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Preface to the Second Edition 

In the quarter century since the first edition of this book appeared, tremendous 
development has occurred in operator theory and the topics covered here. However, 
the new edition remains unchanged except that several mistakes and typographical 
errors have been corrected. Further, a brief report on the current state of the double
asterisk, open, problems is given along with references. No attempt is made to 
describe other progress that has been made in the study of Toeplitz operators and 
related topics nor has the bibliography been updated. 

Still, it is hoped that a new generation of students will find useful the introduction 
to operator theory given here. 

College Station, Texas 
July 1997 

Ronald G. Douglas 
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Preface to the First Edition 

Operator theory is a diverse area of mathematics which derives its impetus and 
motivation from several sources. It began as did practically all of modern analysis 
with the study of integral equations at the end of the last century. It now includes 
the study of operators and collections of operators arising in various branches 
of physics and mechanics as well as other parts of mathematics and indeed is 
sufficiently well developed to have a logic of its own. The appearance of several 
monographs on recent studies in operator theory testifies both to its vigor and 
breadth. 

The intention of this book is to discuss certain advanced topics in operator 
theory and to provide the necessary background for them assuming only the 
standard senior-first year graduate courses in general topology, measure theory, 
and algebra. There is no attempt at completeness and many "elementary" topics 
are either omitted or mentioned only in the problems. The intention is rather to 
obtain the main results as quickly as possible. 

The book begins with a chapter presenting the basic results in the theory of 
Banach spaces along with many relevant examples. The second chapter concerns 
the elementary theory of commutative Banach algebras since these techniques are 
essential for the approach to operator theory presented in the later chapters. Then 
after a short chapter on the geometry of Hilbert space, the study of operator theory 
begins in earnest. In the fourth chapter operators on Hilbert space are studied and 
a rather sophisticated version of the spectral theorem is obtained. The notion of 
a C*-algebra is introduced and used throughout the last half of this chapter. The 
study of compact operators and Fredholm operators is taken up in the fifth chapter 
along with certain ancillary results concerning ideals in C*-algebras. The approach 
here is a bit unorthodox but is suggested by modern developments. 

The last two chapters are of a slightly different character and present a systematic 
development including recent research of the theory of Toeplitz operators. This 
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viii Preface to the First Edition 

latter class of operators has attracted the attention of several mathematicians 
recently and occurs in several rather diverse contexts. 

In the sixth chapter certain topics from the theory of Hardy spaces are developed. 
The selection is dictated by needs of the last chapter and proofs are based on the 
techniques obtained earlier in the book. The study of Toeplitz operators is taken 
up in the seventh chapter. Most of what is known in the scalar case is presented 
including Widom's result on the connectedness of the spectrum. 

At the end of each chapter there are source notes which suggest additional read
ing along with giving some comments on who proved what and when. Although 
a reasonable attempt has been made in the latter chapters at citing the appropriate 
source for important results, omissions have undoubtedly occurred. Moreover, 
the absence of a reference should not be construed to mean the result is due to 
the author. 

In addition, following each chapter is a large number of problems of varying 
difficulty. The purposes of these are many: to allow the reader to test his under
standing; to indicate certain extensions of the theory which are now accessible; to 
alert the reader to certain important and related results of which he should be aware 
along with a hint or a reference for the proof; and to point out certain questions for 
which the answer is not known. These latter questions are indicated by a double 
asterisk; a single asterisk indicates a difficult problem. 

Stony Brook, New York 
August 1971 

Ronald G. Douglas 
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Chapter 1 

Banach Spaces 

1.1 We begin by introducing the most representative example of a Banach space. 
Let X be a compact Hausdorff space and let C(X) denote the set of continuous 
complex-valued functions on X. For II and h in C(X) and A a complex number, 
we define: 

(1) (fl + h)(x) = II (x) + hex); 
(2) (A/I)(X) = All (x); and 
(3) (lIh)(x) = II (x)h(x). 

With these operations C(X) is a commutative algebra with identity over the 
complex field C. 

Each function I in C(X) is bounded, since it follows from the fact that I is 
continuous and X is compact that the range of I is a compact subset of C. Thus the 
least upper bound of I I I is finite; we call this number the norm of I and denote it by 

11/1100 = sup{l/(x)1 : x EX}. 

The following properties of the norm are easily verified: 

(1) 11/1100 = 0 if and only if 1= 0; 
(2) IIAflloo = IAlll/lloo; 
(3) 111+ glloo ::::: 11/1100 + Ilglloo; and 
(4) Il/glloo::::: 1l/1I0011g1100. 

We define a metric p on C(X) by p(f, g) = III - glloo. The properties of a 
metric, namely, 

(1) p(f, g) = 0 if and only if 1= g, 
(2) p(/, g) = peg, f), and 
(3) p(f, h) ::::: p(/, g) + peg, h), 

follow immediately from properties (1)-(3) of the norm. It is easily seen that 
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2 Banach Algebra Techniques in Operator Theory 

convergence with respect to the metric p is just uniform convergence. An important 
property of this metric is that C (X) is complete with respect to it. 

1.2 Proposition. If X is a compact Hausdorff space, then C(X) is a complete 
metric space. 

Proof If {fn}~1 is a Cauchy sequence, then 

for each x in X. Hence, {In(x)}~1 is a Cauchy sequence of complex numbers for 
each x in X, so we may define I(x) = limn .... oo fn(x). We need to show that i is in 
C (X) and that limn .... oo II 1- fn 1100 = O. To that end, given € > 0, choose N such 
that n, m ::: N implies II In - 1m 1100 < €. For Xo in X there exists a neighborhood 
U of Xo such that IIN(xo) - iN(x)1 < € for x in U. Therefore, 

which implies I is continuous. Further, for n ::: N and x in X, we have 

lin(x) - l(x)1 = I/n(X) - lim im(X)1 = lim I/n(x) - 1m (x)1 
m~oo m----*oo 

:::: lim sup Ilin - Imlloo :::: c. 
m .... oo 

Thus limn .... oo Il/x - 11100 = 0 and hence C(X) is complete. • 
We next define the notion of Banach space which abstracts the salient properties 

of the preceding example. We shall see later in this chapter that every Banach space 
is isomorphic to a subspace of some C (X). 

1.3 Definition. A Banach space is a complex linear space ge with a norm II II 
satisfying 

(1) 11/11 = 0 if and only if 1= 0, 
(2) IIA/II = IAIIIIII for A in C and 1 in ge, and 
(3) 111 + gil:::: 11111 + Ilgll for 1 and gin ge, 

such that ge is complete in the metric given by this norm. 

1.4 Proposition. Let ge be a Banach space. The functions 

a: ge x ge -+ ge defined a(f, g) = 1 + g, 
s: ex ge -+ ge defined seA, f) = Aj, and 
n: X -+ IR+ defined n(f) = II! II 

are continuous. 



Banach Spaces 3 

Proof Obvious. • 

1.5 Directed Sets and Nets The topology of a metric space can be described in 
terms of the sequences in it that converge. For more general topological spaces 
a notion of generalized sequence is necessary. In what follows it will often be 
convenient to describe a topology in terms of its convergent generalized sequences. 
Thus we proceed to review for the reader the notion of net. 

A directed set A is a partially ordered set having the property that for each pair 
a and f3 in A there exists y in A such that y ~ a and y ~ {3. A net is a function 
a ~ Aa on a directed set. If the Aa all lie in a topological space X, then the net is 
said to converge to A in X if for each neighborhood U of A there exists au in A such 
that Aa is in U for a ~ au. Two topologies on a space X coincide if they have the 
same convergent nets. Lastly, a topology can be defined on X by prescribing the 
convergent nets. For further information concerning nets and subnets, the reader 
should consult [71]. 

We now consider the convergence of Cauchy nets in a Banach space. 

1.6 Definition. A net {fa }aeA in a Banach space X is said to be a Cauchy net iff or 
every 8 > 0, there exists ao in A such that aI, a2 ~ ao implies II fa! - f a2" < 8. 

1.7 Proposition. In a Banach space each Cauchy net is convergent. 

Proof Let {fa}aeA be a Cauchy net in the Banach space :leo Choose al such that 
a ~ al implies II fa - fa! II < l. Having chosen {cxdk=l in A, choose an+l ~ an 
such that a ~ an+l implies 

1 
II fa - fan+! II < n + 1 

The sequence {fan }~l is clearly Cauchy and, since :le is complete, there exists f 
in :le such that limn-+oo fan = f. 
It remains to prove that limaeA fa = f. Given 8 > 0, choose n such that 1/ n < 8/2 
and I I fan - fll < 8/2. Then for a ~ an we have 

IIfa - !II ::: Ilfa - fan II + Ilfan - fll < l/n + 8/2 < 8. • 

We next consider a general notion of summability in a Banach space which will 
be used in Chapter 3. 

1.8 Definition. Let {fa }aeA be a set of vectors in the Banach space ~. Let 
~ = {F C A : F finite}. If we define FI ::: F2 for FI C F2, then ~ is a 
directed set. For each F in ~, let gF = LaeF fa. If the net {gF }Fe~ converges to 
some g in:le, then the sum LaeA fa is said to converge and we write g = LaeA fa. 

1.9 Proposition. If {fa}aeA is a set of vectors in the Banach space :le such that 
LaeA Ilfa II converges in the real line IR, then LaeA fa converges in :leo 



4 Banach Algebra Techniques in Operator Theory 

Proof It suffices to show, in the notation of Definition 1.8, that the net {gF}Fe~ 
is Cauchy. Since LaeA IIfall converges, for E > 0, there exists Fo in rg; such that 
F ::: Fo implies 

Lllfall- L IIfall < 8 

aeF aeFo 

Thus for F1, F2 ::: Fo we have 

=11 L fa- L fall aeFI\F2 aeF2\FI 

< L IIfall+ L II fa II 
aeFI\F2 aeF2\FI 

< L II fa II - L II fa II < E. 
aeFlUF2 aeFo 

Therefore, {gf} Fe~ is Cauchy and LaeA fa converges by definition. -
We now state an elementary criterion for a nonned linear space (that is, a 

complex linear space with a nonn satisfying (1)-(3) of Definition 1.3) to be 
complete and hence a Banach space. This will prove very useful in verifying 
that various examples are Banach spaces. 

1.10 CoroUary. A nonned linear space 9l is a Banach space if and only if for 
every sequence {fn}:'1 of vectors in 9l the condition L:l IIfn II < 00 implies the 
convergence of L:l fn. 

Proof If 9l is a Banach space, then the conclusion follows from the preceding 
proposition. Therefore, assume that {gn}:'1 is a Cauchy sequence in a nonned 
linear space 9l in which the series hypothesis is valid. Then we may choose a 
subsequence {gnk }~l such that L~l ~gnk+1 - gnk II < 00 as follows: Choose 
nl such that for i, j ::: nl we have ~gj - gj II < 1; having chosen {nklf=l' 
choose nN+l > nN such that i, j > nN+l implies Ilgj - gj II < 2-N . If we 
set fk = gn. - gnk-I for k > 1 and fl = gnp then L~l IIfk II < 00, and the 
hypothesis implies that the series L~l fk converges. It follows from the definition 
of convergence that the sequence {gn. }~l converges in 9l and hence so also does 
{gn}:'I' Thus 9l is complete and hence a Banach space. -

In the study of linear spaces the notion of a linear functional is extremely 
important. The collection of linear functionals defined on a given linear space is 
itself a linear space and this duality is a powerful tool for studying both spaces. In 
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the study of Banach spaces the corresponding notion is that of a continuous linear 
functional. 

1.11 Definition. Let 2C be a Banach space. A function rp from 2C to C is a bounded 
linear functional if: 

(1) rp(Adl + Ad2) = Alrp(fd + A2rp(h) for 11, h in 2C and AI, A2 in C; and 
(2) There exists M such that Irp(f)1 ~ M IIfll for every f in 2C. 

1.12 Proposition. Let rp be a linear functional on the Banach space 2C. The 
following statements are equivalent: 

( 1) rp is bounded; 
(2) rp is continuous; 
(3) rp is continuous at O. 

Proof (1) implies (2). If (fa}aEA is a net in 2C converging to f, then 
limaEA lila - I II = O. Hence, 

lim Irp(fa) - rp(f)1 = lim Irp(fa - f)1 ~ lim Milia - !II = 0, 
aEA aEA aEA 

which implies that the net {rp(fa)}aEA converges to rp(f). Thus rp is continuous. 

(2) implies (3). Obvious. 

(3) implies (1). If rp is continuous at 0, then there exists 8 > 0 such that II f II < 8 
implies Irp(f) I < 1. Hence, for any nonzero g in X we have 

211g11 I (8 ) I 2 Irp(g) I = -8- rp 211gll g < 8 11gll , 

and thus rp is bounded. • 
We next define a norm on the space of bounded linear functionals which makes 

it into a Banach space. 

1.13 Definition. Let 2C* be the set of bounded linear functionals on the Banach 
space 2C. For rp in 2C*, let 

1It/J1l - {lrp(f)1 . f i= o} - sup IIfll . . 

Then ge* is said to be the conjugate or dual space of 2C. 

1.14 Proposition. The conjugate space 2C* is a Banach space. 

Proof That 2C* is a linear space is obvious, as are properties (1) and (2) for the 
norm. To prove (3) we compute 
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II + II - su I(CPI + ({J2)(f) I _ I(CPI (f) + ({J2(f)1 
CPI ({J2 - N~ II III - ;~ II III 

< sup I(CPI(f)1 + sup I ({J2 (f) I 
- NO 11111 NO 11111 

= IIcplil + 1I({J211. 

Finally, we must show that 2e* is complete. Thus, suppose {CPn}~I is a Cauchy 
sequence in 2e*. For each f in 2e we have I<f>n (f) - CPm (f) I ::: II CPn - CPm II II f II 
so that the sequence of complex numbers {CPn(f)}~I is Cauchy for each fin 2e. 
Hence, we can define cp(f) = limn ..... oo CPn (f). The linearity of cP follows from 
the corresponding linearity of the functionals CPn. Further, if N is chosen so that 
n, m ::: N implies IICPn - CPm II < 1, then for f in 2e we have 

I<f>(f) I ::: Icp(f) - CPN(f)1 + ICPN(f)1 

::: lim ICPn(f) - CPN (f) I + ICPN(f)1 
n ..... oo 

::: lim sup IICPn - CPNII 11111 + IIcpNIl 11111 
n ..... oo 

::: (1 + IIcpN II) 11111 . 

Thus cP is in 2e* and it remains only to show that limn ..... oo IIcp - CPn II = 0. Given 
B > 0, choose N such that n, m ::: N implies IICPn - CPm II < B. Then for f in 2e 
and m, n ::: N, we have 

Since limm ..... oo I(cp - CPn)(f) I = 0, we have IIcp - CPmll < B. Thus the sequence 
{CPn}~I converges to cP and r is complete. -

The reader should compare the preceding proof to that of Proposition 1.2. 
We now want to consider some further examples of Banach spaces and to 

compute their respective conjugate spaces. 

1.15 EXAMPLES. Let lOO(Z+) denote the collection of all bounded complex func
tions on the nonnegative integers Z+. Define addition and multiplication pointwise 
and set 1111100 = sup{lf(n)1 : n E Z+}. It is not difficultto verify thatlOO(Z+) is a 
Banach space with respect to this norm, and this will be left as an exercise. Further, 
the collection of all functions f in 100 (Z+) such that limn ..... oo f(n) = 0 is a closed 
subspace of 100 (Z+) and hence a Banach space; we denote this space by co(Z+). 

In addition, let 11 (Z+) denote the collection of all complex functions cP on Z+ 
such that E~o Icp(n)1 < 00. Define addition and scalar multiplication pointwise 
and set IIcplli = E~o Icp(n)l. Again we leave as an exercise the task of showing 
that 11 (Z+) is a Banach space for this norm. 
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We consider now the problem of identifying conjugate spaces and we begin 
with Co (.l+). For q; in II (.l+) we define the functional fP on co(.l+) such that 
fP(f) = .E:o q;(n) I (n) for I in co(.l+); the latter sum converges, since 

IrP(f) I = In~ q;(n)l(n)I :s n~ 1q;(n)lll(n)1 

00 
:s 1111100 .E Iq;(n) I = 1111100 1Iq;11. . 

n=O 

Moreover, since rP is obviously linear, this latter inequality shows that rP is in 
co(.l+)* and that 1Iq;1I1 ~ IIfPlI, where the latter is the norm of rP as an element of 
co(.l+)*. Thus the map ex(q;) = rP from II (.l+) to co(.l+)* is well defined and is 
contractive. We want to show that ex is isometric and onto co(.l+)*. 

To that end let L be an element of co(.l+)* and define the function q;L on .l+ 
so that q;L(n) = L(en) for n in .l+, where en is the element of co(.l+) defined to 
be 1 at n and 0 otherwise. We want to show that fPL = L, and that IIq;L III :s ilL II. 
For each N in .l+ consider the element 

~ L(en ) 

IN = ~ IL(en)1 en 

of Co (.l+), where % is taken to be O. Then II IN 1100 :s 1 and an easy computation 
yields 

IILII ~ IL(fN)1 = I~ I~~::;I L(en)1 = Eo IL(en)1 = Eo Iq;L(n)l; 

hence q;L is in II (.l+) and IIq;LilI :s ilL II. Thus the map ,8(L) = q;L from co(.l+)* 
to II (.l+) is also well defined and contractive. Moreover, let L be in co(.l+)* and 
g be in co(.l+); then 

lim Ilg - f g(n)enll = 0 
N-+oo n=O 00 

and hence we have 

L(g) = lim {f g(n)L(en )} = lim {f g(n)q;dn)} 
N-+oo n=O N-+oo n=O 

N 

= .E g(n)q;dn) = fPdg)· 
n=O 

Therefore, the composition ex 0 ,8 is the identity on co(.l+)*. Lastly, since rP = 0 
implies q; = 0, we have that ex is one-to-one. Thus ex is an isometric isomorphism 
ofl l (.l+) onto Co (.l+)* . 

Consider now the problem of identifying the conjugate space of II (.l+). For 
I in lOO(.l+) we can define an element j of II(.l+)* as follows: j(q;) = 
.E~=o I (n )q;(n). We leave as an exercise the verification that this identifies [I (.l+)* 
as [OO(.l+). 
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1.16 We return now to considering abstract Banach spaces. If a sequence of 
bounded linear functionals {~n}~ in ~* converges in norm to ~, then it must 
also converge pointwise, that is, limn .... oo q1n(f) = q1(f) for each f in ~. The 
following example shows that the converse is not true. 

For kin Z+ and f in ZI(Z+) define Lk(f) = f(k). Then Lk is in ZI(Z+)* 
and IILkll = 1 for each k. Moreover, limk-..oo Lk(f) = 0 for each f in ZI(Z+). 
Thus, the sequence {Lk}~ converges "pointwise" to the zero functional 0 but 
IILk - 011 = I for each kin Z+. 

Thus, pointwise convergence in ~* is, in general, weaker than norm conver
gence; that is, it is easier for a sequence to converge pointwise than it is for it 
to converge in the norm. Since the notion of pointwise convergence is a natural 
one, we might expect it to be useful in the study of Banach spaces. That is indeed 
correct and we shall define the topology of pointwise convergence after recalling 
a few facts about weak topologies. 

1.17 Weak Topologies. Let X be a set, Y be a topological space, and ~ be a 
family of functions from X into Y. The weak topology on X induced by ~ is the 
weakest or smallest topology '!J on X for which each function in ~ is continuous. 
Thus '!J is the topology generated by the sets (f-I(U) : f E ~,u open in Y}. 
Convergence of nets in this topology is completely characterized by liIllaeA Xu = X 

if and only if limueA !(xu ) = !(x) for every! in ~. Thus '!J is the topology of 
pointwise convergence. 

If Y is Hausdorff and ~ separates the points of X, then the weak topology is 
Hausdorff. 

1.18 Definition. For each ! in ~ let j denote the function on 2(:'* defined 
j(q1) = q1(f). The w*-topology on ~* is the weak topology on ~* induced by the 
family of functions {j : ! E ~}. 

1.19 Proposition. The w* -topology on ~* is Hausdorff. 

Proof If ~I ¥:- f/J2, then there exists! in ~ such that ~1 (f) ¥:- f/J2(f). Hence, 
j(~t> ¥:- j(f/J2) so that the functions {j : ! E ~} separate the points ofr. The 
proposition now follows from the remark at the end of Section 1.17. • 

We point out that the w*-topology is not, in general, metrizable (see Problem 
1.13). Next we record the following easy proposition for reference. 

1.20 Proposition. A net {q1u}ueA in 2t'* converges to ~ in 2t'* in the w*-topology 
if and only ifliffiaeA ~a (f) = ~(f) for every! in 2t'. 

The following shows that the w* -topology is determined on bounded subsets 
of ~* by a dense subset of ~ and this fact will be used in subsequent chapters. 

1.21 Proposition. Suppose.M. is a dense subset of ~ and {~u }aeA is a uniformly 
bounded net in ~* such that liffiaeA % (f) = q1(f) for f in .M.. Then the net 
{~a}aeA converges to qI in the w*-topology. 
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Proof Given g in ge and 8 > 0, choose f in .M such that IIf - gil < 8/3M, 
where M = sup{1I fP II , IIfPa II : (X E A}. If (xo is chosen such that (X ~ (xo implies 
IfPa(f) - fP(f)1 < 8/3, then for (X ~ (Xo, we have 

IfPa(g) - fP(g) I ~ IfPa(g) - fPa(f)1 + IfPa(f) - fP(f)1 + IfP(f) - fP(g) I 

~ IIfPall IIf - gil +8/3 + IIfPlI IIf - gil < 8. 

Thus {fPa}aeA converges to fP in the w*-topology. • 
1.22 Definition. The unit ball of a Banach space ge is the set {f EX: II f II ~ I} 
and is denoted (~I. 

1.23 Theorem. (Alaoglu) The unit ball (~*) 1 of the dual of a Banach space is 
compact in the w* -topology. 

Proof The proof is accomplished by identifying (~*h with a closed subset of a 
large product space the compactness of which follows from Tychonoff's theorem 
(see [71]). 

For each f in (ge)llet C{ denote a copy of the closed unit disk in Cand let P denote 

the product space X!eOO. C{. By Tychonoff's theorem P is compact. Define A from 
(r)1 to P by A(fP) = fPl(ge)l. Since A(fPI) = A(fP2) implies that the restrictions 
of fPI and fP2 to the unit ball of ~ are identical, it follows that A is one-to-one. 
Further, a net {fPa }aeA in ~* converges in the w* -topology to a rp in ~* if and only 
if liffiaeA fPa(f) = rp(f) for f in ~ if and only if liffiaeA A (fPa)(f) = A(fP)(f) 
for f in (~)I. This latter statement is equivalent to limaeA A(fPa) = A(fP) in 
the topology of P. Thus, A is a homeomorphism between (~*)I and the subset 
A[(~*)t1 ofP. 

We complete the proof by showing that A[(~*)t1 is closed in P. Suppose 
{A(fPa)}aeA is a net in A[(~*)t1 that converges in the product topology to 1/F 
in P. If f, g, and f + g are in (~I' then 

1/F(f + g) = lim A (fPa)(f + g) = lim A (fPa)(f) + lim A (fPa)(g) 
aeA aeA aeA 

= 1/F(f) + 1/I(g). 

Further, if f and >..f are in (~) I, then 

1/F(Af) = lim A (fPa)(Af) = lim fPa(Af) = A lim fPa(f) = A 1/1 (f). 
aeA aeA aeA 

Hence 1/F determines an element -if, of (~*)I by the relationship 

-if,(f) = 111111/F(f/ 11111) 

for f in ~. Since -if,(f) = 1/F(f) for f in (~)t. we see not only that -if, is in (r)1 
but, in addition, A(-if,) = 1/F. Thus A[(~·h] is a closed subset ofP, and therefore 
(r)1 is compact in the w*-topology. • 
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The importance of the preceding theorem lies in the fact that compact spaces 
possess many pleasant properties. We shall also use it to show that every Banach 
space is isomorphic to a subspace of some C(X). Before doing this we need to 
know something about how many continuous linear functionals there are on a 
Banach space. This and more is contained in the Hahn-Banach theorem. Although 
we are only interested in Banach spaces in this chapter, it is more illuminating to 
state and prove the Hahn-Banach theorem in slightly greater generality. To do this 
we need the following definition. 

1.24 Definition. Let'& be a real linear space and p be a real-valued function 
defined on '&. Then p is said to be a sublinear functional on '& if p(f + g) < 
p(f) + peg) for f and gin '& and p(Af) = Ap(f) for f in '& and positive A. 

1.25 Theorem. (Hahn-Banach) Let '& be a real linear space and let p be a 
sublinear functional on '&. Let '!F be a subspace of'& and cp be a real linear functional 
on '!F such that cp(f) ::s p(f) for f in '!F. Then there exists a real linear functional 
<1> on '& such that <1> (f) = cp(f) for f in '!F and <1>(g) ::s peg) for gin '&. 

Proof We may assume without loss of generality that '!F 1= to}. Take f not in '!F 
and let <& = {g + AI : A E IR, g E '!F}. We first extend cp to <& and to do this it 
suffices to define <1>(f) appropriately. We want <1>(g + Af) ::s peg + Af) for all A 
in IR and g in '!F. Dividing by IAI this can be written <1>(f - h) ::s p(f - h) and 
<p( - f + h) ::s p( - f + h) for all h in '!F or equivalently, 

- p( - f + h) + cp(h) ::s <1>(f) ::s p(f - h) + cp(h) 

for all h in '!F. Thus a value can be chosen for <1>(f) such that the resultant <1> on 
<& has the required properties if and only if 

sup{ -pC - f + h) + cp(h)} ::s infke9'{p(f - k) + cp(k)}. 
he9' 

However, for h and kin '!F, we have 

cp(h) - cp(k) = cp(h - k) ::s p(h - k) ::s p(f - k) + p(h - f), 

so that 

- p(h - f) + cp(h) ::s p(f - k) + cp(k) 

Therefore, cp can be extended to <1> on <& such that <1>(h) ~ p(h) for h in <&. 

Our problem now is to somehow obtain a maximal extension of cpo To that end let 
rzl' denote the class of extensions of cp to larger subspaces satisfying the required 
ineqUality. Hence an element of rzl' consists of a subspace <& of~ which contains '!F 
and a linear functional <1>'fj on <& which extends cp and satisfies <1>'fJ(g) ::s peg) for g 
in <&. There is a natural partial order defined on rzl', where (<&1, <1>'fJJ) ::s (<&2, <1>'fJz) if 
<&1 C <&2 and <1>'fJz (f) = <1>'fJJ (f) for f in <&1. To apply Zorn's lemma to the class rzl', 
we must show that for every chain {(<&a, <1>'fJa ) }aeA in rzl' there is a maximal element 
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in QP. (Recall that a chain is just a linearly ordered set.) If {(C§a, <I>'9J }aeA is a chain 
in QP, let C§ = UaeA C§a and define <I> on C§ by <I> (f) = <I>'9a (f), where 1 is in 
C§a.1t is easily verified that C§ is a subspace of~ which contains ~; that <I> is well 
defined, linear, and satisfies <I> (f) ~ p(f) for 1 in C§; and that (C§a, <I>'9a ) ~ (C§, <1» 

for each ex in A. Thus the chain has a maximal element in QP and Zorn's lemma 
implies that QP itself has a maximal element (C§o, <1>0). If % were not ~, then the 
argument of the preceding paragraph would yield a strictly greater element in QP 

which would contradict the maximality of (C§o, <I>,!lc). Thus C§o = ~ and we have 
the desired extension of ep to ~. • 

The form of this result which we need in this chapter is the following. 

1.26 Theorem. (Hahn-Banach) Let At be a subspace of the Banach space OC. 
If rp is a bounded linear functional on At, then there exists <I> in OC* such that 
<I>(f) = ep(f) for 1 in At and 11<1>11 = lIepli. 

Proof If we consider OC as the real linear space ~, then the norm is a sublinear 
functional on ~ and 1/! = Reep is a real linear functional on the real subspace M. It 
is evident that II1/! II .:s II rp II. Setting p (f) = II ep II II!II we have 1/! (f) .:s p (f) and 
hence from the preceding theorem we obtain a real linear functional \II on ~ that 
extends 1/! and satisfies \II (f) .:s II rp II II f II for f in OC. If we now define <I> on OC 
by <I>(f) = \II(f) - i\ll(if), then we want to show that <I> is a bounded complex 
linear functional on OC that extends cp and has norm lIepli. 

For f and g in OC, we have 

<I>(f + g) = \II(f + g) - i\ll(i(f + g») 

= \II(f) + \II (g) - i\ll(if) - i\ll(ig) 

= <I>(f) + <I>(g) 

Further, if A 1 and A2 are real and f is in OC, then <I> (if) = \II (if) - i \II ( - f) = 
i<l>(f) and hence 

<I>(CAI + iA2)/) = <l>CAJ/) + <I>(iAd) = Al <I> (f) + iA2<1> (f) 

= (AI + iA2)<I>(f). 

Thus, <t> is a complex linear functional on OC. Moreover, for f in At we have 

<I>(f) = \II(f) - i\ll(if) = 1/!(f) - i1/!(if) = Reep(f) - iReep(if) 

= Reep(f) - iRe(iep(f) = Reep(f) - i(-Imep(f» = ep(f). 

Lastly, to prove II <I> II = II \1111 it suffices to show that II <I> II ~ II \1111 in view of the 
fact that II \1111 = II1/! II and <I> is an extension of ep. For f in OC write <I> (f) = r eiO • 

Then 



12 Banach Algebra Techniques in Operator Theory 

I<l>(f) 1 = r = e-i9 <l>(f) = <l>(e-i9 f) = W(e-i9 f) 

~ IW(e-i9 f)1 ~ 1Icf>lIlIfII, 

so that <l> has been shown to be an extension of q; to ilt having the same norm. _ 

1.27 Coronary. If I is an element of a Banach space ilt, then there exists q; in ilt* 
of unit norm so that q;(f) = II I II. 

Proof We may assume I ::/= O. Let .M. = p..f : A E q and define 1{1 on .M. 
by 1{I(Af) = Allfli. Then 111{I1I = I and an extension of 1{1 to ilt given by the 
Hahn-Banach theorem has the desired properties. -

1.28 Coronary. If q;(f) = 0 for each q; in ilt*, then I = O. 

Proof Obvious. -
We gi ve two applications of the Hahn-Banach theorem. First we prove a theorem 

of Banach showing that C(X) is a universal Banach space and then we determine 
the conjugate space ofthe Banach space C([O, 1]). 

1.29 Theorem. (Banach) Every Banach space gc is isometrically isomorphic to 
a closed subspace of C(X) for some compact Hausdorff space X. 

Proof Let X be (gc*)1 with the w*-topology and define f3 from ilt to C(X) by 
(f3f)(cp) = cp(f) For II and h in ilt and Al and A2 in C, we have 

f3()...I!1 + A2h)(q;) = q;(AI!1 + )...212) = )...1q;(iI) + A2q;(h) 

= Alf3(iI)(q;) + )...2f3(h)(q;), 

and thus f3 is a linear map. Further, for I in ilt we have 

1If3(f)lIoo = sup 1f3(f)(q;) 1 = sup 1 (f)(q;) 1 ~ sup 1Iq;1I1I/1I ~ IIfII, 
'l'e(r)1 cpe(:f*h cpe(r)1 

and since by Corollary 1.27 there exists q; in (ilt*)1 such that q;(f) = IIfII, we 
have that 1If3(f) 1100 = IIfII. Thus f3 is an isometric isomorphism. -

The preceding construction never yields an isomorphism of gc onto C«gc*).) 
even if ge is C(Y) for some Y. If ge is separable, then topological arguments can 
be used to show that X can be taken to be the closed unit interval. 

Although this theorem can be viewed as a structure theorem for Banach spaces, 
the absence of a canonical X associated with each ge vitiates its usefulness. 

1.30 We now consider the problem ofidentifying the conjugate space of C([O, 1]). 
By this we mean finding some concrete realization of the elements of C([O, 1])* 
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analogous with the identification obtained in Section 1.15 of the conjugate space 
of /I(Z+) as the space /oo(Z+) of bounded complex functions on Z:+. We shall 
identify C([O, 1])* with a space of functions of bounded variation on [0, 1]. We 
shall comment on C(X)* for general X later in the chapter. We begin by recalling 
a definition. 

1.31 Definition. If'P is a complex function on [0, 1], then 'P is said to be of 
bounded variation if there exists M 2: 0 such that for every partition 0 = to < 
tl < ... < tn < tn+1 = 1, it is true that 

n 

L 1'P(Ii+d - 'P(/;) 1 :::: M. 
i=O 

The greatest lower bound of the set of all such M will be denoted by 1I'Pliv' 
An important property of a function of bounded variation is that it possesses 

limits from both the right and the left at all points of [0, 1]. 

1.32 Proposition. A function of bounded variation possesses a limit from the left 
and right at each point. 

Proof Let'P be a function on [0, 1] not having a limit from the left at some I in 
(0,1]; we shall show that 'P is not of bounded variation on [0, 1]. 

If 'P does not have a limit from the left at I, then for some 8 > 0, it is true that 
for each 8 > 0 there exists sand s' in [0,1] such that t - 8 < s < s' < t 
and 1'P(s) - 'P(s')1 2: 8. Thus we can choose inductively sequences {Sn}~1 and 
{s~}~1 such that 0 < Sl < s; < .. , < Sn < s~ < t and 1'P(Sn) - 'P(s~)1 2: 8. 

Now consider the partition to = 0; t2k+1 = Sk for k = 0, 1, ... , N - 1; t2k = s~ 
for k = 1,2, ... , N; and t2N+! = 1. Then 

2N N 
L 1'P(tk+l) - 'P(tk) 1 2: L 1'P(s~) - 'P(Sn) 1 2: N8, 
k=O n=l 

which implies that 'P is not of bounded variation on [0, 1]. The proof that 'P has a 
limit from the right proceeds analogously. -

Thus, if'P is a function of bounded variation on [0, 1], the limit 'P(t-) of'P from 
the left and the limit 'P(t+) of'P from the right are well defined for t in [0, 1]. (We 
set 'P(O-) = 'P(O) and 'P(1 +) = 'P(1).) Moreover, a function of bounded variation 
can have at most countably many discontinuities. 

1.33 Corollary. If 'P is a function of bounded variation on [0, 1], then 'P has at 
most countably many discontinuities. 

Proof Observe first that 'P fails to be continuous at I in [0, 1] if and only if 
'P(t) t= 'P(I+) or 'P(/) t= 'P(t-). Moreover, if to, tl, ... ,tn are distinct points 
of [0, 1], then 
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N N 
2: IqJ(tj) - qJ(tt) I + 2: IqJ(tj) - qJ(tj-)I.::: IIqJllv· 
i=O i=O 

Thus for each e > ° there exists at most finitely many points tin [0, 1] such that 
IqJ(t) - qJ(t+) I + IqJ(t) - qJ(t-)1 ::: e. Hence the set of discontinuities of qJ is at 
most countable. -

We next recall the definition of the Riemann-Stieltjes integral. For f in C([O, 1]) 

and qJ of bounded variation on [0, 1], we denote by f~ f dqJ, the integral of f with 

respectto qJ; that is, f~ f dqJ is the limit of sums of the form 2:7=0 f(t[)[qJ(tj+l)
qJ(tj)], where ° = to < tl < ... tn < tn+! = 1 is a partition of [0, 1] and tf 
is a point in the interval [ti, tHl). (The limit is taken over partitions for which 
maxl~i~n Iti+! - til tends to zero.) In the following proposition we collect the 
facts about the Riemann-Stieltjes integral which we will need. 

1.34 Proposition. If f is in C([O, 1]) and qJ is of bounded variation on [0, 1], 

then f~ f dqJ exists. Moreover: 

(1) f~() ... dl+A2h)dqJ =Alf~ !tdqJ+A2f~ hdqJforflandhinC([O, 1]), 
Al and A2 in C, and qJ of bounded variation on [0, 1]; 

(2) f~ f d(AI qJI + A2qJ2) = Al f~ f dqJI + A2 fOI f dqJ2 for f in C([O, 1]), Al 
and A2 in C, and qJI and qJ2 of bounded variation on [0, 1]; and 

(3) If~ f dqJl.::: 1111100 IIqJllv for f in C([O, 1]) and qJ of bounded variation on 

[0, 1]. 

Proof Compare [65, p. 107]. -
Now for qJ of bounded variation on [0,1], let cP be the functional defined by 

cP(f) = fOI f dcp for f in C([O, 1]). That fP is an element of C([O, 1])* follows 
from the preceding proposition. However, if qJ is a function of bounded variation 
on [0,1], to is a point in [0,1), and we define the function '1/1 on [0,1] such that 
'I/I(t) = qJ(t) for t =1= to and 'I/I(to) = qJ(t-), then an easy computation shows 

that fOI f dqJ = f~ f d'l/l for f in C([O, 1]). Thus if one is interested only in the 
linear functional that a function of bounded variation defines on C([O, 1]), then 
qJ and '1/1 are equivalent, or more precisely, cP = ~. In order to avoid identifying 
the conjugate space of C ([0, 1]) with equivalence classes of functions of bounded 
variation, we choose a normalized representative from each class by requiring that 
the distinguished function be left continuous on (0,1). 

1.35 Proposition. Let qJ be of bounded variation on [0,1] and '1/1 be the function 
defined 'I/I(t) = qJ(t-) for tin (0,1), '1/1(0) = qJ(O), and '1/1(1) = qJ(l). Then '1/1 is 
of bounded variation on [0,1], II'I/Iliv .::: IIqJllv, and 



Banach Spaces 15 

for fin C([O, 1]). 

Proof From Corollary 1.33 it follows that we can list {sdj:::1 the points of [0,1] 
at which ({J is discontinuous from the left. Moreover, from the definition of t/I we 
have t/I(t) = ({J(t) for t #= Sj for i ~ 1. Now let 0 = to < tl < ... < tn < tn+1 = 1 
be a partition of [0,1] having the property that if ti is in S = {Sk : k ~ I}, then 
neither ti-I nor tHI is. To show that t/I is of bounded variation and 1It/lliv :5 1I({Jll v, 
it is sufficient to prove that 

n 

L It/I(ti+l) - t/I(ti)1 :5 1I({Jllv . 
t=O 

Fix e > O. If Ii is not in S or i = 0 or n + 1, then set tI = ti. If ti is in S and 
i #= 0, n + 1, choose tI in (ti-I, ti) such that 1({J(ti-) - ({J(t;) I < e/2n + 2. Then 
0= to' tl < ... < t~ < t~+1 = 1 is a partition of [0, 1] and 

n n 

L It/I(tHI) - t/I(ti) 1 = L 1({J(ti~l) - ({J(ti-) I 
i=O i=O 

n n 

:5 L 1({J(ti~l) - ({J(t:+l) I + L 1({J(t:+l) - ({J(t!) I 
j=O i=O 

n 
+ L 1({J(t!) - ((J(tj-) I 

i=O 

:5 e/2 + 1I({Jll v + e/2. 

Sincee is arbitrary, we have that t/I is of bounded variation and that 1It/lliv :5 1I({Jllv. 
To complete the proof, for N an integer let TJN be the function defined TJN(t) = 0 
for t not in {SI, S2, ••• , SN} and TJN(Sj& = ((J(s;) - t/I(Si) for 1 :5 i :5 N. Then it 
is easy to show that limN-+oo II({J - (t/I + l1N)lI v = 0 and fol f dl1N = 0 for fin 
C([O, 1]). Thus, we have from Proposition 1.34 that 

,. f d({J = ,. f dt/l + lim ,. f dTJN = ,. f dt/l. • 10 10 N-+oo 10 10 
Let BV[O, 1] denote the space of all compiex functions on [0,1] which are of 

bounded variation on [0,1], which vanish at 0, and which are continuous from the 
left on (0,1). With respect to pointwise addition and scalar multiplication, B V[O, 1] 
is a linear space, and II II v defines a nonn. 

1.36 Theorem. The space BV[O, 1] is a Banach space. 

Proof We shall make use of Corollary 1.1 0 to show that B V[O, 1] is complete and 
hence a Banach space. Suppose {({In}:'1 is a sequence of functions in BV[O, 1] 
such that L~I lI({Jnllv < 00. Since 
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for tin [0,1], it follows that E:'I f/Jn(t) converges absolutely and uniformly to a 
function f/J defined on [0,1]. It is immediate that f/J(O) = 0 and that f/J is continuous 
from the left on (0,1). It remains to show that f/J is of bounded variation and that 

limN-+oo II f/J - E:=I f/Jn II v = 0. 

If 0= to < tl < ... < tk < tk+l = 1 is any partition of [0,1], then 

k 00 

sEE If/Jn(ti+l) - f/Jn(ti) I 
j=On=1 

Therefore, f/J is of bounded variation and hence in BV[O, 1]. Moreover, since the 
inequality 

k 00 00 

sEE If/Jn(ti+l) - f/Jn(tj)1 S E lIf/Jnllv 
j=O n=N+l n=N+1 

holds for every partition of [0,1], we see that 

Ilf/J - n~ f/Jn t s n=~+l lIf/Jn IIv 

for every integer N. Thus f/J = E:'l f/Jn in the norm of B V[O, 1] and the proof is 
complete. -

Recall that for f/J of bounded variation on [0,1], we let (p be the linear functional 
defined (P(f) = fd f df/J for f in C([O, 1]). 

1.37 Theorem. (Riesz) The mapping f/J ~ (P is an isometric isomorphism 
between BV[O, 1] and C([O, 1])*. 

Proof The fact that (p is in C([O, 1])* follows immediately from Proposition 1.34 
and we have, moreover, that II(PII s 1If/Jllv. To complete the proof we must, given 

an L in C([O, 1])*, produce a function"" in BV[O, 1] such that ;j, = L and 
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111/IIIv ~ IILII and show 1/1 is unique. To do this we first use the Hahn-Banach 
theorem to extend L to a larger Banach space. 

Let B[O, 1] be the space of all bounded complex functions on [0, 1]. It is by now 
routine to verify that B[O, 1] is a Banach space with respect to pointwise addition 
and scalar multiplication, and the norm II/lIs = sup{l/(t)1 : 0 ~ I ::: I}. For E a 
subset of [0, 1], let IE denote the characteristic (or indicator) function on E, that 
is, IE(t) is 1 if I is in E and 0 otherwise. Then for every E the function IE is in 
B[O,I]. 

Since C([O, 1]) is a subspace of B[O, 1] and since L is a bounded linear functional 
on C([O, 1]), we can extend it (but not necessarily uniquely) to a bounded linear 
functional L' on B[O, 1] such that IIL'II = IILII. Moreover, L' can be chosen to 
satisfy L'(llo}) = 0, since we may first extend it in this manner to the linear span 
of IIO}, and C([O, 1]) in view of the inequality 

IL'(f + u{O}) I = IL(f)1 ::: IILlillfiloo ::: IILIIII! + U{odls 

which holds for 1 in C([O, 1]) and A in C. 

Now for 0 < t ::: 1 define qJ(t) = L'(l(o,tj), where (0, I] is the half open interval 
{s : 0 < s ::: I} and set qJ(O) = O. We want first to show that qJ is of bounded 
variation and that IIqJllv ::: IILII. 

Let 0 = 10 < 11 < ... < In < In+1 = 1 be a partition of [0,1] and set 

if qJ(tk+l) # qJ(tk) and 0 otherwise. Then the function 

n 

1 = L Akl(tk,tHIl 
k=O 

is in B[O, 1] and IIflls ::: 1. Moreover, we have 

n n 
L IqJ(tk+l) - qJ(tk)1 = L Ak(qJ(tk+1) - qJ(tk» 
k=O k=O 

= L'(f) ::: IIL'II = ilL II , 

and hence qJ is of bounded variation and IIqJllv ::: IILII. 

We next want to show that L(g) = f~ g dqJ for every function g in C([O, 1]). To 
that end, let g be in C([O, 1]) and e > 0; choose a partition 0 = to < tl < ... < 
In < tn+l = 1 such that 

Ig(s) - g(s') I < 211~'1I 
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for sand s' in each subinterval [tk. tk+d and such that 

I t gd({J - t g(tk) (({J(tk+1) - ({J(tk») I < :.. 10 k=O 2 

Then we have for I = L~=o g(tk)I(/blk+tl + g(O)I{o} the inequality 

IL(g) -11 
gd({J1 S IL(g) - L'(f) I + IL'(f) _11 gd({J1 

S IIL'lllIg - Ills + Ikt g(tk) (({J(tk+1) - ((J(tk») -11 
gd({J1 

e e 
< - + - = e. -2 2 

Thus L(g) = 101 g d({J for gin C([O, 1]). 

Now the ({J obtained need not be continuous from the left on (0, 1). However, 

appealing to Proposition 1.35, we obtain 1{f in B V[O, 1] such that 111{f IIv S II({Jllv s 
IILII and 

for gin C([O, 1]). Thus -if, = L, and combining the inequality obtained in the first 

paragraph of the proof with the one just above, we obtain II 1{f II v = II L II. All that 

remains now is to show that 1{f is unique, and this amounts to showing that the 

mapping ({J ~ (jJ is one-to-one. 

Let ({J be in BV[O, 1]. Fix to such that 0 < to S 1 and let In be the sequence of 

functions in C([O, 1]) defined such that 

{

lOS t S (n~l) to, 

In(t) = no (1 -~) (n~l) to < t S to, 

to < t S 1. 

Then the function 1(0,/0] - In is zero outside the open interval «n~1 )to, to). If we 

define 

({J ((n~l) to) 0 S t S (n~l) to, 

({In(t) = {({J(t) (n~l)to<tSto, 
({J(to) to < t S 1, 

then 



111 (/(O.to] - In)dqll = 111 (/(0.10]- In)dqlnl 

~ IIqlnllv· 
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Now we claim that limn_ oo II qln II v = O. Since ql is left continuous at to, there exists 
~ > 0 such that 0 < to - t < ~ implies Iql(to) - ql(t)1 < e/2. Let 0 = to < tl < 
... < tHl = 1 be a partition of [0, 1]for which IIqlllv - E:=o Iql(ti+l) - ql(ti)1 < 
e/2. We can assume that to = tio for some io and that tio - t;o-1 < ~. Then 
Iql(tio) - ql(tio-l) I < ~,and the variation of ql on the interval [tio-l, to] is less than 
e, which implies IIqln IIv < e if ~ < 8. Thus 

ql(to) = t l(o.to] dql = lim t In dql 
Jo n_ooJo 

and~ = o implies q> = 0, which completes the proof. Thus BV[O, 1] = C)[O, 1])* . 

• 

1.38 The Conjugate Space of C(X). If X is an arbitrary compact Hausdorff 
space, then the notion of a function of bounded variation on X makes no sense. 
Thus one must search for a different realization of the elements of C (X)·. It can 
be shown with little difficulty that each countably additive measure defined on the 
Borel sets of X gives rise to a bounded linear functional on C(X). Moreover, just 
as in the preceding proof we can extend a bounded linear functional on C(X) to 
the Banach space of bounded Borel functions by the Hahn-Banach theorem and 
then obtain a Borel measure by evaluating the extended functional at the indicator 
functions for Borel sets. This representation of a bounded linear functional as 
a Borel measure is not unique. If one restricts attention to the regular Borel 
measures on X, then the pairing is unique and one can identify C(X)* with the 
space M(X) of complex regular Borel measures on X. We do not prove this in 
this book but refer the reader to [65]. This result is usually called the Riesz
Markov representation theorem. We shall need it at least for X a compact subset 
of the plane. 

1.39 Quotient Spaces. Let ge be a Banach space and .M. be a closed subspace 
of ge. We want to show that there is a natural norm on the quotient space ge/.M. 
making it into a Banach space. Let ge/.M. denote the linear space of equivalence 
classes {[f] : lEge}, where [f] = {f + g : g E .M.}, and define a norm on ge/M 
by 

1I[f]1I = infge..«. III + gil = infhE[f]lIhll. 

Then II {f] II = 0 implies there exists a sequence {gn}~l in M with 
limn_ oo II I + gn II = O. Since M is closed, it follows that I is in .M. so that 
[f] = [0]. Conversely, if [f] = [0], then I is in .M. and 0 :::: 1I{f] II :::: 
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III - III = O. Thus, lI[f]lI = 0 if and only if [f] = [0]. Further, if II and 
12 are in '1£ and }.. is in C, then 

1I}..[/dl! = 1I[}../dll = infgE.M.II}..h +gll = 1}..linfhE.M.llfl +hll = 1}..III[fdll 

and 

lI[fd + [12]11 = 1I[f1 + 12]11 = infgE.M.llfl + 12 + gil 

::: 1I[f1] II + 11[12]11 

Therefore, 11·11 is a norm on gej.M and it remains only to prove that the space is 
complete. 

If Ufn]}~l is a Cauchy sequence in gej.M, then there exists a subsequence 
{fnk }~I such that II [fnk+'] - [fnk] II < Ij2k. If we choose hk in [fnk+' - fnk] such 
that IIhk II < Ij2k, then L~I IIhk II < 1 and hence the sequence {hd is absolutely 
summable. Therefore, h = L~I hk exists by Proposition 1.9. Since 

k-J k-J 

[fnk - fn,] = L:[fni+' - fn,] = L[h i ], 
;=1 i=1 

we have limk--+oo[fnk - fn,] = [h]. Therefore, limk--+oo[fnk] = [h + fn,] and gej.M 
is seen to be a Banach space. 

We conclude by pointing out that the natural map n: (f) = [f] from '1£ to 
'l£j.M is a contraction and is an open map. For suppose f is in 'l£, B > 0, and 
Ne(f) = {g E '1£: III - gil < B}. If[h] is in 

Ne([f]) = Uk] E gej.M: 1I[f] - [k]1I < B}, 

then there exists ho in [h] such that IIf - holl < B. Hence [h] and, in fact, all of 
Ne([/]) is in the image of Ne(f) under the natural map. Therefore, the natural 
map is open. 

1.40 Definition. Let '1£ and IJ}J be Banach spaces. A linear transformation T from 
'1£ to IJ}J is said to be bounded if 

IITfil 
IITI! = ~~~ m < 00. 

The set of bounded linear transformations of'l£ to IJ}J is denoted .2('1£, IJ}J) with 
.2('1£, 'l£) abbreviated .2('1£). A linear transformation is bounded if and only if it is 
continuous. 

1.41 Proposition. The space .2('1£, IJ}J) is a Banach space. 

Proof The only thing that needs proof is the completeness of .2('l£, IJ}J) and that is 
left as an exercise. -
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Although an essential feature of a Banach space is that it is complete in the 
metric induced by the norm, we have not yet made any real use of this property. 
The importance of completeness is due mainly to the applicability of the Baire 
category theorem. We now present two of the principal applications, namely the 
open mapping theorem and the uniform boundedness theorem. 

1.42 Theorem. If ~ and OJJ are Banach spaces and T in E(~, OJJ) is one-to-one 
and onto, then T-1 exists and is bounded. 

Proof The transformation T-1 is well defined and we must show it to be bounded. 
For r > 0 let (~)r = {f E ~ : 11/11 ~ r}. To show that T-1 is bounded, it is 
sufficient to establish T-1(OJJh C (~r for some r > 0 or equivalently, that 
(OJJ) 1 C T (~) N for some integer N. 

Since T is onto, we have U~l T[(~n)] = OJJ. Further, since CiY is a complete 
metric space, the Baire category theorem states that CiY is not the countable union 
of nowhere dense sets. Thus, for some N the closure clos{T[(~)Nn of T[(~N] 
contains a non empty open set. It follows that there is an h in (~) N and an e > 0 
such that 

Th + (CiY)s = {f E CiY : III - Thll < e} C clos{T[(~)Nn· 

Therefore, (CiY)s C -T + clos{T[(~)N]) C clos{T[(~zNn so that (CiY)l C 
clos{T[(~)r n, where r = 2N Ie. Except for the fact that this is the closure, this is 
what we need to prove. Thus we want to remove the closure. 

Let I be in (CiY)I. There exists gl in (~)r with III - Tg11I < ~. Since I - Tg1 is 
in (OJJh/z, there exists gz in (~)r/Z with III - Tgl - Tgzil < ~. Since 1- Tg 1 -

Tgz is in (CiY)I/4, there exists g3 in (~)r/4 with III - Tgl - Tgz - Tg311 < i. 
Continuing by induction, we obtain a sequence {gn}~l such that IIgn II ~ r/2n- 1 

and III - I:7=1 Tgdl < 1/2n. Since 

00 00 

I: IIgnll ~ L 2:-1 = 2r, 
n=l n=l 

the series I:~l gn converges to an element g in (~Zr. Further, 

T g = T (lim t gk) = lim t T gk = I. 
n-+oo k=l n ..... oo k=l 

Therefore, (CiY)1 C T[(~2r] which completes the proof. • 
1.43 Corollary. (Open Mapping Theorem) If ~ and CiY are Banach spaces and 
T is an onto operator in E(~, CiY), then T is an open map. 

Proof Since T is continuous, the set oM. = {f E ~ : T I = O} is a closed subspace 
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of~. We want to define a transfonnation S (see accompanying figure) from the 
quotient space ~/.M to CiJJ as follows: for [f] in ~/.M set 

1f.,/'2e(.M 

.M .2e/ :s 
~~ 

S[f] = T g for g in [f]. Since gl and g2 in [f] imply that gl - g2 is in.M, we have 
T gl = T g2 and hence S is well defined. Obviously, S is linear and the inequality 

IIS[f]1I = infge[f] IITgll S II TIl infge[f] IIgll = IIT11!![f]II, 

which holds for [f] in 2e/.M, shows that S is bounded. Moreover, if S[f] = 0, then 
T / = 0, which implies that / is in .M and [f] = [0]. Therefore, S is one-to-one. 
Lastly, S is onto, since T is, and hence the preceding theorem demonstrates that S 
is an open map. Since the natural homomorphism JT from 2e to ~/.M is open and 
T = SJT, we obtain that T is open. -

1.44 Theorem. (Unifonn Boundedness Theorem) If ~ is a Banach space and 
{'Pn}~1 is a sequence in ~* such that sup{!'P(f)! : n E :l:+} < 00 for 1 in X, then 
sup{II'Pnll : n E :l:+} < 00. 

Proof Let u be the real-valued function defined for 1 in ~ such that u(f) 
sUP{!'Pn (f)! : n E :l:+}, and let I!lk be the subset of ~ defined for kin:l:+ such that 
I!lk = {f E ~ : u(f) S k}. Because the 'Pn are continuous, it follows that each 
I!lk in closed. Moreover, since 1 is in I!lk for k ~ u(f), we have UkeZ+ I!lk = 2(:'. 

Now, the Baire category theorem implies that some I!lko contains an open ball 
{f E ~ : II 1 - 10 II < o} for 10 in 2e and 0 > O. 

Now calculating, we obtain 

I 1 1 
lI'Pnll = sup -8 !'Pn(g)! S ~ sup !'Pn(g + to)! + 8!'Pn(fo)! 

ge'rJ 0 ge'rJ 

and therefore 

which completes the proof. -
We conclude this chapter with some classical examples of Banach spaces due 

to Lebesgue and Hardy. (It is assumed in what follows that the reader is familiar 
with standard measure theory.) 
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1.45 The Lebesgue Spaces Let /L be a probability measure on a (] -algebra <;j of 
subsets of a set X. Let;£1 denote the linear space of integrable complex functions 
on X with pointwise addition and scalar multiplication. and let N be the subspace 
of null functions. Hence, a measurable function I on X is in;£1 if Ix I I I d /L < 00 

and is in N if Ix Ifl d/L = o. We let Ll denote the quotient space;£1 IN with 
the nonn "[!llll = Ix Ifl d/L. That this satisfies the properties of a nonn (that is, 
(1)-(3) of Section 1.1) is easy; the completeness is only slightly more difficult. 

Let {[In]}~1 be a sequence in LI such that E:'I II[ln]11. !:: M < 00. 

Choose representatives In from each [In]; then the sequence (E~=1 Ifn I}~=I is 
an increasing sequence of nonnegative measurable functions having the property 
that the integrals 

1 Ct.lfnl) dJL = n~ II [In] III !:: M 

are unifonnly bounded. Thus, it follows from Fatou's lemma that the function 
h = E:'I Ilnl is integrable. Therefore, the sequence {L~=I In}~1 converges 
almost everywhere to an integrable function k in ;£1. Finally, we have that 

!I[k] - E[ln]t = liE In - E Inl dJL 

00 1 00 !:: E ifni dJL!:: E II [In] III , 
n=N+l X n=N+l 

and hence E:'l[ln] = [k]. Thus, Ll is a Banach space. 
For 1 < p < 00 let ;£P denote the collection of functions I in;£l which satisfy 

Ix IfIP dJL < 00 and set NP = N n;£p. Then it can be shown that;gP is a linear 

subspace of ;£1 and that the quotient space LP = ;£P INP is a Banach space for 
thenonn 

II[!lllp = (llfIP dJL) lip 

The details of this will be carried out for the case p = 2 in Chapter 3; we refer the 
reader to [65] for details concerning the other cases. 

Now let ;goo denote the subspace of ;gl consisting of the essentially bounded 
functions, that is, the functions I for which the set 

{x EX: If(x) I > M} 

has measure zero for M sufficiently large, and let II I II 00 denote the smallest such M. 
If we setr = Nnr, then we can easily show that for I in;goo we have II 11100 = 
o if and only if I is in r. Thus II II 00 defines a nonn on the quotient space L 00 = 
r Ir. To show that L oo is a Banach space we need only verify completeness 
and we do this using Corollary 1.10. Let {[In]}~1 be a sequence of elements of 
L oo such that E:'I II[ln]IIoo !:: M < 00. Choose representatives In for each Ilnl 
such that ifni is bounded everywhere by II [In] 11 00 • Then for x in [0,1] we have 
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00 00 

L Iln(x)1 ~ L IIUn]II oo ~ M. 
n=1 n=1 

Therefore the function hex) = L~I In(x) is well defined, measurable, and 
bounded since 

Ih(x)1 = In~ In(x)1 ~ n~ Iln(x)1 ~ M. 

Thus,h is in~oo and weomitthe verification thatlimN_oo II[h] - L~=l[ln] II = o. 
Hence, L 00 is a Banach space. 

Although the elements of an LP space are actually equiValence classes of 
functions, one normally treats them as functions. Thus when we write I in L I, we 
mean I is a function in ~I and I denotes the equivalence class in L I containing 
I. Hereafter, we adopt this abuse of notation. 

We conclude by showing that (L 1)* can be identified as L 00. This result should 
be compared with that of Example 1.15. We indicate a different proof of this result 
not using the Radon-Nikodym theorem in Problem 3.22. 

For fP in L 00 we let fP denote the linear functional defined by 

fP(f)= ilfPdj.t for linLI. 

1.46 Theorem. The map fP ~ fP is an isometric isomorphism of L 00 onto (L 1)*. 

Proof If fP is in L oo , then for I in LI we have I (fPf) (x) I ~ IIfPlloo II(x)1 for almost 
every x in X. Thus IfP is integrable, fP is well defined and linear, and 

IfP(f) I = Ii IfPdj.t1 ~ IIfPlloo i III dj.t ~ IIfPlloo IIfIIl· 

Therefore, fP is in (L 1)* and II fP II ::s II fP II 00 • 

Now let L be an element of (L I )*. For E a measurable subset of X the indicator 
function IE is in LI and II Ie II I = Ix Iedj.t = j.t(E). If we set A(E) = L(Ie), 
then it is easily verified that A is a finitely additive set function and that IA(E)I ::s 
j.t(E) IILII. Moreover, if {En}~1 is a nested sequence of measurable sets such that 

n~1 En = (/)' then 

I lim A(En)1 ~ lim IA(En)1 ~ IILII lim j.t(En) = O. 
n-+-oo n---;.-oo n---+oo 

Therefore, A is a complex measure on X dominated by j.t. Hence by the Radon
Nikodym theorem there exists an integrable function fP on X such that A(E) = 
Ix /efPdj.t for all measurable E.1t remains to prove that fP is essentially bounded 
by IILII and that L(f) = Ix IfPdj.t for I in LI. 

For N an integer, set 

EN = {x EX: IILII + ~ ~ I f{J (x) I ~ N}. 
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Then EN is measurable and hNqJ is bounded. If f = I:7=1 CdE; is a simple 
step function, then it is easy to see that LU) = Ix fqJdf-L. Moreover, a simple 
approximation argument shows that if f is in L I and supported on EN, then again 
LU) = Ix fqJdf-L. Let g be the function defined to be qJ(x)J IqJ(x)1 if x is in 
EN and qJ(x) =1= 0 and 0 otherwise. Then g is in LI, is supported on EN and 
IIglll = J.L(EN). Therefore, we have 

J.L(EN) ilL II ::: IL(g)1 = IIx gqJdJ.L1 = lx'qJ' hN dJ.L ::: (IILII + ~) f-L(EN) 

which implies J-L(EN) = O. Hence, we obtain J-L(U~=I EN) = 0, which implies qJ 
is essentially bounded and II qJ II 00 ~ II L II. Moreover, the above argument can be 
used to show that 

LU) = Ix fqJdJ.L for all f in L I , 

which completes the proof. • 
We now consider the Banach spaces first studied by Hardy. Although these 

spaces can be viewed as subspaces of the LP spaces, this point of view is quite 
different from that of Hardy, who considered them as spaces of analytic functions 
on the unit disk. Moreover, although we study these spaces in some detail in later 
chapters, here we do little more than give the definition and make a few elementary 
observations concerning them. 

1.47 The Hardy Spaces. If lr denotes the unit circle in the complex plane and J.L 
is the Lebesgue measure on lr normalized so that J.L(lr) = 1, then we can define 
the Lebesgue spaces LP (lr) with respect to J-L. The Hardy space H P will be defined 
as a closed subspace of LP(lr). As in the previous section, we consider only the 
cases p = 1 or 00. 

For n in 7l.. let Xn denote the function on lr defined Xn (z) = zn. If we define 

I { I 1 {2n: } H = f E L (lr) : 2rr 10 fXn dt = 0 for n = 1,2,3,···, , 

then HI is obviously a linear subspace of LI(lr). Moreover, since the set 

{f ELI (1) : 2~ 12n: f Xn d t = 0 } 

is the kernel of a bounded linear functional on L I (lr), we see that HI is a closed 
subspace of L 1 (lr) and hence a Banach space. 

For precisely the same reasons, the set 

HOO={qJELoo(1l):2~12n: qJXndt=O for n=1,2,3, ... ,} 

is a closed subspace of L 00 elf). Moreover, in this case 
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{cp E L oo(ln : 2~ 12tr CPXn dt = o} 
is the null space or kernel of the w* -continuous function 

Xn(CP) = 2~ 12tr CPXn dt 

and hence is w* -closed. Therefore, H oo is a w* -closed subspace of L 00 elf). 
If we let Htr denote the closed subspace 

{cp E Hoo : 2~ 127r cpdt = o}, 
then the conjugate space of HI can be shown to be naturally isometrically 
isomorphic to L 00 (If) I Htr. We do not prove this here but consider this question 
in Chapter 6. 

Notes 
The basic theory of Banach spaces is covered in considerable detail in most textbooks 

on functional analysis. Accounts are contained in Bourbaki [7], Goffman and Pedrick [44], 
Naimark [80], Riesz and Sz.-Nagy [92], Rudin [95], and Yoshida [117]. The reader may 
also find it of interest to consult Banach [5]. 

Exercises 
Assume in the following that X is a compact Hausdorff space and that ~ is a 

Banach space. 

1.1 Show that the space C(X) is finite dimensional if and only if X is finite. 

1.2 Show that every linear functional on ~ is continuous if and only if ~ is finite 
dimensional. 

1.3 If.M. is a normed linear space, then there exists a unique (up to isomorphism) Banach 
space ~ containing .M. such that closM = ~. 

1.4 Complete the proof begun in Section 1.15 that [I (Z+)* = [OO(Z+). 

1.5 Determine whether each of the following spaces is separable in the norm topology: 
co(Z+), [I (Z+), [OO(Z+), and lOO(Z+)*. 

Definition An element f of the convex subset K of ~ is said to be an extreme point of K 
iffor no distinct pair fl and 12 in K is f = ! (fl + h)· 

1.6 Show that an element f of C(X) is an extreme point of the unit ball if and only if 
If(x)1 = 1 for each x in X. 

1.7 Show that the linear span of the extreme points of the unit ball of C(X) is C(X). 

1.8 Show that the smallest closed convex set containing the extreme points of the unit 
ball of C([O, 1]) is the unit ball. Show that the same is true for C(X).* 

1.9 Show that the unit ball of Co (Z+) has no extreme points. Determine the extreme points 
of the unit ball of II (Z+). What about the extreme points of the unit ball of LI([O, I])? 



Banach Spaces 27 

1.10 If K is a bounded w*-closed convex subset of re*, then {~(f) : ~ E K} is a 
compact convex subset of C for each I in reo Moreover, if AO is an extreme point 
of {~(/o) : ~ E K}, then any extreme point of the set {~ E K : ~(fo) = AO} is an 
extreme point of K. 

1.11 If K is a bounded w· -closed convex subset of 2e* , then K contains an extreme point. * 
(Hint: If {f",}",eA is a well-ordering ofre, define nested subsets {Ka}aeA such that 

Ka = I~ En Kp : ~(fa) = Aa], 
p<a 

where Aa is an extreme point of the set {~(fa) : ~ E np<a Kp}. Show that rlaeA Ka 
consists of a single point which is an extreme point of K.) 

1.12 (Krein-Mil'man) A bounded w* -closed convex subset of re· is the w· -closed convex 
hull of its extreme points. * 

1.13 Prove that the relative w·-topology on the unit ball ofre* is metrizable if and only if 
re is separable. 

1.14 Let X be a subspace of re, x be in re, and set 

d = inf{lIx - yll : y EX}. 

If d > 0, then show that there exists ~ in re* such that ~ (y) = 0 for y in X, ~(x) = I, 
and II~II = lid. 

1.15 Show that if we define the function j(~) = ~(f) for I in re and ~ in 2e*, then j is 
in re·· and that the mapping I ~ j is an isometric isomorphism of re into re·· . 

Definition A Banach space is said to be reflexive if the image of re is all of re** . 

1.16 Show that re is reflexive for re finite dimensional but that none of the spaces 
co(Z+),11 (Z+),IOO(Z+), C([O, 1], and LI([O, 1]) is reflexive. 

1.17 Let re and ay be Banach spaces. Define the I-norm II I ffi gill = II I II + IIg II and the 
oo-norm III e glloo = sup{II/II, IIglllon the algebraic direct sum re e ay. Show that 
re e ay is a Banach space with respect to both norms and that the conjugate space of 
re ffi ay with the I-norm is re· ffi OY. with the oo-norm. 

1.18 Let re and ay be Banach spaces and 1111 be a norm on re ffi OY making it into a Banach 
space such that the projections 11'1 : re eOY ~ re and 11'2 : re eay ~ OY are continuous. 
Show that the identity map between re E9 OY in the given norm and re E9 OY with the 
I-norm is a homeomorphism. Thus the norm topology on re E9 ay is independent of 
the norm chosen. 

1.19 (Closed Graph Theorem) If T is a linear transformation from the Banach space re to 
the Banach space OY such that the graph {(f, T f) : I E rei of T is a closed subspace 
of re e ay, then T is bounded. (Hint: Consider the map I ~ (f, T f).) 

1.20 Give an example of a closed subset K of the plane 1R2 satisfying UneZ+ nK = 1R2 for 
which the origin is not an interior point. If we assume further that K contains the line 
segment joining a point of K to the origin, is such an example still possible? 



28 Banach Algebra Techniques in Operator Theory 

1.21 If~is a Banach space and {tpn}~1 isasequencein~* such that {tpn (f)}~1 is a Cauchy 
sequence for each f in ~, then limn--+oo tpn exists in the w* -topology. Moreover, the 
corresponding result for nets is false. 

1.22 Show that if ~ is a Banach space and tp is a (not necessarily continuous) linear 
functional on ~, then there exists a net {tpa}aeA in ~* such that liffiaEA tpa(f) = 
tp(f) for f in ~. 

1.23 Let ~ and uy be Banach spaces and T be a bounded linear transformation from if onto 
uy. Show that if M = ker T, then ~ 1M is topologically isomorphic to uy. 

Definition Ififis a Banach space, then the collection of functions {tp E ~*} defines a weak 
topology on ~ called the w-topology. 

1.24 Show that a subspace M of the Banach space ~ is norm closed if and only if it 
is w-closed. Show that the unit sphere in X is w-closed if and only if X is finite 
dimensional. * 

1.25 Show that if X is a Banach space, then X is w* -dense in X** . 

1.26 Show that a Banach space ~ is refiexive if and only if the w- and w*-topologies 
coincide on X*. 

1.27 Let X and uy be Banach spaces and T be in 2(X, UY). Show that if tp is in UY* then 
f -+ tp(T f) defines an element 'if! ofX*. Show that the map T*ep = 'if! is in 2(UY*. X*). 
(The operator T* is called the adjoint of T.) 

1.28 If X and uy are Banach spaces and T is in 2(X, UY), then T is one-to-one if and only 
if T* has w* -dense range. 

1.29 If X and uy are Banach spaces and T is in 2(X. UY), then T has a closed range if and 
only if T* has a closed range. (Hint: Consider first the case when T is one-to-one and 
onto.) 

Definition If M is a subspace of the Banach space ~, then the annihilator M1. of Mis 
defined as M1. = (ep E X* : ep(x) = 0 for x EM}. 

1.30 If X is a Banach space and M is a closed subspace of X, then .M.* is naturally 
isometrically isomorphic to 2£*1 M 1.. 

1.31 If X is a Banach space and .N is a subspace of X*, then there exists a subspace M of 
X such that M1. =.N if and only if.N" is w*-closed. 

1.32 If the restriction of a linear functional ep on the Banach space M(X) of complex 
regular Borel measures on X to the unit ball of M(X) is continuous in the relative 
w* -topology, then there exists a function f in C (X) such that 

ep(/-t) = Ix f d/-t for /-t in M(X).* 

(Hint: Obtain f by evaluating ep at the point measure Dx at x and use the fact that 
measures of the form 2:7=1 aiDxi for 2:7=1 lail ~ 1 are w'-dense in the unit ball of 
M(X).) 

1.33 (Grothendieck) A linear functional tp in 2£'* is w*-continuous if and only if the 
restriction of ep to (2£*)] is continuous in the relative w*-topology.* (Hint: Embed X 
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in C (X), extend f{J to M (X) via the homomorphism from M (X) to M (X) /,!£J. = '!£*, 
and show that the function f obtained from the preceding problem is in '!£.) 

1.34 (Kreln-Smul'yan) If'!£ is a Banach space and.M. is a subspace of,!£*, then.M. is w*
closed if and only if.M. n ('!£*) I is w* -closed. * (Hint: Show that .M. is the intersection 
of the null spaces of a collection of w* -continuous linear functionals on '!£*.) 

1.35 (Banach) If '!£ is a separable Banach space and .M. is a subspace of '!£*, then .M. is 
w* -closed if and only if.M. is w* -sequentially complete. 

1.36 Let '!£ and OY be Banach spaces and '!£ ®a OY be the algebraic tensor product of '!£ and 
OY as linear spaces over Co Show that if for w in '!£ ®a OY we define 

IIwll,.. = inf L~ IIxdlllydl : x), ••• ,Xn E '!£; Yi,···, Yn E OY, W = i~Xi ® Yi}, 

then 11·11,.. is a norm on '!£ ®a OY. The completion of '!£ ®a OY is the projective tensor 
product of'!£ and OY and is denoted '!£®OY. 

1.37 Let '!£ and oy be Banach spaces and '!£ ®a oy be the algebraic tensor product of'!£ and 
oy as linear spaces over C. Show that if for w in '!£ ®a OY we define 

IIwlli = sup {IE f{J(Xi)1/I(Yi) I : XI, •.• , Xn E '!£; YI, ••• , Yn E OY; 

f{J E ('!£*)I; 1/1 E (OY*h; w = i~ Xi ® YI ) , 

then 1I·lIi is a norm on '!£ ®a OY. The completion of'!£ ®a oy is the inductive tensor 
product of'!£ and oy and is denoted '!£®OY. 

1.38 For'!£ and oy Banach spaces, show that the identity mapping extends to a contractive 
transformation from '!£®OY to '!£®OY. 

1.39 For X and Y compact Hausdorff spaces show that C(X)®C(Y) = C(X x Y). (Hint: 
Show that it is sufficient in defining 1111 i' to take rp and 1/1 to be extreme points of the 
unit ball of,!£* and oy*.) 

1.40 For X and Y compact Hausdorff spaces show that 

C(X)®C(y) = C(X x Y) 

if and only if X or Y is finite. (Hint: show that there are functions hex, Y) 
L~=I !;(X)gi (y) for which IIhlloo = 1 but IIhll,.. is arbitrarily large.) Thus the tensor 
product of two Banach spaces is not unique. 



Chapter 2 

Banach Algebras 

2.1 In Chapter 1 we showed that C(X) is a Banach space and that every Banach 
space is, in fact, isomorphic to a subspace of some C(X). In addition to being a 
linear space, C(X) is also an algebra and multiplication is continuous in the norm 
topology. In this chapter we study C(X) as a Banach algebra and show that C(X) 
is a ''universal'' commutative Banach algebra in a sense which we will later make 
precise. We shall indicate the usefulness and power of this result in some examples. 

2.2 Recall that in Section 1.1 we observed that C(X) is an algebra over C 
with pointwise multiplication and that the supremum norm satisfies IIfglloo ~ 
1111100 IIglioo for f andg in C(X). These properties make C(X) into what we will 
call a Banach algebra. 

In the study of Banach spaces the notion of bounded linear functional is 
important. For Banach algebras and, in particular, for C(X) the important idea 
is that of a multiplicative linear functional. (We do not assume the functional to be 
continuous because we show later that such a functional is necessarily continuous.) 
Except for the zero functional, which is obviously both multiplicative and linear, 
every multiplicative linear functional rp satisfies cp(1) = 1 since rp ¢ 0 means there 
exists an f in C(X) with rp(f) #= 0, and then the equation rp(1)rp(f) = rp(f) 
implies rp(1) = 1. Thus we restrict our attention to the set Mqx) of complex 
multiplicative linearfunctionals rp on C(X) which satisfy rp(1) = 1. For each x in 
X we define the complex functional rpx on C (X) such that rpx (f) = f (x) for f in 
C(X). It is immediate that rpx is in Mc(X), and we let 1/1 denote the mapping from 
X to Mc(x) defined 1/I(x) = rpx' The following proposition shows that 1/1 maps 
onto Mc(x). 

2.3 Proposition. The map 1/1 defines a homeomorphism from X onto Mqx), 
where Mqx) is given the relative w* -topology on C(X)*. 

30 
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Proof Let qJ be in Me(x) and set 

m = ker qJ = {f E C(X) : qJ(f) = OJ. 

We show first that there exists Xo in X such that I(xo) = 0 for each I in m. 
If that were not the case, then for each x in X, there would exist Ix in m such 
that Ix(x) =1= O. Since Ix is continuous, there exists a neighborhood Ux of x 
on which Ix =1= O. Since X is compact and {Ux}xeX is an open cover of X, 
there exist UXI"'" UXN with X = U:=l UXn ' If we set g = E:=l fXnIXn' then 
qJ(g) = E:=l qJ(/x)qJ(lxn) = 0, implying that g is in m. But g =1= 0 on X and 
hence is invertible inC(X). This in tum implies qJ(1) = qJ(g). qJ(l/g) = 0, which 
is a contradiction. Thus there exists Xo in X such that I(xo) = 0 for I in m. 
If I is in C(X), then I -qJ(f)·1 is in m since qJ(1 -qJ(f) ·1) = qJ(f) -qJ(f) = o. 
Thus 

I(xo) - qJ(f) = (f - qJ(f) . 1)(xo) = 0, 

since I - qJ(f) . 1 is in m and therefore qJ = qJxo' 

Since each qJ in MC(x) is bounded (in fact, of norm one). we can give MC(x) the 
relative w*-topology on C(X)* and consider the map 'I/t : X -+ MC(x). If x and 
yare distinct points of X. then by Urysohns's lemma there exists I in C(X) such 
that I(x) =1= I(y). Thus 

'I/t(x)(f) = qJx(f) = I(x) =1= I(y) = qJy(f) = 'I/t(y)(f). 

which implies that 'I/t is one-to-one. 

To show that 'I/t is continuous, let {Xa}aeA be a net in X converging to x. Then 
limaeA I(xa) = I(x) for I inC(X)orequivalentlyliffiaeA 'I/t(xa)(f) = 'I/t(x)(f) 
for each I in C(X). Thus the net {'I/t(Xa)}aeA converges in the w*-topology to 'I/t(x) 
so that 'I/t is seen to be continuous. Since 'I/t is a one-to-one continuous map from 
a compact space onto a Hausdorff space, if follows that 'I/t is a homeomorphism. 
This completes the proof. -

We next state the definition of Banach algebra and proceed to show that the 
collection of multiplicative linear functionals on a general Banach algebra can 
always be made into a compact Hausdorff space in a natural way. 

2.4 Definition. A Banach algebra ~ is an algebra over C with identity 1 which 
has a norm making it into a Banach space and satisfying 11111 = 1 and the inequality 
IIfgll ::: 11/11 IIgll for I and g in~. 

We let A denote the element of ~ obtained upon multiplying the identity by the 
complex number A. 

The following fundamental proposition will be used to show that the collection 
of invertible elements in ~ is an open set and that inversion is continuous in the 
norm topology. 
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2.5 Proposition. If f is in the Banach algebra m and 111 -!II < 1, then f is 
invertible and 

Proof If we set TJ = 111 - fll < 1, then for N ::: M we have 

IIE(1- ft - n~(1 - ftl/ = t=~+y - f)nl/ S n=t+1 111 - fIIn 

and the sequence of partial sums U:::=o(I - f)n}N=O is seen to be a Cauchy 
sequence. If g = L~o(l - f)n, then 

fg = [1 - (1 - f)] (~y - f)n) = J~oo ([1 - (1 - f)] n;(l - ft) 

= lim (1 - (1- f)N+I) = 1, 
N~oo 

since limN~oo II (1 - f)N+III = O. Similarly, gf = 1 so that 1 is invertible with 
f- I = g. Further, 

IIgll = lim II I:O- f)nll S lim I: 111- fIIn = 1 . -
N~oo n=O N~oon=O I-lil-fil 

2.6 Definition. For m a Banach algebra, let ~ denote the collection of invertible 
elements in m and let %, respectively, ~r denote the collection ofleft, respectively, 
right invertible elements in m that are not invertible. 

The following result will be of interest in this chapter only as it concerns ~ but 
we will need the results about ~I and ~r in Chapter 5 when we study index theory. 

2.7 Proposition. If m is a Banach algebra, then each of the sets ~, ~], and ~r is 
open in m. 

Proof If f is in ~ and IIf - gil < 1/ Ilf-III, then 1 > Ilf-1111I1 - gil ::: 
111 - f- I g II· Thus the preceding proposition implies that f- I g is in ~ and hence 
g = f (f- I g) is in ~. Therefore ~ contains the open ball of radius 1/ II f- I II about 
each element of f in ~. Thus ~ is an open set in m. 
If f is in ~], then there exists h in m such that hf = 1. If II f - gil < 1/ IIh II, then 
1 > IIhll IIf - gil ::: IIhf - hgll = 111 - hgll· Again the proposition implies that 
k = hg is invertible and the identity (k-Ih)g = 1 implies that g is left invertible 
so that ~I is seen to contain the open ball of radius 1/ IIh II about f. Thus ~I is 
open. The proof that ~r is open proceeds in the same manner. -
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2.8 Corollary. If)8 is a Banach algebra, then the map on ~ defined I ~ I-I is 
continuous. Thus,~ is a topological group. 

Proof If f is in ~, then the inequality II I - gil < 1/211 I-III implies that 

111 - I-I gil < t and hence 

IIg-111 ~ Ilg-1/1111/-111 = IIU-Ig)-IIIII/-III ~ 211/-1 11. 

Thus the inequality 

111-1 _ g-111 = III- I U - g)g-III ~ 2111-111 2 III - gil 

shows that the map I ~ I-I is continuous. • 
There is another group which is important in some problems. 

2.9 Proposition. Let)8 be a Banach algebra, ~ be the group of invertible elements 
in)8, and '90 be the connected component in ~ which contains the identity. Then ~ 
is an open and closed normal subgroup of~, the cosets of~o are the components 
of~, and ~/~o is a discrete group. 

Proof Since ~ is an open subset of a locally connected space, its components are 
open and closed subsets of~. Further, if I and g are in ~o, then I~o is a connected 
subset of~ which contains fg and f. Therefore, '90 U f~o is connected and hence 
is contained in ~o. Thus f g is in ~o so that ~ is a semigroup. Similarly, f-l~O U~o 
is connected, hence contained in ~o, and therefore ~o is a subgroup of~. Lastly, 
if I is in ~, then the conjugate group I~ol-I is a connected subset containing 
the identity and therefore I~ol-I = ~o. Thus, ~o is a normal subgroup of~ and 
~/~o is a group. 

Further, since I~o is an open and closed connected subset of ~ for each I in ~, 
the cosets of ~ are the components of~. Lastly, ~/~o is discrete since '90 is an 
open and closed subset of~. • 

2.10 Definition. If)8 is a Banach algebra, then the abstract index group for )8, 
denoted AQj, is the discrete quotient group ~/~o. Moreover, the abstract index is 
the natural homomorphism y from ~ to AQj. 

We next consider the abstract index group for a Banach algebra in a little more 
detail. 

2.11 Definition. If)8 is a Banach algebra, then the exponential map on )8, denoted 
exp, is defined 

00 1 
expI= "-r. L., n! 

n=O 

The absolute convergence of this series is established just as in the scalar case 
from whence follows the continuity of expo If m is not commutative, then many 
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of the familiar properties of the exponential function do not hold. The following 
key formula is valid, however, with the additional hypothesis of commutativity. 

2.12 Lemma. If m is a Banach algebra and f and g are elements of m which 
commute, then exp(f + g) = exp f exp g. 

Proof MUltiply the series defining exp f and exp g and rearrange. -
In a general Banach algebra it is difficult to determine the elements in the 

range of the exponential map, that is, the elements which have a "logarithm." The 
following lemma gives a sufficient condition. 

2.13 Lemma. If m is a Banach algebra and f is an element of m such that 
111 -!II < 1, then f is inexpm. 

Proof If we set g = L~l -(1jn)(1 - f)n, then the series converges absolutely 
and, as in the scalar case, substituting this series into the series expansion for exp g 
yields exp g = f. -

Although it is difficult to characterize exp m for an arbitrary Banach algebra, 
the collection of finite products of elements in exp )8 is a familiar object. 

2.14 Theorem. If)8 is a Banach algebra, then the collection of finite products 
of elements in exp m is ~. 

Proof If f = expg, then f ·exp(-g) = exp(g - g) = I = exp(-g)f, and hence 
f is in 'fj. Moreover, the map qJ from [0, 1] to exp m defined by qJ(A.) = exp(A.g) 
is an arc connecting 1 to f, and hence f is in 'fjo. Thus exp m is contained in 'fjo. 
Further, if?:i denotes the collection of finite products of elements of exp m, then 
?:i is a subgroup contained in <go. Moreover, by the previous lemma ?:i contains an 
open set and being a subgroup hence ?:i is an open set. Lastly, since each of the 
left cosets of?:i is an open set, it follows that ?:i is an open and closed subset of'fjo. 
Since 'fjo is connected we conclude that 'fjo = ?:i, which completes the proof. -

The following corollary shows that the problem of identifying the elements of 
a commutative Banach algebra which have a logarithm is much easier. 

2.15 Corollary. If m is a commutative Banach algebra, then exp m = ~. 

Proof By Lemma 2.12 if m is commutative, then exp )8 is a subgroup. -

Before continuing, we identify the abstract index group for C(X) with a more 
familiar object from algebraic topology. This identification is actually valid for 
arbitrary commutative Banach algebras but we will not pursue this any further 
(see [40]). 
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2.16 Let X be a compact Hausdorff space and let ~ denote the invertible elements 
of C(X). Hence a function I in C(X) is in ~ if and only if I(x) =1= 0 for all x in 
X, that is, ~ consists of the continuous functions from X to C* = C\{O}. Since 
~ is locally arcwise connected, a function I is in ~o if there exists a continuous 
arc (h..he[o,I) of functions in ~ such that 10 = 1 and It = I. If we define the 
function F from X x [0,1] to C* such that F(x, A) = IJ..(x), then F is continuous, 
F (x, 0) = 1 and F (x, 1) = I (x) for x in X. Hence I is homotopic to the constant 
function 1. Conversely, if g is a function in ~ which is homotopic to 1, then g 
is in ~o. Similarly, two functions gl and g2 in ~ represent the same element of 
A = ~/~o if and only if gl is homotopic to g2. Thus A is the group of homotopy 
classes of maps from X to C*. 

2.17 Definition. If X is a compact Hausdorff space, then the firstcohomotopy 
group rr 1 (X) of X is the group of homotopy classes of continuous maps from X 
to the circle group lr with pointwise multiplication. 

2.18 Theorem. If X is a compact Hausdorff space, then the abstract index group 
A for C(X) and rrl(X) are naturally isomorphic. 

Proof We define the mapping <I> from rr 1 (X) to A as follows: A continuous 
function I from X to T determines first an element If} of rrl(X) and second, 
viewed as an invertible function on X, determines a coset I + ~o of A. We define 
<I>({f}) = I +~. To show, however, that <I> is well defined we need to observe that 
if g is a continuous function from X to T such that If} = {g}, then I is homotopic 
to g and hence I + <so = g+<§o. Moreover, since multiplication in both rrl (X) and 
~ is defined pointwise, the mapping <I> is obviously a homomorphism. It remains 
only to show that <I> is one to-one and onto. 

To show <I> is onto let I be an invertible element of C(X). Define the function F 
from X x [0,1] to C* such that F(x, t) = I(x)/ I/(xW. Then F is continuous, 
F(x,O) = I(x) for x in X, and g(x) = F(x, 1) has modulus one for x in X. 
Hence, I + ~o = g + ~o so that <I> ({g}) = I + ~o and therefore cJ> is onto. 

If I and g are continuous functions from X to T such that cJ>({f}) = cJ>({g}), then 
I is homotopic to g in the functions in ~, that is, there exists a continuous function 
G from X x [0,1] to C* such that G(x,O) = I(x) and G(x, 1) = g(x) for x 
in X. If, however, we define F(x, t) = G(x, t)/ IG(x, t)l. then F is continuous 
and establishes that I and g are homotopic in the class of continuous functions 
from X to lr. Thus {f} = {g} and therefore cJ> is one-to-one, which completes 
the proof. _ 

The preceding result is usually stated in a slightly different way. 

2.19 Corollary. If X is a compact Hausdorff space, then A is naturally isomorphic 
to the first Cech cohomology group HI(X, 7L) with integer coefficients. 
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Proof It is proved in algebraic topology (see [67]) that 1r I (X) and HI (X, Z) are 
naturally isomorphic. _ 

These results enable us to determine the abstract index group for simple 
commutative Banach algebras. 

2.20 Corollary. The abstract index group of C(l) is isomorphic to Z. 

Proof The first cohomotopy group of lr is the same as the first homotopy group 
of lr and hence is Z. -

We now return to the basic structure theory for Banach algebras. 

2.21 Definition. Let ~ be a Banach algebra. A complex linear functional rp on 
~ is said to be multiplicative if: 

(1) rp(fg) = rp(f)rp(g) for I and g in ~; and 
(2) rp(1) = 1. 

The set of all multiplicative linear functionals on ~ is denoted by M = MI}3. 

We will show that the elements of M are bounded and that M is a w* -compact 
subset of the unit ball of the conjugate space of ~. We show later that M is 
nonempty if we further assume that ~ is commutative. 

2.22 Proposition. If ~ is a Banach algebra and rp is in M, then II rp II = 1. 

Proof Let 9l = kerrp = (f E ~ : rp(f) = OJ. Since rp(f - rp(f) . 1) = 0, it 
follows that every element in ~ can be written in the form A + I for some A in C 
and I in 9l. Thus 

Irp(g) I Irp(A + f)1 IAI 1 
IIrpll = sup-- = sup = sup = sup = 1 

gt-o IIgll fem IIA+111 fem IIA+/II hem IIl+hll 
AFO )',.0 

because 111 + h II < 1 implies that h is invertible by Proposition 2.5, which implies 
in tum that h is not in ffi. Therefore IIrpll = 1 and the proof is complete. -

Whenever we deduce topological properties from algebraic hypotheses, com
pleteness is usually crucial; the use of completeness in the proof of Theorem 1.42 
was obvious. Less obvious is the role played by completeness in the preceding 
proposition. 

2.23 Proposition. If ~ is a Banach algebra, then M is a w* -compact subset of 
(~*h. 

Proof Let {rpa }aeA be a net of multiplicative linear functionals in M that converges 
in the w*-topology on (~*h to a rp in (~*)l' To show that M is w*-compact, it is 
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sufficient in view of Theorem 1.23 to prove that ({J is multiplicative and ({J(1) = 1. 
To this end we have ({J(l) = limaeA ((Ja(1) = liffiaeA 1 = 1. Further, for f and g 
in ~, we have . 

= lim ({Ja(f) limrpa(g) = rp(f). ({J(g). 
aeA aeA 

Thus ({J is in M and the proof is complete. -
Thus M is a compact Hausdorff space in the relative w* -topology. Recall that 

for each f in ~ there is a w*-continuous function j : (~*)I ~ C given by 
j«({J) = rp(f). Since M is contained in (Q3*h, then JIM is also continuous. We 
formalize this in the following: 

2.24 Definition. For the Banach algebra~, if M i= ,p, then the Gelfand transform 
is the function 1 : ~ ~ C(M) given by I(f) = JIM, that is, l(f)(rp) = ((J(f) 

forrp in M. 

2.25 Elementary Properties of the Gelfand Transform. If Q3 is a Banach 
algebra and 1 is the Gelfand transform on ~, then: 

(1) 1 is an algebra homomorphism; and 
(2) Ilf'tlloo:::: IItil for fin Q3. 

Proof The only nonobvious property needed to conclude that 1 is an algebra 
homomorphism is that 1 is multiplicative and that argument goes as follows: For 
f and g in ~ we have 

r(fg)«({J) = ({J(fg) = ((J(f)rp(g) = r(f)(rp) . I(g)(rp) = [I(f) . I(g)](rp), 

and hence 1 is multiplicative. To show that r is a contractive mapping we let f 
be in Q3 and then 

Thus r is a contractive algebra homomorphism and the proof is complete. -

2.26 Before proceeding we want to make a few remarks about the Gelfand 
transform. Note first that 1 sends all elements of the form f g - gf to O. Thus, if 
Q3 is not commutative, then the subalgebra of C(M) that is the range of r may 
fail to reflect the properties of Q3. (In particular, we indicate in the problems at the 
end of this chapter an example of a Banach algebra for which M is empty.) In the 
commutative case, however, M is not only not empty but is sufficiently large that 
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the invertibility of an element f in m is determined by the invertibility of r f in 
C(M). This fact alone makes the Gelfand transform a powerful tool for the study 
of commutative Banach algebras. 

To establish this further property of the Gelfand transform in the commutative 
case, we must first consider the basic facts of spectral theory. We will not assume, 
in what follows, that m is commutative until this assumption is actually needed. 

2.27 Definition. For m a Banach algebra and f an element of m we define the 
spectrum of f to be the set 

0"IJ.3(f) = {A E C : f - A is not invertible in m}, 

and the resolvent set of f to be the set 

()m(/) = C\a\8(f). 

Further, the spectral radius of f is defined 

r\8(f) = supflAI : A E a\8(f)}. 

When no confusion will result we omit the subscript m and write only a (f), 
p(f), and ref). 

The following elementary proposition shows that a (f) is compact. The fact 
that a (f) is nonempty lies deeper and is the content of the next theorem. 

2.28 Proposition. If m is a Banach algebra and f is in \8, then a (f) is compact 
andr(f) ~ IIf11. 

Proof If we define the function cp : C ~ m by cp(A) = f - A, then cP is continuous 
and p(f) = cp-I(~) is open since ~ is open. Thus the set a (f) is closed. 

If IAI > IIf11, then 

1 > 1I1{11I = IIfll = 111-(1- f)II, 
so that 1- f/A is invertible by Proposition 2.5. Thus f - A is invertible. Therefore, 
A is in p(f), a(f) is bounded and hence compact, and ref) ~ IIf11. • 

2.29 Theorem. If m is a Banach algebra and f is in \8, then a (f) is nonempty. 

Proof Consider the function F : p(f) ~ m defined by F(A) = (f - A)-I. We 
show that F is an analytic \8-valued function on p(f) which is bounded at infinity 
and use the Liouville theorem to obtain a contradiction. 

First, since inversion is continuous we have for AO in p (f) that 

hm = hm 
. {F(A) - F(AO)} . {(f - Ao)-I[(f - AO) - (f - A)](f - A)-I} 

A-->AO A - AO A ..... Ao A - AO 
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In particular, for rp in the conjugate space 58*, the function rp(F) is a complex 
analytic function on p(f). 

Further, for IAI > II 1 II we have, using Proposition 2.5, that 1-t/ A is invertible and 

11(1- i)-II ~ I-I~I/AII· 
Thus it follows that 

. 11 (I )-11 lim IIF(A)II = lim - - - 1 
A-+OO A-+OO A A 

lim 1 1 0 < sup- = . 
- IAI-+oo IAI 1 - lit/Ali 

Therefore for rp in 58* we have limA-+oo ((J(F(A» = o. 
If we now assume that a (f) is empty, then p (f) = C. Thus for rp in 58* it follows 
that rp(F) is an entire function which vanishes at infinity. By Liouville's theorem 
we have rp(F) == O. In particular, since for a fixed A in C we have rp(F(A» = 0 
for each rp in 58*, it follows from Corollary 1.28 that F(A) = O. This, however, is 
a contradiction, since F(A) is by definition an invertible element of 58. Therefore 
a (f) is nonempty. -

Note that although 58 is not assumed to be commutative, the subalgebra of 58 
spanned by 1, I, and elements ofform (f - A)-1 is commutative, and the result 
really concerns only this subalgebra. 

2.30 The following theorem is an immediate corollary to the preceding and is 
crucial in establishing the desired properties of the Gelfand transform. Recall that 
a division algebra is an algebra in which each nonzero element is invertible. 

2.31 Theorem. (Gelfand-Mazur) If 58 is a Banach algebra which is a division 
algebra, then there is a unique isometric isomorphism of 58 onto C. 

Proof If 1 is in 58, then a (f) is nonempty by the preceding theorem. If AI is in 
a (f), then 1 - AI is not invertible by definition. Since 58 is a division algebra, then 
1 - AI = O. Moreover, for A =1= AI we have f - A = AI - A which is invertible. 
Thus a (f) consists of exactly one complex number AI for each f in 58. The map 
.,p : 58 ~ C defined .,p(f) = AI is obviously an isometric isomorphism of 58 onto 
C. Moreover, if.,p' were any other, then .,p'(f) would be in a(f) implying that 
.,p(f) = .,p'(f). This completes the proof. -

2.32 Quotient Algebras. We now consider the notion of a quotient algebra. Let 
58 be a Banach algebra and suppose that ID'l is a closed two-sided ideal of 58. Since 
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IDe is a closed subspace of 58, we can define a nonn on 58/IDe following Section 
1.39 making it into a Banach space. Further, since IDe is a two-sided ideal in 58, 
we also know that 58 IIDe is an algebra. There remain two facts to verify before we 
can assert that 58 IIDe is a Banach algebra. 

First, we must show that II [I] II = 1, and this proof proceeds as follows: 
11[1]11 = infgEWl III - gil = 1, for if III - gil < 1, then g is invertible by 
Proposition 2.5. 

Secondly, for f and g in 58 we have 

1I[f][g]1I = lI[fg]1I = infhe 9Jlllfg - hll 

= 1I[f]1I lI[g]1I 

so that 1I[f][g]1I ~ 1I[f]1I lI[g]lI. Thus 58/IDe is a Banach algebra. Moreover, the 
natural map f -+ [f] is a contractive homomorphism. 

2.33 Proposition. If 58 is a commutative Banach algebra, then the set M of 
multiplicative linear functionals on 58 is in one-to-one correspondence with the 
set of maximal two-sided ideals in 58. 

Proof Let rp be a multiplicative linear functional on 58 and let ffi = ker rp = {f E 

58 : cp(f) = OJ. The kernel ffi of a homomorphism is a proper two-sided ideal and 
if f is not in ffi, then 

Since (1 - f/rp(f») is in ffi, the linear span of f with ffi contains the identity 1. 
Thus an ideal containing both ffi and f would have to be all of 58 so that ffi is seen 
to be a maximal two-sided ideal. 

Suppose IDe is a maximal proper two-sided ideal in 58. Since each element f of 
IDe is not invertible, then 111 - f II ~ 1 by Proposition 2.5. Thus 1 is not in the 
closure of IDe. Moreover, since the closure IDe of IDe is obviously a two-sided ideal 
and IDe c IDe Sf 58, then IDe = IDe and IDe is closed. The quotient algebra 58 IIDe is a 
Banach algebra which because IDe is maximal and 58 is commutative, is a division 
algebra. Thus by Theorem 2.31, there is a natural isometric isomorphism 1/1 of 
58 IIDe onto C. If rr denotes the natural homomorphism of 58 onto 58 IIDe, then the 
composition rp = 1/Irr is a nonzero multiplicative linear functional on 58. Thus cp 
is in M and IDe = kerrp. 

Lastly, we want to show that the correspondence cp +7 ker cp is one-to-one. If rp, 
and CfJ2 are in M with ker rp, = ker CfJ2 = IDe, then 
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is both in IDl and a scalar multiple of the identity for each f in ~ and hence must 
be o. Therefore ker rpl = ker f/J2 implies rpl = f/J2 and this completes the proof. -

This last proposition is the only place in the preceding development where the 
assumption that ~ is commutative is required. 

Hereafter, we refer to MIJj as the maximal ideal space for ~. 

2.34 Proposition. If ~ is a commutative Banach algebra and f is in ~, then f 
is invertible in ~ if and only if r(f) is invertible in C(M). 

Proof If f is invertible in ~, then r(f-l) is the inverse of r(f). If f is not 
invertible in ~, then IDlo = {gf : g E ~} is a proper ideal in ~ since 1 is 
not in IDlo. Since ~ is commutative, IDlo is contained in some maximal ideal IDl. 
By the preceding proposition there exists rp in M such that ker rp = IDl. Thus 
r(f)(rp) = rp(f) = 0 so that r(f) is not invertible in C(M). -

We summarize the results for the commutative case. 

2.35 Theorem. (Gelfand) If ~ is a commutative Banach algebra, M is its 
maximal ideal space, and r : ~ -+ C(M) is the Gelfand transform, then: 

(1) M is not empty; 
(2) r is an algebra homomorphism; 
(3) Ilfflloo ~ 11/11 for I in~; and 
(4) I is invertible in ~ if and only if r(f) is invertible in C(M). 

The crucial fact about statement (4) is that it refers to r(f) being invertible in 
C (M) rather than in the range of r. 

We obtain two corollaries before proceeding to a result concerning the spectral 
radius. 

2.36 Corollary. If ~ is a commutative Banach algebra and I is in ~, then 
u(f) = range rl andr(f) = Ilfflloo. 

Proof If A is not in u (f) then I - A is invertible in ~ by definition. This implies 
that r(f)-A is invertible in C(M), which in tum implies that (rl -A)(rp) i= Ofor 
rp in M. Thus (rf)(rp) i= A forrp in M. If A is not in the range ofr/, then rl - A 
is invertible in C(M) and hence, by the preceding theorem, I - A is invertible in 
~. Therefore, A is not in u (f) and the proof is complete. -

If rp(z) = E~ anZn is an entire function with complex coefficients and I is an 
element of the Banach algebra~, then we let rp(f) denote the element E:'o anr 
of~. 

2.37 Corollary. (Spectral Mapping Theorem) If 58 is a Banach algebra, I is in 
~,and rp is an entire function on C, then 
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a(rp(f)) = qJ(a(f») = {qJ(A) : A E a(f)}. 

Proof If rp(z) = :E:'o anzn is the Taylor series expansion for qJ, then qJ(f) = 
:E:'o an r can be seen to converge to an element of \8. If \80 is the closed 
subalgebra of \8 generated by I, f, and elements of the form (f - ).,)-1 for 

)., in p(f) and (rp(f) - JLr l for JL in p(qJ(f»), then \80 is commutative and 
alE(f) = alEo(f) and alE (rp(f») = alEo(rp(f»). Thus, we can assume that \8 is 
commutative and use the Gelfand transform. 

Using the preceding corollary we obtain 

a(qJ(f») = range r(qJ(f») = range rp(rf) 

= rp(range rf) = qJ(a(f»), 

since r(rp(f») = qJ(rf) by continuity; thus the proof is complete. • 
We next prove a basic result due to Beurling and Gelfand relating the spectral 

radius to the norm. 

2.38 Theorem. If \8 is a Banach algebra and I is in \8, then TIE (f) = limn-+oo 
IIril l / n. 

Proof If \80 denotes the closed subalgebra of \8 generated by the identity,j, and 
{(r - ).,)-1 : )., E P'E(r), n E Z+}, then \80 is commutative and alEo(r) = 
alE(r) for all positive integers n. From the preceding corollary, we have 
alEo(r) = alEo(f)n and hence rlE(f)n = rlE(r) ~ IIrll; thus the inequality 
TIE(f) ~ liminfn-+oo Ilril l / n follows. 

Next consider the analytic function 

00 In 
G()") = -A L ).,n' 

n=O 

which converges to (f - ).,)-1 for 1)"1 > 11111 by Proposition 1.9. For rp in \8* 
the function - :E:'o ¢()., I-n r) is analytic for 1)"1 > rlE(f), since it equals 
rp( (f - A)-I). The convergence of this series implies limn-+oo rp(A 1- n r) = 0 for 
each qJ in \8*. Hence, the uniform boundedness theorem (Theorem 1.44) implies 
the existence of a number M .. such that IIA I-n In II ~ M .. for all n. Therefore, 

lim sup Ilrll l / n ~ limsupM~/n I).,nl'/n = 1)"1. 
n~oo n~oo 

Thus 

from which the result follows. • 
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2.39 Corollary. If 58 is a commutative Banach algebra, then the Gelfand trans
fonn is an isometry if and only if 11/211 = II I 112 for every I in 58. 

Proof Since ref) = II 1\8 fII 00 for I in 58 by Corollary 2.36, we see that 1\8 is an 
isometry if· and only if ref) = IIfII for I in 58. Moreover, since r(f2) = r(f)2 
by Corollary 2.37, the result now follows from the theorem. -

We now study the self-adjoint subalgebras of C (X) for X a compact Hausdorff 
space. We begin with the generalization due to Stone of the classical theorem 
of Weierstrass on the density of polynomials. A subset U of C(X) is said to be 
self-adjoint if I in U implies 7 is in U. 

2.40 Theorem. (Stone-Weierstrass) Let X be a compact Hausdorff space. If U 
is a closed self-adjoint subalgebra of C(X) which separates the points of X and 
contains the constant function 1, then U = C(X). 

Proof If Ur denotes the set of real functions in U, then Ur is a closed subalgebra 
of the real algebra Cr(X) of continuous functions on X which separates points and 
contains the function 1. Moreover, proof of the theorem reduces to showing that 
Ur = Cr(X). 

We begin by showing that I in Ur , implies that III is in Ur • Recall that the binomial 
series for the function <p(t) = (1_t)1/2 is L:~ antn, where an = (_l)ne~2). It is 

an easy consequence of the comparison theorem that the sequence {L::=o an tn } ~ =1 
converges unifonnly to <p on the closed interval [0, 1 - 8] for 8 > O. (The sequence 
actually converges unifonnly to <p on [-1,1].) Let I be in Ur such that IIflloo ::5 1 
and set 88 = 8 + (1 - 8)f2 for 8 in (0, 1]; then 0 ::5 1 - 88 ::5 1 - 8. For fixed 
8 > 0, set hN = L::=o an (1 - 88)n. Then hN is in Ur and 

IlhN - (81l) 1/2 1100 = !~~ IE a n(1 - 81l(X)Y - <p(1 - 81l(X») I 
::5 sup If. antn - <pet) I· 

tEIO,I-1l1 n=O 

Therefore, limN ..... oo IlhN - (81l) 1/2 1100 = 0, implying that (81l)1/2 is in Ur. Now 
since the square root function is unifonnly continuous on [0,1], we have limll ..... o 
11III - (81l) 1/2 1100 = 0, and thus If I is in Ur. 
We next show that Ur is a lattice, that is, for I and 8 in Ur the functions I v 8 
and I /\ 8 are in Uto where (f v 8)(x) = max{f(x), 8(X)}, and (f /\ 8)(X) = 
min{f(x), 8(X)}. This follows from the identities 

f v 8 = t{f + g + If - gil. and f /\ 8 = t{f + 8 -If - gl} 

which can be verified pointwise. 

Further, if x and y are distinct points in X and a and b arbitrary real numbers, and 
f is a function in Ur such that f(x) =1= fey), then the function 8 defined by 
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- a b _ a fez) - f(x) 
g(z) - + ( ) fey) - f(x) 

is in Ur and has the property that g (x) = a and g (y) = b. Thus there exist functions 
in Ur taking prescribed values at two points. 

We now complete the proof. Take f in Cr(X) and £ > o. Fix Xo in X. For each x 
in X, we can find a gx in Ur such that gAxo) = f(xo) and gAx) = f(x). Since f 
and g are continuous, there exists an open set Ux of x such that gAy) :::: fey) + B 

for all y in Ux. The open sets {UX}XEX cover X and hence by compactness, there 
is a finite subcover UX1 ' UX2 ' ... , Uxn . Let hxo = gXI 1\ gX2 1\ ..• 1\ gXn. Then hxo 
is in Ur , hxo(xo) = f(xo), and hxo(Y) :::: fey) + £ for yin x. 
Thus for each Xo in X there exists hxo in Ur such that hxo(xo) = f(xo) and 
h xo (y) :s f (y) + £ for y in X. Since h Xo and f are continuous, there exists an 
open set Vxo of Xo such that hxo(Y) ::: fey) - £ for yin Vxo. Again, the family 
{Vxo}xoeX covers X, and hence there exists a finite subcover VXI' VX2 ' ... ' Vxm.1f 
we set k = hxl' V hX2 v· .. v hxm , then k is in Ur and fey) - c :::: key) :::: fey) +B 
for y in X. Therefore, II f - k II 00 :s £ and the proof is complete. -

2.41 If [a, b] is a closed interval of IR, then the collection of polynomials rL~=o 
c¥ntn} with complex coefficients is a self-adjoint subalgebra of C([a, b]) which 
separates points and contains the constant function 1. Thus its closure must be 
C([a, b]), and this is the statement of the Weierstrass theorem. 

We now consider the closed self-adjoint subalgebras of C(X) containing the 
constant function 1 that do not separate points and show that they can be identified 
as C (Y) for some compact Hausdorff space Y. 

Let X be a compact Hausdorff space and U be a closed subalgebra of C(X) 
which contains the constant functions. For x in X we let lfJx denote the multiplicative 
linear functional in Mu defined lfJAf) = f(x). The following proposition is of 
interest even in the nonself-adjoint case. 

2.42 Proposition. If t] is the map defined from X to Mu so that t](x) = lfJx, then 
t] is continuous. 

Proof If {Xa}aeA is a net in X which converges to x, then limaeA f(xa) = f(x) 
for f in U. Therefore, limaEA lfJxa (f) = lfJx (f) and hence limaeA t] (xa) = t] (x) in 
the topology of Mu. Thus, t] is continuous. -

In general, t] is neither one-to-one nor onto. The latter property, however, holds 
if U is self-adjoint. 

2.43 Proposition. If U is self-adjoint, then t] maps X onto Mu. 
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Proof Fix €p in Mu and set K I = {x EX: f (X) = €p(f)}. First of all, each K I is 
a closed subset of X, since f is continuous. Secondly, we want to show that not 
only is each KI nonempty but that the collection of sets {KI : fEU} has the 
finite intersection property. Suppose 

KII n K/2 n· .. n KIn = (/J 

for some functions fl' h, ... , fn in U. Then the function 

n 
g(x) = L IJi(x) - €p(fi)1 2 

i=1 

does not vanish on X. Moreover, g is in U since the latter is a self-adjoint algebra. 
But g (x) > 0 for x in X and the fact that X is compact implies that there exists e > 0 
such that 1 ~ g(x)J IIglioo ~ e, and hence such that 111 - (gJ IIg 11 00) 1100 < 1. But 
then g-1 is in U by Proposition 2.5 which implies €peg) =f: O. However, 

n 

€peg) = L (€p(J;) - €p(J;»(€p(fi) - €p(Ji» = 0, 
;=1 

which is a contradiction. Thus the collection {KI : ! E U} has the finite 
intersection property. If x is in n/eu KI' then T/(x) = €p and the proof is 
complete. -

The reader should consider carefully how the self-adjointness of U was used in 
the preceding proof. We give an example in this chapter of a subalgebra for which 
T/ is not onto. Even for examples where T/ is onto, the Gelfand transform f' need 
not be onto. It is, however, for self-adjoint subalgebras. 

2.44 Proposition. If U is a closed self-adjoint subalgebra of C(X) containing the 
constant function I, then the Gelfand transform f' is an isometric isomorphism 
from U onto C(Mu). 

Proof For! in U there exists Xo in X such that! (xo) = II! 11 00, since X is compact. 
Therefore, 

1111100 ~ lIf'flloo = sup I (f'f)(cp) I ~ 1(f'f)(T/xo)1 = !(xo) = 1111100 , 
",eMu 

and hence f' is an isometry. Since f' is known to be an algebraic homomorphism, it 
remains only to prove that f' is onto. The range of f' is a sub algebra of C (Mu) that 
contains I since 11 = I, is uniformly closed since f' is an isometry, and separates 
points. Moreover, since by the preceding proposition for €p in Mu there exists x in 
X such that T/X = €p, we have for f in U that 

(f'f)(€p) = (f'f)(cp) = (f'f)(T/x) = f(x) = lex) = f'<!)(T/x) = f'(l)(cp). 
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Therefore, rl = r<f) and rU is self-adjoint because U is. By the Stone
Weierstrass theorem, we have ru = C(Mu) and the proof is complete. -

2.45 Lemma. Let X and Y be compact Hausdorff spaces and (J be a continuous 
map from X onto Y. The map (J* defined by 0* I = I 00 from C(Y) into C(X) 
is an isometric isomorphism onto the subalgebra of continuous functions on X 
which are constant on the closed partition (O-l(y) : y E Y} of X. 

Proof That ()* is an isometric isomorphism of C(Y) into C(X) is obvious. 
Moreover, it is clear that a function of the form I 0 (J is constant on the partition 
{(J-l(y) : y E Y}. Now suppose g is continuous on X and constant on each 
of the sets (J-l(y) for yin Y. We can unambiguously define a function I on Y 
such that I 0 (J = g; the only question is whether this I is continuous. Suppose 
{Ya}aeA is a net of points in Y and y is in Y such that liIDaeA Ya = y. Choose 
Xa in 0-1 (Ya) for each a in A and consider the net {xa JaeA. In general, limaeA Xa 
does not exist; however, since X is compact there exists a subnet {xa.s }peB and an 
x in X such that lim,8eB xa.s = x. Since (J is continuous, we have (J(x) = yand 
limpeB g(Xa.s) = g(x) = I(y); thus I is continuous and the proof is complete. -

2.46 Proposition. If U is a closed self-adjoint subalgebra of C(X) containing 
the constant function I, and TJ a continuous map from X onto Mn, then TJ* is an 
isometric isomorphism of C(Mu) onto U which is the left inverse of the Gelfand 
transform, that is, TJ* 0 f = 1. 

Proof For I in U and x in X, we have (TJ* 0 r)/)(x) = (f/)(TJx) = lex). 
Therefore TJ* is the left inverse of the Gelfand transform. Since r maps U onto 
C(Mu) by Proposition 2.44, we have that TJ* maps C(Mu) onto U. -

We state and prove the generalized Stone-Weierstrass theorem after introducing 
the following terminology. For X a set and U a collection of functions on X, 
define the equivalence relation on X such that two points Xl and X2 are related if 
I(Xl) = !(X2) for every I in U. This relation partitions X into the sets on which 
the functions in U are constant. Let TIu denote this collection of subsets of X. 

2.47 Theorem. Let X be a compact Hausdorff space and U be a closed self
adjoint subalgebra of C(X) which contains the constants. Then U is the collection 
of continuous functions on X which are constant on the sets of TIn. 

Proof This follows by combining Lemma 2.45 and Proposition 2.46. -

If U separates the points of X, then TIn consists of one-point sets and the usual 
Stone-Weierstrass theorem follows. 

2.48 As we have just seen, the self-adjoint subalgebras of C(X) are all of the 
form C(Y) for some compact Hausdorff space Y. This is far from true, however, 
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for the nonself-adjoint subalgebras. Let U be a closed subalgebra of C(X) which 
contains the constant functions. If we let 58 denote the smallest closed self-adjoint 
subalgebra of C(X) that contains U, then ~ is isometrically isomorphic to C(Y), 
where Y is the maximal ideal space of 58, and the Gelfand transform r implements 
the isomorphism. Then ru is a closed subalgebraof C (Y) that contains the constant 
functions and, more importantly, separates the points of Y. Therefore, rather than 
study U as a subalgebra of C(X), we choose to study rU as a subalgebra of C(Y). 
Thus we make the following definition. 

2.49 Definition. Let X be a compact Hausdorff space and U be a subset of C(X). 
Then U is said to be a function algebra if U is a closed subalgebra of C (X) which 
separates points and contains the constant functions. 

The theory of function algebras is very extensive and draws on the techniques of 
approximation theory and complex function theory as well as those of functional 
analysis. In this book we will be limited to considering only a few important 
examples of function algebras. 

2.50 EXAMPLE. Let lr denote the circle group {z E C : Izl = I}. For n in lL let 
Xn be the function on lr defined by Xn (z) = zn. Then Xo = 1, X-n = X n' and 
XmXn = Xm+n for n and m in lL. The functions in the set 

'!} = L~N anXn: an E C} 
are called the trigonometric polynomials. Since '!} is a self-adjoint subalgebra 
of C (lr) which contains the constant functions and separates points, the uniform 
closure of,!} is C (T) by the Stone-Weierstrass theorem. 

Let '!} + = {E:=o anXn : an E q; the functions in '!} + are called analytic 
trigonometric polynomials. If we let A denote the uniform closure of'!} + in C(lr), 
then A is a function algebra, but at this point it is not obvious that A :f= C(T). We 
prove this by showing that the maximal ideal space of A is not lr. For this we need 
a lemma. 

2.51 Lemma. If E:=o anXn is in '!} + and w is in C, Iwl < 1, then 

N 1 1211- ( N ) 0 1 E anwn = -2 EanXn (e") 1 _Ot dt. 
n=O n 0 n=O - we I 

Proof Expand 1/(1 - we-it) = E::=o(we-it)m, where the series converges 
uniformly for tin [0, 27r]. Therefore, 

1 1211- ( N ) 0 lIN 00 1211' 0 - L anXn (elt ) 0 dt = - "" an "" wm e,(n-m)t dt 
2n 0 1 - We-'t 27r L.J L.J 0 

n=O n=O m=O 
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since (l/21l') J027r eikl dt = 1 for k = 0 and 0 otherwise. • 
For wine and I wi < 1, define f/Jw on I!f' + such that 

f/Jw eta anxn) = nta anwn. 

It is clear that f/Jw is a multiplicative linear functional on I!f' +. However, since I!f' + 
is not a Banach algebra, that is, I!f' + is not complete, we cannot conclude apriori 
that f/Jw is continuous. That follows, however, from the preceding lemma since 

If/Jw eta anXn ) I = Inta an wn I = 12~ 12rr (~anxn) (e
il

) 1 _ ~e-it dt I 

., ~ i~a.xlt 11_~'-"ldt 
Therefore, f/Jw is bounded on I!f' + and hence can be extended to a multiplicative 
linear functional on A. Now for win C and Iwl = 1, let f/Jw denote the evaluation 
functional on A, that is, f/Jw(f) = few) for f in A. The latter is well defined, since 
A C C(lf). 

Now set [j) = {z E C: Izi :s I}, let M denote the maximal ideal space of A, 
and let 1/1 be the function from [j) to M defined by 1/I(z) = f/Jz. 

2.52 Theorem. The function 1/1 is a homeomorphism of [» onto the maximal 
ideal space M of A. 

Proof By the remarks preceding the theorem, the function 1/1 is well defined. If Zl 
and Z2 are in [j), then 1/!(ZI) = 1/I(Z2) implies that Zl = f/JZI (Xl) = f/Jz2(Xl) = Z2; 
thus 1/1 is one-to-one. 

If f/J is in M, then IIXIIl = 1 implies that Z = f/J(Xl) is in [». Moreover, the identity 

f/J eta anXn) = nta an [f/J(xdf 

= t anZn = f/Jz ( t anXn) 
n=O \':=0 

proves that f/J agrees with f/Jz on the dense subset I!f' + of A. Therefore, f/J = f/Jz and 
1/1 is seen to be onto M. 

Since both [» and M are compact Hausdorff spaces and 1/1 is one-to-one and onto, 
to complete the proof it suffices to show that 1/1 is continuous. To this end suppose 
(ZP}PEB is a net in [» such that limpEB zp = z. Since SUPPEB{//f/JzII II} = 1 and I!f' + 
is dense in A, and since 

lim f/JzII ( t anxn) = lim ( t anzfi) = t anZn 
PEB \':=0 PEB \':=0 n=O 
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for every function L:=oanXn in ~ +, it follows from Proposition 1.21 that"" is 
continuous. -

2.53 From Proposition 2.3 we know that the maximal ideal space of C (T) is just 
lr. We have just shown that the maximal ideal space of the closed subalgebra A of 
C (T) is D. Moreover, if ({Jz is a multiplicative linear functional on A, and Iz I = 1, 
then ({Jz is the restriction to A of the "evaluation at z" map on C(lr). Thus the 
maximal ideal space of C(lr) is embedded in that of A. This example also shows 
how the maximal ideal space of a function algebra is, at least roughly speaking, 
the natural domain of the functions in it. In this case although the elements of A 
are functions on lr, there are "hidden points" inside the circle which "ought" to be 
in the domain. In particular, viewing XI as a function on T, there is no reason why 
it should not be invertible; on D, however, it is obvious why it is not-it vanishes 
at the origin. 

Let us consider this example from another viewpoint. The element XI is 
contained in both of the algebras A and C(lr). In C(lr) we have acm(xl) = T, 
while in A we have aA(Xl) = D. Hence not only is the "A-spectrum" of XI larger, 
but it is obtained from the C(lr)-spectrum by "filling in a hole." That this is true, 
in general, is a corollary to the next theorem. 

2.54 Theorem. (Silov) If ~ is a Banach algebra, U is a closed subalgebra of~, 
and f is an element of U, then the boundary of au (f) is contained in the boundary 
ofal!3(f). 

Proof If (f - A) has an inverse in U, then it has an inverse in ~. Thus au(f) 
contains al!3 (f) and hence it is sufficient to show that the boundary of au (f) C 
al!3(f). If Ao is in the boundary of au(f), then there exists a sequence {An}~l 
contained in pu(f) such that limn-+oo An = Ao. If for some integer n it were true 
that II (f - An)-l ~ < II/(Ao - An)l, then it would follow that 

1I(f - AO) - (f - An}ll < II 11(f - An)-lll 

and hence f - AO would be invertible as in the proof of Proposition 2.7. Thus we 
have limn-+oo 11(f - An)-III = 00. 

If AO were not in al!3 (f), then it would follow from Corollary 2.8 that II (f - A)-III 
is bounded for A in some neighborhood of Ao, which is a contradiction. -

2.55 Corollary. If ~ is a Banach algebra, U is a closed subalgebra of~, and 
f is an element of U, then au (f) is obtained by adding to al!3 (f) certain of the 
bounded components of C\al!3(f). 
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Proof Elementary topology and the theorem yield this result. • 
2.56 EXAMPLE. We next consider an example for which the Gelfand transform is 
not an isometry. 

In Section 1.15 we showed that [10:+) is a Banach space. Analogously, if we 
let [I(ll.) denote the collection of complex functions f on ll. such that E:-oo 
If(n)1 < 00, then with pointwise addition and scalar multiplication and the norm 
IIfIIl = E:-oo If(n)1 < 00, [I(ll.) is a Banach space. Moreover, [I(ll.) can also 
be made into a Banach algebra in a nonobvious way. For f and g in [I (ll.) define 
the convolution product 

00 

(f 0 g) = E fen - k)g(k). 
k=-oo 

To show that this sum converges for each n in ll. and that the resulting function is 
in [I (ll.), we write 

n};oo l(f 0 g)(n)1 = J;JJ~:oo fen - k)g(k) I :s nfookfoolf(n - k)llg(k)1 

00 00 00 

= E Ig(k)1 E If(n - k)1 = IIfIIl E Ig(k)1 
k=-oo n=-oo k=-oo 

= IIfIIl Iiglb· 
Therefore, fog is well defined and is in [I (ll.), and II! 0 gill :s IIflll IIglll' We 
leave to the reader the exercise of showing that this multiplication is associative 
and commutative. Assuming this, then [I (ll.) is a commutative Banach algebra. 

For n in ll. let en denote the function on ll. defined to be 1 at n and 0 otherwise. 
Then eo is the identity element of [I (ll.) and en 0 em = en+m for n and m in ll.. 

Let M be the maximal ideal space of [I (ll.). For each Z in lr, let q;z be the function 
defined on [I (ll.) such that q;z (f) = E:-oo f (n )zn. It is easily verified that q;z 
is well defined and in M. Thus we can define a function from lr to M by setting 
1/I(z) = q;z· 

2.57 Theorem. The function 1/1 is a homeomorphism from lr onto the maximal 
ideal space M of [I (ll.). 

Proof If Zl and zz are in lr, and q;Z) = q;z2' then ZI = q;Z) (ed = q;z2 (eI) = Zz; 
hence 1/1 is one-to-one. Suppose q; is an element of M and z = q;(eI); then 

1 1 1 
1 = lIedll ~ Iq;(edl = Izl = leII = Iq;(e-I)I ~ IIcIIi = 1, 

which implies that z is in lr. Moreover, since q;(en) = [q;(el)]n = zn = q;z(en) 
for n in ll., it follows that q; = q;z = 1/I(z). Therefore, again '" is one-to-one and 
onto and it remains only to show that 1/1 is continuous, since both M and If are 
compact Hausdorff spaces. Thus, suppose {zp} PEB is a net of points in If such that 
limpEB Zp = z. Then for f in II (ll.) we have 
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:::: IIflll sup Iz~ - znl + 2 E If(n)l· 
Inl~N Inl>N 

Hence for 8 > 0, if N is chosen such that Elnl>N If(n)1 < 8/4 and /30 is then 
chosen in B such that f3 > /30 implies sUPlnl~N Iz~ - znl < 8/2111111' then 
lq1zfl(f) - q1z(f)1 < 8 for f3 ~ /30. Therefore, limPEB q1zfl(f) = q1z(f) and "" 
is continuous and the proof is complete. -

2.58 Using the homeomorphism"" we identify the maximal ideal space of [1 (Z) 
with 1r. Thus the Gelfand transform is the operator r defined from [1 (Z) to C (If) 
such that (rf)(z) = E:-oo f(n)zn for z in lr, where the series converges 
uniformly and absolutely on lr to r f. The values of f on Z can be recaptured from 
r f, since they coincide with the Fourier coefficients (Jf r f. More specifically, 

1 121r .. t fen) = - (rf)(e·t)e-· n dt 
2rr 0 

for n inZ, 

since 

_1_ (21r (rf)(eit)e-int dt = _1_ (21r t f(m)ei(m-n)t dt 
2rr 10 2rr 10 m=-oo 

1 00 (21r 
= - L f(m) 10 ei(m-n)t dt = fen), 

2rr m=-oo 0 

where the interchange of integration and summation is justified since the series 
converges uniformly. In particular, q1 in C (If) is in the range of r if and only if the 
Fourier coefficients of q1 are an absolutely convergent series, that is, if and only if 

00 11 (21r . . I n~oo 2rr 10 q1(elf )e-lRt dt < 00. 

We leave to the exercises the task of showing that this is not always the case. 
Since not every function q1 in C (lr) has an absolutely convergent Fourier series, 

it is not obvious whether 1/ q1 does if q1 does and q1(z) =f. O. That this is the case is a 
nontrivial theorem due to Wiener. The proof below is due to Gelfand and indicates 
the power of his theory for commutative Banach algebras. 

2.59 Theorem. If q1 in C (If) has an absolutely convergent Fourier series and 
q1(z) =f. 0 for z in lr, then 1/q1 has an absolutely convergent Fourier series. 

Proof By hypothesis there exists f in [l(Z) such that rf = q1. Moreover, it 
follows from Theorem 2.35 that q1(z) =1= 0 for z in the maximal ideal space lr of 
[l(Z) implies that f is invertible in [l(Z). If g = f-1, then 
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1 = r(eo) = r(g 0 f) = rg . rp 
1 

or - = rg. 
rp 

Therefore, 1jrp has an absolutely convergent Fourier series and the proof is 
complete. -

2.60 EXAMPLE. We conclude this chapter with an example of a commutative 
Banach algebra for which the Gelfand transform is as nice as possible, namely an 
isometric isomorphism onto the space of all continuous functions on the maximal 
ideal space. 

In Section 1.45 we showed that L oo is a Banach space. If 1 and g are elements 
of Loo , then the pointwise product is well defined, is in Loo, and IIlglioo ~ 
1111100 IIgli oo ' (That is, r is an ideal in f£oo.) Thus L oo is a commutative Banach 
algebra. Although it is not at all obvious, L 00 is isometrically isomorphic to 
C(Y) for some compact Hausdorff space Y. We prove this after determining the 
spectrum of an element of L 00 . For this we need the following notion of range for 
a measurable function. 

2.61 Definition. If 1 is a measurable function on X, then the essential range 
ClA(f) of 1 is the set of all ). in C for which {x EX: II (x) - ).1 < e} has positive 
measure for every e > O. 

2.62 Lemma. If 1 is in L oo , then ClA(f) is a compact subset of C and 11/1100 = 
sup{l).1 : ). E ClA(f)}. 

Proof If ).0 is not in ClA(f), then there exists e > 0 such that the set {x EX: 
II (x) - ).0 I < e} has measure zero. Clearly, then each), in the open disk of radius 
e about ).0 fails to be in the essential range of I. Therefore, the complement of 
'1Jt(f) is open and hence Wt(f) is closed. If ).0 in C is such that).o ~ II (x ) I + ~ 
for almost all x in X, then the set {x EX: I/(x) - ).01 < ~j2} has measure zero, 
and hence sup{l).1 : ). E '1Jt(f)} ~ 11/1100 , Thus '1Jt(f) is a compact subset ofC for 
1 in L oo• 

Now suppose 1 is in L OO and no ). satisfying 1).1 = 1111100 is in CfA(f). Then 
about every such ). there is an open disk DA of radius ~A such that the set 
{x EX: I/(x) -).1 < ~A} has measure zero. Since the circle I). E C : IAI = 
1l/1I00} is compact, there exists a finite subcoverof open disks DA1 , DA2 , ••• , DAn 

such that the sets {x EX: I(x) E DAj } have measure zero. Then the set 
{x EX: I(x) E U7=1 DAj } has measure zero, which implies that there exists 
an e > 0 such that the set {x EX: I/(x)1 > 11/1100 - e} has measure zero. This 
contradiction completes the proof. -

2.63 Lemma. If 1 is in L 00 , then (J' (f) = '1Jt(f). 

Proof If). is not in (J' (f), then 1 j (f -).) is essentially bounded, which implies that 
the set {x EX: I/(x) - AI < Ij211(f - ).)-llloo} has measure zero. Conversely, 
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if {x EX: I/(x) - AI < a} has measure zero for some a > 0, then 1/(j - A) is 
essentially bounded by l/a, and hence A is not in (T(f). Therefore (T(f) = 'lA(f). 

-
2.64 Theorem. If M is the maximal ideal space of L 00, then the Gelfand 
transform f is an isometric isomorphism of L 00 onto C (M). Moreover, f I = f <I) 
for I in UXl. 

Proof We show first that f is an isometry. For I in L 00 we have, combining the 
previous lemma and Corollary 2.36, that range f I = 'lA(f), and hence 

IW(f)lIoo = SUp{IAI : A E range ff} = sup{lAI : A E 'lA(f)} = IIf11oo. 

Therefore f is an isometry and r(Loo ) is a closed subalgebra of C(M). 

For I in L 00 set I = II + ih, where each of II and h is real valued. Since 
the essential range of a real function is real and range r II = 'lA(fd and range 
r h = 'lA(h), we have 

fl = r/l + ifh = r/l - ifh = ref). 

Therefore r L oo is a closed self-adjoint subalgebra of C(M). Since it obviously 
separates points and contains the constant functions, we have by the Stone
Weierstrass theorem that r L 00 = C (M) and the theorem is proved. _ 

Whereas in preceding examples we computed the maximal ideal spaces, in this 
case the maximal ideal space is a highly pathological space having 22110 points. We 
shall have reason to make use of certain properties of this space later on. 

2.65 It can be easily verified that Zoo(Z+) (Section 1.15) is also a Banach algebra 
with respect to pointwise multiplication. It will follow from one of the problems 
that the Gelfand transform is an onto isometric isomorphism in this case also. 
The maximal ideal space of Zoo(Z+) is denoted /3Z+ and is called the Stone-Cech 
compactification of Z+. 

Notes 
The elementary theory of commutative Banach algebras is due to Gelfand [41] but the 

model provided by Wiener's theory of generalized harmonic analysis should be mentioned. 
Further results can be found in the treatises of Gelfand, Raikov and Silov [42], Naimark 
[80], and Rickart [89]. The determination of the self-adjoint subalgebras of C(X) including 
the generalization of the Weierstrass approximation theorem was made by Stone [105]. The 
literature on function algebras is quite extensive but two excellent sources are the books of 
Browder [10] and Gamelin [40]. 

Exercises 

2.1 Let ~ = (f E C([O, 1]) : I' E C([O, I])} and define II/l1d = 11/1100 + 11/'1100. Show 
that ~ is a Banach algebra and that the Gelfand transform is neither isometric nor 
onto. 
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2.2 Let X be a compact Hausdorff space, K be a closed subset of X, and 

st = {f E C(X) : I(x) = ° for x E K}. 

Show that st is a closed ideal in C(X). Show further that every closed ideal in C(X) 
is of this form. In particular, every closed ideal in C(X) is the intersection of the 
maximal ideals which contain it * 

2.3 Show that every closed ideal in 2ll is not the intersection of the maximal ideals which 
contain it. 

2.4 Let ~ be a Banach space and 2(~) be the collection of bounded linear operators on 
~. Show that 2(~) is a Banach algebra. 

2.5 Show that if~ is a finite (> 1) dimensional Banach space, then the only multiplicative 
linear functional on 2(~ is the zero functional. 

Definition An element T of 2(~ is finite rank if the range of T is finite dimensional. 

2.6 Show that if2ris a Banach space, then the finite rank operators form a two-sided ideal 
in 2(2r) which is contained in every proper two-sided ideal. 

2.7 If I is a continuous function on [0,1] show that the range of I is the essential range 
of I. 

2.8 Let I be a bounded real-valued function on [0, 1] continuous except at the point t. 
Let U be the uniformly closed algebra generated by I and C([O, 1]). Determine the 
maximal ideal space of U. * 

2.9 If X is a compact Hausdorff space, then C(X) is the closed linear span of the 
idempotent functions in C (X) if and only if X is totally disconnected. 

2.10 Show that the maximal ideal space of 2"" is totally disconnected. 

2.11 Let X be a completely regular Hausdorff space and B(X) be the space of bounded 
continuous functions on X. Show that B(X) is a commutative Banach algebra in 
the supremum norm. If fJX denotes the maximal ideal space of B(X), then the 
Gelfand transform is an isometric isomorphism of B(X) onto C(fJ X) which preserves 
conjugation. Moreover, there exists a natural embedding fJ of X into fJX. The space 
fJX is the Stone-Cech compactification of X. 

2.12 Let X be a completely regular Hausdorff space, Y be a compact Hausdorff space, and 
rp be a continuous one-to-one mapping of X onto a dense subset of Y. Show that there 
exists a continuous mapping 1/r from fJ X onto Y such that rp = 1/r 0 fJ. (Hint: Consider 
the restriction of the functions in C(Y) as forming a subalgebra of C(fJX).) 

2.13 Let \8 be a commutative Banach algebra and 

9't = {f E \8 : 1 + At E '§ for A E C). 

Show that 9't is a closed ideal in \8. 

Definition If \8 is a commutative Banach algebra, then 

9't = {f E \8 : 1 + AI E '§ for A E C). 

is the radical of \8 and \8 is said to be semisimple if 9't = {O}. 
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2.14 If \8 is a commutative Banach algebra, then m is the intersection of the maximal ideals 
in \8. 

2.15 If \8 is a commutative Banach algebra, then \8 is semisimple if and only if the Gelfand 
transfonn is one-ta-one. 

2.16 If \8 is a commutative Banach algebra, then \8 1m is semisimple. 

2.17 Show that L I ([0, 1]) E9 C with the I-nonn (see Exercise 1.17) is a commutative Banach 
algebra for the multiplication defined by 

[(f E9A)(g E9 JL)](f) = {JLf(t) + Ag(t) + 1t f(t -X)g(X)dX} (BAJL. 

Show that L I ([0, 1]) E9 C is not semisimple. 

2.18 (Riesz Functional Calculus) Let \8 be a commutative Banach algebra, x be an element 
of \8, n be an open set in C containing u (x), and A be a finite collection of rectifiable 
simple closed curves contained in n such that A fonns the boundary of an open subset 
of C which contains u(x). Let A(n) denote the algebra of complex holomorphic 
functions on n. Show that the mapping 

rp ~ L rp(z)(x - Z)-I dz 

defines a homomorphism from A(n) to \8 such that u (rp(X») = rp( u(x») for rp in 

A(n). 

2.19 If \8 is a commutative Banach algebra, x is an element of \8 with u (x) c n, and there 
exists a nonzero rp in A(n) such that rp(x) = 0, then u(x) is finite. Show that there 
exists a polynomial p(z) such that p(x) = O. 

2.20 Show thatforno constant M is it true that L:=-N Ian I :::; M lip 1100 for all trigonometric 

polynomials p = L:=-N anXn on T. 

2.21 Show that the assumption that every continuous function on T has an absolutely 
convergent Fourier series implies that the Gelfand transfonn on II (Z) is invertible, 
and hence conclude in view of the preceding problem that there exists a continuous 
function whose Fourier series does not converge absolutely. * 

Definition If \8 is a Banach algebra, then an automorphism on \8 is a continuous isomor
phism from \8 onto \8. The collection of all automorphisms on \8 is denoted Aut(\8). 

2.22 If X is a compact Hausdorff space, then every isomorphism from C(X) onto C(X) is 
continuous. 

2.23 If X is a compact Hausdorff space and rp is a homeomorphism on X, then (4) f) (x) = 
f(rpx) defines an automorphism 4> in Aut[C(X)]. Show that the mapping rp ~ 4> 
defines an isomorphism between the group Hom(X) of homeomorphisms on X and 
Aut[C(X»). 

2.24 If U is a function algebra with maximal ideal space M, then there is a natural 
isomorphism of Aut(U) into Hom(M). 

2.25 If A is the disk algebra with maximal deal space the closed unit disk, then the range 
of Aut(A) in Hom(O) is the group of fractional linear transformations on D, that is, 
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the maps z ~ f3(z - a)/(l - liz) for complex numbers a and f3 satisfying lal < I 
and 1f31 = 1.* 

Definition If 11 is a function algebra contained in C(X), then a closed subset M of X is a 
boundary for 11 if IIflloo = sup{lf(m)l : mE M} for f in 11. 

2.26 If 11 is a function algebra contained in C (X); M is a boundary for 11; fl> ... , fn are 
functions in 11; and U is the open subset of M defined by 

{x EX: 1f;(x)1 < 1 for i = 1,2, ... , n}. 

then either M\ U is a boundary for 11 or U intersects every boundary for 11. 

2.27 (Silov) If 11 is a function algebra, then the intersection of all boundaries for 11 is a 
boundary (called the Silov boundary for 11). * 

2.28 Give a functional analytic proof of the maximum modulus principle for the functions 
in the disk algebra A. (Hint: Show that 

~·o 1 121r .() 
f(re' ) = - kr(O - t)f(e' ) dt, 

2:rr 0 

where the function kr(t) = I:~-oo rneint is positive.) 

2.29 Show that the SHov boundary for the disk algebra A is the unit circle. 

2.30 Show that the abstract index group for a commutative Banach algebra contains no 
element of finite order. 

2.31 If)81 and )82 are Banach algebras, then )810)82 and )810)82 are Banach algebras. 
Moreover, if)81 and )82 are commutative with maximal ideal spaces MI and M2, 
respectively, then MI x M2 is the maximal ideal space of both )810)82 and )810)82 
(see Exercises 1.36 and 1.37 for the definition of 0 and 0.) 

2.32 If)8 is an algebra over C, which has a norm making it into a Banach space such that 
IIfgll ~ IIfll IIgll for f and gin )8, then )8 ESC is a Banach algebra in the I-norm 
(see Exercise 1.17) for the multiplication 

(f ffi )..)(g ffi JJ-) = (fg +)..g + JJ-f) ffi)"JJ-

with identity 0 ffi 1. 

2.33 If cp is a mUltiplicative linear functional on )8, then cp has a unique extension to 
an element of M\8EjlC. Moreover, the collection of nonzero multiplicative linear 
functionals on )8 is a locally compact Hausdorff space. 

2.34 Show that Ll (IR) is a commutative Banach algebra without identity for the multipli
cation defined by 

(f 0 g)(x) = i: f(x - t)g(t) dt for f and g in L 1 (IR). 

2.35 Show that for t in IR the linear function on L 1 (IR) defined by 

CPt(f) = i: f(x)eixt dx 

is multiplicative. Conversely, every nonzero multiplicative linear functional in L 1 (ill) 
is of this form. * (Hint: Every bounded linear functional on L 1 (IR) is given by a cP in 
LOO(IR). Show for f and g in LI (ill) that 
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L: L: I(x - t)g(tHq;1(x - t)q;1(t) - q;1(x)}dt dx = 0 

and that implies q;1(x -t)q;1(t) = q;1(x) for (x, t) not in a planar set of Lebesgue measure 
0.) 

2.36 Show that the maximal ideal space of L J (R) is homeomorphic to IR and that the 
Gelfand transform coincides with the Fourier transform. 



Chapter 3 

Geometry of Hilbert Space 

3.1 The notion of Banach space abstracts many of the important properties of 
finite-dimensional linear spaces. The geometry of a Banach space can, however, 
be quite different from that of Euclidean n-space; for example, the unit ball of 
a Banach space may have comers, and closed convex sets need not possess a 
unique vector of smallest norm. The most important geometrical property absent 
in general Banach spaces is a notion of perpendicularity or orthogonality. 

In the study of analytic geometry we recall that the orthogonality of two vectors 
was determined analytically by considering their inner (or dot) product. In this 
chapter we introduce the abstract notion of an inner product and show how a linear 
space equipped with an inner product can be made into a normed linear space. If 
the linear space is complete in the metric defined by this norm, then it is said to be 
a Hilbert space. This chapter is devoted to studying the elementary geometry of 
Hilbert spaces and to showing that such spaces possess many of the more pleasant 
properties of Euclidean n-space. We will show, in fact, that a finite dimensional 
Hilbert space is isomorphic to Euclidean n-space for some integer n. 

3.2 Definition. An inner product on a complex linear space ;e is a function cp 
from ;e x ;e to C such that: 

(1) cp(adl +a2i2, g) = aICP(fI, g)+a2CP(f2, g) foral, a2 in C and II. h, g 
in ;£; 

(2) cp(f, f3lg1 + f32g2) = fiICP(f, gl) + fi2CP(f, g2) for fh, fh in C and I, gl, g2 
in ;£; 

(3) cpU, g) = cp(g, f) for I and gin;£; and 
(4) cpU, f) ::: 0 for I in;£ and cp(f, f) = 0 if and only if I = O. 

A linear space equipped with an inner product is said to be an inner product 
space. 

58 
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The following lemma contains a useful polarization identity, the importance of 
which lies in the fact that the value of the inner product cp is expressed solely in 
terms of the values of the associated quadratic form "" defined by "" (j) = cp (j, f) 
for I in;e. 

3.3 Lemma. If;e is an inner product space with the inner product cp, then 

cp(j, g) = ~{cp(j + g, I + g) - cp(j - g, I - g) + icp(j + ig, I + ig) 

- icp(j - ig, I - ig)} 

for I and g in ;e. 

Proof Compute. • 
An inner product is usually denoted (,), that is, (j, g) = cp(j, g) for I and gin 

;e. 

3.4 Definition. If;e is an inner product space, then the norm II II on ;e associated 
with the inner product is defined by II I II = (j, f) 1/2 for I in ;e. 

The following inequality is basic in the study of inner product spaces. We show 
that the norm just defined has the required properties of a norm after the proof of 
this inequality. 

3.5 Proposition. (Cauchy-Schwarz Inequality) If I and g are in the inner 
product space ;e, then 

l(j, g)1 :5 11/11 IIgli. 

Proof For I and g in ;e and A in C, we have 

IAI2 IIgll 2 + 2Re[I(j, g)] + II!II2 = (I + Ag, I + Ag) 

=II/+Agll2 2:0. 

Setting A = teiO , where t is real and eiO is chosen such that e-i0(f, g) 2: 0, we 
obtain the inequality 

IIgll2 t2 + 21(f, g)1 t + 11/112 2: o. 
Hence the quadratic equation 

IIgUZ t 2 + 21(f, g)1 t + /lfll 2 = 0 

in t has at most one real root, and therefore its discriminant must be nonpositive. 
Substituting we obtain 
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from which the desired inequality follows. • 

3.6 Observe that the property (f. f) = 0 implies that f = 0 was not needed in 
the preceding proof. 

3.7 Proposition. If:£ is an inner product space. then 11·11 defines a norm on :£. 

Proof We must verify properties (1)-(3) of Definition 1.3. The fact that 1If11 = 0 
if and only if f = 0 is immediate from (4) (Definition 3.2) and thus (1) holds. 

Since 

IlAIIi = O·f. Af)I/2 = (A).(f, f)1/2 = IAI 1If11 for).. in C and fin:£. 

we see that (2) holds. Lastly, using the Cauchy-Schwarz inequality. we have 

IIf + gll2 = (f + g, f + g) = (f. f) + (f, g) + (g, f) + (g. g) 

= IIfll2 + IIgll2 + 2Re(f. g) :::: IIfII2 + IIgll2 + 2 I (f. g)1 
:::: IIfll2 + IIg112 + 211fll IIgli :::: (IIfII + IIgll)2 

for f and g in :£. Thus (3) holds and 11·11 is a norm. 

3.8 Proposition. In an inner product space, the inner product is continuous. 

• 

Proof Let:£ be an inner product space and {fa }aeA and {ga }aeA be nets in ;;e such 
that limaeA fa = f and limaeA ga = g. Then 

I (f. g) - (fa. ga)1 :::: l(f - fa. g)1 + I (fa. g - ga)1 

:::: IIf - fall IIgli + II fa II IIg - gall. 

• 
3.9 Definition. In the inner product space :£ two vectors f and g are said to be 
orthogonal, denoted I ..L g, if (f. g) = O. A subset [1 of:£ is said to be orthogonal 
if I ..L g for I and gin [1 and orthonormal if, in addition, 11/11 = 1 for f in [1. 

This notion of orthogonality generalizes the usual one in Euclidean space .. It is 
now possible to extend various theorems from Euclidean geometry to inner product 
spaces. We give two that will be useful. The first is the familiar Pythagorean 
theorem, while the second is the result relating the lengths of the sides of a 
parallelogram to the lengths of the diagonals. 

3.10 Proposition. (Pythagorean Theorem) If {fit 12, ...• In} is an orthogo
nal subset of the inner product space :£, then 

II~J;j' = ~llfdl' 
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Proof Computing, we have 

it.t.!' = (t. fi. t,fJ ) = t.<fi. fil+ t,<fi. fJ) 
'rJ 

n n 

= L(fi, .f;) = L llii 112. 
;=1 ;=1 

• 
3.11 Proposition. (parallelogram Law) If f and g are in the inner product 
space S!., then 

Proof Expand the left-hand side in terms of inner products. • 
As in the case of normed linear spaces the deepest results are valid only if the 

space is complete in the metric induced by the norm. 

3.12 Definition. A Hilbert space is a complex linear space which is complete in 
the metric induced by the norm. 

In particular, a Hilbert space is a Banach space. 

3.13 EXAMPLES. We now consider some examples of Hilbert spaces. 
For n a positive integer let en denote the. collection of complex ordered n

tuples {x : x = (XI, X2, •.. ,Xn ), Xi E e}. Then en is a complex linear space 
for the coordinate-wise operations. Define the inner product (,) on en such that 
(x, Y) = E~=1 X;Y;· The properties of an inner product are easily verified and 

the associated norm is the usual Euclidean norm IIxII2 = (E~=llx;12)1/2. To 
verify completeness suppose {xk}~l is a Cauchy sequence in en. Then since 
Ix~ - xi I ~ Ilxk - xm 112' it follows that {Xn~l is a Cauchy sequence in e for 
1 ~ i ~ n. If we set x = (Xl, X2, .•• ,Xk), where Xi = limk--+oo xf, then X is in en 
and limk--+oo xk = X in the norm of en. Thus en is a Hilbert space. 

The space en is the complex analog of real Euclidean n-space. We show later 
in this chapter, in a sense to be made precise, that the en,s are the only finite
dimensional Hilbert spaces. 

3.14 We next consider the ''union'' of the en,s. Let :£ be the collection of 
complex functions on Z+ which take only finitely many nonzero values. With 
respect to pointwise addition and scalar multiplication, :£ is a complex linear 
space. Moreover, (f, g) = E~o f(n)g(n) defines an inner product on S!., where 
the sum converges because all but finitely many terms are zero. Is :£ a Hilbert 
space? It is if :£ is complete with respect to the metric induced by the norm 
IIfII2 = (E~=o If(n)1 2 )1/2. Consider the sequence {fd~1 contained in S!., where 
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Ik(n) = {Ur n::::: k, 
On> k. 

One can easily show that {lk} ~1 is Cauchy but does not converge to an element 
of :£. We leave this as an exercise for the reader. Thus :£ is not a Hilbert space. 

3.15 The space :£ is not a Hilbert space because it is not large enough. Let us 
enlarge it to obtain our first example of an infinite-dimensional Hilbert space. 
(This example should be compared to Example 1.15.) 

Let [2(1l.+) denote the collection of all complex functions 'P on 7L+ such that 
L~o 1'P(n)f < 00. Then [2(7L+) is a complex linear space, since 

Ict + g)(n)12 ::::: 21/(n)12 + 2Ig(n)12 . 

For I and g in [2(7L+), define ct, g) = L~o I(n)g(n). Does this make sense, 
that is, does the sum converge? For each N in 7L+, the n-tuples 

FN = (1/(0)1,1/(1)1, ... , I/(N)!) and GN = (lg(O)I, Ig(I)I, ... , Ig(N)!) 

lie in eN. Applying the Cauchy-Schwarz inequality, we have 
N 

L i/(n)g(n)i = iFN, GN)I ::::: IIFNII IIGNII 
n=O 

-(t I/(n)I'),,' (~lg(n)I')'" " 11111, Ilgll, . 

Thus the series L~o I(n)g(n) converges absolutely. That (,) is an inner product 
follows easily. 

To establish the completeness of [2(7L+) in the metric given by the normH 112, 
suppose {lk}~1 is a Cauchy sequence in [2(7L+). Then for each n in 7L+, we have 

Ilk(n) - li(n)1 ::::: IIlk - Ii 112 

and hence (fk(n)}h:l is a Cauchy sequence in e for each n in 7L+. Define the 
function Ion 7L+ to be I(n) = limk ..... oo Ik(n). Two things must be shown: that I 

is in [2 (7L+) and thatlimk ..... oo IIf - fk 112 = o. Since (fk}h:1 is a Cauchy sequence, 
there exists an integer K such that for k 2: K we have II Ik - IK II 2 ::::: 1. Thus we 
obtain 

"1!.':!. (~I/'(n) - IK(n)I' r + {~I/K(n)I' r 
::::: lim sup IIlk - f K II2 + IIIK II2::::: 1 + IIIK II2' 

k ..... oo 
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and hence f is in f2(Z+). Moreover, given 8> 0, choose M such that k, j ~ M 
implies II fk - f j II < 8. Then for k ~ M and any N, we have 

N N 

L If(n) - f k (n)1 2 = .lim L Ifj(n) - f k (n)1 2 
n=O 1-+00 n=O 

::: lim sup II fj - fk II~ ::: 8 2. 
j-+oo 

Since N is arbitrary, this proves that II f - fk 112 ::: 8 and therefore [2 (Z+) is a 
Hilbert space. 

3.16 The Space L 2 In Section 1.45 we introduced the Banach spaces L 1 and 
L 00 based on a measure space (X, ~, JL). We now consider the corresponding L 2 

space, which happens to be a Hilbert space. 
We begin by letting ;£2 denote the set of all measurable complex functions f on 

X which satisfy Ix Ifl2 dJL < 00. Since the inequality If + gl2 ::: 21fl2 + 21g12 

is valid for arbitrary functions f and g on X, we see that :£2 is a linear space for 
pointwise addition and scalar multiplication. Let X2 be the subspace of functions 
f in ;£2 for which Ix Ifl2 dJL = 0, and let L2 denote the quotient linear space 
:£2/x2. 

If f and g are :£2, then the identity 

Ifgl = ~ {<If I + Igl)2 -lfl2 -lgI2 } 

shows that the function fi is integrable. If we define qJ(f, g) = Ix /"gdJL for f 
and g in :£2, then rp has all the properties of an inner product except one; namely, 
rp(f, f) = 0 does not necessarily imply f = O. By the remark following the proof 
of the Cauchy-Schwarz inequality, that inequality holds for rp. Thus, if f, f', g, 
and g' are functions in ;£2 such that f - f' and g - g' belong to X 2 , then 

Irp(f, g) - rp(f', g')1 ::: Irp(f - f', g)1 + Irp(f', g - g')1 

::: rp(f - f', f - f')rp(g, g) 

+ rp(f', f')qJ(g - g', g - g') = 0. 

Therefore, qJ is a well-defined function on L2. Moreover, if qJ([f], un = 0, then 
Ix If 12 d JL = 0 and hence [f] = [0]. Thus qJ is an inner product on L 2 and we will 
denote it from now on in the usual manner. Furthermore, the associated norm on 
L2 is defined by 1I[f]1I2 = <Ix IfI2dJL)1/2. The only problem remaining before 
we can conclude that L 2 is a Hilbert space is the question of its completeness. This 
is slightly trickier than in the case of L 1 • 

We begin with a general inequality. Take f in;£2 and define g on X such that 
g (x) = f (x) / If (x) I if f (x) ¥= 0 and g(x) = I otherwise. Then g is measurable, 
Ig(x)1 = 1, and fi = If I. Moreover, applying the Cauchy-Schwarz inequality, 
we have 

IIflll = Ix If I dJL = Ix fi dlJ. = l(f, g)1 ::: IIfII211gliz = II f liz . 
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Therefore, II I lit ::: II I liz for I in 5£2. 
We now prove that L2 is complete using Corollary 1.10. Let ([/n]}~l be a 

sequence in L2 such that E:'l IHln]11z ::: M < 00. By the preceding inequality 
E:'l II [In] III ::: M, and hence, by the proof in Section 1.45, there exists I in 5£1 
such that E:'1 In(x) = I(x) for almost all x in X. Moreover 

Ix Itf·I' d~~ Ix @If·r d~~ Ilt,If.l][ 
~ Ct,II[f.llb)' ~ M', 

and since limN--+oo IE:=l In(X)1 2 = I/(x)12 for almost all x in X, it follows 

from Fatou's lemma that 1/12 is integrable and hence I is in 5£2. Moreover, 

since the sequence {( E:=1 I/nl )2};=l is monotonically increasing, it follows 

that k = limN--+oo (E:=l lin 1)2 is an integrable function. Therefore, 

J';noo ![/I- t,[f.ll, ~ N~ (Ix It -t,f.r d~)'(2 
= J~oo ( ( I E In 12 d JL) 1/2 = 0 

Jx n=N+l 

by the Lebesgue dominated convergence theorem, since 1 E:'N+l In 12 ::: k for all 

Nand limN--+oo IE:'N+l In (X) 12 = 0 for almost all x in X. Thus L2 is a Hilbert 
space. Lastly, we henceforth adopt the convention stated in Section 1.45 for the 
elements of L 2; namely, we shall treat them as functions. 

3.17 The Space H2. Let lr denote the unit circle, JL the normalized Lebesgue 
measure on lr, and L2(lr) the Hilbert space defined with respect to JL. The 
corresponding Hardy space H2 is defined as the closed subspace 

211' . 

{/EL2(lr):2~fo IXndt=O forn=1,2,3, ... }, 

where Xn is the function Xn (eit ) = einl . A slight variation of this definition is 

{J E L2(lr): (I, Xn) = 0 for n = -1, -2, -3, ... }. 

3.18 Whereas in Chapter I after defining a Banach space we proceeded to deter
mine the conjugate space, this is unnecessary for Hilbert spaces since we show in 
this chapter that the conjugate space of a Hilbert space can be identified with the 
space itself. This will be the main result of this chapter. 
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We begin by extending a result on the distance to a convex set to subsets of 
Hilbert spaces. Although most proofs of this result for Euclidean spaces make use 
of the compactness of closed and bounded subsets, completeness actually suffices. 

3.19 Theorem. If 'X is a nonempty, closed, and convex subset of the Hilbert 
space 'lJe, then there exists a unique vector in 'X of smallest norm. 

Proof If ~ = inf{1I/11 : I E 'X}, then there exists a sequence {fn}::O=<> in 'X such 
that limn ..... "" II In II = ~. Applying the parallelogram law to the vectors In/2 and 
Im/2, we obtain 

Since:J{isconvex, Un+ Im)/2isin'X and hence IIUn + Im)f2112 :::: ~2. Therefore, 
we have II/n - 1m 112 :5 2 II In 112 + 2 111m 112 - 482, which implies 

lim sup II In - 1m 112 :5 U 2 + U 2 - 482 = o. 
n,m-+oo 

Thus {fn}~l is a Cauchy sequence in 'X and from the completeness of'lJe and the 
fact that 'X is a closed subset of 'lJe we obtain a vector I in 'X such that limn ..... "" In = 
I. Moreover, since the norm is continuous, we have III II = limn ..... oo II In II = ~. 

Having proved the existence of a vector in 'X of smallest norm we now consider 
its uniqueness. Suppose I and g are in ':K with 11/11 = IIgl1 = 6. Again using the 
parallelogram law, we have 

II I ~ g r = 211 f r + 211 ~ r -II I ; g r :5 6; +~ - ~2 = 0, 
since IIU + g)/211 :::: 6. Therefore, 1= g and uniqueness is proved. -

If Jr is a plane and I is a line in three-space perpendicular to Jr and both 1f and 
I contain the origin, then each vector in the space can be written uniquely as the 
sum of a vector which lies in Jr and a vector in the direction of 1. We extend this 
idea to subspaces of a Hilbert space in the theorem following the definition. 

3.20 Definition. If ..« is a subset of the Hilbert space 'lJe, then the orthogonal 
complement of ..«, denoted ..«.L, is the set of vectors in 'lJe orthogonal to every 
vector in .M.. 

Clearly ..«.L is a closed subspace of'lJe, possibly consisting of just the zero vector. 
However, if ..« is not the subspace {OJ consisting of the zero vector alone, then 
..«.L i= 'lJe. 

3.21 Theorem. If ..« is a closed subspace of the Hilbert space 'lJe and I is a vector 
in 'lJe, then there exist unique vectors g in .M. and h in ..«.L such that I = g + h. 
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Proof If we set 'X = {f - k : k E .At}, then ?JC is a nonempty, closed and convex 
subset of'lJe. Let h be the unique element of'X with smallest norm whose existence 
is given by the previous theorem. If k is a unit vector in .M., then h - (h, k)k is in 
?JC, and hence 

IIhll2 ~ IIh - (h, k)kll2 = IIhll2 - (h, k)(h, k) - (h, k)(h, k) + (h, k)(h, k) Ilk 112 • 

Therefore, I(h, k)1 2 ~ 0, which implies (h, k) = 0, and hence h is in.M.ol. Since h 
is in 'X, there exists g in .M. such that 1 = g + h and the existence is proved. 

Suppose now that 1 = gl + hi = g2 + h2, where gl and g2 are in.M. while hi 
and h2 are in .M.ol. Then g2 - gl = hi - h2 is in .M. n .M.ol, and hence g2 - gl 
is orthogonal to itself. Therefore, IIg2 - gl 112 = (g2 - gl, g2 - gl) = 0 which 
implies gl = g2. Finally, hi = h2 and the proof is complete. -

3.22 Coronary. If.M. is a subspace of the Hilbert space 'lJe, then.M.H = clos.M.. 

Proof That clos .M. C AtH follows immediately for any subset.M. of 'lJe. If 1 is in 
.M.olol, then by the theorem 1 = g + h, where g is in clos At and h is in .M.ol. Since 
1 is in Atolol, we have 

0= (f. h) = (g + h, h) = (h, h) = IIh1l2 . 

Therefore, h = 0 and hence 1 is in clos .M.. -
If g is a vector in the Hilbert space 'lJe, then the complex functional defined 

rpg(/) = (f, g) for 1 in 'lJe is clearly linear. Moreover, since Irpg(/)I ~ 11111 IIgll 
for all f in 'lJe, it follows that rpg is bounded and that II rpg I ~ IIg II. Since 

IIgll2 = rpg(g) ~ Ilrpg II IIgil we have IIgil ~ ~rpg II and hence ~rpg II = IIgli. 
The following theorem states that every bounded linear functional on 'lJe is of this 
form. 

3.23 Theorem. (Riesz Representation Theorem) If rp is a bounded linear 
functional on 'lJe, then there exists a unique g in 'lJe such that rp(f) = (f, g) for 1 
in'lJe. 

Proof Let 'X be the kernel of rp, that is, ?JC = {f E 'lJe : rp(/) = OJ. Since rp is 
continuous, 'X is a closed subspace of'lJe. If?JC = 'lJe then rp(/) = (f, 0) for 1 in 'lJe 
and the theorem is proved. If'X =F 'lJe, then there exists a unit vector h orthogonal 
to?JC by the remark following Definition 3.20. Since h is not in ?JC, then rp(h) =F O. 
For 1 in 'lJe the vector 1 - (rp(f)/rp(h»h is in 'X since rp(f - (rp(f)/rp(h»h) = o. 
Therefore, we have 

rp(/) = rp(f)(h, h) = (:~~~ h. rp(h)h) 

= (I - rp(/) h (h)h) + (rp(f) h (h)h) rp(h) ,rp rp(h) ,rp 
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= (f, ({J(h)h 

for I in 'tie, and hence ({J(f) = (I, g) for g = ({J(h)h. 

If (f, gIl = (f, g2) for I in 'tie, then, in particular, (g) - g2, g) - g2) = 0 and 
hence g) = g2. Therefore, ({J(f) = (f, g) for a unique g in 'tie. • 

Thus we see that the mapping from 'tie to <tJe* defined g -+ ({Jg is not only norm 
preserving but onto. Moreover, a straightforward verification shows that this map 
is conjugate linear, that is, ({Jalgl+a2g2 = a)({Jgl + a2({Jg2 for O!) and 0!2 in C and g) 
and g2 in 'tie. Thus for most purposes it is possible to identify '1If:" with 'tie by means 
of this map. 

3.24 In the theory of complex linear spaces, a linear space is characterized up to 
isomorphism by its algebraic dimension. While this is not true for Banach spaces, it 
is true for Hilbert spaces with an appropriate and different definition of dimension. 
Before giving this definition we need an extension of the Pythagorean theorem to 
infinite orthogonal sets. 

3.25 Theorem. If {fa }aeA is an orthogonal subset of the Hilbert space 'tie, 
then LaeA Ia converges in 'tie if and only if LaeA lila 112 < 00 and in this case 

II LaeA Iall 2 = LaeA IIfall2 • 

Proof Let <g; denote the collection of finite subsets of A. If LaeA fa converges, 
then by Definition 1.8, the continuity of the norm, and the Pythagorean theorem 
we have 

= lim L lIfall2 = L lila 112 • 
Fe'i!F 

aeF aeA 

Therefore, if LaeA Ia converges, then LaeA II fa 112 < 00. 

Conversely, suppose LaeA IIIall2 < 00. Given e > 0, there exists Fo in <g; such 
that F ~ Fo implies LaeF lila 112 - LaeFo lila 112 < e2• Thus, for F) and F2 in <g; 
such that Flo F2 ~ Fo, we have 

2 

:::: L lila 112 - L lila 112 < £2, 
aeFIUF2 aeFo 

where the first equality follows from the Pythagorean theorem. Therefore, the net 
{ LaeF fa} Fe'i!F is Cauchy, and hence LaeA Ia converges by definition. -
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3.26 Corollary. If {e .. } .. eA is an orthononnal subset of the Hilbert space 'K and 
.M. is the smallest closed subspace of 'K containing the set {e.. : a. E A}, then 

.M. = {I: A .. e .. : A .. E C, I: IA .. 12 < oo} . 
.. eA .. eA 

Proof Let ~ denote the directed set of all finite subsets of A. If {A .. }aeA is a choice 
of complex numbers such that L .. eA IA .. 12 < 00, then {A .. ea laeA is an orthogonal 
set and LaeA II Aae .. 112 < 00. Thus LaeA A .. ea converges to a vector I in 'K by 
the theorem and since I = limFe~ LaeF Aaea, the vector is seen to lie in 

.N' = {I:Aaea : Aa E C, I: IAal2 < oo}. 
aeA aeA 

Since oN contains lea : a. E A}, the proof will be complete once we show that oN 
is a closed subspace of 'K. If {Aa}aeA and {JLa}aeA satisfy L .. eA IAal2 < 00 and 
LaeA IJL .. 12 < 00, then 

L IA .. + JL .. 12 ~ 2 L IAaf + 2 L l/Lal2 < 00. 

.. eA aeA .. eA 

Hence oN is a linear subspace of 'K. 

Now suppose {r }~I is a Cauchy sequence contained in N and that r 
LaeA A}:)e ... Then for each a. in A we have 

IA~n) _ A~m) I ~ (I: IA~) _ A~m) 12) 1/2 = II r - 1m II ' 
aeA 

and hence A .. = limn~oo A}:) exists. Moreover, for F in ~ we have 

Hence, 1= LaeA Aae .. is well defined and an element of N. Now given e > 0, 
if we choose N such that n, m ::: N implies II r - 1m II < e then for F in ~, we 
have 

Therefore, for n > N, we have 

and hence oN is closed. • 
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3.27 Definition. A subset lea }aeA of the Hilbert space 'lJe is said to be an or
thonormal basis if it is orthonormal and the smallest closed subspace containing 
it is 'lJe. 

An orthonormal basis has especially pleasant properties with respect to repre
senting the elements of the space. 

3.28 Corollary. If {ea }aeA is an orthonormal basis for the Hilbert space 'lJe and f 
is a vector in 'lJe, then there exist unique Fourier coefficients {Aa }aeA contained in 
C such that f = LaeA Aaea. Moreover, Aa = (f, ea) for a in A. 

Proof That (Aa }aeA exists such that f = LaeA Aaea follows from the preceding 
corollary and definition. Moreover, if ~ denotes the collection of finite subsets of 
A and fJ is in A, then 

(f,ep) = (LAaea,ep) = ~ ILAaea,ep) 
aeA ~eF 

= lim "Aa(ea, ep) = lim Ap = Ap. 
Fe!J L..J Fe!J 

aeF peF 

(The limit is unaffected since the subsets of A containing fJ are cofinal in ~.) 
Therefore the set {AalaeA is unique, where Aa = (f, ea ) fora in A. -

3.29 Theorem. Every Hilbert space (;6 (O}) possesses an orthonormal basis. 

Proof Let ~ be the collection of orthonormal subsets E of 'lJe with the partial 
ordering El ::: E2 if El C E2. We want to use Zorn's lemma to assert the 
existence of a maximal orthonormal subset and then show that it is a basis. To 
this end let {E~h.eA be an increasing chain of orthonormal subsets of'lJe. Then 
clearly U~eA E~ is an orthonormal subset of'lJe and hence is in ~. Therefore, each 
chain has a maximal element and hence ~ itself has a maximal element EM. Let 
.M. be the smallest closed subspace of'lJe containing EM. If.M. = 'lJe, then EM is an 
orthonormal basis. If.M. f= 'lJe, then for e a unit vector in .M..l , the set EMU {e} is an 
orthonormal subset of 'lJe greater than EM. This contradiction shows that .M. = 'lJe 
and EM is the desired orthonormal basis. -

Although there is nothing unique about an orthonormal basis, that is, there 
always exist infinitely many if'lJe ;6 {Ol, the cardinality of an orthonormal basis is 
well defined. 

3.30 Theo,rem. If {ea}aeA and {fp}peB are orthonormal bases for the Hilbert 
space 'lJe, then card A = card B. 

Proof If either of A and B is finite, then the result follows from linear algebra. 
Assume, therefore, that card A ::: ~o and card B ::: ~o. For a in A set Ba = 
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{,8 E B : (ea, fp) =1= OJ. Since ea = L,8eB(ea, !,8)!,8 by Corollary 3.28 and 

1 = Ilea 112 = L,8eB I(ea, !,8)12 by Theorem 3.25, it follows that card Ba ~ ~o. 
Moreover, since !,8 = LaeA (ea, !,8)ea, it follows that (ea, !,8) =1= 0 for some ex 
in A. Therefore, B = UaeABa and hence card B ~ LaeA card Ba ~ LaeA ~o = 
card A since card A 2: ~o. From symmetry we obtain the reverse inequality and 
hence card A = card B. • 

3.31 Definition. If 'tie is a Hilbert space, then the dimension of 'tie, denoted dim 
'tie, is the cardinality of any orthonormal basis for 'tie. 

The dimension of a Hilbert space is well defined by the previous two theorems. 
We now show that two Hilbert spaces 'tie and ':K of the same dimension are 
isomorphic, that is, there exists an isometric isomorphism from 'tie onto ':K which 
preserves the inner product. 

3.32 Theorem. Two Hilbert spaces are isomorphic if and only if their dimensions 
are equal. 

Proof If 0Je and 'X are Hilbert spaces such that dim 0Je = dim 'X, then there 
exiJlt orthonormal bases {ea}aeA and {fa}aeA for 0Je and 'X, respectively. Define 
the map <l> from 0Je to 'X such that for gin 0Je, we set <l>g = LaeA(g, ea)!a' 
Since g = La:fA (g, ea)ea by Corollary 3.28, it follows from Theorem 3.25 that 
LaeA I(g, ea)1 = IIg112. Therefore, <l>g is well defined and 

lI<l>g"2 = L I(g, ea)12 = IIgll2 • 

aeA 

That <l> is linear is obvious. Hence, <l> is an isometric isomorphism of 'tie to ':K. 
Thus, <l>0Je is a closed subspace of':K which contains {fa : ex E A} and by the 
definition of basis, must therefore be all of ':K. Lastly, since (g, g) = IIgll 2 = 
lI<l>gll2 = (<l>g, <l>g) for g in 'tJe, it follows from the polarization identity that 
(g, h) = (<l>g, <l>h) for g and h in 0Je. • 

3.33 We conclude this chapter by computing the dimension of Examples 3.13, 
3.15,3.16, and 3.17. For en it is clear that the n-tuples 

{(I, 0, ... ,0), (0, I, ... , 0), ... , (0,0, ... , I)} 

form an orthonormal basis, and therefore dim en = n. Similarly, it is easy to 
see that the functions {en}~o in l2(71.+) defined by en(m) = 1 if n = m and 0 
otherwise, form an orthonormal subset of [2 (71.+). Moreover, since! in l2(71.+) 
can be written! = L~=o !(n)en, it follows that {en}~o is an orthonormal basis 
for [2(71.+) and hence that dim [l2(71.+)] = ~o. 

In the Hilbert space L 2([O,l]), the set {e21rinx }neZ is orthonormal since 
Jd e21rinx dx = 1 if n = 0 and 0 otherwise. Moreover, from the Stone-Weierstrass 
theorem it follows that C ([0, 1]) is contained in the uniform closure of the subspace 
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spanned by the set {e2n'inx : n E Z} and hence C([O, 1]) is contained in the smallest 
closed subspace of L2([0, 1]) containing them. For I in L2([0, 1]) it follows from 
the Lebesgue dominated convergence theorem that limk~oo II I - !k Ib = 0, where 

{ 
I(x), I/(x)l::: k, 

Ik(x) = 
0, I/ex)1 > k. 

Since C([O, 1]) is dense in L1([O, 1]) in the L1-norm, there exists for each k 
in Z+, a function ({Jk in C([O, 1]) such that l({Jk(X) 1 ::: k for x in [0, 1] and 

II/k - ({Jk1l1 ::: 1/ k2• Hence 

lim sup ( t Ilk - ({Jk 12 dX) 1/2 ::: lim sup (k t l!k _ ({Jk 1 dX) 1/2 

k-+oo 10 k~oo 10 

(
1 )1/2 

::: lim sup - = 0. 
k~oo k 

Thus, C([O, 1]) is a dense subspace of L2([O, 1]) and hence the smallest closed sub
space of L2([0, 1]) containing the functions {e2n'inx : n E Z} is L2([0, 1]). There
fore, {e2n'inx}neZ is an orthonormal basis for L2([0, 1]). Hence, dim {L2([0, I])} = 
~o and therefore despite their apparent difference, [2(Z+) and L2([O, 1]) are 
isomorphic Hilbert spaces. 

Similarly, since a change of variables shows that {Xn}neZ is an orthonormal 
basis for L2(11'), we see that {Xn}neZ+ is an orthonormal basis for H2 and hence 
dim H2 = ~o also. 

We indicate in the exercises how to construct examples of Hilbert spaces for 
all dimensions. 

Notes 
The definition of a Hilbert space is due to von Neumann and he along with Hilbert, Riesz, 

Stone, and others set forth the foundations of the subject. An introduction to the geometry 
of Hilbert space can be found in many textbooks on functional analysis and, in particular, 
in Stone [104], HaImos [55], Riesz and Sz.·Nagy [92], and Akhieser and Glazman [2]. 

Exercises 

3.1 Let A be a nonempty set and let 

12(A) = {f : A - C: L If(a)12 < co} . 
aEA 

Show that 12(A) is a Hilbert space with the pointwise operations and with the inner 
product (f, g) = LaEA f(a)g(a). Show that dim 12(A) = card A. 

3.2 Let:£ be a nonned linear space for which the conclusion of the parallelogram law is 
valid. Show that an inner product can be defined on :£ for which the associated nonn 
is the given nonn. 

3.3 Show that the completion of an inner product space is a Hilbert space. 
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3.4 Show that C ([0, 1]) is not a Hilbert space, that is, there is no inner product on C ([0, 1]) 
for which the associated nonn is the supremum nonn. 

3.5 Show that C([O, 1]) is not homeomorphically isomorphic to a Hilbert space.* 

3.6 Complete the proof begun in Section 3.14 that the space ;e defined there is not 
complete. 

3.7 Give an example of a finite dimensional Banach space containing a closed convex set 
which contains more than one point of smallest nonn. * 

3.8 Give an example of an infinite dimensional Banach space and a closed convex set 
having no point of smallest norm.* 

3.9 Let rp be a bounded linear functional on the subspace.M. of the Hilbert space 'lJe. Show 
that there exists a unique extension of rp to 'lJe having the same nonn. 

3.10 Let 'lJe and 'X be Hilbert spaces and 'lJe EB 'X denote the algebraic direct sum. Show that 

({hI, kl ), (hz, k1» = (hI, h2) + (kl , kl) 

defines an inner product on 'lJe EB 'X, that 'lJe EB 'X is complete with respect to this inner 
product, and that the subspaces 'lJe EB {OJ and {OJ EB 'X are closed and orthogonal in 
'lJe EB 'X. 

3.11 Show that each vector of nonn one is an extreme point of the unit ball of a Hilbert 
space. 

3.12 Show that the w*-closure of the unit sphere in an infinite-dimensional Hilbert space 
is the entire unit ball. 

3.13 Show that every orthononnal subset of the Hilbert space 'lJe is contained in an 
orthononnal basis for 'lJe. 

3.14 Show that if.M. is a closed subspace of the Hilbert space 'lJe, then dim oM ~ dim 'lJe. 

3.15 (Gram-Schmidt) Let {fn}:'1 be a subset of the Hilbert space 'lJe whose closed linear 
span is 'lJe. Set el = II! 11/111 and assuming {ek}t=1 to have been defined, set 

en+1 = (/n+1 - ~(fn+),ek)ek) / II/n+! - ~(fn+I,ek)ekll' 
where en+1 is taken to be the zero vector if 

n 

In+! = L(fn+I, ek)ek. 
k=1 

Show that {en }:'I is an orthononnal basis for'lJe. 

3.16 Show that L 2 ([O, 1]) has an orthonormal basis {en}:.o such that en is a polynomial of 
degree n. 

3.17 Let ;e be a dense linear subspace of the separable Hilbert space 'lJe. Show that ;e 
contains an orthononnal basis for 'lJe. Consider the same question for nonseparable 
'lJe.* 

3.18 Give an example of two closed subspaces .M. and N of the Hilbert space 'lJe for which 
the linear span 
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.M.+X = {f +g: f E .M.,g E X} 

fails to be closed. * (Hint: Take .M. to be the graph of an appropriately chosen bounded 
linear ttansfonnation from 'X to 'X and X to be 'X ED to), where '3(, = 'X ED 'X.) 

3.19 Show that no Hilbert space has linear dimension No. (Hint: Use the Baire category 
theorem.) 

3.20 If '3(, is an infinite-dimensional Hilbert space, then dim '3(, coincides with the smallest 
cardinal of a dense subset of '3(,. 

3.21 Let '3(, and 'X be Hilbert spaces and let '3(,~'X denote the algebraic tensor product of 
~ and 'X considered as linear spaces over C. Show that 

(t. h, .. k;, t. hI .. kj ) ~ t. t. (h,. hl)(k;, kj) 

defines an inner product on '3(, ~'X. Denote the completion of this inner product space 
by '3(, ® 'X. Show that if {ea}aEA and {ffJ}fJEB are orthononnal bases for '3(, and 'X, 
respectively, then tea ® ffJ!ca.fJ)EAxB is an orthononnal basis for '3(, ® 'X. 

3.22 Let (X, '::I, p,) be a measure space with p, finite and ~ be a bounded linear functional 
on L1(X). Show that the restriction of ~ to L2(X) is a bounded linear functional on 
L2(X) and hence there exists gin L2(X) such that ~(f) = Ix fi dp, for fin L2(X). 
Show further that g is in LOO(X) and hence obtain the characterization of Ll (X)· as 
L 00 (X). (Neither the result obtained in Chapter 1 nor the Radon-Nikodym theorem is 
to be used in this problem.) 

3.23 (von Neumann) Let p, and v be positive finite measures on (X, '::f) such that v is 
absolutely continuous with respect to p,. Show that f ~ Ix fdIL is well defined and 
a bounded linear functional on L2(p, + v). If ~ is the function in L2(p, + v) satisfying 
Ix f~d(p, + v) = Ix fdp" then (I - ~)/~ is in Ll(p,) and 

veE) = { I - ~ dp, 
JE ~ 

for E in '::I. 

3.24 Interpret the results of Exercises 1.30 and 1.31 under the assumption that If is a Hilbert 
space. 



Chapter 4 

Operators on Hilbert Space 
and C*-Algebras 

4.1 Most of linear algebra involves the study of transformations between linear 
spaces which preserve the linear structure, that is, linear transformations. Such is 
also the case in the study of Hilbert spaces. In the remainder of the book we shall be 
mainly concerned with bounded linear transformations acting on Hilbert spaces. 
Despite the importance of certain classes of unbounded linear transformations, we 
consider them only in the problems. 

We begin by adopting the word operator to mean bounded linear transformation. 
The following proposition asserts the existence and uniqueness of what we shall 
call the "adjoint operator." 

4.2 Proposition. If T is an operator on the Hilbert space ~, then there exists a 
unique operator S on ~ such that 

(TI, g) = (f, Sg) for I andg in~. 

Proof For a fixed g in ~ consider the functional ({J defined by ({J(f) = (T I, g) 
for I in ~. It is easy to verify that ({J is a bounded linear functional on ~, and 
hence there exists by the Riesz representation theorem, a unique h in ~ such that 
({J(f) = (f, h) for I in~. Define Sg = h. 

Obviously, S is linear and (TI, g) = (f, Sg) for I and g in ~. Setting I = Sg 
we obtain the inequality 

IISgll2 = (Sg, Sg) = (TSg,g) ~ IITilIiSgll IIgll for g in~. 

Therefore, II S II ~ II T II and S is an operator on ~. 

To show that S is unique, suppose So is another operator on ~ satisfying (f, Sog) = 
(TI, g) for I and g in ~. Then (I, Sg - Sog) = 0 for I in ~ which implies 
Sg - Sog = O. Hence S = So and the proof is complete. -

74 
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4.3 Definition. If T is an operator on the Hilbert space 'tie, then the adjoint of T, 
denoted T*, is the unique operator on 'tie satisfying (TI, g) = (I, T*g) for 1 and 
g in 'tie. 

The following proposition summarizes some of the properties of the involution 
T -+ T*. In many situations this involution plays a role analogous to that of the 
conjugation of complex numbers. 

4.4 Proposition. If 'tie is a Hilbert space, then: 

(1) T** = (T*)* = T for T in E('tIe); 
(2) II T II = II T* II for T in 2('tIe); 
(3) (as + fJT)* = (is* + -PT* and (ST)* = T* S* for a, fJ in C and S, T in 

E('t/e); 
(4) (T*)-l = (T-1)* for an invertible T in E('t/e); and 
(5) II T 112 = II T* TIl for T in E('t/e). 

Proof (1) If 1 and g are in 'tie, then 

(f. T**g) = (T* I. g) = (g. T* f) = (Tg. f) = (f. Tg). 

and hence T** = T. 

(2) In the proof of Proposition 4.2 we showed II T** II ~ II T* II ~ II T II. Combining 
this with (1), we have IITII = IIT*II. 

(3) Compute. 

(4) Since T*(T-1)* = (T-1T)* = I = (TT-1)* = (T-1)*T* by (3), it follows 
that T* is invertible and (T*)-l = (T-1)*. 

(5) Since II T* TIl ~ II T* II II TIl = II TIl 2 by (2), we need verify only that II T*TII ?: 
II T 112. Let Un }~l be a sequence of unit vectors in 'tie such that limn ...... oo II Tin II = 
IITII. Then we have 

I/T*TII ?: lim sup II T*Tln II ?: limsup(T*Tln, In) = lim II Tin 112 = IITII2, 
n ..... oo n---+-oo n-+-oo 

which completes the proof. • 
4.5 Definition. If T is an operator on the Hilbert space 'tie, then the kernel of T, 
denoted kerT, is the closed subspace {f E 'tie: TI = OJ, and the range of T, 
denoted ran T, is the subspace {T 1 : I E 'tie}. 

4.6 Proposition. If T is an operator on the Hilbert space 'tie, then ker T = 
(ran T*)J. and ker T* = (ran T)J.. 

Proof It is sufficient to prove the first relation in view of (1) of the last proposition. 
To that end, if I is in ker T, then (T* g, f) = (g, T f) = 0 for g in 'tie, and 
hence I is orthogonal to ran T*. Conversely, if I is orthogonal to ran T*, then 
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(TI, g) = (j, T*g) = 0 for gin 'iJi, which implies TI = O. Therefore, I is in 
ker T and the proof is complete. -

We next derive useful criteria for the invertibility of an operator. 

4.7 Definition. An operator T on the Hilbert space 'iJi is bounded below if there 
exists e > 0 such that II Till :::: e IIfII for I in'iJi. 

4.8 Proposition. If T is an operator on the Hilbert space 'iJe, then T is invertible 
if and only if T is bounded below and has dense range. 

Proof If T is invertible, then ran T = 'iJe and hence is dense. Moreover, 

for I in 'iJi 

and therefore T is bounded below. 

Conversely, if T is bounded below, there exists e > 0 such that II Till :::: s II I II 
for I in 'iJe. Hence, if {Tln}~l is a Cauchy sequence in ran T, then the inequality 

1 
IIln - 1m II ::; -IITln - TIm II 

e 

implies {fn}~l is also a Cauchy sequence. Hence, if I = limn_oo In, then 
T I = limn .... oo TIn is in ran T and thus ran T is a closed subspace of 'iJi. If we 
assume, in addition, that ran T is dense, then ran T = 'iJi. Since T being bounded 
below obviously implies that T is one-to-one, the inverse transformation T-1 is 
well defined. Moreover, if g = T I, then 

and hence T-1 is bounded. -
4.9 CoroUary. If T is an operator on the Hilbert space 'iJi such that both T and 
T* are bounded below, then T is invertible. 

Proof If T* is bounded below, then ker T* = {O}. Since (ran T).l = ker T* = {OJ 
by Proposition 4.6, we have (ran T).l = {OJ, which implies clos [ran T] = 
(ran T).l.l = {O}.l = 'iJe by Corollary 3.22. Therefore, ran T is dense in 'iJi and the 
result follows from the theorem. -

4.10 If T is an operator on the finite dimensional Hilbert space en and {ejl/=l is 
an orthonormal basis for en, then the action of T is given by the matrix {ajj l/,j=l' 
where aij = (Tej, ej). The adjoint operator T* has the matrix {bij}l,j=l' where 
bij = (iji for i, j = 1,2, ... , n. 
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The simplest operators on en are those for which it is possible to choose an 
orthonormal basis such that the corresponding matrix is diagonal, that is, such that 
aij = 0 for i ~ j. An operator can be shown to belong to this class if and only if 
it commutes with its adjoint. In one direction, this result is obvious and the other 
is the content of the so called "spectral theorem" for matrices. 

For operators on infinite dimensional Hilbert spaces such a theorem is no 
longer valid. Hilbert showed, however, that a reformulation of this result holds 
for operators on arbitrary Hilbert spaces. This "spectral theorem" is the main 
theorem of this chapter. 

We begin by defining the relevant classes of operators. 

4.11 Definition. If T is an operator on the Hilbert space 'lie, then: 

(1) T is normal if TT* = T*T; 
(2) T is self-adjoint or hermitian if T = T*; 
(3) T is positive if (T /. f) ~ 0 for / in 'lie; and 
(4) T is unitary if TOOT = TT* = [. 

The following is a characterization of self-adjoint operators. 

4.12 Proposition. An operator T on the Hilbert space 'lie is self-adjoint if and 
only if (T /. f) is real for / in 'lie. 

Proof If T is self-adjoint and / is in 'lie, then 

(T/. f) = (f. T* f) = (f. Tf) = (T/, f) 

and hence (T /. f) is real. If (T /. f) is real for / in 'lie. then using Lemma 3.3, we 
obtain for / and g in 'lie that (T /. g) = (T g, f) and hence T = T*. • 

4.13 Corollary. If P is a positive operator on the Hilbert space 'lie, then P is 
self-adjoint. 

Proof Obvious. • 
4.14 Proposition. If T is an operator on the Hilbert space 'lie, then T*T is a 
positive operator. 

Proof For / in 'lie we have (T*T/, f) = IIT/1I2 ~ 0, from which the result 
follows. • 

When we speak of the spectrum of an operator T defined on the Hilbert space 'lie, 
we mean its spectrum when T is considered as an element of the Banach algebra 
E('iJe) and we use aCT) to denote it. On a finite-dimensional space A is in the 
spectrum of T if and only if A is an eigenValue for T. This is no longer the case 
for operators on infinite-dimensional Hilbert spaces. 
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In linear algebra one shows that the eigenvalues of a hermitian matrix are real. 
The generalization to hermitian operators takes the following form. 

4.15 Proposition. If T is a self-adjoint operator on the Hilbert space '?Ie, then the 
spectrum of T is real. Furthermore, if T is a positive operator, then the spectrum 
of T is nonnegative. 

Proof If J.. = ex + ifJ with ex, fJ real and fJ i=- 0, then we must show that T - J.. is 
invertible. The operator K = (T - ex) / fJ is self-adjoint and T - J.. is invertible if 
and only if K - i is invertible, since K - i = (T - J..)/fJ. Therefore, in view of 
Proposition 4.9, the result will follow once we show that the operators K - i and 
(K - i)* = K + i are bounded below. However, for 1 in '?Ie, we have 

II(K ± i)/1I2 = (K ± i)/, (K ± i)/) = IIKfII2".f i(KI, f) ± i(j, Kf) + 11/112 

= IIKfII2 + IIfII2 ~ 11/112 

and hence the spectrum of a self-adjoint operator is real. 

If we assume, in addition, that T is positive and A < 0, then 

Since (T - J..)* = (T - J..), then T - A is invertible by Proposition 4.9 and the 
proof is complete. -

We consider now a special class of positive operators which form the building 
blocks for the self-adjoint operators in a sense which will be made clear in the 
spectral theorem. 

4.16 Definition. An operator P on the Hilbert space '?Ie is a projection if P is 
idempotent (P2 = P) and self-adjoint. 

The following construction gives a projection and, in fact, all projections arise 
in this manner. 

4.17 Definition. Let.M. be a closed subspace of the Hilbert space '?Ie. Define P.M. 
to be the mapping P.M.f = g, where 1 = g + h with gin.M. and h in.M..L. 

4.18 Theorem. If.M. is a closed subspace of '?Ie, then P.M. is a projection having 
range .M.. Moreover, if P is a projection on '?Ie, then there exists a closed subspace 
.M.( = ran P) such that P = P.M.. 

Proof First we prove that P.M. is an operator on 'lJe. If iI, h are vectors in '?Ie and 
AI, A2 complex numbers, then iI = gl + hi and h = g2 + h2, where gl, g2 are 
in .M. and hi, h2 are in .M..L. Moreover 
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where AlgI +A2g2 is inMand (Alh l +A2h2) is in M.1.. By the uniqueness of such 
a decomposition, we have 

and hence P.M. is a linear transformation on 'Je. Moreover, the inequality 

shows that P.M. is bounded and has norm at most one. Therefore, P is an operator 
on 'Je. Moreover, since 

we see that PM is self-adjoint. Lastly, if f is in M, then f = f + 0 is the required 
decomposition of f and hence P.M.f = f. Since ran P.M. = M, it follows that 
pit = P.M. and hence PM is idempotent. Therefore PM is a projection with range 
M. 
Now suppose P is a projection on 'Je and set M = ran P. If {Pfn}~1 is a Cauchy 
sequence in 'Je converging to g, then 

g = lim Pfn = lim p2 fn = P[ lim Pfn] = Pg. 
n~oo n~oo n~oo 

Thus g is in M and hence M is a closed subspace of 'Je. If g is in M.1. , then II P g 112 = 
(Pg, Pg) = (g, p 2g) = 0, since p 2g is in M, and hence Pg = O. If f is in 'Je, 
then f = Pg + h, where h is in M.1. and hence PMf = Pg = p 2g + Ph = Pf. 
Therefore, P = PM. • 

Many geometrical properties of closed subspaces can be expressed in terms of 
the projections onto them. 

4.19 Proposition. If'Je is a Hilbert space, {Md7=1 are closed subspaces of 'Je, and 
{Pd7=1 are the projections onto them, then PI + P2 + ... + Pn = I if and only if 
the subspaces {M; }?=I are pairwise orthogonal and span 'Je ... that is, if and only if 
each f in 'Je has a unique representation f = it + 12 + ... + fn, where fi is in 
M;. 

Proof If PI + P2 + ... + Pn = I, then each f in 'Je has the representation 
f = PI f + Pd + ... + Pn f and hence the .At; span 7ll. Conversely, if the {M; }?=I 
span tll and the sum PI + P2 + ... + Pn is a projection, then it must be the identity 
operator. Thus, we are reduced to proving that PI + P2 + ... + Pn is a projection if 
and only if the subspaces {.At; }7=1 are pairwise orthogonal, and for this it suffices 
to consider the case of two subspaces. 

Therefore, suppose PI and P2 are projections such that PI + P2 is a projection. 
For f in M I , we have 
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= (Pd, Pd) + (Pd, Pd) + (Pd, Pd) + (Pd, Pd) 

= (Pd, f) + (f, Pd) + (Pd, f) + (Pd, f) 

= «PI + P2 )/, I) +2(Pd, f), 

since Pd = I and thus 2 II Pd 112 = 2(Pd, Pd) = 2(Pd, f) = O. Hence, I 
and therefore.M.1 is orthogonal to .M.2• 

Conversely, if PI and P2 are projections such that the range of PI is orthogonal to 
the range of P2, then for I in 'tie, we have 

(PI + P2)2 I = (PI + P2)Pd + (PI + P2)Pd = pi I + pi I 
= (PI + P2)/, 

• 
The proof shows that the sum of a finite number of projections onto pairwise 

orthogonal subspaces is itself a projection. 
We next consider some examples of normal operators other than those defined 

by the diagonalizable matrices on a finite-dimensional Hilbert space. 

4.20 EXAMPLE. Let (X, ';1', f.L) be a probability space. For qJ in LOO(f.L) define the 
mapping Mtp on L2(f.L) such that Mtpl = qJI for I in L2(f.L), where qJ/denotes 
the pointwise product, and let ID'l = (Mtp : qJ E LOO(f.L)}. Obviously Mtp is linear 
and the inequality 

IIMtp/l12 = (llqJ/12 df.L) 1/2 :::: (l (lIqJlloo 1/1)2 df.L) 1/2 :::: IIqJlloo IIfII2 

shows that Mtp is bounded. Moreover, if En is the set 

then 

{x EX: IqJ(x) 1 ~ IIqJlloo - lin}, 

~ M.I £.1, = (J. 1'1'1£.1' d,,),12 ?; [f. (11'1'11 ro - ~ r 11£.1' d" J12 

~ (lIqJlloo - ~) Ilhn 112 

and hence IIMtp II = IIqJlloo. For I and gin L2(f.L) and qJ in Loo(f.L) we have 

(Mtp/, g) = llqJ/I g df.L = l l(ii5g) df.L = (f, M~g), 
which implies M; = M~. Lastly, the mapping defined by \II(qJ) = Mtp from 
Loo(f.L) to ID'l is obviously linear and multiplicative. Therefore, \II is a *-isometric 
isomorphism of L 00 (f.L) onto ID'l. (The terminology * - is used to denote the fact 
that conjugation in Loo(f.L) is transformed by \II to adjunction in E(L2(f.L»).) 
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Since L CXl(f..L) is commutative, it follows that Mrp commutes with M; and hence 
is a normal operator. For ({J in L CXl(f..L) the operator Mrp is self-adjoint if and only 
if Mrp = M; and hence if and only if ({J = qi or ({J is real. Since M; = Mrp2, the 
operator Mrp is idempotent if and only if ({J2 = ({J or ({J is a characteristic function. 
Therefore, the self-adjoint operators in IDl are the Mrp for which ({J is real, and the 
projections are the Mrp for which ({J is a characteristic function. 

Let us now consider the spectrum of the operator Mrp. If ({J - ).. is invertible in 
LCXl(f..L), then Mrp -).. = Mcrp-l.) is invertible in E(L2(f..L» with inverse MCrp-l.)-t, 
and hence u(Mrp) C ~«({J). To assert the converse inclusion we need to know that 
if Mrp - ).. is invertible, then its inverse is in IDl. There are at least two different 
ways of showing this which reflect two important properties possessed by IDl. 

4.21 Definition. If 'lie is a Hilbert space, then a subalgebra un of E('lJe) is said 
to be maximal abelian if it is commutative and is not properly contained in any 
commutative subalgebra of E('lIe). 

4.22 Proposition. ThealgebraIDl= {Mrp: ({J E LCXl(f..L)} is maximal abelian. 

Proof Let T be an operator on L 2 (f..L) that commutes with IDl. If we set 1/1 = T 1, 
then 1/1 is in L 2(/L) and T({J = T Mrpl = MrpT1 = 1/I({J for ({J in LCXl(/L). Moreover, 
if En is the set (x EX: '1/I(x), 2: IITII + lin}, then 

IITII II IE. 112 2: 11 T h. 112 = II 1/1 IE. 112 = (Ix I 1/1 lEn 12 d/L y/2 

2: (IITII + ~) (Ix lIEn 12 d/L y/2 2: (IITII + ~) IIh. 112' 

Therefore, IIh.II2 = o and hence the set{x EX: '1/I(x) , > IITII} has measure 
zero. Thus 1/1 is in LCXl(/L) and T({J = M",({J for ({J in LCXl(/L). Since C(X) is dense 
in L 2(/L) as proved in Section 3.33 and C(X) C Loo(/L), it follows that T = M", 
is in IDl. Therefore, IDl is maximal abelian. -

4.23 Proposition. If 'lie is a Hilbert space and ~ is a maximal abelian subalgebra 
of E(.M.), then u(T) = u~(T) for T in ~. 

Proof Clearly u(T) C u~(T) for T in ~. If ).. is not in u(T), then (T _ )..)-1 

exists. Since (T - A)-I commutes with 21 and 21 is maximal abelian, we have 
(T - A)-1 is in ~. Therefore A is not in u~(T) and hence u~(T) = u(T). _ 

4.24 Corollary. If ({J is in LCXl(f..L), then u(Mrp) = ~«({J). 

Proof Since IDl = (M", : 1/1 E Loo(/L)} is maximal abelian, it follows from the 
previous result that ulIn(T) = u (T). Since IDl and L 00 (/L) are isomorphic, we have 
ulIn(T) = UL''''C".) (T) and Lemma 2.63 completes the proof. -
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We offer the alternate approach after giving an example of a subalgebra ~ of 
E(~) and an operator T in ~ for which u~(T) i= u(T). 

4.25 EXAMPLE. Let 12(71.) denote the Hilbert space consisting of the complex 
functions I on 7L such that :L:'-oo I/(n)12 < 00. Define U on 12(7L) such that 
(U f) (n) = I (n - I) for I in 12 (7L). The operator U is called the bilateral shift. It 
is clearly linear and the identity 

00 00 

IIUfII~ = L I(Uf)(n)12 = L I/(n - 1)12 = IIf11~ 
n=-oo n=-oo 

for I in 12(7L) shows that U preserves the norm and, in particular, is bounded. If 
we define A on [2(7L) such that (Af)(n) = I(n + 1) for I in 12 (7L), we have 

00 __ 00 __ 

(UI,g) = :L (Uf)(n)g(n) = :L I(n -1)g(n) 
n=-oo n=-oo 

00 

= L I(n)g(n + 1) = (f, Ag). 
n=-oo 

Therefore, A = U* and a computation yields UU* = U*U = lor U- I = U*. 
Thus U is a unitary operator. 

From Proposition 2.28 we have u(U) C [D and u(U-I) = u(U*) C [D. 
If >.. is in [D,O < 1>"1 < I, then (U - >")U-I = >..((1/>..) - U-I). Since 1/>.. 

is not in [D, the operator >..((1/>..) - U-I) is invertible and hence so is U - >... 
Therefore u(U) is contained in T. For fixed () in [0,211'] and n in 7L+, let In 
be the vector in [2(7L) defined by In(k) = (2n + l)-1/2e-ik8 for Ikl :s n and 0 
otherwise. A straightforward calculation shows that In is a unit vector and that 
limn-+oo(U - ei8 )ln = o. Therefore U - ei8 is not bounded below, and hence ei8 

is in u(U). Thus u(U) = T. 
Let ~ denote the smallest closed subalgebra of E([2(Z») containing I and U. 

Then ~+ is the closure in the uniform norm of the collection of polynomials in U, 
that is, 

~+ = clos {f. an Un : an E C} . 
n=O 

If .At denotes the closed subspace 

{f E 12(Z): I(k) = o fork < O} 

of [2(7L), then U.At C .At, which implies p(U).At C .At for each polynomial 
p. If for A in ~+ we choose a sequence of polynomials {Pn}~1 such that 
limHoo Pn(U) = A, then AI = limn->-oo Pn(U)1 implies AI is in M, if I 
is, since each Pn(U)1 is in.At. Therefore AM C M for A in ~+. We claim that 
U- I is not in ~+. If eo is the vector in 12(Z) defined to be 1 at 0 and 0 otherwise, 
then 

(U-Ieo)(-I) = (U*eo)(-I) = 1 =1= O. 
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Hence V-I.M, rt. .M. which implies that V-I is not in ~+. Therefore, 0 is in a~+ (V), 
implying a~+(V) =F a(V). 

The algebra ~+ can be shown to be isometrically isomorphic to the disk algebra 
defined in Section 2.50 with V corresponding to XI and hence a~+ (V) = ~. We 
return to this later. 

The algebra ~+ is not maximal abelian, since it is contained in the obviously 
larger commutative algebra {M", : (() E VlO(lf)}. Equally important is that ~+ is 
not a self-adjoint subalgebra of 2(Z2(Z»), since, as we will soon establish, such 
algebras also have the property of preserving the spectrum. We consider the abstract 
analog of a self-adjoint subalgebra. 

4.26 Definition. If ~ is a Banach algebra, then an involution on ~ is a mapping 
T --+ T* which satisfies: 

(i) T** = T for T in ~; 
(ii) (as + f3T)* = as* + flT* for S, T in ~ and a, f3 in C; and 

(iii) (ST)* = T* S* for S and T in ~. 

If, in addition, IIT*TII = II TIl 2 for T in ~,then ~ is a C*-algebra. 
A closed self-adjoint subalgebra of £(;JC) for 'Je a Hilbert space is a C* -algebra in 

view of Proposition 4.4. Every C* -algebra can, in fact, be shown to be isometrically 
isomorphic to such an algebra (see Exercise 5.26). 

All of the various classes of operators whose definitions are based on the 
adjoint can be extended to a C*-algebra; for example, an element T in a C*
algebra is said to be self-adjoint if T = T*, normal if TT* = T* T, and unitary if 
T*T = TT* = I. 

We now give a proof of Proposition 4.15 which is valid for C* -algebras. Our 
previous proof made essential use of the fact that we were dealing with operators 
defined on a Hilbert space. 

4.27 Theorem. In a C* -algebra a self-adjoint element has real spectrum. 

Proof Observe first that if T is an element of the C* -algebra ~, then the inequality 

implies that II T II s II T* II and hence II T II = II T* II, since T** = T. Thus the 
involution on a C* -algebra is an isometry. 

Now let H be a self-adjoint element of ~ and set V = exp i H. Then from the fact 
that H is self-adjoint and the definition of the exponential function, it follows that 
V* = exp(i H)* = exp( -i H). Moreover, from Lemma 2.12 we have 

V V* = exp(i H) exp( -i H) = exp(i H - i H) = 1= exp( -i H) exp(i H) = V* V 

and hence V is unitary. Moreover, since 1 = 11/11 = IIV*VII = IIVII 2 we see 
that IIVII = IIV*II = IIV-III = 1, and therefore a(V) is contained in If. Since 
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a(U) = exp (ia(H») by Corollary 2.37, we see that the spectrum of H must 
~re~ _ 

4.28 Theorem. If \8 is a C* -algebra, ~ is a closed self-adjoint subalgebra of \8, 
and T is an element of~, then a\'{(T) = a\8(T). 

Proof Since a\ll (T) contains a\8 (T), it is sufficient to show that if T -).. is invertible 
in \8, then the inverse (T - )..)-1 is in ~. We can assume).. = 0 without loss of 
generality. Thus, T is invertible in 18, and therefore T*T is a self-adjoint element 
of ~ which is invertible in~. Since a\'{(T*T) is real by the previous theorem, we 
see that a2{(T*T) = a\8(T*T) by Corollary 2.55. Thus, T*T is invertible in ~ 
and therefore 

is in ~ and the proof is complete. -
We are now in a position to obtain a form of the spectral theorem for normal 

operators. We use it to obtain a "functional calculus" for continuous functions as 
well as to prove many elementary results about normal operators. 

Our approach is based on the following characterization of commutative C*
algebras. 

4.29 Theorem. (Gelfand-Naimark) If ~ is a commutative C* -algebra and M is 
the maximal ideal space of ~, then the Gelfand map is a * -isometric isomorphism 
of~ onto C(M). 

Proof If r denotes the Gelfand map, then we must show that r(T) = r(T") 
and that IIr(T)lIoo = IITII. The fact that r is onto will then follow from the 
Stone-Weierstrass theorem. 

If T is in ~, then H = ! (T + T*) and K = (T - T*) /2i are self-adjoint operators 
in ~ such that T = H + i K and T* = H - i K. Since the sets a (H) and q(K) are 
contained in R, by Theorem 4.27, the functions r(H) and r(K) are real valued 
by Corollary 2.36. Therefore, 

r(T) = r(H) + ir(K) = r(H) - ir(K) = r(H - iK) = r(T*), 

and hence r is a * -map. 

To show that r is an isometry, let T ~ an operator in ~. Using Definition 4.26, 
Corollary 2.36, Theorem 2.38, and the fact that T*T is self-adjoint, we have 

1/21 1/21 

1IT112 = IIT*TII = II (T*T)21 II = k~ II (T*T)21 II 

= 11r(T*T) 1100 = 11r(T*)r(T)lIoo = IIIf(T)12 1100 = IIr(T)II~. 
Therefore r is an isometry and hence a *-isometric isomorphism onto C(M). -
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If ~ is a commutative C* algebra and T is in ~, then T is normal, since T* is 
also in ~ and the operators in ~ commute. On the other hand, a normal operator 
generates a commutative C* -algebra. 

4.30 Theorem. (Spectral Theorem) If 'at is a Hilbert space and T is a normal 
operator on 'at. then the C* -algebra ~T generated by T is commutative. Moreover, 
the maximal ideal space of ~T is homeomorphic to O'(T), and hence the Gelfand 
map is a *-isometric isomorphism of ~T onto C(O'(T»). 

Proof Since T and T* commute, the collection of all polynomials in T and T* 
forms a commutative self-adjoint subalgebra of E('3e) which must be contained in 
the C* -algebra generated by T. It is easily verified that the closure of this collection 
is a commutative C* -algebra and hence must be ~T' Therefore ~T is commutative. 

To show that the maximal ideal space M of ~T is homeomorphic to 0' (T), define 
"" from M to O'(T) by ""(ip) = r(T)(ip). Since the range of reT) is O'(T) by 
Corollary 2.36, "" is well defined and onto. If ipl and 'P2 are elements of M such 
that ""(ipl) = ""('P2), then 

ipl (T) = 'P2(T), 

and 

and hence ipl and 'P2 agree on all polynomials in T and T*. Since this collection 
of operators is dense in ~T it follows that ipl = 'P2 and therefore "" is one-to-one. 
Lastly, if {ipa JaeA is a net in M such that limaeA ipa = ({J, then 

and hence"" is continuous. Since M and 0' (T) are compact Hausdorff spaces, then 
"" is a homeomorphism and the proof is complete. -

4.31 Functional Calculus. If T is an operator, then a rudimentary functional 
calculus for T can be defined as follows: for the polynomial p(z) = 1::=0 anZn, 

define peT) = 1::=0 an Tn. The mapping p ~ peT) is a homomorphism from 
the algebra of polynomials to the algebra of operators. If 'lie is finite dimensional, 
then one can base the analysis of T on this functional calculus. In particular, the 
kernel of this mapping, that is, (p(z) : peT) = OJ, is a nonzero principal ideal 
in the algebra of all polynomials and the generator of this ideal is the minimum 
polynomial for T. If 'lie is not finite dimensional, then this functional calculus may 
yield little information. 

The extension of this map to larger algebras of functions (see Exercise 2.18) is 
a problem of considerable importance in operator theory. 
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If T is a normal operator on the Hilbert space 7Je, then the Gelfand map estab
lishesa *-isometricisomorphism betweenC(O'(T») and ~T. ForqJ in C(O'(T»), we 
define qJ(T) = r-1qJ.1t is clear that if qJ is a polynomial in z, then this definition 
agrees with the preceding one. Moreover, if A is an operator on 7Je that commutes 
with T and T*, then A must commute with every operator in (E;T and hence, in 
particular, with qJ(T) for each qJ in C(O'(T»). 

In the remainder of this chapter we shall obtain certain results about operators 
using this calculus and then extend the functional calculus to a larger class of 
functions. 

4.32 Corollary. If T is a normal operator on the Hilbert space 7Je, then T is 
positive if and only if 0' (T) is nonnegative and self-adjoint if and only if 0' (T) is 
real. 

Proof By Proposition 4.15, the spectrum of T is nonnegative if T is positive. 
Conversely, if T is normal, O'(T) is nonnegative, and r is the Gelfand transform 
from (E;T to C(O'(T»), then r(T) ~ o. Thus there exists a continuous function qJ 
on aCT) such that rCT) = Irp12. Then 

T = [qj(T)][rp(T)] = qJ(T)*rp(T) 

and hence T is positive by Proposition 4.14. 

If T is self-adjoint, then the spectrum of T is real by Proposition 4.15. If T is normal 
and has real spectrum, then 1/1 = r CT) is a real-valued function by Corollary 2.36, 
and hence T = 1/ICT) = 1/I(T) = 1/I(T)* = T*. Therefore, T is self-adjoint. -

The preceding proposition is false without the assumption that T is normal, 
that is, there exist operators with spectrum consisting of just zero which are not 
self-adjoint. 

The second half of the preceding proposition is valid in a C* -algebra, while 
the first half allows us to define a positive element of a C* -algebra to be a normal 
element with nonnegative spectrum. 

We now show the existence and uniqueness of the square root of a positive 
operator. 

4.33 Proposition. If P is a positive operator on the Hilbert space 7Je, then there 
exists a uniqu~ positive operator Q such that Q2 = P. Moreover, Q commutes 
with every operator that commutes with P. 

Proof Since the spectrum a (P) is positive, the square root function v' is contin

uous on 0' (P). Therefore ../P is a well-defined operator on 7Je which is positive by 
Corollary 4.32, since O'(../p) = ,JO'(P). Moreover, C"/p)2 = P by the definition 
of the functional calculus, and ../P commutes with every operator that commutes 
with P by Section 4.31. It remains only to show that../P is unique. 
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Suppose Q is a positive operator on '1If. satisfying Q2 = P. Since Q P = 
QQ2 = Q2Q = PQ, it follows from the remarks in Section 4.31 that the C*
algebra ~ generated by P,"/p, and Q is commutative. If r denotes the Gelfand 
transform of ~ onto C(M?{), then r(../P) and r(Q) are nonnegative functions 
by Proposition 2.36 and Theorem 4.28, while r("/p)2 = rep) = r(Q)2, since 
r is a homomorphism. Thus r(../P) = r(Q) implying Q = ../P and hence the 
uniqueness of the positive square root. -

4.34 Corollary. If T is an operator on '1If., then T is positive if and only if there 
exists an operator S on '1If. such that T = S* S. 

Proof If T is positive, take S = ..ft. If T = S* S, then Proposition 4.14 yields 
that T is positive. -

Every complex number can be written as the product of a nonnegative number 
and a number of modulus one. A polar form for linear transformations on en 
persists in which a positive operator is one factor and a unitary operator the other. 
For operators on an infinite-dimensional Hilbert space, a similar result is valid and 
the representation obtained is, under suitable hypotheses, unique. Before proving 
this result we need to introduce the notion of a partial isometry. 

4.35 Definition. An operator V on a Hilbert space '1If. is a partial isometry if 
II V I II = II f II for I orthogonal to the kernel of V; if, in addition, the kernel of V 
is (OJ, then V is an isometry. The initial space of a partial isometry is the closed 
subspace orthogonal to the kernel. 

On a finite-dimensional space every isometry is, in fact a unitary operator. 
However, on an infinite-dimensional Hilbert space this is no longer the case. Let 
us consider an important example of this which is related to the bilateral shift. 

4.36 EXAMPLE. Define the operator U+ on [2 (Z+) by (U+f)(n) = fen - 1) for 
n > 0 and 0 otherwise. The operator is called the unilateral shift and an easy 
calculation shows that U + is an isometry. Moreover, since the function eo defined 
to be 1 at 0 and 0 otherwise is orthogonal to the range of U+, we see that U+ is 
not unitary. A straightforward verification shows that the adjoint U~ is defined by 
(U~f)(n) = I(n + 1). 

Let us next consider the spectrum of U+. Since U+ is a contraction, that is, 
IIU+II = 1, we have a(U+) C D. Moreover, for z in D the function Iz is defined 
by Iz(n) = Z" is in Z2(Z+) and U~f, = "ifz. Thus z is in a(U+) and hence 
a(U+) = D. 

The question of whether a partial isometry exists with given subspaces for initial 
space and range depends only on their dimensions, as the following result shows. 

4.37 Proposition. If At and J( are closed subspaces of the Hilbert space 'tie such 
that dim.M, = dim J(, then there exists a partial isometry V with initial space At 
and range J(. 
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Proof If .At and .N' have the same dimension, then there exist orthonormal bases 
{ea}aeA and {fa}aeA for.M. and X with the same index set. Define an operator 
V on ~ as follows: for g in ~ write g = h + LaeA Aaea with hl..M. and set 
V g = LaeA Aafa. Then the kernel of V is .«1. and II V gil = IIgli for g in .M.. 
Thus, V is a partial isometry with initial space.M., and range X. -

We next consider a useful characterization of partial isometries which allows 
us to define the notion of partial isometry in a C* -algebra. 

4.38 Proposition. Let V be an operator on the Hilbert space ~. The following 
are equivalent: 

(1) V is a partial isometry; 
(2) V* is a partial isometry; 
(3) V V* is a projection; and 
(4) V*V is a projection. 

Moreover, if V is a partial isometry, then VV· is the projection onto the range of 
V, while V* V is the projection onto the initial space. 

Proof Since a partial isometry V is a contraction, we have for fin 'fJC that 

((/- V*V)f, f) = (j, f) - (V*Vf, f) = 1If1l2 - IIVtII2 ~ O. 

Thus 1- V* V is a positive operator. Now if f is orthogonal to ker V, then 11 V f 11 = 
1If11 which implies that ((/ - V*V)f, f) = O. Since 11(/- V*V)I/2 fl12 = 
((/ - V*V)f, f) = 0, we have (/- V*V)f = 0 or V·Vf = f. Therefore, 
V* V is the projection onto the initial space of V. 

Conversely, if V* V is a projection and f is orthogonal to ker(V* V), then V* V f = 
f. Therefore, 

IIVfll2 = (V·Vf, f) = (j, f) = 1If112, 

and hence V preserves the norm on ker(V* V)1.. Moreover, if V* V f = 0, then 
0= (V*Vf, f) = II Vfll 2 and consequently ker(V*V) = ker V. Therefore, V is 
a partial isometry, and thus (1) and (4) are equivalent. Reversing the roles of V 
and V*, we see that (2) and (3) are equivalent. Moreover, if V*V is a projection, 
then (VV*)2 = V(V*V)V* = VV*, since V(V*V) = V. Therefore, VV* is a 
projection, which completes the proof. -

We now obtain the polar decomposition for an operator. 

4.39 Theorem. If T is an operator on the Hilbert space ~, then there exist a 
positive operator P and a partial isometry V such that T = V P . Moreover, V and 
P are unique if ker P = ker v. 

Proof If we set P = (T*T)1/2, then 
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IIPlf = (PI, Pf) = (p2 I, f) = (T*TI, f) = IITfII2 for I in 'Je. 

Thus, if we define V on ran P such that V PI = T I, then V is well defined and 
is, in fact, isometric. Hence, V can be extended uniquely to an isometry from 
clos[ ran P] to 'Je. If we further extend V to 'Je by defining it to be the zero operator 
on [ran P]l., then the extended operator V is a partial isometry satisfying T = V P 
and ker V = [ran P]l. = ker P by Proposition 4.6. 

We next consider uniqueness. Suppose T = W Q, where W is a partial isometry, 
Q is a positive operator, and ker W = ker Q, then p2 = T*T = QW*W Q = Q2, 
since W* W is the projection onto 

[ker W]l. = [ker Q]l. = clos[ran Q], 

by Propositions 4.38 and 4.6. Thus, by the uniqueness of the square root, Propo
sition 4.33, we have P = Q and hence W P = V P. Therefore, W = V on ran P. 
But 

[ran P]l. = ker P = ker W = ker V, 

and hence W = V on [ran P]l.. Therefore, V = W and the proof is complete. -

Although the positive operator will be in every closed self-adjoint subalgebra 
of E('Je) which contains T, the same is not true of the partial isometry. Consider, 
for example, the operator T = MrpM." in E(L2(11")), where rp is a continuous 
nonnegative function on lr while 1/1 has modulus one, is not continuous but the 
product rp1/l is. 

In many instances a polar form in which the order of the factors is reversed is 
useful. 

4.40 Corollary. If T is an operator on the Hilbert space 'Je, then there exists a 
positive operator Q and a partial isometry W such that T = QW. Moreover, W 
and Q are unique if ran W = [ker Q]l.. 

Proof From the theorem we obtain a partial isometry V and a positive operator 
P such that T* = V P. Taking adjoints we have T = P V*, which is the form we 
desire with W = V* and Q = P. Moreover, the uniqueness also follows from the 
theorem since ran W = [ker Q]l. if and only if 

ker V = ker W* = [ran W]l. = [ker Q]l.l. = ker P. 

-
It T is a normal operator on a finite-dimensional Hilbert space, then the subspace 

spanned by the eigenvectors belonging to a certain eigenvalue reduces the operator, 
and these subspaces can be used to put the operator in diagonal form. If T is a not 
necessarily normal operator still on a finite-dimensional space, then the appropriate 
subspaces to consider are those spanned by the generalized eigenvectors belonging 
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to an eigenvalue. These subspaces do not, in general, reduce the operator but are 
only invariant for it. 

Although no analogous structure theory exists for operators on an infinite
dimensional Hilbert space, the notions of invariant and reducing subspace remain 
important. 

4.41 Definition. If T is an operator on the Hilbert space 'tie and.M. is a closed 
subspace of 'tie, then .M is an invariant subspace for T if T .M c .M. and a reducing 
subspace if, in addition, T(.Mol) C .Ml.. 

We begin with the following elementary facts. 

4.42 Proposition. If T is an operator on 'tie, .M. is a closed subspace of 'tie, and 
PAt is the projection onto .M, then At. is an invariant subspace for T if and only if 
PAt T PAt = T PAt if and only if .Mol is an invariant subspace for T*; further, .At 
is a reducing subspace for T if and only if PAtT = T PAt if and only if.At is an 
invariant subspace for both T and T* . 

Proof If .M is invariant for T, then for ! in 'tie, we have T PAt! in .M. and hence 
PAtT PAt! = T P.M.!; thus PMT PM = T PM. Conversely, if PMT PM = T PM, then 
for! in.M., we have T! = T PM! = PMT PM! = PMT!, and hence T! is in 
.M.. Therefore, TAte .M. and .M. is invariant for T. Further, since [ - P.M. is the 
projection onto At.ol and the identity 

is equivalent to PM T* = PM T* PM, we see that.M.ol is invariant for T* if and only 
if.M. is invariant for T. Finally, if .M. reduces T, then PAt T = P MT PM = T PM by 
the preceding result, which completes the proof. -

4.43 In the remainder of this chapter we want to extend the functional calculus 
obtained in Section 4.31 for continuous functions on the spectrum to a larger 
algebra of functions. This larger algebra of functions is related to the algebra of 
bounded Borel functions on the spectrum. 

Before beginning let us give some consideration to the uses of a functional 
calculus and why we might be interested in extending it to a larger algebra of 
functions. Some of the details in this discussion will be omitted. 

Suppose T is a normal operator on the Hilbert space 'tie with finite spectrum 
cr(T) = {A.}, A2 ••.. , AN I and let rp ~ rp(T) be the functional calculus defined for 
rp in C(cr(T»). If Aj is a point in the spectrum, then the characteristic function 
[p.;} is continuous on cr(T) and hence in C(u(T»). If we let Ej denote the 
operator I{~;}(T), then it follows from the fact that the mapping rp ~ rp(T) is 
a *-isomorphism from C(cr(T») onto ~T' that each Ej is a projection and that 
E, + E2 + '" + EN = I. If.M.j denotes the range of E j , then the {.A!;lf=, are 
pairwise orthogonal, their linear span is 'tie, and .M.j reduces T by the preceding 
proposition. Moreover, since 
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T = «T) = [EA,]I1<'] (T) = EAIEi • 

we see that T acts on each oM; as multiplication by A;. Thus the space ';le decomposes 
into a finite orthogonal direct sum such that T is multiplication by a scalar on each 
direct summand. Thus the functional calculus has enabled us to diagonalize T in 
the case where the spectrum of T is finite. 

If the spectrum of T is not discrete, but is totally disconnected, then a slight 
modification of the preceding argument shows that ';le can be decomposed for such 
a T into a finite orthogonal direct sum of reducing subspaces for T such that the 
action of T on each direct summand is approximately (in the sense of the norm) 
multiplication by a scalar. Thus in this case T can be approximated by diagonal 
operators. 

If the spectrum of T is connected, then this approach fails, since C(u(T» 
contains no nontrivial characteristic functions. Hence we seek to enlarge the 
functional calculus to an algebra of functions generated by its characteristic 
functions. We do this by considering the Gelfand transform on a larger commutative 
self-adjoint subalgebra of E(';le). This algebra will be obtained as the closure of ~T 
in a weaker topology. Hence we begin by considering certain weaker topologies 
on E('3e). 

4.44 Definition. Let ';le be a Hilbert space and E('3e) be the algebra of operators 
on ';le. The weak operator topology is the weak topology defined by the collection 
of functions T ~ (T I, g) from E('3e) to C for I and g in ';le. The strong operator 
topology on E('3e) is the weak: topology defined by the collection of functions 
T ~ T I from E('3e) to ';le for I in ';le. 

Thus a net of operators {TalaeA converges to T in the weak: [strong] operator 
topology if 

lim(Tal, g) = (TI, g) [lim Tal = TI] for every I and gin ';le. 
aeA aeA 

Clearly, the weak: operator topology is weaker than the strong operator topology 
which is weaker than the uniform topology. We shall indicate examples in the 
problems to show that these topologies are all distinct. 

The continuity of addition, multiplication, and adjunction in the weak operator 
topology is considered in the following lemma. We leave the corresponding 
questions for the strong operator topology to the exercises. 

4.45 Lemma. If';le is a Hilbert space and A and B are in E('3e), then the functions: 

(1) exeS, T) = S + T from E('3e) x E('3e) to E(';le), 
(2) (J(T) = AT from E('3e) to E('3e), 
(3) yeT) = T B from E('3e) to E('3e), and 
(4) 8 (T) = T* from E('3e) to E('3e), 

are continuous in the weak operator topology. 
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Proof Compute. -
The enlarged functional calculus will be based on the closure of the C* -algebra 

(§;T in the weak operator topology. 

4.46 Definition. If 'Je is a Hilbert space, then a subset ~ of Q('Je) is said to be 
a W* -algebra on 'Je if ~ is a C* -algebra which is closed in the weak operator 
topology. 

The reader should note that a W*-algebra is a C* -subalgebra of Q('Je) which is 
weakly closed. In particular, a W* -algebra is an algebra of operators. Moreover, if 
<I> is a *-isometric isomorphism from the W*-algebra ~ contained in Q('Je) to the 
C* -algebra m contained in Q('Je), then it does not follow that m is weakly closed 
in Q('Je). We shall not consider such questions further and refer the reader to [27] 
or [28]. 

The following proposition shows one method of obtaining W* -algebras. 

4.47 Proposition. If'Je is a Hilbert space and IDl is a self-adjoint subalgebra of 
Q('Je), then the closure ~ of IDl in the weak operator topology is a W* -algebra. 
Moreover, ~ is commutative if IDl is. 

Proof That the closure of IDl is a W* -algebra follows immediately from Lemma 
4.45. Moreover, assume that is commutative and let {Sa}aeA and {Tp}P€B be nets 
of operators in IDl which converge in the weak operator topology to S and T, 
respectively. Then for I and g in 'Je and P in B, we have 

(STpl, g) = lim (Sa Tpl, g) = lim(TpSal, g) = (TpSI, g). 
aeA aeA 

Therefore, STp = Tp S for each f3 in B and a similar argument establishes 
ST = T S. Hence, ~ is commutative if IDe is. -

4.48 Corollary. If 'Je is a Hilbert space and T is a normal operator on 'Je, then the 
W*-algebra ~T generated by T is commutative. Moreover, if AT is the maximal 
ideal space of ~T. then the Gelfand map is a * -isometric isomorphism of ~T onto 
C(AT). 

Proof This follows immediately from the preceding proposition along with The
orem4.29. -

4.49 If T is a normal operator on the separable Hilbert space 'Je with spectrum A 
contained in C, then we want to show that there is a unique L 00 space on A and 
a unique * -isometric isomorphism r* : ~T ~ L 00 which extends the functional 
calculus r of Section 4.31, that is, such that the accompanying diagram commutes, 
where the vertical arrows denote inclusion maps: 
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(tT ~C(A) 

1 r* 1 
~T- LOO 

Thus, the functional calculus for T can be extended to ~T and ~T = {q>(T) : 
q>ELOO}. 

We begin with some measure theoretic preliminaries concerning the following 
illustrative example. Let A be a compact subset of the complex plane and v be a 
finite positive regular Borel measure on A with support A. (The latter condition 
is equivalent to the assumption that the inclusion mapping of C(A) into VXl(V) is 
an isometric isomorphism.) Recall that for each q> in LOO(v) we define MIp to be 
the multiplication operator defined on L2(V) by MIpJ = q>J and that the mapping 
qJ -+ MIp in a * -isometric isomorphism from L CO( v) into .2( L 2( v». Thus we can 
identify the elements of LOO(v) with operators in .2(L2(v». 

The following propositions give several important relationships between v, 
C (A), L 00 ( v), and .2 ( L 2 (v». The first completes the presentation in Section 4.20. 

4.50 Proposition. If (X, fI, 1-') is a probability space, then LOO(I-') is a maximal 
abelian W* -algebra in .2 (L 2 (1-'». 

Proof In view of Section 4.19, only the fact that LOO(JL) is weakly closed remains 
to be proved and that follows from Proposition 4.47, since the weak closure is 
commutative and hence must coincide with L 00(1-'). • 

The next result identifies the weak operator topology on L 00 (I-') as a familiar 
one. 

4.51 Proposition. If (X, fI, 1-') is a probability space, then the weak operator 
topology and the w*-topology coincide on LooCJL). 

Proof We first recall that a function f on X is in L 1 (I-') if and only if it can be 
written in the form f = gh, where g and h are in L 2 (JL). 

Therefore a net {q>a }aeA in L 00(1-') converges in the w* -topology to q> if and only 
if 

lim 1 q>afdl-' = 1 qJfdl-' 
aeA X X 

if and only if 

lim(M'l'ag, h) = lim 1 q>aiJi dl-' = 1 q>gh dl-' = (Mlpg, h) 
aeA aeA X X 

and therefore if and only if the net {Mlpa}aeA converges to MIp in the weak operator 
topology. • 

The next proposition shows that the W* -algebra generated by multiplication by 
z on L2(v) is LOO(v). 
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4.52 Proposition. If X is a compact Hausdorff space and IL is a finite positive 
regular Borel measure on X, then the unit ball of C (X) is w* -dense in the unit ball 
of VXJ(IL). 

Proof A simple step function 1/1 in the unit ball of Loo(lL) has the form 1/1 = 
E7=I ajlEp where lad ~ 1 for i = 1,2, ... , n, the {Ej}?=1 are pairwise disjoint, 
and U7=1 E j = X. For i = 1,2, ... , n, let K j be a compact subset of E j • By 
the Tietze extension theorem there exists qJ in C(X) such that 119'1100 ~ 1 and 
9'(x) = aj for x in Kj. Then for I in L1(/-L), we have 

IIx l(qJ -1/I)dlL l ~ Ix 1/IIqJ -1/11 dlL 

= E L;\Ki If I 19' -1/11 dlL ~ 2 j~ Li\Ki III d/-L. 

Because IL is regular, for It, ... , 1m in L I (/-L) and e > 0, there exist compact sets 
Kj C E j such that 

f IIiI dlL < ~ 
JE;\K; 2n 

for j = 1,2, ... ,m. 

This completes the proof. • 
4.53 Corollary. If X is a compact Hausdorff space and IL is a finite positive 
regular Borel measure on X, then C(X) is w*-dense in VXJ(IL). 

Proof Immediate. • 
We now consider the measure theoretic aspects of the uniqueness problem. We 

begin by recalling a definition. 

4.54 Definition. Two positive measures VI and V2 defined on a sigma algebra 
(X, f/) are mutually absolutely continuous, denoted VI '" V2, if VI is absolutely 
continuous with respect to V2 and V2 is absolutely continuous with respect to VI. 

4.55 Theorem. If VI and V2 are finite positive regular Borel measures on the 
compact metric space X and there exists a * -isometric isomorphism 4> : L 00 (VI) -+ 

L oo(V2) which is the identity on C(X), then VI '" V2, Loo(Vl) = L oo (V2), and 4> 
is the identity. 

Proof If E is a Borel set in X, then 4>(h) is an idempotent and therefore a 
characteristic function. If we set 4>(h) = h, then it suffices to show that 
E = FV2-ae. (almost everywhere), since this would imply VI (E) = 0 if 
and only if h = 0 in Loo(vt} if and only if h = 0 in Loo(V2) if and only if 
v2(F) = 0, and therefore if and only if V2(E) = O. Thus we would have VI '" V2 
and Loo(Vl) = V XJ(V2), since the L oo space is determined by the sets of measure 
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zero. Finally, <I> would be the identity since it is the identity on characteristic 
functions and the linear span of the characteristic functions in dense in L 00 • 

To show that E = F112-a.e. it suffices to prove that F C E112-a.e., since 
we would also have (X\F) C (X\E)v2-a.e. Further, we may assume that 
E is compact. For suppose it is known for compact sets. Since VI and 112 are 
regular, there exists a sequence of compact sets {Kn }:'l contained in E such that 
E = U:I Knvl-a.e. and E = U:I Knv2-a.e. Thus, since <I> and <1>-1 are 
• -linear and multiplicative and hence order preserving, <I> preserves suprema and 
we have 

lp = sup <I> (h.) :::: suph. = lu':.., K• = h112-a.e. 
n n 

and therefore F is contained in EV2-a.e. Therefore, suppose E is closed and for 
n in lL+ let f/Jn be the function in C(X) defined by 

{
I - n . d(x, E) if d(x, E) :::: ~, 

f/Jn(x) = 

o if d(x, E) ~ .!., 
n 

where d(x, E) = inf {p(x, y) : YEE} and p is the metric on X. Then IE :::: f/Jn 
for each n and the sequence {f/Jn}:'1 converges pointwise to h. Since <I> is order 
preserving and the identity on continuous functions, we have IF:::: f/Jn V2-a.e. and 
thus F is contained in EV2-a.e. • 

After giving the following definition and proving an elementary lemma, we 
obtain the functional calculus we want under the assumption the operator has a 
cyclic vector. 

4.56 Definition. If 'ill is a Hilbert space and w: is a subalgebra of E('3l), then a 
vector I in 'N, is cyclic for w: if clos [W: f] = 'ill and separating for w: if AI = 0 for 
A in w: implies A = O. 

4.57 Lemma. If 'ill is a Hilbert space, ~ is a commutative subalgebra of E('3l), 
and I is a cyclic vector for ~, then I is a separating vector for ~. 

Prool If B is an operator in w: and BI = 0, then BAI = ABI = 0 for every A 
in~. Therefore, we have ~I c ker B, which implies B = O. • 

The following theorem gives a spatial isomorphism between ~T and L 00 • if T 
is a normal operator on 'N, having a cyclic vector. (Note that such an 'ill is necessarily 
separable.) 

4.58 Theorem. If T is a normal operator on the Hilbert space 'N, such that ~T 
has a cyclic vector, then there is a positive regular Borel measure v on C having 
support A = u(T) and an isometric isomorphism y from 'N, onto L2(v) such that 
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the map r* defined from ~T to 2(LZ(v») by r*A = yAy-1 is a *-isometric 
isomorphism from ~T onto L 00 (v). Moreover, r* is an extension of the Gelfand 
transform r from ~T onto C(A). Lastly, if VI is a positive regular Borel measure 
on C and rj is a *-isometric isomorphism from ~T onto LOO(Vl) which extends 
the Gelfand transform, then VI '" v, LOO(vd = LOO(v), and r: = r*. 

Proof Let f be a cyclic vector for ~T of norm one and consider the functional 
definedonc(M by 1/I(rp) = (<!J(T)/, f). Since 1/1 is obviously linear and positive 
and 

there exists by the Riesz representation theorem (see Section 1.38) a positive 
regular Borel measure v on A such that 

i rpdv = (cp(T), I, I) for rp in C(A). 

Now suppose that the support of v is not all of A, that is, suppose there exists an 
open subset V of A such that v(V) = O. By Urysohn's lemma there is a nonzero 
function rp in C(A) which vanishes outside of V. Since, however, we have 

IIcp(T)/lI z = (cp(T)/, rp(T)/) = (Irplz(T)/, I) = i Irplz dv = 0, 

and I is a separating vector for ~T by the previous lemma, we arrive at a 
contradiction. Thus the support of v is A. 

If we define Yo from ~T Ito LZ(v) such that yo(cp(T)/) = rp, then the computation 

IIrpll~ = i Irplz dv = (icplz(T)/, I) = IIrp(T)/lI z 

shows that Yo is a well-defined isometry. Since ~T I is dense in '1Je by assumption 
and C(A) is dense in LZ(v) by Section 3.33, the mapping Yo can be extended to a 
unique isometric isomorphism y from '1Je onto LZ(v). Moreover, if we define r* 
from ~T int02~LZ(v») by r*(A) = y Ay-I, then r* is a * -isometric isomorphism 
of~T into 2(L (v»). We want to first show that r* extends the Gelfand transform 
r on ~T. If 1/1 is in C(A), then for all cp in C(A), we have 

[r*(1/I(T»)]rp = y1/l(T)y-lrp = y1/l(T)rp(T)1 = y[(1/Irp)(T)f] = 1/Irp = M",cp 

and since C(A) is dense in L 2 (v), it follows that r*(1/I(T») = M", = r(1/I(T»). 
Thus r* extends the Gelfand transform. 

To show that r* (~T) = L 00 ( v), we note that since r* is defined spatially by y, 
it follows from Proposition 4.51 that r* is a continuous map from ~T with the 
weak operator topology to L 00 (v) with the w* -topology. Therefore, by Corollary 
4.53, we have 

r*(~T) = r*(weak oper clos [~T]) 
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= w*-clos[C(A)] = LOO(v), 

and thus r* is a *-isometric isomorphism mapping ~T onto LOO(v). 

Finally, if VI is a positive regular Borel measure on A and r; is a *-isometric 
isomorphism from}IDT onto LOO(VI) which extends the Gelfand transform, then 
r1rr-1 is a *-isometric isomorphism from LOO(VI) onto LOO(v) which is the 
identity on C(A). Hence, by Theorem 4.55, we have VI --- V, LOO(VI) = LOO(v), 
and r* rt- l is the identity. Therefore the proof is complete. -

4.59 The preceding result gives very precise information concerning normal 
operators possessing a cyclic vector. Unfortunately, most normal operators do 
not have a cyclic vector. Consider the example: 

'tie = L 2([0, 1]) E9 L 2([0, 1]) 

and T = Mg E9 Mg, where get) = t. It is easy to verify that @:T has no cyclic 
vector and this is left as an exercise. Thus the preceding result does not apply to 
T. Notice, however, that 

@:T = {M .. E9 M .. : qJ€C([O, IDJ and }IDT = {M .. E9 M .. : qJ€L 00([0, I))}, 

and thus there still exists a *-isometric isomorphism r* from}IDT onto LOO([O, 1]) 
which extends the Gelfand transform on @:r. The difference is that r* is no longer 
spatially implemented. 

To see how to obtain r* in the general case, observe that f = 1 E9 0 is a separating 
vector for }IDr and that the space.M. = clos [}IDr f] is just L 2([O, 1]) E9 {OJ; 
moreover, .M. is a reducing subspace for T and the mapping A -+- A I.M. defines a 
* -isometric isomorphism from}IDr onto the W* -algebra generated by T 1"«. Lastly, 
the operator TI.M. is normal and @:TI.At has a cyclic vector; hence the preceding 
theorem applies to it. 

Our program is as follows: For a normal operator, T we show }IDT has a separating 
vector, that }IDr and }IDrl.At are naturally isomorphic where.M. = clos [}IDr 11, 
and that the theorem applies to TIM. Thus we obtain the desired result for 
arbitrary normal operators. To show that }IDT has a separating vector requires 
some preliminary results on W* -algebras. 

4.60 Proposition. If 21 is an abelian C* -algebra contained in ~('tIe), then there 
exists a maximal abelian W*-algebra in ~('tIe) containing 21. 

Proof The commutative C* -subalgebras of ~('tIe) which contain 21 are partially 
ordered by inclusion. Since the norm closure of the union of any chain is a 
commutative C* -algebra of ~('tIe) containing 21, then there is a maximal element 
by Zorn's lemma Since the closure of such an element in the weak operator 
topology is commutative by Proposition 4.47, it follows that such an element is a 
W* -algebra. -
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The following notion is of considerable importance in any serious study of 
W*algebras. 

4.61 Definition. If ~ is a subset of £(~ then the commutant of ~, denoted ~/, 
is the set of operators in £(~ which commute with every operator in ~. 

It is easy to show that if ~ is a self-adjoint subset of £(~, then ~' is a W* -algebra. 

The following proposition gives an algebraic characterization of maximal abelian 
W* -algebras. 

4.62 Proposition. A C* -subalgebra ~ of £(:Je) is a maximal abelian W* -algebra 
if and only if ~ = ~/. 

Proof If ~ = ~/, then ~ is a W* -algebra by our previous remarks. Moreover, by 
definition each operator in ~' commutes with every operator in ~ and therefore 
~ is abelian. Moreover, if A an operator commuting with ~, then A is in ~' and 
hence already in ~. Thus ~ is a maximal abelian W* -algebra. 

Conversely, if ~ is an abelian W* -algebra, then ~ C ~/. Moreover, if T is in ~/, 
then T = H + iK, where H and K are self-adjoint and in ~/. Since the W*
algebra generated by ~ and either H or K is an abelian W* -algebra, then for ~ to 
be maximal abelian, it is necessary for H and K to be in ~ and hence ~ = ~/ .• 

4.63 Lemma. If ~ is a C* -algebra contained in £(~ and I is a vector in :Je, 
then the projection onto the closure of ~I is in ~/. 

Proof In view of Proposition 4.42 it suffices to show that clos [~f] is invariant 
for both A and A * for each A in ~. That is obvious from the definition of the 
subspace and the fact that ~ is self-adjoint. • 

The following proposition shows one of the reasons for the importance of the 
strong operator topology. 

4.64 Proposition. If:Je is a Hilbert space and {Pa }aeA is a net of positive operators 
on:Je such that 0 ~ Pa ~ PfJ ~ I and a and {3 in A with a ~ {3, then there exists 
P in £(~ such that 0 ~ Pa ~ P ~ I for a and A and the net {Pa }aeA converges 
to P in the strong operator topology. 

Proof If Q is in £(~ and 0 ~ Q ~ I, then 0 ~ Q2 ~ Q ~ I since Q commutes 
with (I - Q)I/2 by Proposition 4.33 and since 

(Q - Q2)/, I) = (Q(I - Q)I/2 I, (/- Q)I/2 I) ::: 0 for I in:Je. 

Further, for each I in:Je the net {(Pal. f)}aeA is increasing and hence a Cauchy 
net. Since for {3 ::: a. we have 
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it therefore follows that {Pa f}aeA is a Cauchy net in the norm of'iJe. If we define 
PI = limaeA Pa I, then P is linear, 

IIPIII ::: lim IIPafll ::: 11/11 , aeA 
and 0::: lim(Pal, f) = (PI, f). 

aeA 

Therefore, P is a bounded positive operator, 0 ::: Pa ::: P ::: [, for a in A, and 
{PalaeA converges strongly to P, and the proof is complete. -

The converse of the following theorem is also valid but is left as an exercise. 

4.65 Theorem. If ~ is a maximal abelian W· -algebra on the separable Hilbert 
space 'iJe, then ~ has a cyclic vector. 

Proof Let ~ denote the set of all collections of projections {EalaeA in ~ such 
that: 

(1) For each a in A there exists a nonzero vector la in 'iJe such that Ea is the 
projection onto clos [~/a]; and 

(2) the subspaces {clos [~/a]}aeA are pairwise orthogonal. 

We want to show there is an element {Ea laeA in ~ such that the span of the ranges 
of the Ea is all of'iJe. 

Order ~ by inclusion, that is, {EalaeA is greater than or equal to {FplpEB if for 
each Po in B there exists ao in A such that F fJo = Eao. To show that ~ is nonempty 
observe that the one element set {Pclos~fll is in ~ for each nonzero vector I in 
'iJe. Moreover, since the union of a chain of elements in ~ is in ~, then ~ has a 
maximal element {EalaeA by Zorn's lemma. 

Let 'li denote the collection of all finite subsets of the index set A partially 
ordered by inclusion and let {PFIFE~ denote the net of operators defined by 
PF = LaEF Ea. By the remark after Proposition 4.19, each PF is a projection 
and hence the net is increasing. Therefore, by the previous proposition there exists 
a positive operator P such that 0 ::: PF ::: P ::: [ for every F in 'li and {PF I FE~ 
converges to P in the strong operator topology. Therefore, {P;lFE~ converges 
strongly to p2 and P is seen to be a projection. 

The projection P is in ~ since ~ is weakly closed and the range .M. of P reduces ~ 
since ~ is abelian. Thus. if I is a nonzero vector in .M.l., then clos [~f] is orthog
onal to the range of each Ea. If we let Ep denote the projection onto clos [~f]. 
then {Ea laeAu{J:II is an element in ~ larger than {Ea laeA. This contradiction shows 
that.Ml. = {OJ and hence that P = [. 
Since 'iJe is separable, dim ran Ea > 0, and dim'iJe = LaeA dim ran Ea. we 
see that A is countable. Enumerate A such that A = {a), a2, ... J and set I = 
Li~) 2-i lai / Illai ". Since Eai I = 2-; lai / "Ial ", we see that the range of Eai is 
contained in clos [~f]. Therefore, since the ranges of the Eal span 'iJe, we see that 
I is a cyclic vector for ~ and the proof is complete. -

The assumption that 'iJe is separable is needed only to conclude that A is countable. 
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The following result is what we need in our study of normal operators. 

4.66 Corollary. If ~ is an abelian C* -algebra defined on the separable Hilbert 
space ~, then ~ has a separating vector. 

Proof By Proposition 4.60 ~ is contained in a maximal abelian W*-algebra \8 
which has a cyclic vector I by the previous theorem. Finally, by Lemma 4.57 the 
vector I is a separating vector for \8 and hence also for the subalgebra ~. • 

The appropriate setting for the last two results is in W· -algebras having the 
property that every collection of pairwise disjoint projections is countable. While 
for algebras defined on a separable Hilbert space this is always the case, it is not 
necessarily true for W* -algebras defined on a nonseparable Hilbert space ~; for 
example, consider E(~). 

Before we can proceed we need one more technical result concerning • -homomor
phisms between C* -algebras. 

4.67 Proposition. If ~ and \8 are C* -algebras and cI> is a" -homomorphism from 
~ to \8, then IIc1>lI ~ 1 and cI> is an isometry if and only if cI> is one-to-one. 

Proof If H is a self-adjoint element of ~, then ~ H is an abelian CoO -algebra 
contained in ~ and cI>(~H) is an abelian *-algebra contained in \8. If 'I/f is a 
multiplicative linear functional on the closure of cI>(~H) then 'I/f 0 cI> defines a 
multiplicative linear functional on ~H' If 'I/f is chosen such that I 'I/f (cI> (H») I = 
II cI>(H) II , which we cando by Theorem 4.29, then we have IIHII ::: 1'I/f (cI>(H») I = 
IIc1>(H) II and hence cI> is a contraction on the self-adjoint elements of~. Thus we 
have for T in ~ that 

1IT112 = ~T"TII ::: IlcI>(T*T)11 = IlcI>(T)*cI>(T)11 = IIc1>(T)1I2 

and hence II cI> II ~ 1. 

Now for the second statement. Clearly, if cI> is an isometry, then it is one-to
one. Therefore, assume that cI> is not an isometry and that T is an element of 
~ for which 1IT11 = 1 and IIc1>(T)1I < 1. If we set A = T*T, then IIAII = 1 
and IIc1>(A)1I = 1 - e with e > O. Let I be a real-valued function in C([O, 1]) 
chosen such that 1(1) = 1 and I(x) = 0 for 0 ~ x ~ 1 - e. Then using the 
functional calculus on ~A we can define I(A) and since by Corollary 2.37 we 
have a (J(A)) = range r(J(A») = l{a(A»), we conclude that 1 is in a (J(A») 
and thus I(A) =1= O. Since cI> is a contractive *-homomorphism, it is clear that 
cI>(p(A») = p(cI>(A») for each polynomial and hence cI>(J(A») = l(cI>(A)). 
Since, however, we have IIc1>(A)1I = 1 - e, it follows that a (cI>(A») C [0,1 - e] 
and therefore 

a (cI>(/(A») = l(a(cI>(A») C 1([0, 1 - en = {O}. 

Since cI>(f(A» is self-adjoint, we have cI>(f(A» = 0, which shows that cI> is not 
one-to-one. -
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Now we are prepared to extend the functional calculus for an arbitrary normal 
operator on a separable Hilbert space. 

4.68 Let 'lJe be a separable Hilbert space and T be a normal operator on 'lJe. By 
Corollary 4.66, the abelian W* -algebra ~T has a separating vector I. If we set 
M = clos ~T /1, then M is a reducing subspace for each A in ~T' and hence 
we can define the mapping 4> from ~T to E(M) by <l>(A) = AIM for A in ~T. 
It is clear that <l> is a * -homomorphism. We use the previous result to show that 4> 
is a * -isometric isomorphism. 

4.69 Lemma. If ~ is a C* -algebra contained in E('lJl), I is a separating vector 
for ~ and.M. is the closure of ~ I, then the mapping 4> defined 4> (A) = A 1M for A 
in ~ is a *-isometric isomorphism from ~ into E(.M.). Moreover, a(A) = a(AIM) 
for A in~. 

Proof Since 4> is obviously a * -homomorphism, it is sufficient to show that 4> is 
one-to-one. If A is in ~ and 4>(A) = 0, then AI = 0, which implies A = ° since 
I is a separating vector for ~. The last remark follows from Theorem 4.28, since 
we have 

• 
Finally, we shall need the following result whose proof is similar to that of Theorem 
1.23 and hence is left as an exercise. 

4.70 Proposition. If ~ is a W* -algebra contained in E('lJl), then the unit ball of 
~ is compact in the weak operator topology. 

Our principal result on normal operators can now be given. 

4.71 Theorem. (Extended Functional Calculus) If T is a normal operator on 
the separable Hilbert space 'lJe with spectrum A, and r is the Gelfand transform 
from ~T onto C(A), then there exists a positive regular Borel measure v having 
support A and a * -isometric isomorphism r* from ~T onto L 00 (v) which extends 
r. Moreover, the measure v is unique up to mutual absolute continuity, while the 
space L'''J(v) and r* are unique. 

Proof Let I be a separating vector for ~T' M be the closure of ~T I and 4> be 
the *-isometric isomorphism defined from ~T into E(M) by 4>(A) = AIM as in 
Section 4.68. Further, let ~..« be the W*-algebra generated by TIM. Since <l> is 
defined by restricting the domain of the operators, it follows that 4> is continuous 
from the weak operator topology on ~T to the weak operator topology on E(M), 
and hence 4>(~T) C ~..«. Moreover, it is obvious that if ro is the Gelfand 
transform from ~TI"« onto C(A), then r = ro 0 4>. 

Since T 1M is normal and has the cyclic vector I, there exist by Theorem 4.58 a 
positive regular measure v with support equal to a(TIM) = A by the previous 
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lemma and a * -isometric isomorphism ro from 2B,M. onto L OO(v) which extends the 
Gelfand transform r 0 on (£:TI,M.. Moreover, ro is continuous from the weak operator 
topology on 2B,M. to the w*-topology on LOO(v). Therefore, the composition 
r* = ro 0 CIl is a ·-isometric isomorphism from 2BT into LOO(v) which is 
continuous from the weak operator topology on 2BT to the w* -topology on L 00 (v) 
and extends the Gelfand transform r on (£:T. 

The only thing remaining is to show that r* takes 2BT onto LOO(v). To do this 
we argue as follows: Since the unit ball of 2BT is compact in the weak operator 
topology, it follows that its image is w*-compact in LOO(v) and hence w*-closed. 
Since this image contains the unit ball of C(A), it follows from Proposition 4.52 
that r* takes the unit ball of2BT onto the unit ball of LOO(v). Thus, r* is onto. 

The uniqueness assertion follows as in Theorem 4.58 from Theorem 4.55. X • 

4.72 Definition. If T is a normal operator on the separable Hilbert space 'tie, then 
there exists a unique equivalence class of measures v on A such that there is a 
* -isometric isomorphism r* from 2BT onto L 00 (v) such that r* (qJ(T») = qJ for qJ 
in C(A). Any such measure is called a scalar spectral measure for T. The extended 
functional calculus for T is defined for qJ in LOO(v) such that r*(qJ(T») = qJ. If 
It,. is a characteristic function in LOO(v), then It,.(T) is a projection in 2BT called 
a spectral projection for T, and its range is called a spectral subspace for T. 

We conclude this chapter with some remarks concerning normal operators on 
nonseparable Hilbert spaces and a proposition which will enable us to make use 
of certain aspects of the extended functional calculus for such operators. We begin 
with the proposition which we have essentially proved. 

4.73 Proposition. If W is a norm separable C*-subalgebra of E('tie), then 'tie = 
LaeA EB'tiea such that each 'tiea is separable and is a reducing subspace for W. 

Proof It follows from the first three paragraphs of the proof of Theorem 4.65 that 
'tie = LaeA EB'tiea, where each 'tiea is the closure of W fa for some fa in 'tie. Since 
W is norm separable, each 'tiea is separable and the result follows. • 

4.74 From this result it follows that if T is normal on 'tie, then each Ta = TI'tiea is 
normal on a separable Hilbert space and hence has a scalar spectral measure Va. 

If there exists a measure v such that each Va is absolutely continuous with respect 
to v, then Theorem 4.71 can be shown to hold for T. If no such v exists, then 
the functional calculus for T is usually based on the algebra of bounded Borel 
functions on A. In particular, one defines qJ(T) = LaeA EBqJ(Ta) for each Borel 
function qJ on A. The primary deficiencies in this approach are that the range of 
this functional calculus is no longer 2BT and the norm of qJ(T) is less accessible. 

Sometimes the spectral measure E ( .) for T is made the principal object of study. 
If ll. is a Borel subset of A, then the spectral measure is defined by 
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E(Il.) = h(T) = L $h(Ta) 
aeA 

and is a projection-valued measure such that (E (8.) f, f) is countably additive for 
each f in ~. Moreover, the Stieltjes integral can be defined and T = fA z dE. We 
shall not develop these ideas further except to show that the range of each spectral 
measure for T lies in ~T' 

4.75 Proposition. If T is a normal operator on the Hilbert space ~ and E(·) is a 
spectral measure for T, then E(8.) is in ~T for each Borel set Il. in A. 

Proof Let T = LaeA $Ta be the decomposition of T relative to which the 
spectral measure E(·) is defined, where each Ta acts on the separable space ~a 
with scalar spectral measure /La. If ~ denotes the collection of finite subsets of A, 
then U FE'§ LaeF E9:1ea is a dense linear manifold in :1e. Thus if Il. is a Borel subset 
of A, it is sufficient to show that for fl. 12, ... , fn lying in LaeFo $:1ea for some 
Fo in ~ and e > 0, there exists a continuous function ({J such that ° ~ ({J ~ I, and 
H({J(T) - E(Il.»/; II < e for i = 1,2, ... , n. Since 

,,(((J(T) - E(8.)/; 1/ 2 = L II (rp(Ta) - h(Ta»P,t .. /; 1/
2 

aeFo 

this is possible using Proposition 4.52. • 
We conclude this chapter with an important complimentary result. The following 
ingenious proof is due to Rosenblum [93]. 

4.76 Theorem. (Fuglede) If T is a normal operator on the Hilbert space:1e and 
X is an operator in 2(:1e) for which T X = XT, then X lies in mfT • 

Proof Since ~T is generated by T and T*, the result will follow once it is 
established that T* X = XT*. 

Since Tk X = XTk for each k ~ 0, it follows that exp(iIT)X = X exp(iIT) for 
each A in Co Therefore, we have X = exp(iIT)X exp( -iIT), and hence 

F(A) = exp(iAT*)X exp( -iAT*) 

= exp[i (IT + AT*)]X exp[ -i (IT + AT*)] 

by Lemma 2.12, since TT* = T*T. Since IT + AT* is self-adjoint, it follows 
that exp[i (IT + AT*)] and exp[ -i (IT + AT*)] are unitary operators for A in Co 
Thus the operator-valued entire function F (A) is bounded and hence by Liouville's 
theorem must be constant (see the proof of Theorem 2.29). Lastly, differentiating 
with respect to A yields 
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F'(J....) = iT*exp(iJ....T*)Xexp(-iJ....T*) 

+ exp(iJ....T*)X exp( -iAT*)( -iT*) = O. 

Setting J.... = 0 yields T* X = XT*, which completes the proof. • 
Notes 

The spectral theorem for self-adjoint operators is due to Hilbert, but elementary operator 
theory is the joint work. of a number of authors including Hilbert, Riesz, Weyl, von Neumann, 
Stone, and others. Among the early works which are still of interest are von Neumann's 
early papers [SI], [S2], and the book of Stone [104]. More recent books include Akhieser 
and Glazman [2], HaImos [55], [5S], Kato [70], Maurin [79], Naimark. [SO], Riesz and 
Sz.-Nagy [92], and Yoshida [117]. 

We have only introduced the most elementary results from the theory of C*- and W*
algebras. The interested reader should consult the two books of Dixmier [27], [2S] for 
further information on the subject as well as a guide to the vast literature on this subject. 

Exercises 

4.1 If T is a linear transformation defined on the Hilbert space '3e, then T is bounded if 
and only if 

sup(l(Tf, f)1 : fE '3e, IIfll = I} < 00. 

Definition If T is an operator defined on the Hilbert space ~, then the numerical range 
W(T) of T is the set {(Tf, f) : fE'tIe, IIfll = I} and the numerical radius w(T) is 
sup(lll : 1 IE W(T)}. 

4.2 (Hausdorff-Toeplitz) If T is an operator on 'tie, then W (T) is a convex set. Moreover, 
if'3e is finite dimensional, then W(T) is compact. (Hint: Consider W(T) for T 
compressed to the two-dimensional subspaces of 'tie.) 

4.3 If T is a normal operator on 'tie, then the closure of W (T) is the closed convex hull of 
u(T). Further, an extreme point of the closure of W(T) belongs to W(T) if and only 
if it is an eigenvalue for T. 

4.4 If T is an operator on~, then u(T) is contained in the closure of W(T). (Hint: Show 
that if the closure of W (T) lies in the open right-half plane, then T is invertible.) 

4.5 If T is an operator on the Hilbert space 'tie, then r(T) ::: w(T) ::: IITII and both 
inequalities can be strict. 

4.6 (Hellinger-Toeplitz) If Sand T are linear transformations defined on the Hilbert space 
'tie such that (Sf. g) = (f. Tg) for f and g in '3e, then S and T are bounded and 
T=S*. 

4.7 If T is an operator on 'tie, then the graph {(f, T f) : fE 'tie} of T is a closed subspace 
of 'tie e 'tie with orthogonal complement {(-T*g. g) : g E 'tie}. 

4.S If T is an operator on '3e, then T is normal if and only if II T f II = II T* f II for f in ~. 
Moreover, a complex number 1 is an eigenvalue for a normal operator T if and only 
if I is an eigenvalue for T*. The latter statement is not valid for general operators on 
infinite-dimensional Hilbert spaces. 
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4.9 If Sand T are self-adjoint operators on 'lie, then ST is self-adjoint if and only if Sand 
T commute. If P and Q are projections on 'lie, then P Q is a projection if and only if 
P and Q commute. Determine the range of P Q in this case. 

4.10 If 'lie and 'J{ are Hilbert spaces and A is an operator on 'lie e 'J{, then there exist unique 
operators Au, A IZ , AZI , and AZ2 in 2('lJe), 2('J{, 'lJe), 2('lIe, 'X), and 200, respectively, 
such that 

A(h, k) = (Auh + A12k, A2lh + A22k). 

In other words A is given by the matrix 

[~~: 
Moreover show that such a matrix defines an operator on 'lie e 'J{. 

4.11 If 'lie and 'J{ are Hilbert spaces, A is an operator on 2('J{, 'lie), and J is the operator on 
'lie e'J{ defined by the matrix 

[~ ~], 
then J is an idempotent. Moreover, J is a projection if and only if A = O. Further, every 
idempotent on a Hilbert space ~ can be written in this form for some decomposition 
~ = 'lIee'J{. 

Definition If TI and T2 are operators on the Hilbert space 'lIe1 and 'lIe2 , respectively, then 
TI is similar (unitarily equivalent) to T2 if and only if there exists an invertible operator 
(isometric isomorphism) S from 'lIe1 onto '31:2 such that TzS = STI • 

4.12 If '31: is a Hilbert space and J is an idempotent on '31: with range.M., then J and P.M. are 
similar operators. 

4.13 If (X, ~, J.l,) is a probability space and rp a function in L 00 (J.l,), then A is an eigenvalue 
for M" if and only if the set {X€X : rp(x) = A} has positive measure. 

4.14 Show that the unitary operator U defined in Section 4.25 has no eigenvalues, while 
the eigenvalues of the coisometry U; defined in Section 4.36 have multiplicity one. 

4.15 If ~ is a C* -algebra, then the set f!J' of positive elements in ~ forms a closed convex 
cone such that f!J' n -f!J' = to}. (Hint: Show that a self-adjoint contraction H in ~ is 
positive if and only if III - H II ::: I.) 

4.16 If ~ is a C* -algebra, then an element H in ~ is positive if and only if there exists 
T in ~ such that H = T*T.* (Hint Express T*T as the difference of two positive 
operators and show that the second is zero.) 

4.17 If P and Q are projections on '31: such that IIP- QII < I, then dim ran P = dim ran Q. 
(Hint: Show that (I - P) + Q is invertible, that ker P n ran Q = {OJ, and that 
P[ran Q] = ran P.) 

4.18 An operator V on '31: is an isometry if and only if V* V = 1. If V is an isometry on 'lie, 
then V is a unitary operatorif and only if V* is an isometry if and only ifker V* = to}. 

4.19 If '31: and 'X are Hilbert spaces and A is an operator on 'lie e 'X given by the matrix 
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[1:: 1~J. 
then '3e ED to} is an invariant subspace for A if and only if A21 = 0, and '3e ED to} 
reduces A if and only if A21 = AI2 = O. 

4.20 If U+ is the unilateral shift, then the sequence {U~}~I converges to 0 in the weak 
operator topology but not in the strong. Moreover, the sequence (u~n}~1 converges 
to 0 in the strong operator topology but not in the norm. 

4.21 Show that multiplication is not continuous in both variables in either the weak or 
strong operator topologies. Show that it is in the relative strong operator topology on 
the unit ball of 2('3(,). 

4.22 If '3e is a Hilbert space, then the unit ball of 2('3(,) is compact in the weak operator 
topology but not in the strong. (Hint: Compare the proof of Theorem 1.23.) 

4.23 If ~ is a W* -algebra contained in 2('3(,), then the unit ball of ~ is compact in the weak 
operator topology. 

4.24 If ~ is a *-subalgebra of 2('3(,), then ~(2) = Ug ~] : A € ~} is a *-subalgebra of 
2('3e ED '3(,). Similarly, ~(N) is a * -subalgebra of 2(~ ED ... ED '3(,) for any integer N. 
Moreover, ~(N) is closed in the norm, strong, or weak operator topologies if and only 
if ~ is. Further, we have the identity ~~N) = ~~N). 

4.25 If ~ is a * -subalgebra of '3e, A is in ~", XI> X2, ••• ,XN are vectors in ~, and (i > 0, 
then there exists B in ~ such that II Ax; - Bx; II < (i for i = 1, 2, ... , N. (Hint: Show 
first that for.M. a subspace of'3e ED ... ED '3e, we have clos [~~N).M.] = clos [~(N).M.].) 

4.26 (von Neumann Double Commutant Theorem) If ~ is a * -subalgebra of 2('3(,), then ~ 
is a W* -algebra if and only if ~ = ~". * 

4.27 If ~ is a CO -subalgebra of 2('3(,), then ~ is a W* -algebra if and only if it is closed in 
the strong operator topology. 

4.28 If S and T are operators in the Hilbert spaces ~ and 'K, respectively, then an operator 
S ® T can be defined on ~ ® 'K in a natural way such that liS ® Til = IISII IITII and 
(S ® T)* = S* ® T*. 

In Exercises (4.29-4.34) we are considering linear transformations defined on only a linear 
subspace of the Hilbert space. 

Definition A linear transformation L defined on the linear subspace 9) L of the Hilbert space 
~is closable ifthe closure in ~ ED '3e of the graph {(f, Lt) : t E 9) d of L is the graph of 
a linear transformation L called the closure of L. If L has a dense domain, is closable, and 
L = L, then L is said to be closed. 

4.29 Give an example of a densely defined linear transformation which is not closable. If 
T is a closable linear transformation with 9)T = ~, then T is bounded. 

4.30 If L is a closable, densely defined linear transformation on ~, then these exists a 
closed, densely defined linear transformation M on ~ such that (Lt, g) = (f, Mg) 
for t in 9) L and g in 9) M. Moreover, if N is any linear transformation on ~ for which 
(Lt, g) = <t, N g) for t in 9)L and g in 9)N, then 9)N C 9)M and N g = Mg for 
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8 in C!lJN. (Hint: Show that the graph of M can be obtained as in Exercise 4.7 as the 
orthogonal complement of the graph of L.) 

Definition If L is a closable, densely defined linear transformation on ~, then the operator 
given in the preceding problem is called the adjoint of L and is denoted L". A densely 
defined linear transformation H is symmetric if (HI, f) is real for I in C!lJ H and self-adjoint 
if H = H". 

4.31 If T is a closed, densely defined linear transformation on 'iff., then T = T""." (This 
includes the fact that 0JT = Ql)T"). If H is a densely defined symmetric transformation 
on 'iff., then H is closable and H* extends H. 

4.32 If H is a densely defined symmetric linear transformation on 'iff. with range equal to 
'iff., then H is self-adjoint. 

4.33 If T is a closed, densely defined linear transformation on 'iff., then T"T is a densely 
defined, symmetric operator. (Note: T" T I is defined for those I for which T I is in 
9/)p.) 

4.34 If T is a closed, densely defined linear transformation on 'iff., then T* T is self-adjoint. 
(Hint: Show that the range of I + T* T is dense in 'iff. and closed.) 

4.35 If W is a commutative W* -algebra on 'iff. with 'iff. separable, then ~ is a "-isometrically 
isomorphic to LOO(J.L) for some probability space (X, fI, J.L). 

4.36 Show that there exist W* -algebras ~ and ~ such that ~ and ~ are "-isomorphic but 
~' and 58' are not. 

4.37 If ~ is an abelian W* -algebra on 'iff. for 'iff. separable, then ~ is maximal abelian if and 
only if ~ has a cyclic vector. 

4.38 Give an alternate proof of Fuglede's theorem for normal operators on a separable 
Hilbert space as follows: Show that it is enough to prove that E(AI)X E(A2) = 0 for 
A I and A2 disjoint Borel sets; show this first for Borel sets at positive distance from 
each other and then approximate from within by compact sets in the general case. 

4.39 (Putnam) If TI and T2 are normal operators on the Hilbert spaces ~I and 'iff.2, 
respectively, and X in E('iff.), 'iff.2) satisfies T2X = XTI, then T2"X = XTt. (Hint: 
Consider the normal operator ~I ~2] on 'iff.1 E9 'iff.2 together wth the operator fx g]). 

4.40 If TI and T2 are normal operators on the Hilbert spaces 'iff.1 and 'iff.2 , respectively, then 
TI is similar to T2 if and only if TI is unitarily equivalent to T2. 

4.41 Let X be a compact Hausdorff space, 'iff. be a Hilbert space, and cI> be a "-isomorphism 
from C(X) intoE('i1f.). Show that if there exists a vector I in 'iff. for which cI>(C(X»{f) 
is dense in 'iff., then there exists a probability measure J.L on X and an isometric 
isomorphism'll from L2(J.L) onto 'iff. such that 'IIMrp'll* = cI>(qJ) for qJ in C(X). 
(Hint: repeat the argument for Theorem 4.58.) 

4.42 Let X be a compact Hausdorff space, 'iff. be a Hilbert space, and cI> be a * -isomorphism 
from C(X) into E('iff.), then there exists a *-homomorphism cI>" from the algebra 
58(X) of bounded Borel functions on X which extends cI>. Moreover, the range of cI>" 
is contained in the von Neumann algebra generated by the range of cI>. (Hint: use the 
arguments of 4.74 and 4.75 together with the preceding exercise.) 



Chapter 5 

Compact Operators, Fredholm 
Operators, and Index Theory 

5.1 In the preceding chapter we studied operators on Hilbert space and obtained, in 
particular, the spectral theorem for normal operators. As we indicated this result can 
be viewed as the appropriate generalization to infinite-dimensional spaces of the 
diagonalizability of matrices on finite-dimensional spaces. There is another class of 
operators which are a generalization in a topological sense of operators on a finite
dimensional space. In this chapter we study these operators and a certain related 
class. The organization of our study is somewhat unorthodox and is arranged so 
that the main results are obtained as quickly as possible. We first introduce the class 
of compact operators and show that this class coincides with the norm closure of 
the finite rank operators. After that we give some concrete examples of compact 
operators and then proceed to introduce the notion of a Fredholm operator. We 
begin with a definition. 

5.2 Definition. If 'lJe is a Hilbert space, then an operator T in E('lJe) is a finite 
rank operator if the dimension of the range of T is finite and a compact operator 
if the image of the unit ball of'lJe under T is a compact subset of 'lJe. Let E~('lJe), 
respectively, E(t('lJe) denote the set of finite rank, respectively, compact operators. 

In the definition of compact operator it is often assumed only that T [('lJe) 1] has a 
compact closure. The equivalence of these two notions follows from the corollary 
to the next lemma. 

5.3 Lemma. If'lJe is a Hilbert space and T is in E('lJe), then T is a continuous 
function from 'lJe with the weak topology to 'lJe with the weak topology. 

Proof If {fa }aeA is a net in 'lJe which converges weakly to f and g is a vector in 
'lJe, then 

lim(Tfa. g) = lim(ja. T*g) = (j. T*g) = (Tf. g). 
aeA aeA 

108 
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and hence the net {Tfa}aEA converges weakly to Tf. Thus T is weakly contin
uous. • 

5.4 Corollary. If 'H. is a Hilbert space and T is in E(~, then T [(~ 1] is a closed 
subset of 'H.. 

Proof Since (~1 is weakly compact and T is weakly continuous, it follows that 
T[(~d is weakly compact. Hence, T[(~d is a weakly closed subset of'H. and 
therefore is also norm closed. • 

The following proposition summarizes most of the elementary facts about finite 
rank operators. 

5.5 Proposition. If 'H. is a Hilbert space, then E~(~ is the minimal two-sided 
*-ideal in E('H.). 

Proof If S and T are finite rank operators. then the inclusion 

ran (S + T) C ran S + ran T 

implies that S + T is finite rank. Thus, E~(~ is a linear subspace. If S is a finite 
rank operator and T is an operator in E(~, then the inclusion ran ST C ran S 
shows that E~(~ is a left ideal in E(~. Further, if T is a finite rank operator, 
then the identity 

ran T* = T*[(ker T*).l] = T*[clos ran T] 

which follows from Corollary 3.22 and Proposition 4.6, shows that T* is also a 
finite rank operator. Lastly, if S is in E(~ and T is in E~(~, then T* is in E~(~ 
which implies that T* S* is in E~(~ and hence that ST = (T* S*)* is in E~(~. 
Therefore, E~(~ is a two-sided *-ideal in E(~. 

To show that El5(~ is minimal. assume that ~ is an ideal in E(~ not (0). Thus 
there exists an operator T i= 0 in ~, and hence there is a nonzero vector f and a 
unit vector g in 'H. such that T f = g. Now let h and k be arbitrary unit vectors in 
'H. and A and B be the operators defined on 'H. by Al = (I. g)k and Bl = (1. h)f 
for 1 in 'H.. Then, S = AT B is the rank one operator in ~ which takes h to k. It is 
now clear that ~ contains all finite rank operators and hence E~('H.) is the minimal 
two-sided ideal in E(~. • 

The following proposition provides an alternative characterization of compact 
operators. 

5.6 Proposition. If 'H. is a Hilbert space and T is in E(~, then T is compact if 
and only if for every bounded net {fa }aeA in 'H. which converges weakly to f it is 
true that {Tfa}aEA converges in norm to Tf. 
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Proof If T is compact and {fa laeA is a bounded net in ';it which converges weakly 
to f, then {TfalaeA converges weakly to Tf by Lemma 5.3 and lies in a norm 
compact subset by the definition of compactness. Since any norm Cauchy subnet 
of {TfalaeA must converge to Tf. it follows that limaeA Tfa = Tf in the norm 
topology. 

Conversely, suppose T is an operator in E(c;Je) for which the conclusion of the 
statement is valid. If {T fa laeA is a net of vectors in T[(c;Je) d, then there exists a 
subnet {fap} peB which converges weakly to an f. Moreover, since each fap is in 
the unit ball of ';it, it follows that {T fall }peB converges in norm to T f. Therefore, 
T [(c;Je) l] is a compact subset of ';it and hence T is compact. -

5.7 Lemma. The unit ball of a Hilbert space ';it is compact in the norm topology 
if and only if ';it is finite dimensional. 

Proof If ';it is finite dimensional, then ';it is isometrically isomorphic to en and 
the compactness of (c;Je) 1 follows. On the other hand if ';it is infinite dimensional, 
then there exists an orthonormal subset {enl:' l contained in (';ith and the fact 
that lien - em II = .J2 for n i= m shows that (c;Je)l is not compact in the norm 
topology. -

The following property actually characterizes compact operators on a Hilbert 
space, but the proof of the converse is postponed until after the next theorem. This 
property does not characterize compact operators on a Banach space, however. 

5.S Lemma. If ';it is an infinite-dimensional Hilbert space and T is a compact 
operator, then the range of T contains no closed infinite-dimensional subspace. 

Proof Let M be a closed subspace contained in the range of T and let P JA. be the 
projection onto M. It follows easily from Proposition 5.6 that the operator PJA.T 
is also compact. Let A be the operator defined from ';it to M by Af = PJA.Tf for 
f in ';it. Then A is bounded and onto and hence by the open mapping theorem is 
also open. Therefore, A [(c;Je) Il contains the open ball in M of radius ~ centered at 
o for some ~ > O. Since the closed ball of radius ~ is contained in the compact set 
PJA.T[(c;Je)d, it follows from the preceding lemma that.M. is finite dimensional. -

We are now in a position to show that E~(c;Je) is the norm closure of E~(';it). 
The corresponding result is not valid for all Banach spaces. 

5.9 Theorem. If ';it is an infinite-dimensional Hilbert space, then E~(';it) is the 
norm closure of E~(c;Je). 

Proof We first show that the closure of E~(c;Je) is contained in E~('c}e). Firstly, it 
is obvious that E~(c;Je) is contained in E~(c;Je). Secondly, to prove that E~(c;Je) is 
closed, assume that {Kn}:'l is a sequence of compact operators which converges 
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in norm to an operator K. If {fa}aeA is a bounded net in ~ that converges weakly 
to f, and 

M = sup{lI/lI, lila II : a E A}, 

then choose N such that 11K - KNII < 8/3M. Since KN is a compact operator, we 
have by Proposition 5.6 that there exists ao in A such that IIKN fa - KN!II < 8/3 

for a ::: ao. Thus we have 

888 <-+-+-=8 - 3 3 3 
for a::: ao, 

and hence K is compact by Proposition 5.6. Therefore, the closure of 2~(:Je) is 
contained in 2[(:Je). 

To show that 2~(~) is dense in 2[(~), let K be a compact operator on ~ 
and let K = P V be the polar decomposition for K. Let ~ = LaeA EB~a be a 
decomposition of ~ into separable reducing subspaces for P given by Proposition 
4.73, and set Pa = PI~a. Further, let ~a be the abelian W*-algebra generated by 
Pa on ~a and consider the extended functional calculus obtained from Theorem 
4.71 and defined for functions in L OO(va) for some positive regular Borel measure 
Va with support contained in [0, II P II]. If X" denotes the characteristic function of 
the set [8, liP II], then x" is in LOO(va ) and E~ = X,,(Pa) is a projection on ~a. 
If we define 1/1" on [0, IIPII] such that 1/I,,(x) = l/x for 8 < X .:s IIPII and ° 
otherwise, then the operator Q~ = 1/I,,(Pa) satisfies Q~Pa = PaQ~ = E~. Thus 
we have 

ran (L EBE!) = ranP (L EBQ~) C ranP = ranK 
aeA aeA 

and therefore the range of the projection LaeA EBE! is finite dimensional by 
Lemma 5.8. Hence, P" = P(LaeA EBE~) is in 2~(:Je) and thus so is P" V. Finally, 
we have 

11K - P"VII = IIPV - P"VII.:s liP - P"II = supllpa - PaE!11 
aeA 

= sup sup IIx - XXe(X) 1100 .:s 8, 
aeA O~x~IIPIl 

and therefore the theorem is proved. • 
Notice that in the last paragraph of the preceding proof we used only the fact 

that the range of K contained no closed infinite-dimensional subspace. Thus we 
have proved the remaining half of the following result. 

5.10 Corollary. If 'lie is an infinite-dimensional Hilbert space and T is an operator 
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on 7Je, then T is compact if and only if the range of T contains no closed infinite
dimensional subspaces. 

5.11 Corollary. If 7Je is an infinite-dimensional Hilbert space, then E~(7Je) is 
a minimal closed two-sided *-ideal in E(7Je). Moreover, if 7Je is separable, then 
E~(7Je) is the only proper closed two-sided ideal in E(7Je). 

Proof For the first statement combine the theorem with Proposition 5.5. For the 
second, note by the previous corollary that if T is not compact, then the range 
of T contains a closed infinite-dimensional subspace M. A simple application of 
the open mapping theorem yields the existence of an operator S on 'tie such that 
T S = P.At, and hence any two-sided ideal containing T must also contain I. This 
completes the proof. -

5.12 EXAMPLE. Let K be a complex function on the unit square [0,1] x [0,1] 
which is measurable and square-integrable with respect to planar Lebesgue mea
sure. We define a transformation h on L2([0, 1]) such that 

(TKf)(x) = 11 K(x, y)/(y)dy for I in L2([0, 1]). 

The computation 

111(hf)(X)12 dx = 11111 K(X,Y)/(Y)dyr dx 

~ 11 {11 
IK(x, y)12 dY} {11 

I/(y)12 dY} dx 

= IIfII~ 1111 IK(x, y)12 dydx 

which uses the Cauchy-Schwarz inequality, shows that h is a bounded operator 
on L2([0, 1]) with 

IITd ~ IIKlh = {1111IK(X,Y)12 dXdyf/2 

The operator T K is called an integral operator with kernel K. We want to show 
next that T K is a compact operator. 

If we let <I> denotethemappingfromL2([0, l]x[O, l])toE(L2([0, 1])defined 
by <I>(K) = TK , then <I> is a contractive linear transformation. Let 2lJ be the 
subspace of L2([0, 1] x [0,1]) consisting of the functions of the form 

N 

K(x, y) = L Ji(X)gi(Y), 
i=1 

where each Ii and gi is continuous on [0,1]. Since 2lJ is obviously a self-adjoint 
subalgebra of the algebra of continuous functions on [0,1] x [0,1] which contains 
the identity and separates points, it follows from the Stone-Weierstrass theorem that 
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C([O. 1) x [0, 1)) is the uniform closure of2ll. Moreover, an obvious modification 
of the argument given in Section 3.33 shows that 2ll is dense in L2([O, 1) x [0, 1) 
in the L2-norm. Thus the range of II> is contained in the norm closure of 1I>(2ll) in 
2(L2([O,1])). 

Let I and g be continuous functions on [0,1) and let T be the integral operator 
with kernel I(x)g(y). For h in L2([0, 1)), we have 

(Th)(x) = i 1 
I(x)g(y)h(y)dy = I(x) (i 1 

g(Y)h(Y)dY), 

and hence the range of T consists of multiples of I. Therefore, T is a rank one 
operator and all the operators in 1I>(2ll) are seen to have finite rank. Thus we have 
by Theorem 5.9 that 

<I>(L2([O, 1) x [0,1))) c closll>(211) C clos2iJ(L2([0, 1))) = 2~(L2([0, 1))), 

and hence each integral operator T K is compact. 
We will obtain results on the nature of the spectrum of a compact operator after 

proving some elementary facts about Fredholm operators. 
IT'lJe is finite dimensional, then 2~('lJe) = 2('lJe). Hence, in the remainder 01 

this chapter we assume that 'lJe is infinite dimensional. 

5.13 Definition. If'lJe is a Hilbert space, then the quotient algebra 2('lJe)/2~('lJe) 
is a Banach algebra called the Calkin algebra. The natural homomorphism from 
2('lJe) onto E('lJe)/E~('lJe) is denoted by rr. The spectrum of rr(T) is E('lJe)/E~('lJe) 
for T in E('lJe) is called the essential spectrum of T and is denoted (fe(T). 

That the Calkin algebra is actually a C* -algebra will be established later in this 
chapter. 

The Calkin algebra is of considerable interest in several parts of analysis. 
Our interest is in its connection with the collection of Fredholm operators. The 
following definition of Fredholm operator is convenient for our purposes and will 
be shown to be equivalent to the classical definition directly. 

5.14 Definition. If'lJe is a Hilbert space, then T in E('lJe) is a Fredholm operator 
if rr(T) is an invertible element of 2('lJe)/E~('lJe). The collection of Fredholm 
operators on 'lJe is denoted by ~('lJe). 

The following properties are immediate from the definition. 

5.1S Proposition. If'lJe is a Hilbert space, then ~('lJe) is an open subset of 2 ('lJe) , 
which is self-adjoint, closed under multiplication, and invariant under compact 
perturbation. 

Proof If ll. denotes the group of invertible elements in E('lJe)/E~('lJe), then 6. is 
open by Proposition 2.7 and hence so is ~('lJe) = rr-1(6.), since rr is continuous. 
That ~('lJe) is closed under multiplication follows from the fact that rr is multi
plicative and 6. is a group. Further, if T is in ~('lJe) and K is compact, then T + K 
is in ~('lJe) since rr(T) = rr(T + K). Lastly, if T is in ~('lJe), then there exist S in 
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E(~ and compact operators Kl andK2 such that ST = I +Kl and TS = I +K2. 
Taking adjoints we see that rr(T*) is invertible in the Calkin algebra and hence 
?Ji(~) is self-adjoint. -

The usual characterization of Fredholm operators is obtained after we prove 
the following lemma about the linear span of subspaces. If .M and X are closed 
subspaces of a Hilbert space, then the linear span .M + X is, in general, not a closed 
subspace (see Exercise 3.18) unless one of the spaces is finite dimensional. 

5.16 Lemma. If 'lie is a Hilbert space, .M is a closed subspace of '?Je, and .N' is a 
finite-dimensional subspace of~, then the linear span.M + X is a closed subspace 
of~. 

Prool Replacing X, if necessary, by the orthogonal complement of oM n X in X, 
we may assume that oM n X = {OJ. To show that 

oM + X = {f + g : I E oM, g E X} 

is closed, assume that {fn}~l and {gn}~l are sequences of vectors in oM and 
.N', respectively, such that {fn + gn}~l is a Cauchy sequence in~. We want to 
prove first that the sequence {gn}~l is bounded. If it were not, there would exist 
a subsequence {gnk} ~l and a unit vector h in X such that 

lim IIgnk II = 00 and lim "gnk II = h. 
k-HlO k-+oo gnk U 

(This depends, of course, on the compactness of the unit ball of X.) However, since 
the sequence {( 1 / II gnk II )(fnk + gnk) }~l would converge to 0, we would have 

I · tnk h 
lID-" ,,=-. k-+oo gnk 

This would imply that h is in both oM and .N' and hence a contradiction. 

Since the sequence {gn}~l is bounded, we may extract a subsequence {gnk}~l 
such that limk-+oo gnk = g for some g in X. Therefore, since 

{(Ink + gnk)}~l 
is a Cauchy sequence, we see that (fnk}~l is a Cauchy sequence and hence 
converges to a vector t in oM. Therefore, limn-+oo(ln + gn) = t + g and thus 
.M + X is a closed subspace of~. -

The following theorem contains the usual definition of Fredholm operators. 

5.17 Theorem. (Atkinson) If ~ is a Hilbert space, then T in E(~ is aFredholm 
operator if and only if the range of T is closed, dim ker T is finite, and dim ker T* 
is finite. 



Compact Operators, Fredholm Operators, and Index Theory 115 

Proof If T is a Fredholm operator, then there exist an operator A in E(~ and a 
compact operator K such that AT = 1 + K. If f is a vector in the kernel of 1 + K, 
then (I + K)I = 0 implies that KI = -I, and hence I is in the range of K. 
Thus, 

ker T C ker AT = ker(/ + K) c ran K 

and therefore by Lemma 5.8, the dimension of ker T is finite. By symmetry, the 
dimension of ker T* is also finite. Moreover, by Theorem 5.9 there exists a finite 
rank operator F such that II K - F II < t. Hence for I in ker F, we have 

IIAII IITfil 2:: IIATIII = III + Kill = III + FI + KI - Fill 

2:: 11/11 -IIKI - Ffil 2:: 11/11 /2. 

Therefore, T is bounded below on ker F, which implies that T (ker F) is a 
closed subspace of '3e (see the proof of Proposition 4.8). Since (ker F)1. is finite 
dimensional, it follows from the preceding lemma that ran T = T(ker F) + 
T[(ker F)1.] is a closed subspace of '3e. 

Conversely, assume that the range of T is closed, dim ker T is finite, and dim 
ker T* is finite. The operator To defined Tol = T f from (ker T)1. to ran T is 
one-to-one and onto and hence by Theorem 1.42, is invertible. If we define the 
operator S on '3e such that Sf = TO- 1 f for f in ran T and Sf = 0 for I orthogonal 
to ran T, then S is bounded, ST = 1 - PI, and T S = 1 - P2, where PI is the 
projection onto ker T and Pz is the projection onto (ran T)1. = ker T*. Therefore, 
1l'(S) is the inverse of 1l'(T) in E('3e)/E(§;(~, and hence T is a Fredholm operator 
which completes the proof. -

5.18 As we mentioned previously, the conclusion of the preceding theorem is the 
classical definition of a Fredholm operator. Early in this century several important 
classes of operators were shown to consist of Fredholm operators. Moreover, if T 
is a Fredholm operator, then the solvability of the equation T I = g for a given 
g is equivalent to determining whether g is orthogonal to the finite-dimensional 
subspace ker T*. Lastly, the space of solutions of the equation T I = g for a given 
g is finite dimensional. 

At first thought the numbers dim ker T and dim ker T* would seem to describe 
important properties of T, and indeed they do. It turns out, however, that the 
difference of these two integers is of even greater importance, since it is invariant 
under small perturbations of T. We shall refer to this difference as the classical 
index, since we shall also introduce an abstract index. We will eventually show 
that the two indices coincide. 

5.19 Definition. If '3e is a Hilbert space, then the classical index j is the function 
defined from ~('3e) to 7L such that j (T) = dim ker T - dim ker T*. For n in 7L, set 
~n = {T E ~('3e) : j(T) = n}. 
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We first show that ;Y;o is invariant under compact perturbations, after which we 
obtain the classical Fredholm alternative for compact operators. 

5.20 Lemma. If:Je is a Hilbert space, T is in;Y;o and K is in E~(:Je), then T + K 
is in ;Y;o. 

Proof Since T is in ;Y;o, there exists a partial isometry V by Proposition 4.37 with 
initial space equal to ker T and final space equal to ker T*. For I in ker T and g 
orthogonal to kerT, we have (T + V)(f + g) = Tg + VI, and since Tg is in 
ran T and V I is orthogonal to ran T then (T + V)(f + g) = 0 implies 1+ g = o. 
Thus T + V is one-to-one. Moreover, since T + V is onto, it follows that T + V 
is invertible by the open mapping theorem. 

Let F be a finite rank operator chosen such that UK - FU < 1/ ~(T + V)-III. 
Then T + V + K - F is invertible by Proposition 2.7, and hence T + K is the 
perturbation of the invertible operator S = T + V + K - F by the finite rank 
operator G = F - V. Now T + K is a Fredholm operator by Proposition 5.15, 
and jeT + K) = j(S + G) = j(l + S-lG), since 

kereS + G) = ker (S(l + S-lG») 

and 

ker «S + G)*) = ker «(I + S-lG)* S*) = S*-l ker «(I + S-lG)*). 

Thus it is sufficient to show that j(l + S-IG) = O. 

Since S-lG is a finite rank operator the subspaces ran (S-lG) and ran (S-lG)* 
are finite dimensional, and hence the subspace .M spanned by them is finite 
dimensional. Clearly, (l + S-lG).M c .M, (l + S-lG)*.M c .M, and (1 + 
S-lG)1 = I for I orthogonal to .M. If A is the operator on .M defined by 
Ag = (1 + S-lG)g for gin.M, then ker A = ker(l + S-lG) and ker A* = 
ker «(1 + S-lG)*). Since A is an operatorona finite-dimensional space, we have 
dim ker A = dim ker A'" , and therefore 

dim(l + S-lG) = dim «(I + S-lG)*). 

Thus, j (I + S-I G) = 0 and the proof is complete. • 
After recalling the definition of generalized eigenspace we will prove a theorem 

describing properties of the spectrum of a compact operator. 

5.21 Definition. If'1Je is a Hilbert space and T is an operator in E(:Je), then the 
generalized eigenspace~). for the complex number).. is the collection of vectors 
I such that (T - )..)R 1= 0 for some integer n. 

5.22 Theorem. (Fredholm Alternative) If K is a compact operator on the 
Hilbert space '1Je, then O'(K) is countable with 0 the only possible limit point, 
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and if A is a nonzero element of O'(K), then A is an eigenvalue of K with finite 
multiplicity and i is an eigenvalue of K* with the same multiplicity. Moreover, the 
generalized eigenspace ~A for A is finite dimensional and has the same dimension 
as the generalized eigenspace for K* for i 

Proof If A is a nonzero complex number, then -ll is invertible, and hence K -A 
is in ~byProposition5.15. Moreover, since j(K -A) = j(-AI) = 0, then either 
ker(K -A) = {OJ, which implies ker(K* - i) = {OJ and A is not in O'(K), or A 
is an eigenvalue of K of finite multiplicity. In the latter case, since j (K -A) = 0, 
we see that i is an eigenvalue of K* of the same multiplicity. 

If ~A f= ~N = ker(K - A)N for any integer N, then there exists an infinite 

orthonormal sequence {knj }j:.l' such that knj is in ~nj+1 e ~nj' Since" K knj 112 = 

IAIZ + II (K - )')knj liZ and the sequence {knj }~I converges weakly to 0, it follows 

from Proposition 5.6 that 0 = limj=oo II Kknj II 2: 1).1 which is a contradiction. 
Thus ~A = ker(K - ).)N for some integer N. Moreover, since (K - ).)N is a 
compact perturbation of (_)..)N I, (K - ).)N is a Fredholm operator with index O. 
Therefore, 

and since ~A = ker(K - ).)N for some N by the finite dimensionality of ~A' it 
follows that the dimension of the generalized eigenspace for K for). is the same 
as that of the generalized eigenspace for K* for i. 
Finally, to show that O'(K) is countable with 0 the only possible limit point, it is 
sufficient to show that any sequence of distinct eigenvalues converges to O. Thus let 
{An}~1 be a sequence of distinct eigenvalues and let In be an eigenvector of An. If 
we let.M.N denote the subspace spanned by {II, /Z, . ", IN} then.M.l;.M.z;.M.3;·· " 
since the eigenvectors for distinct eigenvalues are linearly independent. Let {gn} ~l 
be a sequence of unit vectors chosen such that gn is in.M.n and gn is orthogonal to 

.M.n- I. If h is a vector in '3e, then h = E:l (h, gn)gn + go where go is orthogonal to 
all the {gn}~I' Since IIhllz = E:ll(h, gn)12+ II go 112 by Theorem3.25,itfollows 
that limn ...... oo(gn' h) = O. Therefore, the sequence {gn}~1 converges weakly to 0, 
and hence by Proposition 5.6 the sequence {K gn }~I converges to 0 in norm. Since 
gn is in .M.n, there exist scalars {ai If=1 such that gn = E7=1 ai /;, and hence 

n n n n-I 
Kgn = Eai K/; = Eai).;!i =).n Ea;/; + E ai().i - ).n)/; 

i=1 i=1 ;=1 i=1 

where hn is in .M.n- 1• Therefore, 

and the theorem follows. • 



118 Banach Algebra Techniques in Operator Theory 

5.23 EXAMPLE. We now return to a special integral operator, the Volterra integral 
operator, and compute its spectrum. Let 

{ I ifx~y 
K(x, y) = 0 'f 

1 X < Y 
for (X, y) in [0, 1] x [0, 1] 

and let V be the corresponding integral operator defined on L 2 ([0, 1]) in Section 
5.12. We want to show that u(V) = {OJ. If A were a nonzero number in u(V), 
then since V is compact by Section 5.12 it follows that A is an eigenvalue for V. 
If f is an eigenvector of V for the eigenvalue A, then f: fey) dy = vex). Thus, 
we have 

IAllf(x)1 ::: l x 
If(y)1 dy ::: 11 If(y)1 dy ::: IIfII2 

using the Cauchy-Schwarz inequality. Hence, for Xl in [0,1] and n > 0, we have 

1 r l 1 r l r2 

If(xl)1 ::: iii 10 If(x2)1 dX2 ::: IAI2 10 10 If(x3)1 dX3 dX2 ::: ... 

Since 

IIflb x~ 
= IAln+1 n! . 

lim IIflb x~ = 0, 
n~oo IAln+1 n! 

it follows that f = O. Therefore, a nonzero A cannot be an eigenvalue, and hence 
u(V) = {OJ. 

We digress to make a couple of comments. 

5.24 Definition. If '/Ie is a Hilbert space, then an operator T in 2('/Ie) is quasinilpo
tent if u(T) = {OJ. 

Thus the Volterra operator is compact and quasinilpotent. 

5.25 EXAMPLE. Let T be a quasinilpotent operator and 2l be the commutative 
Banach subalgebra of 2('/Ie) generated by I, T, and (T - A)-l for all nonzero A. 
Since T is not invertible, there exists a maximal ideal in 2l which contains T, and 
thus the corresponding multiplicative linear functional <p satisfies <p(l) = 1 and 
<peT) = O. Moreover, since the values of a multiplicative linear functional on 2l 
are determined by its values on the generators and these are determined by its value 
at T, it follows from Corollary 2.36 that the maximal ideal space of 2l consists 
of just <po In particular, this example shows that the Gelfand representation for a 
commutative Banach algebra may provide little aid in studying this algebra. 

We now return to the study of Fredholm operators and define the abstract index. 
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5.26 Definition. If 'lie is a Hilbert space, then the abstract index i is defined from 
~('K) to A£('K)/f!Jl('K) such that i = y 0 :rr, where y is the abstract index for the 
Banach algebra 2('K)/2C£('K). 

The following properties of the abstract index are immediate. 

5.27 Proposition. If 'lie is a Hilbert space and i is the abstract index, then i is 
continuous and mUltiplicative, and i (T + K) = i (T) for T in ~('K) and K in 
2C£('lIe). 

Proof Straightforward. • 

5.28 We have defined two notions of index on the collection of Fredholm opera
tors: the classical index j from ~('K) to 7L and the abstract index i from ?Ji('K) to 
A. Our objective is to show that these two notions are essentially the same. That 
is, we want to produce an isomorphism ot from the additive group 7L onto A such 
that the following diagram commutes. 

~('1If.) 

y~ 
7L ---------~-------~ A 

To produce ot we will show that for each n, the set ~n = j-l(n) is connected. 
Since i is continuous and A is discrete, i must be constant on ~ n. Thus the mapping 
defined by ot(n) = i(T) for T in ~n well defined. The mapping ot is onto, since 
i is onto. Further, consideration of a special class of operators shows that ot is a 
homomorphism. Finally, the fact that ~o is invariant under compact perturbations 
will be used to show that ker i = ~o and hence that ot is one-to-one. 

Once this isomorphism is established, then the following results are immediate 
corollaries: j is continuous and multiplicative, and is invariant under compact 
perturbation. 

We begin this program with the following proposition. 

5.29 Proposition. If ~ is a W* -algebra of operators in 2('K), then the set of 
unitary operators in ~ is arcwise connected. 

Proof Let U be a unitary operator in ~ and let ~u be the W*-algebra generated 
by U. As in the proof of Theorem 4.65 there exists a decomposition of 'lie = 
LaEA Ea'llea such that each 'lIea reduces U and Ua = UI'lIea has a cyclic vector. 
Moreover, by Theorem 4.58 there exists a positive regular Borel measure Va with 
support contained in 1" and a functional calculus defined from LOO(va ) onto ~Ua 
by an isometric isomorphism from L2(Va ) onto'llea • 

If we define the function 'f/r on 1" such that 'f/r(eit ) = t for -:rr < t ::: :rr, then 'f/r 
is in each LOO(va), and there exists a sequence of polynomials {Pn}~l such that 
II Pn II ::: 'If and 
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sup {IPn(eit ) -1/I(eit )1 : -7r + ~ < t :5 7r} < ~. 
(Use the Stone-Weierstrass theorem to approximate a function which agrees with 
1/1 on {e it : -7r + (lin) < t :5 7r} and is continuous.) Consider the sequence of 
operators 

in ~u and the operator H = LaeA E91/1 (U a) defined on ~. Using the identification 
of ~a as L 2(va ), it is easy to check that the sequence {Pn(Va)}~1 converges to 
1/I(Va) in the strong operator topology. Since the operators 

{ L E9pn(Ua)}OO 
aeA n=1 

are uniformly bounded, it follows that the sequence converges strongly to H. 
Therefore, H is in ~u and moreover eiH = V, since eil/t(Ua ) = Va for each (X in 
A. If we define the function V). = ei)'H for A in [0,1], then for Al and A2 in [0,1], 
we have 

II VAl - vA2 11 = lIexpiAIH -expiA2HII = IIexpiAIH(I -expi(A2 - A\)H) II 

= sup lila - expi(A2 - A\)1/I(Ua) II 
aeA 

and therefore VA is a continuous function of A. Thus the unitary operator V is 
arcwise connected to Vo = I by unitary operators in ~. • 

The following corollary is now easy to prove. 

5.30 Corollary. If ~ is a Hilbert space, then the collection of invertible operators 
in £(~) is arcwise connected. 

Proof Let T be an invertible operator in £(~ with the polar decomposition 
T = V P. Since T is invertible, V is unitary and P is an invertible positive 
operator. For A in [0,1] let V). be an arc of unitary operators connecting the identity 
operator Vo to V = VI and P). = (/ -A)I +AP. Since each P). is bounded below, 
it is invertible and hence V). P). is an arc connecting the identity operator to T. • 

Much more is true; a theorem of Kuiper [73] states that the collection of 
invertible operators in £(~ for a countably infinite-dimensional ~ is a contractible 
topological space. 

5.31 Corollary. If ~ is a Hilbert space and T is an invertible operator in £(~, 
then i (T) is the identity in A. 
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Proof Since 1r(T) is in the connected component 60 of the identity in 6, it is 
clear that i(T) is the identity in A. -

We now consider the connectedness of rg; n' 

5.32 Theorem. If '/Ie is a Hilbert space, then for each n in 7L. the set rg; n ('/Ie) is 
arcwise connected. 

Proof Since (rg; n ('/Ie) r = rg; -n ('lJe), it is sufficientto consider n ::: O. If n ::: 0 and 
T is in rg; n, then dim ker T ::: dim ker T*; thus there exists a partial isometry V 
with initial space contained in ker T and range equal to ker T* = (ran T).L. For 
each e > 0 it is clear that T + e V is onto and hence is right invertible and 

ker(T + eV) = ker(T) e init(V). 

Hence it is sufficient to prove that if S and T are right invertible with dim ker S = 
dim ker T, then S and T can be connected by an arc of right invertible operators 
in rg;n 
Let S and T be right invertible operators with dim ker S = dim ker T. Let U be 
a unitary operator chosen such that ker SU = ker T and U). be an arc of unitary 
operators such that Uo = I and UI = U. Then SU is connected to S in rg;n and 
hence we can assume that the kernels of our two right invertible operators are 
equal. 

Hence, assume that S and T are right invertible operators with ker S = ker T. 
By Proposition 4.37, there exists an isometry W with range W = (ker S).L = 
(ker T).L. Then the operators SW and TW are invertible and hence by Corollary 
5.30 there exists an arc of invertible operators h for 0 ::: A ::: 1 such that 
Jo = SW and JI = TW. Since WW* is the projection onto the range of W, 
we see that SWW* = Sand TWW* = T. Hence h W* is an arc of operators 
connecting S and T, and the proof will be completed once we show that each 
h. W* is in rg;n. Since (J). W*)(W J)..-I) = I, it follows that h W* is right invertible 
and hence ker ((J). W*)*) = {OJ. Further since ker(h W*) = ker W* we see that 
j (h W*) = n for all A. This completes the proof. -

5.33 Recall now the unilateral shift operator U+ on [2(7L.+) introduced in Section 
4.36. It is easily established that ker U+ = {OJ, whileker U.,r. = {eo}. Since U+ is an 
isometry, its range is closed, and thus U + is a Fredholm operator and j (U +) = -1. 

Now define 

{
un 

U(n) = + 
+ U*-n 

+ 

n ::: 0, 

n < O. 

Since for n ::: 0 we have ker U!:) = {OJ and 

ker U!:)* = ker U.;' = V{eo, eI,"" en-d, 
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it follows that j (Ur» = -no Similarly since u5;)* = U;n for n < 0, we have 

j(U5;» = -n for all integers n. The following extension of this formula will be 
used in showing that the map to be constructed is a homomorphism. 

If m and n are integers, then j(UimlUrl) = j(Uim» + j(U5;». We prove 
this one case at a time. If m ~ 0 and n ~ 0 or m < 0 and n < 0, then 
uim) u5;) = uim+n), and hence 

j (uimluinl) = -m - n = j (uim») + j (u5;»). 

If m < 0 and n ~ 0, then 

( 
U~+m = uin+m) - m ::5 n, 

U(m)U(n) - U*-mUn -
+ + - + +-

U*-(n-m) U(n+m) 
+ = + -m > n, 

and again the formula holds. Lastly, if m ~ 0 and n < 0, then 

k U<m)U(n) k U*-n V{ } er + + = er + = eo, el, ... , e-n-l 

and 

ker [uim)u5;)r = ker (u~u~-n)* = kerU;nU~m = V{eo ..... em-d. 

and hence 

. (U(m)U<n») - _ _ _. (U(m») + . (u(n») J + + - n m-J + J + . 

The next lemma will be used in the proof of the main theorem to show that each 
of the ~ n is open. 

5.34 Lemma. If 'lie is a Hilbert space, then each of the sets ~o and Un#oo <!Jin is 
open in .2('lJe). 

Proof Let T be in <!Jio and let F be a finite rank operator chosen such that T + F 
is invertible. Then if X is an operator in .2('lJe) which satisfies liT - HII < 
1/ II(T + F)-III, then X + F is invertible by the proof of Proposition 2.7, and 
hence X is in <!Jio by Lemma 5.20. Therefore, <!Jio is an open set. 

If T is a Fredholm operator not in <!Jio, then there exists as in the proof of Lemma 
5.20 a finite rank operator F such that T + F is either left or right invertible. By 
Proposition 2.7 there exists e > 0 such that if X is an operator in .2('lJe) such that 
II T + F - X II < e, then X is either left or right invertible but not invertible. Thus 
X is a Fredholm operator of index not equal to 0 and therefore so is X - F by 
Lemma 5.20. Hence Un#oo <!Jin is also an open subset of .2 ('lie). • 

We now state and prove the main theorem of the chapter. 

5.35 Theorem. If 'lie is a Hilbert space, j is the classical index from <!Ji('lIe) onto 
71., and i is the abstract index from ~('lIe) onto A, then there exists an isomorphism 
ex from 71. onto A such that ex 0 j = i. 
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Proof Since the dimension of'Je is infinite, we have 'Je $[2 (Z+) isomorphic to 'Je, 
and hence there is an operator on 'Je unitarily equivalent to 1 $ U~n). Therefore, 
each ~n is nonempty and we can define a(n) = i(T), where T is any operator in 
~n. Moreover, a is well defined by Theorem 5.32. Since i is onto, it follows that 
a is onto. Further, by the formula in Section 5.33, we have 

a(m + n) = i (I $ u~-m-n») = i ((I $ u~-m») (I E9 u~-n»)) 

= i (I $ u~-m») i (I $ u~-n») = a(m) . a(n), 

and hence a is a homomorphism. 

It remains only to show that a is one-to-one. Observe first that 1l'(~o) is disjoint 
from 1l'( Un#) ~n), since if T is in ~o and S is in ~n with 1l'(S) = 1l'(T), then 
there exists K in E<r('Je) such that S + K = T. However, Lemma 5.20 implies that 
j (T) = 0, and hence 1l'(~o) is disjoint from 1l'(Un#) ~n). Since ~o and Un#) ~n 
are open and 1l' is an open map, it follows that1l'(~o) and 1l' ( UII#O ~n) are disjoint 
open sets. Therefore. 1l'(~o) is an open and closed subset of ll. and hence is equal 
to the connected component ll.o of the identity in ll.. Therefore, 1l' takes ~o onto 
ll.o and hence i takes ~o onto the identity of A. Thus a is an isomorphism. -

We now summarize what we have proved in the following theorem. 

5.36 Theorem. If 'Je is a Hilbert space, then the components of ~('Je) are 
precisely the sets {~II : n E Z}. Moreover, the classical index defined by 

j (T) = dim ker T - dim ker T* 

is a continuous homomorphism from ~('Je) onto Z which is invariant under 
compact perturbation. 

We continue now with the study of E<r('Je) and 2('Je)/2<r('Je) as C*-algebras. 
(Strictly speaking, E<r('Je) is not a C*-algebra by our definition, since it has no 
identity.) This requires that we first show that the quotient of a C* -algebra by a two
sided ideal is again a C* -algebra. While this is indeed true, it is much less trivial 
to prove than our previous results on quotient objects. We begin by considering 
the abelian case which will be used as a lemma in the proof of the main result. 

5.37 Lemma. If ~ is an abelian C* -algebra and ~ is a closed ideal in ~, then ~ 
is self-adjoint and the natural map 1l' induces an involution on the quotient algebra 
~/~ with respect to which it is a C*-algebra. 

Proof In view of Theorem 2.35, it is sufficient to consider ~ = C(X) for some 
compact Hausdorff space X. Let Z be the set of common zeros of the functions in 
~. If fin C(X) vanishes on an open subset U that contains Z and Xo is in X\U, 
then there exists ({Jxa in ~ such that ({Jxo (xo) #= 0, and hence ({Jxo is not zero on 
some open subset Vxo containing Xo. By the compactness of X\U, we can choose 

({JXI' ••• , ({Jx. in ~ such that ({J = L7=1 i({Jxoi 2 ~ e > 0 on X\U. Moreover, ({J is in 
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~andg = f/q.ds in C(X),where we define g to be Oon U. But then f = cp.gisin 
~, and thus ~ contains all functions in C (X) that vanish on an open neighborhood 
ofZ. 

We claim that the closure of this collection in the supremum norm is the ideal 

~z = (f E C(X)lf(x) = 0 for x E Z}. 

For e > 0, let TIe be a continuous function from C to C that satisfies 

(1) TJe vanishes on a neighborhood of 0, and 

(2) ITJe(z) - zl < e for all zinC. 

If f is in £S z, then TIe 0 f vanishes on a neighborhood of Z and II f - TIe 0 f II < e. 
Thus ~ = ~z and C(X)/~ = C(X)/~z. Moreover, it follows that C(X)/~z is 
isometrically isomorphic to C(Z) via the map f + £Sz ~ flz. • 

We now proceed to the main result about quotient algebras. 

5.38 Theorem. If ~ is a C* -algebra and £S is a closed two-sided ideal in ~, then 
£S is self-adjoint and the quotient algebra t;}l/£S is a C*-algebra with respect to the 
involution induced by the natural map. 

Proof We begin by showing that £S is self-adjoint. For T an element of~, set 
H = T* T. For}.. > 0 the element }"H2 is positive, since it is the square of a self
adjoint element, and therefore }"H2 + I is invertible in t;}l. Moreover, rearranging 
the identity (}"H2 + I)('AH2 + I)-I = I shows that the element defined by 

U).. = ('AH2 + I)-I - I = _(}"H2 + I)-I 'AH2 

is in £S. Moreover, if we set S).. = TU).. + T, then stS).. = ('AH2 +1)-2 H and from 
the functional calculus for @:H, we have 

II stS).. II = II ('AH2 + 1)-2HII ::: sup { ('}..x2: 1)2 : x E a(H)} 

where the last inequality is obtained by maximizing the function cp(x) = X ('}..x 2 + 
1)-2 on IR. Taking adjoints of the equation S).. = TU).. + T and rearranging yields 

3 
lim IIT* + UAT*II = lim IIS)..II ::: lim 3 1/4 = O. 
)..~OO A~OO )..~OO 4( }..) 

Since each -UAT* is in ~, and ~ is closed, we have T* in ~ and hence ~ is 
self-adjoint. 

Now ~/£S is a Banach algebra and the mapping (A + ~)* = A * + £S is the 
involution induced by the natural map. Since we have II (A + ~)* II = II A + ~ II, 
it follows that 
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and hence only the reverse inequality remains to be proved before we can conclude 
that 2l/~ is a C* -algebra. 

Returning to the previous notation, if we set Sf = (£H n ~, then Sf is a closed 
two-sided self-adjoint ideal in the commutative C*-algebra (£H, and hence (£H ISf 
is a C*-algebra isometrically isomorphic to C(X) by the previous lemma and 
Theorem 4.29. If we consider the closure 3 of the subalgebra n«(£H) = (£ H I~ in 
2l/~, then we obtain an induced homomorphism n' : (£H/~ -+ 3. Moreover, n' 
defines a continuous map qJ : M g -+ X, which we claim is onto. If it is not, then 
there exist disjoint nonempty open subsets U and V of X such that qJ(Mg) CU. 
Let f and g be nonzero functions in C(X) satisfying fl9'(Mg> == 1, suppf C U, 

and supp, g C V, and let F and G be the corresponding elements in (£H I~. 
Then FG = 0, which implies 1r'(F)1r'(G) = 0, and hence 1r'(F) cannot be 
invertible. But the image of 1r'(F) under the Gelfand map is the restriction of f 
to qJ(Mg) f X, which is identically 1. This fact contradicts Theorem 2.35, and 
hence qJ is onto. Therefore, for A in (£ H, we have 

and hence 

IIA + 9l11~HI!Jf ::: IIA + ~II~H/~ ::: PfEH/~(A +~) = P~HI!Jf(A + ffi) 

= IIA + 9l11~H/!Jf· 
Thus, 1r' is an isometry and (£H/~ is an abelian C*-algebra. Lastly, it follows 
from the functional calculus for (£H I~ and the special form of the function 
1{!(x) = ).x 2 1(1 + ).x2), that 

IIn(U,')1I = A lin (H) 112 (1 + A 111r(H)1I2r l . 

To complete the proof we use the identity T = S).. - TU).. to obtain 

3 A 111r(T) II IIn(H)1I2 

IIn(T)1I ::5 111r(S)..)1I + IIn(T)1I 111r(U)..)1I ::5 4(3A)I/4 + 1 + A IIn(H)f 

Setting A = 1/(3 IIn(H) 11 2), we further obtain the inequality 

111l'(T)1I ::5 3(1I1r(~)11)1/2 + ~ 111r(T)1I 

and finally 

111r(T) 112 ::5 IIn(H) II = Iln(T)*1r(T) II. 

Therefore, 2l/~ is a C*-algebra. • 
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In this book we have chosen to consider only algebras with unit. That is the 
only reason E(;£,(~) is not a C* -algebra in the sense of this book. Nonetheless, 
we need to obtain some results about E(;£,(~ that are fundamental in the study of 
C* -algebras. The following result has several important consequences. A subset 
@5 of E(~) is said to be irreducible if no proper closed subspace is reducing for 
all S in @l. 

5.39 Theorem. If ~ is an irreducible C* -algebra contained in E(~ such that 
~ n E(;£,(~ :f. 0, then E(;£,(~ is contained in~. 

Proof If K is a nonzero compact operator in ~, then (K + K*) and (1/ i)(K - K*) 
are compact self-adjoint operators in ~. Moreover, since at least one is not zero, 
there exists a nonzero compact self-adjoint operator H in ~. If J... is a nonzero 
eigenvalue for H which it must have, then the projection onto the eigenspace for 
J... is in (;£' H, and hence in ~, using the functional calculus. Moreover, since this 
eigenspace is finite dimensional by Theorem 5.22, we see that ~ must contain a 
nonzero finite rank projection. 

Let E be a nonzero finite rank projection in ~ of minimum rank. Consider the 
closed subalgebra ~E = {EAE : A E ~} of ~ as a subalgebra of E(E~). 
If any self-adjoint operator in ~E were not a constant multiple of a scalar, then 
m:E and hence m: would contain a spectral projection for this operator and hence 
a projection of smaller rank than E. Therefore, the algebra m: E must consist of 
scalar multiples of E. Suppose the rank of E is greater than one and x and y are 
linearly independent vectors in its range. Since the closure of {Ax: A E ~} is a 
reducing subspace for ~, it follows that it must be dense in ~. Therefore, there 
must exist a sequence {An}:"t in m: such that limn ...... oo IIAnx - yll = 0, and hence 
limn ...... oo liE An Ex - y II = O. Since x and y are linearly independent, the sequence 
{EAnE}:"t cannot consist of scalar multiples of E. Therefore, E must have rank 
one. 

We next show that every rank one operator is in m: which will imply by Theorem 
5.9 that E(;£,(~) is in ~. For x and y in ~, let Ty.x be the rank one operator defined 
by Tx.y(z) = (z. x)y. For a unit vector Xo in E~, if {An}:"t is chosen as above 
such that limn ...... oo IIAnxo - yll = 0, then the sequence {AnTxo.xo}:"t is contained 
in ~ and limn ...... oo An Txo.xo = Ty.xo ' Similarly, using adjoints, we obtain that Txo.x 
is in m: and hence finally that Ty.x = Ty.xoTxo.x is in m:. Thus E(;£,(~) is contained 
in ~ and the proof is complete. -

One of the consequences of this result is that we are able to determine all 
representations of the algebra E(;£,(~. 

5.40 Theorem. If <I> is a *-homomorphism of E(;£,(~ into E~), then there 
exists a unique direct sum decomposition ':JC = Xo $ LaeA $%a, such that 
each ':JCa reduces <I>(E(;£,(~), the restriction <I>(T)I%o = 0 for T in E(;£,(~, and 
there exists an isometric isomorphism U a from ~ onto %a for ct in A such that 
<I>(T)I%a = UaTU; for T inE(;£,(~. 
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Proof If <I> is not an isomorphism, then ker <I> is a closed two-sided ideal in E~(~) 
and hence must contain E~(~, in which case <I>(T) = 0 for T in E~(~. Thus, 
if we set 'Xo = 'X, the theorem is proved. Hence, we may assume that <I> is an 
isometic isomorphism. 

Now let lei lief be an orthonormal basis for ~ and let Pi be the projection 
onto the subspace spanned by ej. Then Ei = <I>(Pi ) is a projection on 'X. 
Choose a distinguished element 0 in I and define V; on ~ for i in I such that 
Vi (Ljef Ajej) = Aoei. It is obvious that Vi is a partial isometry with V; V;* = Pj 
and V;*Vi = Po. Hence Wi = <I>(V;) is a partial isometry on 'X and W;*Wi = Eo 
and Wi wt = Ei • Let {Xg}aeA be an orthonormal basis for the range of Eo and set 
xr = Wjxg. It is easy to see thateachxr is in the range of Ei and that {Xrhef,aeA is 
an orthonormal subset of 'X. Let 'Xa denote the closed subspace of'X spanned by the 
{xr}; ef. The {'Xa} aeA are pairwise orthogonal and hence we can consider the closed 
subspace LaeA EB'Xa of 'Xa. Lastly, let 'Xo denote the orthogonal complement of 
this subspace. We want to show that the subspaces {'Xa}aeAU{O) have the properties 
ascribed to them in the statement of the theorem. 

Since Vi ~* is the rank one operator on ~ taking ej onto e;, it is clear that the 

norm-closed *-algebra generated by the {V; lief is E~(~. Therefore, <I>(Etr(~) 
is the norm-closed *-algebra generated by the (Wj lief and hence each 'Xa reduces 
<I>(Etr(~». If we define a mapping Ua from ~ to 'Xa by Uaej = xr, then Ua 
extends to an isometric isomorphism and <I>(T)I'Xa = UaTU;. Therefore, <I> is 
spatially implemented on each 'Xa. 

Lastly, since each 'Xa reduces <I>(Etr(~), it follows that 'Xo also is a reducing 
subspace and since 

for T in Etr(~), 

while I - Lief Ei is the projection onto 'Xo, we see that <I>(T)I'Xo = 0 for T in 
Etr(~. • 

Such a result has a partial extension to a broader class of C* -algebras. 

5.41 Corollary. If ~ is a C* -algebra on ~ which contains Etr(~ and <I> is a 
*-homomorphism of ~ into E(~ such that <l>IEtr(~) is not zero and <I>(~) is 
irreducible, then there exists an isometric isomorphism U from ~ onto ~ such 
that <I>(A) = U AU* for A in ~. 

Proof If <I>(Etr(~» is not irreducible, then by the preceding theorem there exists 
a proper closed subspace 'X' of'X such that the projection P onto 'X' commutes with 
the operators <I>(K) for K in Etr(~, and there exists an isometic isomorphism U 
from ~ onto 'X' such that <I>(K)I'X' = U KU* for K in Etr(~. (The alternative 
leads to the conclusion that <l>IEtr(~ = 0.) Then for A in ~ and K in Etr(~, 
we have 
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[P<I>(A) - <I>(A)P]ct>(K) = P<I>(A)ct>(K) - ct>(A)<I>(K)P 

= Pct>(AK) - <I>(AK)P = 0, 

since AK is inE[(~). If {Ea}aEA is a net of finite rank projections in ~ increasing 
to the identity, then {ct>(Ea)IX'}aEA converges strongly to P, and thus we obtain 
Pct>(A)P = <I>(A)P for every A in ~. Since ct>(~) is self-adjoint and is assumed 
to be irreducible, this implies 'X' = 'Jc. Lastly, for A in ~ and K in E[(~), we 
have 

<I>(K)[<I>(A) - U AU*] = ct>(K A) - (U KU*)(U AU*) 

= UKAU* - UKAU* = 0, 

and again using a net of finite projections we obtain the fact that <I>(A) = U AU* 
for A in~. • 

These results enable us to determine the * -automorphisms of E(~) and E[(~). 

5.42 Corollary. If ~ is a Hilbert space, then <I> is a * -automorphism of E(~) if 
and only if there exists a unitary operator U in E(~ such that <I>(A) = U AU* 
for A in E(~). 

Proof Immediate from the previous corollary. • 
Such an automorphism is said to be inner and hence all * -automorphisms of 

E(~) are inner. A similar but significantly different result holds for E[(~). 

5.43 Corollary. If ~ is a Hilbert space, then ct> is a * -automorphism of E[(~) 
if and only if there exists a unitary operator U in E(~) such that <I> (K) = UK U* 
for K inE[(~). 

Proof Again immediate. • 
The difference in this case is that the unitary operator need not belong to 

the algebra and hence the automorphism need not be inner. The algebra E[(~) 
has the property, however, that in each * -isomorphic image of the algebra every 
* -automorphism is spatially implemented by a unitary operator on the space. 

We conclude with an observation concerning the Calkin algebra. 

5.44 Theorem. If <I> is a *-isomorphism of the Calkin algebra E(~)/E[(~) 
into E('X) , then <I>(E(~)/E[(~») is not a W*-algebra. 

Proof If ct> (E(~) /E[(Je») were a W* -algebra, then the group of unitary elements 
would be connected by Proposition 5.29, thus contradicting Theorem 5.36. • 
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Notes 
The earliest results on compact opemtors are implicit in the studies of Volterra and 

Fredholm on integral equations. The notion of compact opemtor is due to Hilbert, while it 
was F. Riesz who adopted an abstmct point of view and formulated the so called "Fredholm 
alternative." Further study into certain classes of singular integral operators led Noether to 
introduce the notion of index and implicitly the class of Fredholm operators. The connection 
between this class and the Calkin algebm was made by Atkinson [4]. Finally, Gohberg and 
KreIn [48] systematized and extended the theory of Fredholm operators to approximately 
its present fonn. The connection between the components of the invertible elements in the 
Calkin algebm and the index was first established by Cordes and Labrouse [23] and Coburn 
and Lebow [22]. 

Further results including more detailed historical comments can be found in Riesz and 
Sz.-Nagy [92], Maurin [79], Goldberg [51], and the expository article of Gohberg and Krein 
[48]. The reader can also consult Lang [74] or Palais [85] for a modern treatment of a slightly 
different flavor. Again the results on C* -algebras can be found in Dixmier [28]. The proof 
of Theorem 5.38 is taken from Naimark [80], whereas the short and clever proof of Lemma 
5.7 is due to Halmos [58]. 

Exercises 

5.1 If '3(, is a Hilbert space and T is in 2('3(,), then T is compact if and only if (T* T) 1/2 is 
compact. 

5.2 If T is a compact normal opemtor on 'fie, then there exists a sequence of complex 
numbers {An )~I and a sequence (E" )~I of pairwise orthogonal finite rank projections 
such that lim" ..... oo An = 0 and 

lim IIT- EAnEnl1 =0. 
N ..... oo n=1 

5.3 If '3(, is a Hilbert space, then 2~('3(,) is strongly dense in 2('3(,). 

5.4 If '3(, is a Hilbert space of dimension greater than one, then the commutator ideal of 
2('3(,) is 2('3e). 

5.5 If KI and K2 are complex functions in L 2([O, 1] x [0, 1]) and TI and T2 the integral 
opemtors on L 2([O, I]) with kernels KI and K2, respectively, then show that Tt and 
TI T2 are integral operators and detennine their kernels. 

5.6 Show that for every finite rank opemtor F on L 2([O, 1]), there exists a kernel K in 
L 2 ([O, 1] x [0. 1]) such that F = h. 

5.7 If TK is an integral opemtor on L 2 ([O, I)) with kernel Kin 

L 2([0, 1] x [0. 1]) 

and (fn}~1 is an orthononnal basis for L 2 ([O, 1]), then the series 
00 

L I(TK In. 1,,)12 

,,=1 

converges absolutely to Jd Jd IK(x, y)12 dxdy. (Hint: Consider the expansion of K 
as an element of L2([0. I] x [0. I]) in tenns of the orthonormal basis 

(/,,(x)/m(y)}:.'m=I·) 
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5.8 Show that not every compact operator on L 2 ([0, 1]) is an integral operator with kernel 
belonging to L 2([0, 1] x [0,1]). 

5.9 (Weyl) If T is a normal operator on the Hilbert space 'M. and K is a compact operator 
on 'M., then any A in a (T) but not in a (T + K) is an isolated eigenvalue for T of finite 
multiplicity. 

5.10 If T is a quasinilpotent operator on 'M. for which T + T* is in 2!£(\le), then T is in 
2!£(\le). 

5.11 If T is an operator on \le for which the algebraic dimension of the linear space \le/ran T 
is finite, then T has closed range.* 

5.12 1fT is an operator on \le, then the set of A for which T -A is not Fredholm is compact 
and nonempty. 

5.13 (Gohberg) 1fT is a Fredholm operator on the Hilbert space \le, then there exists e > 0 
such that 

a = dimker(T - A) 

is constant for 0 < IA I < e and a ~ dim ker T. * (Hint: For sufficiently small A, 
(T - A) l;e is right invertible, where ;e is the closure of the eigenvectors for nonzero 
eigenvalues, and ker(T - A) c ;e.) 

5.14 If T is an operator on \le, then the function dim ker(T - A) is locally constant on the 
open set on which T - A is Fredholm except for isolated points at which it is larger. 

5.15 If H is a self-adjoint operator on \le and K is a compact operator on \le, then 
a(H + K)\u(H) consists of isolated eigenvalues of finite multiplicity. 

5.16 If \le is a Hilbert space, 1f is the natural map from 2(\le) to the Calkin algebra 
2('M.)/2!£(\le), and T is an operator on 'M., then 1f(T) is self-adjoint if and only if 
T = H + i K , where H is self-adjoint and K is compact. Further, 1f (T) is unitary if 
and only if T = V + K, where K is compact and either V or V· is an isometry for 
which I - V V* or I - V* V is finite rank. What, if anything, can be said if 1f (T) is 
normal?**! 

5.17 (Weyl-von Neumann). If H is a self-adjoint operator on the separable Hilbert space 
'M., then there exists a compact self-adjoint operator K on \le such that H + K has 
an orthonormal basis consisting of eigenvectors. * (Hint: Show for every vector x in 
\le there exists a finite rank operator F of small norm such that H + F has a finite
dimensional reducing subspace which almost contains x and proceed to exhaust the 
space.) 

lThis question was answered in a fundamental study of extensions of CO-algebras (cf. Problems 
7.27-7.32). A model for an essentially nonnal operator T, or one for which 7r (T) is normal, is given 
up to compact perturbation as a direct sum of Toeplitz-like operators each defined on a Hilbert space of 
analytic functions relative to an inner product defined using area measure on a planar domain. This result 
was obtained with L.G. Brown and P.A. Fillmore [Unitary equivalence modulo the compact operators 
and extensions of C' -algebras, Proc. Con/. on Operator Theory, Springer-Verlag Lecture Notes 345, 
58-128 (1973)]. It is also established there that an essentially normal operator T can be expressed as 
T = N + K for some nonnal operator N and compact operator K if and only if ind(T - A) = 0 
for every A for which T - A is Fredholm. 
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5.18 If U is a unitary operator on the separable Hilbert space 'M, then there exists a compact 
operator K such that U + K is unitary and 'M has an orthonormal basis consisting of 
eigenvectors for U + K. 

5.19 If U+ is the unilateral shift on 12(Z+), then for any unitary operator V on a separable 
Hilbert space 'M, there exists a compact operator K on 12(Z+) such that U+ + K is 
unitarily equivalent to U+ E9 Von f2(Z+) E9 'M .• (Hint: Consider the case of finite
dimensional 'M with the additional requirement that K have small norm and use the 
preceding result to handle the general case.) 

5.20 If VI and V2 are isometries on the separable Hilbert space 'M and at least one is not 
unitary, then there exists a compact perturbation of VI which is unitarily equivalent 
to V2 if and only if dim ker vt = dim ker Vi. 

Definition If ~ is a C* -algebra, then a state rp on ~ is a complex linear functional which 
satisfies rp(A" A) ::: 0 for A in ~ and rp(l) = 1. 

5.21 If rp is a state on the C·-algebra ~, then (A, B) = rp(B" A) has the properties of an 
inner product except (A, A) = 0 need not imply A = O. Moreover, rp is continuous 
and has norm 1. (Hint: Use a generalization of the Cauchy-Schwarz inequality.) 

5.22 If rp is a state on the C" -algebra ~, then ~ = (A E ~ : rp(A" A) = O} is a closed left 
ideal in ~. Further, rp induces an inner product on the quotient space ~/~, such that 
1I"(B)(A + ~) = BA + ~ defines a bounded operator for B in ~. If we let 1I"rp(B) 
denote the extension of this operator to the completion 'Mrp of ~/W, then 11"'1' defines 
a "-homomorphism from ~ into 2('Mrp). 

5.23 If ~ is a C"-algebra contained in 2('X) having the unit vector I as a cyclic vector, 
then rp(A) = (AI, I) is a state on ~. Moreover, if 11"", is the representation of ~ given 
by rp on 'Mrp, then there exists an isometric isomorphism 1/t from 'M", onto 'X such that 
A = 1/t1l"rp(A)1/t". 

5.24 (Krein) If :;e is a self-adjoint subspace of the C"-algebra ~ containing the identity 
and VJo is a positive linear functional on:;e (that is, VJo(A) ::: 0 for A ::: 0), satisfying 
VJo(l) = 1, then there exists a state rp on ~ extending VJo. (Hint: Use the Hahn-Banach 
theorem to extend VJo to rp and prove that rp is positive.) 

5.25 If ~ is a C"-algebra and A is in ~, then there exists a state rp on ~ such that 
rp(A" A) = IIAII2. (Hint: Consider first the abelian sub algebra generated by A" A.) 

5.26 If ~ is a C" -algebra, then there exist a Hilbert space 'M and a "-isometric isomorphism 
11" from ~ into 2('M). Moreover, if ~ is separable in the norm topology, then 'M 
can be chosen to be separable. (Hint: Find a representation 11" A of ~ for which 
1111" A (A) II = II A II for each A in ~ and consider the direct sum.) 

5.27 The collection of states on a C" -algebra ~ is a weak" -compact convex subset of the 
dual of~. Moreover, a state rp is an extreme point of the set of all states if and only 
if 1I"rp(~) is an irreducible subset of 2('Mrp). Such states are called pure states. 

5.28 If ~ is a Banach algebra with an involution, no identity, but satisfying liT" T II = II T 112 
for T in ~, then ~ E9C can be given a norm which is unique making it into a C" -algebra. 
(Hint: Consider the operator norm of ~ E9 C acting on ~.) 
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5.29 Show that there are no proper closed two-sided ideals in 2~(~) E9 C except for 
2~(~ E9 O. (Hint: Assume ~ were such an ideal and show that a representation of 
2~(~ E9 C/':J given by Exercise 5.26 contradicts Theorem 5.40.) 



Chapter 6 

The Hardy Spaces 

6.1 In this chapter we study various properties of the spaces H I , H2, and H oo in 
preparation for our study of Toeplitz operators in the following chapter. Due to 

the availability of several excellent accounts of this subject (see Notes), we do not 
attempt a comprehensive treatment and proceed in the main using the techniques 
which we have already introduced. 

We begin by recalling some pertinent definitions from earlier chapters. For n 
in Z let Xn be the function on lr defined by Xn (ei9 ) = ein9 • For p = 1,2, 00, we 
define the Hardy space: 

HP = {f E LP(lr) : 121< f(e i9 )Xn(ei9 ) dB = 0 for n > o} . 
It is easy to see that each HP is a closed subspace of the corresponding LP(lr), 
and hence is a Banach space. Moreover, since {Xn }neZ is an orthonormal basis 
for L2(lr), it follows that H2 is the closure in the L2-norm of the analytic 
trigonometric polynomials ~ +. The closure of ~ + in C(lr) is the disk algebra 
A with maximal ideal space equal to the closed unit disk D. Lastly, recall the 
representation of VXl(lr) into 2(L2(lr») given by the mapping qJ ~ Mrp, where 
M rp is the multiplication operator defined by M rp f = qJ f for f in L 2 (lr). 

We begin with the following result which we use to show that Hoo is an algebra. 

6.2 Proposition. If qJ is in LOO(lr), then H2 is an invariant subspace for M", if 
and only if qJ is in H OO . 

Proof If M",H2 is contained in H2, then qJ • 1 is in H2, since 1 is in H2, and hence 
qJ is in Hoo. Conversely, if qJ is in H oo, then qJf!P + is contained in H2, since for 
p = Ef=oCtjXj in ~+, we have 

133 
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{21r N 12tr 10 (rpP)Xn dO = L aj rpXj+n de = 0 
o j=O 0 

for n > O. 

Lastly, since H2 is the closure of rtJ' +, we have q;H2 contained in H2 which 
completes the proof. -

6.3 Corollary. The space Hoo is an algebra. 

Proof If rp and tf! are in H oo , then Mrp",H2 = Mrp(M",H2) C MrpH2 C H2 by 
the proposition, which then implies that rptf! is in H oo• Thus H oo is an algebra. -

The following result is essentially the uniqueness of the Fourier-Stieltjes trans
form for measures on If. 

6.4 Theorem. If f.L is in the space M (If) of complex regular Borel measures on 
If and IT Xndf.L = 0 for n in 7L, then f.L = o. 

Proof Since the linear span of the functions {Xn Inez is uniformly dense in C (If) 
and M(lf) is the dual of C(lf), the measure f.L represents the zero functional and 
hence must be the zero measure. -

6.5 Corollary. If f is a function in L I (If) such that 

rrr: 10 f(e i9 )xn(ei9 ) dO = 0 for n in 7L, 

then f = 0 a.e. 

Proof If we define the measure f.L on If such that f.L(E) = IE f(e i9 ) de, then our 
hypotheses become IT Xnd JL = 0 for n in 7L, and hence f.L = 0 by the preceding 
result. Therefore, f = 0 a.e. -

6.6 Corollary. If f is a real-valued function in HI, then f = a a.e. for some a 
in IR. 

Proof If we seta = (1/21T) Io2tr f(e i9 ) dO, then a is real and 

12tr (f - a)Xn de = 0 for n::: o. 

Since f - a is real valued, taking the complex conjugate of the preceding equation 
yields 

{21r {2tr 
10 (f - a}Xn de = 10 (f - a)X-n de = 0 for n::: o. 

Combining this with the previous identity yields 



The Hardy Spaces 135 

1211: (f - a)Xn d() = 0 for all n, 

and hence I = a a.e. • 
6.7 Corollary. If both I and I are in HI, then I = a a.e. for some a in C. 

Proof Apply the previous corollary to the real-valued functions ~(f + 7) and 
~(f - I)/i which are in HI by hypothesis. I • 

We now consider the characterization of the invariant subspaces of certain 
unitary operators. It was the results of Beurling on a special case of this problem 
which led to much of the modem work on function algebras and, in particular, to 
the recent interest in the Hardy spaces. 

6.8 Theorem. If JL is a positive regular Borel measure on lr, then a closed 
subspace .M of L 2 (JL) satisfies X I.M = .M if and only if there exists a Borel subset 
E of lr such that 

.M = L ~(JL) = {f E L 2(JL) : I(eit ) = 0 for eit ¢ E}. 

Proof If.M = L~(JL), then clearly XI.M = .M. Conversely, if XI.M = .M, then 
it follows that.M = X-IXI.M = X-l.M and hence.M is a reducing subspace for 
the operator MXI on L 2(JL). Therefore, if F denotes the projection onto .M, then 
F commutes with MXI by Proposition 4.42 and hence with Mrp for ({J in C(lr). 
Combining Corollary 4.53 with Propositions 4.22 and 4.51 allows us to conclude 
that F is of the form Mrp for some ({J in L 00 (JL), and hence the result follows. • 

The role of H2 in the general theory is established in the following description 
of the simply invariant subspaces for M XI. 

6.9 Theorem. If JL is a positive regular Borel measure on lr, then a nontrivial 
closed subspace.M of L2(JL) satisfies X1.M C .M and nn>OXn.M = {OJ if and only 
if there exists a Borel function ({J such that 1({J12 dJL = ie /27r and.M = rpH2. 

Proof If rp is a Borel function satisfying Irpl2 dJL = d()/27r, then the function 
'IJ I = ({Jf is JL-measurable for f in H2 and 

lI'lJfII~ = Ir 1({J112 dJL = 2~ 1211: 1112 dO = "I"~. 
Thus the image .M of H2 under the isometry 'IJ is a closed subspace of L 2 (JL) and 
is invariant for M XI' since Xl ('IJ f) = 'IJ (Xl f). Lastly, we have 

n xn.M = 'IJ [n XnH2] = {OJ 
n~O n~O 



136 Banach Algebra Techniques in Operator Theory 

and hence .M is a simply invariant subspace for M XI • 

Conversely, suppose .M is a nontrivial closed invariant subspace for MXI which 
satisfies nn~oXn.M = {OJ. Then:i = .M e XI.M is nontrivial and xn:i = Xn.M e 
Xn+1.M, since multiplication by Xl is an isometry on L 2 (f..L). Therefore, the subspace 
2::0 E9 Xn:i is contained in.M and an easy argument reveals .M e (1::0 E9 Xn:i) 
to be nn~oXn.M and hence {OJ. 

If cp is a unit vector in:i, then qJ is orthogonal to xn.M and hence to XnqJ for n > 0, 
and thus we have 

0= (qJ, XnCP) = h Icpl2 X-n df..L for n > O. 

Combining Theorem 6.4 and Corollary 6.6, we see that IqJI2 df..L = dO /21'(. Now 
suppose :i has dimension greater than one and €p' is a unit vector in ~ orthogonal 
to €p. In this case, we have 

0= (Xn€P, XmqJ') = h qJ"ip' Xn-m df..L for n, m 2:: 0, 

and thus iT Xk dv = 0 for kin 71., where dv = €p"ip' df..L. Therefore, qJq/ = 0f..L a.e. 

Combining this with thefact that IqJI2 df..L = 1€p'12 df..L leads to a contradiction, and 
hence ~ is one dimensional. Thus we obtain that €pC!} + is dense in .M and hence 
.M = €pH 2, which completes the proof. -

The case of the preceding theorem considered by Beurling will be given after 
the following definition. 

6.10 Definition. A function €p in Hoo is an inner function if 1€p1 = 1 a.e. 

6.11 CoroUary. (Beurling) IfTxl = MxllH2,thenanontrivialclosedsubspace 
.M of H2 is invariant for TXI if and only if.M = qJH2 for some inner function €p. 

Proof If qJ is an inner function, then €p'!J> + is contained in H oo , since the latter is 
an algebra, and is therefore contained in H2. Since €pH 2 is the closure of €pC!} +, we 
see that €pH 2 is a closed invariant subspace for Txl • 

Conversely, if.M is a nontrivial closed invariant subspace for Txl , then.M satisfies 
the hypotheses of the preceding theorem for d f..L = dO /21'( , and hence there exists 
a measurable function €p such that.M = qJH2 and 

IqJI2 dO /21'( = dO /21'(. 

Therefore, 1€p12 = 1 a.e., and since 1 is in H2 we see that €p = €p . 1 is in H2; thus 
€p is an inner function. -

A general invariant subspace for M XI on L 2(f..L) need not be of the form covered 
by either of the preceding two theorems. The following result enables us to reduce 
the general case to these, however. 
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6.12 Theorem. If JL is a positive regular Borel measure on T, then a closed 
invariant subspace.M. for M XI has a unique direct sum decomposition.M. = .M.1 Ee.M.2 
such that each of.M.1 and.M.2 is invariant for Mxl , X1.M.1 = .M.h and nn:!:OXn.M.2 = 
{OJ. 

Proof If we set.M.1 = nn:!:OXn.M., then.M.1 is a closed invariant subspace for MXI 

satisfying X1.M.1 = .M.1. To prove the latter statement observe that a function / is 
in .M.1 if and only if it can be written in the form Xng for some g in.M. for each 
n > O. Now if we set.M.2 = .M. e .M.1, then a function / in .M. is in .M.2 if and only 
if (I, g) = 0 for all g in .M.1. Since 0 = (/, g) = (xl!, X1g) and X1.M.1 = .M.h it 
follows that xl! is in.M.2 and hence.M.2 is invariant for Mxl • If / is in nn:!:OXn.M.2 , 

then it is in.M.1 and hence / = o. Thus the proof is complete. -

Although we could combine the three preceding theorems to obtain a complete 
description of the invariant subspaces for M XI' the statement would be very 
unwieldy and hence we omit it. 

The preceding theorems correspond to the multiplicity one case of certain 
structure theorems for isometries (see [66], [58]). 

To illustrate the power of the preceding results we obtain as corollaries the 
following theorems which will be important in what follows. 

6.13 Theorem. (F. and M. Riesz) If f is a nonzero function in H2, then the set 
{eit E T : f(e it ) = O} has measure zero. 

Proof Set E = {eit E T: f(e it ) = O} and define 

.M. = {g E H2 : g(it) = 0 for it E E}. 

It is clear that .M. is a closed invariant subspace for TXI which is nontrivial since 
f is in it. Hence, by Beuding's theorem there exists an inner function rp such that 
..« = rp H2 . Since 1 is in H2, it follows that rp is in .M. and hence that E is contained 
in {eit E T : rp(eit ) = OJ. Since Irpl = 1 a.e., the result follows. -

6.14 Theorem. (F. and M. Riesz) If v is a regular Borel measure on T such that 
IT Xn dv = 0 for n > 0, then v is absolutely continuous and there exists f in H1 
such that dv = f de. 

Proof If JL denotes the total variation of v, then there exists a Borel function 'I/f 
such that dv = 'I/f dJL and l'l/fl = 1 ae. with respect to JL. If.M. denotes the closed 
subspace of L2(JL) spanned by {Xn : n > OJ, then 

(Xn, 'I/f) = i Xn'l/f dJL = i Xn dv = 0, 

and hence 'I/f is orthogonal to.M. in L 2 (JL). 

Suppose.M. ="«1 Ee"«2 is the decomposition given by Theorem 6.12. If E is the 
Borel subset ofT given by Theorem 6.8 such that"«l = L1(JL), then we have 
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since "" IE is in .M.J. and "" is orthogonal to .M.. Therefore,.M.1 = {O} and hence 
there exists a JL-measurable function f{J such that.M. = f{Jh 2 and 1f{J12 dJL = dO /21r 
by Theorem 6.9. Since XI is in.M., it follows that there exists g in H2 such that 
XI = f{Jg a.e. with respect to JL, and since f{J oF 01J, a.e., we have that 1J, is mutually 
absolutely continuous with Lebesgue measure. If I is a function in L I (1I) such 
that d v = f dO, then the hypotheses imply that I is in HI, and hence the proof is 
complete. -

Actually, the statements of the preceding two theorems can be combined 
into one: an analytic measure is mutually absolutely continuous with respect to 
Lebesgue measure. 

6.15 We now turn to the investigation of the maximal ideal space Moo of the 
commutative Banach algebra Hoo. We begin by imbedding the open unit disk 0) 

in Moo. For z in 0) define the bounded linear functional f{Jz on HI such that 

1 12tr l(ei9 ) 
f{Jz(f) = -2 1 -iIJ dO for I in HI. 

1r 0 - ze 
Since the function I/O - ze-i9 ) is in Loo(ll") and HI is contained in LI(lf), it 
follows that f{Jz is a bounded linear functional on HI. Moreover, since 
1/(1 - ze-i9 ) = E:.oe-in9zn and the latter series converges absolutely, we 
see that 

f{Jz(f) = ~l (2~ 12tr IXk dO). 

Thus, if P is an analytic trigonometric polynomial, then f{Jz(p) = p(z) and hence 
f{Jz is a multiplicative linear functional on 11} +. To show that f{Jz is multiplicative on 
Hoo we proceed as follows. 

6.16 Lemma. If f and g are in H2 and z is in 0), then Ig is in HI and 
f{Jz(fg) = f{Jz(f)f{Jz(g)· 

Proof Let {Pn }~I and {qn }~I be sequences of analytic trigonometric polynomials 
such that 

lim 111- Pnll2 = lim IIg - qnlb = O. 
n~OQ n~oo 

Since the product of two L 2-functions is in L I, we have 

II/g - Pnqnlll :s II/g - Pnglll + IIPng - Pnqnlll 

:sllf-Pnlhllglh+IIPnIl2I1g-qnlb, 

and hence limn-.+oo IIfg - Pnqnlll = O. Therefore, since each Pnqn is in HI we 
have f g in H I . Moreover, since f{Jz is continuous, we have 
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• 
With these preliminary considerations taken care of, we can now imbed I[) in 

.Moo. 

6.17 Theorem. For z in I[) the restriction of ({Jz to Hoo is a multiplicative 
linear functional on Hoo. Moreover, the mapping F from I[) into Moo defined 
by F(z) = ({Jz is a homeomorphism. 

Proof That ({Jz restricted to H oo is a multiplicative linear functional follows from 
the preceding lemma. 

Since for a fixed f in HI, the function ({Jz(f) is analytic in z, it follows that F is 
continuous. Moreover, since ({Jz(XI) = Z, it follows that F is one-to-one. Lastly, if 
{({JZa }aeA is a net in Moo converging to ({Jz, then 

and hence F is a homeomorphism. • 
From now on we shall simply identify I[) as a subset of Moo. Further, we shall 

denote the Gelfand transform of a function f in H oo by 1. Note that ill[) is 
analytic. Moreover, for f in H I we shall let i denote the function defined on I[) 
by f(z) = ((Jz(f). This dual use of the A-notation should cause no confusion. 

The maximal ideal space Moo is quite large and is extremely complex. The 
deepest result concerning Moo is the corona theorem of Carleson, stating that I[) is 
dense in Moo. Although the proof of this result has been somewhat clarified (see 
[15], [39]) it is still quite difficult and we do not consider it in this book.! 

Due to the complexity of Moo it is not feasible to determine the spectrum of 
a function f in Hoo using i, but it follows from the corona theorem that the 
spectrum of f is equal to the closure of i(I[). Fortunately, a direct proof of this 
result is not difficult. 

6.18 Theorem. If ({J is a function in H oo, then lP is invertible in H oo if and only 
if qJll[) is bounded away from zero. 

Proof If lP is invertible in H oo , then qJ is nonvanishing on the compact space Moo 
and hence IqJ(z)1 ?: e > 0 for z in I[). Conversely, if IqJ(z)1 ::: e > 0 for z in I[) 
and we set t/I(z) = 1/qJ(z), then t/I is analytic and bounded by lie on I[). Thus t/I 
has a Taylor series expansion t/I(z) = L~o anZn, which converges in I[). Since 
for 0 < r < I, we have 

! A much simpler proof has been given by T. Wolff and further simplified by Gamelin (in J. Garnett, 
Bounded Analytic Functions, Academic Press, New York, 1981). 
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it follows that 1::'0 Ian 12 ::: 1/ e2. Therefore, there exists a function I in H2 such 

that I = 1::0 anXn· 

If qJ = 1::0 bnXn is the orthononnal expansion of qJ as an element of H2, then 
~(z) = 1::0 bnzn for z in D. Since ~(z)""(z) = 1, it follows that (1::0 bnzn) 
(1::0 anZn) = 1 for z in D. Therefore, 1::0 (~=O bkan_k)Zn = 1 for z in D, 
and hence the uniqueness of power series implies that 

Since 

we have that 

which implies that 

n Lb {I ifn = 0, 
kan-k = 0 ifn > O. 

k=O 

J~ II(qJI -1) + E cnxnll = 0 
n=N+l 1 

N 

for Cn = L akbn-k. 
k=n-N 

Therefore, 

1 {27r {I if k = 0, 
21f 10 rplXk de = 0 if k F 0, 

and hence qJI = 1 by Corollary 6.6. It remains only to show that I is in VlO(T) 
and this follows from the fact that the functions {lr lre(O,l) are unifonnly bounded 

by l/e, where Ir(eit ) = j(reit ), and the fact that limr--+l III - Irlb = O. Thus I 
is an inverse for rp which lies in Hoo • • 

The preceding proof was complicated by the fact that we have not investigated 
the precise relation between the function j on [D and the function I on T. It can 
be shown that for I in Hi we have limr .... l j<reit ) = I(eit ) for almost all eit in 
T. We do not prove this but leave it as an exercise (see Exercise 6.23). 

Observe that we proved in the last paragraph of the preceding proof that if I is 
in H2 and j is bounded on [D, then I is in Hoo • 
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We give another characterization of invertibility for functions in H oo which 
will be used in the following chapter, but first we need a definition. 

6.19 Definition. A function I in H2 is an outer function if clos [/g> +] = H2. 
An alternate definition is that outer functions are those functions in H2 which 

are cyclic vectors for the operator TXI which is multiplication by Xl on H2. 

6.20 Proposition. A function fP in Hoo is invertible in HOO if and only if fP is 
invertible in L 00 and is an outer function. 

Proof If 1/ fP is in H oo, then obviously f/J is invertible in L 00. Moreover, since 

clos[fPg> +] = fPH2 :J fP (~H2) = H2, 

it follows that fP is an outer function. Conversely, if 1/ fP is in L 00 Clf), and fP is an 
outer function, then fPH2 = clos[fPg> +] = H2. Therefore, there exists a function 
l/! in H2 such that fPl/! = 1, and hence 1/ fP = l/! is in H2. Thus, 1 / fP is in H OO and 
the proof is complete. -

Note, in particular, that by combining the last two results we see that an outer 
function can not vanish on [). The property of being an outer function, however, 
is more subtle than this. 

The following result shows one of the fundamental uses of inner and outer 
functions. 

6.21 Proposition. If I is a nonzero function in H2, then there exist inner and 
outer functions fP and g such that 1= fPg. Moreover, I is in H oo if and only if g 
is in H oo. 

Proof If we set.M. = clos[/g> +], then.M. is a nontrivial closed invariant subspace 
for TXI and hence, by Beurling's Theorem (Corollary 6.11), is of the form fPH2 
for some inner function fP. Since I is in .M., there must exist g in H2 such that 
I = fPg· If we set j{ = clos[gg> +], then again there exists an inner function 
l/! such that j{ = y, H2. Then the inclusion Ig> + = fPgg> + C fP1/I H2 implies 
fP H2 = clos[/g> +] C fPl/! H2, and hence there must exist h in H2 such that 
fP = fPy,h. Since fP and y, are inner functions, it follows that y, = h and therefore 
1/1 is constant by Corollary 6.7. Hence, clos[gg> +] = H2 and g is an outer function. 
Lastly, since If I = Igl, we see that lis in Hoo if and only if g is. -

We next show as a corollary to the following proposition that the modulus of 
an outer function determines it up to a constant. 

6.22 Proposition. If g and h are functions in H2 such that g is outer, then Ih I ::: Ig I 
if and only if there exists a function k in H2 such that h = gk and Ikl ::: 1. 
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Proof If h = gk and Ikl ::: 1, then clearly Ihl ::: Igl. Conversely, if g is an 
outer function, then there exists a sequence of analytic trigonometric polynomials 
{Pn}~1 such that limn-+oo 111 - Pnglb = O. If Ihl ::: Igl, then we have 

IIhpn - hPmll~ = 2~ 121r IPn - Pml2 1hl2 de ::: 2~ 121r IPn - Pml2 1g12 dO 

= IIgPn - gPmll~, 

and hence {Pnh }~I is a Cauchy sequence. Thus the sequence {Pnh }:!I converges 
to a function k in H2, and 

IIgk - hilI::: lim IIglb Ilk - Pnhlb + lim IIgPn - lib IIhll2 = o. 
n~oo n-+oo 

Therefore, gk = h and the proof is complete. -
6.23 Corollary. If gl and g2 are outer functions in H2 such that Igil = Ig21, then 
gl = )..g2 for some complex number of modulus one. 

Proof By the preceding result there exist functions h and kin H2 such that Ihl, 
Ikl ::: 1, gl = hg2, and g2 = kg l • This implies gl = khgJ, and by Theorem 6.13 
we have that kh = 1. Thus h = I, and hence both h and Ii are in H2. Therefore, 
h is constant by Corollary 6.7 and the result follows. -

The question of which nonnegative functions in L 2 can be the modulus of a 
function in H2 is interesting from several points of view. Although an elegant 
necessary and sufficient condition can be given, we obtain only those results that 
we need. Our first result shows the equivalence of this question to another. 

6.24 Theorem. If I is a function in L2(lr), then there exists an outer function 
g such that III = Igl a.e. if and only if clos[/~ +1 is a simply invariant subspace 
for Mx, • 

Proof If III = Igl for some outer function g, then 1= rpg for some unimodular 
function rp in Loo(1I). Then 

clos[f~ +1 = clos[cpg~ +1 = rp clos[g~ +1 = rpH2, 

and hence clos[f~ +1 is simply invariant. 

Conversely, if clos[fQJl +1 is simply invariant for M x, ' then there exists a unimod
ular function cp in LOO(T) by Theorem 6.9 such that clos[/QJl +1 = rpH2. Since f 
is in clos[/~ +], there must exist a function g in H2 such that f = rpg. The proof 
is concluded either by applying Proposition 6.21 to g or by showing that this g is 

outer. -

6.25 Corollary. If I is a function in L2(lr) such that III ::: B > 0, then there 
exists an outer function g such that Igl = III. 
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Proof If we set.M. = clos[f~ +], then MXI.M. is the closure of 

(fp : P E ~ +, p(O) = OJ. 

If we compute the distance from I to such an Ip, we find that 

1 127r 8 2 127r III - IplI~ = - 1/1211 - pl2 dO ::: - 11 - pl2 dO ::: 8 2, 
2rr 0 2rr 0 

and hence I is not in M XI.M.. Therefore,.M. is simply invariant and hence the outer 
function exists by the preceding theorem. -

We can also use the theorem to establish the following relation between 
functions in H2 and HI. 

6.26 Coronary. If I is a function in HI, then there exists g in H2 such that 
Igl2 = III a.e. 

Proof If I = 0, then take g = O. If I is a nonzero function in HI, then there 
exists h in L2 such that Ihl2 = III. It is sufficient in view of the theorem to show 
that clos[hQl> +J is a simply invariant subspace for Mxl • Suppose it is not. Then 
X-Nh is in clos[hQl> +J for N > 0, and hence there exists a sequence of analytic 
trigonometric polynomials {Pn}~1 such that 

lim IIPnh - X-Nhf = O. 
n-+oo 

Since 

II X-Nh - Pnh 112 = ~ 127r Ih2 X-2N - 2h2 PnX-N + h2 P; I dO 

1 f27r I 2 2 2 I = 2rr 10 h X-N - h (2pn - PnXN) dO 

= IIh2X_N -h2(2Pn - p;XN) II I ' 

we see that h2 X-N is in the closure, closl [h2~ +], of h2Q1> + in L I (lr). Since there 
exists a unimodular function rp such that I = rph2, we see that the function 
X-NI = rp(X_Nh2) is in rpclOSI[h2~+] = closl[/~+] £; HI for N > O. This 
implies I == 0, which is a contradiction. Thus clos[hQl> +1 is simply invariant and 
the proof is complete. _ 

6.27 Corollary. If I is a function in HI, then there exist functions gl and g2 in 
H2 such that Igd = Ig21 = (1/1)1/2 and I = glgz. 

Proof If g is an outer function such that Ig I = (I I D 1/2, then there exists a sequence 
of analytic trigonometric polynomials {Pn}~1 such that 

lim IIgPn - 1112 = O. 
n-+oo 
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Thus we have 

Illp; - Ip!111 ~ III(Pn - Pm)Pnlh + III(Pn - Pm)Pm II I 
~ IIgPnlb IIg(Pn - Pm)lb + IIgPmll2l1g(Pn - Pm)1I2' 

and hence the sequence {lp;}~1 is Cauchy in the Ll(lf) norm and therefore 
converges to some function rp in HI. Extracting a subsequence, if necessary, such 
that limn->OO (fp;) (e it ) = rp(eit ) a.e. and limn ..... oo(gpn)(eit ) = 1 a.e., we see that 
rpg2 = I. Since Ig21 = III a.e., we see that Irpl = 1 a.e., and thus the functions 
gl = rpg andg2 = g are in H2 and satisfy 1= glg2 and Igll = Ig21 = (1/1)1/2 .• 

6.28 Corollary. The closure of \!Jl + in L I (If) is HI. 

Proof If 1 is in HI, then 1 = glg2 with gl and g2 in H2. If {Pn}~1 and 
{qn}~1 are sequences of analytic trigonometric polynomials chosen such that 
limn ..... oo IIgl - Pn Ib = limn ..... oo IIg2 - qn Ib = 0, then {Pnqn}~1 is a sequence of 
analytic trigonometric polynomials such that limn ..... oo III - Pnqn III = O. • 

With this corollary we can determine the dual of the Banach space HI. Before 
stating this result we recall that Ht denotes the closed subspace 

{/EHP: 2~1'Dr IdB=O} of HP for p=I,2,oo. 

6.29 Theorem. There is a natural isometric isomorphism between (H I )* and 
LOO(lf)/ HOO· 

Proof Since H I is contained in Lex> (If), we obtain a contractive mapping \{I from 
LOO(lf) into (H I )* such that 

1 (2rr 
[\{I(rp)](f) = 2rr 10 rpl d() for rp in L OO(lf) and 1 in HI. 

Moreover, from the Hahn-Banach theorem and the characterization of LI(lf)*, 
it follows that given ct> in (H I )* there exists a funetion qJ in LOO(lf) such that 
IIrpllex> = 11<1>11 and \{I(rp) = <1>. Thus the mapping \{I is onto and induces an 
isometric isomorphism of Lex>(lf)/ker\{l onto (H I )*. 

We must determine the kernel of \{I. If rp is a function in ker \{I, then 

_1 ('Dr rpXn dB = [\{I(rp)](Xn) = 0 
2rr 10 for n:::: 0, 

since each Xn is in HI and hence rp is in HOO. Conversely, if rp lies in HOO, then 
[\{I(rp)](p) = 0 for each P in \!Jl +, and hence rp is in ker \{I by the prceeding 
corollary. • 

Although L I (If) can be shown not to be a dual space, the subspace HI is. 
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6.30 Theorem. There is a natural isometric isomorphism between (C(lf)/ A)* 

andHJ. 

Proof If qJ is a function in HJ, then the linear functional defined 

1 121r cf>(f) = - fqJ d() 
2rr 0 

for fin C(lf) 

is bounded and vanishes on A. Therefore, the mapping 

cf>o(f + A) = cf>(f) = _1 (21r fqJ d() 
2rr Jo 

is well defined on C(lf) / A and hence defines an element of (C(lf) / A)*. Moreover, 
the mapping 'I1(qJ) = cf>o is clearly a contractive homomorphism of HJ into 
(C(lf)/A)*. 

On the other hand, if cf>o is a bounded linear functional on C(lf)/ A, then the 
composition cf>o 0 rr , where rr is the natural homomorphism of C m onto C (If) / A, 
defines an element v of C(lf)* = M(lf) such that 

cf>o(f + A) = cf>(f) = 1r f dv for fin C(lf) 

and II v II = II cf>o II. Since this implies, in particular, that IT g d v = 0 for g in A, 
it follows from the F. and M. Riesz theorem that there exists a function qJ in HJ 
such that 

cf>o(f + A) = _1 (21r fqJ d() for f in C(lf) and IIqJlIl = IIvll = lIcf>oll. 
2rr Jo 

Therefore, the mapping '11 is an isometric isomorphism of HJ onto (C(lf)/ A)* .• 

6.31 Observe that the natural mapping i of C (If) / A into its second dual 
Loo(lf)/ Hoo (see Exercise 1.15) is i(f + A) = f + Hoo• Since the natural map 
is an isometry, it follows that i [C(lf) / A] is a closed subspace of L 00 (If) / H OO • 

Hence, the inverse image of this latter subspace under the natural homomorphism 
of Loo(lf) onto Loo(lf)/ H oo is closed, and therefore the linear span H oo + Cm 
is a closed subspace of L 00 (If). This proof that H oo + C (If) is closed is due to 
Sarason [97]. 

The subspace H oo + C (If) is actually an algebra and is just one of a large family 
of closed algebras which lie between H oo and L oo(lf). Much of the remainder 
of this chapter will be concerned with their study. We begin with the following 
approximation theorem. 

6.32 Theorem. The collection ~ of functions in L 00 (If) of the form 1/I'W for 1/1' 
in H oo and rp an inner function forms a dense subalgebra of Loom. 
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Proof That .2>. is an algebra follows from the identities 

and 

Since.2>. is a linear space and the simple step functions are dense in L 00 , to conclude 
that .2>. is dense in L 00 CO'") it suffices to show every characteristic function is in 
closoo [.2>.]. Thus let E be a measurable subset oflf and let f be a function in H2 
such that 

I it I {& if eit E E, fee ) = 
2 if eit f}. E. 

The existence of such a function follows from Corollary 6.25. Moreover, since f 
is bounded, it is in Hoo and consequently so is 1 + r for n > O. If 1 + r = rpngn 
is a factorization given by Proposition 6.21, where rpn is an inner and gn is 
an outer function, then Ignl = 11 + rl ~ ! and hence l/gn is in H OO by 
Proposition 6.20. Therefore, the function 1/(1 + r) = (1/gn}qin is in 22., and 
since limno+oo IIIE - 1/(1 + r)lIoo = 0, we see that h is in closoo[22.]. Thus, .2>. 
is dense in Loo(lf) by our previous remarks. • 

We next prove a certain uniqueness result. 

6.33 Theorem. (Gleason-Whitney) If <I> is a multiplicative linear functional on 
H oo and L 1 and L2 are positive linear functionals on L 00 (If) such that L 11 H OO = 
L21Hoo = <1>, then Ll = L2. 

Proof If u is a real-valued function in LOO(lf), then there exists an invertible 
function rp in H oo by Proposition 6.20 and Corollary 6.25 such that Irpl = eU • 

Since L 1 and L2 are positive, we have 

and 

Multiplying, we obtain 

1 = I <I>(rp) I 1<1> (~) I ~ Ll(eU)L2(e-U) 

and hence the function \II(t) = Ll(etU)L2(e-tU) defined for all real t has an 
absolute minimum at t = O. Since \II is a differentiable function of t by the 
linearity and continuity of Ll and L2, we obtain 



The Hardy Spaces 147 

Substituting t = 0 yields 0 = \11'(0) = Lt(u)L2(l) - Lt(1)L2(U), and hence 
Lt (u) = L2(U) which completes the proof. -

6.34 Theorem. If~ is a closed algebra satisfying H oo c ~ c LooCf), then the 
maximal ideal space M'l( of ~ is naturally homeomorphic to a subset of Moo. 

Proof If <1> is a multiplicative linear functional on ~, then <1> I Hoo is a multiplicative 
linear functional on H oo and hence we have a continuous natural map Tf from M'l( 
into Moo. Moreover, let <1>' denote any Hahn-Banach extension of <1> to Loo(ll"). 
Since L oo (1) is isometrically isomorphic to C(Mu"') by Theorem 2.64, <1>' is 
integration with respect to a Borel measure v on M u'" by the Riesz-Markov 
representation theorem (see Section 1.38). Since V(MLOO) = <1>'(1) = 1 = 
II <1>'11 = I v I (M LOO), the functional <1>' is positive and hence uniquely determined 
by <I> I Boo by the previous result. Therefore, the mapping Tf is one-to-one and hence 
a homeomorphism. -

Observe that the maximal ideal space for ~ contains the maximal ideal space for 
L 00 (11) and, in fact, as we indicate in the problems, the latter is the Silov boundary 
of~. 

We now introduce some concrete examples of algebras lying between BOO and 
Loo(lf). 

6.35 Definition. If I is a semigroup of inner functions containing the constant 
function 1, then the collection {Viq5: 1/1 E Boo, rp E I} is a sub algebra of L 00 (1) 
and the closure is denoted ~ ~. 

The argument that ~~ is an algebra is the same as was given in the proof of 
Theorem 6.32. 

We next observe that H oo + C(ll) is one of these algebras. 

6.36 Proposition. If I (X) denotes the semigroup of inner functions {Xn : n 2': O}, 
then ~~(x) = H oo + C(lf). 

Proof Since the linear span Hoo + CClf) is closed by Section 6.31, we have 
H oo + CClf) = closoo[Hoo + (i}>]. Lastly, since 

H oo + ~ = {1/IXn : 1/1 E H oo , n 2': OJ, 

the result follows. • 
The maximal ideal space of ~~ can be identified as a closed subset of Moo by 

Theorem 6.34. The following more abstract result will enable us to identify the 
subset. 
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6.37 Proposition. Let X be a compact Hausdorff space, ~ be a function algebra 
contained in C(X) with maximal ideal space M, and I be a semigroup of 
unimodular functions in ~. If ~l: is the algebra 

clos{1frqi: 1fr E ~,ep E I} 

and MJ. is the maximal ideal space of ~l:' then M!, can be identified with 

{m EM: 1~(m)1 = 1 forep E I}, 

where ~ denotes the Gelfand transform. 

Proof If \II is a multiplicative linear functional on ~!" then \III ~ is a multiplicative 
linear functional on ~, and hence 11(\11) = \III~ defines a continuous mapping 
from M!, into M. If \Ill and \112 are elements of M!, such that 11(\111) = 11(\112), then 
\IIll~ = \1121~. Further, for ep in I, we have 

\IIl@) = \Ill (~) = \Ill (ep)-l = "'2(ep)-1 = \112W> 

and thus \Ill = \112. Therefore. 11 is a homeomorphism of M!, into M. Moreover. 
since 1\II(ep)1 ~ lIepll = 1 and 

1 
I \II (ep) I = I\IIW>I ~ IIWII = 1, 

we have 1\II(ep)1 = 1 for \II in M!, and ep in I; therefore, the range of 11 is contained 
in 

{m EM: 1~(m)1 = 1 forep E I} 

and only the reverse inclusion remains. 

Let m be a point in M such that 1~(m)1 = 1 for every ep in I. If we define \II 

on {1/IW : 1/1 E ~,cp E I} such that \II(1/IW> = t(m)~(m). then \II can easily be 
shown to be multiplicative, and the inequality 

1\II(1frqJ)1 = It(m)II~(m)1 = It(m)1 ~ 111fr1l = 111/Iqill 

shows that \II can be extended to a multiplicative linear functional on ~!,. Since 
11(\11) = m, the proof is complete. -

6.38 Coronary. If I is a semigroup of inner functions, then the maximal ideal 
space M!, of ~l: can be identified with 

{m E Moo : 1~(m)1 = 1 for cP E I}. 

Proof Since Loo(lf) = C(X) for some compact Hausdorff space X, the result 

follows. -
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Using the Gleason-Whitney theorem we can determine the Gelfand transform 
in the following sense. 

6.39 Theorem. There is a homeomorphism TJ from Moo into the unit ball of the 
dual of Loo(ll") such that ~(m) = 1'/(m)(1/!) for 1/! in any algebra ~ lying between 
H oo and LOO(lf) and m in M~. 

Proof For m in Moo let TJ (m) denote the unique positive extension of m to L 00 (If) 
by Theorem 6.3 3. Since a multiplicative linear functional on ~ extends to a positive 
extension of m on Loo(lf), we have ~(m) = TJ(m)(1/!) for 1/! in ~. The only thing 
to prove is that TJ is a homeomorphism. Recall that the unit ball of LOO(lf)* is 
w*-compact. Thus if {malaeA is a net in Moo which converges to m, then any 
subnet of {TJ(ma)}aeA has a convergent subnet whose limit is a positive extension 
of m and hence equal to TJ(m). Therefore, TJ is continuous and hence an into 
homeomorphism. -

We now adopt the notation cp(m) = TJ(m)(qJ) for qJ in LOO(lf). The restriction 
cp IIG will be shown to agree with the classical harmonic extension of a function 
in L 00 (If) into the disk. We illustrate the usefulness of the preceding by proving 
the following result showing the unique position occupied by H oo + C(lf) in the 
hierarchy of subalgebras of L 00 (If). 

6.40 Corollary. If ~ is an algebra lying between H oo and L 00 (If), then either 
~ = H oo or ~ contains H oo + C(lf). 

Proof From Theorem 6.34 it follows that the maximal ideal space of ~ can be 
identified as a subset M~ of Moo. If the origin in IG isnotinM~, then Xl is invertible 
in ~(Xl =1= 0), and hence C(lr) is contained in ~, whence the result follows. Thus 
suppose the origin in [) is in M~. Since 

qJ -+ _1_1211" qJ dt 
21t: 0 

defines a pOSItIVe extension of evaluation at 0, it follows that cp(O) = 
(1 /21t:) 10211" qJ d t . If qJ is contained in ~ but not in H oo , then (1 /21t:) 10211" qJ Xn d t =1= 0 
for some n > 0, and hence 0 =1= q;;;, (0) = cp(O) Xn (0) = O. This contradiction 
completes the proof. -

One can also show that either MIJ1. is contained in Moo \IG or ~ = H oo• 
Before we can apply this to H oo + C(lr) we need the following lemma on 

factoring out zeros. 

6.41 Lemma. If qJ is in H OO and z is in IG such that cp(z) = 0, then there exists 1/! 
in H oo such that qJ = (Xl - z)1/!. 

Proof If () is in H oo , then qJ()(z) = cp(z)8(z) = o. If ()qJ = E:'o anXn is the 
orthonormal expansion of ()qJ viewed as an element of H2, then 
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00 

L anZn = &;p(z) = 0 
n=O 

by Section 6.15, and hence 

(ecp, 1 -\xJ = (~anxn' ~znxn) = ~anzn = O. 

Therefore, we have 

1 121< x,cp dLl ( X'qJ) 1 121< CPXk-' d - Xk 0 = Xk, = - t 
27r 0 1 - zx, 1 - ZX, 27r 0 1 - zX, 

= (Xk-'CP, 1_) = 0 
1- zx, 

for k = 1, 2, 3, ... , 

and hence thefunctionx,cp!(I-zX,) is in Boo. Thus setting 1/1 = X\cp!(I-ZXI), 
we obtain (Xl - z)1/I = q>. -

6.42 Corollary. The maximal ideal space of BOO + C(ln can be identified with 
Moo \[D. 

Proof From Proposition 6.36 and Corollary 6.38, we have 

MW"'+C(T) = {m E Moo : Ix,(m)1 = I}. 

It remains to show that this latter set is Moo \[D. Let m be in Moo such that 
Ix,(m)1 < 1 and set XI(m) = z. If cP is in BOO, then cP - ~(z)l vanishes at 
z, and hence by the preceding lemma we have cP - ~(z)1 = (Xl - z)1/I for some 
1/1 in BOO. Evaluating at m in Moo, we have 

~(m) - ~(z) = (x,(m) - z)~(z) = 0, 

and hence ~(m) = ~(z). Therefore, m = z and the proof is complete. -

In the next chapter we shall be interested in determining when functions in 
BOO + C(ln are invertible. From this point of view, the preceding result seems 
somewhat unfortunate since the only portion of the maximal ideal space of BOO 
over which we have some control, namely [D, has disappeared. We shall show, 
however, that the question of invertibility of functions in BOO + C elf) can be 
answered by considering the harmonic extension of the function on [D. Our 
motivation for introducing the harmonic extension is quite different from that 
considered classically. We begin by determining a more explicit representation for 
~ on [D. 

6.43 Lemma. If z = re iiJ is in [D and cP in Loo(l!), then 
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where 
1 - r2 

kr (t) = 1 _ 2r cos t + r2 and 1 121r an = - fPX-n dt. 
2rr 0 

Moreover, II~ 1100 ::: IIfPll oo • 

Proof The function kr is positive and continuous; moreover, since 

it follows that 

1 121r IIkrlll = - kr(t) dt = 1. 
2rr 0 

Therefore, we have 

Lastly, since iJ(z) = 2::::-00 anrlnlein8 where z = rei8 , for fP in H oo it follows 
that this defines a positive extension of evaluation at z. The uniqueness of the latter 
by the Gleason-Whitney theorem completes the proof. -

6.44 Lemma. The mapping from H oo + C(lr) to C(O]) defined by fP ~ iJ/[b is 
asymptotically multiplicative, that is, for fP and 1{! in H oo + C elf) and E > 0, there 
exists K compact in [b such that 

I~(z)t(z) - #(z)1 < E for z in [b\K. 

Proof Since H oo + C(lf) = clos[Un>OX_nHooJ, it is sufficient to establish the 
result for functions of the form X n fP fo~ fP in H oo• If fP = 2::'0 an Xn is the Fourier 
expansion of fP, then for z = re it , we have 

I~(z) - X-n(z)iJ(z)1 

:5 ~ 1'"-"' - ,'+"1 laM (,~ - ... nt., am L 
Thus,if/l-r/ < a, then l(x-nfP)(Z) - X-N~(z)1 < E. 

Since for fPI and fP2 in H OO and z in [b, we have 

I~(z)~(z) - (X-n-mfPlfP2)(Z) I 
::: I(X-nfPl)(Z)(X-mfP2)(Z) - X-n(Z)iJl(Z)X-m(z)~(z)1 
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+ IX-n(Z)(,Ol(Z)X-m(Z)~(Z) - X-n-m(z)~(z)1 

+ IX-n-m(Z)~(Z) - (X-n-m~l~)(z)l, 

the result follows. • 
An abstract proof could have been given for the preceding lemma, where the 

compact set K is replaced by a set (z E 11) : IXl (z) I 5 1-a}. Moreover, a similar 
result holds for the algebras ~I and can be used to state an invertibiIity criteria 
for functions in ~I in terms of their harmonic extension on II) (see [30], [31]). 

6.45 Theorem. If ~ is in H oo + C(lr), then ~ is invertible if and only if there 
exist a, 8 > 0 such that 

1(,O(reit ) I ~ B for 1 - a < r < 1. 

Proof Using the preceding lemma for 8 > 0 there exists 8 > 0 such that for 
1 - a < r < 1, we have 

whence the implication follows one way if B is chosen sufficiently small. 

Conversely, let ~ be a function in BOO + C(lf) such that 

for l-o<r<l. 

Choose l/I in BOO and an integer N such that U~ - X-Nl/IU oo < 8/3. Then there 
exists al > 0 such that for 1 - al < r < 1, we have 

IX-:;l/I(reit ) - X_N(reil),fr(reit)1 < i' 
Therefore, for 1 - 01 < r < 1 we have using Lemma 6.43 that 

I
ON ON A ° I 28 

(,O(re ll ) - r e-I 'l/I(re ll ) < 3' 

and hence l,fr(reil )I ~ B/3 if we also assume r > 1 - a. Let Zl, ..• , ZN be the 

zeros of the analytic function ,fr(z) on II) counting multiplicities. (Since ,fr(z) is 
not zero near the boundary, the number is finite.) Using Lemma 6.41 repeatedly 
we can find a function () in BOO such that l/I = p(), where 

p = (Xl - Zl)(Xl - Z2) ... (Xl - Zn). 

Since ,fr = pe, we conclude that e does not vanish on II) and is bounded away 
from zero in a neighborhood of the boundary. Therefore, () is invertible in BOO by 
Theorem 6.18. Since p is invertible in Cell") and l/I = p(), it follows that X-Nl/I is 
invertible in BOO + C(T). 
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Lastly, since limr ..... 1- IIcp - CPr Ib = 0, where CPr (eit ) = rP(reit ), we have Icp(eit ) I ~ 
8 a.e., and hence I(X-NVr)(eit)1 ~ 28/3 a.e. Therefore, 

3 
II (X_NVr)-l II < 28 

and hence cP is invertible in WXJ + C(lr) by Proposition 2.7. • 
We conclude this chapter by showing that the harmonic extension of a contin

uous function on lr solves the classical Dirichlet problem. 

6.46 Theorem. If cP is a continuous function on lr, then the function iP defined 
on the closed disk to be rP on [) and cp on 8[D = lr is continuous. 

Proof If P is a trigonometric polynomial, then the result is obvious. If cp is a 
continuous function on lr and {Pn}:!l is a sequence of trigonometric 
polynomials such that limn ..... oo IIcp - Pn II = 0, then limn-->oo lIiP - Pn II = 0, 
since liP(z) - Pn(z)1 ::s IIcp - Pnlloo by Lemma 6.43. Therefore, iP is contin
uous on [D. • 

Notes 
The classical literature on analytic functions in the Hardy spaces is quite extensive and 

no attempt will be made to summarize it here. Some of the earliest and most important 
results are due to F. Riesz [90] and F. and M. Riesz [91]. The proofs we have presented are, 
however, quite different from the classical proofs and stem largely from the work of Helson 
and Lowdenslager [62]. The best references on this subject are the books of Hoffman [66] 
and Duren [39]; in addition, the books of Helson [61] and Gamelin [40] should be mentioned. 

As we suggested in the text. the interest of the functional analyst in the Hardy spaces is 
due largely to Beurling [6], who pointed out their role in the study of the unilateral shift. The 
F. and M. Riesz theorem occurs in [91], but our proof stems from ideas of Lowdenslager 
(unpublished) and Sarason [99]. Besides the work of Helson and Lowdenslager already 
mentioned, the study of the unilateral shift was extended by Lax [75]. [76], Halmos [56]. 
and more recently by Helson [61] and Sz.-Nagy and Foi~ [107]. 

The study of H oo as a Banach algebra largely began in [100] and the deepest result that 
has been obtained is the corona theorem of Carles on [14]. [15]. 

The material covered in Theorem 6.24 is closely connected with what is called prediction 
theory (see [54]). The algebra H oo + CeO'") first occurred in a problem in prediction theory 
[63] and most of the results presented here are due to Sarason [97]. The study of the algebras 
between H oo and LOO(T) was suggested to the author [31] in studying the invertibility 
question for Toeplitz operators. Theorem 6.32 is taken from [34] in which it is shown that 
quotients of inner functions are uniformly dense in the measurable unimodular functions. 
The Gleason-Whitney theorem is in [43]. The role of the harmonic extension in discussing 
the invertibility of functions in H OO + C(T) is established in [30]. 

Exercises 

6.1 If ({J and 1/1 are unimodular functions in LOO(T). then ({JH2 = 1/IH2 if and only if 
({J = A 1/1 for some A in C. 

Definition A function f in H I is an outer function if closl [f<!i' +] = HI. 
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6.2 A function f in HI is outer if and only if it is the product of two outer functions in 
H2. 

6.3 A closed subspace M of HI satisfies XIM C M if and only if M = qJHI for some 
inner function qJ. State and prove the corresponding criteria for subspaces of L I (T).* 

6.4 If f is a function in HI, then f = rpg for some inner function qJ and outer function g 
inHI. 

6.5 Iff is a nonzero function in HI, then the set {eil E T: f(fI') = O} has measure zero. 

6.6 An analytic polynomial is an outer function in either H I or H2 if and only if it does 
not vanish on the interior of D. 

6.7 Show that rotation on D induces a natural representation of the circle group in 
Aut(HOO ) C Hom(Moo). Show that the orbit of a point in Moo under this group 
of homeomorphisms is closed if and only if it lies in D.· 

Definition If XI is the Gelfand transform of XI on Moo, then the fiber F},. of Moo over A in 
T is defined by F},. = {m E Moo : XI (m) = A}. 

6.8 The fibers F},. of Moo are compact and homeomorphic. 

6.9 If rp is in H oo and A is in T, then iP is bounded away from zero on a neighborhood of 
A in {A} U D if and only if iP does not vanish on F},.. 

6.10 If rp is in Hoo and fl is in the range of iP I F},. for some A in T, then there exists a sequence 
{znl:'1 in D such that limn->oo Zn = A and limn->oo iP(Zn) = fl. 

6.11 Show that the density of D in Moo is equivalent to the following statement: For 
qJl, 'Pl, ... , qJN in Hoo satisfying L~I liPi(Z)1 ~ e for Z in D, there exist 

1/11,1/12, ... , 1/IN in Hoo such that L~I rpi1/li = 1. Prove this statement under the 
additional assumption that the -;Pi are in Hoo + C(T). 

6.12 If~ is a closed algebra satisfying H oo C ~ c LOO(T), then the maximal ideal space 
of L 00 is naturally embedded in M~, as the Silov boundary of~. 

6.13 (Newman) Show that the closure of D in Moo contains the Silov boundary. 

Definition An isometry U on the Hilbert space 'Je is pure if nn?oUn'Je = to}. The 
multiplicity of U is dim ker U· . 

6.14 A pure isometry of multiplicity one is unitarily equivalent to Tx, on H2. 

6.15 A pure isometry of multiplicity N is unitarily equivalent to LI<i<N EBTx, on 
2 --

LI::Si::SNEBH. 

6.16 (von Neumann-Wold) If U is an isometry on the Hilbert space 'Je, then 'Je = 'Jel , EB'Je2 
such that 'Je l and 'Je2 reduce U, UI'Je1 is a pure isometry. and UI'Je2 is unitary. 

6.17 If U is an isometry on the Hilbert space 'Je, then there exists a unitary operator W on 
a Hilbert space ':JC containing 'Je such that W'Je c 'Je and W 1'Je = U. 

6.18 (Sz.-Nagy) If T is a contraction on the Hilbert space 'Je, then there exists a unitary 
operator W on a Hilbert space ':JC containing 'Je such that TN = ~WNI'Je for N in 
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Z+. (Hint: Choose operators B and C such that (~ ~) is a coisometry and then apply 
the previous result to the adjoint.) 

6.19 (von Neumann) If T is a contraction on the Hilbert space 'le, then the mapping defined 
\II (p) = peT) for each analytic polynomial p extends to a contractive homomorphism 
from the disk algebra to 2(m. (Hint: Use the preceding exercise.) 

6.20 Show that the w*-topology on the unit ball of Loo(f) coincides with the topology 
of uniform convergence of the harmonic extensions on compact subsets of D. (Hint: 
Evaluation at a point of 0 is a w* -continuous functional.) 

6.21 If I is a function in HI and Ir(ei ') = i(rei') for 0 < r < 1 and eil in T, then 
limr~1 III - Irllt = O. (Hint: Imitate the proof of Theorem 6.46.) 

6.22 If I is a function in L I (f) for which 

2~ 1'br I(i') dt = 0 and F(t) = L~ l(ei8 ) d9, 

then the harmonic extension i satisfies 

i(rei8 ) = -21 1" kr (t)F(9 - t) dt, 
1r _" 

where 
1- r2 

kr(t) = 2 • 
1 +r -2rcost 

(Hint: Observe that 

A·8 1 1" I(re' ) = - kr (9 - t) dF(t), 
2lr _" 

and use integration by parts.) 

6.23 (Fatou) If I is a function in LI(T) and i is its harmonic extension of I to 0, then 
limr~1 i(rei ') = I(ei') a.e.* (Hint: Show that 

j{rei8 ) = -.!...1" [-tkr(t)] {F(9 + t) - F(9 - t)} dt 
2lr _" 2t 

and that limr-+I i(rei8 ) exists and is equal to F'(O), whenever the latter derivative 
exists.) 

6.24 If rp is a function in Hoo and IjJ is its Gelfand transform on Moo, then IIjJ I is subharmonic, 

that is, if -if, is the harmonic extension of a bounded real-valued function to Moo such 
that.." ~ Irpl on T, then -if, ~ IIjJI on Moo. 

6.25 A function I in HI is an outer function if and only if the inequality III ~ Igl on T 

implies Iii ~ Iii on Moo for every g in HI. 

6.26 (Jensen's Inequality) If I is a function in HI, then 

log li(O) I ::: 2~ 1'br log I/(eil ) I dt.* 

(Hint: Assume that I is in A and approximate 10g(1/1 + s) by the real part u of a 

function g in A; show that log li(O)I- u(O) < e and let e tend to zero.) 
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6.27 (Kolmogorv-Krein) If J.L is a positive measure on T and J.La is the absolutely continuous 
part of J.L, then 

inf {II - 112 dJ.L = inf {11- 112 dJ.La.* 
leAo 1T leAo 1T 

(Hint: Show that if F is the projection of 1 onto the closure of Ao in L2(J.L), then 
1 - F = 0 a.e. J.L .. where J.Ls is the singular part of J.L.) 

6.28 A function I in H2 is outer if and only if 

inf -21 rr 11 _ hl2 1/12 dB = 1/(0)12.* 
heAo rr 10 

(Hint: Show that I is outer if and only if 1 - /(0)/1 is the projection of I on the 
closure of Ao in L2(1/12 dB).) 

6.29 (Szegb) If J.L is a positive measure on T, then 

inf {II - 112 dJ.L = exp (~ (21r logh dB), 
leAo Jr 2rr 10 

where h is the Radon-Nikodym derivative of J.L with respect to Lebesgue measure.* 
(Hint: Use Exercise 6.27 to reduce it to J.L of the form w d(J; use the geometric
arithmetic mean inequality for one direction and reduce to the case Ih 12 dB for h an 
outer function in the other.) 

6.30 If ~ is a closed algebra satisfying H OO C ~ C L 00 (T), then ~ is generated by Hoo 
together with the unimodular functions u for which both u and Ii are in ~. (Hint: If I 
is in ~, then I + 211 III = ug, where u is unimodular and g is outer.) 

6.31 If r is a group of unimodular functions in L 00 (T), then the maximal ideal space Mr 
of the subalgebra ~r of Loo(T) generated by H OO and r can be identified by 

Mr = (m E Moo: lit(m)1 = I foru E rl. 

6.32 Is every ~r of the form ~I for some semigroup I of inner functions?·*1 

6.33 Show that the closure of Hoo + Ir" is not equal to Loo(T).* (Hint: If arg z were in 
the closure of H oo + If"', then there would exist rp in Hoo such that ze'" would be 
invertible in Hoo.) 

6.34 If m is in FJ.. and J.L is the unique positive measure on Mu'" such that 

,p(m) = 1 ,p dJ.L for rp in L OO(T), 
MI."" 

then J.L is supported on Mu>o n FJ...* (Hint: Show that the maximum of l,pl on FJ.. is 
achieved on MLoo n FJ.. for rp in Hoo.) 

6.35 If rp is a continuous function and 1/f is a function in Loo(T), then ~ and ,pt are 
asymptotically equal on D and equal on Moo \D. 

I Algebras of the form ~I were called "Douglas algebras" by Sarason, who obtained many interesting 
results about them [Function Theory on the Unit Circle, Vrrginia Poly. Inst. and Slate Univ., Blacksburg, 
Vrrginia (1979)]. S.-Y. Chang [A characterization of Douglas subalgebras, Acta. Math. 137, 81-89 
(1976)] and D.E. Marshall [Subalgebras of LOQ containing HOQ, Acta. Math. 137,91-98 (1976)] 
together have shown that every algebra between HOQ and L 00 is of this form. 
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6.36 If rp is a function in V"'(l), then the linear functional on HI defined by Lf = 
(l/2rr) 1021< frp dO is continuous in the w*-topology on HI if and only if rp is in 
WJO + CrT). 

6.37 Show that the collection PC of right-continuous functions on T possessing a limit 
from the left at every point of T is a unifonnly closed self-adjoint subalgebra of 
LOO(T). Show that the piecewise continuous functions fonn a dense subalgebra of 
PC. Show that the maximal ideal space of PC can be identified with two copies 
of T given an exotic topology. 

6.38 If rp is a function in PC, then the range of the hannonic extension of rp on F}. is the 
closed line segment joining the limits of rp from the left and right at A. 

6.39 Show that QC = [HOO + c(r)) n [HOO + C(T)] is a unifonnly closed self-adjoint 
subalgebra of L 00 (T) which properly contains C (If). Show that every inner function 
in QC is continuous but that QC n H oo :f:. A.* (Hint: There exists a real function rp 

'in C(T) not in ReA; if 1/1 is a real function in L2(l) such that rp + i1/l is in H2 then 
e",+il/l is in H oo and eil/l is in QC.) 

6.4{) Ifu is a unimodular function in QC, then lui = Ion Moo\D. Is the converse true?**2 

6.41 Show that Moo \ D is the maximal ideal space of the algebra generated by Hoo and the 
functions u in LOO(T) for which lui has a continuous extension to D. Is this algebra 
H oo + C(T)?··2 

6.42 Show that PC n QC = C(T). (Hint: Consider the unimodular functions in the 
intersection and use Exercises 6.38 and 6.4{),) 

6.43 Show that there is a natural isometric isomorphism between HOO and (L I (1)/ Hoi) •• 
Show that the analytic trigonometric polynomials ~ + are w· -dense in Hoo. 

2 Samson [Functions of vanishing mean oscillation. Trans. Amer. Math. Soc. 200. 391-405 (1975)] 
showed that QC consists of the functions in LaO having vanishing mean oscillation, the "little-o" 
analogue of bounded mean oscillation introduced earlier by Kohn and Nirenberg. This characterization 
enabled him to answer both questions affinnatively. 



Chapter 7 

Toeplitz Operators 

7.1 Despite considerable effort there are few classes of operators on Hilbert space 
which one can declare are fully understood. Except for the self-adjoint operators 
and a few other examples, very little is known about the detailed structure of any 
class of operators. In fact, in most cases even the appropriate questions are not 
clear. In this chapter we study a class of operators about which much is known 
and even more remains to be known. Although the results we obtain would seem 
to fully justify their study, the occurrence of this class of operators in other areas 
of mathematics suggests they play a larger role in operator theory than would at 
first be obvious. 

We begin with the definition of this class of operators. 

7.2 Definition. Let P be the projection of L2(1) onto H2. For qJ in Loo(U) the 
Toeplitz operator Tip on H2 is defined by T",J = P(qJf) for J in H2. 

7.3 The original context in which Toeplitz operators were studied was not that of 
the Hardy spaces but rather as operators on [2 (L\). Consider the orthonormal basis 
{Xn : n E Z+} for H2, and the matrix for a Toeplitz operator with respect to it. If 
qJ is a function in L 00(1) with Fourier coefficients iP(n) = (l/21Z') Jo2:n: qJX-n dt, 
then the matrix {am,nlm,nel+ for T", with respect to {Xn : n E Z+l is 

am n = (T,nXn. Xm) = _1_ (21r qJXn-m dt = iP(m - n). 
,,. 21Z' 10 

Thus the matrix for Tip, is constant on diagonals; such a matrix is called a Toeplitz 
matrix, and it can be shown that if the matrix defines a bounded operator, then its 
diagonal entries are the Fourier coefficients of a function in Loo(ll") (see [11]). 

We begin our study of Tooplitz operators by considering some elementary 
properties of the mapping ~ from Loo(1) to l!,(H2) defined by ~(qJ) = Tip. 

158 
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7.4 Proposition. The mapping ~ is a contractive *-linear mapping from L 00(11) 
into£(H2). 

Proof That ~ is contractive and linear is obvious. To show that ~(qJ)* = ~(9'}), let 
1 and g be in H2. Then we have 

(TiPI, g) = (P(9'}f), g) = (f, qJg) = (t, P(qJg») = (f, Trpg) = (T; I, g), 

and hence ~(qJ)* = T; = Trp = ~(9'}). -
The mapping ~ is not multiplicative, and hence ~ is not a homomorphism. We 

see later that ~ is actually an isometric cross section for a * -homomorphism from 
the C*_algebra generated by {Trp : qJ E L OO(1I)} onto L OO(1I), that is, if a is the 
*_homomorphism, then a 0 ~ is the identity on Loo(ll"). 

In special cases, ~ is multiplicative, and this will be important in what follows. 

7.5 Proposition. If qJ is in £ClO(lr) and 1/1 and ij are functions in Hoo , then 
TrpT", = Trp", and T9Trp = T9rp. 

Proof If 1 is in H2, then 1/11 is in H2 by Proposition 6.2 and hence T",I = 
P(1/If) = 1/11· Thus 

TrpT",f = Trp(1/If) = P(qJ1/If) = Trp",1 and TrpT", = Trp",. 

Taking adjoints reduces the second part to the first. -
The converse of this proposition is also true [11] but will not be needed in what 

follows. 
Next we consider a basic result which will enable us to show that ~ is an 

isometry. 

7.6 Proposition. If qJ is a function in L 00 (lr) such that Trp is invertible, then qJ is 
invertible in L 00 (1). 

Proof Using Corollary 4.24 it is sufficient to show that Mtp is an invertible operator 
if Ttp is. If Ttp is invertible, then there exists s > 0 such that "Ttp 1 II ::: sill II for 1 
in H2. Thus for each n in lL and 1 in H2, we have 

Since the collection of functions {Xnl : 1 E H2, nElL} is dense in L2(1), it 
follows that IIMtpgll ::: s IIgll for gin L2(lr). Similarly, IIMrpili ::: s 11111, since 
Trp = T; is also invertible, and thus Mrp is invertible by Corollary 4.9, which 
completes the proof. -

As a corollary we obtain the spectral inclusion theorem. 
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7.7 Corollary. (Hartman-Wintner) If qJ is in LOO(lf), then ffi(qJ) = u(Mrp) C 
u(Trp). 

Proof Since Trp - J... = Trp-J.. for J... in C, we see by the preceding proposition that 
u(Mrp) C u(T",). Since the identity ffi(qJ) = u(Mrp) was established in Corollary 
4.24, the proof is complete. -

This result enables us to complete the elementary properties of ~ . 

7.S Corollary. The mapping ~ is an isometry from LOO(lf) into E(H2). 

Proof Using Proposition 2.28 and Corollaries 4.24 and 7.7, we have for f/J in 
L 00 (If) that 

ilf/Jiloo ?: II T", II ?: r(Trp) = sup{IJ...1 : J... E u(Trp)} 

?: sup{lJ...1 : J... E ffi(f/J)} = ilf/Jiloo , 

and hence g is isometric. -
7.9 Certain additional properties of the correspondence are now obvious. If Trp is 
quasinilpotent, then ffi(f/J) C u(T",) = {OJ, and hence T", = O. If T", is self-adjoint, 
then ffi(f/J) C u(Trp) C IR and hence f/J is a real-valued function. 

We now exhibit the homomorphism for which g is a cross section. 

7.10 Definition. If S is a subset of LOO(lf), then ~(S) is the smallest closed 
sub algebra of E(H2) containing {Trp : f/J E S}. 

7.11 Theorem. If Q: is the commutator ideal in ~(LOO(lf»), then the mapping 
gc induced from LOO(lf) to ~(LOO(lf»)/Q: by g is a *-isometric isomorphism. Thus 
there is a short exact sequence 

(0) ~ Q: ~ ~(LOO(lf») ~ V'O(lf) ~ (0) 

for which g is an isometric cross section. 

Proof The mapping ~c is obviously linear and contractive. To show that gc is 
multiplicative, observe for inner functions f/JI and fP2 and functions '1/11 and '1/12 in 
H oo , that we have 

= T;. (T",. T~ - T",.~,JT"'2 

= T;.(T",.T~ - T~T",.)T"'2' 

Since T "'. T~ - T~ T "'. is a commutator and Q: is an ideal, it follows that the latter 
operator lies in Q:. Thus gc is mUltiplicative on the sub algebra 
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2l = {1/IiJ : 1/1 E H oo , ({J an inner function) 

of LOO(ll) and the density of 2l in Loo(ll) by Theorem 6.32 implies that gc is a 
• -homomorphism. 

To complete the proof we show that liT" + K II ::: II T" I for ({J in L 00 (If) and K in 
~ and hence that gc is an isometry. A dense subset of operators in [ can be written 
in the form 

where Ai is in X(Loo(ll), the functions ({Ji, ({J;, and fJij are inner functions, the 
functions 1/Ii, "";, and (Xij are in H oo , and square brackets denote commutator. If 
we set 

n,m 

9 = IT fJij({Ji({J;, 
i=1 
j=1 

then 9 is an inner function and K (9 f) = 0 for ! in H2. 

Fix E > 0 and let ! be a function in H2 chosen such that II! II = I and 
IIT",!II ::: IIT",II- E. If({J! = gl + g2, where gl is in H2, and g2 is orthogonal to 
H2, then since 9 is inner we have that 9g1 is in H2 and orthogonal to 9 g2. Thus 

I(T", + K)(9f) II = IIT,,(9f)1I = IIP«{J9f)1I 

::: 119gtil = IIgIII = IIT",!II::: IIT\OII-E, 

and therefore II T", + K II ::: II T" II, which completes the proof. • 
A direct proof of this result which avoids Theorem 6.32 can be given based on 

a theorem due to Bunce [12]. In this case the spectral inclusion theorem is then a 
corollary. 

The C· -algebra :it ( L 00 (If» is a very interesting one; the preceding result shows 
that its study largely reduces to that of the commutator ideal ~ about which very 
little is known. We can show that ~ contains the compact operators, from which 
several important corollaries follow. 

7.12 Proposition. The commutator ideal in the C· -algebra :it ( C (If)) is 2[( H2). 
Moreover, the commutator ideal of:it(Loo(1f) contains 2~(H2). 

Proof Since the operator TXI is the unilateral shift, we see that the commutator ideal 
of :it ( C (ll) contains the nonzero rank one operator T;I TXI - TXI T;I' Moreover, 
the algebra :it(C(If») is irreducible since TXI has no proper reducing subspaces by 
Beurling's theorem. Therefore, :it ( C(ll)) contains 2~(H2) by Theorem 5.39. 
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Lastly, since the image of Tx, in 5t( C(1) 112(£(H2) is normal and generates this 
algebra, it follows that 5t(C(lI))/2(£(H ) is commutative, and hence 2(£(H2) 
contains the commutator ideal of 5t ( C (lI) ). To complete the identification of 
2(£(H2) as the commutatorideal in 5t( C (II"»), it is sufficient to show that 2(£(H2) 

contains no proper closed ideal. If ~ were such an ideal, then it would contain a self
adjoint compact operator H. Multiplying H by the projection onto the subspace 
spanned by a nonzero eigenvector, we obtain a rank one projection in ~. Now the 
argument used in the last paragraph of the proof of Theorem 5.39 can be applied, 
and hence 2(£(H2 ) is the commutator ideal in 5t(C(ll")). Obviously, 2(£(H2 ) is 
contained in the commutator ideal of 5t ( L 00 (1)). -

7.13 Corollary. There exists a * -homomorphism t; from the quotient algebra 
5t(LOO(11"))/E~(H2) onto LOO (1) such that the diagram 

5t(LOOCII») ~ 5t(LOO (1f))/E(£(H2) 

~LOO(1)Y 
commutes. 

Proof Immediate from Theorem 7.11 and the preceding proposition. -

7.14 Corollary. If 'P is a function in L 00 (II") such that Trp is a Fredholm operator, 
then'P is invertible in LOO(1). 

Proof If Trp is a Fredholm operator, then n(Trp) is invertible in 

5t(L 00(1) )/Eij;(H2) 

by Definition 5.14, and hence 'P = (I; 0 n)(Trp) is invertible in Loo(1"). -

7.15 Certain other results follow from this circle of ideas. In particular, it follows 
from Corollary 7.13 that II Trp + K \I ~ \I Trp \I for'P in LOO (1) and K in Eij;(H2 ), 

and hence the only compact Toeplitz operator is O. 
Let us consider again the Toeplitz operator Tx, . Since the spectrum of Tx, is 

the closed unit disk we see, in general, that the spectrum of a Toeplitz operator 
Trp is larger than the essential range of its symbol 'P. It is this phenomenon which 
shall largely concern us. In particular, we are interested in determining criteria for 
a Toeplitz operator to be invertible and, in addition, for obtaining the spectrum. 
The deepest and perhaps the most striking result along these lines is due to Widom 
and states that the spectrum of a Toeplitz operator is a connected subset of C. This 
will be proved at the end of this chapter. 

We now show that the spectrum of a Toeplitz operator cannot be too much 
larger than the essential range of its symbol. We begin by recalling an elementary 
definition and lemma concerning convex sets. 
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7.16 Definition. If E is a subset of C, then the closed convex hull of E, denoted 
h(E), is the intersection of all closed convex subsets ofC which contain E. 

7.17 Lemma. If E is a subset of C, then h (E) is the intersection of the open half 
planes which contain E. 

Proof Elementary plane geometry. -
The lemma and the following result combine to show that u(Tep) is contained 

in h(ffi.(qI»). 

7.18 Proposition. If qI is an invertible function in L OO(IJ) whose essential range 
is contained in the open right half-plane, then Tep is invertible. 

Proof If fl. denotes the subset {z E C : I z - 11 < I} then there exists an e > 0 
such that effi.(qI) = fez : z E ffi.(qI)} C fl.. Hence we have lIeql- 111 < 1 which 
implies III - Teepll < 1 by Corollary 7.8, and thus Teep = eTep is invertible by 
Proposition 2.5. -

7.19 Corollary. (Brown-HaImos) If qI is a function in LOO(lr), then u(Tep) C 

h(ffi.(qI»). 

Proof By virtue of Lemma 7.17 it is sufficient to show that every open half-plane 
containing ffi.(qI) also contains u(Tep). This follows from the proposition after a 
translation and rotation of the open half-plane to coincide with the open right 
half-plane. -

We now obtain various results on the invertibility and spectrum of certain classes 
of Toeplitz operators. We begin with the self-adjoint operators. 

7.20 Theorem. (Hartman-Wintner) If qI is a real-valued function in LOO(lJ), 
then 

u(Tep) = [essinfql, ess SUPql]. 

Proof Since the spectrum of Tep is real it is sufficient to show that Tep -). invertible 
implies that either qI - ). ::: 0 for almost all eit in T or qI - ). ~ 0 for almost all 
eit in T. If Tep - ). is invertible for). real, then there exists g in H2 such that 
(Tep - ).)g = 1. Thus there exists h in HJ such that (qI - ).)g = 1 + ii. Since 
(qI-).)g = l+h is in H2, we have (qI-).) Igl2 = (1 +h)g isinH1, and therefore 
(qI - ).) Igl2 = ex for some ex in IR by Corollary 6.6. Since g f. 0 ae. by the F. and 
M. Riesz theorem, it follows that qI - ). has the sign of ex and the result follows. -

Actually much more is known about the self-adjoint Toeplitz operators. In par
ticular, a spectral resolution is known for such operators up to unitary equivalence 
(see Ismagilov [68], Rosenblum [94], and Pincus [86]). 
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The Toeplitz operators with analytic symbol are particularly amenable to study. 
If ({J is in Hoo. then the operator T~ is the restriction of the normal operator M~ 
on L 2 CID to the invariant subspace H2 and hence is what is called a subnormal 
operator. 

7.21 Theorem. (Wintner) If ({J is a function in Hoo. then T~ is invertible if and 
only if ({J is invertible in H oo• Moreover, if /p is the Gelfand transform of ({J, then 
a(TV') = clos[/P(D)]. 

Proof If ({J is invertible in H oo• then there exists t/I in H oo such that ({Jt/I = 1. 
Hence 1= T",TV' = TV'T", by Proposition 7.5. Conversely. if T~ is invertible, then 
({J is invertible in Loo(ID by Proposition 7.6. If t/I is 1/({J, then T",T~ = T",~ = I 
by Proposition 7.5. and hence T", is a left inverse for T~. Thus T." = TV'-I and 
therefore 1 = TV' T", 1 = ({J P (t/I). Multiplying both sides by 1/ ({J = t/I. we obtain 
P( t/I) = t/I implying that t/I is in H oo and completing the proof that ({J is invertible 
in Hoo. The fact that a(T~) = clos[/P([)] follows from Theorem 6.18. • 

This result yields especially nice answers for analytic rp to the questions of 
when T~ is invertible and what its spectrum is. It is answers along these lines that 
we seek to determine for more general symbols. We next investigate the Toeplitz 
operators with continuous symbol and find in this case that an additional ingredient 
of a different nature enters into the answer. Our results on these operators depend 
on an analysis of the C* -algebra ~ ( C (tr) ). 

We begin by showing the ~ is almost multiplicative if the symbol of one of the 
factors is continuous. 

7.22 Proposition. If rp is in C(T) and t/I is in Loo(T). then T~T", - TV'", and 
T." T~ - T "'~ are compact. 

Proof If t/I is in L 00 (T) and f is in H2, then 

T",Tx_.t = T",P(x-d) = PM",(x-d - (f. 1)x-I) 

= P{t/lx-d) - (f, I)P(t/lX-l) 

= T",x_.t - (f. l)P(t/lX-l). 

and hence T",Tx_l - T"'X_l is an at most rank one operator. 

Suppose T."TX_n - T"'X_n has been shown to be compact for every t/I in Loo(ll) 
and - N ::: n < O. Then we have 

T",TX_N_1 - T"'X_N_l = (T",Tx_N - T"'X_N)Tx_1 + (T"'X_NTX_l - T("'X-N)X-l) 

andhenceiscompact.SinceT",TXn = T",Xn forn ~ Oby Proposition 7.5, it follows 
that T", Tp - T",p is compact for every trigonometric polynomial p. The density of 
the trigonometric polynomials in C ("f)and the fact that ~ is isometric complete the 
proof that T '" T~ - T "'V' is compact for t/I in L 00 ("f) and rp in C (tr). Lastly. since 



Toeplitz Operators 165 

we see that this operator is also compact. -
The basic facts about :t(C(H» are contained in the following theorem due to 

Coburn. 

7.23 Theorem. The C*-algebra :t(C(H» contains E<r(H2) as its commutator 
ideal and the sequence 

(0) ~ EC£(H2) ~ :t(C(lr» ~ C(lr) ~ (0) 

is short exact; that is, the quotient algebra :t(C(lJ)/EC£(H2) is *-isometrically 
isomorphic to C(T). 

Proof It follows from the preceding proposition that the mapping ~ of Corollary 
7.13 restricted to:t( C(T) )/EC£(H2) is a * -isometric isomorphism onto C(T), and 
hence the result follows. -

Combining this with the following proposition yields the spectrum of a Toeplitz 
operator with continuous symbol. 

7.24 Proposition. (Coburn) If fP is a function in L OO(T) not almost everywhere 
zero, then either ker T", = {O} or ker T; = {O}. 

Proof If I is in ker T", and g is in ker T;, then iP i and fPg are in H~. Thus fP I g 
and iPig are in HJ by Lemma 6.16, and therefore fPlg is 0 by Corollary 6.7. If 
neither I nor g is the zero vector, then it follows from the F. and M. Riesz theorem 
that fP must vanish for almost all eit in T, which is a contradiction. -

7.25 Corollary. If fP is a function in L 00 (T) such that T", is a Fredholm operator, 
then T", is invertible if and only if j (T",) = O. 

Proof Immediate from the proposition. -
Thus the problem of determining when a Toeplitz operator is invertible has 

been replaced by that of determining when it is a Fredholm operator and what is 
its index. If fP is continuous, then this is readily done. The result is due to a number 
of authors including Krein, Widom, and Devinatz although the approach used here 
is due to Gohberg. 

7.26 Theorem. If fP is a continuous function on T, then the operator T", is a 
Fredholm operator if and only if fP does not vanish and in this case j (T",) is equal 
to minus the winding number of the curve traced out by fP with respect to the 
origin. 
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Proof First, Trp is a Fredholm operator if and only if qJ is invertible in C (11) by 
Theorem 7.23. To determine the index of Trp we first observe that j(Trp) = j (T",) 
if qJ and 1{! determine homotopic curves in C\{O}. To see this, let <I> be a continuous 
map from [0, 1] x lr to C\{O} such that <1>(0, eit ) = qJ(eit ) and <1>(1, eit ) = 1{!(eit ) 

for eit in T. If we set cl> .. (eit ) = <1>(>", eit ), then the mapping>.. -+ T~ .. is norm 
continuous and each T~ .. is a Fredholm operator. Since j (T~ .. ) is continuous and 
integer valued, we see that j (Trp) = j (T",). 

If n is the winding number of the curve determined by qJ, then qJ is homotopic in 
C\ (OJ to Xn. Since j (TXn) = -n, we have j (Trp) = -n and the result is completely 
proved. • 

7.27 Corollary. If rp is a continuous function on T, then Trp is invertible if and 
only if rp does not vanish and the winding number of the curve determined by qJ 

with respect to the origin is zero. 

Proof Combine the previous theorem and Corollary 7.25. 

7.28 Corollary. If rp is a continuous function on lr, then 

a(Trp) = ffi.(rp) U {>.. E C : i,(rp, >..) -:J:. O}, 

• 

where i,(rp, >..) is the winding number of the curve determined by rp with respect 
toA. 

In particular, the spectrum of Trp is seen to be connected since it is formed from 
the union offfi.(rp) and certain components of the complement. 

In this case the invertibility of the Toeplitz operator Trp depends on rp being 
invertible in the appropriate Banach algebra C (lr) along with a topological criteria. 
In particular, the condition on the winding number amounts to requiring rp to lie in 
the connected component of the identity in C (lr) or that qJ represent the identity 
in the abstract index group for C(lr). Although we shall extend the above to the 
larger algebra Hoo + C (lr), these techniques are not adequate to treat the general 
case of a bounded measurable function. 

We begin again by identifying the commutator ideal in :t(Hoo + C(lr») and 
the corresponding quotient algebra. 

7.29 Theorem. The commutator ideal in :t(HOO + C(lr») is 2(£(H2) and the 
mappping~K = 1fO~ from Hoo+C(lr) to:t(Hoo+C(1I))/2(£(H2) is an isometric 
isomorphism. 

Proof The algebra:t( H oo + C(lr») contains 2(£(H2), since it contains :t( C(lr») 
and thus the mapping ~K is well defined and isometric by Corollary 7.13 and 
the comments in Section 7.15. If rp and 1{! are functions in H oo and f and g are 
continuous, then 

Trp+fT",+g - T(<p+f)(",+g) = Trp+f T", - T(rp+f)'" + T<p+fTg - T(rp+f)g 

= Trp+ f Tg - T(rp+ f)g 
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by Proposition 7.5, and the latter operator is compact by Proposition 7.22. Thus 
the commutator ideal is contained in E~(H2) and hence is equal to it. Thus ~K is 
multiplicative, since 

Therefore, ~K is an isometric isomorphism, which completes the proof. -

Note that st(HOO + COr)) is not a C*-algebra, and hence the fact that Trp 
is a Fredholm operator and rr(Trp) has an inverse in E(H2)/E~(H2) does not 
automatically imply that rr(Trp) has an inverse in st(HOO + Cm)/E<r(H2). To 
show this we must first prove an invertibility criteria due to Widom and based on 
a result of Helson and Szego from prediction theory. 

7.30 Theorem. If rp is a unimodular in LooClr), then the operator Trp is left 
invertible if and only if dist(rp, HOO ) < 1. 

Proof If dist(rp, H OO ) < 1, then there exists a function"" in H oo such that 

IIrp - """00 < 1. This implies that III - ~"""oo < 1 and hence 11/- Trp~11 < 1. 
Thus T;Trp = Tif,rp is invertible in E(H2) by Proposition 2.5 and therefore Trp is 
left invertible. 

Conversely, if Trp is left invertible, then there exists 8 > 0 such that" Trp I" ::: 8 II I II 
for I in H2. Thus IIP(rpf)II 2: 811111 = 8 IIrpill, and hence 

IIrpIII 2 = 11(1 - P)(rpf)II 2 + IIP(rpf)II2 ::: 11(1 - P)(rpf)II 2 + 8 IIrpJll2 . 

Therefore, we have 11(1- P)(rpf)lI ~ (1 - 15) 11111 for I in H2, where 15 = 
1 - (1 - 8)1/2> O. If I is in H2 and g is in HJ, then 

I~ 121r rpIgdtl = l(rpI,g)1 = 1«(1 - P)(rpf),g)l:::: (1-15) 11111 IIgll. 

If for h in HJ we choose I in H2 and g in HJ by Corollary 6.27, such that h = I g 
and IIhill = IIIlh IIg1l2' then we obtain 

12~ 121r rphdtl ~ (1 - 15) IIhll l · 

Thus, the linear functional defined by <I>(h) = (I/2:1l') J: hrpdt for h in HJ has 
norm less than one. Therefore, it follows from Theorem 6.29 (note that we are 
using (HJ)* = Loo(r)/HOO), that there exists "" in Hoo such that IIrp - ""1100 < 1, 
which completes the proof. _ 

7.31 Corollary. If rp is a unimodular function in LOO(T), then Trp is invertible if 
and only if there exists an outer function "" such that II rp - 1/111 00 < 1. 

Proof Ifllrp - """00 < 1, then 1""1::: 8 > o for 8 = 1- IIrp - """00 and hence T", 
is invertible by Theorem 7.21 and Proposition 6.20. Since T;Trp is invertible, we 
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see that T<p is invertible. Conversely, if T<p is invertible and t/F is a function in H oo 

such that II~ - t/F 1100 < 1, then T", is invertible since T;T<p is, and hence t/F is an 
outer function. -

As a result of this we obtain a very general spectral inclusion theorem. 

7.32 Theorem. If ~ is a closed subalgebra of £(H2) containing ~(HOO) and 
T<p is in ~ for some ~ in L 00 CIf), then U (T<p) = u;t(T<p). 

Proof Obviously u(T<p) is contained in u;t(T<p). To prove the reverse inclusion 
suppose T<p is invertible. Using Corollary 6.25, we can write ~ = ut/F, where u is 
a unimodular function and t/F is an outer function. Consequently, t/F is invertible in 
LOO(lr), and by Proposition 6.20 we obtain that T;l is in~. Thus Tu = T<pT;l is 

in ~; moreover, Tu and hence T" is invertible in £(H2). Employing the preceding 
corollary there exists an outer function e such that lie - u 1100 < 1. Since Tu To is in 
~ and III - TuToll = 111 - uelloo < 1, we see that (TuTo)-l isin~byProposition 
2.5. Since 

T<p-l = T;lTu- l = T;lTo(TuTo)-l 

is in ~, the proof is complete. 

This leads to a necessary condition for an operator to be Fredholm. 
-

7.33 Corollary. If ~ is a closed subalgebra of LooCII) containing ROO + Celf) 
and ~ is a function in ~ for which T<p is a Fredholm operator, then ~ is invertible 
in ~. 

Proof If T<p is a Fredholm operator having index n, then TXn<P is invertible by 
Propositions 7.5 and 7.24, and the function Xn({J is also in ~. Therefore, by the 
preceding result, Tk~ is in ~(~), and hence using Theorem 7.11 we see that Xn({J 

is invertible in p[)£(~)] = ~. Thus ~ is invertible in ~, which completes the 

proof. -

The condition is also sufficient for ROO + C (1). 

7.34 Coronary. If ({J is a function in H oo + C(lf), then T<p is a Fredholm operator 
if and only if ~ is invertible in H oo + C(lf). 

Proof The result follows by combining the previous result and Theorem 7.29. -

We need one more lemma to determine the spectrum of T<p for ({J in H oo + C (If). 
Although this lemma is usually obtained as a corollary to the structure theory for 
inner functions, it is interesting to note that it also follows from our previous 
methods. 
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7.35 Lemma. If qJ is an inner function, then H2 e qJH2 is finite dimensional if 
and only if qJ is continuous. 

Proof If qJ is continuous, then Trp is a Fredholrh operator by Theorem 7.26, and 
hence H2 e qJH2 = ker(T;) is finite dimensional. Conversely, if H2 e qJH2 is 
finite dimensional, then Trp is a Fredholm operator and hence qJ is invertible in 
Hoc + C (IT). We need to show that this implies that qJ is continuous. 

By Theorem 6.45 there exist 8, 8 > 0 such that 1(,D(reit)1 ::: 8 for I - 8 < r < 1, 
and hence (,D has at most finitely many zeros ZI, Z2, •.• , Zn in [J) counted according 
to multiplicity. Using Lemma 6.41 we obtain a function t/F in HOC such that 
t/F nf=l (Xl - Zj) = qJ. Thus -if, does not vanish on [J) and is bounded away from 
zero on a neighborhood of the boundary. Therefore, t/F is invertible in HOC by 
Theorem 6.18. Moreover, since 

for it in T, 

we have 

Thus the function nf=l (XI - Zj )/(1 - Zj xd is a continuous inner function, and 

(J = t/F nj':,l(1 - ZjXI) has modulus one on T. Since (J is invertible in H oo , it 
follows that e = (J-I is in HOC and hence that (J is constant. Thus 

ON (XI-Z') rp=(J J 
. 1 -Z'XI J=l J 

and therefore is continuous. • 
7.36 Theorem. If qJ is a function in Hoo +C(T), then Trp is a Fredholm operator 
if and only if there exist 8,8 > 0 such that 1(,D(reit ) I ::: 8 for 1 - 8 < r < 1, where 
(,D is the harmonic extension of qJ to [J). Moreover, in this case the index of T", is 
the negative of the winding number with respect to the origin of the curve (,D(reit ) 
for 1 - 8 < r < 1. 

Proof The first statement is obtained by combining Corollary 7.34 and Theorem 
6.45. 

If rp is invertible in HOC + C(T) and 8, 8 > 0 are chosen such that 

1(,D(reit )I ~ 8 

for 1 - 8 < r < 1, then choose t/F in HOC and a negative integer N such that 
IIqJ - xNVrlloc < 8/3. If we set rpA = Arp+ (1 -A)XNt/F forO:::: A:::: 1, then each 
rpA is in HOC + C(l") and IIrp - rpAlloc < 8/3. Therefore, I(,DA (reit )I ~ 28/3 for 
1 - 8 < r < 1, and hence each rpA is invertible in HOC + C(T) by Theorem 6.45. 
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Hence each TtpA is a Fredholm operator and the winding number of the curve 
fh,.(re it ) is independent of A and r for 0 ::: A ::: 1 and 1 - 8 < r < 1. Thus it 
is sufficient to show that the index of ~ = TXN '" is equal to the negative of the 
winding number of the curve curve (XN1/f}(reit ). 

Since T", = TX_N TXN '" we see that T", is a Fredholm operator. If we write 
1/f = 1/fo1/fj, where 1/fo is an outer function and 1/fi is an inner function, then T",o 

is invertible and hence T"'i is a Fredholm operator. Thus 1/fi is continuous by the 
previous lemma which implies XN1/fi is in C elf) and we conclude by Theorem 7.26 
that 

Since there exists by Lemma 6.44 a 01 > 0 such that 8 > 01 > 0 and 

Ixrl(reit ) - xrli(reit)f.;(reit)1 < i for 1 - 01 < r < 1, 

it follows that 

for 1 - 01 < r < 1. 

Using the fact that f.; does not vanish on [} and Theorem 6.46, we obtain the 
desired result. -

We conclude our results for Trp with qJ in BOO + C (lr) by showing that the 
essential spectrum is connected. Although we shall show this for arbitrary qJ, a 
direct proof would seem to be of interest. 

7.37 Corollary. If qJ is a function in BOO + C(lf), then the essential spectrum of 
Trp is connected. 

Proof From Corollary 7.34 it follows that A is in the essential spectrum of Ttp for 
qJ in BOO + C(lf) if and only if qJ - A is not invertible in BOO + C(lf). Hence, by 
Theorem 6.45 we have that A is in the essential spectrum of Ttp if and only if A is in 

clos {~(reit) : 1 > r > 1 - o} for each 1 > 0 > o. 

Since each of these sets is connected, the result follows. -
We now take up the proof of the connectedness of the essential spectrum for an 

arbitrary function in L 00 (If). The proof is considerably harder in this case and we 
begin with the following lemma. 

7.38 Lemma. If qJ is an invertible function in LOOClr), then Ttp is a Fredholm 
operator if and only if Tl/tp is and moreover, in this case, j (Trp) = - j (Tl/tp). 

Proof If we set qJ = u1/f by Corollary 6.25, where 1/f is an outer function and u is 
unimodular, then Tl/tp = TilTl/t = Tli",T;T1/t by Proposition 7.5. Since TIl'" is 
invertible by Theorem 7.21, the result follows. -
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The proof of connectedness is based on the analysis of the solutions h. and g).. 
of the equations TqJ_}.I}. = 1 and T1/(qJ_}.)g}. = 1. Since we want to consider A 
for which these operators are not invertible, the precise definition of I).. and g).. is 
slightly more complicated. 

7.39 Definition. If ((J is a function in L com, then the essential resolvent Pe(TqJ) 
for TqJ is the open set of those A in C for which Trp_).. is a Fredholm operator. If A 
is in Pe(TqJ) and j(TqJ_)..) = n, then 

I}. = TX:~qJ_)..) 1 and g).. = Tx-=-~/(q>-)..) I. 

The basic result concerning the I).. and g).. is contained in the following. It is the 
first instance in which the spectral variable A intervenes. Here, the function I).. is 
shown to be the solution of a first-order differential equation in A. Although I}. is 
a Banach-space-valued analytic function, it is sufficient for our purposes to view 
it as a family of complex-valued analytic functions parametrized by z. 

7.40 Proposition. If ((J is a function in Loo(lr) and A is in Pe(Tq», then I}.g).. = 1 
and 

d A A {I} dA I)..(z) = I}.(z) • P ((J _ A (z) for z in 10. 

Proof There exist functions u).. and v).. in HJ such that Xn «((J - A) I).. = I + iiJ... and 
X-ng)../«((J - A) = I + ii>... Multiplying these two identities, we obtain 

I)..g).. = 1 + (u).. + V).. + u)..v)..), 

where I)..g).. is in HI andu).. + v).. +u)..v).. is in HJ and thus I)..g}. = 1. We also have 
j)..(z)g)..(z) = I by Lemma 6.16. 

Since the functions A -+ Xn«((J - A) and A -+ X-n/«((J -A) are analytic Loo-valued 
functions, it follows from Corollary 7.8 that I}. and g).. are analytic H2-valued 
functions. Differentiating the identity Xn«((J - A)/).. = I + ih with respect to A 
yields -Xnl).. + Xn«((J -A)I{ = u~ and hence I).. = «((J -A)I{ - X-nu~, where u~ 
lies in HJ. Multiplying both sides of this equation by g)../«((J - A), we obtain 

1 1 , '( ) --, = --, I)..g}. = I)..g).. - (X-nu)..) Xn(1 + ih) 
((J-II. ((J-II. 

= I{g).. - u~ (1 + ih). 

Since I{g}. is in HI and u~(1 + v}.) is in H~, we have P{I/«((J - A)} = j{g)... 
Finally, again using the identity proved in the first paragraph, we reach the equation 
I{ = I)..P{1/«((J - AH and observing that evaluation at z in 10 commutes with 
differentiation with respect to A we obtain the desired results. -

It is possible to solve this latter equation to relate the I}. which lie in the same 
component of Pe(Tq»' 
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7.41 Corollary. If rp is a function in L OO(lf) and >.. and )..0 are endpoints of a 
rectifiable curve r lying in Pe(Trp), then 

jA(Z) = jAo(z) exp {i P {rp ~ JL }(Z)dJL } 

and 

for Z in [D. 

Proof For each fixed Z in [D we are solving the ordinary first order linear differential 
equation dx(>")/d>" = F(>")x(J..), where F(>") is an analytic function in)... Hence 
the result follows for /J .. and the corresponding result for gA is obtained by using 
the identity jA(z)gA(Z) = 1. • 

We now show that no curve lying in Pe(Trp) can disconnect (J)t(rp). 

7.42 Proposition. If rp is a function in L co (If) and C is a rectifiable simple closed 
curve lying in Pe(Trp), then m(rp) lies either entirely inside or entirely outside of 
C. 

Proof Consider the analytic function defined by 

F(z) = -1-.1 P {_l_}(Z) dJL 
2rrl c rp - JL 

for each z in [D. 

If )..0 is a fixed point on C, then it follows from the preceding corollary that 

for z in [D. 

Therefore, exp{2rriF(z)} = 1 whenever jAo(Z) =F 0, and hence for all Z in [D, 

since jAo is analytic. Thus the function F(z) is integer-valued and hence equal to 
some constant N. 

Now for each eil in T, the integral 

-1-1 1 dJL 
2rri c rp(e it ) - JL 

equals the winding number of the curve C with respect to the point rp(eil ). Thus 
the function defined by 

t/I(e'l ) = - dJL . 1 1 1 
2rri c rp(e it ) - JL 

is real valued. Since 

Pt/I = P {~1-1- dJL} = ~ 1 P {_1_} dJL = F 
2m c rp - JL 2m c rp - JL 
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is constant, we see that 'if! is constant a.e., and hence the winding number of C 
with respect to CfJt(rp) is constant. Hence CfJt( rp) lies either entirely inside or entirely 
outside of C. • 

The remainder of the proof consists in showing that we can analytically continue 
solutions to any component of C\Pe(T~) which does not contain CfJt(rp). Before 
doing this we need to relate the inverse of Tx.(~_)..) to the functions f).. and g)... 

7.43 Lemma. If rp is a function in LOO(Ir), A is in Pe(T~), k is in H oo, and 
h).. = f)..P{X-ng)..k/(rp - A)}, then h).. is in H2 and TXn(~_)..)h).. = k. 

Proof If we set h).. = Tx~~~_)..)k, then there exists 1 in HJ such that Xn(rp - A)h).. = 
k + 1. Multiplying by X-ng)../(rp - A) = 1 + th, where v).. is in HJ, we obtain 

1 -
g)..h).. = --X-ng)..k + 1(1 + Ih) 

rp-A 

and hence g)..h).. = P{X-ng)..k/(rp - A)}, since 1(1 + v)..) is in H6' We now obtain 
the desired result upon multiplying both sides by f).. and again using the identity 
f)..g).. = 1. • 

We need one more lemma before proving the connectedness result. 

7.44 Lemma. If a is a simply connected open subset of C, C is a rectifiable 
simple closed curve lying in 0, and F).. (z) is a complex function on a x 10 such 
that F).. (zo) is analytic on a for Zo in [D, F)... (z) is analytic on 10 for Ao in 0, F>..o 
is in H2 for Ao in C and sup IIF >..0112 < 00. Ao€ C, then F).. is in H2 for A in the 
interior of C and 11F)..112 ~ sUP>..o£c 11F>..o112. 

Proof An analytic function 'if! on 10 is in H2 if and only if 

00 

L I 'if!(n) (0) 12 /(n!)2 
n=O 

is finite, since f = L~ 'if!(n)(O)(n!)-! Xn is in H2 and j = 'if!; moreover 

IIfll2 = (L~ I 1fr(n) (0) 12 /(n!)-2)!/2. 

If ao. a!, ... ,aN are arbitrary complex numbers, then 

N F (k) (0) 1 1211" . N 1 L -)..--ak = - F)..(re'/) L -eik1ak dt 
k=O k! 21l' 0 k=O rk 

is an analytic function of A for 0 < r < 1. Moreover, since 
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it follows that 

( 2) 1/2 N F(k) (0) 

L ITI ::: sup II FAoII2. 
k=O' Ao€C 

and hence the result follows. • 
7.45 Theorem. If cp is a function in L 00 (lr) , then the essential spectrum of T<p is 
a connected subset of IC. 

Proof It is sufficient to prove that if C is a rectifiable simple closed curve lying 
in Pe(T<p) with ~(cp) lying outside, then T",_}. is a Fredholm operator for).. in the 
interior of C. Let 0 be a simply connected open set which contains C and the 
interior of C and no point of the essential spectrum <Te(T<p) exterior to C lies in O. 
We want to show that <Te(T",) and 0 are disjoint. 

Fix Ao in C. For each ).. in w let r be a rectifiable simple arc lying in 0 with 
endpoints )..0 and A and define 

F}.(z) = jAo(Z) exp {i P {cp ~ JL }(Z) dJL} 

and 

G}.(Z) = 8}.o(Z) exp {-i P {cp ~ JL }(Z)dJL } 

for Z in D. Since P{l/(cp - JL)}(Z) is analytic on the simple connected region 0, 

it follows that F}.(z) and G}.(z) are well defined. Moreover, since F}.(z) = A(z) 
for).. in some neighborhood of C by Corollary 7.41, it follows from the preceding 
lemma that F}. is in H2 for all A in O. Similarly, G}. is in H2 for each A in O. 

If we consider the function 1{!()..) = T Xn(<p_}.)F}. - 1, then 1{!()..) lies in H2 for A in 
O. Moreover, for z in D the complex-valued function 1{!()..)(z) is analytic in).. on 
o and vanishes on a neighborhood of C. Thus 

for A in 0, and in a similar manner we see that TX_n(",_}.)-1 G}. = 1 for A in O. If k 
is a function in H oo, then 

H}.(z) = F}.(z)P {_l-X_nG}.k}(Z) cp-).. 
defines a function satisfying the hypotheses of the preceding lemma. Thus, H}. is 
in H2 and T Xn(",_}.)H}. = k for A in O. Moreover, we have 

IIH}.lh::: sup II HAoll2 = sup IITx":~"'_}.o)lIlIklh. 
}.o€C }'o€C 
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Therefore, if k is in H2 and {kj }.i=l is a sequence of functions in H oo such that 

limj-+oo Ilk - kjlh = 0, then the corresponding functions (HiJ.i=1 for a fixed J.. 
in 0 form a Cauchy sequence and hence converge to a function HJ.. such that 
TXn(tp-J..)HJ.. = k. Thus we see that Tx.(tp-J..) is onto for J.. in O. Since the same 
argument applied to I on 0 yields that Tx_.~-I) is onto for J.. and n, we see 
that T x.(tp-J..) is invertible, and hence that Ttp - J.. is a Fredholm operator, which 
completes the proof. -

7.46 Corollary. (Widom) If rp is a function in LOO(f), then u(Ttp) is a connected 
subsetofC. 

Proof By virtue of Proposition 7.24, the spectrum of Ttp is formed from the union of 
the essential spectrum plus the J.. for which Trp - J.. is a Fredholm operator having 
index different from zero. Since Trp - J.. is a Fredholm operator for J.. in each 
component of the complement of the essential spectrum and the index is constant, 
it follows that the spectrum is obtained by taking the union of a compact connected 
set and some of the components in the complement-and hence is connected. -

Despite the elegance of the preceding proof of connectedness, we view it as 
not completely satisfactory for two reasons: First, the proof gives us no hint as to 
why the result is true. Second, the proof seems to depend on showing that the set 
of some kind of singularities for a function of two complex variables is connected, 
and it would be desirable to state it in these terms. 

We conclude this chapter with a result of a completely different nature but of a 
kind which we believe will be important in the further study of Toeplitz operators. 
It involves a notion of "localization" and suggests that in order to understand 
certain phenomena concerning Toeplitz operators it is necessary to consider other 
representations of the C* -algebra 5"( L 00 (f». 

We begin with a result concerning C* -algebras having a nontrivial center. The 
center of an algebra is the commutative subalgebra consisting of those elements 
which commute with all the other elements in the algebra. In the proof we make use 
of the fact that an abstract C* -algebras has a * -isometric isomorphic representation 
as an algebra of operators on some Hilbert space. Also we need to know that every 
*-isomorphism of C(X) can be extended to the Borel functions on X. Although 
we have not proved these results in the text, outlines of the proofs were given in 
the Exercises in Chapter 4 and 5. 

7.47 Theorem. If ~ is a C* -algebra, ~ is a C* -algebra contained in the center 
of ~ having maximal ideal space My{, and for x in Mil!. ~x is the closed ideal in 
~ generated by the maximal ideal (AE"~ : A(x) = O} in ~,then 

n ~x = {OJ. 
xf"MY{ 

In particular, if~x is the *-homomorphismfrom ~ onto ~/~X. then LXEM~ G)~x 

is a *-isomorphism of ~ into LXf"MY{ G)~/~x' Moreover, T is invertible in ~ if 

and only if ~x(T) is invertible in ~/~x for x in M~. 
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Proof By Proposition 4.67 it is sufficient to show that sUPxEM~ II <l>x(T) II = II TIl 
for T in~.Fix T in~andsupposethat IITII-suPxEM~ lI<I>x(T)1I = 8> O.For xo 
in M~ let Ox. denote the collection of products SA, where S is in ~ and A is in %( 

such that A vanishes on a neighborhood of Xo. Then OXo is an ideal in ~ contained 
in ~x.' and since the closure of OXo contains 

we see that ~xo = clos [Oxo]' Thus there exist S in ~ and A in ~ such that A 
vanishes on an open set UXo containing Xo and II <l>xo(T) II + 8/3 > liT + SAil. 
Choose a finite subcover {Ux;l~l of M~ and the corresponding operators {S;}~l 
in ~ and {Ai}f:l in ~ such that 

8 e 
IITII - "2 ::: lI<1>x;(T)1I +"2 ::: liT + SjAdl 

and Ai vanishes on Ux;. 

Let <I> be a * -isomorphism of ~ into E(~) for some Hilbert space ~ and let 1/10 be 
the corresponding *-isomorphism of C(M~) into E(~) defined by 1/10 = <I> 0 r- l , 

where r is the Gelfand isomorphism of ~ onto C (M~). Since <I> (~) is contained in 
the commutant of <I> (~), it follows that 1/10 (c (M~) is contained in the commutant 
of <I>(~), and hence there exists a * -homomorphism 1/1 from the algebra of bounded 
Borel functions on M~ into the commutant of <I>(~) which extends 1/10' 

Let {tlj }~l be a partition of M~ by Borel sets such that tlj is contained in Ux; for 
i = 1, 2, ... , N. then 

and hence 

e 
1I<I>(T)1/I(h)1I ~ 1I<1>(T + Si Aj)III11/1(h)1I ~ IITII-"2 for each 1 ~ i ~ N. 

Since the {1/I(lA;)}f=1 are a family of commuting projections which reduce <I>(T) 

and such that L~l 1/1 (I AJ = /'af.. it follows that 

II<I>(T)II = sup II <I> (T)1/I (lA;)II 
l~j~N 

and hence II <I> (T) II ~ II T II - 8/2. Since <I> is an isometry, this is a contradiction. 

1fT is invertible in ~. then clearly <l>x(T) is invertible in~/~x for x in M~. Hence 
suppose <l>x(T) is invertible in ~/~x for each x in M~. For Xo in M~ there exists S 
in ~ by Theorem 4.28 such that <l>x.(ST - /) = O. Repeating the argument of the 
first paragraph, we obtain a neighborhood OXo on which lI<1>x(ST - 1)11 < 4 
for x in Oxo' From Proposition 2.5 we obtain that <l>xCST) is invertible and 
lI<1>xCST)-lll < 2 for x in Oxo' Since <l>x(T) is invertible, <l>xCST)-l<l>xCS) is its 
inverse, and hence II <l>x (T)-lII is bounded for x in Oxo' A standard compactness 
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argument shows that sUPx£M~ II <l>AT)-lII < 00. Therefore LX£M~ EB<I>x(T) is 

invertible in Lx£MW EB~/~x, and hence T is invertible in ~ by Theorem 4.28 .• 

7.48 The context in which we want to apply this result is the following. Although 
the center of the C* -algebra )t ( L 00 (T) ) is equal to the scalars, the quotient algebra 
:l(LOO(T»/2fi,(H2) has a nontrivial center which contains :l(C(T»/2fi,(H2) = 
C (T) by Proposition 7.22. Thus we can "localize" the algebra:it (L 00 (T) ) / 2fi,( H2) 
to the points of lr. 

For A in:it let:lA be the closed ideal in :it(LOO(T» generated by 

{Tq> : ~EC(lr), ~(A) = OJ, 

and let:lA be the quotient algebra :l(Loo(T»/~A' and <l>A be the natural *-homo
morphism from :l(LOO(lr) to :lA. 

7.49 Tbeorem. The C*-algebras:lA are all *-isomorphic. If <I> is the *-homo
morphism defined by <I> = LAd EB<I>A from :it(Loo(T) to LA£T EB:lA, then the 
sequence 

(0) -4- 2fi,(R2) -4- :l(LOO(lr) -..!. L EB:lA 
A£T 

is exact at :l (L 00 (lr) ). 

Proof Since :l(LOO(lr) is an irreducible algebra in 2(H2), every nonzero closed 
ideal contains 2fi,(H2) by Theorem 5.39. Thus 2fi,(H2) is contained in the kernel 
of <I> and hence <I> induces a * -homomorphism <l>c from the quotient algebra 
:l(Loo(T)/2fi,(H2) into LA£T EB:lA. Since 

:l(C(lr)/Efi,(H2) 

is contained in the center of:l(LOO(T»/Efi,(H2), the preceding theorem applies, 
and we conclude that <l>c is a * -isomorphism. Rotation by A on lr obviously induces 
an automorphism on :l(LOO(lr) taking ~l onto ~A' and hence there exists a 
*-isomorphism from ~l onto ~A. • 

The usefulness of this result lies in the fact that it reduces all questions concern
ing operators in ~(LOO(lr) modulo the compacts to questions concerning the :lA. 
Unfortunately, we do not know very much about the algebras :lA. The following 
proposition shows that the operators in :lA depend only on local properties of the 
defining functions. 

Recall that Moo \[) is flbered by the circle such that 

FA = {mEMoo : Xl(m) = A} 

and that the SHov boundary of ROO can be identified with the maximal ideal space 
MLoo of Loo(T). Let us denote the intersection FA n MLoo byaFA. 
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7.50 Proposition. If (qJij}fj=l are functions in £<lO(l1) with Gelfand transforms 

iJij on MLoo and A is in T, then <l>l.( L~1 nf=1 Tq>jJ depends only on the functions 

(iJijloFdfj=l· 

Proof It is sufficientto show that <l>l.(Trp) = OforqJin LOO(T) such thatiJloFl. == O. 
By continuity and compactness, it follows that for e > 0 there exists an open arc 
U of T containing A such that II qJ lull 00 < e. If l/I is a continuous function on T 
which equals 1 on the complement of U and vanishes at A, then 

where 

since 

hw(1 - l/I) = 0 and 

since T." is in ~l.. Therefore, we have 1I<I>l.(Trp)1I < e for e > 0 and hence 
<l>l.(Trp) = o. • 

As corollaries, we obtain the following results proved originally by "localizing" 
in Hoo + C(T). 

7.51 Corollary. If qJ is a function in LOO(T), then Trp is a Fredholm operator if 
and only if for each A in 11" there exists l/I in LOO(If) such that T." is a Fredholm 

operator and iJ = .(j, on 0 Fl.. 

Proof From Theorem 7.49 and the definition, it follows that Tip is a Fredholm 
operator if and only if <l>l.(Trp) is invertible for each A in T. If for A in T there 
exists l/I in Loo(lf) such that T", is a Fredholm operator and iJ = .(j, on of).., then 
<l>l.(T",) is invertible in:itl. and equal to <1>).. (Trp) by the previous proposition. Thus 
the result follows from Theorem 7.47. • 

7.52 Corollary. If qJ and l/I are functions in LOO(T) such that for each A in T 
either iJ - OlloFl. == 0 for some 81 in ~ or.(j, - fh18FA, == 0 for some £h in H oo , 

then Trp T." - Tip'" is compact. 

Proof Since TrpT." - Trp." is compact if and only if <l>l. (Trp) <1>).. (T.,,) = <l>l.(Trp.,,) for 
each A in T by Theorem 7.49, the result is seen to follow from Proposition 7.5 .• 

Notes 
In an early paper [109] Toeplitz investigated finite matrices which are constant on 

diagonals and their relation to the corresponding one- and two-sided infinite matrices. The 
fundamental theorem in this line of study was proved by Szego (see [54]), and most of the 
early work concerned this type of question. In [116] Wmtner determined the spectrum of 
analytic Toeplitz matrices, and he and Hartman set the tone for much of the work in this 
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chapter in two papers [59] and [60] some twenty years later. The first systematic study of 
Toeplitz operators emphasizing the mapping rp ~ T" was made by Brown and Halmos in 
[11]. What might be called the algebra approach to these problems was first made explicit 
in [29] and [30] and was based on the earlier papers [17] and [18] of Coburn.! 

A vast literature exists for Wiener-Hopf operators beginning with the fundamental paper 
of Wiener and Hopf [115]. Most of the early work concerns the study of explicit operators 
or operators with smooth kernels, and a good exposition of that development along with 
a bibliography can be found in KreIn [72]. The studies of Toeplitz operators and Wiener
Hopf operators had parallel developments until Rosenblum observed [94] using Laguerre 
polynomials that the two classes of operators were unitarily equivalent. Subsequently, 
Devinatz showed in [25] that the canonical conformal mapping of the unit disk onto the upper 
half-plane establishes the unitary equivalence between a Toeplitz operator and the Fournier 
transform of a Wiener-Hopf operator. Thus a given result can be stated in the context of 
either Toeplitz operators or of Wiener-Hopf operators. 

The spectral inclusion theorem is due to Hartman and Wintner [60], although the 
proof given here of Proposition 7.6 first occurs in (110). Corollaries 7.8 and 7.19 as well 
as the remarks following 7.9 are due to Brown and Halmos [11]. The existence of the 
homomorphism in Theorem 7.11 as well as its role in these questions is established in [31]. 
In [103] Stampfli observed that a proof of Coburn in [17] actually yields Proposition 7.22. 
The analysis of the C*-algebra ~(C(T)) was made by Coburn in [17] and [18] while its 
applicability to the invertibility problem for Toeplitz operators with continuous symbol was 
observed in [29V Proposition 7.24 was proved by Coburn in [16]. The content of Corollary 
7.27 is the culmination of several authors l including Krein [72], Calderon, Spitzer, and 
Widom [13], Widom [110], and Devinatz [24]. The proof given here first appears! in [29] 
and independently in [3], where Atiyah used the matrix analog in a proof of the periodicity 
theorem. A related proof was given by Gohberg and Fel'dman [45]. The study of Toeplitz 
operators with symbol in HOO + C (T) was made in [30] with complements in [77] and [103]. 

The invertibility criteria stated in Theorem 7.30 and its corollary were given indepen
dently by Widom [111] and Devinatz [24] and are based on a study in prediction theory 
by Helson and Szego [64]. The spectral inclusion theorem given in Theorem 7.32 is based 
on an extension by Lee and Sarason [77] of a result of the author [31]. The question of 
the connectedness of the spectrum of a Toeplitz operator was posed by Halmos in [57] and 
answered by Widom in [113] and [114]. The proof of Theorem 7.45 is a slight adaptation 
of that in [114] to cover the essential spectrum and avoiding certain measure theoretic 
considerations as well as the use of the harmonic conjugate. The possibility of the essential 
spectrum being connected was suggested to the author by Abrahamse. 

Theorem 7.47 is closely related to various central decompositions in C*-algebraZ (see 
[96]) but its application to Toeplitz operators is new, and these results were suggested by 
the earlier Corollaries 7.51 and 7.52. The first corollary is due to Simonenko [102] and 
independently to Douglas and Sarason [35] and extends a result of Douglas and Widom 
[38]. The second corollary is due to Sarason [98]. 

Several further developments and additional topics should be mentioned. The invert
ibility problem for symbols in the algebra of piecewise continuous functions has been 
considered by Widom [110], Devinatz [24], and from the algebra viewpoint by Gohberg 
and Krupnik [50]. The invertibility problem has also been considered for certain algebras of 
functions which appear more natural in the context of the line. The algebra of almost periodic 

tActually this approach is due to Gohberg [On an application of the theory ofnonned rings to singular 
integral equations, Uspekhi Mat. Nauk 7, 149-156 (1952)] and [On the number of solutions of a 
homogeneous singular integral equation with continuous coefficients, Dokl. AktuJ. Nauk SSSR 122, 
327-330 (1968)]. 
2EarJier results in which this idea occurred in the context of Banach algebras are due to 1. Kaplansky. 
[The structure of certain operator algebras, Trans. Amer. Math. Soc., 70, 219-255 (1951)], G.R. Allan 
[Ideals of vector-valued functions, Proc. London Math. Soc. (3) 18, 193-216 (1968)] and J. Dans-R.H. 
Hoffman [Representation of rings by sections, Memoirs Amer. Math. Soc., 93 Providence, R.I., 1968]. 
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functions was considered independently by Coburn and Douglas [19] and by Gohberg 
and Fel'dman [46], [47]. Actually, the latter authors considered the Fourier tmnsforms of 
measures having no continuous singular part. The problem for the Fourier tmnsform of an 
arbitmry measure has been considered by Douglas and Taylor [37] using a deep result [lOS] 
of the latter on the cohomology of the maximal ideal space of the convolution algebm of 
measures. Lastly, Lee and Sarason [77] and Douglas and Sarason [36] have considered the 
invertibility problem for certain functions of the form tp{J for inner functions tp and "". 

Generalizations of the notion ofToeplitz opemtor have been considered by many authors: 
Douglas and Pearcy studied the role of the F. and M. Riesz theorem in [33]; Devinatz studied 
Toeplitz opemtors on the HZ-space ofa Dirichlet algebm [24]; Devinatz and Shinbrot [26] 
studied the invertibility of compressions of opemtors to subspaces; and Abrahamse studied 
Toeplitz operators defined on the HZ-space of a finitely connected region in the plane [I]. 
A different kind of genemlization is obtained by considering Wiener-Hopf opemtors. A 
subsemigroup of an abelian group is prescribed, and convolution opemtors compressed to 
the corresponding L 2 space of functions supported on it are studied. Certain basic results 
for mther arbitmry semigroups are obtained by Coburn and Douglas in [20]. Earlier work 
involving half-spaces is due to Goldenstein and Gohberg [52] and [53]. The case of the 
quarter plane is of particular importance and coincides with Toeplitz opemtors defined on 
H2 of the bidisk. Results on this have been obtained by Simonenko [101], Osher [84], 
Malysev [78], Stmng [106], and Douglas and Howe [32]. In particular, the latter authors 
obtain necessary and sufficient conditions for such a Toeplitz opemtor to be a Fredholm 
opemtor. They show, moreover, that while such an opemtor must have index zero, it need 
not be invertible. 

In many of the preceding contexts, various topological invariants of the symbol enter 
into the determination of when the corresponding opemtor is invertible, and usually these 
invariants must be zero. In the case of a continuous sumbol on the circle, a nonzero invariant 
corresponds to the opemtor being a Fredholm opemtor having a nonzero index. A start at 
establishing similar results for the other classes of operators has been made by Coburn, 
Douglas, Schaeffer, and Singer in [21] where a generalized notion of Fredholm opemtor 
due to Breuer [8], [9] is utilized. It is expected that questions of this kind will prove important 
in future developments. 

Although attention in this book has been confined to the scalar case, the matrix case is 
perhaps of even greater importance. The function tp is allowed to have n x n matrices as 
values and to opemte on a en -valued HZ -space. Many of the techniques of this chapter can 
be carried over to this case using the device of the tensor product. More specifically, if ~ 
is an algebm of scalar functions, ~n is equal to ~ ® Mn, where Mn is the C*-algebm 
of opemtors on the n-dimensional Hilbert space en, and more importantly, ~(~n) is 
isometrically isomorphic to ~(~) ® Mn. In particular, applying this to one of the exact 
sequences considered in the chapter one obtains the exact sequence 

(0) -+ 2fl,(H2) ® Mn -+ ~(C(T») ® Mn -+ C(T) ® Mn -+ (0). 

(The fact that the "scalar" sequence has a continuous cross section is also used.) Since 
2~(H2) ® Mn is equal to 2~(H2 ® en), one obtains that a matrix Toeplitz opemtor with 
continuous symbol is a Fredholm opemtor if and only if the determinant function does not 
vanish on the circle. Moreover, the index can be shown to equal minus the winding number 
of the determinant. (This latter argument uses the fact that every cotninuous mapping from 
T into the invertible n x n matrices is homotopic to a mapping from T to the invertible 
diagonal matrices.) 

This latter result is due to Gohberg and Krein[ 49]. A generalization to certain opemtor
valued analogs can be found in [31]. Additional results on the matrix and opemtor-valued 
case are in [87] and [88]. 

Lastly, although this book does not comment on it, the study of Toeplitz and Wiener-Hopf 
opemtors is important in various areas of physics and probability (see [54], [69], [83]) and 
in examining the convergence of certain differences schemes for solving partial differential 
equations (see [83]). 
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Exercises 

7.1 If ~ and ~ are CoO -algebras and p is an isometric" -linear map from ~ into ~, then 
aCT) C a(p(T» for T in ~. (Hint: If T is not left invertible in ~, then there exists 
{Sn}~1 in ~ such that IISnll = 1 and limn-+oo IISnTIi = 0.) If, in addition, ~ is 
commutative, then a (p(T» c h[a(T)] for T in 21. 

7.2 If rp is a nonconstant real function in L 00 (T), then Trp has no eigenValues. 

7.3 An operator Tin 2(H2) is a Toeplitz operator if and only if 

T;)TTX) = T. 

7.4 If rp is a nonzero function in L 00 (If) , then Mrp and Trp have no eigenvalues in common. 

7.5 If rp is a real function, then Trp is invertible if and only if the function 1 is in its range. 

7.6 If rp is in Loo(T), then W(Trp) = h[llR.(rp)]. 

7.7 If rpI. f/J2, and 'P3 are functions in LOO(O") such that Trp) T9'2 - T'P3 is compact, then 
'PI'P2 = f{J3. 

Definition If {an}~=o is a bounded sequence of complex numbers, then the associated 
Hankel matrix {ajj }w=o is defined by aij = ai+ j for i, j in Z+. 

7.8 (Nehari) If {an} ~=O is a bounded sequence, then the Hankel operator H defined by the 
associated Hankel matrix is bounded if and only if there exists a function rp in LOO(T) 
such that 

1 r21r . • 
an = 2rr 10 rp(e")Xn(e") dt. 

Moreover, the norm of H is equal to the infimum of the norm IIrplioo for all such 
functions rp.* (Hint: Consider the linear functional L defined on H2 by L(f) = 
(Hg, h), where f = gh. and show that L is continuous if H is bounded.) 

7.9 (HartTtuln) If {an}~ is a bounded sequence, then the associated Hankel operator is 
compact if and only if there exists a continuous function rp on T such that 

1 121r ./. + an = - rp(e' )Xn(e") dt for n in IR .* 
211" 0 

(Hint: Use Exercise 1.33 to show that a certain linear functional L is woO-continuous 
if and only if H is compact and apply the analog of Exercise 6.36.) 

7.10 An operator H in 2(H2) is a Hankel operator if and only if T~ H = HTX). 

7.11 If rp is in LOO(T), then 1I"(Trp) is unitary in ~(LOO(T»/2~(H2) if and only if rp is in 
QC and unimodular." (Hint: Show that the Hankel operator Hrp is compact if and only 
if1l"(T;) is an isometry in ~(LOO(T»/2~(H2).) 

7.12 Ifrp is in LOO(T), then 11" (Trp) is in thecenterof~(Loo(lf)/2~(H2) if and only ifrp 
is in QC. Are there any other operators in the center?**3 

3In [Local Toeplitz Operators, Proc. London Math. Soc. (3) 36, 243-272 (1978)] I completed the proof 
that QC is the center of i:(LOO(n»/2~(H2). 
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7.13 Show that Tx T", - Tx", is compact forevery X in L 00 (11) if and only if cp is in ROO +C (lI"). 
(Hint: Tx Tt/> - TXt/> should be rewritten in terms of Hankel operators.) 

7.14 If cp is in ROO +C(1r), then cp is invertible in Loo(T) if and only ifT", has closed range. 

7.15 If cp is in ROO + CCT) and A is in q(T",)\~(cp), then either A is an eigenvalue for Trp 
or I is an eigenValue for T;. 

7.16 (Widom-Devinatz) If cp is an invertible function in Loo (1r), then T", is invertible if and 
only if there exists an outer function g such that 

I arggcpl < n/2-l'J 

forcS > O. 

7.17 Show that there exists a natural homomorphism y of Aut[:t( C (lI"»] onto the group 
Hom+ (lI") of orientation preserving homeomorphisms ofll". (Hint: If cp is in Hom+ (lI"), 
then there exists K in 2~(R2) such that T", + K is a unilateral shift.) 

7.18 Show that the connected component Auto[:t(C(lI"»] of the identity in Aut[:t(C(lI"))] 
is contained in the kernel of y. Is it equal?**4 

7.19 If rp is a unimodular function in QC and K is appropriately chosen in 2~(R2), 
then aCT) = (T", + K)·T(T", + K) defines an automorphism on :t(C(n) in the 
kernel of y. Show that the automorphisms of this form do not exhaust ker y .• Is a in 
Auto[:t( C (11") )]?**5 

7.20 If V is a pure isometry on 'ae and E" is the projection onto V"'ae, then U, = r::o eint (En -E,,+I) is a unitary operator on 'ae for eil in T. Ifwe set P,(T) = UtTU, 
for T in the C*-algebra ~v generated by V, then the mapping r(e i/ ) = P, is a 
homomorphism from the circle group into Aut[~v] such that F(ei,) = P,(T) is 
continuous for T in ~v. Is it norm continuous? Moreover, for V = Txl ' the unitary 
operator U, coincides with that induced by rotation by ei, on R2. 

7.21 Identify the fixed points ~v for the p, as a maximal abelian subalgebra of~v. (Hint: 
Consider the case of V = Txl , acting on /2 (1:+).) 

7.22 Show that the mapping p defined by 

1 12Jr peT) = - P,(T) dt 
2n 0 

for Tin~v 

is a contractive positive map from ~v onto ~v which satisfies peT F) - p(T)F for 
Tin~v andFin~v. 

7.23 If VI and V2 are pure isometries on 'ael and 'ae2, respectively, such that there exists a 
• -homomorphism <II from ~VI to ~V2 with <II(Vd = V2, then <II is an isomorphism. 
(Hint: Show that p 0 <II = <II 0 p and that <II1~vI is an isomorphism.) 

7.24 If A and B are operators on 'ae and 'JC, respectively, and <II is a "-homomorphism from 
~A to ~B with <II(A) = B, then there exists "-isomorphism \(I from ~AE9B to ~A such 
that \(I (A ED B) = A. 

4 Although there has been no progress on this problem, some related results have been obtained by 
P.S. Muhly and J. Xia [Automorphisius of the Toeplite Algebra, Proc. Amer. Math. Soc. 116, no. 4, 
1067-76 (1992)]. 
sSee footnote 4. 
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7.25 If V is a pure isometry on '#e and W is a unitary operator on 'X, then there exists a 
*-isomorphism \II from <rvew onto <rv such that \II (V E9 W) = V. 

7.26 (Coburn) If VI and V2 are nonunitary isometries on '#el and '#e2 , respectively, then 
there exists a * -isomorphism \II from <rVI onto ~V2 such that \II (VI) = V2 • 

Definition A C* -algebra 91 is said to be an extension of 2<r by C(f), if there exists a 
*-isomorphism 41 from 2<r(~ into 91 and a *-homomorphism \II from 91 onto C(T) such 
that the sequence 

(0) -+ 2<r(~ ~ 91 ~ ceT) -+ (0) 

is exact. 1\vo extensions 91 1 and 912 will be said to be equivalent if there exists a *
isomorphism (J from 91 1 onto 912 and an automorphism ex in Aut[2<r(~] such that the 
diagram 

commutes.6 

7.27 If N is a positive integer and :tN is the CO-algebra generated by TXN and 2<r(H2), 
then:tN is an extension of2<r by Crn with \II(TXN) = XI. Moreover,:tN and:tM 
are isomorphic C* -algebras if and only if N = M. (Hint: Consider index in :tN.) 

7.28 Let K2 = L2(T) e H2, Q be the orthogonal projection onto K2, and define 
S", = QM",IK2. If N is a negative integer and 6 N is the C·-algebra generated 
by SXN and 2<r(K2), then 6 N is an extension of 2~ by ceT) with \II(SXN) = XI. 
Moreover, the extensions :tM and 6 N are all inequivalent despite the fact that the 
algebras:tN and 6 N are isomorphic. 

7.29 Let E be a closed perfect subset ofT and JL be a probability measure on T such that the 
closed support of JL is T and the closed support of the restriction JL E of JL to E is also 
E. If21E is the CO-algebra generated by MXI on L 2 (JL) and 2~(L2(JLE»' then 2lE is 
an extension of 2<r by C (T) with \II (M XI) = XI. Moreover, two of these extensions 
are equivalent if and only if the set E is the same. 

7.30 If E is a closed subset of T, then E = Eo U {eit• : n ::: I}, where Eo is a closed 
perfect subset of T. Let J.L be a probability measure on T such that the closed support 

6In subsequent work it became apparent that the notion of equivalence for extensions most closely 
connected with operator theory requires a to be the identity map. This study revealed fundamental 
connections between operator algebras and algebraic topology and began the subject now known as 
noncommutative topology and geometry. The basic results first appeared in joint work with L.G. Brown 
and P.Q. Fillmore [Extensions of C* -algebras and K -homology, Ann. Math. (2) 105,265-324 (1977)]. 
An overview of the subject can be found in [C*-algebra Extensions and K-homology, Ann. Math. 
Studies 97, Princeton (1980)]. Connections with operator theory and the subject of this book are most 
apparent when X is a subset of the plane. The extent to which the topic has grown can be seen in a 
recent exposition by A. Connes [Noncommutative Geometry, Academic Press, San Diego (1994)]. 
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of JJ, is lr and the closed support of the restriction JJ,Eo of JJ, to Eo is also Eo. If ~E 
is the C" -algebra generated by W = M XI e En> I eMel1. on L 2 (JJ,) e En> I e12 (1:) 
and 2<£(L2(JJ,Eo) e En>1 eI2(1:», then ~E is an extension of 2~ by C(T) with 
\If(W) = XI Moreover, two of these extensions are equivalent if and only if the sets 
E are the same. 

7.31 Every extension ~ of 2<£ by C(1I) is equivalent to exactly one extension of the 
form stN , @IN , or ~E." (Hint: Assume ~ is contained in ~(:Je) and decompose the 
representation of 2<£ on ';If,. Use Exercises 5.18-5.19.) 

7.32 If T is an operator on ';If, such that oAT) = lr and T"T - TT" is compact, then the 
C*-algebra generated by T is an extension of 2~ by C(lr) with WeT) = XI. Which 
one is it? 

7.33 If B2 is the closure of the polynomials in L2([) with planar Lebesgue measure and 
PB is the projection of L2([) onto B2, then the C*-algebragenerated by the operators 
(Rtp : 'P E C([)}, where Rtp = PB MtplB2 , is an extension of Cff) by 2<£ with 
\If (Rxl ) = XI. Which one is it?* 

7.34 If~ is an extension of2~ by Cm, determine the range of the mapping fromAut(~) 
to Aut(C(1I).* 

7.35 If A is in lr and 'P is in Loo (1l), then iJ(8F)..} C u(<I> .. (Ttp» C h(iJ(8F .. », where iJ is 
the harmonic extension of'P to the Silov boundary of Hoo • 

7.36 (Widom) If'P is in PC, 'P# is the curve obtained from the range of'P by filling in the 
line segments joining 'P(eit-) to 'P(eit+) for each discontinuity, then Ttp is a Fredholm 
operator if and only if 'P# does not contain the origin. Moreover, in this case the index 
of Ttp is minus the winding number of 'P#.* (Hint: Use Corollary 7.51 to show that Ttp 
is a Fredholm operator in this case and that the index is minus the winding number of 
'P#. If 'P# passes through the origin, then small perturbations of'P produce Fredholm 
operators of different indexes.) 

7.37 (Gohberg-Krupnik) The quotient algebra st(PC)/2~(H2) is a commutative C*
algebra. Show that its maximal ideal space can be identified as a cylinder with an 
exotic topology. * 

7.38 If X is an operator on H2 such that T; X Ttp - X is compact for each inner function 
'P, then is X = T", + K for some", in L 00 and compact operator K?**7 

7.39 If for each z in C, 'Pz is a function in L 00 (lr) such that 'Pz (eil ) is an entire function in 
z having at most N zeros for each eit in T, then the set of z for which Ttp. fails to be 
invertible is a closed subset of C having at most N components. * (Repeat the whole 
proof of Theorem 7.45.) 

7 Although this problem remains open, K. Davidson has shown [On Operators Commuting with Toeplitz 
Operators Modulo the Compact Operators, J. Functional Analysis 24, 291-302 (1977)] that if the 
commutator [T~, X] is compact for each ~ in H oo + C, then X = T", + K for some "" in H oo + C 
and K in 'K. 
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Extensions, of C· -algebras, 183 
Extreme point, 26, 72 

Fatou theorem, 155 
Fiber, of Moo, 154 

F 

Finite rank operator, 54, 108 
Fourier coefficient, 51 
Fourier series, 51 
Fredholm alternative, 116 
Fredholm integral operator, 111 
Fredholm operator, 113 
Fuglede theorem, 103, 107 
Function algebra, 47 
Functional calculus, 85, 90 

extended, 11 0-1 03 

G 

Gelfand-Mazur theorem, 39 
Gelfand-Naimark theorem, 85 
Gelfand theorem, 41 
Gelfand transform, 37 
Gleason-Whitney theorem, 146 
Gohberg theorem, 130 
Gohberg-Krupnik theorem, 184 
Gram-Schmidt orthogonalization process, 

72 
Grothendieck theorem, 28 

B 

Hahn-Banach theorem, 10, 11,72 
~elmatrix, 181 
~el operator, 181 
Hardy space, 25,64,133-157 
Harmonic extension, 150 
Hartman theorem, 163, 181 
Hartman-Wintner theorem, 160, 163 
Hausdorff-Toeplitz theorem, 104 
Hellinger-Toeplitz theorem, 104 
Helson-Szego theorem, 167 
Hermitian operator, 77 
Hilbert space, 58-73, 61 

I 

Idempotent operator, 105 
Indicator function, see Characteristic 

function 
Initial space, of partial isometry, 87 
Inner function, 136 
Inner-outer factorization, 141 
Inner product, 58 
Inner product space, 59 
Integral operator, 111-112, 118, 129 
Invariant subspace, 90 

simply, 135-136 
Involution, of Banach algebras, 75, 83 
Irreducible subset, 126 
Isometry, 87,105, 130 
Isomorphism, of Hilbert spaces, 70 

J 
Jensen's inequality, 155 

K 

Kernel 
of integral operator, 112 
of operator, 75 

Kolmogorov-Kreln theorem, 156 
KreIn Mil'man theorem, 27 
Krein-Smul'yan theorem, 29 
Krein theorem, 131 

L 

Lebesguespace,6,23-25,63-65 



Linear functional, 5, 66 
Linear transformation 

bounded, 20 
closable, 106 
closure of, 106 
self-adjoint, 107 
symmetric, 107 

Localization, of C* -algebras, 175 

M 

Matrix operator entries, 104-105 
Maximal abelian subalgebra, 81 
Maximal ideal space, 41 
Metric, 1 
Metric space, 2 
Multiplication operator, 79-80 
Multiplicative linear functional, 30, 36 

Nehari theorem, 181 
Net, 3 

Cauchy, 3 

N 

Newman theorem, 154 
Norm, 1 

Hilbert space, 59 
Normal element, in C* -algebra, 83 
Normal operator, 77 
Normed linear space, 4, 26 
Numerical radius, 104 
Numerical range, 104 

o 
Open mapping theorem, 21, 22 
Operator, 74 
Orthogonal, 60 
Orthogonal complement, 65 
Orthonormal, 60, 72 
Orthonormal basis, 69 
Outer function 

in HI, 153-154, 155 
inH2, 141 

p 

Parallelogram law, 61 
Partial isometry, 87 
Piecewise continuous function, 157 
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Polar decomposition, 88, 89 
Polar form, 87 
Polarization identity, 59 
Polynomials 

analytic trigonometric, 47 
trigonometric, 47 

Positive element, of C* -algebra, 86, 105 
Positive operator, 77 
Projection, 78 
Pure isometry, 154 

multiplicity, 154 
Putnam theorem, 107 
Pythagorean theorem, 60--61, 67 

Q 
Quasicontinuous function, 156-157 
Quasinilpotent operator, ll8, 130 
Quotient algebra, 39-40 
Quotient C* -algebra, 124 
Quotient space, 19 

R 

Radical ideal, of Banach algebra, 54-55 
Radon-Nikodym theorem, 24, 73 
Range, of operator, 76 
Reducing subspace, 90 
Reflexive Banach spaces, 27-29 
Resolvent set, 38 
Riemann-Stieltjes integral, 14 
Riesz theorem, 16 
Riesz (F. and M.) theorem, 137 
Riesz functional calculus, 55 
Riesz-Markov representation theorem, 19 
Riesz representation theorem, 66 

s 
Self-adjoint element, of C* -algebra, 83 
Self-adjoint operator, 77 
Self-adjoint subset, 43 
Semisimple algebra, 54-55 
Separating vector, 95 
Silov boundary, 56,147,154 
Silov theorem, 49 
Similarity, of operators, 105 
Spectral inclusion theorem, 160, 168 
Spectral mapping theorem, 41-42 
Spectral measure, scalar, 102 
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Spectral projection, 102 
Spectral radius, 38 
Spectral subspace, 102 
Spectral theorem, 85 
Spectrum, 38 

operator, 77-78 
Square root, of operator, 86-87 
• -Homomorphism, 80, 100 
State, 131 

pure, 131 
Stone-tech compactification, 53, 54 
Stone-Weierstrass theorem, 43 

generalized, 46 
Strong operator topology, 91 
Subhannonic function, 155 
Sublinear functional, 10 
Subnormal operator, 164 
Summability, in Banach space, 3 
Symbol, of Toeplitz operator, 164 
Symmetric linear transformation, see 

Linear transformation, symmetric 
Szego theorem, 156 
Sz.-Nagy theorem, 154 

T 

Tensor product 
of Banach spaces, 29 
of Banach algebras, 56 
of Hilbert spaces, 73 
of operators on Hilbert spaces, 106 

Toeplitz matrix, 158 

Toeplitz operator, 158 

u 
Unilateral shift, 87, lOS, 121 
Unit ball, of Banach space, 9 
Unitary element, of C· -algebra, 83 
Unitary equivalence, of operators, 105 
Unitary operator, 77,105 

v 
von Neumann theorem, 155 
von Neumann double commutant theorem, 

106 
von Neumann-Wold decomposition, 154 
Volterra integral operator, 118 

W· -algebra, 92 
w-topology, 28 

W 

w* -topology, 8, 28, 72 
Weak topology, 8 
Weak operator topology, 91 
Weierstrass theorem, 44 
Weyl theorem, 130 
Weyl-von Neumann theorem, 130 
Widom-Devinatz theorem, 182 
Widom theorem, 175, 184 
Wiener-Hopf operator, 179 
Wiener theorem, 51 
Wintner theorem, 164 
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