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To Professor Mark Kac



Preface to the second edition

The most important revisions in this edition are: (1) enlargement of the
treatment of p-adic functions in Chapter IV to include the Iwasawa logarithm
and the p-adic gamma-function, (2) rearrangement and addition of some
exercises, (3) inclusion of an extensive appendix of answers and hints to the
exercises, the absence of which from the first edition was apparently a source
of considerable frustration for many readers, and (4) numerous corrections
and clarifications, most of which were proposed by readers who took the
trouble to write me. Some clarifications in Chapters IV and V were also
suggested by V. V. Shokurov, the translator of the Russian edition. I am
grateful to all of these readers for their assistance. I would especially like to
thank Richard Bauer and Keith Conrad, who provided me with systematic
lists of misprints and unclarities.

I would also like to express my gratitude to the staff of Springer-Verlag
for both the high quality of their production and the cooperative spirit with

which they have worked with me on this book and on other projects over the
past several years.

Seattle, W ashington N.I K.
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Preface to the first edition

These lecture notes are intended as an introduction to p-adic analysis on the
elementary level. For this reason they presuppose as little background as possi-
ble. Besides about three semesters of calculus, I presume some slight exposure to
more abstract mathematics, to the extent that the student won’t have an adverse
reaction to matrices with entries in a field other than the real numbers, field
extensions of the rational numbers, or the notion of a continuous map of topolog-
ical spaces.

The purpose of this book is twofold: to develop some basic ideas of p-adic
analysis, and to present two striking applications which, it is hoped, can be as
effective pedagogically as they were historically in stimulating interest in the
field. The first of these applications is presented in Chapter II, since it only
requires the most elementary properties of Q,; this is Mazur’s construction by
means of p-adic integration of the Kubota— Leopoldt p -adic zeta-function, which
‘‘p-adically interpolates’’ the values of the Riemann zeta-function at the negative
odd integers. My treatment is based on Mazur’s Bourbaki notes (unpublished).
The book then returns to the foundations of the subject, proving extension of the
p-adic absolute value to algebraic extensions of Q_, constructing the p-adic
analogue of the complex numbers, and developing the theory of p-adic power
series. The treatment highlights analogies and contrasts with the familiar con-
cepts and examples from calculus. The second main application, in Chapter V, is
Dwork’s proof of the rationality of the zeta-function of a system of equations
over a finite field, one of the parts of the celebrated Weil Conjectures. Here the
presentation follows Serre’s exposition in Séminaire Bourbaki.

These notes have no pretension to being a thorough introduction to p-adic
analysis. Such topics as the Hasse— Minkowski Theorem (which is in Chapter 1
of Borevich and Shafarevich’s Number Theory) and Tate’s thesis (which is also
available in textbook form, see Lang’s Algebraic Number Theory) are omitted.

ix



Preface

Moreover, there is no attempt to present results in their most general form. For
example, p-adic L-functions corresponding to Dirichlet characters are only dis-
cussed parenthetically in Chapter II. The aim is to present a selection of material
that can be digested by undergraduates or beginning graduate students in a
one-term course.

The exercises are for the most part not hard, and are important in order to
convert a passive understanding to a real grasp of the material. The abundance of
exercises will enable many students to study the subject on their own, with
minimal guidance, testing themselves and solidifying their understanding by
working the problems.

p-adic analysis can be of interest to students for several reasons. First of all, in
many areas of mathematical research—such as number theory and representation
theory—p -adic techniques occupy an important place. More naively, for a stu-
dent who has just learned calculus, the *‘brave new world’’ of non- Archimedean
analysis provides an amusing perspective on the world of classical analysis.
p-adic analysis, with a foot in classical analysis and a foot in algebra and number
theory, provides a valuable point of view for a student interested in any of those
areas.

I would like to thank Professors Mark Kac and Yu. 1. Manin for their help
and encouragement over the years, and for providing, through their teaching and
writing, models of pedagogical insight which their students can try to emulate.

Logical dependence of chapters
/
N
4\5

Cambridge, Massachusetts N.I K.
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CHAPTER 1

p-adic numbers

1. Basic concepts

If X is a nonempty set, a distance, or metric, on X is a function d from pairs
of elements (x, y) of X to the nonnegative real numbers such that

(1) d(x,y) = 0if and only if x = y.
(2) d(x,y) = d(y, x).
3) d(x,y) < d(x,z) + d(z, y) for all z€ X.

A set X together with a metric d is called a metric space. The same set X can
give rise to many different metric spaces (X, d), as we’ll soon see.

The sets X we’ll be dealing with will mostly be fields. Recall that a field F
is a set together with two operations + and - such that F is a commutative
group under +, F — {0} is a commutative group under -, and the distributive
law holds. The examples of a field to have in mind at this point are the field
Q of rational numbers and the field R of real numbers.

The metrics d we’ll be dealing with will come from norms on the field F,
which means a map denoted || | from F to the nonnegative real numbers
such that

(1) ||x|| = 0if and only if x = 0.
@ lx-yll = Ix]-1y]-
G lx+xI < x|+l

When we say that a metric d “comes from™ (or ““is induced by”’) a norm
[ |, we mean that d is defined by: d(x, y) = |x — y|. It is an easy exercise
to check that such a d satisfies the definition of a metric whenever | || is a
norm.

A basic example of a norm on the rational number field Q is the absolute
value |x|. The induced metric d(x, y) =|x — y| is the usual concept of
distance on the number line.



I p-adic numbers

My reason for starting with the abstract definition of distance is that the
point of departure for our whole subject of study will be a new type of
distance, which will satisfy Properties (1)-(3) in the definition of a metric
but will differ fundamentally from the familiar intuitive notions. My reason
for recalling the abstract definition of a field is that we’ll soon need to be
working not only with Q but with various ““extension fields” which contain Q.

2. Metrics on the rational numbers

We know one metric on Q, that induced by the ordinary absolute value. Are
there any others? The following is basic to everything that follows.

Definition. Let pe{2,3,5,7, 11,13, ...} be any prime number. For any
nonzero integer a, let the p-adic ordinal of 4, denoted ord, a, be the highest
power of p which divides a, i.e., the greatest m such that a = 0 (mod p™).
(The notation @ = b (mod ¢) means: ¢ divides a — b.) For example,

ord; 35 =1, ords 250 = 3, ord; 96 = §, ord, 97 = 0.
(If a = 0, we agree to write ord, 0 = c0.) Note that ord, behaves a little
like a logarithm would: ord,(a,a;) = ord, a, + ord, a,.

Now for any rational number x = a/b, define ord, x to be ord, a —
ord, b. Note that this expression depends only on x, and not on a and b,
i.e., if we write x = ac/bc, we get the same value for ord, x = ord, ac —
ord, bc.

Further define a map | |, on Q as follows:
1

0, if x =0.

Proposition. | |, is a norm on Q.

ifx #0;
lep——'

PRrOOF. Properties (1) and (2) are easy to check as an exercise. We now verify
3).

Ifx=0o0ry=0,orif x + y = 0, Property (3) is trivial, so assume x, y,
and x + y are all nonzero. Let x = a/b and y = c/d be written in lowest
terms. Then we have: x + y = (ad + bc)/bd, and ord,(x + y) =
ord,(ad + bc) — ord, b — ord, d. Now the highest power of p dividing the
sum of two numbers is at least the minimum of the highest power dividing
the first and the highest power dividing the second. Hence

ord,(x + y) = min(ord, ad, ord, bc) — ord, b — ord, d
min(ord, a + ord, d, ord, b + ord, ¢) — ord, b — ord, d
min(ord, a — ord, b, ord, ¢ — ord, d)

= min(ord, x, ord, y).

Therefore, |x + y|, = p~"%**¥) < max(p~%*%, p~°"%¥) = max(|x|, |¥|5),
and thisis < |x|, + |y|,. O

[\
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2 Metrics on the rational numbers

We actually proved a stronger inequality than Property (3), and it is this
stronger inequality which leads to the basic definition of p-adic analysis.

Definition. A norm is called non-Archimedean if |x + y| < max(|x|, |»|)
always holds. A metric is called non-Archimedean if d(x,y) <
max(d(x, z), d(z, y)); in particular, a metric is non-Archimedean if it is
induced by a non-Archimedean norm, since in that case d(x,y) =
Ix =yl = I(x = 2) + (z = Y| < max(|x — z], |z — y[) = max(d(x, 2),
d(z, y))-

Thus, | |, is a non-Archimedean norm on Q.

A norm (or metric) which is not non-Archimedean is called Archimedean.
The ordinary absolute value is an Archimedean norm on Q.

In any metric space X we have the notion of a Cauchy sequence
{a,, a,, as, ...} of elements of X. This means that for any ¢ > 0 there exists
an N such that d(a,,, a,) < ¢ whenever bothm > Nand n > N.

We say two metrics d; and d, on a set X are equivalent if a sequence is
Cauchy with respect to d, if and only if it is Cauchy with respect to d,. We
say two norms are equivalent if they induce equivalent metrics.

In the definition of | |,, instead of (1/p)°*%* we could have written p°'%*
with any p € (0, 1) in place of 1/p. We would have obtained an equivalent
non-Archimedean norm (see Exercises 5 and 6). The reason why p = 1/p is
usually the most convenient choice is related to the formula in Exercise 18
below.

We also have a family of Archimedean norms which are equivalent to
the usual absolute value | |, namely | |* when 0 < « < 1 (see Exercise 8).

We sometimes let | |, denote the usual absolute value. This is only a
notational convention, and is not meant to imply any direct relationship
between | |, and | [,.

By the “trivial” norm we mean the norm | || such that |0] = 0 and
x| = 1for x # 0.

Theorem 1 (Ostrowski). Every nontrivial norm || || on Q is equivalent to | |,
Jfor some prime p or for p = co.

PRrOOF. Case (i). Suppose there exists a positive integer n such that |n| > 1.
Let n, be the least such n. Since ||ny| > 1, there exists a positive real number
a such that ||ne|| = n,*. Now write any positive integer n to the base n,, i.e.,
in the form

n=ay,+ any, + az;ny® + --- + a;ny®, where0 < a, < ny and a, # 0.
Then

Inl < llaoll + lawnoll + llagno®| + - -- + Jlamo’]
= laol + lawll-no™ + laa|-no™ + - - + |a||-no*.



I p-adic numbers

Since all of the g, are <n,, by our choice of n, we have |a;| < 1, and hence
"n" <1+ no“ + noz" + .0 4 nosa
=n**(1 + ne™% + ng2® + - - + ng*)

{3 e,

i=0

IA

because n > n,°. The expression in brackets is a finite constant, which we
call C. Thus,

|n] < Cn* forallm=1,2,3,....

Now take any n and any large N, and put n” in place of » in the above
inequality; then take Nth roots. You get

In| < VCn=.

Letting N — oo for n fixed gives |n| < n®.

We can get the inequality the other way as follows. If n is written to the
base n, as before, we have n*! > n > n¢'. Since [n3*|| = |n + n§** — nf| <
|n] + ||n§** — nf, we have

Inl = [n6**] — |ns** — n
> ng+1)a —_ (n%+1 — n)a’
since |n§*t|| = ||mof***, and we can use the first inequality (i.e., |n] < n%)

on the term that is being subtracted. Thus,

] = n§*ve — (m3** — ne®)* (sincen = ny%)

1\«
cree - (1= 2

>C'n*

for some constant C’ which may depend on #n, and « but not on n. As before,
we now use this inequality for n", take Nth roots, and let N — oo, finally
getting: ||n| = n*.

Thus, ||n|| = n®. It easily follows from Property (2) of norms that |x| =
|x]* for all x € Q. In view of Exercise 8 below, which says that such a norm is
equivalent to the absolute value | |, this concludes the proof of the theorem
in Case (i).

Case (ii). Suppose that |[n]| < 1 for all positive integers n. Let n, be the
least n such that [n]| < 1; n, exists because we have assumed that | || is
nontrivial.

ny, must be a prime, because if n, = n,-n, with n, and n; both <n,, then
Inll = ||na| = 1,andso ||no] = ||n,|-[nz]| = 1.So let p denote the prime n,.

We claim that ||g| = 1 if ¢ is a prime not equal to p. Suppose not; then
fq] < 1, and for some large N we have |g"| = |g|¥ < 1. Also, for some
large M we have ||p¥| < 4. Since p™ and gV are relatively prime—have no

4



2 Metrics on the rational numbers

common divisor other than 1—we can find (see Exercise 10) integers n and m
such that: mp™ + ng® = 1. But then

1= 1) = |mp* + ng"| < [mp™| + |ng"| = |m] |p*| + |n| lg"],

by Properties (2) and (3) in the definition of a norm. But |m|, |n| < 1, so
that

L<|pl +lg"l <3 +3=1,

a contradiction. Hence [g| = 1.

We’re now virtually done, since any positive integer a can be factored into
prime divisors: @ = p,'ipgs---pr. Then |af = |pa|*s- [pals- - - |5y
But the only | p;| which is not equal to 1 will be || p| if one of the p;’s is p. Its
corresponding b, will be ord, a. Hence, if we let p = ||p| < 1, we have

lal = g

It is easy to see using Property (2) of a norm that the same formula holds with
any nonzero rational number x in place of a. In view of Exercise 5 below,
which says that such a norm is equivalent to | |,, this concludes the proof
of Ostrowski’s theorem. O

Our intuition about distance is based, of course, on the Archimedean
metric | |,. Some properties of the non-Archimedean metrics | |, seem very
strange at first, and take a while to get used to. Here are two examples.

For any metric, Property (3): d(x,y) < d(x, z) + d(z, y) is known as
the “triangle inequality,” because in the case of the field C of complex
numbers (with metric d(a + bi, ¢ + di) =V/(a — ¢)® + (b — d)?) it says
that in the complex plane the sum of two sides of a triangle is greater than
the third side. (See the diagram.)

d(x, 2)
d(z, y)

d(x, y) y

Let’s see what happens with a non-Archimedean norm on a field F. For
simplicity suppose z = 0. Then the non-Archimedean triangle inequality says:
lx — y|| < max(]x], | y]). Suppose first that the “sides” x and y have
different ““length,” say || x| < | y|. The third side x — y has length

Ix =yl < Iyl
But
Iyl = lx = x = I < max(|x], |x = y|).
Since | y| isnot < || x|, we must have | y| < |x — y|,andso |y| = |x — y].

5



I p-adic numbers

Thus, if our two sides x and y are not equal in length, the longer of the two
must have the same length as the third side. Every “triangle” is isosceles!

This really shouldn’t be too surprising if we think what this says in the
case of | [, on Q. It says that, if two rational numbers are divisible by
different powers of p, then their difference is divisible precisely by the lower
power of p (which is what it means to be the same “size” as the bigger of
the two).

This basic property of a non-Archimedean field—that |x + y| <
max(| x|, || y|), with equality holding if |x| # | y|—will be referred to as
the “isosceles triangle principle” from now on.

As a second example, we define the (open) disc of radius r (r is a positive
real number) with center a (a is an element in the field F) to be

D@, r)={xeF||x—a| <r}.

Suppose || || is a non-Archimedean norm. Let b be any element in D(a, r™).
Then
D(a,r") = D(b, r"),

i.e., every point in the disc is a center! Why is this? Well

A

r
Ix = @) + (a — B)]
max(|x — al, |a — b])
<r
= x € D(b, r'),
and the reverse implication is proved in the exact same way.
If we define the closed disc of radius  with center a to be

D@, r)y={xeF||x—a| <r},

xeDa,r) = |x — a
=[x — b

A

for non-Archimedean | | we similarly find that every point in D(a, r) is a
center.
EXERCISES

1. For any norm | | on a field F, prove that addition, multiplication, and

finding the additive and multiplicative inverses are continuous. This means
that: (1) for any x,y€ F and any e > 0, there exists & > O such that
lx — x| <& and [y — y| < & imply |(x' + ») — (x + ¥)[| < & (2) the
same statement with |(x’ + ) — (x + »)| replaced by |x'y’ — xy]; (3) for
any nonzero x € Fand any & > 0, there exists § > 0 such that |x’ — x| < &
implies [{(1/x") — (1/x)| < &; (4) for any x € F and any & > O, there exists
8 > O such that [[x’ — x| < & implies [[(—x") — (—x)| < e.

2. Prove that if | [ is any norm on a field F, then | —1|| = 1| = 1. Prove that
if | | is non-Archimedean, then for any integer n: |n| < 1. (Here “n”
means the result of adding 1 + 1 + 1 + --- + 1 together n times in the
field F.)



10.

11.

12

13.
14.

15.

Exercises

. Prove that, conversely, if | || is a norm such that ||#| < 1 for every integer n,

then | | is non-Archimedean.

. Prove that a norm | || on a field F is non-Archimedean if and only if

{xeFllx| <1} n{xeFllx -1 <1} = &.

. Let| |.and || |; be two norms on a field F. Prove that | |, ~ | [z if and

only if there exists a positive real number « such that: |x|; = [x[2* for
all xe F.

. Prove that, if 0 < p < 1, then the function on x € Q defined as p°r%* if

x # 0and Oif x = 0, is a non-Archimedean norm. Note that by the previous
problem it is equivalent to | |,. What happensif p = 1? What aboutifp > 1?

. Prove that | |,, is not equivalent to | |, if p, and p. are different primes.

. For x € Q define | x| = |x|* for a fixed positive number «, where | | is the

usual absolute value. Show that | | is a norm if and only if & < 1, and that
in that case it is equivalent to the norm | |.

. Prove that two equivalent norms on a field F are either both non-Archimedean

or both Archimedean.

Prove that, if N and M are relatively prime integers, then there exist integers
n and m such that n1N + mM = 1.

Evaluate:
(i) ord; 54 (ii) ord, 128 (iii) ord; 57
(iv) ord,(—700/197) (v) ordx(128/7) (vi) ords(7/9)
(vii) ords(—0.0625) (viii) ordz(10°) (ix) ords(—13.23)
(x) ord,(—13.23) (xi) ords(—13.23) (xii) ord,;,(—13.23)

(xiii) ord,s(—26/169) (xiv) ord;es(—1/309) (xv) ords(9))
Prove that ord,(p™) =1+ p + p2 + --- + p¥~1,
If 0 < a < p — 1, prove that: ord,((ap™)!) =a(l + p + p2 + --- + p¥~1).

Prove that, if n = ao + a,p + azp? + - -- + a,p* is written to the base p,
sothat 0 < a; < p — 1, and if we set S, = > a; (the sum of the digits to the
base p), then we have the formula:

ord,(n!) = z -_“Sl"'

Evaluate |a — b|,, i.e., the p-adic distance between a and b, when:
ANa=1,b=26p=5 (ii)a=1,b=26,p =00
(i) a=1,b=26,p=3 (ivya=1/9,b=—-1/16,p =5
VMVa=1,b=244,p =3 (vi)a=1,b=1/244,p =3
(vida=1,b=1/243,p = 3 (viii) a=1,b=183,p = 13
(ix) a=1,b=183,p =7 xX)a=1,b=183,p =2
(xi)a=1,b=183,p = © i) a=9,b=0,p=3

(xiii) a = (91)?%/3%, 6 =0,p = 3 xiv) a =222 b =0,p =2

(xv) a =22/2M, b =0,p = 2.



1 p-adic numbers

16. Say in words what it means for a rational number x to satisfy |x|, < 1.

17. For x € Q, prove that lim,. »|x'/i!|, = O if and only if: ord, x > 1 when
p# 2 0rdax > 2whenp = 2,

18. Let x be a nonzero rational number. Prove that the product over all primes
including © of |x|, equals 1. (Notice that this “infinite product” actually
only includes a finite number of terms that are not equal to 1.) Symbolically,

I x|, = 1.

19. Prove that for any p (# ), any sequence of integers has a subsequence which
is Cauchy with respect to | |j.

20. Prove that if x € Q and |x|, < 1 for every prime p, then x € Z.

3. Review of building up the complex
numbers

We now have a new concept of distance between two rational numbers: two
rational numbers are considered to be close if their difference is divisible by
a large power of a fixed prime p. In order to work with this so-called * p-adic
metric” we must enlarge the rational number field @ in a way analogous
to how the real numbers R and then the complex numbers C were constructed
in the classical Archimedean metric | |. So let’s review how this was done.

Let’s go back even farther, logically and historically, than Q. Let’s go back
to the natural numbers N = {1, 2, 3, ...}. Every step in going from N to C
can be analyzed in terms of a desire to do two things:

(1) Solve polynomial equations.

(2) Find limits of Cauchy sequences, i.e., “complete” the number system to
one “without holes,” in which every Cauchy sequence has a limit in
the new number system.

First of all, the integers Z (including 0, — 1, —2, ...) can be introduced as
solutions of equations of the form

a+ x=>b, a, beN.

Next, rational numbers can be introduced as solutions of equations of the
form
ax = b, a, bel.

So far we haven’t used any concept of distance.

One of the possible ways to give a careful definition of the real numbers is
to consider the set .S of Cauchy sequences of rational numbers. Call two
Cauchy sequences s; = {a;} € Sand s, = {b;} € Sequivalent, and write s, ~ s,
if |a; — b;| — 0 as j — oo. This is obviously an equivalence relation, that is,
we have: (1) any s is equivalent to itself; (2) if s, ~ s, then s, ~ s5,; and
3) if 5; ~ 5, and s, ~ 53, then 5, ~ 5;. We then define R to be the set of
equivalence classes of Cauchy sequences of rational numbers. It is not hard



3 Review of building up the complex numbers

to define addition, multiplication, and finding additive and multiplicative
inverses of equivalence classes of Cauchy sequences, and to show that Ris a
field. Even though this definition seems rather abstract and cumbersome at
first glance, it turns out that it gives no more nor less than the old-fashioned
real number line, which is so easy to visualize.

Something similar will happen when we work with | |, instead of | |:
starting with an abstract definition of the p-adic completion of Q, we’ll get a
very down-to-earth number system, which we’ll call Q,.

Getting back to our historical survey, we’ve gotten as far as R. Next,
returning to the first method—solving equations—mathematicians decided
that it would be a good idea to have numbers that could solve equations like
x2 + 1 = 0. (This is taking things in logical order; historically speaking,
the definition of the complex numbers came before the rigorous definition
of the real numbers in terms of Cauchy sequences.) Then an amazing thing

happened! As soon as i = v/ —1 was introduced and the field of complex
numbers of the form a + bi, a, b € R, was defined, it turned out that:

(1) All polynomial equations with coefficients in C have solutions in C—this
is the famous Fundamental Theorem of Algebra (the concise terminology
is to say that C is algebraically closed); and

(2) Cis already “complete” with respect to the (unique) norm which extends
the norm | | on R (this norm is given by |a + bi] = V/a® + b?), i.e., any
Cauchy sequence {a; + b;i} has a limit of the form a + bi (since {a,} and
{b,;} will each be Cauchy sequences in R, you just let @ and b be their
limits).

So the process stops with C, which is only a “quadratic extension” of R
(i.e., obtained by adjoining a solution of the quadratic equation x2 + 1 = 0).
C is an algebraically closed field which is complete with respect to the Archime-
dean metric.

But alas! Such is not to be the case with | |,. After getting Q,, the comple-
tion of Q with respect to | |,, we must then form an infinite sequence of
field extensions obtained by adjoining solutions to higher degree (not just
quadratic) equations. Even worse, the resulting algebraically closed field,
which we denote Q,, is not complete. So we take this already gigantic field
and “fill in the holes” to get a still larger field Q.

What happens then? Do we now have to enlarge Q to be able to solve
polynomial equations with coefficients in Q? Does this process continue on
and on, in a frightening spiral of ever more far-fetched abstractions? Well,
fortunately, with Q the guardian angel of p-adic analysis intervenes, and it
turns out that Q is already algebraically closed, as well as complete, and our
search for the non-Archimedean analogue of C is ended.

But this Q, which will be the convenient number system in which to study
the p-adic analogy of calculus and analysis, is much less thoroughly
understood than C. As I. M. Gel'fand has remarked, some of the simplest
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I p-adic numbers

questions, e.g., characterizing Q,-linear field automorphisms of €, remain
unanswered.
So let’s begin our journey to Q.

4. The field of p-adic numbers

For the rest of this chapter, we fix a prime number p # co.

Let S be the set of sequences {a,} of rational numbers such that, given
e > 0, there exists an N such that |, — a;|, < ¢ if both i, i’ > N. We call
two such Cauchy sequences {a;} and {b;} equivalent if |a, — b;|, > O as
i — co. We define the set Q, to be the set of equivalence classes of Cauchy
sequences.

For any x € Q, let {x} denote the “constant” Cauchy sequence all of whose
terms equal x. It is obvious that {x} ~ {x'} if and only if x = x". The equiva-
lence class of {0} is denoted simply by 0.

We define the norm | |, of an equivalence class a to be lim,. . |a],,
where {a} is any representative of a. The limit exists because

(1) If a = 0, then by definition lim,_, , [a], = O.
(2) If a # 0, then for some ¢ and for every N there exists an iy > N with
layl, > e

If we choose N large enough so that |a; — a;|, < e when i, i’ > N, we have:
la; — a,|, < ¢ foralli > N.

Since |a,,|, > &, it follows by the “isosceles triangle principle” that |a|, =
|aiy]p- Thus, for all i > N, |a|, has the constant value |a;,|,. This constant
value is then lim,_. , |ap.

One important difference with the process of completing @ to get R should
be noted. In going from Q to R the possible values of | | = | |~ were
enlarged to include all nonnegative real numbers. But in going from Q to Q,
the possible values of | |, remain the same, namely {p"},cz { {0}.

Given two equivalence classes @ and b of Cauchy sequences, we choose
any representatives {a,} € a and {b;} € b, and define a-b to be the equivalence
class represented by the Cauchy sequence {a;b;}. If we had chosen another
{a,'} € a and {b,'} € b, we would have

la‘lbi’ - aib‘l,, = Iag'(bil b bg) + bi(a(’ - a,»)l,,
< max(|a,'(h;" — b)), |bla’ — a)l,);

as i — oo, the first expression approaches |a|,- lim |6, — b/, = 0, and the
second expression approaches |b|,-lim|a,’ — a;|, = 0. Hence {a/'b,'} ~ {ab;}.

We similarly define the sum of two equivalence classes of Cauchy se-
quences by choosing a Cauchy sequence in each class, defining addition
term-by-term, and showing that the equivalence class of the sum only
depends on the equivalence classes of the two summands. Additive inverses
are also defined in the obvious way.

10



4 The field of p-adic numbers

For multiplicative inverses we have to be a little careful because of the
possibility of zero terms in a Cauchy sequence. However, it is easy to see that
every Cauchy sequence is equivalent to one with no zero terms (for example,
if a, = 0, replace g, by a = p'). Then take the sequence {1/a,}. This sequence
will be Cauchy unless |a;|, — 0, i.e., unless {a;} ~ {0}. Moreover, if {a;} ~ {a'}
and no q, or @, is zero, then {l/a} ~ {1/a} is easily proved.

It is now easy to prove that the set Q, of equivalence classes of Cauchy
sequences is a field with addition, multiplication, and inverses defined as
above. For example, distributivity: Let {a;}, {6}, {c;} be representatives of
a, b, c € Q,; then a(b + c) is the equivalence class of

{a(b, + c)} = {ab, + acy},

and ab + ac is also the equivalence class of this sequence.

Q can be identified with the subfield of Q, consisting of equivalence classes
containing a constant Cauchy sequence. Under this identification, note that
| |, on Q, restricts to the usual | |, on Q.

Finally, it is easy to prove that Q, is complete: if {a;},., . . is a sequence
of equivalence classes which is Cauchy in Q,, and if we take representative
Cauchy sequences of rational numbers {a;;};,—, ,, .. for each a;, where for
each j we have |a;; — a;.|, < p~’ whenever i, i’ > N then it is easily shown
that the equivalence class of {a;y };- 1,2, ... is the limit of the a;. We leave the
details to the reader.

It’s probably a good idea to go through one such tedious construction in
any course or seminar, so as not to totally forget the axiomatic foundations
on which everything rests. In this particular case, the abstract approach also
gives us the chance to compare the p-adic construction with the construction
of the reals, and see that the procedure is logically the same. However, after
the following theorem, it would be wise to forget as rapidly as possible
about “equivalence classes of Cauchy sequences,” and to start thinking in
more concrete terms.

Theorem 2. Every equivalence class a in Q,, for which |a|, < 1 has exactly one
representative Cauchy sequence of the form {a;} for which:

MDHDO0<ag <pfori=123,....
Q) ag=a.,,(modp")fori=1,2,3,....

PRrROOF. We first prove uniqueness. If {a;'} is a different sequence satisfying (1)
and (2), and if @,, # &, then a,, # a,,’ (mod p'c), because both are between
0 and p'. But then, for all i > i,, we have q, = a,, # a, = a,’ (mod p'),
i.e., a; & a,’ (mod p'). Thus

la — a/'|, > 1/p'

for all i > iy, and {a} ~ {a'}.
So suppose we have a Cauchy sequence {b;}. We want to find an equivalent
sequence {a;} satisfying (1) and (2). To do this we use a simple lemma.

11
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Lemma. If x € Q and |x|, < 1, then for any i there exists an integer o € Z such
that |a — x|, < p~'. The integer o can be chosen in the set {0, 1,2, 3, ...,
pt— 1}

PROOF OF LEMMA. Let x = a/b be written in lowest terms. Since [x|, < 1,
it follows that p does not divide b, and hence b and p! are relatively prime. So
we can find integers m and n such that: mb + np' = 1. Let « = am. The idea
is that mb differs from 1 by a p-adically small amount, so that m is a good
approximation to 1/b, and so am is a good approximation to x = a/b. More
precisely, we have:

o — x|, = lam — (a/b)|, = la/blr |mb — 1‘?
< [mb — H, = [np'l, = |nls/p* < 1/p"

Finally, we can add a multiple of p! to the integer « to get an integer between
0 and p' for which e — x|, < p~! still holds. The lemma is proved. O

Returning to the proof of the theorem, we look at our sequence {b;}, and,
foreveryj = 1,2, 3, ..., let N(j) be a natural number such that |b, — b}, <
p~! whenever i, i’ = N(j). (We may take the sequence N(j) to be strictly
increasing with j; in particular, N(j) > j.) Notice that |b,|, < 1 if i > N(I),
because for all i’ > N(1)

|bil, < max(]b;|,, |6 — by]p)

max(|b; |5, 1/p),
and {b;|, > |al, < 1 asi’"— 0.

We now use the lemma to find a sequence of integers a;, where 0 < a; < p,,
such that

A 1A

la; — bunls < 1/P.
I claim that {a;} is the required sequence. It remains to show that a;,, = a,

(mod p’) and that {b;} ~ {a,}.
The first assertion follows because

541 — @l = @41 — bygeny + bygsny — by — (@ — bug)l»

< max(|a;+1 — byg+nles [Brg+1 — bueples 1a5 — buels)

< max(1/p’*1, 1/p’, 1/p%)

= 1/p’.

The second assertion follows because, given any j, for i > N(j) we have
la — b, = & — a; + a5 — by, — (b — byl

< max(|a; — a5, a5 — bulps |61 — buipls)
<

max(1/p’, 1/p’, 1/p")
= 1/p'.

Hence |a, — b, — 0 as i — oco. The theorem is proved. O
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4 The field of p-adic numbers

What if our p-adic number a does not satisfy |a], < 1? Then we can
multiply a by a power p™ of p (namely, by the power of p which equals |a|,),
o get a p-adic number @’ = gp™ which does satisfy |a’|, < 1. Then a’ is
represented by a sequence {a;'} as in the theorem, and a = a’p~™ is repre-
sented by the sequence {a;} in which @, = a,//p~™.

It is now convenient to write all the a,’ in the sequence for a’ to the base p,
ie.,

a/ =bo + bip + byp* + - + b_yp'7,

where the b’s are all “digits,” i.e., integers in {0, 1, ..., p — 1}. Our condition
a’' = ai,, (mod p') precisely means that

@iy = by + bip + bap® + --- + b1 p'" + bypt,

where the digits b, through b,_, are all the same as for a,’. Thus, a’ can be
thought of intuitively as a number, written to the base p, which extends
infinitely far to the right, i.e., we add a new digit each time we pass from a,
to aj.q.

Our original a can then be thought of as a base p decimal number which
has only finitely many digits “to the right of the decimal point” (i.e., corres-
ponding to negative powers of p, but actually written starting from the left)
but has infinitely many digits for positive powers of p:

b b b, _
=p—,?,+P,,,‘_1+---+—p—1»+b,,.+b,,.+1p+b,,.+2p2+~-.

Here for the time being the expression on the right is only shorthand for the
sequence {a;}, where @, = bop~™ + - - - + b;_,p'~1~™, thatis, a convenient way
of thinking of the sequence {a;} all at once. We’ll soon see that this equality
is in a precise sense “real” equality. This equality is called the “p-adic
expansion” of a.

We let Z, = {acQ, | |a|, < 1}. This is the set of all numbers in Q,
whose p-adic expansion involves no negative powers of p. An element of Z,,
is called a “p-adic integer.” (From now on, to avoid confusion, when we
mean an old-fashioned integer in Z, we’ll say “rational integer.”’) The sum,
difference, and product of two elements of Z,, is in Z,, so Z, is what’s called a
“subring” of the field Q,.

If a, b€ Q,, we write a = b (mod p") if |a — b|, < p~", or equivalently,
(a — b)/p" € Z,, i.e., if the first nonzero digit in the p-adic expansion of a — b
occurs no sooner than the p*-place. If a and b are not only in Q, but are
actually in Z (i.e., are rational integers), then this definition agrees with the
earlier definition of a = b (mod p").

WedefineZ,* as{xeZ,| 1/xeZ,}, orequivalentlyas{x € Z, | x # 0(mod p)},
or equivalently as {x€Z, | |x|, = 1}. A p-adic integer in Z,*—i.e., whose
first digit is nonzero—is sometimes called a “p-adic unit.”

13



I p-adic numbers

Now let {5}i2 _n, be any sequence of p-adic integers. Consider the sum

S,,,=I;;m"+%7,:"_—?+---+bo+b1p+b2p2+--~+pr”.
This sequence of partial sums is clearly Cauchy: if M > N, then |Sy — Sy,
< 1/p¥. It therefore converges to an element in @,. As in the case of infinite
series of real numbers, we define 3% _,, b,p' to be this limit in Q,.

More generally, if {c;} is any sequence of p-adic numbers such that |c,|, — 0
as i — oo, the sequence of partial sums Sy = ¢; + ¢, + - - - +cy converges to
a limit, which we denote 22, ¢, This is because: |Sy — Sy|, =
lews1r + ensz + - + culp < max(|eysalp, [ensalp -+ -5 |eulp) Which — O as
N — 0. Thus, p-adic infinite series are easier to check for convergence than
infinite series of real numbers. A4 series converges in Q,, if and only if its terms
approach zero. There is nothing like the harmonicseries 1 + 3 + $ + } + - --
of real numbers, which diverges even though its terms approach 0. Recall
that the reason for this is that { [, of a sum is bounded by the maximum
(rather than just the sum) of the | [, of the summands when p # 0, i.e., when
| |,is non-Archimedean.

Returning now to p-adic expansions, we see that the infinite series on the
right in the definition of the p-adic expansion

bo bl bm—l
p

i

I pm_1 + bm + bm+1p + bm-+~2p2 + e

+ -+

(here b,€{0, 1,2, ...,p — 1}) converges to a, and so the equality can be
taken in the sense of the sum of an infinite series.

Note that the uniqueness assertion in Theorem 2 is something we don’t
have in the Archimedean case. Namely, terminating decimals can also be
represented by decimals with repeating 9s: 1 = 0.9999 - - -. But if two p-adic
expansions converge to the same number in Q,, then they are the same, i.e.,
all of their digits are the same.

One final remark. Instead of {0, 1,2, ..., p — 1} we could have chosen
any other set S = {ao, o, @, ..., ,_1} of p-adic integers having the property
that o; = i(mod p) for i = 0, 1,2, ..., p — 1, and could then have defined
our p-adic expansion to be of the form > _,, b;p', where now the ““digits” b,
are in the set S rather than in the set {0, 1, ..., p — 1}. For most purposes,
the set {0, 1, ..., p — 1} is the most convenient. But there is another set S,
the so-called “Teichmiiller representatives” (see Exercise 13 below), which
is in some ways an even more natural choice.

5. Arithmetic in Q,

The mechanics of adding, subtracting, multiplying, and dividing p-adic
numbers is very much like the corresponding operations on decimals which
we learn to do in about the third grade. The only difference is that the

14



5 Arithmetic in Q,

‘“carrying,” ‘“‘borrowing,” ‘“‘long multiplication,” etc. go from left to right
rather than right to left. Here are a few examples in Q,:

3+6xT+2xT2+--- 2x 7T 14 0x7°+3xT +---
Xx44+5xT+1x72+--. -4 xT14+6xT"+5xT +---
S+4xT+4xT+--- 5xT7T14+0x7°+4xT +--.
IxT+4xT24--
Ix T4

5¥S5xT+4x T2+

S+1xT+6xT72+---
345xT+1 x4+ [1+2xT+4xT2+--.
1+6x74+1x72+--.
3IxT7T4+2x7*4--.
3IxT+5x7?+--.
4x73+...
4x72'+...

As another example, let’s try to extract v/6 in Qs, i.e., we want io find
ao, a1, 4y, ..., 0 < a; < 4, such that

(@ +a, x5+a, x5%+--)2=1+1x5.

Comparing coefficients of 1 = 5° on both sides gives a,2 = 1 (mod 5), and
hence a, = 1 or 4. Let’s take a, = 1. Then comparing coefficients of 5 on
both sides gives 2a; x 5 =1 x 5(mod 5%), so that 2g;, = 1 (mod 5), and
hence a; = 3. At the next step we have:

l+1x5=0+3 54ax5)2=1+1x15+ 2a, x 52 (mod 5°%).
Hence 24, = 0 (mod 5), and a, = 0. Proceeding in this way, we get a series
a=14+3x54+0x52+4x5+a, x5 +a;x5+--.

where each g after a, is uniquely determined.
But remember that we had two choices for a,, namely 1 and 4. What if we
had chosen 4 instead of 1? We would have gotten

—a=44+1x5+4x52+0x5°
+(4-a)x5*+@—a) x55+---.

The fact that we had two choices for a,, and then, once we chose a,, only a
single possibility for a,, a;, a;, ..., merely reflects the fact that a nonzero
element in a field like @ or R or Q, always has exactly two square roots in the
field if it has any.

Do all numbers in Qs have square roots ? We saw that 6 does, what about
77 If we had

(ao+a1X5+'--)2=2+]X5,
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I p-adic numbers

it would follow that @,? = 2 (mod 5). But this is impossible, as we see by
checking the possible values q¢, = 0, 1, 2, 3, 4. For a more systematic look
at square roots in Q,, see Exercises 6-12.

This method of solving the equation x2 — 6 = 0 in Q;—by solving the
congruence d,2 — 6 = 0 (mod 5) and then solving for the remaining g; in a
step-by-step fashion—is actuatly quite general, as shown by the following
important ““lemma.”” This form of the lemma was apparently first given in
Serge Lang’s Ph.D. thesis in 1952 (Annals of Mathematics, Vol. 55, p. 380).

Theorem 3 (Hensel’s lemma). Let F(x) = ¢y + c;x + -+ - + ¢, x" be a poly-
nomial whose coefficients are p-adic integers. Let F'(x) = ¢; + 2¢,x +
3cgx? + -+« 4+ ne,xt 1 be the derivative of F(x). Let a, be a p-adic integer
such that F(a,) = 0 (mod p) and F'(a,) # 0 (mod p). Then there exists a
unique p-adic integer a such that

F@) =0 and a = a,(mod p).

(Note: In the special case treated above, we had F(x) = x2 — 6, F'(x) =
2x,a, = 1))

PrOOF OF HENSEL'S LEMMA. I claim that there exists a unique sequence
of rational integers a,, a,, ag, ... such that foralln > 1:
(1) F(a,) = 0(mod p**?).
(2) a, = a,_, (mod p").
3)0<a, <pr*i

We prove that such a, exist and are unique by induction on n.

If n = 1, first let 4, be the unique integer in {0, 1, ..., p — 1} which is
congruent to @, mod p. Any a, satisfying (2) and (3) must be of the form
dy + b;p,where0 < b, < p — 1. Now, looking at F(d, + b,p), we expand the
polynomial, remembering that we only need congruence to 0 mod p?, so
that any terms divisible by p? may be ignored:

F(a,) = F(@ + b,p) = z c(d + bip)
= z (cdo' + icdy~'b,p + terms divisible by p?)

= z ado' + (Z ici&t)_l)blp (mod p?)
= F(do) + F'(do)b,p.

(Note the similarity to the first order Taylor series approximation in calculus:
F(x + h) = F(x) + F'(x)h + higher order terms.) Since F(a,) = 0 (mod p)
by assumption, we can write F(d,) = op (mod p?) for some «€{0, 1, ...,p — 1}.
So in order to get F(a;) = 0 (mod p%?) we must get op + F'(dy)byp =0
(mod p?), i.e., « + F'(d,)b, = 0 (mod p). But, since F'(a,) # 0 (mod p) by
assumption, this equation can always be solved for the unknown b,. Namely,
using the lemma in the proof of Theorem 2, we choose b, €{0, 1, ..., p — 1}
so that &, = —«/F'(G,) (mod p). Clearly this b,€{0,1,...,p — 1} is
uniquely determined by this condition.
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5 Arithmetic in Q,

Now, to proceed with the induction, suppose we already have a,, a,, .. .,
a,_,. We want to find a,. By (2) and (3), we need a, = a,_, + b,p" with
b,€{0,1,...,p — 1}. We expand F(a,_-, + b,p") as we did before in the
case n = |, only this time we ignore terms divisible by p"*1. This gives us:

F(a,) = F(ay-1 + bup") = F(an-1) + F'(an-1)bnp" (mod p™*7).

Since F(a,-,) = 0 (mod p™) by the induction assumption, we can write
F(a,_,) = o'p" (mod p™*?'), and our desired condition F(a,) = 0 (mod p**?)
now becomes

oa'p* + F'(a,_1)b,p" = 0 (mod p™*?), ie., o« + F'(@,-1)b, = 0(mod p).

Now, since a,_, = a, (mod p), it easily follows that F'(a,_,) = F'(a,) # 0
(mod p), and we can find the required b,€{0, 1, ...,p — 1} proceeding
exactly as in the case of b,, i.e., solving b, = —a'/F'(a,_,) (mod p). This
completes the induction step, and hence the proof of the claim.

The theorem follows immediately from the claim. We merely let a =
dy + byp + byp? + - - - . Sinceforallnwe have F(a) = F(a,) = 0 (mod p"*+?),
it follows that the p-adic number F(a) must be 0. Conversely, any a = d, +
b,p + b,p% + - - - gives a sequence of a, as in the claim, and the uniqueness
of that sequence implies the uniqueness of the a. Hensel’s lemma is proved. []

Hensel’s lemma is often called the p-adic Newton’s lemma because the
approximation technique used to prove it is essentially the same as Newton’s

/1
/
/
L

Figure I.1. Newton’s method in the real case
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method for finding a real root of a polynomial equation with real coefficients.
In Newton’s method in the real case, (see Figure I.1), if /'(a, ;) # 0, we take
— f (au - 1) .

f'@n-1)
The correction term —f(a,_;)/f'(a.-,) is a lot like the formula for the
““correction term” in the proof of Hensel’s lemma:

Qn = Qn_3

n o— __ a'pn P F(an—l) n+l
P = ) = Fla,) ™)

In one respect the p-adic Newton’s method (Hensel’s lemma) is much
better than Newton’s method in the real case. In the p-adic case, it’s guaranteed
to converge to a root of the polynomial. In the real case, Newton’s method
usually converges, but not always. For example, if you take f(x) = x* — x
and make the unfortunate choice a, = 1/V/5, you get:

a, = YV5 = [1/5V5 — 1V/5)(3/5 - 1)
V5[ = (1/5 = DE/5 — D] = —-1/V5;
a; = 1V5; a3 = —1/\/3, etc.

(See Figure 1.2.) Such perverse silliness is impossible in Q,.

Figure 1.2. Failure of Newton’s method in the real case
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Exercises

EXERCISES

1.

2

10.
11.

12,

If aeQ, has p-adic expansion @-pp™™ + @oms1p" ™1 + -+ + ap +
a;p + - -, what is the p-adic expansion of —a?

Find the p-adic expansion of:

D)O6+4xT7+2x7T2+1x7+--)3+0xT+0xT2+6xT73+.-1)
in Q- to 4 digits

G) 1/B+2x5+3x52+1x5+---)in Qs to 4 digits

Gil) 9 x 112 -3 x 1172 + 2+ 1 x11'+3 x 112+ --.) in Q to 4

digits
(iv) 2/3in Q, (v) —1/6in Q- (vi) 1/10in Q;,
(vii) —9/16in Q3 (viii) 1/1000 in Qs (ix) 6!in Q3
(x) 1/3!'in Q3 (xi) 1/4!in Q, (xii) 1/5!'in Qs

Prove that the p-adic expansion of a nonzero a € Q,, terminates (i.€., a; = 0 for all
i greater than some N) if and only if a is a positive rational number whose
denominator is a power of p.

. Prove that the p-adic expansion of a € Q,, has repeating digits from some point

on (i.e., a;+» = a; for some r and for all / greater than some N) if and only
ifae Q.

. What is the cardinality of Z,? Prove your answer.

. Prove the following generalization of Hensel’s lemma: Let F(x) be a poly-

nomial with coefficients in Z,. If a, € Z, satisfies F'(a;)= 0 (mod p™) but
F’(a;) = 0 (mod pM*?), and if F(ap) = 0 (mod p2¥*1), then there is a unique
a € Z, such that F(a) = 0 and @ = g, (mod p™*1).

. Use your proof in Exercise 6 to find a square root of —7 in Q, to 5 digits.

. Which of the following 11-adic numbers have square roots in Q,,?

O i) 7 (iii) -7
(iv) 5+3x11+9x112+1 x 118
WV3x11"24+6x 11" +3+0x 11+ 7 x 112
()3 x 11" +6+3x11+0x112+7 x 118
(vii) 1 x 117 (viii) 7 — 6 x 112
(ix) 5 x 1172 4+ 3% on x 117,

. Compute +.,/—1in Qs and +./ -3 in Q, to 4 digits.

For which p = 2,3,5,7,11, 13, 17, 19 does —1 have a square root in Q,?

Let p be any prime besides 2. Suppose « € Q, and |«|, = 1. Describe a test
for whether o has a square root in @,. What about if |«|, # 1? Prove that
there exist four numbers «;, a,, o3, o4, € Q, such that for all nonzero « € Q,,
exactly one of the numbers o, ¢, aza, ase, aqe has a square root. (In the case
when p is replaced by « and @, by R, there are two numbers, for example
+1 will do, such that for every nonzero « € R exactly one of the numbers
1-a and — 1.« has a square root in R.)

The same as Exercise 11 when p = 2, except that now there will be eight
numbers «;, ..., ag € Q; such that for all nonzero o € Q, exactly one of the
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1 p-adic numbers

13.

14.

15.

16.

17.

18.

19.

20.

21.

20

numbers o,a, ..., g has a square root in Q.. Find such «ay, ..., ag (the
choice of them is not unique, of course).

Find all 4 fourth roots of 1 in Qs to four digits. Prove that Q, always contains
psolutions ay, ai, ..., ap,-; tothe equation x* — x = 0, wherea, = i (mod p).
These p numbers are called the ** Teichmiiller representatives™ of {0, 1, 2, .. .,
p — 1} and are sometimes used as a set of p-adic digits instead of
{0,1,2,..., p— 1}.If p > 2, which Teichmiiller representatives are rational?

Prove the following *Eisenstein irreducibility criterion” for a polynomial
f(x) = ao + a;x + --- + a,x" with coefficients a, € Z,,: If a; = 0 (mod p) for
i=0,1,2, ...,n—1,if a, # 0(mod p), and if a, # 0 (mod p?), then f(x)
is irreducible over Q,, i.e., it cannot be written as a product of two lower
degree polynomials with coefficients in Q,.

If p > 2, use Exercise 14 to show that 1 has no pth root other than 1 in Q,. Prove
that if p > 2, then the only roots of 1 in @, are the nonzero Teichmiiller represen-
tatives; and in @, the only roots of 1 are +1.

Prove that the infinitesum 1 + p + p2 + p3 + --- convergesto 1/(1 — p) in
Q,. What about 1 = p +p* — p* + p* — p* +--- 7 What about 1 +
p-Dp+p2P+(p-DpPP+p*+(p—-—1Dp>+---7

Show that (a) every element x € Z, has a unique expansion of the form x = a, +
a(—p) + ay(—p)* + -+ a —p) +---,witha;€ {0, 1,..., p — 1}, and (b) this
expansion terminates if and only if xe Z.

Suppose that n is a (positive or negative) integer not divisible by p, and let
a = 1 (mod p). Show that « has an nth root in Q,. Give a counter-example
if n = p. Show that « has a pth root if « = 1 (mod p?) and p # 2.

Let a € Z,. Prove that o®™ = «*™ ! (mod p™) for M = 1,2,3,4, ... . Prove
that the sequence {«*"} approaches a limit in @Q,, and that this limit is the
Teichmiiller representative congruent to « mod p.

Prove that Z, is sequentially compact, i.e., every sequence of p-adic integers
has a convergent subsequence.

Define matrices with entries in Q,, their sums, products, and determinants
exactly as in the case of the reals. Let M = {r x r matrices with entries in Z,},
let M* = {4e M| A has an inverse in M} (it’s not hard to see that this is
equivalent to: det A€Z,*), and let pM = {4e M | A = pB with Be M}.
If Ae M* and B e pM, prove that there exists a unique X € M* such that:
X?—- AX + B=0.



CHAPTER II

p-adic interpolation of the Riemann
zeta-function

This chapter is logically independent of the following chapters, and is pre-
sented at this point in the middle of our ascent to Q as a plateau in the level
of abstraction—namely, everything in this chapter still takes place in the
fields Q, @,, and R.

The Riemann {-function is defined as a function of real numbers greater
than 1 by

OF P

It is easy to see (by comparison with the integral f:’ (dx/x*) = 1/(s — 1) for
fixed s > 1) that this sum converges when s > 1.

Let p be any prime number. The purpose of this chapter is to show that
the numbers {(2k) for k = 1,2, 3, ... have a “p-adic continuity property.”
More precisely, consider the set of numbers

SR = (1 = p1) S 4R, where o, = (=1 Tpr

as 2k runs through all positive even integers in the same congruence class
mod(p — 1). It turns out that f(2k) is always a rational number. Moreover,
if two such values of 2k are close p-adically (i.e., their difference is divisible
by a high power of p), then we shall see that the corresponding f(2k) are also
p-adically close. (We must also assume that 2k is not divisible by p — 1.)
This means that the function f can be extended in a unique way from integers
to p-adic integers so that the resulting function is a continuous function of a
p-adic variable with values in Q,. (“Continuous function” means, as in the
real case, that whenever a sequence of p-adic integers {x,} approaches x
p-adically, {f(x,)} approaches f(x) p-adically.)
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II p-adic interpolation of the Riemann zeta-function

This is what is meant by p-adic “interpolation.” The process is analogous
to the classical procedure for, say, defining the function f(x) = a* (where a
is a fixed positive real number): first define f(x) for fractional x; then prove
that nearby fractional values of x give nearby values of ¢*; and, finally,
define a* for x irrational to be the limit of a*» for any sequence of rational
numbers x, which approach x.

Notice that a function f on the set S of, for example, positive even integers
can be extended in at most one way to a continuous function on Z, (assume
p # 2). This is because S is “dense” in Z,—any x € Z, can be written as a
limit of positive even integers x,. If f is to be continuous, we must have
f(x) = lim, ., f(x,). In the real case, while the rational numbers are dense
in R, the set S is not. It makes no sense to talk of ‘“the” continuous real-
valued function which interpolates a function on the positive even integers;
there are always infinitely many such functions. (However, there might be a
unique real-valued continuous interpolating function which has additional
convenient properties: for example, the gamma-function I'(x + 1) inter-
polates k! when x = k is a nonnegative integer, it satisfies I'(x + 1) = xI'(x)
for all real x, and its logarithm is a convex function for x > 0; the gamma-
function is uniquely characterized by these properties.)

1. A formula for {(2k)

The kth Bernoulli number B, is defined as k! times the kth coefficient in the
Taylor series for

t 1
e —1 1T+42'+ 23 +341+ -+ " (n+ DI+ -+

& O Bu¥k!.
k=0

The first few B, are:

By=1, B, =-1/2, B,=1/6, B;=0,
B,=—1/30, Bs=0, Bg=1/42,....

We now derive the formula:

oo 227! By

ky = (—1yn2 = (22

(@) = (~ e s (-5

Recall the definition of the ‘“hyperbolic sine,” abbreviated sinh (and
pronounced “sinch”):

) fork=1,2,3,....

. e* —e %
sinh x = —
It is equal to its Taylor series
N x3 x5 x2k+1
Slnhx——x+§+§+"'+m+"',
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1 A formula for {(2k)

obtained by averaging the series for e* and —e~*. Note that this Taylor
series is the same as that for sin x, except without the alternation of sign.

Proposition. For all real numbers x, the infinite product
o 2
w1 (l + ’%)
n=1 h
converges and equals sinh(wx).

Proor. Convergence of the infinite product is immediate from the logarithm

test:
nZ1 log(l + ;1—2)

We start by deriving the infinite product for sin x.

© 2
x

< Z—2<oo for all x.
n=1n

Lemma. Let n = 2k + 1 be a positive odd integer. Then we can write
sin(nx) = P, (sin x)
cos(nx) = cos x Q,_, (sin x)
where P, (respectively Q, _,) is a polynomial of degree at most n (respectively

n — 1) with integer coefficients.

PROOF OF LEMMA. We use induction on k. The lemma is trivial for k = 0
(i.e., n = 1). Suppose it holds for k — 1. Then
sin[(2k + 1)x] = sin[(2k — 1)x + 2x]
= sin(2k ~ 1)x cos 2x + cos(2k — 1)x sin 2x
= Py -, (sin x)(1 — 2 sin? x)
+ cos xQ 2 (sin x)2 sin x cos x,

which is of the required form P, ,, (sin x). The proof that cos(2k + 1)x =
cos x Qg (sin x) is completely similar, and will be left to the reader. O

We now return to the proof of the proposition. Notice that, if we set
x = 0 in sin nx = P, (sin x), we find that P, has constant term zero. Next,
we take the derivative with respect to x of both sides of sin nx = P, (sin x):

n cos nx = P,'(sin x) cos x.

Setting x = O here gives: n = P,’(0), i.e., the first coefficient of P, is n. Thus,
we may write:

sin nx

2RRX P (si = i in2
T Py (sinx) =1 + @, sin x + a;sin®? x +
+ agsin®*x (n=2k+ 1),

where the a; are rational numbers. Note that for x = +(=/n), ..., + (k=/n),
the left-hand side vanishes. But the 2k values y = & sin(w/n), £sinQ2n/n), ...,
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II p-adic interpolation of the Riemann zeta-function

+ sin(k=/n) are distinct numbers at which the polynomial P, (y) vanishes.
Since P, has degree 2k and constant term 1, we must have:

Po(y) = (1 - Siny.,,/,,)(l - —siﬁ w/n)(l B singvr/n)(1 - :;I;VTW/;!)
(=) (1 - =)

ﬁ ( sin* iw/n)

r=1

Thus
. k a2
_sm. nx P, (sin x) = I_I (1 - ____'sm d )

nsin x =1 sin? rm/n
Replacing x by 7x/n gives:

sinmx ﬁ (1 _ Sinz(-rrx/n)).
nsin(mx/n) 7.1 sin®(mr/n)

Now take the limit of both sides as n = 2k + 1 — co0. The left-hand side

approaches (sin 7x)/mx. For r small relative to »n the rth term in the product

approaches 1 — ((wx/n)/(wr/n))?2 = 1 — (x2/r?). It then follows that the

product converges to [[2; (1 — (x%/r?)). (The rigorous justification is

straightforward, and will be left as an exercise below.)

We conclude:

2 x?\ _ sin(mx) _ n2x? | aix*  w%x®  a%x®
H(l_n_z)_w—x_l-—g!—-k st T ot T

n=1
using the Taylor series for sine. But

sinh(wx) w2x?  wixt  #Sx®  #8x®
RS i R e

+ ...

If we multiply out the infinite product for sin(mx)/(7x), we get a minus sign
precisely in those terms having an odd number of x%/n? terms, i.e., precisely
for the terms in the Taylor series for sin(7x)/(7x) having a minus sign. Thus,
changing the sign in the infinite product has the effect of changing all of the
—’s to +'s on the right, and we have the desired product expansion of the
proposition. (For a “better” way of thinking of this last step, see Exercise 3
below.) |

We are now ready to prove:
Theorem 4.

. 2k 22k~1 B2
{2k = (= 1™ 1),(—?,g)-
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1 A formula for {(2k)

ProoF. First take the logarithm of both sides of

© 2
sinh(7x) = =x 1:11 (l + E,;,)
(for x > 0). On the left we get
log sinh(7x) = log[(e™ — e~"*)/2] = log[(e™*/2)(1 — e~2"¥)]
= log(l — e~ 2™) + #x — log 2.
On the right we get (for 0 < x < 1)

o o 2k
log= + log x + Z log(l + x?/n%) = logw + log x + Z (=1)k+1 —xn—,
n=1

by the Taylor series for log(l + x). Since this double series is absolutely
convergent for 0 < x < 1, we can interchange the order of summation and
obtain the equality:

-2nx < xz" < 1
log(l — e=%2**) + ox — log2 = log= + logx+kz1 [(—1)"*17 2 W]

n=1

l%w+ﬂ%x+ z(—D“1 " 4(2k).

We now take the derivative of both sides with respect to x. On the right
we may differentiate term-by-term, since the resulting series is uniformly
convergentin 0 < x < 1 — ¢ for any ¢ > 0. Thus,

zﬂe—znx
] — e—2nx

+w=-+22( 1)+ 1x2k-17(2k).

k=1
Multiplying through by x and then substituting x/2 for x gives:

X — 1)k 2k
w_1+__1+z( ;2k§()2k

The left-hand side gives: (7x)/2 + >, Bi(mx)*/k!. Comparing coefficients
of even powers of x gives: w2*B,,/(2k)! = ((—1)*¢*1/22¢-1){(2k), which gives
us the theorem. O

As examples, we have

@="7 W=k 1=

The arrangement of the formula for {(2k) in the statement of Theorem 4
was deliberate. We think of the (— B,,/2k) as the ““interesting” part, and the
(—1)en2k226-1/(2k — 1)! as a nuisance factor. It is the interesting part that
we end up interpolating p-adically. Some justification for taking (— By,/2k)
rather than the whole mess will be given later (§7). For now, let’s remark that
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II p-adic interpolation of the Riemann zeta-function

at least the =% factor has to be discarded when we interpolate the values
p-adically, since transcendental real numbers cannot be considered p-adically
in any reasonable way. (What could “p-adic ordinal”” mean for them?)

2. p-adic interpolation of the
function f(s) = a*

This section will eventually play a role in the subsequent logical development.

It is included at this time as a ““dry run”’ in order to motivate certain features

of the later p-adic interpolation which may otherwise seem somewhat

idiosyncratic.

As mentioned before, if a is a fixed positive real number, the function
f(s) = a*is defined as a continuous function of a real variable by first defining
it on the set of rational numbers s, and then “interpolating” or *“extending
by continuity” to real numbers, each of which can be written as the limit of
a sequence of rational numbers.

Now suppose that @ = n is a fixed positive integer. Consider n as an
element in Q,. For every nonnegative integer s, the integer »n* belongs to Z,.
Now the nonnegative integers are dense in Z, in the same way as Q is dense
in R. In other words, every p-adic integer is the limit of a sequence of non-
negative integers (for example, the partial sums in its p-adic expansion). So
we might try to extend f(s) = »° by continuity from nonnegative integers s to
all p-adic integers s.

To do this, we must ask if »* and »* are close whenever the two non-
negative integers s and s’ are close, for example, when s’ = s + p" for some
large N. A couple of examples show that this is not always the case:

() n=p,s=0:|n° —n, = |l = p*"[, = 1 no matter what N is.

(2) 1 < n < p: by Fermat’s Little Theorem (see §III.1, especially the first
paragraph of the proof of Theorem 9), we have n = »n® (mod p), and so
n=n=n’=n"=-..=nr" (mod p); hence n* — n***" = n’(1 — n*")
= n°(1 — n) (mod p); thus |n* — n*'|, = 1 no matter what N is.

But the situation is not as bad as these examples make it seem. Let’s
choose n so that n = 1 (mod p), say n = 1 + mp. Let |s’ — s|, < 1/p", so
that s’ = s + s"p" for some s” € Z. Then we have (say s" > )

|t —nl, =l =, =1 =", =1 = (1 + mp)s”pnlp-
But expanding
s"pN(s"p¥ — 1)
2

shows that each term in 1 — (1 + mp)*"*" has at least p” *1. Thus,
1

In* — n¥, < |pY*Y, = Py
In other words, if s' — sis divisible by p¥, then n* — »* is divisible by p¥+,
Thus, if n = 1 (mod p), it makes sense to define f(s) = »n* for any p-adic
integer s to be the p-adic integer which is the limit of n: as s, runs through any

(A + mp)™ =1 + (s"PMymp + (mp)? + - - + (mp)”™™"
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2 p-adic interpolation of the function f(s) = a*

sequence of nonnegative integers which approach s (for example, the partial
sums of the p-adic expansion of s). Then f(s) is a continuous function
from 7, to Z,.

We can do a little better—allowing any n not divisible by p—if we’re
willing to insist that s and s’ be congruent modulo (p — 1), as well as modulo
a high power of p. That is, we fix some 5,€{0,1,2,3, ...,p — 2}, and,
instead of considering »* for all nonnegative integers s, we consider n* for all
nonnegative integers s congruent to our fixed s, modulo (p — 1). Letting
s =5, + (p — 1)s;, we are looking at n%*®-V% for s, any nonnegative
integer. We can do this because then

nt = n’o(n"'l)’l’

and for every n not divisible by p we have n~! = 1 (mod p). Thus, we are in
the situation of the last paragraph with n”~1 in place of n and s, in place of
s (and a constant factor n* thrown in).

Another way of expressing this function is as follows. Let S, be the set of
nonnegative integers congruent to s, mod (p — 1). S;, is a dense subset of Z,
(Exercise 7 below). The function f- S, — Z, defined by f(s) = n* can be
extended by continuity to a function f: Z, — Z,. Notice that the function f
depends on s, as well as on 7. But when p = 2 we have s, = 0, and so if n is
odd, then »* is continuous as a function of all nonnegative integers.

If n = 0 (mod p), we are out of luck. This is because n* — 0 p-adically for
ary increasing sequence of nonnegative integers. And if s € Z,, is not itself a
nonnegative integer, any sequence of nonnegative integers which approach s
p-adically must include arbitrarily large integers. It follows that the zero
function is the only possible candidate for n®, and that’s absurd.

One final remark: the above discussion applies word-for-word to the
function 1/n® (Exercise 8 below).

Now let’s look at the Riemann zeta-function

{Us) = Z,% (s> 1.

n=1

The naive way to try to interpolate {(s) p-adically would be to interpolate
each term individually and then add the result. This won’t work, because
even the terms which can be interpolated—those for which ptn—form an
infinite sum which diverges in Z,. However, let’s forget that for a moment
and look at the terms one-by-one.

The first thing we’ll want to do is get rid of the terms 1/n* with n divisible
by p. We do this as follows:

W)= > ,%+ >

n=1,pn

1 < 1

6) = T= (W) v o
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II p-adic interpolation of the Riemann zeta-function

It is this last sum

< 1 1
* = o = —_——
r0a 2 5= (1-5)©
which we will be dealing with later. This process is known as “taking out
the p-Euler factor.” The reason is that {(s) has a famous expansion (see
Exercise 1 below)

1
s) = —_—
) le;lsq 1 — (1/g%)

The factor 1/[1 — (1/¢%)] corresponding to the prime q is called the *“g-Euler
factor.” Thus, multiplying {(s) by [1 — (1/p®)] amounts to removing the

p-Euler factor:

1
* = —_—
; (s) prull;l#Pl - (l/qs)

The second thing we’ll want to do when interpolating {(s) is fix s, €
{0, 1,2, ..., p — 2} and only let s vary over nonnegative integers s € S,, =
{s|s = 5o (mod p — 1)}.

It will turn out that the numbers (— B,,/2k) arrived at in §1, when multi-
plied by (1 — p?¢~1), can be interpolated for 2k € Sy, (25,€{0,2,4,...,p — 3}).
Note that we are not multiplying by [1 — (1/p%)], as you might expect, but
rather by the Euler term with 2k replaced by 1 — 2k: 1 — (1/p* %) =
1 — p?-1 The reason why this replacement 2k < 1 — 2k is natural will be
discussed in §7. (We’ll see that the “interesting factor” — B, /2k in {(2k)
actually equals {(1 — 2k); {(x) and {(1 — x) are connected by a *functional
equation.”)

More precisely, we will show that, if 2k, 2k’ € Sy, (where 2k, €{2,4, .. .,
p — 3}; there’s a slight complication when &, = 0), and if k¥ = £’ (mod p"),
then (see §6)

(1 = p*7 W= Baf2k) = (1 — p* ~')(— Byy/2k') (mod p¥*7).

These congruences were first discovered by Kummer a century ago, but their
interpretation in terms of p-adic interpolation of the Riemann {-function was
only discovered in 1964 by Kubota and Leopoldt.

EXERCISES

1. Prove that
1
§) = ——— fors > 1.
4 prilxgsq a-q9
2. Prove that
k (1 — sin?(wx/n)/ sin?(wr/n))

11 (1 - x3/r?)

—1 asn=2k+1-—>o00.
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8.

Exercises

Use the relationship ¢'* = cos x + #sin x for e to a complex power to show
that sinh x = —isin ix. Give another argument for how the infinite product
for sinh x follows from the infinite product for sin x.

Prove that B, = O if k is an odd number greater than 1.

Use the formula for {(2k), along with Stirling’s asymptotic formula n! ~
V2an n"e~" (where ~ means that the ratio of the two sides —1 as n — ) to
find an asymptotic estimate for the usual Archimedean absolute value of Bsy.

Use the discussion of n® in §2 to compute the following through the p*-place:
(i) 1117691 jn Qs (ii) V1/10 in Qg (iii) (— 6)2*+7+3 72473+ in Q..

. Prove that for any fixed sy € {0, 1, ..., p — 2}, the set of nonnegative integers

congruent to s, modulo (p — 1) is dense in Z,, i.e., any number in Z, can be
approximated by such numbers.

What happens to the discussion in §2 if we take n € Z, instead of taking n to
be a positive integer ? What happens if we replace the function f(s) = n* by
f(s) = 1/n°? Note that this is the same as replacing ‘‘nonnegative integer’’ by
“nonpositive integer” when defining the dense subset of Z, from which we
extend f.

Let x be the function on the positive integers defined by:

1, ifn =1 (mod4);
x(n) = ¢ —1, ifn=3(mod4);
0, if2|n.
Define L,(s) = Seai (x(mn) =1 — (1/3%) + (1/5) — (1/7%) + --- . Prove

that L,(s) converges absolutely if s > 1 and conditionally if s > 0. Find
L,(1). Find an Euler product for L,(s) and for L,*(s) = Saz1.0m (x(0)/n%). (It
turns out that there is a formula similar to Theorem 4 for L,(2k + 1) (i.e., for
positive odd rather than even integers) with B, replaced by

3t _ \
B,.n =, n! times the coefficient of 7" in e“te—‘ = e4fe_ T (=e, T 'e_,).)
Note: Exercise 9 is a special case of the following situation. Let N be a
positive integer. Let (Z/NZ)* be the multiplicative group of integers prime
to N modulo N. Let x:(Z/NZ)* — C* be a group homomorphism from
(Z/NZ)* to the multiplicative group of nonzero complex numbers. (It is easy
to see that the image of y can only contain roots of 1 in C.) Suppose that y is
“primitive,” which means that there is no M dividing N, 1 < M < N, such
that the value of y on elements of (Z/NZ)* only depends on their value
modulo M. Consider y as a function on all positive integers »n by letting
x(n) equal x(n modulo N) if n is prime to N and x(n) = 0 if n and N have a
common factor greater than 1. x is called a *““character of conductor N.”
Now define

L) g 3 X2
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II p-adic interpolation of the Riemann zeta-function

It can then be shown that for ¥ nontrivial a formula similar to Theorem 4 holds
with B, replaced by

! x(a)te*

By.n g, n! times the coefficient of 7" in Z N

a=1€
The formula gives L, of even integers if y(—1) = 1 and L, of odd integers if
x(—1) = —1. (See Iwasawa, Lectures on p-adic L-functions.)
In addition, we have the formula

@ X(n) ‘r(X) NZI X(a) log Sln ar X(— 1) _

Z x(a)-a, ifx(-1) = -1,

where the bar over x denotes the complex conjugate character: (@) = x(a),
and where

N-1
00 5 2, x(@ermet

def

(this is known as a ““ Gauss sum”’). (For a proof, see Borevich and Shafarevich,
Number Theory, p. 332-336.)

10. Use the formula for L,(1) in the above note to check the value for L,(1) in
Exercise 9 and to prove that:

1 1 1 1 1 1 1 1 1 1

T R A R T VI T e T
o
T 3v3
1 1 1 1 1 1 1 1 1 1 1
Oi-3-5*3ts n Bt o atnt
_ log1 +v?2),
TV

3. p-adic distributions

The metric space Q, has a “basis of open sets” consisting of all sets of the
form a + p¥Z, = {xe Q, | |x — a|, < (1/p¥)} for ac Q, and NeZ. This
means that any open subset of Q, is a union of open subsets of this type.
We shall sometimes abbreviate a + p¥Z, as a + (p"), and in this chapter
we shall call a set of this type an “interval” (in other contexts we often call
such a set a “disc”). Notice that all intervals are closed as well as open,
since the complement of a + (p¥) is the union over all a’ € Q, such that
a' ¢ a + (p¥) of the open sets @’ + (p”).

Recall that Z,, is sequentially compact: every sequence of p-adic integers
has a convergent subsequence (see Exercise 19 of §1.5). The same is easily
seen to be true for any interval or finite union of intervals. In a metric space X,
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3 p-adic distributions

the property of sequential compactness of a set S < X is equivalent to the
following property, called ‘“compactness”: every time S is contained in a
union of sets, it is contained in a union of finitely many of those open sets
(““every open covering has a finite subcovering’’). (See Simmons, Introduction
to Topology and Modern Analysis, §24, for this equivalence; this book is also
a good standard reference for other concepts from general topology.) It then
follows (see Exercise 1 below) that an open subset of @, is compact if and
only if it is a finite union of intervals. It is this type of open set, which we call
a ‘““compact-open,” that repeatedly occurs in this section.

Definition. Let X and Y be two topological spaces. A map f: X — Y is
called locally constant if every point x € X has a neighborhood U such
that f(U) is a single element of Y.

It is trivial to see that a locally constant function is continuous.

The concept of a locally constant function is not very useful in classical
situations, because there usually aren’t any, except for constants. This is the
case whenever X is connected, for example R or C.

But for us X will be a compact-open subset of Q, (usually Z, or Z,* =
{xeZ,| |x|, = 1}). Then X has many nontrivial locally constant functions.
In fact, f: X — Q, is locally constant precisely when fis a finite linear com-
bination of characteristic functions of compact-open sets (see Exercise 4
below).

Locally constant functions play the same role for p-adic X that step-
functions play when X = R in defining integrals by means of Riemann
sums.

Now let X be a compact-open subset of Q,, such as Z, or Z,*.

Definition. A p-adic distribution n on X is a Q,-linear vector space homo-
morphism from the Q,-vector space of locally constant functions on X to
Q,. If f: X — Q, is locally constant, instead of writing u(f) for the value
of u at f, we usually write f fe.

Egquivalent definition (see Exercise 4 below). A p-adic distribution x on X is
an additive map from the set of compact-opens in X to Q,; this means that
if U © X is the disjoint union of compact-open sets U,, U,, ..., U,, then

w(U) = w(Uy) + w(U) + - -+ + w(Uy).

By ‘““equivalent definition,” we mean that any p in the second sense
“extends’ uniquely to a p in the first sense, and any p in the first sense
“restricts”’ to a  in the second sense. More precisely, if we have a distribution
p in the sense of the first definition, we get a distribution (also denoted ) in
the sense of the second definition by letting

w) = f(characteristic function of U)p,
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IT p-adic interpolation of the Riemann zeta-function

for every compact-open U. If we have a distribution u in the sense of the
second definition, we get a distribution in the sense of the first definition by
first letting

f(characteristic function of Uy = u(U),

and then defining f S for locally constant f by writing f as a linear combina-
tion of characteristic functions.

Proposition. Every map n from the set of intervals contained in X to Q, for
which

p-1

pla + (p") = D pla + bp" + (p*+Y)

b=0

whenever a + (p¥) = X, extends uniquely to a p-adic distribution on X.

ProOF. Every compact-open U < X can be written as a finite disjoint union
of intervals: U = {J I, (see Exercise 1). We then define w(U) = 3 w(l).
(This is the only possible value of u(U) if p is to be additive.) To check that
w(U) does not depend on the partitioning of U into intervals, we first note
that any two partitions U = | /; and U = {J I, of U into a disjoint union of
intervals have a common subpartition (“finer” than both) which is of the
form I, = \J; I;, where, if I, = a + (p¥), then the I,’s run through all
intervals a’ + (p¥') for some fixed N’ > N and for variable ¢’ which are
=a (mod p¥). Then, by repeated application of the equality in the statement
of the proposition, we have:

pN' N1

pld) = p@+ @) = > pa+jp" + ") = 2wy

i=0

Hence >, u(l)) = 3, ; p(1,;). Thus, >, u(l) = 2, u(1"), because both sides equal
the sum over the common subpartition. It is now clear that u is additive.
Namely, if U is a disjoint union of U,, we write each U, as a disjoint union of
intervals I;;, so that U = |, ; I,;, and

w(U) = Z#(Iu) = Z Z#(Iu) = Z‘N(Ut)- O

We now give some simple examples of p-adic distributions.
(1) The Haar distribution pyee,. Define

1
/“Haar(a + (pN)) det Fv

This extends to a distribution on Z,, by the proposition, since
1 1

N+1 N
p

p—1
Z Huaar(@ + bpY + (p¥*1)) = z
b=0 v=0 P

= F'Haar(a + (PN))

e
-
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This is the unique distribution (up to a constant multiple) which is “transla-
tion invariant,” meaning that for all a € Z, we have puggar(@ + U) = pygar(U),
wherea + U = {xeZ,|x —ac U}.

(2) The Dirac distribution p, concentrated at « € Z, (« is fixed). Define

1, ifeeU;
#a(U)df,{O *

It is trivial to check that p, is additive. Note that J' fre = f(a) for locally
constant f.

(3) The Mazur distribution gy, First, without loss of generality, when
we write a + (p") we may assume that g is a rational integer between 0 and
pY — 1. Assuming this, we define

otherwise.

a 1
f”Mazur(a + (PN)) d=ef1_)1_v - i'

We postpone the verification that py,,,.. has the additivity property in the
proposition, since this will come as a special case of a more general result in
the next section.

Notice one important difference between the distributions py,., and
Imazar and classical measures. In these two p-adic examples, as the interval
being measured ‘“shrinks” (i.e., as N — o0), its measure in terms of u
increases as a number in Q,, namely:

1

P »

and, if p{ a (and if N > 1 in the case p = 2), then

,.”'Haar(a + (pN))lp = = PN§

a 1

|emazur(@ + (PN))ID = Fr 2!,

We’ll deal with this peculiarity later.

EXERCISES

1. Give a direct proof that Z, is compact (i.e., that any open covering of Z, has a
finite subcovering). Then prove that an open set in Z,, is compact if and only if
it can be written as a finite disjoint union of intervals. Note that any interval
can be written as a disjoint union of p ““‘equally long” subintervals: a + (p") =
Ugzéa + bp™ + (p"*1). Prove that any partition of an interval into a disjoint
union of subintervals can be obtaincd by applying this process a finite number
of times.

2. Give an example of a noncompact open subset of Z,.

3. Let U be an open subset of a topological space X. Show that the characteristic
function f: X — Z defined by

f(x)={l’ if xe U;

0, otherwise,
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II p-adic interpolation of the Riemann zeta-function

is locally constant if X = Z, and U is a compact-open but is not locally
constant for any open set U if X = R (unless U is R itself or the empty set).

4. Let X be a compact-open subset of Q,. Show that f: X — @, is locally constant
if and only if it is a finite linear combination with coefficients in Q, of charac-
teristic functions of compact-opens in X. Then prove that the two definitions
of a distribution on X are equivalent.

5. fae @, |a|, = 1, show that puaar(eU) = puaar(U) for all compact-open U,
where aU denotes {ox|x € U}.

*

Let f: Z, — @, be the locally constant function defined by: f(x) = the first
digit in the p-adic expansion of x. Find [ fir when: (1) u = the Dirac distribu-

tion Has (2) H = HHaar, (3) MK = HMazur-

7. Let p be the function of intervals a + (p") which is defined as follows ([ ] =
greatest integer function):

p~W+ni21if the first [N/2] digits in a corresponding to odd
wa + (pM) = powers of p vanish;
0, otherwise.

Prove that p extends to a distribution on Z,.

8. Discuss how one could go about making up examples of p-adic distributions u
on Z, with various growth rates(i.e., rates of growth of maxo <a <,¥|p(a + (P")l»
as N increases).

4. Bernoulli distributions

We first define the Bernoulli polynomials B,(x). Consider the function in
two variables ¢ and x

=1 (258)(25)

k=0 k=0

In this product, we collect the terms with t*, obtaining for each k a poly-
nomial in x, and we define B,(x) to be k! times this polynomial:

te*t < t*
& — 1 = z Bk(x) m'

k=0

The first few Bernoulli polynomials are:

Bo(x) =1, Bl(x) =X - %9 B2(x) =x2—x+ %’
By(x) = x* — 3x%2 + ix,... .

Throughout this section, when we write a + (p¥) we will assume that
0 < a < p¥ — 1. Fix a nonnegative integer k. We define a map ppg, on
intervals a + (p") by

psala + (PM) = ,,(B(pg)
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4 Bernoulli distributions

Proposition. g ;. extends to a distribution on Z, (called the “kth Bernoulli
distribution ™).

Proor. By the proposition in §3, we must show that

p-1
peil@ + (PY) = D paula + bp¥ + (p¥+Y)).

b=0

The right-hand side equals
i+ D=1 pil Bk(%v),
5=0 p
so, multiplying by p~¥*-V and setting « = a/p"*!, we must show that
p-1 b
B(po) = p*~* > Bk(a + 5)-

b=0

The right-hand side is, by the definition of B,(x), equal to k! times the coeffi-
cient of t* in

o Pl gola+bipt _ pk—lteatp—l s — pk—lteat. et — 1 ,
o e — 1 e —1 5 é—1 P -1

by summing the geometric progression 52§ e*/?. This expression equals

k(¢ (pa)t/p had t/pY
P g”/f)i Z=r> B,(pa)(/!_’),

again by the definition of B,(x). Hence, k! times the coefficient of ¢* is simply

PBupa)(3) = Bulp),

as desired. O

The first few B,(x) give us the following distributions:
psol@+ (pY)) = p7%, ie., ppo0 = Mrear;
a a 1 .
f"’B.l(a + (PN)) = Bl(p_)v) = }Tv - 'i’ 1.€., g1 = PMazurs
a? a 1
2@ + (pV) = P"(p—zﬁ T 3)’

and so on.

It can be shown that the Bernoulli polynomials are the only polynomials
(up to a constant multiple) that can be used to define distributions in this way.
We shall not need this fact, and so will not prove it. But it should be noticed
that the Bernoulli polynomials B,(x) have appeared in an important and
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II p-adic interpolation of the Riemann zeta-function

unique role in p-adic integration. This will turn out to be related to the
appearance of the Bernoulli numbers B, (which are the constant terms in
the B.(x); see Exercise 1 below) in the formula for {(2k).

5. Measures and integration

Definition. A p-adic distribution p on X is a measure if its values on compact-
open U < X are bounded by some constant Be R, i.e.,

|(U)|, < B for all compact-open U < X.

The Dirac distribution u, for fixed « € Z, is a measure, but none of the
Bernoulli distributions are measures. There is a standard method, called
“regularization,” for turning Bernoulli distributions into measures. We first
introduce some notation. If « € Z,, we let {a}, be the rational integer between
0 and p¥ — 1 which is = « (mod p"). If u is a distribution and « € Q,, we let
ap denote the distribution whose value on any compact-open is « times the
value of p: (ep)(U) = «-(u(U)). Finally, if U < Q, is a compact-open set
and a €Q,, « # 0, weletalU = {x€Q, | x/e€ U}. It is trivial to check that the
sum of two distributions (or measures) is a distribution (resp. measure), any
scalar multiple ap of a distribution (or measure) u is a distribution (resp.
measure), and, if « € Z,* and if p is a distribution (or measure) on Z,, then
the function ' defined by u'(U) = u(aU) is a distribution (resp. measure)
onZ,.

Now let « be any rational integer not equal to 1 and not divisible by p.
Let pp ). ,—or, more briefly, u, ,—be the “regularized” Bernoulli distribution
on Z, defined by

te.o(U) 5 p8.1U) — « g i(al).
We will soon show that pu, , is a measure. In any case, it’s clearly a distribu-
tion by the remarks in the last paragraph.

We easily compute an explicit formula when & = 0 or 1. For k = 0,

Ks.0 = Muaar, and it is easy to see that o ,(U) = 0 for all U (see Exercise 5 of
§3). If k = 1, we have

vy =8 _1_1ffeay 1
e + (o) = 5 - 3 - 1]
-1 a lfea aa
- 2 pN o pN N
(where [ ] means the greatest integer function)

_1ea (1/e) — 1
= &[F'] T

Proposition. |u; (U)|, < 1 for all compact-open U < Z,,.

ProoF. Notice that (¢~ — 1)/2€ Z,, since 1/a € Z,and 1/2 € Z, unless p = 2.
If p = 2, then «~! — 1 = 0 (mod 2), and we’re still OK. Since [«a/p¥] € Z,
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5 Measures and integration

it follows by the above formula that u, ,(a + (p")) € Z,. Then, since every
compact-open U is a finite disjoint union of intervals J;, we may conclude that
lF’l.a(U)lp < max !I‘l.a(lt)lp <L O

Thus, u, , is a measure—the first interesting example of a p-adic measure
that we’ve come across. In fact, we’ll soon see that u, , plays a fundamental
role in p-adic integration, almost as fundamental as the role played by “dx”’
in real integration.

We next prove a key congruence that relates p, , to u; ,. The proof of
this congruence at first looks unpleasantly computational, but it becomes
more transparent if we think of an analogous situation in real calculus.

Suppose that in taking integrals such as f f(¥'x)dx we want to make the
change of variables x +— x*, i.e., to evaluate f S(x)d(x¥). The simple rule is:
d(x*)/dx = kx*~1. Actually, d(x*) can be thought of as a ‘“measure” y, on
the real number line, which is defined by letting u,([a, b]) = b* — a*; then
1, is the usual concept of length. The relation d(x*)/dx = kx*~! actually
means

. mlla, b))

o e, 8) =

Thus, in the Riemann sums Y f(x;)u.(/}) in the limit as the I’s all become
smaller we may replace p, (1) by kx*~u,(Z;) and get f S(x)kx*-1 dx.

The actual proof that lim,_,, u,([a, b])/u1([a, b]) = ka*~* uses the binomial
expansion for (@ + h)* (where h = b — a)—actually, only the first two terms
a* + kha*-1 really matter. Similarly, in the p-adic case, when we show that
tr.o(I) ~ ka*~u, (I) if Iis a small interval containing a, we also use the
binomial expansion. Thus, Theorem 5 should be thought of as analogous to
the theorem that (d/dx)(x*) = kx*~! from real calculus. (Forget about the d;
on both sides of the congruence in Theorem 5; all it means is that, when we
divide both sides by d,, we must replace p¥ by p" ~ °4:%, where ord, d, is just
a constant which doesn’t matter for large N.)

a1,

Theorem 5. Let d, be the least common denominator of the coefficients of Bi(x).
Thus: d, = 2,d, = 6, d; = 2, etc. Then

dypiy,o(a + (PV)) = dika* "' py (@ + (PV)) (mod pY),
where both sides of this congruence lie in Z,,.
Proor. By Exercise 1 below, the polynomial B,(x) starts out
Box* + kByx*-1 +--~=x"—§x"‘1 .
Now

dupeola + (p") = dkp""“”(B*(z%) B ""kB"({o;l"}N))'

The polynomial d,.B,(x) has integral coefficients and degree k. Hence we

37



II p-adic interpolation of the Riemann zeta-function

need only consider the leading two terms d,.x* — d(k/2)x*~* of d,B(x),
since our x has denominator p”, so that the denominators in the lower terms
of d,.B,(x) will be canceled by p"* -1 with at least p" left over. We also note
that

aa = {«a}y (mod p¥),

and
{ealy oa ad . .
o = | ([ ] = greatest integer function).
Hence
a* aaly\*
nla + (7)) = dop =55 — am+(250)

k k-1 k-1

N

a* a al\¥
-affi-emfs- )

k{ ,_ _ _faa aa k-1

=3 - e (i - []))

a* _of &Fa¥ P
= dk(;’w - k(-p—N — ko~ 1g* 1[;&])

_ g(ak—l — a—k(ak—lak—l))) (mode)

[ ea la — 1
= k-1 2]1%4
= dka (a[p"] T2 )

= dikad" " lpy ola + (pY)). O

Corollary. ., , is ameasure forallk = 1,2,3,... andanye € Z,a ¢ pZ,a # 1.
ProOF. We must show that u, (@ + (p)) is bounded. But by Theorem 5,

ol + Ny < max (|| - kot =2na + P,

sl + 0M,)-

< max( dk

But [py.0(a + (P™)], < 1, and 4, is fixed. O
What is the purpose of going to all this fuss to modify (‘“‘regularize’’)

Bernoulli distributions to get measures ? The answer is that for an unbounded
distribution u, f Jfu is defined by definition as long as f is locally constant,
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5 Measures and integration

but you run into problems if you try to use limits of Riemann sums to extend
integration to continuous functions f.

For example, let & = py,qr, and take the simple function f: Z, — Z, given
by f(x) = x. Let’s form the Riemann sums. Given a function f, for any N we
divide up Z, into |J2L3* (a + (p¥)), we let x, y be an arbitrary point in the
ath interval, and we define the Nth Riemann sum of f corresponding to

{xa.N} as
pN-1

Sy, ixam () dot z S(xa.mula + (pY)).
a=0
In our example, this sum equals
pN-1 1
=

Xa,N
i=0 V4

For example, if we simply choose x, y = a, we obtain

pN-1 N _ N N _
pv Z a=p-N(P 1)(p )=P 1-
e 2 2

This sum has a limit in Q, as N — oo, namely — 1/2. But if, instead of x, y =
a€a + (p~), we change one of the x, y to a + aop” € a + (p") for each N,
where a, is some fixed p-adic integer, we then obtain

pN -1 N __ 1
p‘"( 2 a+ aop") =2 + ao,
a=0 2

whose limit is @, — 4. Thus, the Riemann sums do not have a limit which is
independent of the choice of points in the intervals.

A “measure” u is not much good, and has no right to be called a measure,
if you can’t integrate continuous functions with respect to it. (This is a slight
exaggeration—see Exercises 8-10 below.) Now we show that bounded
distributions earn their name of ‘“measure”.

Recall that X is a compact-open subset of Q,, such as Z, or Z,*. (For
simplicity, let X < Z,.)

Theorem 6. Let p. be a p-adic measure on X, and let f: X — Q, be a continuous
function. Then the Riemann sums

Svcam iz 2 Sxan)ul@a + (p")

0<a<pN
a+(pM)c X

(where the sum is taken over all a for which a + (p") = X, and x, y is
chosen in a + (p~)) converge to a limit in Q, as N — oo which does not
depend on the choice of {x, y}.

PrOOF. Suppose that [u(U)|, < B for all compact-open U = X. We first
estimate for M > N

ISN.(xa.n) - SM.(xa.u)]p-
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II p-adic interpolation of the Riemann zeta-function

By writing X as a finite union of intervals, we can choose N large enough so
that every @ + (p") is either < X or disjoint from X. We rewrite Sy, (x, ,) s
follows, using the additivity of u:

2, fGrammla + (p™)

ao+s(g“;)€=ux
(where a@ denotes the least nonnegative residue of a mod p¥). We further
assume that N is large enough so that |f(x) — f(»)|, < ¢ whenever x = y
(mod p"). (Note that continuity implies uniform continuity, since X is
compact, this is an easy exercise, or else see Simmons’ book.) Then

|Sx, txam = Su.ixamnls =

D (fran) = f(xapdela + (p™)

0sa<pM
a+(pM)c X

max(| f(xa,n) = f(Xo,m)l5- (@ + (P*)I5)

< B,

IA

since x5 = X, ) (mod p"). Since ¢ is arbitrary and B is fixed, the Riemann
sums have a limit.
It follows similarly that this limit is independent of {x, y}. Namely,

Sk, txam = Sk.xramls = } 2 Ulan) = [eta + ()
a+(pN)e:NX P
< maxg(| f(xq,n) — f(xa)lp [l + (P*))]5)
< eB. O

Definition. If /1 X — Q, is a continuous function and y is a measure on X, we
define f fp to be the limit of the Riemann sums, the existence of which was
just proved. (Note that, if fis locally constant, this definition agrees with
the earlier meaning of f fr)

The following simple but important facts follow immediately from this
definition.

Proposition. Iff: X — Q, is a continuous function such that | f(x)|, < A for all
x € X, and if |u(U)|, < B for all compact-open U < X, then

|| 7

Corollary. Iff, g: X — Q, are two continuous functions such that | f(x) — g(x)|,
<e¢forall x e X, and if |u(U)|, < B for all compact-open U < X, then

Uf#—fg#p

< A-B.
)

< eB.




Exercises

EXERCISES

1.

2.

10.

Show that B.(x) = 3¥=0 (F)Bx*"*, and, in particular, Bx(0) = B,. Further
show that

[ ! By(x) dx =
o]

Iy

1 ifk =0, 4 )
0 otherwise, and that = Bi(x) = kBi-1(x).

Prove that no distribution u (except for the identically zero distribution) has
the property that
max |u@ + (p"))|, >0 as N—oo.
O0<a<pN

What is ps (Zp)? ps,k(PZp)? pp,i(Z,*)?

. Prove that a p-adic distribution y is a measure if and only if for some nonzero

a € Z,, the distribution a - u takes values in Z,,. Prove that the set of measures on
X is a Q,-vector space.

. Express px,o(Zp) and py o(Z,*) in terms of « and k. Find j' 2,* [ire if f(x) =

z:‘=o a.x'.

Let p be an odd prime. Foranya = 0, 1, ..., p* — 1, let S, denote the sum of
the p-adic digits in a. Show that u(a + (p")) = (—1)%= gives a measure on Z,,
and that jz,, fu = f(0) for any continuous even function f (i.e., for which f(—x)

=f(x).

. Let p>2, f(x) = 1/x, and a = 1 + p. Prove that ; x fii; , = —1 (mod p). If

p =2leta =5, and prove that [ x fiu; , = 2 (mod 4).

A distribution p on X is called “boundedly increasing” if maxg<q<p¥
|p¥u(a + (p¥))|, — 0 as N — o, i.e., u ““increases strictly slower than pygar.”
Prove that Theorem 6 holds for p if we assume that f: X — Q, satisfies the
Lipschitz condition: there exists an 4 € R such that for all x, ye X

[f(x) -, = Alx - Yo

(This concept was introduced by Manin and applied by him to p-adic inter-
polation of certain Hecke series.)

Let u be the distribution defined in Exercise 7 of §3. Check that x is boundedly
increasing. Let f: Z, — Z, be the function f(x) = x. Evaluate [ i, which we
know is well defined by the previous problem.

Let r be a positive real number. A function f: Z, — Q, is called (by Mazur)
“of type r” if there exists A € R such that for all x, x’ € Z, we have

IfG) = [N < Alx — x|,

Note that any such function is continuous. If r > 1, then fis Lipschitz (see
Exercise 8). Now let u be a p-adic distribution on Z, such that for some
positive se R
p~ ¥ max |u(@a +(P")], —~0 as N> oo.
05a<pN
Prove the analogue of Theorem 6 for such a . and functions of type r when-
ever r = s.
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II p-adic interpolation of the Riemann zeta-function

6. The p-adic {-function as a Mellin-Mazur
transform

If X is a compact-open subset of Z,,, any measure x on Z, can be restricted to
X. This means we define a measure p* on X by setting u*(U) = p(U) when-
ever U is a compact-open in X. In terms of integrating functions, we have

f Su* = J. f-(characteristic function of X)u.

We shall use the notation f o Ju for this restricted integral _[ Su*.
We said that what we want to interpolate is — B,/k. We have the simple
relationship

[, v bsa = ma@) = B,
(see Exercise 3 of §5). Hence we want to interpolate the numbers
*(l/k)fz,, lup k.

For different k are the distributions ujp, related to each other in any
straightforward way ? Not quite, but the regularized measure p, , is related
to py,. by Theorem 5. More precisely, we have the following corollary of
Theorems 5 and 6:

Proposition. Let f: Z, — Z, be the function f(x) = x*~* (k a fixed positive
integer). Let X be a compact-open subset of Z,,. Then

f ll"k.a = kj fl"’l,a'
X X

Proor. By Theorem 5, we have
i@ + (PV)) = ka*~py o(a + (pY)) (mod p¥~ordr).

Now, assuming that N is large enough so that X is a union of intervals of the
form a + (p"), we have

L e = > @ + (V)

0sa<pN
a+(pN)cX

Ka*1p1,o(a + (p)) (mod p¥~orts%)

0<sa<pN
a+(@M)cx

k> f@u.da+ ().

0sa<pN
a+(pN)cX

Taking the limit as N — oo gives [x 1y, = k {x flb1,o |

If we replace f by x*~! in our notation, treating x as a “variable of inte-
gration,” we may write this proposition as

j lpg,e = k_[ XKy g
x x
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6 The p-adic {-function as a Mellin~-Mazur transform

The right-hand side looks much better than the left hand side from the
standpoint of p-adic interpolation, since instead of k appearing mysteriously
in the subscript of u, it appears in the exponent. And we know from §2 what
the story is for interpolating the integrand x*~! for any fixed x (see also
Exercise 8 of §2). Namely, we'’re in business as long as x # 0 (mod p). To
make all of our x’s in the domain of integration have this property, we must
take X = Z,*.

Thus, we claim that the expression fz,,‘ x*¥~1u, . can be interpolated. To
do this, we combine the results of §2 with the corollary at the end of §5. That
corollary tells us that if | f(x) — x*~!|, < e for x€Z,*, then

,J. " Sre — f . X7y g
Z, Zp

(recall that |u, (U)|, < 1 for all compact-open U). Choose for f the function
x¥ -1 where k' = k (mod p — 1) and k' = k (mod p") (writing this as one
congruence: k' = k (mod (p — 1)p%)). By §2, we have:

<e
P

-1 — xe-1|) < F,‘-ﬁ for xeZ,*.

J o X T —f L X e
Zy Zp b4

We conclude that, for any fixed s,€{0, 1,2, ...,p — 2}, by letting k run
through S,, = {positive integers congruent to s, (modp — 1)}, we can
extend the function of k given by flp‘ x¥=1u, . to a continuous function of
p-adic integers s:

Thus,
1

< .
= TN+1
p

. xso+s(p-1)-1yl’a
Zp
But we have strayed a little from our original numbers —(1/k) | z, 1up 1
We just saw that we can interpolate
1

x xk_lf‘l,a = k x Ly o

z, Zy

Let’s relate these two numbers:

1 1
i) e e = @)

,% (1 — a7 *)(1 — p*~1)B, (see Exercise 5 of §5)

= (% -1 - P"“)(‘z% fz, "“’-")'

The term 1 — p*~! made its appearance because we had to restrict our
integration from Z,, to Z,*. This is the phenomenon predicted at the end of
§2: because we can not interpolate n* when p|n, we must remove a “p-Euler

43



11 p-adic interpolation of the Riemann zeta-function

factor” from the {-function before it can be interpolated. So we will inter-
polate the numbers (1 — p*~1)(— B,/k):

(l —Pk—l)(_%) = a-kl_ 1 2, xk—ll"l.a-
One slight embarrassment, which we warned of in §2, is that the Euler term
is 1 — p*~! and not 1 — p~* as you might think it should be from the
heuristic discussion in §2. It’s as though, instead of {(k), we were really
interpolating “{(1 — k) (we haven’t yet defined what this means for
positive k). So we define our p-adic {-function to have the value (1 — p*-1).
(— B, /k) at the integer 1 — k, not at k itself.

Definition. If k is a positive integer, let
L(l — k) g (1 = p*= ) (= By/k),

so that, by the preceding paragraph,

1
L(1 — k) = F__lfz L X e

Note that the expression on the right does not depend on «, i.e., if B Z,
p1B.B # 1,then(B~* — 1)“fz,~ Xy g = (a7 — 1)‘1fsz X" 1py 4, since
both equal (1 — p*~)(— B,/k). This equality—this independence of «—can
also be proved directly (see Exercise 1). We shall use this independence of o
later, when we define {,(s) for p-adic s.

But we first derive some classical number theoretic facts about Bernoulli
numbers. These facts were considered to be elegant but mysterious oddities
until their connection with the Kubota-Leopoldt {, and Mazur’s measure
#1,o Tevealed them as natural outcomes of basic “calculus-type” considera-
tions (namely, the corollary at the end of §5, which says, roughly speaking,
that when two functions are close together on an interval, so are their
integrals).

Theorem 7. (Kummer for (1) and (2), Clausen and von Staudt for (3)).
(1) If p — Uk, then |B,fk|, < 1.
Q) Ifp — likand if k = k' (mod(p — 1)p%), then
(1= P9 5% = (1 = p=1) 2% (mod p¥+Y),
(3) If p— 1|k (orif p=2andkisevenork = 1), then
pB, = —1 (mod p).

PrOOF. We assume p > 2, and leave the proof of (3) when p = 2 as an exer-
cise (Exercise 6 below).
We need a fact which will be proved at the beginning of the next chapter
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6 The p-adic {-function as a Mellin-Mazur transform

(at the end of §II1.1): There exists an € {2, 3, ..., p — 1} such that «®~1 is
the lowest positive power of « which is congruent to 1 modulo p. Put another
way, the multiplicative group of nonzero residue classes of Z mopulo p is
cyclic of order p — 1, i.e., there’s a generator « € {2, 3, ..., p — 1} such that
the least positive residues of «, o2, ¢, ..., a? ! exhaust {1,2,3, ..., p — 1}

In the proof of parts (1) and (2), we choose our ‘“measure regularizer” «
to be such a generatorin {2, 3, ..., p — 1}. This means that, sincep — 1{(—k),
we have « =% # 1 (mod p), so that (« % — 1)"* e Z,*.

To prove (1), we write (assuming k > 1; if k =1 and p > 2, then
|By/1], = |=172], = 1):

|Bukly = 1™ = DI = p bl [ |, # el

Je—-1
f « X HLea
z, »

<1,

by the proposition at the end of §5 (with 4 = B = 1), since |p; o(U)|, < 1
for all compact-open sets U < Z,* and |x*~!|, < 1 forall xe Z,*.

To prove (2), we rewrite the desired congruence as
___1_ Xl L= __1___ x¥ -1y, . (mod p¥+*1)
ok — 1 Jz,* Lae = - — 1 z,* .o )

Notice that, if for a, b, ¢, d€ Z, we have a = ¢ (mod p*) and b = d (mod p"),
then we also have ab = ¢b = ¢d (mod p*). Thus, since a = (™% — 1)71,
b= [y« X e c= (¥ =17 and d = [, . X", are in Z,, it
suffices to prove that (¢« —1)7! = («™® — 1)~! (mod p¥*!) and
flpx Xy . = fz," x¥ "1y, ,(mod p¥*?). The first reduces to o = o*

(mod p¥*?'), and the second reduces (using the corollary at the end of §5,
with B =1 and ¢ = p~"~1) to showing that x*~* = x¥~! (mod p"*?) for
all x € Z,*. But this all follows from the discussion in §2.

Finally, we prove the Clausen-von Staudt congruence. For this let « =
1 + p. Recall that we are proving it for p > 2. We have

—k,
PBe = —kp(=Bik) = L5 (1= p)7 | i,

First take the first of the three terms on the right. If we let d = ord, k, then
o —1=(1+p)*—1=—kp(mod p*+?),
so that

—k
1= a_k—_pl- (mOd p).
Next, since k must be >2, we have (I — p*~1)~! = 1 (mod p). Thus,

PB. = fz L X 'p1e (mod p).
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II p-adic interpolation of the Riemann zeta-function

Again using the corollary at the end of §5, this time with f(x) = x*~! and
g(x) = 1/x, we obtain

pBe= [, x M (mod p).
P
But by Exercise 7 of §5, this latter integral is congruent to —1 (mod p). [

We now return to p-adic interpolation.

Definition. Fix s,€{0,1,2, ...,p — 2}. For s€Z,(s # 0 if 5, = 0), we
define

1
=~ +(p-Ds—-1
) fot g Gor3-D® _ ] |, = x% Ki.e
P

It should by now be clear that this definition makes sense, namely,
o @D = g=%(qP 1) and x%*®-1-1 foranyxeZ,*

are defined for p-adic s by taking any sequence {k;} of positive integers
which approach s p-adically. Another way to define {;,(s) is as follows:
=limy (1 — po* P VDB oo 1i/(So + (P — Dki).

We now see that if & is a positive integer congruent to s, (mod p — 1), i.e.,
k = 50 + (p — Dk, then we have: {,(1 — k) = {, (ko). We think of the
{s.5, as p-adic ““branches” of {,, one for each congruence class mod p — 1.
(But note that the odd congruence classes—s, = 1,3, ..., p — 2—give us
the zero function, since for such s, always B . -1, = 0; so we are only
interested in even s;.)

In the definition of {, ,,, we excluded the case s = 0 when s, = 0. This is
because in that case o~ *®@-19 = 1 and the denominator vanishes. If we
write {,(1 — k) = {, ,,(ko), where k = s, + (p — 1)k, then this excluded
case corresponds to {,(1). Thus, the p-adic zeta-function, like the Archimedean
Riemann zeta-function, has a “pole” at 1.

Theorem 8. For fixed p and fixed so, {, 5,(s) is a continuous function of s which
does not depend on the choice of « € Z, pte, « # 1, which appears in its
definition.

Proor. It is clear that §2 and the corollary at the end of §5 imply that the

integral is a continuous function of s. The factor 1/(c=®o*® -9 _ 1) js a

continuous function as long as we don’t allow s = 0 when s, = 0, because

o~ o+ =19 j5 a3 continuous function by §2. So {, ,,(s) is also continuous.
It remains to show that {, ,(s) does not depend on «. Let B€Z, pi,
B # 1. The two functions

+(p-1)s— 1
—(so+(p sy __ J‘ xto
and

+(p-—1)s— 1
ﬁ (so+(p B-Go+tp-D® _ 1 J' x’o



7 A brief survey (no proofs)

agree whenever s, + (p — 1)s = k is an integer greater than 0, i.e., whenever
s is a nonnegative integer (s > 0 if 5, = 0), since in that case both functions
equal (1 — p*¥~!)(— B,/k). But the nonnegative integers are dense in Z,, so
that any two continuous functions which agree there are equal. Therefore,
taking f instead of a does not affect the function. O

Theorem 8 gives us our p-adic interpolation of the “interesting factor”
— By,/2k in [(2k). But a few things remain to be explained: (1) the terminology
“Mazur-Mellin transform™ in the title of this section; and (2) the mysterious
switch from k to 1 — k. In addition, something should be said about (3)
deeper analogues with classical {-functions and L-functions, and (4) a
connection with modular forms. Since these four topics will take us beyond
the scope of what we intend to prove in this book, they are gathered together
in a section which surveys some basic relevant facts without attempting any
proofs. References for proofs and further discussion of (1)-(4) are: (1) Manin,
“Periods of cusp forms, and p-adic Hecke series,” §8; (2) Iwasawa, Lectures
on p-adic L-functions, §1 and appendix; (3) Iwasawa, Lectures on p-adic
L-functions, especially §5, and Borevich and Shafarevich, Number Theory,
p. 332-336; (4) Serre, ‘“Formes modulaires et fonctions zéta p-adiques,”
in Springer Lectures Notes in Mathematics 350.

7. A brief survey (no proofs)

(1) For s > 1, {(s) can be expressed as an integral

1 ., dx
I'(s) J;, x e — 1
where I'(s) is the gamma-function, which satisfies I'(s + 1) = s['(s), (1) = 1,
so that, in particular, I'(k) = (k — 1)! for positive integers k. (See Exercise 4
below for the case s = k.) The integral is what is known as a Mellin transform.
For a function f(x) defined on the positive reals, the function

g(s) = j: x-1f(x) d,

whenever it exists, is called the Mellin transform of f(x) (or of f(x) dx).
Thus, I'(s){(s) is the Mellin transform of dx/(e* — 1), which exists for s > 1
(see Exercise 4 below).

In §6, we showed that the function which p-adically interpolates (1 — p*~1)
(—B,/k) is essentially (except for the 1/(«~* — 1) factor and the s, business)

-1
x x‘ l"'l.m
Zp

where u, , is the regularized Mazur measure. Thus, the p-adic {-function
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II p-adic interpolation of the Riemann zeta-function

can be thought of, in analogy to the classical case, as the *p-adic Mazur-
Mellin transform™ of the regularized Mazur measure g, ,.
(2) If we consider

)= 3 %

for s complex, with real part > 1, this sum still converges and defines a
“complex analytic” function of s. By the technique of *‘analytic continua-
tion,” {(s) can be extended onto the entire complex plane except for the point

= 1 (where its behavior is like the function 1/(s — 1)). A very basic pro-
perty of {(s) is that it satisfies a “functional equation” which relates its
value at s to its value at 1 — s. Namely,

_ ) = 2008(ms/DTs)
Ul - s) = Gy Us)
Let’s let s = 2k be a positive even integer. Then
_ 2coswk 2k — 1)!
_ 2=142k = DI (= 1)Fa0%-1 (B,
= (2,”,)2k (2/( — 1), 2%k by Theorem 4
- B,
2k

On the other hand, if s is an odd integer greater than 1, the right-hand side
of the functional equation vanishes because cos(ws/2) = 0 (we need s > 1 in
order for {(s) to be finite). Hence {(1 — s) vanishes, and so there too
{(1 — k) = — B, /k, but all this says is that 0 = 0.

Table of {(1 — k) = —B,/k

1 -k (1 - k)

-1 —1/12

-3 1/120

-5 —1/252

-7 1/240

-9 —1/132
—11 691/32760
-13 —1/12

-15 3617/8160
-17 —43867/14364
~19 174611/6600
-21 —77683/276
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7 A brief survey (no proofs)

So what we were ‘“‘really” interpolating was the Riemann {-function at
negative odd integers. We can now summarize the relationship between £, and
¢ in the following simple way, using the definition of ,:

LA -k = —pD1 —k) fork =2,3,4,....

If we’re a little sloppy (forgetting that everything will diverge), we can
write: C(l - k)= ]._Iprxmesq 1/(1 - qk_l)’

ra-k= [] 1Q=-¢H=01-p1-k,
primes q, q#p
so the appearance of the (1 — p*~?) factor makes heuristic sense from this
devil-may-care point of view.
In the same tack, we can derive the formula {(1 — k) = —B,/k in a com-
pletely straightforward way:

8

«a-Kg

-]
: p= 2
T .
n n=1

Since (d/dt)*~1e™|,-, = n*~1, we may write

=1

{a -k

1
Ms
——
ST
N ———"
a

L

14
2

IS EY

ISV E

iV EY

ST

I
IS N S S~
Sk
S —— \—; S S ——
|
-
Ll
-
.l
S——

:v!;u

(3) Connections between {, and { go deeper. An important example
requires us to consider the generalization of ¢ to functions of the form

= x(n
L(s) = > X—r(’) s> 0,
n=1
where x is a “character” (see Exercises 9-10 of §2). As long as y is not the

49



II p-adic interpolation of the Riemann zeta-function

“trivial” character (equal to 1 for all n), this function L,(s) converges when
s = 1: 2= 1 (x(n)/n), and can be computed explicitly. The result is:

N-1

L) = —1]%9 z %(a) log(l — e~2miaiv),

=1

where N is the conductor of x and +(x) = S¥:} x(a)e?™*'¥ (this formula
easily reduces to those given in Exercises 9-10 of §2).

In a manner very similar to the construction of {,, it is possible to inter-
polate L,(1 — k) by “p-adic L-functions” L, ,. Amazingly, it turns out that
L, (1) equals the following expression:

N-1
~(1-X2) 5 5@ tog,(1 — e-rem,

in which “log,” is the “p-adic logarithm,” which is a p-adic function of a
p-adic variable (see §IV.1 and §IV.2), and all of the roots of unity that
occur—namely, e2™N and the values of y—are considered as elements of
an algebraic extension of Q, (see §II1.2-3). Here (1 — (x(p)/p)) should be
thought of as the p-Euler factor (for the {-function, y = 1, and the Euler
factor in {(1), if {(1) were finite, would be (1 — (1/p)); see also Exercise 9 of
§2 concerning Euler products for L,). The rest of the expression for L, (1)
is the same as L,(1), except that the classical log is replaced by its p-adic
analogue log,,.

(4) Very important in the study of elliptic curves and of modular forms
(see Chapter VII of Serre, A Course in Arithmetic) are the Eisenstein series
Eok, k 2 2, which are functions defined on all complex numbers z with
positive imaginary part by:

1B <
E,(2) = -3 “2% + z Oaic - 1(n)e?™2,
nel

where
om(")dffd Y dm

|n,d>0
The series should be thought of as a * Fourier series”—i.e., a series in powers
of e*™>—with constant term equal to ${(1 — 2k).

It turns out that Eisenstein series can be p-adically interpolated. One hint
of this is that we can interpolate each nth coefficient as long as ptn. Namely,
that coefficient o, _,(n) is a finite sum of functions d2*-1, all of which can
be interpolated, by §2, since p{d. Then interpolating {(1 — 2k) can be thought
of as “getting the constant coefficient too.” Vague as this all may seem, it is
actually possible to derive the results in this chapter using the theory of p-adic
modular forms. For details, see Serre’s paper mentioned before, and papers
by N. Katz on p-adic Eisenstein measures and p-adic interpolation of Eisen-
stein series (see Bibliography).
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Exercises

EXERCISES

1. Using the relationship between 1,4, pk,q, and pp,k, give a direct proof (without
mentioning Bernoulli numbers) that

1 -1
ok — lfszx" H1,a
does not depend on a.

2. Check the Kummer congruences from the table of {(1 — k) when p = 5,
k=2, k" =22, N=1. Check in the table that the congruences fail when
p — 1]k. Use the Kummer congruences and the first few values of B, to compute
the following through the p2-place:

(l) Bloz in Qs (li) nge in 07 (iii) Bsgz in 07-

3. Use Theorem 7 and Exercise 20 of §I.2 to prove the following version of the
theorem of Clausen and von Staudt: (B, + 3 3) € Z, for any even k (or k = 1), where
the summation is taken over all p for which p — 1|k.

4. Show that [ x*~1dx/(e* — 1) exists when s > 1. By writing 1/(e* — 1) =
e */(1 — e™*) = 37-,e”"*, prove that:
{ ® xk—l

| dx = (k — D)!'{(k) fork =2,3,4,...
Jo e —1

(justify your computations).

5. Prove that

® k-1
= — 1 (1 = 21-k -
J-o pray ldx k- DIA —21-%)(k) fork =2,3,4,....

Show that the function
1 ® xt-1
T(s)1 — 279 ) e+ 1

which you just showed equals {(s) for s = k = 2, 3,4, ..., exists and is
continuous as a function of s for s > 0, s # 1.

dx,

6. Prove the Clausen-von Staudt theorem when p = 2.
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CHAPTER III

Building up ©

1. Finite fields

In what follows, we’ll have to assume familiarity with a few basic notions
concerning algebraic extensions of fields. It would take us too far afield to
review all the proofs; for a complete and readable treatment, see Lang’s
Algebra or Herstein’s Topics in Algebra. We shall need the following concepts
and facts:

(1) The abstract definition of a field F; a field extension K of F is any field
K containing F; a field extension K is called algebraic if every a € K
is an algebraic element, i.e., satisfies a polynomial equation with
coefficients in F: ay + a,o + a,a® + -+ + a,a" = 0, where a; € F. For
example, the set of all numbers a + b \/5 with a, be Q is an alge-
braic extension of Q.

(2) If F is any field, its characteristic char(F) is defined as the least n such
that when you add 1 to itself n times you get 0. If 1 + 1 + --- + 1
always # 0, we say char(F) = 0. (It might sound more sensible to say
char(F) = oo, but the convention is to say that such fields have charac-
teristic 0.) Q, Q,, R, and C are fields of characteristic 0, while the set
of residue classes modulo a prime p is a field of characteristic p. (We’ll
see more examples of fields of characteristic p in a little while.)

(3) The definition of a vector space V over a field F; what it means to have
a basis for V over F; what it means for V to be finite-dimensional; if V
is finite-dimensional, its dimension is the number of elements in a basis.

(4) A field extension K of F is an F-vector space; if it is finite-dimensional,
it must be an algebraic extension, and its dimension is called the degree
[K:F]. If « € K has the property that every element of K can be written
as a rational expression in «, we write K = F(«) and say that X is the
extension obtained by “‘adjoining” « to F. If K’ is a finite extension of
K, then it is easy to see that X’ is a finite extension of F, and [K':F] =
[K': K] [K:F).
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1 Finite fields

(5) Any element « in a field extension K of F which is algebraic over F

(6)

)

®

®

satisfies a unique monic irreducible polynomial over F (*“monic” means
it has leading coefficient 1, “irreducible” means it cannot be factored
into a product of polynomials of lower degree with coefficients in F):

a" + @0+ -+ g+ ay =0, a €F;

n is called the degree of «. The field extension F(x) has degree n over F
(in fact, {1, ¢, «?, ..., a" "'} is one possible basis for F(«) as a vector
space over F).

If Fis a field of characteristic 0 (for example, @ or Q,) or a finite field
(we’ll study finite fields in detail very soon), then it can be proved that
any finite extension K of F is of the form K = F(«) for some « € K.
« is called a “primitive element.” (Actually, this holds if F is any
“perfect” field, where ‘perfect” means that either char (F) = 0, or
else, if char (F) = p, every element in F has a pth root in F.) Knowing a
primitive element « of a field extension K makes it easier to study KX,
since it means that everything in K is a polynomial in « of degree <n,
ie, K= {3t¢ ac'| a € F}.

Given an irreducible polynomial f of degree n with coefficients in F, we
can construct a field extension K > F of degree n in which f has a root
« € K. Roots of all possible polynomials with coefficients in F can be
successively adjoined in this way to obtain an ‘“algebraic closure”
(written F*%° or F) of the field F; by definition, this means a smallest
possible algebraically closed field containing F (recall: a field X is called
algebraically closed if every polynomial with coefficients in X has a
root in K). Any algebraic extension of F is contained in an algebraic
closure of F (i.e., can be extended to an algebraic closure of F). Any
two algebraic closures of F are isomorphic, so we usually say ‘““the
algebraic closure,” meaning “any algebraic closure.” The algebraic
closure of a field F is usually the union of an infinite number of finite
algebraic extensions of F; for example, the algebraic closure of Q
consists of all complex numbers which satisfy a polynomial equation
with rational coefficients. However, the algebraic closure of the real
numbers R is C = R(v/ = 1), which is a finite algebraic extension of R of
degree 2; but this is the exception rather than the rule.

If K = F(«), if K’ is another extension field of F, and if o: K— K’
gives an isomorphism of K with a subfield of K’ (where o is an “F-
homomorphism,” i.e., it preserves the field operations, and o(a) = a
for all a € F), then the image o(«) of « in K’ satisfies the same monic
irreducible polynomial over F as « does. Conversely, if K = F(«), if
K’ is another extension field of F, and if «’ € K’ satisfies the same monic
irreducible polynomial over F as « does, then there exists a unique
isomorphism ¢ of K with the subfield F(') of K’ such that o(a) = a for
all a € F and such that o(e) = «'.

In F = F*&<l a]l the roots of the monic irreducible equation over F
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III Building up Q

satisfied by an element « € F are called the conjugates of . There is a
one-to-one correspondence between isomorphisms of F(«) with a sub-
field of F and conjugates o' of « (see the preceding paragraph (8)). If
char (F) = 0 or if F is finite (or if F is perfect), then an irreducible
polynomial can not have multiple roots, i.e., all the conjugates of «
are distinct. In that case: (number of conjugates) = [F(x): F].

(10) If K = F(a), then K is called “Galois™ if all of the conjugates of o are
in K. In that case all conjugates of any x = >7-{ ;¢! € K are in K, since
such a conjugate is of the form >7-J a,«’!, where o’ is a conjugate of «.
Examples of Galois extensions of Q are: Q(V/2) (since « = v/2 has
one conjugate o' = —V/2, which is the other root of x2 — 2 = 0; here
—4/2 e Q(W2)); Q); Q(Vd) for any de Q; Q(L,), where {, = 2mm
is a primitive mth root of 1 in C (since the conjugates of {,, are other primi-
tive mth roots, and these are of the form ' for i having no common
factor with m). An example of a non-Galois extension of Q is Q(V2),
since the conjugates of /2 are the 4 roots of x* — 2 = 0, namely
+4/2 and +iV2, and we have iV2 ¢ Q(V'2) (since Q(¥2) is contained
in the real numbers).

(11) If K is a Galois extension of F, then the isomorphisms in paragraph (8)
all have image K itself, i.e., they are F-isomorphisms from X to K, or
¢ F-automorphisms of K.” The set of these automorphisms is a group,
called the “ Galois group of K over F.” If o is such an automorphism,
then the set of x € K such that o(x) = x is called the *fixed field of ¢”
(it’s easy to see that it’s a subfield of K containing F). For example,
if K = Q(V2 + V/3), which is a Galois field extension of @ of degree 4,
and if o takes V2 + V'3 to V2 — V/3, then the fixed field of o turns
out to be Q(V/2). It is not hard to prove that, if X is a Galois extension
of Fand K’ # Kis a field between K and F: F € K’ < K, then there is
a nontrivial automorphism of K which leaves K’ fixed. In turns out there
is a one-to-one correspondence between subgroups S of the Galois group
of K over F and such intermediate fields F < K’ < K, where

S Ks ={xeK|ox=xforallee S}
But we shall only need simple cases of the facts in this paragraph, not
the full power of Galois theory.

We now proceed to the study of finite fields. The simplest example of a
finite field is the “integers modulo a prime p.” This means: take the set of
equivalence classes of integers for the equivalence relation: x ~ y means
x = y (mod p). There are p such equivalence classes: the class of 0, 1, 2, 3,
...,p — 2,p — 1. It is easy to define addition and multiplication and check
that this set, which we call F,, forms a field (in particular, every non-zero
equivalence class has an inverse; this amounts to saying that if p does not
divide x, then there exists a y such that xy = 1 (mod p)). F, is sometimes
written Z/pZ (meaning “the integers divided out by p times the integers”).

We could have equally well started out with the p-adic integers Z,, and
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defined x ~ y (x, y € Z,) to mean x = y (mod p) (i.e., x and y have the same
first digit in their p-adic expansions). That is, F, can also be written Z,/pZ,
(“the p-adic integers divided out by p times the p-adic integers”). Z,/pZ, is
called the “residue field”” of Z,. The reason why we have to study general
finite fields before going further is as follows: the residue fields we get when,
instead of Q, and Z,, we deal with algebraic extensions of @, are not quite as
simple as F,. They turn out to be algebraic extensions of F,. So we need to get
a picture of what general finite fields look like.

Let F be a finite field. Since not all the numbers0, 1,1 + 1,1 + 1 + 1, ...
can be distinct, F must have characteristic #0. Let n = char(F). Note that
n must be a prime, since if we could write n = nyn,, with n, and n, both <n,
we would have n, # 0, so multiplying by n,~! would give: n, = n,"1n = 0,
a contradiction. So let p denote the prime number char(F).

Clearly, any field F of characteristic p contains the field of p elements as a
subfield (namely, by taking the subfield of F formed by all numbers of the
form 1 + --- + 1). This subfield is called the ““prime field” of F.

Note that in any field F of characteristic p, the map x > x® preserves
addition and multiplication:

xy = (xy)® = x*y*;

)
x+y—~>x+yPr= Z (f)x‘y"‘ = xP + yP,
i=0
because for 1 < i < p — 1 the integer (§) = p!/(i! (p — i)!) is divisible by p,
and hence equal to O in F.

Theorem 9. Let F be a finite field containing q elements, and let f = [F.F,]
(i.e., the dimension of F as a vector space over its prime field F,). Let K be an
algebraic closure of F, containing F. Then q = p'; F is the only field of q
elements contained in K; and F is the set of all elements of K satisfying the
equation x* — x = 0. Conversely, for any power q = p’ of p, the roots of the
equation x* — x = 0 in K are a field of q elements.

PRrOOF. Since F is an f-dimensional vector space over F,, the number of
elements is equal to the number of choices of the f components (i.e., “co-
ordinates” in terms of a basis of f elements) from [F,, which is p’. Next, any
field F of g elements has ¢ — 1 nonzero elements, so that the nonzero elements
of F under multiplication form a group of order ¢ — 1. In this group the
powers of an element x form a subgroup of order equal to the least power of
x which equals one (called the ““order” of x). But it is easy to prove that any
subgroup of a finite group has order dividing the order of the group. Thus, x
has order dividing ¢ — 1, and so x?~! = 1 for all nonzero x in F. Then
x? — x = 0 for all x (including 0) in F. Since this holds for any field of ¢
elements in K, and a polynomial of degree ¢ has at most ¢ distinct roots in a
field, it follows that any field of g elements in X must be the roots of x? — x,
and there is only one such set of g roots.
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Conversely, given any g = p/, the set of elements of K such that x* = x is
closed under addition and multiplication (the argument is the same as in the
paragraph right before the statement of this theorem), and so is a subfield of
K. This polynomial has distinct roots, because, if it had a double root, by
Exercise 10 below, that root would also be a root of the formal derivative
polynomial gx?~* — 1 = —1 (because g = 0 in X); but the polynomial —1
has no roots. ]

Remark. Because any two algebraic closures of F, are isomorphic, it
follows that any two fields of ¢ = p’ elements are isomorphic.

We let F, denote the unique (up to isomorphism) field of ¢ = p’ elements.
If Fis a field, F* denotes the multiplicative group of non-zero elements
of F.

Propeosition. F,* is a cyclic group of order q — 1.

Proor. If we let o(x) denote the order of x (the least power of x which
equals 1), we know that o(x) is a divisor of ¢ — 1 for all xe F,*. But if d is
any divisor of ¢ — 1, the equation x? = 1 has at most d solutions, because the
degree d polynomial x? — 1 has at most d roots in a field. If d = o(x), then
all d distinct elements x, x2, ..., x¢~!, x? = 1 satisfy this equation, and so
they must be the only ones that do. How many of these d elements have
order exactly d? It is easy to see that the answer is: the number of integers
in {1,2, ...,d — 1, d} which are relatively prime to 4 (have no common
divisor with d other than 1). This number is denoted ¢(d). Thus, at most ¢(d)
elements of F,* have order 4. We claim that exactly ¢(d) have order d for all
divisors d of ¢ — 1, and in particular for d = g — 1. This follows from the
following lemma.

Lemma. >, ,.¢(d) = n.

PROOF OF THE LEMMA. Let Z/nZ denote the additive group {0, 1, ..., n — 1} of
integers modulo n. Z/nZ contains a subgroup S, for each divisor d of n defined
as follows: S, is the set of all multiples of n/d. Clearly, every subgroup of
Z/nZ is obtained in this way.

S, has d elements, of which ¢(d) generate the full subgroup (i.e., the set of
all multiples of mn/d exhausts the set of all multiples of n/d in Z/nZ if and only
if m and d are relatively prime). But each integer 0,1, ..., n — 1 generates
one of the subgroups S,;. Hence

{0, 1, ..., n — 1} = |_J {clements generating S,}.
djn
Since this is a disjoint union, we have: n = 3, ,.¢(d), and the lemma is proved.

The proposition follows immediately, because if there were fewer than
¢(d) elements of order d for some d|n ,we would have: n = >, {elements of
order d} < 3,4.¢(d) = n. Hence, in particular, there are ¢(¢ — 1) elements
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of order ¢ — 1. Since ¢(q — 1) > 1 (for example, 1 has no common factor
with g — 1), there exists an element a of order exactly ¢ — 1. Then F,* =
{a,a® ...,a" "} O

EXERCISES

1. Let F be a field of ¢ = p’ elements. Show that F contains one (and only one)
field of ¢’ = p’ elements if and only if £ divides f.

2. For p=2,3,5,7,11, and 13, find an element a€{l1,2, ...,p — 1} which
generates [, *, i.e., such that F,* = {a, a2, ..., a?~'}. In each case, determine
how many choices there are for such an element a.

3. Let F be the set of numbers of the form a + bj, where a, be F; = {0, 1, 2},
addition is defined component-wise, and multiplication is defined by
(a + bj)c + dj) = (ac + 2bd) + (ad + bc)j. Show that F = Fg; show that
1 + jis a generator of Fy* ; and find all possible choices of a generator of Fy*.

4. Write F, and Fg explicitly in the same way as was done for F; in the previous
problem. Explain why any element except 1in F,™ or Fg* is a generator.

5. Let g = p/, and let a be an element generating F,*. Let P(X) be the monic
irreducible polynomial which a satisfies over F,. Prove that deg P = f.

6. Letq = p’. Prove that there are precisely f automorphisms of F, over F,, namely the
automorphisms ¢, i = 0,1, ..., f — 1, given by: gy(x) = x*' for x € F,.

7. Letxe F,*, and let P(X) = X? — X — o. Show that, if a is a root of P(X),
thensoisa + 1, a + 2, etc. Show that the field obtained by adjoining a to F,
has degree p over F,, i.e., it is isomorphic to F».

8. Prove that F, contains a square root of —1 if and only if ¢ # 3 (mod 4).

9. Let{ be algebraic of degree n over Q,, i.e., ¢ satisfies a polynomial equation of
degree n with coefficients in Q,, but none of degree less than n. Prove that
there exists an integer N such that ¢ does not satisfy any congruence

A1+ an "2+ -+ ayf + ap = 0 (mod p¥),
in which the a, are rational integers not all of which are divisible by p.

10. If F is any field, and f(X) = X® + g, X" ' + ... + a1 X + ao has co-

efficients in F and factors in F, i.e., f(X) = [[F=1 (X — ) with «; € F, show

that any root «; which occurs more than once is also a root of n X"~ +
a,._l(n - I)Xn—z + a,,_z(n—Z)X“'a + 0+ ay.

2. Extension of norms

If X is a metric space, we say X is compact if every sequence has a convergent
subsequence (see beginning of §I1.3). For example, Z, is a compact metric
space (see Exercise 20 of §1.5). We say that X is locally compact if every point
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x€ X has a neighborhood (i.e., a subset of X containing some disc
{y | d(x, ¥) < ¢&}) which is compact. The real numbers R are not compact,
but are a locally compact metric space with the usual Archimedian absolute
value metric. @, with the p-adic metric is another example of a locally
compact metric space, for the simple reason that for any x the neighborhood
x+Z,={y||y — x|, < 1} is compact (in fact, it is isomorphic to Z, as a
metric space). More generally, if X is an additive group such that d(x, y) =
d(x — y,0) for all x, y (for example, if X is a vector space and the metric is
induced from a norm on X, as defined below), then X is locally compact
whenever 0 has a compact neighborhood U. Namely, for any x, the transla-
tionof Uby x:x + U = {y | y — x e U}, is a compact neighborhood of x.
In Q,, U = Z, is such a compact neighborhood of 0. It is not hard to see
(Exercise 6 below) that any such locally compact group is complete.

Let F be a field with a non-Archimedean norm | |. For the duration of
this section we assume that F is locally compact.

Let V be a finite dimensional vector space over F. By a norm on V we
mean the analogous thing to a norm on a field, namely, a map | |y from ¥
to the nonnegative real numbers satisfying: (1) | x|y = O if and only if
x = 0; (2) x|y = [la] |x|v for all x € V and a € F (here |a| is the norm in
F);and 3) |x + y|lv < |x|v + |»|v. For example, if K is a finite extension
field of F, then any norm on K as a field whose restriction to Fis | | is also
a norm on K as a vector space. However, a word of caution: the converse is
false, since Property (2) for a vector space norm is weaker than the corres-
ponding property for a field norm (see Exercises 3—4 below).

As in the case of fields, we say that two norms | ||, and || |, on V are
equivalent if a sequence of vectors is Cauchy with respect to || |, if and only
if it is Cauchy with respect to || ||o. This is true if and only if there exist posi-
tive constants ¢, and ¢, such that for all xe V: ||x[}; < ¢, [|x|, and |x|; <
¢z| x| 2 (see Exercise 1 below).

Theorem 10. If V is a finite dimensional vector space over a locally compact
field F, then all norms on V are equivalent.

PROOF. Let {v,, ..., v,} be a basis for V. Define the sup-norm | |, (pro-
nounced ““soup norm”’) on V by

laws + -+ + apnlsup dot lns"?sx" (lalD)-

Note that this definition depends on the choice of basis. This || ||,,, is @ norm
(see Exercise 2 below). Now let || |, be any other norm on V. First of all, for
any x = a,v, + - + a,v, we have

Ixlv < llall lodlly + -+ + laall |oallv
< n(max [|a,])) max |v,v,
so that we get | v < ¢; || llsuwp if we choose ¢, = nmax, <;i<a(Joillv). It
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remains to find a constant ¢, such that the reverse inequality holds; then it
will follow that any norm on V is equivalent to the sup-norm.
Let
U= {xe VI "x"sup = 1}

We claim that there is some positive e such that | x|y > e for x € U. If this
weren’t the case, we would have a sequence {x;} in U such that | x|, — 0.
By the compactness of U with respect to | ||sup (Exercises 2, 8 below), there
exists a subsequence {x,} which converges in the sup-norm to some x € U.
But for every j

Ixlv < llx = xllv + lx,llv < €1 lx = Xy leup + [x,]lvs

by our first inequality relating the two norms. Both of these terms approach
0 as j — oo, since x;, converges to xin || | sup, and ||x;|y — 0. Hence | x|}y = 0,
so that x = 0 ¢ U, a contradiction.

Using this claim, we can easily prove the second inequality, and hence the
theorem. The idea is: the claim says that on the sup-norm unit sphere U
the other norm | |, remains greater than or equal to some positive number e,
and hence | |sup < ¢z | |v on U, where c; = 1/e (on U the left side of this
inequality is 1, by definition); but everything in ¥ can be obtained by multi-
plying U by scalars (elements in F), so the same inequality holds on all of V.

More precisely, let x =a,v, + - - - + a,v, be any nonzero element in V, and
choose j so that ||a;| = max|a]| = ||x{sup- Then clearly (x/a;) € U, and so

Ix/a;ly = & = 1/cs,
so that
[xlsup = lla;| < ez [Ix]lv. O

Corollary. Let V = K be a field. Then there is at most one norm | |x of Kasa
field which extends || || on F (i.e., such that |a|x = |a| for a€ F).

PROOF OF COROLLARY. Note that the field norm || |k is also an F-vector space
norm, because it extends || ||. By Theorem 10, any two such norms || ||, and
Il I, on K must be equivalent. Hence || ||, < ¢,| |;. Let x € K be such that
Ixlly # llxll,, say, |xll; < ||x| .. But then for a sufficiently large N we have
e Ix™|l; < [1xV]l,, a contradiction. O

This still leaves the question of whether there exists any norm on K
extending || | on F.

We now recall a basic concept in field extensions, that of the “norm” of
an element. This use of the word “norm” should not be confused with the
use so far in the sense of metrics. “Norm” in the new sense will always
be in quotation marks and denoted by N.

Let K = F(«) be a finite extension of a field F generated by an element «
which satisfies a monic irreducible equation

O=x"4+ax" "'+ ---+a,_,x + a,, a,€F.
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Then the following three definitions of the “norm of « from K to F,”” abbre-
viated N, (), are equivalent:

(1) If K is considered as an n-dimensional vector space over F, then multipli-
cation by « is an F-linear map from K to K having some matrix 4,. We
let Ngp(a) = det(4,).

(2) Ngip(e) det \ T Dra,.

(3) Ngr(®) z I'Ti=104, where the o; are the conjugates of « = a; over F.

The equivalence (2) < (3) comes from: x® + a,x"~! + ... + a, =[]},
(x — «). The equivalence (1) < (2) is easy to see if we use {1, «, @2, ..., «" "1}
as a basis for K over F. Namely, the matrix of multiplication by « is then

clearly (using: ¢ = —gye"~! — ... — @, ;0 — a,):
0 0 —4a,
1 0 0 "'a"_l
1 0
0 —02
1 —(11

which has determinant (— 1)"a,, as follows immediately by expanding using
the first row.

If B e K = F(a), we can define Ng,(B) as either (1) the determinant of the
matrix of multiplication by 8 in X, or, equivalently, (2) (Ny,, (B)H*F#®1, The
two are equivalent because, if we choose bases for F(B) as a vector space
over F and for K as a vector space over F(B), then as a basis for K over F we
can take all products of an element in the first basis with an element in the
second basis; using this basis for K over F, we see that the matrix of multipli-
cation by 8 in X takes the following “block form™

0 A,

Ap

where A4, is the matrix of multiplication by 8 in F(8). The determinant of this
matrix is the [K:F(B)]-th power ([K:F(B)] is the number of blocks) of det A4,
i.e., the [K:F(B)]-th power of Ny, (). Thus, the two definitions of N, (8)
are in fact equivalent.

Since Ny () is defined for any « € K as the determinant of the matrix
of multiplication by « in K, it follows that N, is a multiplicative map from
K to F, i.e., Ngp(ef) = Ny r(a)Ng(B). (Namely, multiplication by «B is
given by the product of the matrix for « and the matrix for 8, and the determi-
nant of a product of matrices is the product of the determinants.)

We can now figure out how the extension of | |, to an algebraic number
o € Q4% °! must be defined if it exists. Suppose o has degree n, i.e., its monic
irreducible polynomial over @, has degree n. Let K be a finite Galois extension
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of Q, containing o (see paragraph (10) at the beginning of this chapter), for
example, K can be the field obtained by adjoining « and all of its conjugates
to @, (it’s easy to check that this field is finite and Galois over Q,). Suppose
we find an extension | | of | |, to K. By the corollary to Theorem 10, | |
is the unique field norm on K extending | |,. Now let «’ be any conjugate of «,
and let o be a Q,-automorphism of X taking a to o’ (see paragraphs (8), (9),
and (11) in §II1.1). Clearly the map || ||': K — R defined by ||x|' = lo(x)l| is
a field norm on K which extends | |,. Hence || |’ = | [, and so lell = llell” =
lo(e)]| = |le’||. We conclude that the norm of « equals the norm of each of its
conjugates. But then the norm of Ng_yaq,(2), Which is in Q,, equals

| No,(ao/o,(“) lp = Il No,mro,(“) “

=1 II I
conjugates a’ of a
=[Tll
= |e
Thus,

lel = INa,@ie ()3

So, concretely speaking, to find the p-adic norm of «, look at the monic
irreducible polynomial satisfied by a over Q,. If it has degree n and constant
term a,, then the p-adic norm of a is the nth root of |a,|,. (Of course, we have
not yet proved that this rule really has all of the required properties of a
norm; this will be Theorem 11 below.)

Note that we can equivalently define |«| to be

| NK/Q,(“)I;’IK'Q”],

where K is now any field of finite degree over Q, that contains «,

NK/Q,(“) = (No,mlo,(“ Yy,
and
= Q] = KDl
n [Qp(a)'QP] - [K: Qp(a)]
We now prove that this rule | || really is a norm. We shall write | |,
instead of || | to denote the extension of | |, to K; this should not cause

confusion. The reader should be warned that Theorem 11 is not an easy
fact to prove. The proof given here, which was told to me by D. Kazhdan,
is much more efficient than other proofs I’ve seen. But it should be read and
re-read carefully until the reader is thoroughly convinced by the argument.

Theorem 11. Let K be a finite extension of Q,. Then there exists a field norm
on K which extends the norm | |, on Q,.

PRrROOF. Let n = [K:Q,). We first define | |, on K, and then prove that it’s
really a field norm on K extending | |, on Q,. For any « € K we define

I“lp dot INK/Q,(“)H'",
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where the right-hand side is the old norm in Q,. (Here n is the degree of the
field K over Q,, and is not necessarily the degree of the element o over Q,.)
It is easy to check that: (1) ||, agrees with the old |a|, whenever x € Q,,; (2)
||, is multiplicative ; and (3) |a|, = 0<>a = 0. The hard part is the property:
ot + B, < max(jal,, |B,).

Suppose that |B|, is the larger of |al,, |B],. Setting y = /B, we have
|7l < 1. We want to show that |a + B[, < max(|al,,|Bl,) = [B],, ©
equivalently (after dividing through by [B],): [1 + 7|, < 1. Thus, Theorem
11 follows from the following lemma.

Lemma. With | |, defined as above on K, one has |1 + y|, < 1 for any ye K
with |y|, < 1.

PROOF OF THE LEMMA. We noted before that we can define [y[, and |1 + 7|,
using the field Q,(y) = Q,(1 + y) in place of K:

171, = INa,u1e,(?) I,f/m"‘” @11+ 71, = [Na,pa,(1 + 7)1 L

So without loss of generality we may suppose that K = Q,(y), in other words,
that y is a “primitive element” of K. Then {1, y, y?,..., 7" !} is a vector space
basis for K over Q,, where n = [K: Q,].

For any element « = 3."23 a;7 € K, let ||| denote the sup-norm in this
basis, ie., «| 5 max; |a;,. Similarly, if 4 = {a;;} is any n x n matrix with
entries in Q,, let Al denote the sup-norm |4 = = max; ; |a;l,

Any Q,-linear map from K to K, when wrltten in terms of the basis
{1,7,y%...,y" 1}, givesann x nmatrix with entries in Q »- Now let A denote
the matrix of the Q,-linear map from K to K which is multiplication by y.
(This is the type of matrix used before in our discussion of the three equivalent
definitions of the norm of an element.) Then the matrix A" is the matrix cor-
responding to multiplication by 7', and I + A4 is the matrix corresponding to
multiplication by 1 + y. (More generally, the matrix P(A4) corresponds to
multiplication by the element P(y) for any polynomial P e Q,[X].)

We claim that the sequence of real numbers {[|4°|};-¢.1,5,... is bounded
above. Suppose the contrary. Then we can find a sequence i;, j=1, 2, ...,
such that || A%|| > j. Let b= 4%, which is the maximum | |, of any of
the n? entries of 4%. Let B; be an entry of A% with maximum | |,; thus,
IB;l, = | A%|| = b;. Define the matrix B; = A'[B,, i.e., divide all entries of A%
by B;. (Note that B; # 0, since {|4%) > j.) Then clearly | B;ll = 1. Since the
sup-norm unit ball is compact (Exercises 2 and 8 below), we can find a
subsequence {B;, };-,,,,... which converges to some matrix B. Since det B; =
(det A*)/B7, we have

|det B, < |det AY|,//" = [Nk, 014" = Iy [57" < 1/j"

By the definition of convergence in the sup-norm, each entry of B is the limit
as k — oo of the corresponding entry of B; ; hence det B = lim det B;, = 0.
Because det B = 0, there exists a nonzero element /e K, cons;dered as a
vector written with respect to the basis {1, y, y2, ..., y"~ !}, such that Bl =
We now show that this implies that B is identically zero, contradicting

(Bl = 1 and hence proving the claim that {|| 4%} is bounded.

seae
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Since {y'l};=¢,;....n—1 is a basis for the Q,-vector space K, it suffices to
show that Byl = 0 for any i. But since multiplication by y' is given by the
matrix A, we have Byl = (BA’)l = A'Bl = 0, where the relation BA' = A'B
comes from the fact that B is a limit of matrices of the form B; = 4Y/B;,
i.e., scalar multiples of powers of 4, and any such matrix B; commutes with
A'. This proves our claim that {| 4’|/} is bounded by some constant C.

Note that foranyn x nmatrix A = {a,;} we have: |det 4|, < (max,|a,;|,)"
= ||A||"; this is clear if we expand the determinant and use the additive and
multiplicative properties of a non-Archimedean norm.

Now let N be very large, and consider: (I+ A¥ =T+ (A + - +

(WY )AY"1 + A" We have
I

Hence |1 + y|, < V'C. Letting N — o gives |1 + y|, < 1 as required. (Note
the similarity with the proof of Ostrowski’s theorem in §1.2.) O

[T+ 91" = |det( + DY} < (T + DY S( max

0 <i<N

< (max ||A'||) <C.

O0si<N

Let R be a (commutative) ring, i.e., a set R with two operations + and -
which satisfy all the rules of a field except for the existence of multiplicative
inverses. In other words, it’s an additive group under + ; has associativity,
identity, and commutativity under -; and has distributivity. R is called an
integral domain if xy = 0 always implies x =0 or y = 0. Z and Z, are
examples of integral domains.

A proper subset I of R is called an ideal if it is an additive subgroup of R
and for all x € Rand a € I we have: xa € I. In the ring Z, the set of all multiples
of a fixed integer is an ideal. In Z,, for any r < 1 the set {x € Z,| |x|, < r}is
an ideal. If, say, r = p~", this is the set of all p-adic integers whose first
n + 1 digits are zero in the p-adic expansion.

If I, and I, are ideals of R, then the set

{x€ R| x can be written as x = x;x," + - -+ + Xpx, With x; € I, x;’ € I}
is easily checked to be an ideal, which is written 1,1, and is called the product
of the two ideals. An ideal 7 is called prime if: x,x, € I implies x, € I or
xp €l

It is easy to verify (see Exercise 5 below) that Z, has precisely one prime
ideal, namely
pZ, det {xez,| |x|, < 1},
and that all ideals of Z, are of the form

p"Z {xez,||x], <p~"}.

P dof

If I'is an ideal in a ring R, it is easy to see that the set of additive cosets
x + I form a ring, called R/I. (Another way of describing this ring: the set of
equivalence classes of elements of R with respect to the equivalence relation
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x ~ yif x — ye L) For example, if R = Z (or if R = Z,), the ring R/pR is
the field F, of p elements, as we’ve seen.

An ideal M in R is called maximal if there is no ideal strictly between M
and R. It is an easy exercise to check that:

(1) An ideal P is prime if and only if R/P is an integral domain.
(2) An ideal M is maximal if and only if R/M is a field.

Now let X be a finite extension field of Q,. (Or, more generally, let K be
an algebraic extension of a field F which is the field of fractions of an integral
domain R, e.g., F = Q is the field of fractions of R = Z, F = Q, is the field
of fractions of R = Z,.) Let 4 be the set of all « € K which satisfy an equa-
tion of the form x"+a;x" '+ - - +a,_;x +a,=0 with the g,€Z,.
(Every a € K of course satisfies an equation of this form with coefficients
in Q,, but usually not all the g; are in Z,,.) 4 is called the “integral closure
ofZ,in K.”

It is not hard to show that if & € A, then its monic irreducible polynomial
has the above form. Moreover, the integral closure is always a ring. (For the
general proof, see Lang’s Algebra, pp. 237-240; in the case we’ll be working
with—the integral closure of Z, in K—we prove that it’s a ring in the proposi-
tion that follows.)

Proposition. Ler K be a finite extension of Q,, of degree n, and let

A4={xeK|[xl, <1}
M={xeK||x|, < 1}

Then A is a ring, which is the integral closure of Z, in K. M is its unique
maximal ideal, and A/M is a finite extension of F, of degree at most n.

ProoF. It is easy to check that A4 is a ring and M is an ideal in 4, using the
additive and multiplicative properties of a non-Archimedean norm. Now let
o € K have degree m over Q,, and suppose that « is integral over Z,: «™ +
ae™ 4+ .-+ a, =0,a¢€Z, If |[«, > 1, we would have:

lel,™ = |a™|, = |@1@™ "t + - - + aplp, < max |ge™ 7,
1<f<m

< max |ont, = Jalp ",
l1sism

a contradiction. Conversely, suppose |«|, < 1. Then all the conjugates of
o« =a, over Q, also have ||, = [[f-1]ey[i™ = |«|, < 1. Since all the
coefficients in the monic irreducible polynomial of « are sums or differences
of products of «; (the so-called “symmetric polynomials” in the «,), it follows
that these coefficients also have | |, < 1. Since they lie in Q,, they hence
must lie in Z,,.

We now prove that M contains every ideal of 4. Suppose c € 4, « ¢ M.
Then |«|, = 1, so that |1/«|, = 1, and 1/« € 4. Hence any ideal containing «
must contain (1/«)-o« = 1, which is impossible.
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Exercises

Note that M N Z, = pZ, from the definition of M.

Consider the field 4/M. Recall that its elements are cosets a + M.
Notice that if a and b happen to be in Z,, then a + M is the same coset as
b+ Mifandonlyifa — be M N Z, = pZ,. Thus, there’s a natural inclusion
of Z,/pZ, into A/M given by coset a + pZ, > coset a + M for a € Z,. Since
Z,/pZ, is the field F, of p elements, this means that 4/M is an extension field
of F,.

We now claim that A/M has finite degree over F,, in fact, that [4/M: F,] <
[K: Q,]. If n=[K:Q,], we show that any n + 1 elements a,,a,, ...,
@,., € A/M must be linearly dependent over F,. For i=1,2,...,n+ 1,
let a, be any element in 4 which maps to @ under the map 4 — A/M (i.e.,
a, is any element in the coset &, in other words: @, = a, + M). Since
[K: Q,] = n, it follows that a;, a,, ..., a,. are linearly dependent over Q@,:

albl + azbg + -+ a,.+1b,,+1 = O, b(e Qp.

Multiplying through by a suitable power of p, we may assume that all the
b, € Z, but at least one b, is not in pZ,. Then the image of this expression in
A/M is

5151 + ‘7252 +-- 4 5n+15u+1 = 0,
where b, is the image of b, in Z,/pZ, (i.e., b, is the first digit in the p-adic
expansion of b;). Since at least one b, is not in pZ,, it follows that at least one
b, is not 0, so that a,, @,, ..., @, are linearly dependent, as claimed. O

The field A/M is called the residue field of K. It’s a field extension of F, of
some finite degree f. A4 itself is called the “valuation ring” of | |, in K.

EXERCISES

1. Prove that two vector space norms | ||; and | |; on a finite dimensional vector
space V are equivalent if and only if there exist ¢; > 0 and ¢; > 0 such that

forall xe V:
[*l2 < el x]: and [x]s < eafx[2.

2, Let F be a field with a norm || |. Let ¥ be a finite dimensional vector space
over F with a basis {v,, ..., v,}. Prove that |a,v; + --- + @y0p] sup = MaX;<isa

(lla;ll) is a norm on V. Prove that if F is locally compact, then V is locally compact
with respect to || [|yup-

3. Let ¥V = Qu(Vp), v1 = 1, v, = Vp. Show that the sup-norm is not a field
norm on Q,(Vp).

4. If V = K is a field, can the sup-norm ever be a field norm (for any basis
{vy, ..., v,}) when n = dim K > 1? Discuss what type of finite extensions
K of Q, can never have the sup-norm being a field norm.

5. Prove that Z, has precisely one prime ideal, namely pZ,, and that all ideals in
Z, are of the form p"Z,, ne{1,2,3, ...}.

6. Prove that, if a vector space with a norm | |y is locally compact, then it is
complete.
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III Building up Q

7. Prove that a vector space with a norm | |v is locally compact if and only if
{x | |xllv < 1} is compact.

8. Prove that, if a vector space with a norm | [y is locally compact, then
{x| |x|lv = 1} is compact.

3. The algebraic closure of Q,

Putting together the two theorems in §2, we conclude that | |, has a unique
extension (which we also denote | |,) to any finite field extension of Q,.
Since the algebraic closure @, of Q, is the union of such extensions, | |,
extends uniquely to @,. Concretely speaking, if « € @, has monic irreducible
polynomial x* + a,x"~* + .- +a,, then |a|, = |a,|;™

Let K be an extension of Q, of degree n. For a € K* we define

1
ord, « dof —log, ||, = —log, |r\l1'r/0,,("‘)|1}w“l - log, |NK/Q,(°‘)|p-

This agrees with the earlier definition of ord, when o € Q,, and clearly has
the property that ord, af = ord, « + ord, f. Note that the definition of
ord, a is independent of the choice of field X such that a € X, [K: Q,] < 00.
The image of K under the ord, map is contained in (1/n)Z = {xeQ|
nx € Z}. Since this image is a nontrivial additive subgroup of (1/n)Z that
contains Z, it must be of the form (1/e)Z for some positive integer e dividing
n. This integer e is called the ““index of ramification” of K over Q,. Ife =1,
we say that K is an unramified extension of Q,. Now let 7 € K be any element
such that ord, = = (1/e). Then clearly any x € K can be written uniquely in
the form

m™u, where |u|, = 1 and me Z (in fact, m = e- ord, x).

It can be proved (Exercise 12 below) that n = e-f, where n = [K: Q,],
e is the index of ramification, and f is the degree of the residue field 4/M
over F,. In any case, we’ve already seen that f < n and e < n. In the case of
an unramified extension K. i.e., when e¢ = 1, we may choose p itself for =
in the preceding paragraph, since ord, p = 1 = (l/e). At the other extreme,
if e = n, the extension K is called torally ramified.

Proposition. If X is totally ramified and = € K has the property ord, = = (l/e),
then = satisfies an ‘‘ Eisenstein equation” (see Exercise 14 of §1.5)
X+ g, x*" '+ ---+a, =0, ae’,
where a; = 0 (mod p) for all i, and a, # 0 (mod p?). Conversely, if o is a
root of such an Eisenstein equation over Q,, then Q,(«) is totally ramified
over Q, of degree e.

ProoOF. Since the a; are symmetric polynomials in the conjugates of =, all of
which have | |, = p~'/, it follows that |a,|, < 1. As for a,, we have |a,|, =
|7|5¢ = 1/p.

Conversely, we saw in Exercise 14 §I.5 that an Eisenstein polynomial is
irreducible, so that adjoining a root « gives us an extension of degree e.
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3 The algebraic closure of Q,

Since ord, a, = 1, it follows that ord, « = (l/e) ord, a, = (1/e), and hence
Q,(a) is totally ramified over Q,. O

A more precise description of the types of roots of polynomials that can
be used to get a totally ramified extension of degree e can be given if e is not
divisible by p (this case is called “tame” ramification; p|e is called “wild”
ramification). Namely, such tamely totally ramified extensions are obtained
by adjoining solutions of the equation x* — pu = 0, where u e Z,*, i.e., such
extensions are always obtained by extracting an eth root of p times a p-adic
unit (see Exercises 13 and 14 below).

Now let K be any finite extension of Q,. The next proposition tells us that
if K is unramified, i.e., e = 1, then K must be of a very special type, namely, a
field obtained by adjoining a root of 1; while if K is ramified, it can be
obtained by first adjoining a suitable root of 1 to obtain its ““maximal un-
ramified subfield” and then adjoining to this subfield a root of an Eisenstein
polynomial. Warning: the proof of the following proposition is slightly
tedious, and the reader who is impatient to get to the meatier material in the
next chapter may want to skip it (and also skip over some of the harder
exercises in §I11.4) on a first reading.

Proposition. There is exactly one unramified extension Kj*™™ of Q,, of degree f,
and it can be obtained by adjoining a primitive (p’ — 1)throotof 1.If Kisan
extension of Q, of degree n, index of ramification e, and residue field degree f
(so that n = ef, as proved in Exercise 12 below), then K = K}*r*®(m),
where m satisfies an Eisenstein polynomial with coefficients in Kjrem,

PROOF. Let a be a generator of the multiplicative group F,; (see the proposition
attheend of §1), and let P(x) = x’ + a,x' ! + - -- + 4,, a, € F,, be its monic
irreducible polynomial over [, (see Exercise 5 of §1). For each i, let a, € Z, be
any element which reduces to @, mod p, and let P(x) = x’ + a;x’"* + --- +
a;. Clearly, P(x) is irreducible over Q,, since otherwise it could be written as a
product of two polynomials with coefficients in Z,, and each could be
reduced mod p to get P(x) as a product. Let « € Q3¢ be a root of P(x). Let
R=Qy)),A=4{xeK||x|, <1}, M ={xeK||x|, < 1}. Then [K: Q,] =
/, while the coset o + M satisfies the degree f irreducible polynomial P(x)
over F,. Hence [4/M: F,] = f, and K is an unramified extension of degree f.
(We have not yet proved that it is the only one.)

Now let K be as in the second part of the proposition. Let A =
{xe K| |x|, <1} be the valuation ring of ||, in K, and let M=
{x € K| |x], < 1} be the maximal ideal of 4, so that A/M = F,,. Let %€ F,
be a generator of the multiplicative groupJF,’,‘,. Let a5 € A be any element
that reduces to @ mod M. Finally, let 7 € K be any element with ord, 7 =
1/e; thus, M = nA.

We claim that there exists « = «; mod = such that «® -! — 1 = 0. The
proof is a Hensel’s lemma type argument. Namely, we write ¢ = a + a7
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III1 Building up Q

(mod #2), so that mod =% we need 0 = (¢ + eyw)” "1 — 1l =~ — 1 +
(P’ — Doymad’ "2 = a8’ -1 — 1 — aymad’ ~2 (mod #?). But o -1 = 1 (mod =),
so that, if we set «; = (¢’ =1 — 1)/(ma8’ ~2) (mod =), then we get the desired
congruence mod #2. Continuing in this way, just as in Hensel’s lemma, we
find a solution & = & + a7 + aym?® + - - - to the equation o -1 = 1.

Note that «, o2, ...,a” -1 are all distinct, because their reductions
mod M—&, &, ..., & ~1—are distinct. In other words, « is a primitive
(¢’ — Dth root of 1. Also note that [Q,(x):Q,] > f, since f is the residue
field degree of the extension. (We will soon prove that [{Q,(e): Q,] = f)

The above discussion applies, in particular, to the field K constructed in
the first paragraph of the proof. Hence K o Q,(a), where o is a primitive
(¢’ — 1)th root of 1. Since f = [K:@,] = [@,(2):@,] = f; it follows that
K= Q,(a). Thus, the unramified extension of degree f is unique. Call it
Kunram.

fWe now return to our field K of degree n = ef over Q,. Let E(x) be the
monic irreducible polynomial of = over K = KP*r*m Let {m} be the
conjugates of = over K}®r®™ so that E(x) = [ ] (x — m;). Let d be the degree
and c the constant term of E(x). Then ord, ¢ = d ord, m = dfe. But since
ef = n = [K:Q,] = [K:Kjrrem][Kjrrem: Q,] = [K: K7r*™]-f, it follows that
d < e. Since ¢ € K¥™*™ ord, ¢ is an integer. We conclude that d = e, and
ord, ¢ = 1. Thus, E(x) is an Eisenstein polynomial, and K = K{™"(=w). [J

Corollary. If K is a finite extension of Q, of degree n, index of ramification e,
and residue field degree f, and if m chosen so that ord, = = 1/e, then every
« € K can be written in one and only one way as

@
2 am,
i=m

where m = e ord, « and each a; satisfies a” = a, (i.e., the a’s are Teich-
miiller digits).

The proof of the corollary is easy, and will be left to the reader.

If m is any positive integer not divisible by p, we can find a power p’ of p
which is congruent to 1 mod m (namely, let f be the order of p in the multipli-
cative group (Z/mZ)* of residue classes mod m of integers prime to m). Then,
if p — 1 = mm’, and if we adjoin to Q, a primitive (p’ — 1th root « of I,
it follows that ™ is a primitive mth root of 1. Hence, we may conclude that
finite unramified extensions of Q, are precisely the extensions obtained by
adjoining roots of 1 of order not divisible by p.

The union of all the finite unramified extensions of @, is written Q™™
and is called the ““maximal unramified extension of Q,.”” The ring of integers
Zgnram of Querem (also called the ““valuation ring’), which is

Zgnram d—?—r {x c Q:nram l ixlp < 1}’
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3 The algebraic closure of Q,

has a (unique) maximal ideal MUoram = pZparem — {x e Qporem | |x|, < 1} =
{x € Qp°rem | |x|, < 1/p}. The residue field Z;*rem/pZ3rre™ is easily seen to
be the algebraic closure F, of F,. Every x € F, has a unique *Teichmiiller
representative” x € Zy"*™ which is a root of 1 and has image X in Zj*r*®/
pZy;"™. For this reason, Z;*™*™ is often called the “lifting to characteristic
zero of F,” (also called the ““ Witt vectors of F,”).

Querem which is a much smaller field than Q2¢°! can be used instead of
Q%'#°! in many situations.

The “opposite” of unramified extensions is totally ramified extensions.
We can get a totally ramified extension, for example, by adjoining a primitive
p'th root of 1—this will give us a totally ramified extension of degree
n=e=p Yp—1) (see Exercise 7 below). However, unlike in the un-
ramified case, not by a long shot can all totally ramified extensions be ob-
tained by adjoining roots of 1. For example, adjoining a root of x™ — p
clearly gives a totally ramified extension K of degree m ; but if K were contained
in the field obtained by adjoining a primitive p’th root of 1, we would have
m|p"~Y(p — 1), which is impossible if, say, m > p and ptm. About all we
can say about the set of all totally ramified extensions of Q, is contained
in the proposition at the beginning of this section and in Exercise 14
below.

We repeat: An extension K of Q, of degree n, index of ramification e, and
residue field degree f is obtained by adjoining a primitive (p/ — 1)th root
of 1 and then adjoining to the resulting field K™ a root of an Eisenstein
polynomial with coefficients in Kyorem,

We conclude this section with a couple of useful propositions.

Proposition (Krasner’s Lemma). Let a, b € Q, (= Q2%"), and assume that b

is chosen closer to a than all conjugates a, of a (a; # a), i.e.,

b — al, < |a, — al,.

Then Qy(a) = Q,(b).
PrOOF. Let K = Q,(b), and suppose a ¢ K. Then, since a has conjugates
over K equal in number to [K(a): K], which is > 1, it follows that there is at
least one g; ¢ K, a; # a, and there is an isomorphism ¢ of K(a) to K(a;)
which keeps K fixed and takes a to a.. We already know, because of the
uniqueness of the extension of norms, that |ox|, = |x|, for all x € K(a). In
particular, |b — 4|, = |ob — oa|, = |b — a,, and hence

la, — al, < max(la; — b|,, |b — a|,) = |b — al, < |a — as,

a contradiction. O

Note that Krasner’s Lemma can be proved in exactly the same way in a
more general situation: If ¢, b € @,, K is a finite extension of @,, and for all
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IIT Building up Q

conjugates a; of a over K (a; # a) we have |b — a|, < |a, — ai,, then K(a) <
K(@®).

Now let X be any field with a norm | ||. If £, g€ K[X], i.e, f = 2 aX*
and g = 3 b, X* are two polynomials with coefficients in K, we define the
distance || f — g| from f to g as

I/ — gl g max [a — &].

Proposition. Let K be a finite extension of Q,. Let f(X) € K[X] have degree n
fX)=a, X"+ a,_ X" '+ + a, X + a,.

Suppose the roots of f in Q,, are distinct. Then for every ¢ > 0 there exists a &
such that, if g = >0 b X' € K[X) has degree n, and if |f — g|, < 8, then
Jor every root «; of f(X) there is precisely one root B, of g(X) such that
leg — Bilp < e

Proor. For each root B8 of g(X) we have

B = /B — g®)» = IZ (@ — BB,
< m‘ax(lal - bllp |B]pl)
< lf_ glp max(1, lﬁl,") < 8C,",

where C, is a suitable constant (see Exercise 3 below).

Let C, =min; ;< . |2 — %;l,. Since the o;’s are distinct, we have C; #0.
Then the relation |8 — &, < C, is only possible for at most one «; (since if it
held for another «; # o; we’d have |o, — o, < max(Je; — B,, |8 — «;|,) <
C,). Since

Ci"8 > |f(B)l,
=la, [ (B — @), (since f(X) = a,] [ (X — )
= lal, [ I8 — als

it’s clear that for & sufficiently small such an «; with |8 — «], < C, must
exist. Moreover, for that «; we have:

C,"8
B = el < laul, [ 118 = ol

7#4
C1"8

B ]an,p' 3-1’

which can be made <e by a suitable choice of 8. O
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So far we’ve been dealing only with algebraic extensions of Q,. But, as
mentioned before, this is not yet enough to give us the p-adic analogue of the
complex numbers.

Theorem 12. Q, is not complete.

Proor. We must give an example of a Cauchy sentence {a;} in 8, such that
there cannot exist a number a € Q, which is the limit of the a;.

Let b; be a primitive (p2' — 1)th root of 1 in @,, i.e., 57~ = 1, but
b™ # 1if m < p* — 1. Note that b?*" -1 = 1if i’ > i, because 2/|2" implies
p* — 1| p? — 1. (In fact, instead of 2! we could replace the exponent of p
by any increasing sequence whose ith term divides its (i + 1)th, e.g., 3!, i!,
etc.) Thus, if i’ > i, b, is a power of b,.. Let

i
— N
a = Z b,p"s,
7=0

where 0 = Ng < N; < N, < --- is an increasing sequence of nonnegative
integers that will be chosen later. Note that the b,,j = 0, 1, ..., i, are the
digits in the p-adic expansion of g in the unramified extension Q,(b,), since
the b; are Teichmiiller representatives. Clearly {a;} is Cauchy.

We now choose the N,, j > 0, by induction. Suppose we have defined ¥,
for j < i, so that we have our a; = J!_,b;p"s. Let K = Q,(b). In §3 we
proved that K is a Galois unramified extension of degree 2'. First note that
Q,(a;) =K, because otherwise there would be a nontrivial Q ,-automorphism
o of K which leaves g; fixed (see paragraph (11) in §1). But o(a;) has p-adic
expansion Z!_, a(b;)p™, and 6(b;) # b;, so that o(a;) # a, because they have
different p-adic expansions.

Next, by exercise 9 of §II1.1, there exists N;,, > N, such that g; does not
satisfy any congruence

@™ + oy_1af "t + -+ @@ + oy = 0 (mod pYier)

for n < 2' and «; € Z, not all divisible by p.
This gives us our sequence {a;}.
Suppose that a € Q, were a limit of {a}. Then a satisfies an equation

Ot,,a" + an_lan—l + -+ o aQ + Qg = 0,

where we may assume that all of the «; € Z, and not all are divisible by p.
Choose i so that 2! > n. Since @ = a4, (mod p":+1), we have

anain + a'n—la?_l + -t g + oy = O(mOdeHd),

a contradiction. This proves the theorem. O
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Note that we have actually proved that Q3°*™, not only @, = Q&% is
not complete.

So we now want to “fill in the holes,” and define a new field Q to be the
completion of Q,. Strictly speaking, this means looking at equivalence classes
of Cauchy sequences of elements in @, and proceeding in exactly the same
way as how Q, was constructed from Q (or how R was constructed from Q,
or how a completion can be constructed for any metric space). Intuitively
speaking, we’re creating a new field Q by throwing in all numbers which are
convergent infinite sums of numbers in Q,, for example, of the type considered
in the proof of Theorem 12.

Just as in going from Q to Q,, in going from @, to Q we can extend the
norm | |, on @, to a norm on Q be defining |x|, = lim,., o|x,|, Where {x;}
is a Cauchy sequence of elements in @, that is in the equivalence class of x
(see §1.4). As in going from Q to Q,, it is easy to see that if x # O this limit
|x|, is actually equal to |x;|, for i sufficiently large.

We also extend ord, to Q:

ord, x = —log,|x|,.

Let A ={xeQ}|x|, <1} be the “valuation ring” of Q, let M =
{xeQ||x|, < 1} be its maximal ideal, and let A* = {xeQ||x|, =1} =
A — M be the set of invertible elements of 4. Suppose that xe 4™, ie,
|x|, = 1. Since Q, is dense in Q, we can find an algebraic x’ such that
x —x'eM, ie., |x — x'|, < 1. Since then |x'|, = 1, it follows that x’ is
integral over Z,, i.e., it satisfies a monic polynomial with coefficients in Z,,.
Reducing that polynomial modulo p, we find that thecosetx + M = x' + M
is algebraic over [, i.e., lies in some [ ;. Now let w(x) be the ( p’ — Dthroot
of 1 which is the Teichmiiller representative of x + M e [F,,, and set {x) =
x/w(x). Then (x> el + M. In other words, any xe 4™ is the product of a
root of unity w(x) and an element {x) which is in the open unit disc about 1.
(If x € Z,, has first digit a,, this simply says that x is the product of the Teich-
miiller representative of a, and an element of 1 4+ pZ,.) Finally, an arbitrary
nonzero x € Q can be written as a fractional power of p times an element
x; €Q of absolute value 1. Namely, if ord, x = r = a/b (see Exercise 1
below), then let p” denote any root in @I, of the polynomial X® — p°. Then
x = p'x; = pw(x;){x,) for some x, of norm 1. In other words, any nonzero
element of Q is a product of a fractional power of p, a root of unity, and an
element in the open unit disc about 1.

The next theorem tells us that we are done: Q will serve as the p-adic
analogue of the complex numbers.

Theorem 13. Q is algebraically closed.

Proof. Let: f(X) = X"+ a, X" '+ -+ a, X + ay,a,€ Q. We must
show that f(X) has a rootin Q. Foreachi = 0,1, ...,n — 1, let {a;;}; be a
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sequence of elements of @, which converge to a;. Let g,(X)= X" +
a,_1 ;X" '+ 4+ a,,X+ a; Letr;betherootsof g(X)(i=1,2, ...,
n). We claim that we can find i; (1 < i; < n) for j = 1,2,3, ... such that
the sequence {r;, ;} is Cauchy. Namely, suppose we have r; ; and we want to
findr,,, ;... Letd; = |g; — g;.1l, = maxi(|a;; — a; ;.1|,) (Whichapproaches
0 as j — ). Let 4, = max(l, |r;,,|,"). Clearly there is a uniform constant A4
such that 4; < A for all j (see Exercise 3 below). Then we have

H I"i,.i = gl = |gi+1(ri,.i)|p
1
= Igj+1(ri/,i) - gi(ri;,j)lv
g SjA.

Hence at least one of the |, ; — 7, ;.1|, On the leftis < V' §,A. Let Ti;.1.5+1 D€
any such r; ;,,. Clearly this sequence of r, ; is Cauchy.

Now let r = lim,.  r;,,; € Q. Then f(r) = lim;_ o, f(r, ;) = lim;. & g(r,.5)
= 0. O

Summarizing Chapters I and III, we can say that we have constructed €,
which is the smallest field which contains @ and is both algebraically closed
and complete with respect to | |,. (Strictly speaking, this can be seen as
follows: let Q' be any such field; since ' is complete, it must contain a field
isomorphic to the p-adic completion of @, which we can call Q,; then, since
Q' contains Q, and is algebraically closed, it must contain a field isomorphic
to the algebraic closure of @,, which we can call @,; and, since Q' contains
@, and is complete, it must contain a field isomorphic to the completion of
@,, which we call Q. Thus any field with these properties must contain a
field isomorphic to Q. The point is that both completion and algebraic
closure are unique processes up to isomorphism.)

Actually, Q should be denoted Q,, so as to remind us that everything we’re
doing depends on the prime number p we fixed at the start. But for brevity of
notation we shall omit the subscript p.

The field Q is a beautiful, gigantic realm, in which p-adic analysis lives.

EXERCISES

1. Prove that the possible values of | |, on ﬁ; is the set of all rational powers
of p (in the positive real numbers). What about on Q? Recall that we let the
ord, function extend to Q> by defining ord, x = —log, |x|, (i.e., the power
1/p is raised to get |x|,). What is the set of all possible values of ord, on Q*?
Now prove that @, and Q are not locally compact. This is one striking
difference with C, which is locally compact under the Archimedean metric
(the usual definition of distance on the complex plane).
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Building up Q

What happens if you define an “ellipse” in Q to be the set of points the sum
of whose distance from two fixed points a, b€ Q is a fixed real number r?
Show that this “ellipse” is either two disjoint circles, the intersection of two
circles, or the empty set, depending on q, b, and r. What do you get if you
define a “hyperbola” as{xe Q | |x — a|, — |x — b, = r}?

. Let gX)=X"+b,_ X" 1+ 4+ b, X+ b, Let Co 5 max;|b;[,. Show that

there exists a constant C, depending only on C, such that any root B of g(X)
satisfies | 8], < C;.

. Let a be a root of a monic irreducible polynomial f(X) e K[ X], where K is a finite

extension of Q,. Prove that there exists an ¢ > 0 such that any polynomial g(X)
having the same degree as f and satisfying | f — g|, < ¢ has a root f such that
K(x) = K(B). Show that this is not necessarily the case if f is not irreducible.

. Prove that any finite extension K of Q, contains a finite extension F of the

rational numbers Q@ such that [F: Q] = [K: Q,] and F is dense in K, i.e.,
for any element x € Kand any £ > O there exists y € Fsuch that |[x — y|, < e.

. Let p be a prime such that — 1 does not have a square root in Q, (see Exercise

8 of §IIl.1). Use Krasner’'s Lemma to find an e such that Q,,(\/_——ﬁ) =
Qy(V —1) whenever |a — 1|, < e. For what ¢ does |a — p|, < ¢ imply
Q,(Va) = Q(Vp)? (Treat the case p = 2 separately.)

. Let a be a primitive p"th root of 1 in @p, i.e.,a” " #1.Find|a — 1,. In the case

n = 1 show that Q,(a) = Q,(f) where f is any root in Q,of X?~! + p=0. Also
show that |a — 1|, = 1if a is a primitive mth root of 1 and m is not a power of p.

. Let K be a finite extension of Q,. Let m be a positive integer, and let (K*)™"

denote the set of all mth powers of elements of X *. Suppose that (1) |m], = 1,
and (2) K contains no mth roots of 1 other than 1 itself. (For example, if
K = Q,, these two conditions both hold if and only if m is relatively prime
to both p and p — 1, as you can prove as an exercise.) Prove that the index
of (K*)™ as a multiplicative subgroup in K* (i.e., the number of distinct
cosets) is equal to m.

. If in the previous exercise we remove the assumption that K contains no nontrivial

m-throots of 1, show that the index of (K *)™ in K * equals mw, where w is the number
of m-th roots of | contained in K.

If X is a totally ramified extension of Q,, show that every mth root of 1 in X
is in Q, if p does not divide m.

Determine the cardinality of the sets Q,, @,, and Q.

Prove that ef = n, where n = [K: Q,], e is the index of ramification, and f
is the residue field degree.

Let K be a totally ramified extension of Q, of degree e. Show that there exists
B € K such that |8° — «|, < 1/p for some a € Z, with ord, « = 1.

Suppose K is tamely totally ramified. Using a Hensel’s lemma type argument,
show that 8 can be further adjusted so that B¢ € Q,, i.e., B satisfies X* — « =
0, where o € Z, and ord, « = 1. Note that X = Q,(8) (explain why).

The complex numbers C are much more numerous than the rational numbers,
or even the algebraic numbers, because the latter sets are only countably
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Exercises

infinite, while C has the cardinality of the continuum. Q is also much, much
bigger than Q3 although not in precisely that way (see Exercise 11 above).
Prove that there does not exist a countably infinite set of elements of Q such
that Q is an algebraic extension of the field obtained by adjoining all those
elements to @p (i.e., the field of all rational expressions involving those
elements and elements of @p). One says that Q has “uncountably infinite

transcendence degree over Q p- (Warning : this exercise and the next are hard!)

Does Q have countably infinite transcendence degree over the p-adic comple-
tion of Q,"*™?
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CHAPTER 1V

p-adic power series

1. Elementary functions

Recall that in a metric space whose metric comes from a non-Archimedean
norm || ||, a sequence is Cauchy if and only if the difference between adjacent
terms approaches zero; and if the metric space is complete, an infinite sum
converges if and only if its general term approaches zero. So if we consider
expressions of the form

fX) =2 aX", acQ,
n=0

we can give a value >, a,x" to f(x) whenever an x is substituted for X for
which |a,x"|, — 0.
Just as in the Archimedean case (power series over R or C), we define the
“radius of convergence”
_ 1
"= fim supja, 2"
where the terminology “1/r = lim sup|a,|}®” means that 1/r is the least real
number such that for any C > 1/r there are only finitely many |a,|}™™ greater
than C. Equivalently, 1/r is the greatest “point of accumulation,” i.e., the
greatest real number which can occur as the limit of a subsequence of
{la,|3™. If, for example, lim,_, ,|a,]L/® exists, then 1/r is simply this limit.
We justify the use of the term “radius of convergence” by showing that
the series converges if |x|, < r and divergesif |x|, > r. First, if |x|, < r, then,
letting |x|, = (1 — &)r, we have: |a,x*|, = (r|a.|3/")*(1 — ¢)". Since there are
only finitely many n for which |a,|}® > 1/(r — 4er), we have
lim |a,x"|, < lim((1 — t}')r)’l = lim (1 —° )" = 0.
n—+ o n

- ® (1 — %8)" n—® l -— %6
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1 Elementary functions

Similarly, we easily see that if | x|, > r, thena,x"does notapproachOas» — 0.
Finally, if r = oo it is easy to check that lim,_, ,, |a,x"|, = O for all x.

What if |x|, = r? In the Archimedean case the story on the boundary of
the interval or disc of convergence can be a little complicated. For example,
log(l + x) = 2., (= 1)"*x"/n has radius of convergence 1. When |x| = 1,

it diverges for x = — 1 and converges (*‘ conditionally,” not “ absolutely ) for
other values of x (i.e., for x = 1 in the case of the reals and on the unit circle
minus the point x = —1 in the case of the complexes).

But in the non-Archimedean case there’s a single answer for all points
|x], = r. This is because a series converges if and only if its terms approach
zero, i.e., if and only if |a,|,|x|2 — 0, and this depends only on the norm |x|,
and not on the particular value of x with a given norm—there’s no such thing
as “conditional” convergence (3 + a, converging or diverging depending on
the choices of +°s).

If we take the same example >7_; (—1)"*'X"/n, we find that |a,|, =
pr%", and lim, . »|a,|3™ = 1. The series converges for |x|, < 1 and diverges
for |x|, > 1. If |x|, = 1, then |a,x"|, = p°™%™ > 1, and the series diverges
for all such x.

Now let’s introduce some notation. If R is a ring, we let R[[X]] be the ring
of formal power series in X with coefficients in R, i.e., expressions > - @, X",
a, € R, which add and multiply together in the usual way. For us, R will
usually be Z, Q, Z,, Q,, or Q. We often abbreviate other sets using this
notation, for example,

1 + XR[[X]] =

def

{f'e R[[X]] | constant term a, of fis 1}.

We define the “closed disc of radius r € R about a point ae€ Q" to be
Dy(r) g {xeQ||x —al, <1},

and we define the *““open disc of radius r about a” to be
Dy(r~) z {xeQ||x —al|, < r}.

We let D(r) =, Do(r) and D(r-) =, Do(r~). (Note: whenever we refer to the

closed disc D(r) in Q, we understand r to be a possible value of | |, 1.e., a
positive real number that is a rational power of p; we always write D(r~) if
there are no x € Q with |x|, = r))

(A word of caution. The terms “closed ” and “‘ open” are used only out of
analogy with the Archimedean case. From a topological point of view the
terminology is bad. Namely, for positive c the set C, = {x e Q| |x — al, = c}
is open in the topological sense, because every point x € C, has a disc about
it, for example D,(c ™), all points of which belong to C,. But then any union
of C.’s is open. Both D,(r) and D (r~), as well as their complements, are such
unions: for example, D,(r™) = ( J.<, C.. Hence both D,(r) and D,(r") are
simultaneously open and closed sets. The term for this peculiar state of affairs
in Q is “ totally disconnected topological space.”)

Just to get used to the notation, we prove a trivial lemma.

77



IV p-adic power series

Lemma 1. Every f(X) € Z,[[X]] converges in D(17).

PRrOOF. Let f(X) = 220 a,X", a, €Z,, and let xe D(1~). Thus, |x|, < L.
Also |a,|, < 1 for all n. Hence |a,x"|, < |x|," — 0 as n — c0. O

Another easy lemma is

Lemma 2. Every f(X) = 2000, X™ € Q[[X]] which converges in an (open or
closed) disc D = D(r) or D(r~) is continuous on D.

PROOF. Suppose |x" — x|, < 8, where 8 < |x|, will be chosen later. Then
|x'|, = |x|p- (We are assuming x # 0; the case x = 0 is very easy to check
separately.) We have

() = S

If

0
> (@ — ax™)
n=0 p

IA

max,|a,x" — a,x™|,

maxn(lanlpl(x — .)C')(JC"_1 + x" 2" + .-

+ xx™"% 4 x™1)).

But [x" ' 4+ x" 72" + - 4 xx™72 4+ XY, < max; g 3" X1, =
[x|%~*. Hence

[f(x) = f(X)]p < maxy(|x — X'|p|an],|x[37%)

8 n
< |x—lpmax,,(la,,],,|x|,, ).
Since |a,|,|x|," is bounded as n— oo, this |f(x) — f(x")|, is <e for suit-
able 8. O

Now let’s return to our series > 2> ,(— 1)**1X"/n, which, as we’ve seen, has
disc of convergence D(1~). That is, this series gives a function on D(1~)
taking values in Q. Let’s call this function log,(1 + X), where the subscript p
reminds us of the prime which gave us the norm on Q used to get Q, and
also reminds us not to confuse this function with the classical log(l + X)
function—which has a different domain (a subset of R or C) and range
(R or C). Unfortunately, the notation log, for the ‘““p-adic logarithm” is
identical to classical notation for ““‘log to the base p.”” From now on, we shall
assume that log, means p-adic logarithm

log,(1 + X):D(17)—Q,  logy(l + x) = > (=1)**1x"/n,
n=1
unless explicitly stated otherwise.

The dangers of confusing Archimedean and p-adic functions will be
illustrated below, and also in Exercises 8-10 at the end of §1.
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1 Elementary functions

Anyone who has studied differential equations (and many who haven’t)
realize that exp(x) = e* = >, x*/n! is about the most important function
there is in classical mathematics. So let’s look at the series >7_, X™*/n!
p-adically. The classical exponential series converges everywhere, thanks to
the n! in the denominator. But while big denominators are good things to
have classically, they are not so good p-adically. Namely, it’s not hard to
compute (see Exercise 14 §1.2)

o t= 5
ord,(n!) =1

| l/n ! Ip — p(n—S-.)/(p— 1

(S, = sum of digits in n to base p);

Our formula for the radius of convergence r = 1/(lim sup|a,|i'™) gives us
ord, r = lim inf (’11 ord, a,,) ,

(where the “lim inf” of a sequence is its smallest point of accumulation). In
the case a, = 1/n!, this gives

.. n—3S8,\.
ord, r = lim mf(_n(p——l)’
but lim,. (=@ — S,)/(n(p — 1))) = —1/(p — 1). Hence >, x"/n! ‘con-
verges if |x|, < p~¥®-D and diverges if |x|, > p~¥®~ V. What if |x|, =
p~Y®=D je., ord, x = 1/(p — 1)? In that case

n-—38, n A

=1 Tp-1 - p=1

If, say, we choose n = p™ to be a power of p, so that S, = 1, we have:
ord,(a,mx*") = 1/(p — 1), |amx*"|, = p~Y®~V and hence a,x* = 0asn—
co. Thus, >2_, X*/n! has disc of convergence D(p~®-V-) (the — denoting
the open disc, as usual). Let’s denote exp,(X) = 27-0 X"/n! € Q,[[X]].

Note that D(p~1®-Y-) = D(17), so that exp, converges in a smaller
disc than log,!

While it is important to avoid confusion between log and exp and log,
and exp,, we can carry over some basic properties of log and exp to the p-adic
case. For example, let’s try to get the basic property of log that log of a
product equals the sum of the logs. Note that if x € D(17) and y € D(17), then
also (1 + x)1 +y)=14+(x+y + xy)el + D(I7). Thus, we have:

ord,(a,x") = —

logy[(1 + X)(1 + M) = 3 (=1*3x + y + ).

Meanwhile, we have the following relation in the ring of power series over Q
in two indeterminates (written Q[[X, Y]]):

2= Yn + D (=) Y = D (D)X + Y + XY)n,
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IV p-adic power series

This holds because over R or C we have log(l + x)(1 + y) = log(1 + x) +
log(1 + y), so that the difference between the two sides of the above equality—
call it F(X, Y)—must vanish for all real values of X and Y in the interval
(—1, 1). So the coefficient of X" Y™ in F(X, Y) must vanish for all m and n.

The argument for why F(X, Y) vanishes as a formal power series is
typical of a line of reasoning we shall often need. Suppose that an expression
involving some power series in X and Y—e.g., log(1 + X), log(1 + Y), and
log(1 + X + Y + XY)—vanishes whenever real values in some interval are
substituted for the variables. Then when we gather together all X™ Y™"-terms in
this expression, its coefficient must always be zero. Since this is a general fact
unrelated to p-adic numbers, we won’t digress to prove it carefully here.
But if you have any doubts about whether you could prove this fact, turn to
Exercise 21 below for further explanations and hints on how to prove it.

Returning to the p-adic situation, we note that if a series converges in Q,
its terms can be rearranged in any order, and the resulting series converges
to the same limit. (This is easy to check—it’s related to there being no such
thing as “conditional” convergence.) Thus, log,[(1 + x)(I + ¥)] = 22,
(—=D**Yx + y + xy)*/n can be written as >y ..o Cmax"y™ But the
“formal identity” in Q[[X, Y]] tells us that the rational numbers c,, , will be
Ounless n = 0 or m = 0, in which case: ¢y, = ¢5,0 = (= 1)**}/n(co,0 = 0).
In other words, we may conclude that

log,[(1 + x)(1 + y)] = 21(—1)"*136”/” + i (=1y**1y"/n

n=1
= log,(1 + x) + log,(1 + y).

As a corollary of this formula, take the case when 1 + xis a p™th root of 1.
Then |x], < 1 (see Exercise 7 of §II1.4), so that: p™log,(1 + x) = log,
(1 + x)*™ = log, 1 = 0. Hence log,(1 + x) = 0.

In exactly the same way we can prove the familiar rule for exp in the p-adic
situation:if x, ye D(p~¥®-1-), thenx + y € D(p~V®~1-), and exp,(x + »)
= eXp, X- €XpPy J.

Moreover, we also find a result analogous to the Archimedean case as far
as log, and exp, being inverse functions of one another. More precisely,
suppose x € D(p~1®-1-) Thenexp, x = 1 + 3., x*/n!, and ord,(x"/n!) >
nfp—1D~@m~-S)(p—-1)=S,/(p~—1) > 0. Thus, exp, x — 1 € D(1).
Suppose we take

log,(1 + exp,x — 1) = (=D**(expp, x — D)Yn

n=1

Zl (-Dr*1 ("21 x™im !)"/n.

But this series can be rearranged to get a series of the form 3., ¢,x*. And
reasoning as before, we have the following formal identity over Q[[X, Y]):

8 1\]s

@

i(—l)"ﬂ(z X"‘/m!)yn = X,

m=1
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1 Elementary functions

coming from the fact that log(exp x) = x over R or C. Hence ¢, = 1,¢, = 0
forn > 1, and

log,(1 + exp, x — 1) = x for x e D(p~1®-1=),

To go the other way—i.e., exp,(log,(I + x))—we have to be a little
careful, because even if x is in the region of convergence D(17) of log,(1 + X),
it is not necessarily the case that log,(1 + x) is in the region of convergence
D(p~1®-b-) of exp, X. This is the case if x € D(p~1®~1=), since then for
nzl:

1 n —

n — — —— — — — T c— —

(ord, x*/n) =1 > =1 ord, n ord, n,
which has its minima at n = 1 and n = p, where it’s zero. Thus, ord, log,
(I + x) = min, ord, x"/n > 1/(p — 1). Then everything goes through as
before, and we have:

expy(log,(1 + x)) =1 + x for xe D(p~*-1-),

All of the facts we have proved about log, and exp, can be stated succinctly
in the following way.

Proposition. The functions log, and exp, give mutually inverse isomorphisms
between the multiplicative group of the open disc of radius p=*'® -1 about |
and the additive group of the open disc of radius p=*'*-V about 0.
(This means precisely the following: log, gives a one-to-one correspondence
between the two sets, under which the image of the product of two numbers
is the sum of the images, and exp, is the inverse map.)

This isomorphism is analogous to the real case, where log and exp give
mutually inverse isomorphisms between the multiplicative group of positive
real numbers and the additive group of all real numbers.

In particular, this proposition says that log, is injective on D,(p~/®*~1-),
i.e., no two numbers in D,(p~Y®--) have the same log,. It’s easy to see
that D,(p~'/*~1-)is the biggest disc on which this is true: namely, a primitive
pth root L of 1 has [{ — 1|, = p~1®~1 (see Exercise 7 of §l11.4), and also
log,{ = 0 = log, 1.

We can similarly define the functions

sing: D(p~Y®-D7) > Q,  sin, X = D (= 1)"X**YQ2n + 1))
n=0
cos,: D(p~ 1P "D7) > Q,  cos, X = D (—1)"X2/(2n)!.
n=0
Another function which is important in classical mathematics is the
binomial expansion B,(x) = (I + x)* = 3. qa(@a — 1)---(a—n + 1)/n! x™.

For any a € R or C, this series converges in R or C if |x| < 1 and diverges
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IV p-adic power series

if [x] > 1 (unless a is a nonnegative integer); its behavior at |[x| =11s a
little complicated, and depends on the value of a.
Now for any a € Q let’s define

B $ M= D e n e

n=0
and proceed to investigate its convergence. First of all, suppose |a|, > 1. Then
|a — i|, = |al,, and the nth term has | |, equal to |ax|,"/|n!|,. Thus, for
lal, > 1, the series B, ,(X) has region of convergence D((p~Y*~V)/|a|, ).

Now suppose |a|, < 1. The picture becomes more complicated, and
depends on a. We won'’t derive a complete answer. In any case, for any such a
wehave|a — i|, < 1l,andso ja(@ — 1)---(a — n + 1)/nlx"|, < |x"/n}|,, so
that at least B, ,(X) converges on D(p~1®~-1-),

We’ll soon need a more accurate result about the convergence of B, ,(X)
in the case when a € Z,. We claim that then B, ,(X) € Z,[[X]] (and, in particu-
lar, it converges on D(I~) by Lemma 1). Thus, we want to show that
ala — 1)---(a— n + 1)/nleZ,. Let a, be a positive integer greater than n
such that ord,(a —a) > N (N will be chosen Ilater). Then
aap — 1)---(ap — n + )/n! = (2)eZ < Z,. It now suffices to show
that for suitable N the difference between ay(a; — 1)--- (@, — n + 1)/n! and
ala—1)---(a—n+ 1)/n! has | |, < 1. But this follows because the
polynomial X(X — 1)---(X — n + 1) is continuous. Thus,

Bo/(X)eZ,[[X]lifac Z,.

As an important example of the case aeZ,, suppose that a = 1/m,
me Z, ptm. Let x € D(17). Then it follows by the same argument as used to
prove log,(1 + x)(I + y) = log,(1 + x) + log,(1 + y) that we have

[Bllm.p(x)]"l =1+x
Thus, By;n (x) is an mth root of 1 + x in Q. (If p|m, this still holds, but now
we can only substitute values of x in D(|m|,p~®-1-)) So, whenever a is an
ordinary rational number we can adopt the shorthand: B, ,(X) = (1 + X)*.

But be careful! What about the following ‘‘paradox”? Consider 4/3 =
(1 + 7/9)*2; in Z, we have ord, 7/9 = 1, and sofor x = 7/9and n > 1:

1202 -1)---(1/2—-n + ])x"
n!

Xxn,

<7 Ylnlls < L.
7

Hence
1> +PPE =1 =5=-1=[3 =1
What’s wrong??

Well, we were sloppy when we wrote 4/3 = (1 + 7/9)*/2. In both R and
Q. the number 16/9 has two square roots +4/3. In R, the series for (1 + 7/9)*/2
converges to 4/3, i.e., the positive value is favored. But in Q, the square
root congruent to I mod 7, i.e., —4/3 = 1 — 7/3, is favored. Thus, the exact
same series of rational numbers

i 1/20/2 - 1)--- (/2 —-=n+ 1) (Z)"
n=0

n! 9
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Exercises

converges to a rational number both 7-adically and in the Archimedean
absolute value; but the rational numbers it converges to are different! This is
a counterexample to the following false ““theorem.”

Non-theorem 1. Let 3., a, be a sum of rational numbers which converges to a
rational number in | |, and also converges to a rational number in | | . Then
the rational value of the infinite sum is the same in both metrics.

For more “paradoxes,” see Exercises 8-10.

EXERCISES

1. Find the exact disc of convergence (specifying whether open or closed) of the
following series. In (v) and (vi), log, means the old-fashioned log to base p,
and in (vii) { is a primitive pth root of 1. [ ] means the greatest integer
function.

(l) Z n!' Xx» (lll) anxn (V) Zp[log,,nlxn (Vll) z (c _ l)"X"/n!
(ii) Y prilesmixyn  (iy) I p"XP" (vi) D pUosemlX"/n

2. Prove that, if 3 a, and 2 b, converge to a and b, respectively (where a,, b, a,
b e Q), then I c,, where ¢, = >{-o a;b,, converges to ab.

3. Prove that 1 + XZ,[[X]] is a group with respect to multiplication. Let D be
an open or a closed disc in Q of some radius about 0. Prove that {fe 1 +
XQ[[X]] | fconverges on D} is closed under multiplication, but is not a group.
Prove that for fixed A, the set of f(X) = 1 + 32, @, X' such that ord, a;, — Ai
is greater than O foralli = 1, 2, ... and approaches c as i — oo, is a multipli-
cative group. Next, let f;e 1 + XZ,[[X]],/=1,2,3, ... .Let f(X) = [I>,
fi(X?). Check that f(X)e 1 + XZy[[X]]. Suppose that all of the f; converge
in the closed unit disc D(1). Does f(X) converge in D(1) (proof or counter-
example) ? If all of the nonconstant coefficients of all of the f; are divisible by
p, does that change your answer (proof or counterexample) ?

4. Let {a,} < Q be a sequence with |q,|, bounded. Prove that

i n!
L+ DX+ 2 (x + 1)

converges for all x € Q not in Z,. What can you say if x€ Z,?

5. Let i be a square root of —1 in @, (actually, / lies in Q, itself unless p = 3
mod 4). Prove that: exp,(ix) = cos, x + isin, x for x € D(p~V®~-1=),

6. Show that 27~ ! = 1 (mod p?) if and only if p divides Y 22} (—1)’/j (of course,
meaning that p divides the numerator of this fraction).
7. Show that the 2-adic ordinal of the rational number
2+ 2%2/2 + 28/3 + 2%/4 + 25/5 + --- + 2%n
approaches infinity as n increases. Get a good estimate for this 2-adic ordinal
in terms of n. Can you think of an entirely elementary proof (i.e., without

using p-adic analysis) of this fact, which is actually completely elementary
in its statement ?
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Find the fallacy in the following too-good-to-be-true proof of the irrationality
of 7. Suppose m = afb. Let p # 2 be a prime not dividing a. Then

0 = sin(pbn) = sin(pa) = i (—D™(pa)>**1/2n + 1)! = pa (mod p?),
n=0

which is absurd.

Find the fallacy in the following proof of the transcendence of e. Suppose ¢
were algebraic. Then e — 1 would also be algebraic. Choose a prime p # 2
which does not divide either the numerator or denominator of any coefficient
of the monic irreducible polynomials satisfied by e and by e — 1 over Q.
You can show as an exercise that this implies that |e|, = [e — 1|, = 1. We
have: 1 =le — 1|, = |(e — 1)?|, = |e» — 1 — SP=E(F)(—e)'|,. Since the
binomial coefficients in the summation are all divisible by p, and since
|—el, = 1, it follows that 1 = |e? — 1|, = |X7-1p"/n!|,, which is impossible
since each summand has | |, < 1.

(a) Show that the binomial series for (1 — p/(p + 1))~ " (where n is a positive
rational integer) and for (1 + (p% + 2mp)/m?)!'? (where m is a rational
integer with m > (V2 + 1)p, ptm) converge to the same rational number as
real and as p-adic infinite sums.

(b)Letp = 7,n = (p — 1)/2. Show that (1 + p/n%)'? gives a counter-example
to Non-theorem 1.

Suppose that « € Q is such that 1 + « is the square of a nonzero rational number a/b
(written in lowest terms, with a and b positive). Let S be the set of all primes p for
which the binomial series for (1 + «)'/? converges in | |,. Thus, pe S implies that
(1 + a)'’* converges to either a/b or —a/b in | |,. We also include the “infinite
prime” in S if the binomial series converges in | |, = | |, i.e, if ae(—1, 1). Prove
that:

(a)For panodd prime, p € Sifand onlyifp|a + bor pla — b,in whichcase (1 + a)!/?
converges to —a/b when p|a + b and to a/b when pla — b.

(b) 2€ S if and only if both a and b are odd, in which case (1 + «)'/? converges to
a/b when a = b (mod 4) and to —a/b when a = —b (mod 4).

(c) oeSifand onlyif 0 < a/b < \/5 in which case (1 + ®)'/? converges to a/b.
(d) There is no « for which S is the empty set, and S consists of one element if & = 8,
18 3, 2 and for no other a.

(€) There is no a other than 8,48, 3,3 for which (1 + «)!/2 converges to the same value
in| |, for all pe S. (This is one example of a very general theory of E. Bombieri.)

Prove that for any nonnegative integer k, the p-adic number > -, n*p"isin Q.
Prove that in Qj3:
@© 32?1 © 3271
—1 = 2. - .
,.Zl (=D n43n ,.Zl n4r

Show that the disc of convergence of a power series f(X) = > a, X" is
contained in the disc of convergence of its derivative power series f'(X) =
2> na, X"~ '. Give an example where the regions of convergence are not the
same.




15.

16.

17.

18.

19.

20.

21.

Exercises

(a) Find an example of an infinite sum of nonzero rational numbers which con-
verges in | |, for every p and which converges in the reals (i.e., in | |« = | [).
(b) Can such a sum ever converge to a rational number inany | [,or | |o?

Suppose that, instead of dealing with power series, we decided to mimic the
familiar definition of differentiable functions and say that a function f: Q — Q
is “differentiable’” at a € Q if (f(x) — f(a))/(x — a) approaches a limit in Q
as |x — al, — 0. First of all, prove that, if f(X) = 370 a.X™ is a power
series, then it is differentiable at every point in its disc of convergence, and it
can be differentiated term-by-term, i.e., its derivative at a point a in the disc of
convergence is equal to 3=, na,a™~*. In other words, the derivative function
is the formal derivative power series.

Using the definition of ‘“differentiable” in the previous problem, give an
example of a function f: Q — Q which is everywhere differentiable, has
derivative identically zero, but is not locally constant (see discussion of
locally constant functions at the beginning of §11.3). This example can be
made to vanish along with all of its derivatives at x = 0, but not be constant
in any neighborhood of 0. Thus, it is in the spirit of the wonderful function
e~ Y= from real calculus, which does not equal its (identically zero) Taylor
series at the origin.

The Mean Value Theorem of ordinary calculus, applied to f: R — R,
f(x) = x* — x, on the interval {x e R | |x| < 1}, says that, since f(1) =
f(—1) = 0 (here we are assuming that p > 2), we must have

f (@) =0 forsome a€R, || < 1.

(In fact, « = +(1/p)'/®-1> works.) Does this hold with R replaced by Q and
| | replaced by | |,?

Let f: Q, —> Q, be defined by x = > a,p"— > g(a,)p”, where > a,p" is the
p-adic expansion of x and g:{0, 1, ..., p — 1} — @, is any function. Prove
that f'is continuous. If g(a) = a® and p # 2, prove that f is nowhere differentiable.

Prove that for any N and foranyj = 1,2, ..., N,
A+ X" — 1ep’Z[X] + X*" 7 1*'7[X].

Suppose that a/b is a rational number with |a/b|, < 1, and you want to find
the first M coefficients (M is a large number) of the power series (1 + X)e®
to a certain p-adic accuracy. Discuss how to write a simple algorithm (e.g.,
a computer program) to do this. (Only do arithmetic in Z/p"Z, not in Q,
since the former is generally much easier to do by computer.)

If R is any ring, define the ring R[[ Xy, ..., X,]] (abbreviated R[{[X]]) of
formal power series in n variables as the set of all sequences {r,, ... ;,} indexed
by n-tuples i, ..., i, of nonnegative integers (such a sequence is thought of as
D Py, X1' oo Xpin and sometimes abbreviated Y r, XY), with addition and
multiplication defined in the usual way. Thus, {r,, ....;,} + {Sip,.s,} =
{y,vinhs Where & =1y, Sy and {r g e, =
{tiy.-.1,), Where &, .o = 2 ry .Sk, k, With the summation taken over
all pairs of n-tuples j,, ...,/jn and k,, ..., k, for which j; + k; = i,
Jo+ ko = ia ... fn + kn = i,
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By the minimal total degree deg f of a nonzero power series f we mean the
least d such that some r,,,....;, with iy + i + --- + i, = d is nonzero. We
can define a topology, the “ X-adic topology,” on R[[X]] by fixing some
positive real number p < | and defining the ** X-adic norm” by

If1x z p*s"  (0]x is defined to be 0).

(1) Show that | |x makes R[[X]] into a non-Archimedean metric space (see
the first definition in §1.1; by “non-Archimedean,”” we mean, of course, that
the third condition can be replaced by: d(x, y) < max(d(x, z), d(z, y))). Say
in words what it means for |f|x to be <.

(2) Show that R[[X]] is complete with respect to | |x.

(3) Show that an infinite product of series f; € R[[X]] converges to a nonzero
number if and only if none of the f; is zero and |f; — 1|, — 0 (where 1 is the
constant power series {r;  ;} for whichry o =1and all other r; ; =0).
We will use this in §2 to see that the horrible power series defined at the end of
that section makes sense.

(4) If fe R[[X]]}, define f; to be the same as f but with all coefficients
.1, With 7, + +-+ + i, > d replaced by 0. Thus, f; is a polynomial in n
variables. Let gy, ..., g, € R[[X]]. Note that fy(g:(X), g2(X), ..., g.(X)) is
well-defined for every d, since it’s just a finite sum of products of power series.
Prove that {fy(g,(X), ..., 8(XN}s=0.1,2...., is a Cauchy sequence in R[[X]] if
lgilx < 1forj=1,...,n In that case call its limit f o g.

(5) Now let R be the field R of real numbers, and suppose that f, f,, g1, ...,
g» are as in (4), with |g;|x < 1. Further suppose that for some ¢ > 0 the
series f and all of the series g; are absolutely convergent whenever we substi-
tute X; = x;in the interval [—¢, ] R. Prove that the series f o g is absolutely
convergent whenever we substitute X; = x; in the (perhaps smaller) interval
[—¢, &) for some & > 0.

(6) Under the conditions in (5), prove that if fo g(x,, ..., x,) has value 0
for every choice of x;, ..., x,€[—¢’, €], then fo g is the zero power series
in R{[X]].

(7) As an example, let n = 3, write X, Y, Z instead of X;, X2, X3, and let

..........

r;l.‘.

(X, Y 2Z)= i (—D)YYXYi + Yi = ZYi),

gl(X9 Y,Z)—_— X$
gAX, Y, Z) =Y,
X, Y,Z)= X+ Y+ XY.

As another example, let n = 2,

ﬂqu=Q2@—w“xw)—x

a(X, Y) = > XY\,

t=1

gA(X, Y) = X.

Explain how your result in (6) can be used to prove the basic facts about the
elementary p-adic power series. (Construct the fand g; for one or two more
cases.)



2 The logarithm, gamma and Artin-Hasse exponential functions

2. The logarithm, gamma and Artin-Hasse exponential
functions

In this section we look at some further examples of p-adic analytic functions
(more precisely, “locally” analytic functions) which have proven useful in
studying various questions in number theory. The first is Iwasawa’s extension
of the logarithm.

Recall that the Taylor series log, x = ¥ 32, (—1)""*(x — 1)"/n converges
in the open unit disc around 1. The following proposition says that there is a
unique function extending log, x to all nonzero x and having certain con-
venient properties.

Proposition. There exists a unique function log,: Q* — Q (where Q* =
Q — {0}) such that:

(1) log, x agrees with the earlier definition for |x — 1|, < 1, i.e.,

log,x = > (=1)""'(x = 1)"n for|x—1|,<1;
n=1

(2) log, (xy) = log, x + log, y for all x, ye Q™ ;

(3) log,p=0.
Proor. Recall from §I11.4 that any nonzero x € Q can be written in the form
x = p'o(x,){x, ), where p" is some fixed root of the equation x®* — p* = 0,
with r = a/b = ord,, x, w(x,) is a root of unity, and |{x,» — 1|, < 1. There
is thus only one possible way to define log, x consistently with (1)-(3).
Namely, (2) and (3) imply that log,(p") = log,(w(x,)) = 0, and hence we
must have

log, x = Zl(—l)"“(<x1> — /.

We thus know that there is at most one definition of log, x which has
the desired properties, namely, the definition log, x = log,{x,). It remains
to show that the three desired properties are actually satisfied. Properties
(1) and (3) are obvious from the definition.

In the course of our definition of log, x, we made a rather arbitrary choice
of a bth root of p°. But if we had chosen another bth root of p® for our p’, this
would have altered x; by a bth root of unity and hence would have altered
w(x,) and {x,) by certain roots of unity. Notice that the new {x) would
have to differ from the old (x> by a pth power root of unity, because { =
{x}>/{xy> is in the open unit disc about 1 (see Exercise 7 in §II1.4). In any
case, the definition log, x = log,{x,» would not be affected by this replace-
ment of x, by x/, because log, { = 0, as remarked in §1. Thus, our definition
really does not depend on the choice of p".

We now prove property (2). Let x = p'@(x){x;>, y = p°o(y){y17,
z =xy = p""*w(z,){z,>. Now p"** is not necessarily the same fractional

87



IV p-adic power series

power of p as p'p®; it may differ by a root of unity. But the definition of log,, z
does not change if we change our choice of p"** to p’p®. In that case, z; =

z/p'p* = x,1y1, and s0 <z;)> = {x;>{y;), and
log, z = log,(z,) = log,{x,) + log,<y,> = log, x + log, ,

where the middle equality was proved in the last section in our discussion of
the power series ¥ (— 1)"* 'x"/n. This completes the proof of the proposition.

a

Now let x4 # 0 be a fixed point of Q. Let r = [x,],, and suppose that
x is in the largest disc about x, which does not contain zero, i.., D, (r").
Then |x/x, — 1], < 1, and so

log, x = 1og,(xo(1 + x/xo — 1)) = log, xo + > (= 1" (x — xo)"/nx}.
n=1

Thus, in D, (r ~) the function log, x can be represented by a convergent power
series in x — x,. Whenever a function can be represented by a convergent
power series in a neighborhood of any point in its region of definition, we
say that it is locally analytic. Thus, log, x is a locally analytic function on
Q — {0}.

Recall from Exericse 16 of §1 that the usual definition of the derivative
can be applied to p-adic functions, and that power series are always differ-
entiable in their region of convergence, with the derivative obtained by
term-by-term differentiation. In particular, applying this to log, x in D, (r7),
we obtain

d o
——log, x = > (=1)"*(x — xo)""*/xb
dx n=1

=X Zo (I = x/xo)

= Xg '[(x/x) = 1/x
for x e D, (r~). We conclude:

Proposition. log,, x is locally analytic on Q — {0} with derivative 1/x.

The next function we discuss is the p-adic analogue of the gamma-function.

The classical gamma-function is a function from R to R which “inter-
polates” n! (actually, I'(s) is defined for complex s, but we aren’t interested in
that here). More precisely, it is a continuous function of a real variable s
excluding s = 0, —1, —2, —3, ... (where it has “poles™) which satisfies

I's+1)=s! for s=0,1,2,3,....
Since the positive integers are not dense in R, there are infinitely many
functions which satisfy this equality; but there is only one which has certain
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2 The logarithm, gamma and Artin-Hasse exponential functions

other convenient properties. This gamma-function can be defined for s > 0
by:

I'(s) = j x*"le7* dx.

0

Thus, the gamma-function is the “ Mellin transform” of e~ * (see §7 of Chapter
ID). It is not hard to check (see Exercises 67 below) that this improper integral
converges for s > 0, and that the function I'(s) defined in this way satisfies
I'(s + 1) = sI'(s) for all s > 0. In addition, I'(1) = J': e *dx = 1; then
I'(s + 1) =sI(s) = s(s — DI'(s — 1) = --- = s![(1) = s!, so this function
really is an interpolation of the factorial function.

We would now like to do something similar p-adically, i.e., find a con-
tinuous function from Z, to Z, whose values at positive integers s + 1
coincide with s!.

We shall assume that p > 2 in what follows; minor modifications are
needed if p = 2.

Recall from §2 of Chapter II under what conditions a function f(s) on
the positive integers can be interpolated to all of Z, Such a continuous
interpolation exists if and only if for every & > O there exists N such that

s = s (mod p") implies |f(s) — f(s)], < & ™

In that case the interpolating function is unique and is defined by

f(s)= lim f(k).
k—s,keN

Unfortunately, the basic condition (*) does not hold for f(s) = (s — 1)!,
since, for example, | (1) — f(1 + p")|, = 1 for any N > 0, since p divides
s! whenever s > p. The problem is that, whenever s is a large integer in the
old-fashioned archimedean sense, s! is divisible by a large power of p, ie.,
f(s) = 0 p-adically as s - 0.

We could modify the factorial function in a way analogous to how we
modified the Riemann zeta-function in Chapter II (“removing the Euler
factor”) by discarding indices divisible by p. That is, we could try to inter-
polate the f(s) defined by:

fe+ D= ,-ﬂ“" = Ds/p1 P

However, once again we have problems (see Exercise 8 below). But if we
modify f(s) one final time by a mere change in sign for odd s, we can then
interpolate.

s!

Proposition. Let
=0 []i k=123....

j<k,ptj

(When k = 1, the empty product is defined to be 1, i.e., T ,(1) = —1.)
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Then '), extends uniquely to a continuous function I ,: Z, —» Z defined by
()= lim (= [] 7
k—s, keN j<k,ptij
ProoF. It suffices to prove (x); in fact we shall prove that
k' =k + k;pV implies T (k) =T,(k) (mod p").

Notice that I (k) e Z, (that is why I', will be a map from Z, to Z, as soon
as we show that the continuous interpolation exists). Hence the right side
of the above implication is equivalent to the congruence
L=k =(=0"* [T j (modph.
k<j<k',pkij
If we prove this for k, = 1,i.e,for k' = k + p®, then by multiplying together
the congruences with k replaced by k + ip" (i =0, ..., k; — 1)
1= (_ 1)k+(i+])pN—(k+ipN) I—[ J (mod pN)’
k+ipN<j<k+(i+1)pN,ptj
we immediately obtain the desired congruence. Since p is odd, we have
(—=1)*" = —1, and so we have reduced the proof to showing that
j = —1 (mod p").
k<j<k+pN,pkij
Since the product runs through every congruence class in (Z/p"Z)* exactly
once, we have

j=  T1 j (modp".
k<j<k+pN,ptj 0<j<pN,pkij
Thus, it remains to prove that the product on the right is = — 1 (mod p"). We

now pair off elements j and j* which satisfy jj’ = 1 (mod p"). For each j
there is precisely one such j'. Since p > 2, there are only two values of j for
which j’ = j, i.e., for which j%2 = 1 (mod p") (see Exercise 9 below). Thus,

[I =dupu-1= -1 (modp",

0<j<pN,pkij

as desired. O

The key step in the proof, the congruence for [];< ~ ,,;J,is a generaliza-
tion of Wilson’s theorem, which is the case N = 1: (p — 1)! = —1 (mod p).

Basic properties of T,.

Ls+1) {—s if sez);

A 1
I')(s) -1 if sepZ, )

PROOF. Since both sides are continuous functions from Z, to Z,;, it suffices
to check equality on the dense subset N, ie., when s = ke N. But then it
follows immediately from the definition of I" (k). O
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(2) If se Z,,, write s = s, + ps;, where so € {1,2,..., p} is the first digit in s
unless s € pZ,, in which case s, = p rather than 0. Then

T, (1 — ) = (— 1)~

PRrROOF. Again by continuity it suffices to check this when s = k. For s = 1 the
equality holds because I' (1) = —1 by definition, and I',(0) = —I'(1) =1
by property (1). Now use induction, assuming the equality for s = k and then
proving it for k + 1. Using property (1), we have

T+ DI —(s+1) [—sf—(—s)=—1 if sez,;
(1 —s) T l-1-D =1 if sepz,,

and this shows that the equality in (2) for s + 1 follows from the equality for s.
O

(3) For se Z, define s, and s, as in property (2). Let m be any positive
integer not divisible by p. Then

TTHZ9 T((s + hy/m) _
I (s) TTRZ] T y(h/m)

ml ~So(m—(p— 1))s|_

Remarks. 1. The expression on the right makes sense, because the number
being raised to the p-adic power, namely m~ %~ Y, is congruent to 1 mod p.
(See §2 of Chapter IL.) Of course, s, is a positive integer, so m! ~*° makes
sense.

2. The classical gamma-function can be shown to satisfy the “Gauss~
Legendre multiplication formula”

Pog TG+ hym) _
I(s) T TChim) ~

PROOF OF (3). Let f(s) be the left side and let g(s) be the right side of the
equation. Both f and g are continuous, so it suffices to check equality for
s = ke N. For s = k = 1 both sides are clearly 1. We proceed by induction
on k. We have

fGs+ 1) T OM(s/m)+1) (Um if seZ);
fGs)  Ts+ DIs/m |1 if sepzZ,

On the other hand, if s € Z, we have g(s + 1)/g(s) = 1/m, since then (s + 1),
= 5o + land (s + 1); = s,, while if s € pZ, we have g(s + 1)/g(s) = 1, since
then(s + 1)g = s, — (p — 1)and (s + 1); = s; + 1. Hence f(s + 1)/f(s) =
g(s + 1)/g(s), and the induction step follows. O

1-s

This concludes our discussion of the p-adic gamma-function.
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IV p-adic power series

We now introduce an ‘““elementary function” which is “better” than
exp,—has a larger disc of convergence—and which can often be used to play
a similar role to exp in situations when better convergence than D(p ~/®-1-)
is needed. To do this, we first give an infinite product formula for the ordinary
exponential function, in terms of the “Mobius function” w(n), which is often
used in number theory. For ne{l, 2, 3, ...} we define

() = {O, if n is divisible by a perfect square greater than 1;
w = (= 1)%, if nis a product of k distinct prime factors.

Thus, I = p(1) = p(6) = p(221) = u(1155),0 = u(9) = u(98), —1 = u(2) =
#(97) = n(30) = u(105). A basic fact about p is that the sum of the values
of u over the divisors of a positive integer n equals 1 if n = 1 and 0 otherwise.
This is true because, if n = p,%1---p? is the decomposition into prime
factors, and if s > 1, then we have:

S u(d) = S wpp =D (=D = (1 - 1y =

din all possible
g=0o0rl,i=1,--,s

We now claim that the following *‘formal identity” holds in Q[[X]]:

exp(X) = [ [ (1 — xm)-wemim gf[ll B_ iy, o — X").

n=1
(Note that this infinite product of infinite series makes sense, since the nth
series starts with 1 + u(n)/nX", i.e., has no powers of X less than the nth;
thus, only finitely many series have to be multiplied together to determine
the coefficient of any given power of X.) To prove this, take the log of the
right hand side. You get:

logﬁ (I — xr)-samin = i log(l - X" i i
2 [’j— > (n)] (j = old mn),

nly

gathering together coefficients of the same power of X. By the basic property
of u proved above, this equals X. Taking exp of both sides, we obtain the
desired formal identity.

(Several times we have used the principle, mentioned in the discussion of
log, and developed in Exercise 21 of the last section, that manipulation of
formal power series as though the variables were real numbers is justified
as long as the series involved all converge in some interval about 0.)

If we look at [T, (1 — X™)~#™" p-adically, we can focus in on where
the “trouble” comes in. By “trouble” I mean why it only converges on
D(p~1"~Y7) and not on D(17). Namely, if p|n and n is square-free, then
(1 — X™)~#™i" only converges when an x is substituted for which

|x", = |x|," € D(r~), wherer = P’”""”/ ‘—’%’1)

— p U=,
P
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For example, if n = p, then this converges precisely when
1\v

x|, < (p—utp—n[_)) r = p-le-b,

But as long as ptn we’re O.K.: that is, since —u(n)/neZ, we have
(1 — x©-#»ire 7 [[X]]. (Remember in all this that (1 — X™) is just
shorthand for B, ,(— X" = >&2cal@a—1)---(a— i+ D/it(=XM)

So let’s define a new function E,, which we call the ““ Artin—Hasse ex-
ponential,” by just forgetting about the “bad’ terms in the infinite product
(this is very similar to our “removing the Euler factor” in order to define
the p-adic zeta-function in Chapter II):

L

E(X) = [ [(1 = x»)~smme QX))

n=1
pin

Since each infinite series B_,qyn.(—X™) is in | + X"Z,[[X]], their infinite
product makes sense (only finitely many have to be multiplied to get the
coefficient of any given power of X), and it lies in 1 + XZ,[[X]].

We can easily find a simpler expression for E,(X), using the property of
the p function:

1 ifnisapowerof p;
0 otherwise.

din,ptd 'u(d) - {

This property follows immediately from the earlier property of u, applied to
n/p°*%" in place of n. Considering E,(X) over R (or C) and taking the loga-
rithm as before gives:

b~ SHS IS S (X 5 )
PT'II m=1 J

=1 LJ nijipin

Hence,

x»  x» X
E(X) exp(X+ > + FE + e + )v
as an equality of formal power series in Q[[X]].

The important thing about E,(X), in distinction from exp, (X), is that
E(X) € Z,[[X]]. Thus, E,(X) converges in D(17). It can be seen (Exercise 11
of §IV.4) that this is its exact disc of convergence, i.e., it does not converge
on D(1).

We conclude this section with a useful general lemma, due to Dwork.

Lemma 3. Let F(X) = SaX'el + XQ,[[X]). Then F(X)e 1 + XZ,[[X]]
if and only if F(XP)(F(X)y € | + pXZ,[[X]].

Proor. If F(X)e 1 + XZ,[[X]], then, since (@ + b)? = a” + b® (mod p) and
a® = g (mod p) for a e Z,,, it follows that

(F(X))r = F(X?) + pG(X) for some G(X) e XZ,[[X]].
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Hence

F(X*) _ | _ pGX)
FOP FOOY

because (F(X))’ e 1 + XZ,[[X]] and hence can be inverted (see Exercise 3
of §1).

In the other direction, write
F(X?) = (F(X))PG(X), G(X)el + pXZ,[[X]],
G(X) = > bX', F(X)=> aX'

el + pXZ,[[X]],

We prove by induction that g; € Z,. By assumption, a, = 1. Suppose g, € Z,
for i < n. Then, equating coefficients of X™ on both sides gives

Gy, ifpdividesn| . ni [ < \? < ;
0 otherwise = coefficient of X" in ‘ZO aX 1 + 121: b Xxit).
If we expand the polynomial on the right, subtract a,, in the case pin (and
recall that a,, = af, mod p), and notice that the resulting expression
consists of pa, added to a bunch of terms in pZ,, we can conclude that
panepl,, ie., a, €, O

Dwork’s lemma can be used to give an easy direct proof (without using
the infinite product expansion) that the formal power series E (X) =
eX +(XPID + XPipD+ - hag coefficients in Z, (see Exercise 17 below).

Dwork’s lemma, which seems a little bizarre at first glance, is actually an
example of a deep phenomenon in p-adic analysis. It says that if we know
something about F(X?)/(F(X))?, then we know something about F. This
quotient expression F(X?)/(F(X))® measures how much difference there is
between raising X to the pth power and then applying F, versus applying F
and then raising to the pth power, i.e., it measures how far off F is from
commuting with the pth power map. The pth power map plays a crucial
role, as we’ve seen in other p-adic contexts (recall the section on finite fields).
So Dwork’s lemma says that if F “commutes to within mod p” with the pth
power map, i.e., F(X?)/(F(X))* = 1 + p-3 (p-adic integers) X', then F has
p-adic integer coeflicients.

We apply this lemma to a function that will come up in Dwork’s proof of
the rationality of the zeta-function. First, note that Lemma 3 can be general-
ized as follows: Let F(X, Y) = 3 an, ,X" Y™ be a power series in fwo variables
X and Y with constant term 1, i.e., ‘

F(X,Y)el + XQ,[X, Y]] + YQ,[[X, Y]]
Then all the a,, ,’s are in Z, if and only if
F(X?, YO[F(X, Y)Y €1 + pXZ,[[X, Y]] + pYZ,[[X, Y]]

The proof is completely analogous to the proof of Lemma 3.
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We now define a series F(X, Y)in Q[[X, Y]] as follows:
F(X,Y)= Bx,p(Y)B(X’—X)/p.p( YP)B(X"z—x’)Ip"‘.p( sz)' e B(X’"—X’“_l)/v".v( an)‘ e
1 + Y)*(1 4+ Y?)**-Dip(] 4 Yyr2)xe2-xoyp2. .
x (1 + Yoo -x""hien

XX -1 (X—it 1)y,

li
M

. i!
r-EI( @ Xpn - Xpn—l (Xpn - Xpn—l l)
a=1 \iSh P "
pm . Yy} ip"
x (L—nX——i+l) e )
D i!

Since we only have to take finitely many terms in the product to get the co-
efficient of any X"Y™, this is a well-defined infinite series F(X, Y) =
San X"Y™in 1 + XQ,[[X, Y]] + YQ,[[X, Y]]. We use the generalization
of Lemma 3 to prove that a,, , € Z,. Namely ,we have

F(X?, Y?) (1 + Y?)™(1 + Y*)x*-xoup(] 4 YP°) X - xrhipa,
FX, )P~ (1 +Y)751 + Y?™ X1 + YP)* -xom. .
_ L+ YT
I+ Yy
We must show that (1 + Y?)%/(1 + Y)** is in 1 + pXZ,[[X, Y]] +

pYZ,[[X, Y]]. Applying Lemma 3 in the other direction shows that, since
1+ Yel + YZ,[[Y]), it follows that

I+ Y9)/(Q+YP=1+pYGY),GY)eZ][Y].

Thus,

1+ Y?)¥ x_ e XX -1 (X -
El—+—Y)—,,?7=(l+pYG(Y)) =Zo ( ) i!(

which is clearly in 1 + pXZ,[[X, Y]] + pYZ,[[X. Y]). We conclude that
F(X, Y) € Z,[[X, Y1)

1+ D ey,

EXERCISES

. Find log, 42 mod 7* and log, 15 mod 212,

. Prove that the image of Z, under log, is pZ, for p > 2 and is 4Z, for p = 2.

1
2
3. For p > 2 and ae Z;, prove that p? divides log, a if and only if a”~ ! = 1 mod p*.
4. Find the derivative of the locally analytic function x log, x — x.

s

. Suppose that a function f: Q* — Q satisfies properties (1) and (2) of the proposition
at the beginning of this section. Prove that f(x) must be of the form f(x) = log, x
+ c ord, x for some constant c € Q.
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10.

11.

12,

13.
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. Verify that the improper integral {g x*~'e™* dx converges if and only if s > 0.

. Using integration by parts, prove that I'(s + 1) = sI'(s), where I'(s) is defined by the

integral in Exercise 6.

. Show that the function f(s) = [] j<;, ,y,;Jj for s € N does not extend to a continuous

function on Z,,.

. For p > 2, show that if j* — 1 = 0 mod p", then j = +1 mod p~. What happens if
p=27
Show that I',(1/2)* = —(5b), where (52 = 1if x? = —1 has a solution in F, and

it equals — 1 otherwise.

Compute I'5(1/4) and I';(1/3) to four digits (if you don’t have a computer or pro-
grammable calculator handy, then compute them to two digits).

Let ./ —1 € Z5 denote the root with first digit 3, and let ./ — 3 € Z, be the root with
first digit 2. Use Exercise 9 of §1.5 and Exercise 11 above to verify the following
equalities to 4 digits:

Ts(1/4)? = =2 + /= 1;T,(1/3)* = (1 — 3./=3)2.

Note: These equalities are known to be true, but no down-to-earth proof
(without p-adic cohomology) is known for them. They are special cases of a more
general situation. To explain this, let us take, for example, the second equality. Then
for p = 7 we let { = ¢*"/7 € C be a primitive pth root of unity, and let

= (=14 /-3)2 ="

be a nontrivial (p — 1)th root of unity. Next take a generator of the multiplicative
group F,* (see Exercise 2 of §IIL.1); in our case p = 7 let us take 3. Then

6
g = .zl wics-

is known as a Gauss sum. It is not hard to verify that the right side of the second
equality above is equal to g3/7. More generally, one can prove that, whenever a/d
is a rational number whose denominator divides p — 1, the p-adic number T (a/d)’
is an element of the field @(w), where w is a primitive dth root of unity. (Exercise 10
gives another special case of this, in which a/d = 1/2, ® = — 1.) Namely, it turns out
that T ,(a/d)* can be expressed in terms of suitable Gauss sums. (For a treatment of
this, see Lang, Cyclotomic Fields, Vol. 2, or else Koblitz, p-adic Analysis: a Short
Course on Recent Work.)

Note, by the way, that this shows a major difference between I, and the classical
I"-function, since, for example, I'(1/3) is known to be transcendental.

Let s = r/(p — 1) be a rational number in the interval (0, 1), and let m be a positive
integer not divisible by p. Prove that
=0 T((s + h)/m)
rp(s) I—Il’l’l;ll rp(h/m)
is equal to the Teichmiiller representative of m!! "1 P (ie., to the (p — I)th

root of unity in Z, which is congruent mod p to m' ~P*" = m"). (Recall that if T,
is replaced by the classical [-function, then this expression equals m' ~*).




3 Newton polygons for polynomials

14. Prove that exp, X, (sin, X)/X, and cos, X have no zeros in their regions of
convergence, and that £,(X) has no zeros in D(1 7).

15. Find the coefficients up through the X* term in E,(X) for p = 2, 3.

16. Find the coefficients in E,(X) through the X?~! term. Find the coefficient of
X 7. What fact from elementary number theory is reflected in the fact that the
coefficient of X? lies in Z,?

17. Use Dwork’s lemma to give another proof that the coefficients of E,(X)
are in Z,.

18. Use Dwork’s lemma to prove: Let f(X) = exp(Z2o b X?"), b, € Q,. Then
f(X)el + XZ,[[X]] if and only if b_, — pbyepZ, for i =0,1,2, ...
(where b_, = 0).

3. Newton polygons for polynomials

Let f(X) =1+ Dy a; X' el + XQ[X] be a polynomial of degree n with
coefficients in Q and constant term 1. Consider the following sequence of
points in the real coordinate plane:

©, 0), (1, ord, a,), (2, ord, ay), ..., (i, ord; @), . . ., (n, ord, a,).

(If a; = 0, we omit that point, or we think of it as lying “infinitely” far
above the horizontal axis.) The Newton polygon of f(X) is defined to be the
“convex hull” of this set of points, i.e., the highest convex polygonal line
joining (0, 0) with (n, ord, a,) which passes on or below all of the points
(i, ord, a,). Physically, this convex hull is constructed by taking a vertical
line through (0, 0) and rotating it about (0, 0) counterclockwise until it hits
any of the points (i, ord, a;), taking the segment joining (0, 0) to the last such
point (i;, ord, a;,) that it hits as the first segment of the Newton polygon,
then rotating the line further about (i;, ord, a;,) until it hits a further point
(@i, ord, a)) (i > i,), taking the segment joining (i,, ord, a;)) to the last such
point (iy, ord, a;,) as the second segment, then rotating the line about
(i, ord, a;,) and so on, until you reach (n, ord, a,).

As an example, Figure 1 shows the Newton polygon for f(X) =1 +
X2 4+ 3X3 4+ 3X*in Qa[X].

By the vertices of the Newton polygon we mean the points (i), ord, a,)
where the slopes change. If a segment joins a point (i, m) to (i’, m’), its slope is
(m" — m)/(i’ — i); by the “length of the slope” we mean i’ — i, i.e., the
length of the projection of the corresponding segment onto the horizontal
axis.

Lemma 4. In the above notation, let f(X) = (1 — X/o)--- (1 — X/e,) be the
Sactorization of f(X) in terms of its roots oy € Q. Let A\, = ord, 1/a,. Then,
if Ais a slope of the Newton polygon having length I, it follows that precisely |
of the A are equal to A.
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CAY

(0,0) 1 (2,0)

—

(3,—D

Figure IV.1

In other words, the slopes of the Newton polygon of f(X) “are” (counting
multiplicity) the p-adic ordinals of the reciprocal roots of f(X).

ProoF. We may suppose the o; to be arranged so that A; < A, < -+ < A,. Say
Ay = Ay == A < A,;. We first claim that the first segment of the
Newton polygon is the segment joining (0, 0) to (r, rA,). Recall that each g; is
expressed in terms of 1/, /ey, ..., /o, as (—1)! times the ith symmetric
polynomial, i.e., the sum of all possible products of i of the 1/a’s. Since the
p-adic ordinal of such a product is at least iA,, the same is true for a;. Thus, the
point (i, ord, a;) is on or above the point (i, i,), i.e., on or above the line
joining (0, 0) to (r, rA).

Now consider a,. Of the various products of r of the 1/«’s, exactly one has
p-adic ordinal rA;, namely, the product 1/(eye;---,). All of the other
products have p-adic ordinal > rA,, since we must include at least one of the
A1y Arpgs -5 Ap. Thus, a, is a sum of something with ordinal rA; and
something with ordinal >raA;, so, by the ‘‘isosceles triangle principle,”
ord, a, = rA,;.

Now suppose i > r. In the same way as before, we see that all of the
products of i of the 1/«’s have p-adic ordinal > i},. Hence, ord, a; > iA;. If
we now think of how the Newton polygon is constructed, we see that we
have shown that its first segment is the line joining (0, 0) with (r, ra;).

The proof that, if we have A, < A1 = Ajy0 = -+ = Aiy < Agayen, then
the line joining (s, A; + Ay + - - - + AQto(s + r, Ay + Ay + -+ - + A, +rAg4,)
is a segment of the Newton polygon, is completely analogous and will be
left to the reader. ]

4. Newton polygons for power series

Now let f(X) =1+ S2;a;X'el + XQ[[X]] be a power series. Define
(X)) =1+, aX'el + XQ[X] to be the nth partial sum of f(X).
In this section we suppose that f(X) is not a polynomial, i.e., infinitely many
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Figure 1V.2

a; are nonzero. The Newton polygon of f (X) is defined to be the “limit” of the
Newton polygons of the £,(X). More precisely, we follow the same recipe as in
the construction of the Newton polygon of a polynomial: plot all of the points
0, 0), (1, ord, ay), ..., (i, ord, ), ...; rotate the vertical line through (0, 0)
until it hits a point (i, ord, a;), then rotate it about the farthest such point it
hits, and so on. But we must be careful to notice that three things can happen:

(1) We get infinitely many segments of finite length. For example, take
f(X) =1+ 5=, pX', whose Newton polygon is a polygonal line inscribed
in the right half of the parabola y = x2 (see Figure 2).

(2) At some point the line we’re rotating simultaneously hits points
(i, ord, a;) which are arbitrarily far out. In that case, the Newton polygon
has a finite number of segments, the last one being infinitely long. For example,
the Newton polygon of f(X) = 1 + >, X' is simply one infinitely long
horizontal segment.

(3) At some point the line we’re rotating has not yet hit any of the (i, ord, a,)
which are farther out, but, if we rotated it any farther at all, it would rotate
past such points, i.e., it would pass above some of the (i, ord, a;). A simple
example is f(X) = 1 + 32, pX" In that case, when the line through (0, 0)
has rotated to the horizontal position, it can rotate no farther without passing
above some of the points (i, 1). When this happens, we let the last segment of
the Newton polygon have slope equal to the least upper bound of all possible
slopes for which it passes below all of the (i, ord, g;). In our example, the
slope is 0, and the Newton polygon consists of one infinite horizontal segment
(see Figure 3).

A degenerate case of possibility (3) occurs when the vertical line through
(0, 0) cannot be rotated at all without crossing above some points (i, ord, a;).
For example, this is what happens withf(X) = S 2, X/p”. In that case, f (X)
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|

Figure IV.3

is easily seua to have zero radius of convergence, i.e., f(x) diverges for any
nonzero x. In what follows we shall exclude that case from consideration and
shall suppose that f(X) has a nontrivial disc of convergence.

In the case of polynomials, the Newton polygon is useful because it
allows us to see at a glance at what radii the reciprocal roots are located. We
shall prove that the Newton polygon of a power series f(X) similarly tells
us where the zeros of f(X) lie. But first, let’'s make an ad hoc study of a
particularly illustrative example.

Let

XZ Xi

fO =1+ 5+ = —Sog (1 - X).

The Newton polygon of f(X) (see Figure 4, in which p = 3) is the polygonal line
joining the points (0,0), (p — 1, = 1), (p2 =1, =2),.. ., (p' = 1, —j),...;
it is of type (1) in the list at the beginning of this section. If the power series
analogue of Lemma 4 of §3 is to hold, we would expect from looking at this
Newton polygon that f(X) has precisely p’*! — p’ roots of p-adic ordinal
1H(p'*t = p)).

But what are the roots of —1/X log,(1 — X)? First, if x = 1 — {, where
{ is a primitive p’ * 'th root of 1, we know by Exercise 7 of §I11.4 that ord, x =
1/(p’** — p?); and we know by the discussion of log, in §IV.l that log,
(1 — x) = log, { = 0. Since there are p’** — p’ primitive p’*'th roots of 1,
this gives us all of the predicted roots. Are there any other zeros of f(X) in
D(17)?

Let x € D(17) be such a root. Then for any j, x; = 1 — (1 — x)* € D(17)
is also a root since log,(l — x,;) = p/log,(1 — x) = 0. But for j sufficiently
large, we have x; € D(p~*'®~b-). For x;€ D(p~1*~1~), we have | — x; =
exp,(log,(1 — x;)) = exp, 0 = 1. Hence (I — x)* = 1, and x must be one

Figure IV.4
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of the roots we already considered. Thus, the appearance of the Newton
polygon agrees with our knowledge of all of the roots of log,(1 — X).

We now proceed to prove that the Newton polygon plays the same role for
power series as for polynomials. But first we prove a much simpler result:
that the radius of convergence of a power series can be seen at a glance from
its Newton polygon.

Lemma 5. Let b be the least upper bound of all slopes of the Newton polygon of
J(X)=1+4+32,aX el + XQ[[X]]. Then the radius of convergence is
p° (b may be infinite, in which case f(X) converges on all of Q).

Proor. First let |x|, < p® i.e., ord,x > —b. Say ord, x = —b’, where
b" < b. Then ord,(a,x') = ord, a; — ib’. But it is clear (see Figure 5) that,
sufficiently far out, the (i, ord, a;) lie arbitrarily far above (i, b'i), in other
words, ord,(a;x") — o0, and f(X) converges at X = x.

Figure IV.5

Now let |x|, > p° i.e., ord, x = —b" < —b. Then we find in the same
way that ord,(a,x") = ord, a;, — b'i is negative for infinitely many values of i.
Thus f(x) does not converge. We conclude that f(X) has radius of conver-
gence exactly p°. O

Remark. This lemma says nothing about convergence or divergence
when |x|, = p®. Itis easy to see that convergence at the radius of convergence
(““on the circumference’’) can only occur in type (3) in the list at the beginning
of this section, and then if and only if the distance that (i, ord, a;) lies above
the last (infinite) segment approaches co as i— co. An example of this
behavior is the power series f(X) = 1 + 52, pX?', whose Newton polygon
is the horizontal line extending from (0, 0). This f(X) converges when
ord, x = 0.

One final remark should be made before beginning the proof of the power
series analogue of Lemma 4. If c€ Q, ord, ¢ = A, and g(X) = f(X/c), then
the Newton polygon for g is obtained from that for f by subtracting the line
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» = Ax—the line through (0, 0) with slope A—from the Newton polygon for f.
This is because, if f(X) =1+ Y aX' and g(X) =1 + 3 b, X', then we
have ord, b; = ord(a;/c’) = ord, a; — Ai.

Lemma 6. Suppose that A, is the first slope of the Newton polygon of f(X) =
L+ 32,aX el + XQ[X]). Let ce Q, ord, ¢ = A < A;. Suppose that
f(X) converges on the closed disc D(p*) (by Lemma 5, this automatically
holds if X < A, or if the Newton polygon of f(X) has more than one segment).
Let

gX)y=(0-cX)f(X)el + XQ[[X]].

Then the Newton polygon of g(X) is obtained by joining (0, 0) to (1, X) and
then translating the Newton polygon of f(X) by | to the right and X upward.
In other words, the Newton polygon of g(X) is obtained by “ joining™ the
Newton polygon of the polynomial (1 — cX) to the Newton polygon of the
power series f(X). In addition, if f(X) has last slope A, and converges on
D(p™), then g(X) also converges on D(p*’). Conversely, if g(X) converges on
D(p*), then so does f(X).

ProOF. We first reduce to the special case ¢ = 1, A = 0. Suppose the lemma
holds for that case, and we have f(X) and g(X) as in the lemma. Then f;(X) =
J(X/e) and g(X) = (1 — X)f1(X) satisfy the conditions of the lemma with
¢, A, Ay replaced by 1,0, A, — A, respectively (see the remark immediately
preceding the statement of the lemma). Then the lemma, which we’re assum-
ing holds for f; and g4, gives us the shape of the Newton polygon of g,(X) (and
the convergence of g; on D(p*s~*) when f converges on D(p?r)). Since g(X) =
g:(cX), if we again use the remark before the statement of the lemma, we
obtain the desired information about the Newton polygon of g(X). (See
Figure 6.)

Thus, it suffices to prove Lemma 6 with ¢ = 1, A = 0. Let g(X) =1 +
>, b,X. Then, since g(X) = (1 — X)f(X), we have b;,; = a;,, — a; for
i > 0 (with @, = 1), and so

ord, b;,; > min(ord, a;,,, ord, a;),

with equality holding if ord, @;,, # ord, a; (by the isosceles triangle principle).
Since both (i, ord, a;) and (i, ord, a;,) lie on or above the Newton polygon
of f(X), so does (i, ord, b;,,). If (i, ord, a;) is a vertex, then ord, a;,, >
ord, a;, and so ord, b;,, = ord, a;. This implies that the Newton polygon of
g(X) must have the shape described in the lemma as far as the last vertex of
the Newton polygon of f(X). It remains to show that, in the case when the
Newton polygon of f(X) has a final infinite slope A;, g(X) also does; and, if
f(X) converges on D(p*), then so does g(X) (and conversely). Since ord,, b; , ;
> min(ord,, a; , ord, a;), it immediately follows that g(X) converges wher-
ever f (X) does. We must rule out the possibility that the Newton polygon of
g(X) has a slope 4, which is greater than ;. If the Newton polygon of g(X)

102



4 Newton polygons for power series

h 8

-

Figure IV.6

did have such a slope, then for some large i, the point (i + 1, ord, ;) would
lie below the Newton polygon of g(X). Then we would have ord, b; >
ord,q; for all j > i+ 1. This first of all implies that ord, a;,, = ord, a;,
because a;,, = b;,, + a;; then in the same way ord, a;,, = ord, a;,, and
so on: ord, a; = ord,, g, for all j > i. But this contradicts the assumed con-
vergence of £(X) on D(1). The converse assertion (convergence of g implies
convergence of f) is proved in the same way. O

Lemma 7. Let f(X) =1+ 32, aX el + XQ[[X]] have Newton polygon
with first slope ,. Suppose that f(X) converges on the closed disc D(p*1),
and also suppose that the line through (0, 0) with slope A, actually passes
through a point (i, ord, a;). (Both of these conditions automatically hold if
the Newton polygon has more than one slope.) Then there exists an x for
which ord, x = — A, and f(x) = 0.

Proor. For simplicity, we first consider the case A; = 0, and then reduce the
general case to this one. In particular, ord, a; = O for all / and ord, a, — o©
as i — 0. Let N > 1 be the greatest i for which ord, @, = 0. (Except in the
case when the Newton polygon of f(X) is only one infinite horizontal line,
this N is the length of the first segment, of slope A; = 0.) Let f,(X) =
1 + >F., a;X'. By Lemma 4, for n > N the polynomial f,(X) has precisely N
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roots X, i, ..., X,y With ord, x,, = 0. Let xy = xy;, and for n > N let
X1 be any of the X, 41,15 - ..y Xp41,n With [X,,;,; — X,|, minimal. We claim
that {x,} is Cauchy, and that its limit x has the desired properties.

For n = N let S, denote the set of roots of f,(X) (counted with their
multiplicities). Then for n > N we have

|fa+1(%a) = fa(Xn)lo = | fas1(xa)l,  (since fulx,) = 0)

Xn

X

XESp +1 P

N
= H |1 = Xp/Xn414]p, (sinceifx € S, ., hasord, x < 0,
i=1
we then have |1 — x,/x|, = 1)

N
= H |Xn 41,4 = Xalp (since |xp414]p = 1)
=1

= lxn+1 - xnle’
by the choice of x,,,. Thus,
Ixn+1 - xnIpN < |ﬁ:+1(xn) _fn(xn)lp = |.a,,+1x:+1|p = Ian+1lp-

Since |a, 1], — 0 as n — oo, it follows that {x,} is Cauchy.

If x, — x € Q, we further have f(x) = lim,_, , f,(x), while
n xl — xn‘
Z X — Xp [p
since |a|, < 1 and [(x! — x,)/(x — x)[, = [x* "' + x'"2x, + x*"3x,2 + .- -
+ xt71|, < 1. Hence, f(x) = lim, ., f,(x) = 0. This proves the lemma when
A =0.

Now the general case follows easily. Let = € Q be any number such that
ord, m = A;. Note that such a = exists, for example, take an ith root of an
a; for which (i, ord, &) lies on the line through (0, 0) with slope A;. Now let
g(X) = f(X/xn). Then g(X) satisfies the conditions of the lemma with A, = 0.
So, by what’s already been proved, there exists an x, with ord, x, = 0 and
g(xo) = 0. Letx = xo/w. Then ord, x = — A, and f(x) = f(xo/7) = g(x,) = 0.

O

< Ix - xnlm

a()p = [fa(x) = falxadlp = |x = Xal,

Lemma8. Let f(X) =1+ 32, aX'el + XQ[[X]] converge and have
value 0 at «. Let g(X) = 1 + 52, byX*! be obtained by dividing f(X) by
1 — X/a, or equivalently, by multiplying f(X) by the series 1 + X[o +
X2%a? + .- - + X'/a! + - - . Then g(X) converges on D(|«|,).
Proor. Let f,(X) = 1 + >, a;X". Clearly,
by =1/ + a)/e!™! + apfa’"2 + -+ + a;_y/a + ay,
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so that
bt = fi(e).

Hence |bi¢!|, = |fi(e)|, — O as i — oo, because f(e) = 0. O

Theorem 14 (p-adic Weierstrass Preparation Theorem). Let f(X) =1 +

2 aXtel + XQ[[X]] converge on D(p*). Let N be the total horizontal
length of all segments of the Newton polygon having slope < Xif this horizontal
length is finite (i.e., if the Newton polygon of f(X) does not have an infinitely
long last segment of slope X). If, on the other hand, the Newton polygon of
S(X) has last slope A, let N be the greatest i such that (i, ord, a,) lies on that
last segment (there must be a greatest such i, because f(X) converges on
D(p")). Then there exists a polynomial (X)) e 1 + XQ[X] of degree N and
a power series g(X) = 1 + 22, b X! which converges and is nonzero on
D(p?), such that

h(X) = f(X)-g(X).

The polynomial h(X) is uniquely determined by these properties, and its
Newton polygon coincides with the Newton polygon of f(X) out to (N,
ord, ay).

Proor. We use induction on N. First suppose N = 0. Then we must show
that g(X), the inverse power series of f(X), converges and is nonzero on
D(p*). This was part of Exercise 3 of §IV.1, but, since this is an important
fact, we’ll prove it here in case you skipped that exercise. As usual (see the
proofs of Lemma 6 and 7 and the remark right before the statement of
Lemma 6), we can easily reduce to the case A = 0.

Thus, suppose f(X) =1+ > a X!, ord,a > 0, ord, a,— o0, g(X) =
1 + > b, X" Since f(X)g(X) = 1, we obtain

by = —(bi_1a, + b_za2 + - + bia;_, + a)fori>1,

from which it readily follows by induction on i that ord, b; > 0. Next, we
must show that ord, b, — co as i — c0. Suppose we are given some large M.
Choose m so that i > m implies ord, ¢, > M. Let

e = min(ord, a,, ord, a,, ..., ord, a,) > 0.

We claim that i > n»m implies that ord, b; > min(M, ne), from which it will
follow that ord, b; — co. We prove this claim by induction on #. It’s trivial
for n = 0. Suppose n > 1 and i > nm. We have

by=—(bi_1ar + -+ bi_nn + bi_mi s + o+ ).

The terms b;_;a, with j > m have ord,(b;_,a,)> ord, a; > M, while the
terms with j < m have ord,(b;_;a;) > ord, b,_; + ¢ > min(M, (n — 1)e) + ¢
by the induction assumption (since i — j > (n — 1)m) and the definition of «.
Hence all summands in the expression for b, have ord, > min(M, ne). This
proves the claim, and hence the theorem for N = 0.
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IV p-adic power series

Now suppose N > 1, and the theorem holds for N — 1. Let A; < A be
the first slope of the Newton polygon of f(X). Using Lemma 7, we find an «
such that f(«) = 0 and ord, « = —A,;. Let

X X2 X!
rn=soot+ X e L)

— 1+ SaXel + XQ[XL

By Lemma 8, fi(X) converges on D(pM1). Let ¢ = 1/, so that: f(X) =
(1 — ¢X)fi(X). If the Newton polygon of f1(X) had first slope A" less than A,,
it would follow by Lemma 7 that f;(X) has a root with p-adic ordinal —A,’,
and then so would f(X), which it is easy to check is impossible. Hence A;" > Ay,
and we have the conditions of Lemma 6 (with f}, f A,’, and A, playing the roles
of £, g, A1, and A, respectively). Lemma 6 then tells us that f;(X) has the same
Newton polygon as f(X), minus the segment from (0, 0) to (1, A,). In addition,
in the case when f (and hence f;) have last slope A, because f converges on
D(p"), Lemma 6 further tells us that f; must also converge on D(p*).

Thus, f1(X) satisfies the conditions of the theorem with N replaced by
N — 1. By the induction assumption, we can find an A (X)e 1 + XQ[X] of
degree N — 1 and a series g(X)e 1 + XQ[[X]] which converges and is
nonzero on D(p*), such that

h(X) = f1(X)-g(X).

Then, multiplying both sides by (1 — ¢X) and setting /(X) = (1 — cX)h,(X),
we have

h(X) = f(X)-g(X),

with A(X) and g(X) having the required properties.

Finally, suppose that A(X)el+ XQ[X] is another polynomial of
degree N such that 4(X) = f(X)g,(X), where g,(X) converges and is non-
zero on D(p*). Since h(X)g(X) = S(X)g(X)g,(X) = h(X)g,(X), unique-
ness of A(X) follows if we prove the claim: Ag = hg, implies that # and A
have the same zeros with the same multiplicities. This can be shown by
induction on N. For N =1 it is obvious, because h(x) = 0<>h(x) = 0 for
x € D(p*). Now suppose N > 1. Without loss of generality we may assume
that — A is ord, of a root « of 4(X) having minimal ord,,. Since « is a root of
both h(X) and hA(X) of minimal ord,, we can divide both sides of the
equality 2(X)g(X) = h(X)g,(X) by (1 — X/a), using Lemma 8, and thereby
reduce to the case of our claim with N replaced by N — 1. This completes the
proof of Theorem 14. O

Corollary. If a segment of the Newton polygon of f(X) € 1 + XQ[[X]] has finite
length N and slope A, then there are precisely N values of x counting
multiplicity for which f(x) = O and ord, x = —A.
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Exercises

Another consequence of Theorem 14 is that a power series which converges
everywhere factors into the (infinite) product of (1 — X/r) over all of its roots
r, and, in particular, if it converges everywhere and has no zeros, it must be a
constant. (See Exercise 13 below.) This contrasts with the real or complex
case, where we have the function e* (or, more generally, e**), where 4 is any
everywhere convergent power series). In complex analysis, the analogous
infinite product expansion of an everywhere convergent power series in terms
of its roots is more complicated than in the p-adic case; exponential factors
have to be thrown in to obtain the “Weierstrass product’ of an ‘““entire”
function of a complex variable.

Thus, the simple infinite product expansion that results from Theorem 14
in the p-adic case is possible thanks to the absence of an everywhere conver-
gent exponential function. So in the present context we’re lucky that exp, has
bad convergence. But in other contexts—for example, p-adic differential
equations—the absence of a nicely convergent exp makes life very compli-
cated.

EXERCISES

1. Find the Newton polygon of the following polynomials:

(i1 — X+ pXx? (ii) 1 — X3/p? (iii) 1 + X2+ pX* + p3X®
(iv) 2P, iXt? ) (I - X)U - pX)1 — p?X)(do thisintwo ways)
i) TTPZ; (1 — iX).

2. (a) Let f(X)e 1 + XZ,[X] have Newton polygon consisting of one segment
joining (0, 0) to the point (n, m). Show that if n and m are relatively prime,
then f(X) cannot be factored as a product of two polynomials with coefficients
in Z,.

(b) Use part (a) to give another proof of the Eisenstein irreducibility criterion
(see Exercise 14 of §1.5).

(c) Is the converse to (a) true or false, i.e., do all irreducible polynomials have
Newton polygon of this type (proof or counterexample)?

3. Let f(X)el + XZ,[X] be a polynomial of degree 2n. Suppose you know
that, whenever « is a reciprocal root of f(X), so is p/e (with the same multipli-
city). What does this tell you about the shape of the Newton polygon? Draw
all possible shapes of Newton polygons of such f(X) when n = 1, 2, 3, 4.

4. Find the Newton polygon of the following power series:
() 3o X7 Ypt (i) 2Zo((pX) + XP)  (iii) 3o ilX
(iv) 2Z0 X'/i! W) (1 = pX?)/(A = p2X?) (vi) A = pP*X)[(1 - pX)
(vii) [T o(1 — p'X) (viii) 3o p"/21X!

5. Show that the slopes of the finite segments of the Newton polygon of a power
series are rational numbers, but that the slope of the infinite segment (if there
is one) need not be (give an example).

6. Show by a counterexample that Lemma 7 is false if we omit the condition

that the line through (0, 0) with slope A; pass through a point (i, ord, a;),
i > 0.
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p-adic power series

Suppose f(X) e 1 + XQ[[X]] has Newton polygon which is the degenerate case (3),
i.e., a vertical line through (0, 0). In other words, if the vertical line through (0, 0) is
rotated counterclockwise at all, it passes above some points (i, ord,, ;). Prove that
f(x) diverges for any nonzero x € .

CLetf(X) =1+ 52,a; X el + XQ[[X]] converge in D(p*) where A is a rational

number. Prove that max. . p,s| f(x), is reached when | x|, = p* ie., on the “cir-
cumference,” and that this maximal value of f(x) has p-adic ordinal equal to

min-o,,,...(ord, a; — iA),

i.e., the minimum distance (which may be negative) of the point (i, ord, a;)
above the line through (0, 0) with slope A.

. Let f(X) = >S20ai X €Z,[[X]]. Suppose that f(X) converges in the closed

unit disc D(1). Further suppose that at least two of the g; are not divisible by
p. Prove that f(X) has a zero in D(1).

Let f(X) be a power series which converges on D(r) and has an infinite
number of zeros in D(r). Show that f(X) is identically zero.

Prove that E,(X) converges only in D(17) (i.e., not in D(1)).

Let g(X) = h(X)/f(X), where g(X)e 1l + XQ[[X]] has all coefficients in
D(1), and where A(X) and f(X)el + XQ[X] are polynomials with no
common roots. Prove that A(X) and f(X) also have all coefficients in D(1).

Suppose that f(X) e 1 + XQ[[X]] converges on all of Q. For every A, let h,(X)
be the A(X') in Theorem 14. Prove that h, — fas A — o (i.e., each coefficient
of h, approaches the corresponding coefficient of f). Prove that f has in-
finitely many zeros if it is not a polynomial (but only a countably infinite set
of zeros ry, ra, ...), and that f(X) = [ 172, (1 — X/r). In particular, there is
no nonconstant power series which converges and is nonzero everywhere (in
contrast to the real or complex case, where, whenever A( X) is any everywhere
convergent power series, the power series "™ is an everywhere convergent
and nonzero power series).



CHAPTER V

Rationality of the zeta-function of a set
of equations over a finite field

1. Hypersurfaces and their zeta-functions

If Fis a field, let A% denote ““n-dimensional affine space over F,” i.e., the set
of ordered n-tuples (x,, ..., x,;) of elements x; of F. Let f(X;, ..., X,) €
Fl[X,, ..., X,] be a polynomial in the n variables X, ..., X,. By the affine
hypersurface defined by fin A}, we mean

Hfﬁ{(xla '<-’xn)€A; ]f(xh ) xn) = O}'

The number n — 1 is called the dimension of H,. We call H, an affine curve if
n = 2, i.e., if H, is one-dimensional.

The companion concept to affine space is projective space. By n-dimen-
sional projective space over F, denoted P}, we mean the set of equivalence
classes of elements of

ARt —{(0,0,...,0)}
with respect to the equivalence relation
(Xos X1y - ooy X)) ~ (X0, %15 ..., X, )<= INeF* withx, = Ax;,i=0,...,n.

In other words, as a set [P} is the set of all lines through the origin in AR*1.

A} can be included in P} by the map (xy, ..., x,)— (1, x5, ..., X,).
The image of A} consists of all of P} except for the *hyperplane at infinity”’
consisting of all equivalence classes of (n + 1)-tuples with zero xy-coordinate.
That hyperplane looks like a copy of P:~!, by virtue of the one-to-one
correspondence

equiv. class of (0, xy, ..., x,) — equiv. class of (x,, ..., x,).

(For example, if n = 2, the projective plane P% can be thought of as the
affine plane plus the ‘““line at infinity.””) Continuing in this way, we can write
P% as a disjoint union

AU AR T U AR 2 ... U AR U point.
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V Rationality of the zeta-function of a set of equations over a finite field

By a homogeneous polynomial f(X,, ..., X,) € F[X,, ..., X,] of degree d
we mean a linear combination of monomials of the same total degree d. For
example, Xo® + Xo2X; — 3X:X.X; + X3® is homogeneous of degree 3.
Given a polynomial f(X, ..., X,) € F[Xy, ..., X,] of degree d, its homo-
geneous completion f(X,, X1, ..., X,) is the polynomial

ng(Xl/XOs EE Xn/XO)’

which is clearly homogeneous of degree d. For example, the homogeneous
completion of X3% — 3X,X,X; + X, + 1 is the above example of a homo-
geneous polynomial of degree 3.

If f(Xo, ..., X,) is homogeneous, and if f(xo, ..., x,) = 0, then also
S(Axq, ..., Ax,) = 0 for e F*. Hence it makes sense to talk of the set of
points (equivalence classes of (n + 1)-tuples) of PE at which f vanishes. That
set of points A7 is called the projective hypersurface defined by fin P2

If f(Xo, ..., X,) is the homogeneous completion of f(X,, ..., X,), then
Hj is called the projective completion of H,. Intuitively, H; is obtained from
H, by “throwing in the points at infinity toward which H, is heading.” For
example, if H, is the hyperbola (say F = R)

X2 X2
@ T b
then f(Xo, X1, X2) = X,%/a® — X,2[b* — X,?, and Hj consists of
{1, X, X Xi%fa® = X53/b* = BUAQ, 1, Xo)| Xz = +bJa),

i.e., H, plus the points on the line at infinity corresponding to the slopes of

the asymptotes.
Now let K be any field containing F. If the coefficients of a polynomial are
in F, then they are also in K, so we may consider the *“ K-points” of Hy, i.e.,

H{(K) = {(x1, - > X)) € Ak | fx1, ..., x) = O}

If f(X,, ..., X,) is homogeneous, we similarly define Hy(X).

We shall be working with finite fields F = F, and finite field extensions
K = F,. In that case H(K) and HyK) consist of finitely many points, since
there are only finitely many (namely, ¢°*) n-tuples in all of A% (and only
finitely many points in P%). In what follows H, (or H;) will be fixed through-

out the discussion. In that case we define the sequence N;, N,, Ng, ... to be
the number of F,-, F2-, Fee-, ... -points of H, (or Hy), i.e.,
N, def #(Hf(ﬂ:qs))'

Given any sequence of integers such as {N;} which has geometric or number
theoretic significance, we can form the so-called ‘“generating function”
which captures all the information conveyed by the sequence {N;} in a
power series. This is the ““zeta-function,” which is defined as the formal
power series

exp(é:1 NsTs/s) e Q[[T1]].

110



1 Hypersurfaces and their zeta-functions

We write this function as Z(H,/F,; T), where F, indicates what the original
field F was. Note that the power series Z(H,/F,; T) has constant term 1.
Before giving some examples, we prove a couple of elementary lemmas.

Lemma 1. Z(H,/F,; T) has coefficients in Z.

Proor. We consider the K-points P = (x,, ..., x,) of H, (K a finite extension
of F,) according to the least s = s, for which all x; € F . If P=(x,;, ..., X,j),
Jj=1,..., 5, are the *“conjugates” of P, i.e., x;,, ..., X, are the conjugates
of x; = x;; over F,, then the P, are distinct, because if all of the x; are left
fixed by an automorphism o of F, over F,, it follows that they are all in a
smaller field (namely, the “fixed field” of o: {x € F s | o(x) = x}).

Now let’s count the contribution of Py, ..., P, to Z(H,/F,; T). Each of
these points is an Fs-point of H, precisely when Fgs @ [, i.€., when s,|s (see
Exercise 1 of §I11.1). Thus, these points contribute sq to N, Nosy, Nag,, - - -5
and so their contribution to Z(H,[F,; T) is:

exp( 3 soT o) = exp(—log(l = T) = {—o = 5 7o
i=1 R =1

The whole zeta-function is then a product of series of this type (only finitely
many of which has first 7-term with degree <s,), and so has integer co-
efficients. 0

Remark. Note that a corollary of the proof is that the coefficients are
nonnegative integers.

Lemma 2. The coefficient of T’ in Z(H,JF; T) is < q™.

Proor. The maximum value for N is ¢" =3 Ag ,. The coefficients of
Z(H,/F,; T) are clearly less than or equal to the coefficients of the series with
N, replaced by ¢g™. But

exp(g; qnsTs/s) = exp(—log(l — ¢"T)) = 1/(1 — ¢q"T) = ,Zo T O

As a simple example, let’s compute the zeta-function of an affine line
L = Hy, < A,. We have N; = ¢°, and so

1
Z(L[Fg; T) = exp(2 ¢°'T*/s) = exp(—log(l — ¢T)) = T—qT
The zeta-function is defined analogously for projective hypersurfaces,
where now we use

N, dot #(ﬁ/'(n:q’))-
For example, for a projective line I we have N, = ¢* + 1, and so

Z(L/F; T) = exp(S(q°T*/s + T/s))

= exp(—log(1 — ¢7) — log(l = 7)) = 7= T)b —qn)
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V Rationality of the zeta-function of a set of equations over a finite field

It turns out that it’s much more natural to work with projective hypersurfaces
than with affine ones.

For example, take the unit circle X, + X,? = 1, whose projective
completion is H;, f= X2 + X2 — X,2 It’s easier to compute Z(H;/F,; T)
than Z(H,/F,; T). (We’re assuming that p=char F, # 2.) Why is it easier?
Because there is a one-to-one correspondence between H3(K) and L(K) (L
denotes the projective line). To construct this map, project from the south
pole onto the line X, = 1, as shown in Figure 1. A simple computation gives:

X2

/
/

/ (x1,x2)

X1

Figure V.1

x; = 4t/(4 + %), x, = (4 — t?)/(4 + 1), t = 2x,/(x, + 1). This map goes
bad in the ¢-to-x direction if 12 = —4, i.e., for 2 values of 1 if ¢° = 1 (mod 4)
and no values of ¢ if ¢° = 3 (mod 4) (see Exercise 8 of §III.1). It goes bad in
the other direction when x, = —1, x; = 0. But if we take the projective
completions and let (X,, X;, X;) be coordinates for the completed circle
and (X,’, X;") for the completed line, then it is easy to check that we have a
perfectly nice one-to-one correspondence given by

(X', X ) > (4x0"% + x1'%, 4xo'x,", 4%'% — x,"%);
(%0, X1, X3) > (X5 + Xo, 2%1) if (X3 + Xq, 2x;) # (0, 0), and (0, 1) otherwise.

The reader should carefully verify that this does in fact give a one-to-one
correspondence between the projective line and the set of equivalence classes
of triples (xo, X, X,) satisfying x;2 + x,2 — x,% = 0. Thus, since N;'is the
same for A7 and L, we have

Z(H;Fy; T) = Z(L[F; T) = 1/[(1 — TX1 — ¢T)].

If we wanted to know Z(H//F,; T), f= X,%2 + X,* — 1, we’d have to
subtract from N, the points “at infinity”” on Hy, i.e., those for which x,? +
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1 Hypersurfaces and their zeta-functions

X2 = Xxo% and x, = 0. There are 2 such points whenever —1 has a square
root in F, and no such points otherwise.

Case (1). ¢ = 1 (mod 4). Then —1 always has a square root in Fgs (see
Exercise 8 of §III.1), and

N,=N, -2,
ZE[F;T) _YIA-T)QA—qT)]_1-T
Z(H,F;T) = L - _ .
' exp( Zl 2T3/s) (1~ 1) 1 —4T

Case (2). ¢ = 3 (mod 4). Then it is easy to see that N, = N, if s is odd,
and N, = N, — 2 if s is even, so that

Z(H;F,; T) _ -1 -qN] _1+T,
exp( 21 2T2’/2s) =17 I —4qT

Notice that in all of these examples, as well as in the examples in the
exercises below, the zeta-function turns out to be a rational function, a ratio
of polynomials. This is an important general fact, which Dwork first proved
in 1960 using an ingenious application of p-adic analysis.

Z(H/[F; T) =

Theorem (Dwork). The zeta-function of any affine (or projective—see Exercise
S below) hypersurface is a ratio of two polynomials with coefficients in Q
(actually, with coefficients in Z and constant term 1—see Exercise 13
below).

The rest of this chapter will be devoted to Dwork’s proof of this theorem.

We note that zeta-functions of hypersurfaces can be generalized to a
broader class of objects, including affine or projective ““algebraic varieties,”
which are the same as hypersurfaces except that they may be defined by more
than one simultaneous polynomial equation. Dwork’s theorem holds for
algebraic varieties (see Exercise 4 below).

Dwork’s theorem has profound practical implications for solving systems
of polynomial equations over finite fields. It implies that there exists a finite
set of complex numbers a;, ..., a,, f,..., B,suchthatforalls=1,2,3,...
we have Ny = >i_, o — J¥., B;° (see Exercise 6 below). In other words,
once we determine a finite set of data (the «; and B;)—and this data is already
determined by a finite number of N—we’ll have a simple formula which
predicts all the remaining N,. Admittedly, in order to really work with this in
practice, we must know a bound on the degree of the numerator and denomi-
nator of our rational function Z(H/F,; T) (see Exercises 7-9 below for more
details). Actually, in all important cases the degree of the numerator and
denominator, along with much additional information, is now known about
the zeta-function. This information is contained in the famous Weil Conjectures
(now proved, but whose proof, even in the simplest cases, goes well beyond
the scope of this book).
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V Rationality of the zeta-function of a set of equations over a finite field

The rationality of the zeta-function was part of this series of conjectures
announced by A. Weil in 1949. Dwork’s proof of rationality was the first
major step toward the proof of the Weil Conjectures. The final step, Deligne’s
proof in 1973 of the so-called ““ Riemann Hypothesis” for algebraic varieties,
was the culmination of a quarter century of intense research on the conjectures.

In the case of a projective hypersurface 4 ; in n-dimensional space that is
smooth (i.e., for which the partial derivatives of f with respect to all the
variables never vanish simultaneously), the Weil Conjectures say that the
following:

() Z(H;/Fo: T) = P(T)*' (1 = T)(1 = gT)(1 — ¢°T)--- (1 — g""'T)),
where P(T)e | + TZ[T] has degree B, where 8 is a number related to the
“topology” of the hypersurface (called its “Betti number;” when Hj; is a
curve, this is twice the genus, or “ number of handles,” of the corresponding
Riemann surface). Here the + | means we take P(T) if n is even and 1/P(T)
if n is odd.

(ii) If « is a reciprocal root of P(T), then so is g"~ */e.

(iii) The complex absolute value of each of the reciprocal roots of P(T) is
g™~ V12 (This is called the ““ Riemann Hypothesis™ part of Weil’s conjectures,
out of analogy with the classical Riemann Hypothesis for the Riemann
zeta-function—see Exercise 15 below.)

EXERCISES
1. What is the zeta-function of a point? What is Z(Ag /F,; T)?
2. Compute Z(Pg,/Fq; T).

3. Let f( X1, ..., Xp) = Xo + g(X1, ..., Xooy), where ge Fo[Xy, ..., Xnoal
Prove that

Z(H/[Fq; T) = Z(AR;}Fq; T).

4. Letfi( Xy, ..., X, fa(Xe, ooy Xo)y oo fl(Xy, o, X) € FGLX, ..., Xp), and

let Hi, s, ....10(F) < AR . be the set of n-tuples of elements of Fg which
satisfy al/l of the equations f; = 0,i = 1,2, ..., r:
Hy, s, ..., r(Fes) gat {(x1, ..., x5) € A?qu [files, ooy Xn) = -~

= filxy, ..., xn) = OL

Such an H is called an (affine) algebraic variety. Let Ny = - H(F,) ( where H
is short for Hy,, ..., 1,1), and define the zeta-function as before: Z(H [Fq; T) T
exp(Z2 1 N.T3/s). Prove that Dwork’s theorem for affine hypersurfaces
implies Dwork’s theorem for affine algebraic varieties.

5. Prove that if Dwork’s theorem holds for affine hypersurfaces, then it holds
for projective hypersurfaces.
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Exercises

. Prove that Dwork’s theorem is equivalent to: There exist algebraic complex

numbers «,, ..., &, fi;, ..., B., such that each conjugate of an « is an «, each
conjugate of an a is an «, each conjugate of a fis a §, and we have:

t u
Ne= 2> af — > B¢, foralls=1,2,3,....
i{=1 i=1

It is known that the zeta-function of a smooth cubic projective curve E = A7
(thus, dim E = 1, deg f = 3; E is called an “elliptic curve”) is always of the
form: (1 + aT + qT?)/[(1 — T)(1 — qT)] for some a € Z. Show that if you
know the number of points in E(F,), you can determine: (1) @, and (2)
#E(F,) for any s.

. Using the fact stated in the previous problem, find Z(Hj/F,; T) when

f(X1, Xp) is:
(i) X2® — X;® — landg = 2 (mod 3);
(i) X22 — X:® + X;andg = 3(mod4), alsog = 5,13, and9.

Suppose we know that Z(H/F,; T) is a rational function whose numerator
has degree m and whose denominator has degree n. Prove that N; = HH(F,)
fors =1,2,3, ..., m + nuniquely determine all of the other N,.

Compute Z(H,/F,; T) when H; is the 3-dimensional hypersurface defined by
X1X4 et X2X3 = 1.

Compute Z(H;/F,; T) and Z(H;/F,; T) (f = homogeneous completion of f)
when Hj is the curve:

(i) X1 X2 =0 (i) X1Xo(X; + X2+ 1) =0 (iil) X22 — X2 =1
(lV) Xzz = XIS (V) X22 = Xla + X]z.

Lines in P® are obtained by intersecting two distinct hyperplanes, i.e., a line
is the set of equivalence classes of quadruples which satisfy simultaneously
two given linear homogeneous polynomials. Let N, be the number of lines in
PZ,s. Using the same definition of the zeta-function in terms of the N, as
before, compute the zeta-function of the set of lines in projective 3-space.

Using Exercise 12 of §IV.4, prove that Dwork’s theorem, together with
Lemma 1 above, imply that Dwork’s theorem holds with * coefficients in Q”
replaced by ““coefficients in Z and constant term 1.”

Let H, be given by X,%> = X,° + 1, an~d let p = 3 or 7 (mod 10). Assuming the
Weil Conjectures for the genus 2 curve H, prove that
1+ p?T*
-1 -pD)
Let H7 be a smooth projective curve. Assuming the Weil Conjectures for

Z(H;/F,; T) (which were proved for curves much earlier than for the general
case), show that all of the zeros of the complex function of a complex variable

Z(HF,; T) =

F(s) =, Z(H7/Fy;979)

def

are on the line Re s = 1. This explains the name ** Riemann Hypothesis for
part (iii) of the Weil Conjectures.
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V Rationality of the zeta-function of a set of equations over a finite field

2. Characters and their lifting

An Q-valued character of a finite group G is a homomorphism from G to the
multiplicative group Q* of nonzero numbers in Q. Since gordero’€ = ] for
every g € G, it follows that the image of G under a character must be roots
of unity in Q. For example, if G is the additive group of F,, if ¢ is a pth root
of 1 in Q, and if 4 denotes the least nonnegative residue of a € F,, then the
map a — € is a character of F,. In what follows, we shall omit the tilde and
simply write a +> £2. If ¢ # 1, then the character is ““nontrivial,” i.e., its image
is not just 1.

If F, is a finite field with ¢ = p* elements, we know that there are s =
[F,:F,] automorphisms oy, ..., o,_, of F, given by: a,(a) = a” for a € [, (see
Exercise 6 of §II1.1). If a € F,, by the trace of a, written Tr a, we mean

s—-1

Trag D of@=a+a +a" + - +a""".

It is easy to see that (Tra)® = Tra, i.e,, Trae F,, and that Tr(a + b) =
Tr a + Tr b. It then follows that the map

ar> etre

is an Q-valued character of the additive group of F,.

Recall that for every a € F, we have a unique Teichmiiller representative
te Q, lying in the unramified extension K of Q, generated by the (g — 1)st
roots of 1, such that ¢? = ¢ and a is the reduction of # mod p. Our purpose
in this section is to find a p-adic power series ®(T) whose value at 7 = ¢
equals ¢T*¢. (More precisely, we’ll get the value of O(T)O(T?O(T?")---
O(T* "), where g = p’,tobe e™ % at T = 1)

Now fix a € F,*, and let ¢ € K be the corresponding Teichmiiller representa-
tive. Let Tr, denote the trace over Q, of an element of X i.e., the sum of its
conjugates. Then for our Teichmiiller representative ¢ we have (see Exercise 1
at the end of §4 below)

Trgt=t+ P+ 17+ + 1" '€,
and the reduction mod p of Try ¢ is
a+a*+a’+---+a" ' =TrackF,

Hence, since ¢ raised to a power in Z, depends only on the congruence class
mod p, we can write: T = T«

Let A = ¢ — 1. We have seen that ord, A = 1/(p — 1) (see Exercise 7 of
§111.4). We want a p-adic expression in ¢ for

2 s—1
(l + A)t+tP+tP + e +HIP = aTra‘
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2 Characters and their lifting

The naive thing to do would be to let
i (T - 1)-- (T—1+ 1)

gT) =1+ )" =

and then take the series g(T)g(T?)g(T®")---g(T? ""). But the problem is:
how to make sense out of the infinite sum g(7") for the values 7 = ¢ that
interest us. Namely, as soon as ¢ ¢ Z,, i.e., its residue a isn’t in F,, then
clearly |t — i|, = 1 for all ie Z; then

t@—1)-- (t—1+1)/\, i— S S;

=iordpd — —— = ——,

ord, i =1 p=1

which does not — co.
What we have to do is use the better behaved series F(X, Y) introduced at
the end of §IV.2:

F(X,Y) = (1 + V)X(1 + Y?)X*-Dip(] 4 yr)@=i-xmmt. ..
x (1 4 yrx"-x" "

where recall that each term on the right is understood in the sense of the
corresponding binomial series in Q[[X, Y]]. We now consider F(X, Y) as a
series in X for each fixed Y:

FON = 3 (X3 ana¥"). e,
n=0 m=n

where we’re using the fact that a,, , # 0 only when m > n; this follows be-
cause each term in the series Bxen_xen-1)n (Y7"), i.e.,

DG Gl C Clak X — xet Yo
1) (=L i+
pn pn pn l!

has the power of X that appears less than or equal to the power Y**" of Y.
Recall that A = ¢ — 1, and that ord, A = 1/(p — 1). We set

T) = F(T,)) = i a,T",

with a, = 3 %_, a,, ,A™. Clearly ord, a, > n/(p — 1), since each term in a,
is divisible by A" Also, since the field Q,(¢) = Q,(A) is complete, we
have a, € Q,(¢), and O(T) € Q,(¢)[[T]]. Moreover, &(T) converges for te
D(p'®*-1-), because ord, a, > n/(p — 1).

For our fixed ¢t we now consider the series

a + Y)t+tv+...+tp3 1 = ): R ‘,,—1'p(Y).
It is easy to prove the following formal identity in Q[[Y]]:

(1 + Yo+t = Bt YYF(tP, Y)- - F(t7 7%, Y).
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V Rationality of the zeta-function of a set of equations over a finite field

Namely, after trivial cancellations, the right hand side reduces to
(1 + Y)y+reee-- +zP“1(1 + YRy (] 4 sz)(tl"“—tl’)/p2
x (1 4 Y»)ye 2-eiee .

Since t** = ¢, we get what we want.
Thus, if we substitute ¢ for T in O(T)O(T?) - - -O(T? '), we obtain

F(t, DF(t?, X)- - F(tP "% X) = (1 + A)t+tre- #0070

- sTra‘

To conclude, we have found a nice p-adic power series O(T) = > a,T" €
Q,()[[T]], satisfying ord, a, = n/(p — 1), such that the character a > ¢™*
of F, can be obtained by evaluating &(T)-O(T?)---&(T* ") at the Teich-
miiller lifting of a. ® can be thought of as “lifting” the character of F,to a
function on Q (more precisely, on some disc in Q, which includes the closed
unit disc, and hence all Teichmiiller representatives).

Liftings such as @ are important because concepts of analysis often apply
directly only to p-adic fields, not to finite fields. If a situation involving finite
fields—such as zeta-functions of hypersurfaces defined over finite fields—
can be lifted to p-adic fields, we can then do analysis with them. Notice how
important it is that our lifting ® converge at least on the closed unit disc
(rather than, say, only on the open unit disc): the points we’re mainly interested
in, the Teichmiiller representatives, lie precisely at radius 1.

3. A linear map on the vector space of power series

Let R denote the ring of formal power series over  in n indeterminates:
R = Q[[Xy, Xa, ..., X])

A monomial X;*1X,%z--- X, " will be denoted X*, where u is the n-tuple of
nonnegative integers (ui, ..., u,). An element of R is then written > a,X™,
where u runs through the set U of all ordered n-tuples of nonnegative integers,
and where a, € Q.

Notice that R is an infinite dimensional vector space over Q. For each
G € R we define a linear map from R to R, also denoted G, by

r— Gr,

i.e., multiplying power series in R by the fixed power series G.
Next, for any positive integer ¢ (in our application g will be a power of
the prime p), we define a linear map T,: R — R by:

r= ZauX“HTq(r) = Zaq,,X“,

where qu denotes the n-tuple (qu,, qu,, . . ., qu,). For example, if n = 1, this
is the map on power series which forgets about all X’-terms for which j is
not divisible by ¢ and replaces X/ by X7/ in the X’-terms for which g|j.
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3 A linear map on the vector space of power series

Nowlet ¥, = T,oG: R—> R.If G = 3,y g,X", then ¥, g is the linear
map defined on elements X* by
¥oo(XY) = Tq( Z ngw“‘) = Z 8aw-uX".

welU veU
(Here if the n-tuple gv — u is not in U, i.e., if it has a negative component,
we take g,,_, to be zero.)
Let G(X) denote the power series G(X9) =Y, ey g, X®. The following
relation is easy to check (Exercise 7 below):

Go Tq = qu Gq = ‘FQ'GG'
We define the function | | on U by: |u| = >7-; u. Let

R, @{G = Z g,X* e R | forsome M > 0,ord, g, = M|w|forallwe U}-
welU

It is not hard to check that R, is closed under multiplication and under the
map G > G,. Note that power series in R, must converge when all the
variables are in a disc strictly bigger then D(1). An important example of a
power series in R, is ®(aX™¥), where X* is any monomial in X,, ..., X, and
a is in D(1) (see Exercise 2 below).

If ¥V is a finite dimensional vector space over a field F, and if {a,;} is the
matrix of a linear map A4: V — V with respect to a basis, then the trace of 4
is defined as

Tr A = Z a;,

i.e., the sum of the elements on the main diagonal (this sum is independent of
the choice of basis—for details on this and other basic concepts of linear
algebra, see Herstein, Topics in Algebra, Ch. 6). (The use of the same symbol
Tr as for the trace of an element in F, should not cause confusion, since it will
always be clear from the context what is meant.) If F has a metric, we can
consider the traces of infinite matrices A4, provided that the corresponding
sum > ; a; converges.

Lemma 3. Let Ge Ry, and let ¥ = ¥, ;. Then Tr(¥Y*) converges for s =

1,2,3,...,and
(g° — )" Tr(Y®) = Zﬂ G(x) G(x%- G(x¥*) - - - G(x=" "),

. i i iy, s—1 s — 1
where x = (x4,...,%,); x¥ = (x;,7,...,x,7); and x* "' = 1 means x§
=1forj=12,...,n

PrROOF. We first prove the lemma for s = 1, and then easily reduce the gen-
eral case to this special case. Since ¥ (X*¥) = > v 8,-u X", We have

Tr¥ = Z 8a-1yus

uelU

which clearly converges by the definition of R,.
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V Rationality of the zeta-function of a set of equations over a finite field

Next, we consider the right-hand side of the equation in the lemma. First
of all, foreachi = 1,2, ..., n, we have

S oxw= {q — 1, ifg — 1 divides w;
x;eQ

0, otherwise.
xf~l=1

(See Exercise 6 below.) Hence,

- 1), ifg— 1divid
Z X =n(x?z=1 xiw’) = {E)q’ y, ifgq ivides w

xeqn t otherwise.
x9-1=1
Thus,
D G =28 2 x*=@-1)"D ge-mu=(@—-1)TrY,
x9-1=1 welU x9-1=1 uelU

which proves the lemma for s = 1.
Now suppose that s > 1. We have:

W =Ty0GoTgoGoWs "2 =T, 0T,0G,0Go¥s2
=TpoG Go¥ 2="TpzoT,o(G-G),Go¥s"?
=Tpo0G Gy GaoW 3= . =TpoG-GyGp---Gyp-1
= Wi 66,62 G-t

Thus, replacing g by ¢° and G by G-G,- Gz - - - Gs-1 gives the lemma in the
general case. O

If Aisan r x r matrix with entries in a field F, and if T is an indeterminate,
then (I — AT) (where 1 is the r x r identity matrix) is an r x r matrix with
entries in F[T]. It plays a role in studying the linear map on F" defined by 4,
because for any concrete value re F of T, the determinant det(l — At)
vanishes if and only if there exists a nonzero vector v € F” such that 0 =
(1 — AH)v = v — tAv, i.e., Av = (1/9)v, in other words, if and only if 1/¢is an
eigen-value of 4. If 4 = {a;;}, we have

det(l — AT) = > b,T™,
m=0

where
bm = (_ I)m Z Sgn(a)aux,a(ul)auz.a(uz) Ay o(um)
1 <uy<---<u, <r
o a permutation of the u’s
(Here sgn(c) equals +1 or — I depending on whether the permutation o is a

product of an even or odd number of transpositions, respectively.)

Now suppose that 4 = {a;,;};% -, is an infinite **square” matrix, and suppose
F = Q. The expression for det(1 — AT) still makes sense as a formal power
series in Q[[7']], as long as the expression for b,, which now becomes an
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3 A linear map on the vector space of power series

infinite series (i.e., the condition “ <r” is removed from the ), is convergent.

We apply these notions to the case when 4 = {g,,_ .}y vev is the “matrix”
of ¥ =T,oG, where Ge R,, i.e., ord, g, = M|w|. We then have the
following estimate for the p-adic ordinal of a term in the expression for b,:

ord,[gaocuy) — vy Baoup) ~uz * * * Gaoum ~ uml

M{l|go(uy) — uy| +|qo(uz) — us|+ - - - +|qo(uy) —un|]
MY glo()] — 2 lull = Mg — 1) > |u.

(Notice that, if G is a series in n indeterminates, then each y; is an n-tuple of

nonnegative integers: u; = (4. ..., %), and |u] = >7., u;;.) This shows
that

v

\%

ord, b, -0 asm—> o0
and also that

1
’—n—ord,,b,,,—>oo as m — 0.

The latter relationship holds because, if we take into account that there are
only finitely many «’s with a given |u|, we find that the average |u| as we run
over a set of distinct u;, i.e., (1/m) 3™ |u;|, must approach co.

This proves that

det(l — AT) = > bnT"
m=0

is well-defined (i.e., the series for each b, converges), and has an infinite
radius of convergence.

We now prove another important auxiliary result, first for finite matrices
and then for {g,,_,}. Namely, we have the following identity of formal power
series in Q[[T]]:

det(l — AT) = exp,,(—- i Tr(As)Ts/s).

To prove this, we first recall from the theory of matrices (Herstein, Ch. 6)
that the determinant and trace are unchanged if we conjugate by an invertible
matrix: 4 — CAC™1, i.e., they are invariant under a change of basis. More-
over, over an algebraically closed field such as Q, a change of basis can be
found so that A4 is upper triangular (for example, in Jordan canonical form),
in other words, so that there are no nonzero entries below the main diagonal.
So without loss of generality, suppose 4 = {a;,}] ;-1 is upper triangular. Then
the left hand side of the above equality takes the form []i., (1 — a;T).
Meanwhile, since Tr(4°) = 7., a;°, the right hand side is

exp,,(- i i aiisTs/s) = Ij expp(—- 32 (ai,-T)s/s)

s=1i=1

= [ Texputiog(l — @) = [ 11 = a.T).
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V Rationality of the zeta-function of a set of equations over a finite field

We leave the extension to the case when A is an infinite matrix as an
exercise (Exercise 8 below).
We summarize all of this in the following lemma.

Lemma 4. If G(X) = 3,08, XY € Ry and ¥ = T, 0 G, so that ¥ has matrix
A = {g4v—u}v.uev, then the series det(1 — AT) is a well-defined element of
Q[[T]] with infinite radius of convergence, and is equal to

expp{ - 521 Tr(A45)T5/s }

4. p-adic analytic expression for the zeta-function

We now prove that for any hypersurface H, defined by f(X,, ..., X,) €
FJIX,, ..., X,), the zeta-function
Z(H[F,; T)e Z[[T]] = Q[[T]]

is a quotient of two power series in Q[[T']] with infinite radius of convergence.
(Alternate terminology: is p-adic meromorphic, is a quotient of two p-adic
entire functions.)

We prove this by induction on the number n of variables (i.e., on the
dimension n — 1 of the hypersurface H,). The assertion is trivial if n = 0
(i.e., H; is the empty set). Suppose it holds for 1, 2, ..., n — 1 variables. We
claim that, instead of proving our assertion for

Z(H,[F5; T) = exp(D N.T*/s),

it suffices to prove it for
ZUH P T) g exo( 3, T )
s=1

where
N, = number of (x;, ..., x,) € Fjs such that f(x,, ..., x,) = 0
and all of the x; are nonzero
= number of (x,, ..., x,) € Fi. such that f(x,,...,x,) =0
andxf"1=1, i=1,...,n
How does Z'(H,/F; T) differ from Z(H,/F,; T)? Well,
Z(H,[Fg; T) = Z'(H,[Fq; T)- exp(D (N, — N)T%s),
and the exp factor on the right is the zeta-function for the union of the n

hypersurfaces H; (i = 1, ..., n) defined by f(X,, ..., X,) =0 and X; = 0.
Note that H; either is a copy of (n — 1)-dimensional affine space given in
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4 p-adic analytic expression for the zeta-function

At by the equation x; = 0 (this is the case if f (X 4, . . ., X,) is divisible by X)),
or else is a lower dimensional ((n — 2)-dimensional) hypersurface. In the
first case we know its zeta-function explicitly (see Exercise 1 of §1), and in the
latter case we know that its zeta-function is meromorphic by the induction
assumption. Now the zeta-function for the union of the H; is easily seen to
be the product of the individual zeta-functions of the H,, divided by the
product of the zeta-functions of the overlaps of H; and H; (i # j)—i.e., the
hypersurface in a copy of A\ﬂ;q‘z defined by X; = X; = Oand f(X4,..., X,) =
O—multiplied by the product of the zeta-functions of the triple overlaps,
divided by the product of the zeta-functions of the quadruple overlaps, and
so on. But all of these zeta-functions are p-adic meromorphic by the induction
assumption or by the explicit formula for the zeta-function of affine space.
Hence, if Z’ is proved to be p-adic meromorphic, it then follows that Z is
p-adic meromorphic as well. See Exercises 4-5 of §1 for a similar argument.

Fix an integer s > 1. Let ¢ = p". Recall that, if ¢ denotes the Teichmiiller
representative of a € F, then the pth root of 1 given by ¢™° has a p-adic
analytic formula in terms of ¢:

eTre = O()OEP)O(?*) - - - A" ).
A basic and easily proved fact about characters (see Exercises 3-5 below) is
that
(Trtegw — {O, ifueFg
xgEFqs g, ifu=0;
and so, if we subtract the x, = 0 term,

. x
z (TG — {—1, ifuelF,

g¢-1, ifu=0.

xer;s
Applying this to u = f(x,, ..., x,) and summing over all x,, ..., x, € FJ,
we obtain

Z eTrxf(xy, .0y W = gsN/ — (¢F — 1)~

Now replace all of the coefficients in X, f(X1, ..., X,) € F[Xo, X, ..., X,]
by their Teichmiiller representatives to get a series F(X,, X3, ..., X,) =
SViaX¥eQ[X,, Xy, ..., X,], where X% denotes Xy %0X %1 ... X, %,

w; = (in, Wit -« win)'
We obtain:
qSNsI _ (qs _ l)n + Z Tr(xof(xy, ..., x.)
XQsX1s ..o x,.eiF:s
N
=(@-D"+ > [ [ ®@x*)0(arx>)---
X0eX1s .o xneQd i=1
xqP 1= =x%70

. @(ag,u - 1xpvs - lw‘).
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V Rationality of the zeta-function of a set of equations over a finite field

Note that, since f(X3, ..., X,) has coefficients in F,, g = p’, it follows that
a? = a;. Now let

N
Xy ., X) = [ [ O@X*)0@? X2 - - O(ap ~ X7 %),
i=1

so that
N/ =(@ - 1)+ > G(x)-G(x)-G(x*) - - - G(x¥ ™)

Since the series ©(a;”’ X?'*:) are each in R, (see Exercise 2 below), so is G:
G(XO) A Xl) € RO < Q[[XO; LR Xn]]
Hence, by Lemma 3, we have
NS =(g° — )" + (¢° — D" Te(¥),
ie.,
n n+1
= 1\ n s(n—-i-1) i n+ 1 s(n—i) t]
ZO( 1)(l.) + Z( 1)( Tr(¥?).
If we set (recall: A4 is the matrix of ¥)
A(T) = det(l — AT) = expp{ > Tr(‘I’S)TS/s,}a
s=1
we conclude that

Z'(H,[Fq; T)

exp,{ i Ns'Ts/s}
s=1
ﬁ [Cpr{ i qs(n —-t- l)Ts/S }]( h l)|(':) .

i=0

n+l o _1y(ntl
[exp {Z s =0 Tr(W*)T/s }]( SR

i=0
n+l

~TTQ = g2y O] e Ty v+,
i=0 1=0

By Lemma 4, each term in this “alternating product” is a p-adic entire
function.

This concludes the proof that the zeta-function is p-adic meromorphic.
This result is the heart of the proof of Dwork’s theorem. In the next section
we finish the proof that the zeta-function is a quotient of two polynomials.

EXERCISES

1. Let t € Q be a primitive (p* — 1)th root of 1. Prove that the conjugates of ¢
over Q, are precisely: ¢, 7, t?, ..., t* ', In other words, the conjugates of
the Teichmiiller representative of a € [, are the Teichmiiller representatives of
the conjugates of a over F,.

124



5 The end of the proof

2. Let X* = X,¥1.-- X,*», and let a € D(1). Prove that ©(aX™) € Ro,.

3. Let oy, ..., o, be distinct automorphisms of a field K. Prove that there is no
nonzero linear combination Y a,0; such that 3 a,0(x) = O for every x € K.

4. Let £ € Q be a primitive pth root of 1. Prove that J,c¢, e™* = 0.

5. Prove that

Z £Trixw) —

x
x€
Fgs

{‘—l, ifz(e F;
g — 1, ifu=0.

6. Prove that for any positive integers n and a,
S - {n, if n div.ides a;
ted in=1 0, otherwise.
7. Prove that G- T, = T, o G, in the notation of §V.3.
8. Extend the result

det(l — AT) = exp,,(— i Tr(A’)T’/s)

to infinite matrices 4, with a suitable hypothesis on convergence of Tr.

9. A review problem. Let f(X) = 3t-0oa; X' € F[X] be a polynomial in one
variable with coefficients in F,, ¢ = p", and nonzero constant term. We are
interested in the number N of distinct roots of f(X) in F,. For each i = 0,
1, ..., n, let A; be the Teichmiiller representative of a;. Let e =1 + A be a
fixed primitive pth root of 1 in Q, and define ®(T) as in §V.2. Let

n r—1

G(X, Y) =111 oU~x# y»).
i=07=0
Prove that
-1 1
N=91"_ + - Z G(x, y).
q q fe)

x. VY€
8- 1=ye~1=1

5. The end of the proof

Dwork’s theorem will now follow easily once we prove the following criterion
for a power series to be a rational function.

Lemma 5. Let F(T) = >, a;T! € K[[T]], where K is any field. For m, s > 0,
let A, be the matrix {ag.i+;}osijsm:

as as 41 sy 2 o Gsem
As¢y1 Gsyg as.3 o Qsamsn
dsy2 Q43 A5+ 4 vt Gsams2 )0
sim dsim+1 Gsems2 " Gsiom
and let N, ,, = det(A; ). Then F(T) is a quotient of two polynomials
P(T)
F(T) = —=> P(T), OQ(T) e K[T],
(M) =5F PO, oM eKT)
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V Rationality of the zeta-function of a set of equations over a finite field

if and only if there exist integers m > 0 and S such that N ,, = 0 whenever
s> S.

ProoF. First suppose that F(T) is such a quotient. Let P(T) = SM, b,T",
Q(T) = > o o.T". Then, since F(T)- Q(T) = P(T), equating coefficients of
T? for i > max(M, N) gives:

N
Z a_yiiCn-j = 0.
i=0

Let S =max(M — N+ 1,1), and let m = N. If s > S, we write this
equationfori=s+ N,s + N+ 1, ...,5s + 2N:

acy + Ao 1Cy_1 + -+ GsinCo = 0
51108 + GsooCy_1 + - -+ Gyyn1Co = 0
AyinCy + Gsens1Cy-1 + -+ + doionCo = 0.

Hence the matrix of coefficients of the ¢;, which is 4 y, has zero determinant:
Nepm=N,y=0 fors>S.

Conversely, suppose that N, , = 0 for s > S, where m is chosen to be
minimal with this property that N, = O for all s larger than some S. We
claim that N, ,_, # Oforalls = S.

Suppose the contrary. Then some linear combination of the first m rows
Pos P15 -« s Fm—1 Of A, vanish in all but perhaps the last column. Let r;, be
the first row having nonzero coefficient in this linear combination, i.e., the
ioth row r, can be expressed as

o Fig+y + Coligee + o+ Gy 1Fm-n

except perhaps in the last column. In A4, ,, replace r; by r;, — (ayrigey + -+ +
Gm_ig-1"m-1), and consider two cases:

(1) iy > 0. Then we have a matrix of the form

as as 11 As+m
s dsyg Asim+n

. . . ,
Asi+m Asem+1 s+ 2m

and the boxed matrix has determinant Ny, ,,_, = O.

(2) iy = 0. Then we have:

'
ot o -0 B
'
as+1: 512 Asim+1 |,
[ .
i, DR
Asim as+m+1 s 2m
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5 The end of the proof

Now N, .- is the determinant of either of the boxed matrices. Since the
determinant N, , of the entire matrix is 0, either the determinant of the lower
left boxed matrix is 0, or else 8 = 0, in which case also Ny, .-, = 0.

Thus, in either case N¢,; ,-1 = 0, and, by induction, we may obtain
Ng.m-1 = 0 for all s > 5. This contradicts our choice of m to be minimal.

But then for any s > S we have N, , = 0 and N, ,_; # 0. Hence there is
a linear combination of the rows of A, which vanishes, in which the co-
efficient of the last row is nonzero. Thus, the last row of 4; ,, forany s > Sisa
linear combination of the preceding m rows. Hence any simultaneous
solution to

Aasin, + sy + -0+ Asinllo =0

Asim-1Um + Qs ymlim—1 + - + Asyom_1t = 0
is also a solution to
Asimby + Asimerhm-1 + - + Gsiomte = 0,
and, by induction, to every
AUy + sty 1 + -+ Qs = 0

for s = S. This clearly implies that

(3 mx) (2 ax)

=0 =1

is a polynomial (of degree < S + m). O

We now use Lemma 5 to prove the theorem. We must make use of the
“p-adic Weierstrass Preparation Theorem” (Theorem 14, §1V.4). In the form
we need, it says that, if F(7T) is a p-adic entire function, then for any R there
exists a polynomial P(T) and a p-adic power series Fo(T) € | + TQ[[T]] which
converges, along with its reciprocal G(T), on the disc D(R) of radius R, such
that F(T) = P(T)  Fy(T). Namely, in Theorem 14 let p* = R; since F is
entire, it converges on D(p}).

For brevity, let Z(T) = Z(H,/F,; T). We know from §4 that we can
write Z(T) = A(T)/B(T), where A(T) and B(T) are p-adic entire functions.
Choose R > g"; for simplicity, take R = g". If we apply the fact in the last
paragraph to B(T), we may write B(T) = P(T)/G(T), where G(T) converges
on D(R). Let F(T) = A(T)-G(T), which converges on D(R). Thus,

F(T) = P(T)-Z(T).

Let F(T) = 22,b6T' el + TQ[[T]], P(T) = S¢ocT' el + TQ[T], Z(T)
= >2oaT el + TZ[[T]]. By Lemma 2 of §I, we have

lail o < g™
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V Rationality of the zeta-function of a set of equations over a finite field

Since F(T) converges on D(R), we also have for i sufficiently large:
b, < R~ = g

Choose m > 2e. Then fix m. Let A, = {Gs+i+,30si.5sm> @S before, and
N, n = det(4; ). We claim that for our m we have N , = 0 for s sufficiently
large. By Lemma 5, this claim will imply that Z(T) is a rational function.

Equating coefficients in F(T) = P(T)Z(T), we have:

bjve =Qjye + C18j1c1 + Colljyen + -+ + Ceay

In the matrix A4, ,, we add to each (j + e)th column—starting from the last
and moving left until the eth column—the linear combination of the previous e
columns with coefficient ¢, for the (j + e — k)th column. This gives us a
matrix whose first e columns are the same as in A; ,, the rest of its columns
have a’s replaced by the corresponding 4’s, and which still has determinant
N; . We use this form of the matrix to estimate | N; |,

Since a; € Z, we have |a;|, < 1. Thus, |N; nl, < (Max;s,e]b,],)" 17 <
R-stm+1-o for ¢ sufficiently large. Since R = ¢2", and m > 2e, this gives us:
le,mlp < q—ns(m+2).

On the other hand, a crude estimate based directly on A , gives: | Ny n| <

(m 4+ 1)lgre*r2mm+l) = (4 |)lg2nmim+Dgnsm+1) - Multiplying together these
two estimates, we see that the product of the p-adic norm and the usual
absolute value of N, , is bounded by an expression which is less than 1 for s
sufficiently large:
(m+ 1)!q2nm(m+1)
T
for s sufficiently large. But N; ,, € Z, and the only integer n with the property
that |n|-|n], < 1is n = 0. Hence N; , = O for s sufficiently large.

Therefore, Z(T) is a rational function, and Dwork’s theorem is proved.
O

le,m‘p"Ns,miw < q—ns(m+2),(m+1)!q2nm(m+1)qns(m+1) = <1
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Answers and hints for the exercises

CHAPTER | §2

3.

Write |lx 4+ y||¥ = (x + »)"|, use the binomial expansion and Property (3) of a
norm to get an inequality for ||x + y||V in terms of max(||x[, |ly|l), then take Nth
roots and let N — oo.

If x € F has the property that ||x|| < 1 and ||x — 1)} < 1, and if || || is non-Archi-
medean, then 1 = |1 — x + x|| < max(flx — 1}|, |x]|) < 1, a contradiction. Con-
versely, suppose that || || is Archimedean. Then by definition, there exist x, ye F
such that |x + y|| > max(||x]||, |yll)- Let « = x/(x + y), and show that |ja]| < 1 and
flo — 1} < 1.

. Suppose || l|; ~ || |l;. Let ae F be any nonzero element with [|a], # 1, say |la],

> 1. Then there is a unique a such that [af, = |a|5. Claim: ||x||, = ||x||$ for all
x € F. If, say, there were an x with |x||, > ||x||$ (also suppose that |x||; > 1), then
choose large powers x™ and a” such that || x™/a"||,; approaches 1; but then show that
||Ix™/a"|| , approaches 0, and hence the two norms are not equivalent. Finally, note
that « > 0, or else we would not have || ||; ~ || ||,. (The converse direction in this
exercise is easy.)

. If p = 1, you get the trivial norm. If p > 1, you don’t get a norm at all; for example,

choose N large enough so that p¥ > 2 and take x = 1,y = p¥ — 1. Then check that
pord,,(x+ » > pord,,x + pord,y.

. The sequence {p,"} approaches Oin| |, butnotin| |,,.

The hardest part is to prove the triangle inequality for | |*, « < 1. By supposing
x| > |y| and setting u = y/x, reduce to showing that

—-l<ux<l implies T4+ ulr <1+ |ul
which is true if
O<ucxl implies f(W)=1+u*"—(1+u)*=0.
Since f(0) = 0 and f(1) = O, this follows by showing that f'(u) # 0 on (0, 1).
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Answers and hints for the exercises

9. Use Exercises 2 and 3: if ||n|/o,cn > 1, then the sequence {1/n'} approaches zero in

“ ”Arch bUt not in “ “non-ArCh'

10. Show that the least positive integer of the form nN + mM must be a common

divisor of N and M.
11. 3,7,1,1,7, -2,0,0,3,2, —2,0, -1, —1, 4.

12-14. Prove the lemma: ord (n!) = $[n/p’], where [ ] is the greatest integer function
and the sum is over j > 1 (note that this is only a finite sum).

15. 1/25,25, 1, 1/25, 1/243, 1/243, 243, 1/13, 1/7, 1/2, 182, 1/81, 3, 2V~ 2% 12,

16. p does not divide its denominator when x is written as a fraction in lowest terms.

17. Use Exercise 14.

19. Use the “diagonal process,” as follows. Choose an infinite subsequence of integers

with the same first digit, an infinite subsequence of that with the same first two digits,
and so on. Then take the subsequence consisting of the first element from the first
subsequence, the second element from the second subsequence, . . ., the ith element
from the ith subsequence, . ...

CHAPTER I §5

Lp—apm+@—1—a o p "+
+(—~1—a))+p—-1-ajp+--.

H4+0.7+1-77+5.7°

(i) 2+0-5+1-52+3.5°

(i) 8117 + 84+ 911 +5-112

Giv) 1-2 + 1-22+0.2° (the bar denotes repeating digits)

WMW1+1-7+1-72

(i) 10 +9-11 +9- 112

(vii) 10 +0-13 +4-132 +7-133
(vii) 2-57 2 +4-5 24 1.5!

(ix) 2-32+2-3%3+2.34+2.3°

(x)2-37'+141-3

(xi) 1:2734+1-27240.27"

(xii) 4-57' +4 + 3.5

. To prove that a/b € Q has repeating digits in its p-adic expansion, first reduce to the

case ptb. Then first suppose that a/b is between 0 and — 1. Multiply the denomi-
nator and numerator of a/b by some ¢ which gets the denominator in the form
¢b = p" — lforsomer.Letd = —ac,sothat0 < d < p” — 1.Thena/b = d/(1 — p);
now expand as a geometric series. You find that a/b has a “purely” repeating
expansion. If a/b is not between 0 and — 1, then it is obtained by adding or sub-
tracting a positive integer from a purely repeating expansion, and the result will
still be a repeating expansion once you're past the first few digits. An alternate proof
is to show that in long division you must eventually get repetition in the remainders.

. The cardinality of the continuum. You can construct a one-to-one correspondence
[ between Z, and the real numbers m the interval [0, 1] written to the base p by
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Answers and hints for the exercises

setting f(ao + aip + -+ + @,p" + ) = ao/p + ay/p* + -+ ap"T 4o (f
is not quite one-to-one, since a real number in (0, 1) with a terminating expansion
has two preimages; for example, (1) = f(—p) = 1/p.)

7.14+0-2+1-2240-23 +1.2% ...

8. (i), (iii), (iv), (v), (ix).

9.2+1-5+2-52+1-5>+---,3+3.54+2-524+3-5+--5,2+5-7+0-7*
+6- 7P+, 5+1-7+6-7*+0-73 +---.

10. 5,13, 17.

11. Let a; € Z,; be any number which is a square mod p, let a, € Z, be any number
which is not a square mod p, and let a3 = pa,, a, = pa,.

12. Take, for example: 1, 3, 5, 7, 2, 6, 10, 14.

13. In Q4 we have +1 and the two square roots of — 1 found in Exercise 9. To prove
the general fact, use Hensel’s lemma for each a, =0, 1, ..., p — 1 with F(x) =
xP — x.

14. See Herstein’s Topics in Algebra, p. 160 (where it’s proved for polynomials with
integer coefficients; but the proof is the same with p-adic integer coefficients).

15. If there were such a pth root, then the polynomial (x? — 1)/(x — 1) would have a
linear factor. But substituting y = x + 1 leads to an Eisenstein polynomial, which
is irreducible by Exercise 14. To give the second proof, notice that (1 + p'x')? =
1 + p"*'x’ + (terms divisible by p>"* 1), and this cannot equal 1.

16. Note that 1/(1 —p) — (1 + p + p* + --- + p") = p"**/(1 — p). The other two
series converge to 1/(1 + p), (p> — p + /1 — p?).

17. (a) More generally, in place of p’ one can take any sequence p;€ Z, such that
ord,(p;) = i. Namely, show by induction on n that the map

{all sums agpo + - + Ay 1Pp—1

. . .. 0,1,2,...,p" — 1
with varying digits a; } = P }

obtained by reducing modulo p”, is one-to-one.
(b) We have
—(p=D 3 pP<a+-+a(-pt<@-1) > P
i<n,iodd i<n,ieven
since there are 1 + (p — 1) 3;., p' = p" integers in this interval, by part (a) each
such integer has exactly one representation in the form ay + - -+ + a,_,(—=p)" .

18. Use Hensel’s lemma with F(x) = x" — a (or ax™" — 1 if n < 0) and a, = 1.
1 + p has no pth reot. Next, if « = 1 + a,p?> + ---, then to find a pth root let
ap = | + a,p and apply Exercise 6 with M = 1, F(x) = x? — a.

19. Use induction on M to prove the congruence: if «?™ ' = o™ + p™~ ! for some
B (this is the induction assumption), then raising both sides to the pth power gives
the desired congruence. Then show that the limit as M — oo has the properties (1)
its pth power is itself, and (2) it’s congruent to « mod p.

20. Use the same idea as in Exercise 19 of §2.
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Answers and hints for the exercises

21. Look for X = A, + pA; + p?A, + ---, where the A; are r x r matrices whose

entries are p-adic digits 0, 1,2,...,p — L. Let X, = 4g + --- + p"4,. We want X,
to satisfy X* — AX + B = 0 mod p"*! (where we use the congruence notation for
matrices to denote entry-by-entry congruence). Use induction on n. Whenn = 0 we
obtain the congruence by choosing 4, = 4 mod p. The induction step is:
(Xn—l + pnA”)Z - A(Xn—l + pnAn) +B

= (Xr%—l - AXn—l + B) + pn(Aan—l + Xn—lAn - AAn)

= (Xi-1 ~ AX,—1 + B) + p"4,4 (mod p"* 1),
because X,_; = A (mod p). Choose A, modulo p to be

~(X7-y —AX, + Bp7rA”L

Notice that this argument falls through for higher degree polynomials because of
the noncommutativity of matrix muitiplication.

CHAPTER 1I §2

1.

Expand 1/(1 — ¢™°) in a geometric series; then multiply out, and use the fact that
every positive integer n can be written (uniquely) as g}* - - - gi~.

. Definef(t) = it + t/(e¢' — 1) and show that f(¢) is an even function, i.e., f(£) = f(—1).
. For large k, {(2k) is near 1. Answer: 4./nk(k/ne)?*.

(i) modulo 5° we have (1 + 2-5)1/625+1-29 = (1 1 2.5)1*5" = 11.(1 + 2.5)**
=142-54+0-5242-5%4+2.5%

(i) modulo 3° we have (1 +3) ¥2=(1+3)1*3*¥=140-3+1-32+
1-3% +1-3%

(i) 1+5-7+3-72+2-T+2-7*+....

. Note that p¥ = 1 modulo p — 1 for any N, so that, if you first approximate a given

p-adic integer by the nonnegative integer obtained from the first N places in its p-adic
expansion, you can then add a suitable multiple of p" to get a positive integer con-
gruent to s, modulo p — 1 which is an equally good approximation.

« L1) = n/4; Li(s) = T1 1/(1 — x(q)/q").

CHAPTER 11 §3

2.
S.

An example is the complement of a point.

It suffices to prove this for U = a + (p"), since any U is a disjoint union of such sets.
Let a’ be the least nonnegative residue mod p" of aa; then since [«|, = 1, it follows
n

that aU = a' + (p"), and so both U and aU have the same Haar measure p™".

. (1) the first digit in a; 2) (p — 1)/2; 3) £222 a(a/p — 1/2) = (p? — 3p + 2)/12.

CHAPTER 11 §5

1.

For the first assertion, compare coefficients of £* in the identity: te"*/(e' — 1) =
(3 B, t*/k1)( 3 (tx)//j!). To prove the second assertion, take j’é -+ dx of both sides of
the identity 3 B,(x)t*/k! = te™ /(¢ — 1) and compare coefficients of t*. To get the
third assertion, apply (1/t)(d/dx) to both sides of the same identity.
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2. Claim: w(U) = Ofor any U if u has this property. Since U is a union of sets of the form
a + (p™) for N arbitrarily large, we have for such N: |u(U)|, < max,|u(a + (p"))|,-
Now let N - oo.

3. B,;p*" 'B,; (1 — p* "B,
5. (1 — a™™B; (1 —a™ (1 — p"MBy; Si-o al — a7 )1 — p)Bis /G + 1)
7. Use the corollary at the end of §5 with g(x) = 1/(the first digit in x), so that f(x) =

g(x) mod p, and g(x) is locally constant.
9. lim > a/pM*!

N—o 0<a<pN
N=2M+1a=ao+azp?+--+asmp*™

H 1 Mp—l h{p_1 2 M = 2M
= lim (P 2 a0+ P 2 ap? + -+ pM 2 ap
M- P ap=0 ax=0 axm=0
1
2p+ 1)

-1
=p_2__(1+p2+p4+...)=

CHAPTER 11 §7

2. (i) Use the Kummer congruence (1 — 527 1)(—=B,/2) = (1 — 5!°271)(—B,4,/102)
modulo 53 to obtain 1/3 = —B,,,/102 (mod 5%), and hence By, =1 + 35
+3-5%24-.-.

(ii) From the congruence (1 — 72~ ')(—B,/2) = (1 — 7?97 1)(— B,4¢/296) (mod
7%), obtain Bygs = 6 + 6-7 + 3-7% + ---.

(iii) Use (1 — 74~ 1Y(—B,/4) = (1 — 75927 1) = Bss,/592) (mod 7°) to obtain Bso,
=3+4+4-T+3-7*+---.

3. Recall that a rational number belongs to Z if and only if for each p it isin Z,. Then
use parts (1) and (3) of Theorem 7.

6. Let & = 1 + p?> = 5, and let g(x) = (ao + 2a,)” !, where a,, a, are the first two
2-adic digits in x. Then follow the proof given for odd p. In the case p = 2, the
Clausen-von Staudt theorem says that every nonzero Bernoulli number starting
with B, has exactly one power of 2 in the denominator.

CHAPTER III §1

1. All roots of X»"~1 — 1 are also roots of X?'~! — 1 if and only if X* ~! — 1 divides
X? =1 — 1; this is true if and onmly if p/ — 1 divides p/ — 1, which, in turn, is
equivalent to f’ dividing f.

2. Here is a table of all possible generators of [ :

p|2|3L5i7|11 I 13

possiblea | 1 | 2 | 23 | 35 | 2678 | 26711
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10.

. (1 4 j)royodd power ig 2 generator.

. Adjoinarootjof X2 + X + 1 = 0and X + X + 1 = 0,respectively. For example,

in Fg we multiply as follows:
(@ + bj + ¢j*)d + ej + fj?) = (ad + bf + ce) + (ae + bd + bf + ce + cf)j
+ (af + be + cd + cf)j*.

Finally, note that when g — 1 is prime, any element (not 1) of F’ is a generator.

. Clearly F(a) = F,

. If any two of the o; were the same, you would get a polynomial of degree less than g

having q roots.

. If P(X) factored over F,, say, P(X) = Py(X)P,(X) with deg P; = d < p, then the

coefficient of X4~ ! in P,(X), which is minus the sum of d of the roots a + i, would
bein F,. But thendae F,,and soa€ [, Butall elements of F, are roots of X? — X,
and so cannot be roots of P(X).

. If p =2, then —1 = 1 and it’s trivial; otherwise F, contains a square root of —1

if and only if 1 has a primitive fourth root, i.e., if and only if 4 divides g — 1.

. Assume the contrary, and use the same approach as in Exercise 19 of §1.2 and

Exercise 20 of §L.5.

First show, without using limits, that the formal derivative of a polynomial over any
field obeys the product rule. This can be done quickly by using linearity of the
derivative to reduce to the case of a product of two powers of X.

CHAPTER III §2

A good reference for the ideas in these exercises (especially Exercises 2, 6, 7, 8)

is
3.
4.

5.

Chapter IV of Simmons’ textbook (see Bibliography).

Uy - Uy = Pvy, but "vzllsup' "vznsup = 1’ ”pvlllsup = Ip[p = l/p

Let F, = A/M be the residue field of K, where g = p’; it is an extension of degree f of
the residue field F, of @,,. In the proof of the last proposition we saw that f < n =
[K:Q,]. (In the next section we’ll see that f divides n; e = n/f is called the ramifica-
tion index.) First suppose that K is unramified, i.e., f =n. If we let X denote
the image of x under the residue map 4—F,, we see that we can choose a basis
{v1,..., v, of K over Q, such that {7, ..., 7,} is a basis of F, over F,. One
now checks that the sup-norm with respect to such a basis has the desired
multiplicative property. Namely, first prove that x € K we have: || x|,,, < 1 if and
only if x€ A4; | x|y <1 if and only if x € M. Then to show that [xy|, =
1 x}lsup - I¥llsup> reduce to the case when [xyp = ¥llsup =1, 1.6, X, y€A — M.
But then xy € 4 — M. Conversely, if K is ramified, the sup-norm is never a field
norm. Namely, one can show that in a field norm K has elements with norm a
fractional power of p.

Any element x € Z, can be written in the form x = p"u, where u is a unit.
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CHAPTER III §4

1.

The values of | |, onQare the same as on Q,, since any element can be approximated
by an element of @, To show that, for example, the unit ball in Q, is not sequentially
compact, take any sequence of distinct roots of unity of order prime to p and show
that it has no convergent subsequence.

. Let ro = |b — a|,- You get the empty set unless r is a sum r, + r, of two rational

powers of p (or zero). Then consider cases depending on the relative size of rq, 7y, 75.
For example, if ry = r;, > r,, then you get the two disjoint circles of radius r, about
a and b. The “hyperbola” has exactly the same possibilities; now r = r; — r, must
be a difference of two rational powers of p.

. Let C, = max(1, Cy). Suppose f is a root with |B]|, > C,. Then = —b,_; —

b,_,/B — -+ — bo/B"" ", and |B|, < max(|b,_;_,/B'|,) < max(|b;],) = Co, a con-
tradiction.

. Set § = min|a — o] ,, where the minimum is over all roots a; # « of f. Use the last

proposition in this section with the roles of § and ¢ reversed to find a root f of g such
that |o¢ — B|, < 8. By Krasner’s lemma, K(x) = K(B). Since f is irreducible,
[K(x): K] = deg f = deg g > [K(B): K], and hence K(x) = K(f). As a counter-
example when f is no longer irreducible, take, say, K = Q,, f(X) = X%, a =0,
g(X) = X? — p*™* ! for large N.

. Let a be a primitive element, ie., K = Q,(a), and let f(X)e Q,[X] be its monic

irreducible polynomial. Choose ¢ as in Exercise 4, and find g(X) € Q[X] such that
| f — gl, < & (For example, take the coefficients of g to be partial sums of the p-adic
expansions of the corresponding coefficients of f) Then g has a root f such that
K = Q,(f) > Q(pB), and it’s easy to see that F = Q(p) is dense in K and has degree
n=[K:Q,] over Q.

. Set o =,/ —1, B = ./ —a (with any fixed choice of square roots). We can apply

Krasner’s lemma if either | — ], or | — (—a)]|, is less than & — (—a)|,, which
equals 1 if p # 2 and 1/2 if p = 2. Since

Ia - llp = "a - (_l)lp = IB - a'p'ﬁ + alpa
this holds if |a — 1], < 1 for p # 2 and <1/4 for p = 2. To do the next part, set
o= f, B = \/1;. Then it suffices to have either | — a|, or | — (—a)|, less than

|2\/1—>|p. Since |a —pl, = |B — al,|B + al,, this holds if |a — p|, < |4p|,. So
choosee = 1/pifp#2and =1/8ifp = 2.

. First note that 4 satisfies the monic irreducible polynomial (X?"~1)/(X?"~! — 1).

(For the case n = 1, see Exercise 15 of §1.5.) Now let § = (—p)V/®~ Y ie, Bis a
fixed rootof X?~!' + p=0.Leta, =a— Lo, =a* —1,...,0,_; =a”" ' — 1 be
the conjugates ofa — 1. Check that |o; — «;|, = p~ "~ Dforanyi # j. By Krasner’s
lemma, it suffices to show that | — «;, < p~ =1 for some i. If this were not the
case,wewould havep™! < T1¢Z) If — o], = [((B + 1)? — 1)/B|,,since TT(X — «;)
= ((X + 1)* — 1)/X. Now use the relation 7~ ! + p = 0 to obtain: (8 + 1) — 1)/
= -3 7=, ())B'" 2. Butthe p-adicnormof thisis bounded by| pB|, < p~'. To prove the
last assertion in the exercise, suppose that a is a primitive mth root of 1, with m not
a power of p, and |a — 1], < 1. Then we would have |a' — 1|, < 1 for any i. Let
[ # p be a prime factor of m, and let b = a™', which is a primitive Ith root of unity.
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8.

10.

11.
12.

13.

14.

15.

16—

Then f = b — 1 satisfies: | B], < 1, and at the same time 0 = (8 + 1) - 1)/B=
Si=2 OB + L Butthen |I], = |B(— Zi-, (DB, < 1, a contradiction.

Let 7 be an element of K with ord, = = 1/e, where e is the ramification index of K.
Then {n'};_¢.;.....m-1 are in distinct multiplicative cosets modulo (K *)", and any
element of K* can be written uniquely as n'* ™y for some 0 < i<m, jeZ uek
with |u|, = 1. Now show that u is an mth power. Namely, since its image in the
residue field F, is an mth power, we can find u, such that « = u/u,™ — 1 satisfies
fa|, < 1. Finally, write the p-adic expansion 1/m = a, + a,p + a,p* + ---, and
obtain

u= u(')"(l + (‘1) = (uo(l + a)a°+alp+ﬂzﬂz+“-)m.

Otherwise, K would have residue degree f > 1, since it would have more than p — 1
roots of unity of order prime to p, and any two such roots have distinct residues
in ;].

All have the cardinality of the continuum.

Let yy, ..., y, be elements in K such that | y;|, = 1 and the images of the y; in the
residue field form a basis of the residue field over F,. Show that y, 1 <i<f,
0 <j < e — 1, form a basis of K over Q,, where ord, = = 1/e.

If B satisfies the Eisenstein polynomial X¢ + a,_, X" ' + -+« + aq, set a = —a,.
Then aeZ, ord,a =1, and p°—a =+ ag= —a._' —--- —a,f has
p-adic norm less than 1/p.

Follow the proof of Theorem 3 of Ch. I but working over the field K, with f playing
the role of p (recall that ord, = 1/e). Note that ord (8° — @) > 1 + 1/e. Look for
B+ a,p* witha, €{0, 1, ..., p — 1} such that ord (B + a, %) — o) > 1 + 2/e,
and so on. An alternate method is to note that |a/f¢ — 1], < 1, then write the p-adic
expansion for l/ee Z,,, and compute B(a/f)'/* € K; this will be an eth root of a.
Finally, we have K = Q,(p) because f§ has degree e.

Let ¥ = Z,[X] be the set of monic polynomials of degree n. For f, ge V define
| f — gl, by the sup-norm. Note that V looks like Z; with the sup-norm, and it is
compact. Let S = V be the subset consisting of irreducible polynomials. Any such
polynomial gives at most n different degree » extensions of Q, in @‘,. For fixed f €S,
the last two propositions in §3 show that there exists § > 0 such that any g € S with
| f— gl, < & gives precisely the same set of degree n extensions as does f. By com-
pactness, the set S has a finite covering of subsets in each of which the polynomials
give the same extensions. So there are only finitely many extensions of degree n.

17. See the article “ Algebraic p-adic expansions” by David Lampert, to appear in
the Journal of Number Theory.

CHAPTER IV §1

1.

() D(p''?~V7); (ii) D(c0) = all of &; (iii) D(p~); (iv) D(1); (v) D(1); (vi) D(17);
(vii) D(17).
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Answers and hints for the exercises

A counterexample for the last question: let f; = 1 + pX if j is a power of 2, and let
f; = 1 otherwise. Then f(X) = [T, (1 + pX*) = 32, p*' X/, where S; denotes
the sum of the binary digits in j; this does not converge on D(1).

Let d(x, Z,) = min{|x — y|, |y € Z,}, i.e., the “distance” from x to Z,. First prove
that if d(x, Z,) > 1, then the series converges, in fact, it converges under a much
weaker condition on |a,|,. Now suppose that d(x, Z,) = r < 1. Choose M so that
p~™M*D < r < p™M Then for n = p¥ with N > M, show that: p¥ — p"~! of the
factors in the denominator of the nth term are of norm 1, p¥ ~! — p¥ 2 of the factors
are of norm 1/p, p¥~2 — pN~3 of the factors are of norm 1/p?, and so on, and finally
p¥ M — p¥~M—1 of the factors are of norm 1/p¥, and the remaining p¥~M~!
factors are of norm r. Use this to give a lower bound for the ord, of the nth term,
namely, :

ord,a, + ord,n! — (p¥ "' — p¥" ) —2(p" "2 —p*"IH — ...
— M(pN—M - pN—M—l) _ (M + l)pN—M—l
=ord,a, +ord,nt —n(p™* +p~2 +--- + p7MY
= ord,a, + (n/p"*" — D/(p — D).

The more general case when n is not a power of p involves the same sort of estimate.
In all cases, one finds that ord, of the nth term approaches infinity.

. For p > 2, write the congruence in the form ((1 + 1)? — 2)/p = 0 (mod p), use the

binomial expansion for (1 + 1)” to get 3?2 (p — IXp—2)--- (p —j + 1)/j' on
the left, and consider each term modulo p.

. Leta = log,(1 — 2) = —lim,., 3", 2/i. Now2a = log,((1 — 2)?) = log, 1 = 0;

hence, a=0. Thus, ord, 7., 2//i=ord, £2,,, 2/i>min,,,, , (i—ord, i). For
example, for n = 2™ this minimum is n + 1.

8-9. Non-theorem 1 is being used.

10.

11.

(a) Thereal series for the square root converges to the positive square root (m + p)/m;
the p-adic series converges to the square root which is congruent to 1 modulo p. Here
they’re both the same.

(b) Here the positive square root is (p + 1)/2n = (p + 1)/(p — 1), but this is the
negative of the square root which is =1 mod p.

(d)—(e) Consider the following cases separately:

Case (1). a — b is divisible by an odd prime p. Note that, since a and b are positive,
relatively prime, and not both 1, it follows that a + b > 3 is divisible either by 4 or
by an odd prime p, # p. Then (1 + «)"/? converges to a/b p-adically and converges
to —a/b either 2-adically (if 4 divides a + b) or p,-adically (if p, divides a + b).
Case (ii)). a — b = +2",r > 2. Note that in this case there must be an odd prime p
dividing a + b. Then (1 + )2 converges to a/b 2-adically and to —a/b p-adically.
Case (iii). a — b = +2, so that « = (a/b)? — 1 = 4 +b + 1)/b%. Note that here a
and b are both odd. Then (1 + «)!/2 converges to —a/b 2-adically and to a/b in the
reals, provided that —1 < a < 1. The latter inequality holds unless b = 1,a = 8 or
b=3,a=16/9.

Case (iv). a — b = +1, so that a = (+2b + 1)/b%. Then (1 + «)!/2 converges to
—a/b p-adically for p a prime dividing +2b + 1, and it converges to a/b in the reals
unlessb = l,a =3 o0orb =2,a = 5/4.
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12. The series (x d/dx)*1/(1 — x) = 3 n*x" represents a polynomial in Z[X ] divided by

13.

14.

15.

(1 — X)**! in its disc of convergence, in both the real and p-adic situations. In
particular, for x = p you get an integer divided by (p — 1)**1.

The left side is —logs(1 + 1%) = —log;(£2); the right side is
—2logy(1 — 3) = —logs((—9?*) = —logs(3).

As an example where the exact regions of convergence differ, take f(X) = 3 X7
Then f(X) converges on D(17) and f'(X) converges on D(1).

(a) For example, 32, i!/p}, where p; denotes the ith prime. (b) I don’t know of an
example, or of a proof that it’s impossible.

17. For each rational number r = a/b € Q, make a choice of p" € Q, i.e., choose a root of
x® — p* = 0 and denote it p". Now take, for example, f(x) = p© >,

18. No.

20. If you want each coefficient to j places, choose N so that p¥ > Mp/~!;writea/be Z,
modulo p¥ in the form ay + a;p + -+ + ay_,p" ~*; and compute the coefficients of
(1 + X)yeorawp+ +an-2"" ! modulo p'.

21. (6) First prove that the convergence assumptions allow you to rearrange terms.
Reduce everything to proving than an element in R[[X]] which vanishes for values
of the variables in [— ¢, ¢’} must be the zero power series. Prove this fact by induction
onn.

CHAPTER IV §2

1.6-7+2-7>45-732% 4 25 4 25 4 28 4 2° 4 210 4 211,

2. By removing roots of unity, show that the image of Z,, is the same as the image of
1 +pZ,forp>2and 1+ 4Z,forp = 2.

3. p*llog, a<>p*|(p — Dlog, a = log,(a*~!), and the latter is congruent to
a?~' — 1 mod p?, since in general log,(1 + x) = x mod p? for x € pZ,,.

4. log, x (no surprise!).

5. Letc = f(p), and show that f(x) — ¢ ord, x satisfies all three properties which char-
acterize log,, x.

8. [ fA+pY) S, =|-1-1],=1

9. 2~ 1=(+ 1)(j — 1), and for p > 2 exactly one of the two factors is divisible by
p, and hence by p*. If p = 2, then you have j = +1 mod 2V~ 1,

10. Approximate 1/2 by (p" + 1)/2,and compare (I Tj< v +1y2, prj ) With TTj<pn. oy ;s
which we proved is = —1 (mod p%).

12, In the first equality both sides are 1 +3-5+2-5% +3.5% + ..., and in the

14

second equality both sidesare 1 + 6-7 +5-72 +4-7% 4 ...,
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13.

14.
15.
16.
17.
18.

Answers and hints for the exercises

On the right side of property (3), we have s =p—r, 5, =(p — 1 — r)/(1 — p).
Note that the expression is congruent to m* ~* mod p; then it remains to verify that
the (p — Nthpoweris1.Use:(p— 1)s; =1 —p+r=1—s,.

In all cases show that the image of the function is in the open unit disc about 1.
T+ X +X24+2X3 4+ 2X%1 + X +3X% 4+ 4Xx3 4+ x4

The coefficient of X?is ((p — 1)! + 1)/p!; Wilson’s theorem.

E/X?)E/X) = e" € 1 + pXZ,[[X]}

FXPYf(X)P = exp(S2olbim; — pb)X?). If ¢; =biy — pbiepZ, for all i, then
since e* € 1 + pXZ,[[X]] whenever c e pZ,, it follows that

[Te*™ e 1+ pPXZ,[[X]1]

Conversely, suppose c;, is the first ¢; not in pZ,; then the coefficient of X P in
[T e*° is congruent mod p to ¢i, # 0 mod p, and by Dwork’s lemma f(X)¢
1+ X2Z,[[X]]

CHAPTER IV §4

1.

3.

(i) Join (0, 0) to (1, 0) and (1, 0) to (2, 1).
(i) Join (0, 0) to (3, —2).
(iii) Join (0, 0) to (2, 0), (2, 0) to (4, 1), and (4, 1) to (6, 3).
(iv) Join (0,0) to (p — 2,0) and (p — 2,0) to (p — 1, 1).
(v) Join (0, 0) to (1, 0), (1, 0) to (2, 1), and (2, 1) to (3, 4).
(vi) Join (0, 0) to (p* — p, 0), (p®> —p,0) to (p>  — 1, p—1),and (p> —1,p—1)
to (p% p+1).

. (a) Any root « of f(X) that satisfied a polynomial of lower degree d would have

ord, « equal to a fraction with denominator at most d; but by Lemma 4, ord, a =
—m/n.

(b) If f(X) is an Eisenstein polynomial, then a, ' X"f(1/X) =1 + a,_,/a,X + ---
+ ap/a, X" has for its Newton polygon the line joining (0, 0) to (n, 1).

(c) Counterexample: 1 + pX + ap*X?, where ae Z) is chosen so that 1 — 4a is
not a square in Z,,.

All slopes are between 0 and 1, and for each segment of slope A there’s a segment (of
the same horizontal length) with slope 1 — 1. The number of possible Newton
polygons of this type is: 2forn = 1;3forn = 2;5forn = 3;8 forn = 4.

@) Join(p' — 1, —to(@*!' -1, —(j+ D)forj=0,1,2,....
(i) The horizontal line from (0, 0).
(iii) Join(p’ — 1,1 + p+---+ p7t - j)to
't -1,1 +p+...+pj‘l +pi—(j+ Yforj=0,12...
(iv) One infinite straight line from (0, 0) with slope —1/(p — 1).
(v) The segment joining (0, 0) to (2, 1) and the infinite line from (2,1) with slope 1.
(vi) The infinite line from (0, 0) with slope 1.
(vii) Join (j,1+2+---+(—1) to (J+L,1+2+ -+(—1)+)) for
Jj=0,1,2,....
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10.

11.

12.

(viii) Starting with a segment from (0, 0) to (2, 2), there are infinitely many segments
with slope increasing toward \/5 ; the details of these segments depend upon
rational approximations to ﬁ

. The Newton polygon of 1 + 32, p'*ZIX! is the infinite line from (0, 0) with

slope \/E

. Forexample, 52, p’X? ~ ! converges on D(1), its Newton polygon is the horizontal

line from (0, 0), and it has no zero in D(1).

. Reduce to the case A = 0 by replacing f(X) by f(p~*X), where p* is a choice of

fractional power of p in . Then multiply by a scalar to reduce to the case when
min ord,q; = 0.

For x € D(1) clearly | f(x)|, < 1. To obtain an x for which | f(x)|, = 1, it suffices
to reduce modulo the maximal ideal of Q, i.e,, to consider the series f(X) e F,[X].
(This has only finitely many terms, because ord, a; — cc.) Then choose any x such
that f(x) # Oin F

P

. Apply the Weierstrass Preparation Theorem to the series f,(X) = f(X)/a,X"€ 1

+ XQ[[X]] which is obtained by dividing f(X) by its leading term a, X". Take A = 0.

Reduce to the case f(X)e 1 + XQ[[X]] by factoring out the leading term, as in
Exercise 9. Use the Weierstrass Preparation Theorem to write h(X) = f(X)g(X).
But f(x) = 0 implies that h(x) = 0, and h(X) is a polynomial.

Use Exercises 9 and 10, and show that if E, has one zero, then it must have infinitely
many. To do this, let x be any pth root of a zero of E,, and use the relation E (X)* =
E(XP)er*.

Write f(X)g(X) = W(X). If f(X) has a coefficient a; with ord, a; < 0, then, by
Lemma 4, f(X) has a root « in D(17). But then h(a) = 0; however, fand h have no
common roots. If A(X) has a coefficient a; with ord, g; < 0, then it has a root « in
D(17). Since g(a) # 0 it follows that f(x) = 0, and we again have a contradiction.

CHAPTER V §1

1.
2.
3.

144

/(1 - 17);1/(1 — q"T).
11 — TX1 — qT)--- (1 — q'T).

There is a one-to-one correspondence between the points of (n — 1)-dimensional
affine space and the points of H given by

ooy Xy ) (X g, ooy X1, —8(X g5 e v vy Xnm 1))

. Suppose, for example, that r = 2. Then show that 3+ H, , (F.) =3 H (F,)

+3#H (F) —$#H,, ,(F), where H, ,, is the hypersurface defined by the
product of the two polynomials.

. Write an n-dimensional projective hypersurface as a disjoint union of affine hyper-

surfaces (one in each dimensionn,n — 1,n — 2,...).



6.

%

10.

11.

12.

13.

14.

Answers and hints for the exercises

Let Q(T) =111 — o, T), P(T) =11 (1 — B;T); these are both in Q[T]; then
exp(3 N,T*/s) = P(T)/Q(T). The converse is shown by reversing this procedure.

Comparing coefficients of T gives a = N, — 1 — g, where N, = #E([Fq); by
Exercise 6, Ny = 1 + ¢° — o — o, where a,, a, are given by (1 + aT + qT?) =
(1 —-a,TY1 —a,T).

(i) For ¢ = 2 (mod 3), every element of [, has a unique cube root; then show that
N, = ¢ + 1,sothata = 0,and the zeta-functionis (1 + gT?)/(1 — TX1 — qT).

(ii) For g = 3 (mod 4), —1 does not have a square root. Then for exactly one from
each pair x, = a,x, = —awehaveasolutiontox, = +./x3 — x, ; thisgivesa
one-to-one correspondence between a€F, and points (x,, x,) on the affine
curve. Counting the point at infinity, we obtain N = ¢ + 1, asin part (i), and the
zeta-function is (1 + qT?)/(1 — TX1 — qT). Next, for g = 9 = 3%, we have N,
= (the N, when g = 3) = 16,a = 6, Z(T) = (1 + 3T)*/(1 — TX1 — 9T). For
q = 5 we have Z(T) = (1 + 2T + 5T?)/(1 — TX1 — 5T), and for g = 13 we
have Z(T) = (1 — 6T + 13T?)/(1 — TY1 — 137).

Suppose we have two rational functions f(T)/g(T) and w(T)/(T) with numerator
of degree m and denominator of degree n, where the first is exp(3 2 ; N,T%/s) and
the second is exp(3 2, N, T°/s), and suppose that N, = N fors = 1,2,...,m + n.
It suffices to show that then f(T)/g(T) = u(T)/«(T), because that implies that
N, = N; for all 5. But f(T)T) = g(T)u(T) exp(3 2 (N, — N)T?/s) = g(T)u(T)
X eXP(Z X m+n+ 1(Ns — NYT?/s), and the equality of polynomials comes from
comparing coefficients of powers of T up to T™*".

Show that there are (g — 1)g° four-tuples with nonzero x; and (g — 1)q with zero
x3; then the zeta-function is (1 — ¢T)/(1 — ¢*T).

The zeta-function of the affine curve is listed first, followed by the zeta-function of its
projective completion:
() 1 = T)yA - qT)*; 1)1 = TX1 — qT).
(i) (1 = T)*/(1 — qT)*; 1/(1 — qT)>.
(iii)) (1 — T)/(1 — qT) (unless p = 2, inwhich case it is 1/(1 — ¢qT));

1/(1 — TY1 — qT).

(iv) 1/(1 — qT); 1/(1 — TX1 — qT).
v) 01 =T))(1 —qT); 1/(1 —gT) (unless p=2, in which case 1/(1 — ¢qT);
1/(1 = 1)1 — ¢T)).

1/(1 — TX1 — qTX1 — ¢*T)*(1 — ¢*TX1 — ¢*T).

It suffices to show that for any prime p, the coefficients (which are a priori in Q) are
inZ,.

Write the numerator in the form 1+ a, T+ a,T? + a3 T3 + p*T*. To show
that a; = a, = a; = 0, i.e., that the zeta-function agrees with the zeta-function of
the projective line through the T3-term, it suffices to show that N, = p* + 1 for
s = 1,2, 3. But since p° # 1 (mod 5) every element of F . has a (unique) 5th root.
(This is the same procedure as in Exercise 8(i).)
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CHAPTER V §4
1. See the proof of the second proposition in §II1.3.

2. Since &(T) =3 q;T/ with ord, a; > jp — 1), we have O(aX}'---X;") =
Zv=nguXv with Ordp ) = |”|/(|W|(P - ])) Set M = 1/(|W|(P - 1))’ then ordp &y
> Mo|.

3. Use induction on the number of nonzero g;’s; in case of difficulty, see Lang’s Algebra,
p- 209.

4. Make a change of variables x — x + x,, where x, € F, has nonzero trace.

5. For u # 0 make the change of variables x — ux in Exercise 4.
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