


Glossary of jlA restriction of map j to 

Symbols 
subset A 

Fey evaluation map of F, 79 

f'(x) derivative at x of map 
of interval, 20 

IIAII norm of linear map j*~ pullback of vector 

BdX boundary of set X bundle ~ by map j, 97 

cpn complex projective cPlW induced differential 

n-space, 14 structure, 13 

C (of map) having r gj,goj composition of maps 

continuous derivatives, GL(n) group of invertible real 
15,214 n x n matrices 

C" infinitely differentiable Gn.k Grassmann manifold of 

CW real analytic k-planes in [Rn, 14 

C(M,N) set of C' maps from M grad j gradient vector field of 

to N, 34 function j, 152 

C(X,y) set of continuous maps Is. k universal or Grassmann 

from X to Y bundle over Gs. k' 99 

X Euler characteristic, 133 Hk disk with k holes, 203 

x' homological Euler Hn(X,A) singular homology 

characteristic, 161 group, 161 

deg degree of map, 124 Hn(X,A; F) singular homology 

Det determinant 
vector space with 
coefficients in field F, 161 

Dj derivative of j, 20, 214 Hpj Hessian quadratic form, 
D,(~) closed disk sub bundle 144 

of ~ of radius c Imm'(M,N) set of C' immersions 
Diff'(M) set of C' of Min N 

diffeomorphisms of M Indxj index of zero of vector 
dim dimension, 11 field j, 133 
Dkj k'th derivative of j Ind(p), Ind j(p) index of critical point p 
Dn (closed) unit disk in W, of function j, 144 

23 Ind Q index of quadratic form 

L1 diagonal, 25 Q,144 

aM boundary of manifold Int X interior of set X 
M,30 j'(M,N) set of r-jets of maps 

a-manifold manifold with boundary, from M to N, 60 

30 j'(m,n) same as j'(Rm,Rn) 

E* Thorn space of vector j:(f), j'f(x) r-jet of function j at x, 
bundle E, 172 60 

ek k-cell, 157 j'f r-prolongation of j, 61 
n-k 

e* dual (n - k)-cell, 160 L(E,F) vector space of linear 
Emb'(M,N) set of C' embeddings of maps from E to F 

MinN O*j convolution of maps, 45, 
E.~, £" trivial n-dimensional [M] cobordism class, 170 

vector bundle, 88 M[J] surface with handle 
F track of isotopy F, 111 attached by j, 189 



M#N connected sum, 191 Vn,k Stiefel manifold of 

Mx tangent space to M at x, k-frames in [Rn, 78 

17 W (subscript) weak topology, 35 

M* x cotangent space to M IXI norm of vector X 
at x, 143 X(~) Euler number of vector 

91k unoriented cobordism bundle ~, 123 
group, 170 [X,Y] set of homotopy classes 

JV'(f; CP,'l',K,e) strong basic of maps from X to Y 
neighborhood, 35 

~x fibre of vector bundle ~ 
Qn oriented cobordism over x 

group, 170 
~EBI) Whitney sum of vector 

Vk kth type number of bundles, 94 
Morse function, 160 X closure of set X 

(vo, ... ,vn) type of Morse function, (x,y) inner product of vectors, 
160 95 

O(n) group of real orthogonal I).L orthogonal complement 
n x n matrices of subbundle I), 95 

wn standard orientation of Z* zero section of T*M, 143 
Rn,103 

1M identity map of M, 19 
Qn oriented cobordism 

# (M,N), intersection number of group, 170 
#(M,N; W) M,Nin W, 132 pn real projective n-space, 

# (f,g) intersection number of 14 
maps f,g, 139 

Prop'(M,N) set of proper C' maps 
~ relation of from M to N 

diffeomorphism, 16 
nn(x) nth homotopy group 

~ relation of homotopy of X 
relation of vector bundle [Rn Euclidean n-space -
isomorphism, 88 

S (subscript) strong topology 35, 59 
relation of cobordism, 

sn unit n-sphere, 8 164 
SO(n) group of orthogonal real 

4 embedding, 21 
n x n matrices of 

~'(M,N; A) set of C' maps determinant, 1 
transverse to 

Suppg support of function g, 43 submanifold A, 74 
Lf set of critical points of ~ relation of transversality, 

f,69 74 
TAM restriction of TM to 0 the empty set 

A c M, 17 

Tf, Txf tangent of map, 18 

TM tangent vector bundle 
of M, 17 

T*M cotangent bundle of M, 
143 

Tx M see Mx 

TiM unit tangent bundle of 
M,26 



Graduate Texts in Mathematics 

33 
Editorial Board 

F. W. Gehring 

P. R. Halmos 
Managing Editor 

c. C. Moore 



Morris W. Hirsch 

Differential 
Topology 

Springer -Verlag 

New York Heidelberg Berlin 

1976 



Morris W. Hirsch 
University of California 
Department of Mathematics 
Berkeley, California 94720 

Editorial Board 

P. R. Halmos 
Managing Editor 
University of California 
Mathematics Department 
Santa Barbara, California 93106 

AMS Subject Classification 

F. W. Gehring 
University of Michigan 
Department of Mathematics 
Ann Arbor, Michigan 48104 

34C40, 54Cxx, 57D05, 57DIO, 57Dl2, 57D20, 57D55 

Library of Congress Cataloging in Publication Data 

Hirsch, Morris W 1933-
Differential topology. 

(Graduate texts in mathematics; 33) 
Bibliography: p. 209 
Includes index. 
\. Differential topology. I. Title. 

II. Series. 
QA613.6.H57 514'.7 75-26615 

All rights reserved. 

No part of this book may be translated or reproduced in any form 
without written permission from Springer-Verlag. 

ISBN 978-1-4684-9451-8 ISBN 978-1-4684-9449-5 (eBook) 
DOI 10.1007/978-1-4684-9449-5 

© 1976 by Springer-Verlag New York Inc. 
Softcover reprint of the hardcover 1 st edition 1976 

c. C. Moore 
University of California 

at Berkeley 
Department of Mathematics 
Berkeley, California 94720 



Dedicated to the memory of 

HENR Y WHITEHEAD 



Preface 

This book presents some of the basic topological ideas used in studying 
differentiable manifolds and maps. Mathematical prerequisites have been 
kept to a minimum; the standard course in analysis and general topology is 
adequate preparation. An appendix briefly summarizes some of the back­
ground material. 

In order to emphasize the geometrical and intuitive aspects of differen­
tial topology, I have avoided the use of algebraic topology, except in a few 
isolated places that can easily be skipped. For the same reason I make no 
use of differential forms or tensors. 

In my view, advanced algebraic techniques like homology theory are 
better understood after one has seen several examples of how the raw 
material of geometry and analysis is distilled down to numerical invariants, 
such as those developed in this book: the degree of a map, the Euler number 
of a vector bundle, the genus of a surface, the cobordism class of a manifold, 
and so forth. With these as motivating examples, the use of homology and 
homotopy theory in topology should seem quite natural. 

There are hundreds of exercises, ranging in difficulty from the routine to 
the unsolved. While these provide examples and further developments of 
the theory, they are only rarely relied on in the proofs of theorems. 

VB 
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Introduction 

Any problem which is non-linear in character, which involves more than one 
coordinate system or more than one variable, or where structure is initially 
defined in the large, is likely to require considerations of topology and group 
theory for its solution. In the solution of such problems classical analysis will 
frequently appear as an instrument in the small, integrated over the whole prob­
lem with the aid of topology or group theory. 

--M. Morse, Calculus of Variations 
in the Large, 1934 

La possibilite d'utiliser Ie modele differential est, ames yeux, la justification 
ultime de I'emploi des modeles quantitifs dans les sciences. 

-R. Thorn, Stabilite Structure lie 
et Morphogenese, 1972 

In many branches of mathematics one finds spaces that can be described 
locally by n-tuples of teal numbers. Such objects are called manifolds: a 
manifold is a topological space which is locally homeomorphic to Euclidean 
n-space [W. We can think of a manifold as being made of pieces of [Rn glued 
together by homeomorphisms. If these homeomorphisms are chosen to be 
differentiable, we obtain a differentiable manifold. This book is concerned 
mainly with differentiable manifolds. 

The Development of Differentiable Topology 

The concept of manifold emerged gradually from the geometry and func­
tion theory of the nineteenth century. Differential geometers studied curves 
and surfaces in "ordinary space"; they were mainly interested in local con­
cepts such as curvature. Function theorists took a more global point of view; 
they realized that invariants of a function F of several real or complex vari­
ables could be obtained from topological invariants of the sets F-1(c); for 
"most" values of c, these are manifolds. 

Riemann broke new ground with the construction of what we call 
Riemann surfaces. These were perhaps the first abstract manifolds; that is, 
they were not defined as subsets of Euclidean space. 

Riemann surfaces furnish a good example of how manifolds can be used 
to investigate global questions. The idea of a convergent power series (in one 
complex variable) is not difficult. This simple local concept becomes a com­
plex global one, however, when the process of analytic continuation is 
introduced. The collection of all possible analytic continuations of a con­
vergent power series has a global nature which is quite elusive. The global 
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aspect suddenly becomes clear as soon as Riemann surfaces are introduced: 
the continuations fit together to form a (single valued) function on a surface. 
The surface expresses the global nature of the analytic continuation process. 
The problem has become geometrized. 

Riemann introduced the global invariant of the connectivity of a surface: 
this meant maximal number of curves whose union does not disconnect the 
surface, plus one. It was known and "proved" in the 1860's that compact 
corientable surfaces were classified topologically by their connectivity. 
Strangely enough, no one in the nineteenth century saw the necessity for 
proving the subtle and difficult theorem that the connectivity of a compact 
surface is actually finite. 

Poincare began the topological analysis of 3-dimensional manifolds. In 
a series of papers on "Analysis Situs," remarkable for their originality and 
power, he invented many of the basic tools of algebraic topology. He also 
bequeathed to us the most important unsolved problem in differential 
topology, known as Poincare's conjecture: is every simply connected compact 
3-manifold, without boundary, homeomorphic to the 3-sphere? 

It is interesting to note that Poincare used purely differentiable methods 
at the beginning of his series of papers, but by the end he relied heavily on 
combinatorial techniques. For the next thirty years topologists concentrated 
almost exclusively on combinatorial and algebraic methods. 

Although Herman Weyl had defined abstract differentiable manifolds in 
1912 in his book on Riemann surfaces, it was not until Whitney's papers of 
1936 and later that the concept of differentiable manifold was firmly estab­
lished as an important mathematical object, having its own problems and 
methods. 

Since Whitney's papers appeared, differential topology has undergone a 
rapid development. Many fruitful connections with algebraic and piece­
wise linear topology were found; good progress was made on such questions 
as embedding, immersions, and classification by homotopy equivalence or 
diffeomorphism. Poincare's conjecture is still unsolved, however. In recent 
years techniques and results from differential topology have become im­
portant in many other fields. 

The Nature of Differential Topology 

In today's mathematical sciences manifolds are found in many different 
fields. In algebra they occur as Lie groups; in relativity as space-time; in 
economics as indifference surfaces; in mechanics as phase-spaces and energy 
surfaces. Wherever dynamical processes are studied, (hydrodynamics, popu­
lation genetics, electrical circuits, etc.) manifolds are used for the "state­
space," the setting for a model of the process by a differential equation or 
a mapping. 

In most of these examples the historical development follows the local­
to-global pattern. Lie groups, for example, were originally "local groups" 
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having a single parametrization as a neighborhood of the origin in [Rn. Only 
later did global questions arise, such as the classification of compact groups. 
In each case the global nature of the subject became geometrized (at least 
partially) by the introduction of manifolds. In mechanics, for example, the 
differences in the possible long-term behavior oftwo physical systems become 
clear if it is known that one energy surface is a sphere and the other is a 
torus. 

When manifolds occur "naturally" in a branch of mathematics, there is 
always present some extra structure: a Riemannian metric, a binary opera­
tion, a dynamical system, a conformal structure, etc. It is often this structure 
which is the main object of interest; the manifold is merely the setting. But 
the differential topologist studies the manifold itself; the extra structures 
are used only as tools. 

The extra structure often presents fascinating local questions. In a 
Riemannian manifold, for instance, the curvature may vary from point to 
point. But in differential topology there are no local questions. (More precisely, 
they belong to calculus.) A manifold looks exactly the same at all points 
because it is locally Euclidean. In fact, a manifold (connected, without bound­
ary) is homogeneous in a more exact sense: its diffeomorphism group acts 
transitively. 

The questions which differential topology tries to answer are global; they 
involve the whole manifold. Some typical questions are: Can a given mani­
fold be embedded in another one? If two manifolds are homeomorphic, are 
they necessarily diffeomorphic? Which manifolds are boundaries of compact 
manifolds? Do the topological invariants of a manifold have any special 
properties? Does every manifold admit a non-trivial action of some cyclic 
group? 

Each of these questions is, of course, a shorthand request for a theory. 
The embedding question, for example, really means: define and compute 
diffeomorphism invariants that enable us to decide whether M embeds in 
N, and in how many essentially distinct ways. 

If we know how to construct all possible manifolds and how to tell from 
"computable" invariants when two are diffeomorphic, we would be a long 
way toward answering any given question about manifolds. Unfortunately, 
such a classification theorem seems unattainable at present, except for very 
special classes of manifolds (such as surfaces). Therefore we must resort to 
more direct attacks on specific questions, devising different theories for 
different questions. Some of these theories, or parts of them, are presented 
in this book. 

The Contents of This Book 

The first difficulty that confronts us in analyzing manifolds is their 
homogeneity. A manifold has no distinguished "parts"; every point looks 
like every other point. How can we break it down into simpler objects? 
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The solution is to artificially impose on a manifold a nonhomogeneous 
structure of some kind which can be analyzed. The major task then is to 
derive intrinsic properties of the original manifold from properties of the 
artificial structure. 

This procedure is common in many parts of mathematics. In studying 
vector spaces, for example, one imposes coordinates by means of a basis; 
the cardinality of the basis is then proved to depend only on the vector space. 
In algebraic topology one defines the homology groups of a polyhedron 
in terms of a particular triangulation, and then proves the groups to be 
independent of the triangulation. 

Manifolds are, in fact, often studied by means of triangulations. A more 
natural kind of decomposition, however, consists of the level sets f-l(y) of 
a smooth map f: M ~ IR, having the simplest kinds of critical points (where 
Df vanish). This method of analysis goes back to Poincare and even to 
Mobius (1866); it received extensive development by Marston Morse and 
today is called Morse theory. Chapter 6 is devoted to the elementary aspects 
of Morse theory. In Chapter 9 Morse theory is used to classify compact 
surfaces. 

A basic idea in differential topology is that of general position or trans­
versality; this is studied in Chapter 3. Two submanifolds A, B of a manifold 
N are in general position if at every point of A n B the tangent spaces of 
A and B span that of N. If A and B are not in general position, arbitrarily 
small perturbations of one of them will put them in general position. If they 
are in general position, they remain in it under all sufficiently small per­
turbations; and A n B is then a submanifold of the "right" dimension. A 
map f: M ~ N is transverse to A if the graph of f and M x A are in general 
position in M x N. This makes f -l(A) a submanifold of M, and the topology 
of f-l(A) reflects many properties off. In this wayan important connection 
between manifolds and maps is established. 

Transversality is a great unifying idea in differential topology; many 
results, including most of those in this book, are ultimately based on trans­
versality in one form or another. 

The theory of degrees of maps, developed in Chapter 5, is based on 
transversality in the following way. Let f: M ~ N be a map between compact 
oriented manifolds of the same dimension, without boundary. Suppose f is 
transverse to a point YEN; such a point is called a regular value of f. The 
degree off is the "algebraic" number of points in f -l(y), that is, the number 
of such points where f preserves orientation minus the number where f 
reverses orientation. It turns out that this degree is independent of y and, 
in fact, depends only on the homotopy class of f. If N = sn then the degree 
is the only homotopy invariant. In this way we develop a bit of classical 
algebraic topology: the set of homotopy classes [M,sn] is naturally iso­
morphic to the group of integers. 

The theory of fibre bundles, especially vector bundles, is one of the 


