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PREFACE

This book grew out of courses which I taught at Cornell University and
the University of Warwick during 1969 and 1970. I wrote it because of a
strong belief that there should be readily available a semi-historical and geo-
metrically motivated exposition of J. H. C. Whitehead’s beautiful theory of
simple-homotopy types; that the best way to understand this theory is to
know how and why it was built. This belief is buttressed by the fact that the
major uses of, and advances in, the theory in recent times—for example, the
s-cobordism theorem (discussed in §25), the use of the theory in surgery, its
extension to non-compact complexes (discussed at the end of §6) and the
proof of topological invariance (given in the Appendix)—have come from
just such an understanding.

A second reason for writing the book is pedagogical. This is an excellent
subject for a topology student to “grow up” on. The interplay between
geometry and algebra in topology, each enriching the other, is beautifully
illustrated in simple-homotopy theory. The subject is accessible (as in the
courses mentioned at the outset) to students who have had a good one-
semester course in algebraic topology. I have tried to write proofs which meet
the needs of such students. (When a proof was omitted and left as an exercise,
it was done with the welfare of the student in mind. He should do such
exercises zealously.)

There is some new material here’—for example, the completely geometric
definition of the Whitehead group of a complex in §6, the observations on the
counting of simple-homotopy types in §24, and the direct proof of the
equivalence of Milnor’s definition of torsion with the classical definition,
given in §16. But my debt to previous works on the subject is very great.
I refer to [Kervaire-Maumary-deRham)], [Milnor 1] and above all [J. H. C.
Whitehead 1,2,3,4]. The reader should turn to these sources for more material,
alternate viewpoints, etc.

I am indebted to Doug Anderson and Paul Olum for many enlightening
discussions, and to Roger Livesay and Stagg Newman for their eagle-eyed
reading of the original manuscript. Also I would like to express my apprecia-
tion to Arletta Havlik, Esther Monroe, Catherine Stevens and Dolores
Pendell for their competence and patience in typing the manuscript.

My research in simple-homotopy theory was partly supported by grants
from the National Science Foundation and the Science Research Council of
Great Britain. I and my wife and my children are grateful to them.

Cornell University Marshall M. Cohen
Ithaca, New York
February, 1972

1 Discovered by me and, in most instances, also by several others. References will be
given in the text.
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Chapter 1

Introduction

This chapter describes the setting which the book assumes and the goal
which it hopes to achieve.

The setting consists of the basic facts about homotopy equivalence and
CW complexes. In §1 and §3 we shall give definitions and state such facts,
usually without formal proof but with references supplied.

The goal is to understand homotopy theory geometrically. In §2 we
describe how we shall attempt to formulate homotopy theory in a particularly
simple way. In the end (many pages hence) this attempt fails, but the theory
which has been created in the meantime turns out to be rich and powerful in
its own right. It is called simple-homotopy theory.

§1. Homotopy equivalence and deformation retraction

We denote the unit interval [0,1] by 7. If X is a space, 1y is the identity
function on X.

If f and g are maps (i.e., continuous functions) from X to Y then f is
homotopic to g, written f =~ g, if there is a map F:X x I — Y such that
F(x,0) = f(x) and F(x,1) = g(x), for all x € X.

f:X — Y is a homotopy equivalence if there exists g:Y — X such that
gf ~1yand fg ~ 1,. We write X ~ Y if X and Y are homotopy equivalent.

A particularly nice sort of homotopy equivalence is a strong deformation
retraction. If X < Y then D:Y — X is a strong deformation retraction if there
isa map F:Y x I — Y such that

(1) Fo =1y
(2) F(x) =xforall (x,)e X x [
(3) Fi() = D(y)forall ye Y.

(Here F,:Y — Y is defined by F,(y) = F(y,t).) One checks easily that D isa
homotopy equivalence, the homotopy inverse of which is the inclusion map
i:X =Y. We write Y 1 X if there is a strong deformation retraction from
Y to X.

If f:X — Y is a map then the mapping cylinder M is gotten by taking the
disjoint union of X x I and Y (denoted (X x I) @ Y) and identifying (x,1)
with f(x). Thus

@XxhHhev

T =10
The identification map (X x I) @ Y — M, is always denoted by g. Since
1



2 Introduction
g]X x [0,1) and ¢|Y are embeddings, we usually write g(X x 0) = X and
q(Y) = Y when no confusion can occur. We also write g(z) = [z] if
ze(X x D@ Y.

(1.1) If f:X — Y then the map p:M; — Y, given by
plxt] = [x,1] = [f(X)], t<1
byl =Dl yeY

is a strong deformation retraction.
The proof consists of “sliding along the rays of M,.” (See [Hu, p. 18] for
details.) [

(1.2) Suppose that X — Y is a map. Let i:X — M, be the inclusion map.
Then

(a) The following is a commutative diagram

X——i——>Mf

(b) i is a homotopy equivalence iff f is a homotopy equivalence.

Part (a) is clear and (b) follows from this and (1.1). []

§2. Whitehead’s combinatorial approach to homotopy theory

Unfortunately, when given two spaces it is very hard to decide whether
they are homotopy equivalent. For example, consider the 2-dimensional
complex H—‘‘the house with two rooms”—pictured at the top of page 3.
H is built by starting with the wall §! x 7, adding the roof and ground floor
(each a 2-disk with the interior of a tangent 2-disk removed), adding a middle
floor (a 2-disk with the interiors of two 2-disks removed) and finally sewing in
the cylindrical walls A and B. As indicated by the arrows, one enters the lower
room from above and the upper room from below. Although there seems to
be no way to start contracting it, this space is actually contractible (homotopy
equivalent to a point). It would be nice if homotopy theory could tell us why
in very simple terms.

In the 1930’s one view of how topology ought to develop was as combina-
torial topology. The homeomorphism classification of finite simplicial com-
plexes had been attacked (most significantly in [ALEXANDER]) by introducing
elementary changes or “moves”, two complexes K and L being “combina-
torially equivalent” if one could get from K to L in a finite sequence of such
moves. It is not surprising that, in trying to understand homotopy equivalence,
J. H. C. WHITEHEAD—iIn his epic paper, ‘““‘Simplicial spaces, nucleii and
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m-groups”—proceeded in the same spirit. We now describe the notions which
he introduced.

If K and L are finite simplicial complexes we say that there is an elementary
simplicial collapse from K to L if L is a subcomplex of K and K = L U a4
where a is a vertex of K, 4 and aA are simplexes of K, and a4 N L = aA.
Schematically,

We say that K collapses simplicially to L—written K \y L—if there is a finite
sequence of elementary simplicial collapses K = K, — K; — ... - K, = L.
For example, any simplicial cone collapses simplicially to a point.

b b b b
a@; YA a<dc Y‘ a<d \SA a/ \s4 e a

If K \y L we also write L s K and say that L expands simplicially to K.
We say that K and L have the same simple-homotopy type?® if there is a finite

2 This is modern language. Whitehead originally said “they have the same nucleus.”



4 Introduction

sequence K = Ky, —> K; — ... — K, = L where each arrow represents a
simplicial expansion or a simplicial collapse.

Since an elementary simplicial collapse easily determines a strong deforma-
tion retraction (unique up to homotopy) it follows that, if K and L have the
same simple-homotopy type, they must have the same homotopy type.
WHITEHEAD asked

If two finite simplicial complexes have the same homotopy type, do they
necessarily have the same simple-homotopy type?

Despite the apparent restrictiveness of expanding and collapsing, it is quite
conceivable that the answer to this question might be yes. To illustrate this
and to show that simple-homotopy type is a useful notion, let us return to the
house with two rooms.

Think of H as being triangulated as a subcomplex of the solid cylinder
D?* x I where D? x I is triangulated so that D? x Iy D? x 0 \g #
(= point). Now, if the solid cylinder were made of ideally soft clay, it is clear
that the reader could take his finger, push down through cylinder A, enter
the solid lower half of D* x I and, pushing the clay up against the walls,
ceiling and floor, clear out the lower room in H. Symmetrically he could then
push up the solid cylinder B, enter the solid upper half and clear it out.
Having done this, only the shell # would remain. Thus we can see (although
writing a rigorous proof would be unpleasant) that

% s (D? x I) ¢ H.

Hence H has the same simple-homotopy type as a point and, a fortiori, H is
contractible.

So we shall study the concept of simple-homotopy type, because it looks
like a rich tool in its own right and because, lurking in the background, there
is the thought that it may be identical with homotopy type.

In setting out it is useful to make one technical change. Simplicial com-
plexes are much too hard to deal with in this context. WHITEHEAD’s early
papers [J. H. C. WHITEHEAD 1, 2] are a marvel in that, besides the central
concepts introduced, he overcame an enormous number of difficult technical
problems related to the simplicial category. These technical difficulties later
led him to create CW complexes [J. H. C. WHITEHEAD 3] and it is in terms of
these that he brought his theory to fruition in [J. H. C. WHITEHEAD 4]. In the
next section we summarize the basic facts about CW complexes. In Chapter II
the expanding and collapsing operations are defined in the CW category and
it is in this category that we set to work.

§3. CW complexes

In this section we set the terminology and develop the theorems which will
be used in the sequel. Because of the excellent treatments of CW complexes
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which exist (especially [SCHUBERT] and [G. W. WHITEHEAD]) proofs of standard
facts which will be used in a standard fashion are sometimes omitted. The
reader is advised to read this section through (3.6) now and to use the rest of
the section for reference purposes as the need arises.

A CW complex K is a Hausdorff space along with a family, {e,}, of open
topological cells of various dimensions such that—letting K/ = { J {¢,|dim e,
< j}—the following conditions are satisfied:

CW 1: K = (J ¢, and ¢,N ¢; = & whenever a # .

CW 2: For each cell ¢, there is a map ¢,:Q" — K, where Q" is a topolo-
gical ball (homeomorph of 1" = [0,1]") of dimension » = dim e,, such that

(a) (pa|é" is a homeomorphism onto e,.
(0) (00" = K71

CW 3: Each ¢, is contained in the union of finitely many e,.

CW 4: Aset 4 = Kis closed in K iff AN &, is closed in ¢, for all e,.
Notice that, when K has only finitely many cells, CW 3 and CW 4 are auto-
matically satisfied.

A map ¢:Q" — K, as in CW 2, is called a characteristic map. Clearly such
a map ¢ gives rise to a characteristic map ¢':I" — K, simply by setting ¢" = @h
for some homeomorphism A:I" — Q". Thus we usually restrict our attention
to characteristic maps with domain 7*, although it would be inconvenient to
do so exclusively. Another popular choice of domain is the n-ball
J" = Closure (2I"** —1I").

If ¢: 0" — K is a characteristic map for the cell e then ¢|0Q" is called
an attaching map for e.

A subcomplex of a CW complex K is a subset L along with a subfamily
{eg} of the cells of K such that L = (] ¢; and each ¢, is contained in L. Tt
turns out then that L is a closed subset of K and that (with the relative topol-
ogy) L and the family {e;} constitute a CW complex. If L is a subcomplex
of K we write L < K and call (K,L) a CW pair. If e is a cell of K which does
not lie in (and hence does not meet) L we write e € K—L.

Two CW complexes K and L are isomorphic (denoted K =~ L) if there
exists a homeomorphism 4 of K onto L such that the image of every cell of
Kis a cell of L. In these circumstances /4 is called a CW isomorphism. Clearly
h™!is also a CW isomorphism.

An important property of CW pairs is the homotopy extension property:

(3.1) Suppose that L < K. Given a map [:K— X (X any space) and a
homotopy f,:L — X such that f, = f|L then there exists a homotopy
F:K— X such that Fy=f and F,|L =f|L, 0 <1t < 1. (Reference:
[SCHUBERT, p. 197)). [

As an application of (3.1) we get
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(3.2) If L < K then the following assertions are equivalent:

) KL
(2) The inclusion map i:L < K is a homotopy equivalence.
() 7 (K, L) = 0 for all n < dim (K—-L).

COMMENT ON PROOF: The implications (1) = (2) and (2) = (3) are
elementary. The implication (3) = (1) is proved inductively, using (3) and
the homotopy extension property to construct first a homotopy (rel L) of 1,
to a map f,:K — K which takes K° into L, then to construct a homotopy
(rel L) of f, to f;: K — K such that f;(K!) < L, and so on. []

If K, and K, are CW complexes, a map f:K,— K, is cellular if
f(KE) = K} for all n. More generally, if (K,,L,) and (K;,L,) are CW pairs,
a map f:(Ko,Lo) = (K,Ly) is cellular if f(K§VU Ly) = (Kj U L,) for all n.
Notice that this does not imply that f|Ly:L, — L, is cellular. As a typical
example, suppose that /" is given a cell structure with exactly one n-cell and
suppose that f:1" — K is a characteristic map for some cell e. Then f:(1", oI")
— (K, K"~ ') is cellular while £]6/" need not be cellular.

If f ~ g and g is cellular then g is called a cellular approximation to f.

(3.3) (The cellular approximation theorem) Any map between CW pairs,
fi(Ky,Lo) = (Ky,L,) is homotopic (rel. Ly) to a cellular map. (Reference:
[ScHUBERT, p. 198]). [

If A is a closed subset of X'and f: 4 — Yis amap then X ka Y is the identi-
fication space [X @ Y [/ x = f(x) if x € 4].

(3.4) Suppose that K, < K and f:K, — L is a map such that, given any cell
e of K—K,, f(e " K,) < L"™! where dime = n. Then kaJL is a CW

complex whose cells are those of K— K, and those of L. (More precisely the
cells of K &J L are of the form q(e) where e is an arbitrary cell of K— K, or

of L and q: K ® L — K U L is the identification map. We suppress q whenever
possible). ]

Using (3.4) and the natural cell structure on K x I we get

@B.5) If 1K — L is a cellular map then the mapping cylinder M is a CW
complex with cells which are either cells of L or which are of the form e x 0 or
e x (0,1), where e is an arbitrary cell of K. []

Combining (1.2), (3.2) and (3.5) we have

(3.6) A cellular map f:K L is a homotopy equivalence if and only if
M, K O
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Cellular homology theory

If (K, L) is a CW pair, the cellular chain complex C(K, L) is defined by
letting C(K, L) = H(K"UL,K" ' UL) and letting d,:C(K,L) — C,_ (K, L)
be the boundary operator in the exact sequence for singular homology of the
triple (K"UL, K" ' UL, K" 2UL).

C(K, L) is usually thought of as ‘“‘the free module generated by the
n-cells of K—L”. To make this precise, let us adopt, now and forever,
standard orientations w, of I"(n = 0,1,2,...) by choosing a generator w, of
Hy(I°) and stipulating that the sequence of isomorphisms

H,_ ("%, 81" %) H,_(I"J"Y) <2— H,_ (21" <— H(I" ")
takes w,_, onto —w, (Here I"*=71""1x0). If ¢:[">K is a

n

characteristic map for ¢, € K—L we denote {p,> = (p,)s(w,) where (¢,)s:
HI" oI"y — H(K" U L, K"~ U L) is the induced map. Then the situation
is described by the following two lemmas.

excision

(3.7) Suppose that a characteristic map ¢, is chosen for each n-cell e, of K—L.
Denote K; = K’ U L. Then

(a) Hj(Km Kn—]) = 0 l‘f.] # n

(b) H(K,, K,_,) is free with basis {{p,>|el e K—L}

(c) If ¢ is a singular n-cycle of K mod L representing y € H,(K,, K,_,)
and if |c| does not include the n-cell e,, then n,, =0 in the expression
y =Y n,p,>. (Reference: [G. W. WHITEHEAD, p. 58] and [SCHUBERT,

p. 300]). (O

A cellular map f:(K,.L)—(K',L’) clearly induces a chain map
J«:C(K,L) - C(K',L") and thus a homomorphism, also called f,, from
H(C(K,L)) to H(C(K',L")). Noting this, the cellular chain complex plays a
role in the category of CW complexes analogous to that played by the
simplicial chain complex in the simplicial category because of

(3.8) There is a natural equivalence T between the ‘““cellular homology”
functor and the “‘singular homology” functor. In other words, for every CW
pair (K,L) there is an isomorphism Ty ;: H(C(K,L)) - H(|K|, |L|), and for
every cellular map f:(K,L) — (K',L") the following diagram commutes
Tk,L
H(C(K,L)) ——— H(|K|, |L|)
f* f*
! r TK"L, ! ’
H(C(K',L")) ——— H(|K'|, |L"])
The isomorphism Ty , takes the homology class of a cycle Y n{p,,> € C(K, L)
onto the homology class of the cycle Y ni¢, € S(K, L), where ¢, is a singular

chain representing{ g, >. (Reference: [G.W. WHITEHEAD, p. 65] and [SCHUBERT,
p. 305D). O
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(3.9) Suppose that f:K —L is a cellular map with mapping cylinder M.
Then C(M,K) is naturally isomorphic to the chain complex (€,0)—the
mapping cone” of fy: C(K) — C(L)y—which is given by

%n = Cn—l(K) @ Cn(L)
Olx+y) = —d,o () +[fu()+d,(»)], xe€C,_1(K), yeCyL)
where d and d’ are the boundary operators in C(K) and C(L) respectively.

By “naturally isomorphic” we mean that, for each n, the isomorphism
constructed algebraically realizes the correspondence between n-cells of
M;—K and cells of K""' UL" given by e" ' x(0,1) <> ¢" ! and u" o u"
(" 'acell of K, u"a cell of L).

PROOF OF (3.9): Let {e,} be the cells of K and suppose that characteristic
maps ¢, have been chosen. Then (Kx I, Kx0) is a CW pair with relative
cells of the form e, x1 and e, % (0,1) possessing the obvious characteristic
maps ¢,; and ¢,x1, If dime, =n-1, let {p,> = @, 4(w,_4) and
ey x I = (p,x1)4(w,) be the corresponding basis elements of
C(KxI,Kx0). In general, if ¢ =) n{p,> is an arbitrary element of

C,-1(K), set cxI =Y nfe,>xI). In the product cell structure for I" we

have w, € C,(I") and (exercise—induction on n suggested) dw, = Y. (— s
ji=1
(i,1405— 1 — I 08@, 1) € C,—y(I") where i;,:1""" —I" is the characteristic
map i; (¢, . otym1) = (oo tjo 8t . t,—y), & = 0,1. This gives dw, =
Iy 1%Wp—1— 1y 04@y— 1 — (dw,_ xI). Interpreted in C(I", I"~!x0) this be-
comes dw, = i, 4w, | —(dw,_; xI), and applying the chain map (@, % 1))«
we get
d(p> 1) = <@y —(d>g,> x 1) € C, (KX I, Kx0).

Let {us} be the cells of L, with characteristic maps ;. Then
g+« C(Kx I, Kx0) ® C(L) - C(M;,K), and C(M[,K) has as basis—from
the natural cell structure of M ,—the set

{9:(<pa> x Dle, € K} U {qy{hp>|uy € L},

Define a degree-zero homomorphism T:C(M,K)—% by stipulating that
T(qs(Kp> x 1)) = {p,> and T(g.{ths>) = <{P;>. Notice that (with the
obvious identifications) 7g,|C(Kx 1) = f,: C(K) — C(L) and Tg.(cxI) = ¢
for all ¢ € C(K). Thus

Td[g.({p» x D] = Tgd[{p,> x ]
Tq4[<p.> — (d{p,> x I)]
Tq4(p22) — Tq5(dlp,> X I)
Juloe) —dlo,>
Ky = 0T[g+({p,> x 1]

It follows trivially that 7 is a chain isomorphism. []

i

Ii

Il
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Covering spaces

We turn now to covering spaces. Connectivity of the base space will be
assumed throughout this discussion

(3.10) If K is a CW complex then K is locally contractible. Thus for any
subgroup G < 7 (K) there is a covering space p: E — K such that p ,(m | E) = G.
In particular K has a universal covering space. (Reference: [SCHUBERT,
p-204]). O

We define p: E — K to be a covering in the CW category provided that p
is a covering map and that E and K are CW complexes such that the image of
every cell of E is a cell of K. By a covering we shall always mean a covering
in the CW category if the domain is a CW complex. Nothing is lost in
doing this because of

(3.11) Suppose that K is a CW complex and p: E — K is a covering of K. Then
{&,le.€ K, &, is a lift of e, to E}

is a cell structure on E with respect to which E becomes a CW complex. If
@, 1" — K is a characteristic map for the cell e,, if &, is a lift of e, and if
@ 1" — E is a lift of @, such that (x) €&, for some x € I", then &, is a
characteristic map for &,. (Reference: [SCHUBERT, p. 251]). [J

(3.12) If p: E — K is a covering and . K' — K is a cellular map which Il'fts to
f:K' — E then [ is cellular. If f is a covering (in the CW category), so is f. [J

Since a covering which is also a homeomorphism is a cellular isomorphism,
(3.12) implies that the universal covering space of K is unique up to cellular
isomorphism.

(3.13) Suppose that (K, L) is a pair of connected CW complexes and that
p:K — K is the universal covering. Let L= p~ L. If i,:m, L <, =K is an
isomorphism then p|L: L— L is the universal covering of L. If, further,
Ky Lthen K« L.

PROOF: Lis a closed set which is the union of cells of K (namely, the lifts of
the cells of L). Thus Lis a subcomplex of K. Clearly p|Lis a covering of L.
We shall show that, if i, is an isomorphism, L is connected and simply
connected. Notice that, by the covering homotopy property,
pyim(K L) = n(K, L) for all i > 1. To see that Lis connected, notice that
m(K, L) = 0 since we have exactness in the sequence

71 (L) —> my(K) = (K, L) — mo(L) —> mo(K).
Thus =, (K, L) = 0. Hence by the connectedness of K and the exactness of the
e 0 = m)R, L) = mo(L) > mo(K)

it follows that Lis connected.
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Lis 1-connected because of the commutativity of the diagram

mL—=>mK=0

o,

mL —— 7 K

Hence p: L— L is the universal covering.
Finally, K v, L implies =, (K,L) = 0 and hence =K, L) = 0 for all
i>1 Thus K v, Lby (3.2). O

(3.14) Suppose that f:K — L is a cellular map between connected complexes
such that fy:m K —w L is an isomorphism. If K, L are universal covering
spaces of K, L and f: K — Lis a lift of f, then M + 18 a universal covering space
of M.

Exercise: Give a counter-example when f, is not an isomorphism.

PROOF OF (3.14): [ is cellular and My L, so M; is a simply connected
CW complex. Let p:K— K and p’: L— L be the covering maps. Define
a:Mjz— M, by

ofw, t] = [p(w), ], 0<t<l,wek
ozl = [P, zel
If [w,1] =[z] then fw) =z, so alw,1] = [p(w), 1] = [fp(w)] = [p’f(w)]

= [p'(z)]. Hence o is well-defined. It is clearly continuous. Notice that
«|(M;—L) = «|Kx[0,1) = px 1o, and «|L= p’. Thus «/M;—L) and
«| Lare covering maps, and « takes cells homeomorphically onto cells.

Let B:Mf ~> M, be the universal cover of M, with R = B~ YK),
L=p"YL). By (3.13), BIL:L—~L is a universal covering. Since
S#:m K — L is an isomorphism, so, by (1.2), is i, ;7 K — =, M. Hence K
is simply connected, using (3.13) again. But clearly B|(M,—L):M,—L
—~ M,—L is a covering and 7 (M,;—L, K) = n(M,;~L,K) = 0 for all i.
So M ,—L is simply connected and B|(M,—L) is a universal covering also.

Nowletd: M; — M + be alift of «. By uniqueness of the universal covering
spaces of M, —L and L, & must take M ;— L homeomorphically onto Mf—ﬁ
and L homeomorphically onto L. Thus & is a continuous bijection. But it is
clear that & takes each cell ¢ homeomorphically onto a cell &(e). Then & takes
e bijectively, hence homeomorphically, onto &(¢). The latter is just &(e)
because if ¢ is a characteristic map for e, &g is a characteristic map for 4(e),
so that d(e) = dp(I") = @(2). Since M; and M, have the weak topology with
respect to closed cells it follows that & is a homeomorphism. Since B4 = «
it follows that « is a covering map. [

Consider now the cellular chain complex C(K, L), where K is the universal
covering space of K and L < K. Besides being a Z-module with the properties
given by (3.7) and (3.8), C(K,L) is actually a Z(G)-module where G is the
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group of covering homeomorphisms of K or, equivalently, the fundamental
group of K. We wish to explain how this richer structure comes about.
Recall the definition: If G is a group and Z is the ring of integers then
Z(G)—the integral group ring of G-—is the set of all finite formal sums
Y ngi. n;€Z, g €G, with addition and multiplication given by
Znigi + Zmigi =Y (n;+m)g;

(Z nigi)‘(z mjgj) = Z (nimj) (gigj)

One can similarly define R(G) for any ring R.

Let p: K — K be the universal covering and let G = Cov (K) = [the set of
all homeomorphisms 4: K — K such that ph = p]. Suppose that L < K and
L= p 'L Each ge G is (3.12) a cellular isomorphism of K inducing, for
each »n, the homomorphism g.:C, (K L)— C (K, L) and satisfying
dg, = g.d (where d is the boundary operator in C(K, L)). Let us define an
action of G on C(K,L) by g-c = gulc), (g€G, ce C(K,L)). Clearly
d(g-c) = g-(dc). Thus C(K, L) becomes a Z(G)-complex if we define

(Z ”igi)'c = Z”i(gi'c) = Zni(gi)*(c)
The following proposition shows that C(K, L) is a free Z(G)-complex with a
natural class of bases.

(3.15) Suppose that p: K — K is the universal covering and that G is the group
of covering homeomorphisms of K. Assume that L < K and L= p~'L. For
each cell e, of K—L let a specific characteristic map ¢,:[" — K (n = n(x))
and a specific lift §,:1" — K of ¢, be chosen. Then {{$,>|e, € K—L} is a basis
for C(R,L) as a Z(G)-complex.

PROOF: Let % = x, be a fixed point of I" for each n. For each y € p~ Lo, (%),
let ¢, , be the unique lift of ¢, with ¢, (*) = y. Since p: K — K is the universal
covering, G acts freely and transitively on each fibre p~'(x). Thus each ¢,
is uniquely expressible as ¢, , = g o ¢, for some g e G and {¢, |y ep” Lo ()}
= {go@,|g e G}. But, by (3.7) and (3.11), C(K,L) is a free Z-module with
basis

{(Pa} = ({8000} = {84(Pu0} = {g (G0}

where g varies over G and ¢, varies over the given characteristic maps for
K—L. Thus each ¢ € C(K, L) is uniquely representable as a finite sum

¢ =Y 48 {F)
= 2 (X 11481 <G>
= Y rlF0, 1, € 2(G)

Therefore {{g,>|e, is a cell of K— L} is a basis of C(K,L)asa Z(G)-module. []



12 Introduction
The fundamental group and the group of covering transformations

If we choose base points x € K and % € p~'(x) then there is a standard
identification of the group of covering transformations G with 7, K = =, (K,x).
Because of its importance in the sequel, we review this in some detail.

For each «:(I,1) — (K,x), let & be the lift of « with @(0) = X. Let g,;:K — K
be the unique covering homeomorphism such that gp,,(X) = d(1). We claim
that, if y € K and if w:(7,0,1) — (K,%,y) is any path, then

g[a](y) = a* pw (1)

where pw is the composition of w and p, and ““x” represents concatenation of
loops. To see this, note that & * pew(l) = pw(l) where po is the umque lift of

pw with pw(O) = &(1). But c[f,,](pw(O)) = g(®) = d(1), so gpyopw is such a
lift. Hence po = g[a]opw and

Zxpa(l) = g[a](I;Z(I)) = gr(»)-

The function § = 6(x,%):7, K — G, given by [«] — g{,;, is an isomorphism.
For example, it is a homomorphism because, for arbitrary [«], [8] € 7, K, we
have (by the preceding paragraph)

g[a](g[ﬁ]()?)) = g[a](ﬁ(l))
—
= axpf(1)
= B(D)
= Zrarp(®)
Hence g,;° 8tp1 = 8rayipr since they agree at a point.

Suppose that p:K — K and p’:L->L are universal coverings with

p(®) = x and p'(§) = y, and that G and G, are the groups of covering

- transformations. Then any map f:(K,x) = (L,y) induces a unique map
f#:Gg — G, such that the diagram

f
Gy ——> G,
0(x,%) 6(y,5)

I #
771(K,X) I 7T1(L,y)

commutes. (We believe that it aids the understanding to call both maps f,.)
This map satisfies

(3.16) If g € Gy and f:(R,%) — (L,7) covers f, then fu(g)of = fog.
PROOF: Since these maps both cover £, it suffices to show that they agree at
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a single point—say %. So we must show that ( f(g))(5) = fg(%). Letting « be a
loop such that [«] corresponds to g under 8(x,%), we have

Je(®) = Ja(1)
= (foa)1), since J(0) = § = fa(0)
— OO l)F), where [, i, (Kox) = m,(L)
= (BP0, HE))
= (/@) O



Chapter 11

A Geometric Approach to Homotopy Theory

From here on all CW complexes mentioned will be assumed finite unless
they occur as the covering spaces of given finite complexes.

§4. Formal deformations

Suppose that (K, L) is a finite CW pair. Then K g L—i.e., K collapses to
L by an elementary collapse—iff

() K=LuyUe" ! Ue where e" and "~ ! are not in L,

(2) there exists a ball pair (0", Q") ~ (", I""') and amap ¢: Q" — K
such that

(a) ¢ is a characteristic map for ¢"
n—1

(b) |Q""! is a characteristic map for e
(c) (P"™ Yy < "', where P""! = Cl1(¢Q"— Q" 1).

In these circumstances we also write L & K and say that L expands to K by an
elementary expansion. 1t will be useful to notice that, if (2) is satisfied for one
ball pair (Q", Q"™ "), it is satisfied for any other such ball pair, since we need
only compose ¢ with an appropriate homeomorphism.

Geometrically, the elementary expansions of L correspond precisely to
the attachings of a ball to L along a face of the ball by a map which is almost,
but not quite, totally unrestricted. For, if we set ¢o = ¢|P""! in the above
definition, then @u:(P"" !, oP*" ') — (L""*, L"" %) and

(K,L) = (LY 0" L).

Conversely, given L, any map go:(P"~ !, 9P"" ') — (L""!, L"~?) determines
an elementary expansion. To see this, set K = L bJ Q" Llet p:L ® Q"=+ K

be the quotient map and define (3"~ !) = "~ !, (0") = ¢". Then K =
Lueée tueisa CW complex and L o K.

14
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(4.1) If K ~q L then (a) there is a cellular strong deformation retraction
D:K — L and (b) any two strong deformation retractions of K to L are homo-
topic rel L.

PROOF. let K=Lue" tue. By hypothesis there is a map
@o:I"" ' —L""1' such that (K,L) = (L;JI", L). But L;JI" is just the
0 0

mapping cylinder of ¢,. Hence, by (1.1) and its proof there is a strong defor-
mation retraction D:K — L such that D(e") = @,(I""') < L""'. Clearly D
is cellular.
If D, and D,:K—L are two strong deformation retractions and
i:L < Kthen iD, ~ 14y ~iD,relL. So D, = D,iD, ~ D,iD, = D,. []
We write K™ L (K collapses to L) and L » K (L expands to K) iff there
is a finite sequence (possibly empty) of elementary collapses

K=K, K, ¢... ¢« K, =L

A finite sequence of operations, each of which is either an elementary expan-
sion or an elementary collapse is called a formal deformation. If there is a
formal deformation from K to L we write K A L. Clearly then, L A K.
K and L are then said to have the same simple-homotopy type. If K and L have
a common subcomplex K, no cell of which is ever removed during the
formal deformation, we write K A L rel K.

Suppose that K = K, -~ K, — ... — K, = L is a formal deformation.
Define f;:K; — K,,, by letting f; be the inclusion map if K; & K;,, and,
(4.1), letting f; be any cellular strong deformation retraction of K; onto K; .
if K; N K;+y. Then f'=f,_...f1fo is called a deformation. 1t is a cellular
homotopy equivalence which is uniquely determined, up to homotopy, by
the given formal deformation. If K’ < K and f=f,_,...fo:K—~L is a
deformation with each f;|K’ = 1 (so K A L rel K’), then we say that f is a
deformation rel K'.

Finally, we define a simple-homotopy equivalence f: K — L to be a map
which is homotopic to a deformation. f'is a simple-homotopy equivalence rel K’
if it is homotopic, rel K’, to a deformation rel K'.

Some natural conjectures are

@) If /:K — L is a homotopy equivalence then f is a simple-homotopy
equivalence.

(ID) If there exists a homotopy equivalence from K to L then there exists
a simple-homotopy equivalence.

In general, both conjectures are false.® But in many special cases (e.g., if
7, L = 0 or Z (integers)) both conjectures are true. And for some complexes
L, (I) is false while (II) is true.

In the pages ahead, we shall concentrate on (I)—or, rather, on the
equivalent conjecture (I') which is introduced in §5. Roughly, we will follow
WHITEHEAD’s path. We try to prove that (I) is true, run into an obstruction,

3 See (24.1) and (24.4).
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get some partial results, start all over and a]gébraicize the theory, and finally
end up with a highly sophisticated theory which is, in the light of its evolution,
totally natural.

Exercises:

4.A. If K L then any given sequence of elementary collapses can be
reordered to yield a sequence K = Ky K ;... K, =L with
Ki=K,vetue whereny > ny > ... >n,_,.

4.B. If K is a contractible 1-dimensional finite CW-complex and x is any
0-cell then K ™\ x.

4.C. If K™\ x for some x € K° then K \ yforall y € K°.

4D. If KL then there are CW complexes P and L' such that
K » P L' ~ L. (In essence: all the expansions can be done first.)

§5. Mapping cylinders and deformations

In this section we introduce some of the important facts relating mapping
cylinders and formal deformations. The section ends by applying these facts
to get a reformulation of conjecture I of §4.

(5.1) Iff:K — L is a cellular map and if Ky < K then M Mg ..

PROOF: Let K= K, Ue, U ... U e, where the e; are the cells of K—K,
arranged in order of increasing dimension. Then K; = K, Ue, U ... Ueg;
is a subcomplex of K. We set M; = M, and claim that M,y M,_, for
all i. For let ¢; be a characteristic map for e; and let ¢:(K;x 1) @ L — M;
be the quotient map. Then M, = M, Ue,U(e;x(0,1)) and
qe(p;x1):I"x I — M,is a characteristic map for (e; x (0, 1)) which restricts
on I"x0 to a characteristic map for e;. Clearly the complement of /" x 0 in
o(I"xI) gets mapped into M7 ,. Hence M;,q M;.,. Therefore
Mf\ Mf]Ko' 0

Corollary (5.1A): If f: K — L is cellular then M L. []

Corollary (5.1B): If K, < K then (KxI) N (KyxI) U (Kxi),i =0
orl. []

Corollary (5.1C): If K, < vK and K is the cone on K then vK x vK,. []

Since we shall often pass from given CW complexes to isomorphic com-
plexes without comment, we give the following lemma at the very outset.

(5.2): (a) If (K, K, K,) is a triple which is CW isomorphic to (J, J,, J,) and if
KNK rel K, thenJ N Jy rel J,.

(b) If Ki, K, and L are CW complexes with L < K, and L < K, and if
h:K, — K, is a CW isomorphism such that h|L = 1 then K; N K, rel L.
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PROOF: (a) is trivial and we omit the proof. To prove (b) it suffices to
consider the special case where (K; —L) N (K, —L) = . For if this is not the
case we can (by renaming some points) construct a pair (K, L) and iso-
morphisms 4;:K — K;, i = 1,2, such that (K—L)n(K;—L) = & and
such that 4;|L = 1. Then, by the special case, K; A K A K,, rel L.

Consider the mapping cylinder M,. By (5.1),

A/[h\ MII]L = (LXI) U (sz 1),

and, /1 being a CW isomorphism, the same proof can be used to collapse from
the other end and get M, (L x 1)U (K, x0). Now let M, be gotten from
M, by identifying (x,#) = x if xeL, 0 <t < 1. Since (K;—L) " (K,—L)
= (f, we may (by taking an appropriate copy of #7,) assume that K, and K,
themselves, and not merely copies of them are contained in the two ends of
M,. Then the collapses of M, (rel L x I) may be performed in this new context,
since* M, —(L x I) is isomorphic to A, — L, to yield K, » M, K,relL. []

If we let f:Lx I — L be the natural projection, the argument in the last
sentence is a special case of:

(5.3) (The relativity principle.) Suppose that L, < K and f:L, — L, is a
cellular map. If KN J rel Ly, then K kf L, A Jk% L, rel L, (by the ‘“same”

sequence of expansions and collapses).
REMARK: In forming K ka L,andJ >J L, one uses a “copy” of L, disjoint

from K and J. By (5.2a) it doesn’t matter which copy. In particular if /'is an
inclusion map we have as corollary:

(5.3"): Suppose that KU L, and J U L, are CW complexes, with subcomplexes
K, L, and J, L, respectively, and suppose that KNL, =JNL, =L,. If
KnJrel Lythen KV Ly NJVUL,rel L.

PROOF of (5.3): Suppose that K = K, — K, — ... — K, = J is a sequence
of elementary deformations rel L,. Let ¢;:K; ® L, — K; \f L, be the

quotient maps (0 < i < p). If K, ., /K, = K, , Ve ' U andp:I" > K;
is a characteristic map for " restricting to a characteristic map ¢|I"~' for
¢"~! then ¢;9 and q(p|I"~") are characteristic maps for g;(e") and g,(e"™ "),
since ¢;|K;— L, is a homeomorphism and f is cellular. Thus

(Kis1 \fJ Ly) 7 (K; \/-/ Ly) = (Kiiy \f Ly) Vg™ ") Y ge).

The result follows by induction on the number of elementary deformations. ]

(5.4) If f:K — L is a cellular map and K s K, then M, KU Mg .

PROOF: Suppose that K= K, s K,_; ™ ... ¢ K,. For fixed i let
Kivi =K, U 1ueand let p:(I", 1" 1) —(€", e"~') be an appropriate

4 This is spelled out in the next proof.
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characteristic map. Then
KU MflKi+1 = KU MflKi U [en—l X(O: l) v enX(O: 1)]

Then, ¢ being the quotient map, go (px 1):(I"x L, I"" ' xI) - KU Mk ,,
gives characteristic maps for these cells and meets the specifications for an
elementary collapse. Hence KU My, x KU M/ . The result follows
by induction. []

(8.5) If f, g: K — L are homotopic cellular maps then M, p M, rel K U L.

PROOF: Let F:KxI— L be a homotopy with F, = f and F;, = g. By the
cellular approximation theorem we may assume that F is cellular. Then,
by (5.4),

Mp, U(KxI) A Mp™~ Mg U (KxI)

since (KxI)™ Kxi(i=0,1). Now let m:KxI—> K be the natural pro-
jection and let M = M U K. By the relativity principle (5.3) the above

deformation gives
M; 2 M Myrel KUL. [J

(5.6) If /:K, — K, and g:K, — K; are cellular maps then M, \ M, U M,
rel (K, U K3) where MU M, is the disjoint union of M, and M, sewn
together by the identity map on K.

PROOF: Let F = gp:M; — K; where p: M — K, is the natural retraction.
Then F is a cellular map, F|K; = gf, and F|K, = g. Since M, K, by
(5.1A), it follows from (5.4) that M MU M,. On the other hand, since
K, < Mg, (5.1) implies that My M, ;. Thus M, » My M,V M,
where all complexes involved contain K; U K5. []

More generally we have

6.7 If K, Sy K, Ly Ly K, is a sequence of cellular maps and
f=fo_1 .. Sithen Mg\ My UM U ...UM, . rel (K UK, where
this union is the disjoint union of the M ; with the range of one trivially identi-

fied to the domain of the next.

PROOF: This is trivial if ¢ = 2. Proceeding inductively, setg = f,_; ... f3/>
and assume M, A M, U ...UM, _ rel (K, K). Then by (5.6) and
(5.3

g,

n AN Mo UM, rel KUK,
NMg OMp, O 00 UM, ), rel My UK. [

(5.8) Given a mapping - K — L, the following are equivalent statements:
(a) fis a simple-homotopy equivalence.
(b) There exists a cellular approximation g to f such that M, N K, rel K.
(c) For any cellular approximation g to f, M, K, rel K.
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PROOF: (a) = (b): By the definition of a simple-homotopy equivalence,
there is a formal deformation

K=Ky,—~K —~...>K, =L

such that f is homotopic to any deformation associated with this formal
deformation. lLet g =g, ...g,80 be such a deformation, where
g::K; — K;.,. Notice that, for all i, M,, "\ dom g; = K;.
For if K; o K;,,, then

M, = (KiX])kg;{ Kiv i N (K x D™ (K;x0) = K;

and if K; \q K;. then, by (5.4)
My ™ My g, VUK = (K xDU (K x0) N K;x0 = K,

Thus
Myn My V... UM, _ tel K, by (5.7)

(MU UM, )N N M, N K, = K

(b) = (c): Suppose that g is a cellular approximation to f such that
M, n Krel K and that g’ is any cellular approximation to f. Then, by (5.5),
M, N M, Krel K.

(c) = (a): Let g be any cellular approximation to f. By hypothesis M, A K,
rel K. Thus the inclusion map i:K < M, is a deformation. Also the collapse
M, L determines a deformation P: M, — L. Since any two strong deforma-
tion retractions are homotopic, P is homotopic to the natural projection
p:M,—L. So f~ g = pi~ Pi= deformation. Therefore f is a simple-
homotopy equivalence. []

(5.9) (The simple-homotopy extension theorem). Suppose that X < K, < K
is a CW triple and that f: K, — L is a cellular simple-homotopy equivalence
such that f|X=1. Let L =K &JLO. Then there is a simple-homoiopy

equivalence F: K — L such that FIK, = f. Also K )\ L rel X.

PROOF: Let F:K—L be the restriction to K of the quotient map
K®Ly—L. Then My = (Kx])ké) M, where q:KoxI— M, is also the

restriction of a quotient map. But Kx7 ™ (K, xI) U (Kx0), so
Mg~ M;U(Kx0) = M, UK, by (5.3)
N Krel K, by (5.8) and (5.3").

Clearly F|K, = fand, by (5.8) again, F is a simple-homotopy equivalence.
The last assertion of the theorem is true because

KN MpN Mpy = (XxTUL) 2 LxIN Lx0 =L
and this is all done rel X = X x0.5 [

5 The reader who is squeamish about “L x 0 = L” may invoke (5.2b).
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In the light of (5.8), Conjecture (I) of §4 is equivalent to

) If (X, Y)isa CW pair and X + Y then X ) Y rel Y.

For, assuming (I'), suppose that /: K — L is a cellular homotopy equivalence.
By (1.2), M; », K. Hence by (I'), M, 5 Krel K; and by (5.8) f is a simple-
homotopy equivalence, proving (I). Conversely, assuming (I), suppose that
X, Y—i.e., i: Y< Xis a homotopy equivalence. Then by (I), i is a (cellular)
simple-homotopy equivalence, so (5.8) implies that M; o Y rel Y. Therefore

X=Xx0, XxI=M; > M;\Yrel?,

proving (I').
We turn our attention therefore to Conjecture (I') and (changing nota-
tion) to CW pairs (K, L) such that K 2, L.

§6. The Whitehead group of a CW complex®

For a given finite CW complex, L, we wish to put some structure on the
class of CW pairs (K, L) such that K 1, L. We do so in this section, thus
giving the first hint that our primitive geometry can be richly algebraicized.

If (K,L) and (K’,L) are homotopically trivial CW pairs, define
(K, L) ~(K', L)iff K o, K'rel L. This is clearly an equivalence relation and
we let [K, L] denote the equivalence class of (K, L). An addition of equivalence
classes is defined by setting

[K,L]+|K', L] = [K Y K, L]

where K Y K’ is the disjoint union of K and K’ identified by the identity map

on L. {By 5.2 it doesn’t matter which ‘“disjoint union of K and K’
identified . . .”” we take. Also by (5.2) the equivalence classes form a set,
since the isomorphism classes of finite CW complexes can easily be seen to
have cardinality < 2%} The Whitehead group of L is defined to be the set of
equivalence classes with the given addition and is denoted Wh(L).

(6.1) Wh(L) is a well-defined abelian group.

PROOF: A strong deformation retraction of K to L and one of K’ to L
combine trivially to give one of K Y K’ to L. Thus [K Y K’, L]is an element
of Wh(L) if [K,L] and [K’,L] are. Moreover, if [K,L]=[J, L], then
KkLJ K'nJ Y K’ rel L by (5.3), so [K Y K, L] = [JkL) K', L]. Similarly, if

[K', L] = [J', L], then [Ji) K,Ll=[J kL)J’, L). Thus the addition is well
defined.

6 The viewpoint of this section has recently been arrived at by many people indepen-
dently. It is interesting to compare [Stdcker], [Siebenmann], [Farrell-Wagoner], [Eckmann-
Maumary] and the discussion here.



The Whitehead group of a CW complex 21

That the addition is associative and commutative follows from the fact
that the union of sets has these properties.

The element [L, L} is an identity, denoted by 0.

If [K, L] e Wh(L), let D:K — L be a cellular strong deformation retrac-
tion. Let 2M, consist of two copies of the mapping cylinder M, identified by
the identity on K. Precisely, let 2M,, = Kx[—1, 1] with the identifications
(x, =1) = (D(x), —1) and (x,1) = D(x) for all xe K. We claim that
[2Mp, L] = —[K, L].

Lx(=1)

A picture of
My kL) K: Kx0

Proof of the claim:
[2Mp, L1+[K, L] = [2M}, VK, L]
= [(MDkgK)uMb,L]
=[M;p U Mp, L] where i:L S K
[ButiD ~ 14, s0 by (5.5), M;p, n KxTrel (Kx0) U K. So by (5.3") we have]
= [Kx1TU M}, L]
=[LxITuU M}, L] since KxIX (LxIU Kx0)
=[Lx[—1,1},L] since My~ Lx[-1,0]
=[L,L]=0 since Lx[—1,1] L =Lx1,

In pictures, these equations represent

N\ N\ \
&5 —

This completes the proof. []
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If /L, — L, is a cellular map, we define f,.: Wh(L,) — Wh(L,) by

Tu [K L] = 1KY My, L] Jo K, L] = (K Ly, L]

Ll
or

L2 2L

These definitions are equivalent because the natural projection p: M, — L,
is a simple-homotopy equivalence with p|L, = 1 which, by (5.9), determines
the deformation

It follows directly from the second definition that f is a group homo-
morphism. From the first definition and (5.6) it follows directly that
g+J« = (gf)s. Leaving these verifications to the reader we now have

(6.2) There is a covariant functor from the category of finite CW complexes and
cellular maps to the category of abelian groups and group homomorphisms
given by L+ Wh(L) and (f:L, — L,)— (fx: Wh(L,) — Wh(L,)). Moreover
if f~ g then fy = g,.

PROOF: The reader having done his duty, we need only verify that if f ~ g
then f;, = g,. But this is immediate from the first definition of induced map
and (5.5). [

We can now define the rorsion v(f) of a cellular homotopy equivalence
SiLy — L,y by

(f) = fulM;, L] = [M, YI Mg, L] € Wh(L,).

A great deal of formal information about Whitehead groups and torsion
can then be deduced from the following facts (exercises for the reader):

Fact 1: If K, L and M are subcomplexes of the complex K U L, with
M=KNL and if Ky M then [KVL,L]=j,[K, M] where j:M — L
is the inclusion.

Fact 2: If K+ L v M and i: M — L is the inclusion then [K, M}
= [L, M]+(ix) " '[K, L].
However it seems silly to extract this formal information when we cannot
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do meaningful computations. Conceivably every Wh(L) is 0 and this entire
discussion is vacuous. Thus we shall delay drawing out the formal con-
sequences of the preceding discussion until §22-§24, by which time we will
have shown that the functor described in (6.2) is naturally equivalent to
another functor—one which is highly non-trivial.

Finally we remark that the entire preceding discussion can be modified to
apply to (and was developed when the author was investigating) pairs (K, L)
of locally finite CW complexes such that there is a proper deformation
retraction from K to L. The notion of “elementary collapse” is replaced in
the non-compact case by ‘“‘countable disjoint sequence of finite collapses™.
For a development of the non-compact theory see [SIEBENMANN] and
[FARRELL-WAGONER]. Also the discussion in [ECKMANN-MAUMARY] is valid
for locally finite complexes. Finally, the author thinks that [ConEN, §8] is
relevant and interesting.

§7. Simplifying a homotopically trivial CW pair

In this section we take a CW pair (K, L) such that K v L and simplify it
by expanding and collapsing rel L. We start with a lemma which relates the
simple-homotopy type of a complex to the attaching maps by which it is
constructed. -

(71) If Ko =LVUey, and K, = L Ue, are CW complexes, where the
e; (i =0,1) are n-cells with characteristic maps ¢;:1" — K; such that ¢q|o1"
and . |01" are homotopic maps of 01" into L, then Ky )\ K, rel L.

PROOF: We first consider the case where ey N e, = J and, under this
assumption, give the set L U ¢, U e, the topology and CW structure which
make K, and K, subcomplexes.

Let F:ol"xI— L with F, = @;|¢I" (i = 0, 1). Give 21" a CW structure
and ol"x[I the product structure. Then, by the cellular approximation
theorem (3.3) the map F: (81" x I, 2I"x {0, 1}) — (L, L") is homotopic to a
map G such that G|oI"x {0, 1} = F|ol"x {0, 1} and G(¢1"x I) < L". Define
pro(I"x 1) — (L Ve, Ue) by setting

plol"x I = G, plI"x {i} = ¢, i=0,1.

We now attach an (n+1)-cell to L U ¢, U e, by ¢ to get the CW complex
K= (LUe, Uel)kth(I"x]).
Since @|I" x {i} is a characteristic map for e; we have
Ko=LUey, # KLUe, = K,,rel L.

If eNe, # &, construct a CW complex K = LU é, such that
éoN(eq Ve, = & and such that é, has the same attaching map as e,.
Then, by the special case above, Ko A Ko A Ky, rel L. [
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As an example, (7.1) may be used to show that the dunce hat D has the
same simple-homotopy type as a point. D is usually defined to be a 2-simplex
A? with its edges identified as follows

-
-

Now D can be thought of as the 1-complex @A with the 2-cell A2 attached
to it by the map ¢: 9A% — A2 which takes each edge completely around the
circumference once in the indicated direction. Since this map is easily seen to
be homotopic to 1.,

D = (507 Y A 5 (0% Y AY) = AN 0.

See [ZEeMAN] for more about the dunce hat.
Before proceeding to the main task of this section we give the following
useful consequence of (7.1), albeit one which will not be used in this volume.

(1.2) Every finite CW complex K has the simple-homotopy type of a finite
simplicial complex of the same dimension.

SKETCH OF PROOF: We shall use the following fact [J. H. C. WHITEHEAD

3§19

(*) If J; and J, are simplicial complexes and f:J, —J, is a simplicial map
then the mapping cylinder M, is triangulable so that /, and J, are
subcomplexes.

If K is a point the result (7.2) is trivial. Suppose that K = L U ¢" where ¢”
is a top dimensional cell with characteristic map ¢:I" — K. Set o = @|oI".
By induction on the number of cells there is a simple-homotopy equivalence
J:L — L’ where L’ is a simplicial complex. So, by (5.9),

K=Lue"NKOUL =L v I
f foo
Triangulate 21" and let g:0I" — L' be a simplicial approximation to fp,.
Then (7.1) implies that
L v I"nNL' oI
feo g
Now L' g I" can be subdivided to become a simplicial complex as follows.

Consider /" as I (91"x 1) where I is a concentric cube inside /" and
oIt = oI"x0. Then |L’ Y I"l = |M, v I§|. If M, is triangulated according

to (%) and /g is triangulated as the cone on 07§ we get a simplicial complex K’
with [K'| = |L’ Y I"|. Tt is a fact that

L Y I"NK el L
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This can be proved by an ad-hoc argument, but it is better for the reader to
think of it as coming from the general principle that “subdivision does not
change simple-homotopy type”, which will be proved in §25. Thus we
conclude that K A K 4 L' pnL'u I p K = simplicial complex. [

We now give the basic construction in simplifying a CW pair—that of
trading cells.

(1.3) If (K, L) is a pair of connected CW complexes and r is an integer such that
(@ 7(K,L) =0

kr ket
G K=Lvul) ul)eftv...u ) e
i=1 i=1 ]

Then K \ M rel L where M is a CW complex of the form

krt+3

kptt krtke+2 kn
m=ro U o U e (U o ()
i=1 i=1 i=1

i=1

[Here the e/ and f4 denote j-cells.]

PROOF: Let ¢}:I"— K be a characteristic map for €;(i =1,2, ..., k).
So g2y = K'™' = L'"! and ¢:(I", o) — (K, L). Since m(K,L) =0
there is a map F;:I"*! — K such that

FlI"x0 = ¢
FloeI'xt = gjolI'y 0<t<l
F{I'x1) < L.

We may assume that, in addition,

Fi(3[r+l) c K’
and

Fi(lr+1) = K’+1.
This is because, if F; did not have these properties, we could use the cellular
approximation theorem as follows. First we would homotop F;|oI"*!,
relative to (I"x 0) U (91" x I), to a map G; with G,(I" x 1) < L’. By the homo-
topy extension property, G; would extend to a map, also called G;, of I'"!
into K. Then G;:I'*' — K could be homotoped, relative to &I""!, to
H;:I'*' - K"*! and H, would have the desired properties.

Let P =Ky Irt? + rru... 1%;{ I"*2? and let ;:I'"*? — P be the

identification map determined by the condition that ;|I"*!x0 = F,.
Recalling that J™ = CL1(aI™*! —I™), we set

Ei*? =yu(F*?) and E*'=y(JtY, 1<ic<k,
Then, by definition of expansion,

K 7 P=Kul|JE*2
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Consider P, = L u | Je; u | JE;*". Thus, when there is a single r-cell and
r = 0 the situation looks like this:

r+1
E

~r+ 1
E;

Picture of P Picture of P,

Since Y (oJ" ") = F(aI"*') < K", P, is a well-defined subcomplex of P.
Also I" is a face of J**! such that y;|I" = ¢;, a characteristic map for e].
So we have

Py L

P—Py = et v (et 2u JET ) u et Pu L u | e
Let g:P, — L be a cellular deformation corresponding to this collapse.
Applying (5.9), and letting G: P — P U L be the map induced by g, we have
g

K 7 PmPk;L,relL
where

PUL=Lu{JGE v [JGe™ v JGETH] v ... u [ JG(e).

The proof is completed by setting M = P Y L [

(7.4) Suppose that (K, L) is a pair of connected CW complexes such that
Ky L. Let n = dim(K—L) and let r > n—1 be an integer. Let €° be a
O-cell of L. Then K 5 M, rel L, where

a a
m=ro () gu () g
i1 iZ1
and where the €} and €/*' have characteristic maps ;1" —> M and ;. I"* ' — M
such that §)oI") = €° = p(J").

Definition: If L is connected, M %, L, and (M, L) satisfies the conclusion of
(7.4) with r > 2, then (M, L) is in simplified form.

PROOF: Since K 1 L, w(K, L) = 0 for all i. Thus, by (7.3), we may trade
the relative O-cells of K for 2-cells, then the l-cells of the new complex for
3-cells, and so on, until we arrive at a complex K for which the lowest
dimensional cells of K —L are r dimensional. Because r > n—1 there will
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not be any cells of dimension greater than r+1. Thus we may write
a b

K=Lu ) &u ) é*' Let the & have characteristic maps ;.
izt i=1

We claim that, for each j, $j|61' is homotopic in L to the constant map
21" — °. For, since K vy, L, there is a retraction R:K — L. Then
R{;:1"—L and Ry;|0I" = ;|oI" since §;(3I") =« K"~* < L. Thus §;|al"
is null homotopic in L and, L being arc-wise connected, it is homotopic to
the constant map at e°. Therefore by (7.1),

Lu(Jé/nLu(Je, rel L
where the ¢/ are trivially attached at €°. Hence by (5.9)
LuUg v et a Lo Ueu Us
Now let the f7*! have characteristic maps ¢;. Since J* is contractible to a

point by a homotopy of 2I"*! the attaching map ¢;|oI"* ! is homotopic to a
map ¢;:8I""' — Lu | Je] such that ¢,(J7) = €°. Then, by (7.1) again

Lu{Jgu i nLu{Jeu e rel L

where the e/*! have characteristic maps ¢; such that ,(J") = €°. We call this
last complex M.

Finally, to see that the number of r-cells of M — L is equal to the number
of (r+1)-cells of M —L, notice that, by (3.7), these numbers are precisely
equal to the ranks of the free (integral) homology modules H.(M" U L, L)
and H,,,(M, M" U L). But since M 5 L, the exact sequence of the triple
(M, M" U L, L) contains

S H. (M, L) H. (M, M" U L) H(M" UL, L) - H(M, L) -

where H,,,(M,L) = H(M,L) = 0. Thus d is an isomorphism and these
ranks are equal. []

§8. Matrices and formal deformations

Given a homotopically trivial CW pair, we have shown that it can be
transformed into a pair in simplified form. So consider a simplified pair
(K,L); K=Lu|Je,u|Jel*" where the ¢/ are trivially attached at e°.
If, given r and L, we wish to distinguish one such pair from another, then
clearly the crucial information lies in how the cells e/ ! are attached—i.e., in
the maps ¢;[0I""':0I""! — Lu | Je}, where ; is a characteristic map for
¢;*!. Denoting K, = Lu | )¢}, we study these attaching maps in terms of
the boundary operator :m,. (K, K,; €®) — #,(K,, L; €%) in the homotopy
exact sequence of the triple (K, K,, L). Since, however, freely homotopic
attaching maps give (7.1) the same result up to simple-homotopy type, we
do not wish to be bound to homotopies keeping the base point fixed. To
capture this extra degree of freedom formally, we shall think of the homotopy
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groups not merely as abelian groups, but as modules over Z( (L, €°)). This
is done as follows:

Given a pair of connected complexes (P, Py) and a point x € Py, it is
well-known [SPANIER, §7.3] that =, = #,(P,, X) acts on =,(P, P,; x) by the
condition that [«]-[¢] = [¢'], where « and ¢ represent the elements [«] and
[¢] of =, and m(P, Py; x) respectively, and ¢':(I", "™}, J"" 1) — (P, Py, x)
is homotopic to ¢ by a homotopy dragging ¢(J""') along the loop o',
This action has the properties that

(0) [#]-[¢] = [¢], where [#] is the identity element in 7,
(D) [} (@il +[@2D) = [ [@s]+ [ [@2],
) (18D [¢] = [a]-([B]-[#D),

(3) It commutes with all the homomorphisms in the homotopy exact
sequence of the pair (P, P).

It follows that (P, P,; x) becomes a Z=,-module’ if we define multiplication
by '
(an[“j])[?’] = an([“j]'[‘l’]), [“j] ey, [p] € m (P, Py; X),

and the homotopy exact sequence of (P, P,; x) becomes an exact sequence of
Zw-modules. In the case of a simplified pair (K, L), the following lemma will
be applied to give us the structure of =, (K, K,; %) and of =,(K,, L; €°).

(8.1) Suppose that (P, P,) is a CW pair with P = Pyu | ) e}, where P, is
iZ1

connected. Suppose that ;:(I", 1"~ ', J"" 1) — (P, Py; €°) are characteristic
maps for the e and that either: a) n > 3, or by n = 2 and ¢ (2I") = €° for
all i. Then =, (P, Py; €°) is a free Zw -module with basis [¢,], [,], . . ., [pd]-

PROOF: We claim first that the inclusion map induces an isomorphism
iy:m(Py, €°) — m (P, €°), For all n > 2, i, is onto because, by the cellular
approximation theorem, any map of (!, /') into (P, e°) can be homotoped
rel 01" into P,. Similarly, for all n > 3, i, is one-one, because any homotopy
F:(I?, ¢I*) — (P, P,) between maps F, and F, can be replaced by a map
G:I? — P, such that G|dI* = F|oI*. Finally, if n = 2, ¢ aI%) = €° by
assumption. Let R:P— P, be the retraction such that R((Je}) = €°.
Then, if two maps f, g: (I, oI) — (P, e,) are homotopic in P by the homotopy
F,, they are homotopic in P, by the homotopy RoF,. Hence i, is one-one
in this case also.

Let p:P — P be the universal covering of P. Let P, = p~'P,. Then B, is
the universal covering space of P, with covering map p|P, (by 3.13). Let G
be the group of covering homeomorphisms of P. Choose a base point
é%e p~1(e°. For each i(], < i < a), let ¢,;:(I",J"™ ') — (P, &°) cover ¢,. Then
(3.15) says that H,(P,P,) is a free Z(G)-module with basis {(;>} where
(B> = (@)x(w,), w, being a generator of H,(I", o1"). We may first identify

7 See page 11 for the definition of the group ring Z(G.)
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G with 7,(P,e®) (see page 12) and then use the isomorphism i, to identify
G with 7,(Py,e®) = =,. If [«] €y, let 8.y be the corresponding covering
homeomorphism. Hence H,(P,P,) is a free Z= ,-module with basis {{§,>}.
We complete the proof by demonstrating that H,(P,P,) is isomorphic to
7,(P,Py; €°) as a Zm,-module, by an isomorphism which takes {@;> onto
[¢;] for each i.

To demonstrate this, consider the isomorphism T of Z-modules given by

Hn(ﬁ’FO) E'} ”n(ﬁ,ﬁo; ‘70) fi_) ”n(P5P0; eO)
N\ A

T

Here / is the Hurewicz homomorphism which takes each [] € =, (P,P,,&°)
onto Y4(w,). In fact, applying the Hurewicz theorem [SPANIER, p. 397], 4 is an
isomorphism because P, and P are connected and simply connected and
because, by the cellular approximation theorem, =(P,P,) = 0 for i < n—1.
Also p, is an isomorphism for all » > 1, by the homotopy lifting property.
Thus T is an isomorphism and, clearly, 7({¢;>) = p.[®.] = [p&] = [pi]
Finally to see that T is a homomorphism of (Zm,)-modules, it suffices to
show that T(}.a;<($,>) = Yajlp]foralla; = Y n,fa;]€ Zn,. But, by definition
J

of scalar multiplication and our identification of Z=, with Z(G),

Z_ algy = Z (Z nij[“j])(¢i*(wn)) = Z ”ij((g[aj]¢i)*(wn))-

But g,,1%; is freely homotopic to the map &;" g, ,#;, which is gotten from it
by dragging the image of J"™' (namely g, ,(¢°)) along the path & '. Thus,
by the homotopy property in homology

‘Zai<¢7i> = izj;"ij((&j'g[aj]‘f’i)*(wn))
> T {8 81
> ,z,: n; lp o (&, g #i
= I_Zjni,j([“j]'[qji])
= Z (; n; o))
= ;ai[‘Pi]- U
Suppose now that (K, L) is in simplified form, where
K=LU.O ej’-u.ole,f“.
= i=

1

Let {p;} and {¢;} be characteristic maps for the ¢;*' and e respectively.

Then by the preceding lemma, {[¢;]} and {[);]} are bases for the Z= -modules
m+1(K, K,) and m(K,, L), where K, = Lu | Je]. We define the matrix of
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(K, L) with respect to the characteristic maps {p;} and {:;} to be the (axa)
Z=-matrix (a;;), given by &[p;] = Y a;[;] where o:m,, (K, K,) - m(K,, L)
is the usual boundary operator NOthC that this matrix must be non- smgular
(i.e., have a 2-sided inverse). For =, (K, L) = n(K,L) = 0, since K v, L;
s0, by exactness of the homotopy sequence, 0 is an isomorphism.

The simplest example of a pair in simplified form occurs when the
characteristic maps ¢;, ¢; satisfy ¢,(J") = €° and ¢;|I” = ;. In this case we
have, algebraically, that the matrix of (K, L) with respect to the given bases is
the axa identity matrix and, geometrically, that K L. (In fact
K = L v [wedge product of balls].) More generally, when the matrix is right
we can cancel cells as follows:

(8.2) If (K, L) is a simplified pair and if the matrix of (K, L) with respect to
some choice of characteristic maps {@;}, {{;} is the identity, then K ) L, rel L.

PROOF: Consider the characteristic maps ¢,:(I"**, I", J") — (K, K,, €°) and
by (1", oI) — (K,, €°). By hypothesis, [f,] = olp;] = [p, |[I'] € m(K,, L; ¢°).
Thus there is a homotopy h,:(I",I""*,J""") - (K,,L; € such that
hy = @,|I" and h; = ;. By the homotopy extension theorem (3.1) we may
extend A,]0I" to a homotopy g,:J" — L such that g¢|J" = ¢,|J". Combining
h, and g, we have a homotopy H,:(éI""',I",J") —(K,, K,, L) with
Hy = @,|oI"** and H,|I" = ¢,. By the cellular approximation theorem H,
can be homotoped, rel I, to $, where ¢,(J") < L". If we attach an
(r+1)-cell & to K, by ¢, : I’+1 — K, then, by (7.1) we have

K=rvguye a(Loygu g yue L

NLu ) gu et =K.
j>1 i>1
The last collapse takes place because ¢, |I" = ;.
Finally, the matrix of (K’, L) with respect to the remaining characteristic

maps is the identity matrix with one fewer row and column. For suppose that

7K', K)) —> 7(K], L), that i":K' = K and that ; = i'g;, ¥; = 'Y
It gl = Yaylgj] then [ = i) = in'lef]l = if Yaplhjl = Yapl,)
So aj; = §;;. Thus we may proceed by mductlon on the number of cells
of K—L. [

Exercise: Go through the preceding proof in the example where L =
e® U €3 (the 2-sphere), K, = L U e? and the sole 3-cell is attached by
@:dI* =L U e? such that

p(2U{30,0[0=sy<1)=¢
?]{(x,5,0)]0 < x < 1,0 < y < 1} = characteristic map for &3
®|{(x,,0)|1 < x < 1,0 < y < 1} = characteristic map for e.

If the matrix of the simplified pair (K, L) is not the identity we might
nevertheless be able to expand and collapse to get a new pair (M, L) whose
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matrix is the identity. The fol]owing lemma shows that certain algebraic
changes of the matrix of a given pair can be realized by expanding and
collapsing.

(8.3) Assume that the pair (K, L) is in simplified form and has matrix (a;;)
with respect to some set of characteristic maps. Suppose further that the matrix
(a;;) can be transformed to the matrix (b;;) by one of the following operations

I. R;— taR;, (axem, < Zm))

(Multiply the i’th row on the left by plus or minus an element of
the group)

II. Rk-_>Rk+pRi (pEZ'rrl)
(Add a left group-ring multiple of one row to another)

a; 0
HI. (a;) - ( 0’ 1q>

(Expand by adding a corner identity matrix)

Then there is a simplified pair (M, L) such that K, M rel L and a set of
characteristic maps with respect to which (M, L) has the matrix (b;;).

PROOF: Suppose, as usual, that K= Lu ] eu ) e, and denote the
given characteristic maps for the r and (r+1) cells by {;} and {g;} respec-
tively. For notational simplicity we consider I. when R, — +«R; and II. when
R, —> R, + pR,.

To realize R, — —R,, set M = K and introduce the new characteristic
map ¢, to replace ¢;, where ¢, = @, oR and R:I""'—I""! by
R(xuxz, ...,X,.+1) = (l_xl’XZa B r+1)' Clearly [‘f’l] = —[‘Pl]’ SO
o¢.] = —élpy] = —Ya, Iyl To realize R, — aRy, let f:(I", oI") — (K,, €°)
represent «-[p, |I"] € #(K,, L). Extend f trivially to 1", Set

M=Lu()euv ) ettuet!
J i>1

where &*! has characteristic map ¢, with ¢, |oI"*! = f. Clearly
o[¢,] = «- [e,]. But ¢,|e1"*" is freely homotopic in K, to ¢,|2I"*"'. Thus,
by (7.1), K 5 M rel L.

To realize the operation R, — R, +pR,, let o:(I"*1, I', J") — (K, K,, €°)
be the canonical representative of [¢]+ [p;], where @5 represents p-[ep,]

Ir+1

!

¢1 P2

|
I

Then 9] = o]+ p-p,] = Y (ay;+ pa, )l,]. Notice that e(aI""!) < K,
J
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< K, U et Also gloI"*! is homotopic in K, U &;*! to ¢, |oI"*! because
@3|1" is homotopic (rel 87") in K, U e to the constant map at ¢°. (In fact
@, is the homotopy!) Therefore we may attach a new cell with characteristic
map ¢, such that ¢,|aI"*! = ¢|oI"*! and thus construct a new complex M
with the desired matrix such that

K=[KuvlJe&InIKul)e™! I'"1'= M,rel K, u | ) &*".
i i>1

i1 i>1
Finally, a matrix operation of type IIT may be realized by elementary

expansions of K. [

(8.4) Suppose that (K, L) is a pair in simplified form which has matrix A with
respect to some set of characteristic maps. Suppose further that A can be
transformed to an identity matrix I, by operations of type (I)-(V), where (1),
() and (1) are as in (8.3) and (IV) and (V) are the analogous column
operations.

V. C;—» £C;w (x€mw, < Znmy)
V. G = C+Cip (pelmy)
Then K ) Lrel L.

PROOF: Suppose that (a;;) — I, by these five types of operations. Obviously
thetype I1I operations may all be done first. Then, as is well known, operations
of type I and II (IV and V) correspond to left (right) multiplication by
elementary matrices. [By an elementary matrix we mean either a diagonal
matrix with all 1’s except a single +a« (« € ;) on the diagonal, or a matrix
which has all ones on the diagonal and a single non-zero entry
a;; = p(p € Zmy) off of the diagonal.] Thus we have

1, =B (64 (}) C, [B, C products of elementary matrices]
-1 _ A0
c =3 (O 0

I,=CB (61 (}) [CB a product of elementary matrices]

So A4 can be transformed to the identity by operations (1), (II), (III) only.
Hence by (8.2) and (8.3), KA Lrel L. [J
We come now to our first major theorem.

8.5) If (K, L) is a CW pair such that K and L are 1-connected and K , L then
KpnLvrel L.

PROOF: By (7.4) K ) J rel L, where (J, L) is in simplified form. Let 4 be the
matrix of (J, L) with respect to some set of characteristic maps. Then since
m L = {1}, Zm, = Z. Thus A is a non-singular matrix with integral
coefficients. It is well-known that such a matrix can be transformed to the
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identity matrix by operations of types (I), (II), (IV) and (V). Therefore, by
8.4),JnLrelL. [

The proof in (8.5) depends on the fact that Z is a ring over which non-
singular matrices can be transformed to the identity. The next lemma shows
that the algebra is not always so simple.

If G is a group then a unit in Z(G) is an element with a two-sided multi-
plicative inverse. The elements of the group +G = {glge G} U {—g|ge G}
are called the trivial units, and all others are called the non-irivial units of
Z(G). '

(8.6) A. Suppose that G is an abelian group such that Z(G) has non-trivial units.
Then there is a non-singular Z(G) matrix A which cannot be transformed to an
identity matrix by any finite sequence of the operations (I)-(V).

B. The group G = Zs is an abelian group such that Z(Zs) has non-trivial
units. (Infinitely many such groups will be given in (11.3).)

PROOF: Let a be a non-trivial unit of Z(G) and let A = (a) be the one-by-one
matrix with a as entry. Since G is abelian, Z(G) is a commutative ring. Thus
the determinant operation gives a well-defined map from the square matrices
over Z(G) to Z(G) which satisfies the usual properties of determinants. The
operations (I1), (1I1) and (V) transform any given matrix into another matrix
with the same determinant. Operations (I) and (IV) multiply the determinant
by a trivial unit. Thus if B is a matrix into which A4 can be transformed,
det B = g-(det A) = ga for some trivial unit g. Therefore det B is a non-
trivial unit and, in particular, B cannot be an identity matrix.

To see that Z(Zs) has non-trivial units, let Z5 = {1, ¢, ¢ 3, t*}. Then
a = 1—t+1? is a non-trivial unit since (1 —t+13)(t+1>* -t )= 1. [

The next lemma shows that the algebraic difficulties illustrated in (8.6)
can, in fact, always be realized geometrically.

(8.7) If G is a group which can be finitely presented and A is a non-singular
Z(G) matrix then

(1) There is a connected CW complex L with = (L, e®) = G.

(2) For any connected complex L with = (L, €°) = G, there is a CW pair
(K, L) in simplified form such that the matrix of (K, L) with respect to some set
of characteristic maps is precisely A.

PROOF: Suppose that G is given by generators x, ..., Xx,, and relations
Rixy, ..,xp=1 (=12 ...,n. Let L' =P u(elu...uel), a
wedge product of circles, and let x; be the element of the free group m (LY, %)
represented by a characteristic map for e}. Let ¢;:8/> — L' represent the

element R(x,, ..., x,). Finally let L = L! S I? SRR I%. By successive
1 2 n

applications of VAN KAMPEN’s theorem, (L, €°) is precisely G.

In proving (2), write 4 = (a;;),a p x p matrix. Let K, = L velu ... U eﬁ
where the ¢? have characteristic map ¢; with $,(3I%) = €°. As usual [/]]
denotes the element of m,(K,, L) represented by ¢;:(1%, I', J') — (K,, L, €°).
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Let <;> denote the element of m,(K,,e°) represented by ¢, and let

«:(Ky, €%, %) S (Ky, L, €%). Clearly o, (¢;> = [¢)]. Let f,: (1%, 9I%) — (K, €°)

represent Y a;;<i;>. Finally, attach 3-cells to K, to get K= K, U ¢}
J

U ... U ¢ where the ¢} have characteristic maps ¢;:(I°, %, J*) — (K, K,, €°)

with ‘Pi|12 = ao f.. Thend[p;] = [(Pillzl =[aof] = oy (Z aij<¢j>) = Zaij[‘;bj]'

Thus we have constructed a pair (K, L) with K—L = (] e u  Je} such that
the boundary operator 0:73y(K, K,, €°) — m,(K,, L, €°) has matrix 4.

It remains only to show that K v L. It suffices by (3.2) to show that
(K, L) = 0forn < 3. Forn < 1, this is clear from the cellular approxima-
tion theorem and the connectivity of K and L. For n = 2, 3 we use the fact
that @ is an isomorphism because A was assumed non-singular. Thus, for

n = 2, we have the sequence

m3(K, K3) —> m3(Ky, L) — my(K, L) — my(K, K)
.

0

and by exactness it follows that 7,(K, L) = 0. (Here m,(K, K,) = 0 because
K—K, is the union of 3-cells.) Finally note that m3(K, L) =~ =3(K,L)
~ H,(K,L), the last isomorphism coming from the Hurewicz theorem which
applies because 0 = 7(K,L) ~ n(K,L) for i = 1,2 and because L is
I-connected by (3.13). To see that H;3(K,L) = 0 consider the commutative
diagram

0 = Hy(Ryp L) — Hy(R, L) - Hy(R, K,) —> Hy(R,, L)

Hurewiczl = Hurewiczl

77'3(ka kz) - ’”z(kzaz)

k %

?
m3(K, K;) ? 7(K,, L)

1w

Clearly & is an isomorphism so that, by exactness of the top line,
HyK, L)=0. Hence my(K,L) = 0. [J

Summarizing the situation: It has been shown that in certain cases a
homotopically trivial pair (K, L) must have K 5 L rel L. This occurs (8.5)
when 7, L = 0 or, more generally, (8.4), when all non-singular matrices over
Z(m,L) can be transformed into identity matrices. Thus, by §4 and §5, the
concepts of homotopy equivalence and simple-homotopy equivalence
coincide among CW complexes with sufficiently nice fundamental groups.
On the other hand we have exhibited ((8.6) and (8.7)) simplified pairs with
matrices which cannot be transformed to an identity matrix. We must ask
now whether these matrices—or better, their equivalence classes under
operations (I)—(I1II)—are intrinsic to the problem or whether they are
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merely artifacts. Starting with a pair (K, L) such that K v, L, does the equiva-
lence class of the matrix which appears when (K, L) is expanded and collapsed
to a pair in simplified form depend on the particular choice of formal
deformation?

Two observations are crucial. First, the equivalence classes of non-
singular matrices form a group, the Whitehead group of = L—written
Wh(m(L). (This will be proved in the next chapter.) Second, if KA J rel L
where (J, L) is in simplified form then it is implicit in the proof of (8.1) that
the matrix of (J, L) is the matrix of the boundary operator

Hr+ 1(‘75 jr) - Hr(jr’i)'

By definition of the cellular chain complex (page 7), this is the boundary
operator in C(J,L) where C(J, L) is the chain complex

0~ Cr+1(jat)—i_> Cr(jai) —0.

Since J+, L, C(J,L) is an acyclic Z(m,L)-complex. Thus to an acyclic
Z(mL)-complex we have associated an element of Wh(mL). We would like
to show that the element which is thus determined by C(J,L) is pre-deter-
mined by C(K,L) and, indeed, by (K, L).

At this point a more sophisticated and algebraic approach is necessary.
The next chapter will consist of a purely algebraic study of acyclic chain
complexes, of the Whitehead groups of groups, and of the rich tapestry which
can be woven from these strands.



Chapter 111
Algebra

§9. Algebraic conventions

Rings and modules:

Throughout Chapter III, R will denote a ring with unity satisfying:
(%) If M is any finitely generated free module over R then any two bases of
M have the same cardinality.

All modules will be assumed to be finitely generated left modules—i.e.,
when multiplying, ring elements are written to the left of module elements.

It is an elementary exercise that a finitely generated free module has only
finite bases. Thus, by these conventions, a “free R-module” always means an
R-module with finite bases, any two of which have the same cardinality.

It is well known that division rings satisfy (). More generally we have:

(9.1) The condition (x) is satisfied by the ring R if there is a division ring D
and a non-zero ring homomorphism f: R — D.

PROOF: By considering the matrices which occur in changing bases, one
can see that (+) is satisfied by a given ring if and only if every matrix 4, with
entries in R, for which there is a matrix B with AB =1, and BA =1, is
square (i.e. has m = n).

Let f, be the induced map taking matrices over R into matrices over D
given by f.((a;)) = (f(a;;). Since f is a ring homomorphism f,(4B)
= f(A)f(B) for all 4, B. Now suppose that 4 and B are arbitrary matrices
such that AB = I, and BA = I,. Because f(1) is a unit, it follows that
S() = 1. So fi (1)) = I, for all q. Thus f,.(A)f(B) = I, and f(B)f4(4) = I,.
Hence, since D is a division ring, f,(A) is square, implying that A4 is square.
Therefore R satisfies (x). [

(9.2) If G is a group then Z(G) satisfies ().

PROOF: The augmentation map A:Z(G) — (rationals) given by A} n;g;)
= Y n,, is a non-zero ring homomorphism. Apply (9.1). [ i
Matrices:

If M, — M, is a module homomorphism where M; and M, have
ordered bases x = {x;, ...,x,} and y = {y,, ..., y,}, respectively, then
{f>., denotes the matrix (a;;)) where f(x;) = ) a;;y;. Thus each row of

J
{f>«,y gives the image of a basis element of x. When the bases are clear from
36
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the context we simply write {f> to denote this matrix. When the meaning is
extraordinarily unambiguous we may sometimes write f instead of {f).

Beware of the fact that these conventions lead to

oo fid = fo{fad.

If x = {x;,...,x,}and y = {y,, ..., p,} are two ordered bases of the
same module, M, then {x/y)> denotes the non-singular matrix (a;;) where
X; = Zaijyj. If x, y, z are bases of M then {(x/z> = {x[y>{y/z>.

J

Suppose that f: M, — M, is a module homomorphism, and that x and x’
are bases for M, and y and y’ are bases for M,. Then

<f>x',y’ = <x’/x><.f>x,y<y/y,>9

a simple formula to remember.

The fact that a matrix can represent either a map or a change of basis has
the following expression in this notation. If x = {x,,...,x,} and
y={yi> ..., yp} are two bases for the module M and if f:M — M is the
isomorphism given by f(y;,) = x; for all i, then {f>, = {x/y>.

Direct sums:

If 14— C and g:B—> D then f® g:A® B— C @ D is defined by
(f @ g)a, b) = (f(a), g(b)).

§10. The groups K;(R)

The group of non-singular n x n matrices (i.e., matrices which have a two-
sided inverse) over the ring R is denoted by GL(n,-R). There is a natural
injection of GL(n, R) into GL(n+1, R) given by

A (A 1).

Using this, the infinite general linear group of R is defined as the direct limit
GL(R) = lim GL(n, R). (Alternatively, GL(R) may be thought of as the group
—_—

consisting of all infinite non-singular matrices which are eventually the
identity.) For notational convenience we shall identify each 4 € GL(n, R)
with its image in GL(R).

Let E} ; (i # j) be the n xn matrix with all entries 0 except for a 1 (unity
element in R) in the (i, j)-spot. An elementary matrix is a matrix of the form
(I,+aE!';) for some ac R. We let E(R) denote the subgroup of GL(R)
generated by the elementary matrices. Elements of E(R) will be denoted by
E, E,, E,, etc.

In order to study GL(R)/E(R), define an equivalence relation on GL(R)
by:

A ~ B <> there are elements E,, E, € E(R) such that 4 = E,BF,.
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We will shortly prove (10.2) that E(R) is normal, so that this is just the rela-
tionship of belonging to the same coset of E(R). In the meantime it is clear
that 4 ~ Biff 4 can be gotten from B by a finite sequence of operations
which consist of adding a left multiple of one row to another, or a right
multiple of one column to another. More generally, instead of using rows,
if P; and P, are disjoint p x n and g x n submatrices of the non-singular nxn
matrix 4 and if X is a p x ¢ matrix, the following hold

P, P+ XP,
]R A = == ~ B = === ===—=
P2 P2
Hp: If p=g,
Py P,
A = —=== ~ B = g}
PZ _Pl

I is immediate from the definition of matrix multiplication. I/, follows from
I by the sequence

The corresponding operations on columns give rise to analogous equivalences
which we call I, and I/.

(10.1) If A, B are elements of GL(R) then AB ~ BA.

PROOF: For sufficiently large n we may assume that 4 and B are both n x n
matrices. Then

4B (AB O) _(AB A\ (0 4\ (0 4
“\lo 1, 0 I, —-B I, -B O

. 0 B
Similarly BA ~ (_ 4 0)

Finally, using I/ and I,
0 4y (40 (0 B 0
—-BO 0B —A0)°
(10.2) E(R) is the commutator subgroup of GL(R).
PROOF: If E€ E(R) and X € GL(R), then (XE)X ™' ~ X ~'(XE) by (10.1),
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so XEX™! = E,EE, € E(R). Given a commutator ABA~'B~' we apply this
with X' = B4 to get

(ABYA'B™Y) 2 [E,(BAE,)(BA) ™" = E,[(BA)E,(BA)™'] € E(R).

Hence the commutator subgroup is contained in E(R).

Conversely, a typical generator of E(R) is of the form (I,+aE}).
Noticing that (I,+aE;)™" = (I"—aE];), we can see that this generator is a
commutator because

(In+aEi',lk) = (In+aEi”')(In+Ej',lk)(ln*aEin‘)(In_E‘j',’k)‘ D

»J o]

From elementary algebra this gives immediately

(10.3) If H is a subgroup of GL(R) containing E(R) then H is a normal sub-
group and GL(R)/H is abelian. [

Suppose that G is a subgroup of the group of units of R. Let E; be the
group generated by E(R) and all matrices of the form

1

where g € G. Then we define
GL(R)
E;
By (10.3) this is an abelian group. We denote the quotient map by

7:GL(R) — K4z(R) and we call 7(A4) the torsion of the matrix A. Since K;(R)
is abelian and will be written additively, we have 7(4B) = 7(4) + =(B).

Kg(R) =

Examples of K;(R) for the most popular choices of G:

GL(R)
E(R)’

2. B\(R) = Kg(R), G ={+1, -1}

3. Wh(G) = K{(Z(G)), where G is a given group, R = Z(G) and
T = G U (—G) is the group of trivial units of Z(G).

1. K;(R) = G = {1}

K,(R) has the advantage, as does any Kg(R) with —1 € G, that multiplying a
row (or column) by (—1) does not change the torsion of a matrix, and so,
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by Il (II:) neither does the interchange of two rows (or columns). The
Whitehead group of G, Wh(G), is the most important example for our purposes.

If G and G’ are subgroups of the units of R and R’ respectively then any
ring homomorphism f: R — R’ such that f(G) < G’ induces a group homo-
morphism f, : K;(R) — Kg.(R') given by

fer((a;p) = ~(f(a;)).

J« 1s well-defined because, if (a;;) € Eg, then (f(a;;)) € Eg.. Thus we have a
covariant functor

pairs (R, G) abelian groups K;(R)
ring homomorphisms - group homomorphisms
fR—> R with f(G) = G’ Jfx:Kg(R) = K;.(R")

This then gives rise to a covariant functor from the category of groups, and
group homomorphisms to the category of abelian groups and group
homomorphisms given by

G > Wh(G)
(f:G = G') > (fo: WH(G) — Wh(G'))

where f first induces the ring homomorphism Z(G) — Z(G') given by
Ynig; — Y n;f(g;), and this in turn induces f; as in the previous paragraph.

As an exercise in using these definitions we leave the reader to prove the
following lemma. (When we return to topology, this lemma will relieve some
anxieties about choice of base points.)

(104) If geG and if f:G— G is a group homomorphism such that
S(x) = gxg~ ! for all x then f,,: Wh(G) — WHh(G) is the identity map. [

The groups Wh(G) will be discussed further in the next section.
In computing torsion the following lemma will be quite useful.

(10.5) If A, B and X are nxn, mxm, and n x m matrices respectively and if
7:GL(R) — KG(R), where G is any subgroup of the units of R, and if A hasa
right inverse or B a left inverse, then

(1) (64 /};) is non-singular <- A and B are non-singular.
(2) If A and B are non-singular then
0 B

PROOF: (1) holds (for example, when B has a left inverse) because

6 =675 )5

; (A X) — (A)++(B).
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where the middle matrix is in E(R) (it is the result of row operations on
I,..), and hence is non-singular.

When A and B are non-singular, the above equation shows that

(G5 = 0B =) = B) = (s )

But a sequence of applications of IT, and then of I/, yields

(¢ 3)~ (s, 0)~(0 <1yms)
Thus 7 (6‘ )3{) = #(A)+7(B). ]

For commutative rings the usual theory of determinants is available and
can be used to help keep track of torsion because the elementary operations
which take a matrix to another of the same torsion in K;(R) can only change
the determinant by a factor of g for some g e G. A precise statement, the
proof of which is left to the reader, is

(10.6) Suppose that R is a commutative ring and G is a subgroup of the group U
of all units of R. Let SK,(R) = 74,(SL(R)) where 75:GL(R) - K;(R) and
SL(R) is the subgroup of GL(R) of matrices of determinant 1. Then there is a
split short exact sequence

- [det] U
0 — SK,(R) —> K4(R) =— G -0
N

where [det](rA) = (the coset of (det A) in U/G), and s(u- G) is the torsion of the
1 x 1 matrix (u). In particular, if R is a field, [det] is an isomorphism. [

Exercise: The group SK,(R) = 74(SL(R)) defined in (10.6) is independent
of G. For we have

GL(R) —> K,(R) —> K(R), = the natural projection,
" A

TG

and 7|7, (SL(R)):7,(SL(R)) =5 76(SL(R)).

Finally, we close this section with an example due to WHITEBEAD which
shows that two » x n matrices may be equivalent by elementary operations
while the equivalence cannot be carried out within the realm of n x n matrices.
Let G be the (non-commutative) group generated by the elements x and y
subject to the sole relation that y2 = 1. InZ(G) leta = 1—yand b = x(1+)).
Notice that ab # 0 while ba = 0. Then the 1 x 1 matrix (1 —ab) is not an
elementary matrix, but since it represents the same element in Wh(G) as

R ITIAN

its torsion is 0.
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§11. Some information about Whitehead groups

In the last section we defined, for any group G, the abelian group Wh(G)
given by
Wh(G) = K{(ZG)

where T is the group of trivial units of ZG. The computation of WHITEHEAD
groups is a difficult and interesting task for which there has developed, in
recent years, a rich literature. (See [MILNOR 1], [Bass 1].) We shall content
ourselves with first deriving some facts about WHITEHEAD groups of abelian
groups which are accessible by totally elementary means and then quoting
some important general facts.

(11.1) Wh({1}) = 0.

PROOF: This was proven in proving (8.5). [

(11.2) Wh(Z) = 0 [HIGMAN].

PROOF: We think of the group Z as {#'[i=0, +1, +2, ...} so that Z(Z) is
the set of all finite sums Y n,7". Notice that Z(Z) has only trivial units because
the equation

(a*+ ... +bctr+...d) =1, (a < ... < B,y < ... < 8,abcd # 0)

implies that a+y = B+8 = 0. Hence « = f, v = 8, and these units are
trivial.

Suppose that (a;(1)) is an (n x n)-matrix, representing an arbitrary ele-
ment W of Wh(Z). Multiplying each row by a suitably high power of ¢, if
necessary, we may assume that each entry a,;(f) contains no negative powers
of ¢. Let ¢ be the highest power of # which occurs in any a;;(¢). If g > 1 then
we could obtain another matrix representing W in which the highest power
of t which occurs would be g—1. For, writing a,(t) = b;(t)+k;;t%(k;; € Z)
we would have

Gy ~ () ~ (GO )

Thus, proceeding by induction down on ¢ we may assume that, for all
i, j, a;{t) = b;;+c;jt (by;, ¢;; € Z). Thus W may be represented by a matrix—
say m x m—with linear entries.

Since (a;;(1)) is non-singular its determinant is a unit which, by the first
paragraph, is +¢* for some p. Expanding the determinant, it follows that
either det (b;;) = 0 or det(c;;) = 0. We assume that det (b;;) = 0. (The
treatment of the other case is similar.) As is well known, integral row and
column operations on the matrix (b;;) will transform it to a diagonal matrix
of the form
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by
b3

’
b ,k <m

Performing the same operations on the matrix a;;(t) ‘leads to a;(t)
= bj;+c;t where b/, = 0 unless i = j < k. In particular, the bottom row
is of the form

(Cmtl Cpal oo Cppul)

Multiplying the bottom row by ™! and applying integral column operations
(i.e. multiply a column by —1 or add an integral multiple of one column to
another), the matrix (aj;(#)) can be transformed into an n xn matrix (aj(?))
with linear entries and bottom row of the form

©0,...0,c,)
for some ¢}, €Z. But det(aj(f)) = +1°, so ¢}, = +1. Hence the last
0
column may be transformed to and W is represented by an (m—1)
0
1

x (m—1) matrix with linear entries. Proceeding inductively, W may be
represented by a 1 x 1 matrix (). But then a is a trivial unit, so W = 0. []
More generally, we cite the theorem of [BAss-HELLER-SWAN]

(L3) WhZ @ ... ®Z) =0. [

This is a difficult theorem which has been of great use in recent work
([KIRBY-SIEBENMANN]) in topology in which the n-torus S'xS?x...xS!
has played a role. (The point is that 7, (S' x ... xS) = Z ® ... @ Z, so the
Bass-HELLER-SWAN theorem implies, along with the s-cobordism theorem,®
that an A-cobordism® with an n-torus at one end (n > 5) is a product). It
would be very nice to have a simple geometric proof that Wh(S! x ... x S1)
= 0. This is a fact which, as we shall see in §21, is equivalent to (11.3).

We can also exhibit many non-zero WHITEHEAD groups. If G is an abelian
group, let U be the group of all units of Z(G), and T the subgroup of trivial
units. Then, by (10.6),

Wh(G) ~ SK,(ZG) ® %

8 Introduced in §25.
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In (8.6) we showed that Wh(Zs) # O because U/T # 0. More generally, we
have

(11.4) I G is an abelian group which contains an element x of order g # 1, 2, 3,
4, 6 then Wh(G) # 0. In fact let j, k and a be integers such that

j>1Lk>1

Jj+k <q

Jk =aq+1
Such integers always exist. Then a non-trivial unit u of Z(G) is given by the
formula®

u=(l+x+...+x"Hl+x+ ...+ H=—a(l4+x+...+x771)

PROOF: Let j > 1 be a prime number less than (g/2) such that j does not
divide ¢q. [It is an exercise that such a j exists provided ¢ # 1, 2, 3, 4, 6.]
Then (j, g) = 1, so there is an integer k, 0 < k < g, such that jk = 1 (mod ¢).
Set k = k if k < ¢/2 and set k = (g—k) if k > ¢/2. Then jk = aq+1 for
some integer a. .

If the element u, given by the formula in the statement of the theorem, is a
unit then it certainly is a non-trivial unit. For, since 0 < (j+k—2) < g—1,
eithera =0andu = 1+(...)+x/"* "2 ora #O0andu = 14+(...)—ax?™1.

Consider the case where jk = ag—1. Set k =g—k, j =qg—j and
ad =q—k—j+a. We claim that uv = 1 where

v=(l4+x/+x2+ . +xED)14xk 4 xU DR
—a(l+x+x*+ ... +x771

To prove this claim it will suffice to consider the polynomials with integral
coefficients, U(¢) and V(t), gotten by replacing x by the indeterminate 7 in the
formulas given for u and v respectively, and to show that

unv) = 14+@*—-1)P@)

for some polynomial P(f). We shall show in fact that (t—1) and Z(¢)
= (I1+t+...+1t7" ") both divide U@)V(t)—1.
U(H)V(t)—1 is divisible by (r—1) because

umyv()—1 = (jk—aq)(jk—ag)—1 = (=1)(-H-1=0
On the other hand
=1\ /-1
U@ = (t_l><t_l>—a2(t)

R 1\ /=1
Vi) = ——— || —— |—aX=(
@ (t1—1><t"—1 ©
9 This formula is implicit in the general arguments of [OLuM 1] and in (12.10) of
[MILNOR 1].
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So
E—1\ [ =1
UV (1) = ('1-1 )(,fj“‘)*”‘(’)z(’)

But each of the quotients shown is of the form 1+ B(1)X(1). For jk = —1
(mod ¢), so we may write jk = 1+ bq for some b. Then

1
(=)

T4H(t+124 . )+ L 129

e (L N )
LHIZ()+ 120 + ..+ 107 DR
1+ B()2(f)

If

Thus U(0)V(¢) = [1+BOZO][1 + COZ(0)]+ A()%(r) and it follows that
2(t) divides U(1)V(t)—1. Thus uo = 1.

In the case where jk = ag+1, set k = k, j = j and @ = a. The same
argument works. [}

For cyclic groups (11.4) can be greatly sharpened. In fact we have from
[HigMAN], [Bass 2; p. 54], and [BASS-MILNOR-SERRE; Prop. 4.14],

(ALS) If 7, is the cyclic group of finite order q then

a) Wh(Z,) is a free abelian group of rank [q/2]+1~28(q) where 5(q) is
the number of divisors of q. (In particular Wh(Z,) = 0 ifq = 1,2, 3,4,6.)

b) SK,(Z(Z,)) = O so (by 10.6) the determinant map gives an isomorphism
[det]: Wh(Z ) — U/T. O

Added in proof: Let G be a finite group. Then SK,(ZG) is finite [Bass 1;
p. 625]. But, in contrast to (11.5b), recent work of R. C. Alperin, R. K.
Dennis and M. R. Stein shows that, even for finite abelian G, SK,(ZG) is
usually not zero. For example, SK,(Z, @ (Z;)*) ~ (Z5)°.

From (11.5) one sees that the functor Wh(G) does not behave very well
with respect to direct products. However for free products we have

(11.6) [STALLINGS 1] If G, and G, are any groups then Wh(G +G,) = Wh(G )
® Wh(G,). O

§12. Complexes with preferred bases [ = (R, G)-complexes]

From this point on we assume that G is a subgroup of the units of R which
contains the element (—1). For other tacit assumptions the reader is advised
to quickly review §9.

An (R, G)-module is defined to be a free R-module »f along with a
“preferred” or ‘“‘distinguished”” family B of bases which satisfies:
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If b and b’ are bases of M and if b € B then

b € B« 1({b/b'>) = 0€ Kg(R).

If M, and M, are (R, G)-modules and if /: M, - M, is a module iso-
morphism then the torsion of f—written 7(f)—is defined to be 7(A4) € Kz(R),
where A is the matrix of f with respect to any distinguished bases of M,
and M,. One can easily check that 7(f) is independent of the bases chosen
(within the preferred families). We say that f is a simple isomorphism of
(R, G)-modules if 7(f) = 0. In this case we write /* M, ~ M,(2).

We have introduced the preceding language in order to define an
(R, G)-complex which is the object of primary interest: An (R, G)-complex
is a free chain complex over R

C:0—~C,—»>Chy—> ... >Cy—0

such that each C; is an (R, G)-module. A preferred basis of C will always
mean a basis ¢ = | J¢; where ¢; is a preferred basis of C..

If G is a group then a Wh(G)-complex is defined to be an (R, T)-complex,
where R = Z(G) and T = G U (—QG) is the group of trivial units of Z(G).

A simple isomorphism of (R, G)-complexes, f:C — C’, is a chain mapping
such that (f|C):C; = C/(Z), for all i. We write /:C =~ C'(Z). To see that,
in fact, this is exactly the right notion of isomorphism in the category of
(R, G)-complexes, notice that f:C ~ C'(2) iff there are preferred bases with
respect to which, for each integer i, the matrix of f|C; is the identity and the
matrix of d;:C; — C;., is identical with that of d/:C; — C_,.

Notice that a simple isomorphism of chain complexes is not merely a
chain map f:C — C’ which is a simple isomorphism of the (R, G)-modules
C and C'. For example, let 4 be a non-singular » x n matrix over R with
7(A) # 0. Let C,, C|, C, and C; be free modules of rank » with specified
preferred bases. Let C = C, @ C, and C' = C; @ C;. Define f:C — C’
and boundary operators d, d’ by the diagram

Then fis a chain map and, clearly f is not a simple isomorphism of chain
complexes. But f'is a module isomorphism with matrix

A 0
(o )
Hence by (10.5), =(f) = 0.
Our purpose in studying chain complexes is to associate to every acyclic
(R, G)-complex C a well-defined “‘torsion element” 7(C) € K;(R) with the
following properties:

P1: If C ~ C'(2) then +(C) = ~(C)



Acyclic chain complexes 47

P2: If C'@® C” is the direct sum of C’' and C” in the category of
(R, G)-complexes'® then +(C' ® C") = +(C)++(C")

P3: If C is the complex
C:0-C,-25C,_, >0

then 7(C) = (= 1)""'+(d)
We shall show that, in fact, there is a unique function = satisfying these
properties and that these properties generate a wealth of useful information.

§13. Acyclic chain complexes

In this section we develop some necessary background material concern-
ing acyclic complexes.

An R-module M is said to be stably free if there exist free R-modules
F, and F, such that M @ F, = F,. (Remember, “free” always means with
finite basis.)

Notice that if M is a stably free R-module and if j: 4 — M is a surjection
then there is a homomorphism (i.e. a section) s: M — A such that js = 1,,.
For suppose that M @ F is free. Then j®1:A®F —~ M@F is a surjection
and there is certainly a section S:M@®F — A@F (gotten by mapping each
basis element to an arbitrary element of its inverse image). Then s = p,Si,
is the desired section, where i(:M —~ M @ F and #,:4A @ F — A are the
natural maps.

(13.1) Suppose that C is a free acyclic chain complex over R with boundary
operator d. Denote B; = dC; . 1, for all i. Then

(A) B, is stably free for all i.

(B) There is a degree-one module homomorphism &:C — C such that
8d+ds = 1. [Such a homomorphism is called a chain contraction.}

(C) If 8:C — C is any chain contraction then, for each i, d3|B,_, =1
and C, = B, @ 8B,_,.
REMARK: The § constructed in proving (B) also satisfies 8% = 0, so that
there is a pleasant symmetry between d and 6. Moreover, given any chain

contraction 8, a chain contraction 8’ with (8')?> = 0 can be constructed by
setting 6" = 8d8.

PROOF: B, = C, because C is acyclic. So B, is free. Assume inductively
that B;_, is known to be stably free. Then there is a section s:B;,_; — C,.
Because C is acyclic the sequence

0—>B,5C,—25B,_, >0
) S

is thus a split exact sequence. Hence C; = B; @ s(B;_,) where s(B;_,),

10 j.e., the preferred bases for (C’ ® C”); are determined by a basis which is the union
of preferred bases of C; and of C7.
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being isomorphic to B,_,, is stably free. So there exist free modules F,, F,
such that s(B;_,) @ F, = F,. Therefore

B,®F,=B,®s(B;-)®F,
=C; @ F,.

Since C; is free, this shows that B; is stably free, and (A) is proven.

By (A), we may choose, for each surjection d;:C; — B,_,, a section
8;:B;_y — C,. As in the proof of (A) it follows that C; = B, ® 8,(B;_,).
Define 6:C — C by the condition that, for all i,

8|B; = 8;+1; 8]84(Bi-y) = 0.
This yields:
d d
=G Ci—y Ciog— -
s s

B; B, B;_,
Ko
8B, 8B, 8B;_;

Clearly dé + 6d = 1. This proves (B).

Suppose finally we are given 8:C — C such that dé + 84 = 1. Then
d3|B;_, = (d8 + 8d)|B;_, = 1y, ,. Hence (8|B;_,):B,_, — C; is a section
and, as in (4), C,= B, ® éB,_;. [ .

(13.2) If0—>C > C-L C" > 0is an exact sequence of chain complexes over
R, where C" is free and acyclic, then there exists a section s:C" — C such that
8 is a chain map and i+5s:C' @ C”" — C is a chain isomorphism.

PROOF: Let d, d’ and d” be the boundary operators in C, C’' and C” respec-
tively. Let 8”:C” — C” be a chain contraction. Since each C}, is free, there are
sections o, :C} — C,. These combine to give a section o:C” — C.

[Motivation: The map (¢d” — do) is a homomorphism of degree (—1)
which measures the amount by which o fails to be a chain map. If we wish to
add a correction factor to o—i.e., a degree-zero module homomorphism f
such that o+f is a chain map—then a reasonable candidate is the map
J = (do—0od")8". Noticing that then o+f = dod” + 08"d", we are led to the
ensuing argument.]

Lets = dod8” + 08"d”. Then ds = dod"d” = sd”. So s is a chain map. Also

jS :j(do'sﬂ + 0'8”[1”) — de'S// + Sr/d// — d”(jo')S” + Bﬂd”
— d//g/l + ar/dﬂ — 1.

Thus s is a section. Finally, the isomorphism i+s which comes from the
split exact sequence ; ;
0-C—-C>C"—0
e
S

is clearly a chain map, since i and s are chain maps. [
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We close this section with a lemma which essentially explains why, in
matters concerning torsion, it will not matter which chain contraction of an
acyclic complex is chosen.

(13.3) Suppose that C is an acyclic (R,G)-complex with chain contractions 8 and
3. For fixed i, let 1 @ 8d: C, — C; be defined by

1®8d: B,®6B,_, =C,— B, ®8B,_, = C,.

Then (A) 1 @ 8d is a simple isomorphism.
(B) If B, and B;_, happen to be free modules with bases b, and b;_ ; and
if ¢; is a basis of C; then t{b; U 8b,_,[c;> = 7{b; U 8b,_,[c;>.

PROOF: Denote g = 1 @ 8d. Clearly g is an isomorphism since, by (13.1C),
8d:3B,_, — 8B,_,.If B, and 5B,_, were free then we could, by using a basis
for C; which is the union of a basis for B; and a basis of §B;_,, write down a
matrix which clearly reflects the structure of g. This observation motivates the
following proof of (A).

B, and 3B,_, are stably free, so there exist free modules F, and F, such
that F; @ B; and 6B;_, ® F, are free. Fix bases for F, and F, and take the
union of these with a preferred basis for C; to get a basis c of F; @ C; @ F,:
Let G=1;, @gR 1, FL®C,OF —~F ®C, @ F,. Then

N
(Gee = <& .
1
80 7((Ge,e) = 7(g). ]
Now choose bases 4, and b, for (F; @ B;) and (6B;,_, @ F,) and let
b = b, U b,, another basis for C;. Notice that (G>. . = {c/b>{G>, ,<c/b> ™",
so 7(<G). ) = 7({GD},). But in fact

F,®B:| 3B ,0F
)
F, @ B, I o0
<G>b,b I e
OB, ®F, X | I
|

To see this, suppose y = dz+w where ze B,_, and weF,. Then
G(y) = 8d(6z) + w = 8z + w. Because d(8z — éz) =z — z =0, we can
write 8z = 8z + x for some xe€ B, Thus G(») = Bz + x) + w=x + y
where x e F;, @ B,.

Therefore 7(g) = 7({G). ) = 7({GD, ;) = 0.

To prove (B), suppose that b; = {u,,...,u,} and b,_; = {v;,,... v,}
are bases of B; and B,_, respectively. Let b = b, Udb,_,. Then
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(1 ® 8d)(u;) = u; and (1 @ 8d)(dv,) = Sv;, and it follows, as pointed out in
§9, (page 37), that

by 8b;_y[b; U db;_ 1) = {1 @ 8d)y,
By the proof of (A), #(<1 @ 8d>,,) = 0. Thus

0 =17¢b;UBb,_ /b, UBb;,_;> = 7(<b; U Bb;_[c;>{b; U b, Jc;>™ )
= 7(b; U 8b;_[c;y — 7<b; U Ob,_y[c;>. [

§14. Stable equivalence of acyclic chain complexes

An (R, G)-complex C is defined to an elementary trivial complex if it is
of the form

C:05C,-5%C,, >0

where d is a simple isomorphism of (R, G)-modules. (Thus, with respect to
appropriate preferred bases of C, and C,_,, {d) is the identity matrix.)
An (R, G)-complex is trivial if it is the direct sum, in the category of
(R, G)-complexes, of elementary trivial complexes.

Two (R, G)-complexes C and C' are stably equivalent—written C ~ C’
—if there are trivial complexes 7 and 7" such that C® T =~ C' @ T'(Z).!?
It is easily checked that this is an equivalence relation.

Just as we showed (§7) that any homotopically trivial CW pair (K, L) is
simple-homotopy equivalent to a pair which has cells in only two dimensions,
we wish to show that any acyclic (R, G)-complex is stably equivalent to a
complex which is zero except in two dimensions.

(14.1) If C is an acyclic (R, G)-complex of the form

di+s dis2 di+

C:0->C,-25 ... Civs Cit, C,—0 (n>i+l)

and if §:C — C is a chain contraction then C ~ Cs where Cj is the complex

dy di+3 di+2
Cé: O%Cn'—‘> Ci+2 Ci+1’>0
@ di+1
C:

13

PROOF: For notational simplicity we shall assume that i = 0. This will in
no way affect the proof.
Let T be the trivial complex with T, = T, = C,, T; = 0 otherwise, and

13

0, = 1:T, = T,. Let T” be the trivial complex with T} = 7| = C,, T/ = 0

1

11 WHITEHEAD called this relation ‘“‘simple equivalence’ and wrote C = C’ (Z). However,
as it is too easily confused with “simple isomorphism” we have adopted the terminology
indicated.
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otherwise, and 9] = 1:T{ - T,. We claim that CO® T ~ C; ® T'(2).
The relevant diagrams are

COT:... > C;—>C, C, &

Define f:C@® T — C; ® T’ by
fi=1Lifi#1
filco+¢y) = 8,co+(c; +d,cy), if cge Cy and ¢, € C;.

We leave it to the reader to check that fis a chain map. To show that fis a
simple isomorphism we must show that each f; is a simple isomorphism.
This is obvious except for i = 1. But

G G

o co<0 8, (—1 <81><1 0
=\ 1)— 0 1><d1> I)'

(This is because, by the conventions of §9, <{(&,>{d,> = {d;8;>
= {d;8, +8¢dy> = L) Thus, by (10.5), =(f;) = 0. [

If C is an acyclic (R, G)-complex an inductive use of (14.1) immediately
yields the result that C ~ C’ for some (R, G)-complex C’ which is 0 except
in two dimensions. This is the only consequence of (14.1) which we will use.
However, in order to motivate the definition to be given in the next section
we give here a precise picture (at least in the case when 82 = 0) of the complex
C’ which is constructed by repeated application of (14.1).

(14.2) Let C be an acyclic (R, G)-complex with boundary operator d and chain
contraction § satisfying §* = 0 and let

COdd= C1®C3<'B e
Coen=Co®C, D ... .
Then C is stably equivalent to an (R, G)-complex of the form

@ +8)|Coaqa

C:0->Cp=Cyggq—>C,-1 =C

even 0

for some odd integer m.

PROOF: Let m be an odd integer such that C is of the form 0 - C,, -~ C,,_,
- ... > Cy—>0. (We allow the possibility that C, = 0.) If j < m, let
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Ci=Ci®C;_, ®Cj_4, @ ....Let D' be the chain complex

; d d a
D'0—~>C,—...>Ciyy—>Cl,;—C/—0

where d is the boundary operator in C and d' = (d|C;,,)+({d+8|C|_,.
It is easily checked that D' is a chain complex, D° = C and D" ! = (.
Now define A’ = A: D' — D', a degree-one homomorphism, by

Alc; = 8|C; if j > i+2,
A|C! 1 = (8|C;4 ) o7, where m: C],; — C,, is the natural projection,
A|C] = (d+8)|C].

Then A is a chain contraction of D'. This is easily checked once one notes
(with d' denoting the boundary operator of DY) that

(dA+Ad)[Clyy = (@5 +3d)[Cryy @ (@d+8)7]CL-y

= IC;-H

Il

since d* = 82 = 0.
Thus D' and A’ satisfy the hypothesis of (14.1). The conclusion of (14.1)

s

says precisely that D' =~ D*! By induction, C ~ C’. []

§15. Definition of the torsion of an acyclic complex

Motivated by (14.2) we make the following definition:

Let C be an acyclic (R, G)-complex with boundary operator d. Let 8 be
any chain contraction of C. Set

COdd= CI@C3@ .
Ceven= C0®C2®
(d+ S)Odd = (d+ 8)|Codd: Codd g Ceven'

Then 7(C) = 7((d+ 8)o44) € Kg)R).

In particular, if C is a Wh(G)-complex then 7(C) = 7((d+ 8),4q) € Wh(G).

Unlike (14.2), the definition does not assume that 82 = 0. This would be a
totally unnecessary assumption, although it would be a modest convenience
in proving that 7(C) is well-defined.

We shall write d+ & instead of (d+ 8),44 When no confusion can occur. It is
understood that 7(C) is defined in terms of preferred bases of C,4q and C,-
If ¢ = (Je; is a preferred basis of C then 7(C) = 7(<d+ 8, 4.conen) Where
Coga = (1 U3 U ...) and ¢y = (g Yy U ...). For convenience
A+ 8D o 4a,ceven Will be abbreviated to {d+ 8>, or simply to {d+ 8> when the
context is unambiguous.
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The form of {(d+8) is

C, C, C,

Co [ > B~
G (dy <84>Q
Cs Q (ds>

However, the reader must not fall into the trap of concluding that “r(d+ 8)
= 7(d)+7(d3)+...”. For the matrices {d;> are usually not invertible,
or even square.

To show that #(C) is well-defined, we must show that <{d+ 38> is non-
singular and that (d+ 8) is independent of which preferred basis is used and
of which chain contraction 8 is used.

(15.1) Let ¢ be a basis for C. Then {(d+ 8),4q>. and {(d+ 0)eyen>. are non-
singular with 7({(d+ 8)o4q>e) = —7({(d+ 8)eyenye)-

PROOF: (d+8)eyen © (d+8)oqq = (d*+d8+8d+8?)|Coyq = (14+8%)|Cyyq.
Therefore

(&) 1 {838, Q
<(d+ 8)0dd>c<(d+ 8)even>c = C3 <8584>

1
IR 5

By (10.5) this matrix is non-singular and has zero torsion. A similar assertion
holds for {(d+ 8)eyeny{(d+ 8)qq>. and the result follows. []

(15.2) Let ¢ = | Jc; and ¢’ = | Jc| be bases of C, where the ¢; and c| are
arbitrary bases of C;. Then

1({d+8>) = n({d+8>.) + Y (= 1)'r(<effe)),

In particular, if the c; and ¢ are preferred bases, v({d+6>.) = 7({d+8)..),
so 7(d+ 8) is independent of which preferred basis is used.

PROOF: <d+ 8>L‘ = <Codd/cc/>dd><d+8>c’<ce’ven/ceven>

{eyfer> Q {eolegy Q
= Q lesfesy d+38>. Q {ezfern
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Therefore, using (10.5),
({d+38),) = ZT<c2i+1/céi+l> + 7(Kd+8>.) + ZT<C§i/02i>
=2 1({ehinifcain1) ™) + 7(Kd+8)0) + Y mdeqiferd

T({d+8).) + 2 (=Dir(cifey. O

(15.3) Suppose that C is an acyclic (R, G)-complex with chain contractions
8 and 8. Then v(d+8) = +(d+96).

PROOF: (All calculations will be with respect to a fixed preferred basis.)

(d+8) — 7(d+8) = 7{d+0)o4q) + TA+ 8eyeny> bY (15.1)
r{(d+8) o (d+6)|Cpqa>
= 7{(8d+dd+ 88)|Coyq>

C, /<5d+dd> (83>
= torsion of C, (8d+db>y (80> Q
Cs Q Sd+dsy. (85>

= Zr<(8d+d5)|C2i+1>, by (10.5), if each (8d+dd)|C,;,, is non-singular.
Notice, however, that (8d+dd)|C; = 1@ 8d:B; ® 6B;_, —~ B; ® 8B,_;.
(Here B, = dCy,,.) For, if b; € B; and b;_, € B;_, we have
(3d+dB)b)) = b,
(3d+dB)3b,_,) = (3d)(Bb;_) + (1—3d)(5b;_,)
8d(8b;_ ) + b, — Ob;_,
8d(3b,_ ).

Hence, by (13.3A), (8d+d5)|C,;,, is a simple isomorphism. Thus +(d+ J)
= 7(d+38). O
This completes the proof that #(C) is well-defined.

Ii

§16. Milnor’s definition of torsion

In [MILNOR 1] the torsion of an acyclic (R, G)-complex C with boundary
operator d is formulated as follows:

For each integer i, let B; = dC;,, and let c; be a preferred basis for C;.
Let F; be a free module with a distinguished basis such that B; @ F; is also
free. For notational convenience, set G; = F;_;. Choose bases b; for B, ® F;
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in an arbitrary manner and let ¢/ be the natural distinguished basis for
C,® F;® G;. Then

d;©209@ 1

0—>B,-(—DFL~—C—>C1-EDF,-@G,- —— > B, ®F_,—>0

is an exact sequence of free modules. Let A;:B;,_., @ F,_; > C, ® F; ® G,
be a section. Set bb,_, = b, UA(b,_,), a basis for C;® F; ® G,.
MILNOR’s torsion, 7(C), is defined by

™m(C) = X (=D 7<bbiy/c)).

(16.1) If C is an acyclic (R, G)-complex then +(C) = 7,(C).

PROOF: Let T; be the trivial complex 0 - G, A F,— 0, where T; is 0
except in dimensions i and i+ 1, and G;,, = F; with the same distinguished
basis. Let C'=C@® T, ®T,® ...T,_, (n=dimC). We claim that
7(C") = 7(C). For let d’ be the boundary operator in C’. Let & be a chain
contraction of C and let 8 = 6@ ¢, @ ... @ ¢,_, Where si:Fi_l) Gisy
Clearly &’ is a chain contraction of C’. Moreover, {d’'+§'> is gotten from
{d+ 8> simply by adding identity blocks of the form

These cannot change the torsion, so 7(C) = =(C"). It remains to show that
7(C") = 7,4(C). _

Let A:B,_ @ F;_{ > (C; ® F; ® G,) = C/ be the section and ¢] the
preferred basis of C; given in the definition of 7,,(C). Let B/ = d'(C;+,)
=B, @ F,. So C; = B, ® A;B/_,. Let the chain contraction A:C" — C’
be given by

AlB] = A;yy; AJAB_; =0.

Set b = | J (b;b;-1), a basis of C". Then w({d'+AD,) = 0 because the basis b

has been chosen so that, for each i,

{d +D)|Cai 10 = Biisy

(0 0]
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Letting ¢’ = ( Jc;, (15.2) then gives
o(C) = ({d'+A>.) = 7(Kd' +A>) + Y (= 1)'r<b;b;_yfe]>
= Z (=D)irlbibi—yfe)>
= TM(C). O

Though we shall not use the greater generality, it is interesting to note
how MILNOR used this formulation to define 7(C) not only when H,(C) = 0,
but also in the case when each H(C) is free with a given preferred basis #;
and each C; is free with preferred basis ¢;. In these circumstances one has
short exact sequences

0~>Z,~C,—B,_,—>0
0—-B,—~Z,—-~H,—~0.

Arguing as in (13.1) all the B; and Z; can be seen to be stably free, and there
are sections 6;:B;,_ — C; and s;: H; - Z,. Thus

Ci = Zi @ SiBi—l = Si(Hi) @ Bi @ SiBi—l‘

Clearly s,(h;) is a basis of 5,(H;). Choose F; = G;,, so that B, ® F; is free.
Let A; =06, ®1f,_,, and let b, be any basis of B;® F,. Then
Sih) Wb, UA(b;,_,) is a basis for C; ® F; ® G,. This basis is denoted
b;h;b;_,. Again let ¢; denote the trivial extension of ¢; to a basis of
C;® F; ® G;. Then MILNOR defines

7(C) = Z (- 1)i7'<bihibi-- /ey

For more details the reader is referred to [MILNOR 1].

§17. Characterization of the torsion of a chain complex

In this section we prove (as promised earlier) that the torsion operator =
satisfies properties P1-P3 below and is, in fact, the only operator to do so.
Moreover 7 induces an isomorphism of stable equivalence classes of acyclic
(R, G)-complexes with K;(R).

(17.1) If R is a ring and G is a subgroup of the units of R containing (—1),
and if € is the class of acyclic (R, G)-complexes, then the torsion map
7:% — KG(R) defined in §15 satisfies

Pl: C~ C'() = «(C) = (C")
P2: 7(C'® C") = #(C") + +(C")
P3: 70 = C, > C,_, = 0) = (= 1)~ '=(d).

PROOF: In what follows, d, d’, d” denote boundary operators for C, C’, C”
respectively.
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Suppose that f:C ~ C'(Z). As pointed out in §12, this means that there
are distinguished bases of C and C’ such that {d,> = {d,> and {f,> = I,
for all n. Choose a chain contraction 8:C — C and let 8’ = f8f~1. Then
{d+8) = {d'+8">. Therefore 7(C) = ~(C’) and P1 is verified.

Assume that C = C' @ C” (so d = d’ ® d”) and that &', 8" are chain
contractions for C’ and C”. It follows that 6 = 8 @ 8" is a chain contraction
for C. Since permutation of rows or columns does not change the torsion of a
matrix, we have

C)

Il

Kd+8) = {(d @ d) + (8" @)

<<d’+8’> O
O <d,,+8,,>)

= 7(C") + ~(C").

Finally, suppose that C is:
0->C,%C,_, 0.

Set 8, =01if j#nand §, =d,;':C,.; > C,. If nis odd, §/Cy4q = 0 so
7C = 7(d) = (—=1)""'7(d). We leave the case where 7 is even to the reader. [

The property P2, as stated, is too restrictive for practical situations where
more general short exact sequences usually occur. We diverge briefly to
prove a more general form of P2 which we call P2.

(17.2) Suppose that 0 — C’ = C-5 C"—>0 is a short exact sequence of
acyclic chain complexes and that o:C" — C is a degree-zero section (but not
necessarily a chain map). Assume further that C, C' and C" are (R, G)-com-
plexes with preferred bases ¢, ¢' and ¢". Then

7(C) = 7(C) + 7(C") + ¥ (= Drlepeklesy

where c,c;, = i(c;) Y o(cy). In particular, if i(c;) U o(cy) is a preferred basis of
C, for all k, then 7(C) = =(C") + 7(C").

PROOF: By (13.2) there is a chain map section s:C” — C such that
i+s:C" @ C" — C is an isomorphism. The bases y, = i(c;) U s(c;) of the
C, make C into a new (R, G) complex C”. Clearly i+s5:C' ® C" = C"(Z).
Hence, using property P2, 7(C”) = 7(C")+7(C"). Let 8 be a chain contraction
of C. Then,

7(C) = 7({d+8),)

({d+8),) + ;(—1)"T<yk/ck>, by (15.2)
7(C) + X (= Drlnmlao

7(C) + 7(C") + Y (= Derlm/ad

Finally, 7{c;c}/c,y = 7{yi/cky. For, the short exact sequence of free
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(R, G)-modules 0 — C;, — C, — C; — 0 may be thought of as an acyclic
(R, G)-complex, and the result follows from (13.3B). [

(17.3) If € is the class of acyclic (R, G)-complexes then the torsion map
7: € — Kg(R) is the only function satisfying properties P1-P3 of (17.1).

PROOF: By (17.1), = does satisfy these properties. Suppose that
w€ — Ks;(R) also does so. Using (14.2), C ~ C' where C' is
0-~C,, 4 C,_1—+0.ThenC® T =~ C' @ T'(T) for some trivial complexes
T,T'. Properties P1-P3 imply that ~(C) = 7(C)+=(T) = (C)++(T")
= 7(C’). Similarly u(C) = w(C’). But by P3, +(C") = (= )" '+(d") = n(C").
Thus 7(C) = n(C). [

(17.4) Let €, be the set of all stable equivalence classes of acyclic (R, G)-
complexes, viewed as a semi-group under the operation

[Cl+[C]=[Ce (]
where [C] denotes the equivalence class of C. Let 7o:€, — Kg(R) by
7o[C] = 7(C).
Then €, is a group and T, is a group isomorphism.'?

PROOF: Since K;(R) is a group, the result will follow once we show that 7,
is a semi-group isomorphism.

The proof that =, is a well-defined, surjective homomorphism is left to
the reader.

To see that 7, is one-one, suppose that 7,[C] = 7,[D]. Choose an odd
integer p > max{dim C, dim D}. Repeated use of (14.1) allows us to assert
that

CAC =0~C-55Cpy —>0)
DA D =0~ D)~ D), —0).

Adding a trivial complex to C’ or D’ if necessary, we may assume that C,
and D, have equal rank. Choose distinguished bases for C' and D’. We
define f:C"— D’ by defining f,:C, — D, to satisfy the condition that
{fp> = Iand by setting f,_; = Af,(d')”'. Clearly fis a chain isomorphism.
Also 7(f,) = 0 and 7(f,_) = 7(A)+7(f,) —7(d") = 7o[D]—7,[C] = 0. Thus
f is a simple isomorphism. This proves that [C] = [C'] = [D’] = [D], so
7o iS one-one. []

§18. Changing rings

As usual, (R, G) and (R’, G') each denotes a ring and a subgroup of the
units of this ring which contains —1.

12 This theorem has also been observed by [CocKROFT-COMBES].
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If Cis an (R, G)-complex and A: R — R’ is a ring homomorphism with

h(G) < G’ then we may construct an (R’, G")-complex C, as follows: Choose

a preferred basis ¢ = {ci} for C, and let C, be the free graded R’-module

generated by the set ¢. We denote ¢ = ¢ when c is being thought of as a subset

of C,. Define d: C, — C, by setting d(¢) = Y. h(a, )&~ if d(c}) = Y a ;i7"
J J

We stipulate that & is a preferred basis of C,, thus making C, into an
(R, G')-complex. [That C, is independent, up to simple isomorphism, of the
choice of ¢ follows from the fact that the induced map A, : GL(R) - GL(R')
takes matrices of O torsion to matrices of 0 torsion. This will be made clear in
step 6 at the end of this section when we redefine C, as R* ® ,C.]

This change of rings is useful for several reasons. One reason is that C,
may be acyclic even when C is not. Thus we gain an algebraic invariant for
C—namely 7,(C)—defined by

™(C) = 7(C}) € Kg(R)

The following example of this phenomenon occurs in the study of lens spaces.

(18.1) Suppose that
Z,={l,t,...,°" "'}, a cyclic group of order p (1 < p € Z)
R =17z,
G = {+t|jeZ} = R
R' = C (the field of complex numbers)
£ is a p’th root of unity; £ # 1
G = {+&|jeZ} < R
(rys ..., r,) = a sequence of integers relatively prime to p
() = 1+t+...+# ' eR
h:R— R by h(; nitl) = ,an &

Suppose further that C is the (R, G)-complex

{ra—1) CE(1)) (frn-1-1)
0> Chpy ——>Copy—> Cpy3

() -1y
Con-a e Co—>0

where each C{(0 < j < 2n—1) has rank 1 and the 1 x 1 matrix of d; is written
above the arrow C; — C;_,. Then C is not acyclic while C, is acyclic with
7(C,) € K¢(C) equal to the torsion of the 1x1 matrix (J[7-; (¢7—1)).
PROOF: Cis a chain complex because

@)@ =1) = ZOE-DA+t+ ...+ = (=D +...+177 ) = 0.

Cis not acyclic. For, if {¢;} is a basis for C;, then X(¢)‘ ¢,,- is not a boundary
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while d[Z(t)-c;,—1] = Z() (" —1)cp,—, = 0, so it is a cycle. However C,
is acyclic. For (14+¢+...4+&7Y) = [(€P=1)/(¢—1)] = 0, and consequently
C, is of the form

(Ern—1) 0 (Ern-1-1> 0
0—>Chpoy ——>Cpy—> Gy, 3——>C2n 4> ..

Since r; is prime to p, we have {7 # 1. Thus each matrix {(¢’—1) is non-
singular and C, is acyclic. It is an exercise for the reader that =(C,) =
{([l-1 € =-1). O

Sometimes, when C is acyclic, 7(C) is very hard to compute while 7,(C) is
very easy to compute. When such a homomorphism # can be found it often
pays to change rings because of

(18.2) If C is an acyclic (R, G)-complex and h:(R, G) — (R, G") is a ring
homomorphism then Cy is acyclic and 7,(C) = hyv(C) where hy: Ko(R) — Kg(R')
is the induced map.

PROOF: Choose a chain contraction 8 of C and suppose that
8(ch) = Zb,” ci*!. Define §:C,—C, by &(&) =Y h(b)ei**. Clearly,

J
since h(G) < G', we have h(1) = 1 so that: <(d6+6d> = h(ds+8d> =
he(I) = I, and h,{d+8> = (d+8>. Thus § is a chain contraction and ,(C)
= 7(Cy) = her(C). O
As a simple but important application of (18.2) we have

(18.3) Suppose that C is an acyclic Wh(G)-complex with boundary operator d.
If there is a preferred basis ¢ of C with respect to which {d)> has only integral
entries. (i.e. {d) = (a;;) where a;;€Z < Z(G)) then +(C) = 0.

PROOF: Let C' = C be the free Z-module generated by c. Let d' = d|C".
Since d is integral, d':C" — C’, so that C’ becomes a chain complex and,
indeed, a free (Z, {+1})-complex if we specify ¢ as preferred basis. Let
h:(Z, {+1}) > (Z(G), GU —G) be the inclusion map. Clearly we can
identify C = C;.

We claim that C’ is acyclic. For suppose that d'(x) = 0 where x € C|.
Then x = d(y) for some yeC;,,, since C is acyclic. Suppose that
X = anck and y = Zr i+ (m e Z, r; € Z(G)). We have

diy) = er;ajkcfc (ajkez)
SO

M= i

Let A: Z(G) — Z be the ring homomorphlsm given by A(Zm g) = ij
and set y’ = Z Alrpcitt e = Cis
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Then
ay) = Zk A(rpajicy
Js

= ,Z;:( A(r;az)ch,

= kZA(jZ " ja5)Ch
- ; A(n)cl,

= ;nkci = x

Thus every cycle is a boundary and C’ is acyclic.

By (18.2), #(C) = 7(C}) = hyr(C'). But 7(C')e Wh({1}) = 0. Hence
7(C)=0. O

To put the construction C+> C, into proper perspective and to allow
ourselves access to well-known algebraic facts in dealing with it, we now
outline a richer description of C,. We leave the reader to check the
elementary assertions about tensor algebra being used. (A good reference is
[CuevALLEY; Ch. III, §8, 11])

1. R’ becomes a right R-module if we define r'-r = r'h(r) for all r € R,
reR.

2. R®zC then becomes a well-defined abelian group such that
r@rx = ri(r)@xforall (', r, x) e R" x Rx C. We denote R'®zC = R'®,C.

3. R®,C becomes a left R'-module if we define p(r'®x) = pr'®@x
for all (p, ¥, x) e R" x R'x C).

4. If f:C — D is a homomorphism in the category of R-modules then
19f:R'®,C — R'®,D is a homomorphism in the category of R’-modules.

5. (R®,C, 1®d) is a chain complex over R'.

6. If ¢ = {ci} is a basis of C then ¢ = {1®c.} is a basis of R'®,C. If b
is another basis of C giving rise similarly to the basis b of R'®,C then
(élby = hy({c[b)). If (a,;) is the matrix of d; with respect to c¢ then
(h(ay;)) is the matrix of 1®d; with respect to .

7. There is a simple isomorphism of (R’, G') complexes, R'®,C =~ C,
which takes the basis elements 1®c} onto the basis element &.

Thus we may and do identify: R'®,C = C,.

8. If0 > C 5 C5 " >0isa split exact sequence of (R, G)-complexes
with preferred bases ¢’, ¢ and ¢” such that ¢ = a(c’) U b where f(b) = ¢” then
’ ’ ! 1®1 ’ 1®B " ’ "
0‘_>Ch=R®hC_——_>Ch=R®hC—__) h=R®hC "‘>O

is an exact sequence of (R’, G')-complexes whose preferred bases have the
analogous property.



Chapter 1V
Whitehead Torsion in the CW Category

§19. The torsion of a CW pair—definition

The geometry in Chapter II and the algebraic analysis of Chapter I are
synthesized in the definition:

If (K, L) is a pair of finite, connected CW complexes such that K v, L
then the torsion of (K, Ly—written v(K, L)—is defined by

(K, L) = «(C(K,L)) € Wh(r,L)
where (K,L) is the universal covering of (K, L).

In this section we explain this definition, show that 7(K, L) is well-defined and
extend the definition to non-connected complexes. In the rest of the chapter
we develop the basic properties of torsion in the CW category. This develop-
ment allows us on the one hand (§24) to answer the questions about the
relationship between homotopy type and simple-homotopy type which
initiated our discussion. On the other hand, (§25), it yields the results on
which the modern applications of simple-homotopy type are based.

In this chapter, as usual, all CW complexes mentioned, except those which
arise as covering spaces, will be assumed to be finite.

Starting from the beginning, suppose that (K, L) is a connected CW pair
and that K 2, L. Let p: K — K be a universal covering, and let G = Cov(K),
the group of covering homeomorphisms. Then p~ 'L = L is a universal
covering space of L and K », L, by (3.13). The cellular chain complex
C(K, L) is a Z(G)-complex (see page 11). If we choose, for each cell
e, € K—L, a characteristic map ¢, and a specific lift @, of ¢,, then by (3.15)
B = {{&,>|e, € K—L} is a basis for C(K, L) as a Z(G)-complex. Let # be the
set of all bases constructed in this fashion.

(19.1) The complex C(K,L), along with the family of bases A, determines an
acyclic Wh(G)-complex.

PROOF: C(K,L) is acyclic because K L so, by (3.8), H(C(K,L))
~ H(RL,|L) = 0.

Suppose that ¢, e reitri~ct to bases ¢, = {(@>, ..., <{F,>} and
ey = {1y o os PO} of C(R,L). Then
Gy = ;ajk<¢k> for some ay, = ) nf'g; € Z(G)
= z:: nP g @,

62
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But the cell §,(I"), as a lift of e}, is equal to one of the cells g; ;") and is
disjoint from all of the others. Thus, by (3.7C), the coefficients in the last
sum are all O except for N = n}’. But then g,(Im = g\ JI" so, by the
same argument, <@;> = N'{g;'§;>. Hence {f;> = NN'(§;>. So N = +1
and (J;> = +g;<{@;>. Therefore

AN

leufey = Q
tg,

and 7({c,/c;») = 0 € Wh(G).

Thus C(K,L) becomes a Wh(G) complex if we stipulate that b is a
preferred basis iff 7{c¢/b> = Oforallce #. [

Recall from §10, that there is a covariant functor which takes every group
to its Whitehead group and every group homomorphism G, - G, to a
naturally induced homomorphism Wh(G,) — Wh(G,). In particular we now
consider the induced isomorphisms Wh(w (X, x)) — Wh(m (X, y)) corres-
ponding to the change of base-point isomorphisms = ,(X, x) — 7,(X, »).

(19.2) If X is an arcwise connected space containing the points x and y then all
of the paths from x to y induce the same isomorphism f, , of Wh(= (X, X))
onto Wh(w (X, y)). Moreover f,,°f., = fen
PROOF: If «:(1,0,1) — (X, x,p), let f,:7 (X, x) —>=,(X,y) denote the
usual isomorphism given by f,[w] = [& * w * «]. Then, if «, 8 are two such
paths, f;~ ' ([w]) = [B+a]-[w]-[Bxa]~" for all [w]€w (X, x). Hence f5 'f,
is an inner automorphism and, by (10.4), (f,g),,:l f)s = (fs 1f)e = 1. Thus
(/) = (fp)« for all such «, B and we may set f, , = (f,)«. Itis obvious that
Jywofoy =few O X X

Suppose as before that p: K — K is a universal covering, with G = Cov(K)
and K connected. Choosing base points x € K and % € p~(x) there is (page 12)
an isomorphism 6 = 0(x, X): = (K, x) — G, given—if T we denote ([«]) = 8,3,
for all [«] € =,(K, x)—by

() = 0/‘_’-"?“-’/(1)’

where y € K, w is a path from % to y, and @a{(O) = X. If we identify
(K, x) with G via 6 then, by (19.1), C(K,L) is an acyclic Wh(r (K, x))
complex and we may define 7(K, L) € Wh(=,(K, x)).

To make the last sentence more precise (something worth doing only at
the outset when we are worried about foundational questions) the iso-
morphism ¢ = 071:G — =,(K, x) induces a ring isomorphism of the same
name, ¢:Z(G) - Z(= (K, x)), and we wish to change rings as in §18 to con-
struct from C(K,L) the Wh(r (K, x)-complex C(K,L),. That (K, L) is
independent of all choices will follow from

(19.3) Let p:K — K and p:RK — K be universal coverings of the connected
complex K, with G and G as the groups of covering homeomorphisms. Let
x,yeK, %ep ' (x) and pep~'(y). Let4:G — =, (K, x) andy: G — = (K, y)

tThus [y is the same as g[x] of page 12.
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be the group isomorphisms determined by (x, %) and (y, §). Then r(C(K, 1:).,—,)
= fx,yT(C(K9L)|P)

K K

5 (ij
N i

=<
A 4

PROOF: Let h: K — K be a homeomorphism covering the identity (hence a
cellular isomorphism) and let H:G — G by H(g) = hgh™'. We claim first
that +C(K, L) = H,(+C(K,L)), where H,: Wh(G) — Wh(G) is the induced
map. To see this let {(@.>} be a basis for C(K,L) as in (19.1) and let
¢ L= ho @l for all i, k. Then, by (19.1), the torsions of C(K,L)and C(K, L)
can be computed using these bases. But, since 4 induces a chain isomorphism
C(K,L) — C(R, L) when these are thought of as complexes over Z, one can
check immediately that if the matrix of the boundary operator d, is
(a;) e GL(ZG) then the matrix of the corresponding boundary operator d,
is (H(ay;)), where H:Z(G) — Z(G) is induced from H:G — G. Thus, by the
proof of (18.2), C(R, L) = H,(rC(K,L)).

Now let £ = h(%) and choose a path Q:(Z,0, 1) — (K, %, §). Let o = pQ
and let £, :7,(K, x) = =,(K, y) as usual. Then denoting § = 6(x, %) = J !
and 6 = 6(y, ) = ¥~ !, the following diagram commutes

G—" ¢
L
(K, %) =2 my(K, 7)
For if [«] € 7 (K, x) we have
BFuloDP) = bgrean(D)
oGoo(l) where Zn(0) = (1) = £
h(&*o(1)) because h(xrm)(0) = %
— h(&ph TQ(l)) because w = pQ = ph1Q
= h(@,h™ (1))
= (hfipyh™ ()
= (HOL)(9).

Since 6f,[«] and HO[«] agree at a point they agree everywhere. Since [«] was
arbitrary, 0f, = H@.
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From the preceding paragraphs and (18.2) we have,
fenr(C(R,L); = fouhu ¢C(K,L))
= ‘Z’*H*(Tc(k,i)
= ¥4(rC(K, L))
= (C(K,Ly). O
Since it would sometimes be nice to have 7(K, L) defined as a single element

of a single group we introduce some formalism. Let us (using (19.2)) define

Wh(m K) = [ u{ Wh(m (K, x))]/"~"

where a ~b if ae Wh(n (K, x)), be Wh(=(K,y)) and f, (a) = b. Let
Jx: Wh(m (K, x)) — Wh(=,K) be the natural bijection. The stipulation that j,
be a group isomorphism gives Wh(=m,K) a group structure which is
independent of x. Note that j, 'j, = f, ..

If f:(K, x) - (K’, x'), then the induced homomorphism on fundamental
groups gives rise to a composite homomorphism

S Whiem K) 55 Whimy (K, 2)) > Whir (K, X)) > Wh(r K')
The proof of the following is left to the reader.
(19.4) The homomorphism f, is independent of which pair (x,x’) with
f(x) = x" is chosen. Thus there is a covariant functor from the category of

finite connected CW complexes and maps to the category of abelian groups
and homomorphisms defined by

K— Wh(=,K)
{f1K— K"} {fy : Wh(m K) - Wh(m, K’)}.
Moreover, if f ~ g then fy, = gy.. [
Putting all this together, 7(K, L) € Wh(= L) is defined (in the connected
case) as follows: Choose a point x € K, a universal covering p : (K, L) — (K, L)
and a point ¥ € p~!(x). Let i:L — K be the inclusion. Then r(K, L) is the

end of the sequence
rC(K,L) e Wh(G)

l U(x, )

T(C(E,E) € Wh(w (K, x))

[

7' € Wh(m K)

l.—l
Ix

(K, L) € Wh(m,L)
(K, L) is well-defined by (19.1)~(19.4).
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The reader may wonder why we don’t omit i, ' and put (K, L) into
Wh(m,K) instead of Wh(wL). It’s a matter of taste. The discussion in §6
seems to lend weight to the view that L is the central object in our discussion.

Non-Connected Case

Finally, we generalize to the non-connected case. Assume that K and L
are finite CW complexes and that K v, L. Let K, ... K,,and L,, ..., L, be
the components of K and L respectively, ordered so that K; », L; for all j.
We define

(K,L) = z (K, Lj) E® W/I(‘irle)
J
In §21 we shall justify, and thereafter we shall use, the notational convention
Wh(L) = @ Wh(=,L)).

Note that (19.4) generalizes to

(19.5) There is a covariant functor from the category of finite CW complexes
and maps to the category of abelian groups and homomorphisms defined by
q

K & WhnK))
=1

j=

q q "
KK = {fu = X fi: @ WhiriK) > ® Whm K}
j= i= t=

where K, ..., K,and K|, ..., K] are the components of K and K’ respectively,
and f;,: Wh(m K;) — Wh(m K} is induced from f with f(K;) < Ki. More-
over, if [~ g then fy = g4. [

Two comments are in order:

First, the reader must NOT confuse @ Wh(= K;) with Wh(®m K)).
For example, (11.5) implies that Wh(Z;) @ Wh(Z,) # WHZ,,). Torsion
considerations are first done for each component K;, and then formally
added.

Second, despite the first comment, it is not a sterile generalization to
consider the non-connected case. Sometimes connected spaces are expressed
as the union of non-connected spaces, or as the union of connected spaces
along a non-connected intersection. The Excision Lemma (20.3) and the
Sum Theorem (23.1) would be much less useful if the theory were developed
with the connectivity restrictions. The point is that formal addition becomes
real addition under f, if f carries different components into the same com-
ponent.

Having rigorously defined (K, L) we can allow ourselves some laxity in
the ensuing discussion. Thus, for sake of clarity, we shall (when K is
connected) sometimes speak of ~(K, L) as an element of Wh(G), or as an
element of Wh(w (L, x)), for some x € L. At other times (also in the name
of clarity) we shall be completely rigorous and consider =(K, L) as an element
of Wh(m L).
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§20. Fundamental properties of the torsion of a pair

(20.1) If (K, L) is a CW pair such that K v, L and if each component of K—L
is simply connected then (K, L) = 0.

PROOF: Clearly it suffices to prove this when K is connected. Let ¢ be a
component of K—L. Then ¢ is closed in K—L, so <L Ucand L Uc
is a closed set. If e is a cell of K which meets ¢ then e cannot lie totally in L,
so, L being a subcomplex, e N L = J. Hence ¢ € K—L and consequently
e < ¢. Combining these facts we see that L U ¢ is a subcomplex of K and
¢ = (L U c)—L is a union of cells.

As usual let p: K — K be a universal covering with G the group of covering
homeomorphisms. Since ¢ is simply connected it lifts homeomorphically to
K. Let C be one lift of ¢, so p|C:C —c is a homeomorphism. Let
{gC|1 # g € G} be the other lifts. These lifts are pairwise disjoint since c is
connected. For each p-cell ¢, of ¢ let ¢, be a lift of a characteristic map such
that @,(I”) = C. Doing this for all components ¢ of K—L, and all such cells
e,, we get a preferred basis {(,>} for C(K,L) (which we are thinking of as
a Wh(G)-complex).

For a fixed n-cell e, of the component ¢ of K—L,

a<¢a> e Hn_l(izn—-l U E’Rn—-Z U E)

is represented by a singular cycle carried by ¢,(2I"). However ¢,I") < C
and ¢, (I") = L Uc, so ¢él"y < Lu C. Thus any (n—1)-cell of K—L
which meets ¢,(0/") must lie in C. It follows from (3.7c) that in the expression

Ky = BZ Nup ;8K Pp> = Y Nyp;<8%p>, (Nyp;€Z,8;€G)
s ]

we must have n,;; = 0 unless gjia,,(i"—’) < C. But, by choice of our
preferred basis g,¢,(["') < C only if g; = 1. Thus

3<(Pa> = ; naﬁ<¢ﬂ>

and we see that the matrix of ¢ has only integer entries. Thus, by (18.3),
(C(K, L)) = 0 Wh(G). []

(20.2) If K > L > M where K v, L and L + M then

(K, M) = «(L, M) + i 'v(K, L)
where i:M S L.

PROOF: We may assume K is connected. Let p: K — K be the universal
covering. Set L= p 'L, G' = Cov(L)and G = Cov (K).If j:L S K then
(page 12) j.:G’' — G is an isomorphism. Note [using (3.16) with j: L S K]
that j,(g") € G is the unique extension of g’. Set J = j, and also let J denote
the induced map Z(G") = Z(G).

By (19.1), C(K, M) and C(K,L) are Wh(G)-complexes and C(L, M) is a
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Wh(G")-complex. But C(L, M) may also be viewed as a Wh(G)-complex if,
given ge G and xe C(L,M), we define g-x = g’ (x) where J(g') = g.
Choose a preferred basis {(§,>|e, € K— M} for C(K, M) as a Z(G)-module
and use the same lifts ¢, to give preferred bases {($,>|e,€ K—L} and
{{@,>le, € L—M} to the Z(G)-modules C(K, L) and C(L, M). Then the
inclusion maps induce a short exact sequence

0 C(L, M) —~ C(R, M) — C(R, L) >0

of acyclic Wh(G)-complexes in which preferred bases correspond. Hence,
by (17.2), =C(K, M) = =C(L, M) + +C(K,L).

Now think of C(L, M) as a Wh(G’)-complex and notice that, by definition
of C(L, M), there is a trivial basis preserving isomorphism of C(L, M),
with the complex “C(L, M) viewed as a Wh(G)-complex” discussed above.
Thus the torsion of the latter complex is equal to #(C(L, M),) = J,+C(L, ).
Hence +C(K, M) = [+C(K,L) + J.~C(L, M)] € Wh(G). The theorem now
follows immediately if one traces each term in this equation to its image in
Wh(m, M) via the following commutative diagram

J

WHG) — s Wh(G)

l l

Wh(m,L) ——> Wh(mK)
J*
ix ks
Wh(m M)

Here i, j, k are inclusions and the vertical arrows are the result of the dis-
cussion in §19. The commutativity of the diagram is left as an exercise for
the reader. [

(20.3) (The Excision Lemma) If K, L, and M are subcomplexes of the complex
KOUL, withM=KNL,and if K1y, M then (KU L, L) = j,. (K, M) where
JiM — L is the inclusion map.

PROOF: First, we claim, it suffices to prove this when L is connected. (This
does not say that K and M are connected.) For suppose that L and KU L
have components L,, ...,L, and Py, ..., P, where P; », L; for all i. Let
M;,=MnL; and K;= KN P, have -components M;, M,,, ... and
K, K5, ... respectively, where K, 1, M. Then, assuming the Excision
Lemma for each L;, we have

KV L, L) =} (P, L)
= iji*r(Ki, M) where j:M;S L,
= ZZL-*(; (K, M)
= Zk: (il My (Kis M y)
= (K, M).
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So assume that L (hence also K U L) is connected and that M and K have
components My, ..., M, and K|, ..., K; with K; 1, M;. The proof of the
theorem consists of a technical rendering of the fact that (KU L)—L
= (J (K;— M) where the K;— M, are disjoint.

Let p:KUL - KUL be a universal covering of KU L and denote

X = p 'Xif X © KU L. [Beware: In general K; = p~ 'K, is not a universal

. — —

covering of K,] Let G = Cov(KUL). Note that C(KUL,L)
—~— .

= @ C(K; U L,L), where all the chain complexes in this equation can be

viewed as acyclic Wh(G)-complexes. Hence, by (17.1),
—
(KU L M)=>3 71C(K; UL,L)e Wh(G).
— ..l . . -

To compute rC(K;UL,L) we consider a universal covering
p:(K;, M) -~ (K, M}) with G, = Cov(K,). Fixing base points xe M,
fep'x), and Fep !(x) and letting J;:(K;, x) = (KU L, x) be the
inclusion, the following commutative diagrams are determined:

A

¢, —— G
N J: ~—
(R 2) ——(KUL, %) l l
ﬁl ’ (K, x) Ji#“’ 7 (KUL, x)
(Ki’ X) — (K v L’ X) E)[inc}. = Tinc),
J;
m (M, x) 22 (L)

We shall use the fact (3.16) that J, - g = X\g) oJ,, if g€ G. (In the notation
of (3.16) the map A should also be denoted by J,,.)

Now for each cell ¢, € K;— M, with characteristic map ¢, choose a fixed
lift ¢, to K, and define ¢, = J,o ¢,. Then {(@,>} is a basis for the Wh(G)-

—— . ~ .
complex C(K; U L,L). Also J; induces a chain map (over Z), since it is
cellular. Hence if 8{¢,> = ). n,5,8,{$p>, Where g, € G,, we have,

K@y =T udl$p
= z naﬂy(ji ° gy)* <‘ﬁp>
= 3 4, (Mg,) o T DBy
= 2 Nap,Mg,)Pp-

A~ . PO e~
Hence C(K;V L,L) is simply isomorphic to C(K;, M}),. So 1C(K; U L,L)
= X,7C(K,, M,) e Wh(G). This corresponds, by the right-hand diagram above,
to (jIM)s7(K;, M;) € Wh(w,L). Thus

T(K v Lr L) = z (j|Mz)*T(Kn Mt) = j*T(Kv M) D

As an immediate consequence of (20.2) and (20.3) we get
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(20.4) If K, L and M are subcomplexes of the complex KU L, with M = KN L
and if Ky M and L + M then (KU L, M) = «(K, M) ++(L, M). []

(20.5) Suppose that (K, L) is a connected CW pair in simplified form (see

page 26), K=LulJetv|)er"  (n>2), and that {b;} and {9} are
7 i

characteristic maps for the € and e/*'. Set K, = L u | ) el. Let {0) be the

J
matrix—with  entries in  Z(m (L, e*))—of the boundary  operator
o:m, 0 1(K, K5 €%) = 7 (K,, L; €%) with respect to the bases {[;]} and
{lp:]} given by (8.1). Then =(K, L) = (—1)"r{0>.

PROOF: 1t follows from the proof of (8.1) and the fact that the Hurewicz map
commutes with boundary operators that there is a commutative diagram

IG—O

2

=
3

DI N
</

x

> 1,4 1(K, K,; €%)

la

—‘;—} 7Tn(]<n’ L’ eO)

=

=

o<
~
g

in which the preferred bases {{(&;>} and {<¢7j>} go to the bases {[¢;]} and
{[¥;1}. Since the left-hand column is just C(K,L), the result follows from
P3of (17.1). [

§21. The natural equivalence of Wh(L) and ® Wh(wL;)

We have considered two functors from the category of finite CW com-

plexes and maps to the category of abelian groups and group homomorphisms.
In §6 we defined the functor

L Wh(L)
{fiL L'} = {fy: WH(L) — Wh(L')}
and in §19 we defined (19.5) the functor
L—-o& Wh(m, L), (L, ..., L, the components of L)
J

UL L' {fi = Y fo: ® Whin,L) — ® Wh(m,L])}.

(It will be up to the reader to keep the two meanings of f, straight.) The
purpose of this section is to prove
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(21.1) For every finite CW complex L define T, :Wh(L) — @ Wh(m, L)),
i

where the L; are the components of L, by T, ([K, L]) = (K, L). Then T = {T,}
is a natural equivalence of functors.

REMARK: After having proved this we shall adopt the habit of writing
Wh(L) for @ Wh(m,L)).

PROOF: For each L, T, is well-defined: For if L < K < K’ where K’ ¢ K|
(recall: ““~¢” denotes an elementary collapse) then K’ 1, K and K'—K is
simply connected. Thus, by (20.1) and (20.2)

™K', L) = =(K,L)+i;'#(K’', K) = (K, L).

By induction on the number of elementary collapses and expansions we see
that (K, L) = «(K’, L) if Kxn K'rel L. Hence T, ([K, L} = T, ([K’, L)) if
[K,L] = [K', L]

For each L, T, is a homomorphism: This is exactly the content of (20.4).

T, is one-one: For suppose that T(([K,L]) = 7(K,L) = 0. We may
assume, by (7.4) and the fact that T, is well-defined, that each component of
(K, L) is in simplified form. Hence, by (20.5), 7{(&/> = 0, where &/ is the usual
boundary operator in homotopy for the j* component. But by (8.4) this
implies that K o L rel L. Thus [K, L] = 0 and, T, is injective.

T, is onto by (20.5) and (8.7).

Thus for each L, T, is an isomorphism, To prove that T is a natural
equivalence it remains to show that, if /L — L', the following diagram
commutes.

Wh(L)—L*—s wh(L")

d

@ Whm L) —L> @& Wh(r, L))
J i

We may assume that 1 is cellular. So, given [K, L] € Wh(L),

T, f+[K, L} = T(K\LJ M, L), by def. of f, (page 22)

(20.2—v (M, L)+ iy (KU My, M), where itL' < M,

iy (K Y M., M), since M, L'

{l

psm(K % M, M), where p:M; — L' is the natural
projection
excision (20-3)—‘w: peinr(K, L), where j:L S M,

= fur(K, L) since pj=f [
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§22. The torsion of a homotopy equivalence

Suppose that /: K — L is a cellular homotopy equivalence between finite
CW complexes. Then M, 2 K and f: Wh(K) — Wh(L) is an isomorphism.
We define

w(f) = fxr(M;, K) € Wh(L).

In this section we give some formal properties of the torsion of a homotopy
equivalence and show how it may sometimes be computed. We shall tacitly
and frequently use the equivalence of §21.

22.1) If f,g:K— L are homotopic cellular homotopy equivalences then
(f) = 7(8).

PROOF: f, = g4 by (19.5). Thus it suffices to show that (M, K) = (M, K).
This is true because M, n M, rel K, by (5.5). I

As a consequence of this lemma we may define =(f) when f: K — L is an
arbitrary homotopy equivalence by setting 7(f) = 7(g), where g is any cellular
approximation to f. Thus, while the propositions and proofs in this section
are stated for cellular maps, one often thinks of them as propositions about
arbitrary maps.

(22.2) A cellular homotopy equivalence f-K— L is a simple-homotopy
equivalence if and only if 7(f) = 0.

(Although this statement is a theorem for us—simple-homotopy
equivalence having been defined geometrically in §4—it is often taken as the
definition of simple-homotopy equivalence.)

PROOF: Since f, is an isomorphism, =(f) = 0 iff #(M,, K) = 0. But by
(21.1), this is true iff M, A K rel K. And that is true (5.8) iff /'is a simple-
homotopy equivalence. [}

(223) If L < K and K v L then (i) = iyr(K, L) where i:L — K is the
inclusion map.
PROOF: M;=(Lx1) M Kx1, where L = Lx0 < M,. Then
M; # (Kx )™ Kx0 = Krel L.

Hence #(M;, L) = (K, L), so that 7(i) = i,7(M;, L) = iy=(K, L). [J
224) If 1 K—L and g:L -~ M are cellular homotopy equivalences then
7(8f) = (&) +&«7(/).
PROOF: 7(gf) = gufs7(My;, K)

= gty [{(M; Y My, K)], by (5.6)

= g*f*[T(Mf9 K)+I>k_ 17'(]‘4_[‘ kLJ Mga Mf)]’

where i: K S M ,, using (20.2)
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= 2um(f) +gufuliy lj:!e"'(/"l_q» L),
where j:L S M, using “excision” (20.3),
= g47(f) +847(M,, L),
since /= pi and 1, = pj imply fyiy s = lwuen, 1
= gr(f)+7(g). [

As a corollary we get

(22.5) If f: K — L and g :L — K are cellular homotopy equivalences which are
homotopy inverses of each other then v(g) = — gy1(f).

PROOF: Since gf ~ 1y we have 0 = 7(gf) = 1(g)+g«7(f). [

(22.6) If f:(K, Ky) — (L, Loy where K v Ky, L 1 Ly, and if f:K— L and
f = flKy: Ky — Lo are cellular homotopy equivalences,'* then

@ (f) = jar (/) + () =fir(D)]

(b) 7(L, Lo) = fur(K, Ko)+[Dyr(f) —=7( f)]
where i: Ko < K, j:Ly < L,and D:L — L, is a deformation retraction.
PROOF: Clearly fi = jf. Thus

7(f)+fur(i) = 7(j)+js7( f), proving (a).

Further: 7(j) = far(@)+7(f) =jur(f)

| Jxr(Ly Lo) = fydyr(K, Ko) +7(f) = jur(f), by (22.3)

(L, Ly) = (DFi)47(K, Ko)+ Dyr(f) —7(f)

= fur(K, Ko) +[Dyr(f) —7(/)],
proving (b). [
As a corollary we get

Q2.7) If f:(K, K,) — (L, Ly) as in (22.6) and if f and f are simple-homotopy
equivalences, then (a) 7(j) = fyr(i) and (b) #(L, Ly) = fo7(K, Ky). [

The brute force calculation of torsion

To actually get down to the nuts and bolts of computing =(f), one
proceeds as follows.

Suppose that f:K — L is a cellular homotopy equivalence between
connected spaces and that f:K — Lis a lift of f to universal covering spaces
inducing f, :C(K) — C(L). Let Gx and G, be the groups of covering
homeomorphisms of K and L, and let C(K) and C(L) be viewed as Wh(Gy)-

13 The hypothesis L 1 Ly is redundant,
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and Wh(G,)-complexes with boundary operators d and d’ respectively.
Choose base points, x, y, and points covering them %,  such that f(x) = y
and f(%) = 7. Let f,:Gx—> G, be induced from f,:m (K, x) — = (L, )
as in (3.16). [Also let f, denote the corresponding maps ZGg — ZGL and
GL(ZGg) — GL(ZG)]. In these circumstances we have

(22.8) 7(f) € Wh(G)) is the torsion of the Wh(G)-complex € which is given by
(1) €, = [CR)7,1i-1 ® C(D)
) 0,:€¢, —~>%,_, has matrix
[CK) s, la2 Cami(D)
[CRV Juer [ —Sldue s>

(D) O

In particular if we let C(K) be the Wh(G)-complex with C,(K) = [C( I?)f#],,_ 1
and boundary operator d given by d)y = —fuld,_> then =(f) = (%)
where there is a basis-preserving** short exact sequence of Wh(G)-complexes

0~ C(L)—~>% - C(K)—0

PROOF: In computing (M,, K) we may (19.3) use any universal covering
of M;. So, let us choose (see (3.14) and its proof) the natural projection
«:M; — M, such that «|K and «|L are the universal coverings of K and L
implicit in our hypothesis. Let G be the group of covering homeomorphisms
of M;. If-g € G, define E(g) € G to be the unique extension of g to M. If
h € G define R(h) € G to be restriction of & to L. It is an exercise [use (3.16),
as in proving (20.2)] that in the commutative diagram

iy Py

GK G GL

T 0(x,%) T 0(x,%) T 0(y,5)
i

# Py
771(1<i, X) —> 77'1(Mfs x) —_— 771(Ls J’)

Ts

we have E = i,:Gx — G and (because f(¥) = ) R = p,:G — G,. Hence
f+ = RE:Gx — Gy.

We view C(M;, K) as a Wh(G)-complex, so that E;'(rC(M;, K)
= (M, K) € Wh(Gy) and 7(f) = fyur(M ;, K) = Ry(C(M;, K)). Thus by
(18.2), 7(f) = (%) where ¥ is the Wh(G,)-complex [C(M ;, K)]z. To show
that % satisfies the conclusion of our theorem, we first study C(M;, K).

14 As in the last part of (17.2).
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C(M;, K) is (see (3.9)) naturally isomorphic as a complex over Z to the
well-known “algebraic mapping cone” of f, which is given by

Cn = Cn—l(K) @ Cn(z)
@) = —d,_(@)+]u(a), aeC, y(K)
9,(b) = d(b), be C,(L).

A typical cell €'~ ! of K gives rise, upon choosing a fixed lift, to an element
"1y of C,-(K). [We will suppress the characteristic maps here to
simplify the notation.] The image of <{&"~ !> under the isomorphism of (3.9)
is the element <&" "1 x (0, 1)> of Ci(M;, K). Suppose that, when d{&"~'> is
written as a linear combination in Z(Gg) we get

ety = Znijgi<€;l—2>, g:€ Gy
1]
Then, over the ring Z we get
d<€"—1> = Znij<gi€;’_2>-
L]

Applying the isomorphism of (3.9), the corresponding boundary in C(M;, K)
is

e 1% (0, 1))

f

= (2 ey X O 1))+
(DB X0, D)) e

The last equation gives the boundary with Z(G)-coefficients, and this
equation holds because E(g)|(M;—L) = E(g)|(Kx[0, 1)) = g;x l;o.1)-

In the same vein, if f,(¢"" !> is written as a linear combination with
coefficients in Z(G ), and if the cells in L are denoted by u’s, we get

.f*<e~""1> = Zmpq<hpagW1>’ hpEGL
p4q
=Y m, (R~ 'hy)iar~">, since h,|L= (R™'h,)|L
pa

=Y my,(R™ Yh ).
pq

A similar discussion holds for 9,(ii,> and we conclude that the matrix,
when C(M;, K) is considered as a Z(G)-module, of 8,:C(M;, K)—
C,-(M;, K) is given by

|
|
Rl oo
| RTNd)
i

where <d,_,> is a Z(Gy) matrix and {f,> and <d/> are Z(G,) matrices.

i

It follows then from the equation f, = RE that the complex% = C(M;, K)g,
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with 7(f) = 7(%), has the boundary operator of, and is simply isomorphic to,

the complex given in the statement of the theorem.
The assertion that the sequence 0 — C(L) —% — C(K) — 0 is exact
and basis-preserving follows immediately from the first part of the theorem.
U]

§23. Product and sum theorems

(23.1) (The sum theorem) Suppose K = K, U K,, K, = K, N K,,
L=L VL, Ly=L,NL, and that K — L is a map which restricts to
homotopy equivalences f,:K, — L (o« = 0,1, 2). Let j,:L, —~ L and i,: K, - K
be the inclusions. Then f is a homotopy equivalence and

@) 7(f) = jix(f1) +/2x7(/2) —Jox7(f0)
(b) If fis an inclusion map,
(L, K) = i147(Ly, Ky)+izet(Ly, K3) —ios7(Los Ko)
PROOF: Let M, denote the mapping cylinder of f(x = 0,1,2). Then
M, K, since f, is a homotopy equivalence. It follows that (M, U K;) v, K;.
So, by the exact sequence of the triple (M, M, U K;, K;), we have =, (M,
M,U K,) =0 for all i. Hence (3.2), M, r, (M, Y K;). Similarly M, 2,

(MyU K,). Then M, = (M, U M,) v (M, U K) y, (M, Y K) 2, K; whence
fis a homotopy equivalence.

Now (20.2) and (20.4) give us:
(D) 7(M s, K) = Dyr(M ;, My U K) + (M, U K, K)
Q)M ;, My K) =7(M, VK, My K) + (M, U K, My U K)
3) *(M,VK,K)=Dr(M, VK, My UK) + 1(Myg U K,K), « = 1,2
where D: M, U K — K is a deformation retraction. Consequently
™(M;, K) = 7(M; UK, K) + (M, UK, K) - (M, VK, K)

Note that fi, = j,f, and, using (20.3), that 7(M, U K, K) = i,,v(M,, K,).
Thus, if we apply f, to the last equation we get

() = (fiDsm(My, Ky) +(fix)sm(M3, K3) = (fio)s7(Mo, Ko)
= (1 SDx7(My, K+ (2 f2)x7(My, K2) = (Jo fo)sxm(Mo, Ko)
= j1x7(f1) +/2x7(12) —jox7(fo), proving (a).
Finally, assertion (b) follows from (a) and (22.3) and the observation that
¥ s Sox = I O

The behavior of torsion under the taking of Cartesian products is quite
interesting. For example, if K v, K, then, regardless of what (K, K,) is,
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we have 7(Kx S', K,xS') = 0 where S' is the I-sphere.. The complete
picture is given by'>

(23.2) (The product theorem) (a) If P, K, K, are finite CW complexes where
K v Ky and P is connected then

T(Kx P, Ky x P) = x(P)-i,7(K, K;)

where i: Ky — Ko x P by i(x) = (x, y) for some fixed y, and y(P) denotes the
Euler characteristic of P. :

(b) If fxg:Kx K" — L x L' where f, g are homotopy equivalences between
connected complexes and if i:L — LxL" and j:L' — LxL' as in (a) then

T(fxg) = x(L) ix7(f)+x(L)jx7(8)

PROOF'S OF (a): We start with two preliminary remarks:
First if P is not connected but instead has components P,, P,, ..., P,
the connected case immediately implies that

(KX P, Kogx P) = ) x(P)-ijr(K, Ko)
J

where i;: Ky — Ky x P; by i(x) = (x, y;) for fixed y,.

Secondly, if the assertion (a) is true for a complex Q simple-homotopy
equivalent to P, it is true for P. For suppose that /: Q — P is a cellular simple-
homotopy equivalence. Then (5.8) M, Qrel Q. Hence (exercise)
KxM;pn KxQrel KxQ.But KxMy= M ,;,50 lgxfiKkxQ —KxP
is a simple-homotopy equivalence. Similarly 1y x f is a simple-homotopy
equivalence. Denote these by F and F respectively. By assumption
T(Kx Q, Ky x Q) = x(Q) i,7(K, K,;) where i(x) = (x,y) for some fixed y;
and by (22.7), (K x P), Ko x P) = Fyr(Kx Q, Ky x Q). Hence (K x P, Ky x P)
= (Q) (FD)y(K, Kg) = x(P)-ix7(K, Ky) where i(x) = (x, f()) for all x.

The proof of (a) now proceeds by induction on n = dim P. When n = 0,
P is a point and the result is trivial. Suppose n > 0 and the result is known for
integers less than n. Let e, .. ., e, be the n-cells of P, with characteristic maps
¢, 1" — P. Fixing a CW structure on #I", we may assume that the attaching
maps ,|@1" are cellular. For, if not, we could homotop each of them to a
cellular map to get, by (7.1), a new complex simple-homotopy equivalent to P
and then prove the assertion for this new complex. Taking ¢ disjoint copies
{12} of I", define @:(3I))@ . . . ®(217) — P"~ ' by the condition ¢| 2l = ¢,|01%.
Then M, is a CW complex and we set Q = M, U I{ U ... U [ where I}
is attached to M, by the identity along &/}. Q is simple-homotopy equivalent
to P by the simple-homotopy extension theorem (5.9), since the natural
projection p:M, —P""' is a cellular simple-homotopy equivalence and
0 }p) P"~ ! is isomorphic to P. Thus we may prove our assertion for Q.

15 For the generalization of this to fiber bundles see [ANDERSON 1, 2, 3].
16 The idea here is due to D. R. Anderson. Other proofs have been given in [KWUN-
SzczarBa], [STOCKER] and [HOSOKAWA].
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LetR = If U ... U I;asubcomplex of Q,andlet oR = dIf U ... U 2I].
So Q=M,VUR and M,Nn R = 9R. If n > 1 choose constant sections
JiKo—~>KoxM,, k,:Ky—Kyxol} and m, Ky — KoxIhi(l < a<gq). If
n = 1, notice that M, has as many components M, ; as P° has points—say
r components—and let j; : Ky — K, x M, ; be constant sections (1 < 8 < ).
Let k,,; and k, , be constant sections into the components of K x ¢/, and
let m,: Ky — K x I also be constant sections (1 < « < g).

First consider the case n 1. From the sum theorem we have

(1) 7(KxQ, Ko x Q) = f1,7(KxM,, Ko x M,)+f, (KxR, K; % R)
—fo, /(KX R, Ky x 0R)

where f,, 11, /> are inclusion maps into K, x Q. But
(@) 1(KxM,, KoxM,) = x(M,) jx7(K, Ko)
(3) (KX R, KoxR) = Y myr(K, Ko)
(4) 7(Kx0oR, Kyx 0R) = Z (8" Y-k e1(K, K,).
o

(2) holds because M, has the same simple-homotopy type as P"~ ! to which
the induction hypothesis applies. (3) comes from the first preliminary remark
and the fact that each component of R has the simple-homotopy type of a
point. (4) follows by induction because each component of éR is an (n—1)-
sphere. But now the connectedness of P implies that all the maps f,j, f,m,,
and fyk, are homotopic to any given constant section i: K, — K, x P. Hence,
substituting into (1),

(K% Q, Ko x Q) = [x(M,)+q—ax(S"~ lix7(K, Ko)
= [x(M,)+4(—1)")ix7(K, Ko)
= x(Q)-ix7(K, Ko).
In the case n = 1 the equations above become
(2) H(KxM, KoyxM,) =Y5_, jpsr(K, Ko)
(3) "(KxR,Kox R) = Y4_, mu1(K, Ky)
(4") 7(Kx R, Kyx0R) = Y 2_, [k, 17(K, Ko)+k, »7(K, Kol
Using the connectedness of P as above these yield
(K% Q,Kyx Q) = (r+q—2q)-iy7(K, Ky)
= x(P) ix7(K, Ko)
= x(Q)- ix(K, Ko).

PROOF OF (b): We must find 7(fx g) where (fxg):Kx K’ - LxL'. First
consider the special case K’ = L' = P, g = 1,. Then
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(fx1p) = (f X 1p)s7(Mpx 15y KX P)
= (fx1p)sm(M;x P, Kx P)
@ x(P)-(fx 1p)soym(M;, K) where «: K — Kx P by a(x) = (x, po)
= x(P):(iof)er(M;, K)since (iof) = (fx1p)oa
= X(P)" ix7(f).
The general case now follows easily from the fact that

(fxg) =ULxge(fx1g) O

§24. The relationship between homotopy and simple-homotopy

We first show that any torsion element can be realized as the torsion of
some homotopy equivalence. Thus Conjecture I of §4 (““Every homotopy
equivalence is a simple-homotopy equivalence”) is decidedly false.

(24.1) If 7o eW h(L) then there is a CW complex K and a homotopy equivalence
[:K— Lwithe(f) = 7.

PROOF: Let K be a CW complex such that K 1, L and such that =(K, L)
= —71,. Such a complex exists by the first definition (§6) of Wh(L). Let f:
K—L be a homotopy inverse to the inclusion map i: L—K. Then (22.3)-(22.5)
yield 7(f) = —f4r(i) = —fidy7(K, L) = —7(K,L) = 7o. [

Conjecture IT of §4 (“If there exists a homotopy equivalence f: K — L then
there exists a simple-homotopy equivalence”) is more elusive. Its answer
depends not only on Wh(L), but also on how rich is the group &(L) of
equivalence classes (under homotopy) of self-homotopy equivalences of L.
This is explained by the next three propositions.!’

(24.2) Suppose that L is a given CW complex. If K is homotopy equivalent to L
(written “K ~ L") define Sy = Wh(L) by
Sk = {#(NH|f:K — Lis a homotopy equivalence}.
Then,if K ~ L ~ K’, the following are equivalent assertions:
(@) Sy N Sy # .
(b) K and K’ have the same simple-homotopy type.
(c) Sk = S

Thus F = {S¢|K ~ L} is a family of sets which partitions Wh(L). The
cardinality of F is exactly that of the set of simple-homotopy equivalence classes
within the homotopy equivalence class of L.

17 Compare [COCKROFT-Moss].
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PROOF: (a) = (b). Suppose that S N Sk, # . Then there are homotopy
equivalences f:K — L and g:K’ — L such that 7(f) = 7(g). Let g be a
homotopy inverse to g. Then gf: K — K’, and by (22.4) and (22.5),

7€) = 1@ +8(f) = —&xm(®)+8+7(f) = 0.

(b) = (¢): Suppose that s: K’ — K is a simple homotopy equivalence. If
79 € Sk choose f: K — L with 7( ) = 7. Then fs: K’ — L and ( fs) = =(f)
+fe1(s) = 7(f) = 75. Thus Sg < Si.. By symmetry Sy = Sk~

(c) = (a): This is trivial since, by definition, Sy # . [

Exercise: ([COCKROFT-Moss]) The sets Si are the orbits of the action of
&(L) on Wh(L) given by f*o = 7(f) +fy(a).T
Let us adopt the notation:
|S| = cardinality of the set S
v, = |F|, F asin (24.2)
&(L) = the group of equivalence classes (under homotopy) of self-
homotopy equivalences of L
Who(L) = {=(f) € Wh(L)| fy: Wh(L) — Wh(L) is the identity}.
Notice that Why(L) is a subgroup of Wh(L).

(24.3) v [Who(L)| < [Wh(L)| < v* |€(L)].

PROOF: If g: K — Lis a fixed homotopy equivalence then the correspondence

f— fg (fa self homotopy equivalence of L) induces a bijection of &'(L) to the
set &£(K, L) of equivalence classes of homotopy equivalences K — L. Thus, by
(22.1), |Sk| < |€(K, L)| = |&(L)| for all K, and the inequality |Wh(L)|
< v, - |E(L)] follows from (24.2).

On the other hand, if g,: K 2 L then, for any f which induces the identity
on Wh(L), we have 7( fg,) = 7(f)+7(go) € Sk. So the coset 7(g,) + Why(L) is
contained in Sy, and |Sg| = |Who(L)|. Hence, from (24.2), v, |Who(L)|
< |WhD)|. O

(24.4) Suppose that L is a CW complex. Then

(1) [Every complex homotopy equivalent to L is simple-homotopy equivalent
to L] < [Wh(L) = {7(f) |fe&(L)}].

(2) If Wh(L) is infinite and &(L) is finite, there are infinitely many simple-
homotopy equivalence classes within the homotopy equivalence class of L.

(3) Every finite connected 2-complex L withm\L =~ Z ,,p #1,2,3,4,6 s
a space with infinite Whitehead group satisfying the conditions of (1). Every lens
space L = L(p;qy, 42,- - -»qn)s P # 1, 2, 3, 4, 6, satisfies the hypothesis of (2).

PROOF: The assertions in (1) are logically equivalent because, by (24.2), each
is equivalent to the assertion that Sy = S forall K.

t Added in Proof: P. Olum has shown, when L = Ls, (§27), that |S,| = 1 while
|Sx| = 2 if Sg # Sy. This implies that |{z(f)| f € &L)}| # |{=(f)| f € &K )}| although
K~ L!
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(2) follows trivially from (24.2) and (24.3).

To prove (3), note that if p is a positive integer, p # 1,2,3,4,6andif Z , is
the cyclic group of order p then Wh(Z ) is infinite. (See (11.4) and (11.5).) In
Chapter V, on the other hand, we shall discuss the lens spaces L = L(p;q,,
..., q,) and show that =, L = Z ,, and that &(L) is in one-one correspondence
with {a|0 < a < p,a" = + 1(mod p)}. Thus the hypothesis of (2)is satisfied by
these lens spaces.

The pseudo-projective plane P, is the 2-dimensional complex gotten by
attaching a single 2-cell to the unit circle S* by the map f:S! — S! which is
given in complex coordinates by f(z) = z”. Clearly =,(P,) = Z, PAUL OLUM
studies the pseudo-projective planes in [OLuM 1, 2] and shows that any =,
€ Wh(P,) is the torsion of a self equivalence f:(P,, €°) — (P, °) such that f
induces the identity on =, (P, °). Thus these spaces satisfy the assertions of
).

Finally, [DYER-SIERADSKI] shows that any finite connected 2-complex with
finite cyclic fundamental group Z , is homotopy equivalent to a complex of the
form P, v S v S v ... v S% Thus, as these authors point out (and the
reader should verify), OLuM’s work implies that the assertions of (1) are
satisfied byany such 2-complex. ([DYER-SIERADSKI] also proves this directly.) [ ]

At present it is unknown whether homotopy type equals simple-homotopy
type for arbitrary finite 2-complexes.

§25. Invariance of torsion, h-cobordisms and the Hauptvermutung

The following question is still unanswered in general.}

Topological invariance of Whitchead torsion: If h: K — L is a homeo-
morphism between finite CW complexes, does it follow that «(h) = 0?

In this section we shall give affirmative answers in some. very special cases and
try to indicate how this relates to some of the most exciting developments in
modern topology.

Definition: A subdivision of the CW complex K is a pair (K, h) where K, is a
CW complex and &: K, — K is a homeomorphism such that for each cell e of
K, there is a cell ¢’ of K with h(e) < e'. (As always, ““cell”” means ““open cell”.)

(25.1) If (K, h) is a subdivision of K then h is a simple-homotopy equivalence.

PROOF: Letg = h™':K — K,. Clearly g is a cellular map and it suffices, by
(22.5), to show that 7(g) = O or, what is the same thing, that +(A,, K) = 0.

Let K=eyUe V... Ve, = K,, where dim e; < dim ¢;,,. Let K;
=ey U ... Ue; and let M; be the mapping cylinder of the induced map
K; —g(K;). Then (M}, K;) is homeomorphic to (K; x I, K;x0),s0 M;—M;_,
& e;x(0,1] and (20.1) and (20.2) imply that

(M; UK, K)=1(M;_, UK, K)+iJ' o(M; VK, M;_, U K)
= 1(M;_, UK, K).

t Added in proof: An affirmative response, due to T. Chapman, is given in the
Appendix.



82 Whitehead torsion in the CW category

Thus, starting with (M,, K) = (M,, K), an induction argument shows that
(M, K)=7K,K)=0. O

(25.2) If /(K, L) = O and if (K, Ly) subdivides (K, L) [i.e. there is a subdivision
(K, h) of K with Ly, = h™'(L)] then +(K,, L,.) = 0.

PROOF: Let h:L, — L be the restriction of A. Clearly (L,., /) is a subdivision
of L, so h is a simple-homotopy equivalence. Hence, by (22.7), #(Ky, L)
=h;'7(K,L) =0. [

The invariance of torsion under subdivision is of importance in piecewise-
linear (and, consequently, in differential) topology. If K and L are finite
simplicial complexes then a map: f: |K| — |L| is piecewise linear (p. 1.) if there
are simplicial subdivisions K, and Ly {(Ky, 1 /) and (Ly, 1,)) in the notation
of the preceding paragraphs} such that f: K, — L, is a simplicial map.'® Our
results on CW subdivision easily imply

(25.3) If h:K— L is a p.1. homeomorphism then =(h) = 0. If h:(K, K,)
— (L, Ly) is a p.1. homeomorphism of pairs then (K, K,) = 0 if and only if
(L,Ly) =0. [

Recent results, which we cannot prove here, show that the assumption that
h is p.1. can sometimes be dropped. These results are summarized by

(25.4): Suppose that h: K — L is a homeomorphism between polyhedra. If either
(@) dim K = dim L < 3 or (b) K and L are p.1. manifolds'® then +(h) = 0.

REFERENCES: (a) follows from the result of [BROWN] that every homeo-
morphism between polyhedra of dimension < 3 is isotopic to a p.1. homeo-
morphism. (b) is a result of [KIRBY-SIEBENMANN] (despite the fact that they
also have examples of p.1. manifolds which are homeomorphic but not p.1.
homeomorphic!) [

The KIRBY-SIEBENMANN examples mentioned in the last paragraph are
counterexamples to the following classical conjecture:

The Hauptvermutung: If' P and Q are homeomorphic finite simplicial
complexes then they are p.1. homeomorphic.

The first counterexample to this conjecture was given in [MILNOR 2]. Later
STALLINGS showed ([STALLINGS 2]) how MILNOR’s idea could be used to
generate myriads of examples. Proceeding in their spirit we now explain how
torsion, and in particular (25.3), can be used to construct counterexamples
to the Hauptvermutung. Crucial to this approach and fundamental in the
topology of manifolds is the concept of an A-cobordism.

An h-cobordism is a triple (W, M,, M,) where W is a compact p.l.
(n+ 1)-manifold whose boundary consists of two components, M, and M,

18 See [Hupson] for an exposition of the piecewise-linear category.
19 For a definition see [HUDSON] or §26.
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with Wy Myand W +, M. The following are basic facts about s-cobordisms.
(In each case we assume n = dim M,.)

P

(A) If n = 4 it follows (from “‘engulfing™) that W~ M, ~ M, x(0, 1]
1.
and W=M, =" Myx[0, 1), and from this that

axMy U bxM, = susp (M,) 2’ cxMy U WU deM,

where a, b, c, d are points, “susp” denotes suspension and “‘x” means *“‘join”.

M, x[—%, 4]

{A reference is [HupsoN; Part 1, Theorem 7.11].}
(B) The s-cobordism theorem: [f n > 5 and #(W, My) = 0

.1,
then (W, My, M,) p; (Mox I, Myx0, Myx1) {The proof is analogous to
the proof in §7 and §8 that if (X, L) = 0 then K o L rel L. One trades and
cancels handles rather than cells. Reference: [HupsoN; Part 2, Theorem
10.10].}

(C) Realization: If M, is a closed p.1. n-manifold, where n > 5, and if
70 € Wh(M,) then there is an h-cobordism (W, My, M) with (W, My) = ;.
{The proof is analogous to that of (8.7). Reference: [Hupson; Part 2,
Theorem 12.1].}

(D) Classification: If (W, My, M) and (W', My, M)) are h-cobordisms

with {(W, My) = #(W', My) andifn > 5 then (W, Mo, M) S (W', My, M}).
{This follows from (B) and (C). Reference: [HUDsON; Part 2, Theorem 12.2]}.

(E) Duality: If (W, My, M,) is an h-cobordism then iy,v(W, My} = (—=1)"
ivur*(W, M) where i;:M; —> W, j =0, 1, and (W, M,) is the image of
(W, M,) under ““conjugation” of Wh(M,), or “twisted conjugation” if M, is
not orientable. {Reference: HUDSON; page 273}.

Now, using (C) let (W, M,, M,) be an h-cobordism with (W, M,) * 0,
and let V = cxMy U WU d«M,. By (A), susp (M,) is homeomorphic to V.
Suppose that there were a p.1. homeomorphism A:susp (My) — V. Then
h({a, b}) = {c, d} since these are the points where the spaces fail to be topo-
logical manifolds. Thus, being p.1., # would take a regular neighborhood (see
[CoHEeN]) of {a, b} to a regular neighborhood of {c, d} and, from the equiva-
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lence of regular neighborhoods via ambient p.1. homeomorphism, we could
assume that # restricts to a p.1. homeomorphism

(Mox[—3, 3, Mox {—3)" (W, M,).

Then (25.3) implies that ~(W, M) = 0, which contradicts the choice of W.
Thus V and susp (M,) are not p.l. homeomorphic, although they are
homeomorphic.

It is interesting to note [MILNOR 1; p. 400] that there are A-cobordisms

(W, My, M) with M, ”';" M, and (W, M) + 0. Using such an A-cobordism
in the preceding construction, one can conclude that susp (M) and V are
examples of spaces which are homeomorphic and locally p.1. homeomorphic,
but are not p.1. homeomorphic. Of course the later KIRBY-SIEBENMANN
examples, which are p.1. manifolds, are more striking illustrations of this
phenomenon.



Chapter 'V

Lens Spaces

§26. Definition of lens spaces

In this chapter we give a detailed introduction to the theory of lens
spaces.?® These spaces are fascinating in their own right and will supply
examples on which to make the preceding theory concrete.

We shall at times use the language and setting of the piecewise linear (p.1.)
category. (See [Hupson]). However, the reader who is willing to settle for
“manifolds” and ‘“maps” whenever “p.1. manifolds” and “‘p.1. maps”
appear, can proceed with equanimity.

A p.1. n-manifold (without boundary) is a pair (M, 27) where M is a separ-
able metric space and .o/ is a family of pairs (U}, k;) such that {U,} is an open
cover of M, h;:U; — R" is a homeomorphism onto an open subset of R", and
hihi ' h; (U; 0" U)— R"is p.1. for all i, j. & is called a p.1. atlas and the
(U,, h;) are called coordinate charts.

If M, and M, are p.1. manifolds of dimensions m and » respectively then
M, —> M, is a p.1. map if, for each x € M,, there is a coordinate chart
(U, h) about x and a coordinate chart (¥, g) about f(x) such that the map
gfh Y tHlUNF V] — R™is p.1.

If M is a topological space and G is a group of auto-homeomorphisms of
M, then G acts freely on M if: [xe M, 1 # ge G] = [g{x) # x]. The set
G(xo) = {g(xo)|g € G} is called the orbit of x, under G. We denote by M/G
the quotient space of M under the equivalence relation: x ~y < G(x)
= G(y). Thus the points of M/G are the orbits under G.

(26.1) If M is a connected p.1. manifold and G is a finite group of p.1. homeo-
morphisms acting freely on M then

(a) The quotient map =M — M |G is a covering map.

(b) The group G is precisely the group of covering homeomorphisms.

(¢) = induces a p.1. structure on M |G with respect to which is p.1.
PROOF: (a) and (b) are left as exercises for the reader (or see [SPANIER,
p. 87)). To prove (¢), let {(U;, h;)},.; be a p.1. atlas for M with coordinate
charts chosen small enough that #|U;: U; — #(U,) is a homeomorphism for
each U,. Denote m; = =|U;. Then {(w(U,), hgr ')}y is a p.1. atlas for M/G.
To prove this we must show that, for 7, j € J, the homeomorphism 7z 7, Lokt
with domain A '[«(U) N #(U;)], is p.1. But on each component of

20 A more advanced treatment which goes much further is given in[MILNOR 1}.
85
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7 [=(U;) N 7(U;)] the homeomorphism =; 'z, agrees with some element of
G. Since the elements of G are p.1., =, '=; is p.1. But A7 ' and A, are certainly
p-1. S0 hym; 'mh, U is also p.1., as desired.

We leave the reader to check that now =: M — M/G is p.1. []

Suppose that p > 2 is an integer (nof necessarily prime) and that q,, g,,
..., q, are integers relatively prime to p. [i.e. (p, ;) = 1 where (,) denotes
the greatest common divisor.] Then the lens space L(p;qi, 45, --.,q,) IS a
(2n—1)-dimensional p.1. manifold which we now define as £2""!/G for
appropriate 2"~ ! and G.

If p > 2, let =* be the regular polygon (simplicial 1-sphere) in R* with
vertices v, = €**4?, g =0, 1, 2, ..., p—1. Let X?"~! be the polyhedron in
R*™ = R?*x R%*x ... x R? gotten by taking the iterated join

P D D
= Mz + . A XA =14 20,z;€2
7
Here X, is the copy of Z'in0x0x ... R2x0x ...x0 and each ze Z2~ ! is
5\‘,_-/

J
uniquely expressible as such a sum. £2"~! is a simplicial complex and, as a
join of circles, is a p.1. (2n—1)-sphere.

When p = 2 we must vary the above procedure (since two points don’t
determine a circle). Let X! be the regular polygon with vertices v, = 1,
A = e"? v, = e"and B = ¢°"/2, £2"" ! js then described as above.

To construct a group G which acts on £2"7', let R; be the rotation of X;

2 .
by g; notches, a notch consisting of T radians. Let g = R*R,x.. xR :
p

22:1—1 — ZZn—l ; 1e

s

&( ; Ajzy) = ; ARi(z))
As a join of simplicial isomorphisms g is a simplicial isomorphism. Clearly
g”=1. But, if 1 < k < p—1, g*¥ can fix no point of £2"~1, For let z =
i Ajz;whereA;  # 0. Then
) = 1= (R M) # 24
= g*2) = ,Z'\" Rz # ;)\jzj =z

Hence G = {1, g, g%,,... g '}isagroup of order p of p.1. homeomorphisms
which acts freely on 2”7, and it is with this G that we define

L(p7q]’ . "qn) = ZZ'I_I/G

By (26.1), L = L(p;q,, ...,q,) is a p.1. manifold and »: 22" 1 — Lis ap.1.
covering map with G as the group of covering transformations.

REMARK: L(p;q,,q,, - - ., q,) can also be naturally defined as a differentiable
manifold by thinking of it as a quotient of the (round) sphere $2"~'. Let g:
R* — R*™ by g(zy, 23, . . ., 2,) = (Ry(z1), Ry(22), - .., R,(z,)) where R;is the
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rotation of R? through (27g,/p) radians. Then ¢ is an orthogonal transforma-
tion such that g, g2, ..., 21, have no fixed points other than 0. Hence G
= {g¥S* 1.0 < k < p—1} is a group of diffeomorphisms.of S$*"~' and
S$2"~1/G is a smooth manifold (by a proof analogous to that of (26.1)).

The connection with £2"~!/G is gotten by noting that g = g/=*"~! and
that, if 7:22""! — §2"~! by T(z) = z/|z|, the following diagram commutes.

- T -
EZn 1 SZn 1

gl lélsz"‘ !

T -
ZZn—-l S2n 1

From this it follows that there is a piecewise-differentiable homeomorphism
H:Z?""1/G — §?"~1/G which is covered by T. This homeomorphism can be
used (as in the proof of (26.1c)) to give S*"~'/G a p.1. structure which is
“compatible with its smooth structure” and with respect to which His a p.1.
homeomorphism.

§27. The 3-dimensional spaces L,

Let B* be the closed unit ball in R® and let D% and D? be the closed
upper and lower hemispheres of Bdy B>. Suppose that integers p, g are given
withp > 2,(p, q) = 1. Let R be the rotation of R? through 2mq|p radians, and
define h:D%2 — D% by h(x,y,z) = (R(x,y),—z). In this setting the 3-
dimensional lens space L, , is often defined (see [SEIFERT-THRELLFALL]) as the
quotient space under the equivalence relation generated by A.

B3
P47 [x ~yif xe D? and y = h(x)]

L

h(x)

. ———
— -

B3

2ng
p

radians
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In this section we wish to point out intuitively why L, , is, up to homeo-
morphism, the space that we called L(p ;q, 1) in the last section.

Consider the 3-sphere S° as the one-point compactification of R3. Let ¥,
be the unit circle in R* x0 and let £, = (z-axis) U {oo}. Then S* can be seen
as ¥, * X, by viewing it as the union of a suitable family of curved “cones”
v*X; as v varies over X,.

Z,

x—y plane

For example, as shown in the figure,

when v = (0,0,0), v+Z, = B?x0,

when v = (0,0,1), v+Z, = D%,

when v = (0,0, —1), v+Z, = D2,

when v = oo, »xZ, = {(x,,0)|x>+y? = 1},

and when v = (0,0, 1¢), |t| > 1, v+X, looks like a turban. Each of these
“cones” is gotten by rotating an arc from v to (0, 1, 0), which lies in the y—z
plane, about the z-axis, the rotated arcs giving us the cone lines.

Now let R,:Z, — X, be rotation through 27q/p radians. Break %, into p
line segments, one of which is the finite line segment from (0, 0, —1) to
(0,0, 1) and one of which is an infinite line segment which has oo as an
interior point. Let R, :X, — X, be the simplicial isomorphism which shifts
each vertex to the next higher one, except that the highest vertex now becomes
the lowest. Since every point of $* —(Z, U Z,) lies on a unique arc from X, to
¥, we may define g = R;*R,:S% — S° by glz,, 25, 1] = [R(2,), Ry(2,), 1]
where [a, b, t] denotes the point which is ¢-L,, units of arc-length along the
arc from a to b, L,, being the length of this arc.
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If in this setting we let G = {1, g, g2, ...,g"° !} it is clear that S3/G
~ L(p;q, 1) as defined in the last section. On the other hand, if 7: S — S3/G
is the quotient map it follows from the facts that =g* = = and S° =
(J g4(B?), that #(B®) = S*/G. So S?/G is homeomorphic to the quotient space
%

of B* under the identifications induced by =|B>. But this quotient space is
precisely B3/h since g| D% = h|D* and g(B*) N B® = D% and g"(B*) N B
= g ifk# +1(mod p). Hence

Lip;q, ) = S3/Gx~ B3h =L

§28. Cell structures and homology groups

When p > 2 we denote the vertices of Z' by v; = €*"/? and the
1-simplices by I; = [v;,v;4,], 0 < j < p—1. When p = 2 the vertices are
Vo, 4, v, B (as in §26) and we set I, = [vy, 4] U [4, v;] and I, = [v,, B]
U [B,vy]. For 0 <i < n—1, the following simplicial subcomplexes of
%2~1 play an important role:

T2 = 3 43,k ... X, © R
E}F =X% o, (0;€2,4)
Egi-%—l — ZZi—l*I- < 22i+1
f .
(Here ™' = ¥, E9 = v}, and E} = I,)) For example, B>, D2, D? of §27
correspond to E}, E E2 . where v; = (0,0, —1) and v;,, = (0,0, 1).

The Ef are closed cellsv«m fact p. 1 balls—which give a CW decomposi-
tion of Z*"~! with cells e = EX(0 < j < p—1,0 < k < 2n—1). Elementary
facts about joins imply that

(1) 0E? = x2i-1

(2) 9E¥*! = E¥ U EX,

() EFNnE; =31 if j#k

32t if j—k # 0, +1 (mod p)
B3t n EFYL = (BN if k=j+1(modp),p #2

EXUEY if j=0k=1p=2.

Let us orient the balls E%—think of them for the moment as simplicial
chains—by stipulating that E% = v; is positively oriented and, inductively,
that then E2*' is oriented (i > 0) so that oE3*' = Efjl EX,x2+1gs
oriented so that EF*' S X?'*! is orientation preserving, and E?'*? is
oriented so that 9E2*2? = X2i+1 = E3it 4 EXL4 4 EXAL

The orientations of the E" naturally determine basis elements for the cellular
cham complex C (X%~ D) determmed by this CW structure and we shall also
use e to denote these basis elements (rather than <{g J> for some characteristic

map ¢ 7» as we did earlier).
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Now view X£2"~! as the universal covering space of L(p;q,, -..,q,)
= 32""1/G. It is natural, as we shall see shortly, to denote ef = &,
(0 < k <2n—1). If g = R;*R,*...%R,, as before, notice that g'|Z2'':
%=1 . $2i71 5 an orientation preserving simplicial isomorphism (since it’s
homotopic to the identity) such that g'|E3 = (g'|Z%'~")*(g'|v,) and
g'|EF ! = (g'|2% " Y«(g'|I,). Thus g' takes oriented cells isomorphically
in an orientation preserving manner to oriented cells and the basic cellular
chains satisfy

ek = g'é, where tq; = j (mod p) [¢ exists because (g;, p) = 1]

08y;4q = g''*'&;— &, where r; g, = 1 (mod p)
(») 08y = &1 +88 i+ ... +87 718,

g = go:CHZ* 1) - Ckz2

L(p;q,, ...,q,) obtains a natural CW structure, with exactly one cell in

each dimension from the cell structure on X2"~! via the projection
7: 2" ' > L(p;qy,....q,). The cells are the sets e, = n(&,) =m(e"),
©O<j<p 0<k<2n—1) with Ccharacteristic maps | Ef:
Ek—~L(p;q,, ...,q,). The orientation we have chosen for &, induces an
orientation for e,. Or, more technically speaking, the chain map induced by
the cellular map = takes the basis element &, of C,(£2"™!) to a basis element,

denoted ¢, of C(L(p;qys ...,q,)). To compute H.(L(p;qy, ..., q,)) We
simply note that

Oey; = 0m(&y;) = (&)
= m(y;_1+88;_1+... +gp—le~2i—1) = pezi-t
041 = m0(8y;41) = m(g""18;—&;) = 0.

Thus the cellular chain complex is

0—>Chpy > Cypy-DChpns ... 25, 5 Cp—> 0.
Hence the homology groups of L(p; q,, ..., q,) with integral coefficients are
Hyy-1 =1
Hy =12, 1<i<n
H,, =0, i>0
H, =17

Since the sphere is the universal covering space of the lens space and G is
the group of covering homeomorphisms, =, L(p;qy, ...,q,) = Z, and
mL(P;qus s qy) = m; S fori # 1.

The preceding discussion shows that the different (2n—1)-dimensional
lens spaces determined by a fixed p all have the same homology and homotopy
groups. Nevertheless we shall show in the next section that they do not all
have the same homotopy type.
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§29. Homotopy classification?!

We suppose throughout this section that p > 2 is given and that
Gy, ----q,), (g1, - .., q,) are given n-tuples of integers relatively prime to p.
Let R; and Rj be rotations of X; through g; and g notches respectively. Set
g=R*...%xR,, g = R{»...#R), and let G, G’ be the cyclic groups (of
order p) generated by g, g’. Denote L = L(p;q,, ...,q,) = 2* /G and
L' = Lp;qi, ...,q) = Z*71/G' with quotient maps = and =". Also set
e, = =(é,) and e, = 7'(&,), where &, is as in §28.

Definition: If 232"~ ! - ¥2""! is a map and if A€ G’ then f is (g, h)-
equivariant iff fg = hf. Two (g, h)-equivariant maps f, and f, are equivariantly
homotopic if there is a homotopy {f,}:Z2""! — X2"~! such that f, is (g, h)-
equivariant for all ¢.

Exercise: A map f:2%"~! — 22"~ i5 (g, h)-equivariant for at most one 4.
The relationship between equivariant maps of 227! and maps between
lens spaces is given by the next two theorems.

(29.1) (a) If h e G’ and F is a (g, h)-equivariant map of 2"~ 1, then F covers a
well-defined map L — L'.

(b) If {F,} is a homotopy of 2*"~*, where each F, is (g, h,)-equivariant for
some h,€ G', then h, = hy for all t and {F,} covers a well-defined homotopy
{fih:L—=>L"

PROOF: (a) Define f so that the following diagram commutes

s2n-1 F s2n-1
L -t I

It is well-defined because =(x) = =(y) implies g*(x) = y for some k and,
hence, that =’ F(y) = #'Fg*(x) = #'h*F(x) = #' F(x).

(b) Write hy = h and let S = {t [0, 1}k, # h}. Suppose, contrary to
our claim, that S # . Set u = g.1.b. (S). We first note that u ¢ S. To see
this, choose a sequence ¢; — u such that ¢, < u and h,, = h. Fix a point z
and note that h, '(F,g(2)) = h; '(h,F(2)) = F(z) = hm h™'h, F,(z) = hm
h™'F, g(z) = h™ '(F,g(z)). Thus h; ' and h™' agree at a pomt Soh,=h and
ug¢S.

Now let #; be a sequence in S such that ¢; —u. So h,, # h. Fixze DIELIE
If V is a neighborhood of F,g(z) such that #'|V is one-one, then
R '(VY N b '(V) = & for all i. But h™'Fg(z) = F,(z) = lim h;, ' F, g(2)

1
and we have a contradiction, since F, g(z) eventually lies in ¥, so h, ' F, g(z)

21 The material in this section is essentially that of DERHAM’s exposition [KERVAIRE-
MAUMARY-DERHAM; p. 96-101].
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eventually lies outside the neighborhood 4~ (V) of 4~ 'F,g(z). Therefore S
is empty and we see that each F, is (g, #)-equivariant.

From (a) each F, covers a map f,:L — L', and the resultant function
fiLxI— L' is continuous since

- F -
ZZn IX] ZZn 1

lm l

Lx] ———— L’

is a commutative diagram and = x 1 is a closed map. [

292) If f:L — L', and if f,:G — G’ comes from the induced map of funda-
mental groups (as in (3.16)) then the map f, is independent of all possible
choices of base points. In fact, if h € G’ the following are equivalent assertions.
(1) fx(g) = h.
(2) Any map f:22"~ ' — X2~ which covers f is (g, h)-equivariant.
(3) There is some map f covering f which is (g, h)-equivariant.
Moreover, if f, ~ fi:L — L' (free homotopy) then fo. = fi4.

REMARK: Because of this theorem almost no references to base points will
be made in this chapter, and statements about what the map f:L — L’ does
on fundamental groups will be given in terms of the map f,:G -> G'.

PROOF: If f covers f, choose points x, y and points %, 7 covering them such
that f(%) = J, f(x) = y. Then, by (3.16), f«(g) o f = fg. Thus every lift f
is (g, h)-equivariant for some h—namely h = f,(g). where f, =
6(y, y) o (induced map on ;) o 8(x, %)~ .

If f is (g, h)-equivariant and f is another lift, then f = kf for some
ke G and we have fg = kfg = khf = hkf = hf. Thus (3) = (2). Trivially
then (3) < (2).

If f and f are two lifts, each giving rise to an f,, one with f,(g) = /& and
the other with f,(g) = #’, then as noted above f and f are (g, #)- and (g, /')-
equivariant. Since (3) = (2), we see that 2~ = /', so in fact f, is well-defined,
independently of all choices.

From the above, the equivalence (1) < (2) <= (3) is now obvious.

Finally, if {f,}:L — L’ is a homotopy from f, to f;, let {f,} be a lift to a
homotopy of £2*~'. Each f, is (g, h,)-equivariant, where f, .(g) = h,. But by
(29.1b), h, = h, for all . Hence fo, = fi1,. [

In the light of (29.1) and (29.2) we shall first derive some results about
equivariant maps of 22"~ ! and then interpret these as results concerning
homotopy classes of maps L — L'.

(29.3) If f and f, are any two (g, h)-equivariant maps of £?"~' then degree
fo = degree [, (mod p). If, in fact, degree f, = degree f, then f, and f, are
equivariantly homotopic.

PROOF: Let £ ! be viewed as a cell complex—call it K—as in §28, and
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let P = Kx I, a 2n-dimensional complex. We claim first that there is a map
F:P?"~1 32171 (where P! denotes the i-skeleton of P) such that

Ft:‘fr (t=0,1)
Fg(x) = hF(x) forall (x,7)ep> !

where F, = F|(Kx {t}) n P?"~1,

The function F is constructed inductively over the complexes
P, = P'UKx{0,1}. We set F°|P, = f, U f,. Suppose that F?|P; has been
defined and satisfies the equivariant property, where 0 </ < 2n—1. In
particular F*|0(E} x I) has been defined. Since dim &(E} x I) < 2n—1, there
is an extension F'*':EixI—>3X?"' Now define F'*':Eix]—ZX?"!
forj > 1 by

Firl(x) = h™(Fi* | E{)g%x) where g%E) = E}

This is well-defined on all of P, ; because, since (¢,, p) = 1,there is exactly
one ¢ (mod p) with g%E?) = E}, and because, if (x, 1) € d(E;x 1) < P; the
induction hypothesis Fi(y) = h~'Fig(y) applied to y = g“(x), k = 0, 1,
g—1, implies

Fi(x) = h™'Fi(g(x) = h™2FigX(x) = ... = h™Fig(x)
= W (FEDg () = Fi*'(x).

F'* 1! has the equivariant property on P, , because if x € Ethen g(x) € E}
where g¢” '(E%) = Ef. Hence

Fitlg(x) = h™ O D(FFEDg ™ (g(x) = hFi™(x)

Setting F = F?"~1, the proof of the claim is completed.

As in §28 we assume that 2"~ ! and the £~ ' are oriented so that each
inclusion E"~' < X?"7'(0 <j < p) is orientation preserving. Give
22-1x [ the product orientation so that 8(X>" !x1)= (" !x1)
—(Z2"7 ' x 0). This induces an orientation on each E/"~! x [ and hence also
on A(E'xI). Let F; = F|J(E?" ™' xI):0(E®* ' xI) — =*~*, Since the
range and domain of F; are oriented (2n—1)-spheres the degree of F; is
well-defined. Notice that F;|EX'; >x I = F;,|(EA7 ? 1) and, thinking of
cellular chains, that &(E""'xI) = (E}" ' x1)—(E}"" ' x0)+(EX}T > x1)
—(E""*xI). Then it is an elementary exercise (or use [HILTON-WYLIE,
11.1.30] and the HUREWICZ homomorphism) that

ZdegF = deg f; —deg fo.

But F; = h™9Fy(g?x 1) where g?x1 takes o(EZ" !'xI) onto &(EZ ™! x I)
by a degree 1 homeomorphism, and A~ 4: 22"~ —» 22"~ 1 i5 also of degree 1.
Hence deg F; = deg F,. So degf,—degf, = Z deg F; =p-deg F, = 0

7

(mod p), proving the first assertion of our theorem.
If, in fact, degf; = degf, the last sentence shows that deg F, = 0.
By BROUWER’S theorem F, may then be extended over E2"~' x 7 and so, as
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above, F may be extended to P,, = £*"~' x ] by stipulating that F,|E?"~"
=h"UF,|E,)g? This extension is the desired equivariant homotopy. []

The question of which residue class mod p it is which is determined by the
degree of an equivariant map, and whether all numbers in the residue class
can be realized, is answered by

(29.4) If (d, a) € Z x Z then there is a (g, g'*) equivariant map f:X*"~1 — X2~ 1
of degree d if and only if d = a'ry ... rg{ ... q,(mod p) where r;g; = 1
(mod p).

PROOF: For each j fix an r; with r;g; = 1 (mod p). An equivariant map of
degree dy = a"r, ... r,q; ... g, can be constructed by simply wrapping
each X; about itself r;ag; times and taking the join of these maps. To make
this precise we use the notation of complex numbers. Define 7:X! — S* by
T(z) = (z/|z]). Think of the rotations R;, Rj as acting on all R?. These com-
mute with 7. Let m(z) = z79%% (z complex) and define f;:Z! X' by
f; =T 'm;T. Then we claim that f = fif3* ... %f,:Z?"" ' > 52" js a
(g, g') equivariant map of degree d,.

The equivariance will follow immediately once we know that (R))f;

= f;R;, and this is true because

(R)f(2) = (R)'T™'m;T(z) = T~ '(R)*mT(z)
= T7YR)™mT(z) = T~ (e 9iariil? . T(z)" %)
= T7Y(RT(2)") = T~ 'm,R;T(z)
=T 'mTR(2) = f;R(2)

That the degree of f'is indeed d, can be seen directly by counting. {We
give the argument when p # 2. Slight adjustments in notation are necessary
when p = 2.} There is a subdivision £; of £, into |pr;aq]| 1-simplexes—say
[vk, v+ 1] gets divided into v, = vy o, Uy, 15 - - - Uk, raqil = Uk+1—such that
f; takes simplexes of E homeomorphically onto simplexes of X;;
Silve, v Vi, p41] = [0 sil] for some s, the sign agreeing with the sign of
riag). Let £2"~' = %« ... 48, Then one generator « of the simplicial
cycles Z,,_ (22"~ 1) is the cham which is the sum of (2n— 1)-simplexes of
the form

[Uk,ﬂ’ Uk,a4“1]*[vl,bs Dl,b+ 1]* LI *[vm,c’ Z;m,c+ 1] < Z:1*22* e 2"

Such a simplex goes under fto + a typical simplex in the similarly chosen
generator 8 of Z,,_,(£?""!), the sign being the product of the signs of
riaq;; i.e. the sign of d,. Counting the possible simplexes involved, one
concludes that f¥(«) = dyB as claimed.

From (29.3) and the fact that there is an equivariant map of degree d,,
we conclude that if d is the degree of any (g, g’“)-equivariant map then
d=dy(=ad"ry ... rq{ ...q)(modp). Conversely suppose that d =
dy+ Np where dj, is the degree of a (g, g'*)- equivariant map f. We modify f
as follows to get a (g, g’“)-equivariant map of degree d:
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Let O, be a round closed ball in the interior of a top dimensional simplex
of E2"~'. Using a coordinate system with origin at the center of Q, we write

Qo = {tx|xeBdy 05,0 <7 < 1};1 Qg = {tx]0 <t < $}.

0, =8%(Q), (0 <j<p); 3 0; =g/} Qo).
Define h:Z2"~1 — X271 by

(A) hjE>! -U Int Q) = f|(E*7! —U Int Q)

(B) h(tx) = f(Qi—1)x),if s <t <1
h: (3 Qo, Bdy(: Qy)) = (22"~ 1, £(0)) is any map of degree N you like

(© hlQ; = (&) (h|Qo)g™’

The check that /4 is equivariant is straightforward, as in the proof of (29.3). To
check the degree of A, let C = Z?"7'~| ) Int(4Q,). Consider (h|C),:

J
H,(C, Bdy C) - H/(Z*"', f(0)) and (h]3Q)«: H,(+ Q;, Bdy 1 Q) —
H (!, £(0)). 1t is an elementary exercise (or use [HILTON-WYLIE, II.1.31]
and the HUREWICZ homomorphism) that deg & = deg(h|C)+ ) deg(h|+ Q).

But g7/ takes Q ;in an orientation preserving manner onto Q, a;1d (g% is just
a rotation of X?"~'. Hence (h|1Q;)«(generator) = (h]|+Q,)(generator) =
N -(generator). Since clearly, deg f = deg (k|C), we have deg & = deg f+z N
= dy+ Np, as desired. [

We now turn to the interpretation of these equivariant results as results
about maps between lens spaces.

(29.5) Suppose that L = L(p;qy, ...,q,) and L = L(p;q{, ...,q,) are
oriented by choosing e, ,_, and e5,_, as generators of H,,_, (see §28).

(A) If fo, f1:L — L’ then [fo = fi] < [deg fo = deg fi and fo, = f14:
G — G']. (See the Remark following (29.2).)

(B) If (d, a) € Z x Z then [there is a map f:L — L’ such that deg f = d and
fe(@ =gl [d=d"r, ...,r4qi ..., q,(modp), where r;q; = 1 (mod p)].

(C) If f:L — L’ then fis a homotopy equivalence < deg f = +1.

PROOF: (A) Suppose that deg f, = deg f; and fy. (g) =fi+(g) = h.
Choose lifts f;:X2"~1 - %2"~1 j = 0, 1. These are both (g, h)-equivariant
by (29.2). They have the same degree because if z = Y 7! gi¢, | =

P8¢y, is chosen as basic cycle for C,,_(Z2" 1) then my(z) = w}(2)
= p-e,,-, and the commutative diagram

EZn 1 Z2n 1

(deg P)l" (deg p)ln’

L_—T__)L’

shows that deg f, = deg f, = degf, = deg f,. Hence, by (29.3) f, and f,
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are equivariantly homotopic. So by (29.1), f, ~ f;. The converse is trivial
using (29.2).

(B) Given f such that deg f = d and f(g) = g’% let f: T3~ 1  x2~1
lift /. Then f is a (g, g’*)-equivariant map which, by the argument for (A), has
degree d. Hence by (29.4),d = a"r, ... r,q ... g, (mod p).

Conversely, if d satisfies this congruence, there is, by (29.4), a (g, g*)
equivariant map F:X2"~! — %2771 of degree d. By (29.1) and (29.2), F covers
amap f:L — L' such that f, (g) = (g')°. As before degree f = degree F = d.

(C) Suppose that f:L — L’ has degree + 1. Assume f,(g) = g’*. Then

degf= +1=4d"; ... r,q...q,(modp)
ie.,
(¥) @" = +q, ... q,r( ... r, (mod p), where rjg; = 1 (mod p).

Thus (a, p) = 1 and we may choose b such that ab = 1 (mod p). From ()
1 =ba"= +b"q ... q,r ... r,(modp)

Hence, by (B), there is a map f:L' — L withdeg f = degf = +1 and f.(g")
= (¢)". Then deg( ff) = 1 and (ff), (¢) = g = g So by (A), /f ~ 1.
Similarly f f ~ 1,. and fis a homotopy equivalence. []

Notice that, when p =2, L =L =L(2;1,1,...,1) = RP* ! (real
projective space). The preceding proposition tells us that there are exactly two
self-homotopy equivalences of RP2*~!, one of degree +1 and one of degree
—1. All other cases are given by the following classification of homotopy
equivalences.

. (29.6) Suppose that L = L(p;qy, ...,q,) and L' = L(p;q,, - ..,q.) where
p > 2, and that rigi =1 (mod p) for all j. Let &L, L'} denote the set of
equivalence classes under homotopy of homotopy equivalences f:L — L'. Then
there is a bijection

p: 6L, L'l >{al0 <a<p and a"= +q,...qr{...,r, (mod p)}

given by o[ f1 = aiff, (g) = g'°. Moreover, if p[f] = a then degree f = +1
where the sign agrees with that above.

PROOF: A straightforward application of (29.5). [J

The following applications of (29.6) are left as exercises in arithmetic.

() &1L, L] is isomorphic to the group consisting of those units a in the ring
Z, such that a" = +1 (mod p), provided p # 2.

(ID) Any homotopy equivalence of L, , onto itself is of degree +1. Thus
L, , admits no orientation reversing self-homeomorphism. Such a manifold is
called asymmetric.

I L, ,and L, , have the same homotopy type <> there is an integer b
such that qq9' = +b? (mod p). Thus we have the examples:

Ls % Ls,
Ly =L,



Simple-homotopy equivalence of lens spaces 97

where “~”" denotes homotopy equivalence. We shall show in the next section
that L,  and L, , do not have the same simple-homotopy type. (Compare
(24.4))

§30. Simple-homotopy equivalence of lens spaces
The purpose of this section is to prove

(30.1) Let L = L(p;q4> - --,q,) and L' = L(p;q,, ..., q,) and suppose that f:
L — L' is a simple-homotopy equivalence. If f,(g) = (g')° (as explained by
(29.2)) then there are numbers e; € {+1, —1} such that (g,, ...,q,) is equal
(mod p) to some permutation of (¢,aq{, £,aq3, - . ., €,04,,)-

Our proof will not be totally self-contained in that we shall assume the
following number-theoretic result. (For a proof see [KERVAIRE-MAUMARY-
DERHAM, p. 1-12].)

Franz’ theorem: Let S = {jeZ|0 <j < p, (j,p) = 1}. Suppose that
{a;};.s is a sequence of integers, indexed by S, satisfying

(1 > a;=0
jeS

@ a;=a,;

(3) J] ¢—1)% =1 for every p™ root of unity £ # 1.
ics

Then a; = O for all je S.

PROOF OF (30.1): We give 22"~' = L= L the cell structure of §28. Then
C(I) and (L) ;, are Z(G')-complexes with basis {&,} in dimension k£ and
boundary operators gotten from equations (*) on page 90. Denoting 2(x) =
l1+x+ ... +x*7', C(L) = C}, and [C(L)],, = C;, these complexes look
like

” , @Yl S, @i
C(L)O“) C2n-1 C2n—2 CZn—S
(g’ yi-1
- E(g) c 8 C)—0
~ (&) -1 E(ga)
C(L)f#:0_>C2n—! Con-2 Couz—> -
S(g'a N —1
(g’%) C, &) Co — 0.

Now invoke (22.8). Thus 0 = () = =(%) where € is an acyclic Wh(G')-
complex which fits into a based short exact sequence of Wh(G')-complexes

0 > C(I) =% — C(L) -0
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where C(L) is the complex C(E)f# shifted in dimension by one and with
boundary operator multiplied by (— ).

It would be quite useful if the complexes in this last sequence were all
acyclic. To achieve this we change rings. Suppose that ¢ is any p™ root of
unity other than 1. Let C be the complex numbers and let #:Z(G’) — C by
h(Y ni(g')’) =Y nil. Then, by the discussion at the end of §18—namely

J J

point 8. on page 61-—we have a based short exact sequence
0 — (L), =%, — C(L), — 0.

But now C(I), and C(L), are acyclic (C, G)-complexes, by (18.1), where G
= {+¢/|jeZ}. [To apply (18.1) one must note that the fact that (a, p) =
implies that (g} = %(g"*) and (ar;,p) = 1 for all j.] Moreover, also by (18.1)

7(C(L),) = = < H G 1\ € Ks(©)

T =0T —_ _,r/ arg __ \ s
(C(L)y) \klel (¢ —1) /€ Ki(O).

The minus sign in the last equation comes from the shift in dimension. The
change of sign of the boundary operator has no effect since r(d+9)
= 7(—d—3). In this setting (17.2) and (18.2) yield

0 = h (%) = 7(%,)
= 7(C(L)) ++(C(L),)

-yl ] e

The determinants of these 1 x 1 matrices can only differ by a factor lying in G
(using (10.6)). So we conclude

(%) [T @i—1 =+ & @ -1,
k=1 k=1

for every p' root of unity & # 1.

From here on its just a case of doing some manipulating to show that our
theorem follows from equation (x) and the FRANZ Theorem. But without
Franz’ Theorem the reader should pause and do the

Exercise: If f:L,, , — L,  is a homotopy equivalence, so that, according to
(29.6), f4(g) = g'* where a* = 2 or a®> = 5 (mod 7), and if ¢ = e*"!" then

IE=1? # [(¢"=1) €+ =1)].

Hence f is not a simple-homotopy equivalence.

Now simplify notation by writing s, = ry, t, = ar,. Equation (x) gives, for
every non-trivial p’ th root of unity,
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n n
I TT €=DP? = | TT¢E*=D?
k=1 K=1
or ’

) TT @=D =1 = [T €= "=,

since (¢ —1) is the complex conjugate of (¢4 —1).

If je S, let S; be the subsequence of (s;, —S1, $2, =52, +..» S —5,)
consisting of those terms x such that x = j (mod p). Let m; be the length of
S;. Similarly define the sequence T; with length m from the sequence
(ty, —t4, ..., t,, —t,). Since (s, p) = 1 implies +s, = j (mod p) for some
jES,and i # jimplies S; N Sj = &, the sequence (s, —Sq, - .., Sy —5,) I8
the disjoint union of the ;. Hence ) m; =2n. Also the correspondence

jes
x+— —x gives a bijection from S; to S,_;, so m; = m,_;. Of course, similar
equations hold for the m;. Let a; = m; —m;. Then

1) Y a=2n-2n=0

jes
Q) aj=m;—mj=m,_;—m, ;=a,;
(3) If ¢ # 1 is any root of unity and if
S; = (ej18515 -+ > sjmjsjmj), T; = (81851, - +» Sjmjttjm;,)

with ¢;,, 8;3 = +1, then

[T @@= = [J@-1nmeE -1 ™

- H (@ —1) (™ =1) ("= 1)1 (¢ —1)"!

k=1
= 1 from (#x).
Hence, by FRANZ' theorem, each a; = 0 and m; = m}. But, if p # 2, m;is

just the number of terms among (rq, ..., r,) which are congruent to + j,
mod p; and similarly for m}and (ar,, ..., ar,). Hence under some reordering

Fis .. .» 1, we have
et = arp(mod p), e, e {+1, =1L, k=1,2, ..., n
So e qh, = a”'q, (mod p)

and ¢, aq; = q, (mod p).

Ifp=2thena=1and (¢, ...,9,) = (g1, .. -qy = (1, 1, ..., 1) (mod
p), so there was nothing to prove in the first place. []
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§31. The complete classification

If L =L(p;q,, ...,q,) and L' = L(p;q1, ..., q,), the following assertions
are equivalent:**?

(A) There is a number a and there are numbers ¢; € {—1, 1} such that

(g5 - .., q,) is a permutation of (e,aq,, . .., e,aq,) (mod p).
(B) L is simple-homotopy equivalent to L’
(C) L is p.1. homeomorphic to L'.
(D) L is homeomorphic to L'.
Moreover every simple-homotopy equivalence (and thus by [K-S] every homeo-

morphism) between lens spaces is homotopic to a p.1. homeomorphism.

PROOF: Clearly (C) = (D). The implication (D) = (B) is true because of
(25.4) Thus the equivalence of (4)—(D) will follow from the equivalence of
(A)O).

We have already proved [(25.3) and (30.1)] that (C) = (B) = (4). To

prove (4) = (C), suppose that g; = ¢;,aq}, where (j,, ..., j,) is a permutation
of (1,2, ...,n). Think of 2" 'as X, #X,% ... * 3, where X, < 0x ... x R?
| S

X ...x0. Let T;: X, = X;, be the simplicial isomorphism given by
7,0,...,0,z,...,0)=(0,0,...,20,...,0),if ¢, = 1
i Ji
T7;0,...,0,2,0,...,0) = (0,0,...,0,2,0,...,0), if;, = —1,
i Ji
where Z is the complex conjugate of z. With R and R’ as in §26, (R} )“(w)
= (e*™4,47 . w) and R; (W) = (*™'9/7 - w); so it follows that (R} )*T; = T ,R,;.
Then the simplicial isomorphism T(Y Az;) =Y AT(z) is a (g, 8-

equivariant p.1. homeomorphism of £2"~ !, This induces a map h:L — L' via

the diagram

- T -
ZZn 1 EZ" 1

Lk

L —1

his p.1. since =, =’ and T are p.l., and h is a homeomorphism because 7,
being both equivariant and a homeomorphism, cannot take points in two
different fibers into the same fiber. Thus (A) = (C) as claimed.

22 Had we considered lens spaces as smooth manifolds, as at the end of §26, we could
also add (E): L is diffeomorphic to L.
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Finally suppose that f:L — L’ is a simple-homotopy equivalence with
f«(g) = g% By (30.1), a satisfies the hypothesis of (4). Let h:L — L’ be the
(g, g')-equivariant p.1. homeomorphism constructed in the last paragraph.
Then by (29.2) h,(g) = g'*. Hence, if p > 2, f is homotopic to the p.1.
homeomorphism 4, by (29.6). When p = 2 there is, up to homotopy, exactly
one homotopy-equivalence of each degree (an immediate consequence of
(29.5)). Themap Az, + 2,2z, + ... +A,z, > A, Z;+2,2,+ ... +A,z, induces
a p.1. homeomorphism of degree (—1) on RP?"~ !, We leave it to the reader
to find a p.1. homeomorphism of degree +1. []



Appendix

Chapman’s Proof of the Topological Invariance of
Whitehead Torsion

As this book was being prepared for print the topological invariance of
Whitehead torsion (discussed in §25) was proved by Thomas Chapman?3.
In fact he proved an even stronger theorem, which we present in this appen-
dix. Our presentation will be incomplete in that there are several results
from infinite dimensional topology (Propositions A and B below) which will
be used without proof.

Statement of the theorem

Letl; =[-1,1],j=1,23,...,and denote

Q = [] I; = the Hilbert cube

j=1

k
r =11

j=1
Orv1 = ]—I Ij-

j=k+1

It is an elementary fact that these spaces are contractible.

Main Theorem: If X and Y are finite CW complexes then f» X — Y is a
simple-homotopy equivalence if and only if fx 14: X x Q — Y x Q is homotopic
to a homeomorphism of X x Q onto Y x Q.

Corollary 1 (Topological invarance of Whitehead torsion): If f/» X — Y
is @ homeomorphism (onto) then f is a simple-homotopy equivalence.

PROOF: fx1p: Xx Q — Yx Q is a homeomorphism. []

Corollary 2: If X and Y are finite CW complexes then X \ Y < Xx Q ~
Yx Q.

PROOF: If F: Xx Q - Yx Q is a homeomorphism, let f denote the com-
position X% xx 0 yx Q —>Y. Then fx 1, ~ F. Hence, by the

23 His paper will appear in the American Journal of Mathematics. A proof not using
infinite-dimensional topology of Corollary 1 for polyhedra has subsequently been given
by R. D. Edwards (to appear).
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Main Theorem, f is a simple homotopy equivalence. The other direction
follows even more trivially. []

Results from infinite-dimensional topology

Proposition A: If X and Y are finite CW complexes and f: X — Y is a
simple-homotopy equivalence then fx1y,: Xx Q — Y x Q is homotopic to a
homeomorphism of X x Q onto Y x Q.

COMMENT ON PROOF: This half of the Main Theorem is due to James E.
West [Mapping cylinders of Hilbert cube factors, General Topology and its
Applications 1, (1971), 111-125]. It comes directly (though not easily) from
the geometric definition of simple-homotopy equivalence. For West proves
that, if g: 4 — B is a map between finite CW complexes and p: M, — B is
the natural projection, then px1: M,x Q — Bx Q is a uniform limit of
homeomorphisms of M,x Q onto Bx Q. This implies without difficulty
that p x 1 is homotopic to a homeomorphism. Recalling (proof of (4.1)) that
an elementary collapse map be viewed as the projection of a mapping cylinder,
it follows that if /1 X — Y is a simple-homotopy equivalence (= a map
homotopic to a sequence of elementary expansions and collapses) then
fx1: Xx Q — YxQ is homotopic to a homeomorphism. []

Proposition B (Handle straightening theorem): If M is a finite dimensional
D. 1. manifold (possibly with boundary) and if «: R"x Q —> M x Q is an open
embedding, with n > 2, then there is an integer k > 0 and a codimension-zero
compact p.1. submanifold V of M xI* and a homeomorphism G: M x Q —
M x Q such that

(i) G|l«((R"=1Int B"(2))x Q) = 1, (B"(r) = ball of radius r)
(ii) Ga(B"(1)x Q) = VX Qi 1,
(iii) Bdy V (the topological boundary of V in M xI*, not its manifold
boundary) is p.1. bicollared in M x I*.

COMMENT: This theorem is due to Chapman [to appear in the Pacific
Journal of Mathematics]. It is a (non-trivial) analogue of the Kirby-Sieben-
mann finite dimensional handle straightening theorem [K — S]. In the ensuing
proof it will serve as “general position” theorem, allowing us to homotop a
homeomorphism A: K — L, K and L simplicial complexes, to a map (into a
stable regular neighborhood of L—namely M x I*) which is nice enough that
the Sum Theorem (23.1) applies.

Proof of the Main Theorem

In what follows X, Y, X’, Y’, will denote finite CW complexes unless
otherwise stipulated.
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Because Q is contractible, there is a covariant homotopy functor from
the category of spaces with given factorizations of the form X x Q and
maps between such spaces to the category of finite CW complexes and
maps which is given by X x Q@+ Xand (F: XxQ - Yx Q) (Fg: X = Y)
where F; makes the following diagram commute

X><Q——F—> YxQ

S

X —>» Y

Explicitly, the correspondence Fi— F, satisfies
() F~G = Fy,~ G,
(2) (GF)y ~ Gy F,
3) If f+ X — Y then (fx 1), = f.

[In particular (1y,g)o = 1x.]

Definition:—7he ordered pair {X, Y> has Property P iff +(Hy) = 0 for
every homeomorphism H: Xx Q — Y x Q. (The torsion of a non-cellular
homotopy equivalence is defined following (22.1).)

From Proposition A and from properties (1) and (3) above, the Main
Theorem will follow once we know that every pair (X, Y has Property P.

Lemma 1:—[f (X, Y has Property P then {Y, X> has Property P.

PROOF: If H: Y — X is a homeomorphism then so is H': X — Y and,
by assumption, 7((H ~'),) = 0. But (H '), is a homotopy inverse to H,,.
Hence +(H,) = 0, by (22.5). [J

Lemma 2:—If <X, Y) has Property P and if X N X', Y A Y’ then
{X', Y'> has Property P.

Proof: Consider the special case where ¥ = Y'. Suppose that H: X' x Q
— Y'x Q is a homeomorphism. If /1 X — X’ is a simple-homotopy equiva-
lence then, by Proposition A, there is a homeomorphism F: Xx 0 — X'x Q
with F ~ fx1,. Thus we have .

xx0-sx'x0- L yxo
x-Ls x My

Since (X, Y> has Property P, (HF), is a simple-homotopy equivalence.
But (HF), ~ (HoF,) ~ Hyf where f is a simple-homotopy equivalence.
Hence H, is a simple-homotopy equivalence. Therefore <X’, Y> has Pro-
perty P.

The general case now follows easily from the special case and Lemma 1. []
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From this point on which shall introduce polyhedra into our discussion
as though they were simplicial complexes (whereas in fact a polyhedron is a
topological space X along with a family of piecewise-linearly related tri-
angulations of X). This will in every case make sense and be permissible
because of invariance under subdivision. (See (25.1) and (25.3).)

Lemma 3:—If <X, M) has Property P whenever X is a simplicial complex
and M is a p.1. manifold then all CW pairs have Property P.

PROOF: If (X', Y’ is an arbitrary CW pair then (7.2) there are simplicial
complexes X and Y” such that X’ A Xand Y’ A Y". Now letj: Y" — R
be a simplicial embedding into some large Euclidean space and let M be a
regular neighborhood (see [Hudson]) of j(Y") in RY. Then M is a p.1. mani-
fold and M ™ j(Y"). Hence Y" 4 j(Y") S M is a simple-homotopy equi-
valence, so Y’ A M. Now lemma 3 follows from Lemma 2. ]

In the light of Lemma 3, the Main Theorem will follow immediately from

Lemma 4:—If X is a connected simplicial complex and M is a p.1. manifold
then {X, M) has Property P.

PROOF: The proof is by induction on the number » of simplexes of X which
have dimension > 2.

If r = 0 then dimension X is O or 1, in which case X has the homotopy
type of a point or a wedge product of circles. Thus = X = {1} or m X =
Z+Zx*...xZ, and, by (11.1) and (11.6), Wh(X) = 0. So Property P holds
automatically

If r > 0 let o be a top dimensional simplex of X; say # = dim ¢ > 2.

Let o, be an n-simplex contained in Int o such that o—Int o, p';l'c'rxl.
Denote X, = X ~Int oy and note that X, has a cell structure from (X —Int o)
U (6 x I). The induction hypothesis applies to the complex X—Int o, so
(X—1Int o, M) has Property P for any p.1. manifold M. Since X, > (X—
Int o), Lemma 2 implies that {(X,, M "> has Property P for all p.1. manifolds
M.

Suppose that H: Xx Q — M x Q is a homeomorphism. We must show
that 7(Hy) = 0.

Let B: (R*, B"(1)) — (Int o, 0,) be a homeomorphism. Then o = H o (8%
1g): R"x Q — M x Q is an open embedding with n > 2. Let k be a positive
integer, ¥ a p.1. submanifold of M x I* and G: M x Q — M x Q a homeo-
morphism satisfying the conclusion of Proposition B. Condition (i), that
Gl«((R"—1Int B"(2) should be: )x Q) =1, implies G ~ [, since any
homeomorphism of B"(2)x Q onto itself which is the identity on B"(2)x Q
is homotopic, rel B"(2) x Q, to the identity on B"(2) x Q. (One simply views
this as a homeo-morphism of

© [ -1 1
<B"(2) x | |:~27, 21]) < ¢, (Hilbert space)

i=1

and takes the straight line homotopy). Thus H ~ GH and H, ~ (GH),.
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Let m,: M x Q — M x I* be the natural projection, and let i: M — M x I*
be the zero section. We have the homotopy-commutative diagram

xx0 — ., Mxo

X *_—H———> M —-—-—_—————)MX]"
[ 13

Denote M, = Closure ((M—I¥)—V). Conclusion (i) of Proposition B
implies that

(@) GH(opX Q) = VX Qy 4y
(b) GH(Bdyoyx Q) = BdyV x Qy4 1y,
(© GH(Xyx Q) = Myx Qs

Let f= mGH(x0) ~ iH,. Then (a)-(c) and the contractibility of Q and
Qv+, show that f restricts to homotopy equivalences oo — V, Bdy oy — Bdy
V and X, — M, But (M xI* V, M,) is a polyhedral triad (which can be
triangulated as a simplicial triad), so we can use the Sum Theorem (23.1) to
compute 7(f). Obviously f|og: o, — V and f|Bdy oq: Bdy oy — Bdy V are
simple-homotopy equivalences since the Whitehead groups involved vanish.
To study (f|X,): Xy — M, consider the commutative diagram

GH|(Xox Q) ixh

XoxQ —— MyxQpyy ———> MyxQ

| e

Xo —m M,
f1Xo

where h: Q, ., — Q is the most obvious homeomorphism. Here M, is a p.1.
manifold since Bdy V is p.1. bicollared by conclusion (iii) of Proposition B.
Hence {X,, M,> has Property P. Thus =(f|X,) = 0. Therefore, by the Sum
Theorem, =(f) = 0.

But f ~ iH,and i: M — M x I*is clearly a simple-homotopy equivalence.
Hence H, is a simple-homotopy equivalence, as desired. []



Selected Symbols and Abbreviations

[1 bibliographical reference

O the discussion of the proof is ended or omitted
I=1[0,1]

I"=1Ix ... xI (rcopies); I"=1"x0c[™"!

¢ = boundary

J" = closure of 81" "' —I"

kN — strongly deformation retracts to

N — collapses to (in CW category) (§4)

A — expands to (in CW category) (§4)

Iy — expands and collapses to

@ — direct sum of algebraic objects or disjoint union of spaces

M, — the mapping cylinder of f

K — the r-skeleton of the complex K

4 — is a subcomplex of

Sfu — the map between fundamental groups induced by f, or the map
between groups of covering homeomorphisms of the universal
covering spaces induced by f (depends on base points in either
case) (§3)

6(x, ¥) — the isomorphism from fundamental group to the group of
covering transformations of the universal cover (depends on
choice of x and X) (§3)

z — the integers

z, — the integers modulo p

Z(G) — the group ring of G

Wh(L) — the Whitehead group of the complex L (§6; also §21)

Kg(R) — an abelian group depending on ring the R and the subgroup G of

its units (§10)

Wh(G) — the Whitehead group of the group G (equals K (Z(G)) where
T = group of trivial units)

Wh(m,L) — a group constructed by canonically identifying all the groups
Wh(w(L, x)), L a connected complex (§19)

(R, G)-complex — a based chain complex over R with preferred class of
bases (§12)

Wh(G)-complex — an (R, T)-complex, where R = Z(G) and T = group of
trivial units of R

{f>sy — matrix of the homomorphism f with respect to bases x, y $9)
{x/y> — matrix expressing elements of basis x in terms of elements of
basis y (§9)

f®g:A®B—>A @B by (f®g)(ab) = (fla)gh)
107



108 Selected symbols and abbreviations

f+g:4® B— Cby (f+g)(a,b) = f(a)+g(b)

f+g:4—>B® Cby (f+8) (@) = (f(a), gb))

— homotopy of maps or homotopy equivalence of spaces
— homeomorphism of spaces

— stable equivalence of chain complexes (§14)
— isomorphism in the category under discussion
— complex over R’ induced by #:R — R’ (§18)
w, — standard generator of H,(I", 8I") (page 7)
{py  —equals ,(w,)

Qi yean



Bibliography

J. W. ALEXANDER
The combinatorial theory of complexes, Ann. of Math. 31, (1930), 292-320.
D. R. ANDERSON
1. The Whitehead torsion of the total space of a fiber bundle, Topology 11
(1972), 179-194.
2. Whitehead torsions vanish in many S* bundles, Inventiones Math. 13,
(1971) 305-324.
3. A note on the Whitehead torsion of a bundle modulo a subbundle, Proc.
AMS 32 (1972), 593-595.
4. Generalized product theorems for torsion invariants with applications to
flat bundles, Bull. AMS 78 (1972), 465-469.
H. Bass
1. Algebraic K-theory, W. A. Benjamin, Inc., New York, 1968.
2. K-theory and stable algebra, Publ. de I'Inst. des Hautes Etudes Sci.,
#22 (1964).
H. Bass, A. HELLER, and R. SwAN
The Whitehead group of a polynomial extension, Publ. de I'Inst. des
Hautes Etudes Sci. #22 (1964).
H. Bass, J. MILNOR and J.-P. SERRE
Solution of the congruence subgroup problem for SL, (n > 3) and SP,,
(n = 2), Publ. Inst. des Hautes Etudes Sci. #33 (1967).
E. M. BrowN
The Hauptvermutung for 3-complexes, Trans. AMS, 144 (1969), 173-196.
C. CHEVALLEY
Fundamental concepts of algebra, Academic Press, New York, 1956.
W. H. Cockrort and J. A. COMBES
A note on the algebraic theory of simple equivalences, Quart. J. Math., 22
(1971), 13-22.
W. H. CockrorT and R. M. F. Moss
On the simple homotopy type of certain two-dimensional complexes,
preprint.
M. CoHEN
A general theory of relative regular neighborhoods, Trans AMS 136 (1969),
189-229.
M. N. DYER and A. J. SIERADSKI
Trees of homotopy types of two-dimensional CW-complexes, preprint.
B. EckMANN and S. MAUMARY
Le groupe des types simple d’homotopie sur un polyédre, Essays on
Topology and Related Topics, Mémores dediés a Georges deRham,
Springer-Verlag, New York, 1970, 173-187.

109



110 Bibliography
F. T. FARRELL and J. B. WAGONER
Algebraic torsion for infinite simple homotopy types, preprint.
G. HigmMAN
The units of group rings, Proc. London Math Soc. 46 (1940), 231-248.
P. J. HiLTON and S. WYLIE
Homology theory, Cambridge U. Press, Cambridge, England, 1962.
H. HosokAawa
Generalized product and sum theorems for Whitehead torsion Proc. Japan
Acad. 44 (1968) 910-914.
S. T. Hu
Homotopy theory, Academic Press, New York (1959).
J. F. P. HubpsoN
Piecewise linear topology, W. A. Benjamin, Inc. New York, 1968.
M. A. KERVAIRE, S. MAUMARY and G. DERHAM
Torsion et type simple d’homotopie, Lecture Notes in Mathematics, 48
(1967).
R. C. KirBY and L. C. SIEBENMANN
On the triangulation of manifolds and the Hauptvermutung, Bull. AMS 75
(1969), 742-749.
K. W. Kwun and R. H. SzczArBA
Product and sum theorems for Whitehead torsion, Ann. of Math. 82 (1965),
183-190.
J. MiLNOR
1. Whitehead Torsion, Bull. AMS 72, 1966, 358-426.
2. Two complexes which are homeomorphic but combinatorially distinct,
Ann. of Math. 74 (1961), 575-590.
P. OLum
1. Self-equivalences of pseudo-projective planes, Topology, 4 (1965),
109-127.
2. Self-equivalences of pseudo-projective planes, 11 Topology, 10 (1971),
257-260.
H. SCHUBERT
Topology, Allan and Bacon, Inc., 1968, Boston.
SEIFERT and THRELLFALL
Lehrbuch der topologie, Chelsea Publishing, New York N.Y.
L. C. SIEBENMANN
Infinite simple homotopy types, Indag. Math., 32 No. 5, 1970.
E. H. SPANIER :
Algebraic topology, McGraw-Hill Book Co., New York, 1966.
J. STALLINGS
1. Whitehead torsion of free products, Annals of Math. 82, (1965), pp.
354-363.



Bibliography 111

2. On infinite processes leading to differentiability in the complement of a
point, Differential and Combinatorial Topology, (A Symposium in
honor of M. Morse), Princeton University Press, Princeton, N.J.,
(1965) 245-254.
R. STOCKER
Whiteheadgruppe topologischer Réume, Inventiones Math. 9, 271-278
(1970).
G. W. WHITEHEAD
Homotopy theory, M.1.T. Press, Cambridge, Mass (1966).
J. H. C. WHITEHEAD
1. Simplicial spaces, nucleii and m-groups, Proc. London Math. Soc. 45,
1939, 243-327.
2. On incidence matrices nucleii and homotopy types, Ann. of Math. 42,
(1941) 1197-1239.
3. Combinatorial homotopy, 1, Bull AMS, 55 (1949), 213-245.
4. Simple homotopy types, Amer. J. Math., 72, 1952, pp. 1-57.
E. C. ZEemAN
On the dunce hat, Topology, 2 (1964), 341-358.



Index

acyclic chain complexes, 47
asymmetric manifold, 96
attaching map, 5

brute force calculation, 73

Couar C 52

cellular

—approximation, 6
—approximation theorem, 6
-—chain complex, 7
—homology, 7

—map, 6

chain contraction, 47
characteristic map, 5
collapse

—simplicial, 3

—CW, 14-15
combinatorial topology, 2
Cov(K), 11

covering spaces, 9

CW complex

—definition, 5
—isomorphism of, 5

CW pair, 5

even?

deformation, 15
distinguished basis (see preferred basis)
dunce hat, 24

elementary matrix, 37
equivariant

—map, 91
—homotopy, 91
excision lemma, 68
expansion
—simplicial, 3
—CW, 14-15

formal deformation, 15
Franz’ theorem, 97

free action, 85
free product, 45

GL(R), 37
Grothendieck group of acyclic (R,G)-
complexes, 58

Hauptvermutung, 82
h-cobordism, 43, 82

homology

—cellular, 7

—of lens space, 90

homotopic maps, 1

homotopy equivalence, 1
homotopy extension property, 5
house with two rooms, 2

infinite general linear group, 37
infinite simple-homotopy, 23
integral group ring, 11
invariance of torsion
—topological, 81, 102

—under subdivision, 81

join (denoted *), 86

K(R), 39

L, . 87

L(p;q;s - - - »dn), 86
lens spaces, 85
—3-dimensional, 87

mapping cone (algebraic), 8, 75
mapping cylinder, 1

matrix

—of module homomorphism, 36
—of change of basis, 37

—of pair in simplified form, 29-30
Milnor’s definition, 54
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notch, 86
nucleus, 3

orbit, 85

piecewise linear (= p.l.)
-—map, 82, 85
—manifold, 82, 85
—atlas, 85

—coordinate chart, 85
p.l. (see piecewise linear)
preferred basis

—of (R,G)-module, 45
—of (R,G)-complex, 46
product theorem, 77

realization of given torsion, 33, 70

(R,G)-complex, 46

—trivial, 50

—eclementary trivial, 50

—stable equivalence of, 50

(R,G)-module, 45

Reidemeister torsion (= 7(C,) in (18.1)),
59

s-cobordism theorem, 43, 83
simple-homotopy

—equivalence, 15, 72

—extension theorem, 19

—infinite, 23

—from CW to simplicial complex, 24
simple-homotopy type

—simplicial, 3

—CW, 15

Index

simple isomorphism

—of (R,G)-modules, 46

—of (R,G)-complexes, 46

simplified form, 26

—matrix of, 29-30

SK;(R), 41

stable equivalence of (R,G)-complexes,
50

stably free, 47

strong deformation retraction, 1

subcomplex, 5

subdivision, 81

sum theorem, 76

tensor products, 61

topological invariance, 81, 102
torsion

—of a homotopy equivalence, 22, 72
—of a matrix, 39

—of a module isomorphism, 46
—of an acyclic (R,G)-complex, 52
—of a CW pair, 62

—Milnor’s definition, 54

trading cells, 25

trading handles, 83

trivial units in Z(G), 33

unit in Z(G), 33

Whitehead group
—of a CW complex, 20, 70
—of a group, 39-40, 42
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