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Preface

This book is based on a first-year graduate course given regularly by
the first author at the University of Chicago, most recently in the
autumn quarters of 1991, 1992, and 1993. The lectures given in this
course were expanded and prepared for publication by the second
author.

The aim of this book is to provide a concise yet thorough treat-
ment of some topics from group theory and representation theory
with which every mathematician should be well acquainted. Of
course, the topics covered naturally reflect the viewpoints and in-
terests of the authors; for instance, we make no mention of free
groups, and the emphasis throughout is admittedly on finite groups.
Our hope is that this book will enable graduate students from every
mathematical field, as well as bright undergraduates with an interest
in algebra, to solidify their knowledge of group theory.

As the course on which this book is based is required for all in-
coming mathematics graduate students at Chicago, we make very
modest assumptions about the algebraic background of the reader.
A nodding familiarity with groups, rings, and fields, along with some
exposure to elementary number theory and a solid knowledge of lin-
ear algebra (including, at times, familiarity with canonical forms of
matrices), should be sufficient preparation.



vi Preface

We now give a brief summary of the book’s contents. The first four
chapters are devoted to group theory. Chapter 1 contains a review
(largely without proofs) of the basics of group theory, along with
material on automorphism groups, semidirect products, and group
actions. These latter concepts are among our primary tools in the
book and are often not covered adequately during one’s first exposure
to group theory. Chapter 2 discusses the structure of the general
linear groups and culminates with a proof of the simplicity of the
projective special linear groups. An understanding of this material
is an essential (but often overlooked) component of any substantive
study of group theory; for, as the first author once wrote:

The typical example of a finite group is GL(n, ¢), the
general linear group of n dimensions over the field
with ¢ elements. The student who is introduced to
the subject with other examples is being completely
misled. [3, p. 121]

Chapter 3 concentrates on the examination of finite groups through
their p-subgroups, beginning with Sylow’s theorem and moving on
to such results as the Schur-Zassenhaus theorem. Chapter 4 starts
with the Jordan-Holder theorem and continues with a discussion of
solvable and nilpotent groups. The final two chapters focus on finite-
dimensional algebras and the representation theory of finite groups.
Chapter 5 is centered around Maschke’s theorem and Wedderburn’s
structure theorems for semisimple algebras. Chapter 6 develops the
ordinary character theory of finite groups, including induced charac-
ters, while the Appendix treats some additional topics in character
theory that require a somewhat greater algebraic background than
does the core of the book.

We have included close to 200 exercises, and they form an integral
part of the book. We have divided these problems into “exercises”
and “further exercises;” the latter category is generally reserved for
exercises that introduce and develop theoretical concepts not in-
cluded in the text. The level of the problems varies from routine
to difficult, and there are a few that we do not expect any student to
be able to handle. We give no indication of the degree of difficulty
of each exercise, for in mathematical research one does not know in
advance what amount of work will be required to complete any step!
In an effort to keep our exposition self-contained, we have strived to
keep references in the text to the exercises at a minimum.



Preface vii

The sections of this book are numbered continuously, so that Sec-
tion 4 is actually the first section of Chapter 2, and so forth. A cita-
tion of the form “Proposition Y” refers to the result of that name in
the current section, while a citation of the form “Proposition X.Y”
refers to Proposition Y of Section X.

We would like to extend our thanks to: Michael Maltenfort and
Colin Rust, for their thought-provoking proofreading and their many
constructive suggestions during the preparation of this book; the stu-
dents in the first author’s 1993 course, for their input on an earlier
draft of this book which was used as that course’s text; Efim Zel-
manov and the students in his 1994 Chicago course, for the same rea-
son; and the University of Chicago mathematics department, for con-
tinuing to provide summer support for graduate students, as without
such support this book would not have been written in its present
form. We invite you to send notice of errors, typographical or oth-
erwise, to the second author at bell@math.uchicago.edu.

In remembrance of a life characterized by integrity, devotion to
family, and service to community, the second author would like to
dedicate this book to David Wellman (1953-1995).
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1
Rudiments of Group Theory

In this introductory chapter, we review the elementary notions of group
theory and develop many of the tools that we will use in the remaining
chapters. Section 1 consists primarily of those facts with which we assume
the reader is familiar from some prior study of group theory; consequently,
most proofs in this section have been omitted. In Section 2 we introduce
some important concepts, such as automorphism groups and semidirect
products, which are not necessarily covered in a first course on group the-
ory. Section 3 treats the theory of group actions; here we present both
elementary applications and results of a more technical nature which will
be needed in later chapters.

1. Review

Recall that a group consists of a non-empty set G and a binary
operation on G, usually written as multiplication, satisfying the fol-
lowing conditions:

e The binary operation is associative: (zy)z = z(yz) for any
z,Y,z € G.

e There is a unique element 1 € G, called the identity element
of G, such that z1 = z and 1x = z for any z € G.
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e For every z € G there is a unique element 27! € G, called the
inverse of =, with the property that zz=! =1 and 27!z = 1.

Associativity allows us to consider unambiguously the product of any
finite number of elements of a group. The order of the elements in
such a product is critically important, for if x and y are elements of
a group G, then it is not necessarily true that xy = yx. If this hap-
pens, then we say that z and y commute. More generally, we define
the commutator of z and y to be the element [z,y] = zyz~'y~!,
so that z and y commute iff [z,y] = 1. (Many authors define
[z,y] = z7 'y 'zy.) We say that G is abelian if all pairs of elements
of G commute, in which case the order of elements in a product is
irrelevant; otherwise, we say that G is non-abelian. The group oper-
ation of an abelian group may be written additively, meaning that
the product of elements z and y is written as x + y instead of zy, the
inverse of = is denoted by —z, and the identity element is denoted
by 0.

If  is an element of a group G, then for n € N we use z"
(resp., ™) to mean the product = - - - z (resp., z7!---z7!) involving
n terms. We also define £° = 1. (In an abelian group that is written
additively, we write nz instead of 2™ for n € Z.) It is easily seen that
the usual rules for exponentiation hold. We say that z is of finite
order if there is some n € N such that ™ = 1. If z is of finite order,
then we define the order of z to be the least positive integer n such
that z" = 1. Clearly, z is of order n iff 1,z,z2,... ,z""! are distinct
elements of G and z" = 1.

A group G is said to be finite if it has a finite number of elements,
and infinite otherwise. We define the order of a finite group G,
denoted |G|, to be the number of elements of G; we may also use |.S|
for the cardinality of any finite set S. Every element of a finite group
is of finite order, and there are infinite groups with this property;
these groups are said to be periodic. However, there are infinite
groups in which the identity element is the only element of finite
order; such groups are said to be torsion-free.

A subset H of a group G is said to be a subgroup of G if it forms
a group under the restriction to H of the binary operation on G.
Equivalently, H C G is a subgroup iff the following conditions hold:

e The identity element 1 of G lies in H.
o If 2,y € H, then their product zy in G lies in H.
e If z € H, then its inverse z7! in G lies in H.
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Clearly G is a subgroup of itself. The set {1} is also a subgroup
of G; it is called the trivial subgroup, and for the sake of simplicity we
denote it by 1. Every subgroup of a finite group is finite; however, an
infinite group always has both finite and infinite subgroups, namely
its trivial subgroup and itself, respectively. Similarly, every subgroup
of an abelian group is abelian, but a non-abelian group always has
both abelian and non-abelian subgroups. If H is a subgroup of G,
then we write H < G, if H is properly contained in G, then we call H
a proper subgroup of G, and we may write H < G. (This notational
distinction is common, but not universal.) If K < H and H < G,
then evidently K < G.

PRroOPOSITION 1. If H and K are subgroups of a group G, then
so is their intersection H N K. More generally, the intersection of
any collection of subgroups of a group is also a subgroup of that
group. W

The following theorem gives important information about the na-
ture of subgroups of a finite group.

LAGRANGE’S THEOREM. Let G be a finite group, and let H < G.
Then |H| divides |G|. W

If X is a subset of a group G, then we define <X > to be the in-
tersection of all subgroups of G which contain X. By Proposition 1,
<X > is a subgroup of G, which we call the subgroup of G generated
by X. We see that <X > is the smallest subgroup of G which con-
tains X, in the sense that it is contained in any such subgroup; hence
if X < G, then <X>= X. If X = {z}, then we write <z> in lieu
of <X>; similarly, if X = {z1,...,z,}, then we write <z1,... ,z,>
for <X>.

PROPOSITION 2. Let X be a subset of a group G. Then <X>
consists of the identity and all products of the form 7' - - - z&~ where
reN, r;eX,andeg;,=x1foralli. W

A group G is said to be cyclic if G = <g> for some g € G the
element g is called a generator of G. For example, if G is a group
of order n having an element g of order n, then G = <g> since
g,...,9g" 1, g" =1 are n distinct elements of G. By Proposition 2
we have <g>= {¢g" | n € Z}, and consequently we see via the ex-
ponentiation relations that cyclic groups are abelian; nonetheless,
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we will generally write cyclic groups multiplicatively instead of ad-
ditively. If g is of order n, then <g>= {1,g,...,¢" '}, and hence
|<g>| = n. If g is not of finite order, then <g> is a torsion-free in-
finite abelian group. Any two finite cyclic groups of the same order
are “equivalent” in a sense that will be made precise later in this
section, and any two infinite cyclic groups are equivalent in the same
sense. The canonical infinite cyclic group is Z, the set of integers
under addition, while the canonical cyclic group of order n is Z/nZ,
the set of residue classes of the integers under addition modulo n.

Suppose that G is a finite group and g € G is of order n. Then
<g> is a subgroup of G of order n, so by Lagrange’s theorem we see
that n divides |G|. Thus, the order of an element of a finite group
must divide the order of that group. Consequently, if |G| is equal
to some prime p, then the order of each element of G must be a
non-trivial divisor of p, from which it follows that G is cyclic with
every non-identity element of G being a generator.

If X and Y are subsets of a group G, then we define the product
of Xand Y inGtobe XY ={zy |z € X,ye Y} CG. Wecan
extend this definition to any finite number of subsets of G. We also
define the inverse of X CGby X '={z7!|z€ X} CG. IfHis
a non-empty subset of G, then H < G iff HH = H and H~! = H.

ProposiTION 3. Let H and K be subgroups of a group G. Then
HK is asubgroup of Gif HK =KH. R

Observe that if H and K are subgroups of GG, then their product
HK contains both H and K; if in addition K < H, then HK = H.
(These properties do not hold if H and K are arbitrary subsets of G.)
If G is abelian, then HK = KH for any subgroups H and K of G,
and hence the product of any two subgroups of an abelian group is
a subgroup.

We can now describe the subgroup structure of finite cyclic groups.

THEOREM 4. Let G = <g> be a cyclic group of order n. Then:

(i) For each divisor d of n, there is exactly one subgroup of G of
order d, namely <gd>.
(ii) If d and e are divisors of n, then the intersection of the sub-
groups of orders d and e is the subgroup of order ged(d, e).
(iii) If d and e are divisors of n, then the product of the subgroups
of orders d and e is the subgroup of order lcm(d,e). H
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If H< G and = € G, then we write zH instead of {x}H; the set
zH is called a left coset of H in G. Similarly, we write Hz instead
of H{z}, and we call Hz a right coset of H in G. In this book we
shall use left cosets, and consequently from now on the word “coset”
should be read as “left coset.” Our use of left cosets instead of right
cosets is essentially arbitrary, as any statement that we make about
left cosets has a valid counterpart involving right cosets. Indeed,
many group theory texts use right cosets where we use left cosets.
There is a bijective correspondence between left and right cosets of
H in G, sending a left coset zH to its inverse (zH) > = Hz™'.

Let H be a subgroup of G. Any two cosets of H in G are either
equal or disjoint, with cosets zH and yH being equal iff y~'z € H.
Consequently, an element z € G lies in exactly one coset of H,
namely zH. For any z € G, there is a bijective correspondence
between H and zH; one such correspondence sends h € H to zh.
We define the indez of H in G, denoted |G : H|, to be the number of
cosets of H in G. (If there is an infinite number of cosets of H in G,
then we could define |G : H| to be the appropriate cardinal number
without changing the truth of any statements made below, as long as
we redefine |G| as being the cardinal number |G : 1|.) The cosets of
H in G partition G into |G : H| disjoint sets of cardinality |H|, and
hence we have |G| = |G : H||H|. (This observation proves Lagrange’s
theorem; however, it is possible to prove Lagrange’s theorem without
reference to cosets by means of a simple counting argument.) In
particular, all subgroups of a finite group are of finite index, while
subgroups of an infinite group may be of finite or infinite index. We
denote the set of cosets (or the coset space) of H in G by G/H.

We can now give a complete description of the subgroups of infinite
cyclic groups. We invite the reader to restate Theorem 4 in such a
way so as to make the parallelism between Theorems 4 and 5 more
explicit.

THEOREM 5. Let G = <g> be an infinite cyclic group. Then:

(1) For each d € N, there is exactly one subgroup of G of index d,
namely <g%>. Furthermore, every non-trivial subgroup of G
is of finite index.

(ii) Let d,e € N. Then the intersection of the subgroups of in-
dices d and e is the subgroup of index lem(d, e).

(iii) Let d,e € N. Then the product of the subgroups of indices d
and e is the subgroup of index ged(d,e). A
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The following result generalizes Lagrange’s theorem and shall be
referred to as “factorization of indices.”

THEOREM 6. f K < H < G, then |G: K|=|G:H||H:K|. &

Let H be a subgroup of a group G, and let Z be an indexing set
that is in bijective correspondence with the coset space of H in G.
A subset T' = {t; | 1 € T} of G is said to be a (left) transversal for H
(or a set of (left) coset representatives of H in G) if the sets ¢t;H are
precisely the cosets of H in G, with no coset omitted or duplicated.

Let N be a subgroup of a group G. We say that N is a normal
subgroup of G (or that N is normal in G) if tN = Nz for all z € G,
or equivalently if zNz=* C N for all z € G. If G is abelian, then
every subgroup of G is normal. The subgroups 1 and G are always
normal in G; if these are the only normal subgroups of GG, then we
say that G is simple. For example, a cyclic group of prime order
is simple. (A group having only one element is by convention not
considered to be simple.) If N is normal in G, then we write N 4 G
if N is both proper and normal in GG, then we may write N < G.
(Once again, many authors do not make this distinction and instead
use N < G to mean simply that N is normal in G.) If H < G and
K < H, then it is not necessarily true that K < G; we will provide
a counterexample momentarily. However, it is clearly true that if
K dGand K < H<G, then K Q4 H.

PROPOSITION 7. Let H and K be subgroups of a group G. If
K < G, then HK € G and HN K < H; if also H <4 G, then
HK<dGand HNKJLG. 1

PROPOSITION 8. Any subgroup of index 2 is normal.

PROOF. Let H < G, and suppose that |G : H| = 2. Then there
are two left cosets of H in G one is H, and thus the other must
be G — H. Similarly, H and G — H are the two right cosets of H
in G. It now follows that z € H iff tH = H = Hz, and = ¢ H iff
zH=G—-H=Hz;hence H4G. R

Normal subgroups are important because they allow us to create
new groups from old, in the following way:

THEOREM 9. If N < G, then the coset space G/N forms a group
under the binary operation defined by (zN)(yN) = (zy)N. B
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If N < G, then we call G/N with the above binary operation the
quotient group of G by N. The identity element of G/N is N, and
the inverse of zN € G/N is z7!N. If G is abelian, then G/N is also
abelian.

Let z and g be elements of a group G. The conjugate of x by g
is defined to be the element grg—! of G. (Some authors define the
conjugate of z by g to be g7'zg. The notations Yz and z9 are some-
times used for grg~! and g'xg, respectively.) Two elements  and y
of G are said to be conjugate if there exists some g € G such that
y = grg~!. No two distinct elements of an abelian group can be
conjugate. A subgroup N of G is normal iff every conjugate of an
element of N by an element of G lies in N.

Let X be a set. A permutation of X is a bijective set map from
X to X. The set of permutations of X, denoted ¥ x, forms a group
under composition of mappings. If X = {1,...,n} for some n € N,
then this group is called the symmetric group of degree n and is
denoted X,. (Many authors denote this group by S, or G,.) The
group X, is finite and of order n! =n(n—1)---2-1.

An element p of X, is called a cycle of length r (or an r-cycle) if
there are distinct integers 1 < a4, ... ,a, < nsuch that p(a;) = (a;+1)
forall 1 <i <, p(a,) = a4, and p(b) = b for any 1 < b < n which
is not equal to some a;. If the cycle p is as defined above, then we
write p = (a; -+ a,). Of course, this can be done in r different ways;
for example, (1 2 4), (2 4 1), and (4 1 2) denote the same 3-cycle
in X4. The cycle p as defined above is said to move each a; and fix
every other number. Two cycles are said to be disjoint if there is
no number that is moved by both cycles. The product of two cycles
(ay --- a,)and (by --- bs)is written (a; --- a,. by --- by); ifa; = by,
then this product moves b;_; to a;;;. (We read from “right to left”
in this manner because we think of the cycles as being functions
on {1,...,n}, and so the product of two cycles corresponds to a
composition of functions, which we choose to perform from right to
left in the usual fashion. In many group theory texts, composition
is performed from left to right.)

Every element of X,, can be written as a product of disjoint cy-
cles; such an expression is called a disjoint cycle decomposition of
the permutation. Any two disjoint cycle decompositions of a given
permutation must necessarily include the same cycles, but possibly
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in some different order. Therefore we can associate, in a well-defined
way, a collection of positive integers whose sum is n to each element p
of X,,; this partition of n consists of the lengths of the cycles that
appear in a disjoint cycle decomposition of p and is called the cycle
structure of p. For example, the cycle structure of an r-cycle in ¥,
is the partition (r,1,...,1) having n — r ones; the cycle structure
of (1 2 4X3 5) in X¢ is the partition (3,2,1). We generally omit
1-cycles when writing a permutation as a product of disjoint cycles.
As usual, we will use 1 to denote the identity element of ¥,,, whose
disjoint cycle decomposition consists solely of 1-cycles.

ProrosiTION 10. Let n € N. Then two elements of X,, are con-
jugate iff they have the same cycle structure. H

For a proof, see [24, pp. 46-7|.

A transposition in ¥,, is a 2-cycle. Every element of ¥, can be
written as a (not necessarily disjoint) product of transpositions in
many different ways. However, it can be shown that any two ex-
pressions of a given permutation as a product of transpositions use
the same number, modulo 2, of transpositions. (See [24, pp. 8-9].)
Hence we can say that a permutation is even (resp., odd) if it can
be written as a product of an even (resp., odd) number of transpo-
sitions, for a permutation is either even or odd, but never both. For
example, since an r-cycle can be written as a product of r — 1 trans-
positions, we see that a cycle is an even permutation iff its length
is odd. The subset of X, consisting of all even permutations is a
subgroup of index 2, and hence is normal in X, by Proposition 8; it
is called the alternating group of degree n and is denoted A,.

Consider H = {1,(1 2X3 4),(1 3X2 4),(14)2 3)} € A;. One can
show that H <4 A;. (In fact, H is normal in ¥4. This group H is
historically called the Klein four-group.) Let K = {1,(1 23 4)}.
Then K is a subgroup of H with |H : K| = |H|/|K|=4/2 =2, and
hence K < H by Proposition 8. However, by conjugating (1 2)3 4)
by the even permutation (1 2 3), we see that K is not normal in Ag.
This provides the counterexample referred to on page 6.

Let G and H be groups. A homomorphism is a map ¢: G — H
with the property that ¢(zy) = @(z)p(y) for all z,y € G; that is,
a homomorphism is a map between groups which preserves the re-
spective group structures. If ¢ is a homomorphism, then e(1) =1,
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and p(z7!) = ¢(z)~* for any element x. The trivial homomorphism
from G to H is the map sending every element of G to the identity
element of H. If a homomorphism ¢ is injective, then we call ¢ a
monomorphism, and if ¢ is surjective, we call ¢ an epimorphism;
we say that ¢ is an isomorphism if ¢ is bijective. (Recall that a
set map f: X — Y is called injective if f(z) = f(z’) forces x = 2/,
surjective if for any y € Y we have f(z) = y for some =z € X, and
bijective if it is both injective and surjective.) If ¢ is an isomor-
phism, then so is ¢=': H — G. A homomorphism ¢: G — G is
called an endomorphism of G; a bijective endomorphism is called an
automorphism.

If G and H are groups and there is an isomorphism ¢: G — H,
then we say that G and H are isomorphic, or that G is isomorphic
with H, and we write G & H. The notion of isomorphism is an
equivalence relation on groups; that is, it is reflexive (G = G), sym-
metric (G = H implies H 2 G), and transitive (G = H and H £ K
together imply G = K). Therefore, we can speak of the “isomor-
phism class” to which a given group belongs. Isomorphic groups
are to be thought of as being virtually identical, in the sense that
any statement made about a group is true (after making appropriate
identifications) for any other group with which it is isomorphic. If
we say that a group having certain properties is “unique,” then we
often mean that it is “unique up to isomorphism,” by which we mean
that any two groups having the specified properties are isomorphic.

We now consider some standard examples.

e Let G =<g> and H = <h> be two cyclic groups of order n.
We define a map ¢: G — H by setting ¢(g*) = h* for every
0 < a < n. This map ¢ is an isomorphism. Consequently,
any two finite cyclic groups of the same order are isomor-
phic. In particular, any cyclic group of order n is isomorphic
with Z/nZ, and there is a unique group of order p for each
prime p. We will use Z, to denote a cyclic group of order n,
written multiplicatively. We can similarly show that any two
infinite cyclic groups are isomorphic; we will use Z to denote
an infinite cyclic group, written multiplicatively.

e Let G be a group, let H < G, and let g € G. The conjugate
of H by g is the set gHg ! = {ghg™' | h € H} consisting
of all conjugates of elements of H by g. It is easily verified
that gHg™! < G. We say that K < G is a conjugate of H
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in G, or that K and H are conjugate in G, if K = gHg™!
for some g € G. Given H € G and g € G, we define a map
p: H— gHg™* by ¢(h) = ghg™! for h € H. We see easily
that ¢ is an isomorphism; hence conjugate subgroups are
isomorphic. However, it is not true that any two isomorphic
subgroups of a group G are conjugate in G. For example,
the Klein four-group has three subgroups of order 2 which
are necessarily isomorphic but which, being subgroups of an
abelian group, cannot be conjugate.

o Let X = {z;,...,z,} and let Xx be the group of permuta-
tions of X. We define a map ¢: ¥, — Xx by v(p)(z:) = 2
for p€ ¥, and 1 <7 < n. The map ¢ is easily seen to be an
isomorphism.

e Let G be a group and let N 4 G. There is an obvious map
from G to the quotient group G/N, namely the projection
n: G — G/N defined by n(z) = zN for z € G. We see easily
that this map 7 is an epimorphism. We shall refer to n as
the natural map from G to G/N.

If p: G — H is a homomorphism, then we define the kernel of ¢ to
be the subset ker ¢ = {g € G | ¢(g) = 1} of G, and the image of ¢ to
be the subset im ¢ = {p(g) | ¢ € G} of H. We also use the notation
¢(G) for the image of ¢, and p(K) for the set {¢(g) | g € K} for
any K < G. For example, if N < G and n: G — G/N is the natural
map, then we have kery = N and n(K) = KN/N for any K < G.
(Observe that n(K) = K/N if K contains N.)

PROPOSITION 11. Let G and H be groups, and let ¢: G — H
be a homomorphism. Then kerp < G, and p(K) < H for any
K<G R

The following theorem is the cornerstone of group theory.

FUNDAMENTAL THEOREM ON HOMOMORPHISMS. If G and H are
groups and p: G — H is a homomorphism, then there is an isomor-
phism ¢: G/K — ¢(G) such that ¢ = 9 on, where K = ker ¢ and
n: G — G/K is the natural map; moreover, the map ¥ is uniquely
determined.

(Many authors refer to this result as the “first isomorphism theo-
rem;” these authors give appropriate renumbering to the other iso-
morphism theorems below.)
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Proor. If zK = yK for some z,y € G, then y~*z € K; this gives
1 = oy *z) = p(y)~te(z) and hence ¢(y) = (x). It is therefore
possible to define a map ¥: G/K — ¢(G) by letting ¢(zK) = ¢(z)
for K € G/K. We leave it to the reader to verify that 1 has the
indicated properties. W

As a consequence of the fundamental theorem, we see that any
homomorphism ¢: G — H can be regarded as the composition of
an epimorphism (of G onto ¢(G)) with a monomorphism (of ¢(G)
into H).

The final three results of this section are also of primary impor-
tance.

FIRST ISOMORPHISM THEOREM. Let G be a group. If N 4 G
and H < G, then HN/N =2 H/HNN.

(Note that HN < G and HNN < H by Proposition 7, since N < G.)

PRrOOF. Apply the fundamental theorem, taking ¢ to be the re-
striction to H of the natural map n: G - G/N. B

The proof of the next result is straightforward, but somewhat
tedious.

CORRESPONDENCE THEOREM. Let G and H be groups, and let
¢: G — H be an epimorphism having kernel N. Then there is a
bijective correspondence given by ¢ between the set of subgroups of
G that contain N and the set of subgroups of H. If K is a subgroup
of G containing N, then this correspondence sends K to ¢(K); if
L is a subgroup of H, then the subgroup of G sent to L under this
correspondence is ¢ !(L) = {z € G | p(z) € L}. Moreover, if K,
and K, are subgroups of G containing N, then:

o K; < K; iff p(K3) < ¢(Ki), and in this case we have
|Ky1 2 Ka| = |@(Ky) : o(K2).

e Ky 4 K, iff o(K5) < ¢(K;), and in this case the map from
K /K, to p(K;)/p(K2) sending K, to ¢(x)p(K>) is an iso-
morphism. W

As a special case of the correspondence theorem, we have the fol-
lowing useful fact: If G is a group and N < G, then every subgroup of
G/N is of the form K /N for some subgroup K of G that contains N.
(Here we take ¢ to be the natural map from G to G/N.)
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SECOND IsoMORPHISM THEOREM. Let H and K be normal sub-
groups of a group G. If H contains K, then G/H = (G/K)/(H/K).

PRroOOF. Apply the correspondence theorem, taking ¢ to be the
natural map from G to G/K. R

EXERCISES

1. Prove, or complete the sketched proof of, each result in this section.

2. We say that a group G has ezponent e if e is the smallest positive
integer such that z® = 1 for every x € G. Show that if G has
exponent 2, then G is abelian. For what integers e is a group
having exponent e necessarily abelian?

3. Let G be a finite group, and suppose that the map ¢: G — G
defined by ¢(z) = 23 for z € G is a homomorphism. Show that
if 3 does not divide |G|, then G must be abelian. (See [2] for a
generalization.)

4. Let g be an element of a group G, and suppose that |G| = mn
where m and n are coprime. Show that there are unique elements
z and y of G such that zy = ¢ = yz and 2™ = 1 = y™. (In the
case where m is a power of some prime p, we call z the p-part of g
and y the p'-part of g; more generally, if 7 is a set of primes which
includes all prime divisors of m and no prime divisors of n, then z
and y are called the w-part and 7'-part, respectively, of g.)

5. Let r, s, and t be positive integers greater than 1. Show that there
is a finite group G having elements = and y such that = has order r,
y has order s, and zy has order t.

6. Let X and Y be subsets of a group G. Are <X> N <Y > and
<X NY> necessarily equal? Are <<X> U <Y>> and <X UY>
necessarily equal?

7. Let G be a finite group and let H < G. Show that there is a
subset T of G which is simultaneously a left transversal for H and
a right transversal for H.

8. Suppose that C is a family of subsets of a group G which forms
a partition of G, and suppose further that gC € C for any g € G
and C € C. (Recall that a partition of a set S is a collection §
of subsets of S with the property that every element of S lies in
exactly one member of §.) Show that C is the set of cosets of some
subgroup of G.

9. Suppose that C is a family of subsets of a group G which forms a
partition of GG, and suppose further that XY € C for any X,Y € C.
Show that exactly one of the sets belonging to C is a subgroup of G,
that this subgroup is normal in G, and that C consists of its cosets.
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10. Prove the following generalization of Proposition 8: If G is a finite
group and H < G is such that |G : H| is equal to the smallest
prime divisor of |G|, then H < G.

FURTHER EXERCISES

If K 4 H < G, then H/K is called a section of G. We say that two
sections H;/K; and Hy/K5 of G are incident if every coset of K; in H;
has non-empty intersection with exactly one coset of Ks in Hj, and vice
versa. (In other words, two sections are incident if the relation of non-empty
intersection gives a bijective correspondence between their elements.)

11. Show that incident sections are isomorphic.

12. (cont.) Suppose that N < G and H < G. Show that HN /N and
H/H NN are incident. (Exercises 11 and 12 provide an alternate
proof of the first isomorphism theorem.)

If L/M is a section of G and H < G, then the projection of H on L/M
is the subset of L/M consisting of those cosets of M in L which contain
elements of H.

13. (cont.) Show that the projection of H on L/M is the subgroup
(LNH)M/M of L/M.

Let H1/K; and Hy/K, be sections of a group G.

14. (cont.) Show that the projection of K, on H;/K; is a normal
subgroup of the projection of Hy on H;/K;. The quotient group
obtained thereby is called the projection of Hy/Ks on Hy /K;.

15. (cont.) Show that the projection of H;/K; on Hy/K, and the
projection of Hy /K5 on H; /K are incident. Deduce the following
result:

THIRD ISOMORPHISM THEOREM. Let Hy,Hs < G, let K; < Hy,
and let K2 ﬂ HQ- Then

(Hy N Ho)Ky/(Hy N K2)K1 & (Hy N Hy) K/ (K1 N Hy)K,. W

(This result is also called the fourth isomorphism theorem, or
Zassenhaus’ lemma (after its discoverer, who proved it as a stu-
dent at the age of 21), or even the butterfly lemma. This last
name refers to the shape of the diagram showing the inclusion re-
lations between the many subgroups involved in the statement of
this result; such a diagram appears in [22, p. 62].)
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2. Automorphisms

The set of automorphisms of a group G is denoted Aut(G). If
@ and p are automorphisms of GG, then their composition ¢ o p is
also an automorphism of GG, and hence composition of mappings is a
binary operation on Aut(G). This operation gives a group structure
on Aut(G); the identity element is the trivial automorphism sending
each element to itself, and the inverse of an automorphism ¢ is its
inverse ¢! as a set map. We call Aut(G) with this binary operation
the automorphism group of G, and we may write wp in lieu of p o p
for ¢, p € Aut(G).

Every element g of a group G defines a conjugation homomor-
phism ,: G — G by @4(x) = gzg™'. (Observe that we indeed
have ¢,(zy) = @u(x)py(y) and pg(z™') = @4(z)~'.) Each such
map ¢, is actually an automorphism of G, for given z € G we have
T = @4(g7zg), and if p4(x) = py(y) then we obtain x = y by can-
cellation. These maps are called the inner automorphisms of G. We
have @gpn = g for any g, h € G, since g(hzh™1)g™! = (gh)z(gh)™!
for any z € G; consequently, there is a homomorphism from G to
Aut(G) sending g € G to ¢,. The image of this homomorphism is
called the inner automorphism group of G and is denoted Inn(G),
while the kernel is called the center of G and is denoted Z(G). Ob-
serve that

Z(G) ={g9 € G| p4(z) = z for all z € G}
={g € G| gr=xgforall z € G},

and hence that Z(G) consists of those elements of G which commute
with every element of G. Clearly, G is abelian iff Z(G) = G.

If o € Aut(G) and ¢, € Inn(G), then it is easily verified that
090~ = pg(g). This shows that Inn(G) < Aut(G); the quotient
group Aut(G)/Inn(G) is called the outer automorphism group of G
and is denoted Out(G). However, the term “outer automorphism”
usually refers not to elements of Out(G) themselves, but rather to
automorphisms of G which are not inner and which hence have non-
trivial image in Out(G) under the natural map. If G is abelian, then
all non-trivial automorphisms of G are outer in this sense, since in
this case we have Inn(G) = 1.

Given a group, we may wish to determine the structure of its
automorphism group. This is often a difficult problem. We will now
consider, in some detail, the automorphism groups of cyclic groups.
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Let G =<z>= Z, and let ¢ be an automorphism of G. Then
¢(z) must generate G; but the only generators of G are z and z 7.
Thus ¢ either fixes each element or sends each element to its inverse,
and hence we have Aut(G) = Z,.

Now let n € N and let G =<z>2= Z,. Suppose that ¢ is an
endomorphism of G. We have p(x) = z™ for some 0 < m < n; it
follows that ¢ sends every element of G to its mth power. Hence
we see that G has exactly n endomorphisms, namely the mth power

maps o, for 0 < m < n.

ProPOSITION 1. Let G =<z>= Z, for n € N, and for each
0 < m < n let g,, be the endomorphism of G sending z to z™.
Then Aut(G) consists precisely of those o,, for which m # 0 and
ged(m,n) = 1. Furthermore, Aut(G) is abelian and is isomorphic
with the group (Z/nZ)* of units of the ring Z/nZ.

PRrOOF. The map o, has trivial image and hence is not an auto-
morphism. Now let 1 < m < n, and consider o,,. If gcd(m,n) = 1,
then there exist integers a and b such that am + bn = 1, and hence
Om(x?) = 2°™ = 217 = z(2")~® = z, showing that o,, is surjec-
tive. Since G is finite, a surjective map from G to G must also be
injective; therefore o,, € Aut(G). Conversely, if ¢,, € Aut(G), then
z = op(x*) = %™ for some a € Z; since ™! = 1, we must have
am — 1 = bn for some b € Z, which forces ged(m,n) = 1. The first
assertion now follows.

Given 1 < my,me < n, we have 0,01, = 0y = O, 0, , Where
1 <t < nis such that mymy, = t (mod n); therefore Aut(G)
is abelian. Since (Z/nZ)* ={m+nZ|1 < m <n, gced(m,n) = 1},
we easily see that the map sending o,, to m + nZ is an isomorphism
from Aut(G) to (Z/nZ)*. W

We define the totient of n € N to be the number of positive in-
tegers that are both less than n and coprime to n. (This number
is also referred to as the value at n of the Euler phi-function.) If
we write n = pi* ---p% where the p; are distinct primes, then the
totient of n is (pf* — pi*™)--- (p2 — pr~1). We see immediately
from Proposition 1 that the order of Aut(Z,,) is the totient of n. In
particular, | Aut(Z,)| = p — 1 when p is prime.

PROPOSITION 2. Let p be a prime. Then Aut(Z,) = Z,_;.
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PROOF. Let F be the field having p elements. By Proposition 1,
Aut(Z,) is isomorphic with the multiplicative group F'* of non-zero
elements of F'. For each divisor d of p — 1, let f; be the number of
elements of order d in F'*, and let z; be the number of elements of
order d in Zp_;.

Let d be a divisor of p — 1. If x € F'* is an element whose order
divides d, then x must be a root of X¢—1 € F[X], which has at most
d roots. Consequently, if z is of order d, then the powers of x are the
only elements of F'* that are roots of X¢ — 1, and therefore every
element of F'* of order d must be contained in <z>2= Z4. Hence
either f; = 0, or f; is equal to the number of elements of order d
in Zd.

Using Theorem 1.4, we see that if d is any divisor of p—1, then all
elements of order d in Z,_; are contained in a single cyclic subgroup
of order d; therefore, z; is equal to the number of elements of order d
in Zq. The above paragraph now implies that f; < z; for every
d| (p—1). But we have

S fa=|F=p—1=1Zpal= 3 2

di(p—1) di(p—1)

which forces f; = z4 for every d | (p — 1). In particular, we have
fp—1 = 2zp—1 > 0, and therefore F* 2 Z, ;. B

Let G =<z>=Z, for n € N and consider the mth power auto-
morphism o,,, of G, where 1 < m < n and ged(m,n) = 1. A simple
induction argument shows that (o,,)*(z) = ™" for any k € N; thus
the order of o,, is the least positive integer k such that ™ =z,
or equivalently the smallest k£ € N such that m* =1 (mod n). If the
order of o,, is equal to the totient of n, then we say that m is a prim-
itive root modulo n. (This terminology comes from classical number
theory.) Clearly, Aut(Z,) is cyclic iff there exists a primitive root
modulo n.

For composite n, the determination of the structure of Aut(Z,)
lies more in the domain of number theory than group theory. The
following result, which we shall not prove, characterizes those n for
which Aut(Z,,) is itself cyclic.

THEOREM 3. Aut(Z,) is cyclic iff n = 2 or 4, or n = p* or 2p* for
some odd prime p and some k € N. W
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A proof of the equivalent result about the existence and non-existence
of primitive roots modulo n is given in [9, Section 8.3].

Let ¢ be an automorphism of a group G, and let H be a subgroup
of G. Then ¢ maps H isomorphically to a subgroup ¢(H) of G; we
say that H is fized by ¢ if ¢(H) = H. In this case, the restriction
of ¢ to H is an automorphism of H. If L is a subgroup of Aut(G),
then we say that H is fired by L if H is fixed by every ¢ € L. With
this terminology, we see that H is normal in G iff H is fixed by
Inn(G). We say that H is a characteristic subgroup of G (or that
H is characteristic in G) if H is fixed by Aut(G). (Some authors
denote this by H char G.) For example, the center Z(G) is always
a characteristic subgroup of G, for if z € Z(G) and ¢ € Aut(G),
then we have ¢(z)y = p(zp~'(y)) = (¢~ (¥)z) = ye(z) for any
y € G, showing that ¢(z) € Z(G) as required. It is clear that
characteristic subgroups are normal, but the converse is not true. In
fact, an infinite abelian group need not have any non-trivial proper
characteristic subgroups; see Exercise 5.

We observed in Section 1 that being normal is not a transitive
property of subgroups. However, being characteristic is transitive:

LEMMA 4. If K is a characteristic subgroup of H and H is a
characteristic subgroup of G, then K is a characteristic subgroup
of G.

PROOF. If ¢ € Aut(G), then the restriction of ¢ to H lies in
Aut(H) since H is characteristic in G, and hence the restriction of
¢ to K lies in Aut(K) since K is characteristic in H. Therefore, any
automorphism of G fixes K, as required. B

The reason that normality is not transitive stems from the fact
that if N < G, then the restriction to N of an element of Inn(G)
surely lies in Aut(/N) but need not lie in Inn(N).

Recall that if z and y are elements of a group G, then the com-
mutator of z and y is the element [z,y] = zyz~'y~'. We define
the derived group of G to be the subgroup G’ of G generated by
the set of all commutators in Gj; that is, G’ = <{[z,y] | z,y € G}>.
Clearly, G is abelian iff G’ = 1; it is equally clear that if H < G, then
H' < G'. Tt is important to remember that, in general, G’ contains
more than just the commutators of elements of G. Since for any ele-

ments = and y we have [z,y]™! = (zyz~ly~ )" = yzy 'z~ = [y, 2],
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we see via Proposition 1.2 that an arbitrary element of G’ is a finite
product of commutators of elements of G.

LEMMA 5. Let G be a group. Then G’ is characteristic in G.

PROOF. Let ¢ € Aut(G). We have ¢([z,y]) = [p(z), ¢(y)] for any
z,y € G. If g € G, then we have seen that g is a product of com-
mutators; therefore the same is true for ¢(g), and hence p(g) € G'.
Thus ¢(G’) < G'; but the same argument gives ¢~ '(G’) < G’ and
hence G’ = (¢~ (G")) < ¢(G'). Therefore p(G’) = G’, completing
the proof. M

The derived group has the following important property:

PROPOSITION 6. Let G be a group, and let N < G. Then G/N
is abelian if G' < N.

Proor. For any z,y € G, we have [zG',yG']| = [z,y|G = G;
consequently, the derived group of G/G’ is trivial, and so G/G’ is
abelian. Let N 14 G. If G’ < N, then by the second isomorphism
theorem, G/N is isomorphic with a quotient of the abelian group
G /G’ and hence is abelian. Conversely, if G/N is abelian, then for
any z,y € G we have (zN)(yN) = (yN)(zN) and hence [z,y] € N,
which shows that G’ < N. W

We shall complete this section with an important application of
automorphism groups, namely the construction of semidirect prod-
ucts. Before that, we shall review the more familiar notion of direct
products.

Let n € N, and let Gy, ... ,G, be groups. We form their Cartesian
product G; X ... X G, and we give this set a binary operation by
defining (g1,... ,9:)(9%,--- ,95) = (9197, - - - , gn9g,). We call this op-
eration “componentwise multiplication,” and it gives the Cartesian
product a group structure; the identity element is (1,...,1), and the

inverse of an arbitrary element (g, ... ,g,) is (g7',... ,9;"). We call
G1 X ...X @G, with this binary operation the (external) direct product
of G1,...,G,. The order of the factors is irrelevant, for we easily

see that G X ... x G, £ Gpy X ... X Gy for any p € X,,.
We observe that G = G; X ... X GG, has the following properties:

e For each i, G has a normal subgroup H; that is isomorphic
with G;; specifically, H; = {(1,...,9;...-,1) | ¢ € G}
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(where g; appears in the ith place). Moreover, G/H; is iso-
morphic with the direct product of the remaining G;.

e Every ¢ € G has a unique expression ¢ = h; --- h, where
h; € H;; if g = (g1,.-- ,9n), then h; = (1,... ,gi,...,1) for
each i (where again g; appears in the ith place). Conse-
quently, if the groups Gi,...,G, are each finite, then we
have |G| = |G1|-- - |Gx|.

Now suppose that G is a group having subgroups H;, ... , H, such
that the following conditions hold:

(1) H <G foreach1 <i<n.

(2) Every g € G has a unique expression g = h;---h, where
h; € H; for each i.

Conditions (1) and (2) imply the following:

(3 G=H,---H,.

(4) H,; N H1 v Hi—lHi+1 s Hn =1 for each 1.

(5) If i # j, then elements of H; commute with elements of H;.

(6) If g = hy---h, and ¢’ = hy---h], where h;,h] € H; for
each i, then gg’' = (hih}) - - (hnhl).

Under these circumstances, we see that there is a unique isomor-
phism from G to the external direct product H; x ... x H,, sending
H;tolx...x H; x...x1. Consequently, we call G the (inter-
nal) direct product of its subgroups H,,... ,H,, and we may write
G = H; x ... x H, (although this is a slight abuse of notation). It is
important to note that if (1) holds, then (2) holds iff both (3) and (4)
hold; hence to determine that a given group is a direct product, it
suffices to verify either (1) and (2) or (1), (3), and (4). (Note that
(4) reduces to H; N Hy = 1 when n = 2.)
We now present some useful facts concerning direct products.

LEMMA 7. Let G be a group having normal subgroups H and K
such that G = HK. Then G/ HNK =H/HNK x K/HN K.

PRrROOF. Note first that L = H N K is normal in G by Proposi-
tion 1.7. We see from the correspondence theorem that H/L and
K/L are normal subgroups of G/L, and clearly (H/L) N (K/L) is
trivial. Hence it remains only to show that G/L = (H/L)(K/L).
Let g € G; then g = hk for some h € H and k € K since G = HK,
and thus gL=hkL = hLkL € (H/L)(K/L) as required. W
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LEMMA 8. Let n € N, and write n = p{*---p% where the p;
are distinct primes and the a; are positive integers. Then we have
Zn gZP:I X ... X Zp:r.

PROOF. Let P; =<z;>= Z = for each 1 < i < r. We see easily
that the order of (zi,...,z,) € PL X ... X P, is p{* -- - p% = n and
hence that P, x ... x P, =2 Z,. 1

This result has the following immediate consequence:
COROLLARY 9. If ged(a,b) =1, then Zy, = Z, x Zy,. B

PRrROPOSITION 10. Suppose that a finite group G is the direct
product of its subgroups H, ... , H,, where the orders |H;| are pair-

wise coprime. Then any subgroup L of G is the direct product of
LNH;,...,LNH,.

PROOF. We consider the case n = 2, from which the general case
follows easily by induction. Write H = H; and K = H,, so that we
have G = H x K and ged(|H|,|K|) = 1. Let L < G. Observe that
we have LNH A L,LNK < L, and (LN H)N(LNK) = 1; therefore
we can, inside L, construct the direct product (L N H) x (L N K).
Every element g of L can be written as ¢ = hk for some h € H
and k£ € K, and to show that L = (LN H) x (L N K) it suffices
to show that h,k € L. Since h and k are commuting elements of
coprime order, the order of hk equals the product of the orders of h
and k. Corollary 9 now gives <h> x <k>= <hk>. As we already
have <g> = <hk> < <h> x <k>, we now see that h,k e <g>< L
as required. W

Let G be a group. Suppose that G has a subgroup H and a
normal subgroup N such that G = NH and N N H = 1; then we
call G the (internal) semidirect product of N by H, and we write
G = N x H. (This notation is common, but not standard; other
possible notations include N X H and H x N, and some authors do
not adopt a notation.) If in addition we have H < G, then G is
the direct product of N and H. As an example, if we take G = X3,
N = Az, and H =<(1 2)>, then we see easily that G = N x H;
however, H is not normal in G, so G is not the direct product of N
and H.
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We now make some observations about semidirect products. Sup-
pose throughout that G = N x H.

e We have H = H/(NNH) % NH/N = G/N by the first
isomorphism theorem. Consequently, if G is finite, then we
have |G| = |N||G : N| = |N||H|.

e Since G = NH, each ¢ € G can be written as x = nh for
some n € N and h € H. Suppose that this could be done
in two different ways; that is, suppose that nih; = ngh,
for some nq,n, € N and hi,h, € H. Then we would have
ny'ny = hohi' € NN H = 1, forcing n; = ny and hy = hy.
Hence each z € G has a unique expression £ = nh where
ne Nand h e H.

o Let z,y € G, and write z = nih; and y = nyho as above.
We know that the element zy of G can be written as n'h’
for some unique n’ € N and h' € H; explicitly, we have
zy = nihinghy! - hihy, where n' = nyhynohi' € N (since
N_Q_G) and h,:hlhz € H.

e Let h € H. Since N is normal in G, conjugation by h maps N
to N; consequently, we can define a map ¢,: N — N by
on(n) = hnh™! for n € N. It is easy to show that ¢} is an
automorphism of N, and also that ¢, o pp = @pp for any
h' € H. Therefore, we have constructed a homomorphism
@: H — Aut(N), where ¢(h) = ¢; we call ¢ the conjugation
homomorphism of the semidirect product G. We now see that
we have (n;h;)(nzha) = nip(h1)(n2)- hih, for any ny,ny € N
and hi,hy € H, and thus the group operation of G can be
expressed in terms of the group operations of N and H and
the homomorphism .

e Suppose that the homomorphism ¢: H — Aut(N) defined
above were the trivial homomorphism. Then we would have
nhn~! = np(h)(n")h = nn~'h = h for any n € N and
h € H, and consequently H < Gj; therefore G = N x H.
Conversely, if G = N x H, then elements of H commute
with elements of N, and thus the homomorphism ¢ must be
trivial.

e If the conjugation homomorphism ¢: H — Aut(N) is non-
trivial, then the group G must be non-abelian, for there must
be some h € H and n € N such that Anh™' = p(h)(n) # n,
in which case h and n do not commute.
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These observations suggest that if G is the internal semidirect
product of N by H, then the behavior of G is governed by the struc-
tures of V and H and by the interaction between IV and H inside G
as determined by the conjugation homomorphism from H to Aut(N).
Hence if we wish to develop a notion of an external semidirect prod-
uct, it would seem prudent to take as our starting point two groups
N and H along with a given homomorphism ¢: H — Aut(N), and
then construct somehow a group that behaves as if it were an inter-
nal semidirect product N x H having ¢ as its conjugation homomor-
phism.

With this in mind, let N and H be groups, and let ¢ be a given
homomorphism from H to Aut(N). We define a binary operation
on N x H by (ny, hi)(ng, ha) = (ni@(hi1)(n2), hihz). This definition
gives N X H a group structure; the identity element is (1,1) and
the inverse of (n,h) is (¢(h™')(n"1),h™1). We call this group the
(external) semidirect product of N by H corresponding to ¢, and we
denote it by G = N x, H. (Again this notation is common but not
standard; other common notations include N x, H and H, x N.)
This group structure on the set N x H generally differs from the
direct product group structure; in the direct product, elements of
1 x H commute with elements of N x 1, but that will not be the case
here whenever ¢ is non-trivial.

The group G = N %, H has subgroups N = Nxland H =1xH
that are isomorphic with N and H, respectively. For (z,1) € N and
(n,h) € G, we have

(n, h)(z,1)(n, h) ™" = (np(h)(z), B)(p(h)(n7"), A7)
= (np(h)(@)p(h)(p(h™)(n 7)), Rh7Y)
= (np(h)(z)n™",1) €N,

and hence N’ < G. Since we have (n, h) = (np(1)(1),h) = (n,1)(1, k)
for any (n,h) € G, we see that G = N'H; since N'NH consists only
of the identity element of G, we see that G is the internal semidirect
product of N by H. Furthermore, given (n,1) € A and (1,h) € H,
we have (1,h)(n,1)(1,h)"* = (¢(h)(n),1), and hence the conjuga-
tion homomorphism from H to Aut(N) of G = N x 'H corresponds,
after identifying N’ with N and H with H in the natural ways, with
our original homomorphism ¢: H — Aut(N).

We conclude that given groups N and H and a homomorphism
¢: H — Aut(N), we can construct a new group, namely N x, H,
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which is the internal semidirect product of a subgroup isomorphic
with N by a subgroup isomorphic with H. By identifying N with
N and H with H, we can write N x, H = {nh | n € N,h € H},
where multiplication is defined by (n1h;)(nz2h2) = nip(hy)(n2)-hihs.
Observe that in this instance we have hnh™' = p(h)(n). As noted
above, this group will be non-abelian whenever ¢ is a non-trivial
homomorphism.

If ¢ and 1 are distinct homomorphisms from H to Aut(N), then
the groups N x, H and N %, H are by no means necessarily isomor-
phic. However, we are able to obtain a few results in this direction
that will be useful in later sections.

PROPOSITION 11. Let H be a cyclic group and let N be an ar-
bitrary group. If ¢ and 1 are monomorphisms from H to Aut(V)
such that ¢(H) = ¢(H), then we have N x, H = N %, H.

PROOF. Let H = <z>. Since o(H) = ¢(H) by hypothesis, we see
that ¢(x) and ¥(z) generate the same cyclic subgroup of Aut(N).
Hence we can find a, b € Z such that ¢(z)® = ¥(z) and ¥(z)® = ¢().
As H is cyclic, we will have ¢(h®) = 1(h) and ¥(h*) = ¢(h) for any
h € H. Now define 7: N x4y H — N x, H by 7(nh) = nh*. Then

T(n1hinghs) = 7(n1(hy)(nz)hihe)
= m¥(h1)(n2)(h1he)*
= nyp(hi)(n2)hih;
= nih{nshg = 7(n1hy)T(n2hs),

which shows that 7 is a homomorphism. We can similarly show that
the map A\: N x, H — N x, H defined by A(nh) = nh® is also a
homomorphism. To complete the proof, it suffices to show that the
maps 7 and A are mutually inverse. The map 7o\ sendsnh € Nx,H
to nh®. But p(z) = ¥(x)® = (¢(z)?)® = p(x?), and ¢ is injective;
therefore 2% = z, and hence h2® = h for all h € H. Thus 70 A is the
identity map on N %, H, and similarly Ao 7 is the identity map on
N x4 H, as required. W

PROPOSITION 12. Let N and H be groups, let ¢: H — Aut(N)

be a homomorphism, and let f € Aut(N). If f is the inner automor-
phism of Aut(N) induced by f, then N x;,, H= N %, H.
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PROOF. Define §: N xy H — N x;,, H by 6(nh) = f(n)h. We
have

6(nihinghy) = 8(n1p(h1)(n2)hihe)
= f(n1) f(¥(h1)(n2))hiha
= f(n1) - (foyp(hi) o f o f)(n2) - haho

= f(n1) - (f 0 ) (A1) (f(n2)) - hahy
= f(nl)hlf(n2)h2 = e(nlhl)e(nzhz),

which shows that 6 is a homomorphism. But the homomorphism
sending nh € N x;,, H to f~'(n)h € N xy H is inverse to 6, and
therefore 8 is an isomorphism. MW

As an example of a semidirect product, let N = Z,, for any n € N,
let H = Zg, and let ¢: H — Aut(N) be the map that sends the
generator h of H to the automorphism sending each element of N
to its inverse (so that ¢(h) = 0,1 in the notation given earlier in
this section). The group N x, H is called the dihedral group of
order 2n and is denoted by D,,. (Some authors denote this group
by D,.) It is non-abelian whenever n > 2; when n = 2, ¢ is the
trivial homomorphism, and hence Dy = Zs X Z,. The group Dy,
has a geometric interpretation as the symmetry group of a regular
n-gon; the generator of N corresponds to rotation by 27 /n radians,
and the generator of H corresponds to reflection through some fixed
axis. There is also the infinite dihedral group Do, = N x, H, where
N =2 Z and H and ¢ are as above.

We close this section with an illustration of how dihedral groups
arise naturally in group theory.

PROPOSITION 13. Let s and ¢ be elements of order 2 in a group G.
(Such elements are called involutions.) Then <s,t> is a dihedral
group; in particular, <s,t> = <st> X <s>.

PROOF. Let L = <s,t>, N =<st>, and H = <s>. To show that
L = N x H, we must show that L = NH, that NN H =1, and
that N < L; to further show that L is dihedral, we must show that
conjugation by s sends each element of N to its inverse. We have
s(st)s™! = s?ts = ts = t~'s™! = (st)~", and so this latter condition
is satisfied. We similarly have t(st)t~! = (st)™!, and hence N < L.
Using Proposition 1.2, we find without difficulty that any element
of L can be written as either (st)™, (st)"s, (ts)", or (ts)"t for some
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non-negative integer n. The latter two of these four forms can be
reexpressed as (st)~™ and (st) """ 's, respectively; it now follows that
L = NH. Finally, if s = (st)" for some n, then we see easily that
s = (st)"%, and from this we can conclude that NN H=1. R

For a discussion of the importance of this particular result in the
study of finite simple groups, see [7, Section 45].

N

4.

5

6.

7.

8

9.
10.

EXERCISES

Let H be a subgroup of a cyclic group G. Show that every auto-
morphism of H is the restriction to H of an automorphism of G.
Show that Aut(Zs) = Z2 X Z2.

Show that Aut(Zp2) = Zpa_p, for p a prime. (HINT: Let m be
a primitive root modulo p, and show that either m or m + p is a
primitive root modulo p?.)

Show that if H <4 G, then any characteristic subgroup of H is
normal in G.

Let F be a field, and consider F' as a group under its additive
operation. Show that F' has no non-trivial proper characteristic
subgroups.

Verify the claim made on page 19 that if (1) holds, then (2) holds
iff (3) and (4) hold.

Verify the claim made on page 19 that (1) and (2) together imply
(3) through (6).

Let G and G2 be groups, and let H < G X Ga. Define

P, ={z € Gy | (z,y) € H for some y € Gz},
L ={ze€G:1|(z,1) € H},

and analogously define subsets P, and Iy of Gs.

(a) Show for i = 1,2 that P; < G; and I; < P;.

(b) Show that there is a unique isomorphism from P;/I; to
P, /I, sending zI; to yls, where y is any element of G2 such
that (z,y) € H.

(c) Prove Goursat’s theorem: There is a bijective correspon-
dence between subgroups of G; x G2 and triples (51, Sa, ¢),
where S; is a section of G; (i = 1,2) and ¢: S; — Sy is an
isomorphism. (Recall that a section of a group G is a group
L/M, where M < L £ G.)

(cont.) Use Exercise 8 to give a different proof of Proposition 10.
Let G = N x H, and suppose that N € K < G. Show that
K =N x (KnH).
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FURTHER EXERCISES

Let N and H be groups. An extension of N by H is a group E along
with a monomorphism ¢: N — E and an epimorphism n: E — H such
that ¢{(N) = kern (so that N imbeds in E as a normal subgroup, with
the quotient group being isomorphic with H). We shall usually refer to an
extension (F, 4, w) simply by the group E; however, the nature of the maps
7 and 7 are important in distinguishing between extensions. We identify
N with its image under 4, and H with the quotient of E by N. As an
example, let ¢: H — Aut(N) be a homomorphism; then the semidirect
product N %, H is an extension of N by H in an obvious way, taking ¢ to
be the inclusion map sending n € N to (n,1) and 7 to be the projection
map sending (n, k) to h.

11. We say that an extension E of N by H is a split extension if
there is a homomorphism ¢: H — E (called a splitting map for
the extension) such that 7 o ¢ is the identity map on H, in which
case t{H) will be a transversal for N in E. Show that F is a split
extension iff it is a semidirect product of N by H.

12. (cont.) Let @ be the quaternion group of order 8. (We can consider
Q as the set {£1, i, £7, £k} with multiplication given by the rules
i? = j2 = k? = —1 and ij = k = —ji.) Show that Q can be realized
as a non-trivial extension in four ways—thrice as an extension of
Z4 by Z,, and once as an extension of Zg by Zg x Zg—but that
none of these extensions is split. (In other words, @ cannot be
written non-trivially as a semidirect product.)

If E is an extension of N by H, then we cannot expect to find a homo-
morphism t: H — E such that ¢+(H) will be a transversal for N in E, for
if such a t existed then E would be split. However, since H & E/N, we
can always find a set map ¢: H — E whose image is a transversal for V;
such a map is called a section of the extension. Moreover, we can always
choose t so that ¢(1) = 1, in which case we say that ¢ is normalized. (We
use normalized sections instead of arbitrary sections in order to keep the
notational complexity to a minimum.)

13. (cont.) Let t be a normalized section of an extension E. Let
¥: E — Aut(FE) be the homomorphism sending an element of E to
the corresponding inner automorphism of E. We shall, for z € F,
regard ¥(x) as being an automorphism of N, which is possible since
N < E. Define set maps f: H x H— N and ¢: H — Aut(N) by

f(a, 8) = t(a)t(B)t(aB) ",
p(o) = ¥(¢(a))-
We call (f, ) the factor pair arising from t. Show that (f, ) has
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the following properties:

1 f(a,1) = f(1,a) = 1 for every a € H, and ¢(1) is the

identity in Aut(N).
2 p(a)p(B) = ¥(f(, B))p(ap) for o, f € H.
3 fla,B)f(aB,v) = p(a)(f(B,7))f (e, By) for o, B,y € H.
14. (cont.) Just as we were able to externalize the notion of semidirect

product, so should we be able to externalize the notion of extension;
that is, given groups N and H and appropriate additional data,
we should be able to construct an extension of N by H. Using
Exercise 13 as a guide, formulate such an external construction
and prove that it works.

We shall return to these ideas in the further exercises to Section 9.

3. Group Actions

Let G be an arbitrary group. A (left) action of G on a set X is a
map from G x X to X, with the image of (g, z) being denoted by gz,
which satisfies the following conditions:

e 1z =z for every x € X.
® (g192)x = g1(g2) for every g1,90 € G and z € X.

(Right actions are defined analogously and are used in lieu of left
actions by many authors; however, in this book virtually all actions
considered will be left actions.) If we have an action of G on X, then
we say that G acts on X or that X is a G-set. If X is a G-set, then
X is also an H-set for any H < G, as the action of G on X restricts
to give an action of H on X.

For example, let H < G and consider the coset space G/H. We
have an obvious map from G x G/H to G/H, namely the left mul-
tiplication map sending (g,zH) to gxH. This is easily seen to be a
left action of G on G/H. Whenever we refer to a coset space G/H
as being a G-set, it is this action of G on G/H that we have in mind.

We now provide an alternate perspective on group actions.

ProOPOSITION 1. There is a natural bijective correspondence be-
tween the set of actions of G on a set X and the set of homomor-
phisms from G to Xx.
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ProoF. Let X be a G-set. For each g € GG, we define a map
0,: X — X by 04(z) = gz for £ € X. We see that o,-1 0 g, is the
identity map on X, as z = 1z = (g 'g)z = g~ '(gz) = (04-1 0 04)(z)
for any z € X; similarly, o4 o 04-1 is also the identity map. We
conclude that each map o, has an inverse, namely o,-1, and hence
lies in ¥ x. Furthermore, the second condition in the definition of a
group action ensures that we have 0,4, = 04, 00, for any g;,9. € G.
Consequently, we can define a homomorphism from G to £ x sending
g € G tooy.

Conversely, suppose that 0: G — Y x is a homomorphism. We
define a map from G X X to X by sending (g,z) to o(g)(z). One
can easily check that this map is an action of G on X. We leave it to
the reader to verify that these processes are inverse to one another,
which establishes the desired bijective correspondence. W

If G has a proper subgroup H with |G : H| = n, then the action
of G on G/H gives rise, via Proposition 1, to a non-trivial homo-
morphism from G to X,. This fact is of particular use when G is
assumed to be simple, for in this case such a homomorphism, being
non-trivial, must be injective.

We say that the action of G on a set X is faithful (or that G acts
faithfully on X) if the homomorphism from G to X x corresponding
to the action is injective. Equivalently, the action is faithful if the
only element g € G satisfying gz = z for every x € X is the iden-
tity element. If G acts faithfully on X, then we may refer to G as
being a permutation group on X, since in this case G is imbedded
isomorphically in ¥x via its action on X.

CAYLEY’S THEOREM. G is isomorphic with a subgroup of X¢; in
particular, if G is finite with |G| = n, then G is isomorphic with a
subgroup of X,,.

PRrROOF. The group G acts on itself by left multiplication; this is
the case H = 1 of the action of G on the coset space G/H discussed
above. If ¢ € G is such that gz = z for all z € G, then taking
z =g ! we have g7! = gg~! = 1 and hence g = 1. Therefore, this
action is faithful, and so we have a monomorphism from G to ¥g;
the result is now immediate. W

In theory, Cayley’s theorem reduces the study of finite groups
to the study of finite symmetric groups and their subgroups. While
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there have been occasions (as in [5]) where this philosophy has proven
to be viable, in general the fact that finite groups are imbedded in
symmetric groups has not influenced the methods used to study finite
groups.

If X and Y are G-sets, then a function ¢: X — Y is said to be
a G-set homomorphism if it commutes with the actions of G, which
is to say that ¢(gz) = gp(z) for any g € Gand z € X. If p is in
addition bijective, then we say that ¢ is a G-set isomorphism and
that X and Y are isomorphic G-sets, and we write X = Y in this
case.

Our present objective is to classify all G-sets up to isomorphism.
In carrying this out, we will develop concepts that are of constant
use in group theory.

Let X be a G-set. For each z € X, we define the orbit of x to be
the subset Gz = {gz | ¢ € G} of X, and we define the stabilizer of =
to be the subset G, = {g € G | gz = z} of G. We easily see that Gz
is itself a G-set under the action induced from that on X, and that
G, is a subgroup of G. A subset of X is a G-set under the action
induced from X iff it is a union of orbits.

LEMMA 2. If X is a G-set, then G, = gG,g7' for any g € G
and x € X.

PROOF. An element u of G stabilizes gz iff g~ 'ug stabilizes z,
which occurs iff u lies in gG,g7'. W

We say that the action of G on X is transitive (or that G acts
transitively on X) if there is some x € X such that Gz = X, or
equivalently if for any z;,z, € X, there exists some g € G such that
g1 = 3. (Observe that if Gz = X for some z € X, then we must
have Gz = X for every z € X.) A subset of X is a transitive G-set
under the action induced from X iff it is comprised of a single orbit.
For example, if H < G, then the action of G on G/H is transitive,
since for zH,yH € G/H we have (yz~')zH = yH.

PROPOSITION 3. Any G-set has a unique partition consisting of
transitive G-sets, namely its partition into orbits.

Proor. We first comment that if X has a partition consisting of
transitive G-sets, then those sets must be the orbits, since the orbits
are the only transitive subsets of X; this proves uniqueness. Since
an arbitrary element x € X lies in the orbit Gz, to show existence
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it suffices to show that any two orbits of X under the action of G
are either equal or disjoint. Let z,y € X and suppose that Gz N Gy
is non-empty. Then we have g;& = goy for some g;,¢9. € G. But
then y = g;'g:x € Gz, and hence Gy C Gz; by symmetry, we have
Gzr C Gy and hence Gz =Gy. N

We now see that in order to describe all G-sets, it suffices to
describe all transitive G-sets. We have seen that coset spaces are ex-
amples of transitive G-sets; what we now show is that any transitive
G-set is isomorphic with a coset space G/H for some H < G.

PROPOSITION 4. If X is a transitive G-set, then X = G/G, as
G-sets for any = € X.

PRrROOF. Let z € X, and define ¢: G/G, — X by ¢(¢9G,) = gz
for g € G. If G, = ¢'G, for g, ¢’ € G, then g~'¢’ € G, and hence
g 'g'c = xz, giving gr = ¢'z; this shows that ¢ is a well-defined
function, and by reversing the argument we see that ¢ is injective.
We have up(9G.) = u(gr) = (ug)r = p(ugGs) = ¢(u(9Gs)) for any
u € G and ¢G, € G/G,, showing that ¢ is a G-set homomorphism.
For any y € X, by transitivity there exists some g € G such that
y = g = ¢(gG,); this shows that ¢ is surjective. Therefore, ¢ is a
G-set isomorphism, as required. W

Proposition 4 yields not only a classification of G-sets, but also the
following useful result, often called the “orbit-stabilizer theorem:”

COROLLARY 5. Let X be a G-set. Then Gz = G/G, as G-sets
for any r € X; in particular, if G is finite, then |Gz| = |G : G,|.

Proor. This follows from Proposition 4 since Gz is a transitive
G-set. B

Having shown that an arbitrary G-set is a union of transitive
G-sets, and having determined all transitive G-sets up to isomor-
phism, we will have a good understanding of the structure of arbi-
trary G-sets once we answer the following question: When are two
transitive G-sets isomorphic? We first require a lemma.

LEMMA 6. Let ¢: X — Y be a homomorphism of G-sets, and
let z € X. Then G, < Gy, and if ¢ is an isomorphism, then
Ge = Gy)-
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PROOF. If g € G, then ¢(z) = p(gz) = ge(x); it follows that
G, < Gy()- If ¢ is an isomorphism, then by considering the G-set
homomorphism ¢=!: Y — X, we have G,y) < Go-1(px)) = Go» and
hence G, = Gy(z). W

PropPoOSITION 7. If H and K are subgroups of G, then the G-sets
G/H and G/K are isomorphic iff H and K are conjugate in G.

PROOF. Since G/H and G/K are transitive G-sets, we see from
Lemma 2 that the set of stabilizers of the G-set G/H (resp., G/K)
is precisely the set of conjugates of H (resp., K). f G/H =2 G/K as
G-sets, then it follows immediately from Lemma 6 that these sets of
stabilizers are equal and in particular that H and K are conjugate.
Conversely, suppose that H = gKg~! for some g € G. Then H is
the stabilizer of gK € G/K, and so it follows from Proposition 4
that G/K = G/H as G-sets. &

Let X be a G-set. We say that X is doubly transitive (and that
G acts doubly transitively on X) if whenever (z1,z2) and (y1,¥2)
are elements of X x X with x; # z, and y; # y2, there exists
some g € G such that gx; = y; and gxy = y,. For example, the
natural action of £, on {1,... ,n} for n > 2 is doubly transitive. A
doubly transitive G-set is clearly transitive. Some authors use the
terminology “2-transitive” instead of doubly transitive since there is
a more general notion of a k-transitive G-set for any k € N. (See
[24, p. 250].)

A proper subgroup H of a group G is said to be mazimal if there
is no proper subgroup of G that properly contains H. For example,
any subgroup of prime index is necessarily maximal by Theorem 1.6.

PROPOSITION 8. Let GG be a group, let X be a doubly transitive
G-set, and let x € X. Then G, is a maximal subgroup of G.

PRrOOF. By Proposition 4, we have X = G/G,, as G-sets. Suppose
that G is not maximal, so that G, < K < G for some subgroup K.
Then there exist g € G and k € K such that g ¢ K and k ¢ G,.
Since G/G,, is doubly transitive, there exists some u € G such that
uG, = G, and u(kG,) = gG,. This gives u € G,, and hence uk € K.
We also have g~'uk € G, and consequently g € K. We have arrived
at a contradiction; therefore, (G, is maximal. W
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We say that a non-empty subset B of a transitive G-set X is a
block if B and gB = {gz | * € B} are either equal or disjoint for
every g € G. Observe that X is always a block and that any one-
element subset of X is always a block. We say that the transitive
G-set X is primitive if these are the only blocks.

ProPOSITION 9. There is a natural bijective correspondence be-
tween the set of blocks of a transitive G-set X which contain a given
element x and the set of subgroups of G which contain G,.

PRrRoOF. Let B be a block containing x € X, and consider the set
Hp = {g € G | gz € B}; we wish to show that Hg < G. Clearly,
1 € Hg. Now let g,¢' € Hp. Since x and gz both lie in B, we see
that gB N B is non-empty and hence that ¢B = B. We now have
(99')x = g(¢'x) € gB = B and hence g¢' € Hp. Also, for g € Hp
we have gz € B and g™ !(gz) = = € B; thus g BN B is non-empty,
which forces g7 B = B, from which we see that g~'z € B and hence
that ¢! € Hp. Therefore, Hp is a subgroup of G; observe that
G, < Hp since z € B. Thus, to each block B of X containing x
we can associate a subgroup Hpg of G which contains G,. We must
show that this correspondence is bijective.

Let B and B’ be distinct blocks of X which contain xz. Then
without loss of generality there exists some y € X such that y € B’
and y ¢ B; since G acts transitively on X, there exists some g € G
such that gz = y. Now g € Hg but g ¢ Hg, and hence Hg # Hp'.
This shows that the correspondence is injective.

Let H be a subgroup of G which contains G, and consider the
subset C = {hz | h € H} of X. Clearly, C is non-empty; it is equally
clear that if g € H, then gC = C. Let g € G be such that gCNC
is non-empty. Then there exist h;, h, € H such that ghiz = hox;
this gives h;'ghiz = x and hence h;'gh; € G, < H, and therefore
g € H. Consequently, if g € G is such that gC # C, then as we
must have g ¢ H, we see that gC N C must be empty. Therefore
C is a block. Now Hg = {9 € G | gz € C}; clearly H < He. If
g € H¢, then gz = hx for some h € H; hence h™'gz = z and thus
h~'g € G, < H, giving g € H. Therefore Hc = H, which shows
that the correspondence is surjective. M

CoROLLARY 10. Let X be a transitive G-set. Then X is primitive
iff G, is a maximal subgroup of G for every z € X.
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PROOF. Suppose X is primitive, and let z € X. By Proposition 9,
we see that the blocks of X which contain z correspond exactly to
the subgroups of G which contain G,. But by hypothesis there are
only two such blocks, namely {z} and X; as we already know of two
subgroups of G containing G,, namely G and G, we see that there
is no proper subgroup of G which properly contains G,. Therefore,
G, is maximal in G.

Conversely, suppose that every stabilizer is a maximal subgroup.
Then by the same argument we see that an element x € X lies in
exactly two blocks, namely {z} and X, for if z were in some other
block, then G, would not be maximal. Consequently, X can have
no other blocks besides itself and its one-element subsets, and so X
is primitive. W

If X is a transitive G-set, then since all stabilizers are conjugate
by Lemma 2, we see that if G, is maximal for some z € X, then G,

will be maximal for every z € X; the statement of Corollary 10 can
be modified accordingly.

COROLLARY 11. Any doubly transitive G-set is primitive.

Proor. This follows from Proposition 8 and Corollary 10. R

In the remainder of this section, we give some elementary appli-
cations of the theory of group actions. As before, G denotes an
arbitrary group.

ProprosITION 12. If G is finite and H, K < G, then
|H|| K|
|HN K|

PRroOF. Let X = G/K; we consider X as an H-set under left
multiplication. The orbit of K € G/K under the action of H is
{hK | h € H} = HK, and hence |HK]| is equal to |K| multiplied
by the number of cosets of K which lie in this orbit. The stabilizer
Hy is easily seen to be H N K; therefore by Corollary 5, the orbit in
question comprises |H : H N K| cosets of K. W

|HK| =

For x € G, we define the centralizer of x in G to be the set
Ce(z) = {9 € G| gz = zg} of elements in G that commute with z.
We see easily that Cg(z) < G for any z € G. More generally, if
S C G, then Cg(S) ={g € G| gz =xgfor all z € S} = NyesCq(x)
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is called the centralizer of S in G. Observe that Z(G) = Cg(G) and
that z € Z(G) iff Cq(z) = G.

The conjugacy class of r € G is the set {grg™' | g € G} of all
conjugates of x by elements of G. With this terminology, Propo-
sition 1.10 asserts that the conjugacy class of an element p of ¥,
consists of all elements of ¥, having the same cycle structure as p;
the size of this conjugacy class can then be determined by an ele-
mentary combinatorial argument (see [24, p. 47]).

PRrOPOSITION 13. The conjugacy classes of G form a partition
of G, and if G is finite then an element z € G has |G : Cg(z)|
conjugates in G.

PRrROOF. Let G act on itself by conjugation, so that g € G sends
z € G to grg~'. (Verify that this is a left action.) The orbit of z € G
under this action is {gzg™' | g € G}, which is the conjugacy class
of z in G; therefore, the first assertion follows from Proposition 3.
The second assertion follows from Corollary 5 and the observation
that G, = Cg(z) foranyz € G. A

A little thought will show that a subgroup of a group G is normal
in G iff it comprises a union of conjugacy classes of G. We see
from the proposition above that such a union is in fact disjoint.
Consequently, the order of a normal subgroup of a finite group G
must be a sum of orders of conjugacy classes of G.

For H < G, let Ng(H) ={g € G | gHg™! = H}; this set is called
the normalizer of H in G. We see easily that Ng(H) < G and that
H < Ng(H); indeed, Ng(H) is the largest subgroup of G in which
H is normal, and so in particular we have Ng(H) =G iff H <4 G.

PROPOSITION 14. A subgroup H of a finite group G has exactly
|G : Ng(H)| conjugates in G. In particular, the number of conjugates
of H in G divides |G : H| and is equal to 1 iff H < G.

PROOF. Let P(G) be the set of subsets of G, and let each g € G
act on P(G) by sending S € P(G) to gSg~'. We easily see that this
defines a left action of G on P(G). The orbit of H € P(G) under
this action is the set of conjugates of H in G, and the stabilizer of H
is Ng(H). The result now follows from Corollary 5. W

Let G be a group and let H and K be subgroups of G. A double
coset of H and K in G is a set HxK = {hzk | h € H, k € K} for
some z € G. Suppose that HrK N HyK is non-empty. Then there
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exist h, k' € H and k, k' € K such that hzk = h'yk’; from this we see
that £ € HyK and y € Hz K, and consequently that HxK = HyK.
Therefore, any two double cosets are either disjoint or equal, as is
the case with ordinary cosets.

Our final result generalizes Proposition 12.

PROPOSITION 15. If G is finite and H, K < G, then for any x € G
we have

HIK| _ |H|K]
|HNzKz!| |z-'HzNK|

|HzK| =

PROOF. As in the proof of Proposition 12, we consider G/K as
an H-set; then HzK is the union in G of those cosets of K which
lie in the orbit of zK in G/K, and consequently |[HzK]| is equal
to |K| multiplied by the number of cosets of K in that orbit. The
first equality follows from Corollary 5 once we observe via Lemma 2
that the stabilizer of K under the action of H is H NzKz™!. We
could prove the second equality by a similar argument in which we
consider the right action of K (by right multiplication) on the set
of right cosets of H in G. However, we can also prove the second
equality (and the first, for that matter) using Proposition 12, as
follows:

- H|jzKz™| |H| K|
HzK|=|HzKz'| = | =
|[HzK]| = |HeKa™] |[HNzKz 1| |z~Y(HNzKz ')z
_|H|K]
|lz-*Hz N K|

(Here we use the fact that g(S N T)g™! = gSg~' NgTg™! for any
ge€eGandany S;TCG.) A

EXERCISES

1. Show that a finite simple group whose order is at least r! cannot
have a proper subgroup of index r.

2. Show that a group G acts doubly transitively on a set X iff G acts
transitively on X — {z} for every z € X. (Here we must assume
that X has more than two elements.)

3. Show directly from the definitions (that is, without reference to
Propositions 8 and 9) that a doubly transitive G-set is primitive.
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. Let G be the subgroup of X5 generated by (1 2 3 4 5), and let

G act on X = {1,2,3,4,5} in the canonical way. Show that this
action is primitive, but not doubly transitive.

. Let N 4 G, and let y € N. Show that the conjugacy class of y in G

is a union of conjugacy classes of the group N. Show further that
there is a bijective correspondence between the conjugacy classes
of N which comprise the conjugacy class of y in G and the cosets
of NCgs(y) in G.

Let G be a finite group, and let 7 be the number of conjugacy
classes of G. Show that |{(a,b) € G x G | ab = ba}| = r|G)|.

Show that Cg(gzg™!) = gCc(z)g~! for any elements g and z of a
group G.

Let n > 5, and assume that A, is simple. (A proof of this fact is
outlined in Exercise 7.8.) Use Exercise 1 to show that ¥, has no
proper subgroup of index less than n other than A,,.

FURTHER EXERCISES

X be a transitive G-set. A system of imprimitivity of X is a par-

tition of X which is permuted by the action of G. Note that a system of
imprimitivity of a G-set is itself a G-set.

9.

10.

Show that there is a bijective correspondence between the set of
blocks which contain a given element of X and the set of systems
of imprimitivity of X. (Observe that when X is finite, this implies
that any two elements of X lie in the same number of blocks.)
Suppose that the G-set Y is an epimorphic image of a G-set X.
Show that there is a G-set isomorphism between Y and some sys-
tem of imprimitivity of X.

If X is a G-set, we use [X] to denote the isomorphism class of X.

11.

12.

13.

Let G be a finite group, and let S(G) be the set of isomorphism
classes of finite G-sets. Show that we can define sum and product
operations on S(G) by [X]+[Y] = [XUY] and [X][Y] = [X xY].
(cont.) Let B(G) be the set obtained from S(G) by adjoining for-
mal additive inverses of isomorphism classes, in the same way that
7Z is obtained from N by adjoining the additive inverses of positive
integers. (The additive identity here will be the isomorphism class
of the empty set.) Show that the operations defined above on S(G)
extend to give a commutative ring structure on B(G). This ring
B(Q) is called the Burnside ring of G.

(cont.) Show that any element of B(G) can be written uniquely as
a Z-linear combination of isomorphism classes of transitive G-sets.
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14. (cont.) Let H < G. Show that there is a unique ring homomor-
phism from B(G) to Z which sends an isomorphism class [X] to
the number of elements of X fixed by H.

15. (cont.) Show that any non-zero homomorphism from B(G) to Z
arises from the construction in Exercise 14 and that the intersection
of the kernels of all such homomorphisms is zero.

An element e of a ring R is called an idempotent if e? = e.

16. (cont.) Show that if G has no self-normalizing proper subgroup,
then B(G) has no idempotents other than the additive and multi-
plicative identities. (A subgroup H of G is called self-normalizing
if No(H) = H. We shall see in Section 11 that there is an im-
portant class of groups, namely the nilpotent groups, that have no
self-normalizing proper subgroups.)



2
The General Linear Group

This chapter presents an intensive look at an extremely important class
of groups, the groups GL(n, F) for F a field. While the material of this
chapter does not play a large role in the remainder of this book, the ideas
introduced here serve as an introduction to the manner in which group
theory arises in modern mathematics. Section 4 defines the Borel and
Weyl subgroups and establishes the Bruhat decomposition of GL(n, F).
Section 5 discusses unipotent and parabolic subgroups of GL{n, F). In
Section 6, we shift our attention to the groups SL(n, F) and PSL(n, F),
culminating in a proof that PSL(n, F) is simple except when n = 2 and
|F| <3.

4. Basic Structure

Let F be a field and let n € N. We denote by M,,(F) the set of
all n X n matrices with entries in the field F. We often write such a
matrix as M = (m;;), where m;; € F denotes the (3, j)-entry of M
(the entry in the 7th row and jth column). We define the general
linear group GL(n, F) to be the subset of M, (F) consisting of all
invertible matrices, or equivalently all matrices that have a non-zero
determinant. GL(n, F') forms a group under matrix multiplication;
we denote the identity element by 1.
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More generally, given a finite-dimensional F-vector space V, we
define the general linear group GL(V') to be the group of all invertible
linear transformations of V; here the group operation is composition
of mappings. If we take V = I™*, then the resulting group is isomor-
phic in an obvious way with the matrix group GL(n, F'). Since any
n-dimensional F-vector space is isomorphic with '™, we lose nothing
by restricting our attention to the groups GL(n, F).

Recall that if F' is a finite field, then F' is determined up to isomor-
phism by its order |F|, which must be equal to p* for some prime p
and some a € N. (This result is due to E. H. Moore, founding head
of the Department of Mathematics at the University of Chicago, who
first announced it in 1893 at the first World Congress of Mathemati-
cians in Chicago.) Consequently, if ¢ is a prime power, then we can
write GL(n, q) in place of GL(n, F'), where F is the unique field of
order q.

We start with an illustration of the importance of general linear
groups in finite group theory.

PROPOSITION 1. Let E be a finite abelian group of exponent p,
where p is prime. Then Aut(FE) = GL(n,p), where n € N is such
that |E| = p™.

(Recall that the exponent of a group is the least common multiple
of the orders of its elements.)

PROOF. Let F = Z/pZ be the field of p elements. We wish to
give E the structure of an F-vector space. We define addition in E
by z+y = zy. We define scalar multiplication for a € F' by ax = 2%,
where a € Z is such that a = a + pZ; this is well-defined since E has
exponent p. It is easy to verify that E now has an F-vector space
structure; for example, we have a(z + y) = (zy)* = z°y* = ax + ay
for o € F and =,y € E. It now follows that any endomorphism of the
group F is at the same time a linear transformation of the F-vector
space E, and conversely; therefore, Aut(F) = GL(E) = GL(n,p),
where n =dimg E. R

If E is as in the above proposition, and we let {z;,... ,z,} be a
basis for E as a vector space over the field of p elements, then it
follows that as groups we have F = <z;> X ... X <z, >, where each
group <z;> is cyclic of order p. We conclude that any finite abelian
group of prime exponent p is isomorphic with a direct product of
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copies of Z,. Such groups are called elementary abelian p-groups.
We define the rank of an elementary abelian p-group E to be n,
where |E| = p”. Observe that Aut(Z,) = GL(1,p) = (Z/pZ)* by
Proposition 1; this was previously established in Proposition 2.1.

PROPOSITION 2. Let n € N, and let ¢ be a prime power. Then

1GL(n, ) = [[(a" - &™) = " F (@~ 1)+ (g — ).

k=1

PRrROOF. To determine | GL(n, ¢)|, it suffices to count the number
of n X n matrices having entries in the field F' of q elements and
whose rows are linearly independent over F. To construct such a
matrix, we can choose any non-zero vector in F™ as the first row;
there are g™ — 1 such choices. For 1 < k < n, the kth row can be any
vector in F™ except for the ¢*~! linear combinations of the previous
k — 1 rows; hence there are ¢" — ¢*~! choices for the kth row. The
stated formula now follows. H

We now fix a field F' and some n € N, and we write G instead of
GL(n, F).

Let M € M, (F), and write M = (m;;). The main diagonal of M
consists of the entries m;; for 1 < i < n. We say that M is diagonal
if its only non-zero entries appear on the main diagonal. We say
that M is upper triangular if all entries of M lying below the main
diagonal, namely those m;; for which ¢ > j, are zero.

PRrROPOSITION 3. The set B consisting of all invertible upper tri-
angular matrices is a subgroup of G, called the standard Borel sub-
group.

PROOF. It is easily verified that B is closed under matrix multi-
plication; hence it suffices to show that if M € B, then the inverse N
of M in G lies in B. Write M = (m;;) and N = (n;;). Since M is
upper triangular, we see that the determinant of M is equal to the
product of the entries on the main diagonal of M. As this determi-
nant is non-zero, we must have m;; # 0 for all i. Now MN =1, so
Y k=1 Mk = 6;; for any ¢ and j. (Here 6;; is the Kronecker delta
symbol, which takes the value 1 if i = j, and 0 otherwise.) Taking
i = n shows that n,; = 0 for all j < n, since m,,, =0 for k < n and
Mpn 7 0. If we now take i = n — 1, we find that n(,_1); = 0 for all
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j < n — 1. Continuing this process, we find that n;; = 0 whenever
i > j, and hence that N € B as required. H

More generally, a Borel subgroup of G is any conjugate of the
standard Borel subgroup B.

A permutation matriz is a matrix in which every row and column
has a unique non-zero entry and all non-zero entries are equal to 1.
For example, the identity matrix is a permutation matrix, and in
fact every permutation matrix can be obtained from the identity
matrix by switching columns (or rows). Every permutation matrix
is orthogonal and thus has an inverse that is again a permutation
matrix, namely its transpose. In particular, all n X n permutation
matrices lie in G.

PROPOSITION 4. The set W consisting of all permutation matri-
ces is a subgroup of G, called the Weyl subgroup.

Proor. It suffices to show that the product of two permutation
matrices is a permutation matrix. Let M = (m;;) and N = (n;;) be
permutation matrices, and let MN = P = (p;;). For any ¢ and j, we
see that p;; = 1 if there exists k such that m;, = nx; = 1, and that
pi; = 0 otherwise. Given i, there is a unique k such that my = 1,
and there is a unique j such that n,; = 1. Therefore, we see that
pi; = 1 for one and only one j; similarly, given j, we see that p;; = 1
for exactly one ¢. Hence P is a permutation matrix. W

Let V., (F') denote the vector space of n-dimensional column vec-
tors with entries in F, and let v,, ..., v, be the standard basis. If
we multiply v; on the left by an n x n matrix M, then we obtain the
1th column of M; we say that M sends v; to the ith column of M.

ProposITION 5. W 2 35,,.

PRrROOF. Observe that any permutation matrix sends each v; to
some vi. Let X = {1,...,n}. For each w € W, we define a map
p(w): X — X by p(w)(@i) =k for 1 <i < n, wherel <k < nis
such that v, = wv;. If p(w)(i) = @(w)(j) for some i and j, then the
1th and jth columns of w must be equal; since w is a permutation
matrix, this forces i = j. The map p(w) is thus injective, and hence
bijective (since X is a finite set), for every w € W; consequently, we
have a map p: W — X,,. If p(w) = p(w') for some w,w’ € W, then
we have wv; = w'v; for all 1 < ¢ < n; that is, the ith columns of w
and w' are equal for every 1 < i < n, which gives w = w’. Therefore,
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¢ is injective. If p € Xy, then p = o(w), where w is the permutation
matrix whose ith column is v,; for every 1 <@ < n; therefore, ¢
is surjective. We leave it to the reader to verify that ¢ is a group
homomorphism. W

We will often implicitly regard a permutation matrix w as being
the element of T, sending i to j, where v; is the ith column of w.
For example, the matrix

o -~ O o
-0 O o
SO =
O = O

00

corresponds to (1 3)(2 4) € 4, and so if w is this matrix then we may
write w(1) = 3, and so forth. One observation about permutation
matrices which will prove useful is that if w(i) = j, then for any
M € M,(F), the jth row of wM is equal to the ith row of M, and
the ith column of Mw is equal to the jth column of M.

Let 1 < 4,j < n be distinct, and let o € F. We define X;;(a) to
be the n x n matrix whose (k,[)-entry is equal to a if (k,l) = (4, j)
and equal to &; for all other (k,l). For example, X,3(a) € M;3(F)

is the matrix
1 00
(0 1 a) .
0 01

These matrices X;;(a), and their conjugates by elements of G, are
called transvections. We leave to the reader the verification of the
following properties of transvections:

LEMMA 6. Let o, 8 € F, and let i and j be distinct.

(i) Xi;(a) has determinant 1 and hence lies in G.
(ii) If & # 0, then X;;(a) € Biff i < j.
(i) Xi;(@)Xi;(8) = Xij(a+ B), and hence X;;(a)™! = X,;(—a).
(iv) [X4j(a), X;k(B)) = Xik(aB) whenever i, j, k are distinct.
(v) f w e W, then wX;;(a)w™! = Xyiyw() ().
(vi) X;;(c) sends vj to v;j + av; and fixes vy whenever k # j.
(vii) If M € M,(F), then the ith row of X;;(a)M is equal to the
sum of the ith row of M and « times the jth row of M, and
for k # i the kth row of X;;(a)M is equal to the kth row
of M. W
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For distinct ¢ and j, we define X;; = {X;;(a) | @ € F}; this is a
subgroup of G by parts (i) and (iii) of Lemma 6. The subgroups X;;
are called root subgroups of G. (This terminology comes from the
theory of Lie algebras.)

We now come to the main result of this section, in which we obtain
the Bruhat decomposition of the group G. The following lemma
contains the main thrust of the argument.

LEMMA 7. Let M € G. Then there is a product b of upper trian-
gular transvections such that the following property holds: For each
1 < i < n, bM has exactly one row, say the k;th row, whose entries
in the first ¢ — 1 columns are zero and which has a non-zero entry in
the ith column.

PROOF. Let M = (m;;) € G. Since M is invertible, the first
column of M must have some non-zero entry; let 1 < k; < n be such
that my,; # 0 and m;; = 0 for all ¢ > k;. For example, if we take
n =5 and k; = 3, then

* X X X ¥
* K ¥ ¥ x
¥ ¥ ¥ ¥ ¥
* X X ¥ ¥

OO % ¥ x*

(where the symbol * denotes an arbitrary entry). We premultiply
M by transvections of the form X, (o), where i < ki, in such a
way that the only non-zero entry in the first column of the resulting
product M’ = (m;;) lies in the k;th row. Continuing with the above
example, we have

N

[l
SO ¥ OO
* %X % % %
* %k X X %
* %X % % %
EEEE

All of the transvections used to obtain M’ from M lie in B, and
hence M'M~! € B. As M’ is again invertible, the second column
of M’ must have a non-zero entry in some row other than the k;th
row. Let 1 < k; < n be such that ky # ki, my,, # 0, and mj, =0
for all i > ky, ¢ # k;. Again we premultiply M’ by transvections of
the form X, (), where ¢ < k3, in such a way that all entries in the
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second column of the resulting product M are zero except for those
in rows k, and k;. Once again, all of the transvections used to obtain
M" from M’ lie in B, and so we have M M~! € B. We continue this
process, ultimately obtaining a matrix bM with the desired property,
where b € B is a product of upper triangular transvections. For
example, if we take n = 5 and (ky, k2, ks, k4, k5) = (3,5,4,1,2), then

0 0 0 x =
0 00 0 =
bM = | % * * * %
0 0 = % «x
0 *x * % *
(Of course, the numbers k,...,k, are just 1,...,n under some

reordering.) W

BRUHAT DECOMPOSITION THEOREM. G = BW B.

PRrROOF. Let M € G, and define the numbers k; and the matrix
b € B as in the statement of Lemma 7. Let w € W be the permuta-
tion matrix whose k;th column is v; for each i. Then the ith row of
wbM is equal to the k;th row of bM for every i, and hence wbM is up-
per triangular. Thus wbM € B, giving M € b"'w 'BC BWB. R

We have now expressed G as a union of the double cosets BwB, as
w ranges through W. We will now show that this union is disjoint.
Again we first need a lemma.

LEMMA 8. If w,,wy, € W and b € B are such that w,bw, € B,
then w, = wit.

PROOF. Let 1 < j < n be given, and let ¢ be such that w,(7) = j;
then the jth row of w;b is equal to the ith row of b. Let k be such
that we(k) = 4; then the kth column of w;bw, is equal to the ith
column of w;b. Consider the (z,%)-entry 3 of b. We see that 8 # 0
since b € B, and that ( is the (j,1)-entry of w,b and hence is also
the (4, k)-entry of wibw,. As wibw, € B, this forces j < k. We now
have a matrix wy'w;' € W which, for each 1 < j < n, sends v;
to vy, where j < k < n. The only permutation matrix having this
property is the identity matrix; therefore w; 'w; ! = I, which proves
the result. W
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COROLLARY 9. If w and w' are distinct elements of W, then BwB
and Bw’'B are disjoint; consequently, G is the disjoint union as w
runs through W of the n! double cosets BwB.

PRrRoOOF. Suppose that w,w’ € W are such that BwB N Bw'B is
non-empty. Since two double cosets are either disjoint or equal, we
have BwB = Bw'B. In particular, we have w' = bwb’ for some
b,b' € B, and hence w™'b~'w’ € B; by Lemma 8, this shows that
w™! is inverse to w’, and hence that w = w’. This proves the first
assertion, and the second now follows from the Bruhat decomposition
theorem. H

The following somewhat technical observation, which we shall
need in the next section, is an immediate consequence of what we
have done.

COROLLARY 10. Let M € @G, and let w be the unique element
of W such that M € BwB. Then w sends v; to vy, for each i,
where the numbers k; are as defined in the statement of Lemma 7.
In particular, if M sends vy to a;v; +. ..+ o vy where a; # 0, then
w sends vy to vi. W

We close this section with a result giving a smaller generating set
for G than that given by the Bruhat decomposition. Once again, we
start with a lemma.

LEMMA 11. Let b € B. Then there exists a product t of trans-
vections such that tb is a diagonal matrix having the same main
diagonal entries as b.

PROOF. Let b € B, and recall that the diagonal entries of b
are non-zero. Here we adopt a procedure similar to that used in
Lemma 7, except in order to preserve the entries along the main
diagonal, we start at the last column instead of the first. We pre-
multiply b by transvections X;,(a) so that the only non-zero entry
of the nth column of the resulting matrix lies in the nth row. The
nth diagonal entry of the resulting matrix is the same as that of b,
and the (n — 1)th diagonal entry is non-zero. We now premultiply
this matrix by transvections X;,—1)(a) to obtain a matrix having a
2 x 2 diagonal block in the bottom right corner, with the diagonal
entries in that block being equal to those in the corresponding block
of b. By continuing this process, we obtain a diagonal matrix whose
diagonal entries are the same as those of b. W
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THEOREM 12. G is generated by the set consisting of all invertible
diagonal matrices and all transvections.

PROOF. Since G = BW B by the Bruhat decomposition theorem,
it suffices to show that B and W are contained in the subgroup of G
generated by the diagonal matrices and the transvections. It follows
directly from Lemma 11 that B has this property.

As W = %, by Proposition 5, we see that W is generated by the
permutation matrices that correspond to the transpositions; these
are precisely the matrices obtained from the identity matrix by trans-
posing two columns. Let 7 and j be distinct. We need to show that we
can, by means of diagonal matrices and transvections, construct the
matrix which sends v; to v;, sends v;j to vy, and fixes every other vy.
We find that the matrix X;;(1)X;;(—1)X;;(1) sends v; to v;, sends
v; to —v;, and fixes all other vi. To obtain the permutation matrix
that sends each of v; and v; to the other and fixes all other vy, we
premultiply this matrix by the diagonal matrix whose (,¢)-entry is
equal to —1 and whose other non-zero entries are equal to 1. This
proves that W lies within the group generated by diagonal matrices
and transvections. W

EXERCISES

1. Show that GL(2,2) = 3.

2. (cont.) Construct a monomorphism ¢: GL(1,4) — GL(2,2) that
corresponds to the inclusion of As in X3. (Recall that the field Fy
of 4 elements can be written as {0, 1, @, a?}, where a+1 = a? and
A+ A =0 for all A € F4.) Show further that the extension of ¢
to a map from F4 to Ma(F2), where Fy = {0,1} is the field of 2
elements, is a monomorphism of rings.

3. (cont.) Construct an explicit monomorphism from GL(n,4) to
GL(2n,2) for any n € N.

4. (cont.) More generally, show for any n € N and any prime power ¢
that GL(2n, q) has a subgroup that is isomorphic with GL(n, ¢?).
Will GL(n, ¢™) always have a subgroup isomorphic with GL(mn, q)
for any m,n € N and any prime power g?

5. Show that GL(4,2) = As.

6. Let 8 be a non-trivial automorphism of the field F. Use 3 to
construct an outer automorphism of GL(n, F'). Do all outer auto-
morphisms of GL(n, F) arise in this way?
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FURTHER EXERCISES

7. A matrix is said to be monomial if each row and column has ex-
actly one non-zero entry. Let N be the subset of G = GL(n, F)
consisting of all monomial matrices. Show that N < G, that
T = BN N is the subgroup of G consisting of all diagonal ma-
trices, that N = Ng(T), and that N =T x W.

Let G be a group. Suppose that G has subgroups B and N of G satisfying
the following conditions:

e (5 is generated by B and N.

e T'= BN N is a normal subgroup of N.

e W = N/T is generated by a finite set S of involutions (elements
of order 2). In addition, if for each w € W we choose some w € N
such that ¥wT = w, then we must have

e 5B C BwBU BswB for any s € S and w € W,
e $sB5¢Z B for any s € S.

In this case we say that B and N form a BN -pair of G, or that (G, B, N, S)
is a Tits system (after Jacques Tits). We call B the Borel subgroup of G,
and W = N/BN N the Weyl group associated with the Tits system. The
rank of the Tits system is defined to be |S].

8. (cont.) Let G = GL(n, F'), let B be the standard Borel subgroup
of G, let N be the subgroup of G consisting of all monomial matri-
ces, and let T'= BN N. By Exercise 7 above, we know that we can
regard W = N/T as being imbedded in G as the group of permu-
tation matrices. (By making this identification, we can replace w
by w in the above formulas.) Let S be the subset of W consisting
of those permutation matrices that are obtained from the identity
matrix by switching two adjacent columns. (In other words, if we
identify W with ¥, as in Proposition 5, then S corresponds to the
set {(12),(23),...,(n—1n)}.) Show that (G, B, N, S) is a Tits
system of rank n — 1.

9. (cont.) Let G be a group with a BN-pair. Verify that, for w € W,
the set BwB is independent of the choice of W € N such that
wT = w. Show that we have a Bruhat decomposition

G= |J BuwB

weWw

in which the union is disjoint, where BwB is taken to mean BwB
for any w € N with wT = w.
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5. Parabolic Subgroups

In this section we again let G = GL(n, F') for some field F' and
some n € N, and we let V,,(F) be the vector space of column vectors
of length n having entries in F. We will often consider an element of
G as being the matrix, with respect to the standard basis vi,... ,va,
of an invertible linear transformation of V,,(F).

A complete flag on V,,(F) is a sequence of subspaces

ocVicVaC...CV,_y CV,=V,(F).

We will use the notation (V4,. .. ,V,) for the above flag. As we use C
to denote proper containment, we must have dimg V; = ¢ for each 1.
The standard flag is defined by V, = Fv; @ ... ® Fv; =V,_; ® Fvy
for each i (where by convention V; = 0).

There is a natural action of G on the set of complete flags on
V.(F); namely, if (V1,...,V,) is a complete flag and g € G, we de-
fine g(V4,..., Vo) = (gV4,... ,gV,), where we view g as an invertible
linear transformation of V,(F). (Each gV; is a subspace of dimen-
sion 7, and the gV; retain the containment relations among the V;,
so that (gVi,...,gV,) is again a complete flag.) It is easily seen
that this definition gives a group action. Now let (Vi,...,V,) be
the standard flag. We wish to show that every complete flag lies in
the orbit of the standard flag and hence that the G-set of complete
flags is transitive. If (Wy,... ,W,,) is a complete flag, then there are
Wi,...,Wpn € V,(F) such that w; € W; — W,_; for each i (where
again Wy, = 0). Let g be the matrix whose ith column is w; for
each i; then g is invertible, since {w,... ,wp} is a basis for V,(F).
As gv; = w; for each i, we see that (Wy,... ,W,) = g(V1,...,V,),
proving our claim.

The stabilizer of a complete flag (V4,...,V,) under this action is
the set of g € G such that (gV4,... ,9V,) = (V4,...,V,), or equiv-
alently such that gV; = V; for each i. It is not hard to see that the
stabilizer of the standard flag is exactly the standard Borel subgroup
B of G. (This argument could be used to prove that B is a subgroup
of G.) Since the G-set of complete flags is transitive, we now see
via Lemma 3.2 that the Borel subgroups of G, being by definition
the conjugates of B, are exactly the stabilizers of the complete flags
on V,(F).

An upper triangular matrix is said to be upper unitriangular if all
of its entries on the main diagonal are equal to 1, or equivalently if
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it is upper triangular and its only eigenvalue is 1. By imitating the
proof of Proposition 4.3, we can show that the set U consisting of
all invertible upper unitriangular matrices is a subgroup of B. If we
let T denote the subset of G consisting of all diagonal matrices, then
we see easily that T < Band UNT = 1.

PRrROPOSITION 1. B=UXxT.

PrOOF. We need only show that U 4 B and B = UT. Let
¢: B — T be the map sending a matrix to the diagonal matrix hav-
ing the same main diagonal. It is easily verified that ¢ is a homo-
morphism, and the kernel of ¢ is evidently U, showing that U < B.
If b € B, then since the restriction of ¢ to T is the identity map,
we have bp(b)~! € kerp = U, and hence b € Up(b) C UT; therefore
B = UT. (Observe that if n > 1, then T is not normal in B, and
hence B is not the direct product of U and T.) W

Consider the action of U and T on the standard flag (V4,...,V,).
An element of U sends each v; to the sum of v; and some element
of V,_1; conversely, any matrix having this property lies in U. There-
fore, U consists of the matrices that stabilize each V; and that in-
duce the identity transformation on each quotient V;/V;_;. On the
other hand, T consists exactly of the matrices that stabilize each of
Fvy,...,Fvy; we say that T is the common stabilizer of the Fv;.

An element of G is said to be unipotent if its characteristic poly-
nomial is (X — 1)". We see, using Jordan form, that any unipotent
element of (7 is conjugate to an element of /. We say that a subgroup
of G is unipotent if all of its elements are unipotent. For example,
U is a unipotent subgroup, and in fact U comprises all unipotent
elements of B, since the roots of the characteristic polynomial of an
upper triangular matrix are the entries on the main diagonal.

KoLcHIN’S THEOREM. Any unipotent subgroup of G is conjugate
with a subgroup of U.

PROOF. Let H be a unipotent subgroup of G. Suppose that H
stabilizes some complete flag on V,,(F'). Then H is contained in some
Borel subgroup of GG, and hence H is conjugate with a subgroup of B.
Since all unipotent elements of B lie in U, we see that this subgroup
of B with which H is conjugate is in fact a subgroup of U. Thus it
suffices to show that H stabilizes some complete flag on V,,(F).
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We use induction on n; the case n = 1 is trivial. Suppose we can
show that H stabilizes some one-dimensional subspace W of V,,(F).
Then H induces a group of unipotent transformations on the quo-
tient V,(F)/W. By induction, H stabilizes some complete flag on
this quotient; by pulling this flag back to V,(F') and adding W, we
obtain a complete flag on V,,(F') which is stabilized by H. Therefore,
it suffices to show that there is some 0 # v € V,,(F') such that zv = v
for all z € H. This fact will be established in Proposition 13.28. W

We now move on to the more general situation. A flag on V,,(F') is
a nested sequence of non-zero subspaces of V,(F') which terminates
in V,,(F) and has no repeated terms; in other words, a flag is a
sequence (Wi,... ,W,) of subspaces of V,,(F), where

OCW,CWoC...CW,_; CW,=V,(F).

Since C denotes proper containment, we have r < n; a complete
flag is simply a flag for which » = n. As before, the set of all flags
on V,(F) is a G-set. However, it is not transitive. More precisely,
two flags (Wy,...,W,) and (W],...,W!) lie in the same orbit iff
r = s and dimp W; = dimp W/ for all 4, a condition we summarize
by saying that the flags have the same dimension sequence.

We say that a subgroup of G is a parabolic subgroup if it is the
stabilizer of some flag on V,,(F). Let (Wy,...,W,) be a flag, and
let P be the parabolic subgroup that is the stabilizer of this flag.
Choose subspaces Y; so that W, = W,;_; ®Y; for each i. The unipo-
tent radical of P is the subgroup Up of P consisting of those matrices
that induce the identity transformation on each W;/W,_;; for exam-
ple, Ug = U. A Levi complement of Up is the subgroup Lp of P
that is the common stabilizer of the Y;. We observe that a Levi
complement is isomorphic with GL(y;, F') X ... x GL(y., F'), where
y; = dimp Y; = dimp W; — dimp W;_; for each i. (In particular, any
two Levi complements of Up are isomorphic.) For example, if we take
Y; = Fv; for each i, we have Lg = T, which is clearly isomorphic
with a direct product of n copies of GL(1, F') = F*.

The following result, which the reader is asked to prove in the
exercises, generalizes Proposition 1 to arbitrary parabolic subgroups.

ProrosITION 2. If P is a parabolic subgroup of GG, then we have
P = Up x Lp, where Up is the unipotent radical of P and Lp is a
Levi complement of Up. Furthermore, P = Ng(Up). R
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By a subflag of the standard flag (Vi,...,V,), we mean a flag
(W1,...,W,) in which each W; is equal to some V}; there are 27!
such subflags. A staircase group is a parabolic subgroup of G that
is the stabilizer of some subflag of the standard flag.

The terminology “staircase group” arises from the appearance of
the matrices in these groups. For example, the stabilizer of the
subflag 0 C V, C V3 C Vg of the standard flag on V5(F') consists of
all matrices in G = GL(6, F') of the form

S OO % *
OO O *x *
OO ¥ ¥ %
¥R X X X ¥
* ¥ X ¥ X *
* K K K X ¥

0 00

(Imagine a “staircase” separating the zero entries from the arbitrary
entries.) The unipotent radical of this staircase group consists of all
matrices in G of the form

1 0 * x % %
0 1 * x x =%
0 01 x x =%
0 001 0O0}J
0 00 010
0 00 0 01

and the Levi complement of this staircase group corresponding to
the canonical choices Y; = F'vag and Y; = F'vy @ Fvy @ Fvg consists
of all matrices in G of the form

x « 00 0O
* x 00 0O
00 = 000
0 0 0 *x * =
0 0 0  *x =«
0 0 0 % *x =«

and hence is isomorphic with GL(2, F) x GL(1, F) x GL(3, F). In
general, the unipotent radical of any staircase group is contained
in B.

From our earlier remarks, we see that the G-set of all flags is par-
titioned into the orbits of the subflags of the standard flag, since
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any flag has the same dimension sequence as, and hence lies in the
orbit of, some subflag of the standard flag. Therefore, we see us-
ing Lemma, 3.2 that the parabolic subgroups of G are exactly the
conjugates of the staircase groups.

We will close this section by showing that there are exactly 27!
subgroups of G containing the subgroup B of upper triangular ma-
trices, these subgroups being precisely the staircase groups. The
following lemma will serve as our starting point in attempting to
classify those subgroups containing B.

LEMMA 3. The only non-zero subspaces of V,,(F') left invariant by
B are the subspaces Vi,...,V, that appear in the standard flag.

ProoF. We first observe that B fixes each of the spaces V;. Now
let V be a non-zero subspace of V,,(F') that is stabilized by B. As we
clearly have V' C V; for some i, there is a minimal 1 < k < n such
that V C Vi, and V € V;_;. By the minimality of k, V contains an
element of the form Z;‘.’:l a;vj, where the a; lie in F' and oy # 0.
This element is sent to vi by b~!, where

b= (67 N 0
1

Since b=! € B and B stabilizes V, this shows that v, € V.

Now let Z?:l a;v; be an arbitrary element of Vi — Vi_;. This
element is the image of vy under the matrix b defined as above and
hence lies in V. Thus V contains V; — V;_;, and hence V;,. We
conclude that V=V,. 1

THEOREM 4. The only subgroups of G that contain B are the
staircase groups.

PROOF. Suppose that B < H < G. By Lemma 3, the only sub-
spaces of V,,(F) that H could leave invariant are those that comprise
the standard flag (V1,...,V,). Suppose that the subspaces of V,,(F)
left invariant by H are V,,,...,V, , where1 < a; < ... <a, = n.
We wish to show that H is in fact equal to the staircase group that
is the stabilizer of the flag (V,,,...,V,.). Instead of giving a formal
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proof of the general case, we will prove the special cases r = 1 and
r = 2; after this, we will briefly discuss the general case, which is
not any more conceptually difficult than the special cases but which
can be notationally unwieldy.

Suppose that the only subspaces of V,(F') that are left invariant
by H are 0 and V,(F); we are to prove that H = G. The subspace
of V,,(F) spanned by {hv, | h € H} is left invariant by H and hence
must equal all of V,(F). In particular, there is some h € H such
that hvy = a;vy + ... + @, Vyn, where a,, # 0. We know from the
Bruhat decomposition theorem that h € BwB for some w € W, and
by Corollary 4.10 we see that w sends v, to v,. Since B < H, this
element w lies in H. Now let 1 < j < n be such that w sends v;
to vi. Then X; < B < H, and since w(1l) = n and w(j) = 1, we
see from part (v) of Lemma 4.6 that X,; = wX;;u™! < H. We
now wish to show that each root subgroup X;; lies in H; since the
diagonal matrices lie in B and hence in H, it would then follow from
Theorem 4.12 that H = G. We know already that X,,; < H and
that if ¢+ < j then X;; < B < H. Now for any o € F and any
distinct 1 < 4,j < n, we see by using part (iv) of Lemma 4.6 that
Xpj(a) = [Xn(a), X1;(1)] € H; Xa(a) = [Xin(@), Xn1(1)] € H; and
Xii(a) = [Xa(a), X1;(1)] € H. Therefore, X;; € H for all 4,j, as
required.

Now suppose that H leaves invariant not only 0 and V,,(F'), but
also exactly one other subspace, namely V,, for some 1 < m < n. Let
P be the staircase group that is the stabilizer of the flag
0CV,, CV,; we know that H < P, and we wish to show that
H = P. By Proposition 2, P is the semidirect product of its unipo-
tent radical Up by a Levi complement Lp, and we have already
observed that Up < B since P is a staircase group. Hence it suffices
to show that Lp < H. We can choose Lp to be a direct product of
subgroups K; = GL(m, F) and K, & GL(n —m, F'), where elements
of K (resp., K;) have their only non-zero entries in the first m (resp.,
last n — m) rows and columns. Using Theorem 4.12, we see that K,
(resp., K3) is generated by the diagonal matrices and the root sub-
groups X;; for distinct 1 < 4,5 < m (resp.,, m+1 <14,j <n). The
diagonal matrices lie in B and hence in H, so in order to show that
Lp < H, it suffices to show that these particular root subgroups lie
in H. Since H stabilizes V;, and no non-zero proper subspace thereof,
we see by considering the subspace spanned by {hv; | h € H} that
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there must be some h € H sending v; to a;vy + ...+ 0V, Where
o, # 0. If w € W is such that h € BwB, then w sends vy t0 Vi
by Corollary 4.10, and as in the previous paragraph we can conclude
from this that X,,; € H. Calculations with commutators can now be
used to show that X;; < H for all distinct 1 < 4,5 < m. Similarly, by
considering the subspace spanned by {hvm41 | b € H}, we see that
there is some h' € H that sends V41 to 81vy1 + ... + B, Va, Where
B, # 0; Corollary 4.10 can now be used to show that if w' € W is such
that b’ € Bw'B, then w’ sends vy,,1 to vy,. (Since h stabilizes V;,,, in
the notation of Corollary 4.10 we have {ki,... ,kn} = {1,...,m},
and some thought will show that we must then have k,+1 = n.) The
same argument as before now shows that X,(m+1) < H, from which
we can conclude via commutator calculations that X;; < H for all
distinct m + 1 < 4,j < n. Therefore H = P.

In the general case where H leaves invariant the flag (V,,,... , V)
whose stabilizer is the staircase group P, to show that H = P it suf-
fices to show that a Levi complement Lp lies in H. The group Lp is
a direct product of r general linear groups, and so by Theorem 4.12
it suffices to show that H contains certain root subgroups; by ap-
propriate choice of Lp, the subgroups in question become all X;; for
distinct ax_; < ¢,j < ay for some k (taking ag = 0). We accomplish
this by first showing that each X,,(q,_,+1) € H, and then by using
commutator arguments as above. W

EXERCISES
Let G = GL(n, F)), where n > 2.

1. Suppose that g € G fixes some 0 # v € V,(F) and induces the
identity transformation on V,(F)/Fv. Show that g is conjugate
with an element of the root subgroup Xis.

2. We say a basis B of V,,(F) belongs to a complete flag (V3,...,V;,)
if each V; contains exactly one element of B that is not in V;_;.

(a) Show that if (V4,...,V,) and (Wy,... ,W,) are complete
flags on V,,(F), then there is a basis of V,,(F) that belongs
to both flags.

(b) Use part (a) to give a different proof of the Bruhat decom-
position theorem.

3. Let P and @ be distinct parabolic subgroups of G containing the
standard Borel subgroup B of G (so that, by Theorem 4, P and Q
are staircase groups).
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(a) Show that P and @ are not conjugate in G.

(b) If Lp and Lg are corresponding Levi complements, find con-
ditions on P and (@ that determine when Lp and Lg will be
conjugate in G.

Prove Proposition 2.

. Prove the following generalization of Lemma 3: If P is a parabolic

subgroup of G which is the stabilizer of the flag (W1, ... ,W,.), then
the W; are the only subspaces of V,,(F') left invariant by P.

. (cont.) Using Exercise 5, show that any parabolic subgroup of G

is self-normalizing.

Complete the outlined proof of Theorem 4.

Assume that the case r = 1 of Theorem 4 holds; we sketch an
alternate proof of the general case of Theorem 4. We use induc-
tion on n, where G = GL(n, F). Let H be a subgroup of G which
contains B, and suppose that H stabilizes V,,,, where 1 < m < n.
Let S be the stabilizer of V,,; observe that H < S. We can write
S = U x (K x K3), where the elements of K; = GL(m, F') have
their only non-zero entries in the first m rows and columns, and
where K is a direct product of general linear groups whose ele-
ments have their non-zero entries concentrated in the last n — m
rows and columns. Since U € B < H, by Exercise 2.10 we have
H =U x Q@ for some Q < K; x Ko. Use Goursat’s theorem (Ex-
ercise 2.8), Exercise 6, and the induction hypothesis to analyze Q
and thereby conclude that H is a staircase group.

6. The Special Linear Group

The special linear group is the subgroup SL(n, F') of GL(n, F)

consisting of all matrices having determinant 1. In other words,
SL(n, F) is the kernel of the homomorphism det: GL(n,F) — F*,
and hence SL(n, F) 4 GL(n, F).

PROPOSITION 1. Let n € N, and let ¢ be a prime power. Then

n—1
n(n—1)

ISL(n,q)| = [[(""' —¢")=¢ 7 (" -1)---(¢" - 1)
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PROOF. The homomorphism det is clearly surjective, and so we
have F* = GL(n, F)/SL(n, F) for any field F' by the fundamental
theorem on homomorphisms. In particular, if |F'| = g, then we have
| GL(n, q) : SL(n,q)| = ¢ — 1; the result now follows from Proposi-
tion 4.2. N

We showed in Theorem 4.10 that GL(n, F') is generated by the
root subgroups and the diagonal subgroup. We now establish the
analogous result for SL(n, F').

PROPOSITION 2. SL(n, F) is generated by the root subgroups Xj;.

PROOF. We first remark that by part (i) of Lemma 4.6, every
transvection lies in SL(n, F'). The result will follow from the follow-
ing statements:

(1) An element of SL(n, F') can be premultiplied by transvections
to obtain an upper triangular matrix.

(2) An upper triangular element of SL(n, F') can be premultiplied
by transvections to obtain an upper unitriangular matrix.

(3) An upper unitriangular matrix can be premultiplied by trans-
vections to obtain the identity matrix.

We will sketch (1) and (2); (3) follows immediately from Lemma 4.11.

By Lemma 4.7, we can premultiply any element of SL(n, F'} by
transvections to obtain a matrix with the following property: For
each i, there is exactly one row of the matrix whose entries in the
first i — 1 columns are zero and that has a non-zero entry in the ith
column. We can premultiply this matrix by matrices of the form
X;i(1)X;;(=1)X;;(1) to obtain an upper triangular matrix. This
proves (1).

Let a,b,c € F, with ac # 0. We observe that the matrix (&%),
when premultiplied by X2;(—1)X12(1 — ¢7!) X5 (c), gives the matrix
(aeetbe=1)  Now consider an upper triangular matrix in SL(n, F)
having A;,..., A, as its entries on the main diagonal. Using the
above observation, we find that we can premultiply this matrix by
transvections to obtain another upper triangular matrix in SL(n, F')

whose main diagonal entries are A;,... , An_2, An_1An, 1. By repeat-
ing this process, we obtain an upper triangular matrix in SL(n, F")
whose main diagonal entries are A, ---\,,1,...,1; but this matrix

has determinant 1, so we must have A\, - -\, = 1, and hence the
matrix is upper unitriangular. This proves (2). W
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PROPOSITION 3. The subgroups X;; are conjugate in SL(n, F').

Proor. Consider two root subgroups X;; and X, ;. Let w be a
permutation matrix sending v; to vy and vj to vy; then we have
wX;j(e)w™ = Xy (a) for any a € F by part (v) of Lemma 4.6.
Since the inverse of w is its transpose, we see that the determinant
of wis £1. If detw = 1, then w € SL(n, F') and we are done. (Note
that if n > 3, then by transposing columns if necessary we can always
choose w such that detw = 1.) Now suppose that detw = —1, and
let d be the matrix that differs from the identity matrix only by
having —1 instead of 1 in the (1,1)-entry. Then dw € SL(n, F'), and
dwX;;(a)(dw)™ = dX;j(a)d™! = Xy (+a) for any o € F, which
completes the proof. W

Let Z be the subgroup of GL(n, F') consisting of the multiples of
the identity matrix by elements of F'*. The elements of Z are called
the (non-zero) scalar matrices. We clearly have Z = F'*.

PROPOSITION 4. The center of GL(n, F') is Z, and the center of
SL(n, F) is Z N SL(n, F).

PROOF. If n =1, then GL(1, F) = F* = Z, and the result holds;
hence we assume that n > 1. Let G = GL(n, F') or SL(n, F'). We
observe that Z N G is contained in Z(G); therefore, it suffices to
show that any element of G that commutes with all elements of
SL(n,F) lies in ZNG. Let M = (m;;) be such a matrix. Let
1 <4,j < n be distinct, and consider X;;(1); by hypothesis we have
MX;;(1) = X;;(1)M. By calculating and comparing the (4,i)- and
(¢, j)-entries of M X,;(1) and X,;(1)M, we find that m;; = 0 and
m;; = my;. We conclude that m;; = m,.6;; for any ¢ and j, and
hence that M € Z N G. (The same argument shows that the set of
elements of M,,(F) which commute with all elements of M, (F') is
{al |a€e F} =ZU{0}.) R

The group GL(n, F)/Z is called the projective general linear group,
and the group SL(n, F')/Z N SL(n, F) is called the projective special
linear group. We denote these groups by PGL(n, F) and PSL(n, F'),
respectively. (Observe that the first isomorphism theorem implies
that PSL(n, F) = ZSL(n,F)/Z < GL(n,F)/Z = PGL(n,F).) As
Z = F*, we have |PGL(n, q)| = | SL(n, ¢)| for any prime power g;
however, to determine |PSL(n,q)| we must be able to count the
number of nth roots of unity in the field of g elements.
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PROPOSITION 5. Let g be a prime power. Then

. .
@ —q if 2| g,

PSL(2, q)| = .
IPSLZ 9) {%(q?’—Q) if24q.

PROOF. Any matrix in Z N SL(2,q) must be of the form al,
where «a is a square root of unity in the field of g elements. Such
an element « is a root of the polynomial X2 — 1, which has two
distinct roots (namely 1 and —1) in any field whose characteristic is
not equal to 2. Therefore, if 2 { g, then |Z N SL(2, ¢)| = 2. However,
if 2 | g, then X2 —1 = (X —1)? has only one distinct root, and hence
|Z N SL(2,q)| = 1. The result now follows via Proposition 1. W

Our main objective in this section is to show that PSL(n, F) is
simple whenever n > 2, except when n = 2 and |F| = 2 or 3. This
result dates back to L. E. Dickson, another of the early architects of
the mathematical tradition of the University of Chicago, who estab-
lished it in his 1896 Ph.D. thesis for F' a finite field; in 1893 E. H.
Moore had established the result for F a finite field and n = 2, while
in 1870 Camille Jordan had established the result for F' a finite field
of prime order and n arbitrary. We first need two lemmas.

LEMMA 6. If n > 2, then every transvection X;;(c) is a commu-
tator of elements of SL(n, F'), except when n =2 and |F| =2 or 3.

Proor. If n > 2, then we have X;;(a) = [Xu(a), Xk;(1)] by
part (v) of Lemma 4.6, where k is unequal to either i or j. Now
let n = 2. For any 3,7 € F with 8 # 0, we observe that the
commutator of (g Bgl) and (§7) is ((1) (/’211)’7). Therefore, X;,(a)
will be expressible as a commutator in SL(n, F') as long as there are
B € F* and v € F such that a = (8% — 1)y. If |F| > 3, then there
is always some 3 € F* such that 3° # 1, and we can then take
v =a(f?—~1)"L. The Xy () case is similar. W

Observe that Lemma 6 and Proposition 2 together imply that,
except when n = 2 and |F| = 2 or 3, SL(n, F) is its own derived
group and is consequently also the derived group of GL(n, F).

LEMMA 7. If n > 2, then the action of SL(n,F) on the one-
dimensional subspaces of V,,(F') is doubly transitive.
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ProoF. Let Vi, Vo, Wi, and W, be one-dimensional subspaces of
Va(F), where V; # V, and W, # W,, which are generated respec-
tively by c¢1,cg,d;1, and dz. Then c; and c, are linearly indepen-
dent, as are d; and d», and consequently we can find cs,..., ¢,
and ds, ... ,d, such that {c1,...,cs} and {d4,...,d,} are bases
for V,(F). Let C (resp., D) be the n X n matrix whose ith column
is ¢; (resp., d;) for each 1 < ¢ < n; clearly, C and D are matrices
of rank n and hence lie in GL(n,F). Let e = det D/detC, and
let E/ be the matrix differing from the identity matrix only by hav-
ing e instead of 1 in the (1,1)-entry. Then det DE-'C~! =1, and
DE~'C~! sends c; to e7'd; and c; to dz; hence we have found an
element of SL(n, F') sending V; to W, and V, to W, as required. W

THEOREM 8. If n > 2, then PSL(n, F) is simple, except when
n=2and |F|=2or 3.

PROOF. Let S = SL(n, F'), and let P < S be the stabilizer of F'v,
under the action of S on the one-dimensional subspaces of V,,(F).
By Lemma 7 and Proposition 3.8, P is a maximal subgroup of S. Let
K be the set of upper unitriangular matrices whose only non-zero
entries outside of the main diagonal occur in the first row. We find
that K is an abelian normal subgroup of P.

Let N @ §. By the correspondence theorem and the definition
of PSL(n, F), it suffices to show that N is comprised of scalar ma-
trices. Suppose first that N < P. Then N stabilizes F'vy, and hence
N = sNs! stabilizes s(F'vy) for any s € S by Lemma 3.2. Since
the action of S on the one-dimensional subspaces of V,,(F') is transi-
tive by Lemma 7, this shows that N stabilizes every one-dimensional
subspace of V,,(F'). In particular, N stabilizes each F'v;, which shows
that the elements of N are diagonal matrices. But N also stabilizes
each F(v;+ v;), which shows that the elements of N must be scalar
matrices.

Now suppose that N ¢ P. Then we have P < PN < S, which
forces PN = S since P is maximal in S. Let n: S — S/N be
the natural map. We have n(P) = PN/N = S/N = p(S) and
n(K)=KN/N =n(KN). As K 4 P, it follows that n(K) < n(P),
and hence that n(KN) < 7n(S); the correspondence theorem now
gives KN < S. Observing that K is the group generated by the root
subgroups Xis,... , X1n, we see that all conjugates in S of these root
subgroups lie in K N. But we see via Proposition 3 that these conju-
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gates include all of the X;;; as the X;; generate S by Proposition 2,
we have KN = S. By the first isomorphism theorem, we now have
S$/N = KN/N = K/K NN, and since K is abelian it follows that
S/N is also abelian. Therefore, all commutators of elements of S lie
in N by Proposition 2.6, and in particular all matrices X;; (@) lie in
N by Lemma 6. Thus N contains every X;;, and Proposition 2 now
implies that N = S, which is a contradiction. W

EXERCISES

1. Let B be the standard Borel subgroup of GL(n, F'). Determine all
subgroups of SL(n, F) which contain B N SL(n, F).

2. Show that PSL(2,2) = X3 and PSL(2,3) = A4, and that these
groups are not simple.

3. Show that PSL(2,4) and PSL(2,5) are both isomorphic with As.

4. Show that PSL(2,7) = GL(3,2).

5. Show that PSL(2,9) = As.

6. By Exercise 3 and Theorem 8, the group As is simple. Attempt

to prove this fact directly by mimicking the proof of Theorem 8,
with As in place of S, A4 in place of P, and the Klein four-group
in place of K.

FURTHER EXERCISES

Let F be a field, and let V = F2. We define an equivalence relation
on V — {0} by v ~ w iff v = aw for some a € F*. The set of equivalence
classes under this relation is called the one-dimensional projective space (or
projective line) over F and is denoted by P!(F). We write elements of V
as column vectors, and the element of P!(F) that is the equivalence class
of (3) shall be written as [y].

7. Show that there is a well-defined action of PSL(2,F) on P}(F)
given by

(& O[] =[ery

and that this action is doubly transitive. (Here (‘cl 3) denotes the
image in PSL(2, F) of (¢ %) € SL(2, F).)

8. (cont.) Determine the proper definition of n-dimensional projective
space P*(F) for arbitrary mn, and show that PSL(n + 1, F) acts
doubly transitively on P"(F).

9. Let F be the field of 7 elements. For 0 < i < 6, let i represent
[1] € PL(F); denote the remaining element [?] of P!(F) by oo.
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View Xg as being the group of permutations of {00, 0,1,2,3,4, 5,6},
and let ¢: PSL(2,7) — Xg be the monomorphism arising (as in
Proposition 3.1) from the action of PSL(2,7) on P!(F). Show that
the image of ¢ is the subgroup of Ag generated by (012345 6),
(1 42)356), and (co 0X1 3X2 5)4 6). (HINT: Show first that
PSL(2,7) is generated by the images under the natural map of the
elements (19),(59), and (33) of SL(2,7).) For the relevance of
this exercise, see Exercises 7.13-17.

Recall the definition of a BN-pair from the further exercises to Section 4.

10.

11.

Let G = GL(n, F). Let B be the standard Borel subgroup of G, let
N be the subgroup of G of monomial matrices, and let T = BN N
be the subgroup of diagonal matrices. Let By = B N SL(n, F'), let
No = NN SL(n, F), and let Tp = T N SL(n, F) = By N Ny. Show
that By and Ny form a BN-pair of SL(n, F), with the associated
Wey! group Wy = Ny/T; being isomorphic with X,,.

Let P = PSL(n, F), and let By, Ny, and T, be the images in P of
the subgroups By, No, and Tp of SL(n, F)). Show that By and Ny
form a BN-pair of P (with again the Weyl group Wy = Ny/Tp
being isomorphic with %,,).



3
Local Structure

In many branches of mathematics, it is profitable to study an issue by some-
how “localizing” with respect to a given prime number. In this chapter, we
adapt this doctrine to group theory by studying finite groups through their
subgroups of prime-power order. This notion of looking at the “local struc-
ture” of finite groups has proven to be very powerful. We start in Section 7
with Sylow’s theorem on subgroups of maximal prime-power order. Sec-
tion 8 concentrates on the properties of finite groups of prime-power order.
Section 9 gives an important application, the Schur-Zassenhaus theorem.

7. Sylow’s Theorem

Throughout this section, we let G denote a finite group and p a
prime divisor of |G|. We use |G|, to denote the highest power of
p that divides |G|, so that |G|, = p™ where n € N is such that p"
divides |G| but p™*! does not.

We say that g € G is a p-element if its order is a power of p. We
say that G is a p-group if |G| is a power of p, and that H < G is a
p-subgroup of G if |H| is a power of p. Every element of a p-group
is a p-element. (Indeed, an infinite group is said to be a p-group
iff every element is a p-element.) We say that H < G is a Sylow
p-subgroup of G if H is a p-subgroup of order |G|,, which is of course
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the maximal possible order of a p-subgroup of G. A subgroup of G
is said to be a Sylow subgroup of G if it is a Sylow p-subgroup for
some prime divisor p of G.

For example, let n € N and let G = GL(n,p). We see from

Proposition 4.2 that |G| = p F2(p" — 1)---(p — 1), and hence
that |G|, = p%;n. Let U be the subgroup of G consisting of all
upper uni-triangular matrices. It is straightforward to show that
Ul = pn~1p"2.-.p%p = p=FE = |Glp; therefore U is a Sylow
p-subgroup of G, as is any conjugate of U. Now let x be a non-
trivial p-element of G, so that x?* — I = 0 for some a € N. Since the
entries of z lie in the field Z/pZ of characteristic p, we may rewrite
this equation as (z — I)?" = 0. Thus, the minimal polynomial of =
divides (X — 1)P°, and since the minimal and characteristic polyno-
mials have the same irreducible factors, the characteristic polynomial
of z must be (X — 1)". Therefore, all p-elements of G are unipotent,
and hence any p-subgroup of G is unipotent. By Kolchin’s theorem,
we conclude that any p-subgroup of G is conjugate with a subgroup
of the Sylow p-subgroup U. In particular, any Sylow p-subgroup
of G is conjugate with U.

We just established that GL(n,p) has a Sylow p-subgroup, that
all the Sylow p-subgroups of GL(n,p) are conjugate, and that any
p-subgroup of GL(n,p) is contained in a Sylow p-subgroup. The
following result, which dates back to 1871 and is fundamental to the
study of finite groups, shows that these properties hold in any finite
group G for any prime divisor p of |G]|.

SYLOW’S THEOREM. (i) G has at least one Sylow p-subgroup.
(ii) All the Sylow p-subgroups of G are conjugate.
(iii) Any p-subgroup of G is contained in a Sylow p-subgroup.
(iv) The number of Sylow p-subgroups of G is congruent to 1
modulo p.

PROOF. Let |G| = p™m, where p" = |G|, and hence p { m. Let
X be the collection of all subsets of G having |G|, elements; X is a
G-set under left multiplication.

Suppose that there is an orbit O of X such that pt|O|. Let A€ O
be such that 1 € A, and let P < G be the stabilizer of A. Sincel € A,
we have P C PA = A, and thus |P| < |A| = |G|,. We also have
|O| = |G : P| by Corollary 3.5, and hence |G| = | P||O]; since p { |0,
this shows that |G|, divides | P|. Therefore |P| = |G|, and so P is a
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Sylow p-subgroup of G. It follows that A = P and that O is the coset
space G/P. Conversely, suppose that P is a Sylow p-subgroup of G.
The coset space G/P is a collection of subsets of G of order |G|,
and hence is contained in X; moreover, G/P is the orbit in X of
P, and p does not divide |G/P| = m. Thus, we have a bijective
correspondence between the set of Sylow p-subgroups of G and the
set of orbits of X whose cardinality is coprime to p, where any such
orbit is the coset space of the corresponding Sylow p-subgroup.

Let X’ be the set of elements of X that lie in an orbit whose
cardinality is not divisible by p. Since p must divide |X — X’|, we
have | X| = |X’| (mod p). If S € X', then the orbit of X containing
S is, as noted above, the set of cosets of a Sylow p-subgroup of G
and hence has cardinality m. If we now let r be the number of Sylow
p-subgroups of G, then since r also equals the number of orbits of X
contained in X', we have rm = |X'| = |X| = (”;,f") (mod p). Since
p 1 m, this implies that the value of r, modulo p, depends only on
the order of G and not on G itself; that is, any two groups of the
same order have the same number, modulo p, of Sylow p-subgroups.
But we see from Theorem 1.4 that the cyclic group of order p"m
has exactly 1 subgroup of order |G|,. Therefore r = 1 (mod p),
proving (iv), and in particular r > 0, proving (i).

Now let P be some Sylow p-subgroup of G, and let @ be an arbi-
trary p-subgroup of G. The group @ acts on the set Y of conjugates
of P in G by conjugation; the action of z € @ sends gPg™! € Y to
z(gPg~")z~' = (zg)P(zg)~'. The cardinality of each orbit, being
the index of a subgroup of the p-group @, is some (perhaps trivial)
power of p. We have |Y| = |G : Ng(P)| by Proposition 3.14; using
factorization of indices, we see that |Y| divides |G : P| = m, and
since p t m we must have p{ |Y|. Thus, there must be some orbit of
Y containing only one element, as otherwise p would divide |Y.

Let {P1} be a single-element orbit of Y under the action of Q.
Then we have zP,xz~! = P, for all z € Q; consequently QP, = P,Q,
and so QP; < G by Proposition 1.3. Clearly |P;| < |QP;|; but since
|QP,| = |P1||@ : QN Py| by Proposition 3.12, we see that QP, must
be a p-group. Therefore |QP;| = |P;|, which forces Q@ = Q N P; and
hence @ < P;. Since P, is a Sylow p-subgroup of G, this proves (iii).
If we now take @ to be a Sylow p-subgroup of G, then as @ < P,
and |Q| = |P1|, we must have QQ = P;; in particular @Q is conjugate
with P, which proves (ii). W
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COROLLARY 1. The number of Sylow p-subgroups of G divides
GI/1Glp-

PROOF. Let r be the number of Sylow p-subgroups of G, and
let P be some such subgroup. By part (ii) of Sylow’s theorem, r
equals the number of conjugates of P in G since this number equals
|G : Ng(P)| by Proposition 3.14, we see via factorization of indices
that r divides |G : P| = |G|/|G|,. M

Sylow’s theorem immediately implies the following classical result.
CAUCHY’S THEOREM. G has an element of order p.

PROOF. By part (i) of Sylow’s theorem, G has a non-trivial Sylow
p-subgroup, and hence G has a non-trivial p-element, some power of
which is of order p. B

(Other proofs of Sylow’s theorem often assume that Cauchy’s theo-
rem is already known, as was the case historically.)

The next result gives a relationship between the Sylow p-subgroups
of a group and those of its normal subgroups and quotient groups.

ProprosSITION 2. Let N < G, and let P be a Sylow p-subgroup
of G. Then PN/N is a Sylow p-subgroup of G/N, and PN N is a
Sylow p-subgroup of N.

PROOF. We have |G/N : PN/N| = |G : PN| by the correspon-
dence theorem. But since |G : PN| divides |G : P| and p{ |G : P|,
we see that p { |G/N : PN/N|. Since PN/N = P/PN N by the
first isomorphism theorem, PN /N must be a p-group; it now follows
that PN /N is a Sylow p-subgroup of G/N.

It follows from Proposition 3.12 that |[N : PNN| = |PN : P|; but
since PN is a subgroup of G by Proposition 1.7, and P is a Sylow
p-subgroup of G, we must have pt |PN : P|. Therefore, PN N is a
p-subgroup of N whose index in N is coprime to p, as required. W

If H < G and P is a Sylow p-subgroup of G, then P N H need
not be a Sylow p-subgroup of H; the above proof falls apart here
since PH may not be a subgroup of G. However, if Q is a Sylow
p-subgroup of H, then by part (iii) of Sylow’s theorem @ is contained
in some Sylow p-subgroup P’ of G, and we must have Q = P' N H.
Part (ii) of Sylow’s theorem now implies that P’ and P are conjugate
in G. Therefore, there is some g € G such that gPg 'NH is a Sylow
p-subgroup of H.
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In the remainder of this section, we present some typical applica-
tions of Sylow’s theorem to the study of finite groups.

PROPOSITION 3. Let p and ¢ be distinct primes, with p > ¢. If
p Z 1 (mod g), then any group of order pq is isomorphic with Zg,.
If p=1 (mod g), then any abelian group of order pq is isomorphic
with Zpq, and there is exactly one isomorphism class of non-abelian
groups of order pgq.

PROOF. Let G be a group of order pq, let P be a Sylow p-subgroup
of G, and let @ be a Sylow g-subgroup of G. Since |P| = p and
|Q| = g, we have P = Z, and @Q = Z,. Lagrange’s theorem gives
PNQ =1, and hence it follows from Proposition 3.12 that G = PQ.

By Sylow’s theorem and Corollary 1, the number of conjugates of
P in G divides |G : P| = ¢ and is congruent to 1 modulo p. But
we have ¢ # 1 (mod p) since p > ¢; therefore, P must have only 1
conjugate in G, and hence P < G. We can similarly show that @) has
either 1 or p conjugates in GG, and that the latter case can only occur
when p =1 (mod ¢). If @ has only 1 conjugate in G, then Q < G,
and consequently G = P x Q = Z, X Zq = Zpq via Lemma 2.8.
This will be the case if p £ 1 (mod g), or if p=1 (mod ¢) and G is
abelian.

Now suppose that ) has p conjugates in GG, in which case G is
non-abelian and p = 1 (mod q). We have P 4 G, G = PQ, and
PN@Q =1, which gives G = P x Q. Let ¢: @ — Aut(P) be the
conjugation homomorphism. If ker¢ # 1, then as @ is simple we
must have kerp = @), in which case ¢ is trivial and hence G is
abelian. Therefore ¢ must be injective.

We conclude that if p = 1 (mod ¢) and there is a non-abelian
group of order pg, then there is a monomorphism from Zq to Aut(Z,).
Conversely, given a monomorphism ¢: Z, — Aut(Zp), we can con-
struct a non-abelian group of order pg, namely Z, %, Zq. To com-
plete the proof, we must exhibit a monomorphism ¢: Zqy — Aut(Zy),
which shows the existence of a non-abelian group of order pgq; we
must then show that if ¢: Z; — Aut(Z,) is another such monomor-
phism, then the groups Z, %, Zq and Z, %, Zq are isomorphic.

We see from Proposition 2.2 that Aut(Z,) = Z,_;. Nowgq | (p—1)
by hypothesis, so from Theorem 1.4 we see that Aut(Z,) has a unique
subgroup K of order ¢q. Using the characterization of Aut(Z,) given
in Proposition 2.1, we see that there is some 1 < r < p such that K is
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generated by the automorphism o, sending every element to its rth
power. We define ¢: Zq — Aut(Z,) by letting ¢ send a generator
of Zy to o,.. Then ¢ is a monomorphism with image K, which proves
existence. Now if ¢: Zy — Aut(Z,) is another monomorphism, then
by the uniqueness of K we must have ¥(Z,) = K = ¢(Zq); we now
have Zy %, Zq = Zy Xy Zq by Proposition 2.11, as required. W

We will now demonstrate the use of Sylow’s theorem as a tool in
the study of finite simple groups. One consequence of part (iii) of Sy-
low’s theorem which will be of particular use is that every p-element
of G is contained in a Sylow p-subgroup of G; this will allow us to use
information about the Sylow p-subgroups of G to count the number
of p-elements of G.

THEOREM 4. Ajs is simple.

PROOF. We have |A5| = 5!/2 = 60 = 22-3-5. We see from Sylow’s
theorem and Corollary 1 that the number of Sylow 5-subgroups of
As divides 60/5 = 12 and is congruent to 1 modulo 5; using the
fact that any 5-cycle generates a Sylow 5-subgroup, we observe that
this number is not 1. Thus A; has 6 Sylow 5-subgroups. As no two
of these subgroups can have an element of order 5 in common, we
conclude that As has 6 - (5 — 1) = 24 elements of order 5. Similarly,
As could have 1, 4, or 10 Sylow 3-subgroups, and by inspection
the number of Sylow 3-subgroups exceeds 4; consequently, A; has
10 (3 — 1) = 20 elements of order 3.

Let 1 < i < 5, let {a,b,c,d} be the complement in {1,2,3,4,5}
of {i}, and let V; = {1, (a b)c d), (a cXb d), (a dXb c)}. We see
easily that each V; is a Sylow 2-subgroup of A; and that if ¢ # j
then V; N V; = 1. By inspection, we see that pVip™' = V,, for
any p € As. It now follows from part (ii) of Sylow’s theorem that
Vi,..., Vs are the only Sylow 2-subgroups of As. It also follows that
As has 5- (4 —1) = 15 elements of order 2 and that every element of
order 2 in Ay is conjugate with some other element of order 2.

Now suppose that N is a proper normal subgroup of As, and let
n = |[N| < 30. Suppose that 5 | n. Then N contains a Sylow
5-subgroup of As; but as N is normal in G, N also contains all con-
jugates of that Sylow 5-subgroup and hence all 6 Sylow 5-subgroups
of As. In particular, N contains 24 elements of order 5, which forces
n = 30. Now 3 | 30, so N contains 1, and hence all 10, Sylow
3-subgroups of As; thus N contains 20 elements of order 3, which
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is a contradiction. Therefore 5 { n, which gives n < 12. If 3 | n,
then by the argument just given, N contains 20 elements of order 3,
which is a contradiction; therefore n = 1, 2, or 4. If n = 4, then
N is a Sylow 2-subgroup of As and hence has 5 conjugates in As,
which contradicts the normality of N. But we observed previously
that each element of order 2 in As has some conjugate other than
itself; consequently As cannot have a normal subgroup of order 2.
Therefore n = 1, which proves that As is simple. W

THEOREM 5. Any simple group of order 60 is isomorphic with As.

PROOF. Let G be a simple group of order 60. As observed after
Proposition 3.1, if G has a subgroup of index n, then there is a
monomorphism from G to X, associated with the action of G via left
multiplication on the coset space of that subgroup. Since |G| > |3,|
when n < 5, we conclude that G cannot have a proper subgroup of
index less than 5. We shall now show that G does have a subgroup
of index exactly 5 and consequently that G is isomorphic with a
subgroup of Xs.

Suppose that G does not have a subgroup of index 5. By Corol-
lary 1, the number of Sylow 2-subgroups of G divides 60/4 = 15;
since this number is equal to the index in G of the normalizer of
a Sylow 2-subgroup, by our hypothesis and the previous paragraph
it must be 15. Let S; and S, be distinct Sylow 2-subgroups of G,
and suppose that there is some 1 # ¢t € S; N S;. Then |Ce(t)| > 4
since S; and S, are distinct and abelian, and 4 divides |Cg(t)| since
51 < Cg(t); hence we must have |G : Cg(t)] < 5. Our hypothesis and
the previous paragraph force Cg(t) = G; but this gives t € Z(G),
which contradicts the simplicity of G. Therefore, no two of the 15
Sylow 2-subgroups of G have a non-trivial element in common, and
hence G has 15- (4 — 1) = 45 elements of order 2 or 4. But G is
simple, so G must have more than one Sylow 5-subgroup; thus G has
6 Sylow 5-subgroups and therefore has 24 elements of order 5. This
gives a contradiction. Consequently, we can conclude that G does
have a subgroup of index 5, and hence that G is isomorphic with a
subgroup of ¥5.

We now identify G with its isomorphic copy inside ¥5. Since
|35 : G| = 2, we have G < X5 by Proposition 1.8. Suppose that
G # As. Then |G As| > 60, which forces GAs = ¥5. Proposition 3.10
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now gives

|G||As|] 60-60
|IGAs| ~— 120
and hence |G : GN As| = 2. We now have 1 # GN A5 < G by
Proposition 1.8, which contradicts the simplicity of G. Therefore
G = A;. (Observe that this argument can also be used to show that
As is the only non-trivial proper normal subgroup of X5.) W

COROLLARY 6. PSL(2,4) = PSL(2,5) & As.

|GﬂA5| = 30,

PrOOF. We have |PSL(2,4)] = |PSL(2,5)] = 60 by Proposi-
tion 6.5; but PSL(2,4) and PSL(2,5) are simple by Theorem 6.8,
and so the result follows from Theorem 5. W

It is a relatively easy exercise to show that the only simple groups
of order less than 60 are the cyclic groups of prime order, and hence
that As is the non-abelian finite simple group having smallest or-
der. The non-abelian finite simple group of next smallest order is
PSL(2,7), which has order 168.

EXERCISES

Throughout these exercises, G is a finite group and p is a prime divisor
of |G|.

1. Let H < G and let P be a Sylow p-subgroup of G. Prove, without
reference to Sylow’s theorem, that there is some conjugate of P
whose intersection with H is a Sylow p-subgroup of H.

2. (cont.) Use Exercise 1 to give an alternate proof of part (i) of
Sylow’s theorem.

3. Give an alternate proof of parts (ii) and (iii) of Sylow’s theorem
by considering the action of an arbitrary p-subgroup @ of G on the
coset space G/P, where P is a Sylow p-subgroup of G.

4. Prove the following generalization of part (iv) of Sylow’s theorem:
If |G| is divisible by p®, and H < G has order p® where a < b,
then the number of subgroups of G that both contain H and have
order p® is congruent to 1 modulo p.

5. Show that if P is a Sylow p-subgroup of G, then Ng(P) is a self-
normalizing subgroup of G, meaning that Ng(Ng(P)) = Ng(P).
(Any subgroup of G that can be written as Ng(P) for some non-
trivial p-subgroup P of G is said to be a p-local subgroup of G.)

6. Given a prime p, find an example of a finite group having exactly
1 + p Sylow p-subgroups. Can this be done for 1+ 2p? 1+ 3p?
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7. Show that if G has exactly 1 + kp Sylow p-subgroups for some
k € N, then there is a subgroup of L4k, having exactly 1 + kp
Sylow p-subgroups.

8. Let n > 6, and assume by induction that A,_; is simple. Let N
be a non-trivial proper normal subgroup of A,.

(a) Show that A, = N x Ap_1.

(b) Let N# be the set of non-identity elements of N, and con-
sider the action of A,_; on N# given by the conjugation
homomorphism from A,_; to Aut(N). Show that N# is
isomorphic as an A,_1-set to {1,... ,n — 1}.

(c) Show that A,_; acts triply transitively on N#. (An action
of a group G on a set X is triply transitive if for every pair
of triples (z1,%2,23) and (yi1,y2,y3), where z;,y; € X for
all ¢ and z; # x; (resp., ¥; # y;) when i # j, there is some
g € G such that gz; = y; for all 4.)

(d) Derive a contradiction, and conclude that A,, is simple.

The remaining exercises develop a proof that if G is a finite simple
group with |G| < 200, then either G = Zj, for some prime p, or G = As,
or G = PSL(2,7). This was established by Hélder in 1892. We will need
to assume two facts, which will be proved in later sections:

A. If |G| = p™ where n > 1, then G is not simple (Section 8).
B. If G is a p-group and H < G, then H < Ng(H) (Section 11).

9. Show that G is not simple whenever one of the following statements
is true, where p is an odd prime:
(a) |G| = 2™p", where 2F # 1 (mod p) for any 1 < k < m.
(b) |G| = p™q, where q # p is prime and ¢ # 1 (mod p).
(c) |G} = ap, where pta and kp+ 11t a for any k € N.
10. Show that G is not simple whenever one of the following statments
is true:

(a) |G| =p*(p+ 1), where a > 1.
(b) |G| =p*(p+3), wherea >3 ifp=2anda>1ifp>3.
(c) |G| = p*(p? — 1), where a > 1 and p is odd.

11. Show that if |G| € {30, 56,105,132}, then G is not simple.

12. Show that G is not simple in the following cases:

(a) |G} = 90. (HINT: Show that if Q is a Sylow 3-subgroup of G
and 1 # z € @, then Cg(z) = Q.)

(b) |G| = 112. (HINT: Use fact B above to show that any two
Sylow 2-subgroups of G intersect trivially.)

(c¢) |G| = 120. (HINT: Show that G imbeds in Xg, and contra-
dict Exercise 3.8.)
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(d) |G| =144. (HINT: Argue as in part (i) above.)
(e) |G| = 180. (HINT: Show that if Q is a Sylow 3-subgroup
of Gand 1 #z € Q, then |Cg(z): Q] < 2.)

From fact A above and Exercises 9-12, we can conclude that if G is a simple
group with |G| < 200, then |G| either is prime or is equal to either 60 or
168. (Verify this.) In light of Theorem 5 and Theorem 6.8, all we need now
show is that any two simple groups of order 168 = 23 -3 - 7 are isomorphic.
We accomplish this in Exercises 13-17 below by showing that any simple
group of order 168 is isomorphic with a specific subgroup of Ag. (Compare
with Exercise 6.9.) Let G be a simple group of order 168, let P = <z> be
a Sylow T-subgroup of G, and let H = Ng(P).

13. Show that H = {g € G | gzg! € P} is a non-abelian group of
order 21 which is generated by x and y, where y has order 3 and
yry ! =zt

14. (cont.) Show that Ng(<y>) is isomorphic with X3 and is gener-
ated by y and z, where z has order 2 and yzy = z.

15. (cont.) Show that G/H = {H,zH,zzH,... ,z52H}. Conclude
that G =<z,y,z>.

Let ¢: G — Xg be the monomorphism corresponding to the action of G
on the coset space G/H. Observe that p(G) = ¢(G) < T§ < As. View
Yg as the group of permutations of the set {00,0,1,2,3,4,5,6}; for each
0 < i < 6, associate i with the coset z*2H, and associate oo with the
coset H.

16. (cont.) Show that o(z) = (012345 6), that p(y) = (142X3 5 6),
and that ¢(z) = z; for some i, where 2z; = (co 0)1 32 5)4 6),
z3 = (00 0X1 5X2 6X3 4), and z3 = (00 0X1 6)2 3Y4 5).

17. (cont.) Let L; = <p(x), p(y),2:> < Ag for i = 1,2,3. Show that
L, = Ly = L3. Conclude that G is uniquely determined up to
isomorphism.

8. Finite p-groups

We have seen that Sylow’s theorem allows us to gain informa-
tion about finite groups by concentrating on the properties of their
subgroups of prime-power order. This motivates the study of finite
p-groups, a rich subject whose surface we shall but scratch in this
section. Our first result is the most basic property of finite p-groups.
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THEOREM 1. If P is a non-trivial finite p-group, then Z(P) is also
non-trivial. Moreover, if 1 # N < P, then N N Z(P) # 1.

PROOF. Suppose that Z(P) = 1. Let K; = {1}, K3, ..., K, be the
conjugacy classes of P. If K; = {z} for some ¢ and some = € P, then
gzg~! = z for all g € P, which shows that z € Z(P) = 1. Therefore,
|K;| > 1 for each 1 < ¢ < r. But each K; is an orbit under the
action of P on itself by conjugation (as in Proposition 3.13), and
thus | K;| divides |P)| for all ¢ by Corollary 3.5; since P is a p-group,
we must have |K;| = 0 (mod p) for each 1 < i < 7. We now have
|P| =1+ |K2|4+---+|K,| =1 (mod p), since P is the disjoint union
of Ki,...,K,. This is a contradiction, since |P| is divisible by p.
Therefore, Z(P) is non-trivial. Now let 1 # N 4 P. Then N is
the disjoint union of the K; for all j in some subset S of {1,...,7},
where S contains 1 and |S| > 1. If NN Z(P) = 1, then we would
have |K;| > 1 for all 1 # j € S, which as above would lead to the
contradiction that [N| =1 (mod p). N

In particular, this implies that the only finite simple p-groups
are the groups of prime order, as was mentioned in the exercises to
Section 7.

The center of a non-abelian finite p-group cannot be trivial, but
neither can it be too large:

LEMMA 2. If G is a non-abelian group, then G/Z(G) cannot be
cyclic. In particular, if P is a finite p-group, then |P : Z(P)| # p.

PROOF. Suppose that G/Z(G) =<zZ(G)> for some z € G.
Then G would be generated by the set S = Z(G) U {z}. But every
pair of elements of S commutes; Proposition 1.2 now implies that
<8> = G is abelian, which is a contradiction. If P is a finite p-group
and |P : Z(P)| = p, then P/Z(P) is necessarily cyclic, contradicting
the above. W

Recall that a proper subgroup H of a group G is said to be max-
imal if there is no proper subgroup of G that properly contains H.
If G is a non-trivial finite group, then G has maximal subgroups,
and every proper subgroup of GG is contained in some maximal sub-
group. We now show that maximal subgroups of finite p-groups are
particularly well-behaved.

ProOPOSITION 3. If P is a finite p-group, then every maximal sub-
group of P is normal in P.
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PROOF. We shall use induction on |P|. If |P| = 1, then P has
no maximal subgroups; if |P| = p, then P = Z, and the result
holds. Thus, we can assume that |P| > p and that the result is
true for all p-groups of order less than |P|. Let M be a maxi-
mal subgroup of P, and let Z = Z(P). Now Z 4 P, so MZ
is a subgroup of P which contains M; by the maximality of M,
we have either MZ = P or MZ = M. If MZ = P, then as
M and Z are clearly contained in Ng(M), we see that M < P.
Now suppose that MZ = M. Then Z < M, and by the corre-
spondence theorem we see that M/Z is a maximal subgroup of the
p-group P/Z. Since Z # 1 by Theorem 1, we have |P/Z| < |P]|,
so by induction we have M/Z < P/Z, which gives M < P by the
correspondence theorem. W

COROLLARY 4. Any maximal subgroup of a finite p-group is of
index p.

ProOF. Let P be a finite p-group and let M be a maximal sub-
group of P; then M < P by Proposition 3. As P/M is a non-trivial
p-group, it follows via Cauchy’s theorem that P/M has a subgroup
of order p, which must have the form L/M for some M < L < P.
But as M is maximal in P, we must have L = P, and consequently
|[P:M|=p. B

Our next task is to classify the finite abelian p-groups. We require
the following lemma.

LEMMA 5. Every non-generator of a cyclic p-group P is a pth
power in P.

PROOF. By Theorem 1.4, P has a unique subgroup @ of index p
which is generated by zP, where z is a generator of P. If y € @, then
for some n we have y = (zP)" = (z™)?; hence every element of Q) is a
pth power in P. But by Corollary 4, Q must be the unique maximal
subgroup of P and thus is exactly the set of non-generators of P,
as the generators are precisely the elements that do not lie in any
maximal subgroup. W

THEOREM 6. A finite abelian p-group is a direct product of cyclic
p-groups.

PROOF. Let P be a finite abelian p-group. We shall use induction
on |P|, so we may assume that |P| > p and that the result is true
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for abelian p-groups of order less than |P|. Let @ be a maximal
subgroup of P; then |P/Q| = p by Corollary 4. By induction, we
can write Q = Q1 x...X Q,, where Q; is cyclic of order p* for each i;
without loss of generality we can take a; > ... > a, > 1.

Let z be an element of P which does not lie in Q. Since |P/Q| = p,
we have zP € Q, and hence we have P = y, ---y,, where y; € Q;
for each i. If for some i and some z; € Q; we have y; = zf, then
(za; )P = aPz; P =aPy; =y Y1 1-Yiga -+ Ys but zz; ¢ Q.
From this observation and Lemma 5, we conclude that there exists
z € P—(Q such that z? = y; - - - y,, where each y; is either a generator
of Q; or the identity. If z? = 1, then P is the direct product of <z>
and the Q;. Hence we can assume that z? # 1, in which case y; # 1
for some 7; let 1 < j < s be minimal such that y; # 1.

We now have z? = y,---y,. Since P is abelian, we see that the
order of z? is the least common multiple of the orders of y;, ..., ys,
namely p%; hence |<z>| = p%+!. Let Q < @ be the direct product
of all the Q; except Q;. We have |Q| =1Q|/|Q;] = |Q|/p%. If we
can show that <z>NQ = 1, then <z>Q will be a direct product
of order p|Q| = |P|, and hence P will be a direct product of cyclic
p-groups.

Consider an element z* of <z>. Since zP € @ and z" ¢ Q for
1 < n < p, we see that z* € Q only when p | t. Let t = mp for some
0 < m < p%; then we have z* = (2F)™ = yJ*---y". Now y* # 1,
since m < p% = |<y;>|; thus the unique decomposition of z* in
Q = Q1 X ... x Q, has a non-identity element in the coordinate as-
sociated to Q;. This shows that z* does not lie in Q, since Q consists
precisely of those elements of @ whose unique decomposition in the
direct product @ has the identity in the @);-coordinate. Therefore,
we have <z>NQ =1 as required. W

We now consider some of the ways in which knowledge about
finite p-groups can be used to study arbitrary finite groups. Our
next result is a standard tool in finite group theory and is of great
importance in this regard.

FRATTINI ARGUMENT. Let G be a finite group, let NV < G, and
let P be a Sylow subgroup of N. Then G = Ng(P)N.

PROOF. Let g € G; then gPg~! C gNg~! = N. Hence P and
gPg~! are both Sylow subgroups of N, so by Sylow’s theorem they
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are conjugate in N, and hence n(gPg~!)n~! = P for some n € N.
From this we see that ng € Ng(P), which allows us to conclude that
g€ Ng(P)n ' C Ng(P)N. R

THEOREM 7. The following statements about a finite group G are
equivalent:

(1) Every Sylow subgroup of G is normal in G.
(2) G is the direct product of its Sylow subgroups.
(3) Every maximal subgroup of G is normal in G.

A finite group satisfying these equivalent conditions is said to be
nilpotent; clearly, finite abelian groups and finite p-groups are nilpo-
tent. There is an equivalent definition of nilpotence which extends
to infinite groups and which will be discussed in Section 11.

PRroOF. We will prove the equivalence of the above statements by
showing the circular implications (1) = (2) = (3) = (1).

Suppose first that (1) holds. Let py,...,p, be the distinct prime
divisors of |G|, and for each 1 < i < n let P; be a Sylow p;-subgroup
of G. By hypothesis, the P; are normal subgroups of G. Using
Lagrange’s theorem and Propositions 1.7 and 3.12, we can show by
induction that P;---P; is a normal subgroup of order |P|---|Fj|
for every i. This gives G = P; - - - P,. The same argument allows us
to conclude that ‘Pl . '-F’i—lpi+1 i Pn‘ = ‘P]l v IH_1|]Pi+1| v ‘Pnly
and hence that P, NP, ---P,_1P,.,---P, = 1, for every i. It now
follows that G is the direct product of the P;. Therefore (1) = (2).

Now suppose that (2) holds. Let M be a maximal subgroup of G,
and let Py, ..., P, be the Sylow subgroups of G. (The P; are unique
by hypothesis.) By Proposition 2.10, M is the direct product of the
MNP, Since M is maximal in G, we see that there is exactly one j
for which M N P; is maximal in P; and that M N P; = P,; for all
other ¢. As M N P; < P; by Proposition 3, we now see easily that
M < G. Therefore (2) = (3).

Finally, suppose that (3) holds. Let P be a Sylow subgroup of G
which is not normal in G. Then we have P < Ng(P) < G, so there
is some maximal subgroup M of G such that P < Ng(P) < M. As
P is a Sylow subgroup of M, and M < G by hypothesis, the Frattini
argument now gives G = Ng(P)M < M, which is a contradiction.
Therefore (3) = (1). M
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As a consequence of this result and our previous work, we can now
deduce a result that is often called the “basis theorem:”

COROLLARY 8. A finite abelian group is a direct product of cyclic
p-groups.

PROOF. By Theorem 7, any finite abelian group is the direct prod-
uct of its Sylow subgroups; but by Theorem 6, each of those Sylow
subgroups is a direct product of cyclic p-groups. W

We close this section with a discussion of p-groups of small order.
Clearly, any group of order p is isomorphic with Z,. By Theorem 1
and Lemma 2, we see that any group of order p? is abelian and hence
by Theorem 6 is isomorphic with either Zy2 or Z, x Zy. Theorem 6
also shows that any abelian group of order p? is isomorphic with one
of Zps,Zpz X L, or Zp X Zip, X Zy,.

We now wish to classify the non-abelian groups of order p?. We
see from Theorem 1 and Lemma 2 that the center of such a group
must have order p. We see also from Proposition 3 and Corollary 4
that a maximal subgroup of such a group is a normal subgroup of
order p2. For now we consider the case where p is odd. We will need
the following rather technical lemma.

LEMMA 9. Let G be a group and let z,y € G. If [z,y] € Z(G),

n(n—1)

then [z, y] = [z,y|™ and z"y™ = (zy)"[z,y]” z for any n € N.
ProOF. Consider the first statement; we shall use induction on n.
Suppose that the statement is true for n € N. Then we have

[:1:"+1,y] — wxnym—n(y—ly)w—ly—l — x[x",y]ym"ly_l

= zfz,y|"yz "y~ = [z, y" "

via the induction hypothesis.
Now consider the second statement; again we shall use induction
on n. Assume that the statement holds true for n € N. Then
mn+1yn+1 — xmny(ywn)—l(yxn)yn — w[mn,y]ymnyn
n n n(n—1)
= zlz,y|"y(zy)" [z, y] " >

(n+1)n

z,y] 2

= (zy)"*]

via the first statement and the induction hypothesis. W
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PROPOSITION 10. If p is an odd prime, then there is exactly one
isomorphism class of non-abelian groups of order p® having elements
of order p?.

PROOF. Let P be a non-abelian group of order p® having an el-
ement of order p>. We wish to show that we can find elements x
and y of P such that x has order p, y has order p?, and z ¢<y>. In
this case, we would have P = <y> x <x>, since the subgroup <y>
is maximal and therefore normal.

Choose an element y of order p?, and choose some = ¢<y>. As-
sume that 2P # 1, for if not then we have found the desired elements
z and y. We know that |Z(P)| = p, and by Theorem 1 we have
<y>NZ(P) # 1; it follows that Z(P) is a subgroup of <y> hav-
ing order p, which by Theorem 1.4 forces Z(P) = <y?>. The group
P/Z(P) has order p? and, by Lemma 2, is not cyclic; hence it has ex-
ponent p. In particular, since (zZ(P))? = Z(P), we see that z” is a
non-trivial element of Z(P), and so we must have 2P = y* for some
1 < k < p. Replace y by y~*, so that zP = y~P; it is still true that
y has order p? and that z ¢<y>. Now since P is non-abelian but
P/Z(P) is abelian, and since Z(P) is simple, it follows from Propo-
sition 2.6 that P’ = Z(P). In particular, we have [z,y] € Z(P), and
by Lemma 9 we have (zy)? = zPy?|z,y| M (Observe that 2
divides p— 1 since p is odd.) Replace = by zy; we still have z ¢<y>,
and hence = and y are the desired elements.

We have shown so far that any non-abelian group of order p*
having an element of order p? can be written as a semidirect product
of Z,2 by Z,. From Proposition 2.1, we know that Aut(Zy2) is an
abelian group of order p(p — 1). Sylow’s theorem now implies that
Aut(Z,2) has a unique subgroup of order p. Thus there exists a
monomorphism from Z;, to Aut(Zpz), and any two such maps must
have the same image. The existence and uniqueness of a semidirect
product of Zy2 by Z, now follows from Proposition 2.11. W

ProprosSITION 11. If p is an odd prime, then there is exactly one
isomorphism class of non-abelian groups of order p* having no ele-
ments of order p?.

PROOF. We easily see that any non-abelian group of order p?
having no elements of order p? can be expressed as the semidirect
product of a maximal subgroup by the subgroup generated by an
element not lying in that maximal subgroup. Therefore, it suffices
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to consider semidirect products of Z, x Zp by Z;. Proposition 4.1
gives Aut(Z, x Zp) & GL(2,p), where if Z, x Zy = <u,v>, then

@ b) € GL(2, p) corresponds to the automorphism sending u to u*v°
and v to ubv?®. We have |Aut(Z, x Zp)| = p(p — 1)*(p + 1) by
Proposition 4.2, and hence all subgroups of order p of Aut(Z, x Zy)
are conjugate by Sylow’s theorem. Let ¢ and 7 be monomorphisms
from Z, to Aut(Zy, x Zy). (Such monomorphisms exist; for instance,
consider the map sending a generator of Z, to the automorphism
corresponding to (3 1).) Then there is some f € Aut(Zp x Zp)
such that 7(Z,) = fY(Zp)f™' = (f o ¥)(Zp), where f is the in-
ner automorphism of Aut(Z, x Z,) induced by f. We now have
(Zp X Zy) X7 Ly = (L X Zip) X oy Lp = (Zp X Zip) Xy Z by Propo-
sitions 2.11 and 2.12. W

We now discuss the non-abelian groups of order 8. By Exer-
cise 1.2, any such group P must have an element of order 4. If
P has elements x and y of respective orders 2 and 4 such that
x ¢ <y>, then by imitating the proof of Proposition 10 we conclude
that P = Z4 %, Z; = Dg, where ¢ is the unique monomorphism
from Zg to Aut(Z4) = Z,. This will happen unless P has exactly
one element of order 2, a possibility we must now investigate.

Suppose that t is the unique element of order 2 of P. Let y € P
be an element of order 4, let ) =<y>< P, and let x € P be
such that P/Q =<z@Q>. Since z cannot be of order 2, we must
have 22 = t = y2. We now see that each element of P can be
written uniquely as z°y® for some 0 < a < 3and 0 < b < 1. It
is not hard to show that we must have yz = z3y; this completely
specifies the group operation of P. It now follows that if such a
group exists, then it is uniquely determined up to isomorphism. To
show existence, we consider the subgroup of SL(2,3) generated by
z=(}1)and y = (92), which is non-abelian of order 8 and which
has a unique element (29) of order 2. (Here we are thinking of the
field of 3 elements as being the set {0, 1,2} with arithmetic performed
modulo 3.) This group is called the quaternion group. We gave an
alternate description of the quaternion group in Exercise 2.11, where
it was shown that this group (unlike all other groups of order p*)
cannot be written non-trivially as a semidirect product.
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EXERCISES

Throughout these exercises, p denotes a prime.

1.

2.

Show that if P is a non-cyclic finite p-group, then P has a normal
subgroup N such that P/N = Z, x Zj,.

Let P be a group of order p™. Show that P has a normal sub-
group N, of order p* for every 0 < a < n, and that these subgroups
can be chosen so that N, is contained in N, whenever a < b.

. Let G = GL(n,p), and let P be a Sylow p-subgroup of G. What

is the order of Z(P)? What is the order of Z(P/Z(P))? If we let
Z4(P) € P be such that Zy(P)/Z(P) = Z(P/Z(P)) and continue
in this way, what happens?

. Let U be the subgroup of GL(n,p) consisting of the upper uni-

triangular matrices, and let @ be the subgroup of U consisting of
all matrices whose (7, 7)-entry is zero whenever 1 < i < j < n.
Determine Z(Q), and show that Q/Z(Q) is abelian.

Show that subgroups and quotient groups of finite nilpotent groups
are nilpotent, and that direct products of finite nilpotent groups
are nilpotent.

. Let U be the subgroup of GL(3,p) consisting of the upper uni-

triangular matrices. Show that if p is an odd prime, then U is a
non-abelian group of order p? having no elements of order p?. If
p = 2, with which group of order 8 is U isomorphic?

FURTHER EXERCISES

. Show that a finite group G has a largest nilpotent normal subgroup,

in the sense that it contains all nilpotent normal subgroups of G.
(This subgroup is called the Fitting subgroup of G.)

The intersection of all maximal subgroups of a finite group G is called
the Frattini subgroup of G and is denoted by ®(G).

8.
9.

10.

Show that ®(G) is a nilpotent normal subgroup of G.

Show that g € ®(G) iff whenever G = <S> and g € S, then
G=<S-{g}>

Show that if P is a finite p-group, then P/®(P) is an elementary
abelian p-group.
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9. The Schur-Zassenhaus Theorem

This section is devoted to another of the basic results of finite
group theory, the Schur-Zassenhaus theorem. We first need some
terminology. A complement to a normal subgroup N of a group G is
a subgroup H of G such that G = N x H. A subgroup H of a finite
group G is called a Hall subgroup if |H| and |G : H| are coprime.

SCHUR-ZASSENHAUS THEOREM. Any normal Hall subgroup of a
finite group has a complement.

PROOF. Let N be a normal Hall subgroup of a finite group G. If
G has a subgroup K of order n = |G : N|, then we have NN K =1
by Lagrange’s theorem since n and |N| are coprime, and hence we
have |[NK| = |N||K| = |G| by Proposition 3.12, showing that K
is a complement to N. Therefore, it suffices to show that G has a
subgroup of order n. We shall assume by induction that any finite
group of order less than |G| which has a normal Hall subgroup also
has a subgroup whose order is equal to the index of that normal Hall
subgroup.

Let P be a Sylow subgroup of N. By the Frattini argument, we
have G = Ng(P)N. Now Ny(P) = Ng(P)N N < Ng(P), and we
have G/N = Ng(P)N/N & N¢g(P)/Ng(P)NN = Ng(P)/Nn(P)
by the first isomorphism theorem. Thus |Ng(P) : Ny(P)| = n, and
since | Ny (P)| divides |N|, we conclude that Ny (P) is a normal Hall
subgroup of Ng(P). If Ng(P) < G, then by induction Ng(P), and
hence G, has a subgroup of order n. Therefore, we assume that
N¢(P) = G, or equivalently that P < G.

Suppose that P <« N. By the correspondence theorem, we have
N/P QG/P and |G/P : N/P| =|G: N| = n. Since |N/P| divides
|N| and |G/P| < |G|, by induction G/P has a subgroup of order n;
this subgroup must be of the form L/P where P <4 L < G. Now
|L N N| divides both |L| = n|P| and |N|, which since n and |N| are
coprime forces [LN N| < |P|. But P < LN N; hence LN N = P,
and in particular L < G. As |P| and |L/P| = n are coprime, we see
by induction that L, and hence G, has a subgroup of order n. We
now assume that N = P.

Suppose that N is non-abelian. Let Z = Z(N); then 1< Z a N
by Theorem 8.1 since N is a p-group, and since the center of a group
is a characteristic subgroup, it follows from Exercise 2.4 that Z < G.
By the correspondence theorem, G/Z has a normal subgroup N/Z
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of index n. Thus by induction, G/Z has a subgroup of order n of the
form L/Z where Z <« L < G. Arguing as in the previous paragraph,
we find that LN N = Z and in particular that L < G. Here |Z|
and |L/Z| = n are coprime, so by induction L, and hence G, has a
subgroup of order n.

It now suffices to prove that if A is an abelian normal Hall sub-
group of G, then A has a complement in G. Within the abelian
group A, we shall adopt additive notation, but we will retain multi-
plicative notation when considering A as a subgroup of G. (Our new
choices of notation are due to the connections of what follows with
the cohomology of groups; these connections will be discussed both
after the proof and in the further exercises.)

Let H = G/A, and let h € H; we view h as being a coset of
A in G. If t and u are elements of G which are contained in the
coset h, then we have t71u € A since tA = uA = h, and hence we
have tzxt™! = uzu~! for any = € A since A is abelian. Consequently,
for x € A and h € H, we can define "z € A to be tzt™! for any
t € h. This gives an action of H on A; furthermore, this action has
the additional property that *(z + y) = "z + "y for any =,y € A,
and "(—z) = —("z) for any z € A. (We can interpret this as giving
a homomorphism from H to Aut(A).)

For each coset h € H, we select some element ¢, € h; this gives an
n-element set {¢, | h € H} which is a transversal of A in G. The fact
that ¢, A = (tan,A)™" = (hiho)™ = hy'hy' for any hy,hy € H
allows us to conclude that thlthzt;llh2 € A. Thus we can use our
choice of coset representatives to define a function f: H x H — A
by letting f(hy,he) € A be such that tp,th, = f(h1, he)thn,. We
have ty,, (th,th;) = (th,th,)th, for any hy, ho, hs € H by associativity
in G, but we also have

thl (thztha) = thl f(h2’ h3)th2h3 = th1 f(h‘27 h3)ti711th1 thzhs
=™ f(ha, h3) f(h1, hahs )t hohy,

and (thlthz)tha = f(hl’ h2)th1h2th3 = f(hh hZ)f(h1h27 h3)th1h2h3' We
conclude that the function f satisfies the cocycle identity

" f(hy, hs) + f(hy, hahs) = f(h1, ha) + f(hihs, hs)

for any hy,hs,hs € H.
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Suppose that a set map c: H — A satisfies
f(ha, ha) = c(huhy) = e(hn) = " c(ha)

for all hy, h, € H. Then we would have

c(hiha)tnn, = c(hi) " c(ha) f(hihe)th,n,
= c(h1)tn, c(h2)ty, th, th,
= C(hl)tth(hg)th2

for all hi,ho, € H. In this case, the map ¢: H — G defined by
¢(h) = c(h)ty, would be a group monomorphism, and its image would
be a subgroup of G of order |[H| =n. (If 1 # h € H, thent, ¢ A
and hence c(h)t;, # 1, showing that ker ¢ is trivial.) Hence it suffices
to show the existence of such a function c.

Define a function e: H — A by e(h) = Y f(h,k) for h € H.
Using the cocycle identity, we have keH

nf(hi, ha) + e(hiha) = Y (f(h1, he) + f(hihs, hs))

hseH

= Z (hlf(h".’, h3) + f(hl, h2h3))

hse€eH

=M(3" f(ha, k) + Y fh1, k)

keH keH

= "e(hy) + e(hn)

and hence nf(hy, hy) = —e(hihy)+e(h1)+"e(h,) for any hy, hy € H.
Since A is abelian, the map sending each element of A to its nth
power is an endomorphism of A, and as n and |A| are coprime we
find that this map is an automorphism. Therefore, each x € A has a
unique preimage under the nth power map, which we denote by %:v;
observe that 1 (z+y) = 1z+lyforany z,y € 4,and > (—2z) = — .=
for any £ € A. We now define c: H — A by c(h) = —Le(h) for
h € H, and it follows that

fhi,ha) = L(—e(hiha) +e(h1) + " e(ha)) = c(hiha) —c(ha) + " c(hs)
for any hi, ho € H as required. W

We now wish to fit some of the ideas developed in the proof
of the Schur-Zassenhaus theorem into a more general framework.
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Let H be an arbitrary group, and let A be an abelian group writ-
ten additively. Suppose that we have an action of H as automor-
phisms of A, or equivalently a homomorphism from H to Aut(A).
A function f: H x H — A satisfying the cocycle identity given in
the above proof is called a 2-cocycle of the pair (H, A). The set
of all 2-cocycles of (H, A) is denoted by Z%(H, A), and if we de-
fine (f + g)(ha, h2) = f(hi,h2) + g(h1, hy) for f,g € Z2(H, A) and
hi,hy € H, then Z*(H, A) becomes an abelian group. A 2-cocycle
is called a 2-coboundary if there is a function ¢: H — A such that
f(hl,hg) = C(hl) + hlc(hq) - C(hlhz) for all hl,hz € H. The set
of 2-coboundaries of (H, A) is denoted by B*(H, A) and is a sub-
group of Z?(H, A). The quotient group Z*(H, A)/B*(H, A) is called
the second cohomology group of (H, A) and is denoted by H?(H, A).
(This terminology comes from algebraic topology. We shall define
the nth cohomology group of (H, A) for any n € N in the further
exercises to Section 12.)

Now suppose that A is an abelian normal Hall subgroup of a fi-
nite group G. We showed during the proof of the Schur-Zassenhaus
theorem that any 2-cocycle f of (G/A, A) was a 2-coboundary, or
equivalently that H2(G/A, A) = 0. (The difference of sign between
the definition of 2-coboundary given above and what was established
in the proof is irrelevant.) Furthermore, we showed that this fact im-
plied the existence of a complement to A in G. We attempt to make
this connection between the second cohomology group of (G/A, A)
and the existence of complements to A in G more transparent in the
further exercises below.

A stronger version of the Schur-Zassenhaus theorem asserts that if
N is a normal Hall subgroup of a finite group G, then not only does NV
have a complement in G, but all such complements are conjugate
in G. To prove this, one needs the concept of solvable groups, which
we shall introduce in Section 11; see [22, pp. 246-8| for further
details.

EXERCISES

1. Suppose that G is a finite group such that G = N x H, where H
is abelian. Show that if |N| and |H| are relatively coprime, then
all complements to N in G are conjugate.

2. Repeat Exercise 1 under the assumption that H is nilpotent rather
than abelian.
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FURTHER EXERCISES

These exercises are a continuation of the further exercises to Section 2.
Let N and H be groups. A factor pair of N by H is a pair (f, ) of set
maps f: H x H — N and ¢: H — Aut(N) satisfying properties 1, 2,
and 3 listed on page 27. Let £ be the set of extensions of N by H, and
let F be the set of factor pairs of N by H. In what follows, we will always
use “extension” to mean an element of £, and “factor pair” to mean an
element of F.

3. Let (f, ) be a factor pair, and define

(z,0) - (y,8) = (zp(a)(y) f(a, B), aB)

for (z,a),(y,8) € N x H. Show that this gives a group structure
on N x H; call this group Ey,,. Show further that (Ej,4,7) is
an extension, where i(z) = (z,1) and 7(z, @) = @, and that (f,¢)
is the factor pair arising from some normalized section of Ef .
(Observe that this construction generalizes the notion of external
semidirect product.)

We have seen in Exercise 2.13 that an extension gives rise to a factor pair
via a choice of normalized section, and we have just given an explicit con-
struction of an extension from a given factor pair. We view these processes
as giving maps between £ and F, and we now investigate the relationship
between these maps. We must first consider the relation between factor
pairs arising from different normalized sections of the same extension.

4. (cont.) Suppose that ¢ and u are normalized sections of an exten-
sion E, and let (f,¢) and (g, p) be the factor pairs arising from
t and wu, respectively. Let ¢: H — N be the set map such that
uw(a) = c(a)t(a) for every a € H. Show that the following proper-
ties hold:
4 p(a) = ¥(c(a))p(a) for a € H, where ¥(c(a)) is the inner
automorphism of N coresponding to c(a).

5 g(a, B) = c(a)p(a)(c(8)) f(a, B)e(aB) ™ for o, 8 € H.

The above exercise motivates the following definition: We say that two
factor pairs (f, ) and (g,p) are equivalent if there is a map ¢: N — H
such that properties 4 and 5 hold. (Verify that this is an equivalence
relation on F.) Let F denote the set of equivalence classes of factor pairs;
we will use [f,¢] to denote the class of the factor pair (f,). We have
a well-defined map from £ to F which sends an extension to the class of
a factor pair arising from any normalized section. We must now consider
what happens when we pass from F back to £ via the construction in
Exercise 3. Here we will need to recall the exact definition of an extension.
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5. (cont.) Let (f,¢) and (g,p) be factor pairs, with [f,¢] = [g, 0].
Let i: N — Ef, and j: N — E, , be the natural inclusions (of
N into the underlying set N x H), and let 7: Ef, — H and
T: Eq, — H be the natural projections (of the underlying set
N x H onto H). Show that there is an isomorphism §: Ff, — E, ,
such that £oi=jand To & = .

Motivated by the above exercise, we say that two extensions (E,4,7) and
(F,j,7) are equivalent if there is an isomorphism £: E — F such that
£oi=jand 7o = w. (Verify that this gives an equivalence relation on £.)
We let £ denote the set of equivalence classes of extensions, and we let [E]
denote the class of an extension E. In this context, Exercise 5 asserts that
there is a well-defined map from F to &, sending [f, ¢| to [Ef,,)].

6. (cont.) If p is an odd prime, show that Zy2 can be realized in p—1
nonequivalent ways as an extension of Zy by Zp.

7. (cont.) We have already obtained a map from £ to F, sending
an extension E to the class of the factor pair arising from any
normalized section of E. Show that this map induces a map from £
to F.

8. (cont.) Show that the map from £ to F obtained in Exercise 7
is inverse to the map from F to £ sending [f, ¢] to [Ef,,]. Con-
clude that there is a bijective correspondence between the set of
equivalence classes of extensions and the set of equivalence classes
of factor pairs.

Exercise 8 implies that in order to study extensions up to equivalence, it
suffices to study equivalence classes of factor pairs. The next two exercises
give a slight refinement of the correspondence just obtained.

9. (cont.) Let n: Aut(N) — Out(N) be the natural map. Show
that if (f,¢) and (g, p) are any two factor pairs arising from an
extension E, then 10 ¢ = no p, and this map from H to Out(N)
(which we denote by ¥g) is a homomorphism. Conclude that there
is a well-defined map from & to the set of homomorphisms from H
to Out(N), sending E to ¥g.

10. (cont.) Let ¢: H — Out(N) be a given homomorphism. Show
that there is a bijective correspondence between the set of classes
[E] of € for which g = ¢ and the set of classes [f, ] of F for
which 5o ¢ = 9, where n: Aut(N) — Out(N) is the natural map.

We now consider the case where the group N is abelian; we write A
instead of N, and we will use additive notation for A. Observe that
Out(A) = Aut(A). We fix a homomorphism ¢: H — Aut(A), and we
write za in lieu of p(z)(a) for € H and a € A. We would like to study
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those equivalence classes [E] of extensions of N by H for which ¥ = ¢;
we say that such extensions respect the action of H on A. By Exercise 10,
it suffices to study equivalence classes [f, @] of factor pairs of A by H. We
suppress ¢ in our notation, so that we are studying functions f: HxH — A
such that f(z,1) = f(1,z) =0 for all z € H and which in addition satisfy

f@y) + fzy,2) = 2f(y,2) + f(=,y2)

for all z,y, 2 € H, with two such functions f and g being equivalent if there
is a map ¢: H — A such that ¢(1) =0 and

g(z,y) = f(z,y) + c(z) + zc(y) — c(zy)

for all z,y € H. As discussed in the section, the set H?(H, A) of equivalence
classes of such functions forms an abelian group that is called the second
cohomology group of (H, A). It now follows from Exercise 10 that there
is a bijective correpondence between the group H2?(H, A) and the set of
equivalence classes of extensions of A by H which respect the action of H
on A. In particular, if H2(H, A) = 0, then every extension of A by H is
split.

11. (cont.) Suppose that H and A are both finite. Show that the order
of each element of H%(H, A) divides both |H| and the exponent
of A. (This implies that H2(G/A, A) = 0 when A is an abelian
normal Hall subgroup of a finite group G, which we established in
proving the Schur-Zassenhaus theorem.)



4
Normal Structure

The theme of this chapter is the examination of a group G through the
study of descending series of subgroups of G in which each term is either
normal in G or at least normal in the previous term. These series allow
us to consider the “normal structure” of groups, an area of study that is
fundamental to group theory. In Section 10 we discuss composition series
and chief series, while in Section 11 our attention turns to the derived
series and to central series, and hence to the concepts of solvability and
nilpotence.

10. Composition Series

We say that a series of subgroups G =Gy > G; > ... > G, =1
of a group G is a composition series of G if G;1; < G; for every i
and if each successive quotient G;/G;41 is simple. The above com-
position series is said to have length . The successive quotients of
a composition series are called the composition factors of the series.
More generally, a group is said to be a composition factor of G if it is
isomorphic with one of the composition factors in some composition
series of G.

For example, consider the group Xs. It has a normal subgroup As
that is simple by Theorem 7.4. Since ¥5/As = Z is also simple, we
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see that X5 > Ag > 1 is a composition series of ¥5. In fact, this is
the only composition series of X5, for we observed in the proof of
Theorem 7.5 that the only non-trivial proper normal subgroup of 35
is A5.

We say that N is a maximal normal subgroup of a group G if
N < G and if there is no proper normal subgroup of G that prop-
erly contains N. Any non-trivial finite group has maximal normal
subgroups. We see using the correspondence theorem that N is a
maximal normal subgroup of G iff G/N is simple. A maximal sub-
group that is also normal is clearly a maximal normal subgroup (and
must be of prime index), but a maximal normal subgroup need not be
a maximal subgroup, for it could be properly contained in a proper
subgroup that is not normal. For example, the group As X Z, has
1 X Z, as a maximal normal subgroup that is not maximal.

PROPOSITION 1. Finite groups have composition series.

PROOF. Let G be a finite group. We use induction on |G|. If G
is simple, then G > 1 is a composition series of G, and otherwise
G has some maximal normal subgroup G, which has a composition
series G; > Gy > ... > G, = 1 by induction. Since G/G; is simple,
it now follows that G = Gy > G; > ... > G, = 1 is a composition
seriesof G. W

Infinite groups need not have composition series. For example,
using Theorem 1.5 we see that every non-trivial subgroup of the
infinite cyclic group Z is isomorphic with Z; as Z is not simple, we
conclude that Z has no simple subgroups and hence that we cannot
construct a composition series of Z, since the last non-trivial term
of such a series must be a simple subgroup of Z.

LEMMA 2. Let G be a group that has a composition series, and
let N 4 G. Then N has a composition series.

PROOF. Let G = Gy > G; > ... > G, = 1 be a composition
series of G. Let N; = N N G, for each i, so that we have a series
N =Ny > N; >...2 N, =1 of subgroups of N. Fix some i. We
easily see that N;;; < N;, and since N NGy = (NN G;) NGy
we have Ni/Ni+1 =NnN G,/Nﬂ G’H—l = (N N Gi)Gi+1/Gi+1 by the
first isomorphism theorem. Let n: G; — G,;/G;41 be the natural
map, then (N N Gi)Gi+1/Gi+1 = n(NﬂG,) ﬂ ’l’](Gz) = Gi/Gi+17 and
hence N;/N,,; is isomorphic with a normal subgroup of the simple
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group G;/Gis1. Therefore, either N; = Nyiq, or N;/Nip1 = Gi/Gipa
is simple; thus we obtain a composition series of N by deleting from
the series N = Ny > N; > ... > N, = 1 any repetitions that may
occur. B

Let G = Gy > Gy > ... > G, = 1 be a composition series, and
suppose that G = Hy > H; > ... > H, = 1 is another composition
series of the same length r. We say that these series are equivalent if
there is some p € 3, such that G;_1/G; = H,u)-1/H) for every i.
For example, let G = <z> = Zg, let G; = <x?>, let H; = <z®>>, and
consider the two composition series G > G; > 1 and G > H; > 1;
these are equivalent, as G/G; = H, /1 2 Z3 and G, /1 = G/H; = Zs.
(Here we take p = (12) € 3,.)

Our next result asserts that, up to equivalence, a group has at
most one composition series. Consequently, a group having a com-
position series has a well-defined collection of composition factors,
and an understanding of these factors gives a framework for gaining
further information about the group. Since composition factors are
simple groups, in studying arbitrary finite groups we would like to
have comprehensive knowledge about the finite simple groups. The
classification of all finite simple groups was completed in 1980 after
two decades of concentrated work by a number of specialists, and it
is generally regarded as one of the crown jewels of twentieth-century
mathematics.

JORDAN-HOLDER THEOREM. Suppose that G is a group that has
a composition series. Then any two composition series of G have the
same length and are equivalent.

PROOF. Suppose that G = Go > G; > ... > G, = 1 and
G=Hy>H,>...>H, =1 are two composition series of G. We
use induction on r, the length of one of the composition series. If
r = 1, then G is simple, and clearly in this case G > 1 is the only
composition series of G. Now let r > 1, and assume by induction
that the result holds for any group having some composition series of
length less than r. If G; = H;, then G; has two composition series
of respective lengths r — 1 and s — 1, and so by induction we see that
r = s and that the two composition series of (G;, and hence the two
composition series of G, are equivalent.

We now assume that G; # H;. As G; < G and H; 4 G, we have
G1H; 4 G by Proposition 1.7. But G/G; is simple, so we cannot
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have G; < H;, and hence we must have H; < G;H;, which since
G/H, is simple forces G1H; = G. Let K = G; N H; 4 G, and
observe that we have G/G; = H,/K and G/H; = G,/ K by the first
isomorphism theorem. (In particular, G;/K and H;/K are simple.)
We have a composition series K = Kg > K; > ... > K; =1 of K
by Lemma 2.

We now have two composition series G; > Gy > ... > G,. =1 and
Gi>K>K;,>K,>...>K;=10f G;. These are of lengths r—1
and t+1, respectively; by induction, we see that ¢ = r—2 and that the
series are equivalent. Similarly, we now have two composition series
H>Hy,>..>H,=land HH > K>K  >K;,>...>K, ,=1
of H;. As these have respective lengths s — 1 and r — 1, by induction
we see that r = s and that the series are equivalent. Finally, we ob-
serve that, because of the isomorphisms derived in the previous para-
graph, the composition series G =Gy > G > K > ... > K, =1
and G=Hy, > H, > K >...> K,_3 =1 are equivalent. It now fol-
lows that our two initial composition series of G are equivalent. MW

Composition series are but one of many types of series of sub-
groups that play important roles in group theory, and so we now
wish to introduce some general terminology. A series of subgroups
G=Gy2G, =2 ...2G, =1 of agroup G is called a subnormal
series of G if G;y; 4 G; for every i; a subnormal series is called
a normal series if G; 4 G for every i. (Some authors use the ter-
minology “normal series” for what we call a subnormal series, and
use “invariant series” for what we call a normal series.) Composi-
tion series are examples of subnormal series, but subnormal series
can have successive quotients that are trivial or that are non-trivial
but not simple. Two subnormal series of the same length are said
to be equivalent if they satisfy the condition stated as the defini-
tion of equivalence of composition series. Any subnormal series that
is obtained from a given subnormal series by interposing additional
terms is called a refinement of the given subnormal series, and such
a refinement is said to be proper if at least one of the interposed
terms was not already present in the series. With this terminology,
a composition series is a subnormal series that has no repeated terms
and does not admit a proper refinement.

A chief series of G is a normal series of G with no repeated terms
and with the additional property that no normal subgroup of G
is contained properly between any two terms of the series. Notice
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the analogy: A composition series is a subnormal series having no
subnormal series as a proper refinement, and a chief series is a normal
series having no normal series as a proper refinement. The chief
factors of a chief series are the succesive quotients, while a group
is said to be a chief factor of G if it is isomorphic with a chief
factor in some chief series of G. The analogue for chief series of the
Jordan-Hélder theorem, namely that any two chief series of a group
have the same length and are equivalent, is true, and the proof is
virtually identical to the proof given in the case of composition series.
Both of these results are special cases of a more general result, the
Jordan-Holder theorem for groups with operators, which we shall
not discuss here. (See [26, Section 2.3].)

We say that N is a minimal normal subgroup of a group G if
1 # N < G and if there is no non-trivial normal subgroup of G that
is properly contained in N. Any non-trivial finite group has minimal
normal subgroups, and a simple group has a unique minimal normal
subgroup, namely itself.

ProrosITION 3. Finite groups have chief series.

PROOF. Let G be a finite group. We shall use induction on |G]|.
If G is simple, then G > 1 is a chief series for G; otherwise, G
has a proper minimal normal subgroup N. By induction, G/N has
a chief series, which by the correspondence theorem has the form
G/N = Gy/N > G,/N > ... > G,/N =1 where, for each i, G; I G
and no normal subgroup of G lies properly between G;_; and G;.
We now see that G = Gy > G > ... > G, = N > 1 is a chief series
for G, since N is a minimal normal subgroup. W

By definition, the composition factors of finite groups are simple
groups. We will complete this section by determining the nature
of chief factors of finite groups. Our first step is to rephrase this
problem in different terms.

LEMMA 4. Let GG be a group having a chief series. Then every

chief factor of GG is a minimal normal subgroup of a quotient group
of G.

Proor. f G = Gy > G, > ... > G, = 1 is a chief series of G,
then it follows from the correspondence theorem that the chief factor
Gi/Gis1 is a minimal normal subgroup of G/G;y;. M
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THEOREM 5. A minimal normal subgroup of a finite group is a
direct product of mutually isomorphic simple groups.

PROOF. Let G be a finite group and let N be a minimal normal
subgroup of G. Let N; be a maximal normal subgroup of N, so
that N/N; is simple. Let Ny, Ns,..., N, be the conjugates of N;
in G; since N < G, each N; is a maximal normal subgroup of N. If
N; = zNyz7! for some z € G, then the map from N/N; to N/N;
sending gN, to zgz~'N; is a well-defined isomorphism, showing that
the groups N/N; are mutually isomorphic. Now since the IV; are the
distinct conjugates of N; in G, conjugation by g € G permutes the
set {Ny,...,N,}, and therefore

g(Nin...0N)g ' =gNig7'Nn...NgN,g ' =N N...NN,.

Hence NiN...NN, 4 G. But N;N...NN,. < N, so by the minimality
of N we must have N;N...N N, = 1.

We will show that, for each 1 < ¢ < r, the group N/N;N...NN;
is a direct product of groups isomorphic with N/Ny; the case i = r
completes the proof. We shall use induction on ¢. The case i =1 is
trivial, so we take ¢ > 1 and assume that the result holds for i — 1. If
Nlﬂ. . -ﬂNi—l < Ni7 then Nl n. ﬂNl = N1 n. '-nNi—l and hence
there is nothing to prove. Thus, we assume that NyN...NN;_; £ N;,
in which case we have N; < (N;N...NN;_;)N; < N. We must have
(N1 N...N N;_;)N; = N, since N; is a maximal normal subgroup
of N. We now have

N/Nin...NN; =N N...NAN;_;/NiN...NN; x N;/NyN...NN;
by Lemma 2.7. But we have
NiN...ON;_i/Nin...ON;_1 N N; 2 (NN ... N;_1)N;/N;
by the first isomorphism theorem, and similarly we have
N;/N:N...ON,_;1 NN, 2 (NyN...NAN;_1)N;/NiN...0NN;_;
— N/N1 ﬂ PP ﬂNi_l.
What we wished to show now follows by induction. W

COROLLARY 6. A chief factor of a finite group is a direct product
of mutually isomorphic simple groups.

Proor. This follows directly from Lemma 4 and Theorem 5. W
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EXERCISES

1. Show that an abelian group has a composition series iff it is finite.

Show that GL(n, F) has a composition series iff F' is finite.

3. Using the third isomorphism theorem (Exercise 2.14), prove the
Schreier refinement theorem: Any two subnormal series of a given
group have equivalent refinements.

4. (cont.) Use the Schreier refinement theorem to give an alternate
proof of the Jordan-Hélder theorem.

5. Determine all composition series and all chief series of ¥, for n > 2.
(HINT: Use Exercise 3.8.)

6. Show that any group having a composition series has a chief series.
7. (cont.) Show that any chief factor of a group having a composition
series is a direct product of mutually isomorphic simple groups.

8. Show that any finite group that has no proper non-trivial charac-
teristic subgroups is a direct product of mutually isomorphic simple
groups. Use this to give a new proof of Theorem 5.

o

11. Solvable Groups

We define a series G*) of subgroups of a group G by setting
G® = @G and taking G® to be the derived group of G*~1) for k € N.
This series is called the derived series of G. Since G**Y is a char-
acteristic subgroup of G*) for each k by Lemma 2.5, we see via
Lemma, 2.4 that the derived series is a normal series of G. Moreover,
we see from Proposition 2.6 that each successive quotient G(*) /G(*+1)
of the derived series is abelian.

We say that a group is solvable if its derived series terminates in
the identity. (Authors from British Commonwealth countries often
write “soluble” in lieu of “solvable” and hence “insoluble” in lieu
of “non-solvable.”) Since a group is abelian iff its derived group is
trivial, we see that abelian groups are solvable. However, not all
groups are solvable. For example, consider the group As. Since
Ay is non-abelian, its derived group must be a non-trivial normal
subgroup of As. But Ajs is simple by Theorem 7.5, so the derived
group of As must be Aj, and hence we have Aé’“) = As for all k. (A
group whose derived group is itself is said to be perfect; by this same
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argument, any non-abelian simple group is perfect, and in particular
is not solvable. However, a perfect group need not be simple. For
example, we established in Section 6 that if there is a non-trivial
nth root of unity in F, then SL(n, F') is perfect but has non-trivial
center, except when n = 2 and |F| = 3.)

Solvable groups are to be thought of as the opposite of simple
groups, in that simple groups have very few normal subgroups while
solvable groups are rife with them. If this is a valid mode of thinking,
then there should be very few groups which are both simple and
solvable. This is indeed the case:

PROPOSITION 1. A simple solvable group has prime order.

PRrROOF. Let G be a simple solvable group. Since G is solvable, we
cannot have G’ = G; as G is simple and G’ < G, this forces G' =1,
and so G is abelian. But every non-identity element of an abelian
simple group must be a generator, and hence such a group must be
finite and of prime order. W

We now give some alternate characterizations of solvability.

PRrROPOSITION 2. The following statements about a group G are
equivalent:

(1) G is solvable.

(2) G has a normal series in which every successive quotient is
abelian.

(3) G has a subnormal series in which every successive quotient
is abelian.

Proor. Clearly, we have (1) = (2) = (3), so we need only
prove that (3) = (1). Suppose that we have a subnormal series
G=Gy>2G;>...2G, =1 in which each successive quotient is
abelian. To show that G is solvable, it suffices to show that G® < G;
for each i, as this gives G < G, = 1. We shall use induction
on i. Since G/G, is abelian, we have G®) < G; by Proposition 2.6.
Now let 5 > 1 and assume by induction that GG~V < G,_;. Then
GW = (GOVY < (G;_1)', and (G;—1)’ < G; by Proposition 2.6 since
Gi-1/G; is abelian. W

We now consider the relationship between the solvability of a given
group and that of related groups.
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PROPOSITION 3. (i) If G is solvable and H < G, then H is

solvable.

(if) If G is solvable and N < G, then G/N is solvable.

(ii)
(iv)

If N 4 G and both N and G/N are solvable, then G is
solvable.
If G and H are solvable, then G x H is solvable.

PROOF. (i) This is clear, since H®) < G® for all k.

(i)

(i)

(iv)

There is anormal series G = Gy > Gy > ... > G, = 1 by Pro-
position 2 such that G;/G;;, is abelian for each i. Consider
the series G/N = GoyN/N > G4N/N > ... > G,N/N = 1.
Fix some 7. Since G; < G and N < G, we have G;N < G and
hence G;N/N < G/N. Since G;N = G;(G;+1N), we have
the first and second isomorphism theorems. We now see via
the second isomorphism theorem that G;/G; NG ;1N is a
quotient of the abelian group G;/G;;1 and hence is abelian.
Therefore, we have constructed a normal series of G/N hav-
ing abelian successive quotients, and hence G/N is solvable
by Proposition 2.

There are subnormal series N = Ny > N; > ... > N, = 1l and
G/N = Gyo/N 2 G1/N > ... > Gs/N = 1 by Proposi-
tion 2 such that Ni/Ni+1 and (G,/N)/(Gl_{.l/N) = Gi/Gi+1
are abelian for each 7. We now see that

G:G0>G12}GS_—‘N:N()ZNIZ}NT::[

is a subnormal series of G having abelian successive quotients,
and hence that G is solvable by Proposition 2.

Here 1 x H = H is a solvable normal subgroup of G x H,
and G x H/1 x H = G is also solvable, so it follows from
part (iii) that G x H is solvable. W

We can now deduce a more concrete equivalent condition to solv-

ability:

PROPOSITION 4. A group having a composition series is solvable
iff all of its composition factors have prime order. (In particular,
such groups are finite.)

PROOF. Let G be a group having a composition series. If all of
the composition factors of G have prime order, then the composition
series is a subnormal series having abelian successive quotients, and
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hence G is solvable by Proposition 2. Now suppose that G is solvable,
and let H/K be a composition factor of G, where K <« H < G.
Using parts (i) and (ii) of Proposition 3, we see that H/K is solvable.
Therefore, H/K is a simple solvable group and hence has prime order
by Proposition 1. W

We now see that there are groups, such as X5, which are neither
simple nor solvable, and that there are non-abelian groups, such
as Y3 (which has the composition series ¥3 > A3 > 1), which are
solvable. Proposition 4 also implies that an infinite abelian group,
being solvable, cannot possess a composition series (which was Ex-
ercise 10.1).

COROLLARY 5. Finite p-groups are solvable.

Proor. This follows from Proposition 4 and the fact that the
composition factors of finite p-groups are finite simple p-groups and
hence must be of prime order. H

We can extend the argument of Proposition 4 to give another
characterization of solvability:

PROPOSITION 6. A group having a composition series is solvable
iff all of its chief factors are elementary abelian.

(Any group having a composition series also has a chief series by
Exercise 10.6. Alternately, a solvable group having a composition
series is finite by Proposition 4 and hence has a chief series by Propo-
sition 10.3.)

PROOF. Let G be a group having a composition series. If all of
the chief factors of G are elementary abelian, then by refining a chief
series of G we obtain a composition series of G whose successive
quotients all have prime order, and hence G is solvable by Propo-
sition 4. Conversely, suppose that G is solvable, and let H/K be
a chief factor of G, where K <« H < G. Since H/K is solvable by
parts (i) and (ii) of Proposition 3, we see from Proposition 4 that
every composition factor of H/K is of prime order. Hence H/K is
finite; by Corollary 10.6, H/K is isomorphic with a direct product
of copies of some simple group S. But then every composition factor
of H/K must be isomorphic with S, and as these factors have prime
order, we see that H/K is elementary abelian. W
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COROLLARY 7. A group having a composition series is solvable iff
it has a normal series in which every successive quotient is a p-group.

PROOF. Let G be a group having a composition series. Suppose
that G has a normal series whose successive quotients are p-groups.
We can refine this normal series to a chief series of G, and by doing
so we see that each chief factor of G is a section of, and hence is
itself, a p-group. But by Corollary 10.6, each chief factor is a direct
product of simple groups, and the p-groups that are direct products
of simple groups are exactly the elementary abelian p-groups. It now
follows from Proposition 6 that G is solvable. The converse follows
directly from Proposition 6. W

Those finite groups whose chief factors all have prime order are
said to be supersolvable; finite supersolvable groups are solvable by
Proposition 6. It follows from Exercise 8.2 that finite p-groups are
supersolvable. However, not all finite solvable groups are supersolv-
able. The series ¥, > A4 > K > 1, where K is the Klein four-group,
is a chief series of ¥4, and we have ¥,/A; = Zo, Ay/K = Z3, and
K = Z, x Z,, which by Proposition 6 shows that ¥, is solvable but
not supersolvable. There is an equivalent definition of supersolvabil-
ity which extends to infinite groups; see Exercise 6.

Solvable groups possess a number of properties beyond those which
hold for arbitrary groups. The following theorem, due to Philip Hall,
is a generalization for finite solvable groups of part (i) of Sylow’s the-
orem.

THEOREM 8. Let G be a finite solvable group of order mn, where
m and n are coprime. Then G has a subgroup of order m.

(In other words, this theorem asserts that a finite solvable group
possesses Hall subgroups of all possible orders.)

PROOF. Let G be as in the statement of the theorem; we assume
by induction that the result holds for any group of order less than |G]|.
Let N be a minimal normal subgroup of G. As seen in the proof
of Proposition 10.3, N is a chief factor of G, and hence N is an
elementary abelian p-group for some prime p by Proposition 6. As
m and n are coprime and p | mn, p must divide exactly one of m
and n. If p | m, then |G/N| = (m/|N|)n is a product of coprime
integers; by induction, G/N has a subgroup of order m/|N|, and so
by the correspondence theorem G has a subgroup of order m. Now
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suppose that p | n. Then by the same argument, G/N has a subgroup
H/N of order m. Here |H| = m|N| is a product of coprime integers,
and if H < G then by induction H, and hence G, has a subgroup
of order m. Thus we assume that H = G. But now N is a normal
subgroup of G such that |N| =n and |G : N| = m are coprime, and
so the result follows from the Schur-Zassenhaus theorem. W

This theorem does not hold for all finite groups; for instance, we
observed in the proof of Theorem 7.5 that the group A; of order
60 = 20 - 3 has no subgroup of order 20.

P. Hall also proved the following generalization for finite solvable
groups of parts (ii) and (iii) of Sylow’s theorem, which the reader is
asked to prove in the exercises:

THEOREM 9. Let G be a finite solvable group of order mn, where
m and n are coprime. Then any two subgroups of G of order m are
conjugate, and any subgroup of G whose order divides m is contained
in a subgroup of order m. M

We now state, without proof, a number of well-known theorems
giving conditions under which a finite group is solvable. We start
with a classical result that generalizes Corollary 5.

BURNSIDE’S THEOREM. If p and q are primes, then any group of
order p°q® is solvable. W

Burnside’s theorem is the best possible result, in the sense that a
finite group whose order has exactly three prime divisors need not be
solvable, with Ay providing a counterexample. Burnside proved this
theorem in 1904 using the methods of character theory, which will
be discussed in Chapter 6; we present a character-theoretic proof of
Burnside’s theorem in the Appendix. Until the 1960s, there was no
proof of this theorem that did not involve character theory.

FeEIT-THOMPSON THEOREM. All finite groups of odd order are
solvable. W

This result, also known as the “odd order theorem,” had first
been conjectured by Burnside in 1911. As a corollary, we see that
the only simple groups of odd order are cyclic groups of prime order.
Once it had finally been established that all non-abelian finite simple
groups are of even order, the movement toward a classification of all
finite simple groups gathered steam. Feit and Thompson completed
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their proof of this theorem during a special “Finite Group Theory
Year,” held at the University of Chicago in the school year 196061,
which brought together the leading minds in the field and thus helped
lay the groundwork for the emergence of finite group theory as a
highly active area of mathematical research in the 1960s. Their
original proof [12] was 255 pages long, and even at that length the
proof requires too much background knowledge for it to be readily
comprehensible to anyone but the specialists at the time at which
the proof was published. In recent years there has been a program,
of which [8] represents a major part, to produce a more accessible
proof of this fundamental result.

The following result is a converse to Theorem 8 and is also due
to P. Hall. While this theorem generalizes Burnside’s theorem, its
proof relies on the fact that groups of order p®q® are solvable.

THEOREM 10. Let G be a finite group. If G has a subgroup of
order m whenever m and n are coprime numbers such that |G| = mn,
then G is solvable. W

This next result was conjectured by P. Hall in the same paper [14]
in which he proved Theorem 10; it was later proved by Thompson
in [27].

THEOREM 11. A finite group G is not solvable iff there exist non-
trivial elements z,y,z of G of pairwise coprime orders a,b, c such
that zy =2. W

For example, in Aj this criterion for non-solvability is satisfied by
taking a =5, b=2,c=3and z = (12345), y=(12)34),
z=(135). (Compare with Exercise 1.5.)

The concept of solvable groups originated with Galois around 1830
in his work on the solution by radicals of polynomial equations; this
in fact is the origin of the term “solvable” for this class of groups.
We now present a theorem of Galois on solvable groups after first
introducing the requisite terminology.

Let V be a vector space over a field F'. For v € V, let T,, be the self-
map of V corresponding to translation by v, and let 7 (V) be the set
of all such translations; this is a group isomorphic with the abelian
group V, and if we regard 7 (V) and GL(V) as subgroups of the
group of all invertible self-maps of V, then GL(V) N 7T (V) is trivial.
We easily verify that ST, S™! = T, for any S € GL(V) andv € V.
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This gives rise to a homomorphism from GL(V') to Aut(7 (V)
hence we have an (internal) semidirect product 7 (V) x GL(V).
group is called the affine group of V and is denoted Aff(V); i
elements are called the affine transformations of V.

, and
ThlS

THEOREM 12. Let G be a finite, solvable, primitive permutation
group on a set X. Then X can be given the structure of a vector
space over the field Z/pZ for some prime p in such a way so that G
is isomorphic with a subgroup of Aff(X) that contains 7 (X).

PRrROOF. Let N be a minimal normal subgroup of G. Then N is a
chief factor of the solvable group G, and hence N is an elementary
abelian p-group for some prime p by Proposition 6. We endow N
with the structure of a vector space over Z/pZ as in the proof of
Proposition 4.1. (Recall that for y, 2 € N, we define y + z to be the
product yz in N, which gives a commutative operation since N is
abelian, and for y € N and a = a + pZ € Z/pZ, we define ay = y*,
which is well-defined since y? = 1.)

Let o € X and let H be the stabilizer of z,. Since X is a
primitive G-set, we see from Corollary 3.10 that H is a maximal
subgroup of G. Suppose that H contains N. Then N fixes zg,
and N = gNg~! < gHg™! stabilizes gzo € X for every g € G by
Lemma 3.2. As X is transitive, N now stabilizes every z € X;
but the action of G on X is faithful by hypothesis, so we must
have N = 1, which is a contradiction. Therefore H < NH < G,
which forces NH = G since H is maximal. Now NN H < H by
Proposition 1.7, and N N H < N since N is abelian; therefore we
have NN H 4 NH = G. As N is a minimal normal subgroup of G
and NN H # N, we must have N N H = 1. Therefore G = N x H.

By Proposition 3.4, X is isomorphic as a G-set with G/H. But
G = NH, so for any g € G there is some y € N such that gH = yH,
and from this it follows that the action of N on X is transitive.
Moreover, if y,z € N are such that yzo, = 2z, then 27y lies in
NNH =1, and hence y = z. Thus each element of X can be
written as yx, for exactly one y € V.

We now give X the structure of a vector space over Z/pZ by
transferring the structure that we imposed on N. That is, we define
z+12' = (y+y)x for z,2' € X, where y,y’ € N are the unique
elements such that * = yzg, ' = y'z. Similarly, for « € Z/pZ
and ¢ = yzy € X we define ax = (ay)ro. Now if z = yzo € X,
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then gz = g(yzo) = (gy)To = (9 + Y)To = gZo + yTo = g&o + x for
any g € N, and hence g acts on the vector space X as translation
by the vector gzo. Since X is a transitive N-set, this shows that
N = T(X). Tt now suffices to show that each element of H acts on
X as a linear transformation, a task we leave to the reader. W

A normal series G = Gy 2 G; > ... > G, =1 of a group G is
said to be a central series of G if, for each i, G;/G;1 is contained in
the center of G/G;,:. A group G is said to be nilpotent if it has a
central series. An abelian group G has the central series G > 1, and
hence abelian groups are nilpotent.

ProprosITION 13. Nilpotent groups are solvable.

Proor. If G is nilpotent, then it has a central series, which is
a normal series with abelian successive quotients, and hence G is
solvable by Proposition 2. B

There are solvable groups that are not nilpotent. For example, the
group X3 cannot have a central series, as the penultimate term of
such a series would have to be a non-trivial subgroup of Z(3;) = 1.

LEMMA 14. Finite p-groups are nilpotent.

PROOF. Let P be a finite p-group. We use induction on |P}; if
|P| = p, then P is abelian and hence nilpotent. Let Z = Z(P).
Since Z # 1 by Theorem 8.1, by induction P/Z has a central series
P|/Z =PRy]Z > P,/Z > ... > P,/Z, and we see easily that the series
P=P,>2P, >...2P.=7Z>11is acentral seriesof P. N

If H and K are subgroups of a group G, we define a new subgroup
[H,K] of G by [H,K] =<{[h,k] | h € H, k € K}>. Observe that
G =|G,G].

We now reconcile the above definition of nilpotence with that
made in Section 8 for finite groups. Recall that a subgroup H of
a group G is said to be self-normalizing if Ng(H) = H.

THEOREM 15. The following statements about a finite group G
are equivalent:
(1) G is nilpotent.
(2) G has no proper self-normalizing subgroups.
(3) Every Sylow subgroup of G is normal in G.
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(4) G is the direct product of its Sylow subgroups.
(5) Every maximal subgroup of G is normal in G.

PROOF. We have (3) < (4) < (5) by Theorem 8.7, so it suffices
to show that (1) = (2), (2) = (5), and (4) = (1).

Suppose that G = Gy > G; > ... > G, = 1 is a central series of
the nilpotent group G. Let H < G, and let k be such that Gy, < H
and Gy £ H; such a k exists since G, = 1. Clearly [G, H] < [Gk, G).
Let z € G and y € G. Since Gi/Gry1 < Z(G/Gg41), we find
that [z,y] € Giy1; consequently [Gy,G] < Gii1, and so we have
[Gx, H] < H. We now see that Gy, < Ng(H); since Gy £ H, we
must have H < Ng(H). Therefore (1) = (2).

Suppose that (2) holds, and let H be a maximal subgroup of G.
Since H < Ng(H) by hypothesis, we must have Ng(H) = G, and
hence H < G. Therefore (2) = (5).

To show that (4) = (1), it suffices by virtue of Lemma 14 to show
that the direct product of two nilpotent groups is nilpotent. We
leave this to the reader. W

EXERCISES

1. Show that any finite group has a largest solvable normal subgroup.

2. Let N be a solvable normal Hall subgroup of a finite group G.
Show that any two complements to N in G are conjugate. (The
strong version of the Schur-Zassenhaus theorem asserts that this
is true for any normal Hall subgroup N, whether solvable or not.
The proof uses the Feit-Thompson theorem to argue that if N is
not solvable, then G/N must be solvable.)

3. Complete the following sketch, which gives a proof of Theorem 8
that is independent of the Schur-Zassenhaus theorem. Here G is a
finite solvable group of order mn, where m and n are coprime, and
we are to show that G has a subgroup of order m.

(a) Using induction, reduce to the case where G has a unique
minimal normal subgroup N of order n.

(b) Let M/N be a minimal normal subgroup of G/N; since G/N
is solvable by Proposition 3, it follows from Proposition 6
that |[M/N| is a power of some prime divisor p of m. If P is
a Sylow p-subgroup of M, show that |Ng(P)| = m.

4. Prove Theorem 9. If your proof involves the Schur-Zassenhaus the-
orem, then construct a second proof that is independent of Schur-
Zassenhaus by mimicking Exercise 3 above.
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Let V be a finite-dimensional vector space over the field of p el-
ements. Suppose that G is a solvable subgroup of Aff(V) which
contains 7(V) and that the stabilizer of the origin under the ac-
tion of G on V does not leave any non-zero proper subspace of V
invariant. Show that G is a primitive permutation group on V.
Show that a finite group is supersolvable iff it has a normal series
having cyclic successive quotients. (An arbitrary group is called
supersolvable if this latter condition holds.)

Show that finite nilpotent groups are supersolvable. (If we define
supersolvability for arbitrary groups as in Exercise 6, is an infinite
nilpotent group necessarily supersolvable?)

(cont.) Give an example of a finite supersolvable group that is
not nilpotent. (Hence we have a proper ascending chain of classes
of finite groups, starting with cyclic groups, then abelian, then
nilpotent, then supersolvable, and ending with solvable.)

FURTHER EXERCISES

Let G be a group. Let T'y = G, and for n € Nlet Ty = [0, G] € G.
Let Z3 =1, and for n € N let Z,, be the unique subgroup of G such that
Zn)2n-1=2(G/Z,_1). (Observe that 'y = G’ and 2, = Z(G).) We call
the series G =T';1 > I’y > I's > ... the lower central series of G and the
series 1 = Z3 < 21 < Z2 < ... the upper central series of G.

9.

Show that each I';; and Z,, is a characteristic subgroup of G.

10. (cont.) Show that G is nilpotent iff I', = 1 for some r iff Z, = G

11.

for some s.

(cont.) Suppose that G is nilpotent. Show that the lower and
upper central series of G have the same length, say c, and that no
central series of G can have length less than ¢. (This number c is
called the nilpotency class of G. The groups of nilpotency class 1
are exactly the abelian groups.)



5
Semisimple Algebras

This chapter provides the algebraic background necessary for the devel-
opment in Chapter 6 of the character theory of finite groups. Section 12
contains a review of elementary module theory and a treatment of the
basic notions of the representation theory of finite groups, finishing with
Maschke’s theorem. This motivates Section 13, which concentrates on Wed-
derburn’s classification of semisimple algebras and related topics.

12. Modules and Representations

In Section 3 we studied the action of groups on sets, and through-
out the book we have seen how useful this notion can be. If a group
acts on a set that possesses some additional algebraic structure, then
the group action need not behave well with respect to that structure;
however, the class of actions that do respect the underlying structure
may be of some interest. What we will now focus our attention on
are actions of groups on vector spaces that respect the vector space
structure.

Let F be a field, and let G be a group acting on an F-vector
space V. We say that the action of G on V is linear if:

o gv+w)=gv+gwforallge Gandv,we V.
e g(av) =a(gv) forallge G,a€ F,andv e V.
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We found in Proposition 3.1 that group actions correspond to ho-
momorphisms to symmetric groups. We now deduce the analogous
correspondence for linear group actions.

PropPoSITION 1. There is a bijective correspondence between the
set of linear actions of a group G on an F-vector space V and the
set of homomorphisms from G to GL(V).

PROOF. Suppose that p: G — GL(V) is a homomorphism; then
it is clear that the action of G on V defined by setting gv = p(g)(v)
is linear. Conversely, if we have a linear action of G on V, then
we can define a homomorphism p: G — GL(V) by p(g)(v) = gv.
These processes are evidently mutually inverse, establishing the de-
sired correspondence. W

A homomorphism p: G — GL(V'), where G is a group and V a
vector space, is called a linear representation of G in V. We see from
Proposition 1 that the study of linear representations of groups is
equivalent to the study of linear actions of groups. This area of study,
with emphasis on finite groups and finite-dimensional vector spaces,
originated in the late nineteenth century and has proven to have a
number of applications to finite group theory, as well as significant
intrinsic interest.

The modern approach to the representation theory of finite groups
involves yet another equivalent concept, that of finitely generated
modules over group algebras. It is therefore necessary at this junc-
ture to review some elementary module theory. As in Section 1, we
will omit most proofs on the assumption that the reader will have
seen this material previously; however, our account requires only a
mild knowledge of rings, fields, and vector spaces.

Let R be a ring with unit, meaning that R has a multiplicative
identity 1, and let M be an abelian group written additively. We
say that M is a left R-module if there is a map from R x M to M,
with the image of (r,m) € R x M being written rm, which satisfies
the following properties:

Im=mforallme M.
r(m+n)=rm+rnforallr € R and m,n € M.
(r+sm=rm+smforallr,sc€ Rand me M.
r(sm) = (rs)m for all r,s € R and m € M.
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If R = Z, then these conditions are automatically satisfied; that is,
Z-modules are exactly the same as abelian groups. If F' is a field,
then the definition of an F-module is precisely that of an F-vector
space. A module, then, is the natural generalization of a vector
space when working over an arbitrary ring instead of a field. We can
similarly define the notion of a right R-module as a map from M x R
to R, sending (m,r) to mr, which satisfies properties analogous to
those above. "If R is commutative, then every left R-module can,
in an obvious way, be given a right R-module structure, and hence
it is not necessary to distinguish between left and right R-modules.
(In general, a left R-module can be considered as a right module
over the opposite ring R°P, which is just the abelian group R with
the multiplication rule of R reversed; if R is commutative, then R
and R°P are isomorphic rings.) We will always use R-module to mean
left R-module unless otherwise indicated.

Let S be another ring with unit, and suppose that an abelian
group M is both a left R-module and a right S-module. We say
that M is an (R, S)-bimodule if in addition we have r(ms) = (rm)s
for every r € R, m € M, and s € S. Any left R-module is an
(R, Z)-bimodule, and any right R-module is a (Z, R)-bimodule; the
ring R is itself an (R, R)-bimodule. If R is commutative, then any
R-module is an (R, R)-bimodule.

An R-module M is said to be finitely generated if every element
of M can be written as an R-linear combination of elements of some
finite subset of M. However, minimal generating sets for a given
module may have different numbers of elements, which is a stark
contrast with the well-known fact that any two finite bases of a
given vector space must have the same number of elements.

Let M be an R-module, and let N be a subgroup of M. We say
that N is an R-submodule (or just submodule) of M if rn € N for
every r € R and n € N. For example, the (left) R-submodules
of R are exactly the left ideals of R. Every module has at least two
submodules, namely itself and the zero submodule {0}, which we
denote by 0; a module having no other submodules is called simple.
(As with groups, by convention the zero module is not considered to
be simple.) If N is a submodule of M, then since M is an abelian
group we may construct the quotient group M/N, and we can give
M/N an R-module structure by defining r(m + N) = rm + N for
r€ Rand m+ N € M/N. We call M/N the quotient R-module (or
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just quotient module) of M by N.

Let N; and N, be submodules of an R-module M. We define
their sum to be Ny + N, = {x+y | z € Ny, y € Na} C M; this
is a submodule of M, as is Ny N Np. If Ny N Ny, = 0, then we say
that the sum of N; and N, is direct, and we write N; & N, instead
of N; + N,. We also have an external notion of direct sum: If M
and N are R-modules, then we give M x N an R-module structure
via r(m,n) = (rm,rn), and we write M & N instead of M x N. The
notions of internal and external direct sums can be extended to any
finite number of submodules, as was done in Section 2 for the direct
product of groups. We say that a submodule N of a module M is
a direct summand of M if there is some other submodule N’ of M
such that M = N @& N'. In general we use nM to denote the direct
sum of n copies of a module M, although we may also write this
module as M™.

A composition series of an R-module M is a descending series
of submodules of M which terminates in the zero submodule and
in which each successive quotient is a simple module. A module
need not have a composition series; we observed on page 98 that any
Z-module having infinitely many elements does not have a compo-
sition series. The analogue of the Jordan-Holder theorem holds for
modules that have composition series, and hence we can speak in
a well-defined way about the composition factors of a module. Ev-
ery composition factor of any submodule or quotient module of an
R-module M must also be a composition factor of M, as any compo-
sition series of a submodule (resp., quotient module) can be extended
(resp., lifted and then extended) to give a composition series of M.

Let M and N be R-modules, and let ¢: M — N be a group
homomorphism. We say that ¢ is an R-module homomorphism if
o(rm) = rp(m) for any 7 € R and m € M. As always, we de-
fine mono-, epi-, iso-, endo-, and automorphisms of R-modules as we
did in Section 1 for groups. The kernel of ¢ is the set of elements
of M that are mapped under ¢ to the additive identity of N; it is
denoted ker ¢, and it is a submodule of M. The image of ¢ is a
submodule of N. The fundamental theorem on homomorphisms for
modules states that the R-modules M /ker ¢ and im¢ are isomor-
phic via the map induced by ¢; again, this is exactly analogous to
the group-theoretic case. There are also module-theoretic analogues
of the correspondence theorem and the two main isomorphism the-
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orems. For example, the first isomorphism theorem for modules
states that if M is an R-module having submodules N; and N,
then N1 + NQ/NI = Ng/Nl N Nz.

ScHUR’S LEMMA. Any non-zero homomorphism between simple
R-modules is an isomorphism.

PROOF. Let M and N be simple R-modules, and let ¢: M — N
be an R-module homomorphism. As ker ¢ is a submodule of M, we
must have either ker¢ = M, in which case ¢ = 0, or kerp = 0;
similarly, im ¢ is a submodule of N, so either im¢ = 0, forcing
¢ =0, or imp = N. Hence if ¢ # 0, then ¢ is an isomorphism. B

If M and N are R-modules, then we denote the set of all R-module
homomorphisms from M to N by Homp(M, N). We write Endg(M)
for Hompg (M, M). We give Homg(M, N) an abelian group structure
as follows: For ¢, p € Homg(M, N), we define ¢ + p € Homg(M, N)
by (¢ + p)(m) = o(m) + p(m) for all m € M.

Let S be another ring with unit, let M be an (R, S)-bimodule,
and let N be an R-module. For s € S and ¢ € Homg(M, N), we
define sp € Homg(M, N) by (sp)(m) = ¢(ms). With this definition,
Hompg(M, N) becomes an S-module. For example, if F' is a field and
U and V are F-vector spaces, then Homg(U, V) is also an F-vector
space via this definition; in this case, A € F acts on ¢ € Homg(U, V)
by (Ap)(u) = p(Au) for u € U. Note that the map from Hompg (R, M)
to M sending ¢ to (1) is an isomorphism of R-modules.

Let M be an (R, S)-bimodule and let N be an S-module. We say
that a set map f from M X N to an R-module U is balanced if:

e f(my;+mgy,n) = f(my,n)+ f(mag,n) for all m;,my € M and
ne€N.
o f(m,n; + ny) = f(m,ny) + f(m,ns) for all m € M and
ni,Ng € N.
e f(ms,n)= f(m,sn) forallme M,ne€ N,and s € S.
e f(rm,n)=rf(m,n) forallme M,n € N, and r € R.
The tensor product of M and N over S is an R-module, denoted
M ®g N, equipped with a balanced map n: M x N — M ®gs N
with the property that if U is an R-module and f: M x N — U is
a balanced map, then there is a unique R-module homomorphism
a: M ®s N — U such that f = a on. Tensor products exist and
are unique up to isomorphism. We write m ® n = n(m,n) for any
méeMandneN.
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More concretely, the tensor product M ®3 N is the R-module
generated by the set {m ®n | m € M, n € N}, where the symbols
m ® n satisfy the following identities:

e (m+m2)®n =m; @n -+ my®n for all mi,my € M and
n € N.

e m®(n;+ny) = mAn;+meny for allm € M and ny,ny € N.

e (ms)n=m® (sn) forallme M,ne N,and s € S.

e rm)@n=r(m®n)foralme M,ne N, andr € R.

Observe that an arbitrary element of M ®g N is not a symbol m®mn,
but rather a sum of such symbols.

For example, consider the special case where F is a field and
U and V are finite-dimensional F-vector spaces. Then U is an
(F, F)-bimodule, so we can construct the F-vector space U ®r V.
If {us,...,u,} and {vs,...,v,} are bases for U and V, respectively,
then U @7 V is an rs-dimensional F-vector space having as a basis
the set {u; ®v; | 1<i<r,1<j<s} Ifu=3,au €U and
v = 3, bjv; € V, then we have u @ v = 3, ; a:b;(u; ® v;). (An
understanding of this special case will, strictly speaking, suffice in
reading the remainder of the book; however, an understanding of the
general case will be beneficial in Section 16.)

PRrROPOSITION 2. Let R be a ring with unit, and let M be an
R-module. Then M and R ® g M are isomorphic R-modules.

PROOF. The map f: R x M — M defined by f(r,m) = rm is
easily seen to be balanced and hence induces an R-module homo-
morphism o: R ®z M — M where a(r ® m) = rm. The map o
has as its inverse the R-module homomorphism sending m € M to
1om. A

PROPOSITION 3. Let R and S be rings with unit, let M,,... , M,
be (R, S)-bimodules, and let N be an S-module. Then (®;M;) ®s N
and @; M; ®g N are isomorphic R-modules.

ProOF. We define a map f: (&:;M;) x N — &; M; ®s N by
f((ma,...,m.),n) = (m; ®n,... ,m, ®n). We see that f is bal-
anced and hence induces a homomorphism from (®;M;) ®s N to
®; M; ®¢ N. By similar reasoning, we can define a map that will
be inverse to the above homomorphism; we leave the details to the
reader. W
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PROPOSITION 4. Let F be a field, and let U and V be F-vector
spaces, with dimp(U) < oco. Let U* = Homp(U, F'). Then the map
I': U*Q®rV — Homp(U, V) defined by setting I'(¢ ® v)(u) = p(u)v
and extending linearly is an isomorphism of F-vector spaces.

PRrROOF. We observe that T' is the homomorphism induced by the
balanced map sending (p,v) € U* x V to the linear transformation
that maps u € U to p(u)v € V. Let {ui,...,u,} be a basis for U.
For each 1 < i < n, let f; € U* be defined by fi(u;) = é;; for
each j. Then {fi,..., fn}is a basis for U*. We can write an arbitrary
element Y, (3, i fi) @ v f U* @ F as 3, f; ® (3, @irvx); hence
each element of U* ® F has the form Y. | f; ® v; for some v; € V.

Let 0, fi ®v; € U* ®F V, and fix some j. Then we have

F(i fi®v)(u;) = ir(fi ® v;)(u;) = ifi(uj)vi = v;.

Therefore, if (3", fi ® v;) =0, then Y1, f; ® v; = 0 since v; =0
for all j, showing that I is injective. Now let 0 € Homp(U, V). Then
for u= 3", osu; € U, we have
I} fi®o(w))(w) =) filwo(w) =Y ao(w) =o(u),
i=1 =1 =1
which shows that I'(}.7, f; ® 0(u;)) = o and hence that I is surjec-
tive. W

Having reviewed enough module theory for our purposes, we now
need to introduce the class of rings whose modules we will be study-
ing. Let R be a ring and let G be a group. The group ring of G
over R, denoted by RG, consists of all finite formal R-linear com-
binations of elements of GG, with the obvious rule for addition and
with multiplication defined by extending the multiplication in G;
explicitly, we have

(Z ) (Z Byy) = Z Z azPyry = Z(Z Qgfg-1z) -

z€G yeG z€G yeG z€G geCG

The group ring has a unit element, namely the identity element of the
underlying group. We will be primarily interested in the case where
R = F'is a field and G is finite, in which case F'G is not only a ring
but also an F-vector space having G as a basis and hence having
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finite dimension |G|. In this case, F'G is called the group algebra
rather than the group ring, since it is an example of an algebra, a
mathematical structure we now define. (Algebras will be the main
objects of study in Section 13.)

If F is a field, then an algebra over F' (or simply an F-algebra) is
a set A with a ring structure and an F-vector space structure that
share the same addition operation, and with the additional property
that (Aa)b = A(ab) = a(Ab) for any A € F and a,b € A. (We
do not assume that an algebra is necessarily a ring with unit.) An
algebra is called finite-dimensional if it has finite dimension as an
F-vector space. For example, the matrix ring M, (F) is a finite-
dimensional F-algebra for any n € N, and we have seen that F'G is
a finite-dimensional F-algebra when G is finite. A homomorphism
of F-algebras is a ring homomorphism which is also an F-linear
transformation.

Modules over a group algebra F'G can also be regarded as F-vector
spaces, with A € F acting by Al € FG, and when G is finite we have
the following nice relationship between these structures:

LEMMA 5. If F is a field and G a finite group, then an FG-module
is finitely generated iff it has finite dimension as an F-vector space.

PROOF. If V is generated as an F'G-module by {vy,... ,v;:}, then
V is a generated as an F-vector space by {gv; | g € G, 1 < i < t},
and since G is finite we see that dimp(V) < 00. The converse is
trivial. W

We now derive the fundamental connection between modules over
group algebras and representation theory.

ProPOSITION 6. If F is a field and G a finite group, then there is
a bijective correspondence between finitely generated F'G-modules
and linear actions of G on finite-dimensional F-vector spaces.

PROOF. If V is a finitely generated F'G-module, then dimg (V') is
finite by Lemma 5, and the map from GxV to V obtained by restrict-
ing the module structure map from F'G X V to V is clearly a linear
action. Conversely, suppose that V is a finite-dimensional F-vector
space on which G acts linearly; then we give V an F'G-module struc-

ture by defining (3, cq @g9)v = X yec @(gv) for 3 cq g9 € FG
and v € V. It is clear that these processes are mutually inverse. B
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We see from the above proof that, in order to define an F'G-module
structure on an F-vector space V), it suffices to stipulate the action
of elements of G on V; the action of arbitrary elements of F'G on V is
then defined by a linear extension process. We shall do this implicitly
when defining modules over group algebras.

We now embark on our study of the representation theory of fi-
nite groups. In the remainder of this section, G will denote a finite
group and F a field; all F-vector spaces will be finite-dimensional,
and all FG-modules will be finitely generated (and hence of finite
F-dimension by Lemma 5). Our viewpoint will primarily be that
of modules over the group algebra, although on occasion it will be
notationally beneficial to work with the linear representation p aris-
ing from a given FG-module V', where p: G — GL(V) is defined by
p(g)(v) =gvforge GandveV.

We start by considering some elementary examples. The field F’
can always be regarded as an F'G-module by defining g\ = A for
all g € G and A € F. This module is called the trivial module.
Now suppose that G acts on a finite set X, and let FFX be the
set of all formal F-linear combinations of elements of X. This set
has an obvious F-vector space structure, with basis X. We define
an F'G-module structure on FX by linearly extending the action
of G on X. For instance, if X = {z;,...,z,}, then for g € G and
Y, cix; € FX we have g(3,; c;z;) = >, ci(gz;). Such modules are
called permutation modules.

If U and V are FG-modules, then we already know that U @ V
has a natural FG-module structure, given by g(u,v) = (gu, gv); and
we also know that we can construct the F-vector spaces U ®r V and
Hompg(U, V). What we now show is that these latter vector spaces
also admit natural FG-module structures. Each element g € G
defines a balanced map from U x V to U ®F V sending (u,v) to
gu® gv, and from this we find that U ® p V becomes an F'G-module
under the so-called “diagonal action” given by g(u ® v) = gu ® gv
and linear extension. Now for ¢ € G and ¢ € Homp(U,V), we
define gp: U — V by (gp)(u) = g(v(g~'u)). It is easily verified that
gy € Homp(U, V), and for g;, g, € G we have

((9192)9) (u) = g19200((9192) ") = g1(g200(95 " (97 "))
= g1((9200) (97 1)) = (91(g2)) (w),

which shows that (g1g2)¢ = g1(g2p). This gives Homp(U,V) an
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FG-module structure. We write U* for Homp (U, F'), where F is the
trivial module, and we call U* the dual module of U; here we have

(gp)(u) = p(g™ u).

PROPOSITION 7. Let U and V be FG-modules. Then U* Qr V
and Hompg (U, V) are isomorphic FG-modules.

ProoOF. By Proposition 4, the map I': U* ® p V — Homp(U, V)
defined by I'(¢®v)(u) = ¢(u)v is an isomorphism of F-vector spaces.
To show that T is an F'G-module isomorphism, it suffices to show
that I'(g(¢ ® v))(u) and [gT'(p ® v)](u) are equal for any g € G,
peU*, veV,and u € U; we leave it to the reader to show that
they are both equal to p(g~'u)gv. B

We now establish the most basic result of the representation theory
of finite groups. It was discovered in 1898 by Heinrich Maschke, the
most junior of the three initial mathematics faculty of the University
of Chicago.

MASCHKE’S THEOREM. Let G be a group, and suppose that the
characteristic of F' is either zero or coprime to |G|. If U is an
FG-module and V is an FG-submodule of U, then V is a direct
summand of U as F'G-modules.

(We shall summarize the hypothesis made in Maschke’s theorem by
saying that the characteristic of F' does not divide |G|, even though
this is a slight abuse of language.)

PROOF. Since V is in particular an F-vector subspace of U, we
know from linear algebra that there is some subspace W of U such
that U = V & W as F-vector spaces; however, W may not be an
FG-submodule of U. Let m: U — V be the projection of U onto V
along W, so that « is the unique linear transformation that is the
identity on V and zero on W. We define a linear transformation
w': U — U by

'(u) |G|Zg7rg u)

9€G
for u € U. (For this definition to make sense, we require that |G| # 0
in F, which is equivalent to our hypothesis concerning the charac-
teristic of F.)
As V is a submodule of U, we have gv € V for any g € G and
v € V, and from this we see that 7’ maps U into V. Also, since 7 is
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the identity on V, we see that gn(¢g~'v) = g9 v =v forany g € G
and v € V; therefore, the restriction of 7’ to V is the identity. It now
follows from linear algebra that U = V @ ker ' as F-vector spaces.

It remains to show only that ker 7’ is an F'G-submodule of U. To
show this, it suffices to show that n’' is an F'G-module homomor-
phism; thus, we must show that 7’'(zu) = z7'(u) for any z € G and
u € U. We have

"(zu) |G| ngr(g zu) |G| Z:mc lgn (g7 zu)

geG g€eG

But as g varies through G, y = z~!g also varies through G for fixed
x € (3, therefore, after reindexing we have

7' (zu) = |G| > yn(y~'u)) = an'(u)

yeEG
as required. W

A module is said to be semisimple if it is a direct sum of simple
modules.

COROLLARY 8. Let G be a group, and let F be a field whose
characteristic does not divide |G|. Then every non-zero F'G-module
is semisimple.

PRrROOF. Let U be a non-zero FG-module. We will use induction
on dimp(U). If U is simple, then we are done; this includes the case
dimp(U) = 1. Hence, we assume that dimp(U) > 1 and that U is
not simple, so that U must have a non-zero proper submodule V. By
Maschke’s theorem, we have U = V @& W for some non-zero proper
submodule W of U. But both V and W must have dimension strictly
less than that of U, and hence are semisimple by induction; therefore,
U is also semisimple. B

In Chapter 6 we shall be concerned only with the case F' = C,
which is called ordinary representation theory. Since C has charac-
teristic zero, we see from Corollary 8 that every non-zero CG-module
is semisimple for any group GG. The next section concentrates on al-
gebras that have this property. The study of F'G-modules when the
characteristic of F' divides |G|, in which case arbitrary F'G-modules
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need not be semisimple, is called modular representation theory; its
study was originated by Dickson in 1907 (although most of the main
developments were made by Richard Brauer starting in the 1930s),
and it has a different flavor than what we shall study in Chapter 6.

EXERCISES
Throughout these exercises, let F' be a field and let G be a finite group.

1. Let U and V be FG-modules having the same dimension n, and
let p: G — GL(U) and 7: G — GL(V) be the corresponding repre-
sentations. By fixing F-bases for U and V, we consider p and 7 as
homomorphisms from G to GL(n, F'). Show that U & V iff there
exists some M € GL(n, F) such that p(¢)M = M7(g) for every
g € G. (Two representations are said to be equivalent if this latter
condition holds; hence two representations are equivalent iff their
corresponding modules over the group algebra are isomorphic.)

2. Let 0 = Y g9 € FG. Show that the subspace Fo of FG is
the unique submodule of F'G that is isomorphic with the trivial
module.

3. (cont.) Let e: FG — F be the FG-module epimorphism defined
by €(g) = 1 for all g € G, and let A = kere. (We call A the
augmentation ideal of FG.) Show that A is the unique submodule
of FG whose quotient is isomorphic with the trivial module.

4. (cont.) Suppose that the characteristic of F divides |G|. Show
that F'o € A. Conclude that A is not a direct summand of FG
and hence that the FG-module F'G is not semisimple. (This shows
that the converse of Corollary 8 is true.)

FURTHER EXERCISES

In Section 9 we defined the second cohomology group of a pair (H, A),
where H is a group and A an abelian group, with respect to a given ho-
momorphism from H to Aut(A). It is easy to verify that, for an abelian
group A, specifying a homomorphism from a group H to Aut(A) is ex-
actly the same as specifying a ZH-module structure on A. Therefore, it
is customary to talk about the second cohomology group of a pair (H, A)
where H is a group and A a ZH-module. (We anticipated this development
by writing za instead of ¢(z)(a) on page 86.) We will now generalize the
second cohomology group.

Let H be a group, let H™ be the set of n-tuples of elements of H for
some n € N, and let A be a ZH-module. A normalized n-cochain of (H, A)
is a set function f: H® — A such that f(hj,...,h,) =0 whenever h; =1
for some 1; the set of normalized n-cochains of (H, A) is denoted C"(H, A).
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We give C™(H, A) an abelian group structure by defining

(F+9)(h1y...  hy) = f(h1,... s hn) +g(h1y... ko).

We define a homomorphism 6": C"~!(H, A) — C"(H, A) by

n-—-1
(6" )y s n) = B f s ) + S (<1F i, )
i=1
+ (=1)"f(h1,.-. yhp-1).

The image of 6" is called the set of n-coboundaries and is denoted B™(H, A);
the kernel of §"*! is called the set of n-cocycles and is denoted Z™(H, A).
For example, ker 3 consists of all normalized 2-cochains f satisfying
hlf(hg, h3)—f(h1h2, h3)+f(h1, h2h3)—f(h1, hg) = 0 for all hl, hg, h3 € H,
which agrees with our definition of a 2-cocycle in Section 9. Both B™(H, A)
and Z"(H, A) are abelian subgroups of C"(H, A). We find that §"*! o 6™
is the zero map, or equivalently that B*(H, A) C Z™(H, A). (Verify this.)
The quotient group Z™(H, A)/B"(H, A) is denoted H"(H, A) and is called
the nth cohomology group of (H, A).

While H3(H, A) plays some role in the theory of extensions of a non-
abelian group N by H, where Z(N) = A (see [20, pp. 124-131]), the groups
H™(H, A) for n > 3 have no known group-theoretic meaning. Nonetheless,
higher cohomology groups are studied for their own sake, and in recent
years connections between the cohomology of groups and the representa-
tion theory of groups have attracted much attention. (As the title of one
of the first author’s papers [6] proclaims, “Cohomology is representation
theory.”) We developed the group-theoretic meaning of H?(H, A) in the
further exercises to Section 9, and in what follows we develop the meaning
of HY(H, A).

5. (cont.) Define a homomorphism ¢: H — Aut(A) by ¢(z)(a) = za.
Show that there is a bijective correspondence between the set of
splitting maps of A x, H and Z'(H, A). (Recall that a homomor-
phism t: H — Ax, H is called a splitting map if not is the identity
map on H, where n: Ax,H — H is the natural map. The natural
inclusion of H into A x, H is a splitting map, but there may be
others.)

6. (cont.) We say that two splitting maps ¢t and u of A x, H are
conjugate if there is some a € A such that u(z) = at(z)a™! for
all z € H. (Verify that this is an equivalence relation on the set
of splitting maps.) Show that there is a bijective correspondence

between the set of conjugacy classes of splitting maps of A x, H
and H(H, A).
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13. Wedderburn Theory

We saw as a consequence of Maschke’s theorem that if F' is a field
whose characteristic does not divide the order of a finite group G,
then every finitely generated F'G-module can be written as a direct
sum of (finitely many) simple modules. In this section, we investigate
the structure of finite-dimensional algebras that have this property;
this will both allow us to finish the proof of Kolchin’s theorem on
unipotent subgroups of general linear groups and provide us with key
information about complex group algebras of finite groups, which are
the focus of Chapter 6. The results of this section are primarily due
to J. H. M. Wedderburn, a Scottish mathematician whose work in
the theory of algebras had its genesis when, at the age of 22, he
spent the school year 1904-05 as a visiting scholar at the University
of Chicago.

All algebras in this section will be finite-dimensional F'-algebras,
where F is an arbitrary field, and unless explicitly stated otherwise
will be algebras with unit. All modules over algebras are assumed
to be finitely generated, or equivalently (arguing as in Lemma 12.5)
finite-dimensional as F-vector spaces. All direct sums of modules
are assumed to be finite.

Let A be an algebra. Our interest is in semisimple A-modules and
in determining conditions on A under which every A-module will be
semisimple.

LEMMA 1. The following statements about an A-module M are
equivalent:

(1) Any submodule of M is a direct summand of M.

(2) M is semisimple.

(3) M is a sum (but not, a priori, a direct sum) of simple sub-
modules.

PROOF. The proof that (1) = (2) is implicit in the proof of Corol-
lary 12.8, and so we shall not repeat it. As the implication (2) = (3)
is immediate, it suffices to show that (3) = (1).

Suppose that (3) holds. Let N be a submodule of M, and let V' be
a submodule of M that is maximal among all submodules of M that
intersect N trivially; we wish to show that N +V = M. Suppose
that N +V C M. If every simple submodule of M were contained
in N +V, then as M can be written as a sum of simple submodules,
we would have M C N + V. This is not the case, so there is some
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simple submodule S of M that is not contained in N 4+ V. Since
SN (N +V) is a proper submodule of the simple module S, we must
have SN(N+V) = 0. In particular SNV = 0, so we have V. C V +5.
Let n € NN(V +S5); then n = v+ s for somev € V and s € S. This
gives s=n—v € SN (N + V), and hence s = 0; thus n = v, which
forces n = 0 since NNV = 0. Therefore N N (V + S) = 0, which
contradicts the maximality of V. We now have M = N + V, and
since N NV = 0 we see that M is the direct sum of NV and V and
hence that N is a direct summand of M. Therefore (3) = (1). ®

LEMMA 2. Submodules and quotient modules of semisimple mod-
ules are semisimple.

PROOF. Let M be a semisimple A-module. By Lemma 1 and the
first homomorphism theorem for modules, we see that every submod-
ule of M is isomorphic with a quotient module of M; thus it suffices
to show that quotient modules of M are semisimple. Let M/N be
an arbitrary quotient module, and let n: M — M/N be the natural
map. As M is semisimple, we see from Lemma 1 that M is a sum
of simple submodules, say M = S; + ...+ S,. Then we must have
M/N = n(M) = n(S1) + ... + n(S,); but each n(S;) is isomorphic
with a quotient module of S; and thus must be either zero or simple.
Therefore, M /N is a sum of simple modules and hence is semisimple
by Lemma 1. W

We shall say that the algebra A is semisimple if all non-zero
A-modules are semisimple. If G is a finite group and the characteris-
tic of F' does not divide |G|, then FG is semisimple by Corollary 12.8.
We now present some basic results on semisimple algebras.

LEMMA 3. The algebra A is semisimple iff the A-module A is
semisimple.

PROOF. Suppose that the A-module A is semisimple, and let M
be an A-module generated by {m,...,m.}. Let A" denote the
direct sum of r copies of A. We define a map from A" to M by
sending (ay,... ,a,) to aym; + ... + a,m,; this map is an A-module
epimorphism. Thus, M is isomorphic with a quotient module of
the semisimple module A" and hence is semisimple by Lemma 2. It
follows that A is a semisimple algebra. The converse is trivial. H
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PROPOSITION 4. Let A be a semisimple algebra, and suppose that
as A-modules we have A =2 S, @ ... @ S, where the S; are simple
submodules of A. Then any simple A-module is isomorphic with
some S;.

PROOF. Let S be a simple A-module, fix some 0 # s € S, and
define an A-module homomorphism ¢: A — S by ¢(a) = as for
a € A. As S is simple, ¢ is surjective. For each i, let ¢;: S; — S
be the restriction of ¢ to S;. If ¢; = 0 for all ¢, then we would
have ¢ = 0; hence ¢; is non-zero for some ¢, and it now follows from
Schur’s lemma that ¢;: S; — S is an isomorphism. W

PROPOSITION 5. Suppose that A is a semisimple algebra, and let
S1,...,S5, be a collection of simple A-modules such that every simple
A-module is isomorphic with exactly one S;. Let M be an A-module,
and write M 2 ny5; & ... & n,.S, for some non-negative integers n;.
Then the n; are uniquely determined.

(Whenever the modules Sy, ... , S, are as stated in the theorem, we
shall say that the S; are the distinct simple A-modules.)

PROOF. There is a composition series of 1,5, &...® n,S, having
ni+...+n, terms, in which each S; appears n; times as a composition
factor; the result now follows from the Jordan-Hoélder theorem for
modules. W

We now initiate our efforts to classify all semisimple algebras. We
start by proving the semisimplicity of a certain class of algebras, and
we will ultimately show that all semisimple algebras lie in this class.

If D is a finite-dimensional F-algebra, then for any n € N the set
M., (D) of n x n matrices with entries in D is a finite-dimensional
F-algebra of dimension n?dimp D. Algebras of the form M, (D)
are called matrix algebras over D. For 1 < 4,5 < n and o € D,
let E;;j(c) be the matrix whose only non-zero entry occurs in the
(i, 7)-position and is equal to . Let D™ be the set of column vectors
of length n with entries in D; this forms an M, (D)-module under
matrix multiplication.

An algebra D is said to be a division algebra if the non-zero ele-
ments of D form a group under multiplication. Any field extension
of F is a division algebra, but there may be division algebras that
are non-commutative rings.
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THEOREM 6. Let D be a division algebra, and let n € N. Then
any simple M, (D)-module is isomorphic with D", and M, (D) is
isomorphic as M,,(D)-modules with the direct sum of n copies of D™.
In particular, M, (D) is a semisimple algebra.

PROOF. A non-zero submodule of D™ must contain some non-zero
vector, which must have a non-zero (and hence invertible) entry z in
the jth place for some j. By premultiplying this vector by E;;(z!),
we see that the submodule contains the jth standard basis vector. By
premultiplying this basis vector by appropriate permutation matri-
ces, we see that the submodule contains every standard basis vector,
and hence contains every vector. Therefore D™ is the only non-
zero M, (D)-submodule of D", and hence D" is simple. Now for
each 1 < k < n, let C} be the submodule of M,,(D) consisting of
those matrices whose only non-zero entries appear in the kth col-
umn. Then we clearly have M, (D) = &7_,Cy, as M, (D)-modules;
but each C is isomorphic as an M, (D)-module with D". It now
follows from Lemma 3 that M,, (D) is a semisimple algebra and from
Proposition 4 that D™ is the unique simple M, (D)-module. W

We say that an algebra is simple if its only two-sided ideals are
itself and the zero ideal.

LEMMA 7. Simple algebras are semisimple.

PROOF. Let A be a simple algebra, and let ¥ be the sum of all
simple submodules of A. Let S be a simple submodule of A, and
let a € A. Then Sa is the image of § under the homomorphism
that sends s to sa, and thus Sa is either zero or simple. In either
case, we have Sa C ¥ for any simple submodule S and any a € A;
from this we conclude that ¥ is a right ideal in A and hence that ¥
is a two-sided ideal. But A is simple and ¥ # 0, so we must have
¥ = A. Therefore, A is a sum of simple A-modules, and it follows
from Lemmas 1 and 3 that A is a semisimple algebra. W

THEOREM 8. Let D be a division algebra, and let n € N. Then
M., (D) is a simple algebra.

PROOF. Let 0 # M € M, (D); we must show that the principal
two-sided ideal J of M, (D) generated by M is equal to M, (D).
It suffices to show that J contains each E;;(1) since these matrices
generate M, (D) as an M, (D)-module. As M # 0, there are some
1 < r,s < n such that the (r,s)-entry of M is non-zero; call this
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entry . We easily verify that E,,(1) = E,.(z7!)ME,(1) € J. Now
let 1 < 4,57 < n, and let w and w' be the permutation matrices
corresponding to the transpositions (i s) and (s j), respectively.
Then E;;(1) = wE,(L)w' € J. A

If By,..., B, are algebras, then their external direct sum is the
algebra B whose underlying set is the Cartesian product of the B;
and whose addition, multiplication, and scalar multiplication oper-
ations are defined componentwise. As the name suggests, we write
B=B,®...¢ B,. If M is a B;-module for some ¢, then we give M
a B-module structure by (by,... ,b.)m = bym. Clearly, if M is sim-
ple (resp., semisimple) as a B;-module, then it is also simple (resp.,
semisimple) as a B-module. For each ¢, the set of elements of B
whose only non-zero entry occurs in the ith component is an ideal
of B, and this ideal is isomorphic, as a B-module, with B,.

Now suppose that B is an algebra having ideals Bj, ... , B, such
that, as vector spaces, B equals the direct sum of the B;. Then B is
isomorphic with the external direct sum B; @ ... ® B, by the map
sending b = b; +...+b, to (by,... ,b.). We call B the internal direct
sum as algebras of the B;. (If i # j and b; € B;,b; € B;, then we
must have b;b; € B; N B; = 0 since B; and B; are ideals; therefore,
the product in B of b; +...+b, and b} +...+ b is biby +... +b,b.)

LEMMA 9. Let B = B;®...®B, be a direct sum of algebras. Then
the two-sided ideals of B are exactly the sets of the form J;®...® J,,
where J; is a two-sided ideal of B; for each i.

PROOF. Let J be a two-sided ideal of B, and let J; = J N B; for
each i; clearly @2 ;J; C J. Let b € J; then b = b; + ... + by, where
b, € B, for each i. Fix some ¢, and let ¢; be the element of B whose
only non-zero entry is the identity of B;; then b, = be; € JNB; = J;.
Therefore b € ®7_, J;, which shows that J has the desired form. The
converse is easy. W

THEOREM 10. Let 7 € N. For each 1 <14 < r, let D; be a division
algebra over F, let n; € N, and let B; = M, (D;). Let B be the
external direct sum of the B;. Then B is a semisimple algebra having
exactly r isomorphism classes of simple modules and exactly 2" two-
sided ideals, namely every sum of the form @ B;, where J is a subset
of {1,...,n}. jet
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PrOOF. For each i, we can write B; = C;; @ ... @ C;,, by The-
orem 6, where the C;; are mutually isomorphic simple B;-modules.
As noted above, each C;; is also simple as a B-module. Therefore,
we have B = @, ;C;; as B-modules, and hence B is a semisimple
algebra by Lemma 3. It now follows from Proposition 4 that any
simple B-module is isomorphic with some C;;; but C;; & Cy as
B-modules iff i = k, so there are exactly r isomorphism classes of
simple B-modules. The statement about two-sided ideals of B is an
easy consequence of Theorem 8 and Lemma 9. W

We have just shown that a direct sum of matrix algebras over
division algebras is semisimple. We will shortly prove an important
theorem due to Wedderburn which asserts that the converse is also
true: Any semisimple algebra is isomorphic with a direct sum of
matrix algebras over division algebras. We develop the proof through
a series of lemmas after first introducing some new concepts.

If M is an A-module, then composition of mappings gives a mul-
tiplication in End4(M), and hence Ends(M) is an F-algebra. We
call Ends (M) the endomorphism algebra of M.

We define the opposite algebra B°P of an algebra B to be the set
B endowed with the usual addition and scalar multiplication but the
opposite multiplication. Given a,b € B, we shall use ab to denote
their product in B and a - b to denote their product in B, so that
a-b = ba by definition. Observe that (B°?)°? = B. If B is a division
algebra, then so is B°?. The opposite of a direct sum of algebras is
the direct sum of the opposite algebras, since multiplication in the
direct sum is defined componentwise.

Endomorphism algebras and opposite algebras are closely related:

LEMMA 11. Let B be an algebra. Then B°? = Endg(B).

PROOF. Let ¢ € Endg(B), and let a = ¢(1). Then we have
¢(b) = bp(1) = ba for any b € B, and hence ¢ is equal to the
endomorphism p, given by right multiplication by a. Therefore,
we have Endg(B) = {p, | a € B}, and so Endg(B) and B are
in bijective correspondence. To finish the proof, it suffices to show
that p,pp = pop for any a,b € B. Let a,b,z € B; then we have
(Puts)(2) = pul(@h) = b = pra(z) = pas(®) as required. W

The above result suggests that we can gain information about
semisimple algebras by studying the properties of the endomorphism
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algebras of semisimple modules; the next result indicates that this
can be accomplished by looking at the special case of modules that
are direct sums of a single simple module.

LEMMA 12. Let Sy,..., S, be the distinct simple A-modules; for
each 7, let U; be a direct sum of copies of S;, and let U = U; .. .®U..
Then we have Ends(U) =2 Enda(U1) @ ... ® Enda(U,).

PRrOOF. Let ¢ € Enda(U), and fix some i. Every composition
factor of U; is isomorphic with S;, so by the Jordan-Hélder theorem
for modules we see that the same is true of ¢(U;), since (U;) is
isomorphic with a quotient of U;. Suppose that ¢(U;) were not con-
tained in U;. Then the image of ¢(U;) in U/U; under the natural map
would be a non-zero submodule having S; as a composition factor.
But it follows from the hypothesis that the composition factors of
U/U; are exactly those S; for j # i, and hence a submodule of U/U;
cannot have S; as a composition factor. Therefore for each i, we can
define ¢; € Enda(U;) to be the restriction to U; of ¢. In this way,
we define a map I': Enda(U) — Enda(Uy) @ ... ® End4(U,) by set-
ting I'(¢) = (¢1,... , ). We find that I is an A-module monomor-
phism. Now let (¢1,... ,%,) € Enda(U,)®.. . ®Enda(U,). We define
¢ € End4(U) as follows: Given z € U, we write z =z, + ... + z,
where z; € U; for each i, and we define $(z) = ¢1(z1) +... + o, (z,).
We have (1, ... ,¢,) = I'(¢), which shows that I is surjective. W

LEMMA 13. If S is a simple A-module, then for any n € N we
have End4(nS) = M, (End4(S)).

PrROOF. We regard the elements of nS as being column vectors of
length n with entries from S. Let ® = (¢;;) € M,,(Enda(S)). We
define I'(®): nS — nS by

S1 P11 .- P \[51 @11(31) +...+ 901n(3n)
r@y:1=1: - = :
Sn Pni oo Pnn Sn Pn1 (31) + oo + Sonn(sn)

We find that ['(®)(as + t) = a[['(®)(s)] + ['(®)(t) for any a € A
and s,t € nS since each ¢;; is an A-module homomorphism; hence
['(®) € Enda(nS). We leave it to the reader to check that the map
I': M,(Ends(S)) — Ends(nS) defined in this way is an algebra
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monomorphism. Now let ¥ be an element of Ends(nS). For each
1 <i,j <n, we define ¢;;: S — S implicitly by

S ’(/)11(8) 0 '(pln(s)
o I R IO ) I

A E 0] | ¥neim(s)
0 %1(8) s wnn(s)

We find that each ¢;; € End4(S). Let ¥ = (¢;;) € M,,(Enda(S5));
then I'(¥) = ¢, which shows that I' is surjective, as required. ®

If S is a simple A-module, then it follows immediately from Schur’s
lemma that End4(S) is a division algebra. If the ground field F is
algebraically closed, then we can be more specific about the structure
of End A (S ) : '

LEMMA 14. Suppose that F is algebraically closed, and let S be
a simple A-module. Then Ends(S) = F.

(This result is not necessary for the development of the general struc-
ture theory of semisimple algebras, but as we shall see in Chapter 6
it is critical in the application of the theory of semisimple algebras
to ordinary representation theory.)

PROOF. Let ¢ € Enda(S). Viewing ¢ as an invertible F-linear
self-map of the finite-dimensional F-vector space S, we see since F'
is algebraically closed that ¢ has a non-zero eigenvalue A\, € F'. If
I is the identity element of End4(S), then ¢ — A,I € End4(S) has
non-zero kernel and hence is not invertible, which forces ¢ = A, I
since End 4(S) is a division algebra. The map sending ¢ to A, is an
isomorphism from End4(S) to F. W

LEMMA 15. Let B be an algebra. Then M, (B)? = M,,(B°?) for
any n € N.

PRrOOF. We define 9: M,,(B)®* — M, (B°?) by letting ¢(X) be
the transpose X' of the matrix X; this map v is clearly bijective.
Let X = (z;;) and Y = (y;;) be elements of (M,(B))°?. Then for
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any i and j we have

WEOBE N =3 (K- (¥ )y = 3 Xl - Vi,

1 k=1

{f
NE

b
Il

n
Tpi " Yjue = E YiuTksi

If
NE

= (;X)ji = (YXE =(X-Y);
=P(X-Y)y

and hence ¥(X - Y) = ¢(X)y¥(Y); from this, we see that ¢ is an
algebra homomorphism, which completes the proof. W

Putting the pieces together, we now have Wedderburn’s main
structure theorem:

THEOREM 16. The algebra A is semisimple iff it is isomorphic
with a direct sum of matrix algebras over division algebras.

PRrROOF. Suppose that the algebra A is semisimple. Then we can
write A in the form A = U; @ ... ® U,, where each U; is the direct
sum of n; copies of a simple A-module S;, and no two of the S; are
isomorphic. We have

A% =2 End,(A) by Lemma 11
2 Ends(U1) @ ... ®Enda(U,) by Lemma 12
= Ends(n1S1) ® ... ® Enda(n,S,)
= M, (Ends(S)) @ ... & M, (Enda(S,)) by Lemma 13,

and hence

A= [M,, (Enda(51)) & ...® M, (End4(S,))]”
=~ /\/In1 (EndA(Sl))OP B...P Mn, (EndA(ST))"”
=~ M, (Ends(S;)?) @ ... ® M, (End4(S,)”) by Lemma 15.

Since the endomorphism algebra of a simple module is a division
algebra, and since the opposite algebra of a division algebra is also
a division algebra, we now see that any semisimple algebra is iso-
morphic with a direct sum of matrix algebras over division algebras.
The converse was established in Theorem 10. B
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As an immediate corollary, we have another celebrated result of
Wedderburn:

THEOREM 17. The algebra A is simple iff it is isomorphic with a
matrix algebra over a division algebra.

PROOF. Suppose that A is simple. Then A is semisimple by
Lemma 7, so by Theorem 16 A is isomorphic with a direct sum
of » matrix algebras over division F-algebras, and hence by Theo-
rem 10 A has exactly 2" ideals. But A is simple and thus has exactly
2 ideals, so we must have r = 1; hence any simple algebra is isomor-
phic with a matrix algebra over a division algebra. The converse was
established in Theorem 8. W

We now see, albeit indirectly, that an algebra is semisimple iff it
is a direct sum of simple algebras, which affirms the consistency of
our choices of terminology.

Semisimple algebras over algebraically closed fields have a more
specific classification than those over arbitrary fields:

THEOREM 18. Suppose that the field F' is algebraically closed.
Then any semisimple algebra is isomorphic with a direct sum of
matrix algebras over F.

ProoOF. This follows from Lemma 14 and the proof of Theo-
rem 16. H

In the remainder of this section, A is an algebra as before, but now
possibly without unit. An element z € A is called nilpotent if z" = 0
for some n € N. For example, the matrix ($ §) is a nilpotent element
of My(F) since its square is the zero matrix. More generally, any
upper triangular element of M,,(F) whose main diagonal consists
solely of zeroes is nilpotent. An ideal I of A is said to be nilpotent
if I™ = 0 for some n € N, where I™ is the ideal spanned by all
products of n elements of I. (By ideal, we shall always in this section
mean two-sided ideal.) Taking I = A, we say that the algebra A is
nilpotent if there is some n € N such that any product of n elements
of A equals zero; in particular, every element of a nilpotent algebra is
nilpotent, and consequently a nilpotent algebra cannot be an algebra
with unit.
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LEMMA 19. Let I and J be nilpotent ideals of A. Then I 4 J is
also a nilpotent ideal of A.

ProOF. Let m,n € N be such that I™ = J® = 0. The product
of any m + n elements of I + J can be written as a sum of terms of
the form z; - - - Z;n4n, Where each z; lies in either I or J. In any such
term, by the pigeonhole principle either at least m of the z; lie in I
or at least n lie in J. In the former case, since [ is an ideal we can
rewrite 2; - - Zyyn as a product of m elements of I, and hence we
have z; - - - Zm4n = 0 by the nilpotence of I; the other case is similar.
Therefore, the product of any m + n elements of I + J is zero, and
hence (I +J)™™" =0. &

COROLLARY 20. A has a largest nilpotent ideal.

(What we mean by this is that there is a nilpotent ideal of A that
contains every nilpotent ideal of A.)

PRrROOF. The sum of all nilpotent ideals of A can be realized as
a finite sum since A is finite-dimensional; this finite sum contains
all nilpotent ideals of A, and we see that it is nilpotent by applying
Lemma 19 and an induction argument. W

LEMMA 21. Let M and N be submodules of A such that A/M
and A/N are semisimple A-modules. Then A/M N N is a semisimple
A-module.

PROOF. The map from A/M NN to A/M & A/N that sends
a+(MNN) to (a+ M,a+ N) is easily seen to be an A-module
monomorphism; the result now follows from Lemma 2. W

COROLLARY 22. A has a smallest submodule having semisimple
quotient.

(Similarly, what we mean by this is that there is a submodule of A
having semisimple quotient that is contained in every submodule
of A that has semisimple quotient.)

PROOF. Asin Corollary 20, the intersection of all submodules of A
having semisimple quotient can be realized as a finite intersection
of such submodules, and we see via Lemma 21 and an induction
argument that this finite intersection has semisimple quotient. [ |
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Let M be an A-module. We define Ann(M) = {a € A | aM = 0};
this is called the annihilator of M, and we see easily that it is an
ideal of A. Given a family {M,;};c7 of A-modules, we define their

common annihilator to be (| Ann(M,).
teT

The following result relates the concepts introduced in the previ-
ous paragraphs. The key parts of this theorem are due to Wedder-
burn, although not in this formulation.

THEOREM 23. Let A be an algebra with unit. Then the following
are equal:

e The largest nilpotent ideal of A.
e The common annihilator of all simple A-modules.
e The smallest submodule of A having semisimple quotient.

This object is called the radical of A and will be denoted rad(A).
It is often called the Jacobson radical (and then denoted J(A)) after
Nathan Jacobson, a student of Wedderburn.

PrROOF. Let I be the largest nilpotent ideal of A, which exists
by Corollary 20; let A be the common annihilator of all simple
A-modules; and let M be the smallest submodule of A having semi-
simple quotient, which exists by Corollary 22.

Let J be a nilpotent ideal of A, and let S be a simple A-module.
As JS is a submodule of S, either JS =0o0or JS=S8. If JS = S,
then we have J*S = S for all kK € N; but J* = 0 for some n € N
since J is nilpotent, so this is a contradiction. Therefore JS = 0;
thus every nilpotent ideal annihilates every simple A-module, and so
it follows that I C A.

Since A is finite-dimensional, it has as an A-module a composi-
tion series A = Ay D A; D ... D A, = 0. Each successive quotient
A;/ A4 is a simple A-module, and hence A(A4;/A;;,) = 0, or equiv-
alently AA; C A;;,. Therefore, A* C A, for every 1 < k < r, and
in particular A" C A, = 0, which gives A C I. Therefore I = A.

Now A annihilates all simple A-modules, so in addition it annihi-
lates all semisimple A-modules. Since A/M is semisimple, we have
A(A/M) = 0, and hence AA C M; as A C AA since A has unit,
this gives A C M.

Suppose that A C M. Then there is a simple A-module S such
that M S # 0, which forces MS = S since MS is a submodule of S.
Moreover, M s is a submodule of S for every s € S, so there must be
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some s € S such that Ms = S. Let m € M be such that ms = —s,
in which case m + 1 lies in the annihilator of s. The annihilator
of s is a proper submodule of A, and since A is finite-dimensional it
follows that the annihilator of s, and in particular m+ 1, lies in some
maximal submodule N of A. Since N is maximal, A/N is simple and
hence semisimple, and so M C N. But now we have m € N, which
gives 1 = (m+1)—m € N and hence A = N; this is a contradiction
since N C A. Therefore, we must have A=M. N

COROLLARY 24. Let A be an algebra with unit. Then A is semi-
simple iff A has no non-zero nilpotent ideals.

PROOF. By Lemma 3, A is semisimple iff A is semisimple as an
A-module, and by Theorem 23 this is true iff rad(A) = 0; but we
also see from Theorem 23 that rad(A) = 0 iff A has no non-zero
nilpotent ideals. W

We have just seen that an algebra with unit whose radical is zero is
semisimple. This suggests the following question: What can be said
about an algebra without unit whose radical is zero? This question
has an answer that is perhaps surprising: There are no such algebras.
Before establishing this, we need a lemma that enables us to imbed
an algebra without unit inside an algebra with unit.

LEMMA 25. Let A be an algebra, possibly without unit. Then
there exists an algebra B with unit and an ideal I of B such that,
as algebras, we have I 2 A and B/I = F.

ProOOF. Let B be the set F' x A, endowed with componentwise
addition and scalar multiplication and with the following multipli-
cation: We define (A, a)(u,b) = (A, Ab+ pa + ab) for A\, u € F and
a,be A. Let I = {(0,a) | a € A} C B. We leave it to the reader
to verify that B is an algebra with unit (1,0) satisfying the stated
conditions. W

THEOREM 26. Let A be a non-zero algebra, possibly without unit.
If A has no non-zero nilpotent ideals, then A is an algebra with unit.

PROOF. Let B and I be as in Lemma 25, and let J be a nilpotent
ideal of B. Then J NI is a nilpotent ideal that is contained in I;
but I = A by Lemma 25, so from the hypothesis we deduce that
JNI = 0. The first isomorphism theorem for modules now gives
J=J/JNI =T+ J/I; thus, I + J/I is a nilpotent ideal in B/I.
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But B/I = F by Lemma 25, and F has no non-zero proper ideals, so
we must have J = 0. Therefore, B has no nilpotent ideals and hence
is semisimple by Corollary 24; it now follows from Theorem 16 that
B is isomorphic with a direct sum of matrix algebras over division
algebras. By Theorem 10, every ideal of B is also a direct sum of
matrix algebras over division algebras, and thus every non-zero ideal
of B is an algebra with unit. But A = I is a non-zero ideal of B by
Lemma 25, and therefore A is an algebra with unit. W

We can now prove a final theorem of Wedderburn; this result will
allow us to complete the proof of Kolchin’s theorem, which was left
unfinished in Section 5.

THEOREM 27. Suppose that the algebra A can be generated as an
F-vector space by a set consisting of nilpotent elements. Then A is
nilpotent.

PROOF. Let F' be an algebraically closed field that contains F.
(Such fields certainly exist; see [18, Section 8.1].) Let A = F ®p A.
Then A is an F-vector space with dimz A = dimp A, and any F-basis
for A induces an F-basis for A. Moreover, A has an algebra structure
that extends that of A. We can view A as a subalgebra of A via the
inclusion of F in F' and the isomorphism (as in Proposition 12.2) of A
with F®rA. (The algebra A is called the extension of scalars from F
to F of A.) By hypothesis, A can be generated as a vector space by a
set consisting of nilpotent elements; hence A also has this property.
Since A C A, it suffices to prove that A is nilpotent. Therefore,
without loss of generality, we can assume that F' is algebraically
closed.

We shall use induction on dimr A. If dimgp A = 1, then every
element of A is a scalar multiple of a nilpotent element, and hence
A is nilpotent. Thus we assume that dimgr A > 1. Suppose that
A has a non-zero nilpotent ideal I. Then dimp A/I < dimg A, and
so by induction A/I, and consequently A, is nilpotent. It remains
only to consider the case where A has no non-zero nilpotent ideals.
In this case, A is an algebra with unit by Theorem 26 and hence is
semisimple by Corollary 24. We now see from Theorem 18 that A is
isomorphic with a direct sum of matrix algebras over F. Let M, (F)
be one of these summands. Since A can be generated as a vector
space by nilpotent elements, we see that the same is true of M, (F).
If M € M, (F), then since F is algebraically closed it follows via
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Jordan form that M is similar to an upper triangular matrix; if M
is nilpotent, then this observation implies that the trace of M must
be zero. Therefore, the nilpotent elements that generate M, (F') are
contained in a proper subspace of M, (F'), namely the kernel of the
trace map; this is a contradiction, so this case cannot arise. H

We now give the application of this theorem used in Section 5.

PROPOSITION 28. Let V,(F) be the space of column vectors of
length n € N with entries from a field F', and let H be a unipotent
subgroup of GL(n, F'). Then there exists some 0 # v € V,(F') such
that xzv =v for all z € H.

PRrOOF. Let V be the subspace of GL(n, F') spanned by the set
S ={z—1I|z € H}, where I denotes the identity matrix. If z € H,
then we have (z — I)" = 0 since z is unipotent, and consequently S
consists of nilpotent elements. Now for z,y € H, we observe that
z—-Dy-I)=(xy—-I)—(x—-I)—(y—1I) € V. Thus, V is
closed under matrix multiplication, and we conclude that V is an
algebra. Since V is generated as a vector space by the set S of
nilpotent elements, V is nilpotent by Theorem 27. In particular,
there is some minimal ¢ € N such that (z; —I)---(z; — I) = 0
for any z;,...,x; € H. By the minimality of ¢, there must exist
some yi,...,Y:—1 € H such that (y; — I)---(ys—1 — I) is not the
zero matrix, and thus there must exist non-zero vectors v and v’ in
V,.(F) such that (y; —I)- -+ (ys—1 —I)v' = v. Now for any z € H we
have (x — I)v=(z—I)(y1 —I) - (y:—1 — I)v' = OV = 0 and hence
zv=v. N

EXERCISES

Throughout these exercises, A denotes a finite-dimensional algebra with
unit over a field F, and all A-modules are finitely generated.

1. Let n € N. Let V be the n-dimensional subspace of A™ spanned
by the identity elements of the summands. Show that if M is an
A-module and T': V — M is a linear transformation, then there is a
unique A-module homomorphism from A™ to M which extends T'.

2. (cont.) Suppose that B is an A-module having an n-dimensional
subspace U such that whenever M is an A-module and T: U — M
is a linear transformation, there is a unique extension of T to an
A-module homomorphism from B to M. Show that B and A"
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are isomorphic A-modules. (Modules of the form A" for some
n € N are called free A-modules; hence this exercise provides an
alternate characterization of freeness, which we shall generalize for
group algebras in the exercises to Section 16.)

3. Let n € N, and let T,,(F') be the algebra of upper triangular n x n
matrices. Show that the set V,(F) of column vectors over F' of
length n is a T, (F)-module that has a unique composition series
in which every simple T, (F)-module appears exactly once as a
composition factor.

4. (cont.) Show that the T),(F)-module T,,(F) is isomorphic with the
direct sum of all non-zero submodules of V,,(F).

5. (cont.) Find the largest nilpotent ideal of T,,(F'), and show without
reference to Theorem 23 that it is also the common annihilator of
all simple T}, (F)-modules and the smallest submodule of T,,(F')
having semisimple quotient.

6. Let U be an A-module, let n € N, and let U™ be the set of column
vectors of length n with entries from U, considered in the obvious
way as an M, (A)-module. Show that U is a simple A-module iff
U™ is a simple M,,(A)-module.

7. (cont.) Show that Hom,4(U,V) = Hompy,4)(U™, V") for any
A-modules U and V.

8. (cont.) Show that every M,,(A)-module is isomorphic with a mod-
ule of the form U™ for some A-module U. (What Exercises 6-8
show is that the module theory of the algebras A and M,,(A) is,
in a sense that can be made precise, the same. In the language
of category theory, we say that the categories of A-modules and
M., (A)-modules are Morita equivalent.)

9. Show that A is a simple A-module iff A is a division algebra.

10. We can clearly regard an A/rad A-module as being an A-module;
on the other hand, a simple A-module is annihilated by rad(A)
and hence can be considered as an A/rad A-module. Show that
an A-module is simple iff it is a simple A/rad(A)-module. (Since
A/rad(A) is a semisimple algebra, this implies that the determina-
tion of simple modules over arbitrary algebras reduces to the case
of semisimple algebras.)

11. Let B be a finite-dimensional F-algebra, possibly without unit.
Show that if B is a simple algebra whose multiplication is not
identically zero, then B is isomorphic with a matrix algebra over
a division algebra.

FURTHER EXERCISES
Let A be as above, and let M be a finitely generated A-module.
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12.

5. Semisimple Algebras

Show that the following objects (exist and) are equal: the inter-
section of all maximal submodules of M; the smallest submodule
of M having semisimple quotient; and rad(A)M. This submodule
of M is called the radical of M and is denoted rad(M). (Observe
that our two definitions of the symbol rad(A) agree.)

We define a descending series rad™ (M) of submodules of M by setting
rad’(M) = M and rad™(M) = rad(rad” (M) for n € N. It follows from
Exercise 12 that we have rad” (M) = (rad(A))"M for any n € N. This
series is called the radical series of M. Observe that rad™(M) = 0 for
some n, since rad(A) is a nilpotent ideal, and that each successive quotient
of the radical series is a semisimple module, with M being semisimple iff
rad(M) = 0.

13.

14.

15.

(cont.) Show that M has a unique largest semisimple submodule
and that this submodule is equal to {m € M | rad(A)m = 0}. We
call this submodule the socle of M, and we denote it by soc(M).
(cont.) We define an ascending series soc™(M) of submodules
of M as follows: We let soc®(M) = 0 and soc'(M) = soc(M),
and for n > 1 we let soc”(M) be the submodule of M such that
soc™(M)/soc® (M) = soc(M/soc™*(M)). Show that we have
soc (M) = {m € M | rad(A)"m = 0} for any n € N. (This se-
ries is called the socle series of M. As with the radical series, we
observe that soc™(M) = M for some n, since rad(A) is nilpotent,
and that each successive quotient of the socle series is semisimple,
with M being semisimple iff soc(M) = M.)

(cont.) Show that rad™(M) = 0 iff soc™(M) = M; conclude that
the radical and socle series of M have the same finite length. If
this common length is 7, then show that rad™ (M) C soc” "(M)
forevery 0 <n <.



6
Group Representations

In this final chapter, we explore the character theory of finite groups. Sec-
tion 14 introduces characters and develops some of their elementary prop-
erties. This development is continued in Section 15 with the introduction of
the character table and the verification of the orthogonality relations. The
bulk of this section is devoted to a series of instructive examples involving
the computation of character tables. In Section 16, we momentarily return
to a more general setting with the definition of induced modules; we then
study induced characters, finishing with a well-known group-theoretic the-
orem of Frobenius that (at present) cannot be established without invoking
character theory.

14. Characters

In this chapter G denotes a finite group, and all CG-modules are
finitely generated (or equivalently have finite dimension as C-vector
spaces), where C is the field of complex numbers.

Since C is an algebraically closed field of characteristic zero, we
obtain from Wedderburn theory specific information about the na-
ture of the algebra CG:

THEOREM 1. There is some r € N and some fi,..., f. € N such
that CG =2 M4 (C) @ ... ® M; (C) as C-algebras. Furthermore,
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there are exactly r isomorphism classes of simple CG-modules, and
if we let S, ..., S, be representatives of these r classes, then we can
order the §; so that CG = 151 & ... ® .S, as CG-modules, where
dimc S; = f; for each . Any CG-module can be written uniquely in
the form a,8; @ ... @ a,S,, where the a; are non-negative integers.

PROOF. The first statement follows from Corollary 12.8 and The-
orem 13.18; the second, from Theorems 13.6 and 13.10, where we
take S; to be the space of column vectors of length f; with the canon-
ical module structure over the ith summand M/, (C); and the third,
from Proposition 13.5. W

The C-dimensions fi, ... , f,. of the r simple CG-modules are called
the degrees of G. The trivial CG-module C is one-dimensional and
hence simple, so G will always have at least one of its degrees equal
to 1, and by convention we will set f; = 1.

COROLLARY 2. We have i 2 =|G|.
g=1

ProoOF. Theorem 1 gives

|G| = dim¢ CG = dimc (@D My, (C)) = Y dime My, (C)
=1 i=1

=5 .

In fact, the degrees of G must divide |G|; we shall not use this
fact, but we provide a proof of it in the Appendix.

We now establish an important connection between the number
of simple CG-modules and the structure of G.

THEOREM 3. The number r of simple CG-modules is equal to the
number of conjugacy classes of G.

PROOF. Let Z be the center of CG, meaning that Z is the sub-
algebra of CG consisting of all elements that commute with every
element of CG. Using Theorem 1, we observe that Z is isomorphic
with the center of My, (C) @ ... ® My (C) and hence is isomorphic
with the direct sum of the centers of the My, (C). As noted in the
proof of Proposition 6.4, the center of any My, (C) consists only of
the scalar matrices and hence is isomorphic with C; thus Z = C",
and in particular dim¢ Z = r.
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Consider an element }- . Agg of Z. For any h € G, we have
(T, A9 = h(X, Ag9), giving 3y Agg = 3, Agh ™ gh = 32, Angh-19.
Therefore, we have A, = Apgn-1 for every g,h € G, and so we con-
clude that the coefficients of elements of Z are constant on conjugacy
classes. It follows that a basis for Z is the set of class sums, which
are the sums of the form 3° . g where K is a conjugacy class of G.
Thus, dim¢ Z is equal to the number of conjugacy classes of G, which
completes the proof. W

We should mention that, in general, there is no natural bijective
correspondence between the conjugacy classes of G and the simple
CG-modules. However, if G is a symmetric group, then there is
such a correspondence, although we shall not develop it here; for an
overview, see [13, Section 4.1].

If U is a CG-module, then each g € G defines an invertible lin-
ear transformation of U that sends u € U to gu. We define the
character of U to be the function xy: G — C, where xy(g) is the
trace of this linear transformation of U defined by g. For example,
xv(1) = dime U, since the identity element of G induces the iden-
tity transformation on U. If p: G — GL(U) is the representation
corresponding to U, then xy(g) is just the trace of the map p(g).
Isomorphic CG-modules have equal characters. We observe that for
any g, h € G, the linear transformations of U defined by g and hgh™!
are similar and hence have the same trace. Therefore, any character
of G is constant on each conjugacy class of G, meaning that the value
of the character on any two conjugate elements is the same.

For example, let U = CG, and let ¢ € G. By considering the
matrix of the linear transformation defined by g with respect to the
basis G of CG, we see that xy(g) is equal to the number of elements
z € G for which gz = x. Therefore, we have xy(1) = |G| and
xv(g) = 0 for every 1 # g € G. This character is called the regular
character of G.

The theory of characters was developed by Frobenius and others,
starting in 1896. However, at first nothing was known about linear
representations, let alone modules over the group algebra; Frobenius
defined characters as being functions from G to C satisfying certain
properties, but it turned out that his characters were exactly the
trace functions of finitely generated CG-modules.

We will denote the characters of the r simple CG-modules by
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X1,---,Xr; these characters will be referred to as the irreducible
characters of G. Whenever we say that S;,...,S, are the distinct
simple CG-modules, we implicitly order them so that xs, = x; for
each i. In keeping with the convention that f; denotes the degree
of the trivial representation, we let x; be the character of the trivial
representation; we call x; the principal character of G, and we have
x1{g) =1for all g € G.

A character of a one-dimensional CG-module is called a linear
character. Since one-dimensional modules are simple, we see that
all linear characters are irreducible. Let x be the linear character
arising from the CG-module U, and let g,h € G. Since U is one-
dimensional, for any u € U we have gu = x(g)u and hu = x(h)u, and
thus x(gh)u = (gh)u = x(g9)x(h)u; therefore, x is a homomorphism
from G to the multiplicative group C* of non-zero complex numbers.
On the other hand, given a homomorphism ¢: G — C*, we can
define a one-dimensional CG-module U by gu = ¢(g)u for g € G
and u € U, and we then have xy = ¢. Therefore, linear characters
of G are exactly the same as group homomorphisms from G to C*.

Our next result compiles some basic information about characters.

PROPOSITION 4. Let U be a CG-module, let p: G — GL(U) be
the representation corresponding to U, and let g € G be of order n.
Then:

(i) p(g) is diagonalizable.
(i) xv(g) equals the sum (with multiplicities) of the eigenvalues
of p(g).
(iii) xv(g) is a sum of xy (1) nth roots of unity.
(iv) xu(g7?) = xv(g). (Here Z denotes the complex conjugate of
ze€C.)

(v) Ixv(g)l < xu(1).
(vi) {z € G | xv(z) = xv(1)} is a normal subgroup of G.

PROOF. Since g" = 1, p(g) satisfies the polynomial X" — 1. But
X" — 1 splits into distinct linear factors in C[X], and so it follows
that the minimal polynomial of p(g) does also, and hence that p(g)
is diagonalizable, proving (i). It now follows that the trace of p(g)
is the sum of its eigenvalues, proving (ii). These eigenvalues are
precisely the roots of the minimal polynomial of p(g), which divides
X™ —1; consequently those roots are nth roots of unity, which (since
xv(1) = dimg U) proves (iii). We see easily that any eigenvector for
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p(g) is also an eigenvector for p(g~'), with the eigenvalue for p(g™')
being the inverse of the eigenvalue for p(g). Since the eigenvalues of
p(g) are roots of unity, it follows that the eigenvalues of p(g~') are the
conjugates of the eigenvalues of p(g), and from this (iv) follows easily.
(v) follows immediately from (iii). We have already seen that xy(g)
is the sum of its x(1) eigenvalues, each of which is a root of unity. If
this sum equals x(1), then it follows that each of those eigenvalues
must be 1, in which case p(g) must be the identity map. Conversely,
if p(g) is the identity map, then we have xy(g) = dime(U) = xv(1);
therefore {z € G | xv(z) = xv(1)} = kerp < G, proving (vi). B

Suppose that x and v are characters of G. We can define new
functions x + % and x% from G to C by (x + ¥)(g9) = x(g9) + ¥(g)
and (x¥)(9) = x(9)¢(g) for g € G. These new functions obtained
from characters are not, a priori, characters themselves. We can
also, given a scalar A € C, define a new function Ax: G — C by
(Ax)(g) = Ax(g), and consequently we can view the characters of G
as elements of a C-vector space of functions from G to C.

PROPOSITION 5. The irreducible characters of GG are, as functions
from G to C, linearly independent over C.

PROOF. We have CG = M, (C) & ... & My, (C) by Theorem 1.
Let Sy,..., S, be the distinct simple CG-modules, and for each 7 let
e; be the identity element of My, (C). Fix some ¢. Recall that for any
g € G, xi(g) is the trace of the linear transformation on S; defined
by g € G. We linearly extend x; to a linear map from CG to C, so
that x;(a) for a € CG is the trace of the linear transformation on S;
defined by a. We observe that the linear transformation on S; given
by e; is the identity map, and hence that x;(e;) = dim¢ S; = f;.
Moreover, if j # i, then the linear transformation on S; given by e,
is the zero map, and hence x;(e;) = 0.

Now let Aq,...,A. € C be such that 377_; A;x; = 0. From the
above we see that 0 = 3>-7_, A\;x;(e;) = Aifi for each é; thus X; =0
for all j, proving the result. W

LEMMA 6. xygev = xv + Xxv for any CG-modules U and V.

PROOF. By considering a C-basis for U @ V whose first dim¢ U
elements form a C-basis for U®0 and whose remaining elements form
a C-basis for 0 V, we see easily that xyev(9) = xv(9) + xv(g) for
anygeG. N
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We can now show that the characters of CG-modules suffice to
distinguish between CG-modules:

THEOREM 7. If Sy,...,S, are the distinct simple CG-modules,
then the character of the CG-module a; 5, ®. .. ®a,S, (where the a;
are non-negative integers) is aix1 + ... + a,x,. Consequently, two
CG-modules are isomorphic iff their characters are equal.

PRrOOF. The first assertion follows directly from Lemma 6. Now
suppose that xy = xv for some CG-modules U and V. Since CG
is semisimple, we can write U & ®;a;S; and V = §;b,5;, where
the a; and b; are non-negative integers. By taking characters, we
have 0 = xy — xv = ».;(a; — b;)x:, which by Proposition 5 forces
a; =b; for all i; hence UZV. R

Although each character determines a CG-module up to isomor-
phism by Theorem 7, there is no generic way to construct a module
from its corresponding character, and so in some sense information is
lost by studying characters in lieu of modules. However, characters
turn out to be an efficient means of translating information about
the ordinary representation theory of G to information about G it-
self, and for this reason we will soon turn our attention away from
CG-modules and toward their characters.

We have seen in Section 12 that if U and V are CG-modules,
then U ®¢ V and Homc (U, V'), which we shall write here simply as
U®V and Hom(U, V'), admit natural CG-module structures. We now
consider the relationship between the characters of these modules
and those of U and V.

PropPOSITION 8. Let U and V be CG-modules. Then:
(i) XUugv = XUXV-

(ii) xu~ = Xv- (Recall that U* = Hom(U, F).)

(lll) XHom(U,V) = X—UXV

PROOF. (i) Let ¢ € G. By part (i) of Proposition 4, the
transformation defined by the action of g on U is diagonal-
izable; let {uy,...,un,} be a basis of U consisting of eigen-
vectors of this transformation, with respective eigenvalues
M, -+ s Am. Similarly, let {v;,...,v,} be abasis of V consist-
ing of eigenvectors of the transformation defined by the action
of g on V, with respective eigenvalues p1,... ,u,. We have
xu(g) = A1 +...+ Ay, and xv(9) = p1 +- - . + g by part (ii)
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of Proposition 4. Now {u; ® v;};; is a basis for U ® V, and
9(u®v;) = gu;®gu; = Au;®p;v; = A (w;®v;) for any i, j.
Hence the basis {u; ® v;};; consists of eigenvectors for the
transformation defined by the action of g on U ® V, and thus
xvev(9) = 2oig Ay = M /\i)(Zj p;) = xv(g)xv(9)-

(ii) Let g € G, and as in the proof of (i) let {u,...,um} be
a basis for U of eigenvectors of the transformation of U
defined by g, with respective eigenvalues Aq,...,An. Let
{1,-.. ,¥m} be the dual basis of U*, so that ¢;: U — C is
defined for each i by ¢;(u;) = 6;; for each j. Fix some j.
Now gu; = Aju;, so g~'u; = A;'u;. However, we observed
in the proof of Proposition 4 that ); is a root of unity, and
consequently we have /\j"1 = )\_J For any ¢,j we now have

(gw0i)(u;) = (g™ u;) = @i(Aju;) = A;65, and this gives
gpi = M\ip; for each i; therefore, the basis {¢1,...,¢mn}
of U* consists of eigenvectors for the transformation of U*
defined by g, with respective eigenvalues Ay, ... , A,,. There-
fore xp-(g) = A1+ ...+ A=A+ ...+ A = xv(9).

(iii) By Proposition 12.7, we have Hom(U,V) = U* ® V, and so
the result follows from (i) and (ii) above. W

A virtual character of G is a Z-linear combination of the irre-
ducible characters of G. (Some authors prefer the term “generalized
character.”) Characters are virtual characters by Theorem 7.

COROLLARY 9. The virtual characters of G form a ring.

PROOF. By part (i) of Proposition 8, the product of two char-
acters is again a character, and the result easily follows from this
observation. W

A class function on G is a function from G to C whose value
within any conjugacy class is constant. For example, characters of
CG-modules are class functions. The set of class functions on G
forms a C-vector space of dimension r, where r is the number of
conjugacy classes of Gi; an obvious basis for this vector space is the
set of functions that attain the value 1 on a single conjugacy class
and O on all other classes.

PRoPOSITION 10. The irreducible characters of GG form a basis for
the space of class functions on G.
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PROOF. By Proposition 5, the irreducible characters of G are lin-
early independent elements of the space of class functions; but their
number is equal by Theorem 3 to the number of conjugacy classes
of G, which is equal to the dimension of the space of class func-
tions. W

If a and @ are class functions on G, then their inner product is
the complex number

(a,8) = = Y a(9)B(9)
IGl QGG

This function ( , ) is, as the name suggests, an inner product on
the space of class functions. That is, we have:

e (a,a) >0 for all ¢, and (a,a) =0iff a =0.

e (a,8) = (B, ) for all o, .

e (Ao, ) = A(e,B) for all o, and all X € C.

4 (al + a27/3) = (ala/B) + (062,/3) fOI‘ a'n al,a27ﬁ'
The following are easy consequences of the above properties:

e (a,)8) = Mo, B) for all o, 3 and all A € C.
b (aaﬁl + /82) = (a’ﬁl) + (a7ﬁ2) for all aaﬂl)ﬁ%

We conclude this section with a result that gives some meaning
to the inner product of two characters. We first require some nota-
tion and a lemma. If U is a CG-module, then the set of elements
of U on which G acts trivially is a CG-submodule of U; we call this
submodule U¢, and so U® = {u € U | gu = u for all g € G}.

LEMMA 11. If U is a CG-module, then dimc U% = i Z xu(g)-

PROOF. Let a = fﬁ > gec 9 € CG. We have ga = a for any g € G,
and from this we see that a® = a. If T is the linear transformation
of U defined by a, then T' must satisfy the equation X% — X = 0;
consequently T is diagonalizable, and the only eigenvalues of T' are
0 and 1. Let U; C U be the eigenspace of T' corresponding to the
eigenvalue 1. If u € Uy, then we have gu = gau = au = u for any
g € G, and therefore u € U®. Conversely, suppose that u € U°.
Then we see that |Glau = (decg)u = Y,9u = X,u = |Gy,
and hence that au = u, which gives u € Uj. Therefore U¢ = U,.
However, the trace of T is clearly equal to the dimension of U;, and
the result now follows from the linearity of the trace map. W
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THEOREM 12. We have (xy,xv) = dim¢ Homeg(U,V) for any
CG-modules U and V.

PROOF. We first observe that Homcg(U, V) is a subspace of the
CG-module Hom(U,V). If ¢ € Homee(U,V) and g € G, then
(99)(u) = gp(g~'u) = g9~ 'p(u) = p(u) for any u € U; hence we
have gp = ¢ for all g € G, which shows that ¢ € Hom(U, V€. By re-
versing the argument we conclude that Homeg(U, V) = Hom(U, V)°.
Therefore

dim¢ Homeg (U, V) = dime¢ Hom(U, V)€ = |G| Z XHom(U,v)(9)

geaG

g€eqG
= (Xv, XU)

by Lemma 11 and part (iii) of Proposition 8. This implies that

(xv,xv) = (xv,xv) = (xv,xv) = dim¢ Homeg (U, V) since we now
know that (xv, xv) is real-valued. H

EXERCISES

Throughout these exercises, G denotes a finite group, and all modules
are finitely generated.

1. Let A be a semisimple C-algebra. Let [A, A] be the subspace of A
spanned by the set {ab—ba | a,b € A}. Show that the codimension
of [A, A] in A (which is just the dimension of A/[A, A]) is equal to
the number of isomorphism classes of simple A-modules.

2. (cont.) Let A = CG, and let gi,...,g, be representatives of the
r conjugacy classes of G. Show that {g; + [4,4] |1<i<r}isa
basis of A/[A, A].

3. Show that if S is a simple CG-module and U is a one-dimensional
CG-module, then S ® U is simple.

4. Show that the set of isomorphism classes of the one-dimensional
CG-modules forms a group under the taking of tensor products.

5. Let x be an irreducible character of G. Show that if X is any |G|th
root of unity, then {z € G | x(z) = Ax(1)} < G.

6. Show that a CG-module U is simple iff its dual U* is simple. Con-
clude that the complex conjugate of an irreducible character is
again an irreducible character.
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If F is any field and U is any F'G-module, then we define the character
of U to be an F-valued function on U whose value at g € G is the trace of
the F-endomorphism of U induced by g, exactly as was done in this section
in the case F' = C.

7. Suppose that F' has characteristic p > 0. Give an example to
demonstrate that two FG-modules that have the same character
need not be isomorphic.

8. Suppose that F' has characteristic p > 0. Show that if U is an
FG-module then we have xy(g) = xv(gy) for any g € G, where
gy is the p'-part of g as defined in Exercise 1.3.

15. The Character Table

We established in Section 14 that any character of G is a Z-linear
combination of the r irreducible characters xi,...,x, of G, where
r is by Theorem 14.3 equal to the number of conjugacy classes of G.
Since each irreducible character is specified by its value on each con-
jugacy class of G, it follows that the characters of G are completely
determined by an r x r array giving the values of the r irreducible
characters on the r conjugacy classes of G. This array is called the
character table of G. Of course, the character table of G is well-
defined only up to reorderings of the rows and columns.

If X is the character table of G, then X = (x;(g;))1<i,j<r, Where
g1,-.. ,9gr are representatives of the r conjugacy classes of G. By
convention, we always set g; = 1, so that the first column of the
character table consists of the degrees of G. We will generally write
X in the form

1 ko ... k.

1 g2 e gr
x2 | f2 x2(92) .- xal(gr)
Xr | fr Xr(g2) .- xr(gr)

where the f; are the degrees of G, and k; = |G : Cg(g:)| is (by
Proposition 3.11) the order of the conjugacy class of g; for each 3.
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(Recall that we always take x; to be the principal character.)
We now continue to establish some fundamental properties of char-
acters.

Row ORTHOGONALITY THEOREM. (x;,X;) = 6;; for any ¢ and j.

PROOF. Let S,...,S, be the distinct simple CG-modules. By
Theorem 14.12, we have (xi,x;) = dimc Homc(S;, S;) for any i
and j. For each i, we have Homcg(S;, S;) = Endce(S;) = C by
Lemma 13.14, and if ¢ # j then Homcg(S:, S;) = 0 by Schur’s
lemma. W

In other words, this theorem asserts that

by = [G|sz 9)x;(9) = |G|Zktxz 90)x;(9¢)

geq

for any ¢ and j, where the g; are conjugacy class representatives and
the k, are the orders of the conjugacy classes. We can interpret this
as saying that the rows of the character table are, when considered
as vectors in C", orthogonal with respect to an inner product that
differs slightly from the standard one, and it is this interpretation
that lends its name to the above result.

Row orthogonality has a number of important consequences:

COROLLARY 1. The irreducible characters of G form an orthonor-
mal basis for the vector space of class functions on G.

ProoF. This follows immediately from Proposition 14.10 and the
row orthogonality theorem. MW

COROLLARY 2. If a = 37, a;x; and B = }_; b;x; are virtual char-
acters of G, then (o, 8) = 3, a;b;

PrROOF. We have

/8) = (Z aixiazbin) = Zzaibj(Xi,Xj) = ZZaibjéij

i=1 j=1 i=1 j=1

= Z a; bz
i=1
by row orthogonality. W

COROLLARY 3. If «a is a character of G and n € {1,2,3}, then
(o, @) = n iff a is a sum of n irreducible characters.
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PROOF. Write a = Y|_, a;X;, where the a; are non-negative inte-
gers. Since (o, @) = Y, a? by Corollary 2, we see that if (a, @) = n,
then we must have a; = 1 for exactly n numbers 1 < j < r, and
a; = 0 for all other 4, in which case o is a sum of n irreducible
characters. The converse follows directly from Corollary 2. B

COROLLARY 4. If o is a virtual character of G, then each x;
appears with coefficient (a,x;) in the unique expression of a as a
Z-linear combination of the irreducible characters of G.

PROOF. Write o = Y__, a;xi, where the a; are integers; then
(e, x;) = a; by Corollary 2. W

PROPOSITION 5. If a is a linear character of G and x is an irre-
ducible character of G, then ayx is an irreducible character of G.

(This result also follows from Exercise 14.3 and part (i) of Proposi-
tion 14.8, but here we provide an alternate proof.)

PROOF. Since a is linear, it follows from part (iii) of Proposi-
tion 14.4 that a(g) is a root of unity for any g € G, and in particular
that 1 = |a(g)| = a(g)a(g) for every g € G. We now have

(ax, ox) = |G|Z 9)x(9)a(g)x(g)

IGI > x(9)x(g)a(g)alg)
lGlZXQ)x x) =1

by row orthogonality, and hence ay is irreducible by Corollary 3. B

The following theorem implies that the columns of the character
table are orthogonal when considered as vectors in C” under the
standard inner product.

CoLUMN ORTHOGONALITY THEOREM. If ¢;,...,¢, are a set of
conjugacy class representatives of G, and ki,... ,k, are the orders
of the conjugacy classes, then for any 1 <3, j < r we have

. — |G
ZXt(gi)Xt(gj) = %@j = |Ca(g:)|6s;-
t=1 g
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PROOF. Let X = (x:(g;))1<i.j<r e the character table of G, and
let K be the r x r diagonal matrix having (ki,...,k,) as its main
diagonal. Then (YK);; = ;1 xi(9e)(K)e; = xi(g;)k; for any i
and j, and thus we have

(YKX') sz(yz ke(X)s ZkZXz 9¢)X;(ge)

—sz

geq

= |G|(xs, x;) = |G6;;

for any ¢ and j by row orthogonality. Therefore XY K X = |G|I, where
I is the identity matrix. We leave it to the reader to verify that if A
and B are matrices such that AB is a non-zero scalar matrix, then

BA = AB. Thus KX'X = |G|I, and hence for any i and j we have
T Evi] T N .
G165 = 2241 (KX )jeXei = 3oy Kixe(gj)xe(g:) as required. W

As we shall see later in this section, the orthogonality relations
often make it possible to construct a character table even if little
is known about the group in question. This raises the following
question, which we now address: What information about a group
can be obtained from its character table? We first require some
information about the connection between the representation theory
of a group and that of its quotient groups.

LEMMA 6. Let N < G, and let U be a C(G/N)-module. Then U
admits a canonical CG-module structure, with a subspace of U being
a CG-submodule iff it is a C(G/N)-submodule. If 9 is the character
of the C(G/N)-module U, then the character of the CG-module U
is 1 o, where n: G — G/N is the natural map.

PROOF. Given g € G and u € U, we define gu = (gN)u; this
gives U a CG-module structure in which the CG-submodules of U
are exactly the C(G/N)-submodules of U. If g € G, then the linear
transformation of U induced by g under the action of G on U is
exactly the same as that induced by 7(g) = g/N under the action of
G/N on U, which implies the statement concerning characters. W

We define K, = {z € G | x(z) = x(1)} for any character x of G,
we have K, <4 G by part (vi) of Proposition 14.4. We call K, the
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kernel of x, as it is the kernel of the corresponding representation.
We write K; instead of K,,.

PropPOSITION 7. The normal subgroups of G are exactly the sets

of the form N K; for some I C {1,...,r}.
iel

PRrROOF. Let N 4 G, and let U = C(G/N); let ¢ be the character
of U considered as a C(G/N)-module, and let x be the character of U
considered via Lemma 6 as a CG-module. Since 1 is the regular
character of G/N, it follows from Lemma 6 that x(g) = x(1) iff
g € N; therefore K, = N. Write x = ), a;x; for some non-negative
integers a;. We observe via part (v) of Proposition 14.4 that we have
IX(9)] < 32 ailxi(g)l < X aixs(1) = x(1) for any g € G. It follows
from these inequalities and again from part (v) of Proposition 14.4
that g € K, iff g € K, for every ¢ for which a; > 0. Therefore
N = N1 K;, where I = {1 <14 <r|a; > 0}. Conversely, since each
K; is normal in G, it follows from Proposition 1.7 that N;c; K; < G
forany I C {1,...,r}. &

COROLLARY 8. G is simple iff the only irreducible character :y; for
which x;(g) = x:(1) for some 1 # g € G is the principal character x;.

PROOF. If G is simple and x;(g) = x:(1) for some ¢ > 1 and
some 1 # g € G, then as g € K; < G we obtain a contradiction.
Conversely, if G is not simple, then there is some 1 # g € G lying
in some non-trivial proper normal subgroup N; by Proposition 7 we
must have N < K; for some i > 1, in which case x;(g) = x:(1). W

CoOROLLARY 9. The character table of G can be used to determine
whether or not G is solvable.

PRroOF. It follows from Proposition 7 that the character table of G
enables us to determine all of the normal subgroups of G and all of
the inclusion relations between the normal subgroups. Hence we can
determine all normal series of G and the orders of the terms thereof.
In particular, we can determine whether or not G has a normal series
whose successive quotients are p-groups, which by Corollary 11.7 is
a criterion for solvability. W

We define Z, = {z € G | |x(z)| = x(1)} for any character x of G.
Again we write Z; instead of Z,,.
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LEMMA 10. Z, < G for any character x of G, and if in addition
x is irreducible, then Z, /K, = Z(G/K,).

PROOF. Let g € G. We see from part (iv) of Proposition 14.4
that if g € Z,, then g~! € Z,. Since x(g) is a sum of x(1) roots of
unity by part (iii) of Proposition 14.4, we see that |x(g)| = x(1) iff
g has exactly one eigenvalue. If g € Z,, let this eigenvalue be A(g),
so that if U is the CG-module corresponding to x, then we have
gu = A(g)u for all w € U. We now see that if g,h € Z,, then
(gh)u = A(g)A(R)u for all u € U; hence x(gh) = x(1)A(¢9)A(h), and
thus |x(gh)| = x(1), giving gh € Z,. Therefore Z, < G. Now if
p: G — GL(U) is the representation corresponding to x, then for
any g € Z,, the matrix of p(g) (with respect to any C-basis of U)
will be scalar, and hence p(g) € Z(p(G)). Since p(G) = G/K,, it
follows that Z, /K, < Z(G/Ky).

Now suppose that x is irreducible. If gK, € Z(G/K,), then p(g)
commutes with p(z) for every z € G, and consequently the map
sending u € U to gu is a CG-endomorphism of U. But U is simple,
so we have Endce(U) & C by Schur’s lemma. Therefore, there is
some complex root of unity p such that gu = pu for all u € U. We
now have x(g) = x(1)u, which gives |x(g9)| = x(1) and hence g € Z,.
Therefore Z, /K, = Z(G/K,). R

COROLLARY 11. If G is non-abelian and simple, then Z; = 1 for
all i > 1.

ProOF. Ifi > 1then K; = 1,50 Z; = Z(G) = 1 by Lemma 10. W

PROPOSITION 12. Z(G) = ﬁ Z;.
i=1

PROOF. If x is any character of G, then Z(G)K, /K, < Z(G/K,).
Thus by Lemma 10 we have Z(G)K;/K; < Z;/K;, and consequently
Z(G) < Z;, for every i. Conversely, suppose that g € Z; for all i.
Since Z;/K; = Z(G/K;) by Lemma 10, it follows that for any + € G
we have [g,z] € K; for all . But it follows from Proposition 7 that
K, Nn...N K, = 1; therefore [g,z] = 1 for all z € G, and hence
9€Z(G). N

LEMMA 13. If N < G, then the irreducible characters of G/N can
be determined from those of G.
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PrOOF. Let x be any irreducible character of G whose kernel
contains N, and let U be the CG-module corresponding to x. Then
since N acts on U via the identity, we can give U a C(G/N)-module
structure by (gN)u = gu for gN € G/N and u € U. As U is a simple
CG-module, it follows that U is also simple as a C(G/N)-module,
and the character of the C(G/N)-module U sends gN to x(g). There-
fore, those irreducible characters of G whose kernel contains N give
rise to irreducible characters of G/N. But by Lemma 6, every irre-
ducible character of G/N gives rise to an irreducible character of G
whose kernel contains N.

It now follows that all irreducible characters of G/N can be de-
termined from those of GG, in the following sense: What we can
determine is the number of irreducible characters of G/N, and their
values on any element of G/N. We cannot readily determine the
actual conjugacy classes of G/N, or their orders, although it is cer-
tainly true that conjugate elements of G have images in G/N that
are conjugate, and hence the image in G/N of a class of G is a
union of classes of G/N. Nonetheless, the information that can be
gained from the character table of G about the characters of G/N is
sufficient, for instance, to determine Z(G/N) via Proposition 12. W

COROLLARY 14. The character table of G can be used to deter-
mine whether or not G is nilpotent.

PROOF. Consider the upper central series1 < Z, < Z, < ... of G
defined in the further exercises to Section 11. Since we have Z;, < G
and Z;/2; , = Z(G/Z;_,) for each i, we see from Proposition 12 that
each Z; can be determined from the irreducible characters of G/ Z;_,,
which by Lemma 13 can be determined from the character table
of G. Consequently, we can use the character table of G to determine
every term Z; of the upper central series, and the result follows by
Exercise 11.10. (This argument also shows that if G is nilpotent,
then the character table of G allows us to determine the nilpotency
classof G.)

Observe that in Corollary 9 we assumed that we knew both the
irreducible characters of G and the orders of the conjugacy classes,
whereas in Corollary 14 we did not need to know the orders of the
classes. As evidenced by Lemma 13, there may be circumstances in
which we can construct a character table without knowing the orders
of the conjugacy classes. There is a theorem of G. Higman (see [15,
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p. 136]) which asserts that if we know the irreducible characters of G,
but not the orders of the conjugacy classes, then we can at least
determine the sets of prime divisors of the orders of the conjugacy
classes.

The remainder of this section consists of a series of examples in
which we develop methods of finding characters and use these meth-
ods to construct the character tables of various groups.

EXAMPLE 1. Let G = <g>= Z, for some n € N, and let A be a
primitive nth root of unity. For each 1 < ¢ < n, let V; be a one-
dimensional C-vector space, and let g act on V; by multiplication
by Ai~'; since G is cyclic, this definition completely determines a
CG-module structure on V;. Each Vj, being one-dimensional, is a
simple CG-module. If x; is the character of V;, then x;(g) = A1,
and hence x;(g%) = M0~Y for any a. The characters xi,...,Xn
are n distinct linear characters of G, and since G can have at most
|G| = n irreducible characters, we see that the x; are precisely the
irreducible characters of G. Thus, the character table of G is

1 1 1 e 1

1 g g> ... gvt
X2 1 A )\2 ‘e )\n—l
x3 |1 A2 DL
Xn |1l A*71 X2 0 X

Observe that the set {x1,...,Xn} is a cyclic group under multipli-
cation of characters, with generator x,; we have x; = x4 ! for any i.

EXAMPLE 2. Let G and H be groups with respective irreducible
characters xi,...,xr and v¥;,...,%,. We wish to determine the
irreducible characters of G x H. We see that two elements (z,y) and
(z',y") of G x H are conjugate iff z and z’ are conjugate in G and
y and 3’ are conjugate in H. Since by Theorem 14.3, G and H have
r and s conjugacy classes, respectively, we conclude that G x H has
rs conjugacy classes, with each class of G x H being the product of
a class of G and a class of H; hence by Theorem 14.3, G x H has rs
irreducible characters.
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Let S1,...,8, and Ti,...,T, be the distinct simple CG- and
CH-modules, respectively. For each ¢ and j, we give S; ® T the
structure of a C(G x H)-module by (g,h)(s ® t) = gs ® ht and lin-
ear extension. Let 7;; be the character of S; ® T} for each ¢ and j.
By imitating the proof of part (i) of Proposition 14.8, we find that
7:5(9, b) = x:(9)¥;(h); we adopt the notation 7;; = x; X ¢;. We note
that the 7;; are distinct and that we can recover the x; and ; from
the 7;; by appropriate restriction. Now for any 4,7, j, i/ we have

1 -

iy Ti'5' ) = T~ — 171 ij ah i3’ ,h

(Tijs Tirgr) [GXH| gh)%;XHT (9, k)71 (g, h)
gGGhEH

geG heH
= (Xi,Xi')(%ﬂl’j') = 5ii'5jj’

by row orthogonality. In particular, we have (7;;,7:;;) = 1 for each ¢
and j, which by Corollary 3 implies that 7;; is an irreducible char-
acter. Therefore the 7;; are the rs irreducible characters of G x H;
that is, the set of irreducible characters of G x H is {x; X ¥;}: ;-

(10! > xi9)x g)) (IHI R A h))

EXAMPLE 3. Suppose that G is abelian. Then every conjugacy
class of G contains exactly one element, and consequently G has
|G| irreducible characters by Theorem 14.3. But 3\° f2 = |G]
by Corollary 14.2, so we must have f; = 1 for each i. Therefore
all irreducible characters of G are linear. By Corollary 8.8, G is
a direct product of cyclic p-groups; let these cyclic p-groups be of
orders p*,... ,p;t with respective generators g;,...,g;. We could
determine the character table of G from those of the cyclic p-groups
using Examples 1 and 2, but there is an alternate method, which
we now describe. A linear character y of G is just a homomorphism
from G to C*, and hence to define such a x it suffices to specify
x(gi) for each ¢, with the only restriction on x(g;) being that it is a
pii-th root of unity. Therefore, there is a bijective correspondence
between irreducible characters of G and ordered t-tuples (A1, ..., A;)
in which each ); is a p{*-th root of unity.

As a simple example, let G = <a, b> = Zy X Z,. Both a and b have
order 2, so by the above paragraph we see that the four irreducible
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characters of G correspond to the ordered pairs (1,1), (1, —1), (-1, 1),
and (—1,—1). Therefore, the character table for G is

1 1 1 1
1 a b ab
Y21 1 -1 -1
vs|1l -1 1 =1
xa|l =1 -1 1

Here the second and third columns correspond to the ordered pairs
given above, and the fourth column is wholly determined by the
previous two columns.

EXAMPLE 4. Let X be a finite G-set. We saw in Section 12 that
the vector space CX having basis X is a CG-module. We wish to
determine the character m of CX. Consider the matrix, with respect
to the basis X, of the linear transformation of CX defined by g € G.
Since gr € X for every x € X, this matrix is a permutation matrix;
but 7(g) is the sum of the diagonal entries of this matrix, so we
conclude that 7(g) equals the number of elements of X which are
fixed by g.

Let x; be the principal character of G. We have

(7, x1) |G|Z m(9)x1(g ‘G‘ZW(Q

e geG

geG

- |—GT||{(g,as) €Gx X |gz=xz}

- g L HeeGlor=x)l

zeX

For each z € X, let G, be the stabilizer of x; using Corollary 3.5,
we now have

Gz
(rx) =5 = ¥ S e

zeX orbits O z€O

1

Z Zlo' Z lO|'|_|: 1,

orbits O z€O orbits O
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which allows us to conclude that (7, x;) is equal to the number of
orbits of X under the action of G. (This result is often attributed
to Burnside, although as argued in [21] it would be more accurate
to call this result the Cauchy-Frobenius lemma.) In particular, if G
acts transitively on X, then we see via Corollary 4 that the unique
expression of the character m — x; as a linear combination of the
irreducible characters of G does not involve ;.

ExAMPLE 5. The group G/G’ is abelian by Proposition 2.6, and
hence (as seen in Example 3) all of its irreducible characters are
linear. It follows from Lemma 6 that each linear character of G/G’
can be lifted to a linear character of G, and that the lifts of distinct
characters are distinct. Now let x be a linear character of (7, so that
x: G — C* is a homomorphism whose kernel is K. Then G/K, is
abelian, being isomorphic via x with a subgroup of C*, and hence
G’ < K, by Proposition 2.6. We can now define a linear character 1
of G/G’ whose lift is x by ¥(9G") = x(g). We conclude that every
linear character of G is the lift of a linear character of G/G".

EXAMPLE 6. Consider ¥;. The conjugacy classes of 33 are {1},
{(12),(13),(23)}, and {(123),(132)}. (This follows from Propo-
sition 1.10.) We have ¥3/A3 = Z,, so ¥3 has two linear characters,
which are lifted from the characters of Z, as in Lemma 6. Letting
these characters be x; and x3, we have

1 3 2

1 (12) (123)
X1 1 1 1
o |1 -1 1
X3

Since 6 = |X3| = fZ + f2 + f2 = 2+ f2 by Corollary 14.2, we have
f3 = 2. Column orthogonality now gives

0= foxi((12) =1-141- (1) +2x:((12))

i=1

and

Ozifixi((123)):1'1+1'1+2X3((12))7

i=1
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from which we see that the character table of ¥ is

1 3 2

1 (12) (123)
yi|l 1 1
X2 1 -1 1
X3 2 0 -1

ExAMPLE 7. Consider ¥,. Recall that X4 has a normal subgroup
of order 4, namely K = {1, (1 2)3 4), (1 32 4), (1 4)2 3)}. The
subgroup 3 of £, intersects K trivially, and |X,| = |E3]|K]|; there-
fore ¥4 = K x X3. In particular, we have ¥,/K = 33, and thus we
can obtain irreducible characters of X4 from the irreducible charac-
ters of X3 as in Lemma 6.

By Proposition 1.10, each conjugacy class of ¥, consists of all
elements having a given cycle structure. Hence ¥, has 5 classes,
with representatives 1, (1 2)3 4), (1 2 3), (1 2), and (1 2 3 4); the
orders of the classes are 1, 3, 8, 6, and 6, respectively. Let x1, x2, and
x3 be the irreducible characters of X4 obtained from those of ¥5. To
determine these characters, we need information about the images
in ¥4/K of the class representatives. We easily see that the images
of 1 and (1 2)3 4) are trivial, that the image of (1 2 3) has order 3,
and that the images of (1 2) and (1 2 3 4) have order 2. Using this
observation and the character table for ¥3 obtained in Example 6,
we obtain the following partial character table for ¥:

1 3 8 6 6

1 (12X34) (123) (12) (1234)
x1 |1 1 1 1 1
xz |1 1 1 -1 -1
X3 | 2 2 -1 0 0
X4
X5

Now X, acts transitively on the set X = {1,2,3,4}; let 7 be the
character of the CG-module CX. Since 7(g) equals the number of
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fixed points under the action of g on X by Example 4, we have

1 3 8 6 6

1 (12)Y34) (123) (12) (1234)
T |4 0 1 2 0
T—X1|3 -1 0 1 -1

We also have
(7r - X1, T Xl ‘2 ‘ Zk Xl (gz)]

1
= 5;(1-9+3-148-04+6-14+6-1)=1,

and hence m — x; is irreducible by Corollary 3. Let x4 = ® — x1.
Now x2X4 # X4, and X2X4 is irreducible by Proposition 5; therefore
X5 = X2X4, and hence the character table of ¥, is

1 3 8 6 6

1 (12)34) (123) (12) (1234)
x1] 1 1 1 1 1
Y2 | 1 1 1 -1 -1
Ya | 2 2 -1 0 0
a3 -1 0 1 ~1
|3 -1 0o -1 1

EXAMPLE 8. Let G be a non-abelian group of order 8. We will
show that this information completely determines the character table
of G. Since there are two isomorphism classes of non-abelian groups
of order 8 (see page 79), this will imply that the character table does
not specify a group up to isomorphism.

We have |Z(G)| = 2 by Theorem 8.1 and Lemma 8.2, and hence
Z(@G) =2 Z,. Since G is non-abelian and G/Z(G) is abelian (being a
group of order 4), this forces G’ = Z(G) by Proposition 2.6. Now
|G/G'| = 4, and by Lemma 8.2 G/G’ cannot be cyclic since G is
non-abelian and G' = Z(G), so we must have G/G’ = Zy x Z,.
By Examples 3 and 5, we now know that G has exactly 4 linear
characters. By Corollary 14.2, we have }_;_, f? = 8, where f; = 1
for1 <i<4and f; > 1 for i > 4; this forces r = 5 and f5 = 2.

Let = be the generator of G'. As G' = Z(G), we see that 1 and =
are the only elements of G lying in single-element conjugacy classes,
and hence each of the other three classes must have order 2. Let a,
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b, and ¢ be representatives of the multi-element classes. Since G/G’
also has four conjugacy classes, we see that the images of a, b, and ¢
in G/G’ must lie in distinct conjugacy classes. Using the character
table for Zs X Zs determined in Example 3, we can now obtain a
partial character table for G by lifting:

11 2 2 2

1 2 a b c
x1|1 1 1 1 1
xz2 |1 1 1 -1 -1
xs|1 1 -1 1 -1
xs|1 1 -1 -1 1
X5 | 2

We see via column orthogonality that xs(a) = xs5(b) = xs(c) =0
and that xs(z) = —2, completing the character table.

EXAMPLE 9. Consider the group As. Using Proposition 1.10, we
find that the elements of As; form 4 conjugacy classes in X5, with
representatives 1, (1 2X3 4), (1 2 3), and (1 2 3 4 5) and respective
orders 1, 15, 20, and 24. However, elements of A5 that are conjugate
in Y5 may not be conjugate in As.

Let x € As, and let K be the conjugacy class in X5 of z. We see
from Proposition 3.13 that || = |¥5 : Cs,(z)| and that the conju-
gacy class in As of z is contained in K and has order |45 : Cs ()|
Suppose first that Cx, (z) € As. This forces A;Cx,(z) = X5 since As
is a maximal subgroup of ¥5. The first isomorphism theorem gives
Ts/As = AsCs,(7)/As = Cxy(x)/Csy(x) N A5 = Cx,(2)/Cay(2),
and hence

Ay : Cu(z)] = 22 Cas@l 155 : O (2)]

|Z5 : As| - |Cs, (z) : Cy, (2)] = |25 : Cx, (2)|

= |K].

Thus K is the conjugacy class in As of z. Now suppose Cs, (z) < As.
Then we have Cy4,(z) = Cs,(z) N A5 = Cs,(z), and hence

|As : Cag(2)] = |45 : Cx, ()| = 3|55 : Cs, ()| = 3K,

from which we see that X splits into two conjugacy classes in As of
equal cardinality.

We easily see that each of the elements 1, (1 2)3 4), and (1 2 3)
commutes with some odd permutation in ¥s; for example, (4 5) and
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(123) commute. Hence by the above paragraph, the conjugacy
classes in As of these elements are the respective classes in X5. Since
24 t 60, we can now conclude that the conjugacy class in X5 of
(1 2 3 4 5) splits into two classes in As, and hence that the conjugacy
classes of As have orders 1,15,20,12, and 12. (Using this fact and the
remark made after Proposition 3.13, we could now give a slick proof
of the simplicity of As.) We will now show that z = (12 34 5) and
z? = (1 3 5 2 4) are not conjugate in Ajs, thereby establishing that
the conjugacy class in X5 of x splits in As into the class containing z
and the class containing z2.

Suppose that g € As is such that grg~! = z?. Then we have
g<z>g~! =<x?>=<x>, and hence g € Ny, (<z>). Now <z>is a
Sylow 5-subgroup of Aj;, and we observed in the proof of Theorem 7.4
that As has 6 Sylow 5-subgroups. Thus |N4, (<z>)| = 10, and we
find that N4 (<z>) =<x> 1 <t>= Dy, where t = (2 5)3 4).
But txt™' = z7! # z?%; from this, we see that there is no element
g € Ny (<z>) such that gzg™' = z?. Contradiction; therefore z
and z? are not conjugate in As.

We now see that As has 5 conjugacy classes, with representatives
1, (1 2X34),(123),(12345), and (1 35 2 4) and respective
orders 1, 15, 20, 12, and 12. Since Aj is simple, we cannot produce
irreducible characters of A5 by lifting irreducible characters of quo-
tient groups, as we have done in previous examples. However, A; is a
group of permutations, so we have as a starting point the characters
of certain obvious permutation modules.

Let X = {1,2,3,4,5}; As acts transitively on X in the obvious
way. Let w be the character of the CAs-module CX. By Example 4,
we see that 7(g) equals the number of fixed points of X under the
action of g € As, and hence we have

1 15 20 12 12
l 1 (12)X34) (123) (12345) (13524)
|5 1 2 0 0
T—x1 |4 0 1 -1 -1
We also have
1 5
(7 — X1, 7 —x1) = == 2_ Kil(m — x1)(9:)]
|A5| i=1
1

:@(1~16+15-0+20-1+12-1+12-1)=1,
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and hence 7 — X is irreducible by Corollary 3. Let x2 = 7 — x1.

Let Y be the set of two-element subsets of X; this is a transi-
tive As-set under the obvious action. Let 9 be the character of the
CAs;-module CY. We have

1 15 20 12 12

‘1 (12X34) (123) (12345) (13524)
P |10 2 1 0 0
Y—x1| 9 1 0 -1 -1

Now

=66(1-81+15-1+20-0+12-1+12-1)=

so by Corollary 3, 1 — x; is the sum of two irreducible characters; as
noted in Example 4, neither of these two characters is X, since Y is
transitive. We have

(¥ — x1,X2) |A I Zk (¥ — x1)(9)xz2(9)

—6—0(1-9-4+15-1-0+20-0-1+24-(—1)(—1))
=1,

and therefore by Corollary 4 we see that 1) — x; — X2 is an irreducible
character that is neither x; nor x»2. Let x3 = ¥ —x1— X2, and observe
that f3 = 5.

By Corollary 14.2 we have Y0, f2 = |4s| = 60, which gives
f2+ f2 = 18 and hence f; = f5 = 3. Thus we have the following
partial character table:

1 15 20 12 12
1 (12)X34) (123) (12345) (13524)
x1 |1 1 1 1 1
Xz | 4 0 1 -1 -1
X3 | D 1 -1 0 0
X4 |3
Xs | 3
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Let a = x4((1 2X3 4)) and b = x5((1 2X3 4)). By column
orthogonality, we have

5
0= fixi((12(34))=1-14+4-0+5-1+3a+3b,

i=1

and hence a + b = —2. By part (iii) of Proposition 14.4, we see that
each of a and b is a sum of three square roots of unity; therefore
a,b e {-3,-1,1,3}. But by column orthogonality we have

4=@ IA"" Z| ((12X34))2=1+0+1+a®+b%

and hence a? + b® = 2. It now follows that a = b = —1.
By column orthogonality, we have

60 |As] )
3=05= "1 Z" (123))]

=1+1+1+xa((123))" +[xs((123))[%

thus |x4((1 2 3))|?> + [xs((1 2 3))|> = 0, and therefore we conclude
that x4((1 2 3)) = x5((1 2 3)) = 0. We now have the following
partial character table:

1 15 20 12 12

1 (12(34) (123) (12345) (13524)
x| 1 1 1 1 1
Yo | 4 0 1 -1 -1
Xs | 5 1 -1 0 0
X4 3 -1 0
X5 3 -1 0

Let £ = (1 2 3 4 5). Recall that in proving that z and z? are
not conjugate in As, we found that z and ™! are conjugate in As;
hence y4(z) = xa(z7!), and thus x4(z) is real-valued by part (iv) of
Proposition 14.4. The same argument shows that x4(z?), xs(z), and
xs(x?) are also real-valued. Let ¢ = x4(z) and d = x4(x*). Then by
row orthogonality, we have

5
0= kixa(g:) =1-3+15- (—1) +20- 0+ 12c+ 12d,

i=1
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which gives ¢ + d = 1, and also (since x4 is real-valued)

5
60 =Y kixa(g:)> =1-9+15-1+20-0+12¢° + 1247,

i=1
which gives ¢® + d2 = 3 Hence c¢2 —c—1 = 0, so without loss of
generality we have ¢ = 4v5 andd=1-c= —l We can similarly

show that we must have x5(x),x5(a:2) € {—12[, 1v51. we leave it
5(z?) = 125, which

to the reader to verify that xs(z) =
completes the character table of As.

EXERCISES

Throughout these exercises, G denotes a finite group, and X denotes the
character table of G.

1. What is the determinant of X7

2. Show that the sum of the entries in any row of A’ is a non-negative
integer.

3. Compute the character of the G-set GG, where G acts via conju-
gation, and determine the multiplicities in this character of the
irreducible characters.

4. Observe that the complex conjugate of an irreducible character is
an irreducible character. (This is either Exercise 14.6 or an easy
consequence of part (ii) of Proposition 14.8 and Corollary 3.) Let
P be the r x r permutation matrix such that PX is the matrix
obtained from X by interchanging two rows if their corresponding
characters are conjugate. Let @) be the r x r permutation matrix
such that XQ is the matrix obtained from X by interchanging two
columns if their corresponding conjugacy classes are inverse, in the
sense that one class consists of the inverses of the elements of the
other class. Show that PX = X Q.

5. Suppose that |G| is odd. Show that the only irreducible character
that is real-valued is the principal character.

6. Let x be an irreducible character of G, and let e € CG be the iden-
tity element of the corresponding matrix summand of CG. Show
that

X( ) ZX -l)g

gEG

7. If N 4 G and g € G, show that |C¢(g)| > |Ca/n(gN)|.
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8. Show that if G acts doubly transitively on X, then the character
of CX is the sum of the principal character and exactly one other
irreducible character.

9. Determine the character table of Ds, for any n € N.

10. Determine the character table of 5.

16. Induction

Induced modules play a critical role in the representation theory
of finite groups. However, even the definition of an induced module
offers a pedagogical challenge, one which we address by offering two
equivalent definitions. (A third is developed in Exercise 1.) We
first present induced modules using tensor products over arbitrary
rings; this approach is slick, but it has more algebraic sophistication
than is strictly necessary for our purposes. We then go over the
same material using an approach that, while clumsy in comparison,
involves only a knowledge of tensor products over fields.

Let H £ G, and let V be an F H-module. Since the group algebra
FG is an (FG, FH)-bimodule, we can construct the FG-module
FG ®pyg V. We call this FG-module the induced FG-module of V
(or the induction of V to G), and we denote it by Ind$ V. (Other
common notations for FG ®ry V include V€, V 1 G, and V 1¢.)

LEMMA 1. We have dimpInd$V = |G : H|dimpV for V an
F H-module. Moreover, as F-vector spaces we have

Ind; V =PteV,

teT

where T is a transversal for H in Gand t®V = {t®v|ve V}

PROOF. Let T be a transversal for H in G. Then G is the dis-
joint union of the sets tH for t € T, and from this it follows that
FG 2 |T|FH as FH-modules; if we write g € G as g = th for
a unique choice of t € T and h € H, then the image of g under
this isomorphism is & in the summand corresponding to ¢ (and 0 in
all other summands). Using Propositions 12.2 and 12.3, we see that
Ind¢V = FGQrpV = (|T|FH)®raV = [T (FHRryV) 2 |T|V as
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FH-modules, and so dimpInd$ V = |T|dimp V = |G : H|dimg V
The second statement follows from the fact that g®v = t®hv € tQV
for any v € V if g = th is as above. W

Observe that if £ € T, then ¢ € G maps t ® V to s ® V, where
s € T is such that gt = sh for some h € H.

Let U be an FG-module, and let H < G. When regarding U as
an F'H-module, we will write Resg U in place of U; this F H-module
is called the restriction of U to H. (Other common notations for the
restriction of U to H include Uy, U | H, and U |§.)

FROBENIUS RECIPROCITY THEOREM. Let U be an FG-module,
let H < G, and let V be an FH-module. Then as F-vector spaces
we have Hompg(V, Res$ U) = Hompg(Ind$ V, U).

PROOF. Let ¢ € Hompy(V, Resg U), and consider the mapping
fo: FGxV — U that sends (g,v) to go(v). If h € H, then we
have f,(gh,v) = gho(v) = gp(hv) = f,(g,hv); from this, we see
easily that f, is balanced. Therefore we obtain an element I'(p) of
Hompg(Indg V,U ) sending g ® v to g<p( ), and hence we get a map
T': Hompy(V,Resé U) — Hompg(Ind$ V,U). We easily see that T'
is linear, and also that I'(¢) = 0 implies ¢ = 0 and hence that T’
is injective. If 0: IndG V — U is an FG-module homomorphlsm
then we define an F'H-module homomorphism ¢: V — Res$ n U by

p(v) = 6(1®v); we have I'(p)(g®v) = gp(v) = gb(1®v) = 6(g®v),
showing that I'(¢) = 6 and hence that I is surjective. W

Again let V be an FH-module; we now give an alternate de-
scription of the induction of V' to G. Considering F'G and V as
F-vector spaces, we can construct the F-vector space F'G Q@ V.
We give FG ®f V an FG-module structure by considering V' as an
FG-module on which G acts trivially, so that for g,z € Gandv eV
we define (g ® v) = zg ® v. Let Y be the subspace of FG ®@r V
that is spanned by {gh®v—-g®hv | g€ G, h € H, v € V}, and
let Indg V be the quotient space FGQrV /Y. Ifge Gandv eV,
then we still use g ® v for the image in Ind; V of g®v € FG®rV
so that in Indf, V we have gh ® v = g ® hv for any h € H. We have

z(gh®v—g®hv) = (zg)h®v — (zg) ® hv for any g,z € G, h € H,
and v € V; consequently, Y is an FG-submodule of FG®fV. Hence
Ind V is an FG-module, with the action of z € G on g®uv € IndG 1%
given by z(g ® v) = zg ® v.
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Now let T' be a transversal for H in G, and let {v;};c; be an
F-basis for V. It is not hard to show that the subspace Y is spanned
by {th®uv;—t®hv; |t € T, i € I'}. This set has |T|(|H|~1) dimr V
elements, and so dimzInd§ V > |G : H|dimp V. But as any g @ v
can be written as an F-linear combination of the t®uv;, this inequality
must be an equality, which establishes Lemma 1 for this definition
of induced modules. We leave it to the reader to construct a proof
of Frobenius reciprocity for this definition of induction. (Our two
definitions are in fact equivalent, for the FG-modules FG ®r V/Y
and FG ®pg V are easily seen to be isomorphic.)

We now restrict our attention to the case FF = C. If V is a
CH-module having character ¢, then we denote the character of the
CG-module IndgV by ¢, and we call ¢ an induced character.
We have ¢%(1) = |G : H|p(1) by Lemma 1. Similarly, if U is a
CG-module having character y, then we denote the character of the
CH-module Res§ U by x|g. Observe that x|z (1) = x(1).

The following result is the form of “Frobenius reciprocity” that
was actually known to Frobenius.

THEOREM 2. Let H < G, let U be a CG-module having char-
acter x, and let V be a CH-module having character ¢. Then

(o, xle)n = (‘PGaX)G-

(Here, for any group K, we use ( , )x to denote the inner product
on the space of complex-valued class functions on K.)

ProoF. This follows immediately from the Frobenius reciprocity
theorem and Theorem 14.12. H

If H < G, then Theorem 2 enables us to express characters in-
duced from H to G in terms of the irreducible characters of G, as
follows. Let ¢,...,¢, and X3,...,Xs be the irreducible characters
of H and G, respectively. We define the induction-restriction table
of (G, H) to be the r x s matrix whose (¢, j)-entry gives the common
value of (o€, x;)c and (s, X;|u)u. Using Corollary 15.4, we see that
the ith row of this table gives the multiplicities with which the x;
appear in the decomposition of ¢, while the jth column gives the
multiplicities with which the ¢; appear in the decomposition of x;|q.
We can compute the table by calculating the restrictions of the x;
and then read off the expressions for the ¢ in terms of the x;.
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For example, let G = X3 and H = ¥, < G. The character table
of H is

while that of GG is

1 3 2

1 (12) (123)
i1 1 1
X2 1 -1 1
312 0 -1

By inspection, we have x1|n = @1, X2z = @2, and xsluz = 1 + @2.
Hence the induction-restriction table is

’ X1 X2 X3
ey 1 0 1
"2) 0 1 1

Therefore, ¢ = x1 + x3 and 5 = x2 + Xx3-

Constructing the induction-restriction table of (G, H) requires
that we know in advance the character table of G. A more com-
mon circumstance is that we know the character table of H but not
that of G and we wish to use induction from H to G as a means of
producing characters of G. Our next task is to derive formulas that
allow us to explicitly calculate induced characters.

PRrROPOSITION 3. Let H < G, and let V be a CH-module having
character x. If T is a transversal for H in G, then for any g € G we

have
X%(g) = D). x(t'gt).

teT,
tlgteH

PROOF. Let g € G. From Lemma 1, we have Indg V = @ier tRV.
Fix a C-basis {v;} of V, so that {t ® v; | t € T} is a C-basis of
Ind$ V. Recall that x(g) is the trace of the transformation of
Ind;; V defined by g. Let t € T'; then if s € T and h € H are such
that gt = sh, then we have g(t® V) = s®hV C s@V. Consequently,
if s # t, or equivalently if t~!gt ¢ H, then the t ® V' component
makes no contribution to x%(g). However, if s = t, or equivalently if
t~lgt € H, then we have g(t @ V) =tt"'gt ® V =t @ t~'¢gtV, which
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shows that the linear transformation of t®V defined by g is the same
as that defined by t~'gt on V. Thus in this case, the contribution
made to x®(g) by the t ® V component is x(t~'gt). The result now
follows. W

COROLLARY 4. Let x be a character of H < G, and let g € G.
Then

1 _
xG(g)=@ Y. x(z'gz).
z€G,

z " lgzeH

PROOF. Let T be a transversal for H in G. Let z € G, and write
x = th, where t € T and h € H. Then z 'gz = h™!(t"1gt)h; thus
z7lgz € H iff t~'gt € H, and we have x(z7'gz) = x(t"'gt) in this
case since Y is a class function. It follows that for every ¢ € T such
that t~1gt € H, there exist |H| elements x € G such that z7'gz € H,
and for these £ we have x(z'gz) = x(t~'gt); the result now follows
from Proposition 3. W

PROPOSITION 5. Let x be a character of H € G, and let g € G,
and let s be the number of conjugacy classes of H whose members
are conjugate in G to g. If s = 0, then x“(g) = 0. Otherwise, if we
let hy,...,h, be representatives of these s conjugacy classes of H,

then
G | G(g)l
(9) = Z . Ca ()

PROOF. If s =0, then {z € G | z~'gz € H} is the empty set, and
it follows from Corollary 4 that x¢(g) = 0. Assume that s > 0, and
let X; = {z € G| z7'gz lies in H and is conjugate in H to h;} for
each 1 < i < s. The sets X; are pairwise disjoint, and their union is
{z € G | gz € H}. Therefore by Corollary 4 we have

xG(g)=ﬁ > x(z'gz)
z€G,
:t_lg:cEH

x(z ™ gz)
IHE;

ZZ x(hs)

1—1 z€X,;
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Fix some 1 < i < s, and choose some t; € G such that ¢;'gt; = h;.
Then for any ¢ € Cg(g) and h € H, we have

(ctih)1g(ct;h) = K™t e get;h = h™ 't e Legt;h
= h~ ;7 gt;h = b h;h,

which shows that ct;h € X; and hence that Cg(g9)t;H C X;. Con-
versely, if © € X, then we have z~lgx = h™‘h;h = h~1(¢;'gt;)h
for some h € H; thus zh~'t;' € Cg(g), and therefore we have
z € Co(g)t:h C Cqe(9)t;H, giving X; = Cg(g9)t;H. By Proposi-
tion 3.15, we now have

|Cc(g)||H]
|HNt;'Ca(g)ti|

|Xi| = |Celg)t:H| =
But t;'Cg(g)t; = Ce(t; 'gt;) = Cg(h;) by Exercise 3.7, and there-
fore | X;| = |H : H N Cg(h;)||Cc(g)| = |H : Cu(h;)||Cc(g)|. Thus

X _ H : Ca(h)lICs(9)| _ 1Co(9)
[H] [H] [Cu(h)]

for each 1 < i < s, which completes the proof. W

COROLLARY 6. Let x be a character of H < G. Let g € G, and
suppose that the number s of conjugacy classes of H whose members
are conjugate in G to g is positive. Let £ be the order of the conjugacy
class in G of g; let hy,... , h, be representatives of these s conjugacy
classes of H, and let ki, ... ,k, be the orders of these classes. Then

x%(g9) = Z [ex Hl%X(hi)'

Proor. This follows directly from Proposition 3.13 and Proposi-
tion 5. MW

For example, let G = £, and H = X3 < G. The character table
of H is

1 3 2 .

‘1 (12) (123)
o1 1 1
|1 -1 1
P3 2 0 -1
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We wish to find the induced characters ¢, ©§, ©§ via the formula
given in Corollary 6. Recall from Example 15.7 that X4 has 5 conju-
gacy classes, with representatives 1, (1 2)3 4), (12 3),(12),(1234)
and respective orders 1, 3, 8, 6, and 6. Using Proposition 1.10, we
see that (1 2)3 4) and (1 2 3 4) have no conjugates that lie in H,
that the identity element has exactly one conjugate lying in H, that
(12) has 3 conjugates in H, and that (1 2 3) has 2 conjugates in H.
Therefore, for each 1 < ¢ < 3, we have

pr(1) =4
v ((12)34)) =0,

- pi(1) = 4pi(1),

F((123) =43 0i((129)) = pi((129)),
PF((12) =43 0((12) = 2((12)),
¥((1234)) =0.
We conclude that
1 3 8 6 6
1 (12(34) (123) (12) (1234)
Cl4 0 1 2 0
e$la 0 1 -2 0
oS | 8 0 -1 0 0

We end this section by presenting an important theorem on finite
groups which, quite remarkably, has no known proof that does not
use character theory.

FROBENIUS’ THEOREM. Let G be a transitive permutation group
on a finite set X, and suppose that each non-identity element of G
fixes at most one element of X. Then the union of the identity
element and the set of elements of G that have no fixed points is a
normal subgroup of G.

(Observe that G is finite, being isomorphic with a subgroup of the
finite group Xx.)

PRrROOF. Let N = {1}U{g € G | gz # z for all z € X }; we wish to
show that N < G. Let | X| = n, and let H = G, for some z € X. By
Lemma 3.2, the conjugates of H are the stabilizers of single elements
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of X. By hypothesis, no two of these conjugates can share a non-
identity element. It now follows that H has n distinct conjugates
and that G has n(|H| — 1) elements that fix exactly one element
of X. But |G| = |X||H| = n|H|, since X and G/H are isomorphic
G-sets by Proposition 3.4, and therefore [N| = |G| —n(|H|—-1) = n.

Let 1 # h € H. Suppose that h = gh'g~' for some g € G
and b’ € H. Then h lies in both H = G, and gHg™! = Gg,; by
hypothesis, this forces gr = z, and hence ¢ € H. Therefore, the
conjugacy class in G of h is precisely the conjugacy class in H of h.
Similarly, if g € Cg(h), then h = ghg™! € G, and hence g € H,
which implies that Cg(h) = Cx(h).

Every element of G either lies in N or lies in one of the n sta-
bilizers, each of which is conjugate with H. In other words, every
element of G that does not lie in IV is conjugate with a non-identity
element of H. We conclude that {1,hs,... ,hs,v1,...,y:} is a set
of conjugacy class representatives for G, where {1, h,.... ,h,} are
representatives of the conjugacy classes of H and {y1,...,y:} are
representatives of the conjugacy classes of G which comprise N —{1}.

Let x; be the principal character of G, and let ¢;,... , s be the
irreducble characters of H. Fix some 1 < i < s, and consider the
induced character p¢. We have p%(1) = |G : H|pi(1) = np;(1). By
Proposition 5, we have <p, G(h;) = @i(h;) for each 2 < j < s since
Cg(h;) = Cy(h;), and ¢ (yk)~0foreach1<k<t

Now fix some 2 < i < s, and let x; = ©€ — ;(1)p¢ + @i(1)x1, so
that x; is a virtual character of G. Forany 2 < j<sand 1 <k <t,
we have

1 h; Yi

of | npi(1)  pi(hy) 0

pi(D)pf | npi(1) @i(1) 0
eixa | wi(1)  wi(1) @i(1)
xi | (1) @ilhy) @i(1)

Therefore,
Oex) = 137 gezclxz(g)lz IGl g;\,!xz(g)lum;“#;cz Ix:(9)
= l—é—l(nw(lf #n 5 ()
IHI Y lp(B)? = (piri) =1

heH
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by row orthogonality. Hence by Corollary 15.2, either y; or —yx; is
an irreducible character of Gj since x;(1) > 0, we conclude that it
is x; and not —y; that is an actual character.

Let x be the character Y ;_; x:(1)x; of G. Column orthogonality
implies that x(h) = >;_; vi(1)p:(h) = 0 for any 1 # h € H, and for
any y € N we see via Corollary 14.2 that x(y) = Y_;_, v:(1)*> = |H|.
It now follows that x(g) = |[H|if g € N and x(9) =0if g € G— N,
and hence that N = {g € G | x(g9) = x(1)}. Therefore N <4 G by
part (vi) of Proposition 14.4. (Having established this, we now see
that this character x is in fact the lift to G of the regular character
of G/IN.) 1

(The method of proof we have used above is an example of the
method of ezceptional characters; see [15, Chapter 7].)

A Frobenius group is a group G having a subgroup H such that
HNgHg! = 1 for every g € G — H. We call H a Frobenius
complement of G. If G is a Frobenius group with Frobenius com-
plement H, then the action of G on G/H is transitive and faithful.
Furthermore, if 1 # g € G fixes both zH and yH, then we find that
g € xHx ! NnyHy™!; this implies that H N (y~lz)H(y 'z)~! # 1,
which forces zH = yH. Therefore, any finite Frobenius group G sat-
sifies the hypothesis of Frobenius’ theorem and hence has a normal
subgroup N, called the Frobenius kernel of G. Since H is the stabi-
lizer of H € G/H under the action of G, and since the elements of N
by definition fix no elements of G/H, we must have N N H = 1; fur-
thermore, as argued in the first paragraph of the proof of Frobenius’
theorem, we have |N||H| = |G|. Therefore G = N x H.

Let G be a finite Frobenius group with Frobenius kernel N and
Frobenius complement H, and let ¢: H — Aut(N) be the conjuga-
tion homomorphism of G = N x H, so that ¢(h)(n) = hnh™! for
he Handne N. If 1 # h € H, then

Ce(W)NN={neN|nh=hn}={neN|h=n""p(h)(n)h}
={n e N|¢(h)(n) =n},

and so Cg(h) N N is the set of fixed points of ¢(h) € Aut(N). How-
ever, recall that in the proof of Frobenius’ theorem we observed that
Ce(h) = Cu(h) < H; since NNH = 1, we now have Cg(h)NN = 1.
Therefore for every 1 # h € H, ¢(h) is a fized-point-free automor-
phism of N, meaning that if ¢(h)(n) for n € N, then we must have
n = 1. (In particular, ¢ is injective.)
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Conversely, let N and H be finite groups, and let ¢: H — Aut(N )
be a homomorphism for which every ¢(h) is fixed-point-free. Let
n € N, and let h € HNnHn™'. Then h = nh'n~"! for some b’ € H,
so nk’h™! = hnh™' = p(h)(n) € N and hence Yh™' € NN H = 1.
Therefore h = k', so we now have n = (h)(n), which since ¢(h) is
fixed-point-free forces either n = 1 or h = 1. Now if g € G — H,
then g = nh for some 1 # n € N and some h € H, and so by
the above we see that H N gHg™' = HNnHn ! = 1. Therefore
N %, H is a Frobenius group. For example, if p and ¢ are distinct
primes with p = 1 (mod ¢), then we find that any monomorphism
¢: Zq — Aut(Z,) is fixed-point-free, and hence the unique non-
abelian group of order pq is a Frobenius group.

A theorem of Thompson states that any finite group having a
fixed-point-free automorphism of prime order is nilpotent. This im-
plies that the Frobenius kernel of a finite Frobenius group is nilpo-
tent. (See the discussion in [10, Section 1.6].) This was first estab-
lished by Thompson in his 1959 Ph.D. thesis at the University of
Chicago. Both the result itself and the nature of his proof, which
was perhaps the first appearance in group theory of an intricate ar-
gument spanning dozens of pages, were of fundamental importance
in the development of finite group theory in the subsequent decades.

EXERCISES

Throughout these exercises, G is a finite group, H is a subgroup of G,
F is a field, and all FG-modules are finitely generated.

1. Let V be an FH-module, and let W be an FG-module contain-
ing V. Suppose that W has the property that for any FG-module U
and any ¢ € Homgg(V,U), there is a unique FG-module homo-
morphism from W to U which extends U. (In this case, we say
that W is relatively H-free with respect to V'; compare with Exer-
cises 13.1-2.) Show that W = Ind$ V.

2. Let W be an F'G-module that is generated by an F H-submodule
V, and suppose that dimp W = |G : H|dimr V. Show that we
must have W = Indg V.

3. Show that Hompg (U, Ind$ V) = Hompg (Res$ U, V) as F-vector
spaces for any F'G-module U and FH-module V. (HINT: Show
first that if ¢ € Hompg(Res$ U, V), then the map sending u € U
t0 Y .t ® (t™'u), where T is a transversal for H in G, lies in

Hompg (U, Ind$ V).)
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4. Show that if X is a transitive G-set, then F.X = Indgz F for any
z € X.

5. Compute the induction-restriction table of (As, A4).

6. Compute the character table of the unique non-abelian group of
order pq, where p and ¢ are distinct primes and p =1 (mod g).

7. Suppose that G is a Frobenius group having Frobenius kernel N.
Show that the irreducible characters of G either are lifts of irre-
ducible characters of G/N or are induced from the non-principal
irreducible characters of N. When is it true that the inductions
to G of two distinct non-principal irreducible characters of N are
equal?

FURTHER EXERCISES

In this set of exercises, we develop the character table of G = GL(2, q),
where ¢ is any prime power. Recall from Proposition 4.2 that we have
|Gl =q(g - 1)*(g+1).

Our first task is to determine the conjugacy classes of . Here we sketch
a comparatively “hands-on” approach, which uses only some standard top-
ics from linear algebra. (A slicker approach might, for instance, make use
of the invariant factor formulation of rational canonical form.) We denote
by mg(X) the minimal polynomial of an element g € G. Our strategy is
to exploit the following:

8. Show that conjugate elements of G have the same minimal poly-
nomial.

Since mgy(X) is a factor of the characteristic polynomial of g, which is
the quadratic polynomial det(XI — g), we see that my(X) is either linear,
or a product of two like or unlike linear factors, or an irreducible monic
quadratic.

9. (cont.) Show that if my(X) = X — a for some a € Fy, then

g=(%2) € Z(G).

10. (cont.) Show that if my(X) = (X — a)? for some a € F, then g is
conjugate with (& 1), and the conjugacy class of g has order ¢* — 1.

11. (cont.) Show that if mg(X) = (X — a)(X — b) for some distinct
a,b € F;, then g is conjugate with (§ 9), and the conjugacy class
of g has order ¢ + q.

12. (cont.) Show that if r,s € F, are such that X2 —rX — s is irre-
ducible, then the conjugacy class of (9 1) has order ¢*> —g.

(Hint for Exercises 10-12: Compute centralizers and use Proposition 3.13.)

13. (cont.) Verify that what follows is a complete list of the conjugacy
classes of G: ¢ — 1 classes of 1 element each, indexed by elements



16. Induction 175

of Fy; ¢ — 1 classes of @ -1 elements each, indexed by elements
of ]FX (g —1)(g — 2)/2 classes of g% + q elements each, indexed by
unordered pairs of distinct elements of F; and q(g — 1)/2 classes
of ¢*> — ¢ elements each, indexed by irreducible monic quadratic
polynomials with coefficients in IF,.

Having determined the classes of G, we now turn to finding irreducible
characters. Recall that we have an epimorphism det: G — F;. Conse-
quently, we can lift characters of FJ to characters of G, as in Lemma 15.6.
Now Fy is an abelian group of order ¢ — 1, and hence it has ¢ — 1 linear
characters, which we denote by 71,... ,74—1. (In fact, it is true (see [17,
p. 132]) that FX = Zq_1, and so we can, upon fixing a generator of Fy,
completely specify the 7;.) For each 1 < ¢ < q—1, let x; = 7; o det. We
have

| (88) (84 (&%) (O
xi | 7i(@)* 7i(a)® m(a)n(b) 7i(—s)
The characters x; are linear, and x; is indeed the principal character of G.
As in Chapter 2, let B, U, and T be the subgroups of G consisting, re-
spectively, of all upper triangular, all upper unitriangular, and all diagonal
elements of G. We have T = F¥ x Fy, and so we see from Example 15.2
that the irreducible characters of T' have the form 7; x 7; (after making
appropriate identifications). Now B = U x T by Proposition 5.1, so we
can lift each character 7; x 7; of T = B/U to obtain a character 6;; of B.
The epimorphism from B to T sends (3 ¥) to (£ 9), and consequently we
have 0;; (3 %) = (7 x 75) (§2) = 7;(z)7;(2). We now wish to consider the
induced characters 67

14. (cont.) Show that

Sien}
~—
—_
(=2]

a) (58 5
oiGj I (g + V)7i(a)rj(a) mi(a)Tj(a) 7i(a)r;(b) +‘rz(b)TJ(a) 0

Observe that 6 = 65,.
15. (cont.) Show that (OG 6Z) = 1+ 6;; and that (6%, x;) = 1. Con-

(SRR Y]
clude that 05 — x; is an irreducible character of G for each i and
that 0G is an irreducible character of G whenever 7 and j are dis-

tinct.

At this point, we have constructed q — 1 distinct irreducible characters
of degree 1 (the x;), ¢ — 1 distinct irreducible characters of degree g (the
05 — x:), and (g —1)(g — 2)/2 distinct irreducible characters of degree g+ 1
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(the 05 for ¢ < j). Our partial character table of G is now

| €39) (83) (58) (01
Xi 7i(a)® 7i(a)? 73(a)7i(b) 7i(—s)
05 — X gri(a)? 0 7:(a)7(b) ~T7i(—s)

95 (g + D1i(a)ri(a) m(a)ri(a) 7i(a)T;(b) + 7:(b)7i(a) 0

To complete the character table, it will be convenient to work with a
different set of representatives for the conjugacy classes of those elements
whose minimal polynomials are irreducible quadratics. (We shall refer to
these classes as being the “fourth-column” classes, owing to their placement
in our partial character tables above.) By Exercise 4.4, G has a subgroup C
which is isomorphic with F);, where F2 is the field of ¢? elements. As we
remarked before, we have 5 & Zgz-1- It is true, although we are not in a
position to prove it, that any subgroup of G that is isomorphic with ]F‘;(2 isa
conjugate of C. (The proof of this fact requires some familiarity with field
theory, but the essential point is that all fields of order ¢? are isomorphic;
see [19, Corollary XIV.2.7].) It is also true that C' must contain Z(G) = Fy,
and so we will consider F as being a subgroup of C.

16. (cont.) Show that the elements of C — Fy form a double set of
representatives of the fourth-column classes, with z € C — Fy
being conjugate with (but unequal to) 9. (HINT: Argue that each
element of G whose minimal polynomial is an irreducible quadratic
determines a subgroup of G that is isomorphic with ]F';z.)

We now take z € C — F' as our arbitrary fourth-column class representa-
tive. We have x;(z) = 7i(det ), (65 — x:)(x) = —7i(det z), and 65 (x) = 0.

Let B1,...,B42-1 be the irreducible characters of C. (By choosing a
generator for C, we can specify the §;.) We will consider the induced
characters 3S.

17. (cont.) Show that

| 68D (81 () seC-F
s 1 (@° —q)Bk(a) O 0 Be(@) + Be(z)?

Observe that (8])¢ = B¢, where by 8] we mean the linear char-
acter of C defined by 3{(z) = Be(z)?.

It is not hard to show that there are exactly ¢ — 1 values of k for which

! = Bk. (This follows, for instance, from the observation made in Exam-
ple 15.1 that the linear characters of a cyclic group of order n themselves
form a cyclic group of order n.)



16. Induction 177

Choose some k such that 37 # Bk, and let 4 be such that the restriction
of Br to Fy < Cis . Let ¢ = (65 —Xl)Oinl —Hinl — BS; this is a virtual
character.

18. (cont.) Show that
| (82) §a) (§3) =zeC-F;
e | (@—Dmin(a) -7 (a) 0 —Be(z) — Be(z)?
19. (cont.) If k is such that 87 # Bk, show that (vx, %) = 1. Conclude

that we have constructed g(q — 1)/2 distinct irreducible characters
of degree ¢ — 1.

The number of irreducible characters that we have constructed is now equal
to the number of conjugacy classes of GG, and so by Theorem 14.3 we are
done.

We commented in Section 14 that, in general, there is no natural way
of associating a conjugacy class of a group to each irreducible character
of that group, even though there are exactly as many conjugacy classes as
irreducible characters. However, we do have a very natural correspondence
between the irreducible characters and conjugacy classes of GL(2,q), as
follows. Let w be a generator of F, and let x be a generator of C. Let 7o
and (3, be generators of the groups of characters of F; and C, respectively,
and number the characters so that 7; = ‘7’;_1 for each ¢ and B = g ~1 for
each k. Then we have the following correspondence between irreducible
characters and conjugacy classes:

| character | class |
i—1
Xi (wo w?—l )
G _ ., . wi~t 1
01,1 X"r ( 0 wi—l )
G i—1 0
03 (wo wi-1 )
™ )




Appendix: Algebraic Integers
and Characters

In this appendix, we discuss some aspects of character theory that
have a different flavor than the material covered in Chapter 6. Log-
ically speaking, this appendix follows Section 15, although here we
require a somewhat higher level of algebraic background than in the
main part of the book; for instance, some familiarity with Galois
theory would be an asset. Throughout, we let G be a finite group.

We say that € C is an algebraic integer if there is some monic
polynomial f € Z[X] such that f(z) = 0.

LEMMA 1. The set of rational numbers that are also algebraic
integers is exactly the set of ordinary integers.

PROOF. Suppose that a/b € Q is an algebraic integer, where a
and b are coprime integers with 1 # b € N. Then there are integers
Cgy ... ,Cn_ for some n € N such that

() s g e () e
b Cp-1 b Cq b Cyp = VU.

Upon multiplying through by 4", we see that a™ = 0 (mod b); this
contradicts the fact that a and b are coprime. M
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We will make use of the following standard result, whose proof we
sketch in the exercises.

PROPOSITION 2. The algebraic integers form a subring of C. B

The relevance of algebraic integers to the representation theory of
finite groups is established by the following basic fact:

PROPOSITION 3. Let x be a character of G. Then x(g) is an
algebraic integer for any g € G.

PROOF. Let ¢ € G. Then x(g) is a sum of roots of unity by
part (iii) of Proposition 14.4. Any root of unity is an algebraic
integer; for instance, if w is an nth root of unity, then f(w) = 0,
where f(X) = X" —1 € Z[X]. Since the set of algebraic integers is a
ring by Proposition 2, it follows that any sum of roots of unity, and
in particular x(g), is an algebraic integer. M

The next result is necessary for both of our intended applications.

LEMMA 4. If x is an irreducible character of G and g € G, then
|G : Ca(9)|x(g9)/x(1) is an algebraic integer.

ProoF. Let S be the simple CG-module having character . Let
g € G, let K be the conjugacy class of g in G, and let & € CG be the
classsum ) ., x. Consider the map ¢: S — S defined by ¢(s) = as
for s € S. We observed in the proof of Theorem 14.3 that « lies in the
center of CG, and from this it follows that ¢ € Endcg(S); therefore
by Schur’s lemma, there is some A € C such that as = As for all
s € §. By taking traces, we now obtain the equation

(1) = D x(z) = |K|x(9) = |G : Ca(9)Ix(9)-
z€EK
Therefore A = |G : Ca(g)|x(9)/x(1).

Let 7: CG — CG be defined by 7(z) = za for z € CG. It follows
from the proof of Lemma 13.11 that 7 € Endce(CG). Now since S
is a simple CG-module, we can view S as being a submodule of CG,
and for 0 # s € S C CG we have 7(s) = sa = as = As since « is a
central element. Therefore A is an eigenvalue of 7, and so if we let
A be the matrix of 7 with respect to the C-basis G for CG, then we
now have det(Al — A) = 0. But we see easily that each entry of A
is either 0 or 1, and from this it follows that f(X) = det(XI — A) is
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a monic polynomial in X with coefficients in Z. Since f(A) =0, we
conclude that A is an algebraic integer. B

We can now prove the first main result of this appendix, a fact
that was mentioned in Section 14:

PROPOSITION 5. Let x be an irreducible character of G. Then
x(1) divides |G].

ProoOF. Let ¢i,...,9, be a set of conjugacy class representatives
of G. We know for each i that |G : Cg(g:)|x(g:)/x(1) and x(g;) are
algebraic integers, the former by Lemma 4 and the latter by part (iv)
of Proposition 14.4 and Proposition 3. Using row orthogonality, we
see that

Sl% _ ;(11_) 3_1G : Calgi)lx(g:)x(es)

= gkl (IG : CG(gi)|X(gi) m) )

x(1)

which by Proposition 2 is a rational algebraic integer; the result now
follows from Lemma 1. B

The goal of the remainder of this appendix is to prove Burnside’s
theorem on the solvability of groups of order p®q®, which was men-
tioned in Section 11.

LEMMA 6. Let x be a character of G, let ¢ € G, and define
v = x(g9)/x(1). If v is a non-zero algebraic integer, then |y| = 1.

PROOF. We see from part (iii) of Proposition 14.4 that x(1)v is a
sum of x(1) nth roots of unity, where n is the order of g; therefore
|7| < 1. Suppose that 0 < |y| < 1, and assume that + is an algebraic
integer. Since <y is an average of d complex roots of unity, the same
will be true of any algebraic conjugate of . (Here we are applying
Galois theory. An algebraic conjugate of v is the image of «v under
any automorphism of K that fixes Q, where K is a suitable extension
of Q containing v.) In particular, every conjugate of v has absolute
value at most 1, and thus the product of the conjugates of v has ab-
solute value less than 1. But it follows from [25, Theorem 2.5] that
this product is, up to sign, a power of the constant term of the min-
imal polynomial of y over Q, a polynomial that by [25, Lemma 2.12]
is monic and has integer coefficients. Therefore, the constant term of
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the minimal polynomial of v must be zero, which is a contradiction.
Hence 7y cannot be an algebraic integer. W

We now prove a classical theorem due to Burnside.

THEOREM 7. If G has a conjugacy class of non-trivial prime power
order, then G is not simple.

PRrROOF. Suppose that G is simple and that the conjugacy class of
1 # g € G is of order p", where p is prime and n € N. (Observe that
G must be non-abelian in this event.) From column orthogonality,
we obtain

0= g - % : ixi(g)xi(l) = (1/p) + ijxi(g)xi(l)/p,

where X1, ..., X are the irreducible characters of G. Since —1/p is
by Lemma 1 not an algebraic integer, it follows from Proposition 2
that x;(g)x:(1)/p is not an algebraic integer for some 2 < 7 < 7.
As x;(g) is an algebraic integer, this implies that p { x;(1) and that
xi(g) # 0. Now |G : Cg(g)| = p™ is coprime to x;(1), so we have
a|G : Cg(g)| + bx:(1) = 1 for some a,b € Z. Thus

xi(9)/xi(1) = a|G : Ca(g)|xi(9)/x:(1) + bxi(9),

which by Proposition 3 and Lemma 4 is an algebraic integer, and
therefore |x;(9)| = xi(1) by Lemma 6. Consequently, we see that
g€ Z;={z € G| |xi(z)] = xi(1)}. But Z; = 1 by Corollary 15.11,
which gives a contradiction. W

Finally, we have Burnside’s famed p®q® theorem:

BURNSIDE’S THEOREM. If |G| = p®¢®, where p and ¢ are primes,
then G is solvable.

ProoF. We use induction on a +b. If a +b = 1, then G has
prime order and hence is solvable by Proposition 11.1. Hence we
assume that a + b > 2 and that any group of order p"¢® is solvable
whenever r+s < a+b. Let @ be a Sylow g-subgroup of G. If @ = 1,
then G is a p-group and hence is solvable by Corollary 11.5, so we
assume that Q # 1, in which case Z(Q) # 1 by Theorem 8.1. Let
1# g € Z(Q). Then as Q < Cg(g), we have |G : Cg(g)| = p" for
some n < a. If n =0, then g € Z(G) and hence G is not simple; and
if n > 0, then by Proposition 3.13 and Theorem 7 we see that G is not
simple. Therefore, G has a non-trivial proper normal subgroup N.
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By induction, both N and G/N are solvable, and hence G is solvable
by part (iii) of Proposition 11.3. W

We observed on page 100 that there are non-solvable groups of
order p®q®r¢, where p,q, and r are distinct primes. In fact, up to
isomorphism there are eight such groups. Six of these groups are
projective special linear groups. (Recall that A5 and Ag are, by Ex-
ercises 6.2 and 6.5, isomorphic with projective special linear groups.)
The remaining two groups are members of a family of groups called
the projective special unitary groups (see [24, p. 245]).

EXERCISES

1. For z € C, let Z[z] = {f(z) | f(X) € Z[X]}; this is an abelian
subgroup of C. Show that z is an algebraic integer iff Z[z] is
finitely generated.

2. (cont.) Show that the set of algebraic integers is a subring of C.
(HINT: Use Exercise 1 and the well-known fact (see [1, p. 145])
that any subgroup of a finitely generated abelian group is finitely
generated.)

3. Let G be a finite group, and define a function ¥: G — C by setting
¥(g) = |{(z,y) € G x G| [z,y] = g}| for g € G. Show that

which in light of Proposition 5 shows that 9 is a character. (Com-
pare with Exercise 3.6.)
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