px* = 0 for every x* in X%, so that P is the projection of § on X.
Conversely, if U € B(9) such that U*U = P for some projection P, we put
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X = P(9) and see from the equation |Ux||? = (Px|x) that U is isometric on
X and 0 on X¥*. Thus, U is a partial isometry. Now we can also show that U*
is a partial isometry, because U(I — P) = 0, whence

(UU*)? = UU*UU* = UPU* = UU¥,

so that UU* is a selfadjoint idempotent, i.e. a projection. Note that U* is the
isometry of U($) back onto U*(9), so that U* is a “partial inverse” to U.

In an infinite-dimensional Hilbert space $ one may have isometries that
are not unitaries (because they are not surjective). Consider, for example, the
case where § is separable with orthonormal basis (e,|n € N), and define

S(Z anen) = Z anen+1a Z anen € 55

Then S (the unilateral shift operator) is an isometry of $ onto the subspace
{e;}*, and, consequently, S* is a partial isometry of {e,}* onto . In parti-
cular, $*S = I, whereas SS* is the projection onto {e, }*.

3.2.17. Theorem. To each operator T in B(9) there is a unique positive operator
| T| in B($) satisfying

ITx|| = [T|xl, xe9; (*)

and we have |T| = (T*T)'2. Moreover, there is a unique partial isometry U
with kerU =ker T and U|T| = T. In particular, U*U|T| = |T|, U*T = |T|,
and UU*T =T.

ProOF. If § > 0 is metrically identical to T, then
(S2x|x) = |ISx||? = | Tx||* = (T* Tx|x)

for every x in . From the polarization identities in 3.1.2 (applied to the forms
associated with 82 and T*T, cf. 3.2.2) it follows that S? = T*T, whence
S = (T*T)'? by 3.2.11. With | T| = (T*T)"? we have

ker T = ker|T| = | T|(H)*
by 3.2.5. For every y = | T|x in | T|($) we define
Upy = Up|TIx = Tx;

and it follows from () that U, is a well-defined isometry from | T|($) onto
T($). By continuity (2.1.11) U, extends to an isometry U of |T|(9)~ onto
T(H)". Setting U =0 on ker T (= | T|($)}) we have evidently constructed a
partial isometry such that U|T| = T.

If V is another partial isometry with ker V' = ker T and VIT| = T, we note
that Vy = Uyforevery y = | T|x, x € §,so that U = V' on | T|($)~. Since both
operators are 0 on | T|(H)", it follows that U = V.

Of the last three identities, the first follows from the fact that U*U is the
projection on (| T|($))~, and the others are derived by inserting T = U|T|and
multiplying with U* from the left. O
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3.2.18. Remark. The preceding construction (by von Neumann) is called the
polar decomposition of the operator T. We may regard the partial isometry U
as a generalized “sign” of T and |T| as the “absolute value” of T. From the
formula

T* =|T|U* = U*(U|T|U*),

and the uniqueness of the polar decomposition, we see that U* is the sign of
T*, whereas U|T|U* (somewhat inconvenient) is the absolute value of T*.
One should not expect the absolute value of a sum or a product of
noncommuting operators to have much relation to the sum or the product of
the absolute values. Neither should one expect that the sign, as in the finite-
dimensional case, always can be chosen to be unitary. The unilateral shift,
mentioned in 3.2.16, is an immediate counterexample. In order for T to have
the form U|T| for some unitary operator U, it is necessary and sufficient that
the closed subspaces ker T and ker T* have the same dimension (finite or
infinite). Easy cases of this general theorem are established in the next results.

3.2.19. Proposition. If T is invertible in B(9), the partial isometry in its polar
decomposition is unitary.

ProoF. By (the proof of) 3.2.17 we have T = U| T}, where ker U = ker T and
U(D) = T(H)". Since T is invertible, it follows that ker U = 0 and U(9) = 9,
so that U is unitary. O

3.2.20. Proposition. If T is normal in B(9), there is a unitary operator W
commuting with T, T*, and | T| such that T = W|T)|.

Proor. By 3.2.17 we have T = U| T}, and the normality of T implies that
UIT|U* = |T*| = |TT*'? = |T*T|'* = |T)|,
whence
U|T| = U|TIU*U = |T|U.

Since ker T = ker T*, we have T($)™ = T*($)~ by 3.2.5 so that U*U =
UU*. Define Wx = Ux if x e |T|(9) (= T*(H)™) and Wx = x if xeker T
(= ker|T|). Then W is unitary and W|T| = U|T| = T. Moreover, W com-
m}:tes with |T| (and with W and W*, of course), so W commutes with T and
T*. |

3.221. Lemma. If T = T* and | T|| < 1, the operator U = T+ i(I — T?)"? is
unitary and T = 3(U + U*).

ProoF. Since I — T? > 0, it has a square root by 3.2.11, commuting with T.
Direct computation shows that UU* = U*U = I, and clearly (U + U*) =

T. O
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3.2.22. Lemma. If S € B(D) with ||S|| < 1, then for every unitary U there are
unitaries U; and V, such that

S + U = Ul + Vl‘
PRroOF. Replacing, if necessary, S with U*S we may assume that U = I. Since
ISl < 1, both operators I + S and I + S* are bounded away from zero, so
I + § is invertible by 3.2.6. Consequently, I + S = V|I + S| with V unitary

by 3.2.19,and since ||I + S| < 2,itfollowsfrom 3.2.21 that|I + S| = W + W*
for some unitary W. With U, = VW and V, = VW* the lemma follows. [J

3.2.23. Proposition. If Te B(H) with |T|| < 1 — 2/n for some n > 2, there are
unitary operators Uy, U,, ..., U, such that

1
TZE(UI + U2+"'+ Un)'

PROOF. Put § = (n — 1)"'(nT — I), so that ||S|| <1 and nT =(n — 1)S + 1.
Applying 3.2.22 n — 1 times we obtain unitaries V;, ..., V,_; and Uy, ..., U,
(where U, = V,_,) such that

nT=n-1DS+I=n-2)§+E+D=n-2S+(,+U))
=n=3)S+ES+V)+U =(n—-3)S+V,+U,)+ U,
=—-HS+ES+ )+ U+ U
=mn-HS+ Vs + Us)+ U, + Uy =+
=S+ V)+U,++U=U,+U,_;+ U+ -+ Uy,
as desired. |

3.2.24. Since the self-adjoint elements span B($), we see already from 3.2.21
that every operator in B(9) is the linear combination of (four) unitary opera-
tors. The estimate in the Russo—Dye—Gardner theorem (3.2.23) is much more
precise with regard to the norm, and shows that every element in the open
unit ball of B($) is a convex combination (indeed, a mean) of unitary opera-
tors. On the surface of the ball this need no longer be true; in fact, the unilateral
shift (3.2.16) cannot be expressed as a convex combination of unitaries (see
E3.2.8).

3.2.25. Proposition. If § is a complex Hilbert space and T B(9), we define the
numerical radius of T as

TN = sup{|(Tx|x)l|x € $, lIx]| < 1}.

Then ||- || is a vector space norm on B($) and satisfies

ITI<NTN<ITI,  TeB(®)
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Proor. It is evident from the definition that ||- ||| is homogeneous and sub-
additive, and it follows from the Cauchy—Schwarz inequality that | T|| < | T
for every T in B(9).

To prove the inequality || T|| < 2| T|| we consider unit vectors x and y in
$ and use the polarization and parallellogram identities to get

3
4|(Tx|y) = Y, M(T(x + i*y)lx + i)
k=0
< ITIAx + ylI2 + Ix = yI2 + IIx + iyll® + llx = iy]?)
= WITW201%12 + IylI? + Ix1? + liyl?) = 8 TII.
It follows from 3.2.2 that || T|| < 2|| Tl O

3.2.26. Proposition. If we define Re(T) = 5(T + T*), then for each T in B(9)
we have

I Tl = max{|Re(@T)|||0 € C,16] = 1}.

Proor. Note first that if H = H* in B($) then by the last statement in 3.2.9
we have ||H|| = |H|. Next, for T in B($) write T = H + iK with H and K
self-adjoint operators (so that H = Re(T) and K = —Re(iT)). Then if x is a
unit vector in $ we get (Tx|x) = (Hx|x) + i(Kx|x), whence

[(Tx|x)|* = (Hx|x)* + (Kx|x). (*)
It follows that
IHI? = IHI* < NTI,
and, replacing T with 6T, where |#| = 1, this means that
sup [Re(0T)|| < I Tl.
Now, assuming that y = |(Tx|x)| # 0, put
a=y"(Hx|x), B =y""(Kx|x).
Then with 6 = o — iff we have |0| = 1 by () and
Re(0T) = Re((x — if)(H + iK)) = «H + BK.
Consequently
(Re(0T)x|x) = a?y + B2y =,
whence |(Tx|x)| < [|[Re(0T)|. Since this holds for every x we see that
TN < sup [Re(@T)],
and thus equality. As the function 6 — ||[Re(0T)] is continuous, it attains its

maximum on the compact set {# € C||0| = 1}, completing the proof. O

3.2.27. Proposition. For each T in B($) we have || T?|| < || T||*. Moreover, if
T is normal, || T|| = || T).
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ProoF. Write T = H + iK with H and K self-adjoint. Then compute
Re(T?) = Re((H + iK)?) = H? — K2,
Consequently, if x is any unit vector,
(Re(T?)x|x) = (H? — K?)x|x) < (H?x|x)
= | Hx|* < |H||I> < || T||>?,

using 3.2.26. If 6 e C with |0] = L, replace T by 62T in the estimate above to
get

(Re(0T?)x|x) < I T

and since this holds for every , it follows by 3.2.26 that || T2|| < || T}
If T'is normal, T*"T" = (T*T)". With n = 2° we get by iterated use of ()
in 3.2.3 that

1712 = |(T*TY| = IT*T|" = | T||>".
Using the result above in conjunction with the estimate in 3.2.25 yields
ITI" = 17" < 207"l < 2/ T

Taking n'th roots we see as n — oo that || T|| < || T||, which implies equality
by 3.2.25. g

EXERCISES

E3.2.1. If T € B($) show that T + T* > 0iff T + I is invertible in B($) with
I(T—I(T+ D' <.
Hint: Show that T+ T* > 0 iff

I(T + Dx|l = |IxIl and (T + Dx|| = (T — Dx||
for every x in §, and use the invertibility criteria from 3.2.6.

E3.2.2. Let $ be a Hilbert space with inner product (-|-), and let (+|*), be
another inner product on $ such that (x|x), < (x|x) for every x in
9. Show that there is an injective, positive operator T in B($), with
0 < T < I, such that (Tx|y) = (x|y), for all x and y in §.

E 3.2.3. (Reflection operators.) Show that the following conditions on an
operator R in B($) are equivalent:

(i) There is a closed subspace X of $ such that
x+RxeX, x—RxeXt

for every x in § (so that R is the reflection of & in X).
(i) R=R*and R*= 1.
(iii) R? = I and R is normal.
(iv) ¥R + I) = P for some projection P.
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E3.24.

E3.2.5.

E3.2.6.

E3.2.7.

E3.2.8.

E3.2.9.

E 3.2.10.

E3.2.11.

Hint: Use the fact that P is a projection if P2 = P and P is normal,
because P($H)* = ker P* = ker P.

Let T: $ — $ be a function on $ that satisfies (Tx|Ty) = (x]|y) for all
x and y. Show that T is linear and thus an isometry in B($)).

Show that an isometry T in B(®) is distance preserving, ie.,
|Tx — Ty| = lx — y|l for all x and y. Show, conversely, that if
F = R, every distance preserving function f on § has the form
f(x) = f(0) + Tx for some isometry T in B(9).

Hint: Use the real polarization identity in 3.1.2 and the parallelo-
gram law, and then apply E 3.2.4.

Let € be a closed, convex subset of $ and denote by U(Q) the set of
unitary operators U on $ such that U(€) = €. Show that €, # 0,
where

G = {(xe€|Ux =x,U e U(©)}.

Show that if €, = {x,}, then
€ = {x € H|Re(x — x4|x,) = 0}. (%)

Hint: Let x, be the point in € nearest 0 (cf. 3.1.6) and show that
Xo € Gy If € = {x0}, let y, be the point in € nearest to 2x,. Show
that y, € €y;,, whence x, = y,. Knowing that x, is the best approxi-
mation in € both to 0 and 2x,, the assertion (x) follows from plane
geometry.

Show that every unit vector in $ is an extreme point in the closed
unit ball of § (cf. E2.5.2).

Show that every isometry U in B($) is an extreme point in the closed
unit ball of B($).

Hint: IfU = AS + (1 — A)T and x €  with ||x|| = 1, then Ux =
Sx = Tx by E3.2.7.

Show that every projection P in B($) is an extreme point in the
convex set

B, = {TeB($)|T>0,|T| <1}.

Hint:1fP = 1S + (1 — A)TwithSand TinB, ,thenx = Sx = Tx
for every x in P($) by E 3.2.7. Furthermore, Syly) = (Tyly) = 0 for
every y in P($)', and because of the positivity and the Cauchy—
Schwarz inequality this implies that Sy = Ty =0.

Suppose that || Tx| = || T| for some T in B($),, and a unit vector x
in $. Show that x is an eigenvector for T2 corresponding to the
eigenvalue [|T||? (= | T?||). Show that either Tx = || T||x or Ty =
—|IT|ly, where y = || T||x — Tx.

Take T in B($) with | T|| < 1. Show that the power series
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E3.2.12.

E3.2.13.

E3.2.14.

E3.2.15.
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converges uniformly in B($) to an operator (I + T)"? satisfying
(I + T)*)> =1 + T. Show that (I + T)"? > O when T = T*.
Hint: f T = T* and ||x|| = 1 then

(+ T)xjx)=1- 3 <i>(T"x|x)

n=1

1

> 1—-E;(—-n"<;)n7m"=(1——nanﬂ.

Given T > 0 in B(9), show that T2 < ||T|| T.

Hint 1: Use the Cauchy-Schwarz inequality for the positive
sesquilinear form (-|-)}; = (T|) to estimate

(T?x]x)* = (Tx|x)F < (Tx| Tx)r(x|x)r = (T3x|x)(Tx|x),

and note that T3 < | T|| T? by 3.2.9.

Hint 2: Write T? = TY2TT'? and use 3.2.9.
Show that S < T implies S** < T for all positive operators S and
T in B(9).

Hint: Assume first that S and T are invertible and prove (using

3.2.3,3.2.11,and 3.2.12) that § < Tiff |[SY2T~'2|| < 1. Then use the
estimates

||S1/4T—1/4“2"“ — ”T—1/4sl/2 T—1/4||2" — ”(T—1/4sl/2 T—1/4)2"”
— ||T—1/4(Sl/2 T—1/2)2”’1S1/2 T—1/4||
< T2 ISV2) | SY2T 2|2,

In the general case, take ¢ > 0 to obtain (eI + S)'? < (el + T)?
from the invertible case, and use the estimate ¢*21 < (eI + T)*? and
3.2.12 to show that

el + T)Y2 — T2| = e((el + T)'2 + TY2) 7| < 612,

(Unitary dilation.) For each T in B($) with |T| <1 define the
operator U in B($ ® H) by

U T (I — TT*)'?
S \d - T*T)'? -T* )

Show that T(I — T*T)"? = (I — TT*)'?T, and use this to prove
that U is unitary.
Hint: Use E2.2.3 and 3.2.11.

Let $ and & be Hilbert spaces and consider an operator T'in B(9, K).
Show that there is a unique operator T* in B(R, ) satisfying

(Tx|)’) = (xIT*y), X€ 57 ye !
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E 3.2.16.

E3.2.17.

E3.2.18.

Show that the map T — T* is a conjugate linear isometry of B(9, R}
onto B(RK, 9), and satisfies
IT*T| = |T|*= |TT*|.

Hint: Use 3.2.3 on the operator

0 0 .
<T O) in B(H @ R).

Let {e,|n € N} be an orthonormal basis for the Hilbert space $, and
define for each T in B($) the doubly infinite matrix A = (a,,), by
letting a,,, = (Te,|e,). Show that every row and every column in A
is square summable (i.e. belongs to #2). Use this to prove that the
matrix product AB = C, C = (Ypm), Where Y = 3 4 Ui Bim» is well-
defined when the matrices A and B correspond to operators T and
S in B($). Show that C is the matrix corresponding to the operator
TS. Also find the matrices corresponding to the operators S + T
and T*.

(The Schur test) Given a doubly infinite matrix 4 = («,,) and a
sequence (a,) in R, , such that

o
Z 1anmlan < bam fOI‘ every m,

ngf]

Ianmlam < ca, for cvery n,

m=1

for suitable constants b and c. Show that there is a T in B($) having
A as its matrix (cf. E 3.2.16), and that || T||? < bc.

Hint: For each vector x =) 4,e,, in $, where ||x[2 = Y |4,/%
define Tx = ) 4,,a,.e,. By the Cauchy Schwarz inequality we have

2
ITx]* =3, SZ(ZIMI%M)
n|m n m
2
=) <Z | Al Ianmll’za;l’zai{zIot,.ml”z>
n m

s;<zu 2l )(Zamlcxnm>

<y (Z Mm|2|a,.m|a,;‘ca,.>

n

m>*nm

<Y lAnlPante Y laumla, < le *a,,! cbay, = be||x|>.

(The Hilbert matrix.) Show that there is an operator T in B(9) whose
correspondlng matrix relative to an orthonormal basis {e,|n e N} is

given by 4 = (a,,), with «,, = (n + m — 1)". Show that T = T*
and that | T|| < = (in fact | T|| = =).
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E3.2.19.

E 3.2.20.

E3.2.21.

E3.2.22.

3. Hilbert Spaces

Hint: Use the Schur test (E3.2.17) with a, = (n — $)™'2, and
estimate the sums by a majorizing integral.

(Tensor product)) Let {e,|ne N} and {f,/me N} be orthonormal
bases for the Hilbert spaces $ and R, respectively. Consider the
vector space X of formal linear combinations x =Y e, ® fn,

where e, ® f,, is just meant as a symbol. Define an inner product on
X by

(xly) = Z anmgnm

if y=Y Bumen® f,, and denote by $ ® | the completion of the
pre-Hilbert space X. Show that {e, ® f.|(n,m)e N2} is an ortho-
normal basis for § ® K. Assume that $ = L2(R?) and & = L*(R9)
(with respect to Lebesgue measure) and show that

H® K = L*(R"),
when e, ® f,, is identified with the function (s, ) — e,(s) f,,(t) on R?*4,

Consider operators S and T in B(9) and B(K), respectively, and
construct H ® K| as in E3.2.19. Show that there is precisely one
operator S ® T in B($ ® K) such that

ST, ® fm) = ; (Seale)(Thal f)ex ® fi

for all n and m. Show that {S® T = |SI|| Tl

(The Schur product.) Let S and T be operators in B($) whose corre-
sponding matrices relative to an orthonormal basis {e,|n € N} are
A = (a,,) and B = (B,); cf. E3.2.16. Show that there is an operator
R in B($) whose matrix is C = (Jp), WHETE Y = OpnBym fOT all n
and m.

Hint 1: Let P denote the projection of  ® $ (cf. E 3.2.19) on the
closed subspace spanned by the vectors {e, @ e,|ne N}, and put
R = P(S® T)P, where S ® Tis defined asin E 3.220and P(H ® H)
is identified canonically with $.

Hint 2: Use the Schur test (E 3.2.17) on the matrix C, with a, = 1
for all n and b = ¢ = ||S||||T|, and estimate the product sums with
the Cauchy—Schwarz inequality.

(The Toeplitz—Hausdorff theorem.) For a (complex) Hilbert space 9
and T in B($), define the numerical range of T as

A(T) = {(Tx|x)|x € §, lIx]l = 1}.

Show that A(T) is a convex subset of C.

Hint: If « = (Tx|x) and B = (Ty|y) for unit vector x, y in  and
a # B,choose a,bin Csuch thatax + b =1 and af + b = 0. Replac-
ing T by the operator aT + bl we may assume thata = land f =0.
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Note that the vector z(t) = 0tx + (1 — t)y is nonzero for 0 <t < 1
and 6 in C with |8]| = 1. For fixed 6 the numbers

Iz@172(Tz(9)|z(8) = 2O 2(* + t(1 — )y)

where y = 0(Tx|y) + O(Ty|x), form a curve inside A(T) that joins 0
to 1. Choosing 8 so that y € R means that the curve covers the whole
interval [0, 1].

E 3.2.23. (The unilateral shift.) Define S in B(£2) by
($x)y =0,  (SX)sy =Xy,  x=(x,) €%

Find S$*. Show that S has no eigenvalues, but that every 4 in C
with |1] < 1 is an eigenvalue for $* with multiplicity 1. Show that
none of the eigenvectors for $* are orthogonal to each other. Find
the numerical range of S (cf. E3.2.22) and the numerical radius
(3.2.24).

Hint: A(S) = A(S*).

E3.2.24. (The Hilbert transform.) Consider L?(T) with the orthonormal basis
{e.ln € Z} described in E3.1.5. Show that the operator W in
B(L*(T)), determined by

We, = e,, We, = —ie,, We_,=1e_,, neN,

is unitary and maps real functions to real functions in LX(T).
Show that x + iWx € H? for every x in L*(T) (cf. E 3.1.6). Solve the
Dirichlet problem on the disk: to find a square integrable, holo-
morphic function f on the unit disk such that Re fhas a prescribed
boundary value x in L?(T), when restricted to the circle. Show that
/ is unique up to an additive, imaginary constant.

3.3. Compact Operators

Synopsis. Equivalent characterizations of compact operators. The spectral
theorem for normal, compact operators. Atkinson’s theorem. Fredholm
operators and index. Invariance properties of the index. Exercises.

3.3.1. An operator T on an infinite-dimensional Hilbert space $ has finite rank
if T(9) is a finite-dimensional subspace of § (hence closed, cf. 2.1.9). The set
B/($) of operators in B($) with finite rank is clearly a subspace, and it is
easily verified that B/(9) is not only a subalgebra, but even an ideal in B(9)
(cf. 4.1.2).

If Te B/($), we may use 3.2.5 to obtain an orthogonal decomposition
$ = T($) @ ker T*, which shows that T*(9) = T*T($), so that T* has finite
rank. Thus, B.($) is a self-adjoint ideal in B(9) [ie. B(H)* = B;(9) as a set].

The class B($) bears much the same relation to B(9) as the class C,(X) in
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relation to C,(X) (when X is a locally compact Hausdorff space; see 1.7.6 and
2.1.14). These classes describe local phenomena on $ and on X. Passing to a
limit in norm may destroy the exact “locality,” but enough structure is pre-
served to make these “quasilocal” operators and functions very attractive. We

shall study the closure of B,($) in this section as a noncommutative analogue
of Cy(X) in function theory.

3.3.2. Lemma. There is a net (P,);.5 of projections in BL($) such that
|P,x — x|| = O for each x in §.

Proor. Take any orthonormal basis {¢;| j € J} for § (cf. 3.1.12), and let A be
the net of finite subsets of J, ordered under inclusion. For each 4 in A let P,
denote the projection of $ on the subspace span{e;| j € A}, so that (P,),., is
indeed a net in By($). If x € §, we have x = ) a,e;, whence ||P;x — x||? =
" |2, the summation being over all j ¢ 1; and this tends to zero by Parseval’s
identity (3.1.11). O

3.3.3. Theorem. Let B denote the closed unit ball in a Hilbert space §. Then the
following conditions on an operator T in B(9) are equivalent:

(i) Te (BD)).
(i1) T|B is a weak—norm continuous function from B into 9.
(iii) T(B) is compact in H.
(iv) (T(B))" is compact in 9.
(v) Each net in B has a subnet whose image under T converges in 9.

PROOF. (i) = (ii). Let (x;);. 2 be a weakly convergent net in B with limit x.
Given ¢ > 0 there is by assumption an S in B,($) with ||S — T|| < &/3, whence

1Tx, — Tx|| < 2||T — S| + [ISx; — Sx||
<Ze+ |Sx; — Sx|.

Since every operator in B(9) is weak-weak continuous (cf. 3.1.10),. we have
Sx, — Sx, weakly. However, if {e,...,e,} is an orthonormal basis for the
finite-dimensional subspace S($) we have

1Sx; — Sx||2 = 2 [(SCxs — x)]e)I* > 0.

Eventually, therefore, || Tx; — Tx|| < &. Since ¢ was arbitrary, T is weak—norm
continuous by 1.4.3. ' .

(ii) = (iii) Since B is weakly compact (3.1.10), the image T(B) is norm(!)
compact by 1.6.7.

(iii) = (iv) is trivial, since T(B) is closed by 1.6.5. .

(iv) = (v) It follows from 1.6.2(v) that if T(B) is relatively compact, then
every net has a convergent subnet. ‘

(v)=> (i) Take (P;);c 2 asin 3.3.2. Then P, Te B/($)for every 4, and we claim
that P, T — T. If not, there is an ¢ > 0 and (passing if necessary to a subnet of
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A) for every 4 a unit vector x, with ||(P,T — T)x,|| > & By assumption we
may assume that the net (7x;); ., is norm(!) convergent in § with a limit y.
But then by 3.3.2

e < (I — P)Tx,ll < (I — Po)(Tx, — )l + I — Pyl
< |Tx; =yl + I = Pyl =0,
a contradiction. Thus, |P, T — T| — O, as desired. |

3.3.4. The class of operators satisfying 3.3.3 is called the compact operators
[after conditions (iii) and (iv)] and is denoted by B,(9) to signify that these
operators “vanish at infinity.” Unfortunately, this notation is not standard,
and the reader will more often find the letters K or C [sometimes K($) or C(H)]
used. We see from condition (i) that B,(9) is a norm closed, self-adjoint ideal
in B(9) (and actually the smallest such; for separable Hilbert spaces even
the only nontrivial closed ideal). Note that I ¢ By(9) when $ is infinite-
dimensional, but that B,($) has an approximate unit consisting of projections
of finite rank [cf. the proof of the implication (v) = (i)].

3.3.5. Lemma. 4 diagonalizable operator T in B() is compact iff its eigenvalues
{4;|j € J} corresponding to an orthonormal basis {e,| j € J} belongs to co(J).

PROOF. We have Tx = Y 1;(x|e))e; for every x in §, cf. (+) in 3.2.14. If Te By($)
and ¢ > 0 is given, we let

Jo={jeJ|l} =&}

If J is infinite, the net (¢;);. ;, will converge weakly to zero for any well-ordering
of J,, because (¢;|x) — 0 by Parseval’s identity 3.1.11. Since | Te;|| = |4;] > & for
J in J;, this contradict condition (ii) in 3.3.3. Thus, J, is finite for each ¢ > 0,
which means that the 4;’s vanish at infinity.

Conversely, if J, is ﬁnite for each ¢ > 0, we let

T = Z A leye;.
Jjed.
Then T, has finite rank and
2
T — T)xl1> = | 3 A(xle))e;
J¢d.

= Y 1417|(xlep)|? < &*1x)2
i¢J.
Thus | T — T|| < ¢, whence Te By($) by 3.3.3(i). O

Lemma 3.3.6. If x is an eigenvector for a normal operator T in B(), correspond-
ing to the eigenvalue A, then x is an eigenvector for T*, corresponding to the

eigenvalue A. Eigenvectors Jor T corresponding to different eigenvalues are
orthogonal.
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ProoF. The operator T — Al is normal and its adjoint is T* — 11. Con-
sequently, we have

I(T* — ADx|| = (T — ADx|| = 0;
cf. 3.2.7.If Ty = py with A # y, we may assume that 4 # 0, whence
(x]y) = A7 (Tx|y) = A7 (x| T*y) = A7 (x|y) = A" (x| y),
so that (x|y) = 0. O

3.3.7. Lemma. Every normal, compact operator T on a complex Hilbert space
$ has an eigenvalue A with |A| = | T|.

Proor. With B as the unit ball of $ we know from 3.3.3 that T: B — § is
weak—norm continuous. If therefore x; —» x weakly in B, then

[(Tx;1x;) — (Tx1x)| = [(T(x; — x)|x;) + (Tx|x; — x)|
< IT(x; — 9l + |(Tx|x; — x)| = 0.

This shows that the function x — |(Tx|x)| is weakly continuous on B. Since
B is weakly compact,the function attains its maximum(1.6.7),and by 3.2.27
that maximum is || T||. Thus,

|(Tx|x)| = | T
for some x in B. Now
ITI = |(TxIx)| < I Tx|} x|l < | Tl

so that, in fact, [(Tx|x)| = || Tx| || x|. But as we saw in 3.1.3, equality holds in
the Cauchy-Schwarz inequality only when the vectors are proportional, and,
therefore, Tx = Ax for some A. Evidently |4] = || Tl O

3.3.8. Theorem. Every normal, compact operator T on a complex Hilbert space
$ is diagonalizable and its eigenvalues (counted with multiplicity) vanish at
infinity. Conversely, each such operator is normal and compact.

ProOF. We need only show that every normal, compact operator T is
diagonalizable, since the rest of the statement in 3.3.8 is contained in 3.3.5.
Toward this end, consider the family of orthonormal systems in $ consisting
entirely of eigenvectors for T. Clearly this family is inductively ordered under
inclusion, so by Zorn’s lemma (1.1.3) it has a maximal element {¢;| j € J}. Let
{%;|j € J} denote the corresponding system of eigenvalues, and let P denote
the projection on the closed subspace spanned by the e;’s [so that these form
a basis for P(9)]. For each x in $ we then have, by 3.3.6, that

TPx = TY, (xle)e; =Y. (xle;)Aie
=Y. (xl4e)e; = ¥ (x| T*e))e;
=Y (Tx|e;)e; = PTx.
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It follows that T and P commute, so that the operator (I — P)T is nprmal and
compact. If P # I, we either have (I — P)T = 0, and ther} every unit vector e,
in (I — P)$ is an eigenvector for T, or else (I — P)T # 0, in which case by 3.3.7
there is a unit vector e, in (I — P)$ with Te, = ey, and |A| = ||(I — P)T|. Both
cases contradict the maximality of the system {e;| j € J}, and therefore P = I.

a

3.3.9. It will be convenient, especially for the next section, to introduce the
notation x © y for the rank one operator in B($) determined by the vectors
x and y in $ by the formula

(x©y)z = (z]y)x.

Note that the map x, y > x © y is a sesquilinear map of $ x H into B,(H). If
llell =1, then e® e is the one-dimensional projection of $ on Ce. Every
normal, compact operator on § can now by 3.3.8 be written in the form

T=3 4e0¢
for a suitable orthonormal basis {e;/j e J}. The sum converges in norm,
because either the set J, = {j € J|4; 5 0} is finite [so that Te B,(9)] or else

is countably infinite, in which case the sequence {4;lj € Jo} converges to zero.
We say that the compact set

sp(T) = {4]j e Jo} L {0}
is the spectrum of T.
For every continuous function f on sp(T) we define

f(N) =3 f(})e;Oe;.

Then f(T) is compact iff f(0) =0, and the map f — f(T) is an isometric
*-preserving homomorphism of C(sp(T)) into B(9). Moreover, if f(z) =
Y %,mz"Z™ a polynomial in the two commuting variables z and z, then f(T) =
Y.t T"T*™ This result is the spectral (mapping) theorem for normal, compact
operators. In the next chapter we shall show a generalized version of the
spectral mapping theorem, valid for every normal operator.

3.3.10. Since B,(9) is a closed ideal in B(9), the quotient B(H)/By(H) is a
Banach algebra under the quotient norm (4.1.2). (Actually the quotient is even
a C*-algebra cf. E 4.3.10.) This quotient is called the Calkin algebra, and several
properties of operators in B($) are conveniently expressed in terms of the
Calkin algebra. If S and T are elements in B($) and § — Te By(H), we say
that S is a compact perturbation of T, It just means that S and T have the same
image in the Calkin algebra. Such “local” perturbations occur frequently in
applications, and properties of an operator that are invariant under compact

perturbations are therefore highly valued. We proceed to investigate the best
known of these: the index.

3.3.11. Proposition. The Jollowing conditions on an operator T in B(Sj) are
equivalent:



110 3. Hilbert Spaces

(i) There is a unique operator S in B($) with ker S = ker T* and ker $* =
ker T such that ST and TS are the projections on (ker T)* and (ker T*)*,
respectively, and both projections have finite co-rank.

(i) For some operator S in B(®) both operators ST — 1 and TS — I are
compact.

(i) The image of T is invertible in the Calkin algebra B($)/B(9).

(iv) Bothker T and ker T* are finite-dimensional subspaces and T(9) is closed.

Proor. Clearly (i) = (ii) and (ii) <> (iii).

(ii) = (iv) Suppose that (x,) were an orthonormal sequence in ker T Then
with A = ST — I in By(9) we have Ax, = —x, for every n. However, x, —» 0
weakly (by Parceval’s identity) so ||Ax,|| = 0 by 3.3.3(ii), a contradiction.
Replacing T by T* in (ii) we see that also ker T* is finite-dimensional. For the
last assertion in (iv) choose by 3.3.3(i) an operator B in B.($) such that
|4 — B|l <41. Then for every x in ker B we have

ISINTx| = ISTx]l = (I + A)x]|
2 [lxll — [l Ax] > Zlx].

Thus, T|ker B is bounded away from zero, so that the subspace X = T(ker B)
is closed. On the other hand,

9 = T((ker B)") = T(B*($))

by 3.2.5, which is finite-dimensional. With Q as the projection of $ on X+ we
see that Q(9) is finite-dimensional, hence closed, whence

X+9=07"09)

is a closed subspace of H. But T(H) =X + 9.

(iv) = (i) The restriction T'|(ker T)" is an injective bounded operator from
one Hilbert space onto another [viz. T($)], and therefore has a bounded
inverse S by 2.2.5. We extend S to an operator in B($) by letting § = 0 on
(T($))*. Thus, TS is the projection of $ on T($) = (ker T*)* and ST is the
projection on (ker T)*; and both of these projections have finite co-rank by
assumption. Clearly S is unique. O

3.3.12. The operators satisfying the conditions in Atkinson’s theorem (3.3.11)
are called Fredholm operators, and the class is denoted by F($). For each T
in F($) we define the index of T as

index T = dimker T — dim ker T*.

If we choose S for T as in 3.3.11(i) and write ST = I — P, TS = I — Q with P
and Q projections of finite rank, then evidently

index T = rank P — rank Q.

From condition (iii) in 3.3.11 it follows that the product of Fredholm
operators is again a Fredholm operator. In particular, every product RTe
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F(9) if Te F($) and R is invertible in B($); and in this case
index RT = index TR = index T,

because R is bijective. It is also clear that T* e F(9) if Te F(9), with
index T* = —index T. Finally, we observe that the partial inverse S to T in
3.3.11(i) is a Fredholm operator with index § = —index T.

For each n in Z define

F,(9) = {Te F(9)|index T = n}.

None of these subclasses are empty. For if S denotes the unilateral shift
(cf. 3.2.16), then S" € F_,($), whereas $*" € F,($) for every n > 0.

3.3.13. Lemma. If A € By(9), then I + A € Fy(9).

PRroOF. Clearly I + 4 € F(9) and we let S denote the partial inverse, so that
SUI+ A)=1-Pand(I + A)S =1 — Qasdescribedin3.3.12.Then P — Q =
AS — SA. Let R denote the projection on the finite-dimensional subspace

P(D) + O(9) + A(H) + A*(). Then R is a unit for P, Q, and A, so that with
S; = RSR we have

P— Q= A4S, — S, A.

This is an equation in the matrix algebra B(R($)), so with tr as the trace on
B(R(H)) we have

rank P — rank Q = tr(P — Q) = tr(AS; — S;4) =0,
whence I + A € Fy(9H). O

3.3.14. Lemma. If T € Fo(9) there is a partial isometry V in B(9) such that
T + V is invertible. Moreover, if A € Bo(9) then T + A € Fy(9).

PrOOF. By assumption we can construct a partial isometry V in B/($) such

that V*V(9H) = ker T and VV*(H) = ker T*. Observe that T + V is injective,
because (T + V)x = 0 implies

Tx = —Vx e T(H) nker T* = {0}

by 3.2.5. Hence, Tx =0 and V*Vx =0, so x € ker T n (ker T)L, ie. x = 0.
Furthermore, T + V is surjective, because

(T+ V)(®) = (T + V)((ker T)! @ ker T)
=TO)DkerT*=$.

It follows from 3.2.6 that T + V is invertible in B($). Now choose by 3.3.3(j)
a Bin B(9) such that |4 — B|| < |(T + V)™!| ™. Then set

S=T+V+A—B=(T+V)I+(T+ V)4 B)).

With R = (T + V)™}(4 — B) we have |R| < 1, and thus I + R is invertible
by 4.1.7 (or by observing directly that both I + R and I + R* are bounded
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away from zero, and applying 3.2.6.). It follows that S is invertible in B($),
and we have

index(T + A) = index(S + B - V)
= index(S(I + S™(B — V))) = index(I + S~'(B — V)) = 0
by 3.3.13, since S™'(B — V) € B/($). O

3.3.15. Corollary. If A € By(9) and A € C\{0}, then either Al — A is invertible
in B(9) or 4 is an eigenvalue for A with finite multiplicity, in which case 1 is an
eigenvalue for A* with the same multiplicity.

PrOOF. Set T =1 — A7'A. Since Te Fy(9) by 3.3.14 we know that T($) is
closed and that

dimker T = dim ker T* < o0.

Ifthese dimensions are 0, then T($) = (ker T*)* = $and ker T = {0}, whence
T is invertible by 3.2.6. |

3.3.16. Remark. The classical result above is known as the Fredholm alterna-
tive. It implies that the spectrum of a compact operator (i.e. those 4 such that
AI — T is not invertible, see 4.1.10) consists of {0} and the eigenvalues for T.
In particular, it is a countable subset of C with 0 as the only possible accumu-
lation point.

3.3.17. Theorem. For every Fredholm operator T and every compact operator
A we have

index(T + A4) = index T.

ProoF. We may assume that index T = n > 0, since the case n = 0 is covered
by 3.3.14 and the case n < 0 can be derived from the positive case by consider-
ing T*.

Define & = $ @ #2 and observe that for any operator S in F(£/?) we have

index(T @ S) = index T + index §

[where the index is computed in the algebras B(K), B($) and B(£?), respec-
tively]. Taking S to be the unilateral shift on £2 (cf. 3.2.16) we see that
T @ 8" € Fo(R) and thus

(T+ADS"=TOS"+ AD0eFo(R)
by 3.3.14, so that T + A € F,(9) as desired. O

3.3.18. Proposition. Each Fredholm class F,(9), n € Z, is open in B(9).

Proor. It suffices to prove this for n = 0, since, as in the proof of 3.3.17, we
have
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F,(H)®S"=F(9® ) n(BH) S S"),

with S as the unilateral shift on 2 and n > 0. Negative nis handled by applying
the adjoint operation, which is a homeomorphism on B($).

Assume, therefore, that T, - Tin B($) and that T e Fy(9). Then, by 3.3.14,
T + V is invertible for some V in B(9), so that T+ V and (T + V)* are
bounded away from zero by some ¢ > 0 by 3.2.6. Assoonas |T — T,|| <ewe
see that also T, + V and (T, + V)* are bounded away from zero and, hence,
invertible by 3.2.6. Consequently,

index T, = index T, + V = 0. Od
3.3.19. Proposition. If T, € F,(9) and T, € F,(9), then T, T, € K, ,(9).

PrOOF. Ifm = 0, then T, + V is invertible for some partial isometry VinB(9),
as we saw in the proof of 3.3.14. Therefore,

index T; = index T, (T, + V)
=index T, T, + T,V =index T, T,

by 3.3.17, since T Ve B/(9).

In the general case we may assume that m > 0, and workingin & = HDL?
as in the proofs of 3.3.17 and 3.3.18 we see that T, ® S™ € Fo(R) if S is the
unilateral shift on £2. Thus by our first result

n=index((T, ® (T, ® S™)) =index T, T, ® S"
= index T} T, + index $™ = index T, T, — m. O

3.3.20. A beautiful topological fact illuminates many of the properties of the
index. If ® denotes the group of invertible elements in the Calkin algebra
B(H)/By(9H) and G, is the connected component of the identity [ = the group
generated by elements of the form exp A, for some A4 in B()/By(H)], then G,
is an open and closed subgroup of ® and 6/®,, is a discrete group that labels
the connected components in . In the case at hand, ®/®,, is isomorphic to
Z, and the index of a Fredholm operator T is the image of T under the
composed quotient maps from F($) to ® and from ® to /6, (= 2).

EXERCISES

E3.3.1. Show that B.($) is a minimal ideal in B($).

Hint: Show first that B,(9) intersects every nonzero ideal in B($).
Then show that B(9) itself has no nontrivial ideals.

E 3.3.2. Show that every operator T: § — § that is weak—norm continuous
(cf. 3.1.10) belongs to B4(9).
Hint: The function x — || Tx|| is weakly continuous, so there is a

finite set x,, ..., x, in § such that |(x|x,)| < 1 for 1 < k < n implies
[ Tx|| < 1 for every x in §.
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E3.33.

E334.
E3.3.5.

E3.3.6.

E33.7.

E3.38.

E3.3.9.

E3.3.10.

3. Hilbert Spaces

Show that if Te By (9), then T($H) contains no closed, infinite-
dimensional subspaces.

Hint: If P(9) = T($)for some projection P in B(H), then PT: H —
P(9) is surjective, hence open (2.2.4). Thus with B and B, the unit
ballsin $ and P($) we have ¢B, = PT(B)for some ¢ > 0. Now apply
E 2.1.3 and 3.3.3 (or argue directly on an orthonormal basis in P($)).

If Te B(9), show that T is compact iff | T| is compact.

(Weighted shifts.) Given a bounded sequence (4,) in C define an
operator § in B(¢2) by (Sx), = 0 and

(Sx), = Ayx,_y, n>1, forx =(x,)in /2

Find the polar decomposition of S, and characterize those sequences
{(4,) in £= for which § is compact.

For every T in B(9) define
index T = dimker T — dim ker T*,

with the convention that co — oo = 0. Thus, the index takes values

in Z U {£o0}. Show that index T can be nonzero for T in By($).
Hint: Use E3.3.5.

Assume that § is separable and prove that an operator T in B()
has the form U|T| for some unitary operator U (and with |T| =
(T*T)"?)iff index T = 0 (cf. E3.3.6.).

Hint: Any two closed subspaces of § with the same (finite or
infinite) dimension can be mapped isometrically one onto the other
by 3.1.13. Add such a partial isometry to the canonical partial
isometry in the polar decomposition of T (3.2.16) to obtain the
unitary U.

(Right Fredholm operators.) Prove that the following conditions on
T in B($) are equivalent:

(i) There is a unique S in B($) such that TS is the projection on
(ker T*)* and has finite co-rank.
(ii) For some operator S in B($) the operator TS — I is compact.
(iii) The image of T in the Calkin algebra B($)/B,(9) is right
invertible.
(iv) The subspace T(9) is closed and has finite co-dimension.

Hint: Use the proof of 3.3.11.

Show that T satisfies the conditions in E3.3.8 iff (TT*)? is a
Fredholm operator.
Hint: Use the polar decomposition of T* to write T = (TT*)"2V.

Show that the class F®($) of right Fredholm operators defined in
E 3.3.8 is open in B($) and satisfies FO($)F?(H) = FO(H).
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E3.3.11.

E3.3.12.

E3.3.13.

E3.3.14.

E3.3.15.

E3.3.16.

Apply the index from E 3.3.6 to the class F”($) of right Fredholm
operators defined in E 3.3.8. Show that F{’(9) = F,(9) if n < .
Show that the class FO($) is open in B($) and invariant under
compact perturbations and that one has F,(H)F2(9) = F2($H) and
FO(D)F,(9) = FO(9).

Hint: Use E 3.3.10 and 3.3.19.

Assume that the group GL(9) of invertible elements in B($) has been
proved to be arcwise connected (E 4.5.7). Show that each Fredholm
class F,($), n € Z, is arcwise connected.

Hint:For Tin Fy($)choose 4in By(H)suchthat T + 4 € GL(9).
Connect T to T + A linearly and then take a path from T + A to 1.
If Te F,($) with n < 0, let S be the unilateral shift on § (= £2) and
connect TS*" to I. Then multiply the path with S".

Show that the image 6, of F,($) in the Calkin algebra [B($)/B,(9)]

is an arcwise connected set that is both open and closed in the group

® of invertible elements in the Calkin algebra. Show that the con-

nected components of & are precisely the ®,’s, n € Z; cf. 3.3.20.
Hint: The quotient map n: B(H) — B(H)/B,(9) is open.

(Toeplitz operators.) Let {e,|ne Z} be the orthonormal basis for
L?*(T) described in E 3.1.5, and consider the Hardy space H? defined
in E 3.1.6 as a subspace of L?(T). If P denotes the projection of L2(T)
onto H?, we define for each f in L*(T) the Toeplitz operator T; in
B(H?) by

T;x = P(fx), xe H>.

Show that the map f — T, is linear and normdecreasing from L®(T)
into B(H?), and that T* = T;. Show further that

Tre,= Y fim—n)e,, n>0,
m=0

and conclude that the matrix for T}, cf. E3.2.16, is constant on
diagonals. Insert f = ¢,, k € Z, and check that the corresponding

Toeplitz operators are kth powers of the unilateral shift (3.2.16) or
its adjoint.

Take f in L*(T), and let T} be the corresponding Toeplitz operator;
cf. E 3.3.14. Show that T; is a compact operator on H? only if f = 0.
Hint: If T; € Bo(H?), then, since e, —0 weakly (cf. E3.1.10).

| Tre,ll — 0. In particulgr, (Tren|en44) = O for each k in Z. Now apply
E 3.3.14 to show that f = 0, whence f = 0.

Take f and g in L*(T), and let T; and T, denote the corresponding
Toeplitz operators; cf. E 3.3.14. Show that I;T,— T,T; and T, T, —
T;, are both compact operators on H? if either f or g is continuous.

Hint: Show that the two operators have finite rank if f = e, for
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some k in Z. If fe C(T), use the fact that f can be uniformly
approximated by trigonometric polynomials, and apply 3.3.3. (P.S.
Don’t miss E 4.3.11 later on.)

E3.3.17. If fe C(T), show that the Toeplitz operator T, cf. E3.3.14, is a
Fredholm operator if f is invertible in C(T). Show in this case that
index T; = index T,, where u = f|f| .
Hint: Use first E3.3.16. Then use that a self-adjoint Fredholm
operator has zero index, so that 3.3.19 applies.

E3.3.18. Show that functions f and g in C(T, T) that are homotopic (E 1.4.19)
inside C(T,T) give Toeplitz operators of Fredholm type with
index T, = index T;.
Hint:If f,; T —» T is a continuous path in C(T, T) with f, = f and
J1 =g, then index T; = index T, when |s — ¢ is small enough by
3.3.18.

E3.3.19. Take f invertible in C(T) and consider the Toeplitz operator T;
cf. E3.3.14. Show that the winding number of f around 0 equals
—index T;. Compare with E4.1.19.
Hint: Use E 3.3.17 and E 3.3.18 plus the fact (to be proved or taken
at face value) that the homotopy classes in C(T, T) are labeled by
the winding number. Check the formula with f = e,, where k € Z;
cf. E3.3.14.

3.4. The Trace

Synopsis. Definition and invariance properties of the trace. The trace class
operators and the Hilbert—Schmidt operators. The dualities among B,($),
B'($), and B($). Hilbert—Schmidt operators as integral operators. The
Fredholm equation. The Sturm-Liouville problem. Exercises.

3.4.1. In search for analogies between the theory of functions and the theory
of operators on a complex(!) Hilbert space 9, we have already (in 3.3.1 and
3.3.4) mentioned that B($) corresponds to the continuous functions with
compact supports and By($) corresponds to the continuous functions vanish-
ing at infinity. The class B($) plays a double role: sometimes it mimics the set
of all bounded continuous functions and sometimes it behaves like an L*-
space. The latter behavior assumes the existence of an analogue on H to
Lebesgue measure, an analogue we will now exhibit.

3.4.2. Choose an orthonormal basis {e;]jeJ} for the Hilbert space $
(cf. 3.1.12), and for every positive operator T in B($) define the trace of T by

te(T) = Y (Tejle;),

with values in [0, co].
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3.4.3. Proposition. For every T in B(9) we have
tr(T*T) = tr(TT*).

ProoF. For each i and j we have
(Teilej)(eleei) = (T*ej]ei)(eilT*ej) >0.
Summing the first expression over j we get

Z ((Te;ley)e;| Te;) = (Te;| Tey) = (T*Teyley).

Summing the second expression over i we similarly have

Y (T*ejle)ei| T*e) = (T*e;| T*e;) = (TT*ejley).
Since the elements in the series are positive, the sum over both i and j does
not depend on the order of the summation, whence

tr(T*T) =) (T*Tejle;) = Z (TT*ejle;) = tr(TTH). O

i J
3.4.4. Corollary. If U is unitary and T > O, then
tr(UTU*) = te(T).

In particular, the definition of tr is independent of the choice of basis, and,

therefore, |T| < tr T.

ProoF. Since T = (T*?)? by 3.2.11, we may replace T by UT'? in 3.4.3. The
last assertions follow from 3.1.14 and 3.2.25 (or E 3.2.1). d

3.4.5. Lemma. If Te B(9) such that tr(|T|?) < oo for some p > 0, then T is
compact.

PROOF. Given an orthonormal basis {¢;| j € J} and ¢ > 0 there is a finite subset
Aof Jsuch that ) 4, (] T|"ej|ej) < & If P, denotes the projection of § onto the
span of {¢;| j € A}, then by (x*) in 3.2.3 and 3.4.4

NTPI — PN = I — PYITIPU — Py
<tr((I — P)ITPU — P)) <e.

Since ¢ is arbitrary, we conclude from 3.3.3(i) that | T|""2 € By($9). Thus, for a
suitable orthonormal basis (which we still denote by {e;| j € J}) we have

ITI”* =3 4e; O

by 3.3.8 (cf. 3.3.9) and the A;’s vanish at infinity. For integer values of p it is
clear that

IT| =Y 22P¢, Q. (*)
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To establish the validity of the formula () in general one will have to define
the symbol |T|? for all real p > 0; and we must postpone this task until we
have the spectral theorem (4.4.1) at hand. Assuming () it is clear that |T| e
B,($), and from the polar decomposition T = U|T|, cf. 3.2.17, it follows that
T belongs to the ideal B,(9). O

3.4.6. We define the sets of trace class operators and Hilbert—Schmidt opera-
tors as

B'(9) = span{Te By(H)|T > 0,tr(T) < o0},
B%(H) = {Te By(D)tr(T*T) < co}.

Since, evidently, tr(T; + T5) = tr(T;) + tr(T;) and tr(aT;) = o Tr(T;) for all
positive operators T; and T, and each o > 0; and since T = Y 3., i*T;, with
T, = 0, for every T in B!($), it follows that the definition tr(T) = ) i*tr(T;)
extends tr to a linear functional on B!($). From now on we may therefore

apply the function tr to any operator in the set B(9),. + B($) (with the
convention that « + oo = oo for every o in C).

3.4.7. Just as for vectors in §, there is a parallellogram law for operators in
B(%), viz,

S+T*ES+TD+ES—TYS—T)=2(8*S+ T*T), (*)

easily verified by computation. From this one derives the useful estimate
S+ TS+ T)<2(S*S + T*T). (%)
By direct computation we also verify the following polarization identity for

operators on a complex Hilbert space:

3
4T*S = Y (S + *T)*(S + i*T). (%)

k=0

3.4.8. Proposition. The classes B($) and BX(9) are self-adjoint ideals in B(9)
and
B/($) = BY(H) = BX(H) = Bo(H).

ProOF. If T > 0 with tr(T) < o0, and S € B(9), then by (+++) in 3.4.7

4TS = 4T T2S = ¥ (S + DX T(S + i*1).
By 3.4.3 and 3.2.11 we further have

tr(V*TV) = tr(V* T2 T2Vy)

=tr(TPRPVV*TY2) < |[VV*| tr(T);

and applied with ¥V =S + i*I it shows that TS € B!($). Thus, B}(H) is a
self-adjoint right ideal and therefore a twosided ideal (4.1.2).
We claim that

B!(H) = {Te B(H)|tr(IT]) < o0} (*)
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If | T| € B'($), then from the polar decomposition T = U|T| (3.2.17) we see
from the first part of the proof that Te B!($). Conversely, | T| = U*T, so if
Te BY(9), then | T| € B (H).

It follows from (+#) in 3.4.7 that B%($) is a linear subspace of B,(9), and
3.4.3 shows that this subspace is self-adjoint. Since B*($) is an ideal in B($),
it follows from the definition of B?($) that this set is also an ideal.

If Te B,(9), then | T| is a diagonalizable operator of finite rank, whence | T|
(and T) belongs to B*(H). If Te B}($), then by 3.2.11

T*T =|T|> = |TI"*|T||TI** < | TIIT],

which shows that tr(T*T) < oo, i.e. Te B%($). The last assertion (used freely
throughout the proof) is contained in 3.4.5. O

3.4.9. Theorem. The ideal B*(9) of Hilbert—Schmidt operators form a Hilbert
space under the inner product

(SIT), = tr(T*S), S, Te BX(H).

PROOF. That T*S e B!($) follows from (x++) in 3.4.7. Thus the sesquilinear
form ('), is well-defined, self-adjoint, and positive. Moreover, it gives an
inner product on B?($) because the associated 2-norm satisfies

ITIZ = te(T*T) > | T*T| = ||T)?,

by 3.4.4. This inequality also implies that every Cauchy sequence (7,) in B%($)
for the 2-norm will converge in norm to an element T in B,($). For every
projection P on a finite-dimensional subspace of § we estimate

IP(T — T3 = tr(T — T)*P(T — T,)) = tr(P(T — T,)(T — T,)*P)
= lim tr((T,, — T,*P(T, — T;))
< lim sup tr((T,, — T)*(T,, — T,)) = lim sup|| T, — T,|3,
and, since P is arbitrary, we conclude that
IT — T|l, <lim sup||T,, — T, ,;

which implies that Te B*($) and that T, » T in 2-norm. d

3.4.10. Lemma. If Te B!($) and S € B(S)), then
tr(ST)| < ||S| tr(| TY).

Proor. Let T = U|T| be the polar decomposition of T (3.2.17). Then

(S U|T|"?)* € B¥($) [because |T|"? € B*(H)], so by the Cauchy-Schwarz
inequality (for the trace) we have
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[tr(ST)? = [tr(SU|TI*?| TI*?)|> = [(IT|">|[(SU| T|*2)*),|?
< NTIIZNSUITIV?)*3 = te(| Tl te(| T2 U*S*SU| T|'?)
< tr(| T e(JU*S*SU | TI) < [IS11%(tr(I T
using 3.4.3 and 3.2.9 on the way. O

3.4.11. Lemma. If S and T belong to B*(9), then
tr(ST) = tr(TS).
The same formula holds when S € B(9) and Te B*(H).
P.ROOF. The polarization identity [(**+) in 3.4.7] in conjunction with 3.4.3
gives
4tr(T*S) =Y i*tr((S + * T)*(S + i*T))
=Y i tr((S* + i *T*)*(S* +i7%T*))
=Y i tr((T* + *S*)*(T* + i*S*)) = 4tr(ST™*),

which proves the first assertion. For the second, we may assume that T > 0
(the equation is linear in T'), and then from the first result we have

tr(ST) = tr((STY2) T*2) = tr(TY3(ST "))
= tr((TY2S)TY?) = tr(TY2(T28)) = tr(TS). 0

3.4.12. Theorem. The ideal B1($) of trace class operators form a Banach
algebra under the norm

ITI, = te(IT)), TeBY(9).

Proor. Clearly ||, is a homogeneous function on B!($), which is faithful
because |‘||; = |I|; cf. 3.4.4. To prove subadditivity take S and T in BY(9)
with polar decomposition S + T = W|S + T|. Then by 3.4.10

IS + Ty = tr(W*(S + T)) < [tr(W*S)| + [tr(W*T)|
< W r(iS1) + te(1TD) < ISy + I Ty

The corresponding inequality for the product is obtained from the polar
decomposition ST = V|ST|, which gives

ISTI, = tr(V*ST) < [|V*S| tr(IT1)
< IS (| T1) < tr(ISD (| T = SN N T

If (T,) is a Cauchy sequence in B!($) for the l-norm it must converge
in norm to an element T in By($). For each projection P of finite rank and
every partial isometry U we have

tr(PU*(T — T,)) = lim tr(PUX(T,, — T.)) < lim sup | T, — T,ll,
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by 3.4.10, since |PU*|| < 1. Applied to the polar decomposi'Fion T'— T, =
U|T — T,| it shows that tr(P|T — T,|) < lim sup || T,, — T,||. Since P is arbi-
trary, we conclude that

IT — Tll, <limsup| T, — T.l1,
which shows that Te B!($) and that T, » T in 1-norm. O

3.4.13. Theorem. The bilinear form
(S, Ty =tr(ST)

implements the dualities between the pair of Banach spaces By(9) and B*(9)
and the pair BY(9) and B(D). Thus, (with * as in 2.3.1)

Bo(9))* =B'(H) and (B'(9))* = B(D).

ProoF. Clearly every T in B!(9) gives rise to a bounded functional ¢, =

(-, T) on By(H), and |or|| < | T, by 3.4.10. Conversely, if ¢ € (By(H))*, we
take S in B2($) and estimate

o) < llellIST < llell IS

Since B2($) is a Hilbert space (3.4.9), there is by 3.1.9 a unique element T* in
B?(9) such that ¢(S) = tr(TS) = tr(ST) for all § in B%($). However, for each
projection P on $ of finite rank we have (with T = U|T]) that

ltr(P|T])| = [tr(PU*T)| = |o(PU*)| < |||

Since P is arbitrary, this implies that Te B!($) with | T||, < | ¢|. Evidently,
the correspondence ¢ « T is a bijective isometry, whence (Bo(9)* = BL(H).
Clearly every S in B($) determines a bounded functional yg = <S, -> on

B!(9), and |ys]l < ||S|| by 3.4.10. Conversely, if ¢ e (B!($))*, we define a
sesquilinear form B on § by

B(x9 y) = lp(x © Y), X, Y€ 55

with x © y as the rank one operator defined in 3.3.9. Straightforward compu-
tations show that

X Oyl =((x O y*x Oy = ((y O %)(x © y))*?
= (IxI2y @ ¥ = IxI Iyl Iy ™ty © Iyl y)

and, therefore, the form B is bounded, as

B < [Wlx O ylly = 1Yl te(lx © y) = Iyl x] Iyl
By 3.2.2 there is then a unique operator S in B($) such that ||S| < ly| and
Y(x © y) = B(x,y) = (Sx|y).

Every self-adjoint T in B'($) has a diagonal form T = Y Ae; O e; for some
orthonormal basis {¢;| j € J} and real eigenvalues Ajwith Y |4;| = || T||,. Thus,
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Y(T) =3 LY, O e) = AiSele;)
= (STejle;) = tr(ST).

Since B'(9) is self-adjoint, the formula (T) = tr(ST) holds for all T; and
again we have constructed a bijective isometry y <> S, so that (B1($))* = B($).

O
3.4.14. Proposition. For every orthonormal basis {e;|j € J} in $, the set
{e: O ellij) e J?}

of rank one operators form an orthonormal basis for B*($).

ProOF. Since (¢; O ¢))* = ¢; O e; and (¢, O ¢))(e, O &) = Ope; O e, it is clear
that the operators e; © ¢; form an orthonormal set in B%($). However, if
Te B%(9), then

(Tle; © ), = tr((e; © ) T) = tr(e; © T*ey)
= Xl: (ellT*ei)(ejlel) = (Tejlei)~

This shows that the orthogonal complement to the span of the e; © ¢;’s is {0}
which means that they form a basis. O

3.4.15. The result above gives a particularly concrete realization of the Hilbert
—Schmidt operators in the case where the underlying Hilbert space has the
form L?*(X) with respect to some Radon integral | on a locally compact
Hausdorff space X; see 6.1. If namely [ ® | denotes the product integral on
X?(6.6.3), we consider the Hilbert space L*(X?).If {¢;| j € J} is an orthonormal
basis for L(X), the set of functions e; ® g(x,y) = e,(x)e(y) on X?* is an
orthonormal basis for L2(X?). It follows from 3.1.14 that we have an isometry
U of L?(X?) onto B*(L?(X)) determined by U(e; ® ¢;) = ¢; © ;. On the level
of functions this isometry gives the following result.

3.4.16. Proposition. For every k in L?(X?) the integral operator T, defined by

Lf(x) = j k(e, ))f(y), feL*(X), (%)

y

is a Hilbert—Schmidt operator on L*(X); and the map k — T, is an isometry of
L%(X?) onto B*(L(X)) in 2-norms. With k*(x, y) = k(y, x) we have T,» = T,
so that T, is self-adjoint iff its kernel k is conjugate symmetric.

PRrOOF. If k € L2(X?), then for every pair f, g in L>(X) we have

fjlk(x,y)f(y)ml = J‘®J|kllf®§| < 0.

Fubini’s theorem (6.6.6) therefore applies to show that the formula (x) defines
an operator T, in B(L*(X)) with || T|| < llkll,-
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If {¢;| j € J} is an orthonormal basis for L?(X) and k = Y o;je; ® g;is afinite
sum, then

Lf= Z “ij(flej)ei = (Z o6 © ej)f = (UK,

with U as in 3.4.15. Since functions of this form are dense in L>(X?), it follows
by continuity that T, = U(k) for every k in L?(X?); and therefore the map
k - T, (= U) is an isometry.

The identity T,» = T;* is easily verified if k = Y a;5e; ® €;,and by continuity
it therefore holds in general. O

3.4.17. The Fredholm integral equation

J k(x, Y (y) — A (x) = g(x), (*)

where k, g, and A are given, can be solved by the result in 3.4.16, provided that
g € L*(X) and k is a conjugate symmetric function in L?(X?). Using 3.3.8 we
find an orthonormal basis {e;|je J} for L%(X) such that T, =Y Ae;Oe,
where 4, € R and ¥ |4;|* = [k|} (Parseval’s identity). If 2 # 4; for all j, the
solution to (*) is unique and is given by

f= Z ('{j - /1)—1(9|ej)ej-

3.4.18. As a final application of Hilbert—Schmidt operators we mention (with-
out proof) the main results in the Sturm—Liouville problem.

On the interval I = [a,b] we consider the following slightly generalized
versions of ordinary linear second-order differential equations:

(pfY +af =0; (*)
(pf'Y + af = 4f; (%)
(f'Y+af =i +h (x*%)

Here, p, q, and h are continuous, real-valued functions with p > 0 and 1 € R.

The homogeneous equation () has a two-dimensional complete solution,
spanned by, say, the solutions u and v that satisfy the boundary conditions
au(a) + Bp(a)u'(a) = 0 and yv(b) + op(b)v’(b) = 0 for given numbers «, f5, 7,
and 8. Moreover, the Wronskian p(uv’ — u'v) = ¢ for some constant ¢ # 0.
Define Green’s function by

(x.y) = ctu(x)v(y) fora<x<y<b
gy = ¢ tu(y)v(x) fora<y<x<hb.

Then with T, the Hilbert—Schmidt operator on L*(I) as defined in 3.4.16 we
have that for each h in L*() [in particular for h in C(I)] the function f = T,h
is the unique solution to (x**) with A = 0 that satisfies the boundary conditions
B: of(a) + Bp(a)f’(a) = yf(b) + op(b)f'(b) = 0.

The discussion above reduces the equations (*), (+*), and (*#%) to questions
related to the (unbounded) operator T, '. Note that T, = T,;* by 3.4.16, so
by 3.3.8 there is an orthonormal basis {e,|n € N} for L(I) such that T, =
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Y 4.8, O e,, where {4,} = R\{0}and Y |4,|> = ||g||3. It follows that a solution
to («x) satisfying B exists only when A = A;! for some n; and in that case the
solution is e,. A solution to (x*#) satisfying B, where A = 4! for some n is
only possible if i L e,. A solution to (xxx) satisfying B, where A # A;! for all
n is always possible. In both cases the solution is

=2 01 = A4,) " (hley)ey.

EXERCISES

E34.1.

E34.2.

E34.3.

Show that the projective tensor product (cf. E2.3.11) between two
copies of the Hilbert space § is isometrically isomorphic to B($),
whereas the Hilbert space tensor product defined in E3.2.19 gives

B%(9).

Consider positive, compact operators S and T, such that S? and T?
are trace class operators,wherel <g<2<p<owandp™ + ¢! =
1. Show that

(i) (S%ele)’” < (SPele)

for every unit vector e in $. Choose an orthonormal basis (e,) for 9,
such that T =) 4,e, O e,, and prove that

(i) (ISTle,le,) < (ISTI?e,|e,)? < A,(SPeylen)'”
for every n. Show finally that STe B!(9) and that
(iii) tr(ISTI) < (tr(S?)) VP (tr(T4)) "

Hints: For (i), choose a diagonal form for S and use the fact that
the function t — t?P? is convex. For (ii), use the Cauchy—-Schwarz
inequality and (i). For (iii), use (ii) and the Holder inequality for the
sequence spaces £” and /4.

(The Schatten p-ideals.) For 1 < p < oo let B?($H) denote the set of
operators T in Bo($) such that | T|? € B (). Define

ITI, = r(TI”)",  Te B(H).

Show that B?($)is a Banach space under the p-norm and a *-invariant
ideal of B($) contained in By (9).

Hints: Given S and T in B?($), take polar decompositions § =
U|S|, T =VI|T|, S+ T = W|S + T|. For any projection Q of finite
rank commuting with |S + T| estimate

tr(|S + T1PQ) = tr(W*(S + T)|S + TP LQ)
= tr(W*U|S||S + TIP1Q)
+ t(W*V|TIIS + T2 Q).
Take g = (1 — p~!)™* and use 3.4.10 and E3.4.2 to obtain
IS + TIQIZ < (ISIZ + I TIHNS + TIQN5™.
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E344.

E34.5.

E 3.4.6.

E34.7.

E348.

Deduce that S + T'e B?(9) and that |-||, is subadditive. Prove com-
pleteness of B?($) as is done in 3.4.9 and 3.4.12, using the fact thgt
[I-Il < lIll,- Note that UTe B?(9) and TU e B?(H) for every T in
B?(9) and every unitary U in B($), and use 3.2.23 to prove that B?($)
is an ideal in B(9) and therefore *-invariant.

Take 1 < p <2 < g < oo such that p~! + ¢! = 1, and consider the
Banach spaces B?(9) and B%($) introduced in E3.4.3. Prove the
Hélder—von Neumann inequality

[teST) < [SI,1Tl, S eB?(H), Te BYH).

Show that the bilinear form ¢S, T) = tr(ST) implements a duality,
such that B?($) and BY($) are isometrically isomorphic to the dual
space of each other.

Hints: Use E3.4.2, 34.10, and polar decompositions to prove
the inequality, providing a normdecreasing injection of BP($) into
(BY(9))*. If ¢ € (B%($))*, use the inclusion B%($H) = BY($H) and |- =
Illy to find § in B*(H) (by 3.4.9) with tr(ST) = ¢(T) for all T in
B%($). Prove that S € B?($) and that ISll, < lell, by inserting T =
IS|P"'QU*, where S = U|S)| is the polar decomposition and Q is an
arbitrary projection in B/($) commuting with |S]|.

(Volterra operators.) Let I = [0, 1] and consider functions k in L*(1?)
such that k(x, y) = 0 for x < y. Show that if k, and k, are two such
Volterra functions, then for the corresponding integral operators we
have T, T,, = T, for some Volterra function k. Assume that k is
a bounded Volterra function, [|k|, <c, and let k™ denote the
kernel corresponding to the operator (T,)". Show that [k D (x, p)| <
c""(n))™(x — y)* and deduce that [T+ < (n))" ™. Prove that
the only eigenvalue for such a Volterra operator is 0.

Let I = [0,1] and consider the Volterra operator (cf. E 3.4.5) given by

Tf() = fo(y) dy, fe L),

Find T* and show that T + T* is the projection of rank one on the
subspace spanned by the vector 1.

Take T as in E 3.4.6 and find the eigenvalues for the operator T*T
on L*(I). Prove that | T|| = 21,

Take [a,b] = [0,1] and consider the differential equations (), (xx),
and (+x) in 3.4.18 in the case where p = 1and g = 0. Find solutions
u and v corresponding to the boundary data («, 8,7, ) = (1,0,1,0),
and compute Green’s function g. Find (or guess) an orthonormal basis
for L2([0, 1]) that diagonalizes T;, and compute the eigenvalues.



CHAPTER 4

Spectral Theory

A function calculus for a Banach algebra 2 is a collection of algebra isomor-
phisms of the form ®: € — 2, where € is an algebra of continuous functions
on some compact Hausdorffl space X. Loosely speaking, a function calculus
is deemed the better, the larger the function algebra % is inside C(X).

Given an isomorphism ®: ¢ —  as above, we may take f in € with image
A = ®(f) in U, and restrict ® to the algebra %(A) generated by f, to obtain
what might be called the function calculus for a single element A. Now %(A)
is naturally isomorphic to a subalgebra of C(f(X)), and f(X) may be char-
acterized as the set of complex numbers 4 for which A1 — f is not invertible
[in C(X)]. We are led to the definition of a function calculus for an element
A of Y, to be an isomorphism ®: €(4) — U, where ¥(A) = C(sp(A)) and sp(4)
is the set of complex numbers 4 for which AI — A is not invertible (in ). In
this setting it is further required that 4(4) contains the constant function 1
and the identical function id [where id(1) = A for all 1], and that ®(1) = I and
®(id) = A. It follows that ®(f) = f(A) for every polynomial f(4) = ) o, A"
The set sp(A4) is known as the spectrum of A—a notion explained by Fourier
analysis—and the function calculus is the spectral theory for A.

For a general Banach algebra U one may develop a spectral theory for an
element A, where € (A) is the class of functions holomorphic in a neighborhood
of sp(A). If C\ sp(A4) is connected, the theory is easily established, because each
such function can then be approximated by polynomials uniformly on sp(A)
by Runge’s theorem. The more general case uses the vector-valued Cauchy
integral formula on the resolvent function (cf. E 4.1.14). We shall not pursue
this matter very far (cf. 4.1.11), but aim instead at a theory for special Banach
algebras (C*-algebras), which allow a spectral theory with €(A4) = C(sp(A))
[or even €(A) = L*(sp(A4))], when A is a normal element of A. En route we
pass through Gelfand’s theory of commutative (semisimple) Banach algebras
and the Stone—Weierstrass theorem for function algebras.
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The last four sections are devoted to spectral theory for operators on
Hilbert space, and we present, in increasing order of complexity, the various
forms the spectral theorem may take. The culmination is the spatial version
of the theorem, which unfortunately requires a bit of operator algebra theory
and some key results from integration theory. Realizing the maximal com-
mutative subalgebras of B($) as a natural generalization of orthonormal
bases, the spectral theorem returns in the end to its finite-dimensional origin:

given a normal operator, there is a generalized orthonormal basis in which it
becomes a multiplication operator.

4.1. Banach Algebras

Synopsis. 1deals and quotients. Unit and approximate units. Invertible ele-
ments. C. Neumann series. Spectrum and spectral radius. The spectral radius
formula. Mazur’s theorem. Exercises.

4.1.1. A Banach algebra is (as was already mentioned in 2.1.3) an algebra A
with a submultiplicative norm, such that the underlying vector space is a
Banach space (i.e. complete).

It is straightforward to check that if 2 is only a normed algebra, then the
completion defined in 2.1.12 becomes a Banach algebra in a natural way.

4.1.2. An ideal (more precisely, a twosided ideal) in an algebra 2 is a subspace
S such that AJ = I and IA < 3. If only one of these inclusions are satisfied,
we talk about a left or a right ideal. Given an ideal J in ¥, the quotient space
A/ of cosets (cf. 2.1.5) becomes an algebra with the product defined as
(A + 3)(B + 3) = AB + 3. If, furthermore, 3 is a closed ideal in the Banach
algebra 2, then the quotient A/J is again a Banach algebra. Indeed, by 2.1.5
it suffices to show that the quotient norm is submultiplicative on /3. But
this is evident from the estimate

4+ 3B+ 3
= inf ||[A + S|} inf |B + T
Te3

5e3

> inf inf |AB + (AT + SB + ST)| = inf |AB + R| = |AB + 3||.
$Se3I Te3 Re3

Thus, every closed ideal is the kernel of a continuous (even norm decr§asing)

homomorphism ®: % —» A/3I. Conversely, if ®: A B is a continuous

homomorphism between Banach algebras U and B, then ker @ is a closed

ideal.

4.1.3. Many Banach algebras are unital, i.e. they have an element I such tha.t
IA = Al = A for every A in . Such a unit element is unique and [[I]| > 1 (f

oA £ {0}).



4.1. Banach Algebras 129

If a Banach algebra 2 has no unit, we may try to embed it isometrically
into a larger unital Banach algebra B, in such a way that 2 becomes an ideal
in B, so large that every nonzero ideal of B has a nonzero intersection with
9 (an essential ideal). This process is the algebraic counterpart of the com-
pactification of a topological space (1.7.2). For the classical Banach algebras
there is often a natural way of adjoining a unit; but there is always an ab-
stract procedure—the counterpart of the one-point compactification. Take
the direct sum U @ F (cf. 2.1.18) equipped with the product

(4,0)(B,B) = (AB + aB + BA,ap)

and the submultiplicative 1-norm. Then % @ F is a unital Banach algebra with
I =(0,1), and contains U as an ideal of co-dimension 1.

4.1.4. Given a Banach algebra U we define the (left) regular representation
p: A — B(A) by p(A)B = AB, for A and B in . It is easily verified that pis a
norm decreasing algebra homomorphism. If 2 is unital, the inequalities

1Al < oA I < AL ]

show that p is a homeomorphism. Renorming 2 by using the equivalent norm
from B(20), we may therefore assume that ||I]| = 1 (if 2 # {0}), and this will
be done from now on.

4.1.5. A net (E;); . 5 in the unit ball of a Banach algebra U is an approximate
unit if

ImE,A=1imAE, = A
for every A in 2. All the classical nonunital Banach algebras [such as C,(X)
(2.1.14), Bo(9) (3.3), and L'(R") (4.2.8)] have approximate units. Note that the

existence of an approximate unit guarantees that the regular representation
p is an isometry.

4.1.6. In a unital Banach algebra U an element A is invertible if there are
elements B and C in A with BA = AC = I. Since
B=BI =BAC=1IC=C,

we see that the left and right inverses for A coalesce and are uniquely deter-
mined, so we shall just write A™* for the inverse. The set of invertible elements

in A is denoted by GL() (cf. the general linear group in the matrix algebra
A=M,).

4.1.7. Lemma. If A is an element in a unital Banach algebra W with || 4| < 1,
then I — 4 € GL() and

I—a)'=3 an
n=0
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PRrOOF. Since ||4"|| < [|A||", the series Y, A" (the C. Neumann series) converges
in A to an element B. As AB = BA = B — I, it follows that B= (I — 4)™".

O

4.1.8. Proposition. In a unital Banach algebra W the multiplicative group GL()
is an open subset of W, and the map A — A~ is a homeomorphism of GL().

Proor. By computation we see that if A and B are invertible, then so is AB,
with (AB)™ = B A™*. Thus GL(¥) is a group (which is abelian iff 2 is
commutative).

If A € GL() and B € A, then by 4.1.7

B=A—(A—B)=A(I — A (4 — B)) e GL®), (+)

provided that |A™1(4 — B)|| < 1. In particular, the ball B(A4, ¢) is contained
in GL() for ¢ < |A™!| ", which proves that GL(?) is open. If B — A4, we
see from () and 4.1.7 that B™! — A471; thus, inverting is a continuous process
and therefore a homeomorphism, since (471)™! = A. O

4.1.9. From here on all Banach algebras are assumed to be complex, ie. F = C.
The reason for this restriction is that the theory of characteristic values, which
we hope to generalize, naturally uses only the complex number field. In the
matrix case, A = M,, it is fairly easy to complexify the real algebra, and
this step is taken (more or less tacitly) whenever one wishes to determine the
roots in the characteristic polynomial. The complexification of a general real
Banach algebra is a more delicate matter (see E 2.1.13), which we shall leave
aside, because the algebras that appear in applications are (or easily are
transformed into) complex algebras.

4.1.10. Let U be a (complex!) unital Banach algebra. For every A in U we
define the spectrum of A as the set

sp(A) = {A e C|AI — A ¢ GLAD)}.

The smallest number r > 0 such that sp(4) < B(0,r) is called the spectral
radius of A, and is denoted by r(A). Thus,

r(A) = sup{|Al|2 € sp(4)}.

The complement of sp(A) is the resolvent set. On this set we can define the
resolvent (function) R(A4, ) [or just R(4) for short] by R(4,4) = (Al — A7

4.1.11. Lemma. If A € A and f(z) = Y 320 %,2" is a holomorphic function in a
region that contains the closed disk B(0,r) with Al <, then we can define
f(4)y= Z a, A" in . Moreover, if A € sp(A) and || < r, then f(2) € sp(f(4)).

PROOF. The series for f(A) is absolutely convergent (i.e. Y || A" < 00), s0
f(A) e A. Moreover,
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SO = f(A) = 3. 0,71 = A

— U =A)Y Py} A) = (A — A)B.
n=1

Here P,_, (A, A) = Y125 A¥4" %71 so that || P,—,(4, 4)|| < nr"!, which implies
that the series of polynomials converges in 2 to an element B commuting with
A. We see from this computation that if f(1)I — f(A4) € GL(Y) with inverse C,
then BC will be the inverse of AI — A, so that Al — 4 € GL(¥). O

4.1.12. Lemma. For every A in U we have r(4) < inf || A"|| V.
Proor. If |A| > ||A|, then by 4.1.7

M=t =2 -1 =) A ian (*)
n=0
This shows that r(4) < || A]].
Now if 4 € sp(A4), then 1" € sp(A4”) by 4.1.11. Therefore, |A"| < |A"| from
the above. It follows that r(4) < ||A"||*" for every n. O

4.1.13. Theorem. For every element A in a unital Banach algebra U, the spec-

trum of A is a compact, nonempty subset of C, and the spectral radius of A is
the limit of the convergent sequence (|| A" ||'").

Proor. With R(4) as the resolvent for 4 (cf. 4.1.10) we see from 4.1.7 that if
A ¢sp(A)and |{] < |R(A)||?, then 4 — ¢ sp(A4) and
RA-0O=@—-A4-(D)™

= ((AI — A — RA))” Z R@™Cm

It follows that C\sp(A) is open, whence sp(A) is closed and therefore compact
by 4.1.12.

Fix a functional ¢ in A* and consider the complex function f(1) = @(R(A)),
which is holomorphic in the region C\sp(A4), because it has a local power
series expansion [viz. f(A —{) = Y o, ", with a, = @(R(A)**1)]. If | 4] > || 4],
we see from (x) in the proof of 4.1.12 that

10) = 2 (A, (x%)
This means that
LAY 1A 141Mell = 1A ol (1 — A1) Al

= lel (4l — 141~
Thus, | f(4)] — 0 as |4] - co.
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If sp(4) = @, then f is an entire analytic function that belongs to Cy(C). By
Liouville’s theorem f must be constant and therefore identically zero. Con-
sequently, ((AI — A)™') = Oforevery ¢ in A*,so that (AI — A)™! = 0 by 2.3.4,
an obvious contradiction. We conclude that sp(4) # §.

The power series expansion for f in (+x) is valid for |A| > ||A|. But the
function is holomorphic for |4| > r(4). From the Cauchy integral formula
[used, say, on the function f(A7) for | 4| < r(4)™'] it follows that the series
converges uniformly on every region {4 € C||A| > r}, where r > r(A). Taking

A = re* and integrating the series for A"*! f(4) term by term with respect to 0
we have

2r 0 27
j rn+1ei(n+1)0f(rei9)d6 _ Z rn—mei(n—m)oqo(Am)dg

0 m=0 Jo
= 21 p(A").
With M(r) = sup,||R(re')|| we get the estimate
lo(A")] < r"* T M(r) [l oll.

Since this holds for every ¢ in ¥, we conclude, again from 2.3.4, that
| A"} < r"*! M(r). Extracting nth roots and passing to the limit gives

limsup |A™|Y" < infr = r(A).

In conjunction with 4.1.12 it proves that (|| 4"||**) converges to r(4) from
above. O

4.1.14. Corollary. If U is a division ring [i.e. GL(W) = A\ {0} ], then A = C.

Proor. For each A4 in A there is some A in sp(4) by 4.1.13. Thus
Al — A ¢ GL(), whence A = Al |

EXERCISES

E4.1.1. Let {%;|j € J} be a family of Banach algebras. Show that the direct
product (cf. 2.1.16) consisting of the bounded functions 4: J — U,
such that A(j) e ¥, for every j is a Banach algebra under the point-
wise product AB(j) = A(j)B(j). Show that the direct sum (cf. 2.1.18)
consisting of those functions A for which j — || A(j)] belongs to Co(J)
is a norm closed ideal in the direct product.

Show that if {X,|j € J} is a family of Banach spaces and X denotes
the completion of 3 X; in some p-norm (for 1 < p < o0), then there
is a natural isometric isomorphism of the direct product algebra of
the B(X;)’s, j € J, into B(X).

E4.1.2. (The resolvent equation) Let A be an element in a complex,
unital Banach algebra, and consider the resolvent function R(}) =
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E4.13.

E4.14.

E4.1.5.

E4.1.6.

E4.1.7.

E4.18.

(AI — A)™! defined on C\sp(4). Show that R satisfies the equation
R(A) — R(p) = (1 — HRAR(w).

Use this to prove that the resolvent function is complex differentiable
at every point of definition (it is a holomorphic vector function) and
that R'(A) = —R(})~

Let A and B be elements in a complex, unital Banach algebra. Show
that

sp(4B)\{0} = sp(BA)\{0}.

Hint: If A ¢ sp(AB) u {0}, consider the element
A7Y(I + B(AI — AB)™' A) as a candidate for (Al — BA)™.

Let A and B be elements in a unital algebra. Show that if both AB
and BA are invertible, then so is A and B.

Let A be a complex, nonunital Banach algebra. An element B in
A is called a left (right) adverse to some A in A if A + B= BA
(A + B = AB). Show that if A has both a left and a right adverse
then these coincide. We then say that A is adversible with adverse
A°. Define the associative (but not distributive) product 4 o B =
A+ B — AB in . Verify that 0 is the neutral element for this
product and that the adverse is the inverse in the new product. Show
that 4 is adversible when [|A|| < 1, with 4° = —) 2, A" Verify the
formula (A4 o B)” = B° o A° for adversible elements in 2. Show that
if A is any unital Banach algebra containing 9 as an ideal of
co-dimension 1 (i.e. A = A @ CI)and 4 € A, then I — Aisinvertible
(in ) iff A is adversible (in 2); and in that case (I — A)™' = I — 4°.
Show that sp(4) (in A) consists of 0 together with those A for which
27! A has no adverse (in ).

Let 4 be an element in a unital, complex Banach algebra 2, and let
Q be an open subset of C containing sp(4). Show that there is an
& > O such that ||[4 — B|| < ¢ implies that sp(B) < Q for all B in 2.

Let A be a unital Banach algebra and (4,) be a sequence in GL(2)
converging to some A4 in UA. Show that if (||4;!|) is a bounded
sequence, then 4 € GL().

Hint: For large n we will then have

I — A Al = |47 (4, — )] < 1.

(Topological zerodivisors.) A topological zerodivisor in a unital Banach
algebra 2 is an element A4 for which there is a sequence (B,) with
B, =1 for all n, such that lim ||B,A| = lim |AB,|| = 0. Show
that no topological zerodivisor belongs to GL(2). Show that every
element on the boundary of GL() (cf. 1.2.7) is a topological
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E4.19.

E4.1.10.

E4.1.11.

E4.1.12.
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zerodivisor. Conclude that if F = C and U # C, then U contains
topological zerodivisors different from 0.

Hint: If A, - A and (4,) = GL(), define B, = |4, || "' 4, and
use E4.1.7.

Let X = C([0,1]) and define T in B(¥X) by
Tf(x) = J Sy, feX
0
Show that T is injective. Show further that for n > 1 we have

(T™1f)(x) = (nl)! j : (x — Yy fO)dy,

and conclude that the spectral radius of T is zero. Compare with the
Volterra operators in E 3.4.4 and E 3.4.5.

Let X be a Banach space and T be an element in the Banach algebra
B(X). The set of eigenvalues or the point spectrum, sp(T),, consists of
those A for which AI — T is not injective. The continuous spectrum,
sp(T)., consists of those A for which AI — T is injective with dense
range, but not surjective. The residual spectrum, sp(T),, consists of
those A for which AI — T is injective, but (Al — T)(X))~ # X. Show
that these definitions give a disjoint decomposition

sp(T) = sp(T), v sp(T), v sp(T),.

Hint: Use the open mapping theorem (2.2.5) to show that the three
partial spectra exhaust sp(T).

Take T in B(¥) as in E4.1.10 and consider T* in B(X*); cf. 2.3.9.
Show that sp(T) = sp(T*). Show further that
sp(T), <= sp(T*), = sp(T), v sp(T),.
Hint: If S € B(X), then ker $* = S(¥)*; cf. 3.2.5.
Let A be a complex, unital, commutative Banach algebra. Show that

the spectral radius r is a submultiplicative seminorm on 2. Show
that the radical

R(A) = {4 € Ulr(4) = 0}
is a closed ideal in U containing all nilpotent elements.
Hint 1: To show subadditivity take 4 and B and & > 0, and find
m such that | 47| < (r(4) + &) and | B?|| < (r(B) + ¢)’ forall p > m.
Take n > 2m and estimate

L)
p=0 \P
”‘i_l (n>APB"_IJ
p=m+1 14

(4 + By <

+

m n
APPRP
pZO (p>
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<

C)MWM&+W”+&MH%WWN%

INgE}

3

[

N
[

(")) + 6B + o
D

< n"™(r(B) + &)"c(4, B,m) + n™(r(A) + &)"c(B, A,m)
+ (r(A) + r(B) + 2¢)",

where ¢(4, B, m) is a constant independent of n.
Hint 2: Use 4.2.3.

E4.1.13. Let A be a unital Banach algebra, and for each A4 in A define
expA =Y, (n)'4",
n=0
noting that the power series converges uniformly in 2. Show that
exp(A4 + B) = (exp A)(exp B)

for every pair of commuting elements 4 and B in 9. Show that
exp A € GL() for every A in 2L

E4.1.14. Let A be an element in a unital Banach algebra U, and let f be a
holomorphic function in a region that contains the closed disk
B = B(z,r). Show that if sp(4) — B’ then the power series

weo ()1 P(2)(A — 21y

converges uniformly in U to an element f(A); cf. 4.1.11. Show that if
g is another such holomorphic function, then J9(A4) = f(A)g(A); f.
E4.1.13. Conclude that

flsp(4)) = sp(f(4)) = f(B°).

Show that we have the equation

fl4) = 2ni)™ L AR, A)da (%)

(=) 2o f nf(r expib — z)((rexpif — z)I — A)"'rdo

»

where we use the vector integral defined in 2.5.15 (or just the poor
man’s version from E 2.5.8).

Hints: Multiply the power series for S and g. Then use g(u) =
(A= f(w)™ for A¢B° To prove (%), recall that 2xi f®(z) =
n! [opf(A) (A — 2)7""1dA,

E4.1.15. Let f and g be holomorphic functions in regions that contain the
disks B, = B(z,,r,) and B, = B(z,,7,), respectively, and let A be an
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E4.1.16.

E4.1.17.

E4.1.18.

E4.1.19.
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element in a unital Banach algebra 2, such that sp(4) = B} and
f(B}) = BS. Show that

g(f(A)) = g o f(A).

Hint: Use E4.1.14, especially the equation (*), together with the
fact that R(4, f(A4)) = (1 — f)"!(A) for each 4 in 4B,.

If A € W and sp(A4) = B(1,1)°, define
logAd = —Y%2,n (I — A =(Q2ni)! j‘ log AR(4, A)dA,
oB

where B = B(1,r) with r < 1, but sp(4) = B°; cf. E4.1.14. Show that
explogd = A.
Hint: Use E4.1.15.

For a unital Banach algebra %, let ® denote the arcwise connected
component of GL() containing I, i.e. ® is the union of all arcwise
connected subsets (E 1.4.14) that contain I. Show that & is both open
and closed and is a normal subgroup of GL(), generated by ele-
ments of the form exp 4, A € U; cf. E4.1.13.

Hints: Use 4.1.8 and the fact that balls are arcwise connected to
show that ® is open. Show that Ie 4™1® if A€ ®, and that I
B®B™! for any B in GL(2l) and deduce from connectivity that
A71® < G and BHB™! = . Conclude that ® is a normal subgroup
of GL(). Write GLH\ 6 = U B®, Be GL)\®, and deduce
that every open subgroup has an open complement. If Be 2 and
A = exp B, define A, = exptB, 0 <t < 1, to verify that 4 € ®. Use
E 4.1.16 to show that exp ¥ contains a neighborhood of I. Deduce
that the group ®, generated by exp U is open, hence also closed and
therefore equals ® by connectivity.

Let A be a complex, commutative, unital Banach algebra. Show that
the group ® defined in E4.1.17 is equal to exp 2, and that the
quotient group GL()/® is torsion free.

Hint: If A e GL() such that A" = exp B for some number n
and some B in U [ie. if A® has order n in GL(A)/®], put S =
Aexp(—n~'B) and note that S" = I. Write S; = 4S + (I — A)! and

Q = {1 eC[S, e GL)}.

Show that the complement of Q is finite as A ¢ Qiff 1 — At esp(S)
and deduce S can be connected by an arc to I. Conclude that S,
exp(n~! B), and A belong to G.

Let 9 be the Banach algebra C(T) of complex, continuous functions
on the circle T. With notations as in E4.1.18, show that two func-
tions belong to the same coset in GL(2() modulo & iff they have the
same winding number. Deduce that GL()/® = Z.
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4.2. The Gelfand Transform

Synopsis. Characters and maximal ideals. The Gelfand transform. Examples,
including Fourier transforms. Exercises.

4.2.1. As was mentioned in the introduction to this chapter we aim at
the construction of isomorphisms of function algebras into a given Banach
algebra . Since the range of such an isomorphism is commutative, there is
no loss of generality in developing spectral theory only for commutative
Banach algebras. Gelfand’s theory establishes for any such algebra U a
homomorphism T': % — C(A), where A is the compact Hausdorff space of
characters of 2. This would seem to be a map in the opposite direction of
what we want; but, as we will learn in the next section, there are important
cases where the Gelfand transform is an isometry and therefore allows us to
use the inverse map.

In this section we assume that  is a complex, unital, commutative Banach
algebra. Recall that an ideal (i.e. a twosided ideal) 3 of U is maximal if 3 % A
and A is the only ideal containing I as a proper subset. Recall further that a
character of W is a surjective (i.e. nonzero) homomorphism y: A - C.

4.2.2. Proposition. In a commutative, unital Banach algebra W there is a bijec-
tive correspondence, given by y <> kery, between the set N of characters of N
and the set M (W) of maximal ideals in A. Every v in N is automatically
continuous, and every J in .M (N) is closed. Finally, we have foreach A in U that

sp(A) = {<A, >y e A},

Proor. For every ideal 3 # A we have 3 n GL(Y) = @. Therefore, | — A| > 1
for every 4 in 3 by 4.1.7. Thus I~ # UA; and since the closure of an ideal is
again an ideal, we conclude that maximal ideals are closed.

Suppose now that 4 € A\ GL(Y). Then I ¢ A, so that A is contained in
a proper ideal (viz. WA). The set of ideals that contain 4 but not I is
inductively ordered by inclusion (because a union of an increasing family of
ideals is an ideal); and a maximal element in this ordering is clearly a maximal
ideal. From Zorn’s lemma (1.1.3) we see that every Ain A\ GL()is contained
in a maximal ideal.

Take 3 in # (), and consider the quotient Banach algebra /3 (cf.
4.1.2), which has no proper ideals. If, therefore, 4 € W/I and 4 # 0, then
A € GL(U/J) (since otherwise AN/I would be a proper ideal). It follows from
4.1.14 that A/J = C, so that the quotient map y: A - W/J belongs to A and
is continuous. Conversely, we see that if y € U, then kery is an ideal of A of
co-dimension 1 and therefore maximal. In particular, ker y is closed, so that
y is continuous. This establishes the bijective correspondence between . ()
and .

If AeU and Aesp(A4), then I — 4 ¢ GL(2). From the preceding we
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conclude that for some y in U we have (Al — 4,9> =0, ie. 4= (A, 9.

Conversely, if (4,y) = 4 for some y in A, then AI — A € ker y, whence
Al — A ¢ GL(), i.e. A € sp(A). O

4.2.3. Theorem. Given a commutative, unital Banach algebra N, the set N of

characters has ‘a compact Hausdorff topology, such that the map I’ [where we
write I'(A) = A] defined by

T(A)y) = A) = <A,7), AeW,ye,

is a norm decreasirlg homomorphism of % onto a subalgebra of C(W) that
separates points in . For every A in W we have

A =sp4), |4l = r(A),

PROOF. For each 4 in % and y in A we have by 4.2.2
<A, < 1(4) < Al

This means that [y|| < 1, regarding y as an element in the dual 2*. Embedding
A as a subset of the unit ball B* of the dual space W* of A equipped with the
w¥*-topology (2.4.8), it inherits a Hausdorff topology. Moreover, if (7,),ca is a
net in ¥ that is w*-convergent to some y in B*, then for every 4 and Bin U
we have

= lim{A4, 7,5 <B,y:) = {A4,7>{B,)-

Thus, y e 9, so that 9 is a w*-closed subset of the compact set B* (cf. 2.5.2),
and thus itself compact.

Since the w*-topology is the “pointwise convergence” topology, it follows
that each function 4 on 9, where A € 2 and A(y) = {4,y), is continuous.
Moreover, A(3) = sp(A) by 4.2.2, whence || A}, = r(4).

Finally, the map I': 4 » 4 is a homomorphism of 2 into C (1), because
every y in 9 is multiplicative; and if y, # y, in 9, then certainly (4,7, #
{4, 7, for some A4 in U, so that the function algebra I'(:) separates points
in . O

4.2.4. The map I': A — A is the Gelfand transform (Gelfand 1941). At first sight
it seems to reduce the theory of commutative Banach algebras to the study of
function algebras. The reality is not quite that simple though. For one thing
we observe that the kernel of the Gelfand transform is the ideal R(%) = ns,
3 e #(N), (the radical of A) consisting of those elements A in A with r(4) = 0.
In the case where 2 is a radical algebra, i.e. R(R) = R, or (if we insist on the
unital case) in the case where R(2) is a maximal ideal in %, the Gelfand
transform is trivial. However, the classical Banach algebras are semisimple [ie.
R() = {0}], so this objection can be overruled. Worse is the fact that the
image of A under the Gelfand transform may be exceedingly difficult to
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characterize inside C(2). What has been gained by a concrete realization of
9 as functions may easily be lost, when one is unable to decide whether a
given function in C() belongs to T'(A). A few examples will illuminate the
problems.

4.2.5. Example. Let X be a compact Hausdorff space, and put % = C(X),
regarded as a Banach algebra with pointwise sum and product of functions
and oco-norm. We have an injective map : X — 2 given by

fix)) = f(x), xe X, fe C(X).

Since the topology on U is the w*-topology, we see that 1 is continuous and
therefore a homeomorphism on its image (1.6.8). If y € A\ 1(X), then for each
x in X there is an f in A such that {f,y)> =0, but f(x) # 0. A standard
compactness argument produces a finite set {f}, ..., f,} in U, contained in
kery, such that the co-zero sets {x e X|fi(x) #0}, 1 <k <n, cover X.
The element f = Zf; /. belongs to the proper ideal ker y; but f(x) > 0 for
every x in X, which means that f is invertible in 2, a contradiction since
GL() nkery = @. Thus A = 1(X), and the Gelfand transform of C(X) is
simply the identity map. The example is therefore not particularly enlighten-
ing, but certainly reassuring.

4.2.6. Example. Let 2 be the Banach space #(Z) of doubly infinite summable
sequences (2.1.18). Equipped with the convolution product

(AB)n = _Z: Aan—k

this is a unital, commutative Banach algebra. The element E in U, with E 1 =1
and E, = O for n # 1, is a generator for 9, since each element has the form

A=Y A,E" (uniform convergence).

A character y is therefore determined by its value on E. Since E € GL(Y), we
have

KEy <1, KELyl<],
as ||yl < 1. Consequently, y(E)e T = {4 € C||A| = 1}. Conversely, we see that

-~

for each 1 in T we can define a y in U by
Ayy> =) A4,4" Ael

This establishes a continuous map, thus a homeomorphism, from U onto T.
The Gelfand transform is therefore the map of # () into C(T) given by

A=Y A4,0" Aes (@)



140 4. Spectral Theory

Identifying T with R/2zN we see that the set I'(2) of Gelfand transforms in
C(T) is the set of continuous, periodic functions on [0,27n] whose Fourier
transforms are absolutely convergent.

Suppose that f is a continuous, periodic function on [0, 2] whose Fourier
series is absolutely convergent, and suppose that f(x) # 0for every x in [0, 27].
Then Wiener showed that the reciprocal function £~ also has an absolutely
convergent Fourier series. Gelfand theory makes this result quite obvious (a
fact that helped considerably in making the theory acceptable to the mathe-
matical community). Indeed, f = 4 for some A in £1(Z), and since 0 ¢ sp(4)
by assumption, it follows that A™! € £!(Z) with (A7} = A1 = 1.

4.2.7. Example. Let U be the subalgebra £! [i.e. #'(N,)] of £!(Z) consisting
of those elements A for which 4, = 0 for n < 0. The element E is no longer
invertible (in #') but its positive powers will still generate #'. Thus, for each
Ain A = {4 e C||A| < 1} we can define a character y by

Ay =) A0 Ael'.
0

Reasoning as in 4.2.6 we find that 9 = A, and that the Gelfand transform is
the map of ! into C(A) given by

A=Y 4,4, Aecst.
0

The image of £ in C(A) consists of those continuous functions on A that are
holomorphic in the interior of A and whose Taylor series coefficients are
absolutely summable.

4.2.8. Example. The Banach space L!(R) is a Banach algebra under the
convolution product

(f x 9)(x) = jf()))g(x —ydy, f,9eL'R),

whose existence (almost everywhere) is guaranteed by Fubini’s theorem (6.6.6).

We let § denote the Dirac point measure at 0, and note that J is a unit for

L'(R) under convolution. Thus 9 = L*(R) + C4 is a unital Banach algebra.
For each ¢ in R we define y(t) in ¥ by

S+ A0, 9(8)) = ff(x)exp(—ixt)dx + A,

for f + 46 in A. Furthermore, we define y(co0) in 9 by

S+ 48,7(0)> = 4.

This gives an injective map y: RuU {co} — . If t, - t in R, then y(t,) > (t)
in w*-topology by Lebesgue’s dominated convergence theorem (6.1.15). If
t, — oo, then y(t,) - y(c0) in w*-topology by Riemann—Lebesgue’s lemma
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[or by approximation with Schwartz functions; see E3.1..14(c)]. Regarding
R U {0} as the one-point compactification of R (1.7.3), it follows that y is
continuous and therefore a homeomorphism of R U {0} into . Suppose that
70 € U, 7 # y(c0), so that y|L1(R) # 0. Since (L'(R))* = L*(R) by 6.5.11,
thereis an hin L*(R) with ||k, < 1 such that {f,y,> = [ f (x)h()f) dx for every
fin LY(R). Set , f(x) = f(x — y) and note that the map y — ,Jf is continuous
from R into L(R) (6.6.19). For f and g in L!(R) we compute

J-<yf, Yo g(y)dy = jff (x — Y)h(x)g(y)dxdy
= f Jf(x = Y)g(y)h(x)dydx = {f x g,y

= {fs107<9: 70> = {fiv0> Jh(y)g(y)dy-

Since this holds for every g in LY(R), it follows that

G hivod = v h(y) (*)

for almost all y. Choosing f such that {f,y,> # 0 we see that the left-hand
side of the equation () depends continuously on y and therefore allows a
choice of hin C,(R) that satisfies () for every y in R. Repeated use of () yields

CEYodh(y + 2) = G fivo) = GG vod
= L7000(9) = L, 900 h(P)h(2).

We conclude that h(x) = exp(—itx), x € R, for some ¢ in R, which shows that
U is homeomorphic to R L {oo}.

The Gelfand transform on L}(R) + C§ is determined byd=1 (the constant
function) and

fio)y= J f(x)exp(—itx)dx, fe L'(R).

In other words, Gelfand transformation is the classical Fourier transform. The
same holds when R is replaced by any other locally compact abelian group
G,e.g. R", T", or Z". In all cases we obtain the Fourier transform of L!(G) into
Co(G), where G is the dual group of G, consisting of the characters of G, i.e.
the continuous group homomorphisms y: G — T.

4.2.9. Remark. From the examples mentioned above we can trace the origin
of the notion of spectrum. If we take 9 = LY(T), then A = Z, and An) =
{ A(x)exp(—inx)dx for every 4 in L'(T) and n in Z. Thus, the spectrum of A
is (by 4.2.3) the set of Fourier coefficients of A, in accordance with any
reasonable terminology in harmonic analysis (musical or mathematical).

If A = LY(R), then A = R, and the spectrum of an element 4 in L1(R) is
the set
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{JA(x)exp(—ixy)dxly € R},

which again is exactly the information needed to perform a spectral analysis

of A.

EXERCISES

E4.2.1.

E4.2.2.

E4.2.3.

E4.24.

Let U be a nonunital, commutative Banach algebra and 9 be any
unital Banach algebra containing % as an ideal of co-dimension one.
We say that an ideal 3 of U is regular if A — AE € 3 for some E in
A and all 4 in . Show that the map J — J ~ W induces a bijection
between the maximal ideals of 91, and the regular maximal ideals of
A together with the improper ideal . Show that every regular

maximal ideal in 2 is closed and that every closed maximal ideal is
regular.

Let U be a nonunital, complex commutative Banach algebra. Show
that the set A of continuous characters of 2 has a locally compact
Hausdorff topology such that the map I': A — A given by ['(4)(y) =
A(y) = (4,y) is a norm decreasing homomorphism of 2 onto
a subalgebra of C,(9l) that separates points in A and does not
VanAish identically at any point. Show that for every A4 in U we have
A1) L {0} = sp(4) and r(4) = || Al

Hint: Use E4.2.1 to reduce the problem to the unital case (4.2.3).

Set N, = N U {0} and consider the Banach space 7' = #1(No); cf.
2.1.18. Let (), n € Ny, be a sequence in R, such that a,a, < o,4m
for all n and m and a, = a; = 1. Show that the definition

(4B), = ;" Y, apAyta-yByy

for A and B in ¢! gives a product under which /! is a commutative,
unital Banach algebra. Show that the sequence (, 1) is convergent
with a limit p. If p = 0, show that the set 3 consisting of those 4 in
¢! for which A4, = 0, is the only maximal ideal in ¢*. If p > 0, show
that (£!) is homeomorphic to the disk B(0,p) in C, and that the
Gelfand transform is injective and takes ¢* into the set of functions
in C(B(0, p)) that are holomorphic in the interior. Show that

Az) = ZAaz‘1 ", Aefll.

(Laplace transform.) Consider the Banach space L!(R, ) of Lebesgue
integrable functions on [0, co[. Show that the definition

fxgx)= J fWg(x — ydy, f.geL'(R.)
0
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gives a product under which L'(R,) is a commutative, nonunital,
Banach algebra. Show that (L'(R,)) is homeomorphic with C, =
{z e C|Rez > 0} and that the Gelfand transform is given by

f@= J.w f(x)exp(—x2z)dx, feL'(R,),zeC,.
0

Show that f is holomorphic in the interior of C, and belongs to
Co(C.). o

Hint: Use the nonunital Gelfand transform given in E4.2.2, or
adjoin the Dirac point measure at 0 as a unit. Then mimic the proof
in 4.2.8.

E425. Let % be a commutative, complex, unital Banach algebra, and
assume that there are elements (generators) Ay, ..., A, of A such
that the algebra generated by I and these elements is dense in 2.
Show that 9 is homeomorphic with a closed subset of the product
space sp(4;) x - x sp(4,) in C". Show in particular that if n = 1,
then 9 is homeomorphic with sp(4,).
Hint: Show that the map y — (y(4,), --., Y(4,)) is continuous and
injective from 9 into C".

E4.2.6. Let A = {z € C||z| < 1}, and denote by H(A) the Banach algebra of
functions in C(A) that are holomorphic in the interior of A. Show
that the Gelfand spectrum (H(A)) is homeomorphic to A.
Hint: Use E4.2.5 and (if needed) the functions f, given by f,(z) =
f((1 —&)2). If fe H(A), then || f — fl.— 0, and f, can surely be
approximated by a polynomial in the generator function id.

E4.2.7. Let C*(I) denote the space of n-times continuously differentiable
functions on the interval I = [0, 1]; cf. E 2.1.9. Show that C"(I) is a

Banach algebra under the usual pointwise operations if the norm is
defined by

11 = sup {z ()£ 00 x € 1}.

Show that the identical function id is a generator for C*(I) and find
hereby the Gelfand spectrum of characters of C"(I).
Hint: Use E4.2.5.

E4.2.8. Let A be the set of formal polynomials of degree at most n, i.e.
P(x) =Y a,x".
p=0

Define sum and product as for functions, but with the convention
that x? = 0 if p > n. Show that U is a (finite-dimensional) Banach
algebra under the norm ||P|| = ) |«,|. Show that A has only one
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E4.29.

E 4.2.10.

E4.2.11.

E4.2.12.

E4.2.13.
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maximal ideal (equal to the radical of U, cf. 4.2.4), consisting entirely
of nilpotent elements.

Let A(S) denote the subalgebra of M,—the n x n-matrices—
generated by I and the matrix S, where S; =01if j#i+ 1 and
S;i+1 = 1. Show that the assignment x — S extends to an isomor-
phism of the algebra U defined in E 4.2.8 onto A(S).

Show that the Gelfand transform I': 9 — C() of a complex, com-
mutative, unital Banach algebra 2, is an isometry iff |42 = || A||2
for every A in U.

Let U and B be complex, commutative, unital Banach algebras and

@: A — B a unit preserving algebra homomorphism. Show that the
definition

(D(A),7) = (A, D, (), AeUyeB,

defines a map @,: B — . Show that @ is automatically continuous
if B is semisimple (i.e. if ker I' = {0}; cf. 4.2.4).
Hint: Use @, to prove that ® has closed graph.

Take 2, B, ®, and P, as in E4.2.11 and show that

(a) The continuity of ® implies that of ®,.

(b) If ®(A) is dense in B, then @ is injective.

(c) If @ is continuous, ®(AN) is dense in B, and GL(B) N O(A) =
®(GL(A)), then @, is a surjection of B onto the set
hull ker ® = {y € Alker ® < ker y}.

Hint: If y, € (hull ker CD)\(I)*(SB) use compactness to find 44, ...,
A, in ker y, such that {4, ®,(y)) # 0 for every y in B and some 4,
(depending on y). Deduce that the ideal Bd(A,) + -~ + BD(4,) in
Bisequal to B and write I = Y B, ®(A,). Approximate the B.’s from
@) to find Cy, ..., C, in A with 4 =) C A, € ker y, but ®(A4)
invertible in B. By assumption, find C in GL() such that 4 — Ce
ker @, and see the contradiction.

Show that if 9 is a complex, commutative, unital, semisimple
Banach algebra, then any new norm on % which makes it into a
Banach algebra is equivalent with the old norm. In particular, the
Banach algebra norm with ||I|| = 1 is unique.

Hint: Use E4.2.11.

4.3. Function Algebras

Synopsis. The Stone—Weierstrass theorem. Involution in Banach algebras.
C*-algebras. The characterization of commutative C*-algebras. Stone-Cech
compactification of Tychonoff spaces. Exercises.
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4.3.1. Gelfand’s theorem (4.2.3) gives one pertinent fact about the size of the
image of a Banach algebra U in C(9), namely, that the Gelfand transforms
separate points in 2. Under certain extra conditions this implies that the
algebra I'() of Gelfand transforms is dense in C(). The relevant tool here
is the Stone—Weierstrass theorem (4.3.4). This is at heart a theorem about
real-valued functions; but the simple condition below also makes it applicable
in the complex case.

We say that a space (usually an algebra) U of (complex) functions is
self-adjoint if fe W for every f in A. Since f = I(f + f) + i(f — f)/2i, this is
equivalent to the condition that A = A, + iA,, where A, denotes the set of
real-valued functions in 2.

4.3.2. Lemma. Let U be a vector space of continuous, real-valued functions on
a compact Hausdorff space X. If f v g and f A g belong to U for all f and g
in W, then every continuous function on X that can be approximated from W in
every pair of points in X can in fact be approximated uniformly from .

ProoF. Let f be a function that can be approximated as described above. For

every ¢ >0 and x, y in X there is thus an f,, in 2 such that both x and y are
in the sets

Uy = {z€ X|f(2) < fi,(2) + &},
Vi = {2 X|f(d) < f2) + ).

For fixed x and variable y the open sets U,, cover X. Since X is compact, we
can therefore find y,, ..., y, such that X = U U,,,. By assumption f,
=\ Siy, € U, and we see that f(z) < f,(z) + ¢ for every z in X. At the same
time f.(z) < f(z) + ¢ for every zin W, = N Vs> Which is an open neighbor-
hood of x. Varying now x we find x ..., x,,such that X = U W,.,and we have

fo =\ fx, € Wwith
f@—e<fla)< fil2)+¢

for every z in X. O

4.3.3. Lemma. If N is a uniformly closed algebra of continuous, bounded,
real-valued functions on a topological space X, then N is stable under the lattice
operations f v g and f A g in C(X).

PROOF. For ¢ > 0 the function t — (¢ + £)"/2 has a power series expansion that
converges uniformly on [0, 1] (using e.g. t = 1 as expansion point). We can
thus find a polynomial p such that |(¢2 + £)"2 — p(t)| < & for every ¢ in [0, 1],

in particular, p(0) < 2&. With g(1) = p(t) — p(0) we know that g(f)e U for
every f in 2. Now take fin % with || f ||, < 1. Then

la(/*) =111l = suplg(f*(x))— (£ 2(x))*?|

_<_Osup Ip(O)—p0)—t"?|<3e+ sup |(t+2)2—112| < de.
<t<1

0<t<1



146 4. Spectral Theory

Since ¢ is arbitrary and U is uniformly closed, it follows that | f| € U for every
fin A As

fvg=3(f+g+if—9gl) frg=5(f+g—If—gl)

we immediately have the desired conclusions. O

4.3.4. Theorem. Let X be a compact Hausdorff space and N be a self-adjoint
subalgebra of C(X) containing the constants and separating points in X. Then
A is uniformly dense in C(X).

ProoF. The uniform closure A~ of A is still a self-adjoint algebra, so the set
A, of real-valued functions from A~ is a uniformly closed, real algebra. By
4.3.3 it is therefore a function lattice. Given x and y in X there is a g in 2 such
that g(x) # g(y). Since both Reg and Img belong to A,,, we see that A,
separates points in X and contains the constants. Given a continuous, real-
valued function f we can therefore choose h in A, such that h(x) # h(y), and
then find a suitable linear combination f,, of h and 1, such that f, (x) = f(x)

and f,,(y) = f(y). Thus A, fulfills the assumptions in 4.3.2, whence fe .
Consequently,

C(X) = UL + iU = A= O

4.3.5. Corollary. Let X be a locally compact Hausdorff space and U be a
self-adjoint subalgebra of Cy(X) that separates points in X and does not vanish
identically at any point of X. Then W is uniformly dense in Cy(X).

PRrOOF. We compactify X (cf. 1.7.3), and embed W and Cy(X) into C(X U {o0}).
Then A + Cl is a self-adjoint subalgebra of C(X U {c0}) and separates points
not only in X but in X u {c0}. Indeed, if x € X, there is by assumption a g in
A with g(x) # 0, whereas g(oo) = 0 since g € Co(X). By 4.3.4 there is to each
fin Cy(X)and ¢ >0agin Aand Ain C such that || f — (g + AD |, <& As
f(0) = g(c0) = 0, we see that |A] < &, whence || f — gll, < 2e. O

4.3.6. Remark. Stone’s theorem (published, by request, in 1948) yields a number
of classical approximation theorems as corollaries. Most important, of course,
the seminal theorem of Weierstrass (1895) that every continuous, real-valued
function on a closed, bounded interval can be approximated uniformly by
polynomials. Note also that every continuous, periodic function on [0, 2]
can be approximated uniformly by trigonometric polynomials (despite the fact
that the Fourier series for the function need not be uniformly convergent).
Finally, it should be emphasized that the demand in 4.3.4 of self-adjointness
is necessary. The example H(A) of continuous functions on the closed unit
disk A that are holomorphic in the interior of A (see 4.2.7) gives a proper,
closed subalgebra of C(A) that separates points and contains the constants.
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4.3.7. An involution on an algebra Wis amap 4 — A* of A onto itself of period
two that is conjugate linear and antimultiplicative. As examples of involutions
we mention complex conjugation of functions and the adjoint operation on
B(9) (3.2.3). We shall borrow the terminology developed in 3.2.4 and 3.2.7
wholesale. Likewise we shall talk about projections (P = P* = P2), unitary
elements (U*U = UU* = I), and partial isometries (U* U = P)in the algebra;
cf. 3.2.13, 3.2.15, and 3.2.16.

The involutions that naturally occur on Banach algebras are isometric, i.c.

|A*|| = || Al for every A in . A considerably stronger demand on the involu-
tion is that it satisfies the equation
lA*All = [|4]?, AeA (*)

A Banach algebra W with an involution satisfying (x) is called a C*-algebra.
Note that () implies that ||A]|?> < | 4*|/||A]l, whence ||A| < ||A*| and thus,
by symmetry, [|A| = ||A*||. We see immediately that Cy(X) is a C*-algebra
(with complex conjugation as involution) for every locally compact Hausdorff
space X. Moreover, it follows from 3.2.3 that B($) (with adjoint operation) is
a C*-algebra. Consequently, every closed, self-adjoint subalgebra of B($) [e.g.
B, (9), see 3.3] is a C*-algebra; and, as shown by Gelfand and Naimark (1943),
every C*-algebra is isometrically *-isomorphic to one of these.

Returning to the general theory, we say that an involution on U is sym-
metric if sp(A) = R for every self-adjoint 4 in . This condition is fairly elusive
and hard to express directly in topological and algebraical terms. The same
can be said of the demand that sp(4* 4) = R, for every 4 in A—a condition

that seems necessary if “positivity” is going to be a useful concept. Both of
these conditions are, however, satisfied in a C*-algebra.

4.3.8. Example. Let G be a locally compact, abelian group, for example, R",

T7% or Z", ne N. Consider the Banach algebra L(G) with the convolution
product

fxgx)= ff(y)g(x — y)dy;

cf. 4.2.6 and 4.2.8. On this algebra we have an involution, given by
f*X) =f(-x), feLY(G)

The involution is isometric, but does not satisfy the C*-condition (%) in 4.3.7
(as will be evidentA from 4.3.13). However, the involution is symmetric, because
every v in (L!(G)) has the form

Ly = If(x)exp(—itx)dx,

where t belongs to the dual (or character) group G of G (in our situation R,
Z", or T", n e N). Therefore,
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{fryy = Jf(—x)exp(—itx)dx

_ j Fexp(=itx)dx = CF,7.

If f = f* then {f,y> € R, whence sp(f) = R by 4.2.2.

It follows from this that the algebra A(G) of Fourier transforms is a
self-adjoint subalgebra of C,(G) [identifying (L'(G)) with G, cf. 4.2.8], and
thus A(G) is uniformly dense in C,(G) by 4.3.5. A similar density result

is of course valid for any commutative Banach algebra with a symmetric
involution.

41.3.9. Lemma. To every nonunital C*-algebra N there is a unital C*-algebra
A(=W + CI), containing N as a maximal ideal of co-dimension one.

Proor. The regular representation p: 6 — B(A) defined by p(4)B = AB, cf.
4.1.4,is always a norm decreasing homomorphism. But by () in 4.3.7 we have

A = JAA*| A% = [p(A)(A* | A*I7H] < p(A),

so that p is actually an isometry. We define A = p(A) + CI, equipped with
the norm from B(2) and the involution (p(4) + AD* = p(4*) + AL

Given 4 = p(A) + Al in U there is for each ¢ > 0 a B in A with |B|| =1
such that

| 4)? — e < | AB||* = || AB + ABJ|}?
= |(AB + ABY*(AB + AB)|| = ||(B*A* + 2B*)(AB + AB)|
= |p(B*)A*AB| < |A*AB| < |A*A].

It follows that | A]|?> < |A*A4]|. Since we always have II/T*/TH < |1 A*| || 4],
we deduce first that l]A]I < || A*||, whence by symmetry | A)l = | A*|,and then
|A4)2 = |lA*A|| Thus 9 is a C*-algebra and [identifying U with its image

p(Wyin 9] it contains U as an ideal of co-dimension one, therefore a maximal
ideal. O

4.3.10. We define the spectrum of an element 4 in a nonunital C*-algebra A
to be the (usual) spectrum of A computed as an element of the algebra A
defined in 4.3.9. Note that this has the effect that 0 € sp(A) for every 4 in ¥,
because U is an ideal in 9.

4.3.11. Lemma. If A is a normal element in a C*-algebra U, then r(4) = || 4]l

PROOF. Assume first that A = A*. Repeated applications of () in 4.3.7 ShO\.?V
that || 42" = ||A||*" for every n. In the general (normal) case we apply this
identity to A*A, and note that (4*A)" = A*™A™ by normality. Thus,
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[A)2" = | A*A| 7" = | 4*>" 47|12
= [[AZ* A" |2 = | A7),
Since [[42"[|2" - 1(4) by 4.1.13, it follows that || A|| = r(4). O

4.3.12. Lemma. If A is a self-adjoint element in a C*-algebra W, thensp(4) = R.
If W is unital and U is unitary in A, then sp(U) = T.

PROOF. Since (T™1)* = (T*)™* for every T in GL(), we see that A € sp(S)
implies A e sp(S*) for every S in . Furthermore, we see from the formula
AT =TT = —-A-T™

thatif A e sp(T), then 7% € sp(T ). Now if U is unitary in %, then U* = UL
This means that 27! e sp(U) for every 4 in sp(U). Since |U|| = 1, we conclude
that || < 1and |A7!| < 1, whence A e T.

If A = A* € A, we form the element

expid =Y (n)71(1A4)
(1]
(in A if I ¢ A). Multiplying the series (or appealing to the holomorphic spectral
theory, cf. E4.1.14-15) it follows that
(expid)* = exp — i4 = (expid)?,

so that expiA is unitary. Now if A € sp(A), then exp i € sp(expiA) by 4.1.11,
whence |expil] = 1 from the result above, and, consequently, 4 € R. O

4.3.13. Theorem. Every commutative, unital C*-algebra U is isometrically

s-isomorphic to C(N), where W is the compact Hausdorff space of characters
of A.

PRrOOF. Since every element in U is normal, the Gelfand transform is an
isometry by 4.2.3 and 4.3.11. If A = A*, then for each y in 2 we have

Aly) = <4,7> esp(4) = R
by4.3.12,sothat A e C(@I)sa. Since every T'in U can be writtenas T = 4 + iB

with 4 and B self-adjoint [take A = 3T + T*) and B = i(T* — T)], it
follows that

I'(T*) = T'(A — iB) = ['(4) — i['(B)
=T(4) + il (B) = [(4 + iB) = I'(T),

so that the Gelfand transform is #-preserving. In particular, the image I'()

is a self-adjoint algebra of functions, whence I'(%) = C(¥) by the Stone—
Weierstrass theorem (4.3.4). O
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4.3.14. Corollary. Every commutative, nonunital C*-algebra W is isometrically

s-isomorphic to Co(N), where N is the locally compact Hausdorff space of
characters of U.

ProOF. We consider 9 as a maximal ideal of 91, as described in 4.3.9, and we
let y,, denote the unique character of U given by the quotient map A — /9.
Every other character y of 9 must have a nonzero restriction to 9 (otherwise
ker y = U and y = y,, by 4.2.2). Conversely, every character y of U extends
uniquely to a character § of 9. Identifying U with the locally compact
Hausdorff space (ﬁ)A\{yw}, we see from 4.3.13 that the Gelfand transform of
A takes U isometrically and *-isomorphically into a subalgebra of Co(9) that
separates points and that does not vanish identically at any point. Thus
() = Co(A) by 4.3.5. O

4.3.15. Proposition. Let T be a normal element in a unital C*-algebra N and
denote by C*(T) the smallest C*-subalgebra of U that contains T and I. There

is then an isometric x-isomorphism ® of C(sp(T)) onto C*(T), suchthat ®(1) = I
and ®(id) = T.

Proor. Let Pol(I, T, T*) denote the x-subalgebra of U consisting of poly-
nomials in the three commuting variables I, T, and T*. Evidently, then,
C*(T) = (Pol(I, T, T*))™; in particular, C*(T) is a commutative, unital C*-
algebra. With X = (C*(T)) it follows from 4.3.13 that the Gelfand transform
I’ is an isometric *-isomorphism of C*(T) onto C(X).

Denote by sp(T) the spectrum of T in U and by sp*(T) the spectrum of T
in C*(T). Since C*(T) = U we see that sp(T) = sp*(T). By 4.2.3 the evaluation
map y — {T,y) is a surjection of X onto sp*(T), which is continuous since X
has the w*-topology as a subset of the dual of C¥*(T). Now note that if
(T,7:» =<T,y,), then

<T*7V1> = <ﬂl> = <ﬂ2> = <T*”y2>’

and clearly <I,7,> = 1 = <{I,7,). Thus, y; and y, agree on Pol(I, T, T*) and,
being continuous, also on its closure C*(T), whence y; = y,. The evaluation
map is therefore injective and thus a homeomorphism. Let ¥ denote the
transposed map of C(sp*(T)) onto C(X) given by

P =fKT), feCpH T veX,

which is clearly an isometric *x-isomorphism. Finally, put @ = I'! o ¥, which
is an isometric *-isomorphism of C(sp*(T)) onto C*(T). For each y in X we
have

T(T)(y) = (Ty> = id(KT, 7)) = Y(d)®),

whence I'(T) = ¥(id) and thus T = ®(id). Likewise, I = ®(1).
If 4 € sp*(T), we can, for each & > 0, find f in C(sp*(T)) with | fll, = .1,
such that f(4) = 1 but f(y) =0 whenever |1 — u| =& Take A = ®(f) [in
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C*(T)] and compute
(T — ADA| = @7 (T — A Al = 1(d = Df | <&

It follows that T — Al cannot be invertible in 2 (the inverse would have to
have a norm greater than ¢™*), so that 1 € sp(T). This shows that sp(T) =
sp*(T) and completes the proof. O

4.3.16. Corollary. If T is a normal element in a unital C*-algebra W and B is
any C*-subalgebra of W containing T and I, then the spectrum of T in B is the
same as the spectrum of T in 2.

PrOOF. Because C¥*(T) = B < U gives
sp*(T) = spa(T) = sp(T) = sp*(T). O

4.3.17. One way of interpreting Gelfand’s theorem (4.3.13 + 4.3.14) is that it
establishes a bijective correspondence between locally compact Hausdorff
spaces (modulo homeomorphism) and commutative C*-algebras (modulo
x-isomorphism). Every topological phenomenon must therefore have an
algebraic counterpart. As a striking application of this philosophy we mention
the Stone—Cech compactification (4.3.18), which arises by attaching the largest
possible unital C*-algebra to a given topological space.

A Tychonoff space is a Hausdorff space X such that for every x in X and
every open neighborhood A4 of x there is a continuous function f: X — [0, 1]
such that f(x) = 1 but f| X\ 4 = 0. Tychonoff spaces are also called completely
regular spaces. They appear in 1.5.13 and (burdened with the second axiom
of countability) in 1.6.14. Varying the proof of 1.6.14 or of 4.3.18 a little, it is
not hard to see that X is a Tychonoff space iff it is a subset of the cube [0, 1]*
for a suitable cardinal « (not necessarily countable). Of more immediate
interest to us are the facts that normal spaces and locally compact Hausdorff
spaces are Tychonoff spaces; cf. 1.5.6 and 1.7.5.

4.3.18. Proposition. To each Tychonoff space X there is a Hausdorff compac-
tification B(X), with the property that every continuous function ®: X — Y,

where Y is a compact Hausdorff space, extends to a continuous function
po: f(X)— Y.

Proor. Let C,(X) denote the set of bounded, continuous (complex) functions
on X, equipped with the pointwise algebraic operations and oco-norm. Then
C,(X) is a commutative, unital C*-algebra and therefore (4.3.13) isometrically

x-isomorphic to an algebra C(B(X)), where $(X)is a compact Hausdorff space.
The map 1: X — B(X), given by

x)) = f(x), xe X, feCG(X)

is evidently continuous. If 4 is an open subset of X, there is by assumption
for every x in A an continuous function f: X — [0,1] thatis 1 at x and O on
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X\ A. Consequently,
1x) € {y € BX)I<Ly) > 3} 0 u(X) < 1(A),

which shows that 1(A4) is relatively open in (X). Thus : is an open map; and

with 4 = X\ {y} we see from the above that 1(x) # 1(y) if x # y, so that 1 is a

homeomorphism. If 1(X) was not dense in S(X), there would be (1.5.6 + 1.6.6)

a nonzero continuous function f on f(X) vanishing on (X). Since C(B(X)) =

C,(X), this is impossible, and thus $(X) is a compactification of X; cf. 1.7.2,
Given a map ®: X — Y we define ®*: C(Y) - C,(X) by

(@*f)(x) = f([@(x)), xeX,feC(Y)

It is easy to verify that ®* is a normdecreasing *-homomorphism. We now
define @ by

LBOG)) =P*f,v), v e B(X), feC(Y),

recalling that f(X) and Y are the character spaces for the algebras C,(X) and
C(Y). Since the topology on these spaces is the w*-topology, it follows that
p® is continuous. Note finally that if x € X, then for every f in C(Y) we have

(f0(x)) = f(@(x)) = (@*f)(x)
= Q¥ f,1(x)> = <{f, BPux)),

so that f® is indeed an extension of ®. |

4.3.19. Corollary. To every Hausdorff compactification Y of X there is a
surjective, continuous map ®: X — Y such that ®|X is the identical map.

EXERCISES

E43.1. Let X and Y be compact Hausdorff spaces. Show that the set of
linear combinations of functions f ® g, where f € C(X), g € C(Y),
and f ® g(x,y) = f(x)g(y), is dense in C(X x Y).

E4.3.2. Show that the set of piecewise linear continuous functions on an
interval I = [a, b] is uniformly dense in C(I).
Hint: Use 4.3.2.

E 43.3. Let A denote the set of linear combinations of functions f in Co(R)
of the form

fx)=(x—27" zeC\R,neN.

Show that 2 is dense in C,(R). Then show that the subset A,
spanned by those functions f for which n = 1, is still dense in Cy(R).

Hints: Note that 9 is an algebra and use 4.3.5. Show that for each
zin C\R and ¢ > 0 there are pairwise distinct numbers z;, ..., Z, in
C\R such that
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E4.34.

E4.3.5.

E4.3.6.

E4.3.7.

E4.38.

(x—2)"— Ij (x—z) | <e

for all x in R, and use the fact that the product [ [(x — z,)™" belongs
to U,.

Consider the Tychonoff cube T = [0,1]V, defined in 1.6.13. Define
a multiindex to be an element p in (N,)N, such that p(n) = 0 except
for finitely many n in N, and for each x = (x,) in T define the
monomial x? = []x?™. Show that the set of polynomials )’ a,x?,
where a, = 0 except for finitely many multiindices p, is uniformly
dense in C(T).

Show that every involution on a commutative, complex, semisimple,
unital Banach algebra 2l is continuous. -

Hint: For every y in U define y* in A by (A4,y*> = (4%,7). Use
this to show that the map 4 — A* (regarded as a real linear map of
the real Banach space ) has a closed graph.

Show that the following conditions on a self-adjoint element A in a
unital C*-algebra U are equivalent:

(i) sp(4) < R,.
(i) ||t — A|| < tforeveryt > ||A].
(iil) |[tI — A| < tforsomet > ||A].

Hint: Use that sp(t] — A) =t — sp(4) and that |[tI — 4| =
r(tl — A).

The self-adjoint elements A4 in a unital C*-algebra U satisfying the
conditions in E 4.3.6 are called positive, in symbols A > 0. Show that
the set of positive elements in 2 form a closed cone.

Hint: If A>0 and B > 0, use E4.3.6 (ii) + (iii) to prove that
A + B > 0, computing

ICHAN + I1BIDI — (4 + B)ll = (I AT — A) + (I BII — B)|
< | Il4If — Al + [ IBII — B|
< |4l + IIB.
Show that an element A4 in a unital C*-algebra U is positive (cf.
E43.7)iff A = B*B for some B in .

Hints: If A > 0, use the function calculus in C*(4) [ = C(sp(4))]
to write 4 = (4'?)% If A = B*B, use the functions t —» ¢t v 0 and
t— —(t A 0) on sp(4) (=R) to write A=A, — A_, a difference
between two positive, orthogonal elements. Put T = BA_ and
show that T*T = —(4_.)* < 0. Show further that if T = H + iK
with H = H* and K = K*, then

TT* =2H? + 2k? + (—T*T) > 0,
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E4.3.9.

E 4.3.10.

E4.3.11.

E4.3.12.

E4.3.13.
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by E4.3.7. Now use E 4.1.3 to prove that sp(T*T) = sp(TT*) = {0},
whence T*T=0=A_,ie. A=A, >0.

Let @: A —» B be a »-homomorphism between unital C*-algebras
such that ®(I) = I. Show that ® is norm decreasing. Show further
that @ is an isometry if it is injective.

Hints: Use the algebraic fact that sp(®(A4)) < sp(A) to estimate

1D(A)|* = |1RA*D(A)] = |D(A*A)|| = r(P(A*A))
< 1(A*4) = |A*A4] = | 4]~

To prove isometry when ker @ = {0} use the idea above to reduce
the problem to positive (hence normal) elements. Using 4.3.15, re-
duce the isometry problem to the case where ®: C(X) —» C(Y) is an
injective *-homomorphism (with dense range) and X and Y are
compact Hausdorff spaces. Show in this case that the induced dual
map @,: Y - X (cf. E4.2.11) is surjective (actually a homeomor-
phism), whence @ is isometric.

For a separable Hilbert space $, consider the Calkin aigebra C(9) =
B(9)/B,(9), cf. 3.3.10, and the quotient map ®: B($H) - C(9H). Show
that C(9) is a C*-algebra with the quotient norm and the involution
defined by ®(T)* = O(T*), T € B(H).

Hint: Show that |®(T)|| = lim|| T(I — P,)|, where P, is the projec-
tion on the span of the first n vectors in an orthonormal basis for $.
Recall from the proof of 3.3.3 that |4 — AP,|| - O for every 4 in

Bo(9).

For each f in C(T), let T, denote the Toeplitz operator in B(H 2); cf.
E 3.3.14. Show that the map f — T} is an isometry from C(T) into
B(H?), and that 1(T;) = || T, || for every f.

Hint: Let @: B(H?) —» C(H?) be the quotient map as in E 4.3.10.
Use E3.3.15 and E3.3.16 to show that the map f — ®(T}) is an
injective *-homomorphism from one C*-algebra into another (cf.
E 4.3.10), and deduce from E 4.3.9 that |®(T;)| = || | for every fin
C(T) and that ®(T}) is a normal element in C(H?).

(Positive functionals.) A functional ¢: % — C on a unital C*-algebra
A is positive, in symbols ¢ > 0, if ¢(4) = 0 for every 4 >0 in A
Show in this case that ¢ satisfies the Cauchy—Schwarz inequality

lp(B*A)* < @(B*B)p(A*4), A,Bin ¥,

and that ¢ is bounded with |@]| = ¢(I).
Hint: Take Ain C and use the fact that

|22 0(A* A) + 2Re Ap(B* A) + o(B*B) = p((AA + B)*(2A + B)) = 0.

Show that a continuous functional ¢ on a unital C*-algebra is
positive (cf. E4.3.12) if [@]| = ¢(I).
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E4.3.14.

E4.3.15.

E4.3.16.

E4.3.17.

E4.3.18.

Hint: Show that if 4 = A*, then |4 + inl||? = ||4||? + n? for
every n. Use this to prove that if p(4) = « + if, then |p(4 + 1r‘11)|2 =
a? + (B + nlle|)?, which forces g = 0. Knowing that ¢ is self-
adjoint, take 4 >0 and use E4.3.6 (ii) to get t|o| — ¢(A4) =
ol — A) < t|op|, e @o(4) = 0.

Let B be a C*-subalgebra of a unital C*-algebra U such that I € B.
Show that every positive functional ¢ on B extends to a positive
functional @ on U such that {|@| = |¢]l.

Hint: Use 2.3.3 and E 4.3.13.

Let A4 be a normal element in a unital C*-algebra U. Show that for
each 1 in sp(4) there is a positive functional ¢ in U with @] = 1
such that ¢(4) = A

Hint: Define ¢, on C*(A) by ¢,(B) = B(J), B € C*(A); cf. 4.3.15.
Then use E4.3.14 to get ¢ = &,.

(The Gelfand~N aimark—Segal construction.) Let ¢ be a positive func-
tional (cf. E4.3.12) on a unital C*-algebra . Define

£ = {4 e U|p(4*4) = 0}.

Use the Cauchy—Schwarz inequality (E 4.3.12) to show that 4 € €
iff AA < ker ¢, and deduce that £ is a closed left ideal in . Show

that the quotient space /2 is a pre-Hilbert space (3.1.4) with the
inner product

(A+ LB+ 8)=¢@(B*4), A,Bec.
If §, denotes the completion of /L, show that the definition
DA)B+ LY =AB+ 82, A, Be9,

defines a norm decreasing *-homomorphism ® of 2 as operators on

/L, thus by continuity a *-homomorphism ®: A — B(9,). Finally
show that

ker® = {A e U|UAUA < ker ¢}.

Let %A be a unital C*-algebra and {9;ljeJ} a family of Hilbert
spaces. Assume that for every j in J there is a *-homomorphism
(normdecreasing by E 4.3.9) @;: A - B(H,). Let H denote the ortho-
gonal sum of the 9;’s (3.1.5) and show that there is a (unique)
*-homomorphism ®: A — B($) such that P(®(A4)x) = ®;(A)P(x),
A e U, x € H, where (as usual) P, is the projection of § onto $;. Show
that

ker® = () ker @,.

(Abstract versus concrete C*-algebras) Show that for every
unital C*-algebra A there is a Hilbert space 9 and an isometric
*-isomorphism @ of 2 into B($).
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Hints: Use E4.3.16 to obtain some s-homomorphisms. Add
them up, using E4.3.17. Show that you can get an injective

x-homomorphism, using E4.3.15, and conclude that it is an iso-
metry by E4.3.9.

4.4. The Spectral Theorem, 1

Synopsis. Spectral theory with continuous function calculus. Spectrum versus
eigenvalues. Square root of a positive operator. The absolute value of an
operator. Positive and negative parts of a self-adjoint operator. Fuglede’s
theorem. Regular equivalence of normal operators. Exercises.

4.4.1. Theorem. Let § be a complex Hilbert space and T be a normal operator
in B(9) with spectrum sp(T). If C*(T) denotes the smallest norm closed,
=-invariant subalgebra of B(9) containing T and I, there is an isometric
x-isomorphism f — f(T) of C(sp(T)) onto C*(T) such that id(T)= T and
I(T) = 1. Moreover, sp(f(T)) = f(sp(T)) for every function f in C(sp(T)).

Proor. Since B($)is a C*-algebra, the theorem is just a reformulation of 4.3.15.
O

4.4.2. Remark. The spectral theorem above was proved by Hilbert (around
1906) for a self-adjoint operator (disguised as a bounded quadratic form in
infinitely many variables), whereas the complete result for a normal (and
possibly unbounded) operator is due to von Neumann. The proof given here,
where the spectral theorem appears as a corollary to Gelfand’s characteriza-
tion of commutative C*-algebras (4.3.13), is not the shortest, but it provides
a deeper insight in operator theory. For example, we immediately see how the
result would generalize to an arbitrary commuting family {T|j e J } of normal
operators: There is a compact Hausdorff space X [homeomorphic to a closed
subset of [ | sp(T})], a family {f;|j € J} in C(X) separating the points in X, and
an isometric *-isomorphism of C(X) onto C*{T;|j € J} that sends f; to T; for
every j in J. Even though it is not, in general, possible to describe the set X
in any detail, this generalization is sometimes valuable, because computations
with operators are replaced by manipulations with functions.

4.4.3. Comparing the spectral theorem in 4.4.1 with the spectral theorem in
3.3.9 for normal compact operators, one may well ask what sort of subsets of
C can appear as spectra for operators, and to what extent we may replace
spectral points with eigenvalues.

Let X be an arbitrary compact subset of C. Choosing a dense sequence (An)
in X we define a diagonal operator M on ¢ 2 equipped with the usual ortho-
normal basis (e,), by
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M(Y a,e,) =Y An0nen, (@) € £2.

Every eigenvalue is in the spectrum by definition (4.1.10), and since the
spectrum is also closed, we have sp(M) > X. However, if A ¢ X we can define

@ —-M™ (Z anen> =Y (A= 4) e,

as a bounded operator in B(£?), because |4 — 4,| > ¢ for some ¢ > 0 and all
n. Thus sp(M) = X.

An operator completely without eigenvalues is obtained by choosing a
compact subset X of C (or of R) such that (X %)~ = X. With = L*(X) with
respect to Lebesgue measure on R? (or on R), we define My, in B(9) by

M. f(3) =4/, LeX,[feLXX). (*)

It is immediately verified that (M%f)(4) = Af(2), so that M,, is normal (and
even self-adjoint if X = R). If 4, ¢ X, we can define (o] — M, ) ! in B($) by

(ol — M) 1) (A) = (Ao — D7 f(A).

If A, € X, then (4oI — M;;)™" is not bounded: Take f to be the characteristic
function for the disk X, = B(4,,&) multiplied by m(X,) " [note that the
measure m(X,) # 0]. Then we have the contradiction

L=fll2 < 1ol — M) 1 I(o] — Mig)fll2 < (4] — Mi) ™ e

Thus sp(M;;) = X. It is quite obvious from (x) that M;, has no eigenvalues,
because the Lebesgue measure of any point is zero.

Employing other continuous (diffuse) measures (see 6.4.4) it is possible in
the same manner to find an operator M;, without eigenvalues, whose spectrum

is any given compact subset of C without isolated points. As the next results
show, these examples are worst possible.

44.4. Lemma. If T € B(9) and A € sp(T), there is a sequence (x,) of unit vectors
in § such that either || Tx, — Ax,|| — 0 or | T*x, — Ax,|| = 0.

ProoF. If not, then both T — AI and T* — Al are bounded away from zero,
whence T — Al is invertible by 3.2.6, a contradiction. O

4.4.5. Proposition. If T is a normal operator in B(9) and A € sp(T), then for
every ¢ > 0 there is a unit vector x in § with | Tx — Ax|| < ¢. If Ais an isolated
point in sp(T), it is an eigenvalue.

PRroOF. The first statement follows from 4.4.4, since T — AI and T* — A1 are
metrically identical. To prove the second, define a continuous function f on
sp(T) by setting f(A) = 1 and f(u) = O for all p in sp(T)\{A}. Then by 4.4.1,

1A = D)D) = (41 —id)f ||, =0,

because the co-norm is computed over the set sp(T). Since A € sp(T'), we have
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S(T)# 0,50 x = f(T)y # 0 for some y in §. Consequently,
Al — T)x = —T)f(T)y=0. O

4.4.6. Remark. The function f in the proof above takes only the values 0 and
1 onsp(T); so f(T)is a projection. Thus we may forget about the Hilbert space
setting and observe that if 4 is an isolated point in the spectrum of a normal
clement T in a C*-algebra 9, there is a self-adjoint idempotent (a projection)
P in A such that PT = TP = AP.

In the same manner, the following results are valid in a general C*-algebra,
and just for convenience stated here for the algebra B($). Since every abstract
C*-algebra has a concrete representation as a C*-subalgebra of some B(9)
(see E 4.3.18), we have not really lost any information by this procedure.

4.4.7. Proposition. A normal operator T in B(9) is self-adjoint (respectively,
positive) iff sp(T) < R (respectively, sp(T) = R.).

ProoF. That T = T*implies sp(T) = Rand T > Oimplies sp(T) < R, follows
immediately from 4.4.5. Conversely, if T is normal and sp(T) < R, then
id = id on sp(T), whence T = T* by 4.4.1. If, moreover, sp(T) = R,, then
f(A) = A2 defines a continuous function on sp(T), hence an element f(T) in
B($). We have f(T) = f(T)* and f(T)* = T, so for every x in §,

(Tx|x) = (f(T)*x|x) = | f(T)x]|* = 0. O

4.4.8. Proposition. To each positive operator T in B($) there is a unique positive
operator, denoted by T2, satisfying (T*?)? = T. Moreover, T** commutes with
every operator commuting with T.

PRrOOF. Since sp(T) = R, we can define T*2 = f(T), where f(4) = 1 as in
the proof of 4.4.7. Since f > 0, we have T'? > 0 and clearly (T"?)* = T. Since
f is a uniform limit of polynomials by 4.3.4 (or just by Weierstrass’ original
result), it follows that T'? is a limit of polynomials in T; so T'? commutes
with every element commuting with T.

IfS € B($), S > 0, such that §? = T, then Te C*(S), whence T*? € C*(S) by
construction. On sp(S) the element T*? is represented by a positive, contin-
uous function A such that k(1) = A2 for each 4 in sp(S) [because (T*?)> = §?].
Since sp(S) = R,, it follows that h = id, whence T'? = S. O

4.4.9. Proposition. To each self-adjoint operator T in B($) there is a unique
pair of positive operators, denoted by T. and T_, such that T, T_ =0 and
T = T, — T.. Moreover, T, and T_ commute with every operator commuting
with T.

Prook. Since sp(T) = R, we can define T, and T_ as the elements in C*(T)
corresponding to the positive functions id, : Ao AivOandid_:A— —(A A 0).
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Since id,id_ = 0 and id, — id_ = id, the elements T, and T_ have the re-
quired properties; and since they belong to C*(T'), they commute with every
operator commuting with T.

fA>0,B>0, AB=0,and A — B = T, then 4 and B commute with T,
hence with T, and T_. Put S=T, — A =T_ — B. Then S = S* and

0<8*2=(T, —A(T- —B)= —(T.B+ T_A4) <0.
Thus S =0,s0 T, = Aand T_ = B. O

4.4.10. Recall from 3.2.17 that we defined |T| = (T*T)"? for any T in B(H). If
T is normal, we see from (the proof of) 4.4.8 that |T| € C*(T), and that (very
properly) it corresponds to the function |id|: A — |1| on sp(T). In particular, if
T=T* wehave|T|=T, + T_.

4.4.11. In the algebra M, [=B(C")] an operator S commutes with a given
normal operator T iff S leaves invariant all the eigenspaces for T. Since Tand
T* have the same eigenspaces, it therefore follows that S commutes with T*
whenever it commutes with T. The corresponding result— Fuglede’s theorem
(1950)—for an infinite-dimensional Hilbert space is much less obvious, since
the spectrum no longer (necessarily) can be described by eigenvalues. The
following elegant proof (by Rosenblum) of Fuglede’s theorem may convince
the reader that complex function theory is a very sharp tool—also in very
abstract settings.

4.4.12. Proposition. If S and T are operators in B($) and T is normal, then
ST = TS implies ST* = T*S.

ProoF. For each 4 in C we define
exp(AT) = ). (n!)) '(ATY, (*)
n=0
and we note that exp(4T) € C*(T) by 4.4.1. Likewise exp(AT*) e C¥*(T), and
by the function calculus
exp(AT*) = exp(AT* — AT)exp(AT).

Note now that AT* — AT=iR with R = R* Therefore, with Ul =
exp(AT* — AT) we see that U(1) is a unitary operator in C*(T) with U(A)* =
U(—A).

From () it follows that § commutes with exp(4T) for every 4, so that
exp(—AT*)Sexp(AT*) = U(—A)SU(A). (x%)

In particular, the operators in (%) are uniformly bounded in norm by ||S||.
Fixing x and y in § we define a function fonC by

J(2) = (exp(—AT*)S exp(AT*)x]y).
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It follows from (*) (with T replaced by T*) that f is an entire analytic function.

On the other hand, |f(4)| < |S|||x|{lyl, so f is constant by Liouville’s
theorem. Thus,

((exp(—AT*)S exp(AT*) — S)x|y) = f(4) — f(0) = 0.
Since this holds for arbitrary x and y, we conclude that
exp(—AT*)Sexp(AT*) — § = 0.

From the power series expansion in (x) we deduce that ST* — T*S =0, as
desired. (]

4.4.13. Proposition. If two normal operators T, and T, in B($H) are regular
equivalent, they are also unitarily equivalent.

ProoF. By assumption there is an invertible operator S such that ST, = T,S.
Defining the operators § and Ton $ @ $ by the operator matrices

- 00 o~ T, O
§= , T=( ,
<S 0) (0 T:)

the assumption shows that ST = T3. Since T is normal, we have ST* = T*§
by 4.4.12, which means that ST = T3S (Putnam’s theorem). Combining the
adjoint of this equation with the original, we obtain S*ST, = T, S*S, so that
S*8§, hence also |S| [ =(S*S)'2], commutes with T,. By 3.2.19 we have a polar
decomposition S = U|S| with U unitary in B(9). Consequently,

UT,U*=U|S|T,|S|"'U ' =ST,S' = T5. O
EXERCISES

E4.4.1. Let (T,) be a sequence of normal operators in B($) converging to an
operator T (necessarily normal). If X is a compact subset of C
containing sp(T,) for all n and f € C(X), show that sp(T) = X and
that f(T,) - f(T).

Hint: If dist(4, X) = & > 0, show that |(AI — T;)!|| < ¢~" and use
E4.1.7 to prove that (Al — T,)™ - (A — T)™".

E 4.4.2. (Bilateral shift.) Let {f,|ne Z} be an orthonormal basis for the
Hilbert space $, and define the bilateral shift operator U on $ by

U(Zd..ﬁ) Yt (@) lA@)

Find U* and determine sp(U). Show that U has no eigenvalues [i.e.
sp(U), = 9] and conclude that U is not diagonalizable. Identify £
with L2(T) via the map f, — e,, where ¢,(z) = 2n)"22", ze T, cf.
E 3.1.5, and describe U as a multiplication operator on L2(T).

E4.4.3. Let S and T be normal operators in B($) with sp(T) = sp(S) (= X).
Assume that there are vectors x and y in $ such that both subspaces
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E4.44.

E44.5.

E44.6.

E4.4.7.

E4.438.

E4.4.9.

{f(S)x|f € C(X)} and {f(T)y|fe C(X)} are dense in H and such
that (f(S)x|x) = (f(T)yly) for every f in C(X). Show that § and T
are unitarily equivalent.

Hint: Define U, f(S)x = f(T)y and extend it by continuity to an
element U in U(9), where USU* = T. Or use 4.7.11.

For T in B($) define the numerical range A(T) as in E 3.2.22. Show
that sp(T) = (A(T))".
Hint: Use 4.4.4.

Show that if T is normal then with A(T) denoting the numerical
range of T(cf. E 3.2.22) we have

convsp(T) = (A(T))".

Hint: Given ¢ > 0 take a finite covering of sp(T) with (relatively)
open sets E, of diameter <e. Let { f,} be a partition of unit relative
to the covering {E,}; see 1.7.12. Choose for each n a 4, in E, and

show that |T— Y A4,/(T)|l <e Now note that if xe §, ||x|| =1,
then

Y A (fo(T)x|x) € conv sp(T).

A continuous, real-valued function f on an interval I is operator
monotone if whenever A and B are selfadjoint operators in B($) with
spectra contained in I, such that A < B, then we have f(4) < f(B).
Show that the function f,, given by f,(t) = (1 + «t)™%, is operator
monotone on R, if « >0 and operator monotone on [0,1] if
—-1<ax<O.

Hint: Write f,(t) = «a '(1 — (1 + ar)™!) and use 3.2.12.

Let X be a locally compact Hausdorff space and T be a normal
operator in B($). Suppose that | is a finite Radon integral on X and
that h e G(X x sp(T)). Define f(t) = [h(-,t), so that f € C(sp(T)).
Show that f(T) = [h(-, T), in the (weak) sense that

(f(T)x]y) = J(h(', T)x|y) (*)

for all x and yin §.

Hints: Use polarization to reduce () to the case x = y. Then note
that the map |,: g - (g(T)x|x), g € C(sp(T)), is a Radon integral on
sp(T), and use the Fubinito theorem (6.6.4) on the product integral
| ® |, and the function & to establish (x).

Let | be a Radon integral on R, such that « — [,(t) is integrable for

each t > 0, with f, as in E4.4.6. Show that f = [ f, is operator
monotone on R, .

Hint: Use E44.7.
Take f, as in E 4.4.6. Show that
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f S Pdo = tP f (1 + 971y~ kdy.
0 0
Show further that ¢ — ¢# is operator monotone on R, for0 < f < 1.
Compare this with E 3.2.13.

Hint: Use E44.8.

E 4.4.10. Take f, as in E4.4.6. Show that
log(1 + 1) = j Jo(t)da,
0

and conclude as in E4.4.9 that t — log(l + ) is an operator mono-
tone function on R,.

E 4.4.11. A continuous, real-valued function f on an interval I is operator con-
vex, if for any two self-adjoint operators 4, B with spectrum in I and
every A in [0,1] we have f(A4 + (1 — A)B) < Af(4) + (1 — A)f(B).
We say that f is operator concave if —f is operator convex. Show
that the function ¢t — t™1 is operator convex on ]0, co[.
Hint: Show first convexity in the (commutative) case where A and
Barereplaced by Iand C = A ¥2BA "2 and then use 3.2.9 to obtain
the general result.

E4.4.12. Show that the functions f,(2), 0 < « (cf. E4.4.6), t¥, 0 < $ < 1, and
log(1 + ¢) are all operator concave on ]0, co[.
Hint: For f,, use E4.4.11. For the others use the same integration
technique as in E4.4.9 and E 4.4.10.

4.5. The Spectral Theorem, 11

Synopsis. Spectral theory with Borel function calculus. Spectral measures.
Spectral projections and eigenvalues. Exercises.

4.5.1. We present in this section a generalized version of the spectral theorem
4.4.1, where the function calculus is extended from continuous to Borel func-
tions. The spectral map f — f(T) obtained is no longer an isomorphism (but
see 4.7.15), and we assign no continuity properties to it here (that will be taken
up in 4.7.16). Instead we emphasize the property that the spectral map shares
with the integral, namely, preservation of monotone sequential limits. For this
we need the fact that B($),,, like R, is order complete in the sense described
in the next result.

4.5.2. Proposition. If (T,),., is an increasing net of self-adjoint operators
in B(H) (i.e. A < u implies T,y < T, for all 2 and p in A), which is bounded
(i.e. | T.|l < c for all 2), then there is a smallest self-adjoint operator T in B(9)
suchthat T, < T for all A (i.e. T = lub T,). Moreover, | T,x — Tx| — O for every
xin 9.
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Proor. For each x in § the net (T;x|x);., in R is increasing and bounfied
above (by c||x||?), hence convergent to a number B(x, x). Using the polarlzg-
tion identity (3.1.2) it follows that also every net (T;x|y);. 4, With x and y in
9, is convergent in C with a limit B(x, y) that satisfies

3
4B(x,y) = ¥ i*Blx + i*yx + ity).
k=0

From the limiting process it is clear that B is a self-adjoint, bounded, sesqui-
linear form on §, whence B(x, y) = (Tx|y) for some self-adjoint operator T in
B(9) by 3.2.2. Since (Tx|x) = lim(T, x| x) for every x in §, it is evident that T
is the least upper bound (lub) for the net (T}), 4.

Since T, < T,we have (T— T;)*> < | T — T,|(T — T,) by 3.2.9, and we note
that the net (|| T — T;||),c 4 is bounded (by |cI — T, I, for any fixed 4, in A).
We do not assert, however, that the net converges to zero. But for each x in
$ we can estimate

(T = T)x|* = (T — T,x|x) < | T = TI(T — T;)x|x),

and the last expression tends to zero as 1 — oo, by our definition of T. O

4.5.3.If X is a locally compact Hausdorff space, we denote by %,(X) the class
of bounded (complex) Borel functions on X. This is a commutative C *-algebra,
and if X is second countable, it follows from 6.2.9 that the real part %,(X),,
is the smallest class of bounded, real-valued functions on X that contains
Co(X),, and which also contains with every bounded, monotone (increasing or
decreasing) sequence of functions the pointwise limit.

If T is a normal operator in B($), we denote by W*(T) the set of operators
in B($) that commute with every operator commuting with 7. By Fuglede’s
theorem (4.4.12) this is a commutative C*-algebra containing C*(T). More-
over, it also contains with every net (T}) 1eA CODVErging “pointwise” to some
T, in B() (e | Tyx — Tyx|| - O for each x in $) the limit T;,. Indeed, if S is
an operator commuting with 7, then for every x in )

I(ToS — STo)x|| = lim|(T;S — ST)x|| = 0,

whence T, € W*(T). More about this in 4.6.7.

With these definitions, we can formulate the advanced version of the spectral
theorem.

4.5.4. Theorem. Given a normal operator T in B(9) there is a norm decreasing
*-homomorphism f — f(T) from B,(sp(T)) into W*(T) that extends the isomor-
phism of C(sp(T)) onto C¥(T). M oreover, if (f,) is a bounded, increasing sequence
in #,(sp(T))s, and f = lub f,, then J(T) = lub £,(T) as described in 4.5.2.

PROOF. For any pair of vectors x, yin $ the map f — (f(T)x|y), f e C(sp(T)),
defines a functional u(x,y) on C(sp(T)) bounded by |x]| || y|. Moreover, if
¥ = x, then u(x, x) is positive and thus by definition a finite Radon integral on
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the compact Hausdorff space sp(T); cf. 6.1.2. The Daniell extension theorem
(6.1.10) allows us to regard u(x,x) as a bounded, positive functional on
By (sp(T)), because B,(sp(T)) = L (sp(T)) by 6.2.16. We now define, for x, y
in , an extension of u(x, y) from C(sp(T)) to %,(sp(T)) by

3

4{f,ulx, y)) = kZo Cfnlxe + 1%y, x + i*y)). (%)

If (f,) is a sequence in %,(sp(T)),, converging monotone (increasing or
decreasing) to a function f in %,(sp(T)),,, then { £, u(x, x)> = lim £, u(x,x)>
for every x in § by Lebesgue’s monotone convergence theorem (6.1.13). It
follows from (*) that also < f, u(x, y)> = lim<{f,, u(x, y)> for x and y in $. This
means, in particular, that if %; denotes the class of functions f in %,(sp(T)),,
such that the expression {f, u(x,y)) defines a bounded, self-adjoint sesqui-
linear form on $, then 4, is monotone sequentially complete (cf. 6.2.1). Since,
evidently, C(sp(T)),, = %, [because in that case {f, u(x,y)> = (f(T)x|y)], it
follows that #, = B,(sp(T)),,; cf. 6.2.9. Combining this information with 3.2.2
we see that for every f in 4,(sp(T)),, there is a unique self-adjoint operator
S(T)in B(9H), such that (f(T)x|y) = {f, u(x, y}) for all x and y in $. Moreover,
we have shown that if (f,) is a bounded, increasing sequence in %,(sp(7T)),,
with lub f, = f, then (f(T)x|x) = lim(f,(T)x|x); so that f(T) = lub f,(T) as
described in 4.5.2.

The spectral map f — f(T) is evidently (real) linear. To show that it is
multiplicative, let #, denote the class of functions f in %,(sp(7T)),,, for which
AT = (f(T))2 If (f,) is a sequence of positive functions in 4%,, converging
monotone increasing to some function f in %,(sp(T))s,, then f2 = lub f;2.
Thus, for every x in § we have by 4.5.2 that

(f*(T)x|x) = Um(£3(T)x|x) = im(f£,(T)*x|x)
= lim| £,(T)x|* = | (T)x||* = (f(T)*x|x).

It follows that f2(T) = f(T)?, so that f € %,. If (f,) is a general sequence in
4, increasing to some f, we can choose ¢ in R such that f; +¢ > 0. Since
f, + t € B,, because the spectral map is linear, and f + ¢ = lub(f, + 1), we
conclude from the above that f + t € #,, whence f € %,. Thus 4, is mono-
tone sequentially complete, and since C(sp(T)) = %,, it follows from 6.29
that #, = B,(sp(T))s,- Consequently, for every pair f, g in B,(sp(T))s;, We have

(fa(T) = 3((f + ¢ — 12 — ¢*)(T)
= H(A(T) + g(T)? — A(T)* — g(T)?) = f(T)g(T),

as desired.

If 2, denotes the class of functions f in 4, (sp(T))s, for which f(T)e W¥(T),
then C(sp(T))s. < B3, since CXT) « WH(T). If (f,) is a sequence in %, con-
verging monotone to a function f in ,(sp(T))s,, We proved that f(T)x —
f(T)x for every x in § (cf. 4.5.2). Since (£,(T)) = WX(T) and W*(T) is closefi
under pointwise limits (cf. 4.5.3), it follows that f(T)e W*(T). Thus #; 18
monotone sequentially complete, whence %3 = %,(sp(T))sa-
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Finally, we extend the map f— f(T) from B,(sp(T))sa to By(sp(T))
[ = B,(sp(T))s, + 1%,(sp(T))s] by complexification, to obtain a *-homomor-
phism from %,(sp(T)) into W*(T) as desired. O

45.5. Remarks. The spectral theorem given above is clearly an extension
theorem: We know f(T) for every continuous function f, and wish to de-
fine f(T) also for a Borel function, in such a manner that the analogue of
Lebesgue’s monotone convergence theorem holds. (This, by the way, makes
the extension unique.) The proof employed above reduces this extension
problem to the (scalar) problem of extending the integral, and then doggedly
building up the operator from its sesquilinear form. A more sophisticated
proof would instead analyze the extension theorem for the integral, and show
that an operator-valued form is available when the image space W*(T) is a
commutative von Neumann algebra.

We have chosen to establish the spectral map f — f(T), for a single normal
operator T, but it is clear that the method is capable of considerable general-
ization. In fact, if X is any (second countable) compact Hausdorff space and
® is a (normdecreasing) *-homomorphism from C(X) into B($), we can
construct an extension ® of ® that maps 4,(X) homomorphically to a com-
mutative *-algebra of operators in B($) in such a manner that the monotone
convergence theorem holds. The proof of 4.5.4 applies verbatim.

4.5.6. It is a (deplorable) fact that most mathematicians prefer to deal with
integrals in terms of measures. The spectral map in 4.5.4, visualized as an
operator-valued integral, is no exception.

A spectral measure on a set X is a map E: & — B(9),, where & is a
o-algebra of subsets of X (cf. 6.2.3), and B($), denotes the class of projections
in B(9). It is further assumed that E satisfies the following conditions:

(i) E@ =0, E(X)=1,

(i) E(YnZ)= E(Y)E(Z), Y,Ze%:
(i) EYUZ)=E(Y)+ E(Z), Y,ZeS, YNZ =0
@) E(U )=V E®,), {Y}cs.

Here the symbol \/ E(Y,) denotes the smallest projection majorizing all E(Y,),
viz. the projection on the closed subspace spanned by Y E(Y,)($). Note that
condition (ii) implies that the projections E(Y) and E(Z) commute (other-
wise their product would not be self-adjoint), so that the product equals
E(Y) A E(Z)—the projection onto the subspace E(Y)(®)n E(Z)(9). Note
also that condition (iii) is redundant; it follows from (iv).

Given a spectral measure E as above, we obtain for each vector x in $ an
ordinary (scalar) measure u, on X by

oY) = (E(Y)x|x), Ye%;

see 6.3.1. The family of measures so obtained satisfies a coherence relation
inherited from the parallellogram law (3.1.3), viz.

.u'x+y + Aux—y = 2ux + Z#y (*)
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Moreover, we see from the polarization identity (3.1.2) that each pair of vectors
x, y in § gives rise to a signed measure y,, on X, where

Me

Ay =

ik#x+i"y7 (**)

k=0

or, directly, u,,(Y) = (E(Y)xly), Y € &. Using the integrals obtained from the
measures 4., x € 9, or, better, the signed measures p,,, x, y € 9, it follows from
the Cauchy-Schwarz inequality that every bounded, #-measurable function
f on X gives rise to a sesquilinear form on $ bounded by || f,, hence defines
an operator T, in B(9), where

(Tyxly) = j S(A)dp, (D). (#x)
X

This definition explains the suggestive notation

T, = j SAE()
X

for the operators obtained by integrating a spectral measure. The spectral map
f— T, so obtained from the spectral measure E, clearly defines a norm
decreasing, *-preserving linear map from the commutative C*-algebra 4,(X)
of bounded #-measurable functions on X into a commuting family of opera-
tors in B($). To show that this map is multiplicative it suffices to prove that
T,T, = T;,, when f and g are simple functions, because such functions are
uniformly dense in 8,(X). Butif f = Y «,[Y,], g = Y. Bu[Z,], where [Y] as
in 6.2.3 denotes the characteristic function for the subset Y of X, then

LT, = (Z %E(Y,.)><Z ﬁmE(Zm)>

= Z o‘nﬁmE(Yn)E(Zm) = Z anﬁmE(Yn m Zm) = ng7

because fg =3 o, f.[Y, N Z,] We summarize our observations in the fol-
lowing proposition.

4.5.7. Proposition. To every spectral measure E on a set X with a o-algebra &,
there is a normdecreasing *-homomorphism f— T, from the algebra B,(X )of
bounded, &-measurable functions on X into an algebra of normal operators in
B(9), given by

Tf=J SRYEQ) or (Tyx|y) = L J(A)dpiy,
X

where p,,(Y) = (E(Y)xly) for every x and yin 9. If (f,)isa bounded, monotone
increasing sequence in %,(X),, and f = lub f,, then T, = lub T, as described
ind.5.2.

PrOOF. Only the last assertion is not covered by the discussion in 4.5.6. But
if xe $ and p, is the measure given by pu(Y) = (E(Y)x|x) as in 4.5.6, then
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from Lebesgue’s monotone convergence theorem we have

(Tyx|x) =J fA)dp(A) = limf fuWDdp(2) = im(T}, x|x),
X X
for every x in §, whence T, = lub T . O

4.5.8. Proposition. To each normal operator T in B(9) there is a spectral
measure E on the Borel subsets of sp(T) taking values in the projections in
W*(T), such that

T= J AdE(A).
sp(T)

PRrOOF. Consider the *-homomorphism f — f(T) given in 4.5.4. If # denotes
the class of Borel subsets of sp(T) and Y € 4, then the characteristic function
[ Y] belongs to 4,(sp(T)), and we define

E(Y)=[YI(T), Ye4&.

Since the spectral map is a *-homomorphism, the operators E(Y) in W*(T)

are projections [being images of self-adjoint idempotents in %,(sp(T))], and

it is straightforward to check that E satisfies the conditions (i)—(iv) in 4.5.6.
If f is a simple function, i.e. f =) a,[Y,], where Y, € %, then

jde(i) =Y. 0,E(Y,) = Y o, [, 1(T) = A(T).

Since every function f in %,(sp(T)),, is the monotone sequential limit of simple
functions it follows that [ fdE(4) = f(T) for every f in %,(sp(T)), because both
spectral maps preserve such limits, cf. 4.5.4 and 4.5.7. In particular,

T = id(T) = Jid dE = jldE(/l). O

4.5.9. Remark. From the presentation of spectral measures given in 4.5.6—
4.5.8 it is clear that they are just (in the author’s opinion) a rather cambersome
way of expressing a perfectly natural *-homomorphic extension of the Gelfand
C*-isomorphism. In one instance, however, they give a superior description of
a situation, namely, the position of eigenvalues in the spectrum.

4.5.10. Proposition. Let T be a normal operator in B($) with spectral measure
E. If f is a bounded Borel function on sp(T), then A € sp(f(T)) iff
E(fT'(B(4,¢) #0

for every & > 0. Moreover, A is an eigenvalue for f(T)iff E(f~'({1})) # 0, in

which case E(f~1({A})) is the projection on B(9) on the eigenspace for f(T)
corresponding to A.
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ProOOF. Put E, = E(f"1(B(4,&))). If E, = 0 for some & > 0, define
A =1t ifpé fT(B(,e));
ok = {0 if e £ (BUL )

’lfhen g € B,(sp(T)) (indeed, ||g||, < &™!),and with X = sp(T)\ f " (B(4,¢)) we
ave

g(TY(AI — f(T)) = j g — f(u)dE(p) = 1.

Conversely, if E, # 0 for every ¢ > 0, then for each unit vector x in E, () we
have

AT = f(T)x|| = [|1AI — f(T))E x|
< AT = f(THEN < A~ fIf T B )lo <
whence 4 € sp(f(T)).

To prove the second half of the proposition, put E, = E(f ' ({4})). If
E, # 0, then with Y = f7!({A}) we have

A(TE, = j S(WdE(p) = AE,.

Thus E, < P,, where P, denotes the projection in B($) on the eigenspace
for f(T) corresponding to A, ie. P,(9) = ker(AI — f(T)). Conversely, if
P, #0, let f, = (]4 — f| A )¥". Then f, € #,(sp(T)), and the sequence (f,)
converges pointwise up to the characteristic function for the set sp(T)\ Y. Since
f.(T)P, = 0 for every n, it follows from 4.5.4 that

0= E(sp(T\Y)P, = (I — Eo)P;,

whence P, < E,. Consequently, E, = P;, as claimed. ]

4.5.11. Corollary. If f € %,(sp(T)), then
sp(f(T)) = f(sp(T))"-

4.5.12. Corollary. For each A in sp(T) we have E({A}) =0 unless 4 is an
eigenvalue for T; in which case E({A}) is the projection in B() on the eigenspace
for T corresponding to A.

4.5.13. Corollary. If T is a diagonalizable operator in B(9), in particular, if T
is compact and normal, then the spectral measure E for T is totally atomic and
concentrated on the subset sp(T), of eigenvalues in sp(T). Moreover, sp(T) =
(sp(T),)~ and for every x in 9,

Tx= Y AE({A})x.

Aesp(T)a
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EXERCISES

E45.1.

E45.2.

E45.3.

E4.54.

E4.5.5.

E4.5.6.

E45.7.

E458.

Let T be a normal operator in B($), and let g and f be bounded
Borel functions on sp(T) and X, respectively, where X is a compact
subset of C containing g(sp(T)). Show that

(f o g)(T) = f(g(T)).

Hint: By 4.5.4 the formula is true when f is a polynomial in { and
¢, restricted to X. By 4.3.4 it is therefore also valid if f € C(X). Show
by 4.5.4 that the set B, of elements f'in %,(X),,, for which the formula
holds, is monotone sequentially closed; and conclude from C(X),, =
B, that By = By(X)sa; cf. 6.2.9.

Show that for every normal operator T in B($) and every ¢ > 0 there
is a finite set { P, } of pairwise orthogonal projections with sum I, and
a corresponding set {4,} in C, such that | T — Y 4,P,| <e.

Hint: Take P, = f,(T), where f, is the characteristic function
corresponding to a small “half-open” square in sp(T).

Show that the norm closure of the set of diagonalizable operators
in B($) (cf. 3.2.14) is the set of normal operators.
Hint: Use E4.5.2.

If0<T<Iin B(9), find a sequence (P,) of pairwise commuting
projections, such that T =Y 27"P,.

Hint: Let P; be the spectral projection of T corresponding to the
interval ]3,1]. Let P, correspond to the union ]4,4] U ]2, 1], and
let Py correspond to the union ]§,4]1uw]3,41u13,2]U 14, 1], and
continue by induction.

Show that for every unitary U in B($) there is a selfadjoint operator
T in B(9), such that U = expiT.

Hint: Define log(expif) = if if —n < 6 < =, and note that log is
a Borel function on the circle such that explogz = z for every z in
T. Take T = —ilog U and apply E4.5.1.

Show that the group U($) of unitary operators in B($) is arcwise
connected in the norm topology.

Hint: If U e U(9), write U =expiT by E4.5.5, and set U, =
expitTfor0 <t < 1.

Show that the group GL($) of invertible operators in B($) is arcwise
connected in norm.

Hint: If T € GL(9), write T = U|T| with U in U($) by 3.2.19.
Define T, = U(t|T| + (1 — 1)I) for 0 <t < 1 and then apply E 4.5.6.

Show that if T = T* in B(9) and x € $, then for each ¢ > 0 there is a
projection P of finite rank with Px = x, such that ||(I — P)TP|, <,
with ||-||, as defined in (the proof of) 3.4.9.
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E4.5.9.

E45.10.

E45.11.

4. Spectral Theory

Hints: Assume that || T|| = ||x|| = 1. Let P, be the spectral projec-
tion of T corresponding to the interval J(n — 1)m™t, nm™1], where
—m < n<mandm > 3¢ 2 Show that | TP, — nm™'P,|| <m™*. Let
P be the projection of $ on the space spanned by the orthogonal
vectors {P,x||n| < m}. Show that

I(I = PYTPI3 = ¥ (PTU — P)TP P,x| P,x) | Pux]
=Y (I — P)TPPx|12|P,x] 2
<Y M2 Px |2 | Py 2

=Q2m+ )m 2 < &2

(Weyl-von Neumann’s theorem.) Show that for each self-adjoint
operator T on a separable Hilbert space $ and every ¢ > 0, there is
a self-adjoint, diagonalizable operator D and a self-adjoint Hilbert—
Schmidt operator § with ||S||, < ¢ such that T=D + S.

Hint: Define inductively a sequence (P,) of pairwise orthogonal
projections of finite rank, such that

IT—-QTQ — ; R TR, <} 2™
1

HereQ =1— P, —--- — P,,and P,,, is obtained from E4.5.8 applied
to QTQ on Q(9), with x = Qx,.,, where (x,) is a dense sequence in
9. Note that )’ P, = I and that each P, TP, is diagonalizable, whence
D=3 P,TP,

Let § be a separable Hilbert space and J be a norm closed ideal of
B($). Show that if I\ By($) # 0, then I = B($H) (and compare with
E3.3.1).

Hint: If 3 & By($), there is a noncompact, positive operator T in
3. Show that P ¢ By(9), where P is the spectral projection of T
corresponding to an interval [, | T||], where ¢ > 0 is small enough.
Show that P = Pf(T), f € C(sp(T)) with f(0) =0 but f(t) =1 for
t > ¢, and deduce that P € 3. Find a partial isometry V such that
V*V = P and VV* e I (thus VP = V) and conclude that I € 3.

Let X be a locally compact Hausdorfl space and T be a normal
operator in B($). Suppose that { is a finite Radon integral on X and
that h is a bounded Borel function on X x sp(T). Define f(t) =
jh(~, 1), so that f is a bounded Borel function on sp(T). Show that
f(T) = [ h(-, T), in the (weak) sense that

(f(T)x|y) = f(h(', T)xly) (%)

for all x and y in §.
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Hint: As hinted in E 4.4.7, but now with the mature Fubini theo-
rem (6.6.6).

4.6. Operator Algebra

Synopsis. Strong and weak topology on B($9). Characterization of strongly/
weakly continuous functionals. The double commutant theorem. Von Neu-
mann algebras. The o-weak topology. The g-weakly continuous functionals.
The predual of a von Neumann algebra. Exercises.

4.6.1. For an infinite-dimensional Hilbert space 9, the operator algebra B($)
has many interesting (vector space) topologies. Besides the (operator) norm
topology there are at least six weak topologies that are relevant for operator
algebra theory. The two most important are the strong and the weak topology.

The strong topology on B($) is the locally convex vector space topology
induced by the family of seminorms of the form T — | Tx|| for various x in $.

The weak topology on B($) is the locally convex vector space topology
induced by the family of seminorms of the form T — |(Tx|y)| for various x, y
in$H x 9.

Similar constructions exist, of course, when X is a Banach space, and define
on the Banach algebra B(X) the strong topology, with seminorms indexed by
X, and the weak topology with seminorms indexed by X x X*.

Since [(Tx|y)| < | Tx|l Iyl < IT| x| lyl, we immediately observe that the
weak topology is weaker than the strong topology, which in turn is weaker than
the norm topology. Since |(Tx|y)| = |(T*y|x)|, it is moreover clear that the
adjoint operation is weakly continuous. The adjoint operation is not strongly
continuous (E 4.6.1), except when restricted to the set of normal elements
(E 4.6.2), which is unfortunately not a subspace of B($). Multiplication is sepa-
rately continuous in each variable, in both the strong and the weak topology;
but multiplication as a function B($) x B(9) — B(9) is neither weakly nor
strongly continuous. However, as a function B(0,n) x B($) — B(9), i.e. if the
first factor remains bounded, the product is strongly continuous (and for most
situations that will suffice). This is seen from the rewriting

IST = So To)xll < IS — So) Tox|| + IS (T — To)x|l. (%)

Observe that the unit ball B of B($) is weakly compact. Indeed, if (T}); . o
is a universal net in B, then for x and y in § we have |[(T;x|y)| < [ x| |yll, so
that (T, x|y) — B(x, y), where B is a sesquilinear form on § with |B]| < 1 and
thus corresponds to an element T in B, such that T, - T weakly. The compact-
ness of B now follows from 1.6.2.

4.6.2. If § is separable, the unit ball B of B(9) is metrizable in both the weak
and the strong topology. Indeed, let (x,) be a dense sequence in the unit ball
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of $ and define the metrics
ds(S: T) = Z 2_"“(S - T)xnn and dw(s9 T) = Z 2_"‘(5‘ - T)xn‘xn)l‘

Routine arguments show that d; induces the strong topology on B and d,, the
weak. Of course, B may be replaced by any other bounded subset of B(9) in
the argument above. Nevertheless, neither the strong nor the weak topology
is metrizable when § is infinite-dimensional. In fact, they are not even first
countable (E 4.6.4).

If § is separable, B is a metrizable, compact Hausdorff space in the weak
topology, and therefore second countable. In particular, B is weakly separable,
and therefore B(9H) (=R, B) is weakly separable. To see that B($) is even
strongly separable, we first note that the algebra B ($) of operators of finite
rank (cf. 3.3.1) is strongly dense in B($), because any strong neighborhood
only involves a finite number of vectors. Then we appeal to the easily estab-
lished fact that for a fixed orthonormal basis in §, every element in B/($) can
be approximated in norm by a finite matrix (in the given basis) with rational
coefficients. Thus B ($) [and By($)] is norm separabie, therefore also strongly
separable; and, consequently, B(H) = (B(9))* is strongly separable.

4.6.3. For a Hilbert space $ and a natural number n we let H" denote the
orthogonal sum (3.1.5) of n copies of §. If P, denotes the projection of $" onto
the kth summand, then ) P, = I in B($"), and every element T in B($") can
be written T = Y P, TP, 1 < k,I < n.Identifying P, TP, with an operator T, in
B($) we obtain a matrix representation T = (T;,) for the elements in B($") that
agrees with the computational rules. Thus we identify B($") with M, (B($))—
the n x n-operator matrices over B(9).

The following construction, known as the amplification of B($), will be
useful in the sequel. Define @: B($) —» B(H") by &(T)y, = T and ®(T),; =0 if
k # I In other words, ®(T) is the diagonal matrix with T in the diagonal.
Clearly @ is a *-isomorphism of B(9) into B($").

4.6.4. Proposition. For a functional ¢ on B(9) the following conditions are
equivalent:

(i) There are vectors Xy, ..., X, and yy, ..., Y, in 9 such that @(T) =

Y. (Tx|y) for all T in B($).
(i) ¢ is weakly continuous.
(iii) ¢ is strongly continuous.

PROOF. The implications (i) = (ii) = (iii) are obvious.

(iii) = (i). If ¢ is strongly continuous, there are by (*) in 2.4.1 vectors X
..., X, in 9 such that max || Tx,|| <1 implies |(T)| < 1 for all T in B($). This
implies that

lp(T)> <Y I Tx ] (*)

With notation as in 4.6.3 we define the vector x in " as the orthogonal sum



4.6. Operator Algebra 173

of the x;’s, and we define a functional ¥ on the subspace of $" consisting of
vectors ®(T)x, T € B(9), by setting

Y(@(T)x) = o(T).

Now note that (x) exactly expresses the continuity of ¥, viz. |l//((¥)(T)x)|2 <
|®(T)x||% By 2.3.3 we can extend y to all of $”, and by 3.1.9 there is therefore
a vector y = (¥4, ..., ¥,) in H" such that = (- |y). In particular,

@(T) = Y(@(T)x) = (@(T)x]y) = Y. (Tx,|yi)- O

4.6.5. Corollary. Every strongly closed, convex set in B(9) is weakly closed. In
particular, every strongly closed subspace of B(9) is weakly closed.

4.6.6. For any subset 2 of B(9) we let A’ denote the commutant of U, i.e.
W ={TeB(H)|TS=ST,VS e U}.

It is easily verified that A’ is weakly closed and is an algebra. If 2 is a
self-adjoint subset of B(H) (i.e. S € AW = S§* € A, we therefore have that A’ is a
weakly closed, unital C*-subalgebra of B($)).

We shall need the iterated commutants (') and ((A’)). These will just be
written as A” and U”. Note that if A, = A, then A; > A,. On the other
hand we always have A = A" It follows that A” = A < " for every subset
9, so that the process of taking commutants stabilizes after at most two steps.

The following double commutant theorem by von Neumann (1929) is the
fundamental result in operator algebra theory.

4.6.7. Theorem. For a self-adjoint, unital subalgebra % of B($) the following
conditions are equivalent:

@i A=A".
(i) W is weakly closed.
(iil) A is strongly closed.

Proor. The implication (i) = (ii) is clear, and (ii) = (iii) follows from 4.6.5.
To prove that (iii) = (i) we consider for each x in § the projection P of §
onto (Ax)~. For each T in A we then have that TP(9) = P(H), whence
(I — P)TP = 0. Taking T = T* this implies that TP (=PTP) is self-adjoint,
whence TP = PT. Since U is self-adjoint, it follows that P € 2. Now take S
in A”. Then SP = PS, in particular, Sx e P(9), because Px = x (as [ e N,
x € AUx). For each ¢ > 0 we can therefore find T in A such that I1Sx — Tx| < e.
The argument shows that S can be approximated from 2 on each single vector
xin $.

Now take x;, ..., x, in $ and define (as in the proof of 4.6.4) x in H" as the

orthogonal sum of the x,’s. Identifying B($") with M, (B(9)) as in 4.6.3 we see
that

(R(D(T) - ‘D(T)R)kz = RuT - Tsz
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for every R = (R,;) in M,,(B(9)) and T in B($). It follows that the commutant
of ®(A) in M, (B(H)) consists of the matrices with entries in U, i.e. DAY =
M, (2'). Now apply the first part of the proof with $", ®(2), and ®(S) in place
of ©, A, and S, to obtain an element T in A with

28 = T)xill? = (@(S) — D(T)x||* < &2

This shows that every S in A” can be approximated arbitrarily well in the

strong topology with elements from . Since A was assumed strongly closed,
SeW and A" = A. g

4.6.8. Corollary. If A is a self-adjoint, unital subalgebra of B(9), its strong
(=weak) closure in B(9) is precisely N”".

4.6.9. Remark. An algebra satisfying the conditions in 4.6.7 is called a von
Neumann algebra (sometimes also a W*-algebra; and by J.v.N. a ring of
operators). These algebras appear quite naturally in many connections. From
the preceding we see that if D is any self-adjoint subset of B($), then D’ is a
von Neumann algebra. We see further that von Neumann algebras come in
pairs, A and A’ and that A ~ A’ is the common center for the two algebras.

A von Neumann algebra U is called a factor if W A W = CI, i.e. if Wis as
noncommutative as possible. It was one of the early surprises of the theory
that there are other factors than B($). It is now known that there is an
uncountable number of nonisomorphic factors on the separable, infinite-
dimensional Hilbert space; and their classification plays an important role in
group theory (especially for representations of semisimple Lie groups) and in
the (tentative) mathematical formulation of quantum mechanics (relativistic
statistical quantum mechanics and quantum field theory).

4.6.10. For the description of von Neumann algebras as dual spaces we need
a fourth topology on B($). Recall from 3.4.12 and 3.4.13 that with B'(£) the
Banach space of trace class operators, the bilinear form

(S8, Ty =tr(ST), SeB(H), TeBYH),

implements an isometric isomorphism between B(H) and the dual space
(B1($))*. We define the g-weak topology on B($) as the w*-topology it inherits
under the identification with (B())*.

4.6.11. Proposition. For a functional ¢ on B(9) the following conditions are
equivalent:

(i) There are sequences (x,) and (y,) of vectors in § with lx,]2 < oo and
S Iyall? < 0o, such that

@(S) = Y. (Sx,lya), S eB(9).

(ii) As in (i), but now with sequences (x,) and (y,) of pairwise orthogonal vectors.
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(iii) There is a trace class operator T on $ such that ¢(S) = tr(ST) for every S
in B(9).

(iv) o is o-weakly continuous.

ProoF. Since the o-weak topology is induced from the family of functionals
described in (iii), it follows from 2.4.4 that (iii)<>(iv). Evidently, (ii) = (i), so
we are left with the implications (i) = (iii) and (iii) = (ii).

(i) = (iii). Let (e,) be an orthonormal basis for the closed subspace 9, of H
spanned by the vectors x, and y,, n € N. If dim($,) = d < oo, we can express
each vector x, and y, as a finite linear combination of the vectors ey, ..., e;

and obtain scalar constants a;, 1 < i, j < d, such that

@(S) = Z a;(Se;le;) = Z (STejle;) = tr(ST),

where T is the operator of finite rank given by Te; = ) a;e;, 1 <j <d, and
T|95 = 0.
If dim §, = oo, we define T, and T, in B($) by T;|H¢ = 0 fori = 1, 2 and

Tie, = x,, T,e,=y,, neN.
Then
tr(7-‘1*711) = Z (Tl*nen|en) = z “xnuz < O,

so that T; € B(). Similarly, T, € B?($9), and thus T = T, T;* € B}($). Finally,
by 3.4.11 we have for every S in B($) that

tr(ST) = tr(ST, T¥) = tr(T}ST,)

=2 (8Tie,|Tre,) = 3 (Sx,lya) = @(S).

(iii) = (ii). Let T = U|T]| be the polar decomposition of T; cf. 3.2.17. Then
IT| is a positive, compact operator (cf. 3.4.5), so by 3.3.8 there is a closed,
separable subspace $, of $ with orthonormal basis (e,) and a sequence (4,)
in R, such that |T||$5 = 0 and |T| = ¥ A,e, O e, (in the notation of 3.3.9).
Since |T| € B'(9), we have Y 4, < co. Define x, = 412 Ue, and y, = 112e,.
Then (x,) consists of pairwise orthogonal vectors because U is an isometry of
9o (cf. 3.2.17). Finally, for every S in B($),

@(8) = tr(ST) = ) (ST e,le,)
=2, (S, Ueyle,) = Y (S x,lyn). O

4.6.12. Corollary. If ¢ is a positive, c-weakly continuous functional on B(9),
there is an orthogonal sequence (x,) in $ with Y AIx,lI2 = || @]l such that o(S) =
Y (Sx,|x,) for every S in B($).

PRrOOF. By 4.6.11 we have ¢ = tr(- T) for some T in B1($). Since

(Tx|x) =tr(x O x)T) = p(x O x) = 0
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forevery x in §, it follows that T > 0. We can therefore choose an orthonormal
basis for § that diagonalizes T (cf. 3.3.8), from which the result is immediate.

O

4.6.13. It follows from 4.6.11 and 4.6.4 that the weak topology on B($) is
weaker than the g-weak topology. In fact, from the proof of the implication
(1) = (iil) in 4.6.11 we see (by 2.4.4) that B(9) in the weak topology has B ()
as its topological dual space (via the bilinear form given by the trace). Thus,
if $ is infinite-dimensional, the weak topology is strictly weaker than the

o-weak topology [because B ($) # B*($)]. Nevertheless, we have the follow-
ing results.

4.6.14. Proposition. The weak and the o-weak topology coincide on every

bounded subset of B(9). Thus a functional ¢ on B(D) is o-weakly continuous if
and only if;

(V)  The restriction ¢|B is weakly continuous on the unit ball B of B(9).

Proor. The identical map of (B, o-weak) onto (B, weak) is continuous and
injective, and since B is o-weakly compact by 2.5.2, the map is a homeomor-
phism by 1.6.8. Replacing B by nB, ne N, we see that the two topologies
coincide on every bounded subset of B(9).

The observation above makes it evident that condition (v) is necessary for
¢ to be o-weakly continuous. The sufficiency follows neatly from the Krein—
Smulian theorem, 2.5.11, q.v. O

4.6.15. Proposition. If A is a self-adjoint, unital subalgebra of B(9)and S € A”,
then for each sequence (x,) of vectors in § with Y. ||x,|i* < co and & > 0 there
isa T in Wwith Y |(S — T)x,|? < & In particular, A" is the o-weak closure
of AU.

Proor. The amplification described in 4.6.3 can be defined also in the case
n = o0, as a x-isomorphism ® of B($) into the “diagonal” of B($*)—the latter
identified with those infinite matrices with entries from B($) for which the
corresponding operators on $> are bounded. Substituting this map in the
proof of the implication (iii) = (i) of 4.6.7, that argument becomes a proof of
the first part of the proposition. For the second part, let ¢ be a o-weakly
continuous functional on B($) in the form given in 4.6.11(i). Then for each §
inA” and ¢ > 0 we obtain T'in ¥ as above, and applying the Cauchy—-Schwarz
inequality we get

lp(S — 1) = ‘Z((S — T)x,|yn)| < 2 1S = T)xall 1yl

12 172 172
< (Z IS — T)xn||2> (Z ||an\2> < 8(2 llynllz> .

Thus S belongs to the o-weak closure of U, as claimed. O
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4.6.16. Remarks. From the preceding result we see that the von Neumann
algebras can also be characterized as the unital C*-subalgebras of B(9) that
are g-weakly closed. But, evidently, the content of 4.6.15 says more. To
appreciate the extra information we must introduce the g-strong topology on
B(9) as the locally convex vector space topology induced by seminorms of
the form

© 1/2 o
T—’< Z, ||TX,.||2> ,  (xy)=H, Z,l x4l < 0.

The o-strong topology is seen to be stronger than both the strong and the
g-weak topology (but of course weaker than the norm topology). Now 4.6.15
says that the o-strong closure of a unital -algebra U is precisely 2"

It is not hard to show by direct computations that the strong and the
o-strong topology coincide on every bounded subset of B($). On the other
hand, the o-weak and the g-strong topology are distinct (when $) is infinite-
dimensional), because the involution fails to be o-strongly continuous. Despite
their difference, the two topologies have the same continuous functionals. This
is seen by taking the proof of (iii) = (i) in 4.6.4, and replacing $" by H= as
described in the proof of 4.6.15.

4.6.17. Theorem. For every von Neumann algebra W in B(9) there is a Banach
space W, such that W is isometrically isomorphic to the dual space (U, )*. The
w*-topology on U [identified with (U ,)*] is the a-weak topology.

Proor. Identifying B($) and (B*($))*, we let AL denote the annihilator of
A, ie.

At = {T e BY(H)|tr(ST) =0, VSeA.

Then A is a norm closed subspace of B!($) (equipped with the 1-norm, cf.
3.4.12), and we can form the Banach space A, = BYH)/AL; cf. 2.1.5. Since A
is a o-weakly closed subspace of B($) (even weakly closed) it follows from
2.4.11 that A = (A+)L, and thus from 2.4.13 we see that the Banach space

adjoint of the quotient map Q: BY($) — A, is the isometric embedding of
(2, )* onto A in B(H). O

4.6.18. Remarks. The space U, in 4.6.17 is called the predual of 9, and was
shown by 8. Sakai to be the unique Banach space having 9 as its dual. He at
the same time gave the beautiful abstract (i.c. space-free) characterization of
von Neumann algebras as being exactly those C*-algebras that are dual
spaces.

As long as one considers von Neumann algebras on a fixed Hilbert space,
the weak and the strong topologies are most natural to work with. However,
given two von Neumann algebras U, = B($,) and A, < B(H,), we may have
an isometric *-isomorphism ®: A, — A,, which is not weak -weak or strong-=—
strong continuous. It suffices to take 2, = B($) and ® as the infinite analogue
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of the amplification map described in the proof 0f 4.6.14. If $* = H D H D -
and (x,) is an orthogonal sequence in § with Y |x,|*> < oo, then x =
X, @ x, @ ---isa vector in H*, and thus gives a weakly continuous functional
on B(9®). But for each S in B($) we have

(@(S)x|x) = 3 (Sx,[x,),

and this expression is not a weakly continuous functional. By contrast, every
isomorphism between von Neumann algebras is a o-weak homeomorphism,
corresponding to the fact that the o-weak topology is more “internal,” less
space-dependent than the weak and strong topologies.

EXERCISES

E4.6.1. For each n, let V, denote the rank one operator in B(¢?) given by
V,e, = e, and V,e, =0 if k # 1, where (e,) is the standard ortho-
normal basis for /2. Find V* and show that V;* — 0, strongly. Con-
clude that the adjoint operation is not strongly continuous and that
the strong and the weak topologies on B(£?) are different.

E 4.6.2. Show that the adjoint operation is strongly continuous when re-
stricted to the set of normal elements in B(9).

E 4.6.3. Show that the strong and the weak topologies coincide on the group
U($) of unitary operators in B(9H).

E4.6.4. Take V,, ne N, as in E4.6.1 and put
S = {n'*V}¥Ine N}

Show that 0 belongs to the strong closure of &, but that no sequence
in S is weakly or strongly convergent to 0. Conclude that neither
the strong nor the weak topology on B(£?) is metrizable.

Hint: Use E3.1.9 and/or the principle of uniform boundedness
(2.2.9).

E4.6.5. If I is a compact subset of R and f € C(I), show that the map
T — f(T) is strongly continuous from {T € B(9)../sp(T) = I} into
{T € B(9)| T normal}.
Hint: Use Weierstrass’ approximation theorem and E 4.6.2.

E 4.6.6. Let € denote the set of continuous, real functions f on R for which
the map T — f(T) is strongly continuous from B(9),, into itself. Put
€, = € N C,(R)yand %, = € 0 Co(R).

(i) Show that & is a uniformly closed vector space in C(R). .
(i) Show that 4,4 = ¢ and that €, is a unital Banach algebra in
C,(R). . }
(iii) Show that % + i% contains every “strongly continuous” com-
plex function on R.
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(iv) Show that f; € %,, where f,() = (1 + t3) 7t
(v) Show that f, € %, for every a > 0 and that g, € %,, Where f,(t)
=(1 +at?)'tand go(t) = (1 + )7\
(vi) Show that %, = Co(R).
(vii) Show thatif f € C(R)and |f(?)| < a|t| + b for some a, b and all
t, then f € €.

Hints: For (ii) use (*) in 4.6.1. For (iii) use E4.6.2. For (iv) use the
identity

8 = i) =T+ $H'E - T + T
+ ([ + S3'S(T—SU + T>)'T,

and the fact that when S — T, strongly, the factors (I + §%)7! and
(I + S?)7'S stay bounded, cf. () in 4.6.1. For (v) use that go(t) =
1 — f,(t)t, together with (ii). For (vi) use the Stone—Weierstrass
theorem (4.3.5) in conjunction with (i) and (v). For (vii), note that
140 € Co(R) whence fg, € %, by (vi). Therefore, ff; (= fgoid) belongs
to %, by (ii) and, again by (ii), ff,id € %. Finally, f = fgo + ffiide®.

E4.6.7. (Kaplansky’s density theorem.) If W is a self-adjoint, unital subalgebra
of B(9), prove the following statements:

(i) The unit ball of A, is strongly dense in that of A,

(ii) The unit ball of 2, is strongly dense in that of 2.
(iii) The unitary group in A~ is strongly dense in that of A"
(iv) The unit ball of U is strongly dense in that of A".

Hints: The four conditions are trivial for the norm topology, so
we may assume that 2 is norm closed, i.e. a C*-algebra. For (i), use
first 4.6.5 to show that %, is strongly dense in A,,. Then if T e A,
and |T|| < 1, find (T}), . in A, with T, — T, strongly, and replace
T, with f(T;), where f(t) = (¢t A 1) v (—1), using E4.6.6. For (ii) do
as in (i), but use the function t — (t A 1) v 0. For (iii), if U is unitary
inA”, take T = —ilog U as in E4.5.5. Argue that T € U, (or quote
4.5.4)and find (T}), . , in A, with T, — T, strongly. Then (expi T}); c
are unitaries in 2 and converge strongly to expi T(= U) by E 4.6.6.

For (iv) take T in A” with |T| < 1. Then use 3.2.23 to reduce
the problem to case (iii).

E4.6.8. A positive functional ¢ on a von Neumann algebra U < B(9H) is
completely additive if o(P) =Y ¢(P)), for every family {P;|j € J} of
pairwise orthogonal projections in 2 with ZPJ = P (strongly con-
vergent sum, cf. 4.5.2). Show in this case that there is a family
{Q;li e I} of pairwise orthogonal projections in ¥ with Y. Q; =1,
such that every functional T — ¢(TQ;) is weakly continuous on .

Hints: Take {Q;|i € I} to be a maximal family of pairwise ortho-
gonal projections in U such that each ¢(- Q;) is weakly continuous.
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IfI -3 Q, = Q # 0, take a unit vector x in Q($), and, with y(T) =
2(Tx|x), choose a maximal family {P)|j € J} of pairwise orthogonal
projections in A such that P, < Q and y/(P) < ¢(P)) for every j. Let
P =Q — 3 P, and use the complete additivity to show that P # 0.
Deduce from the maximality of {P;} that @(P,) < y(P,) for every
projection P, < P in U, and use E4.5.3 to conclude that ¢(T) <

Y(T) for every T = 0 in PUAP. Use the Cauchy—Schwarz inequality
(E4.3.10) to show that

le(TP)I* < llollo(PT*TP) < | @[y (PT*TP)
= 2lloll ITPx]|?,

for every T in U, and conclude that ¢(- P)is strongly, hence weakly,
continuous on U, in contradiction with the maximality of {Q;}.

E4.6.9. Show that every completely additive, positive functional ¢ on a von
Neumann algebra A = B($) is o-weakly continuous.

Hint: Use E 4.6.8 and the Cauchy—Schwarz inequality (E 4.3.10)
to show that ¢ can be approximated in norm by weakly continuous
functionals [of the form ¢(- Q’), where Q' =Q, + - + Q,], and
recall from 4.6.17 that the predual 2, of Wis a norm closed subspace
of the dual * of 2.

E 4.6.10. Show that every #-isomorphism ®: 2; — A, between von Neumann
algebras A, < B($,) and A, < B(H,), is a o-weak homeomorphism.
Hint: Show that @ is completely additive on projections; cf.
E 4.6.8, because Y p(P,) < p(3. P;) both for p = ® and for p = @7,
Then use E4.6.9 to show that ®* (2.3.9) takes (), onto (A, ),, so
that 2.4.12 may be applied to ® = (®,)*, where @, = O*|(2,),.

4.7. Maximal Commutative Algebras

Synopsis. The condition 2 = . Cyclic and separating vectors. F*(X) as
multiplication operators. A measure-theoretic model for MACA's. Multiplicity-
free operators. MAGA's as a generalization of orthonormal bases. The spectral
theorem revisited. Exercises.

4.7.1. From the rich (and still growing) theory of von Neumann algebras we
shall only consider a single item, because it provides a new insight in the
measure-theoretic form of the spectral theorem.

We say that a commutative, self-adjoint algebra 2% of operators in B(9) is
maximal commutative if it is not contained properly in any larger commutative
x-subalgebra of B($). Now it is quite obvious that ifTeWand T = T*, then
the algebra generated by U and T will be commutative and self-adjoint. So,
just as the condition A = A’ characterizes the commutative *-subalgebras of
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B($), the condition
A=A (*)

characterizes the maximal commutative algebras in the class of *-subalgebras
of B(9). In ‘particular, each MACA is weakly closed and contains I, and is
therefore a von Neumann algebra.

4.7.2. Given a self-adjoint algebra U of operators on a Hilbert space $, we say
that a vector x is cyclic for 2 if the subspace 2Ux is dense in $. We say that a
projection P in B(9) is cyclic relative to U if Ax is dense in P(H) for some
vector x in . Thus the algebra U has a cyclic vector iff I is a cyclic projection
relative to A. Note from the proof that (iii) = (i) in 4.6.7 that every cyclic
projection relative to U belongs to A’

We say that a vector x in § is separating for the algebra U if Tx = 0 implies
T =0forevery T in 2.

4.7.3. Lemma. A vector x in § is cyclic for a self-adjoint subalgebra U of B($)
iff x is separating for W'

Proor. If x is cyclic for Wand T € A/, then Tx = 0 implies T(H) = T(Ax)~ <
(ATx)~ = {0}, whence T = 0. Conversely, if x is separating for 2, let P denote
the cyclic projection on (Ax)~. Then Pe A',s0 I — Pe W.But (I — P)x =0,
whence P = I. |

4.7.4. Lemma. For every self-adjoint subalgebra U of B($) there is a family
{P;|j € J} of pairwise orthogonal projections in W', cyclic relative to A, such
that ) P, = I. If § is separable, J is countable.

Proor. Choose by Zorn’s lemma (1.1.3) a maximal family {e;lj € J} of unit
vectors in §, such that (Se;| Te;) = O for all S, T in  if i # j. Let P; denote the
cyclic projection on (Ue;)~, and note that P,P, = Qifi # j. Put P = ZP(strong
convergence), so that P(9) is the orthogonal sum (3.1.5) of the subspaces P, (D).
If P # I, there is by 3.1.8 a unit vector e, orthogonal to We; for every j
in J. But then e, L We;, because A is self-adjoint, which contradlcts the
maximality of the family {ejl jeJ}. Consequently, P = I. O

4.7.5. Lemma. On a separable Hilbert space $, every commutative, self-adjoint
subalgebra U of B($) has a separating vector.

ProOF. Choose by 4.7.4 a sequence (P,) of pairwise orthogonal cyclic projec-
tions in A’ with sum I, and let (e,) be the corresponding sequence of unit

vectors such that (e,)™ = P,(9) for every n. Take e = Y 27", . If Te A and
Te = 0, then

TP,($) = (Te,)~ = (UTP,e)"
= (AP, To)" = {0},
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whence TP, = 0 for every n. Since ) P, = I, this implies that T = 0, so that e
is separating for 2I. O

4.7.6. Proposition. Let | be a Radon integral on a locally compact, a-compact

Hausdorff space X, and define for each f in #*(X) the multiplication operator
M, in B(L*(X)) by

Mg =14, ge L¥X).
Then the map f— M, gives an isometric *-isomorphism of L*(X) onto a

maximal commutative subalgebra of B(L*(X)), which contains {M|f € C,(X)}
as a strongly dense subalgebra.

Proor. It is clear that f — M, is a well-defined norm decreasing *-homorphism
of L*(X) into B(L?(X)). To see that it is an isometry, take for each ¢ >0 a

compact subset C of the set {x € X|If®) = | fllo — &} with [[C] > 0. Then
with g = f|f|"Y[C] and h = [C] we have

(M,glh) = jlfi[C] 2 (Ifflo — &) llglizlihll2,

whence [ M| > |f |l —

Let A, = {M,|f e C.(X)} and consider an operator T in .. If g,, hy, g5,
h, are elements in C,(X) such that h,g, = h,g,, choose by 1.7.5 a function e
in C,(X),, that is 1 on the support of all the four functions. Then compute

(Tgylhy) = (Tgy|h,e) = (Tg1|Mh,e) = (M;T, Tg,le)
= (TM}.g1le) = (Thyg,le) = (Thygsle) = -+ = (Tg,|hy).

This shows that the map hg — (Tg|h) is a well-defined function on C,(X).
Choosing for each g in C,(X) a function e in C,(X),, that is 1 on the support
of g, we can therefore define

@(g) = (Tgle), ge CAX).
Then ¢ is a (linear) functional. Indeed, given g, and g, we may assume that

eg, = g, and eg, = g, whence ¢(g,) + ¢(g,) = (T(g: + g2)le) = ¢(g1 + g2).
Finally, from the decomposition g = glg|~"?|g|"* we see that

lo(g)l = |(Tglgl™?1g1"?)|
< IT iglgl™ Il lllgi*1,

=Tl Mgl"13 = 1Tl lgl:.

Thus, by 6.4.11 and 2.1.11 ¢ extends by continuity to a functional on L(X),
bounded by || T||. By 6.5.11 there is therefore a function f in #*(X) such that
o(g) = [ fgforeverygin & 1(X). In particular, if g, h belong to C(X), then

(M,g|h) = Jfgﬁ = ¢(gh) = (Tglh),

whence T = M, as C(X) is dense in L3(X).
If A ={M,ife #*(X)}, then the argument above showed that A, = A.
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Since U, < A, we also have A = A’ = A, which shows that A = A’. Thus A
is maximal commutative; cf. 4.7.1. Moreover, %A, = A, which by 4.6.8 means
that 9, + CI is strongly dense in . However, 2, contains I in its strong
closure (use an approximate unit from C,(X)), so we conclude that . is
strongly dense in 2. O

4.7.7. Theorem. For a self-adjoint algebra % of operators on a separable Hilbert
space 9, the following conditions are equivalent:

(i) A is maximal commutative.
(ii) A is a commutative von Neumann algebra with a cyclic vector.
(iii) Thereis a Radon integral j on a compact, second countable Hausdorff space
X, and an isometry U of L*(X) on , such that the map f - UM, U* is an
isometric *-isomorphism of L*(X) onto .

PROOF. (i) = (ii). By 4.7.5 there is a separating vector e for 2. Since A = A’
(cf. 4.7.1), it follows from 4.7.3 that e is cyclic for .

(ii) = (iii). Since B*($) is separable, it follows from 4.6.17 that U, is separa-
ble, whence U is o-weakly separable (because the unit ball is metrizable, cf.
E 2.5.3). But then  is also strongly separable by 4.6.5. We can therefore find a
separable C*-subalgebra 2, (generated by some strongly dense sequence in
), which is strongly dense in . Assuming, as we may, that I € A, we see
from 4.3.13 that 2, is isometrically *-isomorphic to C(X) for some compact
Hausdorff space X. Since C(X) is separable, X is second countable [being a
closed subset of the unit ball of C(X)*, which is w*-compact and metrizable,
hence second countable].

If f— T; denotes the isomorphism of C(X) onto 2,, we define a Radon
integral { on X by [ f = (T ele), where e is the cyclic vector for U. The map
Uy: C(X) — 9 given by U, f = Tje satisfies the equation

1Uof 112 = (Tispele) = Jlflz =113

It therefore extends by continuity (2.1.11) to an isometry U: L?(X) — $, which
is surjective since e is cyclic and U, is strongly dense in . For f and g in C(X)
we have

UM;g=Ufg = Tyje = T, Tje = T, Ug.

Since C(X) is dense in L2(X), it follows that UM U* = T;. The map
S — USU* from B(L?*(X)) onto B($) is evidently a strong homeomorphism,
and since {M,|f € C(X)} is strongly dense in {M,|f e L*(X)} by 4.7.6, and
A, is strongly dense in A by choice, it follows that f - UM [ U* takes L*(X)
isometrically onto 2.

(iil) = (i). Since S —» USU* is an isomorphism of B(L?(X)) onto B($), it
maps maximal commutative subalgebras (e.g. L®(X), cf. 4.7.6] to maximal
commutative subalgebras. O

4.7.8. Proposition. If two maximal commutative von Neumann algebras A, and

A, in B(D) are *-isomorphic and $ is separable, then U, U* = A, for some
unitary U in B($).
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PrOOF. By 4.7.7 we have Radon integrals {, and [, on compact Hausdorff
spaces X, and X, and isometries U;: L(X;) — 9, j = 1, 2, that implement the
isomorphisms between L*(X;) and U;, j = 1, 2. Therefore, if ®: A, — A, is a
*-isomorphism, we obtain a x-isomorphism ¥: L*(X,) —» L*(X,) by

(D(U1Mfok) = UZM‘Y(f) UF, felL®X,).

The map f — ]2 W(f), f € L*(X,),is evidently a Radon integral on X,, which
(by definition, cf. 6.5.3) is equivalent with [,. By Radon—Nikodym’s theorem
(6.5.4) there is therefore a locally integrable (=integrable here) Borel function
m > 0 (actually m > 0 almost everywhere) such that

L Y(f)= j fm, fe LX)

Since me £'(X,), m'? f e #*(X,) for every f in £*(X,), so we can define
an operator W, from m'? ¥*(X,) c £*X,) into £*(X,) = £*X,) by
Wo(m'2 f) = ¥(f). We have

IWo(m'2 )13 = 1PN =J P(S1%)
2

= f |f1Pm = lm"2 f3;
1

and since m'2 #*(X,) is dense in £2(X,) and ¥*(X,) is dense in £?(X,) it
follows that W, extends by continuity to an isometry W of L?(X,) onto L%(X,).
It is elementary to check that WM, W* = My, for every f in £*(X,), and
setting U = U, WU} we obtain an isometry of § onto itself, i.c. a unitary
operator, such that U, U* = A,. Indeed, for each T in A, [of the form
U, M, U} for some f in £*(X,)] we have

UTU* = U, WUFU, M,UF(U, WU$)* = U WM, W*U}
= U, My, U¥ = ®(U, M, U}) = &(T). O

4.79. A normal operator T on a separable Hilbert space $ is multiplicity-free
if there exists a cyclic vector for the C*-algebra C*(T), i.e. if the subspace
{f(T)x|f e C(sp(T))} is dense in $ for some vector x. Since the smallest von
Neumann algebra, W*(T), containing T and I, is the strong closure of C*(T),
it follows from 4.7.7 that T is multiplicity-free iff W*(T) is maximal commuta-
tive in B(9).

As a justification for the name, note that any (possible) eigenvalue 4
for T must have multiplicity one. Indeed, if Tx = Ax and Ty = Ay, with
x|l = llyll = 1and x L y, then the unitary operator U on $, for which Ux = y,
Uy=—xand U=1on(Cx + Cy)t, will belong to W*(T) (becuase UT =
TU), but not to W*(T) [because (S(x — y)|x + y) = 0 for every S in W*(T),
whereas (U(x — y){x + y) = 2].

Replacing U, with C*(T) in the proof of 4.7.7 we obtain the following
spatial version of the spectral theorem.
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4.7.10. Corollary. If T is a normal, multiplicity-free operator on a separable
Hilbert space 9, there is a Radon integral on sp(T) and an isometry U of
L2(sp(T)) onto 9, such that if we define

f(T) = UM, U*, fe£p(T)),

then the map f — f(T) induces an isometric x-isomorphism of L*(sp(T)) onto
W*(T) that extends the isomorphism of C(sp(T)) on C*(T).

4.7.11. Proposition. If S and T are normal, multiplicity-free operators on a
separable Hilbert space 9, the following conditions are equivalent:

(i) S and T are unitarily equivalent.

(i) sp(S) = sp(T), and there are cyclic vectors x and y for C*(S) and
C*(T), respectively, such that the two Radon integrals on sp(S) given by
= (f(S)x|x) and f — (f(T)yly) for fin C(sp(S)), are equivalent.

(iii) There is an isometric x-isomorphism @ of W*(S) on W*(T) such that
oS)=T.

PROOF. (i) = (ii) is evident, because if USU* = T and x is cyclic for C*(S), then
y = Ux will be cyclic for C*(T) and the two Radon integrals will coincide.

(ii) = (iii). Since equivalent Radon integrals have identical L*-spaces by
6.5.3, the desired isomorphism @ is obtained by composing the isomorphism
of W*(S) onto L®(sp(S)) [ = L=(sp(T)] with that of L*(sp(T)) onto W*(T), cf.
4.7.10.

(iii) = (i). By 4.7.8 there is a unitary U such that ® = U- U*. In particular,
USU*=0(S)=T. U

4.7.12. We say that a maximal commutative algebra U in B($) is atomic, if it
is isomorphic to L®(X) for some atomic integral; cf. 6.4.4. In the separable
case this evidently means that U is isomorphic to /*. Choosing an ortho-
normal basis {e,|n € N} for $ we see (directly or by using 4.7.7) that the set
A of diagonal operators relative to (e,) is an atomic, maximal commutative
algebra in B(9); and by 4.7.8 there are (up to unitary equivalence) no other.
However, using 4.7.7 it is easy to construct maximal commutative algebras in
B($) that are continuous, in the sense that every nonzero projection P in the
algebra dominates some nonzero projection in the algebra not equal to P.
These are isomorphic to L*-spaces corresponding to continuous integrals.
From the remarks in 6.4.4 it is not hard to show that every maximal commuta-
tive algebra A in B(9H) can be decomposed (uniquely) as A = A, @ A,, where
1, has unit P and is a continuous, maximal commutative algebra in B(P(9)),
whereas 2, has unit I-P and is an atomic, maximal commutative algebra in
B((I — P)9).

From the discussion above it is clear that we may regard a maximal
commutative algebra in B($) as a “generalized basis” for $. Doing that, the
spectral theorem regains its finite-dimensional flavor of “finding a basis that
diagonalizes the operator.” The following result illustrates this point of view.
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4.7.13. Proposition. If {T}|j € J} is a commuting family of normal operators on
a separable Hilbert space $, there is a Radon integral on a compact, second
countable Hausdorff space X, an isometry U of L*(X) on $, and a family
{fjlj € J} in L™(X), such that UM, U* =T, for every j in J.

PRrOOF. Let U, denote the C*-algebra in B($) generated by the operators T.
Then U, is commutative and thus, by Zorn’s lemma (1.1.3), contained in a

maximal commutative *-subalgebra 2 of B($). Now 4.7.7 applies to complete
the proof. O

4.7.14. Remarks. The result above can be beautified in several manners (with-
out altering its substance, of course).

If J is countable, we may take the functions f;, j € J, in C(X) [and not just
£*(X)] by choosing the separable, strongly dense C*-subalgebra 2, from
the proof of 4.7.7 such that A; < A,.

In another direction, we may replace the abstract space X in 4.7.13 by, say,
the unit interval [0, 1]. This is a consequence of the theory of standard Borel
spaces, where the main result states that any two second countable, complete
metric spaces (“Polish spaces”) are Borel isomorphic if they have the same
cardiaality as sets.

None of these embellishments are completely satisfactory when 4.7.13 is
applied to a single operator T, because we loose track of the fundamental
invariant sp(T). If, instead of enlarging C*(T) to a maximal commutative
algebra, we cut up the Hilbert space into subspaces on which T is multiplicity-
free, we arrive at the following version of the spatial spectral theorem.

4.7.15. Theorem. If T is a normal operator on a separable Hilbert space 9, there
is a sequence (P,) of pairwise orthogonal projections commuting with T such that
ZP,, = I, and a sequence (j,,) of normalized Radon integrals on sp(T) such
that for each n we have an isometry U, of L2Z(sp(T)) on P($). Moreover,
with f(T) =Y. U,M,U} we obtain an isometric *-isomorphism f — f(T) of
L>(sp(T)) with respect to the Radon integral [ =3 27", onto W*(T), that
extends the isomorphism of C(sp(T)) onto C*(T).

PROOF. By 4.7.4 there is an orthogonal sequence (P,) of cyclic projections
relative to W*(T) [thus belonging to W*(T)'] with strong sum I. Therefore,
TP, is multiplicity-free on P,($); so if x, denotes a cyclic unit vector for
W*(TP,) on P,($), then 4.7.7 applies to produce the isometry U, of L2(sp(T))
with respect to the normalized Radon integral given by fuf = (f(T)x,]x,),
f € C(sp(T)), onto P,(9H).

The operator Y, U, M, U} (strongly convergent sum) is well-defined in B(9)
for every bounded Borel function f on sp(T). If f € C(sp(T)), then f(T)F, =
f(TP,) = U,M, U} for every n, whence ) UM, U} = Y. A(T)P, = f(T). _We
can therefore define f(T) = ) U,M,U} for every f in %,(sp(T)), to obtain a
norm decreasing *-homomorphism f — f(T) from #,(sp(T)) into B(9), ex-
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tending the isomorphism of C(sp(T)) on C*(T). (We are, in fact, reconstructing
the spectral map from 4.5.4.) Clearly f(T) =0 iff M, =0 on LZ(sp(T)) for
every n, i.e. iff f is a null function for the integral [ = ) 27" ,. Thus f - f(T)
defines an isomorphism of L*(sp(T')) with respect to | into B($). We interrupt
the proof to establish a continuity property of the map.

4.7.16. Proposition. The spectral map f — f(T) in 4.7.15 is a homeomorphism,
when L*(sp(T)) is equipped with the w*-topology as the dual space of L (sp(T))
and B(9) is given the o-weak topology. In particular, the map is a w*-weak
homeomorphism of every bounded subset of L*(sp(T)) onto its image in B($).

PROOF. If ¢ is a positive, o-weakly continuous functional on B($), there is by
4.6.12 an orthogonal sequence (x,,) in $ such that ¢(S) = Y (SXlx,,) for every
Sin B($). With g,,, = U}P,x,,in LZ(sp(T)) (notations as in the proof of 4.7.15)
we have, for each bounded Borel function f,

(P(f(T)) = Z (f(T)xmlxm) = Z (UanUn*mexm)

=3 | flgml*

n,m n

Since |, < 2" { there is by Radon—-Nikodym’s theorem (6.5.4) a Borel function
my, > 0onsp(T)such that |, = [-m,. Putg = ¥ |g,.|*m,,so thatgisa positive,
extended-valued Borel function. Then for f > 0 we get

@(f(T)) = Zf F19ml* =3, Jflg..mlzmn

= JZ F19uml*m, = ffg-

In particular, with f = 1 we see that g€ L(sp(T)) with ||g||, = o). Thus
@(f(T)) = | fg for every f in £L*(sp(T)).

Conversely, if g € £*(sp(T)) and g = 0, we may for each n consider the
function 27"g as an element in %, (sp(T)). Indeed,

f 27"g = JZ‘"gmn < Jg,

because m, < 2", as |, < 2" |- Thus, y, = U,((27"g)"?) e P,(9), and for each
f = 0in #=(sp(T)) we compute

=2 Lfg=Jfg-

Since both B!($) and L' (sp(T)) are spanned by their positive elements, it
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follows from the first part of the proof that the spectral map is w*-g-weak
continuous from L*(sp(T)) into B($), and from the second part that it is a
homeomorphism of L®(sp(T')) onto its image.

As the weak and the o-weak topology coincide on bounded subsets of B($)
by 4.6.14, the last statement in the proposition is obvious. O

ProoFr. (0of 4.7.15, completion). We know from 6.5.12 that C(sp(T)) is w*-dense
in L*(sp(T)) and from 4.6.14 that C*(T) is o-weakly dense in W*(T). Since the
spectral map f — f(T) is a w*-g-weak homeomorphism by 4.7.16, and takes
C(sp(T)) onto C*(T), it follows that the image of L*(sp(T)) is W*(T). O

EXERCISES

E4.7.1. Show that if 2 is a self-adjoint, unital, commutative subalgebra of
B($) having a cyclic vector, then each element in A’ is normal.
Conclude that U’ is commutative and that A" (=A’) is maximal
commutative.

Hints: If x is a cyclic vector for W and S € W, choose (7,,) in W such
that T, x — Sx. Note that | T*x|| = || T,,x|| (3.2.7), and show that

(T x| Tx) = (T*x| T,x) = (T*x|Sx) = (S*x| Tx)

for every T in ¥, so that T,*x — S*x, weakly. Compute that, in fact,
T*x — S*x in norm. Show for each T in U that

ISTx|| = | TSx|| = lim| TT,x|| = lim|| T, Tx|
= lim|| T*Tx|| = Lim|| TTx]|
= [|TS*x|| = [|S*Tx[,

so that S and S* are metrically identical. Finally, use the fact that if
A and B are self-adjoint elements in ', then 4 + iB is normal iff
AB = BA.

E4.7.2. Show that every commutative von Neumann algebra 2 on a separ-
able Hilbert space $ is isometrically *-isomorphic to L*(X) for some
Radon integral on a compact, seccond countable Hausdorff space X.

Hints: Choose by 4.7.5 a separating vector x for 2, and let P denote
the projection (in ') on (Ax)~. Show that the map T — TP is
injective (since x = Px) so that AP is isometrically *-isomorphic to
A (cf. E4.3.9). If A" denotes the unit ball of 2, then AL P is therefore
the unit ball of 2AP. The map T — TP being o-weakly continuous, it
follows that the unit ball of AP is o-weakly compact, whence WP is
o-weakly closed (cf. 2.5.10 and 4.6.10). Now use the fact that AP is a
commutative von Neumann algebra on P($) (cf. 4.6.15) with a cyclic
vector.

E4.7.3. Take A = {M;|f € L*(X)} = B(L2(X)) as in 4.7.6. Show that the
weak and the o-weak topology coincide on .
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E4.74.

E4.7.5.

Let $ be a separable Hilbert space with orthonormal basis (e,), and
let [ be a Radon integral on a locally compact, g-compact Hausdorff
space X. Denote by #2%(X, $) the space of functions f: X — §, such
that each function t — (f(t)|e,) belongs to #2(X), and such that

1£13 =2 I/C)lenll < co.

Denote by 4" the subspace of functions f with || f||, =0 and
show that L2(X, 9) = L?(X, 9)/4 is a Hilbert space with the inner
product

(flg) = f(f(t)lg(t))=Zf(f(t)|en)(g(t)len)-

Show that L?(X, $) = L*(X) ® © as defined in E 3.2.18.

Given $, X, and j as in E4.7.4, let (X, B(9)) denote the space of
bounded functions T: X — B(9) such that ¢ — (T(t)x|y) belongs to
£*(X) for all x, y in $. Show that (X, B(9)) is an algebra with
involution under the obvious pointwise operations:

S+ T)@)=S@ + T@), ST(t) = S() T(2), T*(t) = T(t)*.

Show thatif T € £=(X, B($)), thent — | T(t)|| belongs to #*(X), and
define || T'|| to be the co-norm of that function. Denote by .4 the set
of elements T with || T|| = 0, and set L*(X, B($)) = £*(X, B($))/.4".
Show that L*(X, B($)) is a C*-algebra.

Take L*(X, $) as in E4.7.4 and define

T =TMf@), TeL*(X,B($)),feL*X,9)

Show that this gives an isometric *-isomorphism of L*(X, B(9))asa
subalgebra of B(L*(X,$)). Identify L®(X) with the algebra A of
(equivalence classes of) functions in #*(X,B($)) whose range is
some point in CI. Show that 2 is a commutative von Neumann
algebra [with uniform multiplicity = dim($)] and that

A’ = L=(X, B(9)).



CHAPTER 5

Unbounded Operators

Many problems in analysis lead irrevocably to unbounded operators. It
suffices to mention the differential process, for early encounters, and, as a
branch of functional analysis, the theory of partial differential equations (the
final showdown). This chapter does not, by a long shot, cover the theory of
unbounded operators (and a good excuse would be that there is no theory,
only myriads of examples). A small area of this vast territory—dealing with
a single unbounded, self-adjoint (or, maybe, normal) operator in a Hilbert
space—can, however, be cultivated by the spectral theory of bounded opera-
tors; and this we propose to do in some detail.

The first major problem with unbounded operators is that two such may
be equal on a dense subspace, and yet be quite different. There is no “extension
by continuity.” The second problem is the breakdown of the algebraic rules
for sums and products of operators. Two perfectly nice (e.g. self-adjoint)
unbounded operators may fail—spectacularly—to have a sum, because the
intersection of their domains of definition may be zero. In the first section we
develop the notions necessary to handle these two problems. In the second,
we consider symmetric operators, and the obstructions to extend one such to
a self-adjoint operator. Finally, concentrating on a self-adjoint operator S we
use the Cayley transform to construct, via the bounded case, a spectral
function calculus f — f(S) for arbitrary Borel functions and to describe the
spectral family {f(S)} as the algebra of normal operators affiliated with a
certain commutative von Neumann algebra W*(S). As applications of the
theory we prove Stone’s theorem and extend the polar decomposition to
arbitrary (closed and densely defined) operators.
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5.1. Domains, Extensions, and Graphs

Synopsis. Densely defined operators. The adjoint operator. Symmetric and
self-adjoint operators. The operator T*T. Semibounded operators. The
Friedrichs extension. Examples.

5.1.1. By an operator in a Hilbert space $ we mean an operator T: D(T) — 9,
where D(T)—the domain of T—is a (linear) subspace of §. We shall be almost
exclusively concerned with the case where T is densely defined, i.e. where
D(T)” = H.If Sand T are operators in $ such that D(S) =« D(T)and Sx = Tx
for every x in D(S), we say that T is an extension of S, and write S « T. For
operators S and T'in § the statement S = T is therefore equivalent with S = T
and T < §.

It will be convenient in the sequel to have a symbol for the range of an
(unbounded) operator T in . We set

R(T) = TD(T).

Computations with unbounded operators are considerably more involved
than in the bounded case. If S and T are operators in 9, the symbol S +
T will denote the operator with D(S + T) = D(S) n D(T) and (of course)
(S + T)x = Sx + Tx; whereas ST will denote the operator with D(ST) =
D(T) ~ T1D(S) and STx = S(Tx). If these rules are observed, the associative
laws will hold for sums and products (but not the distributive law).

The notion of inverse actually becomes simpler in the unbounded case:
For every injective operator T in § we define T~* to be the operator with
D(T~) = R(T) and R(T™') = D(T), such that T™!(Tx) = x. Thus T7'T =
Iy and TT™! = Ig), where Iy denotes the identical operator defined on
the subspace D of 9. It follows that if both S and T are injective, then
(ST)™! = T71S™%. Note that the symbol T !, applied in the set-theoretic sense,
agrees with its new meaning as an operator (when T is injective).

5.1.2. For a densely defined operator T in $ we form the adjoint operator T*
in § by letting D(T*) be the subspace of vectors x in § for which the functional
y — (Ty|x) on D(T) is bounded (= continuous). Since D(T) is dense in H, the
functional extends by continuity (2.1.11) to $, and thus by 3.1.9 there is a
unique vector T*x in  such that

(yIT*x) = (Tylx), ye D(T),x e D(T*). (*)
It is clear that T* is an operator in $, but it need not (in general) be densely
defined.

Note that if S = T, then T* — S*. Note further that from the definitions of
sum and product it follows that

S¥4+ T*c(S+ T)* and T*S* = (ST)*,
provided that S, T, S + T, and ST are all densely defined. Finally, we see from
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(#) that for every densely defined operator T in  we have
ker T* = ‘.R(T)L, (%)

exactly as for bounded operators (3.2.5). Applied to the gperatoF T — Al,
where 4 € C, this gives information about the multiplicity of A as an eigenvalue
for T*, viz.

{x € D(T*)| T*x = Ax} = R(T — AD*". )

5.1.3. We say that a densely defined operator S in § is symmetric if
(Sx[y) = (x|Sy), x,ye D).

It follows from 5.1.2 that this happens iff S = S*. Since we are (tacitly) dealing
with complex Hilbert spaces, the equation (+) in 3.1.1 applied to the form (S-|-)
on D(S) shows that § is symmetric iff (Sx|x) € R for every x in D(S).
Given a symmetric operator S and A = a + if in C we have for each x in
D(S) that
IS — ADx[|* = [I(S — ad)x||* + B [1xII%,

because S — ol is symmetric. It follows that S — Al is injective whenever
Im A (= B)is nonzero, and that (S — AI)™* [defined on R(S — AI)] is bounded
by (B

A symmetric operator S, such that § = Timplies S = T for every symmetric
operator T in 9, is called maximal symmetric. Furthermore, we say that S is
self-adjoint if S = S*. Note that every self-adjoint operator S is maximal
symmetric (but not vice versa). Indeed, S = T gives T* < S*; and if § = S§*
and T <« T* thismeans that T < S,1e. T = S.

5.1.4. The most important notion in the theory of unbounded operators is that
of a closed operator, meaning an operator T in § for which the graph

6(T) = {(x, Tx)|x € D(T)}

is a closed subspace of 9@ H. A closed operator, while not necessarily
continuous, at least has some decent limit behavior: If (x,) is a sequence in
D(T) converging to some x and if (Tx,) converges to some y, then x € D(T)
and Tx = y.

It follows from the closed graph theorem (2.2.7) that an everywhere defined,
closed operator is bounded. Furthermore, we see from 2.3.11 that an operator
T with D(T) = D(T*) = H is bounded (because it has closed graph). In
particular, an everywhere defined symmetric operator is bounded (and self-
adjoint).

An operator T in $) is closable (or preclosed) if the (norm) closure of ®(T)
in § ® $ is the graph of an operator T. In that case T is a closed operator
and is the minimal closed operator that extends T. It is easy to verify that T

is closable iff for each sequence (x,) in D(T) converging to zero, the only
accumulation point of (Tx,) is zero.
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In the converse direction, if T is a closed operator in $ and D, is a subspace
of D(T) such that T is the closure of T, = T|D,, we say that D, is a core for
T. Evidently every dense subspace of ®(T) defines (by projection on the first
coordinate) a core for T. The importance of this concept is obvious when more
than one unbounded operator is involved. One may then hope to find a
common core for the operators, and avoid the cumbersome bookkeeping of
domains of linear combinations of operators prescribed in 5.1.1.

5.1.5. Theorem. If T is a densely defined operator in 9, then T* is a closed
operator and we have an orthogonal decomposition

HDH=6(T" @UG(T*), (%)

where U is the unitary operator on $ @ 9 given by U(z,y) = (— ¥, z). Further-
more, T is closable iff T* is densely defined, and in that case T = T**, i.e.
®(T)" = B(T**).

ProOF. Consider a vector (z, y) in G(T)*. Thus
0 = ((z, Y)(x, Tx)) = (z]x) + (y| Tx), x € D(T).

But this is equivalent to the demand that y € D(T*) with T*y = —z. Con-
sequently, ®(T)* = UG(T*). Since U is unitary, it follows that T* is
closed and that we have the decomposition (), because &(T)~ = &(T)*+
by 3.1.8.

Now take x in D(T*)*. Since U(®*) = (UG)™ for any unitary U and every
subspace ® we get

(0,%) = U(x,0) € UG(T*)")
= (UG(T*))* = 6(T)".

If T is closable, this means that x = T(0) = 0, so that T* is densely deﬁnefl.
If T* is densely defined, we may consider the closed operator T**. Applying
(), and noting that U* = — U, we find the relations

G(T**) = UX(UG(T**)) = UX(G(T*)")
= (U*G(T*))* = (US(T*))* = 6(T)7,
from which we deduce that T is closable with T = T**. |
5.1.6. Every symmetric operator S is closable, because S is densely defined and

S — S*, whence S « S = S*. We say that S is essentially self-adjoint if S is
self-adjoint, i.e. if S = S*.

5.1.7. Proposition. If T is a densely defined, closed operator in 9, and T_ils
injective with dense range, then the same properties hold for T* and for T™,
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and
(T*) ' =(T™H*

PROOF. Let W be the unitary operator on $ @ $ given by W(x,y) = (y,x), and
note that

W(G(T)) = 6(T ™).

Consequently, T~ is closed (and evidently it is densely defined with dense
range). From 5.1.5 we know that T* is closed and densely defined, and from
(%) in 5.1.2 it follows that ker T* = {0}, i.e. T* is injective. At the same time
we get

R(T*)* = ker T** = ker T = {0},

so that T* has dense range.
With U as in 5.1.5 we have

UWG(T*)™!) = UG(T*) = 6(T)*
= (WG(T )t = W(G(T ™)) = WUG((T™)*).
Since UW = — WU, this shows that (T*)™! = (T7!)*. O

5.1.8. Corollary. If T is a self-adjoint operator in B($) and T is injective
(equivalently, T has dense range), then T is a self-adjoint operator in 9.

5.1.9. Theorem. For a densely defined, closed operator T in $ we have the
following statements:

(i) T*T is self-adjoint and D(T*T) is a core for T.
(i) T*T + Iis bijective from D(T*T)onto H, so that (T*T + I)™! € B(DH) with
0<(T*T+ D '<L

(iii) The closure of (TT* + I)™*Tis T(T*T + I)™%, which belongs to B($) with
IT(T*T + 7' < 1.

(iv) The net (¢*T*T + I)™'),. o converges strongly to I as £ — 0.

PrOOF. By 5.1.5 the vector (x,0) in $ @ $ has an orthogonal decomposition
along the closed subspaces ®&(7T) and UG(T*). This means that there are
unique vectors Sx in D(T) and Rx in D(T*), such that

(x,0) = (Sx, TSx) ® (T*Rx, — Rx) = (Sx + T*Rx, TSx — Rx).
Note that
x> = (ISx)|1* + | TSx[|1*) + (I T*Rx|* + || Rx|?),

so that |Sx|| < ||x| and ||[Rx]| < ||x|. The first equation shows that TSx =
Rx € D(T*) and that x = Sx + T*TSx. Since clearly the assignments x — Sx
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and x — Rx are linear, we have constructed operators S and R in B($)
(with norms < 1), such that (I + T*T)S =1 and R = TS. For each x in §
we have

(S*x|x) = (S*(T*T + I)Sx|x) = [Rx|? + ||Sx|? > O,

whence S = $* and S > 0. Since S is injective, it follows from 5.1.8 that $7!
is self-adjoint. In particular, $™! is maximal symmetric (5.1.3), and since
S7! < T*T + I, which is symmetric, it follows that S = T*T 4 I. Con-
sequently, T*T is self-adjoint, and (T*T + I)™' = (§7')~! = S. Moreover,
R=T(T*T + ..

Using the arguments above on T* we obtain the operators TT* + I and
(TT* + I)"',andsince T(T*T + I) = (TT* + I)T with domain D(TT*T) we
compute

(TT*+ D'T=(TT* + D™ T(T*T + I(T*T + !

=(TT* + )™ Y(TT* + DT(T*T + I)!
c T(T*T+ D)™ =R

Fore > 0let S, = (*T*T + )7}, and note that R(S,) = D(T*T). To show
that S, — I, strongly, note from the preceding that

I—8,=e®T*T@ET*T + )™
S e2T*E2TT* + D7'T o 2(e2T*T + )1 T*T.
This implies for every x in D(T*T) that
x — S,x|| = e2||(e2T*T + I) ! T*Tx| < &2|T*Tx|| - 0.

Since the net (S,),» o is bounded [actually it is monotone increasing in the unit
ball of B($). ] and converges to I on a dense subset of &, it converges to I
everywhere, as claimed.

To prove, finally, that D(T*T) is a core for 7, take x in D(T). Then
S,x € D(T*T) and S,x — x. Moreover, with §, = (e>TT* + I)™*, we have

TS,x = §,Tx > Tx,

because S, — I, strongly. Thus &(T|D(T*T)) is dense in &(T), and the proof
is complete. |

5.1.10. Proposition. For a densely defined, closed operator T in $ the following
conditions are equivalent:

(i) D(T) = D(T*), and | Tx|| = || T*x|| for every x in D(T).

@) T*T =TT*

(iii) There are self-adjoint operators A and B in $ such that T= A + 1B,
T* = A — iB, and || Tx|? = | Ax||?> + || Bx|? for every x in D(T). In this
case, A and B are the closures of the operators (T + T*) and 3i(T* — T),
respectively.
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PROOF. (i) = (ii). If x € D(T*T) and y € D(T), then by 3.1.2,

3
4T*Tx|y) = 4(Tx|Ty) = Y. *IT(x + i*y)II?

k=0
3
= Y FIT*(x + )12 = 4T*x| T*y).
k=0

This shows that T*x e D(T**) [=D(T)] and that TT*x = T*Tx. Thus
T*T < TT*, and by symmetry T*T = TT*.

(ii) = (i). Put S, = (e2T*T + I)™* = (¢*TT* + I)™! as in the proof of 5.1.9.
The assumption (ii) implies that || Ty| = || T*y|| for every y in D(T*T). Now
if x € D(T), then S,x — x; and as in the proof of 5.1.9,

TS,x = T(*T*T + ) 'x = (2TT* + ) ' Tx = §,Tx — Tx.
It follows that (T*S,x), - o is a Cauchy net, hence convergent to a vector y with
Iyl = || Tx||. But T* is a closed operator, whence x € D(T*) with T*x = y.
Consequently, D(T) < D(T*) and || T*x| = || Tx|| for every x in D(T). By
symmetry we see that D(T) = D(T*).

(i) = (iii). Take S, as above and put A, = $(T + T*). Then A4, is symmetric,
i.e. Ay = A%. Now note that if x € D(A4¥), then for each y in D(T) we have

(S, A5x1y) = (x| 408,y) = 3(x| TS,y) + 3(x|T*S,y)
= 3(x[S(T + T*)y) = (S,x| 4o)) = (405, x]y)

Thus, S,A§x = A,S,x. As S,x - x and S,A¥x — A¥x, it follows that A¥ is the
closure of 4,, i.e. A, is essentially self-adjoint, cf. 5.1.6. We may therefore take
A = A§. Similarly, B is taken as the closure (=adjoint) of the essentially
self-adjoint operator i(T* — T), so that B = B*. We have D(T) < D(4) and
D(T) = D(B)so that A + iB|D(T) = T. However, if x € D(4) » D(B), then as
above

(A + iB)x = lim S,(A + iB)x
= lim(A + iB)S,x = lim TS,x.

Since T is closed, x € D(T) with Tx = (4 + iB)x. Similarly, we show that
A—iB=T*
Since (T + T*) < 4, it follows that D(T*T) < D(A42). Similarly, D(T*T) <

D(B?), and for every x in D(T*T) we have by straightforward (and legitimate)
calculations that

(A2 + BY)x = YT + T*)?x — 4(T* — T)2x = T*Tx.
Thus T*T < A* + B2 Incidentally, this implies that
T*T = A% + B?, (%)

because A% + B? is symmetric and T*T, being self-adjoint, is maximal sym-
metric. With S, as above we kave for each x in D(T) that
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| Tx||* = lim ||S, Tx||* = lim || TS,x||?
= lim(T*TS,x|S,x) = lim((42 + B?)S,x|S,x)
= lim(|AS,x||* + || BS,x||*> = lim(||S,4x|®> + ||S,Bx|?)
= [[Ax|* + || Bx|>.
(i) = (). Since T = A + iBand T* = 4 — iB, we have
D(T) = D(A) n D(B) = D(T*).
Moreover, for each x in D(T) we set y = Ax and z = Bx and compute
ITx|? = lly +iz* = |y + llzI* + 2 Im(y|2).

Thus, by assumption Im(y|z) = 0, whence

ITx|I? — | T*x||* = 4Im(y|2) = O. O

5.1.11. An operator satisfying the conditions in 5.1.10 is called normal. Since
self-adjoint operators in the unbounded case are a good deal easier to work
with than normal ones, it would have been preferable to define an operator
to be normal if it had the form T = A + iB, with 4 and B a commuting pair
of self-adjoint operators; cf. 5.1.10(iii). This is also the case, but the concept of
commuting (unbounded) operators is very delicate. As a warning we mention
Nelson’s example of two self-adjoint operators 4 and B for which there is a
dense subspace D in § that is an invariant core for both A and B, and such
that ABx = BAx for every x in D. Nevertheless, some of the bounded spectral
functions of 4 and B, e.g. expiA and expiB, do not commute.

5.1.12. A densely defined, symmetric operator S in § is semibounded (or, more
precisely, bounded from below) if we have

(Sx|x) = af|x|?,  x & D(S),

for some « in R. We express this in symbols as S > «l. In particular, we say
that S is positive if S > 0. Thus T*T > 0 for every densely defined, closed
operator T in § by 5.1.9. Note that a densely defined, symmetric operator S
is bounded [i.e. Se B($)] iff both S and — S are semibounded.

In search for self-adjoint extensions of a semibounded operator S, let us
first examine the closure S, i.e. let us look for essential self-adjointness; cf. 5.1.6.
If S > I, then for each x in D(S) we have

Ixl1* < (Sx]x) < ISx[} | x]I.

Therefore, if R(S)™ = H, we see that S™' is a densely defined, symmetric
operator with |S7*x|| < ||x| for every x in DS [=R(S)]. Consequently,
the closure T of St belongs to B($),, and satisfies 0 < T < I. Since R(T)” =
$, it follows from 5.1.8 that T " is self-adjoint in $. Moreover, T~ > I Since
T is the closure of S71, T~! is the closure of S, because WG (R) = ®(R1) for
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every injective operator R in $, where W(x,y) = (y,x). Thus in this case S is
a self-adjoint extension of S.

Now assume that § > af for some ain R and that R(S — pI)~ = 9 for some
B < a. [By (*##) in 5.1.2 this means that S* does not have every 4 < « as an
eigenvalue.] Replacing S by (o — B)™(S — BI) we are back in the assumptions
above. Thus, also in this case we see that § is a self-adjoint extension of S.

A somewhat more sophisticated approach shows that every semibounded
operator has a self-adjoint extension—the Friedrichs extension. It may, in
general, have several; but if S is self-adjoint, as above, then clearly it is the
only one.

5.1.13. Theorem. Each semibounded operator S in § has a self-adjoint extension
with the same lower bound as S.

ProoF. Assume first that S > I. Then the sesquilinear form
(X|Y)s = (SXI,V), X,y € D(S)a

is an inner product, and the corresponding norm satisfies || x| s = | x| for every
x in D(S). The identical map of the pre-Hilbert space (D(S), || ||s) into & is
therefore norm decreasing, and extends by continuity (2.1.11) to an operator
J: s — 9 on the completion g, with |J|| < 1. We claim that

(xly)s = (Sx1Jy), x e D(S), y € Hs. (*)

Indeed, if (y,) is a sequence in D(S) converging to y in Hyg, then Jy, —» Jy,
whence

(Sx|Jy) = lim(Sx|Jy,) = lim(x|y,)s = (x| y)s.
Now consider a vector y in § such that Jy e D(S*). Choosing a sequence (y,)
in D(S) converging to y in H and using (*) we get

(S*JylJy) = lim(S*Jy|Jy,) = lim(Jy|Sy,)

= lim(yly,)s = IlyI3 = [Tyl
Applying (*#) to a vector in ker J we see that J is injective, so that $s may be
regarded as a subspace of $. Furthermore, () shows that the operator

T = §%|J($5) ~ D(S*) (wx%)

is symmetric and semibounded in $ with T > I. In fact we have S = T < S*.
Let J*:  — Hg be the adjoint of J; cf. E3.2.15. Then JJ*is a positive operator
in B($) and for each x in $ and y in D(S) we have [again by ()] that

(SylJJ*x) = (y|T*x)s = (Jylx) = (y|x).

This shows that JJ*x € D(S*) and that S*JJ*x = x; or, by (+x), JJ*x € D(T)
and TJJ* = I. Thus T > (JJ*)7'. Since JJ* is self-adjoint, (JJ*)! is self-
adjoint by 5.1.8. In particular, (JJ*)™* is maximal symmetric, and since T is
symmetric, we conclude that T = (JJ*)™!, whence T = T*.
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The general case follows easily from the above. For if S is semibounded
and o is the greatest lower bound for S, then S + (1 — «)I is densely defined
and symmetric, and S + (1 — a)I > I. There is therefore a self-adjoint opera-
tor T, = I that extends S + (1 — a)l, whence T =T, + (¢« — 1)I is a self-
adjoint extension of S with T > al. O

5.1.14. Example. The most accessible example of an unbounded operator
obtains by taking a closed subset X of C (or of R) with positive Lebesgue
measure, and put § = L2(X). We can then define the operator M,; in $ by

My f)(4) = (), feL*X) leX,

with the domain
D(M,,) = {fe .,Ef’z(X)UMf(l)lzdl < oo}.

If X is unbounded, the operator M, is unbounded, but in all other respects
it behaves much like before (see 4.4.3). Thus we easily show that D(M}) =
D(M,,) with

(MENHRD) = H(D), feDMy).

1t follows that M,, is self-adjoint when X < R, and, in general, M, is a closed,
densely defined operator satisfying M;;M}% = M}M,,, so that M,, is normal by
5.1.10 (cf. 5.1.11). The operator M, has no eigenvalues (because the Lebesgue
measure is continuous), but if we choose X such that (X°)~ = X and define
the spectrum as for bounded operators, see 5.2.10, then sp(M;,) = X.

5.1.15. Example. Let j be a Radon integral on a locally compact Hausdorff
space X and define for each Borel (or just measurable) function f on X the
operator M, in L*(X) by

Mg =fg, geDM,)={ge L*(X)lfge L*X)}.

The example is obviously a simultaneous generalization of 4.7.6 and 5.1.14. Tt
is easy to prove that M, is bounded iff f € #*(X) and that M, =0iff fisa
null function. Moreover, D(M}) = D(M,) and M} = My, so that M, is a
densely defined, closed operator in L?(X) with (the image of) C.(X) as a core;
cf. 5.1.4. The operator M is normal (5.1.11), and if f = f almost everywhere,
M; is self-adjoint. The possible eigenvalues for M, are those Ain C for which
the set f ~1{4} is not a null set in X; cf. 4.5.10. The spectrum of M, (defined in
5.2.10) is the set of complex A’s for which the (extended-valued) function
(f — A)7!is not in £*(X).

5.1.16. Example. To illustrate the problems concerning extensions of un-
bounded operators we shall present three densely defined, closed operators
D,,D,, and D,, where Dy < D, = Dy, Df = D, D¥ = D,,and D§ = D,. Thus,
D, will be symmetric, D, will be self-adjoint, and D, will be an extension of
D, that is not symmetric.
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Let $ = L2([0,1]) with respect to Lebesgue measure. We define the in-
tegral operator (Volterra operator, see E 3.4.5) T on $ by
1

() =i f " ) dy = f k(e )/ () dy,
0

0

where k is the characteristic function for the triangle {(x,y)e R*0 <y <
x < 1} multiplied by i. Since k — k* is i times the characteristic function for
the unit square (almost everywhere), it follows from 3.4.16 that

If = T*=i(fIDL, fe9, (*)

where 1 denotes the constant function 1(x) = 1 on [0, 1]. It follows from the
definition of T that for each f in § the function Tf is continuous and vanishes
at 0. Define the linear subspace

Dy = R(T) + C1 = ([0, 1]),
and note that C!([0,1]) = D,, because
d
T(—i*—u>+u(0)1 =u (*%)
dx
for every u in C*([0,1]). In particular, D, is dense in $. Since C!-functions
vanishing at the endpoints also form a dense set in $, the smaller subspaces
D, = {ueDiu0) =u(l)} = {u=Tf + al|0 = i(f|)};
D; = {ueDy|u(0) = u(1) = 0} = {u = Tf|(f]1) = O};

are still dense in .

If Tf = 0, then with h as the characteristic function for the interval [x, y]
we have

(flh) = j " fs)ds = —i(Tf(y) — Tf(x) = 0.

Thus f is orthogonal to every step function, and since these are dense in 9,

we conclude that f = 0, so that T is injective. Therefore, we can define the
operators D, k = 1, 2, 3, uniquely by

Du=f if u=Tf+al, ued,.

Note that if uis a C*-function in D, we have Du = —i(d/dx)u by (*%), so that
the Dy’s are differential operators in a generalized sense.

For any two vectors u = Tf + a1 and v = Ty + f1 in D, we use (%) to
compute

(Dyulv) — (u|Dyv) = (f1Tg + B1) — (Tf + allg)

(T* = T)f1g) + (f1B1) — (21]g)
—i(f1)(1lg) + (fIB1) — (x1lg)
—i((f = ial[1)(1]g — iB1) — aB).
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Since u(1) = i(f — i«|1) and u(0) = o, it follows that
(Dyulv) — (uIDyv) = —i(uv(1) — uB(0)).
From this identity we read off the inclusions
D, =D%f, D,c D%, D,c D

Now fix k and take u in D(D¥). Then for every g in {1} we have, again
by (x),

(TDulg) = (T*Dfu + i(D¢u|1)1|g)
= (DgulTy) = (u|D, Tg) = (ulg),

using the fact that Ty € D;. Since {1}*++ = C1 we conclude that TDfu —ue
C1, whence

u = TDfu + u(0)1.
If k = 3, we see that D(D¥) = D, with
Dyu = D, (TD¥u + u(0)1) = D¥u.
Thus Df = D,,ie. D¥ = D,. If k = 2, we have
u(1) — u(0) = TDFu(l) = i(D¥u|1) = i(u|D,1) = 0.
Thus u € D, and D,u = D¥u. Hence D¥ = D,. If k = 1, we have
(©|1) — u(0) = (TD}u|l) = (Dtu|T*1)
= (DfulT1 — i1) = (u|D(T1 — i1)) = (u|1).
Therefore u(0) = 0 = u(1) (as D¥ = D¥), so that u € D, with Dyu = D¥u. Con-
sequently, D¥ = D, and the proof is complete.
5.1.17. Example. The Laplace operator A is defined on C*(X), where X is an
open subset of R", by
62
X

|

Af = z . feCe(X).

o3

=

Regarding C?(X) as a dense subspace in L?(X) (with respect to Lebesgue
measure on X), we see that A is a densely defined operator in L2(X). If n = 1,
we use partial integration to compute

2 - f df df
[ e [ L4 (49,
x dx dx” lsx x dx dx x dx dx
as f vanishes near the boundary of X. Since for n > 1 we employ a product
measure, it follows that in general (Af]f) <0, fe C*(X); so that —Ais a
symmetric and positive operator. The Friedrichs extension, 5.1.13, ensures the

existence of a self-adjoint, negative extension of the Laplace operator. The
domain of the extension is an example of a Sobolev space.



5.2. The Cayley Transform 203

When X = R” (so that X has no boundary, and no boundary conditions
can be forced on A), we are in the essentially self-adjoint situation discussed
in 5.1.12. Indeed, R(I — A) is dense in L?*(R"), so that the closure of A is the
self-adjoint extension. The Laplace operator A becomes much easier to under-
stand if we extend its domain to the Schwartz space #(R") of C*-functions f
on R" such that pf™ e £!(R") for every polynomial p (in n variables) and
every multiindex m (cf. E3.1.14). Indeed, the Fourier transform defines a
unitary operator F of L?(R") that takes &(R") onto itself (cf. Plancherel’s
theorem, E 3.1.16), and which transforms the Laplace operator into the multi-
plication operator Mz, i..

(FAF*)(x) = =Y xif(x), feZR").

From this it is easy to describe the domain of A.

5.2. The Cayley Transform

Synopsis. The Cayley transform of a symmetric operator. The inverse trans-
formation. Defect indices. Affiliated operators. Spectrum of unbounded
operators.

5.2.1. From elementary complex function theory we know the M&bius trans-
formations z — («z + )(yz + )™, a6 — By # 0, as a transformation group of
homeomorphisms of the compact space C U {00}. One of them, the Cayley
transformation

K(2) = (z — i)z + D)

distinguishes itself by taking R U {00} homeomorphically onto the circle T.
The inverse transformation is given by x!(z) = i(1 + z)(1 — z)™*. Just as we
before (in 4.3.12 and 4.4.12) used the map z — exp(iz) to transform (bounded)
self-adjoint operators into unitaries, we shall now use the Cayley transforma-
tion. The purpose is to extend the spectral theorems (4.4.1, 4.5.4, 4.7.10, and
4.7.15) to hold also for unbounded, self-adjoint operators.

5.2.2. Let S be a densely defined, symmetric operator in the (complex) Hilbert
space 9. By 5.1.3 we can then form the bounded operator (S + iI)™* on the
subspace (S + iI)D(S) with range D(S). We define the Cayley transformed of
S as the operator

K(S) = (S —iI(S + i)},
and note that

D(k(S)) = (S + iHD(S), R(x(S)) = (S — iDHD(S).

5.2.3. Lemma. The Cayley transformed x(S) is an isometry of (S + i)D(S) onto
(S — i)D(S). Moreover, I — (S) is injective with R — x(S)) = D(S), and

i+ k(S))(I — k(8))™* =S.
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PROOE. If y € D(S), then by 5.1.3
IS +iDyll> = ISylIZ + lIyvl* = (S — iDy||*

Taking x = (S + i)y we therefore have |(x(S))x|| = ||x|, which shows that
k(S) is an isometry. Furthermore, we see that x(S)x = x is equivalent with
(S — i)y = (S + il)y, whence y = 0 and x = 0, so that I — «(S) is injective.
Finally, if we put I, = I|D(T) for each T in $, we have

I = K(S) = Iy — K(5)
= (S +i(S + i)t — (S — il)(S + i)™ = 2i(S + i)™~

In particular,
R — «(S) = (S + i) HS + iDHD(ES) = D(S).

Very similar computations give I + x(S) = 2S8(S + iI)"!, and by composition
this leads to

i+ k(SHU — k(S))™t =21S(S + i)' Q) S + i) = S = S. O

5.2.4. Theorem. The Cayley transform S — k(S) defines an order-preserving
isomornhism (with respect to inclusion of operators in ©) between the class
of densely defined, symmetric operators in , and the class of isometries U in 9
such that I — U has dense range. Under this isomorphism all or none of the

Jollowing four objects (operators and vector spaces) are closed: S, R(S + il),
R(S — iI), and «(S).

PROOE. It is clear that the transform is order preserving [i.e. S; < S, implies
©(S;) = x(S,)]- Moreover, it is injective, because the inverse is given in 5.2.3.

To prove surjectivity, let U be an isometric operator in $ with R(I — U)™ =
$. From the polarization identity [ (+*)in 3.1.2] it follows that (Ux|Uy) = (x|y)
for all x and y in D(U). Therefore, if Ux = x for some x in D(U), then
(x|(I — U)y) = 0for all y in D(U), whence by assumption x = 0. Thus, I — U
is injective, so that we can define an operator S on R(/ — U) by

S(I = Uy) =il + U)y, yeDU).
By computation we get for each y in D(U) that
(S(UI = UIU = U)y) = (i + U)yld — U)y)
=i(Iyl*> = 1UyI? + (Uyly) — (y1Uy))
=2Im(y|Uy) e R.

Thus, S is a densely defined, symmetric operator in $. Since S =
i(I + U){I — U)7, it follows from 5.2.3 that U = x(8), so that k is surjective.

If Sis closed, then S + il is closed. Since ||(S + i)' < 1(5.1.3), thisimplies
that the subspace R(S + il) is closed. For if (S + iy, — x, then y,—y,
whence (y,x) € 6(S + il), i.e. (S + i)y = x. From 5.2.3 we see that the sub-
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spaces R(S + i) and R(S — il) are isometrically isomorphic; in particular,
they are simultaneously closed. Again from 5.2.3 we see that when this hap-
pens, k(S) is closed (and a partial isometry). Assuming, finally, that x(S) is
closed, we consider a sequence (x,) in D(S) such that x,, - x and Sx,, —» y. Then
(S + il)x, - y + ix, so that (y + ix,y — ix) € ®(x(S)). There is therefore a z in
D(S) such that

y+ix = (S + il)z, y—ix=(§ —il)z.

By elimination this gives x = z and y = Sz, i.e. y = Sx. Consequently, S is a
closed operator, and we have shown that the four objects under consideration
are simultaneously closed. O

5.2.5. Proposition. For a densely defined, symmetric operator S in § the fol-
lowing conditions are equivalent:

(i) S is self-adjoint.
(ii) S + il are both surjective operators.
(iii) «(S) is unitary.

PRrOOF. (i) = (ii). Since S = S*, it is closed (5.1.5), so that both R(S + il) are
closed subspaces of § by 5.2.4. Moreover, since +1i are not eigenvalues for S,
it follows from (xxx) in 5.1.2 that these subspaces are also dense in ), and
therefore both equal .

(i) = (i). If x € D(S*), there is a y in D(S) such that (S + i)y = (S* + il)x.
Since S = S*, this implies that

x — y e ker(S* + i) = R(S — il)* = {0}

[cf. (+*) in 5.1.2]. Thus D(S*) = D(S), i.e. S = S*.
(ii) <> (iii) are evident from 5.2.3, since a unitary operator by definition is an
everywhere defined, surjective isometry. 4

5.2.6. For a densely defined, symmetric operator S in a Hilbert space $ the
defect indices A, and A_ are defined (in {0,1,2,...,00} if § is separable,
otherwise in the set of cardinal numbers, cf. E 1.1.6) as

A, =dim(R(ES +iD*),  A_ = dim(R(S — iI)*).

The defect indices are thus seen to be the co-dimensions of the closures of the
domain and the range of k(S). By (x+) in 5.1.2 it follows that A, and A_ also
can be viewed as the multiplicities of the eigenvalues +iand —i for S*.

It follows from 5.2.4 and 5.2.5 that the problem of finding a self-adjoint
extension of § is equivalent to finding a unitary U on $ such that U|R(S + iI) =
k(S); and this (by 3.1.14) can be done exactly when A, = A_. In the (inter-
esting) case where S is closed, so that x(S) may be regarded as an honest
partial isometry in B($), we see from 3.3.12 (or E 3.3.6) that § has a self-adjoint
extension in § iff index k(S) = 0.
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The extension problem does not always admit a solution. If we take U to
be an 1sometry of $ onto a proper subspace, e.g. the unilateral shift (3.2.16),
then by 5.2.4 the operator S = k" *(U) is a closed, symmetric operator, which
is maximal symmetric [because S « T would imply U = k(S) < x(T), whence
U = k(T)and S = T]. However, S is not self-adioint because U is not unitary
(5.2.5), and the defect indices for S are 0 and dim(U($)1).

It is clear from the discussion above that a closed, symmetric operator S is
maximal symmetric iff one of the defect indices is zero, and self-adjoint iff both
defect indices are zero.

5.2.7. As mentioned before (5.1.11), commutativity among unbounded opera-
tors is a touchy business. Matters become a good deal easier if one of the
operators involved is bounded. Note first that if S is an (unbounded) operator
in $ and T e B(H), then D(S + T) = D(S) and D(TS) = D(S). Moreover,
straightforward arguments show that

S+ T)*=S8*+T* and (TS)* =S*T*; (*)

cf. 5.1.2.

If S is an operator in $ and Te B($), we say that S and T commute if
TS < ST, ie. if T(D(S)) = D(S), and TSx = STx for every x in D(S). Using
the graph of S, the commutativity is conveniently expressed by the relation

(T ® T)YB(S) < B(S). (*%)

It is clear that the operators commuting with S form an algebra {S}' in B(9),
and we see from (*#) that {S}’ is strongly closed if S is a closed operator. Again
from (%) we see from the decomposition (x) in 5.1.5 that

Te{SY =T*e {S*} (#5%)

(because T @ T certainly commutes with the unitary U in 5.1.5). Thus, for a
densely defined, closed operator S, the set {S}' N {S*}’ is a strongly closed,
unital, x-subalgebra of B(9), i.e. a von Neumann algebra (4.6.9).

For a densely defined, closed operator S we put

Wx(S) = ({8} n {$*}7,

and we see from the double commutant theorem (4.6.7) that when S € B(),
then W*(S) is the von Neumann algebra generated by S, in accordance with
our previous use of the notation W*(S) in 4.5.3 and 4.7.9. We say that S is
affiliated with a von Neumann algebra A if W*(S) < UA. By 4.6.7 this is
equivalent with the demand that A’ < {S}' N {S*}'. In theliterature the affilia-
tion of S with 2 is often expressed by the symbol Sy 2.

5.2.8. Lemma. If S is a self-adjoint operator in $ and T € B(9), then T e.{S}’
iff T e {x(S)}. In particular, W*(S) = W*(k(S)), so that S is affiliated with a
von Neumann algebra W iff k(S) e A.
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Proor. If Te{S}, then T(S+il)c=(S+il)T, whence T(S * int=
(S + i)™ T (cf. 5.2.5), and thus Tx(S) = x(S)T.
Conversely, if T € {k(S)}’ then, since I — k(S) is injective with range D(S)
by 5.2.3, we have
TS — x(8)) =iT(U + x(S)) =il + «(S)T
=il + x(S))I — k(S) U — x(S) T = ST — «(S)),

whence TS <= ST. O

5.2.9. Lemma. If a normal operator T in $ is affiliated with a von Neumann
algebra N, then so are the self-adjoint operators A and B in its decomposition
T = A + iB described in 5.1.10.

PrOOF. By assumption R € {T}' n {T*}' for every R in W'. Thus, with 4, =
1T + T*) we have RA, = AoR. By (**x) in 5.2.7 this implies that R*A§ <
A%R* As A = A} (cf. the proof of 5.1.10), and W’ is self-adjoint, we conclude
that A < {4}, so that A is affiliated with 2. The argument for B is quite
analogous. |

5.2.10. For an operator T in $ we define the resolvent set as those 4 in C for
which the operator AI — T is bijective from D(T) onto $ and
A — T)x| = tlixll, xeD(T)

for some ¢t > 0. This obviously means that there is an operator S [=(A — T)™!]
in B(9) such that

SAU —T)c (A —T)S = I.

The complement of the resolvent set is called the spectrum of T, and is denoted
by sp(T). These definitions extend the notions of resolvent set and spectrum
defined for elements in B($), or any other Banach algebra; cf. 4.1.10. As in the
bounded case we have the resolvent function R(1) = (AI — T)™! defined on
C\sp(T) with values in B(9).

5.2.11. Proposition. If T is an operator in § and 1 ¢ sp(T), then for each  in
C with |{| < |R(A)||™* we have A — { ¢ sp(T) and

RA =)=}, R@A"
n=0
In particular, sp(T) is a closed subset of C.
Proor. By 4.1.7 we have

(L~ R = 3 ROYL"
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and the desired result follows by multiplication with R(4), since

(I = RA)'RA = (M =TI~ RO =@ -DI-T)". O

5.2.12. An unbounded operator may have empty spectrum. It suffices to find
an injective operator T in B($) with dense range and spectral radius zero, e.g.
the Volterra operator used in 5.1.16. Then T ! is densely defined and for every
Ain C we have

Of — T = — 20 InT™ e B(S),

because | T"| < |2A|™"for alllarge n by 4.1.13. In the specific example in 5.1.16,
T 1 will be differentiation on the subspace of absolutely continuous functions
on [0, 1], vanishing at zero, whose derivatives belong to L2([0, 1]).

At the other extreme, the spectrum of an unbounded operator may be all of
C. Just consider the multiplication operator M;; on L?(C); cf. 5.1.14.

5.2.13. Propeosition. If S is a self-adjoint operator in §, then sp(S) is a nonempty,
closed subset of R. Moreover, J € sp(8) iff k(1) € sp(x(S)), and 2 is an eigenvalue
for S iff k(4) is an eigenvalue for «(S).

Proor. If 1€ C\R, then (S— ADD(S) =9 by 52.5, and |(S—AD7'[ <
|Im 2|~! by 5.1.3, so that 4 ¢ sp(S). Thus sp(S) = R, just as sp(x(S)) = T by
4.3.12 and 5.2.5.

Take A in R and use 5.2.3 to compute

A — 8 = (M — x(S)) — il + k(S)HI — x(S))™*
= (2 =D = (@ + Dx(SNU — x(S)™
= (A + ) (kI — ©($)UT — x(S) ™.

It follows that a vector x in D(S) is an eigenvector for S with respect to 4 iff
x = (I — x(S))y, where y is an eigenvector for x(S) with respect to x(4). Fur-
thermore, we see that if k(1) ¢ sp(x(S)), then A ¢ sp(S), since

(L — 8)™ = (I — x(S) (KM — k(S A + D)™

Finally, if x(4) € sp(x(S)), there is by 4.4.4 a sequence (x,) of unit vectors in
such that [|[(xk(A)I — x(8))x,|| = 0. With y, = (I — x(S))x, we know from 5.2.3
that (y,) = D(S), and

lim ||y, || = lim [|x, — &(S)x, || = |1 — x(A)| > 0.
However,
(M = Sy, = (A + DA — k(S))x, 0,
so that (11 — S)™! is unbounded and 4 € sp(S). O
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5.3. Unlimited Spectral Theory

Synopsis. Normal operators affiliated with a MACA. The multiplicity-free
case. The spectral theorem for an unbounded, self-adjoint operator. Stone’s
theorem. The polar decomposition.

5.3.1. Recall from 6.4.13 that if | is a Radon integral on a locally compact,
o-compact Hausdorff space X and if #(X), #(X), and A"(X) denote the classes
of measurable, Borel, and null functions, respectively, then £(X) = #(X) +
A(X), so that we have a well-defined x-algebra

L(X) = LX)/ N (X) = BX)/ N (X).

To ease the notation let us further agree that a homogeneous map @ from
Z(X) into the class of normal operators in a Hilbert space is an essential
homomorphism if for any pair f, g of functions in £ (X) the operators ®(f + g)
and ®(fy) are the closures (cf. 5.1.4) of the operators ®(f) + ®(g) and O(f)D(g),
respectively.

5.3.2. Proposition. Let | be a Radon integral on a locally compact, o-compact
Hausdorff space X, and for each measurable function f define the multiplication
operator M, in L*(X) as in 5.1.15. Then the map f — M; induces an essential
*-isomorphism between the x-algebra L(X) and the class of normal operators in
L*(X) affiliated with the von Neumann algebra % = {M,|f € £*(X)}.

Proor. Each operator My, f € £(X)is normal with D(M,) = {he L*(X)|fh e
L?*(X)}; cf. 5.1.15. To show that the map f — M, is an essential homomor-
phism, take h in D(M,,,) and let h, = (1 + n'(|f| + |g|))*h. Then h, e
D(M;) N D(M,), and by Lebesgue’s monotone convergence theorem (6.1.13)
it follows that h, — h and (M, + M,)h, — M, h. Thus

(5(Mf + Mg)= = ®(Mf+g)

as claimed. The proof for the product is quite similar since (in this case)
DM M,) = D(M,,) n D(M,). Clearly, M, = 0 iff f € A#/(X), so that we have
an essential algebra isomorphism f — M, from L(X) into a commutative
*-algebra of normal operators in L2(X). Also, it is evident that the map is
*-preserving, i.e. M} = M. Since M,M,; = M M, for every f in #(X) and g
in £*(X), it follows that each multiplication operator M | is affiliated with .
Since W = A (4.7.6), we have the desired conclusion.

Now consider a self-adjoint operator § in L2(X) affiliated with 9. Thus
k(S) € by 5.2.8, whence k(S) = M, for some Borel function u on X such that
lu(x)] = 1 but u(x) # 1 for (almost) all x in X. Take f = il+wd—-uwt=
x~'(u) and compute

M, = i(1 + k(S))(1 — x(S))™* = S.
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Finally, if T is a normal operator in L(X) affiliated with %, then by 5.2.9 (and
5.1.10)wehave T = A + iB, where A and B are self-adjoint operators affiliated
with . From the preceding result A = M, and B = M, for some real-valued
functions f and g in ¥(X), and since Mj,;, is the closure of M, + iM,
(=A + iB = T), which is already closed, we have T = M/, as desired. [

5.3.3. Theorem. If S is a self-adjoint operator in a separable Hilbert space 9,
and x(S) is multiplicity-free, there is a finite Radon integral on sp(S) and an
isometry U of L?(sp(S)) onto 9, such that if we define

f(8) = UM,;U*, fe ZL(sp(S)),

then the map f — f(S) induces an essential x-isomorphism between L(sp(S)) and
the %-algebra of normal operators in § affiliated with W*(S). Moreover, id(S) =
S and 1(S) = I, and the two meanings of k(S) coincide.

Proor. Since k(S) is multiplicity-free, there is by 4.7.9 a unit vector x in $ that
is cyclic for the algebra C*(x(S)). Now note that when f ranges over Cy(R),
then f o k! ranges over Co(T\{1}). We can therefore define

j f=(for T x®)x]x), feColsp(S)

as a finite Radon integral on k™ (sp(x(S))) = sp(S); cf. 5.2.13. As in the proof
of 4.7.7 we obtain the isometry U of L2(sp(S)) onto $ by starting with

Uf = (f ok (x(S))x, f e Colsp(S)),

and extending by continuity. It follows from 5.3.2 that the map f — f(S) is an
essential *-isomorphism of L(sp(S)) onto the *-algebra of normal operators
in § affiliated with the maximal commutative von Neumann algebra

A = (UM, U*|f e L(sp(S))}-

It only remains to show that id(S) = S and that ¥ = W*(S).
For each f in Co(R) we have

UM,f) = Uk f) = (k- f o ™ (x(8)x
= (ko k™t fokHk(S))x = Kk(8)f o k7 K(S)x = K(S)US.
Thus, UM, U* = k(S). Since My, = i(I + M) — M,), it follows that
UM, U* = i(I + x(S)I — (8)™' =S.

When f ranges over the algebra 4, (R) of bounded Borel functions on R, then
f o k7! ranges over the algebra AB,(T\{1}). Since 1 is not an eigenvalue for
x(S), this implies that

A = {g(x(5))lg € By(sP(K(S)))} = W*((S)) = W(S)
by 4.7.10 and 5.2.8. O
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53.4. It is perhaps a bit unsatisfactory that the main hypothesis in 533
concerns the Cayley transformed, and not the operator itself. To remedy this
defect we make the following definition: A self-adjoint operator S in a (neces-
sarily) separable Hilbert space $ is multiplicity-free if there is a vector x in
() D(S"), n > 0, such that the subspace spanned by the vectors {S"x|n > 0} is
dense in 9.

5.3.5. Proposition. 4 self-adjoint operator S is multiplicity-free iff the same is
true for k(S).

Proor. If S is multiplicity-free with a cyclic vector x in (1) D(S"), we let P denote
the projection on the subspace (C*(x(S))x)~. Then Px = x and P € C*(x(S))
cf. 4.7.2. By 5.2.8 this means that P € {S}’, whence

(I — P)S"x = S"(I — P)x =0

for every n > 0. It follows that P = I so that x is cyclic for C*(x(S)). Con-
sequently, k(S) is multiplicity-free (4.7.9).

Conversely, if k(S) is multiplicity-free, we may apply 5.3.3 to define y = Ug
in §, where g(A) = exp(—A42), A € sp(S). Since 1 — 1"g(4) is bounded for every
n, it follows that y € [} D(S"); and since each element h in C(R) can be
approximated uniformly by a function pg, where p is a polynomial, it follows
that the subspace of vectors p(S)y is dense in $. O

5.3.6. Remarks. One may use 5.3.3 to prove spectral theorems for operators
with multiplicities just as in the bounded case (4.7.13). Thus, for a given family
{S;|j € J} of commuting, self-adjoint operators [i.e. k(S;)x(S;) = x(S;)x(S;) for
all i and j] we may embed the family {«(S;)|j € J} in a maximal commutative
x-subalgebra of B($) to obtain a representation of the S;’s as a commuting
family of multiplication operators {M, |j e J}.

In another direction we can, for a given self-adjoint operator S, decompose
the Hilbert space in orthogonal subspaces on which § is multiplicity-free. The
following version of the spectral theorem is then the unbounded analogue of
4.7.15, and is derived from 5.3.3 exactly as 4.7.15 is derived from 4.7.10. Recall
that for a Radon integral on a locally compact Hausdorff space X we write
Z(X), #(X), and A (X)for the classes of measurable, Borel, and null functions,
and that £(X) = #(X) + A (X) if X is o-compact. Furthermore. L(X) =
LX)/ AN(X), cf. 5.3.1.

First, however, a semitrivial lemma to clear away the underbrush.

5.3.7. Lemma. If (9,) is a sequence of Hilbert spaces, and if for each n, T, is
a self-adjoint (respectively normal) operator in $,,, there is a unique self-adjoint
(respectively normal) operator T in the orthogonal sum $ = P9, such that
T|D(T,) = T, for every n. Moreover, D(T) consists of those vectors x = (x,) in
9, such that x,, € D(T,) for every n, and ) | T,x,||* < .
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ProoOF. Let D, denote the linear span in $ of the orthogonal subspaces D(T;,),
and let T;, be the operator in $ given by

TO(Z xn) = Z T;lxm X = (xn) € bO'
Furthermore, let T be the extension of T, indicated in the lemma, i.e.
T(Y x) =Y. T,x,,  x = (x,) e D(T).

By construction D(T;) is dense in D(T), so that D, is a core for T, which is
easily seen to be closed.
In the self-adjoint case, both T, and T are symmetric operators. To prove

that T is self-adjoint, take x = (x,) in D(T*). For each n we then know that
the map

Vn = (Ty,]x) = (T,y,lx,), y.€ D(T),

is bounded. Thus, x, € D(T;*) = D(T,). Moreover, for every finite sum y =
Y ynin D, we have

(Ty1x) = Y (Toyal %) = 3 (yal Thx).

Since D, is dense in $ this implies that ) T, x, belongs to $ (and equals T*x),
ie. Y IT,x,|1* < co. But then x € D(T) so that T = T*, as desired.

In the normal case we have T, = A4, + iB, for every n by 5.1.10, and from
the first part of the proof we obtain self-adjoint operators A and B in $
extending the sequences (A4,) and (B,). Note that x = (x,) € D(4) n D(B) iff
Y Il Apx, 1> < 00 and Y [|B,x,||* < oo, ie. iff

2 1A%, 12 + 1Byx, 12 = YN Tx, 1% < 05

cf. (iii) in 5.1.10. Thus, D(T) = D(A) n D(B) and for each x in D(T) we have
Tx = Ax + iBx, T*x = Ax — iBx, and | Tx|*> = | Ax||* + || Bx|/?, whence T
is normal by 5.1.10. O

5.3.8. Theorem. If S is a self-adjoint operator in a separable Hilbert space 9,
there is a finite Radon integral on sp(S) and an essential x-isomorphism f — f(S)
from L(sp(S)) onto the x-algebra of normal operators affiliated with W*(S).
Moreover, id(S) = S and 1(S) = 1, and the two meanings of k(S) coincide.

PROOF. By 4.7.4 there is an orthogonal sequence (P,) of cyclic projections rela-
tive to W*(S), with strong sum I. Thus, each operator x(S)PF, is multiplicity-
free on P,($). Since P, commutes with x(S), it commutes with S (5.2.8), and,
regarding SP, as a self-adjoint operator in P,($), we easily show that
k(SP,) = k(S)P,. As in the proof of 4.7.15 we now (tacitly) identify sp(SP,) with
a closed subset of sp(S), and have by 5.3.3 a normalized Radon integral f,on
sp(S), an isometry U, from LZ(sp(S)) onto P,($), and an essential isomorphism
f—- UM Uy from L,(sp(S)) onto the class of normal operators in P,(9)
affiliated with W*(SP,).

Define | = Y 27" {, as a normalized Radon integral on sp(S), and for each
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f in Z(sp(S)) define f(S) as the normal extension in § of the sequence of
operators (U,M,U}¥) as described in 5.3.7. Clearly, f(S) =0 iff f is a null
function with respect to every [,, ic. iff f is a null function with respect
to |. Moreover, since for each n the map f— U,M,Uf is an essential
x-homomorphism (5.3.1), it follows from 5.3.7 that the map f — f(S) is an
essential *-homomorphism, and thus induces an essential *-isomorphism on
L(sp(S)). Also, id(S) = S, 1(S) = I, and «(S) = x(S), because these equations
hold for every n.

Finally, if T is a self-adjoint operator in $ affiliated with W*(S), then
k(T) e W*(x(S)) by 5.2.8. There is therefore by 4.7.15 a unitary function u on
sp(x(S)) such that k(T) = u(x(S)). With w = u o ¥ we have for each n that

K(T)P, = u(x(8))P, = u(k(SP,)) = w(SP,) = UM, U}
by 5.3.3. Moreover, identifying «(T)P, with xk(TP,) we get
TPn = K_I(UnMwUn*) = UnMj‘Un*a

with f = k™ o w. Thus T and f(S) agree on a common core, cf. 5.3.7, whence
T = f(S). If T is merely normal, then T = 4 + iB, where A and B are self-
adjoint operators affiliated with W*(S) by 5.2.9. Thus 4 = f(S), B = ¢(S) for
some real-valued functions f and g in Z(sp(S)) from the preceding, and
(f + ig)(8), being the closure of f(S) + ig(S) (=4 + iB = T by 5.1.10) is equal
to T. |

5.3.9. The preceding result shows that we may compute formally inside the
class of normal operators affiliated with W*(S), without worrying about
domains, closedness, normality, or self-adjointness. If for some reason a
common core for the operators is desirable, one may restrict attention to the
class Zj.(sp(S)) of measurable functions f that are locally (essentially)
bounded, which means that [C]f € £*(sp(S)) for every compact subset C of
sp(S). Indeed, if § = P P,(H) and P,(H) = U,L2(sp(S)) as in the proof of 5.3.8,
let D be the linear span of the orthogonal subspaces U,(C.(sp(S))), ne N,
Then D is dense in $, and D is a core for f(S) for every f in £ .(sp(S)).

We have not assigned any continuity properties to the spectral map f —

f(8) in 5.3.8. However, the continuity concepts from integration theory carry
over almost unchanged.

5.3.10. Proposition. If S is a self-adjoint operator in a separable Hilbert space
9, then each vector x in §) induces a finite Radon integral { < onsp(S), absolutely
continuous with respect to the integral mentioned in 5.3.8, and satisfying

J f=(S)xIx), feBsp(S)). (*)

PrOOF. When g ranges over the functions in Co(T\ {1}), the function f = g o K
ranges over Cy(R). Thus,
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J f=k®)xlx), f=gox,

defines a finite Radon integral {, on sp(S) with [, 1 = [x||?; cf. the proof of
4.5.4. That the relation (x) is also valid for Borel functions, even unbounded
ones, is evident from 5.3.3,if S is multiplicity-free. But in the general case (5.3.8)
we have an orthogonal decomposition x = ' x,, where x, = P,x (notation as
in the proof of 5.3.8), and thus

J [ =(fO)x]x) =} (f(S)x4lx,) = ZJ f

if f € Co(sp(S)). Thus f, =" [, and the equation (*), which holds for every
X, is obtained for x by addition.

If A(sp(S)) denotes the class of null functions for the integral § mentioned
in 5.3.8, then f(S) = 0 iff f € A(sp(S)). In particular |, f = 0 for every f in
A(sp(S)), so that |, « | by 6.5.2. O

5.3.11. Corollary. If (f,), f and g are functions in B(sp(S)) such that f, - f,
pointwise, and | f,| < g for all n, then f,(S)x — f(S)x for every x in D(g(8)).

PROOF. Since jx g% < o, we see from Lebesgue’s dominated convergence
theorem (6.1.15) that

I\ﬁ,(S)x—f(S)XIV:J | = f2 >0 O

5.3.12. A strongly continuous one-parameter unitary group (not a SCOPUG,
please!) is a strongly continuous function U: R — U($), such that U,,, = U, U,
for all real s and t. Such groups turn up frequently in the applications to
quantum mechanics, where they may represent time evolution of a physical
system.

The following result explains the link between one-parameter unitary
groups and (the spectral theory of) unbounded self-adjoint operators. It also
justifies the use of the word “infinitesimal generator” for the group, as applied
to the operator dU/dt|,—,.

5.3.13. Proposition. If S is a self-adjoint operator in the separable Hilbert space
$, then the family of spectral functions U, = expitS, t € R, is a strongly con-
tinuous one-parameter unitary group, and for each x in D(S) we have
Sx = lim (it) ' (U,x — x). *)
t—+0
Conversely, if x € § such that (i) (U,x — x) has a limit in §, then x € D(S) and
the limit is Sx.

PRrOOF. The functions A — expitA, t € R, are unitary on sp(S) (=R by 5.2.13),
$0 (U),g is a one-parameter family of unitary operators in W*(S) by 5.3.8.
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The group property, Us,, = U,U,, follows from the nature of the exponential
function. To prove continuity, note that with e,(1) = expitA we have e, > ¢,
pointwise and boundedly when s — ¢, whence U; - U, strongly, by 5.3.11.
Thus (U,),. g is a strongly continuous one-parameter unitary group.

If x € D(S), the function A — 42 is integrable with respect to the integral fx
defined in 5.3.10. Furthermore,

IG8)™ (Upx — x) — Sx||* = j LA,

where f,(J) = (it)"!(expitA — 1 — itA). Clearly, f, — 0, pointwise, as t - 0 and,
moreover, | f,(4)| < a|A| + b for suitable constants a and b and all real 4 and
all ¢ with |¢| < 1. It follows from Lebesgue’s dominated convergence theorem
that {,|f;|> - 0 as t - 0, as desired.

In the converse direction, let D be the linear subspace of $ consisting of
vectors x for which lim(it) "} (U,x — x) exists, and let Tx denote the limit. Then
T is an operator in §, and is an extension of § from what we proved above. As

()7 (Upx — x|x) = (=) (x| Ux — x) = (—it) 1 (U_x — x|x),

we see that T is symmetric, and since S is self-adjoint, this implies that § = T,
so that © = D(S). O

5.3.14. Examples. Take $ = L%(R) with respect to Lebesgue measure, and
define

U.f(s) = explits)f(s), fe L*(R).

Routine calculations show that this gives a strongly continuous one-
parameter unitary group. Consider next the self-adjoint multiplication
operator M;; in L*(R) defined in 5.1.14. Since f(M,;;)) = M - for every Borel
function f on R, it follows that U, = exp(itM,,), so that M,, is the infinitesimal
generator for the unitary group as described in 5.3.13.

Now define

Vifs)=fls—1), feZ*R)

Again it is routine to check that we have a strongly continuous one-parameter
unitary group. To find the infinitesimal generator it is well to remember

(E 3.1.16), that the Fourier transform induces a unitary F on L%(R) (of period
four) such that

(FN)(t) = Jf(s)exp(—its)ds, fe L*R) A Z(R).

It follows that in this case

ViEf(s) = Ff(s — 1) = jf(r)eXp(—ir(S —t)dr

= j(Utf )(r)exp(—irs)dr = FU,f(s).
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Thus ¥V, = FU,F*, so that the infinitesimal generator of (V}),.g is the self-
adjoint operator D = FM,,F*. With & as the space of Schwartz functions—
see E3.1.14—we have F(¥) = &, and since & is a core for M,,, it is therefore
also a core for D. Moreover, we have, by straightforward computations that

Df(t) = FM,F*f(t) = if'(t), fe <.
Using () in 5.3.13 we see that actually Df = if” for every f in D(D).

5.3.15. Theorem. If (U,), g is a strongly continuous one-parameter unitary
group, there is a self-adjoint operator S in  such that U, = expitS for all t.

Proor. Recall from 4.2.8 that L'(R) is a Banach algebra (with convolution
product) having a symmetric involution (cf. 4.3.8), so that the Gelfand trans-
form (= Fourier transform) f — f is a norm decreasing *-homomorphism of
L'(R) onto a dense *-subalgebra of Cy(R).

Take f in L'(R) and consider the expression

j(USXIy)f(S) ds = (Tyx|y), x,ye$. (*)

The left-hand side determines a sesquilinear form on $, bounded by || f|,,
and by 3.2.2 there is therefore a unique operator T; in B($) satisfying the
equation (x) above. Straightforward computations with (x) shows that the map
f = T;is anormdecreasing *-homomorphism of L (R) into B($). Since L*(R)
is commutative, its image in B(9) is a commutative =-algebra; in particular, it
consists of normal operators. Any homomorphism between Banach algebras
diminishes the spectrum and therefore decreases the spectral radius r. Thus,
for every f in L*(R) we have

IT3 = o(T) < 1(f) = | f lov

by 4.3.11 and 4.2.3. Since the image of L!(R) under Gelfand transformation is
dense in C,(R), the map f — T; extends by continuity to a norm decreasing
x-homomorphism h — T, of Cy(R) into B($).

For each vector x in § we obtain a finite Radon integral |, on R by

J h = (Tyx|x), he Cy(R).

In particular,

J f= J(stlx)f(s)ds, feL'(R).

Taking f >0, || fll; = 1, and the support of f concentrated near 0, we see
from the strong continuity of the unitary group that the righ?-hand side
approaches (Ix|x), so that {, 1 = ||x||%. Moreover, for t in R and f in L'(R) we
have
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(U_,Tix|x) = J‘(stlx)f(s + f)ds = j e.f,

X

where e,(4) = exp itA. Since this holds for all f, we conclude as above that

X

(U_,x|x) =J e, teR,xe.

Defining T, = I we extend the map h— T, to a homomo.rphism from
C(Ru {oo}) into B($), and since k € C(R L {c0}), we obtain a unitary W=T,.
If we had W*x = x for some x in $, then

0= - W)xlx)zj 1—x.
Since Re(l — x)(y) = Re(l — (y — i)(y + 1)) = Re2i(y + )7 = 20> + 1)},
which is strictly positive on R, this implies that jx = 0, whence x = 0. Thus
W* does not have 1 as an eigenvalue, so that S = —x~ (W) is a self-adjoint
operator in § by 5.2.4 and 5.2.5.
We define the unitary group expitS, t € R, as in 5.3.13 and have for each x
in $ that

(exp(itS)x|x) = (exp(—itk ™ (W))x|x)

= (exp(—itx ™ (T,))x|x) = f e, = (Uix|x).

X

By 3.2.25 this implies that expitS = U,, as desired. O

5.3.16. Remarks. The proof given above for Stone’s theorem (1932) is not the
shortest. One may prove directly that the symmetric operator defined by ()
in 5.3.13 is actually self-adjoint and is the infinitesimal generator for (U,);g-
However, the proof at hand is capable of considerable generalization. Leaving
aside the noncommutative case, the approach in 5.3.15 shows that if t - U, is
a strongly continuous unitary homomorphism from a locally compact abelian
group G into B($)—a unitary representation—it can first be integrated to an
algebra homomorphism of L!(G) into B($) and then—via Gelfand trans-
formation—be extended to a homomorphism of the function algebra Cy(G)
into B($). Here, as in 4.2.6, G denotes the dual group of G, consisting of the
continuous homomorphisms (characters) y: G — T. Neglecting multiplicity,
such a homomorphism is determined by a Radon integral on G. The end result
is that unitary representations of G, up to a certain equivalence (multiplicity),
are parametrized by equivalence classes of Radon integrals on G or by the
corresponding systems of null sets in G.

For a more immediate gratification, the proof of 5.3.15 applies (almost
verbatim) to show that if (U,), . g» is a strongly continuous n-parameter unitary
group, there are commuting self-adjoint operators Sy, ..., S, in  such that

U, = expit, S; expit, S, --expit,S,, t={(ty,...,t,)
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5.3.17. We shall finally extend the polar decomposition (3.2.17) to unbounded
operators. If T is a densely defined, closed operator in $, we know from 5.1.9
that T*T is self-adjoint and that (T*T + A" € B($) for every A > 0. It
follows from 5.2.10 that sp(T*T) = R,, so that the function 4 - 12 is well
defined and continuous on sp(T*T). Using 5.3.8 we can therefore define the
absolute value of T as the positive, self-adjoint operator

l T| — (T*T)”Z,

We note in passing that as in the bounded case (3.2.11 or 4.4.8) the square
root is unique: If S is any positive, self-adjoint operator in $ such that
82 = T*T, then S = |T)|. Indeed, since T*T is affiliated with W*(S), so is | T|.
Thus, by 5.3.8, S and | T'| are represented as positive multiplication operators
with the same square, whence S = |T|.

5.3.18. Proposition. For each densely defined, closed operator T in $ with
absolute value | T| we have D(|T)) = D(T) and

NTIx) = I1Txll, xeD(T).

Moreover, there is a unique partial isometry U with kerU =kerT and T =
U|T|. In particular, U¥U|T| = |T|, U*T = |T|,and UU*T = T.

ProoF. If x € D(T*T), we clearly have
I Tx||? = (T*Tx|x) = (| T*x|x) = || T|x||*

Since D(T*T) is a core for both T and |T| by 5.1.9, it follows that D(T) =
D(|T)) and that |Tx| = |||T|x|| for every x in D(T) [cf. the implication
(ii) = (i) in the proof of 5.1.10].

We define an operator U, from R(|T|) onto R(T) by

Uyl T|x = Tx, xeD(T).

Then U, is a well-defined isometry and extends by continuity to an isometry
U from R(|T|)~ onto R(T)~. We extend U to a partial isometry on $ by
defining

ker U = (R(|T)))* = ker|T| =ker T;

cf. 5.1.2. The equation U | T| = T follows from the definition of U. The unicity
of U and the last statements are proved exactly as in the bounded case
(3.2.17). O

5.3.19. Remarks. As in the bounded case we observe that if T = U|T]|is the
polar decomposition of an operator T, then U is an isometry‘from R(T*)"
[=(ker Ty ] onto R(T)~ [=(ker T*)*], so that U is unitary iff both T and
T* are injective. In particular, U is unitary if T is invertible.

If T is normal (5.1.11), then ker T = ker T*, so that the partial isometry U
in its polar decomposition is normal and commutes with |T| (by the same
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arguments as in 3.2.20). It can therefore be enlarged to a unitary W commuting
with | T}, such that T = W/|T|. Define

To=T(T|+ D)™ =W|T|(|IT| + )"

Then T, is normal with | T,|| < 1, and I — |Tp] is injective. Conversely, if T,
is such an operator, then T = (I — | Ty|) ' T, is a normal operator in . Using
the bijective correspondence T« Ty, the spectral theory for normal operators
is easily established. Define { on the open unit disk by {(4) = A(1 — |A])7".
Then let

J(T) = fUT) (*)

for any bounded Borel function f on {(sp(Tp)) [=sp(T)]. The resulting
spectral theory is the exact analogue of the bounded case, and satisfies 4.5.4
and 4.7.15. Proceeding with care, the formula (x) can be extended to un-
bounded functions, giving the analogue of 5.3.8 for normal operators.



CHAPTER 6

Integration Theory

This chapter has two functions: Throughout the book it has served as an
Appendix, to which the reader was referred for definitions, arguments, and
results about measures and integrals. It will now serve as a functional analyst’s
dream of the ideal short course in measure theory. Thus, we shall develop the
theory of Radon integrals (= Radon measures, cf. 6.3.4) on a locally compact
Hausdorff space, assuming full knowledge of topology and topological vector
spaces. This theory takes as point of departure an integral (a positive linear
functional) on the minimal class of topologically relevant functions on X,
namely, the class C,(X) of continuous functions with compact supports. The
integral is extended by monotonicity to a larger class of (integrable) functions
and the measure appears, post festum, as the value of the integral on character-
istic functions.

In all honesty the author will admit that the reader should have had an
ordinary course (however dull) in measure and integration theory in order to
appreciate fully the high-tech approach here. He should also be aware that
the theory is richer than the spartan exposition might lead to believe. A study
of one or more of the classical areas of application, harmonic analysis, prob-
ability, potential theory, and ergodic theory, is advisable, in order to under-
stand the significance of integration theory as a cornerstone in that dread
Temple of Our Worth.

6.1. Radon Integrals

Synopsis. Upper and lower integral. Daniell’s extension theorem. The vector
lattice #!(X). Lebesgue’s theorems on monotone and dominated conver-
gence. Stieltjes integrals.
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6.1.1. Throughout this chapter X will denote a locally compact Hausdorff
space. On this we consider the minimal class of topologically significant
functions on X, namely, the algebra C,(X) of continuous real-valued functions
on X with compact supports. From that we define the class C.(X)™ of functions
f: X - Ru {0}, for which there exist a monotone increasing net (f;); ¢ 4 [i-€.,
A < pimplies f;(x) < f,(x)for every x in X7 in C,(X), such that f(x) = sup f;(x)
for every x in X. We use the symbols f;, ~ f to describe this situation.
Analogously we define C,(X),, as those functions f: X — Ru { —o0}, for which
there is a monotone decreasing net ( f,); o in C,(X) with £, N f. It follows that
CC(X)m = - Cc(X)m

Since C,(X) is stable under the lattice operations \/ and /\, it is immediate
that C,(X)™ is a function lattice that is even stable under formation of the
supremum of an arbitrary family of elements. Moreover, C.(X)™ is an additive
cone and contains the product of any two of its positive elements. We see from
1.5.12 that the elements in C,(X)" are lower semicontinuous functions (with
extended values, though), and it follows from (the proof of) 1.5.13 that C(X)™
contains every function in C2(X),. (Here and in the sequel M, will denote
the set of functions f in a class M, for which f > 0.) Note though that the
function — 1 does not belong to C,(X)", unless X is compact. In fact,

CX)" 0 CX)m = ClX),

a result we shall, however, not need.

Finally, we note that if f € C.(X)™, the set { f < 0} (note: in this chapter this
will be the abbreviated notation for the set {x € X|f(x) < 0}) has compact
closure, since f majorizes an element from C,(X). Likewise, the set {f > 0}~
is compact for every f in C(X),,.

6.1.2. A Radon integral is a (linear) functional |: C,(X) — R that is positive, i.e.
f = 0 implies j f = 0. In this section j will be fixed, and we shall show how it
extends from C,(X) to a much larger class of functions.

We define the upper integral [* as an extended-valued function on
C(X)™, by

rf=sup{Jg\g€Cc(X),g Sf}, fe Xy

Analogously, we define the lower integral j* on functions in C,(X),, by

f f= inf”algeCC(X),g Zf}-

Thus, {*feRu{oo}, whereas [,feRu{—co}. Furthermore, [sf =
—[*(—f)if f € C(X)m, and , f = [*f = [ [il f € C(X).

6.1.3. Lemma. If (f});c A is a monotone decreasing net of upper semicontinuous,
positive functions with compact supports, such that f,(x) \ 0 for each x in X,
then | fillo > 0.
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Proor. It follows from 1.5.10 that the sets {f; > ¢} are closed for every
¢ >0, and therefore compact since {f; > 0}~ is compact by assumption.
Since (f,);ca tends pointwise to zero, we have () {f; > ¢} =0, and thus
{f, = &} = @ eventually, by 1.6.2(ii). This means that | f;]|., < ¢, eventually,
whence || f3llo ~ 0. O

6.1.4. Lemma. If (f});.4 is a monotone decreasing net in C(X),, and f; ~ 0,
then [, f; ~ 0.

Proor. Every function in C.(X),, is upper semicontinuous by 1.5.12, and the
positive ones have compact supports (cf. 6.1.1). Thus, || f; ||, ~ 0 by 6.1.3. We
select a decreasing sequence (f,) from the net such that {, f, v lim j* f,and
I full o < 27" for every n. For each n we can find g, in C.(X) with f, < g, and,
replacing if necessary g, by g, A 27", we may assume that g, < 27". Further-
more, replacing if necessary g, by g, A g, we may assume that all g, have sup-
port inside the same compact set. Thus, if g = )" g,, we have g € C.(X),. Since
{is positive, it follows that " {g, < [g < o0. Consequently, Y |, f, <Y [g, <

oo, whence |, f, ™ 0. O

6.1.5. Lemma. If (f,), .4 is a monotone increasing net in C,(X), and f, » f for
some f in C(X)", then [ f, » [* f.

Proor. If ge C(X) and g < f, then f, A g 7 g,ie.g— f, A g 0. By 6.14

this implies that
fg=limj‘f,1/\gslimj‘fl.

Since this holds for all minorants g of f, we have j*f <lim | f2 The converse
inequality is obvious. O

6.1.6. Corollary. If f and g belong to C(X)" and t > 0, then

[orvam[se[

6.1.7. Lemma. If (f,),  is a monotone increasing net in C (X)Y"and f; » f[so
that f € C(X)"], then {* f, » [* f.

PROOF. Clearly lim [* f, < {* f.On the other hand, if g € C,(X) and g < f,then
g — fi A g~ 0;s0by 6.1.6 and 6.1.4 we have

JQ-J fw\g=—J (—g+f1/\g)=J g—firng) 0.

Consequently,
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* *
jg=limj fA/\gslimJ‘ fis

and since g was arbitrary, {* f < lim [* f;. O

6.1.8. Lemma. If f € C(X)" and g € C(X),, such that g < f, then |, g < [* f.

PROOF. Since 0 < f — g we have by 6.1.6 that

osj (f—g)=j*f+f*(—g>=rf—Jg. O

6.1.9. For every real-valued function f on X we define the upper and the lower

integral of f as
* i *
ff=me glgeCc(X)"’,QZf};

j f= SUP” glgecc(X)m,gSf}-

Note that although 6.1.8 asserts that |, f < {* f, both the upper and the lower
integral can have extended values in R LU {+00}. We say that a function f is
integrable if {, f = {* f € R, and we denote by #*(X) the class of integrable
functions on X. The following rephrasing of this definition is very useful:

) A function f is integrable if for every ¢ > 0 there are functions g in
C.(X)"and hin C.(X),, such thath < f < gand [*g — [ h<e.

In particular, we see that a real-valued function f in C,(X)™ is integrable iff
|* f < 0. Indeed, we can use f itself as a majorant in (x) and choose elements
in C,(X) as minorants.

If f € #(X), we define | f = [* f (={, f). This leads to the formulation of
Daniell’s extension theorem for a Radon integral.

6.1.10. Theorem. Given a Radon integral | on alocally compact Hausdorff space
X, the class #Y(X) of integrable functions is a vector space containing C.(X),
which is closed under the lattice operations \/ and /\. Moreover, |: £'(X) - R
is a positive functional that extends the original integral on C(X).

PROOF. Simple manipulations with the definition of integrability, in connec-
tion with 6.1.6 (and the corresponding result for lower integrals), show that if
f and g both belong to #*(X) and t > 0, then tf + g € £'(X) with

J(tf+g)=tjf+fg-

Since — C,(X),, = C.(X)™, it is also easy to verify that if fe £1(X), then
—f e £Y(X) with [ —f = —[ f. Taken together this means that LX) is a
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real vector space, and that [ is a functional on it. Since [*f = {,f = {fif
fe CAX), cf. 6.1.2, it follows that C(X) = £*(X) and that | extends the
original integral on C,(X). Moreover, if f > 0, then [*f >0, so that [ is a
positive functional on £*(X).

Take f, and f, in #!(X) and for & > 0 choose g, g, in C(X)", hy, h, in
C.(X),,, such that h, < f, < g, and [*g, — [, b, < efork =1,2;cf. () in 6.1.9.
Note that

g1V gz —hy v hy <(gy — hy) + (92 — ha),
so that [*g, v g, — [4hy v hy < 2e. It follows that f; v f, € Z£Y(X). Sim-

ilarly, or by exploiting the identity f; A f, + f1 V fo = fi + f,, we see that
fi A fr€ LY (X). ad

6.1.11. Corollary. If f € #(X), then|f| € £*(X) and |§f| < jlfl.

6.1.12. Remark. As we shall see (in 6.2) the new domain of definition for the
integral, viz. #!(X), contains all the functions one may wish to integrate (and
a good many more). The primary reason for the extension is that limit
processes under the integral sign now can be handled in the generality they
deserve. The fundamental results in this direction are Lebesgue’s theorems on
monotone convergence (6.1.13) and on dominated convergence (6.1.15). The
result in 6.1.14 is known as Fatou’s lemma.

6.1.13. Theorem. If a function f on X is the pointwise limit of an increasing se-
quence (f,) in £*(X) such that sup | f, < oo, then f € L*(X)and | f = lim | f,.

PRrOOF. Replacing if necessary f, and f by f, — f; and f — f,, we may assume
Fhat fi = 0.Now put g, = f,+1 — f,, so that g, € £1(X),. Given ¢ > 0, there
is therefore an h, in C(X)", such that g, < h, and [*h, < g, + 27"¢. Put

h =3 h, sothathe C(X)" and f < h. By 6.1.6 and 6.1.7 this implies that

fuslosf s ez
SZJgn+Z2‘"s=limJﬁ+s

for every m, from which we conclude that f € #*(X) and that | f = lim { f,.
O
6.1.14. Lemma. Suppose that (f,) is a sequence in ¥'(X), such that

liminf f,(x) < oo for every x in X and liminf | f, < co. Then liminf f, € #!(X)
and

Jlim inf f, < liminf jf,,.
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ProOOF. Define g, = f, A f,e1 A -- and note from 6.1.10 and 6.1.13 that
g € L(X). The sequence (g,) is monotone increasing toward lim inf f.» and
since g, < f,, we conclude from 6.1.13 that liminf f, e #*(X) with

jlim inf f, = lim jg,, < liminf Jﬁ. ]

6.1.15. Theorem. If a function fon X is a pointwise limit of a sequence (f,) in
LNX), and if |f,| < g for some g in £(X), and all n, then f e LV(X) and
§f=1lmf(f,.

PROOF. Since 0 < f, + g < 2g and f, + g = f + g, it follows from 6.1.14 that
f+ge £ (X), whence f e £'(X). Furthermore, |f — f,| < 2g, so we can
apply 6.1.14 to the sequence 2g — | f — f,|), to obtain

2Ig sliminfj(2g —\|f=fh)= ZIg—limsupJIf—f,,].

Thus, limsup || f — f,| < 0, which implies that f1f = f,l > 0. We conclude
from 6.1.11 that | f, — | f. O

6.1.16. We shall finally indicate a classical construction of Radon integrals on
the real line.

Let m be a monotone increasing function on R. Although m need not be
continuous, we see that for every ¢ > 0 and every bounded interval I there are
at most finitely many discontinuities of m in I with a discontinuous “jump”
larger than e. In particular, the discontinuity points for m on R is a countable
set. We shall assume that m is lower semicontinuous, cf. 1.5.11, ie. m is
continuous from the left. This is a mild normalization condition on an arbi-

trary increasing function n on R, and is always satisfied by the function m on
R obtained by

m(x) = sup{n(y)ly < x}.

For each f in C,(R), choose an interval [a, b] such that the support of f
is contained in [a,b]. Then consider partitions 4 = {x,,...,x,} such that
a=1Xxy<x; <" <x,=b. Let

(S ) = sup{ f(x)1x,—y < x < X},
(If ) = inf{ f(x)| %1 < x < X},

and use these numbers to define upper and lower sums of f with respect to m
as follows:

;* f= Z (Sflm(x) — m(x;—1)),
Z* f= Z (I )e(m(x) — m(x4—1))-

With the convention A < pif A = u, we see that the family A of finite partitions
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of R as specified above has an upward filtering order, so that we obtain the
two nets ()% /)1 and (Y x2/)ica- Clearly the first net is monotone decreas-
ing and the second monotone increasing. Moreover, ) ., f < Y % f for every
A, and

Z* f—= Z* f= ; ((Sf ) — Tf R (m(x,) — m(x,—q)).
7 7

Since f is uniformly continuous on [a, b], there is for each ¢ > 0a § > 0 such
that (Sf), — (If) < ¢ if x, — x,—; < 6. Thus, if 4, is an equidistant parti-
tion of [a,b] of length n > (b — a)67*, it follows that for 1 > A, we have
Y% f — Y 4if < &(m(b) — m(a)). Consequently, the nets of upper and lower
sums converge to the same number, called the Stieltjes integral of f with
respect to m and denoted by [ fdm.

It is clear that the function f — Y * f on C,(R) is positive homogeneous and
subadditive, and takes positive values on positive functions. Also, f — Y ., f
is superadditiveand — ) ., f = > % — f. It follows that in the limit the Stieltjes
integral f — [ fdm is a positive, linear functional on C/(R), ie. a Radon
integral.

We claim that every Radon integral on R can be realized as a Stieltjes
integral with respect to some function m. Indeed, if j is a Radon integral on
R we extend it to the class #!(R) as described in 6.1.10, and we note that
£1(R) certainly contains all characteristic functions of bounded intervals. Let
1, denote the characteristic function corresponding to the half-open interval
[x, y[. Then define m(x) = | 15 if x > 0 and m(x) = — [ 19 if x < 0. Clearly, m
is a monotone increasing function on R, and it follows from the monotone
convergence theorem (6.1.13) that m is lower semicontinuous. If f € C,(X) with
support in an interval [a,b], and 4 = {x,, ..., x,} is a partition as described
before, then f <) (Sf), 13<_ , whence

jfﬁ Z J(Sf)k 1?,:_, = Z (Sf hlm(xy) — m(x,_)) = ;* /.
Likewise, [ f > Y, f for every 4, and we conclude that { f = [ fdm, as desired.

6.1.17. Remarks. Stieltjes’ construction is evidently patterned after the Riemann
integral, obtained by taking m to be the identical function m(x) = x in 6.1.16.
It is also clear that the Riemann-Stieltjes’ construction will define an integral
on more functions that just those in C,(X). In fact, a function f with com-
pact support is Riemann integrable iff its discontinuity points form a set of
Lebesgue measure zero. However, the class of Riemann integrable functions
is not stable under monotone sequential limits in any reasonable sense, so that
Lebesgue’s all important convergence theorems cannot be formulated within
this class.

Finally, we remark (with regret) that the Riemann—Stieltjes’ construction

is intimately connected with the total order on R, and does not generalize to
higher dimensions.
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6.2. Measurability

Synopsis. Sequentially complete function classes. o-rings and o-algebras. Borel

sets and functions. Measurable sets and functions. Integrability of measurable
functions.

6.2.1. A class # of real-valued functions on a set X is (monotone) sequentially
complete, if every function on X, which is the pointwise limit of a (monotone
increasing or decreasing) sequence of functions from %, itself belongs to &. It
is clear that for every family of functions on X there is a smallest (monotone)
sequentially complete class containing it, viz. the intersection of all (monotone)
sequentially complete classes containing the family. This is only an existence
result (however convenient), and it is not possible, in general, to give a
constructive description of all the functions in the sequential completion.

6.2.2. Lemma. If </ is an algebra of real functions on X that is stable under
the lattice operations \/ and /\, then the monotone sequential completion B(#)
of o is a sequentially complete algebra of functions, stable under \/ and \\.

Proor. Take f in of and let 4, denote the class of functions ¢ in #(«/) such
that f + g € #(s#). Since &/ < #, and %, is monotone sequentially com-
plete, it follows from the minimality of #(¢f) that %, = #(«/). Thus,
A + B(A) < B(4). Now take g in #(«), and let &, denote the class of
functions f in #(&/) such that f + g € #(<7). We just proved that &/ < %,,
and since evidently %, is monotone sequentially complete, it follows that
B, = B(/). Thus, B(L) + B(A) = B(s#). The proof that RB (/) = B(H)
is similar (but simpler), and we see that #(«/) is a vector space.

With + replaced by \/ or by /\, the argument above shows that %(=) is
stable under maximum and minimum.

To show that (/) is sequentially complete, let ( f,) be a sequence in #(./)
that converges pointwise to some function f on X. Since f, v 0— fv 0 and
£, A 0> f A 0, it suffices to consider the case where f, > 0 for all n. For fixed
n and some m > n define

gnm=f;l /\f;l+1 AT /\fm'
Then g, € B(=), and since the sequence (g,,) is monotone decreasing (in
m) and positive, it has a pointwise limit g,, and g, € %#(f). Moreover, the

sequence (g,) is monotone increasing (Since gpm < Gn,m if n, < n, <m)and
converges to f since

lim g,(x) = liminf f,(x) = lim f,(x) = f(x)

for every x in X. Thus f € %#(s/), as claimed .
Finally, to show that (/) is an algebra, let %5 denote the class of functions

fin #(s#) such that f 2 ¢ B(). Clearly, o < By andif(f,)isa sequence ffom

4%, converging pointwise to some function f, then f,2 — f2, pointwise. Since
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(o) is sequentially complete, /% € B(). This proves that #; is sequentially
complete, and therefore #; = %(s#). For every pair f, g in #(=/) we therefore
have

fa=3(f+9) —f*—9°) e B(A),
which proves that %(«) is an algebra. O

6.2.3. A system % of subsets of a set X is called a o-ring if it is stable under the
formation of differences and countable unions. Since () 4, = 4;\({J 4,1\ 4,),
it follows that a o-ring is also stable under countable intersections. If X € &,
we say that & is a o-algebra.

This terminology is based on the easily proved fact that a o-ring &% with
the operations + and - defined by

A+ B=(AuB)\(An B)=(A\B)u(B\A4) (symmetric difference),
A-B=AnNB (intersection),

is a (Boolean) ring, which is unital iff & is a g-algebra. The prefix ¢ as usual
indicates a countable process, cf. o-compact set, o-finite measure, o-weak
topology.

Just as in topology (1.2.11), there is for every family of subsets of X a small-
est o-ring/o-algebra containing the family. But, contrary to the topological
case (1.2.12), there is no procedure for constructing all the sets in the generated
g-system.

If # is a monotone sequentially complete algebra of functions on X, the
class & of subsets A < X, such that [4] € &, is a o-ring. {Here and in the rest
of the chapter we shall constantly use [ 4] to denote the characteristic function
for 4;i.e.[4](x) = 1if x € A, otherwise [4](x) = O, cf. 1.5.10.} Indeed, we have

[A\B] =[4] — [41[B], [AvB]=[4]+ [B] - [4][B],
[UA,,] =lim[4,vA4,U---UA4,].

The following result in the opposite direction is less obvious.

6.2.4. Lemma. Let & be a o-algebra of subsets of a set X, and denote by &
the class of functions f on X such that {f > t} € & for each t in R. Then F is
a sequentially complete, unital algebra of functions on X, stable under \/ and
/\- Moreover, |f|P € & for every f in F and p > 0.

Proor. If f and g belong to %, then
U+g>=U{f>nin{g>t-n}es,

for each ¢ in R, if (r,) is an enumeration of the rational numbers. Thus,
f+geF Ma>0then {af >t} = {f < a7t} € &, so that af € F. Moreover,
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(~>8g={f<—1)
=X\{fz—-t=X\N{f>-t—n'}es,

so that —f € #. Taken together it shows that & is a vector space.
The expressions

{(fvg=>t={f>tju{g>1],
{(frag>ti={f>t}n{g>1t},

show that # is stable under the lattice operations \/ and A\.

If fe# and t=0, then {|f|P >t} = {|f] >t} e ¥, because |f|=
SvO0—fAOeZ Ift <O, then {|f|” >t} = X € & Itfollows that [f|? € &
for every p > 0. As

f9=3(f+g* - f*—g%,

this implies (with p = 2) that fg e & for all f and g in &%, so that # is an
algebra.

To show that & is sequentially complete, it suffices by 6.2.2 to show that
& is monotone sequentially complete. Therefore, take a monotone increasing
sequence (f,) in % that converges pointwise to some function f. Then for each
tinR

{(f>ty=U{fh>tte
so that f € &, completing the proof. O

6.2.5. For a topological space X the system & of Borel sets is defined as the
smallest o-algebra of subsets of X that contains all open sets (equivalently,
contains all closed sets). The theory of Borel sets is due to Baire and Lebesgue.

Taking X = R" we know that every open set is the countable union of open
boxes, and each such is the intersection of 2n open half-spaces. Thus, the
system of Borel subsets of R" is the o-ring generated by all half-spaces of the
form {x € R"|x;, > t},where ] <k <nandteR.

6.2.6. A real-valued function f on a topological space X is a Borel function, if
{f > t} is a Borel subset of X for every ¢ in R (cf. the definition of a continuous
function in 1.4.1). Since the system of subsets B — R for which f “Y(B) e By is
a g-algebra, it follows from the second half of 6.2.5 that for a Borel function
f on X we have f '(B) € %y for every Borel subset B of R.

As a natural continuation of the above we say that a function f: X - Y
between topological spaces X and Y is a Borel map if f ~1(B) € &y for every
B in %,. As in the case of continuous functions, we see that composition of
Borel maps again produces a Borel map.

6.2.7. Proposition. For a topological space X the class B(X) of Borel functions
on X is a sequentially complete, unital algebra, which is stable under the lattice

operations \/ and /\- Moreover, | fI” € B(X) for every f in B(X).
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ProOF. Direct application of 6.2.4. O

6.2.8. Lemma. If X is a locally compact Hausdorff space, there is for each
compact subset C of X a monotone decreasing net (f3);ca in C.(X), such that
f,~[C). If X is second countable, the net map be taken as a sequence.

PrOOF. Consider the set A of functions fin C,(X),, such that f|C = 1. Since
A is stable under infimum, it constitutes a monotone decreasing net if we use
the usual pointwise order of functions. For each x in X\ C there is by 1.7.5 an
element f in A such that f(x) = 0. Consequently, the net (f;);.a converges
pointwise to [C].

If X is second countable, we can write C = () 4, for some sequence 4, of
open sets, and then apply 1.7.5 to obtain a sequence as desired. O

6.2.9. Proposition. If X is a second countable, locally compact Hausdorff space,
the class #(X) of Borel functions on X is the monotone sequential completion
of C.(X). Moreover, the class %,(X) of bounded Borel functions is the monotone
sequential completion of C,(X) inside the system of bounded functions on X.

Proor. Let #(C,(X)) denote the monotone sequential completion of C.(X),
and note from 6.2.2 that #(C.(X)) is a sequentially complete algebra of
functions, stable under \/ and /. Since C,(X) = %#(X), it follows from 6.2.7
that #(C.(X)) = #(X).

To prove the converse inclusion, note from 6.2.8 that [C] € #(C,(X)) for
every compact subset C of X. Since every open set in X is the countable union
of compact subsets this implies that [4] € #(C.(X)) for every open set A, and
thus (cf. the remark in the end of 6.2.3) [B] € #(C.(X)) for every Borel set
Bc X.

Now take fin #(X). To prove that f € #(C.(X)) it suffices to consider the
case f > 0. Fornin N and 1 < k < n2" define

Byu={(k—12"<f<k2™"} c B
fo=2 (k—1)27"[B,].

From the first part of the proof we see that [B,]e %(C.(X)), whence
Jn € B(C(X)) for every n. Since f, ~ f, we conclude that f € #(C,(X)).

To prove the second half of the proposition, let %,(C.(X)) denote the
smallest class of bounded functions on X, containing C,(X), that is monotone
sequentially complete. This means that if (f,) is a monotone (increasing or
decreasing) sequence from 4,(C,(X)), converging pointwise to some bounded
function f, then f € %,(C.(X)). For each nin N let

B(X)={fe BX)|—n< f<n}

and let 4,(C.(X)) denote the monotone sequential completion of the class
{f e CX)|—n < f < n}. Clearly, %,(C.(X)) = %,(X). On the other hand, the
set 4%,(X) of functions f in %(X), for which (—n v f) A ne 8,(C.(X)), is
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monotone sequentially complete and contains C.(X). It follows that %,(X) =
#(X), from which we deduce that %#,(X) < %,(C.(X)). Therefore %,(X) =
#,(C.(X)). Since %B,(X) = | ) #B,(X) and since | ) 8,(C.(X)) is monotone se-
quentially complete inside %,(C.(X)), we finally conclude that

B (CAX)) = | B,(C(X)) = By(X). a

6.2.10. Remarks. For an arbitrary (large) locally compact Hausdorff space X,
the (monotone) sequential completion #(C,(X)) of C.(X) may be strictly
smaller than #(X). This class is known as the Baire functions, and we see from
6.2.2 that they constitute a sequentially complete algebra of functions, stable
under \/ and /\. Moreover, 1 is a Baire function iff X is o-compact. The class
of subsets B « X, such that [B] is a Baire function, is the Baire sets, and they
form a o-ring contained in %#y. It is not difficult to prove that the class of Baire
sets is the g-ring generated by the compact G;-sets in X. The salient fact is
that a subset C of X is a compact G;-set iff C = { f > ¢} for some f in C(X)
and ¢ > 0.

In the converse direction, if we insist on having all Borel functions available,
we might ask for a reasonably small class # of functions on X, whose
sequential completion will be Z(X). One such is obtained by taking C}?(X)
as the family of bounded, lower semicontinuous functions on X (cf. 1.5.10),
and then define

7 = X)) — GP(X).

Evidently # is a vector space (actually it is an algebra), and since it contains
all characteristic functions [ 4], where A is an open set, it is not hard to show
that #(X) is the monotone sequential completion of #.

6.2.11. Consider now a locally compact Hausdorff space X and denote by ¢
the class of compact subsets of X. Given a Radon integral | on C,(X) we con-
sider its extension to .#!(X) as described in 6.1.10. We denote by .#" the class
of subsets B — X such that [B] € #*(X), and we define .#—the measurable
sets—as the class of subsets 4 c X such that A~ C e .#* for every Cin €.

6.2.12. Proposition. The system .4 of measurable sets for a Radon integral on
a locally compact Hausdorff space X is a a-algebra that contains the class #
of Borel sets. Moreover, € = M.

ProoF. If C € %, then [C] € C,(X),, by 6.2.8. Evidently §«[C] = 0, so by the
remarks in 6.1.8 it follows that [C] € #*(X), ie. Ce 4"
If A e # and C € %, then (X\ 4) n C = C\(4 n C), whence

[(X\A)nC] =[C]-[AnCle £'(X),

since [C] € £*(X). Consequently, X\ A € .#. From 6.1.10 we sce that 4!
is stable under finite unions and intersections, and it then follows from
Lebesgue’s monotone convergence theorem, 6.1.13, that .# is stable under
countable unions and intersections. Thus ./ is a g-algebra.
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Since € = !, every closed subset of X belongs to .#, and as ./ is a
g-algebra, it follows that & c /. |

6.2.13. A real-valued function f on X is said to be measurable (with respect to
a given Radon integral {)if { f > t} € . for every t in R. As in 6.2.6 this implies
that f ~*(B) € . for every Borel set Bin R. Also, f o g is measurable for every
Borel function g on R. We denote by .#(X) the class of measurable functions
on X, and since # < .# we see immediately that 4(X) = £ (X). Moreover,
by 6.2.4 we have the following result.

6.2.14. Proposition. The class ¥ (X) of measurable functions with respect to a
Radon integral on a locally compact Hausdorff space X is a sequentially
complete, unital algebra, which is stable under the lattice operations \/ and )\.
Moreover, | f|? € L(X) for every f in L (X).

6.2.15. Lemma. For every subset B of X we have

J [B] = sup{f[CﬂCcB,Ce%};

j* [B] =inf{J* [A]|B < A,Aopen}.

Moreover, Be .#" iff Be .4 and [*[B] < co.

Proor. For every h < [B] in C,(X),, and every n, the set C, = {h=n"1}is
compact, since h is upper semicontinuous (1.5.12) and dominated by functions
with compact supports. Furthermore,

h<[{h>0}]<[B].

Since | JC, = {h >0} and {C,} = .#" (6.2.12), it follows from Lebesgue’s
monotone convergence theorem (6.1.13) that [h < lim [[C,]. By definition
[ [B] is the supremum of numbers [ R (cf. 6.1.9), and it follows that {«[Blis
also the supremum of numbers [[C], where Ce € and C = B.

To prove the second equation, we may assume that {*[B] < o0. There is
then for each ¢ > 0 a g in C,(X)" with g > [B], such that j* g<[*[B]+e
Taking 4 = {g > 1 — ¢} we see that A4 is open because g is lower semi-
continuous. Moreover, B = 4 and

f [AJs(l—s)—lf*gs(l—e)‘l(f*[BHe).

This shows that [* [B] is the infimum of numbers {* [A], where 4 is open and
B c A.

If Be # and [*[B] < oo, then, as we just proved, [*[4] < oo for
some open set 4 > B. Since [A4] € C,(X)™ (1.5.13), we noted in 6.1.9 that
[A] e £'(X),ie. Ae .#*. From the first equation we see that there is a C in
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€ with C < A, such that
j [A] =J [A] sf[q s

B=(BnC)u(B\C) = (BN C)u(4\0),
and since both B n C and A\ C belong to .#* we conclude that

We then have

r [B] < j[BmC] v [A\C]

< J[BmC] + [4A\C] < J [B] + e
%
Since ¢ is arbitrary, it follows that [B] € £(X), ie. Be .#'. O

6.2.16. Theorem. If { is a Radon integral on a locally compact Hausdorff space
X, every integrable function is measurable. Conversely, a measurable function
f on X is integrable iff {* | f| < 0.

Proor. First note thatif f € £}(X),,then f A 1 € #!(X),.Indeed, the classes
CAX)4,(CAX)™),,and (C(X),,), are all stable under the operation f — f A 1;
and if0 < h < f < g, asin () in 6.1.9, then

hAal<fAalggal and gal—hal<g-—h
Thus, for each f in 221(X), and t > 0 we can define
fi=m(f —fAb)Ale LX)
Since f, #[{f > t}]1and f, < t7' f, it follows from 6.1.13 that {f >t} € ME.
In the general case, where f e & 1(X), we see that if t > 0, then
(f>ty={fvO>t+nl}ed,

since ./ is a g-algebra. If t < 0, we use that
(f>t=X\{-f2 -t} =X\"N{-f>—t—n"}ed

Assume now that f is a measurable function with {*1f1 < oo. Then the
same is true for f v 0 and (—f) v 0, since these functions are dominated by
|fI. Since f = f v 0 — (—f) v 0, we may therefore assume that f > 0. For n
in N and 1 < k < n2" define

Ay ={k = 127" < f<k2™"};
Jo=2 (k= D27 [Au].

By assumption A, € .# for every k, and since f, < f, we have (¥4 <
2k — 1) {*f < oo for all k> 1. By 6.2.15 this implies that A, € ./4",
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whence f, € L1(X). As f, » f we conclude from the monotone convergence
theorem (6.1.13) that f € Z*(X). O

6.3. Measures

Synopsis. Radon measures. Inner and outer regularity. The Riesz representa-
tion theorem. Essential integral. The o-compact case. Extended integrability.

6.3.1. A measure on a o-ring & of subsets of a set X is a function u: & — [0, c0]
that is o-additive in the sense that

u<UA..) =) u(4,)

for every sequence (A4,) of pairwise disjoint sets in &. If X is a locally compact
Hausdorff space, and . contains all Borel sets in X, we say that u is a Radon
measure if

(i) u(C) < o forevery Cin %.
(i) u(4) = sup{u(C)|C = A, C € €} for every A in &.

Condition (ii) is called inner regularity of u. Outer regularity, which we shall
encounter later (6.3.6), is expressed by the condition

(ii)) u(4) = inf{u(B)|4 = B, B open in X} for every 4 in &.

6.3.2. Proposition. To each Radon integral { on a locally compact Hausdorff
space X corresponds two measures on the c-algebra M of measurable subsets
of X: the outer measure pu* and the inner measure W, defined by

() uXA4) = [*[4], A e 4,
(i) pod = [, [A], Ae ..

Of these, p, is a Radon measure and u* is an outer regular measure dominating
Hy- Moreover, u,(A) = p*(A) whenever A is a countable union of sets Sfrom 41,

ProOF. From 6.2.15 it follows that if u*(A4) < oo, then 4 € .#*, so that U (A) =
#*(A4). This immediately implies that u* is a measure, because the identity
#*(\J 4,) = ¥ u*(4,) is only nontrivial if Y u*(A,) < oo, and in that case it
follows from the monotone convergence theorem (6.1.13). Furthermore, we
see from 6.2.15 that y* is outer regular and Uy is inner regular. To show that
My 18 @ measure (and thus a Radon measure), take a sequence (4,) of pairwise
disjoint sets in .#, and compute for each compact subset C of | ) 4, that

14(C) = J[C] = JZ [CnA4,]

-y j[c AA]=Y 1(Crd) <Y ud)
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since C N A, € .4". The inner regularity of u, now shows that (U A,) =

> uu(A,). Since u, and u* agree on .41, they agree on countable unions from
' by c-additivity. O

6.3.3. Lemma. Let i be a measure on a o-algebra & of subsets of a set X, and
denote by & the class of &-measurable functions as defined in 6.2.4. There is

then a unique positive homogeneous, additive function ®: #, — [0, 0], satisfy-
ing the conditions

(1) ®([A]) = pud)if Ae .
(i) ©(f) = m®(f,) if f, 7 fin Z..

Proor. Consider the class %, of simple functions in %, of the form

f =3 o,[4,], where «, > 0 and 4, € &. Define ® on %, [as we must by (i)]
by setting

D(f) = Y. anuilAy)-

Straightforward (but rather lengthy) manipulations, involving only the finite
additivity of u on the algebra &, show that ® is a well-defined, positive
homogeneous, additive function on the subcone %, of Z, .

Suppose that (f,) © % and f, » [A] for some 4 in &. For ¢ > 0 let B, =
{fu = 1 — ¢}, so that (1 — ¢)[B,] < f,. As f, #[A] we must have { | B, = 4,
whence u(B,) 7 u(A) by the o-additivity of u. Consequently,

#(4) = lim ®(f,) = (1 — &)lim ®([B,])
= (1 — e)lim u(B,) = (1 — e)u(A).

Since ¢ is arbitrary, ®(f,) » ®([A]). From this result it is easy to show that
®(f,) 7 ©(f), whenever f, / fin Z,.

Now if (f,) and (g,,) are increasing sequences in & such that f, » f and
g, 7 f for some fin #,, then f, A g, € &, for all n and m, and f, A g, 7 £,
for each fixed n. By the previous result this means that

lim ®(g,,) = im @(f, A gn) = ©(f,),
whence lim ®(g,,) > lim ®( f,). Exchanging the roles of f, and g,, we see that

lim ®(f,) = lim ®(g,,,). (*)

Every element f in &, is the pointwise limit of an increasing sequence (fn)
from %,. Indeed, as in the proofs of 6.2.9 and 6.2.16 let

Ay ={(k— 127" < f<k27"}

for 1 < k < n2", and define f, = ¥ (k — 1)27"[A,,]. We extend @ from Z to
Z, by setting ®(f) = lim @(f,), and we note from (x) that ®(f) = lim.(I)(gm)
for every increasing sequence (g,,) in &, with g,,  f. Thus, the Qeﬁnitlon of
®(f) does not depend on any particular sequence (as long as it.1r.1creases to
f), and it follows easily that @ is positive homogeneous and additive on %, .



6.3. Measures 237

Finally, to show that ® satisfies condition (ii), let f, » f in &, . For each n
there is an increasing sequence (g,,,) in %, with g,,, /~ f,. But then, taking

hn=g1n VganV "V G

we obtain an increasing sequence (h,) in %, with h, ~ f. Since h, < f,, we
conclude, using (*), that

lim ®(f,) < ®(f) = lim ®(h,) < lim ®(f,);

whence ®(f) = lim ®(f,), as desired. The unicity of ®, given y and the condi-
tions (i) and (ii), follows from the construction. O

6.3.4. Theorem. There is a bijective correspondence between Radon integrals
on the locally compact Hausdorff space X and Radon measures on the o-algebra
A of Borel sets of X, given by

M&=J[M,Ae%

Proor. If { is a Radon integral on X, then u,|4% is a Radon measure on 4 by
6.3.2.

Conversely, if 4 is a Radon measure on %, we use 6.3.3 to define a positive
homogeneous, additive function |, on the class #(X), of positive Borel
functions, taking values in [0, «0]. If f € C,(X) and f > O, then f < a[C] for
some a > 0 and C in €. Since u(C) < oo, it follows that |, f < co. Thus ju is
finite on C.(X),, so that | = {,|C.(X), is a Radon integral on X.

To show that the two maps are the inverse of each other, take a Radon
integral | on X and define the inner measure p,, as in 6.3.2. From this measure
we obtain the integral j'“* by 6.3.3. If f is a positive, simple function with
compact support of the form f = 3 «,[B,], B, € &%, then

f f=Zan#*(Bn)=Za..f [Bn]=ff.

For each fin C(X), we can choose an increasing sequence (f,) of positive,
simple functions with compact supports such that f, » f. It follows that

J f=limf ﬁ,:limj f,,=Jf

by 6.3.3 and 6.1.13, whence |, = |.

Conversely, if we start with a Radon measure p, extend it to an integral |,
using 6.3.3, take | = {,|C.(X),, and finally define i, relative to | as in 6.3.2,
we must show that u = p, on 4. Since both measures are inner regular, it

suffices to show that u(C) = p,(C)foreach Cin%. By 6.2.8 there is a decreasing
net (f);ea in C(X) such that f, \« [C], whence by 6.1.5

14(C) = j [C] =lim jfa 2 u(C).
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From the inner regularity we conclude that u(B) > u(B) for every Borel set
B. Fixing C as above, we choose f in C,(X),0 < f < 1, such that f > [C] (cf.
1.7.5). Thus f" \ [C; ], where C; = { f = 1} o C. By (ii) in 6.3.3 (applied to the
case f — "~ f — [Cy])

#4(C1) =J (Ci] =lim ff"

=1imj f":f [C,1

Since p(C) < u,(C) and p(C,\C) < u,(C;\C), the equality above forces
w(C) = 1, (C), as desired. O

6.3.5. Riesz’ representation theorem (6.3.4) (F. Riesz 1909) shows indirectly that
Daniell’s extension theorem is not best possible, if the goal is to make the class
of integrable functions as large as possible. (It isn’t.) If in the class £ (X) of
measurable functions on X we define
j Ifl < 00},
*

then the essential integral {,,, defined on Z,.(X) by

j f=jfv0+f*fA0,

is a positive linear functional on 5 (X) extending | and satisfying Lebesgue’s
convergence theorems. We have a strict inclusion Z1(X) = £ (X), whenever
the two measures p,, and p* in 6.3.2 are different. However, under the innocent
assumption (with regards to the applications) that the space X is a countable
union of compact subsets—a o-compact space—the dichotomy between
and p* disappears.

Loss(X) = {fe Z(X)

6.3.6. Proposition. If X is a locally compact, a-compact Hausdorff space, every
Radon measure is outer regular. Moreover, if j is a Radon integral, a measurable
function f is integrable with respect to j iff j* 1fl < o0.

PROOF. By assumption X = | ) C,, where (C,) is a sequence in €. This means
that if [ is a Radon integral and ./ denotes the class of measurable subsets of
X, then for each Bin .# we have B = | /(BN C,).Since BN C, € A1, it follows
from 6.3.2 that u*(B) = u,(B). Since p* is outer regular and p, is the prototype
of a Radon measure by 6.3.4, we have proved the first half of the proposi-
tion. The second follows in the same manner: If f > 0 is measurable, define
f, = f A n[C,]. Then f, € £*(X) by 6.2.16 and since f, / f, it follows from the
monotone convergence theorem (6.1.13) that if |, f < oo then lim | f, < oo,
whence f € Z1(X). O

6.3.7. It is sometimes convenient that the integral, like the measure, can take
infinite values. We say that a measurable function f >0 (with respect
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to a Radon integral | on a locally compact Hausdorff space X) is extended

integrable if
ff:f*f (eRu{oo}).

Furthermore, we say that an arbitrary measurable function f is extende.d
integrable if either f v 0 or —(f A 0) belongs to #*(X) while the other is
extended integrable. We then define

thfsz\’o—j(—f/\O) <6Ru{ioo})_

Since the symbol oo — oo has no useful definition, the extended integrable
functions do not form a vector space. The positive extended integrable func-
tions, however, is a positive cone, on which the integral acts as a positive
homogeneous, g-additive function.

If X is o-compact, every positive, measurable function is extended inte-
grable (6.3.6), whereas an arbitrary measurable function is extended integrable
except in the case [ f v 0 = o0, [ f A 0 = —c0.

6.3.8. Remark. Riesz’ representation theorem (6.3.4) shows that the discussion
about what is more important, the measure or the integral, is not of mathe-
matical nature. It may, however, be waged on aestetical, proof—-technological,
yea even pedagogical, assumptions. There is little doubt (in this author) that
the Lebesgue measure on R is more basic than the Lebesgue integral. This is
marked by using the standard notation [ f(x)dx for the Lebesgue integral of
a function f. This symbolism (going back to Leibniz) is versatile and intuitive
[derived from Y f(x)Ax]. In particular, it is well suited to describe a change
of variables and to distinguish the variables in multiple integrals. It is much
more doubtful (for this author), whether general (Radon) measures are more
basic than general (Radon) integrals. Moreover, the integral notation is clearly
superior to measure notation when we have to derive one measure/integral
from another (cf. 6.5.4 and 6.5.6). For these reasons the reader will not find
the traditional notation | f(x)du(x) [or the slightly more “logical” { f(x)p(dx);
not to mention the rather masochistic {du(x)f(x)] for the integral of a func-

tion with respect to a measure. The exception being the case of translation
invariant, “Lebesgue-like” measures; see 6.6.15.

6.4. LP-Spaces

Synopsis. Null functions and the almost everywhere terminology. The Holder
and Minkowski inequalities. Egoroff’s theorem. Lusin’s theorem. The Riesz—

Fischer theorem. Approximation by continuous functions. Complex spaces.
Interpolation between LP-spaces.
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6.4.1. In this section we consider a fixed Radon integral | on a locally compact
Hausdorff space X. We shall study various subspaces of the vector lattice
£(X) of measurable functions (6.2.14). Of fundamental importance is the class
of null functions defined by

L/V(X)={f€$(X)U|fl =0}~
From this we derive the class of null sets
N ={NeM|[N]e ¥(X)}.

A statement about points in X, which is true except at the points of a null set,

is said to hold almost everywhere. For example, f € A"(X) iff f = 0 almost
everywhere. Indeed,

{(f£0}=U{fI>n"*} and [{|f]>n"1}]<n|f]

It is easy to verify that A"(X) is a sequentially complete ideal in Z(X),
stable under \/ and . Likewise 4" is a g-ring (and an ideal in .# for the
Boolean ring structure defined in 6.2.3). It follows from the definition that
every positive function dominated by a null function is again a null function.
Similarly, every subset of a null set is again a null set. We can therefore expect
the wildest behavior, set-theoretically, of null functions and null sets; but since
the effect on the integral is negligible, this will cause no trouble.

6.4.2. Having established the “almost everywhere” terminology, we can now
allow functions on X with values in the extended real line R U { +0}. Thus,
we say from now on that a function f: X - RuU {F oo} belongs to £(X) if
there is a null set N such that f(X) e R for x ¢ N and such that [X\N]fisa
measurable function in the old sense. The definition is not ideal, since the
algebraic and lattice rules now only hold almost everywhere. Passing to the
quotient space £(X)/A4"(X) will restore the operations, but at the price that
we no longer work with function spaces. The reason why we allow functions
with infinite values is that many limit operations give functions of this type,
and it is cumbersome everytime to recall how to redefine them (from +oo
back to R) on an irrelevant null set. As an example of this phenomenon we
present a version of the monotone convergence theorem, known as Beppo
Levi’s theorem.

6.4.3. Proposition. If (f,) is a sequence in £*(X) such that f,(x) < f,+1(x) for
almost all x and every n, and if lim { f, < oo, there is an element fin £YX)
such that | f = 1lim { £, and f(x) = lim f,(x) almost everywhere.

PrOOF. For each n there is a null set N, such that f,(x) < f,+1(x) for x ¢ N,..
With N = { J N, we have a null set N and an extended-valued function f such
that f,(x) ~ f(x)for x ¢ N. Replacing if necessary f. by f, — fi we may assume
that f,(x) > 0 for x ¢ N. Since
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J[{fn >m}] < fm_lﬁ

for every n and m, we see from 6.1.13 that

J[{f >m}] <m™'lim {fn.

It follows that N, = { f = oo} is a null set, so that 6.1.13 can be applied to the
restriction of (f,) and f to X \(N, u N). O

6.4.4. It is important to keep in mind that the “almost everywhere” terminology
depends on the chosen integral. We say that a Radon integral | is continuous
(or diffuse) if {[{x}] = 0 for every point x in X, ie. if all one-point sets are
null sets. For a continuous integral a statement can therefore be true almost
everywhere, and yet fail on a countable set of points. (Almost all real numbers
are irrational.) The name derives from the fact that if X = R, a Radon
(=Stieltjes) integral (cf. 6.1.16) with respect to an increment function m is
continuous iff m is continuous. The opposite case is an atomic Radon integral,
characterized by having a set S < X, such that X\Sisanull set and S~ C is
countable for every compact subset C of X. Thus, § itself is countable if X is
g-compact. Particular cases of atomic integrals are the Dirac integrals (Dirac
measures) J,, x € X, given by d.(f) = f(x); cf. 2.5.7. Note that for a Dirac
integral J, a statement on X is true almost everywhere, provided that it holds
at x.

It is easy to show that every Radon integral | can be decomposed as a sum
§ = fc + [a, where [, is continuous and [, is atomic. Just set

j [(x)]> o}.

Then S N C is countable for every C in ¥ (since [ [C] < o). Thus, S € # by
6.2.11, and we can define

jf=j[s]f, Jf=‘[[X\S]f, f e G(X).

Evidently [, is atomic, |, is continuous, and |, + fe=1.

S::{xeX

6.4.5. For 1 < p < oo we define the Lebesgue space of order p as

LX) = {fei’(X)

IflPe fl(X)}'
Since for all real s and t we have
(s + 07 < 2°(|s|P v |t|P) < 27(|s|P + |t]P),

it follows from 6.2.14 and 6.2.16 that #”(X) is a vector space. For each f in
LP(X) we define
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151, = (flfv')”p

Then the map f — || f|, is positive homogeneous on £?(X), and for p = 1 it

is obviously a seminorm. That it also is a seminorm for p > 1 will follow from

the two fundamental inequalities of Holder and Minkowski (6.4.6 and 6.4.7).
If f € #(X), we define the essential supremum of f as

j* (S > 6] = o}
f* (f—f/\t):O}.

We denote by #*(X) the vector space of essentially bounded, measurable
functions, equipped with the seminorm

esssupf = inf{t eR

=inf{teR

I/l = esssup|f].

6.4.6. Lemma. If fe ¥?(X) and g e ¥%X), where p and q are conjugate
exponents, i.e. p"t +q ' =1 (by definition 1 and oo are conjugate), then
fge LYX) and

Ifglly < 1 1plgllg-
Proor. Thecase p = 1,q = oo iseasy, since | fg| < |f| gl almost everywhere.
Therefore, assume that both p and q are finite.

The inequality a* + x < ax + 1, for 0 < x < 1 and a > 0 is easily verified,
since x — a* is a convex function. From this we get

(stTH¥r 4+ pt < pTistTt + 1
for all positive s and ¢. Multiplying with ¢ this is transformed into
Sl/Ptl/q < p‘ls + q'lt.

Inserting s = |f]Pa™? and t = |g|*f™% where a = [|fl|, and f = |gl, we
obtain

o B Slgl < pTrePIfIP + 7 Bl (*)

Since fg € Z(X) (6.2.14), it follows from 6.2.16 that fg e &£ 1(X), and we see
from (%) that

oB Sl < p Pl fIE+ g B gli =P + g7 = 1,
which is the desired inequality. O

6.4.7. Lemma.If 1 < p < oo and f and g belong to L(X),then [ + g € ZP(X)
and

If+gll, <1/l + gl
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ProoF. The cases p=1 and p = oo are evident. If 1 <p < o0, we put
h=|f+g/P!, and note that he #%X) when p~' + ¢ ' =1 [because
f + g € £P(X) by 6.4.5]. By the Holder inequality (6.4.6) we therefore have

(f+gly < jhlfl + Jhlgl
< IRl 1, + llglly) = (Lf + gl )P U1, + llglly),

from which Minkowski’s inequality is immediate. O

6.4.8. The space A4(X) of null functions is contained in .#?(X) for every p
(1 < p < ). Moreover,

N (X)={feL*X)|Ifl, =0}
again for 1 < p < . It follows from Minkowski’s inequality (6.4.7) that the
quotient spaces
LP(X) = LX)/ N (X)
are normed spaces for every p, with |- ||, as the norm. That these spaces are

complete (the Riesz—Fischer theorem, 6.4.10) is a consequence of the next
result, known as Egoroff ’s theorem.

6.4.9. Proposition. Given a Cauchy sequence in £?(X), for 1 < p < oo, there is
for each ¢ > 0 a subsequence (f,), an open set A with {[A4] < ¢ and a null set

N, such that the sequence (f,) converges uniformly on X\ A and converges
pointwise on X\ N.

Proor. Choose the subsequence such that || f,.; — £, < (e27"®*D)V7 for
every n. With

Bn = {|fn+1 _fnl = 2_"}
we therefore have

_[[Bn] 2% jlfm — Jal? <2Pe27MPTD = g2,

Taking A, =  ),.>,B,, We obtain the estimate {[A4,] < 2™ In particular,
f[A4o] <eand [[N] =0, where N = () A4,. By 6.2.15 we can choose an open
set A o A, such that [[A] <.

If x ¢ A,, we have | f,,,,(x) — f,,(x)| < 2™™ as soon as m > n. In particular,
(f2) is uniformly convergent on X\A,, hence on X \A. Moreover, since
X\N = [ J(X\A4,), it follows that ( Ju) converges pointwise on X\ N. O

6.4.10. Theorem. Each space LP(X), 1 < p < oo, is a Banach space.

Proor. Let Q: #?(X) - LP(X) denote the quotient map. If p < oo and (Qf,)
is a Cauchy sequence in L?(X), then (f,)is a Cauchy sequence in #?(X) (for
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the seminorm | - || ), and we can find a subsequence as described in 6.4.9, which
we shall continue to call (f,). Define f(x) = lim f,(x) if x ¢ N and f(x) = 0 if

x € N. Taking g = Y| fye1 — fyl, we have gll, < 3 |l furs — full, < 00 50 g”
is an integrable function that majorizes |f — f,|” on X\N. By Lebesgue’s
dominated convergence theorem (6.1.15) it follows that (|| f — f| P —=0;
whence f € £?(X), and Qf, — Qfin L?.

If (Qf,) is a Cauchy sequence in L*(X) we set

Nw = {lfs = ful > 1 s = fullo} and Ny ={Ifal > [ fullo}-

All these sets are null sets and since 4" is a o-ring, also their union
N =(JN,») U({JN,) is a null set. On X\N the sequence (f,) converges
uniformly to a bounded function f. Defining f =0 on N we have that
f e £%(X) and that Qf, - Qfin L*(X). g

6.4.11. Proposition. For every p < oo (the image of ) C(X) is dense in LP(X).

Proor. If f € £P(X), we have the decomposition f = f v 0 + f A 0in LP(X).
It therefore suffices to approximate a positive function f in #?(X).

By 6.1.9 there is for each ¢ > 0 an h in C,(X)™" such that fP < h and
jh < jf" + ¢®. Since p > 1, we have the inequality s? + t? < (s + ¢t)? for all
positive s and ¢, and therefore

Ine = £l = J(W —frs fh —fr<en

By definition of the upper integral (6.1.2) there is now a g in C,(X), such
that g < h and [h — g < &”. As above this implies that [|hV? — g'?||, <e.
Taken together we have || f — g'/?||, < 2, and since g''? € C(X), the proof is
complete. O

6.4.12. Corollary. For each f in #P(X),1 < p < o0, and ¢ > O there is an open
set A with [[A] < &, such that f|X\ A belongs to Co(X \ A).

ProOF. Choose by 6.4.11 a sequence (f,) in C(X) such that || f — full, ~O.
Then use 6.49 to find the open set 4. Since (f,|X\A4) c Co(X\A4), the
result follows from the fact that C,(X\ 4) is uniformly closed. This is Lusin’s
theorem. Ol

6.4.13. Proposition. I p < oo, there is for every measurable function f in LP(X)
a Borel function g such that f — g is a null function. The same is true for any
measurable function f that is zero almost everywhere outside a 6-compact subset
of X.

Proor. If f € #P(X), there is by 6.4.11 a sequence ( £.) in C.(X) such that
I f — full, = 0. Applying 6.4.9 we may assume that f,(x) — f(x) for every x in
X\N, where N is a null set. Furthermore, we may assume that N is a Borel
set, replacing it if necessary with () A, where (4,) is a sequence of open sets
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containing N such that [[A] < n™"! (cf. 6.2.15). This means that ((X\N1/,) is
a sequence of Borel functions and the pointwise limit g is therefore also a Borel
function (6.2.7). Clearly, f — g € #/(X).

If fe £(X)and {f #0}c U C,, where (C,) is a sequence of compact
sets in X, we first use the decomposition f = f v 0 + f A 0 to reduce the
problem to the case f > 0. Moreover, assuming that C, = C,,, for all n, we
let f, = f A n[C,]. Then [*f, <n[[C,] < o0, so that f, e £Z'(X) by 6.2.16.
From the first part of the proof there is a Borel function g, and a Borel null
set N, such that f,(x) = g,(x) if x € X\N,. With N = | ] N, we see that

gn(x) = fo(x) 7 f(x),

if x e X\ N. This shows that g = [ X\ N]fis a Borel function with f — g in
N (X). |

6.4.14. Even though the integration theory is at heart concerned only
with real-valued functions, there is no difficulty in extending it to complex
functions.

We say that a function f: X — C is Borel/measurable provided that the
same holds for the two functions Re f and Im f. In fact, this is equivalent
with the demand that f ~!(B) € # (respectively .#) for every Borel subset B in
C (because it suffices to consider sets B of the form {o € C|Rea >t} and
{o e C|Ima > t}, cf. 6.2.5, and the counterimages of such sets depend only on
Re f or on Im f).

In the same manner we define the complex #”-spaces and the complex
null functions as the complexifications of the corresponding real spaces. This
means that the integral | becomes a complex linear functional on the vector
space of complex, integrable functions [which we still, with an absolute
disregard for consistency, shall denote by .#'(X)]. This extension process is

painless, but the following complex version of 6.1.11 and 6.2.16 requires a
special proof.

6.4.15. Proposition. A measurable function f: X — C is integrable iff f* |f] < o0,
in which case |[ f| < [|f].

PROOF. With g = Re fand h = Im f we have f = g + ih and | f|? = g* + K2
Thus
lgl v 1hl < [f] <lgl + |Al. (*)
In conjunction with 6.2.16 this proves the first half of the proposition.
To show the integral estimate we note that all functions g| f|~2, h| |12,

and | f|'? belong to (real) #2(X) so that we may apply the Cauchy-Schwarz
inequality (= Holder’s inequality with p = 2). This yields

| j flF = (fg)z + ( f h)z - (fg|f|““2|f|“2>2 + (Jhlfl‘”zlfl”z )
s(fgﬂfrl)ﬁfl+(fh2|f|-l>f|f|=<f|f|)2. O
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6.4.16. The inequalities in () in 6.4.15 show that a measurable function
f: X — C belongs to £?(X) for 1 < p < w0 iff | f| € £?(X). At the same time
6.4.15 shows that the Holder and Minkowski inequalities also hold for com-
plex functions, so that we can define the complex normed spaces L?(X) for
1 < p < 0. That these spaces are Banach spaces follows from the fact that
(f.) is a Cauchy sequence in (complex) .#?(X) iff both (Re f,) and (Im f,) are
Cauchy sequences in (real) £?(X).

The next results on the relative position of various #?-spaces are valid both
in the real and the complex case (and with identical proofs).

6.4.17. Proposition. If | <p <r < g < o, then
LX) FUX) < LX),
and for each f in the intersection we have

WA < WAl v 1Sl

ProoF. Assume first that g < oco. There is then a ¢ in J0,1[ such that
r=tp+ (1 —1tq If fe #PX)n £YX), then |f|P e Z¥(X) and [f|1™M e
P-4 X). Holder’s inequality (6.4.6) shows immediately that | /" € £ (X), i.e.
f € ¥7(X), and gives the estimate

jur=jUWUW””s<JUVy<jvﬁyﬂ

This by reformulation shows that
LA < NAIZTANE™ < AT, v IS I
If ¢ = o0 and f € £P(X) " £*(X), we have directly that
=1 PP < IfPISIEP
(almost everywhere); which shows that f € Z"(X) and that
1A < HAIBHA N < AL v 1L ll) O

6.4.18. It follows from the line above that

limsupll fll, < | f -

That, in fact, we have lim| f ||, - || f ll, for every f in some LP(X) N LX),
is seen from the estimate

jm><wm—me1

where B, = {|f1 = || fll, — &}, which shows that for every ¢ > 0 we have

i/r
1A= (IIfIIo0 - 8)([[35]) ,

whence liminf| f 1|, = | fllo — &
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6.4.19. Most often #?(X) & #4(X) if p # q. This is so in particular for the
YP-spaces arising from the Lebesgue integral on R". There are, hpwever, two
cases for which we do have inclusions: If the integral | is finite, i.e. { 1 < oo;
or if the integral is atomic with a smallest atom, i.e. for some ¢ > 0 we either
have [[A] = O or [[A] > & for every A in .. In the first case we may assume
without loss of generality that f 1 = 1 (so that | is a probability distribution).
The second case means (when X is o-compact) that the integral is concentrated
on a countable subset of X, and that the weight of every atom is > ¢. Then
the LP-spaces are isomorphic to the sequence spaces £7, cf. 2.1.18, and we are
justified in treating only these.

6.4.20. Corollary. If {1 =1and 1 < p < g < oo, then
LUX) = L2(X) and |-, < I,

Proor. We just have to show that #%(X) = £*(X) and that ||-||, < |- ||, for
every ¢, then 6.4.17 gives the rest. If ¢ = oo, this is evident. For ¢ < co we put
t =q(q — 1), and apply Hélder’s inequality to a function f in LX) and
the function 1 in #*(X) to obtain that f € #*(X) and that

||f||1=jlf|'lsIIfIIql|1||t=||f||q- a

6.4.21. Corollary. For the sequence spaces /?, 1 <p < oo, we have for
l<p<gq<oothatt? < (tand | |, < -1

PrOOF. We always have #” < /® and o <1l-ll,, and thus 6.4.17
applies. N

6.5. Duality Theory

Synopsis. o-compactness and o-finiteness. Absolute continuity. The Radon—
Nikodym theorem. Radon charges. Total variation. The Jordan decomposi-
tion. The duality between LP-spaces.

6.5.1. To prove the Radon—Nikodym theorem (6.5.4) (which is the key result
in this section) in the regie of abstract measure theory, it is by and large
necessary that the measures involved are o-finite. This means that there is a
countable family {4,} of measurable sets with finite measure, such that
X = |J A,. In topological measure theory (our theory) one may treat the
general case, using the inner regularity of the involved measures. This would
entail the use of the essential integral defined in 6.3.5. In the interest of brevity
(and without sacrificing any good applications) we shall avoid this complica-
tion and stick to the o-finite case. Thus, we assume throughout this section
that X is a locally compact, o-compact Hausdorff space. Read in 1.7.7-1.7.13
about the nice properties of such spaces.
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Note that we would gain no generality by working with o-finite Radon
integrals/measures on an arbitrary locally compact Hausdorff space X. In-
deed, if {4,} = #' and | J 4, = X, we may assume by 6.2.15 that all the 4,
are open. Then by an inductive application of 6.2.15 we can find for each 4,
a sequence of open, relatively compact subsets B,,, such that B,,, = B,,,., for
allmand 4,\| ) B, € 4. Thus, the union Y = {Un,m Bum is an open, s-compact

subset of X and X\ Y € A". Replacing X with Y we are back at the a-compact
case.

6.5.2. Proposition. If jo and _f are Radon integrals on a locally compact
Hausdorff space X, the following conditions are equivalent:

(i) For every monotone decreasing sequence (f,) in C.X), the condition
lim § £, = O implies that lim [, f, = 0.
(i) For every Borel set N in X, [[N] = 0 implies that [, [N] = 0.
(iii) For every Borel function f > 0, | f = 0 implies that {, f = 0.

PROOF. (i) = (ii). By 6.2.8 there is for every compact subset C of N a decreasing
net (fi)ie 4 in CAX) such that f, \ [C]. Choose a decreasing sequence (f,) <

(f2), such that
jf,,\.lim-[f,1 and Jﬂ\limjfx-
0 0

Since C = N we have [[C] = 0, whence | f, 0. By assumption this implies
that jo £, 0, and we conclude that [,[C] = 0. Since this holds for every
C = N, it follows from the inner regularity of Radon measures (6.3.1) that
jo [N]=0O.

(ii) = (iii). I [ f = O, then { / > 0} is a null set for |, hence also for {0, whence

of =0.

j (iii) = (). If (f;,) is a monotone decreasing sequence in C,(X),, it has a
pointwise limit f > 0 in C,(X),,. If { f, v 0, then { f = 0. By assumption this
implies that {, f = 0, and since {o f, s fo f, we are done. O

6.53. If {, and | satisfy the conditions in 6.5.2, we say that fo is absolutely
continuous with respect to |, in symbols [, « {. If both fo« Jand | « fo, we
say that | and {, are equivalent, in symbols fo ~ J. From 6.5.2(iii) we see that
this is equivalent with A4'(X) = A4(X). Thus, fo~ [iff L§(X) = L™(X).

To formulate the Radon—Nikodym theorem we need the concept of a
locally integrable function. This means a function f (necessarily measurable)
such that [C]f € £*(X) for every C in % (cf. the definition of .4 from ! in
6.2.11). Clearly, the set %3.(X) of locally integrable functions on X is a vector
space, stable under v and A.

6.5.4. Theorem. If jo and j are Radon integrals on a locally compact, a.-compac.t
Hausdorff space X, then fo is absolutely continuous with respect to [ iff there is
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a Borel function m > 0, locally integrable with respect to |, such that

[

for every Borel function f on X. The function m is uniquely determined modulo
null functions for |.

ProoF. Evidently the definition {, f = [ fin gives for every m in LlX), a
Radon integral {, with [, « [; and it is also clear that |, determines m up to
null functions for |.

To show the interesting implication we first assume that [, < | and that
{1 < co. For each f in C(X) we then have by the Cauchy—Schwarz inequality

e <)

Since C,(X) is dense in L?(X) (6.4.11) and jo is bounded with respect to the
2-norm, it extends to a bounded functional on L2(X). Each such is given by
a vector in LZ(X) by 3.1.9, and by 6.4.13 there is therefore a real-valued Borel
function m such that

Lf = (flm) = me, f e C(X). (*)

Since C.(X) is dense in both #}(X) and #%(X), and £*(X) =« L1(X) <
Z1(X), it follows that () holds for every f in #%(X). Taking f = [C], where
C is a compact subset of {m < —e¢}, we have

OSJ [C]l= j[C]ms —sf[C].

Thus, j[C] = 0; and since C and ¢ are arbitrary, it follows that m > 0 al-

most everywhere. Now take f = [D] in (), where D is a compact subset of
{m =1 + ¢}, to obtain

J[D] ZJ [D] =J[D]m2(l +£)j[D].
0

Thus [ [D] = 0; and since D and ¢ are arbitrary, we conclude that 0 <m < 1
almost everywhere. Since both [, and [-m are Radon integrals on X, and
coincide on C/(X) by (), it follows that (x) holds for every positive Borel
function f on X (in the sense that if one side is finite then so is the other, with
the same value).

Let us now drop the assumption that fo < [, but retain the assumptions
fol < oo and |1 < oo. Defining |, = |, + | we have [, < [,, and by the

previous argument there is therefore a Borel function my, with 0 <m, < 1,
such that
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Lf = fl Jmg = f Smo + ffmo ()

for every Borel function f > 0 on X. Taking f = [C], where C is a compact
subset of {m, = 1} we see from (*#) that

J [€l= j [C]1+ -[[C],
0 0

whence {[C] = 0. Since this holds for every C we know that {m, = 1} is a

null set for |. By assumption {m, = 1} is therefore also a null set for fo-
Iteration of the formula (%) gives

ff=j fin +fi fink. (+4%)
0 0 k=1

Since mg 0 almost everywhere (with respect to both | and [,) we have
Jofmi~0 for each f in Z}(X), by 6.1.13. If we therefore define m =
mo(1 — my)~" as an almost everywhere finite Borel function, we see from (sxx)

that
o=l

for every f in C.(X), and therefore for every Borel function f> 0 on X.

With no assumptions on {, and [ (except [, « [) we choose an increasing
sequence (C,) in % such that | ) C, = X. With X, = C,\C,_, we see that X is
the disjoint union of the locally compact spaces X,, and that [, [X,] < oo,
f [X,] < oo for every n. Replacing X with X,, in the previous argument we can
therefore find a Borel function m, > 0 on X, such that {, f[X,] = | fm, for
every Borel function f > 0 on X. Taking m = ) m, it follows from 6.1.13 that
fof = [ fmfor every f in #(X),, as desired. O

6.5.5. We wish to consider the complex linear span of Radon integrals on X.
This will be referred to as the space of Radon charges on X, and consists of
certain linear functionals on C.(X). Equipped with the weak topology t
induced by the seminorms f — |{ f|, where j ranges over all Radon integrals
on X, it follows from 2.4.1 and 2.4.4 that the Radon charges constitute the
dual space of the topological vector space (C,(X), 7). Clearly, a more construc-
tive description of these elements is desirable. We therefore define a Radon
charge to be a functional ® on C,(X), which for every f in C(X), satisfies

sup{|®(9)llg € C(X), 19| < f} < .

6.5.6. Theorem. To each Radon charge ® on a locally compact, s-compact
Hausdorff space X there is a Radon integral | and a Borel function u such that
|u| = 1 almost everywhere (with respect to j) and ® = [-u.
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Proor. For each fin C,(X), define

Jf = sup{|®(g)l|g € C.(X), 19| < f}.

Then 0 < [ f < o and f — [ f is a positive homogeneous function. Evidently,
we may replace |®(g)| with Re ®(g) in the definition above, from which it
follows that [ is superadditive [[ f; + [ f» < [(fy + f2)], since |g,| < f; and
|9, < f, imply |g, + g,| < fi + f>. To show that | is additive it therefo're
suffices to show that it is subadditive. Given f; and f, and ¢ > 0, choose g in
C.(X) such that |g| < f; + f, and

Jf1 + f2 <&+ |D(g)l.

Put g; = gfi(fi + f2)7" for j =1, 2, and note that these are continuous func-
tions. Moreover, g, + ¢, = g and

gl =gl /i + L)' <f j=12
Thus,

1D(g)] < [D(g)] + |D(g2)] < Jfl + ffz-

In conjunction with the previous estimate this shows that | is subadditive.

Thus, { is a positive homogeneous, additive function on C.(X)., and therefore

extends uniquely to a positive functional on C,(X), i.c. a Radon integral on X.
Assume first that |1 < co. Then for each f in C.(X) we have

1®(N)I* < (flfl)2 < <f1><flfl">-

As in the proof of 6.5.4 this produces a Borel function u in #?(X) such that

o(f) = (flu) = qu, feC(X).

J

for all f in C,(X). On the other hand, if / > 0,

ff= Sup{Ugu lgl < f} < fflul

It follows that

=|<D(f)ISJ|f|
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by 6.4.15. Using 6.4.11 we see that the two inequalities above hold for every
fin £'(X).In particular, replacing in the first one f by fu,, where f € £1(X),
and u, = u(|lu| + n~')7, we get in the limit

Jflul < jf-

It follows that | f|u| = | f for every f in #!(X),, whence |u| = 1 almost
everywhere.

To prove the general case, use the o-compactness of X to find a function
hin Cy(X), such that jh < oo but h(x) > 0 for every x in X. Then consider
the Radon charge @(- h) and the finite Radon integral {*h, and note that j h
is obtained from ®(- h) as in the first part of the proof. There is therefore a
Borel function u on X, with |u| = 1 almost everywhere (with respect to {-h)
such that ®(- h) = {- hu. Since h > 0, the integral |- h and [ have the same null
sets, so that |u| = 1 almost everywhere with respect to |- Moreover, hC,(X) =
C.(X), s0o ®(f) = | fu for every f in C,(X). O

6.5.7. Corollary. To each real Radon charge ® there are two Radon integrals
§+ and [_, concentrated on disjoint Borel subsets of X, such that ® = {, — f-.

ProOOF. We have @ = j-u, and since ® is a real functional, ¥ must be real-
valued (almost everywhere). Taking A, = {u=1} and 4_ = {u= —1} we
have X\(4, v A_)e ./, and we now define |, and [_ as the restriction of {
to 4, and A_, respectively. O

6.5.8. The decomposition of a Radon charge in 6.5.6 serves the same purpose
as the polar decomposition of an operator on a Hilbert space (3.2.17 and
5.1.14). The integral obtained from the charge is called the total variation of
®, and denoted by |®|. It is easy to verify that |®| is the smallest Radon integral
on X (in the order of positive functionals) that satisfies

D)l < Jlfl, f € CX).

Furthermore, it is evident from the proof of 6.5.6 that when ® (and therefore
also |®|) is given, the “sign” u is uniquely determined up to null functions
for |®|.

The result in 6.5.7 is called the Jordan decomposition of @, and the equation
X = A, UA_ U N is known as the Hahn decomposition. Note that for a real
charge @, the total variation is just @, + ®_; cf. 4.4.10.

A (real or complex) Radon charge @ is finite if the total variation |®]| is a
finite Radon integral. Denoting by M(X) the vector space of finite Radon
charges, and defining |®| = |®|(1) for every ® in M(X), we have the following
result.
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6.5.9. Proposition. The space M(X) of finite Radon charges on X, equipped
with the norm |®|| = |®|(1), is isometrically isomorphic to the Banach space
(Co(X))*.

ProoF. From the definition of |®| in 6.5.6 it follows that
@] = |®[(1) = sup{|D(g)l|g € C.(X), llgll, < 1}.

Since C,(X) is uniformly dense in Cy(X), we see that [|®@]| is just the norm of

® as a bounded functional on Cy(X). We therefore have an isometric injection

of M(X) into (Co(X))* (and we have verified that ||-|| really is a norm).
Conversely, if ® € (Co(X))*, then for each f in C,(X), we have

sup{|®(g)llg € C.(X),Ig] < f} < sup{[| @] gl |g € C.(X).1g] < f}
= DI 1l -

Thus @ is a Radon charge, and taking an increasing net (), < » in C.(X), such
that f, ~ 1, it follows that |®|(1) = lim |®|(f;) < || @], so that ® € M(X). [

6.5.10. Proposition. For a fixed Radon integral | on X, the space of finite Radon
charges ®, such that |®| « |, is isometrically isomorphic to L'(X), via the map
f - @, from L'(X) into M(X) given by

Oi(g) = fgf, feZ'(X),ge CX).

Proor. If f € #!(X), then ®, is a Radon charge with
|/ (h) = sup{|®,(g)l|g € C.(X),|g| < h}

= Sup{lfgfl ge C(X),lg| < h} = Sup{ljgfl

for every h in C.(X)... Evidently |@,|(h) < j'h | f]. On the other hand, we can
insert g = f(|f| + &)™'h to obtain |®.|(h) > [ h|fI3(|f| + &) for every & > 0.
Thus |®| = || f]. In particular, |®| < fand |@;] = |®,|(1) = || f],.

In the converse direction, if ® is a finite Radon charge with |®| « j, we
know from the Radon-Nikodym theorem (6.5.4) that |®| = f-m for some
positive Borel function m in #!(X). Moreover, ® = |®|(-u) by 6.5.6, with
|ul = 1, almost everywhere. Combining these results we have ® = D, with

f=um. O

ge £1(X),lgl < h}

6.5.11. Theorem. Let { be a Radon integral on a locally compact, o-compact
Hausdorff space X. If 1 <p < o0 and 1 < q < o0, such that prt+qgt=1
(where ™! = 0 by definition), the bilinear form

gy = jfg, fe LX), ge LX),

determines an isometric isomorphism of LP(X) onto (L3(X))*. .
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ProoF. From Hélder’s inequality (6.4.6) we see that the bilinear form gives a
norm decreasing linear map of L?(X) into (LY(X))*.

Assume now that @ is a bounded functional on L%(X). By 6.4.11 we can
regard @ as a functional on C(X), and we see that for & in C(X), and g in
C.(X) with |g| < h we have

D) < [P Higlly < DI A, (*)

This inequality shows that ® is a Radon charge on X (6.5.5), and by 6.5.6 it
therefore has the form ® = jo -u for some Radon integral |, on X and some
Borel function u, which we can choose such that ju| = 1. From () we also see
that foh < || @] ||hll,, and thus by 6.5.2(i) we have [, « | [because if (h,) is
decreasing and { h, \ 0, then h? < h,h9™*,s0 [ b\ 0]. Thus [, = |- mfor some
m in #(X),, and we have the inequality

1/q
Jhm < || D] <jh‘1> (%)

for every hin C.(X),. This inequality is preserved under monotone limits, and
it therefore holds also if & € C.(X)%. From the criterion of integrability given
in 6.1.9 (%) it follows that the inequality () holds for every h > 0 in £(X).

If g = 1, we see from (+*) that m < ||®|| almost everywhere, whence ||m| ,, <
|®|.Ifg > 1, weinserth = mP ' [C],wherep™' + ¢~' = 1and C € ¢ (remem-
ber m is locally integrable), to obtain

1/q
j[C]mPsl!d)ll(J[C]m”) ,
i/p
<J[C]m"> < [1®f.

Since C is arbitrary, we conclude that m e £7(X) with ||m||, < ||®||. Taking
f = um we know that f e £7(X) with || f], < [|®| for every p < o, and,
moreover,

and thus

®(g) = J gu = fgf ={g,f> geC(X).

But since C,(X) is dense in LX) and both ® and (-, f) are continuous on
Li(X), it follows that ® = <+, f, as desired. Since both maps ® — f and
f - @, arc norm decreasing, and the inverse of each other, they are both
isometries, and the proof is complete. O

6.5.12. With 6.5.11 at hand we can now extend the density results in 6.4.11 to
the case p = oo. Of course it is not true that C.(X) is norm dense in L*(X),
but identifying L*(X) with (L*(X))* equipped with the w*-topology, we claim
that (the image of) C,(X) is w*-dense in L®(X). If not, there is by 2.4.19 a
nonzero g in #*(X), such that | fg = 0 for every f in C(X), in contradiction
with 6.5.10.
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6.6. Product Integrals

Synopsis. Product integral. Fubini’s theorem. Tonelli’s theorem. Locally com-
pact groups. Uniqueness of the Haar integral. The modular function. The
convolution algebras L*(G) and M(G).

6.6.1. Given locally compact Hausdorff spaces X and Y, consider X x Y with
the product topology (1.4.8). Then X x Y isalocally compact Hausdorff space
because the set of products from %y x %, contain a basis for the product
topology. Moreover, we see that X x Y is o-compact iff both X and Y are
g-compact.

For each pair of functions f on X and g on Y we denote by f ® g (f tensor
g) the function on X x Y given by f ® g(x,y) = f(x)g(y). Note that if fe
C.(X) and ge C(Y), then f ® g e C.(X x Y). Similarly, Cy(X) ® Co(Y) =
Co(X x Y)and Cy(X) ® Cy(Y) < Cy(X x Y).

For each of the three topological spaces X, Y,and X x Y one may consider
the class of Borel sets (6.2.5) and the space of Borel functions (6.2.6). The next
lemma deals with the relations among these sets.

6.6.2. Lemma. For areal function f on X x Y and y in Y, consider the function
SC,y)on X If feCA(X x Y), then f(-,y) e CAX). If feCAX x Y)", then

JC.y)e CX)" If fe BX x Y), then f(-,y) € B(X). Similar results hold for
each function f(x,"), x € X.

Proor. Let 1,: X — X x Y be the continuous function given by 1,(x) = (x, y).
Then f(-,y) = f o 1,. From this we see immediately that if f e C(X x Y),then
f(-,y) is continuous. Furthermore, it is clear that the support of f(-,y) is
contained in the projection from X x Y onto X of the support of f, so
that f(-,y) € C.(X). It follows from the definitions that S, NeCX)"if fe
C.(X x Y)™ Finally, since composition of Borel functions again produce
Borel functions, we see from the identity f(-,y) = f o 1, that f(-,y) € B(X) if
feBX x Y). O

6.6.3. Proposition. If [, and |, are Radon integrals on the locally compact

Hausdorff spaces X and Y, respectively, there is a unique Radon integral |, ® fy
on X x Y such that

f @f f@q— (J f)(j g>, feCX) geCuY).

ProoF. Let C,(X) ® C.(Y) denote the linear spanin C,(X x Y) of elements of
the form f' ® g, and note from the equation (f; ® g,)(f, ® 92) = f1/2® 919,
that C(X) ® C,(Y) is an algebra.

Ifh=3 fi ®g,e CAX) ® C.(V), define

Le[=x([5)(]») g



256 6. Integration Theory

(as we must). Note that if h = 0, then h(-,y) = 0 for each y in Y, whence
Y (< fdgi(y) = 0. Since this holds for every y, we conclude that YU, 9) =
0, so that the formula (x) gives a well-defined functional on C,(X) ® C,(Y).
The same argument, with =0 replaced by >0, shows that - ® |, is a positive
functional.

Suppose that A = X and B < Y are open, relatively compact subsets. We
then have

Co(4) = CX), Co(B) = C(Y), Co(4 x B) = C(X x Y).

Note now that Co(4) ® Co(B) is a self-adjoint subalgebra of Co(4 x B) that
separates the points in 4 x B and does not vanish identically at any point.
By the Stone-Weierstrass theorem (4.3.5) it follows that Cy(A) ® Co(B) is
uniformly dense in Cy(4 x B). Choose by 1.7.5 functions d in C,(X), and e in
C.(Y),; such that d|4 = 1 and e|B = 1. Then |h| < ||h] ,d ® e for every h in

x y

Jel

for every h in C(A4) ® C,(B). Consequently, |, ® {, extends uniquely to a
bounded, positive functional on Co(4 x B) (cf. 2.1.11).

Let (A;);ea and (B,), .y be the nets (ordered under inclusion) of open,
relatively compact subsets of X and Y, respectively. Then X = | ) 4; and
Y =|)B,, whence X x Y ={J A4, x B, so that

C(X x Y)=|JCy(4; x B,).

It follows from the argument above that |, ® [, has a unique extension to a
positive functional on C,(X x Y),i.e. a Radon integral on X x Y. O

6.64. Lemma. If he C(X x Y), the function x — {, h(x, -) belongs to C(X)
and [ f,h(-,")= [, ®f,h

ProoF. Choose open, relatively compact subsets A = X and B — Y such that
the support of A is contained in 4 x B. With notations and arguments as in
the proof of 6.6.3, there is then a sequence (h,) in Co(4) ® Co(B) converging
uniformly to A. Thus

fh(x,')—J hn(x,')'sf lh— Rl od ®e

< k= hlolldle J e

y

for every x in X. Since the functions x — {y ha(x, -) evidently belong to Co(A),
we conclude that the same is true of the limit function. Furthermore, we see
from the construction of |, ® [, that
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J‘ h(’ ) - hn(" )

im0 <

6.6.5. Lemma. If he C(X x Y)", the function f:x— [}h(x,") belongs to
C.(X)™. Moreover, if he L1(X x Y), then f € £*(X) and

Jo=]fweo=fo s

PRrooF. Take an increasing net (h,);. 5 in C(X x Y) such that h; ~ h and put
filx) = fy h;(x, *). Then f; € C(X) by 6.6.4 and f; ~ f, whence f € C.(X)™ (but
maybe often with the value +00). Nowif h € #'(X x Y), then, again by 6.6.4,

(e oo oo oo

1t follows from this that f(x) < co almost everywhere, and (by 6.1.5) that

[mfifofs

6.6.6. Theorem. Let |, and |, be Radon integrals on the locally compact
Hausdorff spaces X and Y. If his a Borel functionon X x Y, which is integrable
with respect to the product integral |, ® {,, then the Borel function y — h(x, y)
belongs to £'(Y) for almost all x in X, and the almost everywhere defined
function x — [, h(x, -) belongs to £L*(X) with

J L= o]

Proor. If h e £'(X x Y), there are by 6.1.9 functions h, in C,(X x Y)" and
h, € C(X x Y),, such that h, <h <h, and |, ® [,(h, — h;) < n™3. In parti-
cular, both h, and h, belong to £!(X x Y). By 6.6.5 there is a null set N, = X
such that the functions y — h,(x,y) and y - h/(x,y) belong to #(Y) for
x ¢ N,. Furthermore, the integrated functions belong to £!(X) N C,(X)™ and
to £(X) N C.(X),,, respectively. Set

An = {J‘ (hn(x’ ) - hrln(xa )) > n_l} < X.
y
Then A, is open, and by 6.6.5

h| = lim

= lim
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J[A,.]S"jJ(h,.(',')—h,’.(','))=nj ®J(hn—h;)<n_2-

Consequently, the set

N=(UN,,)u<ﬂ U A,,)
is a null set in X. We see that if x ¢ N, then for some m we have x ¢ A, for
al.l n > m, whence h;(x, ') < h(x, -) < h,(x, -) with §y (h(x, *) — hifx, ) < n7L.
Since h,(x, -) € C(Y)" and h(x, ) € C,(Y),, it follows from (*) in 6.1.9 that
h(x, ) e L1 (Y)if x ¢ N. Moreover,

j ha(x, ) SJ h(x, -) SJ ha(x, ),

where the first function belongs to C,(X),, and the third to C(X)™, and

J (Jv hn('a ) —J hr,n(a )) < n—3.

Again from 6.1.9 we conclude that the function x — |, h(x, -) belongs to Z*(X)

with integral
th(',')ﬂimjJhn(',')=J®fh. O

6.6.7. The result above is known as Fubini’s theorem. Since the definition of
the product integral (see 6.6.3) is symmetric in x and y, it follows from 6.6.6
that if h e £1(X x Y), the iterated integrals below both exist and are equal.

Thus,
[fo-fo -] o

It is well known that this exchange of the integration order is the most useful
part of Fubini’s theorem. Therefore, it is a bit inconvenient that one has
to check the integrability with respect to a somewhat nebulous product
integral before computing the double integrals. This problem is solved in the
g-compact case by the following variation of Fubini’s theorem, known as
Tonelli’s theorem.

6.6.8. Corollary. Let h be a Borel function on X x Y that vanishes outside a
o-compact subset of X x Y. If the Borel functiony — |h(x, y)| belongs to & YY)
for almost all x in X, and if the almost everywhere defined function x —
{,y1h(x, -)| belongs to Z1(X), then he £ (X x Y), whence

Uyh("'):L®Lh=£L”("')'
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PRrROOF. Let h, = |h| A n[C,], where C, € € and hl(X\U C,) = O almost every-
where. Then h, € (X x Y) and h, ~ |h|. By assumption

f@fhn=ffhn(-,-)sf J. [h(:, )| < 0.

Thus, from the monotone convergence theorem (6.1.13) it follows that |h| €
Z'(X x Y),and 6.2.16 in conjunction with Fubini’s theorem (6.6.6) completes
the proof. - O

6.6.9. A topological group is a group G equipped with a topology in which the
group operations are continuous. Thus, x, y — xy is continuous from G x G
to G, and x — x~! is continuous from G to G (and thus a homeomorphism);
cf. E1.5.6,E1.6.14, E1.6.15, E 1.7.4, and E.1.7.7. We shall not assume that the
group is abelian, and therefore use the multiplicative notation for product and
inverse, just as we let 1 denote the unit in G. The most interesting topological
groups are all locally compact Hausdorff, and we shall limit ourselves exclu-
sively to such groups.

If f is a (real or complex) function on G, we define for each x in G the left
(respectively right) translated function , f (respectively *f) by . f(y) = f(x"1y)
[*f(») = f(yx)]. The definitions are chosen such that ) = x(,f) and ¥f =
)

A (left) Haar integral on a locally compact group G is a Radon integral
§ # O that is (left) translation invariant, i.e. Jxf = | fforevery xin G and f in
C.(G). Similarly, one may define a right Haar integral. It is clear that the
translation invariance will extend to every function in #!(G). In particular,
we see that {[xA4] = [[4] for every x in G and every Borel subset 4 in G
(because [xA] = ,[4]). If 4 is open and nonempty, then for each compact
subset C of G we have C < ( x,4 for some finite subset {xn} of G. Since | # 0,
we see from the inner regularity of Radon measures (6.3.1) that {[4] > 0 for
cvery open, nonempty subset 4 of G. ’

6.6.10. Lemma. If f € Cy(G), the maps x — . f and x — *f are uniformly con-
tinuous from G into Cy(G).

PrOOF. Given & > O there is acompactset C < G,such that | f(y)| < &for yé¢cC.
For each y in C there is a symmetric neighborhood A(y) of 1 [ie. x € A(y)iff
x~! e A(y)] such that [f(x7'y) — f(»)| < & when x A(y). A standard com-
pactness argument now produces a symmetric neighborhood 4 [=A(y,) n

"+ A(p,)] of 1 such that | f(x1y) — SO <eforevery yin C and x in 4. If
x'yeC(and x e A), it follows from the symmetry that

FGT9) = SO = 1£071y) — flx(xty))] < e.

If both x'y¢C and y¢C, then f(x7y) — fO)] < 2e. Consequently,
lf = fllo < 2efor every x in 4, so that we have uniform continuity at 1. But

since ., f = (,f), this will imply uniform continuity at every point. The
argument for the map x — *f is symmetrical. O
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6.6.11. Lemma. For each Radon integral j on G and 1 < p < oo, the maps

x — . f and x — *f are uniformly continuous from G into L*(G) for every f in
CAG).

Proor. Choose a compact set C such that f(y) =0 if y ¢ C. Choose then a
compact neighborhood C, of 1. Now use 6.6.10 with a given ¢ > 0 to find a
neighborhood 4 = C; of 1, such that || f — |5 = |.f — fI? < &” {[C,C].

|

6.6.12. Theorem. On a locally compact topological group G, the Haar integral
is unique up to a positive scalar factor.

PrOOF. By 6.2.8 there is a monotone decreasing net (g; ), . 5 in C,(G), such that
() {9, > 0} = {1}. Replacing, if necessary, g, by the function x — g,(x)g,(x™1),
we may assume that the net consists of symmetric functions.

If {, and |, both are (left) Haar integrals on G consider the numbers
2= ({:9:)(J,92)7". Since y; > 0 (cf. the last lines in 6.6.9), we may assume,
passing if necessary to a subnet, that either y, -y or y;* — y for some y > 0.

Interchanging |, and [, transforms the second case to the first, which we may
therefore assume to hold.

For f in C,(G) we now obtain from Fubini’s theorem (6.6.6) applied to the
product integral |, ® {, and the functions

(x, )= f()ga(x7'y) and  (x,y) = f(yx)ga(x),

together with the translation invariance of [, and {,, that

J f j gi= f J f)g:.(y) = j J f(x)g:(x7y)

=J fx)g.(x7ty) = J J f(yx)ga(x71) =J j F(yx)g;().

For each ¢ > 0 there is by 6.6.11 a neighborhood A of 1 such that j'y I*f — fl <
¢ for every x in A. Since {g, > 0} < A for large 1, we see from above that

[ f-mm({ o) oo o

= lim <J g,1> J (f(yx) — f(¥)g.(x)

-1
< lim sup (J g,1> J 1 — fll1ga(x) < &y.

As ¢ and f are arbitrary, [, = 7§, O

6.6.13. In 1933 A. Haar proved that every locally compact topological group
has a translation invariant integral/measure. For the classical groups R, Z,
T, and various groups of regular or unitary n X n matrices) these integrals are
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well known, and the uniqueness result in 6.6.12 is more important—Haar’s
amazing result notwithstanding.

6.6.14. We have only mentioned the left Haar integral, but of course there is
also (for symmetry reasons) a (unique) right Haar integral. These two need
not coincide. The easiest available (counter) example obtains by taking G to
be the group of 2 x 2 matrices of the form

b
x=<g 1), a>0,beR.

This group can also be visualized as the group of affine transformations of R
onto itself, where x(¢) = at + b for ¢t in R. Define

Jf = fff(a,b)a_zdadb,
Jf= ij(a, b)a~'dadb,

where the right-hand sides are ordinary Lebesgue integrals on R, x R, and

f € C(G). Elementary computations show that [, and |, are, respectively, a left
and a right Haar integral on G.

6.6.15. We now fix a left Haar integral on the locally compact group G, and
we use the standard notation [ f(x)dx to denote the value of the integral on
a function f, because this notation is well suited to describe the constant
change of variables, that is the trademark of harmonic analysis.

For each x in G the Radon integral on G given by f — [fyx)dy, f € C.(G),
is evidently left invariant. By the uniqueness theorem (6.6.12) there is therefore
a number A(x) > 0 such that

A(x) ff(yX) dy = ff(y)dy, feZ(G) (*)

The function A: G - ]0, o[ so obtained is called the modular Sunction. If
A =1, we say that G is unimodular. Clearly, this happens iff the Haar integral
is right invariant.

The choice between A and A™! to be named the modular function is
determined by tradition (and favors the measure over the integral). Thus we
see from (x) that [ [4x](y)dy = A(x)  [A](y)dy for every Borel subset 4 of G
(because [Ax™!] = *[4]), and that, symbolically, d(yx) = A(x)dy.

6.6.16. Proposition. The modular function A on G is a continuous homomor-
phism of G into the multiplicative group exp R of positive real numbers. More-
over, G is unimodular whenever G is abelian, or discrete, or compact.

ProoF. Choose some f in C,(G) with [ f(x)dx = 1. By 6.6.11 the map x — %f
is continuous from G into L!(G). Consequently, the function x — [ dy =
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A(x)7! is continuous. Furthermore,

Alxy)™ = J Pf(2)ydz = j *(f(2))dz

=A™ jyf(z) dz = A(x)"'A(y)7Y,

which shows that A is multiplicative.

‘ If G is abelian, *f = . f, and, consequently, A = 1.If G is discrete, the Haar
integral is simply the counting measure on G [i.e. [fx)dx = Y f(x)], and this
is clearly both left and right invariant. If G is compact, the function 1 is

integrable, whence
A(x)Jl =A(x)J"‘1 = jl

for every x in G, so that A = 1. |

6.6.17. Lemma. For each f in C,(G) we have
Jf(x_l)A(x)_1 dx = jf(x) dx.
PRrOOF. Define f(x) = f(x~'). For each x in G we then have

ff(X“y“l)A(y“l)dy = Ax) ffv(yX)A(yX)'1 dy

= ff“(y)A(y)‘l dy = ff(y—l)A(y—l)dy.

This shows that the left-hand side of the formula in the lemma defines a left
invariant Radon integral. By 6.6.12 there is therefore a 7 > 0 such that

ff(x_‘)A(X)“1 dx =y ff(X) dx, feC(G).
Given ¢ > 0 we can find a neighborhood 4 of 1 in G such that |[A(x)™! — 1] < ¢

for x in A. Choosing f as a symmetric function with support inside 4, we see
that |1 — y| < ¢; and since ¢ is arbitrary, y = 1. O

6.6.18. With f(x) = f(x™!)asin 6.6.17 we observe that the integral f — § f(x)dx
is right invariant. Using 6.6.17 we see how the modular function describes the
connection between this integral and the left Haar integral, viz.

J flx)dx = f FxHAX)A(x) L dx = j Fx)Ax) " dx.

Furthermore, it follows from 6.6.17 that if we define
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F*x) = fxHA) ™, (*)
then

1f*h = jlf(x_‘)lA(X)“‘dx = jlf(X)ldx =flls

for every f in C,(G), and therefore also for f in ZL1(G), so that f— f*is an
isometric involution in the Banach space L'(G).

6.6.19. Proposition. If f € £?(G) for 1 < p < oo, the maps x — JSand x>
are uniformly continuous from G into L*(G).

PRrOOF. Given ¢ > 0 we can by 6.4.11 choose g in C,(G)such that || f — g, < &
By 6.6.11 there is then a neighborhood 4 of 1 in G such that g — .gll, <&
and ||g — *g||, < ¢ for every x in A. Since A is continuous (6.6.16), we may also
assume that A(x)"V? < 2 for all x in A. Now |.f — gll, = f —gll, by the
invariance of the Haar integral, whereas || — *gll, = A(x)™?| f — gl , by (¥)
in 6.6.15. Combining these estimates we have

“xf_f”p£385 ”xf—fl|ps48
for every x in A. O
6.6.20. Proposition. If f and g are Borel functions in ¥*(G) and £*(G),
respectively (where 1 < p < o), the functiony — f(y)g(y~'x) belongs to £(G)

for almost all x, and the almost everywhere defined function x — | f(y)g(y~'x)dy
belongs to £*(G), with

“ J fg(y™-)dy

< flslgl,

PRrOOF. Since f is the limit in L'(G) of a sequence from C,(G) by 6.4.11, there
is a o-compact subset B of G such that f|(G\B) =0 almost everywhere.
Similarly, g|(G\ A) = 0 almost everywhere for some o-compact subset A. The
function h on G x G given by h(x, y) = f(¥)g(y x) is the composition of the
continuous function (x, y) = (y~!x, y) and the (product) Borel function g ® f
and, consequently, is a Borel function. Moreover, h = 0 almost everywhere
outside the g-compact subset D = BA x B in G x G. For each k in £%(BA),
where p! 4+ ¢! = 1, we can therefore apply Tonelli’s theorem (6.6.8) to the
product kk, and since by Holder’s inequality (6.4.6) we have

Jf |h(x, y)k(x)| dx dy = jj |f(Dg(y™ x)k(x)| dx dy

< jlf(yﬂ lygllplkllgdy = 11 gl 1kl g

we conclude that the function y — f(y)g(y~*x)k(x) belongs to #!(G) for almost
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all x, and that the almost everywhere defined function x — { f(y)g(y ™" x) dy k(x)
belongs to #!(G), with a 1-norm dominated by | f|, gl plikll,. Since we
can choose k strictly positive on BA, it follows that the function x —
{f(ng(y~'x)dy is well-defined almost everywhere, and we conclude from
6.5.11 that it belongs to Z?(BA) —« ¥?(G), with a p-norm dominated by
If U ltgl, O

6.6.21. Theorem. For a locally compact group G with Haar integral {, the space
LY(G) is a Banach algebra with an isometric involution. Product and involution
in L1(G) are given by the formulas

S xglx) = '[f(y)g(y”X)dy, [*e) = fx"HA) ™

Proor. It follows from 6.6.20 that f x g € L*(G) with || f x g||, < Il fll lgll,.
It is elementary to check that the convolution product is distributive with
respect to the sum, but it requires Fubini’s theorem to show that the product
is associative. Indeed, if £, g, and h belong to .#*(G), both functions (f x g) x h
and f x (g x h) belong to #(G); and they are equal almost everywhere
because the function

(x,5,2) = f(D)g(z" Yh(y ™ x)

belongs to (G x G x G).
The operation f — f* is conjugate linear and isometric with period two by
6.6.18. Moreover, we have

r

g* x f*(x) = | g*OWf*(y " x)dy

LY

r

= | fx7I)AT Vg DAY dy

r -
= | Mgy xHdy Ax™) = (f x g/*(),

o

which shows that * is antimultiplicative, and thus is an involution on LYG).

a

6.6.22. The convolution algebra L'(G) defined in 6.6.21 is only a C*-algebra
(4.3.7) when G is finite. But the Hilbert space structure is not far away.
Indeed, applying 6.6.20 with p = 2 we obtain a norm decreasing, *-preserving
homomorphism f — F, of L'(G) into B(L*(G)) given by Frg = f X g, g € L*(G).
This regular representation of L'(G) is faithful, i.e. F; =0 implies f = 0.

If G is abelian and G denotes the dual group [G = hom(G, T), see 4.2.8],
the restriction of the Fourier transformation f — fto #1(G) n £?(G) extends
uniquely to an isometry F of L?(G) onto L*(G) (when the Haar integral on G
is suitably normalized). For G = R the construction of this Plancherel isomor-
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phism is quite elementary; see E 3.1.16. Combining this with the regular repre-
sentation we see that for f in L*(G) and g in L*(G) we have

FF,g = F(f x g) = f-Fg = M/F,

so that the convolution operator F; is transformed by the Plancherel isomor-
phism into the multiplication operator M, cf. 4.7.6.

6.6.23. The convolution product can be defined for other classes of functions.
Thus f x g exists as an element in C,(G) whenever f € £7(G) and § € £YG)
with p™* + ¢~! = 1 [because f x g(x) = [ f(»).d(y)dy]l. In the case p =1,
g = ©, however, we only have f x g as a uniformly continuous, bounded
function on G.

We wish to define the convolution product of finite Radon charges (cf.
6.5.8). If ®, ¥ € M(G), we define ® ® ¥ as a finite Radon charge on G x G,
either by mimicking the proof of 6.6.3 or by taking polar decompositions
® = |®|(u-)and ¥ = |P|(v-) as in 6.5.6 and 6.5.8 and then setting

(@®P)h = (2@ ¥ (uv)h), heC(G x G). (*)
Having done this, we define the product in M(G) by the formula
@xP)f=@@Y¥)(fomn), [feCl0) (%)

where n: G x G — G is the product map n(x,y) = xy. Note that although
fomn is a bounded continuous function on G x G it does not belong to
C.G x G) (if f # 0), so that we need the assumption that ® and ¥ are finite
charges.

It follows from () and (%) that ® x ¥ € M(G), with
@ x ¥ <[P =P [¥].
Given a third charge Q it is easy to see that
(@xP)xQf=(@RY¥RY(for)= (0 x (¥ x Q))f,

where r.(x, ¥,z) = xyz, so that the product is associative. In conjunction with
6.5.9 this shows that M(G) is a unital Banach algebra (the point measure &,
at 1 being the unit). Defining

O*f = @f, feC.G),
where f(x) = f(x 1), we see that
P*RP*)(fR9) =P(NHPG=@RVIRN=@RV)(®9)

where h*(x,y) = h(y~%, x~1) for every function on G x G. It follows from (%)
that for each f in C,(G) we have

(P* x O*)f = (P*® O*)(fon) = (®Q P)(f o n)
=(@Q®Y)(fon= (0 x P)¥,

so that = is an isometric involution on M(G).
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6.6.24. Proposition. The isometry f — @, defined in 6.5.10 is a *-isomorphism
of the convolution algebra L'(G) onto a closed, #-invariant ideal of M(G).

ProoF. Elementary computations show that the map f—-®, is a
x-isomorphism, i.e. ®f = @ and O, ,, = O, x O,

To show that L'(G) is an ideal in M(G) it suffices to prove that ® x @,
£*(G), when ® is a finite Radon integral and f belongs to #*(G),. Choose
a o-compact subset A4 of G such that ®([A]) = ®(1). Then apply Tonelli’s
theorem (6.6.8) to the product integral ® @ { and the function h(x,y) =
[47(x)f(x"!y) (which has s-compact support on G x G). We get

®<jh(',Y)dy) =041 f ) =21,
from which we conclude that the function

y = O(h(:,y)) = O, )
exists almost everywhere and belongs to £'(G) with {®(, Hdy =) | f1;.
Now take g in C,(G) and compute, again employing Fubini’s theorem, that
/e

fcb(yf')g(y) dy = cb( Ja) dy)

o

= @( f )9 dy) = cb(jf(y—l)g(- y) dy)

= <D( g(-y)f(y)dy> =D D (gon) =D x Dg.

Thus @ x ®, equals the element y — @, f)in LY(G). O
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