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PREFACE TO REVISED EDITION
(OF VOLUMED

There are a multitude of minor corrections. In addition there are a
few substantial changes in and supplements to the exposition, including some
proofs. (Such is the case, for example, with Sections 7.1-7.3.)

Professor Katznelson’s book [Kz] is recommended as a companion text.

Many references to Mathematical Reviews have been inserted. None of these
is essential to an understanding of the main text, and all may be ignored on a
first reading. There is an already very large and rapidly increasing literature,
and a preliminary glance at a review (often more rapidly accessible than the
corresponding original paper) may help more ambitious readers to decide
which research papers they wish to study. The list of such references is not
claimed to be complete.

I am grateful to Professor Goes for correspondence which has led to a
number of additions and improvements. My warmest thanks go to my friend
and colleague Dr. Jeff Sanders for his help with the revision.

Finally, my wife earns my gratitude for her help in preparing the revised
typescript.

R. E.E.
CANBERRA, January 1979



PREFACE

The principal aim in writing this book has been to provide an intro-
duction, barely more, to some aspects of Fourier series and related topics
in which a liberal use is made of modern techniques and which guides the
reader toward some of the problems of current interest in harmonic analysis
generally. The use of modern concepts and techniques is, in fact, as wide-
spread as is deemed to be compatible with the desire that the book shall
be useful to senior undergraduates and beginning graduate students, for
whom it may perhaps serve as preparation for Rudin’s Harmonic Analysis
on Groups and the promised second volume of Hewitt and Ross’s Abstract
Harmonic Analysis.

The emphasis on modern techniques and outlook has affected not only
the type of arguments favored, but also to a considerable extent the choice
of material. Above all, it has led to a minimal treatment of pointwise con-
vergence and summability: as is argued in Chapter 1, Fourier series are not
necessarily seen in their best or most natural role through pointwise-tinted
spectacles. Moreover, the famous treatises by Zygmund and by Bary on
trigonometric series cover these aspects in great detail, while leaving some
gaps in the presentation of the modern viewpoint; the same is true of the
more elementary account given by Tolstov. Likewise, and again for reasons
discussed in Chapter 1, trigonometric series in general form no part of the
program attempted.

A considerable amount of space has been devoted to matters that cannot
in a book of this size and scope receive detailed treatment. Among such
material, much of which appears in small print, appear comments on diverse
specialized topics (capacity, spectral synthesis sets, Helson sets, and so
forth), as well as remarks on extensions of results to more general groups.
The object in including such material is, in the first case, to say enough for
the reader to gain some idea of the meaning and significance of the problems
involved, and to provide a guide to further reading; and in the second case,
to provide some sort of ‘““cultural” background stressing a unity that
underlies apparently diverse fields. It cannot be over-emphasized that the
book is perforce introductory in all such matters.

The demands made in terms of the reader’s active cooperation increase

vii



viii PREFACE

fairly steadily with the chapter numbers, and although the book is surely
best regarded as a whole, Volume I is self-contained, is easier than Volume II,
and might be used as the basis of a short course. In such a short course, it
would be feasible to omit Chapter 9 and Section 10.6.

As to specific requirements made of the reader, the primary and essential
item is a fair degree of familiarity with Lebesgue integration to at least
the extent described in Williamson’s introductory book Lebesgue Integration.
Occasionally somewhat more is needed, in which case reference is made to
Appendix C, to Hewitt and Stromberg’s Real and Abstract Analysis, or to
Asplund and Bungart’s A First Course in Integration. In addition, the
reader needs to know what metric spaces and normed linear spaces are, and
to have some knowledge of the rudiments of point-set topology. The remain-
ing results in functional analysis (category arguments, uniform boundedness
principles, the closed graph, open mapping, and Hahn-Banach theorems)
are dealt with in Appendixes A and B. The basic terminology of linear
algebra is used, but no result of any depth is assumed.

Exercises appear at the end of each chapter, the more difficult ones being
provided with hints to their solutions.

The bibliography, which refers to both book and periodical literature,
contains many suggestions for further reading in almost all relevant directions
and also a sample of relevant research papers that have appeared since the
publication of the works by Zygmund, Bary, and Rudin already cited.
Occasionally, the text contains references to reviews of periodical literature.

My first acknowledgment is to thank Professors Hanna Neumann and
Edwin Hewitt for encouragement to begin the book, the former also for the
opportunity to try out early drafts of Volume I on undergraduate students
in the School of General Studies of the Australian National University, and
the latter also for continued encouragement and advice. My thanks are due
also to the aforesaid students for corrections to the early drafts.

In respect to the technical side of composition, I am extremely grateful
to my colleague, Dr. Garth Gaudry, who read the entire typescript (apart
from last-minute changes) with meticulous care, made innumerable valuable
suggestions and vital corrections, and frequently dragged me from the
brink of disaster. Beside this, the compilation of Sections 13.7 and 13.8
and Subsection 13.9.1 is due entirely to him. Since, however, we did not
always agree on minor points of presentation, I alone must take the blame
for shortcomings of this nature. To him I extend my warmest thanks.

My thanks are offered to Mrs. Avis Debnam, Mrs. K. Sumeghy, and Mrs.
Gail Liddell for their joint labors on the typescript.

Finally, I am deeply in debt to my wife for all her help with the proof-
reading and her unfailing encouragement.

R. E E.
CANBERRA, 1967



CONTENTS

Chapter 1 TRIGONOMETRIC SERIES
AND FOURIER SERIES

1.1 The Genesis of Trigonometric Series and Fourier Series

1.2 Pointwise Representation of Functions by Trigonometric
Series

1.3 New Ideas about Representation

Exercises

Chapter 2 GROUP STRUCTURE
AND FOURIER SERIES
2.1 Periodic Functions

2.2 Translates of Functions. Characters and Exponentials.
The Invariant Integral

2.3 Fourier Coefficients and Their Elementary Properties

2.4 The Uniqueness Theorem and the Density
of Trigonometric Polynomials

2.5 Remarks on the Dual Problems

Exercises

Chapter 3 CONVOLUTIONS OF FUNCTIONS

3.1 Definition and First Properties of Convolution
3.2 Approximate Identities for Convolution

3.3 The Group Algebra Concept

3.4 The Dual Concepts

Exercises
ix

10

14
14

16
30

40
43
45

50

50
59
82
64
64



x CONTENTS

Chapter 4 HOMOMORPHISMS OF CONVOLUTION
ALGEBRAS

4.1 Complex Homomorphisms and Fourier Coefficients
4.2 Homomorphisms of the Group Algebra

Exercises

Chapter 5 THE DIRICHLET AND FEJER KERNELS.
CESARO SUMMABILITY

5.1 The Dirichlet and Fejér Kernels
5.2 The Localization Principle
5.3 Remarks concerning Summability

Exercises

Chapter 6 CESARO SUMMABILITY OF FOURIER SERIES
AND ITS CONSEQUENCES

6.1 Uniform and Mean Summability

6.2 Applications and Corollaries of 6.1.1

6.3 More about Pointwise Summability

6.4 Pointwise Summability Almost Everywhere
6.5 Approximation by Trigonometric Polynomials

6.6 General Comments on Summability of Fourier Series

6.7 Remarks on the Dual Aspects

Exercises

Chapter 7 SOME SPECIAL SERIES AND THEIR
APPLICATIONS

7.1 Some Preliminaries

7.2 Pointwise Convergence of the Series (C) and (S)
7.3 The Series (C) and (S) as Fourier Series

7.4 Application to A(Z)

7.5 Application to Factorization Problems

Exercises

69

69
72
78

78

78
81
82
85

87

87
90
94
95
99
102
103
104

109

109
114
117
124
124
128



Chapter 8

8.1
8.2

8.3
8.4
8.5
8.6
8.7

CONTENTS
FOURIER SERIES IN L2

A Minimal Property

Mean Convergence of Fourier Series in L2. Parseval’s
Formula

The Riesz-Fischer Theorem
Factorization Problems Again

More about Mean Moduli of Continuity
Concerning Subsequences of syf

A(Z) Once Again

Exercises

Chapter 9

POSITIVE DEFINITE FUNCTIONS

AND BOCHNER'S THEOREM

9.1
9.2
9.3
9.4

Mise-en-Scéne
Toward the Bochner Theorem
An Alternative Proof of the Parseval Formula

Other Versions of the Bochner Theorem

Exercises

Chapter 10

POINTWISE CONVERGENCE

OF FOURIER SERIES

10.1

Functions of Bounded Variation and Jordan’s Test

10.2 Remarks on Other Criteria for Convergence; Dini’s Test

10.3 The Divergence of Fourier Series

10.4 The Order of Magnitude of sy f. Pointwise Convergence

Almost Everywhere

10.5 More about the Parseval Formula

10.6 Functions with Absolutely Convergent Fourier Series

Exercises

130

131

131
132
134
135
137
139
142

156

156
159
160

166
171
173
180



xii CONTENTS
Appendix A METRIC SPACES AND BAIRE'S THEOREM

A.1 Some Definitions

A2 Baire’s Category Theorem

A3 Corollary

A4 Lower Semicontinuous Functions

A5 A Lemma

Appendix B CONCERNING TOPOLOGICAL LINEAR SPACES

B.1 Preliminary Definitions

B.2 Uniform Boundedness Principles

B.3 Open Mapping and Closed Graph Theorems
B.4 The Weak Compacity Principle

B.5 The Hahn-Banach Theorem

Appendix C THE DUAL OF L? (1 £ p < x); WEAK
SEQUENTIAL COMPLETENESS OF L*

C.1 The Dualof L? (1 € p < o)

C.2 Weak Sequential Completeness of L!

Appendix D A WEAK FORM OF RUNGE'S THEOREM

Bibliography
Research Publications
Symbols

Index

187

187
187
188
188
189

191
191
194
195
197
199

201

201
202

205

207
213

218
221



CHAPTER 1

Trigonometric Series and Fourier Series

1.1 The Genesis of Trigonometric Series and Fourier Series

1.1.1. The Beginnings. D. Bernoulli, D’Alembert, Lagrange, and Euler,
from about 1740 onward, were led by problems in mathematical physics to
consider and discuss heatedly the possibility of representing a more or less
arbitrary function f with period 2= as the sum of a trigonometric series of the
form

Yoa, + Z (a, cos nx + b, sin nz), (1.1.1)
n=1

or of the formally equivalent series in its so-called “complex” form

D e, (1.1.1%)

in which, on writing b, = 0, the coefficients ¢, are given by the formulae
Cn = Yolan — ibs), ¢_n = Y(an + 1b,) (n=0,1,2-.-.).

This discussion sparked off one of the crises in the development of analysis.

Fourier announced his belief in the possibility of such a representation in
1811. His book Théorie Analytique de la Chaleur, which was published in
1822, contains many particular instances of such representations and makes
widespread heuristic use of trigonometric expansions. As a result, Fourier’s
name is customarily attached to the following prescription for the coefficients
a,, b,, and ¢,:

a, = %fn f(z) cos nx dzx, b, = -l—f” f(z)sin nz dz, (1.1.2)

K

— l " -inx *
Cp = Z—ff_nf(x)e dz, (1.1.2%)

the a, and b, being now universally known as the “‘real,” and the ¢, as the
“complex,” Fourier coefficients of the function f (which is tacitly assumed to
be integrable over (—m, 7)). The formulae (1.1.2) were, however, known
earlier to Euler and Lagrange.

1



2 TRIGONOMETRIC SERIES AND FOURIER SERIES

The grounds for adopting Fourier’s prescription, which assigns a definite
trigonometric series to each function f that is integrable over (—m, ), will
be scrutinized more closely in 1.2.3. The series (1.1.1) and (1.1.1*), with the
coefficients prescribed by (1.1.2) and (1.1.2*), respectively, thereby assigned
to f are termed the “real”” and “complex’ Fourier series of f, respectively.

During the period 1823-1827, both Poisson and Cauchy constructed proofs
of the representation of restricted types of functions f by their Fourier series,
but they imposed conditions which were soon shown to be unnecessarily
stringent.

1t seems fair to credit Dirichlet with the beginning of the rigorous study of
Fourier series in 1829, and with the closely related concept of function in
1837. Both topics have been pursued with great vigor ever since, in spite of
more than one crisis no less serious than that which engaged the attentions
of Bernoulli, Euler, d’Alembert, and others and which related to the pre-
vailing concept of functions and their representation by trigonometric series.
(Cantor’s work in set theory, which led ultimately to another major crisis,
had its origins in the study of trigonometric series.)

1.1.2. The rigorous developments just mentioned showed in due course
that there are subtle differences between trigonometric series which converge
at all points and Fourier series of functions which are integrable over (—, 7},
even though there may be no obvious clue to this difference. For example, the

trigonometric series
i sin nx
=, logn

converges everywhere; but, as will be seen in Exercise 7.7 and again in 10.1.6,
it is not the Fourier series of any function that is (Lebesgue-)integrable over
(=m 7).

The theory of trigonometric series in general has come to involve itself
with many questions that simply do not arise for Fourier series. For the
express purpose of attacking such questions, many techniques have been
evolved which are largely irrelevant to the study of Fourier series. It thus
comes about that Fourier series may in fact be studied quite effectively
without reference to general trigonometric series, and this is the course to be
adopted in this book.

The remaining sections of this chapter are devoted to showing that, while
Fourier series have their limitations, general trigonometric series have others
no less serious; and that there are well-defined senses and contexts in which
Fourier series are the natural and distinguished tools for representing functions
in useful ways. Any reader who is prepared to accept without question the
restriction of attention to Fourier series can pass from 1.1.3 to the exercises
at the end of this chapter.




{1.2] POINTWISE REPRESENTATION OF FUNCTIONS 3

1.1.3. The Orthogonality Relations. Before embarking upon the
discussion promised in the last paragraph, it is necessary to record some facts
that provide the heuristic basis for the Fourier formulae (1.1.2) and (1.1.2%)
and for whatever grounds there are for according a special role to Fourier
series.

These facts, which result from straightforward and elementary calcula-
tions, are expressed in the following so-called orthogonality relations satisfied
by the circular and complex exponential functions:

1 f= 0 (m#n,m20,n20),
2—J‘ cos mx cos nx dxr = < 1y (m=mn>0),
T J -
i 1 (m =n = 0)
1 (= 0 (m#n,m>=0n2=0)
=— sin mz sin nx dz = { Vs (m =n > 0),
2m f_,, 0 (m =n = 0) ‘(1.1.3)
£
ﬂf cos mx sin nx dz = 0,
_1_ * eimz g-inz Jp 0 (m # n)
2n ) . 1 (m = n); ’

in these relations m and n denote integers, and the interval [ —a, 7] may be
replaced by any other interval of length 2.

1.2 Pointwise Representation of Functions by Trigonometric
Series

1.2.1. Pointwise Representation. The general theory of trigonometric
series was inaugurated by Riemann in 1854, since when it has been pursued
with vigor and to the great enrichment of analysis as a whole. For modern
accounts of the general theory, see [Z;], Chapter IX and [Ba, ,], Chapters
XII-XV.

From the beginning a basic problem was that of representing a more or
less arbitrary given function f defined on a period-interval I (say the interval
[ —, 7]) as the sum of at least one trigonometric series (1.1.1), together with a
discussion of the uniqueness of this representation.

A moment’s thought will make it clear that the content of this problem
depends on the interpretation assigned to the verb ‘““to represent” or, what
comes to much the same thing, to the term ‘“sum” as applied to an infinite
geries. Initially, the verb was taken to mean the pointwise convergence of the
series at all points of the period interval to the given function f. With the
passage of time this interpretation underwent modification in at least two
ways. In the first place, the demand for convergence of the series to f at all
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points of the period-interval I was relaxed to convergence at almost all
points of that interval. In the second place, convergence of the series to f at
all or almost all points was weakened to the demand that the series be
summable to f by one of several possible methods, again at all or almost all
points. For the purposes of the present discussion it will suffice to speak of
just one such summability method, that known after Cesaro, which consists
of replacing the partial sums

So(x) = 1/2a0’

N
sy(x) = Yhay + Z (a, cos nx + b, sin nx) N=12-..) (1.21)
n=1

of the series (1.1.1) by their arithmetic means

SO+"'+‘SN
N +1

oy = (N=0,1,2,--.). (1.2.2)
Thus we shall say that the series (1.1.1) is summable at a point z to the
function f if and only if

lim oy(z) = f(z).
N—-®

It will be convenient to group all these interpretations of the verb “‘to
represent’’ under the heading of potntwise representation (everywhere or
almost everywhere, by convergence or by summablhty, as the case may be)
of the function f by the series (1.1.1).

In terms of these admittedly rather crude definitions we can essay a
bird’s-eye view of the state of affairs in the realm of pointwise representation,
and in particular we can attempt to describe the place occupied by Fourier
series in the general picture.

1.2.2. Limitations of Pointwise Representation. Although it is
undeniably of great intrinsic interest to know that a certain function, or
each member of a given class of functions, admits a pointwise representation
by some trigonometric series, it must be pointed out without delay that this
type of representation leaves much to be desired on the grounds of utility. A
mode of representation can be judged to be successful or otherwise useful as
a tool in subsequent investigations by estimating what standard analytical
operations applied to the represented function can, via the representation,
be expressed with reasonable simplicity in terms of the expansion coefficients
a, and b,. This is, after all, one of the main reasons for seeking a representation
in series form. Now it is a sad fact that pointwise representations are in
themselves not very useful in this sense; they are simply too weak to justify
the termwise application of standard analytical procedures.

Another inherent defect is that a pointwise representation at almost all
points of I is never unique. This is so because, as was established by Men’shov
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in 19186, there exist trigonometric series which converge to zero almost every-
where and which nevertheless have at least one nonvanishing coefficient;
see 12.12.8. (That this can happen came as a considerable surprise to the
mathematical community.)

1.2.3. The Role of the Orthogonality Relations. The a priori grounds
for expecting the Fourier series of an integrable function f to effect a point-
wise representation of f (or, indeed, to effect a representation in any reasonable
sense) rest on the orthogonality relations (1.1.3). It is indeed a simple
consequence of these relations that, if there exists any trigonometric series
(1.1.1) which represents f in the pointwise sense, and if furthermore the sy (or
the o) converge dominatedly (see [W], p. 60) to f, then the series (1.1.1)
must be the Fourier series of f. However, the second conditional clause
prevents any very wide-sweeping conclusions being drawn at the outset.

As will be seen in due course, the requirements expressed by the second
conditional clause are fulfilled by the Fourier series of sufficiently smooth
functions f (for instance, for those functions f that are continuous and of
bounded variation). But, alas, the desired extra condition simply does not
obtain for more general functions of types we wish to consider in this book.
True, a greater degree of success results if convergence is replaced by summa-
bility (see 1.2.4). But in either case the investigation of this extra condition
itself carries one well into Fourier-series lore. This means that this would-be
simple and satisfying explanation for according a dominating role to Fourier
series can scarcely be maintained at the outset for functions of the type we
aim to study.

1.2.4. Fourier Series and Pointwise Representations. What has been
said in 1.2.3 indicates that Fourier series can be expected to have but
limited success in the pointwise representation problem. Let us tabulate a
little specific evidence.

The Fourier series of a periodic function f which is continuous and of
bounded variation converges boundedly at all points to that function. The
Fourier series of a periodic continuous function may, on the contrary,
diverge at infinitely many points; even the pointwise convergence almost
everywhere of the Fourier series of a general continuous function remained
in doubt until 1966 (see 10.4.5), although it had been established much
earlier and much more simply that certain fixed subsequences of the sequence
of partial sums of the Fourier series of any such function is almost everywhere
convergent to that function (the details will appear in Section 8.6). The
Fourier series of an integrable function may diverge at all points.

If ordinary convergence be replaced by summability, the situation
improves. The Fourier series of a periodic continuous function is uniformly
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summable to that function. The Fourier series of any periodic integrable
function is summable at almost all points to that function, but in this case
neither the sy nor the oy need be dominated.

1.2.,5. Trigonometric Series and Pointwise Representations. Having
reviewed a few of the limitations of Fourier series vis-a-vis the problem of
pointwise representation, we should indicate what success is attainable by
using trigonometric series in general.

In 1915 both Lusin and Privalov established the existence of a pointwise
representation almost everywhere by summability methods of any function f
which is measurable and finite almost everywhere. For 25 years doubts
lingered as to whether summability could here be replaced by ordinary
convergence, the question being resolved affirmatively by Men’shov in 1940.
This result was sharpened in 1952 by Bary, who showed that, if the function
f is measurable and finite almost everywhere on the interval I, there exists a
continuous function F such that F'(z) = f(x) at almost all points of I, and
such that the series obtained by termwise differentiation of the Fourier
series of F converges at almost all points z of I to f(x). Meanwhile Men’shov
had in 1950 shown also that to any measurable f (which may be infinite on a
set of positive measure) corresponds at least one trigonometric series (1.1.1)
whose partial sums sy have the property that limy_, sy = f in measure on
I. This means that one can write sy = uy + vy, where uy and vy are finite-
valued almost everywhere, limy_, o, uy(z) = f(z) at almost all points x of I,
and where, for any fixed ¢ > 0, the set of points z of I for which |vy(z)| > &
has a measure which tends to zero as N —>o00. (The stated condition on the
vy is equivalent to the demand that

lim [* 24 _ 0;

vem Joa 1+ vyl

and the circuitous phrasing is necessary because f may take infinite values
on a set of positive measure.) This sense of representation is weaker than
pointwise representation. For more details see [Bay], Chapter XV.

These theorems of Men’shov and Bary lie very deep and represent enormous
achievements. However, as has been indicated at the end of 1.2.2, the
representations whose existence they postulate are by no means unique.

Cantor succeeded in showing that a representation at all points by a
convergent trigonometric series is necessarily unique, if it exists at all.
Unfortunately, only relatively few functions f admit such a representation:
for instance, there are continuous periodic functions f that admit no such
representation. (This follows on combining a theorem due to du Bois-Reymond
and Lebesgue, which appears on p. 202 of [Ba,], with results about Fourier
series dealt with in Chapter 10 of this book.) It is indeed the case that, in a
sense, “‘most’’ continuous functions admit no representation of this sort.
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1.2.6. Summary. It can thus be said in summary that pointwise repre-
sentations are subject to inherent limitations as analytical tools, and that
Fourier series can be accorded a distinguished role in respect of this type of
representation only for functions of a type more restricted than one might
hope to handle.

This being so, it is natural to experiment by varying the meaning assigned
to the verb “to represent’ in the hope of finding a more operationally effective
meaning and of installing Fourier series in a more dominating role.

B:fore embarking on this program, it is perhaps of interest to add that a
similar choice prevails in the interpretation of differentiation (which in fact
has connections with the representation problem). The pointwise everywhere
or almost everywhere interpretation of the derivative, if deprived of any
further qualification, is also not entirely effective operationally. A new
interpratation is possible and leads to distributional concepts; Chapter 12 is
devoted to this topic.

1.3 New Ideas about Representation

1.3.1. Plan of Action. In the preceding section we have recounted some
of the difficulties in the way of according a unique position to Fourier series
on the grounds of their behavior in relation to the traditionally phrased
problem of representing functions by trigonometric series. We have also
indicated the shortcomings of this type of representation.

To this it may be added that in cases where the mathematical model of a
physical problem suggests the use of expansions in trigonometric series,
pointwise representations frequently do not correspond very closely to the
physical realities.

Faced with all this, we propose to consider new meanings for the verb “to
represent’’ that are in complete accord with modern trends, and which will in
due course be seen to justify fully a concentration on Fourier series as a
representational device.

1.3.2. Different Senses of Convergence and Representation. In
recent times analysts have become accustomed to, and adept at working in
diverse fields with, other meanings for the verb ‘“‘to represent,” most of
which (and all of which we shall have occasion to consider) are tantamount
to novel ways in which a series of functions may be said to converge. Such
ideas are indeed the concrete beginnings of general topology and the theory
of topological linear spaces.

Thus encouraged, we contemplate some possible relationships between an
integrable function f on (—=, =) and a trigonometric series (1.1.1) or (1.1.1¥)
expressed by each of equations (A) to (D) below.
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For this purpose we write again

M=

So(z) = Voa,, sy(z) = Yha, + (a, cos nx + b, sin nx),

1

n

so that
sy(@) = D ce, (1.3.1)
Injs N
and also
onlz) = 80(2) -+Z—V +';' sN(x)_

The relationships referred to are (compare 6.1.1, 6.2.6, 12.5.3, and 12.10.1):

(4) tim [*1f@) = oylo)] do = 0;

(®) lim " |f(e) - su(o)]” dz = 0;

(© lim sup, |f(@) — ox(@)] = 0;

(D) lim [ w@sie)dz = [ wa)fie) do

for each indefinitely differentiable periodic function w.

If any one of these relations holds for a given f and a given trigonometric
series, one may say that the trigonometric series represents f in the corre-
sponding sense: in case (A) it would be usual to say that the trigonometric
series is-Cesaro-summable in mean with exponent (or index) 1 to f; in case (B)
that the trigonometric series is convergent in mean with exponent (or index) p
to f; in case (C) that the trigonometric series is uniformly Cesaro-summable to
f; and in case (D) that the trigonometric series is distributionally convergent

to f.

1.3.3. The Role of Fourier Series. It is genuinely simple to verify that,
given f, there is at most one trigonometric series for which any one of relations
(A) to (D) is true, and that this only contender is the Fourier series of f (see
the argument in 6.1.3). Moreover, it is true that the relations do hold if the
trigonometric series is the Fourier series of f, provided in case (B) that either
l1<p<owand feL? or p =1 and flog* |f| e L! (see 8.2.1, 12.10.1, and
12.10.2); and in case (C) that f is continuous and periodic. (The symbols
L! and L? here denote the sets of measurable functions f on (—m, #) such
that |f| and |f|?, respectively, are Lebesgue-integrable over (—m, ). A
tiny modification to this definition is explained in detail in 2.2.4 and will be
adopted thereafter in this book.)
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Each of the relations (A) to (D) can, therefore, be used to characterize the
Fourier series of f under the stated conditions, and each provides some
justification for singling out the Fourier series for study. (There are, by the
way, numerous other relationships that might be added to the list.)

It turns out that the weakest relationship (D) is suggestive of fruitful
generalizations of the concept of Fourier series of such a type that the
distinction between Fourier series and trigonometric series largely disap-
pears. It suggests in fact the introduction of so-called distributions or
generalized functions in the manner first done by L. Schwartz [S, ;]. It will
then appear that any trigonometric series in which ¢, = O(|n|*) for some
k may be regarded as the Fourier series of a distribution, to which this
series is distributionally convergent. These matters will be dealt with in
Chapter 12.

1.3.4. Summary. The substance of Section 1.2 and 1.3.3 summarizes the
justification for subsequent concentration of attention on Fourier series in
particular, at least insofar as reference is restricted to harmonic analysis in
its classical setting. We shall soon embark on a program that will include at
appropriate points a verification of each of the unproved statements upon
which this justification is based. As for trigonometric series in general, we
shall do no more than pause occasionally to mention a few of the simpler
results that demand no special techniques.

A bird’s-eye view of many of the topics to be discussed at some length in
this book is provided by the survey article G. Weiss [1].

1.3.5. Fourier Series and General Groups. There are still other reasons
in favor of the chosen policy which are based upon recent trends in analysis.
Harmonic analysis has not remained tied to the study of Fourier series of
periodic functions of a real variable; in particular it is now quite clear that
Fourier-series theory has its analogue for functions defined on compact Abelian
groups (and even, to some extent, on still more general groups); see, for
example, [HR], [Re], [E;]. While the level at which this book is written
precludes a detailed treatment of such extensions, we shall make frequent
reference to modern developments. However regrettable it may seem, it is a
fact that these developments cluster around the extension of precisely those
portions of the classical theory which do not depend upon the deeper properties
of pointwise convergence and summability, and that a detailed treatment of
the analogue for compact groups of the theory of general trigonometric series
appears to lie in the future. Moreover, the portions of the classical theory that
have so far been extended appear to be those most natural for handling those
problems which are currently the center of attention in general harmonic
analysis. Of course, these prevailing features may well change with the passage
of time. While they prevail, however, they add support to the view that it is
reasonable to accord some autonomy to a theory in which the modes of
representation mentioned in 1.3.2 take precedence over that of pointwise
representation.
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EXERCISES

1.1. Establish the formulae

ne _ SID(N 4+ Yo)x
DN(x) =In|‘Ne‘ = _—Sin l/zxz ’
Fy(z) = (N 4+ 1)"1[Do(x) + - - - + Dy()]

_; [8in %(N + 1)x]2
= +1) [ szinl/zx ]

for N > 0 an integer and x # 0 modulo 27, where the equality signs im-
mediately following Dy(x) and Fy(z) are intended as definitions for all real z.

1.2. Prove thatif p and g areintegersand p < ¢, and ifx # 0 modulo 27,
then

| Z e'"¥| < |cosec Yyz].
p<n<q

By using partial summation (see 7.1.2 and [H], p. 97 ff.) deduce that if
Cp = Cpuy 2+ 2 € = 0, then, for z # 0 modulo 2,

| z cq.e'™| < ¢, [cosec Yox|.
pSn€gq

1.3. Assume thatc, > ¢,,, and lim,_ , ¢, = 0. Show that the series

@
cneina:
n=0

is convergent for z # 0 modulo 2, and that the convergence is uniform on
any compact set of real numbers 2 which contains no number =0 modulo 2=.
1.4. Assume that ¢, > ¢,,, > 0 and nc, < A. Show that

N
| Z e, sinnz| < A(r + 1).
n=1

Hints: One may assume 0 < z < . Put m = min (N, [=/z]) and split
the sum into 3T + >X,,, an empty sum being counted zero. Estimate the
partial sums separately, using Exercise 1.2 for 3%, ,.

1.5. Assume that the c, are as in Exercise 1.4. Show that the series
D=1 Cy8in nz is boundedly convergent, and that the sum function is con-
tinuous, except perhaps at the points z = 0 modulo 27. (More general
results will appear in Chapter 7.)
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1.6. Compute the complex Fourier coefficients of the following functions,
each defined by the prescribed formula over [ —, ) and defined elsewhere
so as to have period 2:

(1) f(z) = =;

(2) f(z) = |sinz|;

3N fle)=xfor —r<2<0,flxy=0for0 <z < m.

1.7. By a trigonometric polynomial is meant a function f admitting at

least one expression of the form

f(:c) =l IZNc"ehu:’

where the c, are f-dependent complex numbers.
(1) Use the orthogonality relations to show that, if f is a trigonometric
polynomial, then

foy = 52 [ stwrene o

vanishes for all but a finite number of integers n and that f(z) = 3,.,f(n)e=.
Show also that

1 [ :

5 | e = 3 (o
whenever f is a trigonometric polynomial. (This is a special case of Parseval’s
formula, to which we shall return in Chapter 8 and Section 10.5; see also
Remark 6.2.7.)

A trigonometric polynomial f such that f(n) = 0 for |n| > N is said to be
of degree at most N.

(2) Verify that the set Ty of trigonometric polynomials of degree at most
N forms a complex linear space of dimension 2N + 1 with respect to point-
wise operations, and that if fe T, then also Re fe Ty and Im fe T,.

(3) Show that if fe Ty, f # 0, then f admits at most 2V zeros (counted
according to multiplicity) in the interval [0, 2x) (or in any interval congruent
modulo 27 to this one).

1.8. (Stetkin’s lemma) Suppose fe T, is real-valued, and that

Il = sup |/@)] = o = fizo).
Prove that
fl@o +y) = McosNy  for |y| < %,
Hints: Put g(y) = f(z, + y) — M cos Ny. Assuming the assertion false,

we choose y, 8o that |y,| < #/N and g(y,) < 0. We assume 0 < yo,<n/N;
otherwise the subsequent argument proceeds with the interval {—2n, 0) in
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place of [0, 27). By examining closely the signs of g at the points kn/N
(k=0,1,2,.--,2N), show that g admits at least 2N¥ + 1 zeros in [0, 27). A
contradiction results from Exercise 1.7.

1.9. (Bernstein’s inequality) Prove that if f e Ty, then |f'[lo < N ||f]«
(the notation being as in the preceding exercise).

Hints: It suffices, by Exercises 1.7 and 1.10, to prove the inequality for
real-valued f e Ty. If f'(z;) = m = |f’| (which can be arranged by changing
finto —f if necessary) and M = | f| ., Exercise 1.8 gives f'(z, + y) > m cos
Ny for |y| < =/N. Integrate this inequality.

Notes: Many other proofs are known; the above, due to Stedkin, is perhaps
the simplest. For a proof based upon interpolation methods, see [Z,], p. 11.
More general results, also due to Bernstein, apply to entire functions of order
one and exponential type; see [Z;], p. 277.

See also the approach in [Kz], p. 17; W. R. Bloom [1], [2]; MR 51 # 1239;
52 ## 6288, 11446; 53 # 11289; 54 # 829.

The inequality has also been extended in an entirely different way by
Privalov, who showed that if I = (a’, b’) and J = (a, b) are any two sub-
intervals of [ — =, n] satisfying @ < @’ < b < b, then there exists a number
¢(I, J) such that

sup |f'(z)| < (I, J)N - sup |f(z)|

for any f € Ty. It is furthermore established that similarly (but perhaps with a
different value for ¢(I, J)) one has

1@l depe < ott, DN ([ 112 dzpie

for any f € Ty and any p satisfying 1 < p < . Both inequalities are also valid
when I = J = [—m, n] and ¢(I,J) = 1, the first reducing to that of Bernstein
and the second being in this case due to Zygmund. For more details, see [Bag],
pp. 458-462. See also [L;], Chapter 3.

1.10. Suppose that E is a complex linear space of complex-valued
functions on a given set (pointwise operations), that E = E, + 1E, where
E, is the set of real-valued functions in E, that [ is a complex-linear functional
on E which is real-valued on E,, and that p is a seminorm on E (see Appendix
B.1.2). Suppose finally that p(z) < p(y) whenever z,y € E and |z| < |y],
and that |l(z)| < p(z) for x € E,. Prove that |l(z)| < p(z) for z€ E.

Hints: Write x = a + b with ¢, b € Eg and l(z) = r(« + $8) with r > O,
« and B real, and o« + 82 = 1. Then

[Uz)| = r = (a — B)l(z) = lf{« — 1)(a + ib)];

expanding and taking real parts: |i(z)| = l(aa + Bb) < p(ea + Bb), and so
forth.
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1.11. Prove that, if a trigonometric polynomial f is real-valued and
nonnegative, then f = |g|? for some trigonometric polynomial g (Fejér
and F. Riesz).

Hints: Suppose f(z) = >, <nCse'™* and consider first the case in which
f(x) > 0 for all . Assume (without loss of generality) that ¢_, # 0 and
examine the polynomial P(z) = 2¥ 3, < yC,2". Observe that P(z) = 22V P(z-1)
and f(z) = e~"¥=P(e'*). Verify that the zeros of P are of the form a,, a,,- - -,
and @rt,dzt,- -, where 0 < |a,| < 1, and factorize P accordingly.

In case one knows merely that f > 0, apply the above to the f, = f + 1/k
(¢ =1,2,---) and use a limiting argument.

Remarks. The theorem does not extend in the expected way to other
groups; see [R], 8.4.5.



CHAPTER 2

Group Structure and Fourier Series

The aim of the first two sections of this chapter is to show how and to
what extent the topological group structure of the set R of real numbers,
and of some of its subgroups and quotient groups, lead to the study of
periodic functions, the complex exponential functions, and the problem of
expansions in trigonometric series in general and Fourier expansions in
particular. In the remaining sections of this chapter we shall begin the study
of Fourier coefficients in some detail.

In pursuing the aims of Sections 2.1 and 2.2 we are led to refer to