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Foreword

The present book is meant as a text for a course on complex analysis at
the advanced undergraduate level, or first-year graduate level. The first
half, more or less, can be used for a one-semester course addressed to
undergraduates. The second half can be used for a second semester, at
either level. Somewhat more material has been included than can be
covered at leisure in one or two terms, to give opportunities for the
instructor to exercise individual taste, and to lead the course in whatever
directions strikes the instructor’s fancy at the time as well as extra read-
ing material for students on their own. A large number of routine exer-
cises are included for the more standard portions, and a few harder
exercises of striking theoretical interest are also included, but may be
omitted in courses addressed to less advanced students.

In some sense, I think the classical German prewar texts were the
best (Hurwitz—Courant, Knopp, Bieberbach, etc.) and I would recommend
to anyone to look through them. More recent texts have emphasized
connections with real analysis, which is important, but at the cost of
exhibiting succinctly and clearly what is peculiar about complex analysis:
the power series expansion, the uniqueness of analytic continuation, and
the calculus of residues. The systematic elementary development of for-
mal and convergent power series was standard fare in the German texts,
but only Cartan, in the more recent books, includes this material, which
I think is quite essential, e.g., for differential equations. I have written a
short text, exhibiting these features, making it applicable to a wide vari-
ety of tastes.

The book essentially decomposes into two parts.

The first part, Chapters I through VIII, includes the basic properties
of analytic functions, essentially what cannot be left out of, say, a one-
semester course.
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I have no fixed idea about the manner in which Cauchy’s theorem is
to be treated. In less advanced classes, or if time is lacking, the usual
hand waving about simple closed curves and interiors is not entirely
inappropriate. Perhaps better would be to state precisely the homologi-
cal version and omit the formal proof. For those who want a more
thorough understanding, I include the relevant material.

Artin originally had the idea of basing the homology needed for com-
plex variables on the winding number. I have included his proof for
Cauchy’s theorem, extracting, however, a purely topological lemma of
independent interest, not made explicit in Artin’s original Notre Dame
notes [Ar 65] or in Ahlfors’ book closely following Artin [Ah 66]. 1
have also included the more recent proof by Dixon, which uses the
winding number, but replaces the topological lemma by greater use of
clementary properties of analytic functions which can be derived directly
from the local theorem. The two aspects, homotopy and homology, both
enter in an essential fashion for different applications of analytic func-
tions, and neither is slighted at the expense of the other.

Most expositions usually include some of the global geometric proper-
ties of analytic maps at an early stage. I chose to make the preliminaries
on complex functions as short as possible to get quickly into the analytic
part of complex function theory: power series expansions and Cauchy’s
theorem. The advantages of doing this, reaching the heart of the subject
rapidly, are obvious. The cost is that certain elementary global geometric
considerations are thus omitted from Chapter I, for instance, to reappear
later in connection with analytic isomorphisms (Conformal Mappings,
Chapter VII) and potential theory (Harmonic Functions, Chapter VIII).
I think it is best for the coherence of the book to have covered in one
sweep the basic analytic material before dealing with these more geomet-
ric global topics. Since the proof of the general Riemann mapping theo-
rem is somewhat more difficult than the study of the specific cases con-
sidered in Chapter VII, it has been postponed to the second part.

The second and third parts of the book, Chapters IX through XVI,
deal with further assorted analytic aspects of functions in many direc-
tions, which may lead to many other branches of analysis. I have em-
phasized the possibility of defining analytic functions by an integral in-
volving a parameter and differentiating under the integral sign. Some
classical functions are given to work out as exercises, but the gamma
function is worked out in detail in the text, as a prototype.

The chapters in Part II allow considerable flexibility in the order they
are covered. For instance, the chapter on analytic continuation, including
the Schwarz reflection principle, and/or the proof of the Riemann map-
ping theorem could be done right after Chapter VII, and still achieve
great coherence.

As most of this part is somewhat harder than the first part, it can easily
be omitted from a one-term course addressed to undergraduates. In the
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same spirit, some of the harder exercises in the first part have been
starred, to make their omission easy.

Comments on the Third and Fourth Editions

I have rewritten some sections and have added a number of exercises. 1
have added some material on harmonic functions and conformal maps, on
the Borel theorem and Borel’s proof of Picard’s theorem, as well as D.J.
Newman’s short proof of the prime number theorem, which illustrates
many aspects of complex analysis in a classical setting. I have made more
complete the treatment of the gamma and zeta functions. I have also
added an Appendix which covers some topics which I find sufficiently
important to have in the book. The first part of the Appendix recalls
summation by parts and its application to uniform convergence. The
others cover material which is not usually included in standard texts on
complex analysis: difference equations, analytic differential equations, fixed
points of fractional linear maps (of importance in dynamical systems),
Cauchy’s formula for C® functions, and Cauchy’s theorem for locally
integrable vector fields in the plane. This material gives additional insight
on techniques and results applied to more standard topics in the text.
Some of them may have been assigned as exercises, and I hope students
will try to prove them before looking up the proofs in the Appendix.
I am very grateful to several people for pointing out the need for a
number of corrections, especially Keith Conrad, Wolfgang Fluch, Alberto
Grunbaum, Bert Hochwald, Michal Jastrzebski, José Carlos Santos, Ernest
C. Schlesinger, A. Vijayakumar, Barmet Weinstock, and Sandy Zabell.
Finally, I thank Rami Shakarchi for working out an answer book.

New Haven 1998 SERGE LANG



Prerequisites

We assume that the reader has had two years of calculus, and has some
acquaintance with epsilon—delta techniques. For convenience, we have
recalled all the necessary lemmas we need for continuous functions on
compact sets in the plane. Section §1 in the Appendix also provides
some background.

We use what is now standard terminology. A function

f:S->T

is called injective if x # y in § implies f(x) # f(y). It is called surjective if
for every z in T there exists x € § such that f(x) =z If f is surjective,
then we also say that f maps S onto T. If f is both injective and
surjective then we say that f is bijective.

Given two functions f, g defined on a set of real numbers containing
arbitrarily large numbers, and such that g(x) = 0, we write

f<g or f(x<gx) for x—

to mean that there exists a number C > 0 such that for all x sufficiently
large, we have

|f(x)] = Cg(x).

Similarly, if the functions are defined for x near 0, we use the same
symbol < for x — 0 to mean that there exists C > 0 such that

If(¥)] = Cg(x)

ix
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for all x sufficiently small (there exists J >0 such that if [x| <& then
| f(x)| £ Cg(x)). Often this relation is also expressed by writing

f(x) = 0(g(),
which is read: f(x) is big oh of g(x), for x - o0 or x -0 as the case
may be.
We use ]a, b[ to denote the open interval of numbers

a<x<b.

Similarly, [a, b[ denotes the half-open interval, etc.
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CHAPTER |

Complex Numbers
and Functions

One of the advantages of dealing with the real numbers instead of the
rational numbers is that certain equations which do not have any solu-
tions in the rational numbers have a solution in real numbers. For
instance, x? =2 is such an equation. However, we also know some
equations having no solution in real numbers, for instance x* = —1, or
x?2 = —2. We define a new kind of number where such equations have

solutions. The new kind of numbers will be called complex numbers.

I, §1. DEFINITION

The complex numbers are a set of objects which can be added and
multiplied, the sum and product of two complex numbers being also a
complex number, and satisfy the following conditions.

1. Every real number is a complex number, and if «, f are real
numbers, then their sum and product as complex numbers are
the same as their sum and product as real numbers.

2. There is a complex number denoted by i such that i2 = —1.

3. Every complex number can be written uniquely in the form a + bi
where a, b are real numbers.

4, The ordinary laws of arithmetic concerning addition and multipli-
cation are satisfied. We list these laws:

If «, B, y are complex numbers, then («f)y = a(fy), and

@+B)+y=a+(B+7)
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We have a(f + y) = aff + ay, and (f + y)a = o + you
We have uf = flie, and a + = f + a.
If 1 is the real number one, then 1o = a.
If 0 is the real number zero, then Ox = 0.
We have a + (—1)a = 0.
We shall now draw consequences of these properties. With each

complex number a + bi, we associate the point (a, b) in the plane. Let
o =a, + a,i and = b, + b,i be two complex numbers. Then

a+ﬂ=a1+b1+(a2+b2)i.

Hence addition of complex numbers is carried out “componentwise”.
For example, (2 + 3i) + (—1 + 5i) = 1 + 8i.

bifrm—m 9 a+tbi=(a,b)

!

i

I

1

|

© D=if———v S |
i 1

i |

| I

| 1

| 1

1 L

1 a

Figure 1
In multiplying complex numbers, we use the rule i = —1 to simplify

a product and to put it in the form a + bi. For instance, let a = 2 + 3i
and f=1—1i Then
af =2+ 31 —i)=2(1 - i)+ 3i(1 — i)
=2-2i+3i-3?
=2+4+i-3(-1)
=2+3+i
=5+

Let a=a+ bi be a complex number. We define & to be a — bi.
Thus if @ = 2 + 3i, then & =2 — 3i. The complex number ¥ is called the
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conjugate of . We see at once that
aX = a® + b2

With the vector interpretation of complex numbers, we see that ad is the
square of the distance of the point (a, b) from the origin.

We now have one more important property of complex numbers,
which will allow us to divide by complex numbers other than 0.

If o = a + bi is a complex number # 0, and if we let

&
A= —p—
a’ + b?
then al = da = 1.
The proof of this property is an immediate consequence of the law of
multiplication of complex numbers, because

x o
o =
a2 +b* a’+b?

=1

The number 1 above is called the inverse of o, and is denoted by a™! or

1/a. If «, B are complex numbers, we often write B/a instead of a ™ (or
Ba™t), just as we did with real numbers. We see that we can divide by
complex numbers # 0.

Example. To find the inverse of (1 + i) we note that the conjugate
of 1 +iis 1 —iand that (1 +i)(1 —i)=2. Hence

1—i

1+ =

Theorem 1.1. Let a, f be complex numbers. Then
afp=0af, a+p=a+p d=ua
Proof. The proofs follow immediately from the definitions of addition,
multiplication, and the complex conjugate. We leave them as exercises

(Exercises 3 and 4).

Let o = a + bi be a complex number, where a, b are real. We shall
call a the real part of o, and denote it by Re(x). Thus

o + & = 2a = 2 Re(w).
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The real number b is called the imaginary part of a, and denoted by
Im(a).

We define the absolute value of a complex number « = a, + ia, (where
a,, a, are real) to be

la| = \/a? + a3.

If we think of « as a point in the plane (a,, a,), then |a| is the length of
the line segment from the origin to o. In terms of the absolute value,
we can write

-1

o
ot = —

|arf?

KR

provided a # 0. Indeed, we observe that |«|? = od.

az

a)

Figure 2

If « = a, + ia,, we note that

o} = |&]

because (—a,)? = a2, so \/a? + a? = /a? + (—a,)*.

Theorem 1.2. The absolute value of a complex number satisfies the
following properties. If o, B are complex numbers, then

|| = |l 1B,
la + Bl = |al + [BI.

Proof. We have

|aB|> = afaf = aBp = |a*|BI2.
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Taking the square root, we conclude that {[a||B]| = |«xB|, thus proving
the first assertion. As for the second, we have

lo + BI2 = (a+ B)(a+ B)=(x + B)@ + B)
= of + B + off + BB
= |a|? + 2 Re(Ba) + |BI?

because af = fa. However, we have
2 Re(pa) < 2|Bal

because the real part of a complex number is < its absolute value.
Hence
e + BI* < laf® + 2|8 + |BI?

< laf® + 21Bl1el + 1817
= (la + B

Taking the square root yields the second assertion of the theorem.

The inequality
le + Bl < o + 1Bl

is called the triangle inequality. It also applies to a sum of several terms.
If z,, ...,z, are complex numbers then we have

lzy + -+ z)l Slzy| + - + |z,
Also observe that for any complex number z, we have
|—z| =lz|.

Proof?

I, §1. EXERCISES

1. Express the following complex numbers in the form x + iy, where x, y are
real numbers.

(@ (—1+3i)7 (b)) (1+id1-19)

(© (A+1i2—i) d (—-DE2-i)
@ 7+ m)r+i) €) Qi+ )mi
® (/2 +3i) (h) (+1)i—23+3)

2. Express the following complex numbers in the form x + iy, where x, y are
real numbers.
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. Find the real and imaginary parts of (1 + i

COMPLEX NUMBERS AND FUNCTIONS (1, §2]

24 1
n—1 - - R
@ (1+1) ® 5 @5 @ 5
1+i i 2i 1
e f _ h ———
© = O ®35 O o9
. Let « be a complex number # 0. What is the absolute value of a/x? What
is a?
. Let &, B be two complex numbers. Show that af = @B and that

a+p=0a+5

. Justify the assertion made in the proof of Theorem 1.2, that the real part of a

complex number is < its absolute value.

. If o = a + ib with a, b real, then b is called the imaginary part of « and we

write b = Im(«). Show that & — & = 2i Im(x). Show that
Im(e) < [Im(0)] < .

)100‘

. Prove that for any two complex numbers z, w we have:

@ |zl =lz—wl+|wl
(b) lz| —Iw| =1z —w|
© lzZl=Iwl =]z +w|

. Let o =a+ib and z = x + iy. Let ¢ be real >0. Transform the condition

lz—a]=c

into an equation involving only x, y, 4, b, and ¢, and describe in a simple
way what geometric figure is represented by this equation.

Describe geometrically the sets of points z satisfying the following conditions.
(@ |z—i+3|=S5 ) lz—i+3]|>5

) |z—i+3|=5 d |z+2=1

) Imz>0 f) Imzz0

(g Rez>0 (h) Rez=0

I, §2. POLAR FORM

Let (x,y) = x + iy be a complex number. We know that any point in
the plane can be represented by polar coordinates (r, ). We shall now
see how to write our complex number in terms of such polar coordinates.

Let 6 be a real number. We define the expression e® to be

e = cos 6 + isin 6.

Thus e is a complex number.
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For example, if §# =, then e" = —~1. Also, > =1, and ™ =1i.
Furthermore, ¢!®*2” = ¢ for any real 6.

rel® = x + iy
r y=rsinf
0
x=rcosf
Figure 3

Let x, y be real numbers and x + iy a complex number. Let

r=.x%+y%.

If (r, 8) are the polar coordinates of the point (x, y) in the plane, then

x=rcosf and y = rsin 6.

Hence
X + iy =rcos 0 + ir sin 0 = re®.

The expression re is called the polar form of the complex number
x + iy. The number 6 is sometimes called the angle, or argument of z,
and we write

0 = arg z.

The most important property of this polar form is given in Theo-

rem 2.1. It will allow us to have a very good geometric interpretation for
the product of two complex numbers.

Theorem 2.1. Let 6, @ be two real numbers. Then

ei9+i¢ — eiﬂeicp.

Proof. By definition, we have

e0tie = 16+ = cos(0 + @) + isin(0 + @).
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Using the addition formulas for sine and cosine, we see that the preced-
ing expression is equal to

cos 6 cos ¢ — sin 0 sin ¢ + i(sin § cos ¢ + sin ¢ cos 0).
This is exactly the same expression as the one we obtain by multiplying
out
(cos 8 + i sin 8)(cos ¢ + i sin @).
Our theorem is proved.

Theorem 2.1 justifies our notation, by showing that the exponential
of complex numbers satisfies the same formal rule as the exponential of
real numbers.

Let o = a, + ia, be a complex number. We define e* to be

eal eiaz.
For instance, let « = 2 + 3i. Then e* = e?e>'.

Theorem 2.2. Let o, f be complex numbers. Then

e*t8 = g%F

Proof. Let a =a, + ia, and § = b, + ib,. Then
ea+ﬂ = e(al+b1)+i(a2+b2) = ea,+b1ei(a2+b2)

= e%1gbipiaztiby

Using Theorem 2.1, we see that this last expression is equal to
e1gb1piazgibs — 81012501 5ibs

By definition, this is equal to e®e, thereby proving our theorem.

Theorem 2.2 is very useful in dealing with complex numbers. We shall
now consider several examples to illustrate it.

Example 1. Find a complex number whose square is 4e'™2,
Let z = 2¢'™4. Using the rule for exponentials, we see that z2 = 4¢™*/2,

Example 2. Let n be a positive integer. Find a complex number w
such that w" = ™2,
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It is clear that the complex number w = ¢™2" satisfies our requirement.
In other words, we may express Theorem 2.2 as follows:

Let z, = r,e® and z, =r,e” be two complex numbers. To find the
product z,z,, we multiply the absolute values and add the angles. Thus
2,2, = 1y 1@ @10,

In many cases, this way of visualizing the product of complex numbers

is more useful than that coming out of the definition.

Warning. We have not touched on the logarithm. As in calculus, we

want to say that e? = w if and only if z=1log w. Since ek — 1 for all
integers k, it follows that the inverse function z =logw is defined only
up to the addition of an integer multiple of 2ni. We shall study the loga-
rithm more closely in Chapter 11, §3, Chapter I, §5, and Chapter 111, §6.

L.

§2. EXERCISES

Put the following complex numbers in polar form.
@ l+i b) 1+iy2 © -3 ) 4
© 1-i/2 ) —5i @ -7 (h) —1—i
. Put the following complex numbers in the ordinary form x + iy.
(a) e3in (b) eZin/3 (C) 3ei1:/4 (d) n.e—in:/s
(C) elni/é (f) e—in/2 (g) e—in (h) e—5in/4
. Let « be a complex number # 0. Show that there are two distinct complex
numbers whose square is a.
. Let a + bi be a complex number. Find real numbers x, y such that

(x + iy)* = a + bi,

expressing x, y in terms of a and b.

. Plot all the complex numbers z such that z" =1 on a sheet of graph paper,

forn=2,3,4,and S.

. Let a be a complex number #0. Let n be a positive integer. Show that

there are n distinct complex numbers z such that z" = «. Write these complex
numbers in polar form.

. Find the real and imaginary parts of i'/4, taking the fourth root such that its

angle lies between 0 and n/2.

. (a) Describe all complex numbers z such that e” = 1.

(b) Let w be a complex number. Let a be a complex number such that
e* = w. Describe all complex numbers z such that e* = w.
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. If e? = e, show that there is an integer k such that z = w + 2nki.

10.

(a) If 6 is real, show that

i0 —if i0 i@
+e e’ —e
0=—F+— d inf=——7——
cos 3 an sin 5
(b) For arbitrary complex z, suppose we define cos z and sin z by replacing
0 with z in the above formula. Show that the only values of z for which
cos z =0 and sin z = 0 are the usual real values from trigonometry.

Prove that for any complex number z # 1 we have

zn+1_1
l+z4+2"=

z—1
Using the preceding exercise, and taking real parts, prove:

; 1
l+c050+c0520+'"+cosn6=%+mf02—)0!
2sin~
sm2
for 0 < 6 < 2n.

Let z, w be two complex numbers such that zw # 1. Prove that

7Y <1 if|zl<1and |w <1,
1—-:2Zw
27Y 1 if)zl=1or|w=1
1—2zw

(There are many ways of doing this. One way is as follows. First check that
you may assume that z is real, say z =r. For the first inequality you are
reduced to proving

r—=w)(r—w)<(l —rw)(l—rw).

Expand both sides and make cancellations to simplify the problem.)

I, §3. COMPLEX VALUED FUNCTIONS

Let S be a set of complex numbers. An association which to each
element of § associates a complex number is called a complex valued
function, or a function for short. We denote such a function by symbols
like

f:§-C.
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If z is an element of S, we write the association of the value f(z) to z by
the special arrow

z f(2).

We can write

f(2) = u(z) + iv(2),
where u(z) and v(z) are real numbers, and thus
z+—>u(2), z-0(2)
are real valued functions. We call u the real part of f, and v the imagi-

nary part of f.
We shall usually write

z =X+ iy,

where x, y are real. Then the values of the function f can be written in
the form

f@@) = fx + iy) = u(x, y) + iv(x, y),
viewing u, v as functions of the two real variables x and y.
Example. For the function
f(z) = x3y + isin(x + ),
we have the real part,
u(x, y) = x%y,
and the imaginary part,
v(x, y) = sin(x + ).

Example. The most important examples of complex functions are the
power functions. Let n be a positive integer. Let

f2) =z"
Then in polar coordinates, we can write z = re”, and therefore
f(z) = r"e™® = r"(cos nf + i sin nb).

For this function, the real part is r"cosnf, and the imaginary part
is r" sin néf.
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Let D be the closed disc of radius 1 centered at the origin in C. In
other words, D is the set of complex numbers z such that |z] < 1. If z is
an element of D, then z" is also an element of D, and so z+z" maps D
into itself. Let S be the sector of complex numbers re® such that

0 £ 6 £ 2n/n,

as shown on Fig. 4.

2n/n

Figure 4
The function of a real variable
r—rt
maps the unit interval [0, 1] onto itself. The function
0+—nb
maps the interval

[0, 2n/n] — [0, 2n].

In this way, we see that the function f(z) = z" maps the sector S onto the
full disc of all numbers

w = te'?,
with 0<t<1 and 0< ¢ <27n. We may say that the power function

wraps the sector around the disc.
We could give a similar argument with other sectors of angle 2zn/n
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as shown on Fig. 5. Thus we see that z—z" wraps the disc n times
around.

2r/n

Figure 5

Given a complex number z = re® you should have done Exercise 6
of the preceding section, or at least thought about it. For future refer-
ence, we now give the answer explicitly. We want to describe all com-
plex numbers w such that w" = z. Write

w = te'.
Then

wh =t 0t

If w" =z, then t" =r, and there is a unique real number ¢ = 0 such that
t" = r. On the other hand, we must also have

eimp — eio’
which is equivalent with
inp = i0 + 2muik,

where k is some integer. Thus we can solve for ¢ and get

The numbers

w, = eifmemikin. k0 1 .. n—1
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are all distinct, and are drawn on Fig. 6. These numbers w, may be
described pictorially as those points on the circle which are the vertices
of a regular polygon with n sides inscribed in the unit circle, with one
vertex being at the point /",

wo

Figure 6

Each complex number

Ck — e21tik/n

is called a root of umity, in fact, an n-th root of unity, because its n-th
power is 1, namely

(Ck)n = eZm'kn/n = eZzik — 1
The points w, are just the product of e®" with all the n-th roots of unity,
Wk = eiﬂ/nck.

One of the major results of the theory of complex variables is to
reduce the study of certain functions, including most of the common
functions you can think of (like exponentials, logs, sine, cosine) to power
series, which can be approximated by polynomials. Thus the power func-
tion is in some sense the unique basic function out of which the others
are constructed. For this reason it was essential to get a good intuition
of the power function. We postpone discussing the geometric aspects
of the other functions to Chapters VII and VIII, except for some simple
exercises.
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I, §3. EXERCISES

1. Let f(z) = 1/z. Describe what f does to the inside and outside of the unit
circle, and also what it does to points on the unit circle. This map is called
inversion through the unit circle.

2. Let f(z) = 1/z. Describe f in the same manner as in Exercise 1. This map is
called reflection through the unit circle.

3. Let f(z) = e*™*. Describe the image under f of the set shaded in Fig. 7,
consisting of those points x + iy with —~3 < x <4 and y > B.

|
b
FF

Figure 7

4. Let f(z) = e*. Describe the image under f of the following sets:
(@ Thesetofz=x+iysuchthatx<land0<y<n
(b) The set of z = x + iy such that 0 < y < n (no condition on x).

I, §4. LIMITS AND COMPACT SETS

Let o be a complex number. By the open disc of radius r > 0 centered
at a we mean the set of complex numbers z such that

|z—al <r.

For the closed disc, we use the condition |z — a| < r instead. We shall
deal only with the open disc unless otherwise specified, and thus speak
simply of the disc, denoted by D(x,r). The closed disc is denoted by
D(a, r).

Let U be a subset of the complex plane. We say that U is open if for
every point a in U there is a disc D(x,r) centered at a, and of some
radius r > 0 such that this disc D(a,r) is contained in U. We have
illustrated an open set in Fig, 8.
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Figure 8

Note that the radius r of the disc depends on the point a. As o comes
closer to the boundary of U, the radius of the disc will be smaller.

Examples of Open Sets. The first quadrant, consisting of all numbers
z=x + iy with x > 0 and y > 0 is open, and drawn on Fig. 9(a).

] osed first =
‘quadrant

(a) (b)

Figure 9

On the other hand, the set consisting of the first quadrant and the
vertical and horizontal axes as on. Fig. 9(b) is not open.
The upper half plane by definition is the set of complex numbers

z=x+1y

with y > 0. It is an open set.

Let S be a subset of the plane. A boundary point of S is a point «
such that every disc D(«, r) centered at « and of radius r > 0 contains
both points of S and points not in S. In the closed first quadrant of Fig,
9(b), the points on the x-axis with x = 0 and on the y-axis with y > 0 are
boundary points of the quadrant.

A point « is said to be adherent to S if every disc D(x,7) with r >0
contains some element of S. A point « is said to be an interior point of S
if there exists a disc D(a«, r) which is contained in S. Thus an adherent
point can be a boundary point or an interior point of S. A set is called
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closed if it contains all its boundary points. The complement of a closed
set is then open.

The closure of a set S is defined to be the union of § and all its
boundary points. We denote the closure by S.

A set S is said to be bounded if there exists a number C > 0 such that

1z £ C for all z in S.

For instance, the set in Fig. 10 is bounded. The first quadrant is not
bounded.

Figure 10

The upper half plane is not bounded. The condition for boundedness
means that the set is contained in the closed disc of radius C, as shown
on Fig. 10.

Let f be a function on S, and let a be an adherent point of S. Let
w be a complex number. We say that

w = lim f(z)
zes

if the following condition is satisfied. Given ¢ > 0 there exists 4 > 0 such
that if ze S and |z — a| < J, then

[f2) — wl <&
We usually omit the symbols z € S under the limit sign, and write merely

lim f(z).

e

In some applications « € S and in some applications, a ¢ S.
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Let 2 € S. We say that f is continuous at o if

lim f(z) = f(a).

za

These definitions are completely analogous to those which you should
have had in some analysis or advanced calculus course, so we don’t
spend much time on them. As usual, we have the rules for limits of
sums, products, quotients as in calculus.

If {z,} (n=1,2,...) is a sequence of complex numbers, then we say
that

w = lim z,
n—wo

if the following condition is satisfied:

Given € > 0 there exists an integer N such that if n = N, then

|z, — w| <e
Let S be the set of fractions 1/n, with n=1,2,.... Let f(1/n) = z,.
Then
lim z,=w if and only if  lim f(z) = w.
n—w z—0
zeS

Thus basic properties of limits for n — oo are reduced to similar proper-
ties for functions. Note that in this case, the number 0 is not an element
of S.

A sequence {z,} is said to be a Cauchy sequence if, given ¢, there exists
N such that if m, n = N, then

|z, — z,,] <€

Write
z’l = xn + iyn'
Since
|Zn - Zml = \/(xn - xm)2 + (yn - ym)z’
and

Ixn_xml é |Zn_'zm|’ |yn—ym| é |Zn~zm|,

we conclude that {z,} is Cauchy if and only if the sequences {x,} and
{y.} of real and imaginary parts are also Cauchy. Since we know that
real Cauchy sequences converge (i.e. have limits), we conclude that com-
plex Cauchy sequences also converge.

We note that all the usual theorems about limits hold for complex
numbers: Limits of sums, limits of products, limits of quotients, limits
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of composite functions. The proofs which you had in advanced calculus
hold without change in the present context. It is then usually easy to
compute limits.

Example. Find the limit

nz

lim
now 1 + 1z

for any complex number z.
If z=0, it is clear that the limit is 0. Suppose z #0. Then the
quotient whose limit we are supposed to find can be written

nz oz
1+nz

+z

! <1 )
Iim(-+z]|=z
nooo \N

Hence the limit of the quotient is z/z = 1.

S| -

But

Compact Sets

We shall now go through the basic results concerning compact sets. Let
S be a set of complex numbers. Let {z,} be a sequence in S. By a point
of accumulation of {z,} we mean a complex number v such that given e
(always assumed > 0) there exist infinitely many integers n such that

|z, —v| <e.

We may say that given an open set U containing v, there exist infinitely
many n such that z, e U.

Similarly we define the notion of peint of accumulation of an infinite
set S. It is a complex number v such that given an open set U contain-
ing v, there exist infinitely many elements of S lying in U. In particular,
a point of accumulation of S is adherent to S.

We assume that the reader is acquainted with the Weierstrass—Bolzano
theorem about sets of real numbers: If S is an infinite bounded set of real
numbers, then S has a point of accumulation.

We define a set of complex numbers S to be compact if every sequence
of elements of § has a point of accumulation in S. This property is
equivalent to the following properties, which could be taken as alternate
definitions:

(a) Every infinite subset of S has a point of accumulation in S.
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(b) Every sequence of elements of S has a convergent subsequence
whose limit is in S.

We leave the proof of the equivalence between the three possible
definitions to the reader.

Theorem 4.1. A set of complex numbers is compact if and only if it is
closed and bounded.

Proof. Assume that S is compact. If S is not bounded, for each posi-
tive integer n there exists z, € S such that

|z, > n.

Then the sequence {z,} does not have a point of accumulation. Indeed,
if v is a point of accumulation, pick m > 2|v|, and note that |p| > 0.
Then

1z — 0] 2 |zl — 0| 2 M — [0] > 0],

This contradicts the fact that for infinitely many m we must have z,, close
to v. Hence S is bounded. To show S is closed, let v be in its closure.
Given n, there exists z, € S such that

|z, —v]| < 1/n.

The sequence {z,} converges to v, and has a subsequence converging to
a limit in S because § is assumed compact. This limit must be v, whence
ve S and S is closed.

Conversely, assume that S is closed and bounded, and let B be a
bound, so |z} £ B for all ze S. If we write

z=Xx+1iy,
then |x| < B and |y| £ B. Let {z,} be a sequence in S, and write
Zy = X, + iy,
There is a subsequence {z, } such that {x, } converges to a real number

a, and there is a sub-subsequence {z,,} such that (y, } converges to a
real number b. Then

{Za, = Xu, + iVn,}
converges to a + ib, and § is compact. This proves the theorem.

Theorem 4.2. Let S be a compact set and let S, 58, >-- be a
sequence of non-empty closed subsets such that S,> S,.,. Then the
intersection of all S, for all n =1, 2, ... is not empty.
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Proof. Let z,€S,. The sequence {z,} has a point of accumulation
in 8. Call it v. Then v is also a point of accumulation for each sub-
sequence {z,} with k = n, and hence lies in the closure of S, for each n,
But S, is assumed closed, and hence ve S, for all n. This proves the
theorem.

Theorem 4.3. Let S be a compact set of complex numbers, and let f be
a continuous function on S. Then the image of f is compact.

Proof. Let {w,} be a sequence in the image of f, so that
w, = f(z,) for z,€S.

The sequence {z,} has a convergent subsequence {z, }, with a limit v in
S. Since f is continuous, we have

lim w, = lim f(z, )= f(v).
k- k=0

Hence the given sequence {w,} has a subsequence which converges in
f(S). This proves that f(S) is compact.

Theorem 4.4. Let S be a compact set of complex numbers, and let
f:8§->R

be a continuous function. Then f has a maximum on S, that is, there
exists v e S such that f(z) < f(v) for all z€S.

Proof. By Theorem 4.3, we know that f(S) is closed and bounded.
Let b be its least upper bound. Then b is adherent to f(S), whence in
f(S) because f(S) is closed. So there is some ve S such that f(v)=b.
This proves the theorem.

Remarks. In practice, one deals with a continuous function f: S — C
and one applies Theorem 4.4 to the absolute value of f, which is also
continuous (composite of two continuous functions).

Theorem 4.5. Let S be a compact set, and let f be a continuous
function on S. Then f is uniformly continuous, i.e. given € there exists 6
such that whenever z, we S and |z — w| < 6, then | f(z) — f(w)| < e.

Proof. Suppose the assertion of the theorem is false. Then there exists
€, and for each n there exists a pair of elements z,, w, € S such that

|z, —w | <1l/m but  |f(z,) — f(w,)| > e
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There is an infinite subset J; of positive integers and some ve S such
that z, » v for n—» oo and ne J;. There is an infinite subset J, of J; and
ue S such that w, —»u for n— oo and neJ,. Then, taking the limit for
n— oo and ne J, we obtain |[u — v| = 0 and u = v because

|v—ul§|v—z,,|+|z,,—w,,|+|w,,—u|.
Hence f(v) — f(u) = 0. Furthermore,

| f(za) = W)l S 1f(z0) — f@) + @) — f@)] + 11 @) — f(wa)l.
Again taking the limit as n — oo and n € J,, we conclude that
fz) — f(w,)
approaches 0. This contradicts the assumption that
1f(z) — fwa)l > €,
and proves the theorem.

Let A, B be two sets of complex numbers. By the distance between
them, denoted by d(A4, B), we mean

d(A, B)=glb.|]z — w|,
where the greatest lower bound glb. is taken over all elements z € 4 and
we B. If B consists of one point, we also write d(A, w) instead of d(4, B).

We shall leave the next two results as easy exercises.

Theorem 4.6. Let S be a closed set of complex numbers, and let v be a
complex number. There exists a point w € S such that

ds,v)=|w —v|.

[Hint: Let E be a closed disc of some suitable radius, centered at v,
and consider the function z—|z —v| for ze SN E.]

Theorem 4.7. Let K be a compact set of complex numbers, and let S be
a closed set. There exist elements zo € K and wq € S such that

d(K, S) = |zo = Wo.

[Hint: Consider the function z+»>d(S, z) for ze K.]
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Theorem 4.8. Let S be compact. Let r be a real number > 0. There
exists a finite number of open discs of radius r whose union contains S.

Proof. Suppose this is false. Let z, € S and let D; be the open disc of
radius r centered at z;. Then D, does not contain S, and there is some
z,€8, z, #z,;. Proceeding inductively, suppose we have found open
discs Dy, ...,D, of radius r centered at points z,, ...,z,, respectively, such
that z,,, does not lie in D, u---u D,. We can then find z,,, which does
not lie in D, u---uD,, and we let D,,; be the disc of radius r centered
at z,,,. Let v be a point of accumulation of the sequence {z,}. By
definition, there exist positive integers m, k with k > m such that

|z, —v] < r/2 and |z, — v] < 1/2.

Then |z, — z,,| < r and this contradicts the property of our sequence {z,}
because z, lies in the disc D,,. This proves the theorem.

Let S be a set of complex numbers, and let I be some set. Suppose
that for each i e I we are given an open set U;. We denote this associa-
tion by {U;};.;, and call it a family of open sets. The union of the family
is the set U consisting of all z such that ze U; for some iel. We say
that the family covers S if S is contained in this union, that is, every z€ §
is contained in some U,. We then say that the family {U;};.; is an open
covering of S. If J is a subset of I, we call the family {U;};., a subfamily,
and if it covers S also, we call it a subcovering of S. In particular, if

U, .U,
is a finite number of the open sets U;, we say that it is a finite subcover-
ing of S if S is contained in the finite union

U v uU, .

Theorem 4.9. Let S be a compact set, and let {U};.; be an open
covering of S. Then there exists a finite subcovering, that is, a finite
number of open sets U, , ...,U; whose union covers S.

Proof. By Theorem 4.8, for each n there exists a finite number of open
discs of radius 1/n which cover S. Suppose that there is no finite sub-
covering of S by open sets U;. Then for each n there exists one of the
open discs D, from the preceding finite number such that D,N S is not
covered by any finite number of open sets U;. Let z,€D,NS, and let w
be a point of accumulation of the sequence {z,}. For some index i, we
have we U,,. By definition, U;, contains an open disc D of radius r >0
centered at w. Let N be so large that 2/N <r. There exists n > N such
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that
|z, — w| £ 1/N.

Any point of D, is then at a distance <2/N from w, and hence D, is
contained in D, and thus contained in U, . This contradicts the hypothe-
sis made on D,, and proves the theorem.

» §4. EXERCISES

1. Let a be a complex number of absolute value <1. What is lim a"? Proof?

2. If |a] > 1, does lim a" exist? Why?

n-*0

3. Show that for any complex number z # 1, we have

zn+l _ 1

z—1

l+z4++2"=

If |z] < 1, show that

1
lim(1+z+"'+z")=1

n—o -2z

4. Let f be the function defined by

f(Z)—:l—{B;l+ 2

Show that f is the characteristic function of the set {0}, that is, f(0) =1, and
f@=0ifz#0.

5. For |z| # 1 show that the following limit exists:

" -1
= li .
1) lim (z, " 1)
Is it possible to define f(z) when |z| = 1 in such a way to make f continuous?

6. Let

f@= hm

L imd-

(a) What is the domain of definition of f, that is, for which compiex numbers
z does the limit exist?
(b) Give explicitly the values of f(z) for the various z in the domain of f.

7. Show that the series

Z(l Z zn)(l — znH)
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converges to 1/(1 —z)? for |z| <1 and to 1/z(1 —z)® for |z} > 1. Prove that
the convergence is uniform for |z| £ ¢ <1 in the first case, and |z|=Z b > 1 in
the second. [Hint: Multiply and divide each term by 1 —z, and do a partial
fraction decomposition, getting a telescoping effect.]

I, §5. COMPLEX DIFFERENTIABILITY

In studying differentiable functions of a real variable, we took such func-
tions defined on intervals. For complex variables, we have to select
domains of definition in an analogous manner.

Let U be an open set, and let z be a point of U. Let f be a function
on U. We say that f is complex differentiable at z if the limit

et h - 1@

h-0 h

exists. This limit is denoted by f'(z) or df/dz.

In this section, differentiable will always mean complex differentiable.

The usual proofs of a first course in calculus concerning basic proper-
ties of differentiability are valid for complex differentiability. We shall
run through them again.

We note that if f is differentiable at z then f is continuous at z
because

fe+h-fa),

lim (f(z + h) — f(z)) = lim
h—0 h—0 h

and since the limit of a product is the product of the limits, the limit on
the right-hand side is equal to 0.

We let f, g be functions defined on the open set U. We assume that
[, g are differentiable at z.

Sum. The sum f + g is differentiable at z, and

(f+9 @ =1 +4'@

Proof. This is immediate from the theorem that the limit of a sum is
the sum of the limits.

Product. The product fg is differentiable at z, and

(f9Y () = f'(2)9(2) + f(2)g' (2).
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Proof. To determine the limit of the Newton quotient

Jz+hg(z + h) — f2)g(2)
h

we write the numerator in the form
Sz + hgz + h) — f(2)g(z + b) + f(2)g(z + h) — f(2)g(2).
Then the Newton quotient is equal to a sum

fz+h) - f() gz +h) —g()
h h ’

gz + h) + f(z)

Taking the limits yields the formula.

Quotient. If g(z) # O, then the quotient f/g is differentiable at z, and

90f'@) - [@g'@)

(19 = T2

Proof. This is again proved as in ordinary calculus. We first prove
the differentiability of the quotient function 1/g. We have

1 1
gz+h) g@) _ gz+h—g@) 1
h h g(z + h)g(z)
Taking the limit yields
1
_—g’ Z),
0@2*

which is the usual value. The general formula for a quotient is obtained
from this by writing
flg =1-1/g,

and using the rules for the derivative of a product, and the derivative of
1/g.

Examples. As in ordinary calculus, from the formula for a product
and induction, we see that for any positive integer n,

dz" _
dz

nz" !
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The rule for a quotient also shows that this formula remains valid when
n is a negative integer.
The derivative of z?/2z — 1) is

2z — 1)2z — 222
2z — 17

This formula is valid for any complex number z such that 2z — 1 # 0.
More generally, let

f(z) = P(2)/Q(2),

where P, Q are polynomials. Then f is differentiable at any point z
where Q(z) # 0.

Last comes the chain rule. Let U, V be open sets in C, and let
f:U->V and g V-C

be functions, such that the image of f is contained in V. Then we can
form the composite function g o f such that

(9° )@ = g(f(2).

Chain Rule. Let w = f(z). Assume that f is differentiable at z, and g is
differentiable at w. Then g o f is differentiable at z, and

(90 f)(2) =g (f@)f @)
Proof. Again the proof is the same as in calculus, and depends on
expressing differentiability by an equivalent property not involving de-

nominators, as follows.

Suppose that f is differentiable at z, and let

fe+h—f@)

oh) = ———— [0
Then
1) flz +h) = f@2) = f'(@Dh + ho(h),
and
) lim ¢(h) = 0.

h—0
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Furthermore, even though ¢ is at first defined only for sufficiently small
h and h # 0, we may also define ¢(0) =0, and formula (1) remains valid
for h =0.

Conversely, suppose that there exists a function ¢ defined for suffi-
ciently small h and a number a such that

(1) fz + h) — f(z) = ah + ho(h)
and
2 lim ¢(h) = 0.

h—0

Dividing by & in formula (1') and taking the limit as h — 0, we see that
the limit exists and is equal to a. Thus f'(z) exists and is equal to a.
Hence the existence of a function ¢ satisfying (1'), (2) is equivalent to
differentiability.

We apply this to a proof of the chain rule. Let w = f(z), and

k= f(z+h - f(2),
so that

9(fz + 1) — g(f(2)) = gw + k) — g(w).

There exists a function (k) such that lim (k) = 0 and
k=0

gw + k) — g(w) = g'Wk + ky (k)
=g W(f+h—f@)+(fz + )~ f@)k).

Dividing by h yields

geflz+h—gofle) _ ,

) g(w)f(2+h)—f(2)+f(Z+h)—f(2)

: 1)

As h— 0, we note that k — 0 also by the continuity of f, whence (k) — 0
by assumption. Taking the limit of this last expression as h— 0 proves
the chain rule.

A function f defined on an open set U is said to be differentiable if it
is differentiable at every point. We then also say that f is holomorphic
on U. The word holomorphic is usually used in order not to have to
specify complex differentiability as distinguished from real differentiability.
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In line with general terminology, a holomorphic function
fU-V

from an open set into another is called a holomorphic isomorphism if
there exists a holomorphic function

gV-uU
such that g is the inverse of f, that is,
gof=idy and fog=id,.

A holomorphic isomorphism of U with itself is called a holomorphic
automorphism. In the next chapter we discuss this notion in connection
with functions defined by power series.

I, §6. THE CAUCHY-RIEMANN EQUATIONS

Let f be a function on an open set U, and write f in terms of its real
and imaginary parts,

f(x + iy) = u(x, y) + iv(x, y).

It is reasonable to ask what the condition of differentiability means in
terms of u and v. We shall analyze this situation in detail in Chapter
VIII, but both for the sake of tradition, and because there is some need
psychologically to see right away what the answer is, we derive the
equivalent conditions on u, v for f to be holomorphic.
At a fixed z, let f'(z) = a + bi. Let w=h + ik, with h, k real. Suppose
that
fz+w) = f@2) = f'@w + s(Ww,
where
lim a(w) = 0.
w—0

Then
f'(2w = (a + bi)(h + ki) = ah — bk + i(bh + ak).

On the other hand, let

F: U —-R?
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be the map (often called vector field) such that
F(x, y) = (u(x, y), v(x, y))-
We call F the (real) vector field associated with . Then
F(x + h,y + k) — F(x, y) = (ah — bk, bh + ak) + a,(h, k)h + a,(h, k)k,
where o,(h, k), a,(h, k) are functions tending to O as (h, k) tends to O.
Hence if we assume that f is holomorphic, we conclude that F is differ-

entiable in the sense of real variables, and that its derivative is repre-
sented by the (Jacobian) matrix

ou Ju
a —-b ox 0y
J x, = =
¥ %) (b a) v Ov
ox 0y
This shows that
, u ou
f'@)= x 15
and
ou _ ov a du _0v
ox 0y dy  ox

These are called the Cauchy—Riemann equations.

Conversely, let u(x,y) and v(x,y) be two functions satisfying the
Cauchy-Riemann equations, and continuously differentiable in the sense
of real functions. Define

@) = f(x + iy) = u(x, y) + iv(x, y).
Then it is immediately verified by reversing the above steps that f is

complex-differentiable, i.e. holomorphic.
The Jacobian determinant Ay of the associated vector field F is

ou\? ow\2  [ou\* [ou\?
2 2[4 vy _ (o ou
sea (3] (5 -G (5
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Hence Ap = 0, and is #0 if and only if f'(z) # 0. We have

Ap(x, y) = f' @)

We now drop these considerations until Chapter VIIL

The study of the real part of a holomorphic function and its relation
with the function itself will be carried out more substantially in Chapter
VIIL. It is important, and much of that chapter depends only on elemen-
tary facts. However, the most important part of complex analysis at the
present level lies in the power series aspects and the immediate applica-
tions of Cauchy’s theorem. The real part plays no role in these matters.
Thus we do not wish to interrupt the straightforward flow of the book
now towards these topics.

However, the reader may read immediately the more elementary parts
§1 and §2 of Chapter VIII, which can be understood already at this
point.

I, §6. EXERCISE

1. Prove in detail that if u, v satisfy the Cauchy—Riemann equations, then the
function

f@) = f(x + iy) = ulx, y) + iv(x, y)

is holomorphic.

I, §7. ANGLES UNDER HOLOMORPHIC MAPS
In this section, we give a simple geometric property of holomorphic
maps. Roughly speaking, they preserve angles. We make this precise as
follows.
Let U be an open set in C and let
y:[a,b] > U
be a curve in U, so we write

(t) = x(t) + iy(©).

We assume that y is differentiable, so its derivative is given by

Y'(8) = x'(t) + iy’ (o).
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Let f: U — C be holomorphic. We let the reader verify the chain rule

£160) = 160w 0.

We interpret y'(t) as a vector in the direction of a tangent vector at the
point y(t). This derivative y'(t), if not 0, defines the direction of the curve
at the point.

Y(t) 7b)

e

a)
Figure 11

Consider two curves y and n passing through the same point z,. Say
zo = Y(to) = n(ty)-

Then the tangent vectors y'(t,) and #'(t,)} determine an angle # which is
defined to be the angle between the curves.

0]

()

Figure 12

Applying f, the curves foy and fon pass through the point f(z,), and
by the chain rule, tangent vectors of these image curves are

f'oy'(te)  and  f'(zo)n'(t,).

Theorem 7.1. If f’(z,) # O then the angle between the curves y, n at z,
is the same as the angle between the curves f oy, fon at f(z,).

Proof. Geometrically speaking, the tangent vectors under [ are
changed by multiplication with f'(z,), which can be represented in polar
coordinates as a dilation and a rotation, so preserves the angles.
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We shall now give a more formal argument, dealing with the cosine
and sine of angles.

Let z, w be complex numbers,

z=a+ bi and w=c + di,
where a, b, ¢, d are real. Then
zW = ac + bd + i(bc — ad).

Define the scalar preduct
(1) {z, w)> = Re(zw).

Then (z, w) is the ordinary scalar product of the vectors (a, b) and (c, d)
in R%. Let 6(z, w) be the angle between z and w. Then

{z, w)

E

(2) cos Bz, w) =

Since sin § = cos (9 — ;)’ we can define

(3) sin 0z, w) = <22
|z[[wl
This gives us the desired precise formulas for the cosine and sine of an

angle, which determine the angle.
Let f'(zg) = «. Then

(4) {az, aw) = Re(uzaw) = ad Re(zw) = |a|>{z, w)

because ad = |«|? is real. It follows immediately from the above formulas
that

(5) cos oz, aw) = cos B8(z, w)  and sin 8(az, aw) = sin 8(z, w).
This proves the theorem.

A map which preserves angles is called conformal. Thus we can say
that a holomorphic map with non-zero derivative is conformal. The
complex conjugate of a holomorphic map also preserves angles, if we
disregard the orientation of an angle.

In Chapter VII, we shall consider holomorphic maps which have in-
verse holomorphic maps, and therefore such that their derivatives are
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never equal to 0. The theorem proved in this section gives additional
geometric information concerning the nature of such maps. But the em-
phasis of the theorem in this section is local, whereas the emphasis in
Chapter VII will be global. The word “conformal”, however, has become
a code word for this kind of map, even in the global case, which explains
the title of Chapter VII. The reader will notice that the local property of
preserving angles is irrelevant for the global arguments given in Chapter
VII, having to do with inverse mappings. Thus in Chapter VII, we shall
use a terminology which emphasizes the invertibility, namely the termi-
nology of isomorphisms and automorphisms.

In this terminology, we can say that a holomorphic isomorphism is
conformal. The converse is false in general. For instance, let U be the
open set obtained by deleting the origin from the complex numbers.
The function

f:U->U givenby  zr2z?

has everywhere non-zero derivative in U, but it does not admit an in-
verse function. This function f is definitely conformal. The invertibility
is true locally, however. See Theorem 5.1 of Chapter II.



CHAPTER I

Power Series

So far, we have given only rational functions as examples of holomorphic
functions. We shall study other ways of defining such functions. One
of the principal ways will be by means of power series. Thus we shall see

that the series
2 3

1 z z

converges for all z to define a function which is equal to e®. Similarly,
we shall extend the values of sinz and cosz by their usual series to
complex valued functions of a complex variable, and we shall see that
they have similar properties to the functions of a real variable which you
already know.

First we shall learn to manipulate power series formally. In elemen-
tary calculus courses, we derived Taylor’s formula with an error term.
Here we are concerned with the full power series. In a way, we pick up
where calculus left off. We study systematically sums, products, inverses,
and composition of power series, and then relate the formal operations
with questions of convergence.

Il, §1. FORMAL POWER SERIES

We select at first a neutral letter, say T. In writing a formal power series

T"=ay+a,T+a,T*+---

M8

a

n=0

37
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what is essential are its “coefficients” a,, a,, a,, ... which we shall take

as complex numbers. Thus the above series may be defined as the func-
tion

n—a,

from the integers = 0 to the complex numbers.

We could use other letters besides T, writing

f(T)=Ya,T",
f(r) = Za,,r",
@)=Y a,z"

In such notation, f does not denote a function, but a formal expression.
Also, as a matter of notation, we write a single term

a,T"

to denote the power series such that g, =0 if k # n. For instance, we
would write
573

for the power series
0+ 0T +0T?+5T3*+0T*+ -,
such that a; = 5 and a, =0 if k # 3.

By definition, we call a, the constant term of f.
If

f=YaT" and g=YbT"
are such formal power series, we define their sum to be
f+9=YcT"  where c,=a,+b,.

We define their product to be

fg=Ya,T",  where d,=Y a,b,_,.
0

k

1l

The sum and product are therefore defined just as for polynomials. The
first few terms of the product can be written as

fg = aObO + (aobl + albO)T + (a0b2 + albl + azbo)Tz + Tt
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If o is a complex number, we define

of =Y (oa,)T"

to be the power series whose n-th coefficient is aa,. Thus we can multi-
ply power series by numbers.

Just as for polynomials, one verifies that the sum and product are
associative, commutative, and distributive. Thus in particular, if f, g, h
are power series, then

f(g + h) = fg + fh (distributivity).
We omit the proof, which is just elementary algebra.
The zero power series is the series such that a, =0 for all integers
nz0.
Suppose a power series is of the form

f=aT +a, T+,

and a, # 0. Thus r is the smallest integer n such that a, # 0. Then we
call r the order of f, and write

r =ord f.
If ord g = s, so that
g="bT*+by T+,
and b, # 0, then by definition,
fg = a,b,T"* + higher terms,

and a,b, # 0. Hence

ord fg = ord f + ord g.

A power series has order O if and only if it starts with a non-zero
constant term. For instance, the geometric series

1+T+T*+ T3+

has order 0.
Let f=Ya,T" be a power series. We say that g=3 b,T" is an
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inverse for f if

fg=1

In view of the relation for orders which we just mentioned, we note that
if an inverse exists, then we must have

ord f=ord g =0.

In other words, both f and g start with non-zero constant terms. The
converse is true:

If f has a non-zero constant term, then [ has an inverse as a power
series.

Proof. Considering ag'f instead of f, we are reduced to the case
when the constant term is equal to 1. We first note that the old geo-
metric series gives us a formal inverse,

1

=l+r+ri4+--.
1—r

Written multiplicatively, this amounts to

QA=A +r+r2+-)=1+r+ri+-—r(l+r+r*+-)
=l+r+ri+-—r—rr—-
=1.

Next, write
f=1—h, where h=—(a,T+a,T*+ ).
To find the inverse (1 — k)™ is now easy, namely it is the power series
() o=1+h+h+h 4
We have to verify that this makes sense. Any finite sum
L+h+h+-+h"

makes sense because we have defined sums and products of power series.
Observe that the order of h" is at least n, because A" is of the form

(—1)"a} T" + higher terms.
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Thus in the above sum (x), if m > n, then the term A™ has all coefficients
of order < n equal to 0. Thus we may define the n-th coefficient of ¢ to
be the n-th coefficient of the finite sum

L+h+h+-+h
It is then easy to verify that

A—he=01—h1+h+h*+h+-)
is equal to
1 + a power series of arbitrarily high order,

and consequently is equal to 1. Hence we have found the desired inverse
for f.

Example. Let

T?> T*
cosT=1——ﬁ+H——

be the formal power series whose coefficients are the same as for the
Taylor expansion of the ordinary cosine function in elementary calculus.
We want to write down the first few terms of its (formal) inverse,

1
cos T

Up to terms of order 4, these will be the same as

1 L (TT
: (T’- T* >_ e’

T gt
T2 T4 2
VTR A B

T®> T* T*

L TR TR T

1 -1 1 .
=14+ 5T2 + <—2—4— + Z) T* + higher terms.

This gives us the coefficients of 1/cos T up to order 4.
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The substitution of A in the geometric series used to find an inverse
can be generalized. Let

f=YaT"
be a power series, and let
KT)=c¢, T+

be a power series whose constant term is 0, so ord h 2 1. Then we may
“substitute” h in f to define a power series f o h or f(h), by

(foh(T)=f(WT) =foh=ay+ ah+ ah® + azh® + -
in a natural way. Indeed, the finite sums
ag+ah+-+a,h"

are defined by the ordinary sum and product of power series. If m > n,
then a,h™ has order > n; in other words, it is a power series starting
with non-zero terms of order >n. Consequently we can define the
power series f o h as that series whose n-th coefficient is the n-th coefficient
of

ap+ah+ -+ a,h"

This composition of power series, like addition and multiplication,
can therefore be computed by working only with polynomials. In fact,
it is useful to discuss this approximation by polynomials a little more
systematically.

We say that two power series f =) a,T" and g =) b, T" are con-
gruent mod T" and write f = g (mod T¥) if

a,=b, for n=0,...,N—1.
This means that the terms of order < N — 1 coincide for the two power
series. Given the power series f, there is a unique polynomial P(T) of
degree £ N — 1 such that
f(T)=P(T) (mod TV),

namely the polynomial

P(T)=ay+a; T+ +ay_, T
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If fi=f, and g, = g, (mod TY), then

Ltai=fH+g; and f191 = f,9, (mod TV).
If hy, h, are power series with zero constant term, and

hy=h, (mod TV),
then
f1(h1(T)) = fz(hz(T)) (mod T™).

Proof. We leave the sum and product to the reader. Let us look
at the proof for the composition f; och, and f,oh,. First suppose h
has zero constant term. Let P,, P, be the polynomials of degree N — 1
such that

fi=PL and f,=P, (mod TV).
Then by hypothesis, P, = P, = P is the same polynomial, and
fi(h) = Py(h) = Py(h) = fo(h) (mod TY).
Next let Q be the polynomial of degree N — 1 such that
hi(T) = hy(T) = Q(T) (mod T¥).
Write P =ay + a; T+ -+ ay_, T"'. Then

P(h))=aq+ ah; + - +ay_ h}!
=ay+a;Q+ " +ay_ Q"
=ag+ahy + - +ay_h)?
= P(h,) (mod T").
This proves the desired property, that f; o h; = f, o h, (mod TV).

With these rules we can compute the coefficients of various operations
between power series by reducing the computations to polynomial opera-
tions, which amount to high-school algebra. Indeed, two power series
f, g are equal if and only if

f=g (mod TY)

for every positive integer N. Verifying that f=¢g (mod TV) can be



44 POWER SERIES (11, §1]

done by working entirely with polynomials of degree < N.

If fi, f, are power series, then

(fy + f2)(h) = fi(h) + f1(h),
(L f))(B) = fi)fa(h),  and  (fi/f2) () = fi(B)/f>(h)

if ord f, = 0. If g, h have constant terms equal to O, then

flgm) = (f o g)(h).

Proof. In each case, the proof is obtained by reducing the statement
to the polynomial case, and seeing that the required properties hold for
polynomials, which is standard. For instance, for the associativity of
composition, given a positive integer N, let P, Q, R be polynomials of
degree < N — 1 such that

f=P, g=0, h=R (mod TV).
The ordinary theory of polynomials shows that

P(Q(R)) = (P o Q)(R).

The left-hand side is congruent to f(g(h)), and the right-hand side is
congruent to (f o g)(h) (mod TV) by the properties which have already
been proved. Hence

flgw) =(fog)(h) (mod TY).
This is true for each N, whence f(g(h)) = (f ° g)(h), as desired.

In applications it is useful to consider power series which have a finite
number of terms involving 1/z, and this amounts also to considering
arbitrary quotients of power series as follows.

Just as fractions m/n are formed with integers m, n and n # 0, we can
form quotients

flg = f(T)/g(T)

of power series such that g # 0. Two such quotients f/g and f/g, are
regarded as equal if and only if

f9: = 119,

which is exactly the condition under which we regard two rational num-



[11, §1] FORMAL POWER SERIES 45

bers m/n and m,/n, as equal. We have then defined for power series all
the operations of arithmetic,
Let

f(T)=a,T" + aps; T""' + - = ) a,T"
be a power series with a,, # 0. We may then write f in the form
f=a,T"(1 + KT)),

where h(T) has zero constant term. Consequently 1/f has the form

1 1
Ul = o T bty

We know how to invert 1 + h(T), say
(Q+HKT)*=1+bT+b,T?+ -,
Then 1/f(T) has the shape

1

1
1/f = a—l — + a;lbl W

me +-.~.

It is a power series with a finite number of terms having negative powers
of T. In this manner, one sees that an arbitrary quotient can always be
expressed as a power series of the form

-m . Cm
flg=Fm+ 20+ 4o+ T+c, T2+

™ Tm—l
= Y ¢, T"

If c_,, #0, then we call —m the order of f/g. It is again verified as for
power series without negative terms that if

o=flg and ¢, =fi/g,,
then
ord @@, = ord ¢ + ord ¢, .

Example. Find the terms of order < 3 in the power series for 1/sin T.
By definition,
sin T=T-—T33! +T35! -
=T —T?3! 4+ T45! —--).
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Hence

1 1 1
sinT T1—T%3!+T*5!+-

e T

ED

This does what we wanted.

Il, §1. EXERCISES

(1+ T2/31 = T*/5! + (T*/3!)* + higher terms

1 1 1 .
+ 5 T+ ( > T3 + higher terms.

(1L, §1]

We shall write the formal power series in terms of z because that’s the way they
arise in practice. The series for sin z, cos z, €%, etc. are to be viewed as formal

series.

1. Give the terms of order < 3 in the power series:

(@) e sinz (b) (sin z)(cos 2) © i z_ !

e’ —cosz 1 cos z
(@ z © cos z ® sin z
(g) Sin 2 (h) e*sinz

Cos Z

2. Let f(z) = Y a,z". Define f(—2) =} a,(—2)" = Y a,(—1)z". We define f(z) to
be even if a, =0 for n odd. We define f(z) to be odd if a, =0 for n even.
Verify that f is even if and only if f(—z) = f(z) and f is odd if and only if

f(=2)=—f(2).
3. Define the Bernoulli numbers B, by the power series
z % B, ,
e —1 - n;o ;‘!'Z )

Prove the recursion formula

BO + Bl 4ot B"_l —
A0l DI 1! MmoD!

1
0

ifn=1,
if n>1.

Then B, = 1. Compute B;, B,, B;, B,. Show that B,=0if nis odd # 1.

4. Show that
z e 4 732
-2_ ez/2 - e-z/Z =
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Replace z by 2ziz to show that

(27[)2"
@2n)!

rzcotmz =y, (=1 B,,z*".
n=0

S. Express the power series for tanz, z/sinz, zcotz, in terms of Bernoulli
numbers.

6. (Difference Equations). Given complex numbers ay, a;, u;, u, define a, for
n=2by
a, = U8, + Uya,_,.
If we have a factorization
T2—u,T—u,=(T—a}T—a), and a#d,
show that the numbers a, are given by
a, = Aa" + Bo™
with suitable 4, B. Find A4, B in terms of a,, a,, o, «. Consider the power
series °

F(T)=Y a,T"

n=0

Show that it represents a rational function, and give its partial fraction decom-
position.

7. More generally, let a,, ...,q,-, be given complex numbers. Let u,, ...,u, be
complex number such that the polynomial

P(T) =T —u,T" ' + - +u,)
has distinct roots «,, ...,a,. Define a, for n = r by
A, =8,y + "+ ua,_,.
Show that there exist numbers A4,, ..., 4, such that for all n,

a,= Ao} + -+ A.a].

r

Il, §2. CONVERGENT POWER SERIES

We first recall some terminology about series of complex numbers.
Let {z,} be a sequence of complex numbers. Consider the series

[

z,.
=1
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We define the partial sum

M=

Sp = Zk=zl+22+'“+zn'

k

1

We say that the series converges if there is some w such that

lims,=w

n—w

exists, in which case we say that w is equal to the sum of the series, that
is,

w = Z

ne

™8

n=1

If A=Y a, and B = B, are two convergent series, with partial sums

n n
Sn = kz O(k and t” = z ﬁk’
=1
then the sum and product converge. Namely,

A+B=Y(a,+8)
AB = lim s,t,

n-o

Let {c,} be a series of real numbers ¢, = 0. If the partial sums
Y. &
k=1

are bounded, we recall from calculus that the series converges, and that
the least upper bound of these partial sums is the limit.

Let ) o, be a series of complex numbers. We shall say that this series
converges absolutely if the real positive series

PALA
converges. If a series converges absolutely, then it converges. Indeed, let
n
Sp = Z A
k=1
be the partial sums. Then for m < n we have

Sn—sm=am+1+“'+an
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whence

I8, — Sl = Z oty

k=m+1

Assuming absolute convergence, given € there exists N such that if n,
m = N, then the right-hand side of this last expression is < €, thereby
proving that the partial sums form a Cauchy sequence, and hence that
the series converges.

We have the usual test for convergence:

Let Y c, be a series of real numbers 2 0 which converges. If |a,| < c,
for all n, then the series Y a, converges absolutely.

Proof. The partial sums

M=

Ck

k=1

are bounded by assumption, whence the partial sums

II/\
£M=

are also bounded, and the absolute convergence follows.

In the sequel we shall also assume some standard facts about abso-
lutely convergent series, namely:

(1) If a series Y a, is absolutely convergent, then the series obtained by
any rearrangement of the terms is also absolutely convergent, and
converges to the same limit.

(ii) If a double series

0 0

2| 2 om

n=1

is absolutely convergent, then the order of summation can be inter-

changed, and the series so obtained is absolutely convergent, and
converges to the same value.

The proof is easily obtained by considering approximating partial
sums (finite sums), and estimating the tail ends. We omit it.

We shall now consider series of functions, and deal with questions of
uniformity.

Let S be a set, and f a bounded function on S. Then we define the
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sup norm

Ifls =111 = sup | /@),

where sup means least upper bound. It is a norm in the sense that for
two functions f, g we have | f+ gl £ ||| + llgl, and for any number ¢
we have |lcf|| = 1c|l|f]. Also f =0 if and only if | f|| =0.

Let {f,} (n=1,2,...) be a sequence of functions on §. We shall say
that this sequence converges uniformly on S if there exists a function f on
S satisfying the following properties. Given ¢, there exists N such that if
n = N, then

Ifa =Sl <e

We say that {f,} is a Cauchy sequence (for the sup norm), if given ¢,
there exists N such that if m, n > N, then

15— full <€

In this case, for each z € S, the sequence of complex numbers

{£(2)}

converges, because for each z € §, we have the inequality

[/a(2) — fu@)| = 1Lfy — Sl

Theorem 2.1. If a sequence {f,} of functions on S is Cauchy, then it
converges uniformly.

Proof. For each z € §, let

f2) = lim f,(2).

a0

Given ¢, there exists N such that if m, n > N, then
1fi@) = fu(2)l <€, forall zeSs.

Let n= N. Given z€ S select m = N sufficiently large (depending on 2)
such that

1f(2) = ful2)l < e
Then
1f(2) = £u(D)] S 1f(2) — ful@) + | ful2) — £u(2)]
<€+ [ fm— Al

< 2e.
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This is true for any z, and therefore | f — f,| < 2¢, which proves the
theorem.

Remark. It is immediately seen that if the functions f, in the theorem
are bounded, then the limiting function f is also bounded.

Consider a series of functions, ) f,. Let

S, =

M=

fish+ht o+,

k

il

1

be the partial sum. We say that the series converges uniformly if the
sequence of partial sums {s,} converges uniformly.
A series Z £, is said to converge absolutely if for each z € S the series

Y I£2)

converges.
The next theorem is sometimes called the comparison test.

Theorem 2.2. Let {c,} be a sequence of real numbers = 0, and assume

that
2.

converges. Let {f,} be a sequence of functions on S such that ||f,| < c,
for all n. Then Y f, converges uniformly and absolutely.

Proof. Say m < n. We have an estimate for the difference of partial
sums,

n

n
Iss —sull < Y IAIS Y
k=m+1

k=m+1

The assumption that ) ¢, converges implies at once the uniform conver-
gence of the partial sums. The argument also shows that the convergence
is absolute.

Theorem 2.3. Let S be a set of complex numbers, and let {f,} be a
sequence of continuous functions on S. If this sequence converges uni-
formly, then the limit function f is also continuous.

Proof. You should already have seen this theorem some time during a
calculus course. We reproduce the proof for convenience. Let o€ S.
Select n so large that ||f — f,|l <e. For this choice of n, using the
continuity of f, at a, select 6 such that whenever |z — a| < & we have

1fl2) = ful0)l < e
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Then

1f(2) = f@)] £ 1/(2) = L@ + 1£a(2) = fu(@)] + 1 /(@) — f(@)].

The first and third term on the right are bounded by | f — f,| <e. The
middle term is < €. Hence

|f(2) = f@)] < 3e,
and our theorem is proved.
We now consider the power series, where the functions f, are
Jul2) = a,z",
with complex numbers a,,.

Theorem 24. Let {a,} be a sequence of complex numbers, and let r be
a number > O such that the series

Yla,r

converges. Then the series Y. a,z" converges absolutely and uniformly
for |z| £r.

Proof. Special case of the comparison test.

Example. For any r > 0, the series

Y z"/n!
converges absolutely and uniformly for |z| < r. Indeed, let

c,=r"/n!.
Then

Crr T n! r

o D' o+l

Take n = 2r. Then the right-hand side is < 1/2. Hence for all n suffi-
ciently large, we have

1
Cn+1 S 2Cp.

Therefore there exists some positive integer n, such that

¢, < CJ2m ™,
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for some constant C and all n = n,. We may therefore compare our series
with a geometric series to get the absolute and uniform convergence.

The series

a0

exp(z) = ), z"/n!

n=0

therefore defines a continuous function for all values of z. Similarly, the
series

. Z3 25 ) 2n+1
sinz=z— -1
R TR =2 )(2n+1)‘
and
ZZ Z4 © 2n
cosz—_—l—ﬁ+4_!—---=';0 — )(2n)'

converge absolutely and uniformly for all |z| £ r. They give extensions of
the sine and cosine functions to the complex numbers. We shall see later
that exp(z) = ¢® as defined in Chapter I, and that these series define the
unique analytic functions which coincide with the usual exponential, sine,
and cosine functions, respectively, when z is real.

Theorem 2.5. Let ) a,z" be a power series. If it does not converge
absolutely for all z, then there exists a number r such that the series con-
verges absolutely for |z| < r and does not converge absolutely for |z| > r.

Proof. Suppose that the series does not converge absolutely for all z.
Let r be the least upper bound of those numbers s = 0 such that

Y lals"

converges. Then ) |a,||z|" diverges if |z| > r, and converges if |z| < r by
the comparison test, so our assertion is obvious.

The number r in Theorem 2.5 is called the radius of convergence of the
power series. If the power series converges absolutely for all z, then we
say that its radius of convergence is infinity. When the radius of conver-
gence is 0, then the series converges absolutely only for z = 0.

If a power series has a non-zero radius of convergence, then it is
called a convergent power series. If D is a disc centered at the origin and
contained in the disc D(0, #), where r is the radius of convergence, then
we say that the power series converges on D.

The radius of convergence can be determined in terms of the co-
efficients. Let ¢, be a sequence of real numbers. We recall that a point of
accumulation of this sequence is a number ¢ such that, given ¢, there exist
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infinitely many indices n such that
It,—t| <e

In other words, infinitely many points of the sequence lie in a given
interval centered at t. An elementary property of real numbers asserts
that every bounded sequence has a point of accumulation (Weierstrass—
Balzano theorem).

Assume now that {t,} is a bounded sequence. Let S be the set of
points of accumulation, so that S looks like Fig. 1.

[ |

| LI llll.:.lll[ ||
|11 [T

] Ly
P |1 T e

Lot
T+

~$

Figure 1

We define the limit superior, lim sup, of the sequence to be
A = lim sup t, = least upper bound of S.

Then the reader will verify at once that A is itself a point of accumulation
of the sequence, and is therefore the largest such point. Furthermore, A
has the following properties:

Given ¢, there exist only finitely many n such that t, = ) + €. There
exist infinitely many n such that

t,2A—e€

Proof. If there were infinitely many n such that tz, = 1 + ¢, then the
sequence {t,} would have a point of accumulation

Zl+e> A,

contrary to assumption. On the other hand, since A itself is a point of
accumulation, given the e-interval about A, there have to be infinitely
many n such that ¢, lies in this e-interval, thus proving the second
assertion.

We leave it to the reader to verify that if a number A has the above
properties, then it is the lim sup of the sequence.

For convenience, if {t,} is not bounded from above, we define its
lim sup to be infinity, written oco.
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As an exercise, you should prove:
Let {t,}, {s,} be sequences of real numbers = 0. Let

t =limsupt, and s = lim sup s,,.

Then
lim sup(¢t, +s5,) <t +s.

If t #£0, then

lim sup(t,s,) < ts.

If im t, exists, then t = lim t,.

n—ao n—*w

This last statement says that if the sequence has an ordinary limit, then
that limit is the lim sup of the sequence.

The second statement is often applied in case one sequence has a
lim sup, and the other sequence has a limit # 0. The hypothesis ¢ # 0 is
made only to allow the possibility that s = oo, in which case ts is under-
stood to be co. If s+# oo, and t # o0, and lim ¢, exists, then it is true
unrestrictedly that

lim sup(t,s,) = ts.

Theorem 2.6. Let Y a,z" be a power series, and let r be its radius of
convergence. Then

1 .
— = lim sup |a,| "
;

If r =0, this relation is to be interpreted as meaning that the sequence
{la,|¥"} is not bounded. If r= co, it is to be interpreted as meaning
that lim sup|a,|'" = 0.

Proof. Let t = lim sup|a,|'”. Suppose first that ¢t # 0, co. Given € > 0,
there exist only a finite number of n such that |a,|"" > t + €. Thus for all
but a finite number of n, we have

la,| £ (t + €)',
whence the series Y a,z" converges absolutely if |z| < 1/(t + €), by com-

parison with the geometric series. Therefore the radius of convergence r
satisfies r = 1/(t + €) for every € > 0, whence r = 1/t.
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Conversely, given € there exist infinitely many n such that |a,|'" 2t — ¢,
and therefore

laq| Z (t — €)".

Hence the series Y a,z" does not converge if |z| = 1/(¢ — €), because its
n-th term does not even tend to 0. Therefore the radius of convergence r
satisfies r < 1/(t — €) for every € > 0, whence r < 1/t. This concludes the
proof in case ¢ # 0, co.

The case when t =0 or oo will be left to the reader. The above
arguments apply, even with some simplifications.

Corollary 2.7. If lim |a,|'™ = t exists, then r = 1/t.

Proof. If the limit exists, then ¢ is the only point of accumulation of
the sequence |a,|'", and the theorem states that ¢ = 1/r.

Corollary 2.8. Suppose that ) a,z" has a radius of convergence greater
than 0. Then there exists a positive number C such that if A > 1/r then

la,| < CA"  for all n.

Proof. Let s=1/4 so 0 <s < r at the beginning of the proof of the
theorem.

In the next examples, we shall use a weak form of Stirling’s formula,
namely

n!=n"""u, where limul"=1.

You can prove this estimate by comparing the integral

f logxdx=nlogn—n+1

1

with the upper and lower Riemann sums on the interval [1, n], using the
partition consisting of the integers from 1 to n. This is a very simple
exercise in calculus. Exponentiating the inequalities given by the
Riemann sums yields the weak form of Stirling’s formula.

Let {a,}, {b,} be two sequences of positive numbers. We shall write

a,=b for n— o
n n

if for each n there exists a positive real number u, such that lim u!» = 1,

and a, = b,u,. If limal" exists, and a, = b,, then lim b} exists and is

equal to lim a}/". We can use this result in the following examples.
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Example. The radius of convergence of the series Y, n!z" is 0. Indeed,
we have n! = n"e™" and (n!)"" is unbounded as n — co.

Example. The radius of convergence of ) (1/n!)z" is infinity, because
1/n! = e*/n" so (1/n!)Y" >0 as n - co.

Example. The radius of convergence of ) (n!/n")z" is e, because
ni/n" = e™" so lim(n!/n")" = 71,

Ratio Test. Let {a,} be a sequence of positive numbers, and assume that
lim a,.1/a, = A 20. Then lim a’" = A also.

Proof. Suppose first 4 > 0 for simplicity. Given € > 0, let ny be such

that 4 — € < ap1/an £ A+ € if n 2 ng. Without loss of generality, we can
assume e < 4 so A—¢>0. Write

Ae+1 ak+1
Qs I%

Then by induction, there exist constants Cj(e¢) and Cy(e) such that

Ci(e)(d—€)"™ < ay S Co(e)(A+€)",
Put C{(e) = Ci(e)(4 — €)™ and Cj(e) = Ca(€)(4 +€)™. Then

Ci()' "4~ e) £a/" < () ""(4 +e).
There exists N = np such that for n = N we have

Ci(e)'" = 1+b1(n) where |61(n)] < ¢/ (4~ ),
and similarly C}(€)"/" =14 5(n) with |62(n)| S ¢/(4 +¢€). Then
A—e+0i(n)(Ad—e) Sa/" S A+e+6(n)(4+e).

This shows that |a1/ " — A| £ 2¢, and concludes the proof of the ratio test

when 4 > 0. If 4 =0, one can simply replace the terms on the left of the
inequalities by 0 throughout.

Example (The Binomial Series). Let a be any complex number 5 0.
Define the binomial coefficients as usual,

(cx):a(a—l) (a—n+1)

n n!
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and the binomial series

(1+TF=B(T)=3 <°‘> ",

By convention,

The radius of convergence of the binomial series is 1 if o is not equal to
an integer = 0.

Proof. Under the stated assumption, none of the coefficients a, are 0,
and we have

a—n
n+1y

Ian-H/anl =

The limit is 1 as n-» o0, so we can apply the ratio test.

Warning. Let r be the radius of convergence of the series f(z).
Nothing has been said about possible convergence if |z| = r. Many cases
can occur concerning convergence or non-convergence on this circle. See
Exercises 6 and 8 for example.

Il, §2. EXERCISES

1. Let |a| < 1. Express the sum of the geometric series Z;‘,‘;l «” in its usual
simple form.

2. Let r be a real number, 0 £ r < 1. Show that the series

@
rneme and Z rlnlemﬂ

0 n=-co

M8

n

converge (6 is real). Express these series in simple terms using the usual
formula for a geometric series.

3. Show that the usual power series for log(l + z) or log(1 — z) from elementary
calculus converges absolutely for |z| < 1.

4. Determine the radius of convergence for the following power series.

(@ Y nz by Y z'/n"
(© Y 2z" (d Y (logn)*z"
() Y 272" € Y n*z"

Y

!
® Z%z” (h) zmz
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10.

11.

. Let f(z) =Y a,z" have radius of convergence r > 0. Show that the following

series have the same radius of convergence:
(@ Y na,z" (b) Y n’a,z"

(¢) Y na,z" for any positive integer d (d) Y, na,z"*
nz1

. Give an example of a power series whose radius of convergence is 1, and

such that the corresponding function is continuous on the closed unit disc.
[Hint: Try ¥ z"/n%]

. Let a, b be two complex numbers, and assume that b is not equal to any

integer < 0. Show that the radius of convergence of the series

Za(a+ D-(a+n) ,
bb+1)---(b+n

is at least 1. Show that this radius can be co in some cases.

. Let {a,} be a decreasing sequence of positive numbers approaching 0. Prove

that the power series ). 4,z" is uniformly convergent on the domain of z such
that
lzl €1 and |z—-1]2 6,

where 6 > 0. [Hint: For this problem and the next, use summation by parts,
see Appendix, §1.]

o0
. (Abel’s Theorem). Let ) a,z” be a power series with radius of convergence

n=0

Q0
2 1. Assume that the series ) a, converges. Let 0 < x < 1. Prove that
n=0

x—~1 n=0

lim i a,x" = i a,.
n=0

Remark. This result amounts to proving an interchange of limits. If

n
S,,(X) = Z akxk’
k=1

then one wants to prove that

lim lim s,(x) = lim lim s,(x).

n—ow0 x—1 x=1 n—w®

Cf. Theorem 3.5 of Chapter VII in my Undergraduate Analysis, Springer-
Verlag, 1983.

Let Y a,z" and Y b,z" be two power series, with radius of convergence r and
s, respectively. What can you say about the radius of convergence of the
series:

@ Y(a,+b,)z" () Y a,b,z"?
Let «, B be complex numbers with |a| < |B|. Let

f@) =Y. (3a" — 58™):z".
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Determine the radius of convergence of f(z).

12. Let {a,} be the sequence of real numbers defined by the conditions:
a,=1,4a, =2, and Ay =0,y + ,_, for n=2.

Determine the radius of convergence of the power series

[Hint: What is the general solution of a difference equation? Cf Exercise 6
of §1.]

13. More generally, let u,, u, be complex numbers such that the polynomial
PT)=T?—u,T—uy,=(T—a,)(T —a,)
has two distinct roots with |a,| < |a,|. Let aq, @, be given, and let
a,=ua, , + ua,_, for nz2.

What is the radius of convergence of the series Y a,T"?

Il, §3. RELATIONS BETWEEN FORMAL AND
CONVERGENT SERIES

Sums and Products
Let f= f(T) and g = g(T) be formal power series. We may form their

formal product and sum, f+g and fg. If f converges absolutely for
some complex number z, then we have the value f(z), and similarly for

g(2).

Theorem 3.1. If f, g are power series which converge absolutely on the
disc D(0, r), then f + g and fg also converge absolutely on this disc. If a
is a complex number, af converges absolutely on this disc, and we have

(f+9@)=f@)+49(), (f9@) = f(2)9(2),
(@)(z) = a f(2)
for all z in the disc.

Proof. We give the proof for the product, which is the hardest. Let

f=YaT" and g=>b,T",
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so that
fg=Yc,T", where ¢,= Y ab, .
k=0

Let 0 < s <r. We know that there exists a positive number C such that
for all n,

la,, = C/s" and  |b,| £ C/s"
Then
" C C
leal < Z lagb, | = (n+ 1)

_ (n+ 1nC?

n—k n

N S

“

Therefore

1/ne~2
e, /' < (n+ HC /n.

But lim (n + D)Y*C'" = 1. Hence

n=—wo
lim sup |c,|¥™ £ 1/s.

This is true for every s <r. It follows that lim sup|c,|'™ < 1/r, thereby
proving that the formal product converges absolutely on the same disc.
We have also shown that the series of positive terms

S S gl 1byyl 21"

n=0 k=0

converges.
Let
(D) =ay+a; T+ +ayTV,

and similarly, let gy(T) be the polynomial consisting of the terms of
order < N in the power series for g. Then

f(Z)=1i;[n fy(z)  and 9(2)=1i;n gn(2)-

Furthermore,

e — fi@gx@I S S S lagl Byl 21"

0
n=N+1 k=0

In view of the convergence proved above, for N sufficiently large the
right-hand side is arbitrarily small, and hence

f(2)g(2) = li;n Jn(2)gn(2) = (f9)(2),
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thereby proving the theorem for the product.

The previous theorem shows that a formal power series determines a
function on the disc of absolute convergence. We can raise the question:
If two formal power series f, g give rise to the same function on some
neighborhood of 0, are they equal as formal power series? Subtracting g
from f, this amounts to asking: If a power series determines the zero
function on some disc centered at the origin, is it the zero series, i.e. are
all its coefficients equal to 0? The answer is yes. In fact, more is true.

Theorem 3.2.

(a) Let f(T)=>_a,T" be a non-constant power series, having a non-
zero radius of convergence. If f(0) = 0, then there exists s > 0 such
that f(z) #0 for all z with |z| £, and z # 0.

(b) Let f(T)=>.a,T" and g(T) =3 b,T" be two convergent power
series. Suppose that f(x) = g(x) for all points x in an infinite set
having 0 as a point of accumulation. Then f(T) = g(T), that is
ay = b, for all n.

Proof. We can write

f(z) = a,z™ + higher terms, and a, #0
=a,z"(1 + b,z + byz* + )
= a,2"(1 + h(z)),

where h(z) = b,z + b,z® + -+ is a power series having a non-zero radius
of convergence, and zero constant term. For all sufficiently small |z|, the
value |h(z)| is small, and hence

1+ h(z) #0.

If z #£0, then a,z™ # 0. This proves the first part of the theorem.

For part (b), let h(t) = f(T) — g(T) = Y.(a, — b,)T". We have h(x) =0
for an infinite set of points x having 0 as point of accumulation. By part
(a), this implies that h(T) is the zero power series, so a, = b, for all n,
thus proving the theorem.

Example. There exists at most one convergent power series f(T) =
Za,, T" such that for some interval [ —¢, €] we have f(x) = e* for all x in
[—e, €]. This proves the uniqueness of any power series extension of the
exponential function to all complex numbers. Similarly, one has the
uniqueness of the power series extending the sine and cosine functions.
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Furthermore, let exp(z) = ) z"/n!. Then

exp(iz) = Y (iz)'/n!.

Summing over even n and odd n, we find that

exp(iz) = C(z) + iS(z),
where C(z) and S(z) are the power series for the cosine and sine of z
respectively. Hence e® for real 6 coincides with exp(if) as given by the

power series expansion.
Quite generally, if g(T'), h(T) are power series with 0 constant term, then

exp(g(T) +h(T)) = (expg(T)) (exph(T)).
Proof. On one hand, by definition,

exp(9(T) + h(7)) = 3 EDTHD)

|
part n

and on the other hand,

o] n k
(expg(T)) (exph(T :ZZQI{) h( )
n=0 k

] .
g (1) + T)) ged.

“M

In particular, for complex numbers z, w we have
exp(z + w) = (expz)(expw),

because we can apply the above identity to g(7') = zT and A(T) = wT, and
then substitute 7 = 1. Thus we see that the exponential function e defined
in Chapter I has the same values as the function defined by the usual power
series exp(z). From now on, we make no distinction between e and exp(z).

Theorem 3.2 also allows us to conclude that any polynomial relation
between the elementary functions which have a convergent Taylor expan-
sion at the origin also holds for the extension of these functions as
complex power series.

Example. We can now conclude that sin®z 4 cos?z = 1, where sinz =
S(z), cosz= C(z) are defined by the usual power series. Indeed, the
power series S(2)* + C(z)2 has infinite radius of convergence, and has
value 1 for all real z. Theorem 3.2 implies that there is at most one series
having this property, and that is the series 1, as desired. It would be
disagreeable to show directly that the formal power series for the sine and
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cosine satisfy this relation. It is easier to do it through elementary calculus
as above.

Example. Let m be a positive integer. We have seen in §2 that the
binomial series
o
B(z) = "
@ z()

with o = 1/m has a radius of convergence = 1, and thus converges ab-
solutely for |z] < 1. By elementary calculus, we have

B(x)"=1+x

when x is real, and |x| < 1 (or even when |x| is sufficiently small). There-
fore B(T)™ is the unique formal power series such that

B(x)"=1+x
for all sufficiently small real x, and therefore we conclude that
B(T"=1+T.
In this manner, we see that we can take m-th roots
(1+z)tm

by the binomial series when }z| < 1.

Quotients

In our discussion of formal power series, besides the polynomial rela-
tions, we dealt with quotients and also composition of series. We still
have to relate these to the convergent case. It will be convenient to
introduce a simple notation to estimate power series.

Let f(T) =) a,T" be a power series. Let

o(T)=3 c,T"

be a power series with real coefficients ¢, = 0. We say that f is domi-
nated by ¢, and write

f<e or  f(T)<e(T),

if |a,| < ¢, for all n. It is clear that if ¢,  are power series with real co-
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efficients = 0 and if

<o, g<y,
then
f+g9<eo+¢¥ and  fg<oy.

Theorem 3.3. Suppose that f has a non-zero radius of convergence, and
non-zero constant term. Let g be the formal power series which is inverse
to f, that is, fg = 1. Then g also has a non-zero radius of convergence.

Proof. Multiplying f by some constant, we may assume without loss
of generality that the constant term is 1, so we write

f=1+a,T+a,T*+ - =1-kT),

where h(T) has constant term equal to 0. By Corollary 2.8, we know
that there exists a number 4 > 0 such that

la,| = A" nzl

(We can take C = 1 by picking A4 large enough.) Then

1 1
= =14+ HT)+ h(TY + .
) " T hgn LT
But
© AT
T AT ="
M=<Z [ —AT
Therefore 1/f(T) = g(T) satisfies
T)<1+ AT + “n: + = !
9(T) [—AT "(I—AT? "~ AT
1— AT
But
b=1—ar

<(1+ AT)(1 + 24T + QAT)* + ).

Therefore g(T) is dominated by a product of power series having non-
zero radius of convergence, whence g(T) itself a non-zero radius of con-
vergence, as was to be shown.
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Composition of Series
Theorem 3.4. Let

flz) = a,z" and h(z) = b,z"

n20 nz1
be convergent power series, and assume that the constant term of h is Q.

Assume that f(z) is absolutely convergent for |z] <r, with r >0, and
that s > 0 is a number such that

Y lbfs" <.

Let g = f(h) be the formal power series obtained by composition,

g9(T)= 73 a, (,2 ka">".

nz0
Then g converges absolutely for |z| < s, and for such z,
9(2) = f(h(2)).

Proof. Let g(T) =3 c,T". Then g(T) is dominated by the series

oM< 3 lanl(g mm)

and by hypothesis, the series on the right converges absolutely for |z| < s,
50 g(z) converges absolutely for |z] <s. Let

fN(T) = ao + alT + -+ aN_l TN-1
be the polynomial of degree < N — 1 beginning the power series f. Then

n
b

JD) = [u(H(T) < 3. la (i b T")

and f(h(T)) = g(T) by definition. By the absolute convergence we con-
clude: Given ¢, there exists N, such that if N 2 N, and |z| < s, then

l9(2) — fu(h(2)] < €.

Since the polynomials fy converge uniformly to the function f on the
closed disc of radius r, we can pick N, sufficiently large so that for
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N = N, we have

|f3(h(2)) — f(h(2)] < €.
This proves that
lg(z) — f(h(2))] < 2e,

for every €, whence g(z) — f(h(z)) = 0, thereby proving the theorem.

Example. Let m be a positive integer, and let h(z) be a convergent
power series with zero constant term. Then we can form the m-th root

(1 + h(z))m

by the binomial expansion, and this m-th root is a convergent power
series whose m-th power is | + h(z).

Example. Define

Readers should immediately recognize that the series on the right is the
usual series of calculus for log(l + w) when w = x and x is real. This
series converges absolutely for |w] < 1. We can therefore define log z for
lz—1] <1 by

logz=f(z—-1).

We leave it as Exercise 1 to verify that exp log z = z.

Il, §3. EXERCISES

1. (a) Use the above definition of log z for |z — 1] < 1 to prove that explogz = z.
[Hint: What are the values on the left when z = x is real?]

(b) Let zy#0. Let a be any complex number such that exp(x) = z,. For
|z = zo] < |zo| define

logz=f(%-1> +a:f<z;020> ‘e

Prove that exp log z = z for |z — z4] < |z,].

Warning. The above definitions in parts (a) and (b) may differ by a
constant. Since you should have proved that exp log z = z in both cases,
and since exp(w;) = exp(w,) if and only if there exists an integer k& such
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that wy = w, + 2mik, it follows that if we denote the two logs by log; and
log,, respectively, then log,(z) = log,(z) + 2nik.

(@) Letexp(T) =YY", T"/n!and log(l + T) = Y2, (~1)*"'T*/k. Show that
explog(1+T)=1+T and logexp(T)=T.
(b) Let Ay(T) and hy(T) be formal power series with 0 constant terms. Prove
that log((1 + a1(T)) (1 + ha(T))) = log(1 + k1 (T)) + log(1 + ha(T)).
(c) For complex numbers «, § show that log(l1+ T)* =« log(l1 + T) and

1+ 7)1 +T7)f =1+ 1)

. Prove that for all complex z we have

eiz + e—iz . eiz _ e—iz
cosz=——— and sinz=———
2 2i

Show that the only complex numbers z such that sin z = 0 are z = kn, where k
is an integer. State and prove a similar statement for cos z.

. Find the power series expansion of f(z) = 1/(z + 1)(z + 2), and find the radius

of convergence.

The Legendre polynomials can be defined as the coefficients F(a) of the series
expansion of

1
T e
=1+ P()z + Py(@)z> + -+ + P()z" + -~

Calculate the first four Legendre polynomials.

§4. ANALYTIC FUNCTIONS

So far we have looked at power series expansions at the origin. Let f be
a function defined in some neighborhood of a point z,. We say that f is
analytic at z, if there exists a power series

a0

Y, @z = zo)"

n=0

and some r > 0 such that the series converges absolutely for |z — z,{ < 7,
and such that for such z, we have

@ = 3 ale 2o
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Suppose f is a function on an open set U. We say that f is analytic on
U if f is analytic at every point of U.

In the light of the uniqueness theorem for power series, Theorem 3.2,
we see that the above power series expressing f in some neighborhood of
Zo is uniquely determined. We have

flzg) =0 ifand onlyif a,=0.

A point z, such that f(z,) =0 is called a zero of f. Instead of saying
that f is analytic at z;, we also say that f has a power series expansion
at z, (meaning that the values of f(z) for z near z, are given by an ab-
solutely convergent power series as above).

If S is an arbitrary set, not necessarily open, it is useful to make the
convention that a function is analytic on § if it is the restriction of an
analytic function on an open set containing S. This is useful, for in-
stance, when S is a closed disc.

The theorem concerning sums, products, quotients and composites of
convergent power series now immediately imply:

If f, g are analytic on U, so are f + g, fg. Also f/g is analytic on the
open subset of z € U such that g(z) # 0.

If g: U - V is analytic and f: V — C is analytic, then f o g is analytic.
For this last assertion, we note that if z, € U and g(zo) = wy, S0
g(2) =wo+ Y balz—20)" and f(w) = a.(w—wo)"
nx1 nz=0

for w near wy, then g(z) — wy is represented by a power series h(z — zo)
without constant term, so that Theorem 3.4 applies: We can “substitute”

Mg@2) =Y a,(9(2) — wo)"

to get the power series representation for f(g(z)) in a neighborhood of
ZO-

The next theorem, although easy to prove, requires being stated. It
gives us in practice a way of finding a power series expansion for a
function at a point.

Theorem 4.1. Let f(z) = ), a,z" be a power series whose radius of con-
vergence is r. Then f is analytic on the open disc D(0, r).

Proof. We have to show that f has a power series expansion at an
arbitrary point z, of the disc, so |zo| <r. Let s>0 be such that
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|zo| + s <r. We shall see that f can be represented by a convergent
power series at z,, converging absolutely on a disc of radius s centered

at zg.

Figure 2
We write
z2=2o+ (2 —zq)
so that
2" = (2o + (z — zo))"
Then

f0=3% a, (kgo (Z) 74z - zo)").

If [z — zy| < s then |z9| + |z — zo| < 7, and hence the series

nZo |4, (120l + |2 — 2o])" = ,,20 |a [ io (DIZOI"_"IZ - zOlk]

k=

converges. Then we can interchange the order of summation, to get

=3 [i a (:) z:;—"] CRENS

which converges absolutely also, as was to be shown.

Example. Let us find the terms of order <3 in the power series
expansion of the function

fl@)=2*/z +2)
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at the point z, = 1. We write
z=1+4+(z-1) z42=3+@z-1).

Let = denote congruence mod(z — 1)* (so disregard terms of order > 3).
Then

2=142z-1)+(~-1)?

z+2=3<1+%&—10

11 1
z+2 3

1

1 1 1 1
=§<1 — 3= D+ 55— 1P~ 55— 1)3+---).

Hence

zZ

= _ 12
z+2-(1+2(z )+ (z—1)?)

X %(1 —%(z— 1)+ %(z — 1) —%(z— 1)3>

if, s 11 i 12 1
=§l:1 +§(Z— 1)+<§+?>(2— 1) +(“‘§+§2-—§§>(Z—' 1)3]

These are the desired terms of the expansion.

Remark. Making a translation, the theorem shows that if f has a
power series expansion on a disc D(z,, r), that is,

f@) =Y a,z— z)

for |z — zo| <r, then f is analytic on this disc.

Il, §4. EXERCISES

1. Find the terms of order <3 in the power series expansion of the function
f@=2*z—-2atz=1

2. Find the terms of order <3 in the power series expansion of the function
f@=C—-(z+3)z+2)atz=1
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I, §5. DIFFERENTIATION OF POWER SERIES

Let D(0,r) be a disc of radius r > 0. A function f on the disc for which
there exists a power series Y a,z" having a radius of convergence =r
and such that

f@) =} a,z"

for all z in the disc is said to admit a power series expansion on this disc.
We shall now see that such a function is holomorphic, and that its
derivative is given by the “obvious” power series.

Indeed, define the formal derived series to be

Y na,z" =a, + 2a,z + 3a32> + .

Theorem 5.1. If f(z) = a,z" has radius of convergence r, then:

(i) The series Y na,z"™' has the same radius of convergence.
(i) The function f is holomorphic on D(0,r), and its derivative is equal
to Y na,z""%.

Proof. By Theorem 2.6, we have

lim sup |a,|/" = 1/r.
But

1/n

lim sup |na,|"" = lim sup n/"|a,|.

Since lim n'/* = 1, the sequences
|na,|""  and g,

have the same lim sup, and therefore the series ) a,z" and ) na,z" have
the same radius of convergence. Then

Y na,z"'  and ) na,z”

converge absolutely for the same values of z, so the first part of the
theorem is proved.

As to the second, let |z| <r, and 6 > 0 be such that |z| + d <r. We
consider complex numbers h such that

|h| < 0.
We have
f+h=Y a+hy
=Y a,(z" + nz"h + h*P,(z, h)),
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where P,(z, h) is a polynomial in z and h, with positive integer coeffi-
cients, in fact

Pahy=Y (:)h"“zz”“".

k=2

Note that we have the estimate:

[T ED (")ak“ﬂzr-k = Bz, 6).
& \k

Subtracting series, we find
f(Z + h) - f(Z) - Z nanZ"_lh = h2 Z anPn(z’ h),

and since the series on the left is absolutely convergent, so is the series
on the right. We divide by h to get

f(z+—hz-& — Y na,z"t =hy a,R(zh).

For |h| < 6, we have the estimate
¥ aBiz W] S T 1,/ Bz, B)
< Y lan|Pu(|2],6).
This last expression is fixed, independent of h. Hence
|hY, a, Pz, B < 1k Y la,| B(l2], 9).
As h approaches 0, the right-hand side approaches 0, and therefore
lim |k 3 a,B,(z, )| = 0.

This proves that f is differentiable, and that its derivative at z is given by
the series Y na,z"”", as was to be shown.

Remark. Conversely, we shall see after Cauchy’s theorem that a func-
tion which is differentiable admits power series expansion—a very re-
markable fact, characteristic of complex differentiability.

From the theorem, we see that the k-th derivative of f is given by the

series
fO@2) = k! a, + h(2),
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where h, is a power series without constant term. Therefore we obtain
the standard expression for the coefficients of the power series in terms of
the derivatives, namely

A

n!

a, =

If we deal with the expansion at a point z,, namely
f@)=ag + a(z — z) + a,(z _Zo)z 4+

then we find

f("’(zo).

a, =
n!

n

It is utterly trivial that the formally integrated series

an n+1

zZ
on—+1

M8

n

has radius of convergence at least r, because its coefficients are smaller in
absolute value than the coefficients of f. Since the derivative of this
integrated series is exactly the series for f, it follows from Theorem 6.1
that the integrated series has the same radius of convergence as f.

Let f be a function on an open set U. If g is a holomorphic function
on U such that g’ = f, then g is called a primitive for f. We see that a
function which has a power series expansion on a disc always has a
primitive on that disc. In other words, an analytic function has a local
primitive at every point.

Example. The function 1/z is analytic on the open set U consisting of
the plane from which the origin has been deleted. Indeed, for z, # 0, we
have the power series expansion

1 1 1 1

z_zo+z——20=g(l+(z—zo)/zo)

- temae)
Zo Zg

converging on some disc |z — zy| < r. Hence 1/z has a primitive on such
a disc, and this primitive may be called log z.
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Il, §5. EXERCISES

In Exercises 1 through 5, also determine the radius of convergence of the given
series.

1. Let N
10 =X 51
Prove that 1"(z) = f(2).
2. Let
sa= 3, (z,)z
Prove that
27(2) + o' (2) = 42,
3. Let
f(z)=z——z—33+§—f7z+"'.

Show that f'(z) = 1/(z% + 1).
4. Let
(_l)n z 2n
8= Ly <5> '

22J"(2) + zJ'(2) + z2J(2) = 0.

8

Prove that

5. For any positive integer k, let

B © (_l)n z 2n+k
M= Y e <§> '
Prove that

2R (@) + 2J(2) + (2 — k) Ji(2) = 0.

6. (a) For |z — 1] < 1, show that the derivative of the function

z— 1y

lOg z= log(l +(z— 1)) = i (_1)n—1£n_
n=1

is 1/z.

(b) Let zo #0. For |z —zo| < 1, define f(z) = Y.(— 1) ((z — zo)/z0)"/n. Show
that f'(z) = 1/z.
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Il, §6. THE INVERSE AND OPEN MAPPING THEOREMS

Let f be an analytic function on an open set U, and let f(U)=V. We
shall say that f is an analytic isomorphism if' V is open and there exists
an analytic function

g V-U

such that fo g =id, and g o f = id, in other words, f and g are inverse
functions to each other.

We say that f is a local analytic isomorphism or is locally invertible at
a point z, if there exists an open set U containing z, such that f is an
analytic isomorphism on U.

Remark. The word “inverse” is used in two senses: the sense of §1,
when we consider the reciprocal 1/f of a function f, and in the current
sense, which may be called the composition inverse, i.c. an inverse for the
composite of mappings. The context makes clear which is meant. In this
section, we mean the composition inverse.

Theorem 6.1.

(@ Let f(T)=a,T + higher terms be a formal power series with
a, #0. Then there exists a unique power series g(T) such that
f(g(T)) = T. This power series also satisfies g(f(T)) = T.

(b) If f is a convergent power series, so is g.

(c) Let f be an analytic function on an open set U containing z,.
Suppose that f'(zy) # 0. Then f is a local analytic isomorphism at
Zg.

Proof. We first deal with the formal power series problem (a), and we

find first a formal inverse for f(T). For convenience of notation below
we write f(T) in the form

fM=a,T-Y a,T"
We seek a power series

oT)= 3 6"
such that
flg(M) =T

The solution to this problem is given by solving the equations in terms
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of the coefficients of the power series
alg(T) —ag(T)> - =T
These equations are of the form
arb, — Pla,,...,a,,by,...,b,_1) =0, and aby=1 forn=1,

where P, is a polynomial with positive integer coefficients (generalized
binomial coefficients). In fact, one sees at once that

P(ay, ...,a5, by, ... ,byey)
= aZPZ,n(bl’ ""bn—l) + 4+ anPn,n(bl’ ""bn-l)!

where again B, , is a polynomial with positive coefficients. In this man-
ner we can solve recursively for the coefficients

by, b, ...

since b, appears linearly with coefficient a, # 0 in these equations, and
the other terms do not contain b,. This shows that a formal inverse
exists and is uniquely determined.

Next we prove that g(f(T))=T. By what we have proved already,
there exists a power series h(T) = c, T + higher terms with ¢, # 0 such
that g(h(T)) = T. Then using f(g(T)) = T and g(h(T)) = T, we obtain:

g(A(T)) = g(fg(T)) = g(W(D) = T,

which proves the desired formal relation.

Assume next that f is convergent.

We must now show that g(z) is absolutely convergent on some disc.
To simplify the number of symbols used, we assume that a, = 1. This
loses no generality, because if we find a convergent inverse power series
for a7f(z), we immediately get the convergent inverse power series for
f(2) itself.

Let fXT)=T-Y a*T"

n=2

be a power series with a} real 2 0 such that |a,| < af for all n. Let ¢(T)
be the formal inverse of f*(T), so

(M =Y ¢, T, ¢ =1

nz1

Then we have
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c, — Pa%,....a%ci,....c,-1) =0

with those same polynomials P, as before. By induction, it therefore
follows that c, is real > 0, and also that

|bll| é cn’

since b, = P,(a,,...,b,_,). It suffices therefore to pick the series f* so
that it has an easily computed formal inverse ¢ which is easily verified to
have a positive radius of convergence.

It is now a simple matter to carry out this idea, and we pick for f* a
geometric series. There exists A > 0 such that for all n we have

la,) < A"
(We can omit a constant C in front of A" by picking A sufficiently large.)

Then

A2T?
T)=T— Y A"Tr=T- "~
(1) ..;: T AT

The power series ¢(T) is such that f*(¢(T)) = T, namely

A*o(T)
oM ——==T
1 — A¢(T)
which is equivalent with the quadratic equation

(42 + A)p(T> — (1 + AT)o(T) + T = 0.

This equation has the solution

1+ AT — /(1 + AT)? — 4T(4% + A)

o(T) = 2042 + A)

The expression under the radical sign is of the form

1+ AT)2<1 _AT(A? + A)>

(1 + AT)?

and its square root is given by

L+ AT)<1 _4T(A + A))”Z

(1+ AT)?

We use the binomial expansion to find the square root of a series of the
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form 1 + h(T) when h(T) has zero constant term. It is now clear that
o(T) is obtained by composition of convergent power series, and hence
has a non-zero radius of convergence. This proves that the power series
g(T) also converges.

Finally, for (c), suppose first that z, = 0 and f(z,) = 0, so f is analytic
on an open set containing 0. This means that f has a convergent power
series expansion at 0, so we view f as being defined on its open disc of
convergence

f:D-C.

Let ¥, be an open disc centered at 0 such that V; is contained in the disc
of convergence of g, and such that g(V,) = D. Such a neighborhood of 0
exists simply because g is continuous. Let U, = f~1(V,) be the set of all
z€ D such that f(z) c V,. Let

fo: U=V,

be the restriction of f to U,. We claim that f, is an analytic isomor-
phism. Note that g(V,) = U, because for we ¥, we have fi (gw)) = w by
Theorem 3.4, so we consider the restriction g, of g to V, as mapping

Again by Theorem 34, for ze U, we have g,(f,(z)) = z, which proves
that f, and g, are inverse to each other, and concludes the proof of
Theorem 6.1(c) in case z, = 0 and f(z,) = 0.

The general case is reduced to the above case by translation, as one
says. Indeed, for an arbitrary f, with f(z) =) a,(z — z,)", change vari-
ables and let

w=z—z0, FW)=f()— flzo) = ianw".

Then we may apply the previous special case to F and find a local
inverse G for F. Let w, = f(z,), and let

gw) = G(w — wy) + z,.
Then ¢ is a local inverse for f, thus finishing the proof of Theorem 6.1.

There are (at least) four ways of proving the inverse function theorem.

1. The way we have just gone through, by estimating the formal in-
verse to show that it converges.
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2. Reproducing the real variable proof for real functions of class C*.
By the contraction principle, (shrinking lemma), one first shows that the
map is locally surjective, and one constructs a local inverse, which is
shown to be differentiable, and whose derivative satisfies, for w = f(z), the
relation

g'w) = 1/f"2).

The reader should be able to copy the proof from any standard book on
analysis, (certainly from my Undergraduate Analysis [La 83]).

3. Assuming the theorem for C* real functions. One can show (and
we shall do so later when we discuss the real aspects of an analytic
function) that an analytic function is C*®, as a function of (x, y), writing

z=X+ iy

The hypothesis f'(zo) # 0 (namely a, # 0) is then seen to amount to the
property that the Jacobian of the real function of two variables has non-
zero determinant, whence f has a C*® inverse locally by the real theorem.
It is then an easy matter to show by the chain rule that this inverse
satisfies the Cauchy-Riemann equations, and is therefore holomorphic,
whence analytic by the theory which follows Cauchy’s theorem.

4. Giving an argument based on more complex function theory, and
carried out in Theorem 1.7 of Chapter VI

All four methods are important, and are used in various contexts
in analysis, both of functions of one variable, and functions of several
variables.

Let U be an open set and let f be a function on U. We say that f is
an open mapping if for every open subset U’ of U the image f(U’) is
open.

Theorem 6.1 shows that the particular type of function considered
there, ie. with non-zero first coefficient in the power series expansion, is
locally open. We shall now consider arbitrary analytic functions, first at
the origin.

Let

f@=Y az"

be a convergent non-constant power series, and let m = ord f, so that

f(2) = a,,z™ + higher terms, a, #0.
= a,z"(1 + h(2)),
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where h(z) is convergent, and has zero constant term. Let a be a com-
plex number such that a™ = a,,. Then we can write f(z) in the form

flz) = (az(l + hl(z)))"',

where h,(z) is a convergent power series with zero constant term, ob-
tained from the binomial expansion

(1 + h@)"™ =1 + hy(2),
and

fi(2) = az(1 + hy(2)) = az + azh,(2)

is a power series whose coefficient of z is a # 0. Theorem 6.1 therefore
applies to f;(z), which is therefore locally open at the origin. We have

f@ = fi@)"

Let U be an open disc centered at the origin on which f; converges.
Then f,(U) contains an open disc V. The image of V under the map

ww™
is a disc. Hence f(U) contains an open disc centered at the origin.
Theorem 6.2. Let f be analytic on an open set U, and assume that for
each point of U, f is not constant on a given neighborhood of that
point. Then f is an open mapping.
Proof. We apply the preceding discussion to the power series expan-
sion of f at a point of U, so the proof is obvious in the light of what we

have already done.

The construction in fact yielded the following statement which it is
worthwhile extracting as a theorem.

Theorem 6.3. Let f be analytic at a point z,,

fO=a+ 3 ae—z,

with m =1 and a,, #0. Then there exists a local analytic isomorphism
o at O such that

@) = a0 + 0z — zo)"
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We interpret Theorem 6.3 as follows. Let
y:U-V

be an analytic isomorphism. We write w = {/(z). We may view  as a
change of coordinates, from the coordinate z to the coordinate w. In
Theorem 6.3 we may therefore write

fz) = ao + w",

where w = ¢(z — z5). The expansion for f in terms of the coordinate
w is therefore much simpler than in terms of the coordinate z.

We also get a criterion for a function to have an analytic inverse on a
whole open set.

Theorem 6.4. Let f be analytic on an open set U, and assume that f is
injective. Let V = f(U) be its image. Then f:U —V is an analytic
isomorphism, and f'(z) # 0 for all ze U.

Proof. The function f between U and V is bijective, so we can define
an inverse mapping g: V — U. Let z, be a point of U, and let the power
series expansion of f at z, be as in Theorem 6.3. If m > 1 then we see
that f cannot be injective, because the m-th power function in a neigh-
borhood of the origin is not injective (it wraps the disc m times around).

Hence m = 1, and Theorem 6.1 now shows that the inverse function g is
analytic at f(z,). This proves the theorem.
Example 1. Let f(z) = 3 — 5z + higher terms. Then f(0) = 3, and
f0)=a,=-5+#0.

Hence f is a local analytic isomorphism, or locally invertible, at 0.

Example 2. Let f(z) =2 — 2z + z>. We want to determine whether f
is locally invertible at z = 1. We write the power series expansion of [ at
1, namely

f@)=1+@Ez—-1 =1+a,z—- 1>~

Here we have a; = 0. Hence f is not locally invertible at z = 1.

Example 3. Let f(z) = cos z. Determine whether f is locally invertible
at z=0. In this case,

2
fizy=1- % + higher terms,

so a; = 0 and f is not locally invertible.
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Example 4. Let f(z) = z%. Then f'(z) = 3z*> and f'(0) = 0. Thus f is
not locally invertible at 0. On the other hand, f'(z) # 0 if z # 0. Hence
if zo # 0 then f is locally invertible at z,. However, let U be the open
set obtained by deleting the origin from C. Then f is not invertible on
U. (Why?)

Il, §6. EXERCISES

Determine which of the following functions are local analytic isomorphism at the
given point. Give the reason for your answer.

l. fz)=€e*atz=0.

2. f(z) =sin(z?) at z = 0.
.f@=(@z—-1)(z—2atz=1.

4, f(z) =(sinz)* at z = 0.

5. fz)=coszatz=m.

6. Linear Differential Equations. Prove:

Theorem. Let ay(z), ...,ai(z) be analytic functions in a neighborhood of 0.
Assume that ay(0) # 0. Given numbers c,, ...,c;_;, there exists a unique ana-
Iytic function f at O such that

Df(0)=c, for n=0,... k-1
and such that

ay(2)Df(2) + a,@)D*f(2) + - + a(2)f(2) = 0.

[Hint: First you may assume dq(z) = 1 (why?). Then solve for f by a formal
power series. Then prove this formal series converges.]
7. Ordinary Differential Equations. Prove:

Theorem. Let g be analytic at 0. There exists a unique analytic function f at 0
satisfying

fO=0, and  f'(z)=g(f(2)-
[Hint: Again find a formal solution, and then prove that it converges.]

[Note: You will find the above two problems worked out in the Appendix, §3,
but please try to do them first before looking up the solutions.]

il, §7. THE LOCAL MAXIMUM MODULUS PRINCIPLE

This principle is an immediate application of the open mapping theorem,
and so we give it here, to emphasize its direct dependence with the
preceding section. On the other hand, we wait for a later chapter for less
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basic applications mostly for psychological reasons. We want to alter-
nate the formal operations with power series and the techniques which
will arise from Cauchy’s theorem. The later chapter could logically be
read almost in its entirety after the present section, however.

We say that a function f is locally constant at a point z, if there exists
an open set D (or a disc) containing z, such that f is constant on D.

Theorem 7.1. Let f be analytic on an open set U. Let zye U be a
maximum for |f|, that is,

[fE)l 2 1f(2),  forall zeU.
Then f is locally constant at z.
Proof. The function f has a power series expansion at z,,
f@@)=aq+a;(z—zo) + .
If f is not the constant a, = f(z,), then by Theorem 6.2 we know that f
is an open mapping in a neighborhood of z,, and therefore the image of
f contains a disc D{a,, s) of radius s > 0, centered at a,. Hence the set

of numbers |f(z)|, for z in a neighborhood of z,, contains an open
interval around ay, so |f(z)| > | f(z,)| for some z. Hence

[f(zo)l = laol
cannot be a maximum for f, a contradiction which proves the theorem.

Corollary 7.2. Let f be analytic on an open set U, and let zo€ U be a
maximum for the real part Re f, that is,

Re f(zo) = Re f(2), forall zeU.
Then f is locally constant at z,.
Proof. The function ¢/ is analytic on U, and if
f(@) = u(z) + iv(z)
is the expression of f in terms of its real and imaginary parts, then

|ef(z)| = %),

Hence a maximum for Re f is also a maximum for |e/®|, and the
corollary follows from the theorem.
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The theorem is often applied when f is analytic on an open set U
and is continuous at the boundary of U. Then a maximum for |f(z)|
necessarily occurs on the boundary of U. For this one needs that U
is connected, and the relevant form of the theorem will be proved as
Theorem 1.3 of the next chapter.

We shall give here one more example of the power of the maximum
modulus principle, and postpone to a later chapter some of the other
applications.

Theorem 7.3. Let
f@)=ay+ayz+ -+ a,z*

be a polynomial, not constant, and say a, #0. Then f has some com-
plex zero, i.e. a number z, such that f(z,) = 0.

Proof. Suppose otherwise, so that 1/f(z) is defined for all z, and
defines an analytic function. Writing

a az
f(z)=a‘,z"<a(z)7+—l—d+“‘ + 1),

a,z

one sees that
lim 1/f(z) = 0.

2]~ o0

Let « be some complex number such that f(a) #0. Pick a positive
number R large enough such that |«| < R, and if |z| = R, then

1 1
/@1 1@l

Let S be the closed disc of radius R centered at the origin. Then S is
closed and bounded, and 1/|f(z)| is continuous on S, whence has a maxi-
mum on S, say at z,. By construction, this point z, cannot be on the
boundary of the disc, and must be an interior point. By the maximum
modulus principle, we conclude that 1/f(z) is locally constant at z,. This
is obviously impossible since f itself is not locally constant, say from the
expansion

f@) =bo + by(z — zo) + " + bylz — 2o)%,

with suitable coefficients by, ...,b; and b; # 0. This proves the theorem.



CHAPTER Il

Cauchy’s Theorem, First Part

i, §1. HOLOMORPHIC FUNCTIONS ON
CONNECTED SETS

Let [a, b] be a closed interval of real numbers. By a curve y (defined on
this interval) we mean a function

y: [a,b] - C
which we assume to be of class C*.
v(b)
wg///—\\\\\\,///
Figure 1
We recall what this means. We write
(t) = 11(8) + iy,(2),

where y, is the real part of y, and v, is its imaginary part. For instance,
the curve

y(0) =cos 8 + isin 6, 0<6<2m,

is the unit circle. Of class C' means that the functions y,(t), y,(t) have
continuous derivatives in the ordinary sense of calculus. We have drawn

86
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a curve in Fig. 1. Thus a curve is a parametrized curve. We call y(a) the
beginning point, and y(b) the end point of the curve. By a point on the
curve we mean a point w such that w = y(t) for some ¢ in the interval of
definition of .

We define the derivative y'(t) in the obvious way, namely
V'(E) = y1(8) + iy2(0).

It is easily verified as usual that the rules for the derivative of a sum,
product, quotient, and chain rule are valid in this case, and we leave this
as an exercise. In fact, prove systematically the following statements:
Let F:[a,b] - C and G:[a,b] - C be complex valued differentiable
functions, defined on the same interval. Then:
(F+GY=F +G,
(FGY = FG' + F'G,
(F/GY = (GF' — FG')/G?
(this quotient rule being valid only on the set where G(t) # 0).

Let y: [c,d] — [a, b] be a differentiable function. Then y o is differ-
entiable, and

o)y (® =y WOW' ),

as illustrated on Fig. 2(i).

Figure 2(i)
Finally suppose y is a curve in an open set U and
fiU->C

is a holomorphic function. Then the composite f oy is differentiable (as
a function of the real variable t) and

(f o) @) = f' (@)@
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as illustrated on Fig. 2(ii).

t
a b

Figure 2(ii)

It is technically convenient to deal with a generalization of curves. By
a path we shall mean a sequence of curves,

Y= {yls Vz’---a)’n}

(so each curve y is C') such that the end point of 7; is equal to the
beginning point of y;,,. If y; is defined on the interval [a;, b;], this means
that

Vj(bj) = Yi+1 (aj+1)~

We have drawn a path on Fig. 3, where z; is the end point of y,. We
call y,(a,) the beginning point of y, and y,(b,) the end point of y. The path
is said to lie in an open set U if each curve v, lies in U, i.. for each t, the
point y,(t) lies in U.

Z4

Z0 T2 Y3
Y4

Figure 3

We define an open set U to be connected if given two points o and f
in U, there exists a path {y,,...,,} in U such that « is the beginning
point of y;, and B is the end point of v,; in other words, if there exists a
path in U which joins o to f. In Fig. 4 we have drawn an open set
which is not connected. In Fig. 5 we have drawn a connected open set.
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(The definition of connected applies of course equally well to a set which
is not necessarily open. It is usually called pathwise connected, but for
open sets, this coincides with another possible definition. See the appen-
dix of this section.)

Figure 4

Figure §

Theorem 1.1. Let U be a connected open set, and let f be a holomor-
phic function on U. If f' =0 then f is constant.

Proof. Let a, B be two points in U, and suppose first that y is a curve
joining « to B, so that

y(a) =« and y(b) = B.

The function

t— f((1))

is differentiable, and by the chain rule, its derivative is

I'G@®)y'@=0.

Hence this function is constant, and therefore

fl@) = f(v(@) = f(»(b)) = f(B).
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Next, suppose that y = {y,,...,7,} is a path joining a to f, and let z;
be the end point of y;, putting

k-]
It
=

Zg=0, Z
By what we have just proved, we have

@) = f(zo) = flz1) = f(z2) =+ = f(z,) = f(B),
thereby proving the theorem.

If f is a function on an open set U and g is a holomorphic function
on U such that g’ = f, then we call g a primitive of f on U. Theorem
1.1 says that on a connected open set, a primitive of f is uniquely
determined up to a constant, i.e. if g, and g, are two primitives, then
g1 — ¢, is constant, because the derivative of g, — g, is equal to 0.

In what follows we shall attempt to get primitives by integration. On
the other hand, primitives can also be written down directly.

Example. For each integer n# —1, the function f(z) =z" has the
usual primitive

Zn+1

n+1°

Let S be a set of points, and let zy € S. We say that z, is isolated in S
if there exists a disc D(z,, r) of some radius r > 0 such that D(z,, ) does
not contain any point of S other than z,. We say that S is discrete if
every point of § is isolated.

Theorem 1.2. Let U be a connected open set.

(@) If f is analytic on U and not constant, then the set of zeros of f
on U is discrete.

(i) Let f, g be analytic on U. Let S be a set of points in U which is
not discrete (so some point of S is not isolated). Assume that
f(2)=g(2) forall zin S. Then f =g on U.

Proof. We observe that (ii) follows from (i). It suffices to consider the
difference f — g. Therefore we set about to prove (i). We know from
Theorem 3.2 of the preceding chapter that either f is locally constant
and equal to 0 in the neighborhood of a zero z,, or z, is an isolated
Zero.

Suppose that f is equal to 0 in the neighborhood of some point z,.
We have to prove that f(z) =0 for all ze U. Let S be the set of points z
such that f is equal to 0 in a neighborhood of z. Then S is open. By
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Theorem 1.6 below, it will suffice to prove that S is closed in U. Let z,
be a point in the closure of S in U. Since f is continuous, it follows that
flz;)=0. If z; is not in S, then there exist points of S arbitrarily close
to z,, and by Theorem 3.2 of the preceding chapter, it follows that f is
locally equal to 0 in a neighborhood of z,. Hence in fact z, €S, so S is
closed in U. This concludes the proof.

Remarks. The argument using open and closed subsets of U applies
in very general situations, and shows how to get a global statement on a
connected set U knowing only a local property as in Theorem 3.2 of the
preceding chapter.

It will be proved in Chapter V, §1, that a function is holomorphic if
and only if it is analytic. Thus Theorem 1.2 will also apply to holomor-
phic functions.

The second part of Theorem 1.2 will be used later in the study of
analytic continuation, but we make some comments here in anticipation.
Let f be an analytic function defined on an open set U and let g be an
analytic function defined on an open set V. Suppose that U and V have
a non-empty intersection, as illustrated on Fig. 6. If U, V are connected,
and if f(z)=g(z) for all zeUnYV, ie. if f and g are equal on the
intersection U N ¥, then Theorem 1.2 tells us that g is the only possible
analytic function on V having this property. In the applications, we shall
be interested in extending the domain of definition of an analytic func-
tion f, and Theorem 1.2 guarantees the uniqueness of the extended func-
tion. We say that g is the analytic continuation of f to V.

@

Figure 6

It is also appropriate here to formulate the global version of the
maximum modulus principle.

Theorem 1.3. Let U be a connected open set, and let f be an analytic
Sfunction on U. If z, e U is a maximum point for |f|, that is

|f(zo)l Z | f2)]

Jor all z e U, then f is constant on U.
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Proof. By Theorem 6.1 of the preceding chapter, we know that f is
locally constant at z,. Therefore f is constant on U by Theorem 1.2(ii)
(compare the constant function and f). This concludes the proof.

Corollary 1.4. Let U be a connected open set and U°® its closure. Let f
be a continuous function on U, analytic and non-constant on U. If z,
is a maximum for f on US, that is, | f(zo)| 2 | f(2)| for all z € U, then z,
lies on the boundary of U°.

Proof. This comes from a direct application of Theorem 1.3.

Remark. If U° is closed and bounded, then a continuous function has
a maximum on U°, so a maximum for f always exists in Corollary 1.4.

Appendix: Connectedness

The purpose of this appendix is to put together a couple of statements
describing connectedness in various terms. Essentially we want to prove
that two possible definitions of connectedness are equivalent. For pur-
poses of this appendix, we use the words pathwise connected for the
notion we have already defined. Let U be an open set in the complex
numbers. We say that U is topologically connected if U cannot be ex-
pressed as a union U = VU W, where ¥V, W are open, non-empty, and
disjoint. We start with what amounts to a remark. Let S be a subset of
U. We say that S is closed in U if given ze U and z in the closure of S,
then z € S.

Lemma 1.5. Let S be a subset of an open set U. Then S is closed in U
if and only if the complement of S in U is open, that is, U — S is open.
In particular, if S is both open and closed in U, then U — S is also open
and closed in U.

Proof. Exercise 1.

Theorem 1.6. Let U be an open set. Then U is pathwise connected if
and only if U is topologically connected.

Proof of Theorem 1.6. Assume that U is pathwise connected. We
want to prove that U is topologically connected. Suppose not. Then
U =VuW where V, W are non-empty and open. Let z, € V and z, € W.
By assumption there exists a path y: [a, b] » U such that y(a) =z, and
y(b) = z,. Let T be the set of t € [a, b] such that y(t)e V. Then T is not
empty because ae T, and T is bounded by b. Let ¢ be the least upper
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bound of T. Then ¢ # b. By definition of an upper bound, there exists a
sequence of real numbers t,, with ¢ <t, < b such that y(t,)e W, and ¢,
converges to ¢. Since y is continuous, it follows that y(c) = lim y(¢,), and
since W is closed in U, it follows that y(c)e W. On the other hand, by
definition of a least upper bound, there exists a sequence of real numbers
s, with a < s, < ¢ such that s, converges to ¢, and y(s,) € V. Since 7 is
continuous, it follows that y(c) = lim y(s,), and since V is closed in U, it
follows that y(c) € ¥, which is a contradiction proving that U is topologi-
cally connected.

Conversely, assume U is topologically connected. We want to prove
that U is pathwise connected. Let z,e U. Let V be the set of points in
U which can be joined to z, by a path in U. Then V is open. Indeed,
suppose that there is a path in U joining z, to z,. Since U is open,
there exists a disc D(z,,r) of radius r > 0 contained in U. Then every
element of this disc can be joined to z; by a line segment in the disc, and
can therefore be joined to z, by a path in U, so V is open. We assert
further that V is closed. To see this, let {z,} be a sequence in V converg-
ing to a point u in U. Since U is open, there exists a disc D(u,r) of
radius r > 0 contained in U. For some n the point z, lies in D(u,r).
Then there is a line segment in D(u, r) joining u and z,, and so u can be
joined by a path to z,. This proves that V is closed. Hence V is both
open and closed, and by assumption, ¥V = U. This proves that U is
pathwise connected, and concludes the proof of Theorem 1.6.

Warning. The equivalence of the two notions of connectedness for
open sets may not be valid for other types of sets. For instance, consider
the set consisting of the horizontal positive x-axis, together with vertical
segments of length 1 above the points 1, 1/2, 1/3, ...,1/n, ... and also
above 0. Now delete the origin. The remaining set is topologically
connected but not pathwise connected. Draw the picture! Also compare
with inaccessible points as in Chapter X, §4.

i, §1. EXERCISES

1. Prove Lemma 1.5.

2. Let U be a bounded open connected set, {f,} a sequence of continuous
functions on the closure of U, analytic on U. Assume that {f,} converges
uniformly on the boundary of U. Prove that {f,} converges uniformly on U.

3. Let a4, ...,a, be points on the unit circle. Prove that there exists a point z on
the unit circle so that the product of the distances from z to the g; is at least
1. (You may use the maximum principle.)
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Ill, §2. INTEGRALS OVER PATHS

Let F:[a, b] - C be a continuous function.
Write F in terms of its real and imaginary parts, say

F(t) = u(t) + iv(2).

Define the indefinite integral by

JF(t) dt = j u(t)de + i J v(e) dt.

Verify that integration by parts is valid (assuming that F’ and G’ exist
and are continuous), namely

JF(t)G’(t) dt = F(t)G(t) — JG(t)F’(t) dt.

(The proof is the same as in ordinary calculus, from the derivative of a
product.)
We define the integral of F over [a, b] to be

b

Jb F() dt = Jb u(t) dt + iJ o(t) dt.

a a a

Thus the integral is defined in terms of the ordinary integrals of the real
functions u and v. Consequently, by the fundamental theorem of calculus
the function

tl—»J!F(s)ds

a

is differentiable, and its derivative is F(t), because this assertion is true if
we replace F by u and v, respectively.
Using simple properties of the integral of real-valued functions, one

has the inequality
b
f F(t)dt

Work it out as Exercise 11.
Let f be a continuous function on an open set U, and suppose that y
is a curve in U, meaning that all values y(¢) lic in U for a<t<b. We

b
éf |F(2)] dt.
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define the integral of f along y to be

b
ff = J FG@)y' (@) d.

This is also frequently written

f f(2) dz.

Example 1. Let f(z) = 1/z. Let y(0) = e®. Then
y'(0) = ie®.

We want to find the value of the integral of f over the circle,

Jldz
2

s0 0 £ 6 £ 2zn. By definition, this integral is equal to

2z 1 . 2n
J —gie? do =i J dd = 2xi.
e

0 0

As in calculus, we have defined the integral over parametrized curves.
In practice, we sometimes describe a curve without giving an explicit
parametrization. The context should always make it clear what is meant.
Furthermore, one can also easily see that the integral is independent of
the parametrization, in the following manner

Let

g: [a, b] - [c, d]

be a C! function, such that g(a) = ¢, g(b) = d, and let

v:[c,d]-»C

v(b) = Y(d)

(1) = y(s) and s = g(1)

y(@ = y(c)
Figure 7
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be a curve. Then we may form the composed curve

7(®) = ¥(g(®)).
We find:

b
ff = | fGON@©d
b
= | S (g@))y’'(9(t)g' () dt

(fd
=| SN ds

»

=| f

Jy

Thus the integral of f along the curve is independent of the parametriza-
tion.
If y = {y1,...,7,} is a path, then we define

Jo-Els

to be the sum of the integrals of f over each curve y; of the path.
Theorem 2.1. Let f be continuous on an open set U, and suppose that f

has a primitive g, that is, g is holomorphic and g’ = f. Let o, B be two
points of U, and let y be a path in U joining o to f. Then

J f=9(B) —g(),

and in particular, this integral depends only on the beginning and end
point of the path. It is independent of the path itself.

Proof. Assume first that the path is a curve. Then

b
J. flz)dz = f g'(y(®)y'(¢) dt.

a

By the chain rule, the expression under the integral sign is the derivative

d
7900).
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Hence by ordinary calculus, the integral is equal to

g(»(®) - g(y®)) — 9(y(@)),

which proves the theorem in this case. In general, if the path consists of
curves v, ...,%,, and z; is the end point of y;, then by the case we have
just settled, we find

J f=9(z1) — 9(z0) + 9(z2) — g(z1) + -+ + 9(z,) — 9(2,-1)
= g(2,) — 9(20),
which proves the theorem.

Example 2. Let f(z) = z*. Then f has a primitive, g(z) = z*/4. Hence
the integral of f from 2 + 3i to 1 — i over any path is equal to
(1—=i9* 2+ 3i)*
4 4

Example 3. Let f(z) = ¢>. Find the integral of f from 1 to in taken
over a line segment. Here again f’(z) = f(z), so f has a primitive. Thus
the integral is independent of the path and equal to e* —e! = —1 —e.

By a closed path, we mean a path whose beginning point is equal to
its end point. We may now give an important example of the theorem:

If f is a continuous function on U admitting a holomorphic primitive g,
and 7y is any closed path in U, then

[ r=o

Example 4. Let f(z) = z", where n is an integer # —1. Then for any
closed path y (or any closed path not passing through the origin if n is

negative), we have
f z"dz =0.
Y

This is true because z" has the primitive z"*!/(n + 1). [When n is nega-
tive, we have to assume that the closed path does not pass through the
origin, because the function is then not defined at the origin.]
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Putting this together with Example 1, we have the following tabula-
tion. Let Cgr be the circle of radius R centered at the origin oriented
counterclockwise. Let n be an integer. Then:

" g = 0 ifn#-—1,
CRZ T 2mi ifn= -1

Of course, in Example 1 we did the computation when R = 1, but you
can check that one gets the same value for arbitrary R. In the exercises,
you can check similar values for the integral around a circle centered
around any point z,.

We shall see later that holomorphic functions are analytic. In that
case, in the domain of convergence a power series

Z an(z - ZO)n

can be integrated term by term, and thus integrals of holomorphic func-
tions are reduced to integrals of polynomials. This is the reason why
there is no need here to give further examples.

Theorem 2.2. Let U be a connected open set, and let f be a continuous
function on U. If the integral of f along any closed path in U is equal
to 0, then f has a primitive g on U, that is, a function g which is
holomorphic such that g’ = f.

Proof. Pick a point z, in U and define

4 = f .

where the integral is taken along any path from z, to z in U. If y, 5 are
two such paths, and #~ is the reverse path of n (cf. Exercise 9), then
{y,n™} is a closed path, and by Exercise 9 we know that

[

Therefore the integral defining g is independent of the path from z, to z,
and defines the function. We have

gz+h—g@ 1 [
——h—-——EL f©) e,
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and the integral from z to z + h can be taken along a segment in U from
z to z + h. Write

J©) = 1) + (D),

where lim ¢({) = 0 (this can be done by the continuity of f at z). Then

{~z

1 [+ 1 [z+h 1 [z*h
ﬁf f(C)d£=EJ f(z)dc+ﬁj (0 dl

z z z

z+h

=+ | o0

z

The length of the interval from z to z + h is |h|. Hence the integral on
the right is estimated by (see below, Theorem 2.3)

I%llm max [@(0))

where the max is taken for { on the interval. This max tends to 0 as
h— 0, and this proves the theorem,

Remarks. The reader should recognize Theorems 2.1 and 2.2 as being
the exact analogues for (complex) differentiable functions of the standard
theorems of advanced calculus concerning the relation between the exist-
ence of a primitive (potential function for a vector field), and the inde-
pendence of the integral (of a vector field) from the path. We shall see
later that a holomorphic function is infinitely complex differentiable, and
therefore that f itself is analytic.

Let y be a curve, y:[a, b] —» C, assumed of class C' as always. The
speed is defined as usual to be |y'(¢)|, and the length L(y) is defined to be
the integral of the speed,

b
Ly) = f [7'(®)] dt.

a

If y = {y,,...,7} is a path, then by definition

LG) = z L().

Let f be a bounded function on a set S. We let | f|| be the sup norm,
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written || f||g if the reference to S needs to be made for clarity, so that
£l = sup | /(2)]

is the least upper bound of the values |f(z)| for z € S.

Let f be continuous on an open set U. By standard results of elemen-
tary real analysis, Theorem 4.3 of Chapter I, the image of a curve or a
path y is closed and bounded, i.e. compact. If the curve is in U, then the
function

t— f(y(t))

is continuous, and hence f is bounded on the image of y. By the
compactness of the image of y, we can always find an open subset of U
containing y, on which f is bounded. If y is defined on [a, b], we let

11, = max | f(y())I.

te[a,b]

Theorem 2.3. Let f be a continuous function on U. Let y be a path in
U. Then

J f‘ = IF1,LG).
v
Proof. 1If y is a curve, then

[ s

b
f f(@®)y' () de

b
éj GOy @) de
= IFI1LLG),

as was to be shown. The statement for a path follows by taking an
appropriate sum.

Theorem 24. Let {f,} be a sequence of continuous functions on U,
converging uniformly to a function f. Then

lmjﬁ=Jf

If 3 f, is a series of continuous functions converging uniformly on U,
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then

[zh-2] s

Proof. The first assertion is immediate from the inequality.

Ja-]

The second follows from the first because uniform convergence of a series
is defined in terms of the uniform convergence of its partial sums,

éj |fa = F12 1fa = FILG).

S, =fi+ 0+ S
This proves the theorem.

Example 5. Let f be analytic on an open set containing the closed
disc D(0, R) of radius R centered at the origin, except possibly at the
origin. Suppose f has a power series expansion

a
f(z)=Z—m ~"+71+alz+"'+a,,z"+"'

has a radius of convergence > R. Let Cp be the circle of radius R
centered at the origin. Then

J f(z) dz = 2mia_;.
Cr

This is a special case of Theorem 2.4 and Example 4, by letting

Each f, is a finite sum, so the integral of f, is the sum of the integrals of
the individual terms, which were evaluated in Example 4.
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I, §2. EXERCISES

1. (a) Given an arbitrary point z,, let C be a circle of radius r > 0 centered at
z,, oriented counterclockwise. Find the integral

j (z—zp) dz
C

for all integers n, positive or negative.
(b) Suppose f has a power series expansion

o0

@)= \ Y alz —zo),

=—m

which is absolutely convergent on a disc of radius > R centered at z,.
Let Cg be the circle of radius R centered at z,. Find the integral

-[ f(z) dz.
Cr

2. Find the integral of f(z) = ¢ from —3 to 3 taken along a semicircle. Is this
integral different from the integral taken over the line segment between the
two points?

3. Sketch the following curves with 0 £ ¢t < 1.
@ y@)=1+it
by y)=e"
© y)=e™
d y&y=1+it+1¢2

4. Find the integral of each one of the following functions over each one of the
curves in Exercise 3.
@ fi=2
b) fir=2
© f=1/z

5. Find the integral

J ze®’ dz
Y

(a) from the point i to the point —i+ 2, taken along a straight line seg-
ment, and
(b) from O to 1 + i along the parabola y = x2.

J‘ sin z dz
v

from the origin to the point 1 + i, taken along the parabola

6. Find the integral

y=x%
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7.

10.

11.

Let ¢ be a vertical segment, say parametrized by
a(t) = z, + itc, —1Z5t£1,

where z, is a fixed complex number, and c is a fixed real number > 0. (Draw
the picture.) Let a =z, + x and a’ = z, — x, where x is real positive. Find

1 1
limJ.< - ,>dz.
20 Je\Z— Q& Z—0

(Draw the picture.) Warning: The answer is not 0!

. Let x > 0. Find the limit:

B 1 1
lim J ( — — - )dt
Bow J-p\I+IX [—1IX

. Let y: [a, b] = C be a curve. Define the reverse or opposite curve to be

y :[a,b]>C

such that y7(t) = y(a + b — t). Show that

[ ree]r

Let [a, b] and [c,d] be two intervals (not reduced to a point). Show that
there is a function g(t) = rt + s such that g is strictly increasing, g(a) = ¢ and
g(b) =d. Thus a curve can be parametrized by any given interval.

Let F be a continuous complex-valued function on the interval [a, b]. Prove

that
b
J F(t) dt

[Hint: Let P =[a=a,, a;, ...,a,=b] be a partition of [a,b]. From the
definition of integrals with Riemann sums, the integral

b
éf [F(2)| dt.

b n—1
J F(t)dt is approximated by the Riemann sum Y F(ag)(a+, — a;)
a k=0

whenever max(a,,, — a,) is small, and

b n—1
J |F(t)| dt is approximated by Y, |F(a)|(@+; — @)
k=0

a

The proof is concluded by using the triangle inequality.]
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Ill, §3. LOCAL PRIMITIVE FOR A
HOLOMORPHIC FUNCTION

Let U be a connected open set, and let f be holomorphic on U. Let
zo€ U. We want to define a primitive for f on some open disc centered
at z,, i.e. locally at z,. The natural way is to define such a primitive by
an integral,

42) = J " f0)

20

taken along some path from z, to z. However, the integral may depend
on the path.

It turns out that we may define g locally by using only a special type
of path. Indeed, suppose U is a disc centered at z,. Let ze U. We
select for a path from z, to z the edges of a rectangle as shown on
Fig. 8.

Figure 8

We then have restricted our choice of path to two possible choices as
shown. We shall see that we get the same value for the integrals in the
two cases. It will be shown afterwards that the integral then gives us a
primitive.

By a rectangle R we shall mean a rectangle whose sides are vertical or
horizontal, and R is meant as the set of points inside and on the bound-
ary of the rectangle, so R is assumed to be closed. The path describing
the boundary of the rectangle taken counterclockwise will be also called
the boundary of the rectangle, and will be denoted by

OR.

If § is an arbitrary set of points, we say that a function f is holo-
morphic on S if it is holomorphic on some open set containing S.
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[I11, §3]

Theorem 3.1 (Goursat). Let R be a rectangle, and let f be a function
holomorphic on R. Then
[ rea
oR

Proof. Decompose the rectangle into four rectangles by bisecting the
sides, as shown on Fig. 9.

Y R R4 A
1'% R) R3 A
Figure 9
Then
4
f=x1 r
oR i=1 JoR;

Consequently,

b

4
=)
i=1

1=l
R OR;

and there is one rectangle, say R'", among R,, R,, R;, R, such that

1
f@R“‘f‘ gz Lnf '

Next we decompose R'M into four rectangles, again bisecting the sides
of R as shown on Fig. 10.

For one of the four rectangles thus obtained, say R®, we have the

Jou! 23l
AR ARW

similar inequality

1
>
—4
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Figure 10

We continue in this way, to obtain a sequence of rectangles

RM S5 RA 5 RGBS ..

1
faR(n*‘l)f‘ g Z Jvak(n)f '
1
wa‘zﬂ ff

On the other hand, let L, be the length of dR™. Then

such that

Then

1
L.,=-L
n+1 2 n
so that by induction,
1
Ln = iLo,
where L, = length of JR.
We contend that the intersection
ﬁ R(n)

n=1

consists of a single point z,. Since the diameter of R™ tends to 0 as n
becomes large, it is immediate that there is at most one point in the
intersection. Let a, be the center of R™. Then the sequence {a,} is a
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Cauchy sequence, because given €, let N be such that the diameter of
R™ is less than €. If n, m = N, then a,, «,, lie in R™ and so

la, — &,,| < diam RM < ¢,

Let z, =lima,. Then z, lies in each rectangle, because each rectangle
is closed. Hence z, lies in the intersection of the rectangles R™ for
N=1,2, ..., as desired. (See also Theorem 4.2 of Chapter 1.)

Since f is differentiable at z,, there is a disc V centered at z, such
that for all ze V we have

f@) = f(z0) + ['(20)(z — 20) + (z — 20)h(2),

where
lim h(z) = 0.

z—zZg

If n is sufficiently large, then R™ is contained in V, and then
J f@)dz = j fzo)dz + f’(zo)J (z—20)dz
JdR®™ SR AR™

+ J (z — zo)h(z) dz.
oRm

By Example 4 of §2, we know that the first two integrals on the right of
this equality sign are 0. Hence

J f= (z — zo)h(2) dz,
aR™ aR®
and we obtain the inequalities

Jutl=lfut
R OR™

1
< 53 Lo diam R® sup|h(z)l,

1

4"

<

f (z—zg)h(z) dz
IR

where the sup is taken for all ze R™. But diam R™ = (1/2") diam R.

This yields
f f1 £ L, diam R sup|h(z)|.
R
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The right-hand side tends to 0 as n becomes large, and consequently
=
oR

We carry out the program outlined at the beginning of the section to
find a primitive locally.

as was to be shown.

Theorem 3.2. Let U be a disc centered at a point z,. Let f be
continuous on U, and assume that for each rectangle R contained in U

we have
I f=0.
R

For each point z, in the disc, define

g(zy) = JZlﬁ

20

where the integral is taken along the sides of a rectangle R whose
opposite vertices are z, and z,. Then g is holomorphic on U and is a
primitive for f, namely

g9'(2) = f2).
Proof. We have

z,+h

g(zy +h) —g(z,) = j f(2)dz

2

Z1 +h

1

Ah,

21

Y

Bl

«—

20

Figure 11
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The integral between z, and z, + h is taken over the bottom side h; and
vertical side h, of the rectangle shown in Fig. 11. Since f is continuous
at z,, there exists a function ¥(z) such that

lim Y(z) = 0

z-zy

and

f@2) = f(zy) + y(2).
Then

z1+h zy+h

fz))dz + J Y(z) dz

2

g(zy +h) —g(z,) = J

2

z,+h

=hf(zl)+j ¥(2) dz.

2

We divide by h and take the limit as h —» 0. The length of the path from
z, to z; + h is bounded by |h,| + |h,|. Hence we get a bound

1 zy+h
lﬁj Y(z) dz

Z

1

é__..
|kl

(1hy] + [hy) supl¥(2)],

where the sup is taken for z on the path of integration. The expression
on the right therefore tends to 0 as h —» 0. Hence

lim g(z, + h})l —g(z;) = f(z,),

h—-0

as was to be shown.

Knowing that a primitive for f exists on a disc U centered at z,, we
can now conclude that the integral of f along any path between z, and z
in U is independent of the path, according to Theorem 2.1, and we find:

Theorem 3.3. Let U be a disc and suppose that f is holomorphic on U.
Then f has a primitive on U, and the integral of f along any closed
path in U is 0.

Remark. In Theorem 7.2 we shall prove that a holomorphic function
is analytic. Applying this result to the function g in Theorem 3.2, we
shall conclude that the function f in Theorem 3.2 is analytic. See Theo-
rem 7.7.
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Iil, §4. ANOTHER DESCRIPTION OF THE
INTEGRAL ALONG A PATH

Knowing the existence of a local primitive for a holomorphic function
allows us to describe its integral along a path in a way which makes no
use of the differentiability of the path, and would apply to a continuous
path as well. We start with curves.

Lemma 4.1. Let y:[a, b] » U be a continuous curve in an open set U.

Then there is some positive number r > 0 such that every point on the
curve lies at distance = r from the complement of U.

Figure 12

Proof. The image of y is compact. Consider the function
@(t) = min |y(t) — wl,
w

where the minimum is taken for all w in the complement of U. This
minimum exists because it suffices to consider w lying inside some big
circle. Then ¢(t) is easily verified to be a continuous function of ¢,
whence ¢ has a minimum on [a, b], and this minimum cannot be 0
because U is open. This proves our assertion.

Let P = [a,, ...,a,] be a partition of the interval [a, b]. We also write
P in the form

a=ay,sa;sa; <

IIA

a,=b.

Let {Dy,...,D,} be a sequence of discs. We shall say that this sequence
of discs is connected by the curve along the partition if D, contains the
image y([a;, a;4,])- The following figure illustrates this.

One can always find a partition and such a connected sequence of
discs. Indeed, let € > 0 be a positive number such that € < r/2 where r is
as in Lemma 4.1. Since y is uniformly continuous, there exists § such
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Figure 13

that if ¢, se[a, b] and |t —s| <, then |y(t) — y(s)] <e. We select an
integer n and a partition P such that each interval [a;, a;,,] has length
< 6. Then the image y([a;, a;,,]) lies in a disc D, centered at y(a;) of
radius €, and this disc is contained in U.

Let f be holomorphic on U. Let ¥;: [a;, ai+1] — U be the restriction of y
to the smaller interval [4;,a;+1]. Then

Jo-5 1

Let y(a;) = z;, and let g; be a primitive of f on the disc D,. If each v, is
of class C! then we find:

n—1
f= i;) [9:(zi+1) — 9:(2)].

Thus even though f may not have a primitive g on the whole open set
U, its integral can nevertheless be expressed in terms of local primitives
by decomposing the curve as a sum of sufficiently smaller curves. The
same formula then applies to a path.

This procedure allows us to define the integral of f along any continu-
ous curve; we do not need to assume any differentiability property of the
curve. We need only apply the above procedure, but then we must show
that the expression

PATTCMETIE

is independent of the choice of partition of the interval [a, b] and of the
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choices of the discs D, containing y([a;, a;+,]). Then this sum can be
taken as the definition of the integral

[ 5

The reader interested only in applications may omit the following consid-
erations. First we state formally this independence, repeating the con-
struction.

Lemma 4.2, Let y:[a, b] > U be a continuous curve. Let

A

+<Za,=b

IIA

ag=a é al é a =
be a partition of [a, b] such that the image y([a;, a;+,]) is contained in
a disc D;, and D; is contained in U. Let f be holomorphic on U and let
g; be a primitive of f on D,.

Let z; = y(a;). Then the sum

n-1
_;0 [9:(zi+1) — 94(2))]

is independent of the choices of partitions, discs D;, and primitives g; on
D; subject to the stated conditions.

Proof. First let us work with the given partition, but let B; be another
disc containing the image y([a;, a;4,]), and B, contained in U. Let h; be
a primitive of f on B;. Then both g;, h; are primitives of f on the
intersection B; n D;, which is open and connected. Hence there exists a
constant C; such that g; = h; + C; on B;nD,. Therefore the differences
are equal:

9i(Zir1) — 9:(2;) = hi(z41) — hi(z)).

Thus we have proved that given the partition, the value of the sum is
independent of the choices of primitives and choices of discs.

Given two partitions, we can always find a common refinement, as in
elementary calculus. Recall that a partition

Q =1[by,...,b,]

is called a refinement of the partition P if every point of P is among the
points of Q, that is if each g; is equal to some b;. Two partitions always
have a common refinement, which we obtain by inserting all the points
of one partition into the other. Furthermore, we can obtain a refinement
of a partition by inserting one point at a time. Thus it suffices to prove
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that if the partition Q is a refinement of the partition P obtained by
inserting one point, then Lemma 4.2 is valid in this case. So we can
suppose that Q is obtained by inserting some point ¢ in some interval
[ax, ay+,] for some k, that is Q is the partition

[ag, - s, € iy - ap].

We have already shown that given a partition, the value of the sum as in
the statement of the lemma is independent of the choice of discs and
primitives as described in the lemma. Hence for this new partition Q, we
can take the same discs D; for all the old intervals [a;, a;,;] when i # k,
and we take the disc D, for the intervals [a, ¢] and [c, a;,;]. Similarly,
we take the primitive g; on D; as before, and g, on D,. Then the sum
with respect to the new partition is the same as for the old one, except
that the single term

9i(Zi+1) — gilzi)

is now replaced by two terms

9i2s1) — Gu(9(0)) + gu(¥(c)) — gulz,)-

This does not change the value, and concludes the proof of Lemma 4.2.

For any continuous path y: [a, b] —» U we may thus define

f f= z [9:0(0:41) — 9:0(@))]

for any partition [ay, ay,...,a,] of [a, b] such that y([a;, a;+,]) is con-
tained in a disc D;, D, < U, and ¢, is a primitive of f on D,. We have
just proved that the expression on the right-hand side is independent of
the choices made, and we had seen previously that if y is piecewise C!
then the expression on the right-hand side gives the same value as the
definition used in §2. It is often convenient to have the additional flexi-
bility provided by arbitrary continuous paths.

Remark. The technique of propagating discs along a curve will again
be used in the chapter on holomorphic continuation along a curve.

As an application, we shall now see that if two paths lie “close to-
gether”, and have the same beginning point and the same end point, then
the integrals of f along the two paths have the same value. We must
define precisely what we mean by “close together”. After a repara-
metrization, we may assume that the two paths are defined over the same
interval [a, b]. We say that they are close together if there exists a
partition
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and for each i =0, ...,n — 1 there exists a disc D; contained in U such
that the images of each segment [a;, a;,,] under the two paths y, n are
contained in D;, that is,

y(lai, a;41]1) = D; and n(La;» a;+11) = D;.

Lemma 4.3. Let y, n be two continuous paths in an open set U, and
assume that they have the same beginning point and the same end point.
Assume also that they are close together. Let f be holomorphic on U.

Then
Jo=1s

Proof. We suppose that the paths are defined on the same interval
[a, b], and we choose a partition and discs D; as above. Let g; be a
primitive of f on D;. Let

zi=y(@) and  w;=na).

We illustrate the paths and their partition in Fig. 14.

v-» 2 =30) 000w

z9=v@=n(@=wp

Figure 14

But g;,, and g; are primitives of f on the connected open set D,,, n D;,
$O g;v1 — g; is constant on D;,; nD;. But D,,, nD; contains z,, and
w;y,. Consequently

Jir1(Zis1) — Giv1Wir1) = 9i(Zis1) — GiWisr)-

Then we find
n—1
f f- f f= .;) [9:zi41) — 94(z) — (gi(Wirs) — g:(w)))]

= :l;) [(gi(ZHl) - gi(wi+1)) - (gi(zi) - gi(wi))]



[III, §5] THE HOMOTOPY FORM OF CAUCHY’S THEOREM 115

= gn—l(zn) - gn—l(wn) - (go(ZO) - gO(WO))
=0,

because the two paths have the same beginning point z, = w,, and the
same end point z, = w,. This proves the lemmas.

One can also formulate an analogous lemma for closed paths.

Lemma 4.4. Let y, 1 be closed continuous paths in the open set U, say
defined on the same interval [a, b]. Assume that they are close together.
Let f be holomorphic on U. Then

[

Proof. The proof is the same as above, except that the reason why we
find 0 in the last step is now slightly different. Since the paths are closed,
we have

Zg = Z, and Wo = W,,

as illustrated in Fig. 15. The two primitives g,_, and g, differ by a
constant on some disc contained in U and containing z,, w,. Hence the
last expression obtained in the proof of Lemma 4.3 is again equal to 0,
as was to be shown.

Figure 15

i1, §5. THE HOMOTOPY FORM OF CAUCHY’S THEOREM

Let y, # be two paths in an open set U. After a reparametrization if
necessary, we assume that they are defined over the same interval [a, b].
We shall say that y is homotopic to 7 if there exists a continuous function

V:[a,b] x [c,d] > U
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defined on a rectangle [a, b] x [c, d], such that
Y@, c)=70 and  Y(t, d) =)

for all t € [a, b].
For each number s in the interval [c, d], we may view the function y,
such that

Ys(0) = ¥ (¢, 5)

as a continuous curve, defined on [a, b], and we may view the family of
continuous curves Y, as a deformation of the path y to the path #. The
picture is drawn on Fig. 16. The paths have been drawn with the same
end points because that’s what we are going to use in practice. Formally,
we say that the homotopy ¢ leaves the end points fixed if we have

Y(a,s)=y(@ and  Y(b,s)=y(b)

for all values of s in [c, d]. In the sequel it will be always understood that
when we speak of a homotopy of paths having the same end points, then
the homotopy leaves the end points fixed.

Similarly, when we speak of a homotopy of closed paths, we assume
always that each path |, is a closed path. These additional requirements
are now regarded as part of the definition of homotopy and will not be
repeated each time.

Theorem 5.1. Let y, y be paths in an open set U having the same

beginning point and the same end point. Assume that they are homo-
topic in U. Let f be holomorphic on U. Then

f-]5

Theorem 5.2. Let y, n be closed paths in U, and assume that they are

v (b)

v (@)

Figure 16
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homotopic in U. Let f be holomorphic on U. Then

Lf=Lﬁ

In particular, if y is homotopic to a point in U, then

Jf=0

Either of these statements may be viewed as a form of Cauchy’s
theorem. We prove Theorem 5.2 in detail, and leave Theorem 5.1 to the
reader; the proof is entirely similar using Lemma 4.3 instead of Lemma
4.4 from the preceding section. The idea is that the homotopy gives us a
finite sequence of paths close to each other in the sense of these lemmas,
so that the integral of f over each successive path is unchanged.

The formal proof runs as follows. Let

V:[a,b] x [c,d]»U

be the homotopy. The image of Y is compact, and hence has distance
> 0 from the complement of U. By uniform continuity we can therefore
find partitions

a=a,<a,

IIA
HA
N
i
>

)
-

lIA
I7AN
)
It
[

E]

c=co =y
of these intervals, such that if
S;; = small rectangle [a;, a;4,1] X [¢;, ¢j41]

then the image ¥/(S;;) is contained in a disc D;; which is itself contained

in U. Let y; be the continuous curve defined by

Yit) =yl c), j=0,...,m

Then the continuous curves ¥;, ;. are close together, and we can apply
the lemma of the preceding section to conclude that

| 1=] s
v Yy

Since Y, =y and ,, = n, we see that the theorem is proved.

Remark. It is usually not difficult, although sometimes it is tedious, to
exhibit a homotopy between continuous curves. Most of the time, one
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can achieve this homotopy by simple formulas when the curves are given
explicitly.

Example. Let z, w be two points in the complex numbers. The seg-
ment between z, w, denoted by [z, w], is the set of points

z + t(w — 2), 0<tg1l,

or equivalently,
(1 =10tz + tw, 0t 1.

A set S of complex numbers is called convex, if, whenever z, we S, then
the segment [z, w] is also contained in S. We observe that a disc and a
rectangle are convex.

Lemma 5.3. Let S be a convex set, and let y, n be continuous closed
curves in S. Then y, n are homotopic in S.

Proof. We define
Yz, s) = sy(®) + (1 — s)n().

It is immediately verified that each curve iy, defined by Y (t) = ¥(t, s) is a
closed curve, and ¢ is continuous. Also

Y0 =7 and  Y(t, 1) =),

so the curves are homotopic. Note that the homotopy is given by a
linear function, so if y, # are smooth curves, that is C' curves, then each
curve Y, is also of class C.

We say that an open set U is simply connected if it is connected and if
every closed path in U is homotopic to a point. By Lemma 5.3, a
convex open set is simply connected. Other examples of simply con-
nected open sets will be given in the exercises. Simply connected open
sets will be used in an essential way in the next section.

Remark. The technique used in this section, propagating along curves,
will again be used in the theory of analytic continuation in Chapter XI, §1,
which actually could be read immediately as a continuation of this section.

i, §5. EXERCISES

1. A set S is called star-shaped if there exists a point z, in S such that the line
segment between z, and any point z in S is contained in S. Prove that a
star-shaped set is simply connected, that is, every closed path is homotopic to
a point.
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2. Let U be the open set obtained from C by deleting the set of real numbers
= 0. Prove that U is simply connected.

3. Let ¥ be the open set obtained from C by deleting the set of real numbers
< 0. Prove that V is simply connected.

4. (a) Let U be a simply connected open set and let f be an analytic function
on U. Is f(U) simply connected?
(b) Let H be the upper half-plane, that is, the set of complex numbers
z=x + iy such that y > 0. Let f(z) = e>™>. What is the image f(H)? Is
f(H) simply connected ?

ill, §6. EXISTENCE OF GLOBAL PRIMITIVES.
DEFINITION OF THE LOGARITHM

In §3 we constructed locally a primitive for a holomorphic function by
integrating. We now have the means of constructing primitives for a
much wider class of open sets.

Theorem 6.1. Let f be holomorphic on a simply connected open set U.
Let zye U. For any point z € U the integral

g(Z)=f SO dl
is independent of the path in U from z, to z, and g is a primitive for f,
namely g'(z) = f(2).

Proof. Let y,, 7, be two paths in U from z, to z. Let y, be the
reverse path of y,, from z to z,. Then

y= {1,727 }

is a closed path, and by the first form of Cauchy’s theorem,

oLl

Since the integral of f over y, is the negative of the integral of f over
y,, we have proved the first assertion.

As to the second, to prove the differentiability of g at a point z,, if z
is near z,, then we may select a path from z, to z by passing through
z,, that is

g(z)=g(z1)+fzf,
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and we have already seen that this latter integral defines a local primitive
for f in a neighborhood of z;. Hence

as desired.

Example. Let U be the plane from which a ray starting from the
origin has been deleted. Then U is simply connected.

Proof. Let y be any closed path in U. For simplicity, suppose the ray
is the negative x-axis, as on Fig. 17. Then the path may be described in
terms of polar coordinates,

() =r(®)e®™, ast<h,
with —n < 0(t) < . We define the homotopy by
Y(t, u) = r(ua + (1 — u)t)e ™00, 0<usgl
Geometrically, we are folding back the angle towards 0, and we are
contracting the distance r(f) towards r(a). It is clear that § has the
desired property.

Remark. You could also note that the open set U is star-shaped

(proof?), and so if you did Exercise 1 of §5, you don’t need the above

argument to show that U is simply connected.

Example (Definition of the Logarithm). Let U be a simply connected
open set not containing 0. Pick a point zoe U. Let w, be a complex

~Z %
~N—

Fold back

Figure 17
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number such that
ewO - Zo.

(Any two such numbers differ by an integral multiple of 2ni.) Define

z

log z = w, +j %d{.

20

Then log z (which depends on the choice of z, and w, only) is a primi-
tive for 1/z on U, and any other primitive differs from this one by a
constant.

Let Lo(1 + w) =) (—1)"'w"/n be the usual power series for the log
in a neighborhood of 1. If z is near z,, then the function

F(z2) = wo + Lo(1 + (z — 20)/20)

defines an analytic function. By Exercise 6 of Chapter II, §5, we have
F'(z) = 1/z. Hence there exists a constant K such that for all z near z,
we have logz = F(z) + K. Since both logz, =w, and F(zy) = wy, it
follows that K = 0, so

log z = F(z) for z near z,.
Consequently, by Exercise 1 of Chapter II, §3, we find that

e8? =z  for z near z,.

Furthermore, given z, € U, we have

z z z
Lol L
Zo0 Z0 2
so by a similar argument, we see that log z is analytic on U. The two
analytic functions €'°®? and z are equal near z,. Since U is connected,
they are equal on U by Theorem 1.2(ii), and the equation e'°¢*=:
remains valid for all ze U.

If L(z) is a primitive for 1/z on U such that e® = z, then there exists
an integer k such that

L(z) = log z + 2mik.

Indeed, if we let g(z) = L(z) — log z, then €@ = 1, so g(z) = 2nik for some
integer k.
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Example. Let V be the open set obtained by deleting the negative real
axis from C, and write a complex number z € V in the form

z=re® with —nt<f<m

We can select some z, € V with
ZO = roe ioo.
For a positive real number r we let log r be the usual real logarithm, and
we let
log zy = log ry + i6,.

Then V is simply connected, and for all z e V we have
logz=1logr+if with —-n<f<m
For a numerical example, we have

l—i=re? = \/fei("‘/4),
sO

log(1 — i) =%log2—%.

Example. On the other hand, let U be the open set obtained by de-
leting the positive real axis from C, ie. U =C — R,,. Take 0 <0 < 2m.
For this determination of the logarithm, let us find log(l — i). We write

1—i=re" =24,

Then
logl —i)=1%log2 + il——n

We see concretely how the values of the logarithm depend on the choice
of open set and the choice of a range for the angle.

Definition of z* for any complex «. By using the logarithm, we can
define z under the following conditions.

Let U be simply connected not containing 0. Let a be a complex
number # 0. Fix a determination of the log on U. With respect to this
determination, we define
alogz

2 =¢

Then z* is analytic on U.
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Example. Let U be the open set obtained by deleting the positive real
axis from the complex plane. We define the log to have the values

log re® = log r + i6),

where 0 < 6 < 2n. This is also called a principal value for the log in that
open set. Then

logi=in/2 and log(—1i) = 3zi/2.

In this case,

ii — eilogi — eni2/2 = e—u/Z

Definition of log f(z). Let U be a simply connected open set and let f
be an analytic function on U such that f(z) # 0 for all ze U. We want
to define log f(z). If we had this logarithm, obeying the same formalism
as in ordinary calculus, then we should have

d v )
El(’gf(z)—*ﬁz—)f (Z)——fa-

Conversely, this suggests the correct definition. Select a point z, € U.
Let w, be a complex number such that exp(wy) = f(z,). Since f is
assumed to be without zeros on U, the function f’/f is analytic on U.
Therefore we can define an analytic function L; on U by the integral
Q)
Li(2) = wy + =2 di.
! * Tl Q)

The function L, depends on the choice of z, and w,, and we shall
determine the extent of this dependence in a moment. The integral can
be taken along any path in U from z, to z because U is assumed to be
simply connected. From the definition, we get the derivative

Li(z) = f'(2)/f(2).
This derivative is independent of the choice of z, and w,, so choosing a

different z, and w, changes L, at most by an additive constant which we
shall prove is an integral multiple of 27i. We claim that

exp L,(z) = f(2).

To prove this formula, abbreviate L;(z) by L(z), and differentiate
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e L@f(z). We find:

dfz‘”"’f(z) =e "I (—L'(2))f(2) + e 1S (2)

— et (L8 10 +110))

=0.

Therefore e "1@f(z) is constant on U since U is connected. By definition
e"Hf(z) = e7of(z0) = 1,

so the constant is 1, and we have proved that exp L,(z) = f(z) for ze U.
If we change the choice of z, and w, such that e*° = f(z,), then the
new value for L;(z) which we obtain is simply

log f(z) + 2nik for some integer k,
because the exponential of both values gives f(z).

Remark. The integral for log f(z) which we wrote down cannot be

written in the form
1@
J‘ -dC’
Sf(z0) C

because even though U is simply connected, the image f(U) may
not be simply connected, as you can see in Exercise 7. Of course, if
y:[a,b] > U is a path from z, to z, then we may form the composite
path foy:[a,b] » C. Then we could take the integral

S(z) 1
[
flzoh foy {
along the path foy. In this case, by the chain rule,

J(2) 1 [ £(7(d) 1
—dl = —d¢
Sf(zo), foy ¢ JI(y@), foy

b

1
= 70w S G@®)y'@) de

=, 70%

which is the integral that was used to define L,(z).
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lll, §6. EXERCISES

1.

Compute the following values when the log is defined by its principal value on
the open set U equal to the plane with the positive real axis deleted.

@@ logi (b) log(—i) © log(—1+i)
@ i € (i) € (=1
(& (=1~ (h) log(—1—1i)

. Compute the values of the same expressions as in Exercise 1 (except (f) and

(g)) when the open set consists of the plane from which the negative real axis
has been deleted. Then take —7m < 0 < .

. Let U be the plane with the negative real axis deleted. Let y > 0. Find the

limit
lim [log(a + iy) — log(a — iy)]

y=0

where a > 0, and also where a < 0.

. Let U be the plane with the positive real axis deleted. Find the limit

lim [log(a + iy) — log(a — iy)]

y=0

where a < 0, and also where a > 0.

. Over what kind of open sets could you define an analytic function z!/3, or

more generally z'/" for any positive integer n? Give examples, taking the open
set to be as “large” as possible.

. Let U be a simply connected open set. Let f be analytic on U and assume

that f(z) # 0 for all ze U. Show that there exists an analytic function g on U
such that g> = f. Does this last assertion remain true if 2 is replaced by an
arbitrary positive integer n?

. Let U be the upper half plane, consisting of all complex numbers z = x + iy

with y > 0. Let ¢(z) = ¢**=. Prove that ¢(U) is the open unit disc from the
origin has been deleted.

. Let U be the open set obtained by deleting 0 and the negative real axis from

the complex numbers. For an integer m = 1 define

1 1)) z"
L_,(z2)=|logz— 1+§+~-+;n_ -

Show that L’ ,(z) = L_,.,(2), and that L_(z) =logz Thus L_, is an m-fold
integral of the logarithm.

i, §7. THE LOCAL CAUCHY FORMULA

We shall next give an application of the homotopy Theorem 5.2 to prove
that a holomorphic function is analytic. The property of being analytic is
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Jocal: it means that a function has a power series expansion at every
point (absolutely convergent on a disc of positive radius centered at the
point).

Theorem 7.1 (Local Cauchy Formula). Let D be a closed disc of
positive radius, and let f be holomorphic on D (that is, on an open disc
U containing D). Let y be the circle which is the boundary of D. Then
Jor every z, € D we have

fzo) = if @ 4,

i ),z — zq

Proof. Let C, be the circle of radius r centered at z,, as illustrated on
Fig. 18.

z

~2

Figure 18

Then for small r, y and C, are homotopic. The idea for constructing the
homotopy is to shrink y toward C, along the rays emanating from z,.
The formula can easily be given. Let z, be the point of intersection of a
line through z and z, with the circle of radius r, as shown on Fig. 18.

Then
Z - ZO

Z,=Zo+r .
[z — zof

Let y(¢) (0 £t < 2n) parametrize the circle y. Substituting y(¢) for z we

obtain
(1) — 2o

), =z +r——.
ERTCEEN
Now define the homotopy by letting
ht,u) =uy@t), + (1 —uyy(t) for 0Zu=l.

Let U be an open disc containing D, and let U, be the open set obtained
by removing z, from U. Then h(t, u) € U,, that is, z, does not lie in the
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image of h, because the segment between z and the point z, lies entirely
outside the open disc of radius r centered at z,. Thus y is homotopic to
C, in U,.

Let

f(2) — f(zo)

Z"‘ZO

g(2) =

for ze D and z # z,. Then g is holomorphic on the open set U,. By

Theorem 5.2, we get
J' g(z)dz = j g(2) dz.
Y C,

Since f is differentiable at z,, it follows that g is bounded in a neighbor-
hood of z,. Let B be a bound, so let |g(z)| < B for all z sufficiently close
to z,. Then for r sufficiently small we get

J g(z) dz
C,

and the right side approaches 0 as r approaches 0. Hence we conclude

that
J g(z)dz = 0.
Y

J' 1@ dz:f f(zo) f(")J N
,Z— 2o yZ2—2 -z,

= fi (zo)2m.

< B(length of C,) = B2xr,

But then

This proves the theorem.

Theorem 7.2. Let f be holomorphic on an open set U. Then f is
analytic on U.

Proof. We must show that f has a power series expansion at every
point z, of U. Because U is open, for each z, e U there is some R >0
such that the closed disc D(z,, R) centered at z, and of radius R is
contained in U. We are therefore reduced to proving the following theo-
rem, which will give us even more information concerning the power
series expansion of f at z,.
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Theorem 7.3. Let f be holomorphic on a closed disc D(zq, R), R > 0.
Let Cy be the circle bounding the disc. Then f has a power series
expansion

f@) =Y a,z — z)"

whose coefficients a, are given by the formula:

VTR
ay f (20) (= dg.

2mi (C—zoy*t

Furthermore, if || f| g denotes the sup norm of f on the circle Cg, then
we have the estimate

las| = 1/ 1|r/R"
In particular, the radius of convergence of the series is = R.

Proof. By Theorem 7.1, for all z inside the circle Cg, we have

0= f —t

Let 0 <s < R. Let D(z,s) be the disc of radius s centered at z,. We
shall see that f has a power series expansion on this disc. We write

1 _ 1 _ 1 1
{—z (—2z0—(—2) (-2 1 Z— 2
{—z

1 z—z z— 2\
= 1 + Y + < 0> + .o ) .
{—z < {—20 \{—2
This geometric series converges absolutely and uniformly for |z — z4| £ s

because
Z ——

O9l<s/R< 1.
C_Zo

The function f is bounded on y. By Theorem 2.4 of Chapter III, we can
therefore integrate term by term, and we find

5 1 S ]
)=n;0%J‘deC'(Z—ZO)

0

= Z an(z - zo)",
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where

1 S
a,, = _— T i+l dC
2mi Jy (C - ZO) A
This proves that f is analytic, and gives us the coefficients of its power
series expansion on the disc of radius R.

In particular, we now see that a function is analytic if and only if it is
holomorphic. The two words will be used interchangeably from now on.

There remains only to estimate the integral to get an estimate for the
coefficients. The estimate is taken as usual, equal to the product of the
sup norm of the expression under the integral sign, and the length of the
curve which is 2zR. For all { on the circle, we have

IC_Zol =R,

so the desired estimate falls out. Taking the n-th root of |a,|, we con-
clude at once that the radius of convergence is at least R.

Remark. From the statement about the radius of convergence in Theo-
rem 7.3 we now see that if R is the radius of convergence of a power
series, then its analytic function does not extend to a disc of radius > R;
otherwise the given power series would have a larger radius of conver-
gence, and would represent this analytic function on the bigger disc. For
example, let

f@) =€z = 1).

Then f is analytic except at z = 1. From the theorem, we conclude:

The radius of convergence of the power series for f at the origin is 1.

The radius of convergence of the power series for f at 2 is 1.

The radius of convergence of the power series for f at 5 is 4.

The radius of convergence of the power series for f at —3 is 4.

A function f is called entire if it is holomorphic on all of C. We also
conclude from the above remark and the theorem that if a function is

entire, then its power series converges for all z € C, in other words the
radius of convergence is .

Corollary 7.4. Let f be an entire function, and let |f|g be its sup
norm on the circle of radius R. Suppose that there exists a constant C
and a positive integer k such that

1/lx < CR*

for arbitrarily large R. Then f is a polynomial of degree < k.
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Proof. Exercise 3, but we carry out one important special case ex-
plicitly:

Theorem 7.5 (Liouville’s Theorem). A bounded entire function is con-
stant.

Proof. If f is bounded, then ||f|z is bounded for all R. In the
preceding theorem, we let R tend to infinity, and conclude that the
coefficients are all equal to 0 if n = 1. This proves Liouville’s theorem.

We have already proved that a polynomial always has a root in the
complex numbers. We give here the more usual proof as a corollary of
Liouville’s theorem.

Corollary 7.6. A polynomial over the complex numbers which does not
have a root in C is constant.

Proof. Let f(z) be a non-constant polynomial,
f@=az"+ "+ ay,
with a, # 0. Suppose that f(z) # O for all z. Then the function
9(2) = 1/1(2)

is defined for all z and analytic on C. On the other hand, writing
f@=a,z"(1 + by/z+ -+ b,/2")

with appropriate constants by, ...,b, we see that | f(z)| is large when |z| is
large, and hence that |g(z)] = 0 as |z| = co. For sufficiently large radius
R, |g(z)| is small for z outside the closed disc of radius R, and |g(z)| has a
maximum on this disc since the disc is compact. Hence g is a bounded
entire function, and therefore constant by Liouville’s theorem. This is
obviously a contradiction, proving that f must have a zero somewhere
in C.

We end this section by pointing out that the main argument of Theo-
rem 7.3 can be used essentially unchanged to define an analytic function
and its derivatives by means of an integral, as follows.

Theorem 7.7. Let y be a path in an open set U and let g be a
continuous function on y (i.e. on the image y([a, b]) if y is defined on
[a, b]). If z is not on v, define

f@=| 29 4

)‘C_Z
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Then f is analytic on the complement of y in U, and its derivatives are
given by

"y g9(0)
f®(z) = n! J;(C——_Z)deg‘

Proof. Let zoe U and z, not on y. Since the image of y is com-
pact, there is a minimum distance between z, and points on j. Select
0 < R < dist(zq, y), and take R also small enough that the closed disc
D(z,, R) is contained in U. Now we are essentially in the situation of
Theorem 7.3. We may repeat the arguments of the proof. We select
0 <s <R, and we simply replace f by g inside the integral sign. We
expand 1/({ — z) by means of the geometric series, and proceed with-
out any further change to see that f has a power series expansion
f =Y a,(z — z,)", where now the coefficients a, are given by

aﬁj g(0) i

y (C - ZO)"+1

We know from Chapter II, §5 that a, = f®(z,)/n!, which gives us the
proof of Theorem 7.7.

There is also another way of looking at Theorem 7.7. Indeed, from
the formula for f, it is natural to think that one can differentiate with
respect to z under the integral sign. This differentiation will be justified
in Theorem A3, §6, Chapter VIII, which the reader may wish to look at
now. Then one gets the integral formula also for the derivatives.

From Theorem 7.7 we obtain a bound for the derivative of an analytic
function in terms of the function itself. This is of course completely
different from what happens for real differentiable functions.

Corollary 7.8. Let f be analytic on a closed disc D(zo,R), R > 0. Let
0 < Ry < R. Denote by | f||g the sup norm of f on the circle of radius
R. Then for z e D(zo,Ry) we have

n!R

mﬂfﬂk-

/P(2) <

Proof. This is immediate by using Theorem 7.1, and putting g = f

inside the integral, with a factor of 1/27i in front. The factor R in the

numerator comes from the length of the circle in the integral. The 27z in

the denominator cancels the 2z in the numerator, coming from the
formula for the length of the circle.

Note that if R; is close to R, then the denominator may be corre-
spondingly large. On the other hand, suppose R; = R/2. Then the
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estimate reads
n! 2n+1
Rn

() < /1l s

which is thus entirely in terms of f, n, and R.
Finally we return to reconsider Theorem 3.2 in light of the fact that a
holomorphic function is analytic.

Theorem 7.9 (Morera’s Theorem). Let U be an open set in C and let f
be continuous on U. Assume that the integral of f along the boundary
of every closed rectangle contained in U is 0. Then f is analytic.

Proof. By Theorem 3.2, we know that f has a local primitive g at
every point on U, and hence that g is holomorphic. By Theorem 7.2, we
conclude that g is analytic, and hence that ¢’ = f is analytic, as was to be
shown.

We have now come to the end of a chain of ideas linking complex
differentiability and power series expansions. The next two chapters treat
different applications, and can be read in any order, but we have to
project the book in a totally ordered way on the page axis, so we have
to choose an order for them. The next chapter will study more system-
atically a global version of Cauchy’s formula and winding numbers,
which amounts to studying the relation between an integral and the
winding number which we already encountered in some way via the
logarithm. After that in Chapter V, we return to analytic considerations
and estimates.

Ill, §7. EXERCISES

1. Find the integrals over the unit circle 7:
H 2
(a) f L (b) f M2 © f cos(z) 4,
y z y z y z

2. Write out completely the proof of Theorem 7.6 to see that all the steps in the
proof of Theorem 7.3 apply.

3. Prove Corollary 7.4.



CHAPTER IV

Winding Numbers and
Cauchy’s Theorem

We wish to give a general global criterion when the integral of a holo-
morphic function along a closed path is 0. In practice, we meet two
types of properties of paths: (1) properties of homotopy, and (2) prop-
erties having to do with integration, relating to the number of times a
curve “winds” around a point, as we already saw when we evaluated the

integral
1
f(—zﬂ

along a circle centered at z. These properties are of course related, but
they also exist independently of each other, so we now consider those
conditions on a closed path y when

=

for all holomorphic functions f, and also describe what the value of this
integral may be if not 0.

We shall give two proofs for the global version of Cauchy’s theorem.
Artin’s proof depends only on Goursat’s theorem for the integral of
a holomorphic function around a rectangle, and a self-contained topo-
logical lemma, having only to do with paths and not holomorphic func-
tions. Dixon’s proof uses some of the applications to holomorphic func-
tions which bypass the topological considerations.

In this chapter, paths are again assumed to be piecewise C*, and curves
are again C*.

133



134 WINDING NUMBERS AND CAUCHY’S THEOREM v, §1]

IV, §1. THE WINDING NUMBER

In an example of Chapter III, §2, we found that

1 1
_,j L=y,
2ni ), z

if y is a circle around the origin, oriented counterclockwise. It is there-
fore reasonable to define for any closed path y its winding number with
respect to a point o to be

W 2) =if ' i,

2ni ),z —«

provided the path does not pass through a. If y is a curve defined on an
interval [a, b], then this integral can be written in the form

[ Lwa[ 10,
yZ—a 2 Y —«

Intuitively, the integral of 1/(z — «) should be called log(z — «), but it
depends on the path. Later, we shall analyze this situation more closely,
but for the moment, we need only the definition above without dealing
with the log formally, although the interpretation in terms of the log is
suggestive.

The definition of the winding number would be improper if the follow-
ing lemma were not true.

Lemma 1.1. If v is a closed path, then W(y, a) is an integer.

Proof. Let y={y,,...,7,} where each y; is a curve defined on an
interval [a;, b;]. After a reparametrization of each curve if necessary, we
may assume without loss of generality that b, =a,,, for i=1, ....n — 1.
Then y is defined and continuous on an interval [a, b], where a = a,,
b=1b,, and y is differentiable on each open interval ]Ja;, b,[, (at the end
points, y is merely right and left differentiable). Let

[
o= [

Then F is continuous on [a,b] and differentiable for ¢ # a;, b,. Its
derivative is

y'(8)
F'(it)= ———.
0= —=



[Iv, §1] THE WINDING NUMBER 135

(Intuitively, F(t) = log(y(t) — «) except for the dependence of path and a
constant of integration, but this suggests our next step.) We compute the
derivative of another function:

& &) — o) = () — FOe TG0 —2) = 0

Hence there is a constant C such that e FO(y(t) — «) = C, so
y(t) — a = Cef®.
Since y is a closed path, we have y(a) = y(b), and
Cef® = y(b) — a = y(a) — a = CeF®,
Since y(a) — a # 0 we conclude that C # 0, so that
oF@ — oF®)
Hence there is an integer k such that
F(b) = F(a) + 2mik.
But F(a) = 0, so F(b) = 2mik, thereby proving the lemma.

The winding number of the curve in Fig. 1 with respect to a is equal
to 2.

O

Figure 1

Lemma 1.2. Let y be a path. Then the function of o defined by

1
O(Hj dz
y 2

for o not on the path, is a continuous function of a.
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Proof. Given o, not on the path, we have to see that

| a)e
S\E—0 Z—0g

tends to 0 as a tends to a,. This integral is estimated as follows. The
function t |a, — y(£)| is continuous and not 0, hence it has a minimum,
the minimum distance between o, and the path, say

min |ag — y(¢)| = s.
t

If « is sufficiently close to «,, then | — y(t)| = s/2, as illustrated in Fig. 2.

52

Figure 2

We have

1 I o — 0

z-oc_z——ao (z—a)(z—ag)

whence the estimate

Consequently, we get

1 1
LGt ta)e
J\Z—a Z—a

The right-hand side tends to 0 as « tends to oy, and the continuity is
proved.

1
<< _—
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Lemma 1.3. Let y be a closed path. Let S be a connected set not
intersecting y. Then the function

1
aHﬁ_J‘ ! dz
2ni ),z -«

is constant for « in S. If S is not bounded, then this constant is 0.

Proof. We know from Lemma 1.1 that the integral is the winding
number, and is therefore an integer. If a function takes its values in the
integers, and is continuous, then it is constant on any curve, and conse-
quently constant on a connected set. If S is not bounded, then for o
arbitrarily large, the integrand has arbitrarily small absolute value, that
is,

1

|z —«f

is arbitrarily small, and estimating the integral shows that it must be
equal to 0, as desired.

Example. Let U be the open set in Fig. 3. Then the set of points not
in U consists of two connected components, one inside U and the other
unbounded. Let y be the closed curve shown in the figure, and let a; be
the point inside y, whereas a, is the point outside U, in the unbounded
connected region. Then

W(V’ al) = ls but W(’)), a2) = 0.

s

-

g«“sa;‘i!;«* o
o
o
Ltna

=

e

i £
i

Figure 3
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We have drawn a curve extending from «, towards infinity, such that
W(y, @) = 0 for a on this curve, according to the argument of Lemma 1.3.

IV, §2. THE GLOBAL CAUCHY THEOREM

Let U be an open set. Let y be a closed path in U. We want to give
conditions that
=
b

for every holomorphic function f on U. We already know from the
example of a winding circle that if the path winds around some point
outside of U (in this example, the center of the circle), then definitely we
can find functions whose integral is not equal to 0, and even with the
special functions

@)= —

- ’
zZ—

where o is a point not in U. The remarkable fact about Cauchy’s
theorem is that it will tell us this is the only obstruction possible to

having
=
b4

for all possible functions f. In other words, the functions

1

, o¢U,
Z— 0

suffice to determine the behavior of |, f for all possible functions. With
this in mind, we want to give a name to those closed paths in U having
the property that they do not wind around points in the complement of
U. The name we choose is homologous to 0, for historical reasons.
Thus formally, we say that a closed path y in U is homologous to 0 in U

if
1
f dz=0
,Z— 0

for every point « not in U, or in other words, more briefly,

Wy, a)=0

for every such point.



[TV, §2] THE GLOBAL CAUCHY THEOREM 139

Similarly, let y, # be closed paths in U. We say that they are homolo-
gous in U if
Wiy, ) = W(n, a)

for every point o in the complement of U. It will also follow from
Cauchy’s theorem that if y and 5 are homologous, then

o1

for all holomorphic functions f on U.

Theorem 2.1.

@) If y, n are closed paths in U and are homotopic, then they are
homologous.

@) If y, n are closed paths in U and are close together then they are
homologous.

Proof. The first statement follows from Theorem 5.2 of the preceding
chapter because the function 1/(z — «) is analytic on U for a ¢ U. The
second statement is a special case of Lemma 4.4 of the preceding chapter.

Next we draw some examples of homologous paths.

In Fig. 4, the curves y and n are homologous. Indeed, if o is a point
inside the curves, then the winding number is 1, and if « is a point in the
connected part going to infinity, then the winding number is 0.

Figure 4

In Fig. 5 the path indicated is supposed to go around the top hole
counterclockwise once, then around the bottom hole counterclockwise
once, then around the top in the opposite direction, and then around the
bottom in the opposite direction. This path is homologous to 0, but not
homotopic to a point.
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Figure 5

In Fig. 6, we are dealing with a simple closed curve, whose inside is
contained in U, and the figure is intended to show that y can be de-
formed to a point, so that y is homologous to 0.

Figure 6

Given an open set U, we wish to determine in a simple way those
closed paths which are not homologous to 0. For instance, the open set
U might be as in Fig. 7, with three holes in it, at points z,, z,, z;, s0
these points are assumed not to be in U.

Figure 7
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Let y be a closed path in U, and let f be holomorphic on U. We
illustrate y in Fig. 8.

71 T2 73

HONORCBEE

Figure 8

In that figure, we see that y winds around the three points, and winds
once. Let y;, y,, 73 be small circles centered at z,, z,, z; respectively,
and oriented counterclockwise, as shown on Fig. 8. Then it is reasonable

to expect that
[r=[1e] 1] 1

This will in fact be proved after Cauchy’s theorem. We observe that
taking y,, 7,, 73 together does not constitute a “path” in the sense we
have used that word, because, for instance, they form a disconnected set.
However, it is convenient to have a terminology for a formal sum like
¥1 + 72 + 73, and to give it a name #, so that we can write

[1-]s

The name that is standard is the name chain. Thus let, in general,
Y1s ---,¥, be curves, and let m,, ...,m, be integers which need not be
positive. A formal sum

Y=myy, 4+ myy, = _Zlmivi

will be called a chain. If each curve y; is a curve in an open set U, we
call y a chain in U. We say that the chain is closed if it is a finite sum of
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closed paths. If y is a chain as above, we define

[ r=gm] 1

If y=Y my, is a closed chain, where each y; is a closed path, then its
winding number with respect to a point « not on the chain is defined as
before,

Wy, o) = LJ ! dz.

2mi J,z—«a
If 9,  are closed chains in U, then we have
W +n,0) =W, o) + Wy, o).
We say that y is homologous to 1 in U, and write y ~ 7, if
Wy, ) = W(n, o)
for every point a« ¢ U. We say that y is homologous to 0 in U and write
y ~ 0 if
W(y,a)=0
for every point a ¢ U.
Example. Let y be the curve illustrated in Fig. 9, and let U be the
plane from which three points z,, z,, z; have been deleted. Let y,, 75, 73
be small circles centered at z,, z,, z5 respectively, oriented counterclock-

wise. Then it will be shown after Cauchy’s theorem that

7~ 71+ 2y, + 2y,

Figure 9
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so that for any function f holomorphic on U, we have

Jf=j f+2j f+2f f.

The above discussion and definition of chain provided motivation for
what follows. We now go back to the formal development, and state the
global version of Cauchy’s theorem.

Theorem 2.2 (Cauchy’s Theorem). Let y be a closed chain in an open
set U, and assume that 7y is homologous to 0 in U. Let f be holo-
morphic in U. Then
f =0
Y

A proof will be given in the next section. Observe that all we shall
need of the holomorphic property is the existence of a primitive locally at
every point of U, which was proved in the preceding chapter.

Corollary 2.3. If y, n are closed chains in U and vy, n are homologous in

U, then
=[5

Proof. Apply Cauchy’s theorem to the closed chain y — 7.

Before giving the proof of Cauchy’s theorem, we state two important
applications, showing how one reduces integrals along complicated paths
to integrals over small circles.

Theorem 2.4.

(@ Let U be an open set and y a closed chain in U such that y is
homologous to 0 in U. Let z,, ...,z, be a finite number of distinct
points of U. Let y; (i=1,...,n) be the boundary of a closed disc
D; contained in U, containing z;, and oriented counterclockwise. We
assume that D; does not intersect 5, ifi#j. Let

m; = W(y, z).

Let U* be the set obtained by deleting z,, ...,z, from U. Then y is
homologous to Y m;y; in U*.
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(b) Let f be holomorphic on U*. Then

Lf=§m4;ﬁ

Proof. Let C=y—Y my;. Let « be a point outside U. Then
W(Cs a) = W(’)’, “) - Z m; W(’))is (X) =0

because o is outside every small circle y;. If a =z, for some k, then
W(y,z)=1ifi=kand 0 if i # k by Lemma 1.3. Hence

W(C’ Zk) = W(’Y’ zk) —m = 0.

This proves that C is homologous to 0 in U*. We apply Theorem 2.2 to
conclude the proof.

The theorem is illustrated in Fig. 10. We have

Yy~ =y — 29— V3 — 2V,

R R e

and

Figure 10

The theorem will be applied in many cases when U is a disc, say
centered at the origin, and y is a circle in U. Then certainly y is homo-
topic to a point in U, and therefore homologous to 0 in U. Let z,, ...,z,
be points inside the circle, as on Fig. 11. Then Theorem 2.4 tells us that

Jf=ifﬁ
b i=1 J¢y
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where C; is a small circle around z;. (Circles throughout are assumed
oriented counterclockwise unless otherwise specified.)

&)

Figure 11

In Example 5 of Chapter III, §2, we gave explicitly the values of the
integrals around small circles in terms of the power series expansion of f
around the points z,, ...,z,. We may also state the global version of
Cauchy’s formula.

Theorem 2.5 (Cauchy’s Formula). Let y be a closed chain in U, homo-

logous to 0 in U. Let f be analytic on U, let z, be in U and not on 7.
Then

1 1)

2mi ),z — 24

dz = W(y, zo)f(2o).

Proof. We base this proof on Theorems 2.2 and 2.4. An independent
proof will be given below. By assumption, in a neighborhood of z,, we
have a power series expansion

f(2)=aq + a,(z — z,) + higher terms, with a, = f(z,).

Let C, be the circle of radius r centered at z, for a small value of r. By
Theorem 2.4, the integral over y can be replaced by the integral over C,
times the appropriate winding number, that is

3

1 -
dZ = W(’Y, ZO)EJ‘ ZO an(z - zO)n ! dZ = W(% ZO)a09
C, n=

1 [ S

2ni ),z —zq
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because we can integrate term by term by Theorem 2.4 of Chapter III,
and we can apply Example 5 or Exercise 1 of Chapter III, §2, to con-
clude the proof.

Example. Using Theorem 2.5, we find the integral

j ¢ dz

y z

taken over a path y not passing through the origin, and having winding
number 1 with respect to 0, that is, W(y,0)=1. We let U= C. Then y

is homologous to 0 in U, and in fact y is homotopic to a point. Hence
Theorem 2.5 applies by letting z, = 0, and we find

jiw=mw=ma
),Z

Remark 1. We have shown that Theorem 2.2 (Cauchy’s theorem)
implies Theorem 2.5 (Cauchy’s formula). Conversely, it is easily seen that
Cauchy’s formula implies Cauchy’s theorem. Namely, we let z, be a
point in U not on y, and we let

F(z) = (z — zo)f(2).

Applying Cauchy’s formula to F yields

1 1 F(z)
3 Lf(z) dz = = Lz — dz = F(zo)W(y, z9) = 0,

as desired.

Remark 2. In older texts, Cauchy’s theorem is usually stated for the
integral over a simple closed curve, in the following form:

Let U be an open set, f holomorphic on U and let y be a simple closed
curve whose interior is contained in U. Then

Jf=0

It was realized for a long time that it is rather hard to prove that a
simple closed curve decomposes the plane into two regions, its interior
and exterior. It is not even easy to define what is meant by “interior” or
“exterior” a priori. In fact, the theorem would be that the plane from
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which one deletes the curve consists of two connected sets. For all
points in one of the sets the winding number with respect to the curve is
1, and for all points in the other, the winding number is 0. In any case,
these general results are irrelevant in the applications. Indeed, both in
theoretical work and in practical applications, the statement of Cauchy’s
theorem as we gave it is quite efficient. In special cases, it is usually
immediate to define the “interior” and “exterior” having the above prop-
erty, for instance for circles or rectangles. One can apply Theorem 2.2
without appealing to any complicated result about general closed curves.

Dixon’s Proof of Theorem 2.5 (Cauchy’s Formula)

The proof we gave of Theorem 2.5 was based on Theorem 2.2 via
Theorem 2.4. We shall now reproduce Dixon’s proof of Theorem 2.5,
which is direct, and is based only on Cauchy’s formula for a circle
and Liouville’s theorem. Those results were proved in Chapter III, §7.
Dixon’s proof goes as follows.

We define a function g on U x U by:

f(W) fw) — f(2)
g(z,w) = -z
'@ if w=z

if wa#z,

For each w, the function z+ g(z, w) is analytic. Furthermore, g is contin-
uous on U x U. This is obvious for points off the diagonal, and if
(2o, zo) is on the diagonal, then for (z, w) close to (z,, z,)

1 w
9(z, W) = g(z0, 20) = —— f Lf'©) — £ o)) dL.

The integral can be taken along the line segment from z to w. Estimat-
ing the right-hand side, we see that 1/|w — z| cancels the length of the
interval, and the expression under the integral sign tends to O by the
continuity of f’, as (z, w) approaches (z,, z,). Thus g is continuous.

Let V be the open set of complex numbers z not on y such that
Wi(y, z) = 0. By the hypothesis of Cauchy’s theorem, we know that V
contains the complement of U. Hence C=UuV. We now define a
function h on C by two integrals:

1 .
h(z)=2~7EJ‘g(z,w)dw if zel,

h()__ W

2mi W—Z

if zeV.
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We note that for ze UV, the two definitions of h coincide. We shall
prove that h is a bounded entire function, whence constant by Liouville’s
theorem, whence equal to 0 by letting z tend to infinity for ze V, and
using the definition of h. It is then clear that for ze U the first integral
being zero immediately implies Cauchy’s formula

o,
5 f S dw = [ W, )

w—

We have already seen in Remark 1 that Cauchy’s formula implies
Cauchy’s theorem.

There remains therefore to prove that h is an analytic function and is
bounded. We first prove that k is analytic. It is immediate that h is
analytic on V. Hence it suffices to prove that h is analytic on U. So let
zo € U. From the uniform continuity of g on compact subsets of U x U
it follows at once that h is continuous. To prove that h is analytic, by
Theorem 3.2 of Chapter III, and the fact that a holomorphic function is
analytic, it suffices to prove that in some disc centered at z,, the integral
of h around the boundary of any rectangle contained in the disc is O.

But we have
J h(z)dz—~J f g(z, w)dw dz
2R

2nlf j g(z, w) dz dw.

Since for each w, the function z+ g(z, w) is analytic, we obtain the value
0, thereby concluding the proof that h is analytic.
As for the boundedness, suppose that z lies outside a large circle.

Then
J /G) dw=f(z)f—de=0
),W—Z },W—Z

because the winding number of y with respect to z is 0 by Lemma 1.3 of
Chapter IV. Furthermore, if |z| - oo then

fm)

w—2

- 0.

Y

It follows that h is bounded outside a large circle, whence bounded since
h is analytic. This concludes the proof.
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IV, §2. EXERCISES

1. (a) Show that the association f+ f’/f (where f is holomorphic) sends
products to sums.
(b) If P(z) =(z — ay)---(z — a,), where ay, ...,a, are the roots, what is P’/P?
() Let y be a closed path such that none of the roots of P lie on y. Show
that

1
E_J (P'/P)z) dz = W(y,a,) + - + W(1, a,).
mi ),

2. Let f(z) = (z — zo)"h(z), where h is analytic on an open set U, and h(z) # 0 for
all ze U. Let 7 be a closed path homologous to 0 in U, and such that z, does
not lie on y. Prove that

1 (1
27 }, fl2)

dz = W(y, zo)m.

3. Let U be a simply connected open set and let zj,...,z, be points of U. Let
U*=U-{z,...,z,} be the set obtained from U by deleting the points
z1,...,2,. Let f be analytic on U*. Let y, be a small circle centered at z; and
let

1
a= Lk 10 de.

Let h(z) = f(z) — Y ax/(z — zx). Prove that there exists an analytic function H
on U* such that H' = h.

Note. The train of thought of the above exercises will be pursued systematically
in Chapter VI, Theorem 1.5.

IV, §3. ARTIN’'S PROOF

In this section we prove Theorem 2.2 by making greater use of topologi-
cal considerations. We reduce Theorem 2.2 to a theorem which involves
only the winding number, and not the holomorphic function f, and we
state this result as Theorem 3.2. The application to the holomorphic
function will then be immediate by applying some results of Chapter III.
We have already found that integrating along sides of a rectangle works
better than over arbitrary curves. We pursue this idea. A path will be
said to be rectangular if every curve of the path is either a horizontal
segment or a vertical segment. We shall see that every path is homolo-
gous with a rectangular path, and in fact we prove:

Lemma 3.1. Let y be a path in an open set U. Then there exists a
rectangular path n with the same end points, and such that y, n are close
together in U in the sense of Chapter III, §4. In particular, y and n are
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homologous in U, and for any holomorphic function f on U we have

Jo-ls

Proof. Suppose 7y is defined on an interval [a, b]. We take a partition
of the interval,

a=ay5a,2a,<<a,=b

liA

such that the image of each small interval

Y([a; air1])

is contained in a disc D, on which f has a primitive. Then we replace
the curve y on the interval [a;, a;.,] by the rectangular curve drawn on
Fig. 12. This proves the lemma.

Figure 12

In the figure, we let z; = y(a;).
If y is a closed path, then it is clear that the rectangular path con-
structed in the lemma is also a closed path, looking like this:

ST
g

A

Y

Figure 13
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The lemma reduces the proof of Cauchy’s theorem to the case when y
is a rectangular closed chain. We shall now reduce Cauchy’s theorem to
the case of rectangles by stating and proving a theorem having nothing
to do with holomorphic functions. We need a little more terminology.

Let y be a curve in an open set U, defined on an interval [a, b]. Let

be a partition of the interval. Let

i [ap, a1 2 U

be the restriction of y to the smaller interval [a;, a;,,]. Then we agree to
call the chain

ittt y,

a subdivision of y. Furthermore, if #; is obtained from y, by another
parametrization, we again agree to call the chain

"1+’12++’1n
a subdivision of y. For any practical purposes, the chains y and
Motn+-+n,

do not differ from each other. In Fig. 14 we illustrate such a chain y and
a subdivision 7, + 1, + 113 + 1,.

m n3 n4
n

b

Figure 14
Similarly, if y =) m,y, is a chain, and {n,} is a subdivision of y,, we
call
2. 2. mily
tJ
a subdivision of 7.

Theorem 3.2. Let y be a rectangular closed chain in U, and assume that
y is homologous to 0 in U, i.e.

W(y,a)=0

Jor every point o not in U. Then there exist rectangles Ry,...,Ry
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contained in U, such that if OR; is the boundary of R; oriented counter-
clockwise, then a subdivision of y is equal to

N
E m; aR,

i=1
for some integers m;.

Lemma 3.1 and Theorem 3.2 make Cauchy’s Theorem 2.2 obvious
because we know that for any holomorphic function f on U, we have

[
oR;

by Goursat’s theorem. Hence the integral of f over the subdivision of y
is also equal to 0, whence the integral of f over y is also equal to 0.

We now prove the theorem. Given the rectangular chain y, we draw
all vertical and horizontal lines passing through the sides of the chain, as
illustrated on Fig. 15.

A

A

Y

Y

Figure 15

Then these vertical and horizontal lines decompose the plane into rectan-
gles, and rectangular regions extending to infinity in the vertical and
horizontal direction. Let R; be one of the rectangles, and let «; be a
point inside R;. Let

m; = W()’, ai)'



[1Vv, §3] ARTIN’S PROOF 153

For some rectangles we have m; = 0, and for some rectangles, we have
m; #0. We let R, ...,Ry be those rectangles such that m,, ...,my are
not 0, and we let OR; be the boundary of R, for i =1, ...,N, oriented
counterclockwise. We shall prove the following two assertions:

1. Every rectangle R; such that m; # 0 is contained in U.

2. Some subdivision of 7 is equal to

N
Y. m0R,;.

i=1
This will prove the desired theorem.

Assertion 1. By assumption, o; must be in U, because W(y, «) =0 for
every point a outside of U. Since the winding number is constant on
connected sets, it is constant on the interior of R;, hence # 0, and the
interior of R; is contained in U. If a boundary, point of R, is on y, then
it is in U. If a boundary point of R; is not on y, then the winding
number with respect to y is defined, and is equal to m; # 0 by continuity
(Lemma 3.2). This proves that the whole rectangle R;, including its
boundary, is contained in U, and proves the first assertion.

Assertion 2. We now replace 7 by an appropriate subdivision. The
vertical and horizontal lines cut y in various points. We can then find a
subdivision n of y such that every curve occurring in # is some side of a
rectangle, or the finite side of one of the infinite rectangular regions. The
subdivision # is the sum of such sides, taken with appropriate multi-
plicities. If a finite side of an infinite rectangle occurs in the subdivision,
after inserting one more horizontal or vertical line, we may assume that
this side is also the side of a finite rectangle in the grid. Thus without loss
of generality, we may assume that every side of the subdivision is also the
side of one of the finite rectangles in the grid formed by the horizontal and
vertical lines.

It will now suffice to prove that

n= Z m,-éR,-.

Suppose # — Y m;0R; is not the 0 chain. Then it contains some horizontal
or vertical segment o, so that we can write

7 - Zm,@Ri =mo + C*,

where m is an integer, and C* is a chain of vertical and horizontal segments
other than ¢. Then ¢ is the side of a finite rectangle R;. We take ¢ with
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the orientation arising from the counterclockwise orientation of the
boundary of the rectangle R;. Then the closed chain

C= n-— Zm,-aR,- - maRk

does not contain o. Let oy be a point interior to Ry, and let &' be a point
near ¢ but on the opposite side from a, as shown on the figure.

e oy e
Ry

Figure 16

Since n — >_ m;0R; — moR, does not contain o, the points a; and « are
connected by a line segment which does not intersect C. Therefore

W(C o) = W(C,o).
But Wy, o) =m; and W(0R;, o) =0 unless i=k, in which case
W(0Rk, %) = 1. Similarly, if o’ is inside some finite rectangle R;, so
a' = aj, we have
0 if j#k,

W (ORye ;) = {1 if j=k

If «' is in an infinite rectangle, then W(dRy,a’) = 0. Hence:

W(C,) = W(n - Zm,-@R,- — moRy, ozk) =M —m—m=—m;

W(C,a') = W(n ~ " mdR; — moRy, oc’) =0.

This proves that m =0, and concludes the proof that # — Y m;0R; = 0.



CHAPTER V

Applications of Cauchy’s
Integral Formula

In this chapter, we return to the ideas of Theorem 7.3 of Chapter III,
which we interrupted to discuss some topological considerations about
winding numbers. We come back to analysis. We shall give various
applications of the fact that the derivative of an analytic function can be
expressed as an integral. This is completely different from real analysis,
where the derivative of a real function often is less differentiable than the
function itself. In complex analysis, one can exploit the phenomenon in
various ways. For instance, in real analysis, a uniform limit of a se-
quence of differentiable functions may be only continuous. However, in
complex analysis, we shall see that a uniform limit of analytic functions
is analytic.

We shall also study a point where a function is analytic near the
point, but not necessarily at the point itself. Such points are the isolated
singular points of the function, and the behavior of the function can be
described rather accurately near these points.

V, §1. UNIFORM LIMITS OF ANALYTIC FUNCTIONS

We first prove a general theorem that the uniform limit of analytic
functions is analytic. This will allow us to define analytic functions by
uniformly convergent series, and we shall give several examples, in text
and in the exercises.

Theorem 1.1. Let {f,} be a sequence of holomorphic functions on an
open set U. Assume that for each compact subset K of U the sequence
converges uniformly on K, and let the limit function be f. Then f is
holomorphic.

156
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Proof. Let z,€ U, and let D be a closed disc of radius R centered at
zo and contained in U. Then the sequence {f,} converges uniformly on
Dg. Let Cg be the circle which is the boundary of DR Let Dy, be the
closed disc of radius R/2 centered at z,. Then for z ¢ Dx/z we have

_ 1 Jull)
ful2) = i J;R =z dg,

and |{ — z| = R/2. Since {f,} converges uniformly, for |z — zo| < R/2, we

get
_ 1 f©
=5 | £

By Theorem 7.7 of Chapter III it follows that f is holomorphic on a
neighborhood of z,. Since this is true for every z, in U, we have proved
what we wanted.

Theorem 1.2. Let {f,} be a sequence of analytic functions on an open
set U, converging uniformly on every compact subset K of U to a
function f. Then the sequence of derivatives {f,} converges uniformly
on every compact subset K, and lim f, = f".

Proof. The proof will be left as an exercise to the reader. [Hint:
Cover the compact set with a finite number of closed discs contained in
U, and of sufficiently small radius. Cauchy’s formula expresses the deriv-
ative f, as an integral, and one can argue as in the previous theorem.]

Example. Let

fe) = i

uMg

We shall prove that this function is holomorphic for Rez > 1. Each
term

fn(z) — n—z - e—zlogn
is an entire function. Let z = x + iy. We have

|e—zlogn| — |e—xlogne—iylog"| =n"x

Let ¢ > 1. For x =2 ¢ we have |n7?| £ n™° and the series

1
{ nf

uMs

converges for ¢ > 1. Hence the series ). f,(z) converges uniformly and
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absolutely for Re z = ¢, and therefore defines a holomorphic function for
Re z > c. This is true for every ¢ > 1, and hence f is holomorphic for
Rez > 1.

In the same example, we have

£1(0) = logn

By Theorem 1.2, it follows that

o —logn

f'@= Z

in this same region.

V, §1. EXERCISES

1. Let f be analytic on an open set U, let z, € U and f'(zo) # 0. Show that

Fleg) J FO =)™

where C is a small circle centered at z,.

2. Weierstrass’ theorem for a real interval [a, b] states that a continuous func-
tion can be uniformly approximated by polynomials. Is this conclusion still
true for the closed unit disc, ie. can every continuous function on the disc be
uniformly approximated by polynomials?

3. Let a> 0. Show that each of the following series represents a holomorphic
function:

(@ Y e for Rez>0;

n=1
(b) "; m for Rez > 0,
(c) 2 P m for Rez > 1.

4. Show that each of the two series converges uniformly on each closed disc
|ZlScwithO<c<1:

5. Prove that the two series in Exercise 4 are actually equal. [Hint: Write each
one in a double series and reverse the order of summation.]
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6. Dirichlet Series. Let {a,} be a sequence of complex numbers. Show that the
series Y a,/n%, if it converges absolutely for some complex s, converges abso-
lutely in a right half-plane Re(s) > g, and uniformly in Re(s) > o, + ¢ for every
€ > 0. Show that the series defines an analytic function in this half plane.
The number o, is called the abscissa of convergence.

The next exercises give expressions and estimates for an analytic function in
terms of integrals.

7. Let f be analytic on a closed disc D of radius b > 0, centered at z,. Show
that

1
=3 ff Sl +iy) dy dx = f(z,).
nb D
[Hint: Use polar coordinates and Cauchy’s formula. Without loss of gen-
erality, you may assume that z, = 0. Why?]

8. Let D be the unit disc and let S be the unit square, that is, the set of
complex numbers z such that 0 < Re(z) <1 and 0 <Im(z) < 1. Let f:D—>S
be an analytic isomorphism such that f(0) = (1 +i)/2. Let u, v be the real
and imaginary parts of f respectively. Compute the integral

ou\? [ou\?
— — | |dxdy.
JLLG) -+ Jees
9. (a) Let f be an analytic isomorphism on the unit disc D, and let
oo
f(z) = Z anz"
n=1

be its power series expansion. Prove that
- 2
area f(D)= n2n|a,,| .

n=1

(b) Suppose that f is an analytic isomorphism on the closed unit disc D,
and that |f(z)| =2 1 if |z| = 1, and f(0) =0. Prove that area f(D) = n.

10. Let f be analytic on the unit disc D and assume that [[,|f1* dx dy exists.
Let

f(z) = 20 a,z".

Prove that
1 , S 5
5= f(2)? dxdy = Y |a,|*/2n + 2).
2” D n=0
For the next exercise, recall that a norm || || on a space of functions asso-

ciates to each function f a real number = 0, satisfying the following conditions:

N 1. We have |f] =0 if and only if f = 0.
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11.

12.

N 2. If ¢ is a complex number, then |cf| = |c| | f].
N3 (f+gl 2111 + ligl-

Let A be the closure of a bounded open set in the plane. Let f, g be
continuous functions on A. Define their scalar product

) =” f(2)9(@) dy dx

and define the associated L%-norm by its square,

£z = fj |f@)F dy dx.

Show that | f||, does define a norm. Prove the Schwarz inequality

KA g 111219l
On the other hand, define

i =f£ |f(2)| dy dx.

Show that fi— | f|l, is a norm on the space of continuous functions on 4,

called the L'-norm. This is just preliminary. Prove:

(@) Let 0 <s < R. Prove that there exist constants C;, C, having the fol-
lowing property. If f is analytic on a closed disc D of radius R, then

If1ls = Cillflli,& € Coll fll2,rs

where || |, is the sup norm on the closed disc of radius s, and the L!, L2
norms refer to the integral over the disc of radius R.

(b) Let {f,} be a sequence of holomorphic functions on an open set U, and
assume that this sequence is L?-Cauchy. Show that it converges uni-
formly on compact subsets of U.

Let U, V be open discs centered at the origin. Let f = f(z, w) be a continuous
function on the product U x V, such that for each w the function z f(z, w)
and for each z the function wi— f(z, w) are analytic on U and V, respectively.
Show that f has a power series expansion

fiz,w) =Y ap,z"w"

which converges absolutely and uniformly for |z| £ r and |w| <, for some
positive number r. [Hint: Apply Cauchy’s formula for derivatives twice, with
respect to the two variables to get an estimate for the coefficients a,,.]
Generalize to several variables instead of two variables.

Note. This exercise is really quite trivial, although it is not generally realized

that it is so, The point is that the function f is assumed to be continuous. If that



[V, §2] LAURENT SERIES 161

assumption is not made, the situation becomes much more difficult to handle,
and the result is known as Hartogs’ theorem. In practice, continuity is indeed
satisfied.

V, §2. LAURENT SERIES

By a Laurent series, we mean a series

Q=3 az

n=—ow

Let A be a set of complex numbers. We say that the Laurent series
converges absolutely (resp. uniformly) on A if the two series

ff@=Y az" and f (@)=Y a,z"

nz0 n<0

converge absolutely (resp. uniformly) on A. If that is the case, then f(z)
is regarded as the sum,

f@=f"@+f @

Let r, R be positive numbers with 0 <r < R. We shall consider the
annulus A consisting of all complex numbers z such that

rslzl=R

Figure 1
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Theorem 2.1. Let A be the above annulus, and let f be a holomorphic
function on A. Let r <s < S < R. Then f has a Laurent expansion

=3 az

n=—o

which converges absolutely and uniformly on s < |z| £ S. Let Cg and C,
be the circles of radius R and r, respectively. Then the coefficients a,
are obtained by the usual formula:

_ 1 fQ) :
an——z—a CRC'H_ldC if ngO,

_ 1 :
a"—% CrC'H_ldC if n<O.

Proof. For some € >0 we may assume (by the definition of what it
means for f to be holomorphic on the closed annulus) that f is holo-
morphic on the open annulus U of complex numbers z such that

r—e<|zl<R+e

The chain Ci — C, is homologous to 0 on U, because if a point lies in
the outer part then its winding number is zero by the usual Lemma 1.3
of Chapter IV, and if the point lies in the disc inside the annulus, then its
winding number is 0. Cauchy’s formula then implies that for z in the
annulus,

ljf(C)d L[S

f(z)=% -z  2mi . t—z
We may now prove the theorem. The first integral is handled just as

in the ordinary case of the derivation of Cauchy’s formula, and the
second is handled in a similar manner as follows. We write

{—z= —z(l-—€>.
z

'gl Sris<],

Then

so the geometric series converges,

1 1 _1 { \?
El—&/z‘2(1+5+<2> * )
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We can then integrate term by term, and the desired expansion falls out.
To show the uniqueness of the coefficients, integrate the series Y a,s"e™’
against e*® for a given integer k, term by term from 0 to 2z. All terms
drop out except for n = k, showing that the k-th coefficient is determined
by f.

An example of a function with a Laurent series with infinitely many
negative terms is given by e'?, that is, by substituting 1/z in the ordinary
exponential series.

If an annulus is centered at a point z,, then one obtains a Laurent
series at z, of the form

=3 az-z)

B=—a

Example. We want to find the Laurent series for

1
f(z)=m

for 0 < |z| < 1. We write f in partial fractions:

Then for one term we get the geometric series,

= — =—(14+z+22+)
z—1 1—2

whence
= _1 g2 _ ...
f(2) p 1l—z—-z2 .

On the other hand, suppose we want the Laurent series for |z| > 1. Then

we write
S VAR VR VAU TS B
z—1 z\1—-1/z) z z  z?

1 1 1

whence

V, §2. EXERCISES

L. Prove that the Laurent series can be differentiated term by term in the usual
manner to give the derivative of f on the annulus.

2. Let f be holomorphic on the annulus A4, defined by 0 <r < |z| £ R
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Prove that there exist functions f;, f, such that f; is holomorphic for
|z| £ R, f, is holomorphic for |z| = r and

f = f 1+ fz
on the annulus.

3. Is there a polynomial P(z) such that P(z)e’* is an entire function? Justify
your answer. What is the Laurent expansion of e'/ for |z| # 0?7

4. Expand the function
z

Z)=——
1@ 1+ 23
(a) in a series of positive powers of z, and
(b) in a series of negative powers of z.
In each case, specify the region in which the expansion is valid.

5. Give the Laurent expansions for the following functions:
@ z/(z+2) for|z|>2 (b) sinl/zforz+#0
1
(¢) cosl/zforz#0 d ——for|z|>3
(z-3)
6. Prove the following expansions:
® 1
(@ e*=e+ed —(z—1)
n=1 n'

b) 1/z= i (=)z—1y for|z—1]<1

n=0

© 1/z2=1+ io‘,(n+1)(z+1)'l forjz+ 1| <1

n=1

7. Expand (a) cos z, (b) sin z in a power series about 7/2.

1
8. Let f(2) = - D=2 Find the Laurent series for f:

(@) In the disc |z] < 1.
(b) In the annulus 1 < |z| < 2.
() In the region 2 < |z|.

9. Find the Laurent series for (z+ 1)/{(z—1) in the region (a) |z| < 1;
() |z| > 1.

10. Find the Laurent series for 1/z2(1 — z) in the regions:
@ 0<|zl<1;(b)]|z| > 1.

11. Find the power series expansion of

1
=1z

around the point z = 1, and find the radius of convergence of this series.
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12. Find the Laurent expansion of

1

O -pevr

for 1 <|z| < 2.

13. Obtain the first four terms of the Laurent series expansion of

z

e

1O=7+1

valid for 0 < |z| < 1.

*14. Assume that f is analytic in the upper half plane, and that f is periodic of
period 1. Show that f has an expansion of the form

o0

f= Z c"elninz’

-

where

1
c, = J Sflx + iy)e  2rinxti) gy
0

for any value of y > 0. [Hint: Show that there is an analytic function f*
on a disc from which the origin is deleted such that

[*e™) = f(2).
What is the Laurent series for f*? Abbreviate g = ™=

*15. Assumptions being as in Exercise 14, suppose in addition that there exists
Yo > 0 such that f(z) = f(x + iy) is bounded in the domain y = y,. Prove
that the coefficients ¢, are equal to 0 for n<0. Is the converse true?
Proof?

V, §3. ISOLATED SINGULARITIES

Let z, be a complex number and let D be an open disc centered at z,.
Let U be the open set obtained by removing z, from D. A function f
which is analytic on U is said to have an isolated singularity at z,. We
suppose this is the case.

Removable Singularities

Theorem 3.1. If f is bounded in some neighborhood of z,, then one can
define f(z,) in a unique way such that the function is also analytic at
Zg-
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Proof. Say z, = 0. By §2, we know that f has a Laurent expansion
f@=3% az"+ Y a,z"

for 0 <iz| < R. We have to show a,=0 if n<0. Let n= —m with
m > 0. We have

1 o
Gom= 5o L fO L,

for any circle C, of small radius r. Since f is assumed bounded near 0 it
follows that the right-hand side tends to 0 as r tends to 0, whence
a_, =0, as was to be shown. (The uniqueness is clear by continuity.)

In the case of Theorem 3.1 it is customary to say that z, is a remov-
able singularity.

Poles

Suppose the Laurent expansion of f in the neighborhood of a singularity
zo has only a finite number of negative terms,

f(z)=(z—i—z"'0?+~-+a0+al(z—zo)+"-,

and a_, # 0. Then f is said to have a pole of order (or multiplicity m) at
zy. However, we still say that the order of f at z, is —m, that is,

ord, f= —m,
because we want the formula
ord, (fg)=ord, f+ ord, g
to be true. This situation is characterized as follows:

f has a pole of order m at z,, if and only if f(z)(z — z,)™ is holomorphic
at z, and has no zero at z,.

The proof is immediate and is left to the reader.

If g is holomorphic at z, and g(z,) # 0, then the function f defined by

J(2) =(z—20)"g(2)
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in a neighborhood of z, from which z, is deleted, has a pole of order m.
We abide by the convention that a pole is a zero of negative order.
A pole of order 1 is said to be a simple pole.

Examples. The function 1/z has a simple pole at the origin.
The function 1/sin z has a simple pole at the origin. This comes from
the power series expansion, since

sin z = z(1 + higher terms),
and

1
= —(1 + higher terms)
sin z

by inverting the series 1/(1 —h) =1+ h+ h* + - for |h| < 1.

Let f be defined on an open set U except at a discrete set of points S
which are poles. Then we say that f is meromorphic on U. If z, is such
a point, then there exists an integer m such that (z — zy)"f(z) is holo-
morphic in a neighborhood of z,. Thus f is the quotient of two holo-
morphic functions in the neighborhood of a point. We say that f is
meromorphic at a point z, if f is meromorphic on some open set U
containing z,.

Example. Let P(z) be a polynomial. Then f(z) = 1/P(z) is a mero-
morphic function. This is immediately seen by factoring P(z) into linear
factors.

Example. A meromorphic function can be defined often by a uni-
formly convergent series. For instance, let

0

(Z)——

We claim that f is meromorphic on C and has simple poles at the
integers, but is holomorphic elsewhere.

We prove that f has these properties inside every disc of radius R
centered at the origin. Let R > 0 and let N > 2R. Write

@) = g(2) + h(2),
where

z & z
and h(z) = e E—
,,=1 z-—n n=N+12"—n

g(2) =

m»—-
Mz
N
[ ]
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Then g is a rational function, and is therefore meromorphic on C.
Furthermore, from its expression as a finite sum, we see that g has
simple poles at the integers n such that |n| < N.

For the infinite series defining A, we apply Theorem 1.1 and prove that
the series is uniformly convergent. For |z| < R we have the estimate

z < R _ i R
22—n?|=n*—R* n?l1—(R/n?*
The denominator satisfies
1—(R/mp? 2%
for n > N > 2R. Hence
zzinz gg—;— for n=2R.

Therefore the series for h converges uniformly in the disc |z| < R, and h
is holomorphic in this disc. This proves the desired assertion.

Essential Singularities

If the Laurent series has a infinite number of negative terms, then we say
that z, is an essential singularity of f.

Example. The function f(z) = e'* has an essential singularity at z =0
because its Laurent series is

1

™8

b z"n!’

Theorem 3.2 (Casorati—Weierstrass). Let 0 be an essential singularity
of the function f, and let D be a disc centered at 0 on which f is
holomorphic except at 0. Let U be the complement of O in D. Then
Sf(U) is dense in the complex numbers. In other words, the values of f
on U come arbitrarily close to any complex number.

Proof. Suppose the theorem is false. There exists a complex number «
and a positive number s > 0 such that

1f@2)—a|>s forall ze U.
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The function

1

9(2) 0 —a

is then holomorphic on U, and bounded on the disc D. Hence 0 is a
removable singularity of g, and g may be extended to a holomorphic
function on all of D. It then follows that 1/g(z) has at most a pole at 0,
which means that f(z) — « has at most a pole, contradicting the hypothe-
sis that f(z) has an essential singularity (infinitely many terms of negative
order in its Laurent series). This proves the theorem.

Actually, it was proved by Picard that f not only comes arbitrarily
close to every complex number, but takes on every complex value except
possibly one. The function e'? omits the value 0, so it is necessary to
allow for this one omission. See Chapter XI, §3 and Chapter XII, §2.

We recall that an analytic isomorphism

f:U-V

from one open set to another is an analytic function such that there
exists another analytic function

g:V-ouU
satisfying
fog=1id, and go f=idy,

where id is the identity function. An analytic automorphism of U is an
analytic isomorphism of U with itself.

Using the Casorati—Weierstrass theorem, we shall prove:

Theorem 3.3. The only analytic automorphisms of C are the functions
of the form f(z) = az + b, where a, b are constants, a # 0.

Proof. Let f be an analytic automorphism of C. After making a
translation by —f(0), we may assume without loss of generality that
f(0) = 0. We then have to prove that f(z) = az for some constant a. Let

h(z) = f(1/2)  for z#0.

Then h is defined for all complex numbers except for the origin. We first
prove that h cannot have an essential singularity at 0. Since f is a local
analytic isomorphism at 0, f gives a bijection between an open neighbor-
hood of 0 with some open neighborhood of 0. Since f is also an analytic
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isomorphism of C, it follows that there exists 6 > 0 and ¢ > 0 such that if
|w| > 1/6 then |f(w)| >c. Let z=1/w or w=1/z. Then |h(z)| > ¢ for
|z <é. If 0 is an essential singularity, this contradicts the Casorati—
Weierstrass theorem.

Let f(z) = anz" so h(z) =3 a,(1/z)". Since 0 is not an essential
singularity of h, it follows that the series for h, hence for f, has only a
finite number of terms, and

f@)=ao+ayz+ - +ayz"

is a polynomial of degree N for some N. If f has two distinct roots, then
f cannot be injective, contradicting the fact that f has an inverse func-
tion. Hence f has only one root, and

f@@) = a(z — zo)"

for some z,. If N > 1, it is then clear that f is not injective so we must
have N =1, and the theorem is proved.

V, §3. EXERCISES

1. Show that the following series define a meromorphic function on C and
determine the set of poles, and their orders.

a0 (__1)" 0 1 -] 1

(@) ,.;o n'(n +z) ®) ,.;1 22 + n? © ,.;1 (z+n)?
®  sinnz 1 ® 1 1
(d) ";1 n'(zz + nz) (C) ; ‘+‘ ,,;O I:z “n + ;:I

n?z® + 8

is defined and continuous for the real values of z. Determine the region of
the complex plane in which this function is analytic. Determine its poles.

20

defines an analytic function on a disc of radius 1 centered at —i.

3. Show that the series

4. Let {z,} be a sequence of distinct complex numbers such that

Y — P converges.
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10.

Prove that the series

8

[}

1 1
1 (Z'—Zn)z’_;f

defines a meromorphic function on C. Where are the poles of this function?

. Let f be meromorphic on C but not entire. Let g(z) = ¢/®. Show that g is

not meromorphic on C.

. Let f be a non-constant entire function, i.e. a function analytic on all of C.

Show that the image of f is dense in C.

. Let f be meromorphic on an open set U. Let

o:V-U

be an analytic isomorphism. Suppose ¢(z,) = w,, and f has order n at wj.
Show that fo ¢ has order n at z,. In other words, the order is invariant
under analytic isomorphisms. [Here n is a positive or negative integer.]

. A meromorphic function f is said to be periodic with period w if

f(z+w)=f(z) for all ze C. Let f be a meromorphic function, and suppose f
is periodic with three periods wj, wa, w; which are linearly independent over
the rational numbers. Prove that f is constant. [Hint: Prove that there exist
elements w which are integral linear combinations of w;, w,, w; and arbitrarily
small in absolute value.] The exponential function is an example of a singly
periodic function. Examples of doubly periodic functions will be given in
Chapter XIV.

. Let / be meromorphic on C, and suppose

lim |f(z)] = co.

|z|= 0

Prove that f is a rational function. (You cannot assume as given that f has
only a finite number of poles.)

(The Riemann Sphere). Let S be the union of C and a single other point
denoted by oo, and called infinity. Let f be a function on S. Let ¢t = 1/z, and
define

g()) = f(1/1)

for t # 0, co. We say that f has an isolated singularity (resp. is meromorphic
resp. is holomorphic) at infinity if g has an isolated singularity (resp. is mero-
morphic, resp. is holomorphic) at 0. The order of g at 0 will also be called
the order of f at infinity. If g has a removable singularity at 0, and so can be
defined as a holomorphic function in a neighborhood of 0, then we say that f
is holomorphic at infinity.

We say that f is meromorphic on S if f is meromorphic on C and is also
meromorphic at infinity. We say that f is holomorphic on § if f is holo-
morphic on C and is also holomorphic at infinity.
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11.

12.

Prove:

The only meromorphic functions on S are the rational functions, that is, quo-
tients of polynomials. The only holomorphic functions on S are the constants.
If f is holomorphic on C and has a pole at infinity, then f is a polynomial.

In this last case, how would you describe the order of f at infinity in terms
of the polynomial?

Let f be a meromorphic function on the Riemann sphere, so a rational
function by Exercise 10. Prove that

Y ordp f =0,
P

where the sum is taken over all points P which are either points of C, or
P = o0.

Let P; (i=1,...,r) be points of C or o, and let m; be integers such that

i m; = 0.
i=1

Prove that there exists a meromorphic function f on the Riemann sphere
such that

ordp f=m; for i=1,...,r

and ordp f =0 if P # P.



CHAPTER VI

Calculus of Residues

We have established all the theorems needed to compute integrals of
analytic functions in terms of their power series expansions. We first
give the general statements covering this situation, and then apply them
to examples.

VI, §1. THE RESIDUE FORMULA

Let

0

f@= ¥ a,z—z)

n=—ao

have a Laurent expansion at a point z,. We call a_, the residue of f at
z4, and write

a_, = Res,_ f.

Theorem 1.1. Let z, be an isolated singularity of f, and let C be a
small circle oriented counterclockwise, centered at zy such that f is
holomorphic on C and its interior, except possibly at zo. Then

J f() d{ = 2mia_, = 2mi Res,_ f.
C

Proof. Since the series for f({) converges uniformly and absolutely for
{ on the circle, we may integrate it term by term. The integral of

173
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(£ — zo)" over the circle is equal to O for all values of n except possibly
when n = —1, in which case we know that the value is 2, cf. Examples
1 and 4 of Chapter III, §2. This proves the theorem.

From this local result, we may then deduce a global result for more
general paths, by using the reduction of Theorem 2.4, Chapter IV.

Theorem 1.2 (Residue Formula). Let U be an open set, and y a closed
chain in U such that vy is homologous to 0 in U. Let f be analytic on U
except at a finite number of points z,, ...,z,. Let m;= W(y, z;). Then

J‘f=2n4/—1 3 m Res, f.

Proof. Immediate by plugging Theorem 1.1 in the above mentioned
theorem of Chapter IV.

Theorem 1.2 is used most often when U is simply connected, in which
case every closed path is homologous to 0 in U, and the hypothesis on y
need not be mentioned explicitly. In the applications, U will be a disc,
or the inside of a rectangle, where the simple connectedness is obvious.

Remark. The notation ./ —1 is the standard device used when we
don’t want to confuse the complex number i with an index i.

We shall give examples how to find residues.
A pole of a function f is said to be simple if it is of order 1, in which
case the power series expansion of f is of type

a_y

fle)=

+ a, + higher terms,
zZ — ZO

and a_, #0.

Lemma 1.3.

(@) Let f have a simple pole at z,, and let g be holomorphic at z,.
Then

Reszo(fg) = g(ZO) Reszo(f)'

(b) Suppose f(z9) =0 but f'(zy) #0. Then 1/f has a pole of order 1
at z, and the residue of 1/f at z, is 1/f"(z,).



[VL §1] THE RESIDUE FORMULA 175

Proof. (a) Let f(z) = a_,/(z — z,) + higher terms. Say z, =0 for sim-
plicity of notation. We have

@) = (f’-; + ---)(bo +biz )

a_,b .
= =10 | higher terms,
z

s0 our assertion is clear.
(b) Let f(zo) =0 but f'(zo)#0. Then f(z)=a,(z — z,) + higher
terms, and a, # 0. Say z, = 0 for simplicity. Then

f@y=a;z(1 + h) with ordh =1,

SO

1 1 2 1 .
m_gl—z(l—h+h — )—E+hlgherterms,

so res(1/f) = a;* = 1/f'(0), as was to be shown.

Remark. Part (a) of the lemma merely repeats what you should have
seen before, to make this chapter more systematic.

Example. We give an example for part (b) of the lemma. Let f(z) =
sinz. Then f has a simple zero at z =, because f'(z)=cosz and
f'(m) = —1 # 0. Hence 1/f(z) has a simple pole at z = 7, and

(8]

Example. Find the residue of f(z) =

Zz_latz=1.

To do this, we write

22

&= he-1

Note that g(z) = z*/(z + 1) is holomorphic at 1, and that the residue of
1/z—1)is 1. Hence

Res, f=g¢g(1)=1/2.
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Example. Find the residue of (sin z)/z> at z = 0. We have

sinz 1 z3
ARG TR

1
= — + higher terms.
z
Hence the desired residue is 1.

2

z
mat2=l.

Example. Find the residue of f(z) =

We note that the function

g(2) =

is holomorphic at z = 1, and has an expansion of type

g(z) = by + b,(z — 1) + higher terms.
Then

g(z) by b,
G- -1 -1

@)=

and therefore the residue of f at 1 is b;, which we must now find. We
write z = 1 + (z — 1), so that

22 142z—-1)+(z+ 1)?
z+1 21 +1iz-1)

Inverting by the geometric series gives

z? 1 3
z+1_§<1+2(z_1)+"'>'

Therefore
3/4

1
(z—1)2+z—1+m

f@) =5

whence Res, f = 3/4.
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Example. Let C be a circle centered at 1, of radius 1. Let

2

V4
&= e -1
Findf f
C

The function f has only two singularities, at 1 and —1, and the circle
is contained in a disc of radius > 1, centered at 1, on which f is
holomorphic except at z = 1. Hence the residue formula and the preced-
ing example give us

j f=2mi-3.
c

L J
—e

Figure 1

If C is the boundary of the rectangle as shown on Fig. 2, then we also
find

f f=2mi-3.
c

-—”

-9

Y

Figure 2
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Example. Let f(z) = z> — 2z + 3. Let C be a rectangle as shown on
Fig. 3, oriented clockwise. Find

1
fc ?(7) dz.

Figure 3

The roots of f(z) are found by the quadratic formula to be

2+. /-8

2

and so are z; =1 + iﬁ and z, =1~ iﬁ. The rectangle goes around
these two points, in the clockwise direction. The residue of 1/f(z) at z, is
1/(z, — z,) because f has a simple pole at z,. The residue of 1/f(z) at z,
is 1/(z, — z,) for the same reason. The desired integral is equal to

—2mi(sum of the residues) = 0.

Example. Let f be the same function as in the preceding example, but
now find the integral of 1/f over the rectangle as shown on Fig. 4. The
rectangle is oriented clockwise. In this case, we have seen that the resi-
due at 1 — i\/i is

1 1

Z— I N —-Zi\/i'

Therefore the integral over the rectangle is equal to

— 2ni(residue) = ~2mi/(—2i,/2) = n/,/2.
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Al —i\/i *(

A

Figure 4

Next we give an example which has theoretical significance, besides
computational significance.

Example. Let f have a power series expansion with only a finite
number of negative terms (so at most a pole), say at the origin,

f(2) = a,,z™ + higher terms, a, #0,
and m may be positive or negative. Then we can write
@) = a,z"(1 + h(2)),

where h(z) is a power series with zero constant term. For any two
functions f, g we know the derivative of the product,

(f9) =19+ 19

so that dividing by fg yields

(fgy _f
o T FT

@ ||

Therefore we find for f(z) = (a,,.z™)(1 + h(z)),

1@ _m, K@
fz)  z 1+h(2

and H(2)/(1 + h(z)) is holomorphic at 0. Consequently, we get:
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Lemma 1.4. Let f be meromorphic at 0. Then
Res, f'/f = ord, f
and for any point z, where f has at most a pole,
Res,, f'/f = ord,, f.
Theorem 1.5. Let y be a closed chain in U, homologous to 0 in U. Let

f be meromorphic on U, with only a finite number of zeros and poles,
say at the points z,, ...,z,, hone of which lie on y. Let m; = W(y, z;).

Then
J fIf =2n/ =13 m;ord, f.

Proof. This is immediate by plugging the statement of the lemma into
the residue formula.

In applications, 7y is frequently equal to a circle C, or a rectangle, and
the points z,, ...,z, are inside C. Suppose that the zeros of f inside C
are

and the poles are

Then in the case,

J FUf = 21[,/—1('2 ord, f— ¥ mul,,jf).

We follow our convention whereby the multiplicity of a pole is the nega-
tive of the order of f at the pole, so that

mul, f = —ord, f
by definition.
If one counts zeros and poles with their multiplicities, one may re-
phrase the above formula in the more suggestive fashion:

Let C be a simple closed curve, and let f be meromorphic on C and its
interior. Assume that f has no zero or pole on C. Then

J‘ Sf'[f = 2ni (number of zeros — number of poles),
C
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where number of zeros = number of zeros of f in the interior of C, and
number of poles = number of poles of f in the interior of C.

Of course, we have not proved that a simple closed curve has an
“interior”. The theorem is applied in practice only when the curve is so
explicitly given (as with a circle or rectangle) that it is clear what “inte-
rior” is meant.

Besides, one can (not so artificially) formalize what is needed of the
notion of “interior” so that one can use the standard language. Let y be
a closed path. We say that y has an interior if W(y, ) =0 or 1 for every
complex number a which does not lie on y. Then the set of points «
such that W(y, «) = 1 will be called the interior of y. It’s that simple.

Theorem 1.6 (Rouché’s Theorem). Let y be a closed path homologous to
0 in U and assume that y has an interior. Let f, g be analytic on U,
and

1f(2) = 9(2)| < |f(2)]

for z ony. Then f and g have the same number of zeros in the interior

of y.

Proof. Note that the assumption implies automatically that f, g have
no zero on y. We have

90) _

!

<1

for z on y. Then the values of the function g/f are contained in the open
disc with center 1 and radius 1. Let F = g/f. Then F oy is a closed path
contained in that disc, and therefore

W(Foy,0)=0

because 0 lies outside the disc. If y is defined on [a, b] then

O=WWo%m=f 1@=J”wwnﬂnm

Foy a F('Y(t))
- [ P

= f g'lg — f'If.

What we want now follows from Theorem 1.5, as desired.
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Example. Let P(z) = 2% — 523 + z — 2. We want to find the number
of roots of this polynomial inside the unit circle. Let

fz) = =523
For |z| = 1 it is immediate that
|f@) = P2l =]-2° — 2z + 2| <|f(2)] = 5.
Hence f and P have the same number of zeros inside the unit circle, and
this number is clearly equal to 3. (Remember, you have to count multi-
plicities, and the equation
522=0

has one zero with multiplicity 3.)

We shall use Rouché’s theorem to give an alternative treatment of the
inverse function theorem, not depending on solving for an inverse power

series as was done in Chapter II, §5.

Theorem 1.7. Let f be analytic in a neighborhood of a point z,, and
assume f'(zy) # 0. Then f is a local analytic isomorphism at z,.

Proof. Making translations, we may assume without loss of generality
that z, = 0 and f(z,) = 0, so that

n
a,z",

gk

fle) =

n=m

and m = 1. Since f'(0) = a, we have m =1 and 4, # 0. Dividing by a,
we may assume without loss of generality that ¢, = 1. Thus f has the
power series expansion

f(&) =z + h(2),

where h(z) is divisible by z2. In particular, if we restrict the values of z
to some sufficiently small disc around 0, then there is a constant K > 0
such that

|f(2) — z| £ K|z|2.

Let C, be the circle of radius r, and let |a| < r/2. Let r be sufficiently
small, and let

flD=fl@)—a and g ()=z-a
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We have the inequality

|£2) — 9.(2)] = | flz) — 2| < K|z},
If z is on C,, that is |z| = r, then
Klz|* = Kr* < |z — a| = |g,(2)|
because |z — a| > r/2 and Kr? < r/2 (for instance, taking r < 1/2K). By
Rouché’s theorem, f, and g, have the same number of zeros inside C,,

and since g, has exactly one zero, it follows that f, has exactly one zero.
This means that the equation

fe)=a

has exactly one solution inside C, if |a| < r/2.
Let U be the set of points z inside C, such that

|f@) <r/2.
Then U is open because f is continuous, and we have just shown that
f:U—>D(,r/2)
is a bijection of U with the disc of radius r/2. The argument we have
given also shows that f is an open mapping, and hence the inverse
function

¢:D0,r/2)-> U

is continuous. There remains only to prove that ¢ is analytic. As in
freshman calculus, we write the Newton quotient

o) —pw) _ z—z,
w—=w f@) = flz,)

Fix w, with |w,| < r/2, and let w approach w,. Since ¢ is continuous, it
must be that z = ¢(w) approaches z; = @(w;). Thus the right-hand side
approaches

1/1"(z4),

provided we took r so small that f'(z,) # 0 for all z, inside the circle of
radius r, which is possible by the continuity of f’ and the fact that
f'(0) # 0. This proves that ¢ is holomorphic, whence analytic and con-
cludes the proof of the theorem.
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Residues of Differentials

Let f(T)=) a,T" be a power series with a finite number of negative
terms. We defined the residue to be a_,. This was convenient for a
number of applications, but in some sense so far it constituted an incom-
plete treatment of the situation with residues because this definition did
not take into account the chain rule when computing integrals by means
of residues. We shall now fill the remaining gap.

Let U be an open set in C. We define a meromorphic differential on
U to be an expression of the form

o= f(z)dz

where f is meromorphic on U. Let z,e U. Then f has a power series
expansion at z,, say

0

(1) f@) =} ayz —zo)" = folz — zo).

n=m

Often one wants to make a change of coordinate. Thus we define a
function w to be a local coordinate at z, if w has a zero of order 1 at z,.
Then w is a local isomorphism at z,, and there is a power series h such
that

2 z — 25 = h(w) = ¢, w + higher terms with ¢; #0.
Then substituting (2) in (1) we obtain

€) f(2) dz = fo(h(W)H (W) dw = g(w) dw,

where g(w) = fo(h(w))R'(w) also has a power series expansion in terms of
w. We denote the coefficients of this power series by b,, so that

) go9)= 3 bt

Since h(w) has order 1, H'(0) = ¢, # 0, it follows that the power series for
g also has order m. Of course, the coefficients for the power series of g
seem to be complicated expressions in the coefficients for the power series
for f. However, it turns out that the really important coefficient, namely
the residue b_;, has a remarkable invariance property, stated in the next
theorem.

Theorem 1.8. Let w be a local coordinate at z,. Let w be a mero-
morphic differential in a neighborhood of z,, and write w = f(z)dz =
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g(w) dw, where f, g are meromorphic functions, with the power series
expansions as in (1) and (4) above. Then the residues of the power series
for f and g are equal, that is

b_1 = a_l .

Proof. Let y be a small circle around z, in the z-plane. Let w = ¢(z).
Then

1 1
b, —%Loyg(w)dW—Z—J f@dz=a_,,

which proves the theorem.

In light of Theorem 1.8, we define the residue of a meromorphic
differential f(z) dz at a point z, as follows. We let w be a local coordi-
nate at z,. (Thus w may be z — z,, but there are plenty of other local
coordinates.) We write the differential as a power series in w,

o=gwdw with gw) =) bw"
and we define the residue of the differential to be
res, (w) = b_;

This value b_, is independent of the choice of coordinate at z,. Using
residues of differentials rather than residues of power series will be espe-
cially appropriate when the change of variables formula enters into con-
sideration, for example in Exercises 35 and 36 below, when we deal with
residues “at infinity” using the change of coordinate w = 1/z.

Remark. We could have defined a meromorphic differential on U also
as an expression of the form fdg where f and g are meromorphic. If w
is a local coordinate at z,, then both f and g have power series expan-
sions in terms of w, so

d
fdg = fw) d—j dw.

However, if U is an open set and f is a meromorphic function on U, not
constant, then note that dlogf is a meromorphic differential on U, be-
cause

@,

dlog f(z )—m

Even though log f itself is not well defined on U, because of the ambigu-
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ity arising from the constant of integration, taking the derivative elimi-

6 CALCULUS OF RESIDUES [VIL, §1]

nates this constant, so that the differential itself is well defined.

Vi, §1. EXERCISES

Find the residues of the following functions at 0.

L (Z2+ 1)z 2. (z* + 3z - 3)/2°
3.2z -1 +2) 4. 2z + 1)/z(z% = 5)
5. (sin z)/z* 6. (sin z)/z°
7. (sin z)/z% 8. (sin z)/z"
9. ez 10. e?/z2
11. e%/z® 12. e?/z*
13. z 2 log(1 + 2) 14. ¢%/sin z
Find the residues of the following functions at 1.
15. 1z~ )(z + 2) 16. (2> — D(z + 2)/(z* — 1)
17. Factor the polynomial z” — 1 into factors of degree 1. Find the residue at 1

18.

19.

of 1/z" — 1).

that C and its interior do not contain z; for j > 1. Let

f@=@E—z))(z—2)) (2 —z,)
Find

jidz
cf@@ '

Find the residue at i of 1/(z* — 1). Find the integral

1
L “-n“

where C is a circle of radius 1/2 centered at i.

20. (a) Find the integral

1
Y d
ch2—3z+5 i

where C is a rectangle oriented clockwise, as shown on the figure.

Let z,, ...,z, be distinct complex numbers. Let C be a circle around z; such
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A

Figure 5

(b) Find the integral j 1/(z% + z + 1) dz over the same C.
c

(c) Find the integral j 1/(z% — z + 1) dz over this same C.
(o

21. (a) Let z,, ...,z, be distinct complex numbers. Determine explicitly the
partial fraction decomposition (i.e. the numbers a;):

1 4 4+ n

C-z)—2) z-7 2=z,

(b) Let P(z) be a polynomial of degree <n ~ 1, and let ay, ...,a, be distinct
complex numbers. Assume that there is a partial fraction decomposition
of the form

P(z) ¢ c

= +o :
(Z_al)”'(z_an) z—a zZ—a,

Prove that
P(a,)

= (@ —ay)(a, — an)’

and similarly for the other coefficients c;.

22. Let f be analytic on an open disc centered at a point z,, except at the point
itself where f has a simple pole with residue equal to an integer n. Show that
there is an analytic function g on the disc such that f = g'/g, and

g(z) = (z — zo)"h(z), ~ where h is analytic and h(z,) # 0.

(To make life simpler, you may assume z, = 0.)

23. (a) Let f be a function which is analytic on the upper half plane, and on
the real line. Assume that there exist numbers B> 0 and ¢ > 0 such
that

B
If(C)ém—c
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for all {. Prove that for any z in the upper half plane, we have the
integral formula

f()_LJ“’ SO

t—z

[Hint: Consider the integral over the path shown on the figure, and take the
limit as R — 00.]

SR

on

Y

!
x
Y
=

Figure 6

The path consists of the segment from —R to R on the real axis, and the

semicircle Sz as shown.

(b) By using a path similar to the previous one, but slightly raised over the
real axis, and taking a limit, prove that the formula is still true if instead
of assuming that f is analytic on the real line, one merely assumes that f
is continuous on the line, but otherwise satisfies the same hypotheses as
before.

24. Determine the poles and find the residues of the following functions.

(@) Ifsin z  (b) 1/(1 —e?) (c) z/(1 —cos z).

25. Show that

cose’ .
f 5— dz = 2mi-sin 1.
lzl=1 2

26. Find the integrals, where C is the circle of radius 8 centered at the origin.
1 1
(a) —dz (b) J —dz
csinz cl—cosz
1+
© J T @) f tan z dz
1—e c

14z
© fl
—smz
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27.

28.

29.

30.

31

32.

33.

34.

35.

Let f be holomorphic on and inside the unit circle, |z| < 1, except for a pole
of order 1 at a point z, on the circle. Let f =) a,z" be the power series for
f on the open disc. Prove that

a'l

lim = z,.
noo Qpy

Let a be real >1. Prove that the equation ze“~* = 1 has a single solution with
|z| £1, which is real and positive.

Let U be a connected open set, and let D be an open disc whose closure is
contained in U. Let f be analytic on U and not constant. Assume that the
absolute value |f] is constant on the boundary of D. Prove that f has at
least one zero in D. [Hint: Consider g(z) = f(z) — f(z,) with z5 € D.]

Let f be a function analytic inside and on the unit circle. Suppose that
| f(z) — z] <|z| on the unit circle.

(a) Show that |f'(1/2)] < 8.

(b) Show that f has precisely one zero inside of the unit circle.

Determine the number of zeros of the polynomial

227 4+3627 + TMz* + 23—z + 1

inside the circlg

(a) of radius 1,

(b) of radius 2, centered at the origin.

(¢) Determine the number of zeros of the polynomial

225 —622+z+1=0

in the annulus 1 £ |z| £ 2.

Let f, h be analytic on the closed disc of radius R, and assume that f(z) # 0
for z on the circle of radius R. Prove that there exists € > 0 such that f(z)
and f(z) + €h(z) have the same number of zeros inside the circle of radius R.
Loosely speaking, we may say that f and a small perturbation of f have the
same number of zeros inside the circle.

Let f(z) = a,z" + - + a, be a polynomial with a, # 0. Use Rouché’s theo-
rem to show that f(z) and a,z" have the same number of zeros in a disc of
radius R for R sufficiently large.

(a) Let f be analytic on the closed unit disc. Assume that |f(z)| =1 if |z] = 1,
and f is not constant. Prove that the image of f contains the unit disc.

(b) Let f be analytic on the closed unit disc D. Assume that there exists some
point zp € D such that |f(z)| < 1, and that |f(z)| =1 if |zl =1. Prove
that f(D) contains the unit disc.

Let P(z) = ) z/k!. Given R, prove that P, has no zeros in the disc of
k=0
radius R for all n sufficiently large.
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36.

37.

38.
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Let z,, ...,z, be distinct complex numbers contained in the disc |z] < R. Let
f be analytic on the closed disc D(0, R). Let

Q@) =(z—1z)(z—z,)
Prove that

P =5, | S0P 202 g

is a polynomial of degree n — 1 having the same value as f at the points
Zyy eesZye

Let f be analytic on C with the exception of a finite number of isolated
singularities which may be poles. Define the residue at infinity

res,, f(z)dz = —L. '[ fl2)dz
2mi

lz}=R

for R so large that f has no singularities in |z| = R.

(a) Show that res, f(z) dz is independent of R.

(b) Show that the sum of the residues of f at all singularities and the
residue at infinity is equal to 0.

Cauchy’s Residue Formula on the Riemann Sphere. Recall Exercise 2 of
Chapter V, §3 on the Riemann sphere. By a (meromorphic) differential » on
the Riemann sphere S, we mean an expression of the form

o = f(z) dz,

where f is a rational function. For any point z, € C the residue of w at z, is
defined to be the usual residue of f(z)dz at z,. For the point co, we write
t=1/z,

1 1
dt = ——=d d dz= ——
=) z an z e dt,

SO we write

o =f(1/t)(—tiz> dt = —tiz (1/t) dt.

The residue of  at infinity is then defined to be the residue of —— f(l/t) dt

at t =0. Prove:

(@) Y residues w =0, if the sum is taken over all points of C and also
infinity.

(b) Let y be a circle of radius R centered at the origin in C. If R is
sufficiently large, show that

1
—j f(z) dz = —residue of f(z) dz at infinity.
2mi ),
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(Instead of a circle, you can also take a simple closed curve such that all
the poles of f in C lie in its interior.)
(c) If R is arbitrary, and f has no pole on the circle, show that

1
Z—J f(z)dz = =Y residues of f(z) dz outside the circle,
™y including the residue at co.

[Note: In dealing with (a) and (b), you can either find a direct algebraic
proof of (a), as in Exercise 38 and deduce (b) from it, or you can prove
(b) directly, using a change of variables ¢t = 1/z, and then deduce (a) from
(b). You probably should carry both ideas out completely to understand
fully what’s going on.]

39. (a) Let P(z) be a polynomial. Show directly from the power series expan-

sions of P(z) dz that P(z) dz has O residue in C and at infinity.

(b) Let o be a complex number. Show that dz/(z — ) has residue —1 at
infinity.

(c) Let m be an integer = 2. Show that dz/(z — a)™ has residue 0 at infinity
and at all complex numbers.

(d) Let f(z) be a rational function. The theorem concerning the partial
fraction decomposition of f states that f has an expression

r

f@=5 % e

=1 m=1 (Z - a,-)"‘

where «,, ...,a, are the roots of the denominator of f, a; are constants,
and P is some polynomial. Using this theorem, give a direct (algebraic)
proof of Exercise 37(a).

40. Let a, b e C with |a| and |b] < R. Let Cg be the circle of radius R. Evaluate

zdz
e J(z—a)(z —b)

The square root is chosen so that the integrand is continuous for |z| > R and
has limit 1 as |z| - co.

VI, §2. EVALUATION OF DEFINITE INTEGRALS

Let f(x) be a continuous function of a real variable x. We want to
compute

00 0 B

J F(x) dx = limj F(x) dx + limJ £(x) d.
A—00 | _ 4 B—w

—0 0

We shall use the following method. We let y be the closed path as
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indicated on Fig. 7, consisting of a segment on the real line, and a
semicircle.

SR

Figure 7

We suppose that f(x) is the restriction to the line of a function f on the
upper half plane, meromorphic and having only a finite number of poles.
We let J; be the segment from —R to R, and let Sg be the semicircle. If
we can prove that

im | f=0

R-w JSp

then by the residue formula, we obtain

f f(x)dx = 2mi ) residues of f in the upper half plane.

For this method to work, it suffices to know that f(z) goes sufficiently
fast to 0 when |z| becomes large, so that the integral over the semicircle
tends to O as the radius R becomes large. It is easy to state conditions
under which this is true.

Theorem 2.1. Suppose that there exists a number B > 0 such that for
all |z| sufficiently large, we have

|f(2)| £ B/)z|*.
Then

1imf f=0
R-o JSg

and the above formula is valid.

Proof. The integral is estimated by the sup norm of f, which is B/R?
by assumption, multiplied by the length of the semicircle, which is nR.
Since nB/R tends to 0 as R — oo, our theorem is proved.
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Remark. We really did not need an R?, only R'** for some a > 0, so
the theorem could be correspondingly strengthened.

Example. Let us compute

The function 1/(z* + 1) is meromorphic on C, and its poles are at the
zeros of z* + 1, that is the solutions of z* = —1, which are

e™ki4, k=1, -1,3, -3.

Let f(z) = z* + 1. Since f’(z) = 4z* # 0 unless z = 0, we conclude that all
the zeros of f are simple. The two zeros in the upper half plane are

ni/4 3nij4

z,=e and z,=¢

The residues of 1/f(z) at these points are 1/f7(z,), 1/f’(z,), respectively,
by Lemma 1.3(b), and

F(z) = 423 = 4637, [zy) = 423 = e

The estimate

< B/R*
2+ 1|7 /

is satisfied for some constant B when |z| = R. Hence the theorem
applies, and

© 1
o dx = 2mi(ie 3" 4 Lomilt
‘[_m x4 + 1 (4 4 )

— Ezle—ni/4(e—2m’/4 + 1)

mifl—i .
2o

4
J2

The estimate for 1/(z* + 1) on a circle of radius R presented no
subtlety. We give an example where the estimate takes into account a
different phenomenon, and a different path. The fact that the integral
over the part going to infinity like the semicircle tends to 0 will be due

to a more conditional convergence, and the evaluation of an integral
explicitly.
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Fourier Transforms

Integrals of the form discussed in the next examples are called Fourier
transforms, and the technique shows how to evaluate them.

Theorem 2.2. Let f be meromorphic on C, having only a finite number
of poles, not lying on the real axis. Suppose that there is a constant K
such that

|f(2)] = K/z|

Jor all sufficiently large |z|. Let a > 0. Then

J f(x)e" > dx = 2ni ) residues of e*“*f(z) in the upper half plane.

Proof. For simplicity, take a = 1. We integrate over any rectangle as
shown on Fig. 8, taking T = A + B. Taking A, B > 0 sufficiently large,
it suffices to prove that the integral over the three sides other than the
bottom side tend to 0 as A, B tend to infinity.

—A+iT iT B+iT

A

Y

Figure 8

Note that
eiz — ei(x+iy) — eixe—y.
In absolute value this is ¢™”, and tends to O rapidly as y tends to infinity.

We show that the integral over the top tends to 0. Parametrizing the
top by x + iT, with —4 < x < B, we find

—f ef(z) dz = fB e Tf(x +iT) dx

—-A4
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and in absolute value, this is less than
B K
e“TJ lf(x +iT)| dx £ e'TT(A + B).
—A

Having picked T = A + B shows that this integral becomes small as 4, B
become large, as desired.
For the right-hand side, we pick the parametrization

B + iy, with 0Zy<sT,

and we find that the right-hand side integral is bounded by

T
J e'Bef(B + iy) dy

0 0

K [T K
éﬁf e’ dy=§(1 —e’T),

which tends to 0 as B becomes large. A similar estimate shows that the
integral over the left side tends to 0, and proves what we wanted.

Next we show an adjustment of the above techniques when the func-
tion may have some singularity on the real axis. We do this by an

example.

Example. Let us compute

—€ ix ®© Lix
=l,limU e—dx-}-J e—dx}.
2ie0|)_o x x

€

Note that the integral I converges, although not absolutely. It is an
oscillatory integral. The estimate for convergence comes from integration
by parts, and is left to the reader. We can then use the technique of
complex analysis to evaluate the integral. We use the closed path C as
shown on Fig. 9. To compute such an integral, one has to show that both
limits exist, and then one can deal with the more symmetric expression

0 R
J_wf(x) dx = 111-{130 J-Rf(x) dx.
C
S0 WN
R —€ € R

Figure 9
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Let S(e) be the small semicircle from € to —e¢, oriented counterclock-
wise, and let S(R) be the big semicircle from R to —R similarly oriented.
The function e*/z has no pole inside C, and consequently

—€ R
0= f e/zdz = f + f - f + f e“/z dz.
C S(R) -R S(e) €
~€ R 3 . .
f + f e¥lzdz = f e?/zdz — f e/z dz
-R  Je s(e) S(R)

= IS(e) - IS(R)'

Hence

We now assert that

hm IS(R) = 0.
R-w
Proof. We have for z = R(cos 6 + i sin ),

n eiRcosOe—RsinO
_ : i0
Is) = . —Ro#  Rie" do

so that

n n/2
syl < J e~ Rsin® gg _ zf o~Rsiné jg

0o 0

But if 0 £ 6 < n/2, then sin § 2 26/n (any similar estimate would do), and
hence

n/2
IIS(R)| é 2 f e_ZRo/" do
0

21—
by freshman calculus. This proves our assertion.

There remains to evaluate the limit of I, as € - 0. We state this as a
general lemma.

Lemma. Let g have a simple pole at 0. Then

lim f 9(z) dz = i Resy(g).
S(e)

0
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Proof. Write
a
g(2) = ot h(z),

where h is holomorphic at 0. Then the integral of h over S(¢) approaches
0 as € - 0 because the length of S(€) approaches 0 and h is bounded near
the origin. A direct integration of a/z shows that the integral of a/z over
the semicircle is equal to mia. This proves the lemma.

We may therefore put everything together to find the value

J X ix = 72,
X

0

Trigonometric Integrals

We wish to evaluate an integral of the form

2n
J Q(cos 6, sin 6) d6,

0

where Q is a rational function of two variables, Q = Q(x, y), which we
assume is continuous on the unit circle. Since

i0 —i@ i0 -if
e’ +e . e’ —e
cosf = ——— and sin = ————,
2 2i

we see that these expressions are equal to

z+1/z z—1/z
7 and T

respectively, when z lies on the unit circle, z = e®. It is therefore natural

to consider the function
1 1\ 1 1
o(3(+2)5(:-3))

iz

fle)=

(the denominator iz is put there for a purpose which will become appar-
ent in a moment). This function f is a rational function of z, and in view
of our assumption on @, it has no pole on the unit circle.
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Theorem 2.3. Let Q(x,y) be a rational function which is continuous
when x* + y? = 1. Let f(z) be as above. Then

2n
j Q(cos 0, sin 0) d6 = 2ni Y. residues of f inside the unit circle.

0

Proof. Let C be the unit circle. Then
f f(z)dz = 2mi ) residues of f inside the circle.
C

On the other hand, by definition the integral on the left is equal to

2r 2n
J f(e®)ie®® do = f Q(cos 6, sin 6) db,
(o] 0

as desired. [The term iz in the denominator of f was introduced to
cancel ie® at this point.]

Example. Let us compute the integral

27 1
I=j ———df
o a+sind

where a is real > 1. By the theorem,

2i
I=2 id f -————— inside circle.
n Y, residues o T 3ia, =1 (nside circle

The only pole inside the circle is at
zo= —ia +i\/a* -1
and the residue is

i
Zo+ia-\/a2_1.

Consequently,
2n

I = —e—.
a—1
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Mellin Transforms

We give a final example introducing new complications. Integrals of type

r e &

X
0 X

are called Mellin transforms (they can be viewed as functions of a). We
wish to show how to evaluate them. We assume that f(z) is analytic on C
except for a finite number of poles, none of which lies on the positive real
axis 0 < x, and we also assume that a is not an integer. Then under
appropriate conditions on the behavior of f near 0, and when x becomes
large, we can show that the following formula holds:

—mnia
(9

Y residues of f(z)z°™" at the

SIMTA ™ poles of f, excluding the residue at 0.

wa(x)X“d—x= I
0 X

1 a—1

We comment right away on what we mean by z*”', namely z°7" is

defined as

Za—l = e(a—l) log z’

where the log is defined on the simply connected set equal to the plane
from which the axis x = 0 has been deleted. We take the value for the
log such that if z = re®® and 0 < 6 < 27, then
log z = log r + i0.
Then, for instance,
log i = mi/2 and log(—i) = 3mi/2.
Precise sufficient conditions under which the formula is true are given
in the next theorem. They involve suitable estimates for the function f

near 0 and infinity.

Theorem 2.4. The formula given for the integral
® d
J f(x)x® —x, with a >0,
o X

is valid under the following conditions:
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1. There exists a number b > a such that
If@@) <1/lzI®  for |z| - o0.
2. There exists a number b' with 0 < b’ < a such that
lf@ <1/zl”  for |z]->0.

The symbol < means that the left-hand side is less than or equal to
some constant times the right-hand side.

. For definiteness, we carry out the arguments on a concrete example,
and let the reader verify that the arguments work under the conditions
stated in Theorem 2.4.

Example, We shall evaluate for 0 < a < 2:

© 1 .dx mcosan/2
x sinan
We choose the closed path C as on Fig. 10. Then C consists of two line
segments L* and L™, and two pieces of semicircles S(R) and — S(e), if we

take S(e) oriented in counterclockwise direction. The angle ¢ which the
two segments L* and L™ make with the positive real axis will tend to 0.

S(R)

L+

—€

@

Figure 10

We let

1 a-1
0= 751
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Then g(z) has only simple poles at z =i and z = —i, where the residues
are found to be:

at i: l‘e(“‘l)losi = i.e(a—l)ni/z’
2i
R S 1 .
at —i: —— @ DWsCH = ___ pla-D3mi2
2i 2i

The sum of the residues inside C is therefore equal to

_2_1;(e(a—1)m'/2 _ e(a—l)37ri/2) — _eam‘ cos(an/2),

nif2 -3mij2

after observing that e =i, and factoring out e*™ from the

sum.

=i e

The residue formula yields
2mi Y, residues = Igg) + Ip- — Is + 11+,
where Iy denotes the integral of f(z) over the path X. We shall prove:

The integrals Isg, and I, tend to 0 as R becomes large and € becomes
small, independently of the angle ¢.

Proof. First estimate the integral over S(R). When comparing func-

tions of R, it is useful to use the following notation. Let F(R) and G(R)
be functions of R, and assume that G(R) is > 0 for all R sufficiently
large. We write

F(R) € G(R) (for R — o0)
if there exists a constant K such that
|F(R)| = KG(R)

for all R sufficiently large.
With this notation, using z¢™! = e@ ez and

|logz] <log R+ 0 <log R + 2=,
we find

Iza—1| — |e(a—1)logz| < Ra—l.
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Consequently from |1/(z* + 1)| < 1/R? for |z| = R, we find

f(2)z* 7 dz

1
< 27rRE5max|z“‘1| < R%YR?,
S(R)

Since we assumed that a <2, the quotient R?/R? approaches 0 as R
becomes large, as desired. The estimate is independent of ¢.
We use a similar estimating notation for functions of e,
F(e) < G(e) (for e - 0)
if there exists a constant K such that
|F(e)l = KG(e)
for all € > O sufficiently small. With this notation, for |z| = €, we have
|Za—1| — |e(a—1)logzl < Ga_l.

Hence

< 2nee® ! <€

f f(@)z* 1 dz
S(e)

Again since we assumed that a > 0, the right-hand side approaches 0 and
€ tends to 0, as desired. The estimate is independent of ¢.

There remains to analyze the sums of the integrals over L* and L~.
We parametrize L* by

2(r) = re'®, e<r<R,
1

so that log z(r) = log r + i¢p. Then

R
f f(z)e(a—l)logz dZ — Rf(rehp)e(n—l)(logr+i¢)ei¢ dr
Lt JE€

(R

= | f(re')e@ Viegiepa~1 gy

o€

R

> | fx)x*tdx as ¢—0.

X3

On the other hand, — L~ is parametrized by

z(r)=re'® %,  e<r<R,
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and log z(r) = log r + i2m — ¢). Consequently,

R
f(re—i(p)ra—le(a—l)(Zn—iw)ei(Zn—iw) dr
W €
(R
— f(reiq>)ra—leai(21r—(p) dr
v E
R
> —| f(x)x*te!™adx as @—0.

o €

J f(Z)e(a—l)logz dZ _-
L

Hence as ¢ — 0, we find
R
j + J f(2)z* dz —rj‘ f(x)x*71(1 — e*™i) dx
L* L~ €

R
= eniaJ f(x)xa—l(e—nia _ euia) dx

€

R
= 2ie™ sin na J‘ flx)x dx.
Let C = C(R, ¢, @) denote the path of integration. We obtain

j f(z)z% L dz = 2mi Y residues of f(z)z*~! except at 0
C(R, €,0)
= Isr.¢) + Isc.o) + E(R, € 0)

R
+ 2ie™ sin ma J fx)x* 1 dx.

€

The expression E(R, €, ¢) denotes a term which goes to 0 as ¢ goes to 0,
and we have put subscripts on the integrals along the arcs of the circle
to show that they depend on R, €, ¢. We divide by 2ie™ sin ma, and let
¢ tend to 0. Then E(R, €, ¢) approaches 0. Consequently,

~mnia
Y = lim IS(R,rp; + Isie, )
o—0 2ie™*sinma

R
J fl)x*dx — e

sin ma

The right-hand side has been seen to be uniformly small, independently
of ¢, and tends to 0 when R— and € »0. Taking the limits as
R — oo and € —» 0 proves what we wanted.

Finally, we observe that in situations of contour integrals as we just
considered, it is often the practice to draw the limit contour as in Fig. 11.
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It is then understood that the value for the log when integrating over
the segment from € to R from left to right, and the value for the log
when integrating over the segment from R to e, are different, arising from
the analytic expressions for the log with values 8 = 0 for the first and
0 = 2z for the second.

N —
—-R _Ek..je(_—R

Figure 11

For the Mellin transform of the gamma function, which provides an

interesting special concrete case of the considerations of this section, see
Exercise 7 of Chapter XV, §2.

VI, §2. EXERCISES
Find the following integrals.
1. (a) f dx =2n/3

(b) Show that for a positive integer n = 2,

® 1 n/n
dx = — .
o 1+ x" sin 7/n

[Hint: Try the path from 0 to R, then R to Re*™ then back to 0, or
apply a general theorem.]

© © 2
2. (@) LD 1dx=1t\/§/2 (b) L xéx+1

3. Show that

dx = 1/6

® x—-1 4n . 2n
LEoiR Ty
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—z2
e z
j 74z,
. y z
where y is:

(a) the square with vertices 1 +i, —1 +i, —1 —i, 1 —1i.
(b) the ellipse defined by the equation

4. Evaluate

2

(3]
I
—

+

Q‘X

N

°‘|‘<
Nl

(The answer is 0 in both cases.)

5. (a) j xTe_ﬁdx=7re“‘ ifa>0

~®©

(b) For any real number a > 0,

Cﬂ
cos X ~
J —— dx = me”%/a.

o Xt +a?
[Hint: This is the real part of the integral obtained by replacing cos x
by ]
6. Let a, b > 0. Let T2 2b. Show that

1 T eiaz
_ - d __ p—ha
2ni JLT 2= ¢

Formulate a similar estimate when a < 0.

1
< 1— —Ta —Ta.
(- te

7. Let ¢ > 0 and a > 0. Taking the integral over the vertical line, prove that

0 ifa<l,
1 ctioo ,z
—,f Taz=44% ifa=1,
27 Jo—io Z

1 fa>1.

fa=1, the integral is to be interpreted as the limit

ctioo c+iT
j‘ = lim J
c—io T-w Je—iT
[Hint: If a> 1, integrate around a rectangle with corners ¢ — 4i, ¢+ B,
—X + Bi, =X — 4i, and let X — 0. If a< 1, replace —X by X]

8. (a) Show that for a > 0 we have

®  cos X n(l + a)
X = .
o (X% + a?)? 2a’e”
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(b) Show that for a > b > 0 we have

@ COS X dx = T 1 1
o (X2 +a?)(x? + b?) YA\t )

9. _[ = X dx = n/2. [Hint: Consider the integral of (1 — e**)/x%]
0 x

®  cosx msina . . .
10. f 5 5 dx = for a> 0. The integral is meant to be interpreted as
a

N
the limit:
—a—d a-é B
lim limj + J + J
B>w 60 J-B —a+é a+td
®  cosx n
11 + =% 4% = 5 ——=5. Use the indicated contour:
—o € te e +e
-R+mi mi R +mi
\ N
—-R R
Figure 12

® xsin x |
12. L mdx=§ne if a>0.

13.f S dx=-"_ for0<a<t.
_e €+ 1 sin na

® (lo 2
14. (a) f (log x)2 dx = n3/8. Use the contour
o 1+x

Figure 13

1
® J (zof-);f -

n

15. (a) X for 0 <a< 1.
1+x x  sinna
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16.

17.

18.

19.

20.

21.

22.

23.

24.

® x4 dx n

o 1+x° x  3sin(naj3)

for 0 <a<3.

(b)

Let f be a continuous function, and suppose that the integral
* dx
J Jo)x*—
0 X

is absolutely convergent. Show that it is equal to the integral
J fle)e® dt.

If we put g(t) = f(e'), this shows that a Mellin transform is essentially a
Fourier transform, up to a change of variable.

[f2n 1 2n

5 do = ; if 0 <a< 1. The answer comes out the
Jo 1+4+a*—2acosf l—a

negative of that if a > 1.

fr 1

—ree df) = 2.
Jo 1 +sin?6 e
fr 1

——df = .
~03+2cosf)d w3

(* adb _ 2n ado _ T
Joadd+sin?0 J, 1+2a°—cos@ _/1+a°
(=2 1 _ n2a+1)
Jo (a+sin20?  4(a* + a)?
ff2n 1

——di=2 3.
Jo 2=sin0 /3

27 1 0 = 2na
Jo @+bcos0)?  (aF — b*)P

for a > 0.

for 0<b<a

Let n be an even integer. Find

2n
j (cos 0)" db

0

by the method of residues.



CHAPTER VI

Conformal Mappings

In this chapter we consider a more global aspect of analytic functions,
describing geometrically what their effect is on various regions. Espe-
cially important are the analytic isomorphisms and automorphisms of
various regions, of which we consider many examples.

Throughout the chapter, we use the words isomorphisms and auto-
morphisms, omitting the word analytic, as there will be no others under
consideration. We recall that an isomorphism

f:U-V
is an analytic map which has an inverse analytic map
g:V-U,

that is, fog =id, and go f =id;. We say that f is an automorphism if
U=7V. We let Aut(U) be the set of automorphisms of U.

The main general theorem concerning isomorphisms is the Riemann
mapping theorem:

If U is a simply connected open set which is not the whole plane, then
there exists an isomorphism of U with the unit disc.

The general proof will be postponed to a later chapter. In the present
chapter, we are concerned with specific examples, where the mapping can
be exhibited concretely, in a simple manner.

It will also be useful to the reader to recall some simple algebraic
formalism about isomorphisms and automorphisms, listed in the follow-

208
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ing properties.
Let f:U—>V and g: V- W be two isomorphisms. Then

gof:U->W
is an isomorphism.

Let f, g: U - V be isomorphisms. Then there exists an automorphism h
of V such that g = ho f.

Let f: U —» V be an isomorphism. Then there is a bijection

Aut(U) - Aut(V)
given by
o> fogofl.

The proofs are immediate in all cases. For instance, an inverse for
gof is given by f™1og™" as one sees at once by composing these two
maps in either direction. For the second statement, we have h=go f 1,
As to the third, if ¢ is an automorphism of U then fog@o f™! is an
automorphism of ¥V, because it is an isomorphism of V with itself. Simi-
larly, if ¢ is an automorphism of V¥ then f~! oy o f is an automorphism
of U. The reader will then verify that the associations

ofogof™ and Y fToyof

give maps between Aut(U) and Aut(V) which are inverse to each other,
and hence establish the stated bijection between Aut(U) and Aut(V). The
association @+ f o @ o 7! is called conjugation by f. It shows that if we
know the set of automorphisms of U, then we also know the set of
automorphisms of V if V is isomorphic to U: It is obtained by conjuga-
tion.

We also recall a result from Chapter II, Theorem 6.4.

Let f be analytic on an open set U. If f is injective, and V = f(U) is its
image, then
f:U-V

is an analytic isomorphism, and in particular, f'(z) # 0 for all z in U.

This result came from the decomposition f(z) = ¢(z)", where ¢ is a local
analytic isomorphism in the neighborhood of a point z, in U, cf. Theo-
rem 5.4.

Note that if f is analytic and f'(z) # O for all z in U, then we cannot
conclude that f is injective. For instance let U be the open set obtained
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by deleting the origin from the plane, and let f(z) = z>. Then f'(z) # 0
for all z in U, but f is not injective.

On the other hand, by restricting the open set U suitably, the map
z+— 2> does become an isomorphism. For instance, let U be the sector
consisting of all complex numbers z = re® with r >0 and 0 < 8 < n/3.
Then z z* is an analytic isomorphism on U. What is its image?

VIl, §1. SCHWARZ LEMMA
Let D be the unit disc of complex numbers z with |z| < 1.

Theorem 1.1. Let f: D — D be an analytic function of the unit disc into
itself such that f(0) = 0. Then:

(i) We have |f(z)| £ |z| for all z € D.
(i) If for some zy # 0 we have |f(z,)| = |zo|, then there is some com-
plex number o of absolute value 1 such that

f(z) = az.

Proof. Let
f@)=ayz+ -

be the power series for f. The constant term is 0 because we assumed
f(0) = 0. Then f(z)/z is holomorphic, and

f@)

~ <1/r for |z|=r<1,

consequently also for |z] < r by the maximum modulus principle. Letting
r tend to 1 proves the first assertion. If furthermore we have

f(zo)

Zo

=1

for some z, in the unit disc, then again by the maximum modulus
principle f(z)/z cannot have a maximum unless it is constant, and there-
fore there is a constant a such that f(z)/z = «, whence the second asser-
tion also follows.

In the above statement of the Schwarz lemma, the function was nor-
malized to map the unit disc into itself. The lemma obviously implies
analogous statements when the functions satisfies a bound

|fz) B onadisc |zl<R, and f(0)=0.
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The conclusion is then that

|f(2)] £ Blz|/R,

and equality occurs at some point only if f(z) = Eozz, where « is a
complex number of absolute value 1. R

The following statement dealing with f'(0) rather than the function
itself will be considered as part of the Schwarz lemma.

Theorem 1.2. Let f: D — D be an analytic function of the unit disc into
itself such that f(0) = 0. Let

f(z) = a,z + higher terms.
Then |f'(0)| = |a,| £ 1, and if |a,| = 1, then f(z) = a,z.
Proof. Since f(0) = 0, the function f(z)/z is analytic at z =0, and

/@
Z

= a, + higher terms.

Letting z approach 0 and using the first part of Theorem 1.1 shows that
la;} £ 1. Next suppose |a;| = 1 and

f@y=a,z + a,z™ + higher terms
with a,, # 0 and m = 2. Then

1)

~Z =a, +a,z™ ! + higher terms.
z

Pick a value of z such that a,z™' =a,. There is a real number C >0
such that for all small real t > 0 we have

=a, + a,t™'z™ ! +h,
tz

where |h| £ Ct™. Since |a,| = 1, it follows that

f(tz)

=la,(1 +t" )+ h| > 1

for t sufficiently small. This contradicts the first part of Theorem 1.1,
and concludes the proof.
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VIl, §2. ANALYTIC AUTOMORPHISMS OF THE DISC

As an application of the Schwarz lemma, we shall determine all analytic
automorphisms of the disc. First we give examples of such functions.
To begin with, we note that if ¢ is real, the map

z+>el?z

is interpreted geometrically as rotation counterclockwise by an angle ¢.
Indeed, if z = re®, then
€0z = re'@9),

Thus for example, the map z+ iz is a counterclockwise rotation by 90°
(that is, 7/2).
Let « be a complex number with |«| < 1, and let

a—z
1—az

9.(2) = g(2) =

Then g is analytic on the closed disc |z| £1. Furthermore, if |z| =1,
then z = ¢ for some real 6, and
i0
o—e
Z) = —mp——p———.

g( ) ezo(e—;o _ &)
Up to the factor e which has absolute value 1, the denominator is equal
to the complex conjugate of the numerator, and hence

if |z| =1 then |g(2)| = 1.

We can argue by the maximum modulus principle, that if |z| < 1, then
lg(z)] £ 1. By the open mapping theorem, it follows that if |z| < 1 then
|g(z)] < 1. Furthermore, g, has an inverse function. As a trivial exercise,
prove that

go© g, = id.

Therefore g, is its own inverse function on the unit disc, and thus g,
gives an analytic automorphism of the unit disc with itself.

Observe that g(x) = 0. We now prove that up to rotations there are
no other automorphisms of the unit disc.
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Theorem 2.1. Let f:D — D be an analytic automorphism of the unit
disc and suppose f(a) = 0. Then there exists a real number ¢ such that
oa—z

fla) =i —

Proof. Let g =g, be the above automorphism. Then fog™! is an
automorphism of the unit disc, and maps 0 on 0, ie. it has a zero at 0.
It now suffices to prove that the function h(w) = f(g~(w)) is of the form

h(w) = e'w

to conclude the proof of the theorem.
The first part of Schwarz lemma tells us that

@) <1zl if Jzl< L

Since the inverse function h™! also has a zero at the origin, we also get
the inequality in the opposite direction, that is,

|z| < [h(2)],

and the second part of Schwarz lemma now implies that h(z) = €'z,
thereby proving our theorem.

Corollary 2.2. If f is an automorphism of the disc which leaves the
origin fixed, i.e. f(0) =0, then f(z) = e'®z for some real number ¢, so f
is a rotation.

Proof. Let a =0 in the theorem.

VI, §2. EXERCISES

1. Let f be analytic on the unit disc D, and assume that |f(z)| < 1 on the disc.
Prove that if there exist two distinct points a, b in the disc which are fixed
points, that is, f(a) = a and f(b) = b, then f(z) = z.

2. (Schwarz—Pick Lemma). Let f: D — D be a holomorphic map of the disc into
itself. Prove that for all ae D we have

@ _ 1
1-1f@P = 1 —la*

[Hint: Let g be an automorphism of D such that g(0) = a, and let h be an
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automorphism which maps f(a) on 0. Let F=ho fog. Compute F'(0) and
apply the Schwarz lemma.]

3. Let a be a complex number, and let h be an isomorphism of the disc D(«, R)
with the unit disc such that h(zy) = 0. Show that

R(z — z4)
R? —(z — 0)(Z, — @)

i0

h(z) =

for some real number 6.

4. What is the image of the half strips as shown on the figure, under the
mapping z+»iz? Under the mapping z+> —iz?

04
SIE]

(a) (b)
Figure 1

5. Let « be real, 0 S a < 1. Let U, be the open set obtained from the unit disc
by deleting the segment [a, 1], as shown on the figure.
(a) Find an isomorphism of U, with the unit disc from which the segment
[0, 1] has been deleted.

Figure 2
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(b) For an isomorphism of U, with the upper half of the disc. Also find an
isomorphism of U, with this upper half disc.
[Hint: What does z+» 22 do to the upper half disc?]

Figure 3

VIl, §3. THE UPPER HALF PLANE

Theorem 3.1. Let H be the upper half plane. The map

z~—1i

1 Z—
S z+1i

is an isomorphism of H with the unit disc.
Proof. Let w= f(z) and z = x + iy. Then

_x+(y— i

&= o+

Since z is in H, y > 0, it follows that (y — 1)> < (y + 1)*> whence
X+ - =z—-iP<x*+(y+ 1) =|z+i]?

and therefore
lz —i| <z + i,
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so f maps the upper half plane into the unit disc. Since

z—1i
z+1i

b

we can solve for z in terms of w, because wz + wi = z — i, so that

Y

w+1
w—1

=—i

Write w = u + iv, with real u, v. By computing directly the real part of
(w + 1)/(w — 1), and so the imaginary part of

w+1
w—1

—i
you will find that this imaginary part is > 0 if |[w| < 1. Hence the map

h:we— —i

w—1

sends the unit disc into the upper half plane. Since by construction f
and h are inverse to each other, it follows that they are inverse iso-
morphisms of the upper half plane and the disc, as was to be shown.

Example. We wish to give an isomorphism of the first quadrant with
the unit disc. Since we know that the upper half plane is isomorphic to
the unit disc, it suffices to exhibit an isomorphism of the first quadrant
with the upper half plane. The map

achieves this.

Figure 4
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If f: H— D is the isomorphism of the upper half plane with the unit disc
then

z f(z?)

is the desired isomorphism of the first quadrant with the unit disc. Thus
the function
22—

I —5—
ze4+1

gives an isomorphism of the first quadrant with the unit disc.

The existence of an isomorphism f: H — D of H with the unit disc
also in some sense determines the automorphisms of H. By the general
formalism of isomorphisms and automorphisms, we know that

Aut(H) = f'Aut(D)f,

meaning that every automorphism of H is of the form f~!ogo f with
some automorphism ¢ of D. The question is to give a more explicit
description of Aut(H). In the exercises, you will develop a proof of the

following theorem.
a b
u=({ 4)

be a 2 x 2 real matrix with determinant 1. Let f),; be the mapping such
that

Theorem 3.2. Let

az+b
fM(Z)—m for ze H.

Then f), is an automorphism of H, and every automorphism of H is of
the form f), for some such matrix M. Furthermore, two such auto-
morphisms fy, and f), are equal if and only if M' = + M.

Vil, §3. EXERCISES
Let
M= a b
“\ec d
be a 2 x 2 matrix of real numbers, such that ad — bc > 0. For z € H, define

az+b
Sm(2) =td
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1. Show that
(ad — be)y
Im f,,(2) = ————-.
fM( ) |CZ+d|2

2. Show that f,, gives a map of H into H.

3. Let GL} (R) denote the set of all real 2 x 2 matrices with positive determinant.
Then GL; (R) is closed under multiplication and taking multiplicative inverses,
so GL$(R) is called a group. Show that if M, M’'e GLj(R), then

Jumr =S Furr-
This is verified by brute force. Then verify that if I is the unit matrix,

fi=id  and  fya=(f)

Thus every analytic map f,, of H has an analytic inverse, actually in GLJ (R),
and in particular f), is an automorphism of H.

4. (a) If ceR and cM is the usual scalar multiplication of a matrix by a number,
show that f,;, =f,. In particular, let SL;(R) denote the subset of
GL}(R) consisting of the matrices with determinant 1. Then given
M e GL} (R), one can find ¢ > 0 such that cM e SL, (R). Hence as far as
studying analytic automorphisms of H are concerned, we may concern
ourselves only with SL;(R).

(b) Conversely, show that if f3, =f,, for M, M’ e SL,(R), then

M =4M.

5. (a) Given an element z = x+ iy € H, show that there exists an element
M e SL,(R) such that fj,(i) = z.
{b) Given z), z; € H, show that there exists M € SLy(R) such that fy,(z;) = z,.
In light of (b), one then says that SL,(R) acts transitively on H.

6. Let K denote the subset of elements M € SL»(R) such that f,,(i) =i. Show that
if M e K, then there exists a real 6 such that

cosf —siné
Mz(siné? cosf))'
All Automorphisms of the Upper Half Plane

Do the following exercises after you have read the beginning of §5. In particular,
note that Exercise 3 generalizes to fractional linear maps. Indeed, if M, M’ denote
any complex non-singular 2 x 2 matrices, and Fy, Fjo are the corresponding
fractional linear maps, then

Fymr = Fyo Fyr.
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Hence if I is the unit 2 X 2 matrix, then

Fr=id and Fy1 = F;Il.

. Let f: H— D be the isomorphism of the text, that is

z—1

f2) =

Tz+i’

Note that f is represented as a fractional linear map, f = Fjyy where M is the

matrix
1 —i
M= .
( T )

Of course, this matrix does not have determinant 1.
Let K be the set of Exercises 5. Let Rot(D) denote the set of rotations of the
unit disc, i.e. Rot(D) consists of all automorphisms

Ry:w > e®w  forweD.

Show that fKf~' = Rot(D), meaning that Rot(D) consists of all elements
fofyof ! with MeKk.

. Finally prove the theorem:

Theorem. Every automorphism of H is of the form f,, for some M e SLy(R).

[Hint: Proéeed a follows. Let g e Aut(H). There exists M e SLy(R) such that
fu(g(d) =1i.
By Exercise 6, we have fy,ogeK, say fiyog9g=heK, and therefore
g =fy oheSLy(R),

thus concluding the proof.]

From the Upper Half Plane to the Punctured Disc

9.

Let f(z) = e, Show that f maps the upper half plane on the inside of a disc
from which the center has been deleted. Given B > 0, let H(B) be that part
of the upper half plane consisting of those complex numbers z = x + iy with
y = B. What is the image of H(B) under f? Is f an isomorphism? Why? How
would you restrict the domain of definition of f to make it an isomorphism?
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Vil, §4. OTHER EXAMPLES

isms.

h

10us isomorp

llustrate var

i

the examples by pictures which

We give

Example 1.

e n s b S

.
L

e

1

. =
e
&x?$&9®$&92§»«

«
~N
1
N

o
S

s S

Isomorphism between first quadrant and upper half plane

Figure 5

Example 2.

e
B
e
e
e

Isomorphism between quarter disc and half disc

Figure 6

Example 3.

Somma
e
e

e

e

S

e

N
+

1-z

Upper half disc with first quadrant

Figure 7

Example 4. By composing the above isomorphisms, we get new ones.

For instance, let U be the portion of the unit disc ly

de the first

ing insi
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quadrant as in Example 2. We want to get an isomorphism of U with
the upper half plane.

All we have to do is to compose the isomorphisms of Examples 2, 3,
and 1 in that order. Thus an isomorphism of U with H is given by the
formula in the picture.

s vg&s&ﬁ‘ww ssw 2
S

e ss&f‘ssss“sw -
o

L
%’kgﬁ

Quarter disc with upper half plane

Figure 8
The next three examples concern the logarithm.

Example 5

z+slog z

Upper half disc with a half strip

Figure 9

Example 6.

o e
G e
L

Upper half plane with a full strip
Figure 10
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Example 7.

Plane with deleted positive real axis with a full strip

2mi

zilogz

Figure 11

In the applications to fluid dynamics, we shall see in the next chapter
that it is important to get isomorphisms of various regions with the
upper half plane in order to be able to describe the flow lines. In
particular, certain regions are obtained by placing obstacles inside
simpler regions. We give several examples of this phenomenon. These
will allow us to get an isomorphism from a strip containing a vertical
obstacle with the upper half plane.

Example 8.

Zr> &F

Figure 12

Example 9.

Figure 13
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Example 10.

z> /22 — 1

Figure 14

Remark. By composing the isomorphisms of Examples 8 and 9, using
a dilation, and a rotation, and finally the isomorphism of Example 10, we
get an isomorphism of the strip containing a vertical obstacle with the
right half plane:

Figure 15

Another rotation would then yield the upper half plane.

Example 11. In this example, the obstacle is a bump rather than a
vertical line segment. We claim that the map

1

Z—2Z + —
z

is an isomorphism of the open set U lying inside the upper half plane,
above the unit circle, with the upper half plane.
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The isomorph

Figure 16

=z + 1/z so that

Proof. Let w

)

y2> + iy(l -

Ifze U, then |z| > 1 so Imw >0 and we H. The quadrat

1C equation

Z2—zw+1=0

. Given we H, any root z =

+2
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istinct roots except for w
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injective
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e
.

Example 12.

Zr>sin z

s
-
-
e

Upper half strip with upper half plane

Figure 17

The sine function maps the interval [—n/2,7/2] on the interval

[-1,1].
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Let us look also at what the sine does to the right vertical boundary,
which consists of all points /2 + it with t 2 0. We know that

. e
sin z = %
Hence
(. oimRgiit _ ginj2 =it
sin (5 + zt) = 5
et + e‘t

2

As t ranges from O to infinity, sin(n/2 + it) therefore ranges from 1 to
infinity, so the image of the vertical half line is the part of the real axis
lying to the right of 1. You can show similarly that the image of the left
vertical boundary is the part of the real axis to the left of —1. Thus we
see precisely what the mapping z+>sin z does to the boundary of the
region.

For the convenience of the reader, we also discuss the mapping on the
interior of the region. Let z = x + iy with

A
A

NSARES |

—g X and 0<y.

From the definition of sin z, letting w = sin z = u + iv, we find

1) u = sin x cosh y and v = cos x sinh y,
where
y + e"y . ey _ e‘}’
coshy = ¢ 7 and sinh y = 7

From (1) we get

2 02

@) cosh? y * Sinh? y_
2 2

(3) L S

sin?x  cos® x
If we fix a value of y > 0, then the line segment

x + iy with ——<x <

oA

T
2
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gets mapped onto the upper half of an ellipse in the w-plane, as shown
on the figure. Note that for the given intervals, we have u = 0.

iy sinh y

n -1 1 cosh y

NS
[\S]

Figure 18

Geometrically speaking, as y increases from 0 to infinity, the ellipses
expand and fill out the upper half plane.

One can also determine the image of vertical lines, fixing x and letting
y vary, so half lines of the form x + iy with y > 0 and x fixed. Equation
(3) shows that the image of such half lines are upper parts of hyperbolas.
It is the right upper part if x > 0 and the left upper part if x < 0. Since
an analytic map with non-zero derivative is conformal, these hyperbolas
are perpendicular to the above ellipses because vertical lines are perpen-
dicular to horizontal lines.

N
[ SRR

Figure 19

In the above examples, readers may have noticed that to a large extent
knowledge of the behavior of the mapping function on the boundary of an
open set determines the effect of the mapping inside this boundary,
whatever inside means. We shall now give very general theorems which
make this notion precise. Thus to verify that a certain mapping gives an
isomorphism between open sets, it frequently suffices to know what the
mapping does to the boundary. We shall give two criteria for this to

happen.
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Theorem 4.1. Let U be a bounded connected open set, U its closure. Let
f be a continuous function on U, analytic on U. Suppose that f is not
constant, and maps the boundary of U into the unit circle, so

|[f(2)l=1  for all z € boundary of U.

Then f maps U into the unit disc D and f: U — D is surjective.

Proof. That f maps U into D follows from the maximum modulus
principle. Suppose there exists some o € D but o is not in the image of f.
Let g, be the automorphism of D interchanging 0 and o, given in Chapter
VII, §2, so g, extends continuously to the closed unit disc. Then g, o f
satisfies the same hypotheses as f, but 0 (instead of «) is not in the image
of g, 0 f. Then 1/g, o f is analytic on U, and continuous on U, mapping
the boundary of U into the unit circle. If zg € U so |gy 0 f(20)| < 1, then

11/gx 0 f(20)| > 1,

contradicting the maximum modulus principle, and concluding the proof.

Remark. Suppose that f is injective in the first place. Then the above
(which is very simple to prove) gives a criterion for f to be an iso-
morphism, entirely in terms of the effect of f on the boundary, which can
usually be verified more simply than checking that f has an inverse map.

For the next theorems, we recall that the interior of a path (if it has
one) was defined in Chapter VI, §1.

Lemma 4.2. Let y be a piecewise C' closed path in an open set U of C.
Suppose that y has an interior, denoted by Int(y). Then the union

S=Int(y)uy

(identifying y with its image in U) is compact.

Proof. To see this, we have to prove that S is closed and bounded. Let
{z,> be a sequence in S, converging to some point in C. If the sequence
contains infinitely many points of Int(y), then for such points W(y,z,) =1,
so by continuity, the limit lies in Int(y) or on y. If the sequence contains
infinitely many points on y, then the limit lies on y (because y is compact).
This proves that S is closed. Furthermore Int(y) is bounded, because for
all complex numbers « with |«| sufficiently large, W (y,a) =0 since y is
homotopic to a point in a disc containing y but not a. This proves the
lemma.

Theorem 4.3. Let y be a piecewise C' closed path in a connected open
set U of C. Assume y homologous to 0 in U. Let f be analytic non-



228 CONFORMAL MAPPINGS [VII, §4]

constant on U. Assume that y and f oy have interiors and f oy does
not intersect f(Inty). Then f is injective on Int(y), and so induces an
isomorphism of Int(y) with its image. If in addition the interior of f oy
is comnected, then

[+ Int(y) — Int(f 0y)

is an isomorphism.

Proof. For o eInt(y), let f,(z) = f(z) — f(a). Then by the chain rule:

1
W(foy), flw) = 2 ), Cf()d':
_ 1P Sem)y e S B
=57). ( ©) 7@ da  ify:fa, b U
L[,
= Z—niu./f“/f“(z) dz
=1

because f, has a zero in Int(y). By the definition of an interior and the
assumption that f oy has an interior, it follows that this final value of
W( foy f (oz)) is precisely 1, so f, has only one zero, which is simple, and
in addition we also see that f(a)e Int(f oy). Hence

f: Int(y) — Int(f oy)
is injective. This proves the first assertion.

Suppose next that the interior of f oy is connected. The image of
Int(y) under fis an open subset, since we have shown that f maps Int(;)
into the interior of f oy. So it suffices to prove that f(Int(y)) is closed in
the interior of foy. Let {z,} be a sequence of points in Int(y), such that
{f(zx)} converges to some point w in Int(f oy). We have to show that
we f(Int(y)). Passing to a subsequence of {z,} if necessary, and using the
fact that the union of Int(y) and y is compact, we may assume without loss
of generality that {z,} itself converges, either to a point in the interior
Int(y), or to a point of y itself. If {z,} converges to «, and x € Int(y), then
f(«) = w by continuity of f, and we are done. If x lies on 7, then again
by continuity f(a) = w, which is impossible since w is not on f oy. This
concludes the proof.

Readers should go through the examples given in the text to see that
the mapping property in Theorem 4.3 also applies to unbounded domains
in those cases. Cf. Exercises 7 and 8 below for specific instances. Readers
may also look at Exercise 2 of Chapter X, §1, which illustrates several
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aspects of the way the mapping on the boundary affects the mapping
inside, including aspects of reflection, to be discussed in greater detail in
Chapter IX.

VI, §4. EXERCISES

1. (a)

(b)

2. (a)

(b)

In each one of the examples, prove that the stated mapping is an iso-
morphism on the figures as shown. Also determine what the mapping
does to the boundary lines. Thick lines should correspond to each other.
In Example 10, give the explicit formula giving an isomorphism of the
strip containing a vertical obstacle with the right half plane, and also with
the upper half plane. Note that counterclockwise rotation by /2 is given
by multiplication with i.

Show that the function z+>z + 1/z is an analytic isomorphism of the
region outside the unit circle onto the plane from which the segment
[—2,2] has been deleted.

What is the image of the unit circle under this mapping? Use polar
coordinates.

(©)

-

|
(2% ]

|
(]

_\ . 1
: : z—z + - o &
-/ . z

Figure 20

In polar coordinates, if w = z + 1/z = u + iv, then

1
u=<r+l>cos0 and v=<r—;>sin0.
r

Show that the circle r = ¢ with ¢ > 1 maps to an ellipse with major axis
¢+ 1/c and minor axis ¢ — 1/c. Show that the radial lines § = ¢ map
onto quarters of hyperbolas.

3. Let U be the upper half plane from which the points of the closed unit disc
are removed, i.e. U is the set of z such that Im(z) > 0 and |z| > 1. Give an
explicit isomorphism of U with the upper half disc D* (the set of z such that
|z| < 1 and Im(z) > 0).
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4. Let a be a real number. Let U be the open set obtained from the complex
plane by deleting the infinite segment [a, co[. Find explicitly an analytic
isomorphism of U with the unit disc. Give this isomorphism as a composite
of simpler ones. [Hint: Try first to see what \ﬁ does to the set obtained by
deleting [0, co[ from the plane.]

5. (a) Show that the function w = sin z can be decomposed as the composite of
two functions:

-— -1 .
w= ¢ 25 =f(0) and {=e” =¢g(z2).

(b) Let U be the open upper half strip in Example 12. Let g(U)=V.
Describe V explicitly and show that g: U — V is an isomorphism. Show
that g extends to a continuous function on the boundary of U and
describe explicitly the image of this boundary under g.

(c) Let W= f(V). Describe W explicitly and show that f: V- W is an iso-
morphism. Again describe how f extends continuously to the boundary
of V and describe explicitly the image of this boundary under f.

In this way you can recover the fact that w=sinz gives an iso-
morphism of the upper half strip with the upper half plane by using this
decomposition into simpler functions which you have already studied.

6. In Example 12, show that the vertical imaginary axis above the real line is
mapped onto itself by z+ sin z, and that this function gives an isomorphism of
the half strip with the first quadrant as shown on the figure.

z>sinz

Figure 21

7. Let w=u + iv = f(z) = z + log z for z in the upper half plane H. Prove that f
gives an isomorphism of H with the open set U obtained from the upper half
plane by deleting the infinite half line of numbers

u+in with u< —1.

Remark. In the next chapter, we shall see that the isomorphism f allows us
to determine the flow lines of a fluid as shown on Fig. 23. These flow lines in
the (u, v)-plane correspond to the rays 6 = constant in the (x, y)-plane. In other
words, they are the images under f of the rays 6 = constant.
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Figure 22

Flow lines in the (u, v)-plane

Figure 23

[Hint: Use Theorem 4.3 applied to the path consisting of the following pieces:

The segment from R to ¢ (R large, ¢ small >0).

The small semicircle in the upper half plane, from ¢ to —e.

The segment from —e to —R.

The large semicircle in the upper half plane from —R to R.

re®? +logr+i0.]

Note that if we write z = re, then f(z)

8. Give another proof of Example 11 using Theorem 4.3.

Vil, §5. FRACTIONAL LINEAR TRANSFORMATIONS

Let a, b, ¢, d be complex numbers such that ad —bc # 0. We may

a b
. Let
cd> ©

arrange these numbers as a matrix (

. We have already

ion
encountered functions of this type, and now we study them more system-

1 linear map, or transformat

ona

We call F a fract

atically. First observe that if we multiply a, b, ¢, d by the same non-zero
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complex number A, then the matrix

Aa b
Ac Ad
gives rise to the same map, because we can cancel 4 in the fraction:

laz+/1b__az+b
iez+id cz+d

It is an exercise to prove the converse, that if two matrices

a b d a b

cd) ™ ¢ d
of complex numbers with ad — bc # 0 and a’d’ — b'c’ # 0 give the same
fractional linear map, then there is a complex number A such that

a’ = Aa, b = Ab, ¢ = ic, d = .

We shall now see that F gives an isomorphism. Note that

, ad — bc
F& =t

The function F is not defined at z = —d/c, but is defined at all other
complex numbers, and the formula for its derivative then shows that
F'(2) # 0 for all complex numbers z # —d/c.

The function F has an inverse. Indeed, let

az+b
W= ——0 .
cz+d

We can solve for z in terms of w by simple algebra. Cross multiplying
yields
czw + dw = az + b,
whence
dw—b
—cw+a

Thus the inverse function is associated with the matrix

()
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Observe that the inverse function, which we denote by F1, is not defined
at z = a/c. Thus F gives an isomorphism of C from which —d/c has been
deleted with C from which a/c has been deleted.

To have a uniform language to deal with the “exceptional” points
z = —d/c and z = a/c, we agree to the following conventions.

Let S be the Riemann sphere, i.e. the set consisting of C and a single
point oo which we call infinity. We extend the definition of F to S by
defining

F(o0) = ajc if ¢#0,

F(0) = 0 if ¢=0.
Also we define
F(—d/c) = o0 if ¢#0.

These definitions are natural, for if we write

a+ bz
F(z)=——,
@ c+dfz
and let |z| — oo then this fraction approaches a/c as a limit.
We may then say that F gives a bijection of S with itself.
We now define other maps as follows:

T,(z) = z + b, called translation by b;
J(z) = 1/z, called inversion through the unit circle;
M,(2) = az for a # 0, called multiplication by a.

Observe that translations, reflections, or multiplications are fractional
linear maps. Translations should have been encountered many times pre-
viously. As for inversion, note:

If |z} =1 then 1/z =Z and |1/z| = 1 also. Thus an inversion maps the
unit circle onto itself.

If |z] > 1 then |1/z| < 1 and vice versa, so an inversion interchanges
the region outside the unit disc with the region inside the unit disc. Note
that 0 and oo correspond to each other under the inversion.

Multiplication by a complex number a can be viewed as a dilation
together with a rotation, by writing a = re®.

Thus each one of these particular linear maps has a simple geometric
interpretation as above.

Theorem 5.1. Given a fractional linear map F, there exist complex
numbers o, B, y such that either F = az + f3, or

F(z)=T,oM,oJoTj.
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Proof. Suppose ¢ =0. Then F(z) = (az + b)/d and F = T;o M,, with
B = b/d, « = a/d. Suppose this is not the case, so ¢ # 0. We divide g4, b,
¢, d by ¢ and using these new numbers gives the same map F, so without
loss of generality we may assume ¢ = 1. We let § =d. We must solve

az+b__ o +
z+d z+d L

or in other words, az + b = o + yz + yd. We let y = a, and then solve for
a=b — ad # 0 to conclude the proof.

The theorem shows that any fractional linear map is a composition of
the simple maps listed above: translations, multiplication, or inversion.

Now let us define a straight line on the Riemann sphere S to consist of
an ordinary line together with oo.

Theorem 5.2. A fractional linear transformation maps straight lines
and circles onto straight lines and circles. (Of course, a circle may be
mapped onto a line and vice versa.)

Proof. By Theorem 5.1 it suffices to prove the assertion in each of the
three cases of the simple maps. The assertion is obvious for translations
and multiplications (which are rotations followed by dilations). There
remains to deal with the inversion.

(A
kf

Figure 24

Let w=1/z = u + iv, so that

x R
and v=— yz‘
xX“ 4y

The equation of a circle or straight line in the (u,v) real plane has the
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form
A@Ww?*+v*)+ Bu+ Cv=D

with some real numbers 4, B, C, D such that not all 4, B, C are equal to
0. Substituting the values for u, v in terms of x, y we find that under the
inverse mapping the equation is equivalent to

A+ Bx — Cy = D(x* + y?),

which is the equation of a circle or a straight line. This proves the
theorem.

As Exercise 2, you will prove that if F, G are fractional linear maps,
then so is F o G. We shall use such compositions in the next considera-
tions.

By a fixed point of F we mean a point z, such that F(z,) = z,.

Example. The point co is a fixed point of the map
F(z) =az + b.

Proposition 5.3. Let F be fractional linear map. If o is a fixed point
of F, then there exist complex numbers a, b such that F(z) = az + b.

Proof. Let F(z) = (az + b)/(cz + d). If ¢ # 0 then F(c0) = a/c which is
not co. By hypothesis, it follows that ¢ = 0, in which case the assertion
is obvious.

Theorem 54. Given any three distinct points z,, z,, z; on the Riemann
sphere, and any three distinct points wy, w,, ws, there exists a unique
fractional linear map F such that

F(z))=w, for i=1,2 3.

Proof. We proceed stepwise, and first prove uniqueness. Let F, G be
fractional linear maps which have the same effect on three points. Then
FoG™ has three fixed points, and it suffices to prove the following
lemma.

Lemma 5.5. Let F be a fractional linear map. If F has three fixed
points, then F is the identity.

Proof. Suppose first that one fixed point is co. By Proposition 5.3, we
know that F(z) = az + b. Suppose z; € C and z, is a fixed point. Then
azy +b =12z 50 (1 —a)z; =b. If a#1 then we see that z; =b/(l —a) is
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the only fixed point in C. If a=1, then f(z)=z+b, and z+ b=z if
and only if b =0, so f is the identity mapping.
Suppose next that oo is not a fixed point, so ¢ # 0. Let z be a fixed
point, so that
az+b
cz+d =

Cross multiplying shows that z is a root of the quadratic equation
cz2+(a—d)z+b=0.
This equation has at most two roots, so we see that f has at most two

fixed points, which are the roots of this equation. Of course the roots
are given explicitly by the quadratic formula.

One can give an easy formula for the map F of Theorem 54. Note
that the function z+z — z, sends z, to 0. Then

Z'_Zl
Z—

Z“"ZZ

sends z; to 0 and z, to c©. To send z; to 1, all we have to do is
multiply by the right factor, and thus we obtain:

Theorem 5.6. The function

Z2—2123—2
Zr 143 2
Z—-ZZZ3—21

is the unique function such that F(z,)=0, F(z,) = o0, F(z3)=1. If
w = F(z) is the function such that F(z;)=w; for i=1,2, 3 then w and z
are related by the formula

W—W Wy —W, 2Z—2 23—72,

W— Wy, W3 — W, Z—2,23—2;

This final equation can be used to find F explicitly in special cases.
Example. Find the map F in Theorem 5.4 such that

F)=i, F@l)=-1, F(=1)=1.
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By the formula,
w—il+1l z~1-1—i
wHll—i z—i-1-1
or in other words,
w—i lz—1
wH+l 2z—i
We can solve for w in terms of z to give
_z2(1+2)+1
Tz+(1-20)°
To check the computation, substitute z =1, z=1i, z= —1 in this ex-

pression to see that you get the desired values i, —1, and 1, respectively.

Warning. 1 find it pointless to memorize the formula in Theorem 5.6
relating z and w. However, the comments before Theorem 5.6 tell you
how to reconstruct this formula in an easy way if you don’t have it for

reference in front of you.

VIl, §5. EXERCISES

1. Give explicitly a fractional linear map which sends a given complex number

z, to co. What is the simplest such map which sends 0 to oo?

2. Composition of Fractional Linear Maps. Show that if F, G are fractional

linear maps, then so is F o G.

3. Find fractional linear maps which map:
a) t,i,—1loni —1,1
b) i, —1,1on —1, —i, 1
¢ -1, —i1lon —101
d —-1,0,1on —1,i1
e 1, —1,i,0onl,i —1

4. Find fractional linear maps which map:
(@ 0,1, wonl, w0
(b) 0,1, 0conl, —1,i
(¢) 0,1, 00n-—1,0,1
(d 0,1, con —1, —i!1

5. Let F and G be two fractional linear maps, and assume that F(z) = G(z) for
all complex numbers z (or even for three distinct complex numbers z). Show
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10.

11.

12.
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that if
az+b az+b
FO=Gra ™ U=y

then there exists a complex number A such that
a=ia, b=, <=k,  d=Aid

Thus the matrices representing F and G differ by a scalar.

. Consider the fractional linear map

z—1
F(z) = .
@) z+1i

What is the image of the real line R under this map? (You have encountered
this map as an isomorphism between the upper half plane and the unit disc.)

. Let F be the fractional linear map F(z) = (z — 1)/(z + 1). What is the image

of the real line under this map? (Cf. Example 9 of §4.)

. Let F(z) =z/(z— 1) and G(z) =1/(1 — z). Show that the set of all possible

fractional linear maps which can be obtained by composing F and G above
repeatedly with each other in all possible orders in fact has six elements, and
give a formula for each one of these elements. [Hint: Compute F2, F3, G2,
G3, FoG,GoF,etc]

. Let F(z) = (z —i)/(z + i). What is the image under F of the following sets of

points:

(@) The upper half line it, with ¢t > 0.

(b) The circle of center 1 and radius 1.

(c) The horizontal line i + ¢, with t € R.

(d) The half circle |z| = 2 with Im z > 0.

(¢) The vertical line Rez=1 and Imz = 0.

Find fractional linear maps which map:
@ 0,1,2t01,0,

(b) i, —1,1t01,0, 0

© 0,1,2t0i —1,1

Let F(z) = (z 4+ 1)/(z — 1). Describe the image of the line Re(z) = ¢ for a real
number ¢. (Distinguish ¢ =1 and ¢ # 1. In the second case, the image is a
circle. Give its center and radius.)

Let z,, z,, z4, z, be distinct complex numbers. Define their cross ratio to be

(21 — 23)(22 — 24)

[z1,22,23,24] = .
' (23 — 23)(z; — 24)

(@) Let F be a fractional linear map. Let z; = F(z,) for i =1, ...,4. Show
that the cross ratio of zj, z5, z3, z; is the same as the cross ratio of
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Zy, Z;, Z3, Z4- It will be easy if you do this separately for translations,
inversions, and multiplications.

(b) Prove that the four numbers lic on the same straight line or on the same
circle if and only if their cross ratio is a real number.

() Let z,, z,, z3, z, be distinct complex numbers. Assume that they lie on
the same circle, in that order. Prove that

|2y — z3ll25 — 24| = |21 ~ 221|253 — 24| + |22 — z3]|24 — 24

Fixed Points and Linear Algebra

13. Find the fixed points of the following functions:

z—3 z—4
(@ f(z)=;:_—1 (b) f(z)=;_——
—1i 2z -3
© f(z)=zz+; @ fi)= Zz+1

For the next two exercises, we assume that you know the terminology of
eigenvalues from an elementary course in linear algebra.

14. Let M be a 2 x 2 complex matrix with non-zero determinant,

M=<“ b), and  ad — bc #0.
c d

Define M(z) = (az + b)/(cz + d) as in the text for z # —djc (c#0). If z=
—dfc (¢ #0) we put M(z) = co. We define M(0)=a/c if ¢ #0, and oo if
c=0.

(a) If L, M are two complex matrices as above, show directly that

L(M(2)) = (LM)(2)

for zeC or z= 0. Here LM is the product of matrices from linear
algebra.
(b) Let A, A be the eigenvalues of M viewed as a linear map on C2. Let

W= (W1> and W' = <wf)
Wy W;

be the corresponding eigenvectors, so
MW=,W and MW =iW
By a fixed point of M on C we mean a complex number z such that

M(z) = z. Assume that M has two distinct fixed points in C. Show that
these fixed points are w = w;/w, and w' = wy/w;.
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(c) Assume that |A| < |A'|. Given z # w, show that

lim M¥*(z) = w'.

k=

Note. The iteration of the fractional linear map is sometimes called a dynam-
ical system. Under the assumption in (c), one says that w’ is an attract-
ing point for the map, and that w is a repelling point.



CHAPTER VIII

Harmonic Functions

In this chapter we return to the connection between analytic functions
and functions of a real variable, analyzing an analytic function in terms
of its real part.

The first two sections, §1 and §2, are completely elementary and could
have been covered in Chapter 1. They combine well with the material in
the preceding chapter, as they deal with the same matter, pursued to
analyze the real part of analytic isomorphism more closely.

In §3 and §4 we deal with those aspects of harmonic functions having
to do with integration and some form of Cauchy’s formula. We shall
characterize harmonic functions as real parts of analytic functions, giving
an explicit integral formula for the associated analytic function (uniquely
determined except for a pure imaginary constant).

VIil, §1. DEFINITION

A function u = u(x, y) is called harmonic if it is real valued having contin-
uous partial derivatives of order one and two, and satisfying

62u+62u_0
ox2 oyt

One usually defines the Laplace (differential) operator

(3 + ()

241
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and so u is harmonic if and only if Au=0 (and u is of class C?).
Suppose f is analytic on an open set U. We know that f is infinitely
complex differentiable. By the considerations of Chapter I, §6, it follows
that its real and imaginary parts u(x, y) and v(x, y) are C*, and satisfy
the Cauchy-Riemann equations

ou 0Ov and ou v
x 0y dy  ox’

Consequently, taking the partial derivatives of these equations and using
00 00

the known fact that oy = 3y ox yields:

Theorem 1.1. The real part of an analytic function is harmonic.

Example. Let r = /x? + y2

part of the complex log.

Then log r is harmonic, being the real

We introduce the differential operators

0 _1(0 0\ L4 O_1(2_,@
0z 2\ox la‘y gz 2\ox ody/)

The reason for this notation is apparent if we write
—1( +32) and —1(2 z)
=3l V=3 z).

We want the chain rule to hold. Working formally, we see that the
following equations must be satisfied.

o oox ofoy 1of  1of

0z Ox0z dyodz 20x  2iady
of ofox ofoy 1of 1¢f

%2 ox0z Oy 20x 20y

This shows that it is reasonable to define 4/0z and 0/0Z as we have done.
It is then immediately clear that u, v satisfy the Cauchy-Riemann equa-
tions if and only if
of
%= 0.
(Carry out in detail.) Thus:

f is analytic if and only if df/0z = 0.
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Since taking partial derivatives commutes, one also finds immediately

1l
N

SIS

SIS

S
[
>

i
4%

(Do Exercise 1.) Also with the notation d/0z, if u = Re(f), we can write
the complex derivative in the form

ou oOu ou

(1) f’@):zéza-z@.

In Chapter I, §6, we had introduced the associated vector field

F(x’ y) = (u(xs y)’ —v(x, y))

Recall that in calculus courses, one defines a potential function for F to
be a function ¢ such that

Theorem 1.2. Let g be a primitive for f on U, that is, g’ = f. Write g
in terms of its real and imaginary parts,

g=¢ +iy.
Then o is a potential function for F.

Proof. Go back to Chapter I, §6. By definition, g’ = u + iv. The first
computation of that section shows that

as desired.

We shall prove shortly that any harmonic function is locally the real
part of an analytic function. In that light, the problem of finding a
primitive for an analytic function is equivalent to the problem of finding a
potential function for its associated vector field.

The expression (1) for the complex derivative suggests that we tabulate
independently the integral in terms of real and imaginary parts, in a more
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general context as follows. Let u be a real C' function on some open set.
Let y be a piecewise C! path in the open set. Then setting dz = dx + i dy,
we get

ou ou ou ou ou
(2) L 2 P dz L ( o dx + 3 dy) +i L ( pld 3 x)

The first integral is the usual integral from calculus, of gradu =
(0u/0x, du/dy) along the curve. If we fix end points for the path, this
integral is independent of the path since grad # admits a potential
function, namely u itself. The second integral can be written as

ou ou
3 J(——d ————dx):J rad u) - N,
() ) ax y ay y(g ) Y
where N, is the normal to the curve. If p(r) = (x(¢), y(t)), then by
definition,

dy dx
N}’(t) = ((_1;7 _E{)

Thus we find (without any need for Cauchy—Riemann):

For a real C' function u, we have

ou

4) L2E dz = L du + iL(grad u) - N,.

If y is a closed path, then

LZ% dz = iL(grad u) - N,.

This kind of decomposition has not been relevant up to now, but when
dealing explicitly with the real or imaginary part of an analytic function as
we shall now do, such formulas come to the fore.

The next theorem gives us the uniqueness of a harmonic function with
prescribed boundary value.

Theorem 1.3. Let U be a bounded open set. Let u, v be two continuous
Jfunctions on the closure U of U, and assume that u, v are harmonic on
U. Assume that u = v on the boundary of U. Then u=v on U.

Proof. Subtracting the two harmonic functions having the same bound-
ary value yields a harmonic function with boundary value 0. Let u be
such a function. We have to prove that u = 0. Suppose there is a point
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(X0, Yo) € U such that u(xy, yo) > 0. Let
Y(x, y) = u(x, y) + ex? for (x,y)eU.

We use repeatedly the fact that |x| is bounded for (x, y)e U. Then

Y(xg, yo) >0

for € small enough, and ¥ is continuous on U, so  has a maximum
on U. For € small, the maximum of ¥ is close to the maximum of
u itself, and in particular is positive. But u(x, y) =0 for (x, y) on the
boundary, and ex® is small on the boundary for € small. Hence the
maximum of ¥ must be an interior point (x,, y,). It follows that

D12'//(x1,Y1).—<_0 and D%‘/’(x1,,\’1)§0-
But
D? +DHu=0 so (D} + D)Y(xy,y,)=2¢>0.

This contradiction proves the uniqueness.

Remarks. In practice, the above uniqueness is weak for two reasons.
First, many natural domains are not bounded, and second the function
may be continuous on the boundary except at a finite number of points.
In examples below, we shall see some physical situations with discontin-
uities in the temperature function. Hence it is useful to have a more
general theorem, which can be obtained as follows.

As to the unboundedness of the domain, it is usually possible to find
an isomorphism of a given open set with a bounded open set such
that the boundary curves correspond to each other. We shall see an
example of this in the Riemann mapping theorem, which gives such
isomorphisms with the unit disc. Thus the lack of boundedness of the
domain may not be serious.

As to discontinuities on the boundary, let us pick for concreteness the
unit disc D. Let u, v be two functions on D which are harmonic on the
interior D, and which are continuous on the unit circle except at a finite
number of points, where they are not defined. Suppose that u and v are
equal on the boundary except at those exceptional points. Then the
function u — v is harmonic on the open disc D, and is continuous with
value 0 on the boundary except at a finite number of points where it is
not defined. Thus for the uniqueness, we need the following generaliza-
tion of Theorem 1.3.

Theorem 1.4. Let u be a bounded function on the closed unit disc D.
Assume that u is harmonic on D and continuous on the unit circle except
at a finite number of points. Assume that u is equal to O on the unit
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circle except at a finite number of points. Then u =0 on the open disc
D.

The situation is similar to that of removable singularities in Chapter
V, §3, but technically slightly more difficult to deal with. We omit the

proof. If one does not assume that u is bounded, then the conclusion of
the theorem is not true in general. See Exercise 6.

Application: Perpendicularity

Recall from the. calculus of several variables (actually two variables) that

grad u = (D u, D,u) = <g;, Z—Z})

Let ¢ be a number. The equation
ulx,y)=c

is interpreted as the equation of the level curve, consisting of those points
at which u takes the constant value c¢. If u is interpreted as a potential
function, these curves are called curves of equipotential. If u is interpreted
as temperature, these curves are called isothermal curves. Except for such
fancy names, they are just level curves of the function u. From calculus,
you should know that grad u(x, y) is perpendicular (orthogonal) to the
curve at that point, as illustrated on the figure.

grad u(x, y)

u(x, v)=c

x.»)

Figure 1

Let A =(a,,a,) and B = (b, b,) be vectors. You should know their
dot product,

AB = albl + azb2,

and you should know that A is perpendicular to B if and only if their
dot product is equal to 0.

Using this and the chain rule, we recall the proof that the gradient is
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perpendicular to the level curve. We suppose that the level curve is
parametrized, i.e. given in the form y(¢) for ¢ in some interval. Then we
have

u(y(t)) =c  forall t.

Differentiating with respect to ¢ yields by the chain rule

grad u(y(1))-y'(t) = 0,

which proves what we wanted.
The following statement is an immediate consequence of the Cauchy—
Riemann equations.

Let f = u + iv be analytic. Then grad u and grad v are perpendicular.

Indeed, we take the dot product of

Ou Ou and dv Ov
ox’ dy 0x’ Oy
and apply the Cauchy—Riemann equations to find the value 0.
Two curves u=c and v = ¢’ are said to be perpendicular at a point

(x,y) if gradu is perpendicular to grad v at (x,y). Hence the above
statement is interpreted as saying:

The level curves of the real part and imaginary part of an analytic
function are perpendicular (or in other words, intersect orthogonally).

\ v = constant

/
/A N e \

/ u = constant

Figure 2
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In the case when u is given as the potential function arising from two
point sources of electricity, then the level curves for u and v look like
Fig. 2.

Application: Flow Lines
For each point (x, y) in the plane, we have an associated vector
(x, ) grad u(x, y).

This association defines what is called a vector field, which we may
visualize as arrows shown on Fig. 3.

g /
/7./)//7/
‘72 ﬂ,f’/

Figure 3

Let us abbreviate
G(x, y) = grad u(x, y).

An integral curve for the vector field G is a curve y such that
7(®) = G(®).

This means that the tangent vector at every point of the curve is the
prescribed vector by G. Such an integral curve is shown on Fig. 4.

Gx, y)
(x, ¥)

Figure 4



[VIIL, §1] DEFINITION 249

If we interpret the vector field G as a field of forces, then an integral
curve is the path over which a bug will travel, when submitted to such a
force.

Suppose that f = u + iv is analytic, as usual. We have seen that the
level curves of v are orthogonal to the level curves of u. Thus the level
curves of v have the same direction as the gradient of u. It can be shown
from the uniqueness of the solutions of differential equations that the
level curves of v are precisely the integral curves of the vector field
G = grad u. Thus interpreting u as temperature, for instance, we may
say:

If u=Re f and v = Im f, where f is analytic, then the heat flow of the
temperature function u occurs along the level curves of v.

Finally, let U be simply connected, and let
f:U->H
be an isomorphism of U with the upper half plane. We write f =u + iv
as usual. The curves

v = constant

in H are just horizontal straight lines. The level curves of v in U
therefore correspond to these straight lines under the function f.

H

‘\
vV VY

F> |
vYVYY
Y
[ ]

Figure 5

Consider the example of Chapter VII, §4 given by

fe)=z+ 1)z

You should have worked out that this gives an isomorphism as shown
on the figure. We interpret the right-hand figure as that of a fluid
flowing horizontally in the upper half plane, without obstacle. The bump
provided by the semicircle in the left-hand figure provides an obstacle to
the flow in the open set U.

The nature of the physical world is such that the flow lines on the left
are exactly the lines corresponding to the horizontal lines on the right
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under the mapping function f! Thus the flow lines on the left are
exactly the level curves v = constant in U.

This shows how an isomorphism
ftU->H

can be applied to finding flow lines. The same principle could be applied
to a similar obstacle as in Fig. 6. The open set U is defined here as that
portion of the upper half plane obtained by deleting the vertical segment
(0, y) with 0 < y < = from the upper half plane. As an exercise, determine
the isomorphism f to find the flow lines in U. Cf. Exercises 9, 10 and
the examples of Chapter VII, §4.

U

—
_____/—

vV Vv

— T

Figure 6
VIIl, §1. EXERCISES
AN AN . o0
1. (a) Let A= (bjc) +(5;> . Verify that A=4E Fr

(b) Let f be a complex function on C such that both f and f 2 are
harmonic. Show that f is holomorphic or f is holomorphic.

2. Let f be analytic, and f = u— iv the complex conjugate function. Verify that
of [0z = 0.

3. Let f: U > V be an analytic isomorphism, and let ¢ be a harmonic function
on V, which is the real part of an analytic function. Prove that the composite
function ¢ o f is harmonic.

4. Prove that the imaginary part of an analytic function is harmonic.

5. Prove the uniqueness statement in the following context. Let U be an open
set contained in a strip a < x < b, where qa, b are fixed numbers, and as usual
z=x+1iy. Let u be a continuous function on U, harmonic on U. Assume
that 4 is 0 on the boundary of U, and

limu(x,y)=0
as y— o0 or y— —oo, uniformly in x. In other words, given e there exists

C > 0 such that if y> C or y < —C and (x, y)e U then |u(x, y)| < €. Then
u=0on U.
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6. Let

=0.

Re: ™% forz#i and w0 1)

u(x, y)

Show that u harmonic on the unit disc, is 0 on the unit circle, and is

continuous on the closed unit disc except at the point z =i
counterexample to the uniqueness when u is not bounded.

This gives a

7. Find an analytic function whose real part is the given function.

(b) x—xy

(@) u(x,y)=3x%y -y

(©

(d) log/x* + y?

y
x2 4+ y?

5 where ¢ is some real number.

y
(x—1*+y

8. Let f(2)

@

log z. If z =re®, then

log r + i6,

f@

so the real parts and imaginary parts are given by

and

u=Ilogr

Observe that they

Draw the level curves u = constant and v = constant.

intersect orthogonally.

9. Let V be the open set obtained by deleting the segment [0, 1] from the right

half plane, as shown on the figure. In other words V consists of all complex
numbers x + iy with x > 0, with the exception of the numbers 0 < x < 1.

(a) What is the image of V under the map z+z2%

(b) What is the image of V under the map z+>2z? — 1?7

(¢) Find an isomorphism of ¥V with the right half plane, and then with the

22— 1.]

upper half plane. [Hint: Consider the function z+»

10. Let U be the open set discussed at the end of the section, obtained by

<1 from the upper

Y=

=

deleting the vertical segment of points (0, y) with 0

Figure 7
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11.

12.

13.

half plane. Find an analytic isomorphism
f:U—-H.

[Hint: Rotate the picture by 90° and use Exercise 9.]

Let ¢ be a complex harmonic function on a connected open set U. Suppose
that ¢? is also harmonic. Show that ¢ or @ is holomorphic.

Green’s Theorem in calculus states: Let p=p(x, y) and q=q(x, y) be C!
functions on the closure of a bounded open set U whose boundary consists of a
finite number of C' curves oriented so that U lies to the left of each one of these
curves. Let C be this boundary. Then

. dq dp
[aceas=[],(2-5) oo

Suppose that f is analytic on U and on its boundary. Show that Green’s
theorem implies Cauchy’s theorem for the boundary, i.e. show that

=

Let U be an open set and let zp € U. The Green’s function for U originating
at z, is a real function g defined on the closure U of U, continuous except at
z4, and satisfying the following conditions:

GR 1. g(z) =log|z — zo| + ¥(z), where ¥ is harmonic on U.
GR 2. g vanishes on the boundary of U.
(a) Prove that a Green’s function is uniquely determined if U is bounded.
(b) Let U be simply connected, with smooth boundary. Let
f:U->D

be an analytic isomorphism of U with the unit disc such that f(z,) = 0.
Let

g(z) = Re log f(2).

Show that g is a Green’s function for U. You may assume that f
extends to a continuous function from the boundary of U to the bound-
ary of D.

Viil, §2. EXAMPLES

We shall give examples, some of which are formulated in physical terms.
Let U be an open set whose boundary is a smooth curve C. We shall
assume throughout that any physical function mentioned is harmonic.



[VIIL, §2] EXAMPLES 253

In physics, functions like temperature, potential functions, are harmonic.
We shall also assume that the uniqueness of a harmonic function on U
with prescribed boundary value holds if the boundary value is assumed
bounded and continuous except at a finite number of points.

Our examples are constructed for special open sets, which are simply
connected. In general any such set is analytically isomorphic to the disc,
or preferably to the upper half plane. Let

fiU—-H

be such an isomorphism. In practice, it is clear how f behaves at the
boundary of U, and how it maps this boundary on the boundary of H,
i.e. on the real axis. To construct a harmonic function on U with pre-
scribed boundary values, it therefore suffices to construct a function ¢ on
H, and then take the composite ¢ o f (see Exercise 3 of the preceding
section). In practice, there always exist nice explicit formulas giving the
isomorphism f.

Example. We wish to describe the temperature in the upper half plane
if the temperature is fixed with value 0 on the positive real axis, and
fixed with value 20 on the negative real axis. As mentioned, temperature
v(z) is assumed to be harmonic. We recall that we can define

log z = r(z) + i0(z)
for z in any simply connected region, in particular for
0L6(z) £, riz)>0

omitting the origin. We have

0(z) = 0 if z is on the positive real axis,
0(z) = = if z is on the negative real axis.
The function 6 (sometimes denoted by arg) is the imaginary part of an

analytic function, and hence is harmonic. The desired temperature is
therefore obtainable as an appropriate constant multiple of 6(z), namely

20 20
v(z) = —0(z) = —arg z.
T T

In terms of x, y we can also write

0(z) = arctan y/x.
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Figure 8

Example. If the temperature on the first quadrant has value 0 on the
positive real axis, and 20 on the positive imaginary axis, give a formula
for the temperature on the whole first quadrant.

Again we seek a harmonic function having the desired boundary
values. We reduce the problem to the preceding example by using an
analytic isomorphism between the first quadrant and the upper half
plane, namely

zr 22,

Therefore the solution of the problem in the present instance is given by

20 40
T(z) = —argz® = —arctan y/x
4

if z=Xx + iy, and z lies in the first quadrant.

Example. We assume that you have worked Exercise 5. Let A be the
upper semidisc. We wish to find a harmonic function ¢ on 4 which has
value 20 on the positive real axis bounding the semidisc, and value 0 on
the negative real axis bounding the semidisc. Furthermore, we ask that
dp/0n = 0 on the semicircle.

Figure 9
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The analytic function log z maps the semidisc on the horizontal strip
as shown on Fig. 10. We may therefore solve the problem with some
function v on the strip, and take ¢(z) = v(log z) as the solution on the
semidisc.

z—> logz

Figure 10

The semicircle is mapped on the vertical segment bounding the strip,
and the condition d¢/0n = 0 on this segment means that if we view v as
a function of two variables (x, y) then dv/dx = 0. Thus v is a function of
y alone, and it must have the value 20 on the negative real axis, value 0
at any point x + mi. Such a function is

v(x, y) =20 — —y.
T
Consequently,
o(z) =20 — g90(2),
7
where 0 £ 6(z) £ ©.
Remark. The condition d¢/dn = 0 along a curve is usually interpreted

physically as meaning that the curve is insulated, if the harmonic func-
tion is interpreted as temperature.

VI, §2. EXERCISES

1. Find a harmonic function on the upper half plane with value 1 on the positive
real axis and value —1 on the negative real axis.

2. Find a harmonic function on the indicated region, with the boundary values as
shown.
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Figure 11

3. Find the temperature on a semicircular plate of radius 1, as shown on the
figure, with the boundary values as shown. Value 0 on the semicircle, value 1
on one segment, value 0 on the other segment.

Figure 12

4. Find a harmonic function on the unit disc which has the boundary value 0 on
the lower semicircle and boundary value 1 on the upper semicircle.

In the next exercise, recall that a function ¢: U — R is said to be of class C! if
its partial derivatives D, ¢ and D,¢ exist and are continuous. Let ¥ be another
open set. A mapping

f:V-R?

where f(x, y) = (u(x, y), v(x, y)) is said to be of class C! if the two coordinate
functions u, v are of class C'.

If #:[a,b] - V is a curve in V, then we may form the composite curve f oz
such that

(f o n)(®) = f(n()).
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Then y = fonis a curve in U. Its coordinates are

() = (u(n()), v(n(®))).

a b

Figure 13

5. Let y:[a,b] » U < R? be a smooth curve. Let

70 = (1(2),72(0))

be the expression of y in terms of its coordinates. The tangent vector is given by
the derivative y'(¢) = ({(2),75(z)). We define

Ny(1) = N(1) = (12(0), =71 (9)

to be the normal vector. We shall write vectors vertically. The normal derivative
of a smooth function ¢ on U along the curve y is by definition

Dy,y = (grad ¢) - N, = ¢/(y)N,,
using the derivative ¢’(y), which at a value of ¢ is a linear map
¢’ (y() : R > R~

(@) Prove that the condition Dy,¢ =0 remains true under a change of
parametrization of the interval of definition of j.

(b) Let f:V — U be analytic, n: [a,b] > V and y = f oy as above. Show
that the Cauchy—Riemann equations imply

. (@) @)\ [ m
Npon = () = ((51f2)(’7) (azfzxn)) (—n{ )

Check the chain rule Dygy(pof)=¢'(fon)f'(n)N,. Conclude that if
DN(fo,,)(ﬂ =0, then DN(,,)(p =0.

6. Find a harmonic function ¢ on the indicated regions, with the indicated
boundary values. (Recall what sin z does to a vertical strip.)
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(a)

(b)

(c)

p=1

ST

Figure 14

[VIIL, §2]
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Figure 14 (continued)

Viil, §3. BASIC PROPERTIES OF HARMONIC FUNCTIONS

In §1 we saw that the real part of an analytic function is harmonic. Here

we prove the converse. Recall that by definition, simply connected im-
plies connected.

Theorem 3.1. Let U be a simply connected open set. Let u be harmonic
on U. Then there exists an analytic function f on U such that u =
Re f. The difference of two such functions is a pure imaginary constant.

Proof. Let

Then h has continuous partials of first order. Furthermore A is analytic,
because

oh_,0 9
0z “ozoz

Since U is assumed simply connected, by Theorem 6.1 of Chapter III,
h has a primitive f on U, so f'(z) = h(z) for all ze U. Let u; = Re(f) be
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the real part of f. Then
W)= =20 =% %,

so u and u; have the same partial derivatives. It follows that there is a
constant C such that u=u, + C. [Proof: Let z, be any point of U,
and let y:[a,b] > U be a curve joining z, with a point z in U. Let
g = u — u,. Then the partial derivatives of g are 0. By the chain rule we
have

dg 0x ﬁg Oy

g( O) =5 taya="

Hence g(y()) is constant, so g(z,) = g(z). This is true for all points z € U,
whence g is constant, as desired.] Subtracting the constant C from f
yields the desired analytic function having the given real part u, and
proves the existence.

Uniqueness is based on the following more general lemma.

Lemma 3.2. Let f, g be analytic functions on a connected open set U.
Suppose f, g have the same real part. Then f =g + iK for some real
constant K.

Proof. Considering f — g, it suffices to prove that if the real part of
an analytic function f on U is O then the function is a pure imaginary
constant. But this is immediate from the open mapping Theorem 6.2 of
Chapter II, because f cannot map an open set on a straight line, hence f
is constant because U is connected by Theorem 1.2 of Chapter III. This
constant is pure imaginary since the real part of f is 0. This proves the
lemma, and also the theorem.

Remark. The condition that U is simply connected in Theorem 3.1 is
needed in general; it is not sufficient that U is connected. Indeed, log r is
a harmonic function on the open set obtained by deleting the origin from
C, but there is no analytic function on that open set whose real part is
log r.

Remark. We consider composites of functions. In Exercise 3 of §1, you
already considered a composite of a harmonic function with a holo-
morphic function. It was then assumed that the harmonic function was
the real part of an analytic function, but now Theorem 3.1 tells us that
this is always the case locally, that is in a neighborhood of a point. We
then have the following properties, which are immediate, but which we
record for possible future use.
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Let f: U—V be an analytic function, and let g be a harmonic
function on V. Then go f is harmonic on U.

Let f: U— V be analytic. Let V be the complex conjugate of V,
that is the set of all points 2 with ze€ V. Let g be harmonic on V. Then
the function

zg(f(2))

is harmonic.
Prove these two statements as simple exercises.

Theorem 3.3 (Mean Value Theorem). Let u be a harmonic function on
an open set U. Let zoe U, and let r >0 be a number such that the
closed disc of radius r centered at z is contained in U. Then

1 (%= .
u(zo) = 5 J u(zo + re®) do.
0

Proof. There is a number r; > r such that the disc of radius r, cen-
tered at z, is contained in U. Any r; >r and close to r will do. By
Theorem 3.1, there is an analytic function f on the disc of radius r, such
that u = Re f. By Cauchy’s theorem,

fiz 0)_~j f(C)
C—Zo

where C is the circle of radius r centered at z,.
We parametrize the circle by { =z, + re®, so d{ = ire® d§. The inte-
gral then gives

1 [ .
flzo) = 7 L f(zo + re®®) do.

If we write f = u + iv, then the desired relation falls out for the real part
u. This concludes the proof.

Theorem 3.4.

(a) Let u be harmonic on a connected open set U. Suppose that u has
a maximum at a point zy in U. Then u is constant.

(b) Let U be a connected open set and let U be its closure. Let u be a
continuous function on U, harmonic on U. If u is not constant on
U, then a maximum of u on U occurs on the boundary of U in U.

Proof. First we prove that u is constant in a disc centered at z,. By
Theorem 3.1 there is an analytic function f on such a disc such that
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Re f = u. Then e/ is analytic, and

|ef(z)| = 4@,

Since the exponential function is strictly increasing, it follows that a
maximum for u is also a maximum for e*, and hence also a maximum of
|e’|. By the maximum modulus principle for analytic functions, it follows
that e/ is constant on the disc. Then e* is constant, and finally u is
constant, thus proving the theorem locally.

We now extend the theorem to an arbitrary connected open set. Let S
be the set of points z in U such that u is constant in a neighborhood of
z with value u(z,). Then S contains z,, and S is open. By Theorem 1.6
of Chapter III, it will suffice to prove that § is closed in U. So let z, be
a point in the closure of S, and z, contained in U. Since u is continuous,
it follows that u(z,) = u(z,) because points of S can be found arbitrarily
close to z;. Then u also has a maximum at z,, and by the first part of
the proof is constant in a neighborhood of z,, which proves that z, € S,
and concludes the proof of part (a). Part (b) is an immediate conse-
quence, thus concluding the proof of the theorem.

As an application of the maximum modulus theorem for harmonic
functions, we obtain a convexity property of the maximum modulus of
an analytic function.

Theorem 3.5 (Hadamard Three-Circle Theorem). Let f be holomorphic
on a closed annulus 0 <ry <|z| <r,. Let

_logr, —logr
" logr, —logr,’

Let M(r) = M(r) = || fll, = max|f(z)| for |z| =r. Then
log M(r) £ (1 — s) log M(ry) + s log M(r,).

Proof. Let « be a real number. The function o log|z| + log|f(z)| is
harmonic outside the zeros of f. Near the zeros of f the above function
has values which are large negative. Hence by the maximum modulus
principle this function has its maximum on the boundary of the annulus,
specifically on the two circles |z| =r; and |z| = r,. Therefore

aloglz| + log|f(z)| < max(x log r, + log M(r,), « log r, + log M(r;))

for all z in the annulus. In particular, we get the inequality

alog r + log M(r) £ max(a log r, + log M(r,), « log r, + log M(r,)).
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Now let o be such that the two values inside the parentheses on the right
are equal, that is

o= log M(r,) — log M(r,)
- logr, —logr,

Then from the previous inequality, we get
log M(r) < alogr, + log M(r;) — a log r,

which upon substituting the value for o gives the result stated in the
theorem.

Remark. Another proof of the Hadamard theorem will be given later
as a consequence of the Phragmen-Lindel6f theorem, giving another
point of view and other convexity theorems.

We shall now give further properties of harmonic functions on an
annulus. The first result is a mean value theorem which is actually an
immediate consequence of Theorem 3.7, but we want to illustrate a
method of proof giving a nice application of Fourier series and techniques
of partial differential operators.

Theorem 3.6. Let u be harmonic in an annulus 0 <r, <r <r,. Then
there exist constants a, b such that

2n
J‘ u(r, 9)% =alogr + b.

0

Proof. We shall use elementary properties of Fourier series with which
readers are likely to be acquainted. For each integer n let

2n
u,(r) = J u(r, B)e_i"oiq.
0 2n

Thus u,(r) is the n-th Fourier coefficient of the function 6+ u(r, 8) for a
fixed value of r. Since u is infinitely differentiable, one can differentiate
under the integral sign, so u, is infinitely differentiable. We let

[

ur, 0) = Y, u,(r)e™

—0

be the Fourier series. Because u is C®, one can differentiate the Fourier
series term by term, and the Fourier coefficients are uniquely determined.
Recall that the Laplace operator is given in polar coordinates for r # 0
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by the formula

? 10 12

A= 4204
or?  ror  r?00%

Differentiating the Fourier series with this operator, we note that the 0-th
Fourier coefficient u,(r) must satisfy the partial differential equation

Auy =0,

or multiplying by r, must satisfy the differential equation

rug(r) + up) = 0.
This amounts to

Ug/tp = —1/r,
which can be integrated to give
log ug = —logr + ¢, =log(l/r) + ¢,
with some constant ¢,. Therefore there is some constant a such that
ug = ajr,

whence uy(r) =alogr +b for some constant b. But integrating the
Fourier series term by term, we obtain

2n
J e™df =0 if n#0.

0

The integral of u,(r) with respect to 6 gives uy(r), which concludes the
proof of the theorem.

Next we consider harmonic functions on an annulus, which includes
the special case of the punctured plane C* = C — {0} and the punctured
disc D* = D — {0}.

Theorem 3.7. Let U be an annulus 0 < r < |z| < ry (with ry possibly

equal to ). Let u be harmonic on U. Then there exists a real constant

a and an analytic function g on U such that

u — alogr = Re(g).

Proof. We consider the half annuli as illustrated on Figure 15.
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Figure 15

By Theorem 3.1, there exists an analytic function f; on the upper half
annulus such that Re(f;) = u, and there exists an analytic function f, on
the left half annulus U, such that Re(f,) = u. Then f; and f, have the
same real part on the upper left quarter annulus, so f; — f, is constant
on this quarter annulus by Lemma 3.2. After subtracting a constant
from f, we may assume that f; = f, on the upper left quarter annulus.
Similarly, we obtain f; on the lower half annulus such that f; = f, on
the lower left quarter annulus and Re(f;) = u; and we obtain f, on the
right half annulus with Re(f,) = u and f, = f; on the lower half annulus.
But in the final step, there is a constant Ki that we cannot get rid of
such that
fa=f1 + Ki on the upper quarter annulus.

The condition Re(f,) = u implies that K is real.
Now consider the functions

K

f(?) = 5-log(a) (j=1,....4) on the j-th half disc,
Y/

where log;(z) is given by
log;(z) = log|z| + i6(z)
on the j-th half annulus and the angle 6; on the j-th half annulus satisfies

1

2

T

3 3
<02<—7r n <y <2m, 7ﬂ<94<27z+2

0<0, <m, 7
Then log,(z) = log,(z) + 2xi on the upper fourth quadrant. Hence

K
/i) = 508D = fy — 5 logs(2),
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Therefore there is an analytic function g on u such that
g = f; — (K/27) log;

on the j-th half annulus. This concludes the proof of the theorem.

Remark 1. In the terminology of Chapter XI, we may say that the
functions f,, f,, f3, f, are analytic continuations of each other, and
similarly for f; — (K/2x)log; for j =1, ...,4.

Remark 2. The result of Theorem 3.7 is similar to a result in real
analysis, which we recall. On R? from which the origin is deleted, we
have a vector field

Gx,y)=|5—5,5—),
(x, ) <x2 AR +y2>
or in terms of differentials,

=y
x* +y?

X
dx+x2+y2dy—d0

as the reader will verify by the chain rule. Now let F be an arbitrary C*
vector field on R? minus the origin, F = (f, g) where f, g are C! func-
tions. Assume that Jf/0y = dg/0x (the so-called integrability conditions).
Let y be the circle of radius 1 centered at the origin, and let

2n
K= j F-dy= f F(y(6))-v'(6) 4.
¥ (4]
Then there exists a function ¢ on R? minus the origin such that
K
F =grad ¢ + —G.
2n

Cf. Chapter 15, §4, Exercise 13, in my Undergraduate Analysis (Springer-
Verlag, 1983).

Theorem 3.7 is of interest for its own sake: because it gives a first
illustration of analytic continuation to whose general properties will be
discussed later; and also because we shall use it in the next result, which
proves for harmonic functions the analogue of the theorem concerning
removable singularities for analytic functions.
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Theorem 3.8. Let u be a harmonic function on the punctured disc D*.
Assume that u is bounded. Then u extends to a harmonic function
on D.

Proof. By Theorem 3.7 there exists an analytic function g on D* such
that u(z) = Re(g(z)) + alog r. We then have the Laurent expansion

90 =3 a2

and it suffices to show that there are no negative terms, ie. a, =0 for n
negative, for then g is bounded in a neighborhood of 0, so a = 0 because
u is bounded, and we are done. Suppose there are only a finite number
of negative terms, so g has a pole or order N = 1 at the origin. Thus

a a_ .
=N 4+ .-+ =1 + higher terms
zN z

g(2)

and a_y # 0. Consider values of z such that |z| =r approaches 0 and
also such that a_yz™V is real positive. Then

a_ 1
IRe(g(2))] 2 Z_]\I/v + 0<|?|'ﬁ:“f>a

and so u = Re(g(z)) + alog|z| cannot be bounded for such z. Hence g
has an essential singularity at the origin. By the Casorati—Weierstrass
theorem, g takes on values arbitrarily close to any given complex number
on any disc of small radius. However, the equation

Re(g(z)) = u(z) —alogr

shows that the set of values will miss the points in some region with real
part large negative or large positive depending on the sign of a, and even
if a=0. Hence we have shown that the Laurent expansion has only
terms with n = 0, thereby concluding the proof of the theorem.

Although we wanted to illustrate ideas of analytic continuation in the
proof of Theorem 3.7, readers should also be aware of the following
extension and a more powerful argument used to prove both results, as
follows.

Theorem 3.9. Let U be a simply connected open set in C. Let z1,...,2,
be distinct points in U, and let U* = U — {z1,...,z,} be the open set
obtained by deleting these points. Let u be a real harmonic function on
U*. Then there exist constants ay,...,a, and an analytic function f on
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U* such that for all ze U* we have
- Z”k log|z — z¢| = Re f(2).

Proof. On each open disc W contained in U*, u is the real part of an
analytic function 4, uniquely determined up to an additive constant. We
want to determine the obstruction for u to be the real part of an analytic
function on U*, and more precisely we want to show that there exist real
constants @; and an analytic function f on U* such that

- Zak log|z — z¢| = Re f(z2).

We consider the functions Ay as above. For each W, the derivative 4,
is uniquely determined, and the collection of such functions {4’} deﬁnes
an analytic function 4’ on U*. Let y, be a small circle around z, and let

ax = —I—J A (z) dz.

2mi "

Let zo be a point in U* and let y, be a piecewise C! path in U* from z, to
a point z in U*. Let

and f(z) = J g(0) d{ + u(z).

1
— A7) —
9(z) = 4'(2) ijakz z
We claim that this last integral is independent of the path y,, and gives the
desired function. To show independence of the path, it suffices to show
that for any closed path y in U* we have j g(¢) d{ = 0. By Theorem 2.4
of Chapter IV, there are integers my such’ that Y~ >_m;y;. Then

Jg(c ) dl = Zm,J Q) dl= Zm]J {A/(C)_;Cikzk

This proves that the definition of f(z) is independent of the path y,, so f
is an analytic function on U*.
Next we claim that ax is real. Writing dz = dx+ i dy and

}d(=0.

ou . Ou

! —_ 3l
A(Z)—ax l@y

o= (2 ) i (2 - 2
JA(z)dz—J(axdx+aydy +i axdy 6ydx'

we get
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The first integral over the circle is 0 because it is [ du over the circle, i.e. it
is the integral of grad u, which has a potential function u. The second
integral is pure imaginary, and dividing by 2zi yields a real number, as
desired.

Finally we want to prove that Re f(z) = u(z) — 3" ay log|z — z|. Let
W be a disc in U* containing zy. We prove the above relation first for
ze W. We can take the path y, to be contained in W. We then write the
integral defining f(z) as a sum of two integrals, to get

Re f(z) = Re J Ay (0) d + u(zo) — Z Re ai log(z — z)
3

z

=u(z) - Zak log|z — z|.
Finally we use the following lemma to conclude the proof.

Lemma 3.10. Let U be a connected open set. Let u be harmonic on U,
and f analytic on U. If u=Re(f) on some open disc contained in U,
then u=Re(f) on U.

Proof. Let V be the union of all open subsets of U where u = Re(f).
Then V is not empty and is open. We need only show that ¥V is closed in
U. Let {z,} be a sequence of points in ¥ converging to a point w e U.
Let D be a small open disc centered at w and contained in U, such that
u = Re(g) for some analytic function g on D. Then D contains infinitely
many z,, and f, g have the same real part in a neighborhood of such z,.
Hence f —g is a pure imaginary constant on such a neighborhood,
whence on D. Therefore u=Re(f) on D, so D=V, weV, and V is
closed in U, which proves the lemma.

Remark 1. We have encountered two similar situations with appli-
cations of Theorem 2.4 of Chapter IV, namely holomorphic functions and
harmonic functions. In Appendix 6, we shall meet a third similar situation
with locally integrable vector fields.

Remark 2. One could delete disjoint discs from U instead of points.
The conclusion and proof of the theorem are valid. With this more
general assumption, the result then includes Theorem 3.7 as a special case.

Vill, §3. EXERCISES

1. The Gauss theorem (a variation of Green’s theorem) can be stated as follows.
Let y be a closed piecewise C' curve in an open set U, and suppose y has an
interior contained in U. Let F be a C' vector field on U. Let n be the unit
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normal vector on y. Then

JF-n:” (div F) dy dx.
Y Int(y)

Using the Gauss theorem, prove the following. Let u be a C? function on U,
harmonic on the interior Int(y). Then

J D,u=0.
y

Here D,u is the normal derivative (grad »)-n, as in Exercise 5 of §2.
Subharmonic Functions

Define a real function ¢ to be subharmonic if ¢ is of class C? (i.e. has contmuous
partial derivatives up to order 2) and

az(p az(p

The next exercise gives examples of subharmonic functions.

2. (a) Let u be real harmonic. Show that #® is subharmonic.
(b) Let u be real harmonic, u = u(x, y). Show that

(grad u)? = (grad u)-(grad u)

is subharmonic.

(c) Show that the function u(x, y) = x* 4+ y? — 1 is subharmonic.

(d) Let u;, u, be subharmonic, and ¢, ¢, positive numbers. Show that
¢i1Uy + c,u, is subharmonic.

3. Let ¢ be subharmonic on an open set containing a closed disc of radius r
centered at a point a. For r <r, let

2n
h(r) = f ola+ re“’)ﬁ.
2n

0o

Show that h(r) is increasing as a function of r. [Hint: Let u(r, 0) = ¢(a + re®).

Then
d, ¥ 8 [ du\do
ra(rh(r))—Jo ra(r5>ﬂ.

Use the expression for A in polar coordinates, and the fact that the integral of
8*u/06% is 0 to show that rk (r) is weakly increasing. Since r#'(r) = 0 for r = 0,
it follows that r#'(r) 20, so #(r) 2 0.]
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4. Using Exercise 3, or any other way, prove the inequality

2n . de
pla) £ J pla+re?y=—=  for every r.
0 2n

5. Suppose that ¢ is defined on an open set U and is subharmonic on U. Prove
the maximum principle, that no point ae U can be a strict maximum for ¢,
1.e. that for every disc of radius r centered at a with r sufficiently small, we
have

¢(a) £ max ¢(z) for |z—a|=r

6. Let ¢ be subharmonic on an open set U. Assume that the closure U is

compact, and that ¢ extends to a continuous function on U. Show that a
maximum for ¢ occurs on the boundary.

7. Let U be a bounded open set. Let u, v be continuous functions on U such
that u is harmonic on U, v is subharmonic on U, and u = v on the boundary
of U. Show that v <u on U. Thus a subharmonic function lies below the
harmonic function having the same boundary value, whence its name.

Remarks. We gave a definition of subharmonic functions which would
exhibit a number of properties rapidly, emphasizing the effect of the
Laplace operator. Actually, in some of the most important applications,
our definition is too strong, and one defines a function u to be sub-
harmonic if it is upper semicontinuous, allowing —oo as a value (with
—w < c¢ for all real numbers c), and if u satisfies the maximum principle
locally in the neighborhood of every point. For a wide class of con-
nected open sets U, not necessarily simply connected, one proves the
existence of a harmonic function on U having given boundary value
(satisfying suitable integrability conditions) by taking the sup of the sub-
harmonic functions having this boundary value. Taking the sup of two
functions does not preserve differentiability but it preserves continuity at
a point, so just for that reason (among others), one has more flexibility in
dealing with subharmonic functions rather than harmonic functions. For
a systematic treatment using this approach, see [Ah 66] and [Fi 83],
especially Chapter 1, §3 and §4.

The exercises on subharmonic functions will also be found worked
out in [StW 71].

VIIl, §4. THE POISSON FORMULA

In this section, we express an analytic function in terms of its real part.
We first prove the formula in a rather ad hoc way. After Theorem 4.2, we
shall make some comments explaining more about the structure of the
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formula. Some readers might prefer to look at these comments first, or
simultaneously. We start with an identity for z = x + iy = re'’:

l+z 1-r2 1-r2
1—-z 1-2x+r2 1-2rcosg+r2

(1) Re

Define the Poisson kernel Pz, for 0 <r < R by

1 R -2

Pri(0) =5 B R s 65 2

This is a real periodic function of §. From (1) one shows at once
that

1 Re®® +r
Prr(6) =5 Re pein—y>
Re® + re'? R2 -2

(2) Prr(p—06) =Re Re® —re#  R?—2rRcos(6—¢) + 72

Theorem 4.1. Let f be holomorphic on the closed disc Dg. Let z € Dy.
Then

Re® +z dO

f@) = f S(Re") Re g .

Proof. Write z=re®. Let Cg denote the circle of radius R,
parametrized by { = Re®, d{ = i Re”® d6. Then by Cauchy’s theorem,

Re® 4o

rﬂ) :0

-l f(C)

2mi ¢, ¢

—re®2n

On the other hand, let w = R%/Z = (R?/r)e'*. Then (> f(O/( —w) is
holomorphic on Dy so

...L f(C) dc j f(R 10) 10

2ni C,C—-

10 de

Re® 21’

Subtract and collect terms. The desired identity comes directly from

(2).
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Let us decompose f into its real and imaginary part, so

f=u+iv with u = Re f.

Then the integral expression of the theorem gives separately an integral
expression for both u and v. For the real part, we thus get

2n . Re® + z dO
- R i0
u(z) L u(Re*) Re R~ 390

In particular, for f itself, we get:

Theorem 4.2. Let [ be holomorphic on the closed disc Dy, then there is
a real constant K such that for all z € Dy we have

27 Re® + z do
- i K
f(2) L Re f(Re )R B 221r+l ,

Proof. The right-hand side is analytic in z. One can see this either by
applying Theorem 7.7 of Chapter III, or by differentiating under the
integral sign using Theorem A3 of §6, which justifies such differentiation.
By Theorem 4.1, the right-hand side and the left-hand side, namely f,
have the same real part. As we saw in Lemma 3.2, this implies that the
right-hand side and the left-hand side differ by a pure imaginary constant,
as was to be shown.

Remark. In Theorem 3.1 we proved the existence of an analytic func-
tion having a given real part, say on a disc. Theorem 4.2 gives an
explicit expression for this analytic function, useful to estimate both the
function and its real part. Applications will be given in exercises.

The Poisson Integral as a Convolution

We shall now comment on the expression which occurs in the integral of
Theorem 4.1, the Poisson kernel.

Given two periodic functions g,/ one defines their convolution g * by
the integral

2n 2n
(g% h)(p) = L g(O)h(p — 0) d6 = L 4(p — O)h(6) d.

If g is an even function, that is g(—6) = g(6) for all 6, then we can write
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this integral in the form
2n
(a+(e) = | "a(6 - p)h(0) .
Then the integral of Theorem 4.1 is seen to be a convolution, namely

f(z) =f(re®) = (Pr, xh)(9),

where h(6) = f(Re®). This type of convolution integral and more of its
properties will appear again in the next section.

Remarks. Suppose we are given a continuous function g on the unit
circle. We can define its Cauchy transform

1 9(0)
h(z) = hy(z) = i J; cTde,
so that h is holomorphic on the unit disc. Cases of all types can occur
when h does not extend to a continuous function on C, when h does
extend to a continuous function on C but this continuous function is
different from g, and when finally this continuous function is g itself, We
now give some examples.

Examples. Let g({) = {" when n is an integer = 0. Then
h(z) = z"

by Cauchy’s theorem. On the other hand, if n is a positive integer, and
g({) = ™", then from the expansion
o
4

we see that h = 0. More generally, we can form series

1 o0
=9 &

k=0

1
Cn+1

0

g@) =Y al",

—0

subject to suitable convergence to obtain more general functions. If g is
an arbitrary continuous function on the circle, with { = ¢, then g has a
Fourier series as above, and the elementary theory of Fourier series
implies that ) |a,|* converges. Because of the Schwarz inequality, one
can integrate term by term, and the above example with negative powers
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of { shows that under the Cauchy transform, all the negative terms
disappear, and the corresponding holomorphic function 4 is given by the
series

h(z) = 20 a,z".

If negative terms were present in the Fourier expansion of g, then cer-
tainly a continuous extension of h to the circle is not equal to g.

On the other hand, if we pick z outside the unit circle, then under the
Cauchy transform, the positive terms of the Fourier expansion will vanish
rather than the negative terms.

The Cauchy transform actually defines two holomorphic functions: one
on the unit disc, and one outside the unit disc. When f is holomorphic
on the closed unit disc, Theorem 4.1 and 4.2 show how they patch
together to give rise to an integral expression for f in terms of what
could be called the Poisson transform (the integral in Theorem 4.2), which
will be reconsidered from another point of view in the next section.

We now give an example of a continuous function on the unit circle
whose Cauchy transform cannot be extended by continuity, say to the
point 1. We let

g(e) = for 0<8@<n/4

log(1/6)

We extend this function of 6 linearly between n/4 and = so that at 6 ==
the function is 0; and we extend the function by periodicity for other
values of 6. We leave it to the reader to verify that as z — 1, z real, the
Cauchy transform tends to infinity.

Viil, §4. EXERCISES
1. Give another proof for Theorem 4.1 as follows. First by Cauchy’s theorem,

_ 1 Q)
O =7 CRTdC-

Let g be the automorphism of the disc which interchanges 0 and z. Apply the
above formula to the function f og instead of f, and change variables in the
integral, with w = g({), { = g~'(w).

2. Define

1 R2-p2
Pr,r(6) = 27 R? — 2Rr cos 0 + r?

for0<r<R.



276 HARMONIC FUNCTIONS [VIIL, §5]

Prove the inequalities

R—r R+r
< — <
= 2nPg (0 —¢) < R

—r
for0<r<R.

3. Let f be analytic on the closed disc D(a, R) and let u = Re(f). Assume that
u = 0. Show that for 0 £r < R we have

-r : R+r
u(e) € ula +re®) <

T R ru(a).

After you have read the next section, you will see that this inequality holds
also if u= _0 is harmonic on the disc, with a continuous extension to the
closed disc D(a, R).

4. Let {u,} be a sequence of harmonic functions on the open disc. If it converges
uniformly on compact subsets of the disc, then the limit is harmonic.

VIil, §5. CONSTRUCTION OF HARMONIC FUNCTIONS

Let U be a simply connected open set with smooth boundary. By the
Riemann mapping theorem, there is an analytic isomorphism of U with
the unit disc, extending to a continuous isomorphism at the boundary.
To construct a harmonic function on U with prescribed boundary value,
it suffices therefore to do so for the disc.

In this case, we use the method of Dirac sequences, or rather Dirac
families. We recall what that means. We shall deal with periodic func-
tions of period 2n in the sequel, so we make that assumption from the
beginning. By a Dirac sequence we shall mean a sequence of functions
{K,} of a real variable, periodic of period 27, real valued, satisfying the
following properties.

DIR 1. We have K,(t) = 0 for all n and all x.
DIR 2. Each K, is continuous, and

-d T
J K,+ J K, <e
- o

Condition DIR 2 means that the area under the curve y = K, (t) is
equal to 1. Condition DIR 3 means that this area is concentrated near 0
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if n is taken sufficiently large. Thus a family {K,} as above looks like
Fig. 16.

Figure 16

The functions {K,} have a peak near 0. In the applications, it is also
true that the functions K, are even, that is, K,(—x)= K,(x), but we
won’t need this.

If f is any periodic function, we define the convolution with K, to be

Julx) = K, x f(x) = Jtz fOK,(x — 1) dt.

Theorem 5.1. Let f be continuous periodic. Then the sequence {K,* f}
converges to f uniformly.

Proof. Changing variables, we have

Julx) = f " flx — K, (1) dt.

On the other hand, by DIR 2,
Jf(x) =f(x)r K,(t) dt = f Fx)K,(t) dt.

4

Hence

£:69 = 19 = f " L 0 f91K 0 dr.
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By the compactness of the circle, and the uniform continuity of f, we
conclude that given € there is & such that whenever |t| < 6 we have

lfx —1) — f(x)| <€

for all x. Let B be a bound for f. Then we select N such that if n = N,

We have

-é é n
|fulx) = f(X)| = J_ + Lj + L Lf(x — 1) = f()| K, (1) dt.

To estimate the first and third integral, we use the given bound B for f
so that |f(x — t) — f(x)| < 2B. We obtain

-8 n -é n
f +j | f(x — 1) — f(X)| K,(2) dt__<_ZBf +J K, (1) dt <e
-n d -z é

For the integral in the middle, we have the estimate

J‘b |flx — 8 = fO)IK,(0) dt = r €K, = Jﬂ €K, se
-8 o

-n

This proves our theorem.

We leave it as an exercise to prove that if K, is of class C!, then

d dK,
K+ ) = ( dx)*f-

This is merely differentiating under the integral sign.
We shall work with polar coordinates r, 6. It is an exercise to see that
the Laplace operator can be put in polar coordinates by

A= £2+ iz—ﬁ+li+laz
~\ox dy) orr " ror r?o6*

It was convenient to formulate the general Dirac property for sequences,
but we shall work here with families, indexed by r with 0 <r <1 and r
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tending to 1, rather than » tending to infinity. We define the Poisson
kernel as
1 & )
P(§) = — Ikl ikt
0)=5- Y re

k=-o

The series is absolutely convergent, and uniformly so, dominated by a
geometric series, if r stays away from 1. Simple trigonometric identities
show that

1 1-r?

(+) R(e)=ﬂ1—2rcos9+r2'

The smallest value of the denominator occurs when cos § =1, and we
therefore see that

DIR 1. P((6)=0 forallr, 6

Integrating the series term by term yields

DIR 2. f P(0)do = 1.

This follows immediately from the values:

. 0 ifk#0
iké _ ?
f ¢ de_{27r if k= 0.

-

Finally, we have the third condition:

DIR 3. Given € and ¢ there exists ry, 0 < r, < 1, such that if

ro<r<l,

-0 T
J P,+J P<e
- 4

This is easily seen as follows. Consider for definiteness the interval
[6, m]. Then on that interval,

then

1—2rcos@+r*=1-—2cosé+r

As r — 1, the right side approaches 2 — 2cosd > 0, so there exists b > 0
and r; such that if r, <r < 1 then

1—2rcos@+r>=h.
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" "] —r? 7
P do= o < -(1 —r?).
| panz |5 sta -

Since 1 — 2 - 0 as r — 1, the desired estimate of DIR 3 follows.

Hence

Thus we view {P,} as a Dirac family, with r — 1. We let f, =P, x f
and write f(r,0) = f,(6). Then f,(0) is a function on the open disc.
Theorem 5.1 yields:

f(6)— f(6)  uniformly as r— 1.

Theorem 5.2. Let f be a real valued continuous function, periodic of
period 2n. Then there exists a function u, continuous on the closed disc
and harmonic on the open disc, such that u = f on the circle, in other
words u(l, 6) = f(0). This function is uniquely determined, and

u(r, 0) = £,(6) = E = f(6).

Proof. The Laplace operator in polar coordinates can be applied to
P(0), differentiating the series term by term, which is obviously allowable.
If you do this, you will find that

)+ (5) w0
Thus AP = 0, where P denotes the function of two variables,
P(r, 6) = P(6).
Differentiating under the integral sign, we then obtain
A((R*£)(0)) = (AR () + f = 0.

We view the original periodic function f as a boundary value on the
circle. The function

u(r, 6) = £,(0) = P.x f(0)

is defined by convolution for 0 <r < 1, and by continuity for r =1 by
Theorem 5.1. This yields the existence of a harmonic function u having
the prescribed value f on the circle. Uniqueness was proved in Theorem
1.3.
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Remark. Theorem 5.2 gives an alternative proof of Theorem 4.1.

In many applications, e.g. physical applications, but even theoretical
ones, it is not convenient to assume that the boundary value function is
continuous. One should allow for at least a finite number of discon-
tinuities, although still assuming that the function is bounded. In that
case, an analysis of the proof shows that as much as one would expect of
the theorem remains true, i.e. the reader will verify that the proof yields:

Theorem 5.3. Let f be a bounded function on the reals, piecewise
continuous, periodic of period 2n. Let S be a compact set where f is
continuous. Then the sequence {K,* f} converges uniformly to f on S.
The function

u(r, 0) = £,(6) = £+ f(6)

is harmonic on the open disc 0 <r<1and 0 £ 60 £ 2=

Not only can we prove the existence of a harmonic function having a
prescribed boundary value as in Theorem 5.2, but we can also prove
directly the existence of an analytic function having this boundary value
for its real part by using the Poisson integral formula as the definition.
Nothing is asserted about the imaginary part, and the example given at
the end of §4 shows that the analytic function need not itself extend by
continuity to the boundary.

Theorem 5.4. Let u be continuous on the closed unit disc D, and har-
monic on the disc D. Then there exists an analytic function f on D such
that u = Re f, and two such functions differ by a pure imaginary con-
stant. In fact,

1 {+z2 dc

fe) = i CZ‘_—Z‘“(C)f+ iK,

where C is the unit circle and K is a real constant.

Proof. The function f defined by the above integral is analytic on D by
Theorem A3 of §6. We have to identify its real part with u. But the
integrand is merely another expression for the convolution of the Poisson
kernel with u. Indeed, the reader will easily verify that if z = re® is the
polar expression for z, then

1 e"+z 1 1-r
R(9~‘)=ERee"‘—z=ﬂ1—2rcos(6—t)+r2'
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The unit circle is parametrized by { = e", d{ = e"idt, and so the expres-
sion for the real part of f can also be written

1 n it .
Ref=— | ReSTZuetdr,
2 J_, e'—z

which is the convolution integral. Applying Theorem 5.1 shows that the
real part Re f on D extends continuously to the boundary and that its
boundary value is precisely u. The uniqueness of harmonic functions
with given boundary value shows that the real part of f is also equal to
u on the interior, as was to be shown.

The integral expression of Theorem 5.4 gives a bound for f in terms
of its real part and f(0). Such a bound can be obtained in a simpler
manner just using the maximum modulus principle, and we shall give
this other proof in §3 of Chapter XII.

We shall now give an application of the construction of a harmonic
function with given boundary value.

Theorem 5.5. Let u be continuous on an open set U. Suppose that u
satisfies the mean value property locally at every point of U, that is for
zo € U and r sufficiently small,

27

0, d0
u(zg) = Jo u(zo +re B)E.

Then u is harmonic on U.

Proof. We first prove that u satisfies the maximum principle locally.
Suppose u(z) = u(zo + re'®) for all r with 0 <r <r,. Then u is locally
constant at z,. Indeed, suppose that u(z,) < u(z,) for some point z; on
the circle of radius r. Then u(z) < u(z,) — ¢, for some ¢ >0 and all z
sufficiently close to z, on the circle. It then follows that the above
integral is < u(z,), a contradiction. This proves the local maximum prin-
ciple, and similarly the local minimum principle.

Now to prove that u is harmonic, let z, € U, and pick r, sufficiently
small so that the mean value property holds with 0 <r <r,. Let u, be
the harmonic function on the disc D(z,,r,) having the given boundary
value u on the circle of radius ry around zj, as guaranteed by Theorem
5.4. Then u —u, has boundary value 0, and satisfies the mean value
property at every point of D(z,, 7,). Hence u — u; has both its maximum
and minimum on the boundary, so u —u; =0 and u = u,, thus proving
the theorem.
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VIII, §5. EXERCISES

One can also consider Dirac sequences or families over the whole real line. We
use a notation which will fit a specific application. For each y > 0 suppose given
a continuous function F, on the real line, satisfying the following conditions:

DIR1l. P

y

(t) = 0 for all y, and all real t.

DIR 2. J P(f)dt=1.

—C

DIR 3. Given ¢, 0 there exists y, > 0 such that if 0 <y < y,, then

- @
J + j P(t)dt <e.
=~ s

We call {P,} a Dirac family again, for y » 0. Prove:

L. Let f be continuous on R, and bounded. Define the convolution P, f by

@

B f(x) = J Bx — 0f() dt.

—

Prove that F, * f(x) converges to f(x) as y —0 for each x where f is continuous.
The proof should also apply to the case when f is bounded, and continu-
ous except at a finite number of points, etc.
2. Let
1y

Pt)=-—2—
® nt: + )2

y

for y>0.

Prove that {P,} is a Dirac family. It is called the Poisson family for the upper
half plane, and it is classical.

3. Define for all real x and y > 0:
F(x, y) = B, * f(x).

Prove that F is harmonic. In fact, show that the Laplace operator

a\?* [8)\?
& &)
vy
(t—x)P +y?

applied to

yields O.
You will have to differentiate under an integral sign, with the integral being
taken over the real line. You can handle this in two ways.
(i) Work formally and assume everything is OK.
(i) Justify all the steps. In this case, you have to use a lemma like Theorem
A4 of §6.
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The above procedure shows how to construct a harmonic function on the
upper half plane, with given boundary value, just as was done for the disc in the
text.

4. Let u be a bounded continuous function on the closure of the upper half plane
(ie. on the upper half plane and on the real line). Assume also that u is
harmonic on the upper half plane, and that there are constants ¢ >0 and
K > 0 such that

1
|u()] £ KW for all |¢| sufficiently large.
Using the Dirac family of the preceding exercise, prove that there exists an
analytic function f on the upper half plane whose real part is u. [Hint: Recall
the integral formula of Exercise 23 of Chapter VI, §1).]

Remark. If u is not bounded, then the conclusion need not hold, as shown by
the function u(x,y) =y, which has boundary value 0 on the real line.

Let u be a continuous function on an open set U. We say that u satisfies the
circle mean value property at a point zg e U if

2n
u(Zo) = 517;J0 u(Zo + reio) deo

for all r > 0 sufficiently small (so that in particular the disc D(z, r) is contained in
U). We say that u satisfies the disc mean value property at a point zy € U if

1
u(zp) = ;ﬁjj- u dx dy,

D(zo,r)

for all r > 0O sufficiently small. We say that the function satisfies the mean value
property (either one) on U if it satisfies this mean value property at every point of
U. By Theorem 3.3 and Theorem 5.5 we know that u is harmonic if and only if u
satisfies the circle mean value property.

5. Prove that u is harmonic if and only if u satisfies the disc mean value property
on U.

6. Let H™ be the upper half plane. For ze H* define the function

hz(c)=~1~(% ‘) for e H*.

2mi —z_C—z‘

Then h; is analytic on H* except for a simple pole at z. Let f be an analytic
function on H+ UR (i.e. on the closure of the upper half plane, meaning on an
open set containing this closure). Suppose that f is bounded on H* UR. Prove
that

jw FOht) dt =1(2).

—0
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This is the analogue of Theorem 4.1 for the upper half plane. [Hint: Integrate
over the standard region from the calculus of residues, namely over the interval
[-R, R] and over the semicircle of radius R.]

7. In Exercise 6, consider the case z =1i. Let

z—1i w1
W=— S0 z= —i
z+1 w-—1

be the standard isomorphisms between the upper half plane and the unit disc D.
Show that
1
(._, - L_) =2
z—1 z+i w

In light of Exercise 1, this shows that the kernel function in Exercise 2 cor-
responds to the Poisson kernel under the isomorphism between H* and D.

8. Let x =rcosf, y=rsin 8 be the formulas for the polar coordinates. Let
f(x,y)=f(rcos 8, rsin @) =g(r, 0).

Show that

g 1og 1% & &
o9 1og 109 _0of 07

o2 ror rRagr ox: | oy
For the proof, start with the formulas
dg . g ,
5::(D,f)cos()+(D2f)sm0 and %::—(le)rsm0+(D2f)rcos0,

and take further derivatives with respect to r and with respect to 8, using the
rule for derivative of a product, together with the chain rule. Then add the
expression you obtain to form the left-hand side of the relation you are
supposed to prove. There should be enough cancellation on the right-hand side
to prove the desired relation.

9. (a) Fort>0,let

1
K(t, x) = K,(x) = ——e %M,
4t

Prove that {K,} for t >0 is a Dirac family indexed by ¢, and t -0
instead of n — 00. One calls K the heat kernel.

(b) Let D =(8/0x)* — 8/0t. Then D is called the heat operator (just as we
defined a Laplace operator A). Show that DK = 0. (This is the analogue
of the statement that AP = 0 if P is the Poisson kernel.)

(c) Let f be a piecewise continuous bounded function on R. Let F(t, x) =
(K, * f)(x). Show that DF = 0, i.e. F satisfies the heat equation.
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VIIl, §6. APPENDIX. DIFFERENTIATING UNDER
THE INTEGRAL SIGN

In this section, we used theorems of basic real analysis. We shall give here
proofs in special cases which are sufficient for the applications we make
here. We do this for the convenience of the reader. See Chapter XV, §1
for a version specific to complex situations. We first deal with continuity,
then with differentiability.

Theorem Al. Let f be a continuous function of two variables, f = f(x,y)
with x, y in finite intervals, x € |a, b| and y € [c, d]. Let

d
9(x) = j £, %) dt.

c

Then g is continuous.

Proof. Since the rectangle [a, b] X [c, d] is compact, f is uniformly
continuous on this rectangle. For x, x’ € [a, b], we have

d
909 — () 5 [ 1706 5) =10, ).

By uniform continuity, given e there exists § such that if |x — x| < then
|f(t, x) —f(#',x)] < € for all ye|c, d]. Hence

lg(x) —g(x")| < e(d - )
which concludes the proof.

Next we deal with an infinite interval, but still consider continuity.

Theorem A2. Let f be a continuous function of two variables (t, x)
defined for t = a and x in some compact set of numbers S. Assume that
the integral

© B
L f(t,x) dt = ;5130 L f(t, x) dt

converges uniformly for xe€ S. Let
Q0

g(x) = j £t %) de.

a

Then g is continuous.
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Proof. For given x €S we have
[e¢]

gx+h) - g(x) = Jw £t x+h) di - J £(t, %) dt

a a

- Jw (F(t,x+h) £ (1,%)) dt.

a

Given ¢, select B such that for all y e S we have

<€

[ rwna

B

Then

B
obx+h) - 9| =| | (70 v+ ~10, ) d

a

+ +

Joof(t,x+h)dt

B

rf(t, x) dt

B

We know that f is uniformly continuous on the compact set [a, B] x S.
Hence there exists 0 such that whenever |A| <J we have

[f(t, x+h) -1 (1, x)| < €/B.

The first integral on the right is then estimated by Be/B =e¢. The other
two are estimated each by ¢, so we have a 3e-proof for the theorem.

We shall now prove special cases of the theorem concerning differen-
tiation under the integral sign which are sufficient for our applications.
They may be called the absolutely convergent cases.

For a function f of two variables, we let D,f and D, f be the partial
derivatives of f with respect to the first and second variable respectively.

Theorem A3. Let f(t, x) be defined for a <t < b and x € U (either an
interval for the real variable case, or an open set in C for the case of
complex x). Suppose f and D,f defined and continuous. Let
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Proof. We have by linearity,

b b —
w - L Dyf (1, x) dt = L [f(t’ X }2 f6x) _ Dy f (2, x)| dt.

By the mean value inequality (see below),

‘f(t, X+ h}i T ACE P

< sup |Da2f (2, w) — Do f (2, x)|

where the sup is taken for all w on the segment from x to x + 4. Let S(h)
be a closed interval or closed disc of radius |#| centered at x, and
contained in U. By the uniform continuity of D;f on compact sets, the
right side approaches 0 as # — 0, uniformly for ¢ € [a, b]. The conclusion
of the theorem follows at once.

Theorem A4. Let f be a function of two variables (t, x) defined for t = a
and x either in a finite interval [c, d], or on some open set U in C.
Assume that D, f exists, and that both f and D, f are continuous. Assume
that there are functions ¢(t) and y(t) which are 20, such that

lf(6, x) ()  and  |D2f(t, x)| S Y(1),

for all t, x, and such that the integrals
J p(H)dt  and J V(t) dt

converge. Let

Then g is differentiable, and

o]

Dg(x) = J Dy f(t, x) dt.

a

Proof. Let S = [c, d], or S = closed disc centered at x and contained in
U. We have

glx+h) —g(x) Jw

h sz(t, x) dt

©
éj
a

f(t’ x+h) _f(ta x)
h

—Dyf(t, x)| dt.
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Select B so large that

JOO Y(t) dt <e.

B

Then we estimate our expression by

© B ©
[=L+)
a a B
Since D,f is uniformly continuous on [a, B] X S we can find J such that
whenever |4 <4,

sup|D2f (¢, w) = Daf (4, 0] <

where the sup is taken for w on the segment between x and x+ A. The
integral between a and B is then bounded by e. The integral between B
and oo is bounded by 2e¢ because

SuplDZf(t7 W) - DZf(t7 X)| = 2‘»0([)

This proves our theorem.

Remark. In the above proof, we used the mean value theorem in its
manifestation as a mean value inequality. We recall briefly how it is
proved.

For a continuously differentiable function f on some open U, a point
x € U such that the interval between x and x + A is contained in U, we
have the exact relation

1
f(x+h)—f(x) =J %f(x+th) dt,

0

and hence the estimate

IJlf’(x—f-th) dt| < |h| suo|f'(x + th)|.
0

This gives

MVT 1. |/ Ceth) = f()] = JA] sup| ' (w)],

the sup being taken over all w on the segment. Apply this estimate to the
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function g such that g(z) =f(z) — f'(x)z. Then we get

MVT 2. | Cet-h) = f(x) = f"()h] < || sup Lf'(w) =f'(x)].

After dividing by A, this is precisely the inequality we used in the previous
proofs.



PART TWO

Geometric Function Theory

This part contains three chapters which give a very strong geometric
flavor to complex analysis. These chapters are logically independent of
the third part, and continue some ideas concerning analytic isomorphisms
and harmonic functions. Thus these three chapters form one possible
natural continuation of Chapters VII and VIIL

On the other hand, the maximum modulus theorem and its applica-
tions give rise to another direction, taken up in Part Three, concerning
the rate of growth of analytic functions.

The ordering of the book fits the breakdown of courses into semesters,
not the mathematical ideas. For instance, the analytic continuation along
curves could be done immediately after the definition of the logarithm in
Chapter I, §6. This continuation relies on the same idea of homotopy
and curves close together. Similarly, the Riemann mapping theorem could
be done immediately after Chapter VII, as giving the general result in the
background of the specific mappings for simple concrete open sets iso-
morphic to the disc. However, students may prefer to get an overview of
the simpler cases first, and get to the general theorems afterward. Unfor-
tunately, a book has to be projected in a totally ordered way on the
page axis. Students should reorder the material according to their taste
and individual ways of comprehension.
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CHAPTER IX

Schwarz Reflection

Let f be an analytic function on an open set U, and let ¥ be an open
set. We shall give various criteria when f can be extended to an analytic
function on Uu V. The process of extending f in this way is called
analytic continuation. If U, V are connected, and have in common an
infinite set of points which have a point of accumulation in U n V, then
an analytic continuation of f to U u V is uniquely determined. Indeed, if
g is analytic on V and g = f on UV, then ¢ is the only such function
by Theorem 1.2 of Chapter IIL

In this chapter, we deal with the analytic continuation across a bound-
ary consisting of a real analytic arc, which will be defined precisely. We
shall deal with the continuation of harmonic functions as well as analytic
functions, following the pattern established in the last chapter.

IX, §1. SCHWARZ REFLECTION
(BY COMPLEX CONJUGATION)

First, we set some notation which will remain in force in this section.

Let U* be a connected open set in the upper half plane, and suppose
that the boundary of U* contains an open interval 1 of real numbers.
Let U™ be the reflection of U* across the real axis (i.e. the set of z
with ze U"), and as in Figure 1, let

U=UtulIuU-~.
293
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Figure 1

Theorem 1.1. Suppose throughout this section that U is open.

() If f is a function on U, analytic on U* and U~, and continuous
on I, then f is analytic on U.

(i) If fis a function on U* U, analytic on U* and continuous on I,
and f is real valued on I, then f has a unique analytic continuation
F on U, and F satisfies

F(z) = f(2).

Proof. We reduce (i1) to (i) if we define F by the above formula.
From the hypothesis that f is real valued on I, it is clear that F is
continuous at all points of I, whence on U. Furthermore, from the
power series expansion of f at some point z, in the upper half plane, it is
immediate from the formula that F is analytic on U~. There remains to
prove (i).

We consider values of z near I, and especially near some point of I.
Such values lie inside a rectangle, as shown on Fig. 2(a). This rectangle
has a boundary C = C* + C~, oriented as shown.

A

A

Y c*t 4
) >
w4

Y Cc- A

(a) (b)

Figure 2
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We define

o L[ SO
2ni Jo—z

dg,

for z inside the rectangle. Then for z not on I, we have

g(Z)=LJ+ /O dC+iJ /©) d.

27 {—z 270 Jo-(—z
Let C be the rectangle as shown on Fig. 2(b). Then for z inside C},

Cauchy’s formula gives
_ 1 Q)
fe)= i Jc: = de.

An easy continuity argument shows that taking the limit as € — 0, we get

in fact
1 f©)
f(Z)_%J‘ﬁC_ZdC,

for z inside C}, and hence inside C*. On the other hand, a similar
argument combined with Cauchy’s theorem shows that

f O 4 _o
-z

Hence g(z) = f(z) if z is in U™ near I. By continuity, we also obtain that
g(z) = f(z) if z is on I. By symmetry, the same arguments would show
that g(z) = f(z) if z is in U™, and z is near I. This proves that g(z) = f(2)
for z near I in U, and hence that g is the analytic continuation of f in
U, as was to be shown.

Next we prove the analogue for harmonic functions.

Theorem 1.2. Let v be a continuous function on U™ U I, harmonic on
U*, and equal to 0 on I. Then v extends to a harmonic function on
UtuluU-.

Proof. Define v(z) = —v(z). Then v is harmonic on U~, because the
property of being harmonic can be verified locally, and on a small disc
centered at a point z, in U¥, v is the imaginary part of an analytic
function f, so —v is the imaginary part of f, whence the definition of v
on U~ gives a harmonic function. From the hypothesis that v =0 on I,
we conclude that v is continuous on I, so v is continuous on all of U.
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There remains only to show that v is harmonic at points of I. Let x, €[,
and let D(x,,r;) be a small disc centered at x,. Since v is harmonic on U™
and U™, it satisfies the mean value property at points of U* and U~. Since
v(x;) =0, and v(Z) = —v(z), it follows at once that v also satisfies the
mean value property at x;. Hence by Theorem 5.5 of Chapter VIII, it
follows that v is harmonic in a neighborhood of x;. This proves the
theorem.

Peter Jones showed me another elegant argument which avoids the
classical use of Theorem 5.5 and runs as follows. Let D be a disc
centered at a point of a real interval I. Let v be a continuous function
on the closure of the upper half disc DT. We suppose that v is harmonic
on D%, and v=0 on the real segment. Define the function v on D~
by

v(z) = —v(2).

Then v is harmonic on D™, and since v =0 on I, it follows that v is
defined continuously on the closure of D. We have to prove that v is
harmonic on D. By the existence and uniqueness theorem, there exists a
unique harmonic function »; on D having continuous boundary value
equal to v on the boundary circle. We want to show vy =0 on the real
segment. Define v; on the closed disc by

v2(z) = —v1(2).

Then v, is continuous on the closure of D, and harmonic on D. But v,
also has the same boundary value as v;. Therefore v; = v;. From the
above equation, we conclude that

vi(x) = —vi1(x)  for x on the real segment,

whence vi(x) =0 for x on the real segment. Finally v; has the same

boundary value as v itself on the closed upper half disc, and is therefore
equal to v on this upper half disc. This concludes the proof.

Remark. Theorem 1.1 is also an immediate consequence of Theorem
1.2, and readers should be aware of both approaches, via Cauchy’s
theorem and via harmonic functions.

Next we consider cases when the analytic function may be an iso-
morphism. The next result will be applied in Theorem 2.5 to complement
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the Riemann mapping theorem in the next chapter. We let H* be the
upper half plane and H~ the lower half plane.

Proposition 1.3. Let f be an analytic function on U, real valued on I.
Assume in addition that f gives an isomorphism of U* with f(UY)c H*
and an isomorphism of U~ with f(U”) < H™. Then f is an isomorphism
of U with f(U).

Proof. We first show that f is a local isomorphism at each point of I.
After making translations, we may assume without loss of generality that
the point of I is 0, and that f(0) = 0. Let

f(2) = cz™ + higher terms, with ¢c#0and m2=1

be the power series expansion of f. Since f(I) = R, we must have c¢ real.
Since by hypothesis f(U*) =« H*, we must have ¢ > 0, as one sees by
looking at values on z = re®® with r >0 and 0 small. Then m = 1, for
otherwise, there is some 6 with 0 < 8 < « such that n < mf < 2x, contra-
dicting the hypothesis that f(U*)= H*. Hence f'(z) #0 for all ze 1,
and f is a local isomorphism at each point of I.

There remains to prove that f is injective on I. Suppose f(z,) = f(z,)
with z, #z, on I. Let ze U* be close to z,. Then f(z) is close to f(z,)
and lies in H*. But f gives an isomorphism of some disc centered at z,
with a neighborhood of f(z,), and by hypothesis, f induces an isomor-
phism of the upper half of this disc with its image in H™, so f(z) = f(z')
for some z' in the upper half of the disc, contradicting the hypothesis
that f is injective on U™*. This concludes the proof of the proposition.
Figure 3 illustrates the argument.

Figure 3

IX, §2. REFLECTION ACROSS ANALYTIC ARCS

The theorems of the preceding section apply to more general situations
which are analytically isomorphic to those of the theorems. More pre-
cisely, let ¥ be an open set in the complex numbers, and suppose that V
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is the disjoint union
V=V*tuyuV-,

where V" is open, V™ is open, and y is some curve. We suppose that
there exists an analytic isomorphism

y:U->V
such that
YU =vr Y=y, YU )=V".

The notation U = U* T u U~ is the same as at the beginning of §1.

Theorem 2.1.

(i) Given a function g on V which is analytic on V* and V™, and
continuous on v, then g is analytic on V.

(i) If g is an analytic function on V* which extends to a continuous
function on V* U7y, and is real valued on y, then g extends to an
analytic function on V.

Proof. Obvious, using successively parts (i) and (i) of the theorem,
applied to the function f = go .

A standard example of this situation occurs when V'* is an open set
on one side of an arc of the unit circle, as on Fig. 4(b). It is then useful

to remember that the map
z—1/z

interchanges the inside and outside of the unit circle.

@) (b)
Figure 4
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We can also perform an analytic continuation in the more general
situation, as in part (i) of the theorem. More generally, let us define a
curve

y:[a,b] - C

to be real analytic if for each point t, in [a, b] there exists a convergent
power series expansion

7(0) =3 an(t — &)

for all ¢ sufficiently close to t,. Using these power series, we see that y
extends to an analytic map of some open neighborhood of [a, b]. We
shall say that y is a proper analytic arc if y is injective, and if y'(f) # O for
all t e [a, b]. We leave it as an exercise to prove:

If y is a proper analytic arc, then there exists an open neighborhood W
of [a, b] such that y extends to an analytic isomorphism of W.

Let v:[a,b] - C be a proper analytic arc, which is contained in the
boundary of an open set U (in other words, the image of y is contained
in the boundary of U). We shall say that U lies on one side of y if there
exists an extension yy of y to some open neighborhood W of [a, b] as
above, such that y,*(U) lies either in the upper half plane, or in the
lower half plane and is an open neighborhood of [a, ] in that half plane.
As usual, y3}(U) is the set of points ze W such that yy(z) e U.

Let f be an analytic function on an open set U. Let y be a proper
analytic arc which is contained in the boundary of U, and such that U
lies on one side of y. We say that f has an analytic continuation across y
if there exists an open neighborhood W of y (without its end points) such
that f has an analytic continuation to U u W.

Theorem 2.2. Let f be analytic on an open set U. Let y be a proper
analytic arc which is contained in the boundary of U, and such that U
lies on one side of y. Assume that f extends to a continuous function on
Uuy (i.e. Uulmage y), and that f(y) is contained in a proper analytic
arc n, such that f(U) lies on one side of n. Then f has an analytic
continuation across 7.

Proof. There exist analytic isomorphisms

¢: W, - neighborhood of y,
¥ : W, — neighborhood of #,

where W, W, are open sets as illustrated on Fig. 4, neighborhoods of
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real intervals I, and I,, respectively. These open sets are selected suffi-
ciently small that U and f(U) lie on one side of y, #, respectively.
Define

g=ylofoo.

Then g is defined and analytic on one side of the interval I,, and is also
continuous on I; (without its end points). Furthermore g is real valued.
Hence g has an analytic continuation by Theorem 1.1 to the other side
of I,. The function

Yyogop™
f ‘
v v
N N —
. g -7
Wi W
Figure 5

then defines an analytic continuation of f on some open neighborhood of
y (without its end points), as desired.

The analytic continuation of f in Theorem 2.2 is also often called the
reflection of f across 7.

In exactly the same way, we can extend Theorem 1.2 to a harmonic
function. More precisely:

Theorem 2.3. Let v be harmonic on an open set U. Let y be a proper
analytic arc which is contained in the boundary of U, and such that U
lies on one side of y. Assume that v extends to a continuous function on
U Uy, taking the value O on y. Then v extends to a harmonic function
on some open set containing U U y.

We shall now give some applications. Let U be an open set, and let
{z,} be a sequence in U. We shall say that this sequence approaches the
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boundary of U if given a compact subset K of U there exists n, such that
z,¢ K for all n=zny. This is the most convenient definition for the
moment. Readers can convince themselves that this coincides with the
naive notion of the distance between z, and the boundary approaching 0.
For arguments showing the equivalence between the two notions, see
Lemma 2.2 of Chapter X.

For the next result, we need another definition. Let f: U -V be a
continuous map (which in practice will be analytic). We define f to be a
proper map if for every compact set K’ = V the inverse image f}(K’) is
compact. For instance, if f is an analytic isomorphism, then f is proper.
Furthermore, let m be a positive integer. The map of C — C given by
z+>z™ is proper.

Lemma 24. Let f:U—>V be a proper analytic map. If {z,} is a
sequence in U approaching the boundary of U, then {f(z,)} approaches
the boundary of V.

Proof. Given K' compact in V, let K = f7}(K’). There is some n,
such that for n > ng we have z, ¢ K, so f(z,) ¢ K’ as desired.

Example 1. Let f: U —» D be an isomorphism of an open set with the
unit disc. If {z,} is a sequence in U approaching the boundary of U,
then | f(z,)] = 1 as n— 0.

Example 2. Let f: U —> H be an isomorphism with the upper half
plane. Let {z,} be a sequence in U approaching the boundary of U.
Then {f(z,)} approaches the boundary of H, meaning that the values
f(z,) either come close to the real numbers of become arbitrary large in
absolute value, ie. |f(z,)] — 0.

Theorem 2.5. Let f:U — D be an analytic isomorphism. Let y be a
proper analytic arc contained in the boundary of U and such that U lies
on one side of y. Then f extends to an analytic isomorphism on U L.

Proof. In this proof we see the usefulness of dealing with harmonic
functions globally. Let v(z) = log|f(z)|. By Lemma 2.4, it follows that

zl—lglU v(z) =0.

Therefore v extends to a continuous function on U taking the value 0 on
y. By Theorem 2.3, v extends to a harmonic function on an open set
containing U Uy. But locally, in a neighborhood of a point of y, v is the
real part of an analytic function g, which extends analytically across y.
Choosing the imaginary constant suitably makes g an analytic con-
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tinuation of log f(z) in a neighborhood of the point. Then e? gives the
analytic continuation of f to U uy. By Proposition 1.3 (in its isomorphic
form corresponding to the analytic arc p), we conclude that the analytic
extension of f is injective on a sufficiently small open set containing U U y,
thus concluding the proof.

IX, §2. EXERCISES

1. Let C be an arc of unit circle |z] =1, and let U be an open set inside the
circle, having that arc as a piece of its boundary. If f is analytic on U if f
maps U into the upper half plane, f is continuous on C, and takes real values
on C, show that f can be continued across C by the relation

f@)= f72).

2. Suppose, on the other hand, that instead of taking real values on C, f takes
on values on the unit circle, that is,

| fz)| =1 for zonC.
Show that the analytic continuation of f across C is now given by
f2) = 1/f(1/z).

3. Let f be a function which is continuous on the closed unit disc and analytic
on the open disc. Assume that |f(z)] =1 whenever |z| =1. Show that the
function f can be extended to a meromorphic function, with at most a finite
number of poles in the whole plane.

4. Let f be a meromorphic function on the open unit disc and assume that f has
a continuous extension to the boundary circle. Assume also that f has only a
finite number of poles in the unit disc, and that |f(z)] =1 whenever |z] = 1.
Prove that f is a rational function.

5. Work out the exercise left for you in the text, that is:

Let W be an open neighborhood of a real interval [a, b]. Let g be analytic on W,
and assume that g'(t) # 0 for all t € [a, b], and g is injective on [a, b]. Then there
exists an open subset Wy of W containing |a, b] such that g is an analytic
isomorphism of Wy with its image.

[Hint: First, by compactness, show that there is some neighborhood of [a, b
on which g’ does not vanish, and so g is a local isomorphism at each point of
this neighborhood. Let {W,} be a sequence of open sets shrinking to [a, 5], for
instance the set of points at distance <1/n from [a, b]. Suppose g is not
injective on each W,. Let z, # z, be two points in W, such that g(z,) = g(z,).
The sequences {z,} and {z,} have convergent subsequences, to points on [a, b].

If these limit points are distinct, this contradicts the injectivity of g on the real
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interval. If these limit points are equal, then for large n, the points are close to
a point on the real interval, and this contradicts the fact that g is a local
isomorphism at each point of the interval.]

6. Let U be an open connected set. Let f be analytic on U, and suppose f
extends continuously to a proper analytic arc on the boundary of U, and this
extension has value 0 on the arc. Show that f =0 on U.

IX, §3. APPLICATION OF SCHWARZ REFLECTION

We begin with a relevant example of an analytic isomorphism involving
circles. Let C,, C, be two circles which intersect in two points z,, z,
and are perpendicular to each other at these points, as shown on Fig. 6.
We suppose that C, does not go through the center of C;. Let T be
inversion through C,. By Theorem 5.2, Chapter VII, T maps C, on
another circle, and preserves orthogonality. Since every point of C, is
fixed under reflection, and since given two points on C, there is exactly
one circle passing through z, and z, and perpendicular to C,, it follows
that T maps C, onto itself. A point « on C, which lies outside C, is
mapped on a point o’ again on C, but inside C,;. Thus T interchanges
the two arcs of C, lying outside and inside C,, respectively.

o = inversion of a through C,
a" = reflection of « through C,

Figure 6

For the next example, it is convenient to make a definition. Let U be
the open set bounded by three circular arcs perpendicular to the unit
circle, as on Fig. 7. We shall call U a triangle. We suppose that the
circular sides of the triangle do not pass through the center.
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Figure 7

The remark implies that the reflection of U across any one of its
“sides” is again a triangle, whose sides are circular arcs perpendicular to
the unit circle.

Take three equidistant points on the unit circle, and join them with
circular arcs perpendicular to the unit circle at these points. The region

Figure 8

bounded by these three arcs is what we have called a triangle U, as
shown on Fig. 8.

If we invert U across any one of its sides, we obtain another triangle
U'. Inverting successively such triangles, we obtain a figure such as is
illustrated in Fig. 9.
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Figure 9

Let
gU-H and h:H->U

by inverse analytic isomorphisms between the triangle U and the upper
half plane. Such isomorphisms can always be found by the Riemann
mapping theorem. Furthermore, we can always select h such that the
three vertices z,, z,, z,, are mapped on 0, 1, oo, respectively (why?). We
proved in Theorem 2.5 that g can be extended continuously to the
boundary of U, which consists of three analytic arcs. It follows that g
maps the three arcs on the intervals

[_w, 0]7 [Oa 1]9 [13 Oo]

respectively, and in particular, g is real valued on each arc.

By the Schwarz reflection principle, one may continue g analytically
across each arc. It is not difficult to show that the union of all reflec-
tions of the original triangle repeatedly as above is equal to the whole
unit disc but we omit the proof. Granting this we obtain a surjective
analytic map

g:D—->C—{0,1}.

The inverse image of every point ze C, z #0, 1 consists of a discrete
set of points in the disc. Readers acquainted with elementary topology
will realize that we have constructed the universal covering space of
C-{0,1}.

In the chapter on analytic continuation, we shall give a further appli-
cation of the above construction to prove Picard’s theorem.



CHAPTER X

The Riemann
Mapping Theorem

In this chapter we give the general proof of the Riemann mapping theo-
rem. We also prove a general result about the boundary behavior.

X, §1. STATEMENT OF THE THEOREM
The Riemann mapping theorem asserts:

Let U be a simply connected open set which is not the whole plane.
Then U is analytically isomorphic to the disc of radius 1. More pre-
cisely, given z, € U, there exists an analytic isomorphism

f:U =D, 1)

of U with the unit disc, such that f(z,) =0. Such an isomorphism is
uniquely determined up to a rotation, i.e. multiplication by e® for some
real 0, and is therefore uniquely determined by the additional condition

f'(20) > 0.

We have seen in Chapter VII, §2 that the only analytic automor-
phisms of the disc are given by the mappings

Wi el®

1 —aw

306
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where |a] <1 and ¢ is real. This makes the uniqueness statement obvi-
ous: If f, g are two analytic isomorphisms of U and D(0, 1) satisfying the
prescribed condition, then fog™ is an analytic automorphism of the
disc leaving the origin fixed and having positive derivative at the origin.
It is then clear from the above formula that fo g™ =id.

There are two main ingredients in the proof of the theorem. First, we
shall prove that there exist injective analytic maps of U into the disc,
mapping a given point z, to the origin. Furthermore, the family of such
maps is relatively compact in the sense that given a sequence in the
family, there exists a subsequence which converges uniformly on every
compact subset of U.

Second, we consider the derivative f’(z,), which is bounded in abso-
lute value. We pick a sequence {f,} in our family such that |f}(z,)|
converges to the supremum of all values |f’(z)| for f ranging in the
family. We then prove that there is some element f in the family such
that | f'(zo)| is actually equal to this supremum, which is therefore actu-
ally a maximum, and we prove that such a mapping f gives the desired
isomorphism from U to D. We reduce the proof to Theorem 1.2 of
Chapter VII, namely the Schwarz lemma for the derivative.

X, §1. EXERCISES

1. Let U be a simply connected open set. Let z;, z; be two points of U. Prove
that there exists a holomorphic automorphism f of U such that f(z)) = z,.
(Distinguish the cases when U =C and U # C.)

2. Let f(z) = 2z/(1 — z2). Show that f gives an isomorphism of the shaded region
with a half disc. Describe the effect of f on the boundary.

circle of radius /2, center 1

1+42

What is the effect of f on the reflection of the region across the y-axis?
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X, §2. COMPACT SETS IN FUNCTION SPACES

Let U be an open set. We cCenote by Hol(U) the space of holomorphic
functions on U. A subset @ of Hol(U) will be called relatively compact if
every sequence in @ has a subsequence which converges uniformly on
every compact subset of U, not necessarily to an element of @ itself.
(Note: Instead of relatively compact, one sometimes calls such subsets
normal, or normal families. The word relatively compact fits general
notions of metric spaces somewhat better.) Recall that a subset S of
complex numbers is called relatively compact if its closure is compact
(closed and bounded). Such a subset S is relatively compact if and only
if every sequence in S has a convergent subsequence. (The subsequence is
allowed to converge to a point not in S by definition.)

A subset ® of Hol(U) is said to be uniformly bounded on compact sets
in U if for each compact set K in U there exists a positive number B(K)
such that

|f@)) £B(K) forall fed, zeK.

A subset @ of Hol(U) is said to be equicontinuous on a compact set K
if, given €, there exists 6 such that if z, z’ € K and |z — 2’| < §, then

1f(z) - f(z')| < € for all fe®.

Ascoli’s theorem from real analysis states that an equicontinuous
family of continuous functions on a compact set is relatively compact.
We shall actually reprove it in the context of the next theorem.

Theorem 2.1. Let ® < Hol(U), and assume that ® is uniformly bounded
on compact sets in U. Then ® is equicontinuous on each compact set,
and is relatively compact.

Proof. After proving the equicontinuity, we shall use a diagonal
procedure to find the convergent subsequence.

Let K be compact and contained in U. Let 3r be the distance from K
to the complement of U. Let z, z’ € K and let C be the circle centered at
z' of radius 2r. Suppose that |z — z’| <r. We have

1 1 z—2z

{—z (=2 ((=-29(=2)

whence by Cauchy’s formula,

PN e S 109
SO =16 ="5 L(c—z)(c—z')dc'
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Therefore

1)~ 1) < 2~ 2|1 gy o

where the sup norm of f is taken on the compact set K(2r) consisting of
those z e U such that dist(z, K) < 2r. This proves the equicontinuity of
the family on K.

Given a sequence {f,} in ®, we now prove that there exists a sub-
sequence which converges uniformly on K by the standard proof for
Ascoli’s theorem. Let {z;} be a countable dense subset of K. For each j,
the sequence {f,(z;)} is bounded. There exists a subsequence {f,,} such
that

{fn,l(zl)}

converges. There exists a subsequence {f, ,} of {f, } such that

{fn,z(zz)}

converges. Proceeding in this manner we get subsequences f, ; such that

{f;l,j(zl)}’ ""{f;l,j(zj)}

converge. Then the diagonal subsequence {f, ,} is such that

{.j;l,ll(zj)}

converges for each j.
In fact, we now prove that {f,,} converges uniformly on K. Given ¢,

let 6 be as in the definition of equicontinuity. Then for some k, the
compact set K is contained in the union of discs

K = D(zy,6) v+ v D(z, 6).
Select N such that if m, n > N, then

|f..,,.(Z,-) — fam(zj)| < e for j=1,...,k

Let z € K. Then z € D(z;, 6) for some i, and we get

|f;x,n(z) - fm,m(z)l § 'f;l,n(z) - f;l,n(zi)l + ‘.ﬁl,n(zi) - fm,m(zi)l
+ |fm,m(zi) - fm,m(z)l'
The first and third term are < € by the definition of equicontinuity. The

middle term is < € by what was just proved. We have therefore obtained
a subsequence of the original sequence which converges uniformly on K.
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We now perform another diagonal procedure.

Lemma 2.2. There exists a sequence of compact sets K, s=1,2,...)
such that K is contained in the interior of K ., and such that the union
of all K, is U.

Proof. Let D, be the closed disc of radius s, let U be the closure of U,
and let

K, = set of points z € U n D, such that dist(z, boundary U) 2 1/s.

Then K, is contained in the interior of K,.;. For instance, K, is con-
tained in the open set of elements z € U n D,,, such that

1
dist(z, boundary U) > ——.
ist(z, boundary )>s+1

It is clear that the union of all K is equal to U. It then follows that any
compact set K is contained in some K, because the union of these open
sets covers U, and a finite number of them covers K.

Let {f,} be the original sequence in ®. There exists a subsequence
{f..1} which converges uniformly on K, then a subsequence {f, ,} which
converges uniformly on K,, and so forth. The diagonal sequence

{fon}

converges uniformly on each K,, whence on every compact set, and the
theorem is proved.

X, §2. EXERCISES

Let U be an open set, and let {K,} (s=1,2,...) be a sequence of compact
subsets of U such that K is contained in the interior of K, for all s, and the
union of the sets K, is U. For f holomorphic on U, define

o,(f) = min(1, || f]),

where || f]|, is the sup norm of f on K. Define

e 1
o) = ¥, 500

s=1

1. Prove that ¢ satisfies the triangle inequality on Hol(U), and defines a metric
on Hol(U).
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2. Prove that a sequence {f,) in Hol(U) converges uniformly on every compact
subset of U if and only if it converges for the metric o.

3. Prove that Hol(U) is complete under the metric o.

4. Prove that the map fi— f’ is a continuous map of Hol(U) into itself, for the
metric g.

5. Show that a subset of Hol(U) is relatively compact in the sense defined in the
text if and only if it is relatively compact with respect to the metric ¢ in the
usual sense, namely its closure is compact.

Using these exercises, you may then combine the fact that ® is equicontinuous
in Theorem 2.1, with the usual statement of Ascoli’s theorem, without reproving
the latter ad hoc, to conclude the proof of Theorem 2.1.

6. Let @ be the family of all analytic functions
f@=z+ a2 + a2+

on the open unit disc, such that |a,| < n for each n. Show that @ is relatively
compact.

7. Let {/,} be a sequence of analytic functions on U, uniformly bounded. Assume
that for each z € U the sequence {f,(z)} converges. Show that {f,} converges
uniformly on compact subsets of U.

X, §3. PROOF OF THE RIEMANN MAPPING THEOREM

The theorem will be proved by considering an appropriate family of
mappings, and maximizing the derivatives at one point. We first make a
reduction which makes things technically simpler later. We let D be the
unit disc D(O0, 1).

Let U be a simply connected open set # C, and let zo € U. We consider
the family of all holomorphic functions f: U — D such that f(z) =0
and such that f is injective. We shall prove that this family is not empty,
and it is uniformly bounded. We shall then prove that there exists an
element in the family for which |f’(zo)| is maximal in the family, and that
this element gives the desired isomorphism of U and D. Since the only
automorphisms of D leaving the origin fixed are rotations, we may then
rotate such f so that f’(zp) is real and positive, thus determining f
uniquely. We now carry out the program. We recall:

Lemma 3.1. Let U be an open connected set. Let f: U — C be analytic
and injective. Then f'(z) #0 for all ze U, and f is an analytic iso-

morphism of U and its image.

This is merely Theorem 6.4 of Chapter 11
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Lemma 3.2. Let U be a connected open set, and let {f,} be a sequence
of injective analytic maps of U into C which converges uniformly on
every compact subset of U. Then the limit function f is either constant
or injective.

Proof. Suppose f is not injective, so there exist two points z; # z,
in U such that

fz) =flzy) =

Let g, = f, — fu(z1). Then {g,} is a sequence which converges uniformly
to

g=r—flzy)

Since f, is assumed injective, it follows that g, has no zero on U except
at z;. Suppose that g is not identically zero, and hence not identically
zero near z, since we assumed that U is connected. Then z, is an
isolated zero of g. Let y be a small circle centered at z,. Then |g(z)| has
a lower bound # 0 on y (which is compact), and {1/g,} converges uni-
formly to 1/g on y. By the formula of Chapter VI, §1 we know that

_ _ 1 [ g.2)
0= Ordh gn = % J; an—(;j dz.

Taking the limit as n - 0 by Theorem 2.4 of Chapter III, we conclude
that ord,,g = 0 also, a contradiction which proves the lemma.

We now come to the main proof. We first make a reduction. We can
always find some isomorphism of U with an open subset of the disc. To

see this, we use the assumption that there exists some point « € C and
a ¢ U. Since U is simply connected, there exists a determination

g(z) = log(z — a)
for z € U which is analytic on U. This function g is injective, for
g(z)) =g(z;) = eV =e%D = z —g=z,-q,
whence z, = z,. If g takes on some value g(z,), then

9(2) # g(zo) + 2mi

for all ze U, as one sees again by exponentiating. We claim that there
exists a disc around g(z,) + 2ni such that g takes on no value in this
disc. Otherwise, there is a sequence w,€ U such that g(w,) approaches
9(zo) + 2mi, and exponentiating shows that w, approaches z,, so g(w,)
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approaches g(z,), a contradiction. Hence the function

1
g(z) — g(zo) — 2mi

is bounded on U, and is analytic injective. By a translation and multipli-
cation by a small positive real number, we may then obtain a function f
such that f(z,) =0 and |f(z)] < 1 for all ze U. This function f is injec-
tive, and so an isomorphism of U onto an open subset of the disc.

To prove the Riemann mapping theorem, we may now assume with-
out loss of generality that U is an open subset of D and contains the
origin. Let ® be the family of all injective analytic maps

f:U->D

such that f(0) = 0. This family is not empty, as it contains the identity.
Furthermore, the absolute values |f'(0)] for f e ® are bounded. This is
obvious from Cauchy’s formula

f©

N2

27if'(0) = J‘
and the uniform boundedness of the functions f, on some small closed
disc centered at the origin. The integral is taken along the circle bound-
ing the disc.

Let A be the least upper bound of |f'(0)| for fe®. Let {f,} be a

sequence in ® such that |f;(0)| - 4. Picking a subsequence if necessary,
Theorem 2.1 implies that we can find a limit function f such that

Lf'©O)] = 4,

and |f(z)| €1 for all ze U. Lemma 3.2 tells us that f is injective, and
the maximum modulus principle tells us that in fact,

1fliz)) <1 forall zeU.

Therefore f € ®, and |f'(0)| is maximal in the family ®. The next result
concludes the proof of the Riemann mapping theorem.

Theorem 3.3. Let fe® be such that |f'(0)] = |g'(0)] for all ge®.
Then f is an analytic isomorphism of U with the disc.

Proof. The Schwarz lemma for the derivative, Theorem 1.2 of Chapter
VII, provides an essential case of the present theorem, and we reduce the
proof to that case. All we have to prove is that f is surjective. Suppose
not. Let a € D be outside the image of f. Let T be an automorphism of
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the disc such that T'(«) = 0 (for instance, T(z) = (« — z)/(1 — &z), but the
particular shape is irrelevant here). Then T o f is an isomorphism of U
onto an open subset of D which does not contain 0, and is simply
connected since U is simply connected. We can therefore define a square
root function on T(f(U)), for instance we can define

VT(f(@) = exp(3log T(f(z)))  for zeU.

Note that the map
2 /T(f(z)) for zeU

is injective, because if z;, z, are two elements of U at which the map
takes the same value, then Tf(z,) = Tf(z,), whence f(z,) = f(z,) because
T is injective, and z; = z, because f is injective. Furthermore /T (f(U))
is contained in D, and does not contain O.

Let R be an automorphism of D which sends /7T (f(0)) to 0. Then

g: 2> R(/Tf(2))

is an injective map of U into D such that g(0) =0, so ge ®. It suffices
to prove that |g’(0)] > |f'(0)] to finish the proof. But if we let S be the
square function, and we let

o(w) = T"H(S(R™1(W))),
then

@ = o(g(2)).

Furthermore, ¢: D —» D is a map of D into itself, such that ¢(0) = 0, and
¢ is not injective because of the square function S. By Theorem 1.2 of
Chapter VII (the complement to the Schwarz lemma), we know that
lo’(0)] < 1. But

f'0) = ¢'(0)g'(0),

so 1g'(0)] > | f'(0)|, contradicting our assumption that |f'(0)| is maximal.
This concludes the proof.

X, §4. BEHAVIOR AT THE BOUNDARY

In Chapter IX, Theorem 2.5, we have seen that the Riemann mapping
function extends analytically to a proper analytic arc on the boundary.
This result is sufficient for ail the applications I know of, but it may be
of interest for its own sake to consider the more general situation, so I
include a proof of the continuous extension to more general boundaries,
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basically due to Lindelof and Koebe. This section should normally be
omitted from a course, but provides further reading in analytic tech-
niques.

We investigate the extent to which an isomorphism

f:U->D

of U with the disc can be extended by continuity to the boundary of U.
There is a standard picture which shows the type of difficulty (impossi-
bility) which can happen if the boundary is too complicated. In Fig. 1,
the open set U consists of the interior of the rectangle, from which
vertical segments as shown are deleted. These segments have their base
point at 1/n for n=1, 2, .... It can be shown that for such an open set
U there is no way to extend the Riemann mapping function by continu-
ity to the origin, which in some sense is “inaccessible”.

I

Figure 1

On the other hand, we shall now prove that the mapping can so be
extended under more general conditions than before.

Throughout this section, the word curve will mean continuous curve.
No further smoothness is needed, and in fact it is useful to have the
flexibility of continuity to work with

a=7y(b)

Figure 2
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Let U be an open set, and « a boundary point. We say that o is
accessible if given a sequence of points z, € U such that lim z, = o, there
exists a continuous curve

y:[a,b] - C

such that y(b) =, y(t)e U for all ¢t # b, and there exist t, € [a, b] such
that y(¢,) = z, (in other words, the curve passes through the given se-
quence), and a <t, <t, <, lim t, =b. Note that the curve lies en-
tirely in U except for its end point.

Theorem 4.1, Let U be simply connected and bounded, and let
f:U-D

be an isomorphism with the disc. If a is an accessible boundary point of
U, then
lim f(z)

z—a
exists for z € U, and lies on the unit circle.

Proof. Suppose not. Then there exists a sequence {z,} in U tending
to o, but {f(z,)} has no limit. We find a curve y as in the definition of
accessibility.

Lemma 4.2.

lim|f(y())] = 1.

t—b

Proof. Suppose not. Given e there exists a sequence of increasing
numbers s, such that |f(y(ss))] <1—¢ and taking a subsequence if
necessary, we may assume f'(y(s,)) converges to some w with |w| < 1 —e.
Let

g D-U

be the inverse function to f. Then

7(5,) = g(f(¥(5,)))

and y(s,) = g(w), so y(s,) cannot tend to the boundary of U, a contradic-
tion which proves the lemma.

Since {f(z,)} has no limit, and since the closed disc D is compact,
there exist two subsequences of {z,}, which we will denote by {z,} and
{zp}, such that f(z;) tends to a point w’ on the unit circle (by the
lemma), and f(z;) tends to a point w” #w’ on the unit circle. Let
z,=7(t,) and z, =(t;). Then t,—b and t, »b by assumption. Say
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t, < t,. By the uniform continuity of y, the image y([t,, t,]) is uniformly
close to y(b) = o for large n. Let y, be the restriction of y to [,, t,]. The
image f(y,) is a curve in D, joining f(z,) = w, to f(z,) =w,, and f(y,)
tends to the unit circle uniformly by the lemma. The picture is as on
Fig. 3.

o

Figure 3

Let us draw rays from the origin to points on the circle close to w/,
and also two rays from the origin to points on the circle close to w”, as
shown on the figure. We take n sufficiently large. Then for infinitely
many n, the curves f(y,) will lie in the same smaller sector. Passing to a
subsequence if necessary, we may assume that for all n, the curves f(y,)
lie in the same sector.

As before, we let g: D — U be the inverse function to f, and we let

h=g—a,

so h(w) = g(w) — « for |w| < 1. Then h(f(y,)) >0 as n— co. We wish to
apply the maximum modulus, but we have to make an auxiliary con-
struction of another function which takes on small values on a curve
surrounding the whole circle of radius 1 —¢,. This is done as follows.
We state a general lemma, due to Lindeldf and Koebe, according to
Bieberbach.

Lemma 4.3. Let h be analytic on the unit disc D, and bounded. Let w',
w” be two distinct points on the circle. Let {w,} and {w,} be sequences
in the unit disc D converging to w' and w", respectively, and let Y, be a
curve joining w, with w, such that \, lies in the annulus

-6, < |w <1,

and €, » 0 as n — . Assume that r, > 0 is a sequence tending to 0
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such that
lh(w)| < r, for wony,.

Then h is identically 0.

Proof. Dividing h(w) by some power of w if necessary, we may assume
without loss of generality that h(0) # 0. Without loss of generality, after
a rotation, we may assume that

"

7
w' =w',

so w’ and w"” are symmetric about the horizontal axis. We pick a large
integer M and let L' be the ray having angle 2n/2M with the x-axis. Let
L” be the ray having angle —2x/2M with the axis, as shown on Fig. 4.

Figure 4

We let y, be defined on an interval [a,, b,]. Let u, be the largest
value of the parameter such that y,(u,) is on L', and let v, be the
smallest value of the parameter > u, such that ,(v,) lies on the x-axis.
Then , restricted to [u,,v,] is a curve inside the sector lying between
the x-axis and L', and connecting the point ,(u,) with the point ¥,(v,).
If we reflect this curve across the x-axis, then we obtain a curve which
we denote by V,, joining V,(v,) with ¥,(u,). We let g, be the join of these
two curves, so that g, is symmetric about the x-axis, and joins y,(u,)
with ¥, (u,), passing through y,(v,), as shown on Fig, 5.

Then the beginning and end points of ¢, lie at the same distance from
the origin. (This is what we wanted to achieve to make the next step
valid) Let T be rotation by the angle 2n/M. If we rotate o, by T
iterated M times, i.e. take

M-1
o,, Te,, ..., T" ‘a,,

then we obtain a closed curve, lying inside the annulus 1 —¢, < |w| < 1.
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L
Vnluy)
Vn(vp)
Ynlup)
L
Figure 5

Finally, define the function

h*(w) = h(w)h(w),
and the function

G(w) = h*(w)h*(Tw) ... h*(T™ 'w).

Let B be a bound for |h(w)], we D. Each factor in the definition of G is
bounded by B2 For any w on the above closed curve, some rotation
T*w lies on ¢,, and then we have

|h*w)| = r,B.
Therefore G is bounded on the closed curve by
|G(w)| < r, B*M7L.

For each ray L from the origin, let w, be the point of L closest to the
origin, and lying on the closed curve. Let W be the union of all seg-
ments [0, w,] open on the right, for all rays L. Then W is open, and the
boundary of W consists of points of the closed curve. By the maximum
modulus principle, it follows that

|G(0)| < max|G(w)l,
where the max is taken for w on the closed curve. Letting n tend to

infinity, we see that G(0) =0, whence h(0)=0, a contradiction which
proves the lemma, and therefore also the theorem.
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Theorem 4.4. Let U be bounded. Let f: U — D be an isomorphism with
the disc, and let a,, o, be two distinct boundary points of U which are
accessible. Suppose f extended to o, and a, by continuity. Then

floy) # flay).
Proof. We suppose f(x;) = f(a,). After multiplying f by a suitable
constant, we may assume f(x;) = —1. Let
g-D->U

again be the inverse function of f. Let y,, y, be the curves defined on an
interval [a, b] such that their end points are a;, a,, respectively, and
y(6)e U for i=1, 2 and te[a,b], t #b. There exists a number ¢ with
a < ¢ < b such that

1710 — 10O > 3oy — @, if c<t<b,

and there exists 6 such that

fn(la,c]) and  f(r.([a,c])
do not intersect the disc D(—1, &) as shown on Fig. 6. Let

A(8) = DA D(—1, ).

Figure 6

Then A(J) is described in polar coordinates by

0<sr<dé6 and —@(r)=0=Z0@)
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with an appropriate function ¢(r). Note that ¢(r) < n/2. We have:
Area g(4(9)) = ” lg'(2)|* dy dx
A(d)
s (olr) )
= J -[ lg’ (=1 + re®)|*r d6 dr.
0 J —olr)
For each r < d let w,, w, be on f(y,), f(7,), respectively, such that
lw; + 1] =r, i=1,2,

and
lgwy) — g(wy)l > 3l — a,l.

Then
gwy) —glw,) = J g,

wy

where the integral is taken over the circular arc from w, to w, in D, with
center —1. For 0 <r < we get

@(r)

oy —ap| < f lg'(—1 + re®®)|r do,
—o(r)

whence by the Schwarz inequality, we find

o(r)

<r J lg'(—=1 + re®)|* do.

—o(r)

loty — °‘2|2
4nr

We integrate both sides with respect to r from O to . The right-hand
side is bounded, and the left-hand side is infinite unless a; = a,. This
proves the theorem.

The technique for the above proof is classical. It can also be used to
prove the continuity of the mapping function at the boundary. Cf. for
instance Hurwitz—Courant, Part III, Chapter 6, §4.



CHAPTER Xl

Analytic Continuation
Along Curves

In this chapter we give further means to extend the domain of definition
of an analytic function. We shall apply Theorem 1.2 of Chapter III in
the following context. Suppose we are given an analytic function f of an
open connected set U. Let V be open and connected, and suppose that
UV is not empty, so is open. We ask whether there exists an analytic
function g on V such that f =g on UnV, or only such that f(z) = g(2)
for all z in some set of points of UV which is not discrete. The
above-mentioned Theorem 1.2 shows that such a function g if it exists is
uniquely determined. One calls such a function g a direct analytic contin-
uation of f, and we also say that (g, V) is a direct analytic continuation of
(f, U). We use the word “direct” because later we shall deal with ana-
lytic continuation along a curve and it is useful to have an adjective to
distinguish the two notions. For simplicity, however, one usually omits
the word “direct” if no confusion can result from this omission. If a
direct analytic continuation exists as above, then there is is unique ana-
lytic function h on Uu V such that h=f on U and h=g on V.

In the case of Schwarz reflection, the two sets have a common bound-
ary curve. We studied this situation in Chapter IX.

In a final application, we shall put the Riemann mapping theorem
together with Schwarz reflection to prove Picard’s theorem, which fol-
lows conceptually in a few lines, once this more extensive machinery is
available.

Xl, §1. CONTINUATION ALONG A CURVE

Let D, be a disc centered at a point z,. Let y be a path whose begin-
ning point is z, and whose end point is w, and say y is defined on the
interval [a, b]. In this section, smoothness of the path plays no role, and

322
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“path” will mean continuous path. Let
a=ay=a,Xa; S " Sy =b

be a partition of the interval. Let D, be a disc containing y(a;) as shown
on Fig. 1. Instead of discs, we could also take convex open sets. The
intersection of two convex sets is also convex. Actually, what we shall
need precisely is that the intersection of a finite number of the sets
Dy,...,D, is connected if it is not empty.

Figure 1

We shall say that the sequence
{Dy, Dy, ...,D,}

is connected by the curve along the partition if the image y([a;, a;,,]) is
contained in D;. Then the intersection D, D,,, contains y(a;,,).

Let f, be analytic on D,. By an analytic continuation of (f,, D,) along
a connected sequence [D,,...,D,] we shall mean a sequence of pairs

(fo, DO)a (fh Dl)’ ---,(fm Dn)

such that (fi,,, D,;) is a direct analytic continuation of (f;, D;) for i =
0, ...,n— 1. This definition appears to depend on the choice of partition
and the choice of the connected sequence {Dy,...,D,}. We shall prove in
the next theorem that it does not depend on these choices. Thus we
shall obtain a well-defined analytic function in a neighborhood of the end
point of the path, which is called the analytic continuation of (f,, D;)
along the path y. As a matter of notation, we may also denote this
function by f,.

Theorem 1.1. Let (go, Ey), ...,(gm» En) be another analytic continuation
of (9o, Eo) along a connected sequence {E,,...,E,} with respect to a
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partition of the path v. If f, =g, in some neighborhood of z,, then
gm = f, in some neighborhood of y(b), so (g, E,,) is a direct analytic
continuation of (f,, D,).

Proof. The proof that the analytic continuation does not depend on
the choices of partition and discs or convex sets will be similar to that
used in Chapter III, §4, when we dealt with the integral along a path.
The proof here is equally easy and straightforward.

Suppose first that the partition is fixed, and let

(gOa EO), R s(gm En)

be an analytic continuation along another connected sequence

{Eq,...,E,}.

Suppose g, = f, in a neighborhood of z,, which means that (g,, E,) is a
direct analytic continuation of (f,, D). Since Dy E, is connected it
follows that f;, =go on the whole set Dy n Ep, which also contains z;.
By hypothesis, f; = f, on Dy D, and g, =g, on E,nE,. Hence f, =
g, on Dy Eygn D, nE,; which contains z,. Since D, n E, is connected,
it follows that f;, =g, on D,nE;. Thus (g,,E,) is a direct analytic
continuation of (f;, D;). We can now proceed by induction to see that
(9., E,) is a direct analytic continuation of (f,, D,), thus concluding the
proof in this case.

Next let us consider a change in the partition. Any two partitions
have a common refinement. To show the independence of the partition it
suffices to do so when we insert one point in the given partition, say we
insert ¢ in the interval [g,, a,,,] for some k. On one hand, we take the
connected sequence

{Do,...,Dx, Dy, ...,D,},

where D, is repeated twice, so that y([a,, c]) = D, and y([c, ay+,]) < D,.
Then

(fOs DO)’ o 9(ﬁn Dk)s (f;n Dk)’ A ’(f;n Dn)

is an analytic continuation of (f,, D,) along this connected sequence. On
the other hand, suppose that

(go, EO)’ o ,(glu Ek)s (g:s El’:)s R ’(gn3 Eu)

15 an analytic continuation of (gy, E,) along another connected sequence
{Eq,....E, E¥,...,E,} with respect to the new partition, and g, = f, in
some neighborhood of z,. By the first part of the proof, we know that
(g9x, E;) is a direct analytic continuation of (f;, D,). By hypothesis, g¥ is
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equal to g, on E,nE}¥, f, =g, on D,nE,, so
g = on D,nE,nE¥F,  which contains z§ = y(c).

Therefore (gif, EY¥) is a direct analytic continuation of (f;, D,). Again we
can apply the first part of the proof to the second piece of the path
which is defined on the interval [a,,,, a,.,], with respect to the partition
(@415 Axszs ---,a,41] to conclude the proof of the theorem.

Example. Let us start with the function log z defined by the usual
power series on the disc D, which is centered at 1 and has radius <1
but > 0. Let the path be the circle of radius 1 oriented counterclockwise
as usual. If we continue log z along this path, and let (g, D) be its
continuation, then near the point 1 it is easy to show that

g(z) =log z + 2mi.
Thus g differs from f, by a constant, and is not equal to f, near z, = 1.

Example. Let
f(Z) = e(1/2)logz’

where f is defined in a neighborhood of 1 by the principal value for the
log. [We could write f(z) = \/E in a loose way, but the square root sign
has the usual indeterminacy, so it is meaningless to use the expression
ﬁ for a function unless it is defined more precisely.] We may take the
analytic continuation of f along the unit circle. The analytic continua-
tion of log z along the circle has the value

log z + 2mi

near 1. Hence the analytic continuation of f along this circle has the

value
g(z) — e(l/2)(logz+21u) = _e(l/Z)logz — ___f(z)

for z near 1. This is the other solution to the equation

f@y =z

near 1. If we continue g analytically once more around the circle, then
we obtain f(z), the original function.

Remark. In some texts, one finds a picture of the “Riemann surface”
on which “f(z) = \/2” is defined, and that picture represents two sheets
crossing themselves, and looking as if there was some sort of singularity
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at the origin. It should be emphasized that the picture is totally and
irretrievably misleading. The proper model for the domain of definition
of f(z) is obtained by introducing another plane, so that the correspon-
dence between f(z) and z is represented by the map

C-C

given by ({2 The association {+>{? gives a double covering of C by
C at all points except the origin (it is the function already discussed in
Chapter I, §3). On every simply connected open set U not containing 0,
one has the inverse function { = z'/?, ze U.

More generally, let P be a polynomial in two variables, P = P(T, T,),
not identically zero. A solution (analytic) f(z) of the equation

P(f(2),2) =0

for z in some open set is called an algebraic function. It can be shown
that if we delete a finite number of points from the plane, then such a
solution f can be continued analytically along every path. Furthermore,
we have the following theorem.

Theorem 1.2. Let P(T;, T,) be a polynomial in two variables. Let y be
a curve with beginning point z, and end point w. Let f be analytic at
2o, and suppose that f has an analytic continuation f, along the curve
v If

P(f(z),z) =0  for z near z,,
then

P(f,(2),z) =0  for z nearw.

Proof. This is obvious, because the relation holds in each successive
disc Dy, Dy, ...,D,, used to carry out the analytic continuation.

Theorem 1.3 (Monodromy Theorem). Let U be a connected open set.
Let f be analytic at a point z, of U, and let y, n be two paths from z,
to a point w of U. Assume:

(i) 7y is homotopic to n in U.
(i) f can be continued analytically along any path in U.

Let f,, f, be the analytic continuations of f along y and n, respectively.
Then f, and f, are equal in some neighborhood of w.

Proof. The proof follows the ideas of Lemma 4.3 and Theorem 5.1 of
Chapter III. Let
Y:[a,b] x [c,d] > U

be a homotopy so that if we put y,(t) = Y(s, u), then y =y, and n =1y,.
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Then we have:

Lemma 14. For each ue([c,d), if v’ is sufficiently close to u, then a
continuation of f along 7y, is equal to a continuation of f along 7y, in
some neighborhood of w.

Proof. Given a continuation along a connected sequence of discs or
convex open sets

(fO) DO)a --w(f;n Dn)

along 7y,, connected by the curve along the partition, it is immediately
verified that if v’ is sufficiently close to u, then this is also a continuation
along y, (by the uniform continuity of the homotopy ¥). In Theorem
1.1, we have seen that the analytic continuation along a curve does
not depend on the choice of partition and Dy, ...,D,. This proves the
lemma.

To finish the proof, define two paths, «, f from zy to w to be f-
equivalent if f, and f; are equal in some neighborhood of w. Let S be the
set of points u € [c, d| such that y, and y, are f-equivalent. We claim that
S = [c, d], which implies the theorem. Note that ce S so S is not
empty. By Lemma 1.4, S is open in [c, d]. We show that S is closed in
[c, d]. Let uelc, d] be in the closure of S. Then there exist points u’ € S
close to u, so again by Lemma 1.4, y, is f-equivalent to y,, so y, is
f-equivalent to y.. Since [c, d] is connected, it follows that S = [c, d], as
was to be shown.

Remark. The proof of Theorems 5.1 and 5.2 in Chapter III could also
have been formulated in terms of an equivalence, namely that the integrals
of f along the two paths are equal. Lemmas 4.3 and 4.4 of Chapter III
play the role of Lemma 1.4 used here. We presented both variations of
the argument to illustrate different intuitions of the situation.

Theorem 1.5. Let U be a simply connected open set. Let zg € U, and let
f be analytic at zy. Assume that f can be continued along any path from
zg to any point in U. Let y, be a path from zy to a point z in U, and let
1,.(2) be the analytic continuation of f along this path. Then f, (z) is
independent of the path from zy to z, and the association z— f, (z) defines
an analytic function on U.

Proof. Suppose we have shown the independence from the path. Let z;
be some point in U and let z be a variable point in a disc centered at z;.
Then the analytic continuation of f from zy to z may be first taken from
zp to z; along some path, and then we take the continuation on the disc
centered at z;, which shows the analyticity. So it remains to deal with the
independence from the path, which is a consequence of the following
lemma, combined with Theorem 1.3.
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Lemma 1.6. Let U be simply connected. Let y, n be two paths in U from
a point zq to a point zy. Then there is a homotopy in U between the two
paths, leaving the end points zy, z\ fixed.

Proof. The arguments are routine. Cf. my Undergraduate Analysis,
Second Edition, Springer-Verlag, 1997, Chapter XVI, §6, especially
Theorem 6.4 and Proposition 6.6. These arguments do not involve
complex analysis but merely juggling with homotopies which require being
written down, or at least being clearly shown on pictures. We let readers
look the matter up in the above reference, or work it out for themselves as
an exercise.

We now return to the analytic continuation, and the use of discs or
other sets as in Lemma 1.4. Although for the general theory one thinks of
Dy, ..., D, as small discs, because the open set U may have a complicated
shape and the curve may wind around a lot, in practice the set U may be
much simpler.

Example. Let U be obtained from C by deleting the origin. Let f be
an analytic function on the upper half plane. We want to continue the
function along all curves in U. Then we might choose only four sets E,,
E,, E,, E;, which are the upper half plane, left half plane, lower half
plane, and right half plane, respectively. The intersection of two succes-
sive sets is a quarter plane.

Example. Let g be an analytic function on a connected open set U.
We do not assume that U is simply connected. Let z,e U. Let f; be a
primitive of g in some disc containing z,, which we may choose to be

fold) = f o(0) L,

20

where the integral is taken along any path from z, to z inside the disc.
Then f, can be analytically continued along any path in U, essentially by
integration along the path. For instance let y be a path, and let z, be a
point on y. Say

y:[a, b] = U, with y(a) = z,,

and z; = y(c) with a < ¢ £ b. Then we can define f; in a neighborhood
of z; by taking the integral of g along the path from z, to z,, that is
along the restriction of y to the interval [a, c], and then from z; to z
along any path contained in a small disc D containing z,, as illustrated
in Fig. 2.

In Fig. 2, we have drawn U with a shaded hole, so U is not simply
connected. The monodromy theorem applies to this situation.
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Figure 2

A concrete case can be given as follows. Let R(z) be a rational
function, that is a quotient of polynomials. We can factor the numerator
and denominator into linear factors, say

_G—a) - (z—a,

RO = By =5y

Then R has poles at b,, ...,b, (which we do not assume all distinct). Let
U be the plane from which the numbers b,, ...,b, are deleted. Then U is
connected but not simply connected if m = 1. We can define the integral

along a path from z, to z. This integral depends on the path, and in
fact depends on the winding numbers of the path around the points
b, ....b,.

Example. The preceding example can be generalized, we do not really
need g to be analytic on U; we need only something weaker. For
instance, let U be the plane from which the three points 1, 2, 3 have been
deleted. Then for any simply connected open set V in U, there is a
function

[ - DE—2@E -3,

i.e. a square root of (z — 1)(z — 2)(z — 3), and any two such square roots
on V differ by a sign. Starting from a point z, in U, let

_ 1
90 - DE—2E - ™
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where the square root is one of the possible determinations analytic in a
neighborhood of z,. Then we can form the integral

Z,

j " 400 L,

along any path in U from z, to z. The integral will depend on the path,
but the mondromy theorem applies to this situation as well.

We end this section with an important special case of the monodromy
theorem, which is the one to be used in §3.

Theorem 1.7. Let U be a simply connected open set. Let f be analytic at
a point zy and assume that f can be continued along every path from z, to
every point in U. Then the analytic continuation of f along a path from
Zo to a point w is independent of the path, and defines an analytic
Sfunction on all of U.

Proof. This is a special case of Theorem 1.3, because two paths from zy
to w are homotopic.

Xl, §1. EXERCISES

1. Let f be analytic in the neighborhood of a point z,. Let k be a positive
integer, and let P(Tj,...,T;) be a polynomial in k variables. Assume that

P(f,Df,....D*f) =0,

where D = d/dz. If f can be continued along a path y, show that
P(f,, Df,,...,.D¥f,) = 0.

2. (Weierstrass). Prove that the function

f@=Yz"

cannot be analytically continued to any open set strictly larger than the unit
disc. [Hint: If z tends to 1 on the real axis, the series clearly becomes infinite.
Rotate z by a k-th root of unity for positive integers k to see that the function
becomes infinite on a dense set of points on the unit circle.]

3. Let U be a connected open set and let u be a harmonic function on U. Let D
be a disc contained in U and let f be an analytic function on D such that
u =Re(f). Show that f can be analytically continued along every path in U.

4. Let U be a simply connected open set in C and let u be a real harmonic
function on U. Reprove that there exists an analytic function f on U such
that u = Re(f) by showing that if (f,, D,) is analytic on a disc and Re(fy)=u
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on the disc, then (f,, D,) can be continued along every curve in U. [Note:
The result was proved as Theorem 3.1 of Chapter VIIL.]

Xl, §2. THE DILOGARITHM

For |z] < 1 we define the function

This function is holomorphic at 0. Let now z # 0 and let y be a path
in C— {0, 1} except for the beginning point at 0. We then have an
analytic continuation f,(z), which depends on y. Since the continuation
of log(l — z) picks up a constant of integration after integrating around
loops around 1, it follows that the analytic continuation of f may have a
pole at 0, with residue an integral multiple of 2zi. Instead of integrating
along paths starting at 0, we can use a slightly arbitrary device of picking
some point, say 1/2, and defining f by analytic continuation from 1/2 to
z, along paths y from 1/2 to z in C — {0, 1}.
The dilogarithm is defined for |z| < 1 by the integral and power series

8

Z'l
>

Ly = rf(é) &
0

P

1

n

and is defined by analytic continuation in general, so we get a function
L, ,(z) for each path y as above. We may write

z d
L@ = j log, (1 — oé.
0,y

Let U be the simply connected set obtained by deleting the set of real
numbers 2= 1 from C. Then for z € U, the function f,(z) is independent of
the path y in U, and may still be denoted by f. It is analytic.

However, we are interested in the analytic continuation L, , in general,
and whatever problem arises has to do with the argument, which we now
work out.

Theorem 2.1. For z # 0, 1 the function
z+—D,(z) = Im L, ,(z) + arg,(1 — z) log|z|
is independent of the path y in C — {0, 1}.

Sketch of Proof. We proceed in steps.
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First, if y is homotopic to n in C — {0, 1} then D, = D,.
Indeed, we have separately that arg,(1 — z) = arg,(1 — z) and
Lz,y(z) = L2‘r](z)

because we can reduce these equalities to the case when the paths are
close together, and to a local question in a small disc as usual.

Second, if n differs from y by a loop winding once around 1, then
arg,(1 — z) = arg,(1 — z) + 2.

This is immediate.

Figure 3

Third, suppose that n is homotopic to a path as shown in Fig. 3, so
again differs from y by a loop winding once around 1. We prove that
D, =D, by a computation of the integral. We may assume that 7, is
contamed in a small disc centered at 1. Then using the principal branch

of (log(1 — 0))/¢ we get:

log(1 —¢) log(1 - {)
L, ¢ %= ﬁA—(l—C)dC

=f log(1 =) 3 (1 -
7t =0

@© — ntl ® 1 — n
[by parts] = ’;0 ) log(1 — z) + f Zo (n +cl) d¢
1571 L4t
=0

= log(z) log(1 — 2) )

Z 7

=(2ni) log,,(z,) (where log,, is the principal value of log).
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Two analytic continuation of (log(1 — ¢)/¢) in a neighborhood of 1 differ
by m2mi/{ for some integer m. Further, as we have seen, the argument of
any branch of log(l — () changes by 2z after continuation along 7.
Therefore

j %_—Odb j ‘°g(lc Ve 4 J (2m‘)fi§+(2ni) 108e(z,)

= —L, ,(2) + 2ni)(log|z| + m2ni) with some me Z
—L,,(z) + (2mi) log|z| — (2m)*m.

But the left-hand side of this equality is — L, ,(z), so the proof of Theo-
rem 2.1 is concluded, since (2m)?m is real.

The case when the two paths n and y differ by a loop around 0 can
be carried out similarly. We omit this. We also omit a complete proof
that any path is homotopic to one which is obtained by a combination
of the above two types. We merely wanted to give a non-trivial example
of analytic continuation along a path.

The function D(z) is called the Bloch—-Wigner function. The diloga-
rithm occurs in classical analysis, see for instance [Co 35] and [Ro 07].
The function D, which does not depend on the path, was discovered
by David Wigner, and used extensively by Spencer Bloch and others
in algebraic geometry and number theory, in fancy contexts. See, for
instance, [Bl 77], [Za 88], [Za 90], [Za 91].
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Xl, §2. EXERCISES

1. We investigate the analytic continuation of the dilogarithm for the curves
illustrated in Fig. 4. Let z; = 1/2.

D

1
2 "1

N

Yo

) (b)
Figure 4

(a) Let y; be a curve as shown on Fig. 4(a), circling 1 exactly once. How
does the analytic continuation of L, along y, differ from L, i a neigh-
borhood of z,?

(b) How does the analytic continuation of L, along the path y, on Fig. 4(b)
differ from L,?

(c) If you continue L, first around y, and then around y,, how does this
continuation differ from continuing L, first around y; and then around
¥o? [They won’t be equal!]

2. Let D be the Bloch—Wigner function.
(@) Show that D(1/z) = —D(z) for z #0, and so D extends in a natural way
to a continuous function on Cu {o0}.
(b) Show that D(z) = —D(1 — 2).

3. For k = 2 define the polylogarithm function
o Z"
Lf(z) =Y - for |z| < 1.
n=1

Show that for every positive integer N,

L") =N ¥ L({2)

V=1

where the sum is taken over all N-th roots of unity {. [Hint: Observe that if {
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is an N-th root of unity, { # 1, then

-

N1 __
1+{+---+" = T-¢

0]

4. Prove the relation
[ A-¢X)=1-X",

V=1

where the product is taken over all N-th roots of unity (.

For other examples of such relations, see Chapter XV, formula I" 8 of §2, and
the exercise of Chapter XV, §3.

Xl, §3. APPLICATION TO PICARD’S THEOREM

We return to the Schwarz reflection across circular triangles in the disc
as in Chapter IX, §3, and we follow the notation of that section. Thus
we have inverse isomorphisms

g U->H and h:H-U,

where U is the triangle. We could continue g analytically by reflection,
but vice versa, one may continue h analytically across each interval, by
reflection across the sides of the triangle. If h, denotes the analytic
continuation of h along any path y not passing through O, 1, then for
any z on the real line, z # 0, 1 we have h,(z) on the side of some iterated
reflection of the original triangle. For any complex number z # 0, 1 the
value h,(z) lies inside the unit disc D.

Picard’s Theorem. Let f be an entire function whose values omit at
least two complex numbers. Then f is constant.

Proof. After composing f with a linear map, we may assume that the
omitted values are 0, 1. Without loss of generality, we may assume that
there is some z, such that f(z,) lies in the upper half plane. (Otherwise,
we would proceed in a similar manner relative to the lower half plane.)
The analytic function h(f(z)) for z near z, maps a neighborhood of z,
inside U. We may continue this function ho f analytically along any
path in C, because f may be so continued, and the image of any path in
C under f is a path which does not contain 0 or 1. Since C is simply
connected, the analytic continuation of ho f to C is then well defined
on all of C, and its values lie in the unit disc, so are bounded. By
Liouville’s theorem, we conclude that ho f is constant, whence f is con-
stant, which proves the theorem.
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Remark. The crucial step in the proof was the use of the functions g
and h. In classical times, they did not like functions defined essentially
in an “abstract nonsense” manner. The situation of the triangle is so
concrete that one might prefer to exhibit the desired functions explicitly.
This can be done, and was done in Picard’s original proof. He used the
standard “modular function” denoted classically by A. Its properties and
definition follow easily from the theory of elliptic functions. Cf. for in-
stance my book on Elliptic Functions, [La 73] Chapter 18, §5. It is
usually easier to deal with the upper half plane rather than the unit disc
in such concrete situations, because the upper half plane is the natural
domain of definition of the classical modular functions.



PART THREE

Various Analytic Topics

This final part deals with various topics which are not all logically
interrelated. For the most part, these topics involve analytic estimates,
and the study of entire or meromorphic functions, and their rates of
growth such as Jensen’s formula. We give examples of special func-
tions, for instance, elliptic functions, the gamma function, and the zeta
function. 1 recommend the classical British texts for other special func-
tions (e.g. Bessel functions, hypergeometric functions), including Copson,
Titchmarsh, and Whittaker—Watson, listed in the Bibliography at the end
of this book.

The final chapter on the prime number theorem can be used for
supplementary reading, partly because of the intrinsic interest of the
theorem itself, and partly because it shows how complex analysis con-
nects with number theory. In particular, the proof of the prime number
theory involves a very striking application and example of the calculus of
residues.
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CHAPTER XIi

Applications of the Maximum
Modulus Principle and
Jensen’s Formula

We return to the maximum principle in a systematic way, and give
several ways to apply it, in various contexts.

We begin the chapter by some estimates of an analytic function in
terms of its zeros. Then we give the more precise exact relationship of
Jensen’s formula. This formula has a remarkable application to an old
proof by Borel of Picard’s theorem that an entire function omits at most
one value. This application has been overlooked for many decades. I
think it should be emphasized in light of the renewed importance of
extensions of Jensen’s formula by Nevanlinna.

The remainder of the chapter consists of varied applications, somewhat
independent of each other and in various contexts.

One of the most striking applications omitted from standard courses,
is to the problem of transcendence: Given some analytic function, de-
scribe those points z such that f(z) is an integer, or a rational number, or
an algebraic number. This type of question first arose at the end of
the nineteenth century, among analysts in Weierstrass’ school (Stdckel,
Strauss). The question was again raised by Polya, and Gelfond recog-
nized the connection with the transcendence problems. See the books on
transcendence by, for instance, Baker, Gelfond, Lang, Schneider, in the
Bibliography. In order not to assume too much for the reader, we shall
limit ourselves in this chapter to the case when the function takes on
certain values in the rational numbers. The reader who knows about
algebraic numbers will immediately see how to extend the proof to that
case.

339
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Xil, §1. JENSEN’S FORMULA

The first result gives an inequality involving the zeros of a function and
its maximum modulus.

Theorem 1.1. Let f be holomorphic on the closed disc of radius R, and
assume that f(0) # 0. Let the zeros of f in the open disc be ordered by
increasing absolute value,

Zl’ 22, ""ZN’

each zero being repeated according to its multiplicity. Then

I/ Il

RV [2125 - zyl.

LfO) = =5
Proof. Let

N
o) = Re=2 gpg pp) =L

- R _z,z ( )
Then the function F is holomorphic on the closed disc of radius R, and
IF(z)| =f(z)]  when |z|=
Hence the maximum modulus principle implies that
IF@)| 2 Iflle  for |z =R,

and the theorem follows by putting z = 0.

The theorem is known as Jensen’s inequality. Let v(r) be the number
of zeros of f in the closed disc |z| £ r. Then

N N (R R
; log(R/|z,l) = Y. d—x=f @ X.

n=1 X Jo

Hence we obtain another formulation of Jensen’s inequality,

f "t < logl 1 ~ logl FO)}

0

In many applications, the estimate given by Jensen’s inequality suffices,
but it is of interest to get the exact relation which exists between the
zeros of f and the mean value on the circle.

We begin with preliminary remarks. Let us assume that f is mero-



[XII, §1] JENSEN’S FORMULA 341

morphic on the closed disc Dy (centered at the origin). Then f has only
a finite number of zeros and poles on this disc. For a e Dy we abbreviate

n(@) = ord, ().

Observe that n.(a) = 0 except for the finite number of possibilities that f
has a zero of pole at a. Thus we may form the sum

R
Y. ny(a)log—,
lal

aeDpg
a#0

where the sum is taken over all elements a € Dy and a # 0. The sum is
really a finite sum, since only a finite number of terms are # 0.

We omitted the term with a = 0 because we cannot divide by zero, so
we have to deal with this term separately. For this purpose, we consider
the power series expansion of f at 0, and we let ¢, be its leading
coefficient:

f(2) = c;z™ + higher terms.

We assume f is not constant, and so ¢, # 0. Thus f has order m at 0,
and we have n,(0) = m. If f has no zero or pole at 0, then ¢, = f(0).

Even though f may have zeros or poles on the circle of radius R, we
shall prove in a subsequent lemma that the improper integral

f" log|f(Re")| d

V]
converges. We may then state the main theorem of this section.

Theorem 1.2 (Jensen’s Formula). Let f be meromorphic and not con-
stant on the closed disc Dy. Then

2n

1

lo Re"9 + a)lo ——+n log — = log|cy|-

L gl ( a; g 7(0) log % = logler|
a#0

In particular, if f has no zero or pole at 0, then the right side is equal to

the constant log|f(0)|.

Proof. Suppose first that f has no zeros or poles in the closed disc
|z| £ R. Then log f(z) is analytic on this disc, and

2n . d0
log f(Z) dz = J‘ log f(Relf)) td
z 0 2n

1
log f(0) = ﬁj‘l R

Taking the real part proves the theorem in this case.



342 APPLICATIONS OF THE MAXIMUM MODULUS PRINCIPLE [XII, §1]

Next, suppose f(z) =z. Then log|f(Re”)| =log R and n,(0)=1, so
that the left side of Jensen’s formula is equal to 0. But ¢, =1, so the
right side of Jensen’s formula is O also, and the formula is true.

Let o be a complex number # 0. We shall now prove Jensen’s for-
mula for the function

fzy=z—a, where a=ae®,

with 0 <a < R. In this case, |f(0)| =|«| =a, and the formula to be
proved is

1 [ . .
logR = = L log|Re® — ae'®| db.

It will therefore suffice to prove:

2
. a .
e:o _ ew

Lemma 1.3. If 0 <a £ R, then f log do =0.

0

Proof. Suppose first a < R. Then the function

log(l - %z)

z

is analytic for |z| £ 1, and from this it is immediate that the desired
integral is 0. Next suppose a = R, so we have to prove that

2n
(%) J. log|l — €| df = 0.

0

To see this we note that the left-hand side is the real part of the complex
integral

f log(1 — ) %,
c 1Z

taken over the circle of radius 1, z = e?, dz = ie®. Let y(e) be the con-
tour as shown on Fig. 1.
For Re z < 1 the function
log(l — 2)
z
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¥(e)

01'

Figure 1

is holomorphic, and so the integral is equal to 0:

log(1 —
f logl—2), _,
y(€)

¥4

The integral over the small indented circular arc of radius e is bounded
in absolute value by a constant times € log ¢, which tends to 0 as e tends
to 0. This proves (), settling the present case.

We have now proved Jensen’s formula in special cases, and the general
case can be deduced as follows. Let

h(@) = f@2) [] @—a™®.

aeD,

We have multiplied f by a rational function which cancels all the zeros
and poles, so h has no zero and pole on Dy. We can also write

f2) = h(z) l—l (z— a)"f(“)_

aeDyg

Thus we can go from h to f in steps by multiplication or division with
factors of the special type that we considered previously, and for which
we proved Jensen’s formula. Therefore, to conclude the proof, it will
suffice to prove:

If Jensen’s formula is valid for a function f and for a function g, then
it is valid for fg and for f/g.
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This is easily proved as follows. Let LS(f) be the left side of Jensen’s
formula for the function f, and let RS(f) be the right side, so RS(f) =
loglcs|. We note that for two meromorphic functions f, g we have:

LS(fg) = LS(f) +LS(9) and  RS(fg) = RS(f) + RS(g).

This is immediately verified for each term entering in Jensen’s formula.
For example, we have

log|fg| = log| f] + log|g| and similarly for the integral;

nfg(a) = nf(a) + ng(a);

Cry = CpCy so that log|c.,| = log|c,| + log|c,l|.

We also have at once that LS(f ') = —LS(f) and RS(f ™) = —RS(Y),
because this relationship for the inverse of a function is also true for each
term. From this formalism, it follows that if Jensen’s formula is valid for
f(z) and for (z — a), then it is valid for f(z)(z — a) and for f(z)/(z — a).
Starting with h(z) we may then multiply and divide successively by fac-
tors of degree 1 to reach f. This concludes the proof of Theorem 1.2.

Xll, §1. EXERCISES

1. Let f be analytic on the closed unit disc and assume |f(z)| < 1 for all z in this
set. Suppose also that f(1/2) = f(i/2) = 0. Prove that |f(0)| < 1/4.

2. Let f be analytic on a disc D(z,, R), and suppose f has at least n zeros in a
disc D(z,, r) with r < R (counting multiplicities). Assume f(z,) # 0. Show that

(5)" < I/ lla/If o)l

r

3. Let f be an entire function. Write z = x + iy as usual. Assume that for
every pair of real numbers x, < x, there is a positive integer M such that
f(x + iy) = O(y™) for y = oo, uniformly for x4 < x < x,. The implied constant
in the estimate depends on x,, x; and f. Let a, <a, be real numbers.
Assume that 1/f is bounded on Re(z) =a,. For T >0, let Ny(T) be the
number of zeros of f in the box

a,<x=<a, and TSy=T+ 1

Prove that Ny(T) = O(log T) for T — oo. [Hint: Use an estimate as in Exercise
2 applied to a pair of circles centered at a, + iy and of constant radius.]

Remark. The estimate of Exercise 3 is used routinely in analytic number
theory to estimate the number of zeros of a zeta function in a vertical strip.
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Next we develop extensions of the Poisson formula. We first set some nota-
tion. For a e Dy, define

R*—az
R(z—a)

Gr(z, @) = Gg,(2) =

Then G, has precisely one pole on Dy and no zeros. We have
|Gral2)l =1 for |z] =

4. Apply the Poisson formula of Chapter VIII, §4 to prove the following theorem.

Poisson—Jensen Formula. Let f be meromorphic on Dg. Let U be a simply
connected open subset of Dy not containing the zeros or poles of f. Then there
is a real constant K such that for z in this open set, we have

log f(2) = j logl (R R ZE 5 (14, 1) log Galz, @)+ iK.

0 _
0 Ré' z2n aeDgp

[For the proof, assume first that f has no zeros and poles on the circle Cg.
Let

h(z) = f(2) [] Gglz, @)%
and apply Poisson to log . Then take care of the zeros and poles on Cy in the
same way as in the Jensen formula.]

5. Let f be meromorphic. Define #f(0) = max (0,r7(0)), and:

Ni(0,R)= Y —(ord, f)log — R
aeDpg |]
fla)=c0
a#0

+ nl/f(O) logR

R
Ny(O,R E (ord, f) log — +nf +(0) log R.
aeDy | |
fla)=0
a#0

Show that Jensen’s formula can be written in the form

2n . dg
JO toglf(Re")| 5 + Ny (o0, R) — Ny(0, R) = logle|.

6. Let o be a positive real number. Define log*(«) = max(0,log ).
(a) Show that log o = log™ () — log™ (1/a).
(b) Let f be meromorphic on Dg. For r < R define

do

2n
mf(')=JO 10g+|f(rei9)[£ and Gx,(z) = H Gr(z,a) %/

aeDp

f(a)=w
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Let G=Gg,. Show that
mg(r) = Ny(o0, R) — Ny(0,r).
(c) Following Nevanlinna, define the height function
Ti(r) = mg(r) + Ny(oo, 7).
Deduce Nevanlinna’s formulation of Jensen’s formula:

Ty(r) = Ty(r) — log|c,).

Xil, §2. THE PICARD-BOREL THEOREM

Picard’s theorem states that an entire function which omits two distinct
complex numbers is constant. We shall give a proof of this theorem due
to Borel and dating back to 1887. For Picard’s original proof, see Chap-
ter XI, §3. This section will not be used later and may be omitted by
uninterested readers. We begin by setting some notation.
Let « be a positive real number. We define
log* (@) = max(0, log ).

If oy, a,, ...,a, are positive, then

log*(a;2;) < log*(2;) + log™ ()
and
log*(a; + -+ a,) £ Y log*(a;) + log n.

The first inequality is immediate, and for the second, the stronger in-
equality holds:

log*(a; + -+ + a,) < max log* «; + log n.
For the proof, we note that
log*(a¢y + -+ + a,) < log*(n-max «;) < log* max a; + log n.

Lemma 2.1. Let be C. Then

2n _do
1 —e® — =log™|b|.
f oglb—e '2n og™|b|

0
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Proof. If |b| > 1 then log|lb—z| for |z] <1+ ¢ is harmonic, and
log*|b| = log|b|, so the formula is true by the mean value property for
harmonic functions. If |b| < 1, then

n . db 2n . de
ot T — —i0 __ 1] =
L loglb — e |271: L log|be |2n

= log|—1| = 0 = log*|b|.

If |b| = 1, then the lemma has already been proved in Lemma 1.3.

Let f be a meromorphic function. We define the proximity function
2n o, do
my(r) = J log*|(re")| 5, -
0 T

The integral is of course an improper integral, which converges. The
situation is similar to that discussed in Jensen’s formula. Then the previ-
ous inequalities for log™ immediately yield:
If f, g are meromorphic functions, then
me, S me +my.
If f1, ....f, are meromorphic functions, then

My sotg, Sy + oo+ my +logn.

We note that
log* o —log* 1/ =log a and llog «| = log* a + log™ 1/a.
Example. Suppose h is entire without zeros. Then
my, = my;, + log|h(0)].

Indeed, from the definition and the preceding remark, we get
2n o d9
my(r) — my(r) = log|h(re™)| m = log|h(0)|
0

by the mean value property of a harmonic function, Theorem 3.2 of
Chapter VIII, §3. This proves the formula.

We shall also need to count zeros of a function, and how many times
a function takes a given value. Suppose f is an entire function. We had
defined v,(r) to be the number of zeros of f in the closed disc of radius r.
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It is now convenient to count the zeros in the open disc, so we define:

ns(0, r) = number of zeros of f in the open disc of radius r,
counted with multiplicities.

If £(0) # O we define

. di
t

N0, r)=J n(0,t)—= Y (ord,f)log

r
B R
a

Nyb,r)= N;_4(0,r)  if beC is such that f(0) — b # 0.

0 aeD,
a#0

Proposition 2.2 (Cartan). Let f be an entire function. Then
" o 99 +
mp(r) = | = Ny(e®,r) 5 +log"| fO)I
0 [

In particular, m; is an increasing function of r.

Proof. For each 0 such that f(0) # e® we apply Jensen’s formula to
the function f(z) — e, to get

) . 2n . o do
Ny(e®, 7) + log| f(0) — ”| = f log|f(re’®) — "] o=
0 2n

Then we integrate each side with respect to 0, and use Lemma 2.1 to
prove the formula. That m, is increasing then follows because for each 6,
the function

r— N (e”,r)
is increasing. This proves the proposition.

Let f be an entire function. We define

M;(R) =log|lfllx ~ where |f IIR=ISII£ /).

Thus M, is the log of the maximum modulus on the circle of radius R.
It is obvious that

m, < max(M;, 0).

Conversely:
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Theorem 2.3. Let f be an entire function. Then for r < R we have

R
M <!

(R,

and in particular, M;(r) < 3m,(2r).

Proof. We shall use the theorem only when f has no zeros, and the
proof in this case is slightly shorter. Hence we shall give the proof
only in this case. The key step is to show that for r < R we have the
inequality

R+r
R rmf(R).

M(r) =

Since we assume that f is entire without zeros, we can define log f(z) as
an entire function of z as in Chapter III, §6. We then apply Poisson’s
formula to the real part of log f(z), taking z = re’® and { = Re®, to get

log|f(2)| = ru log| f(Re™)| ReC Tz ﬂ
0 (—z2n

But the max and min of Re(({ + z)/({ — z)) occurs when cos(d — @) =1
or —1, s0
R-—r < {+z < R+r

0< < <
R+r— eC—z‘R—r

and we get

R+rd0_R+r

logl /(@) < f log"|f(Re™)| 5= g~ ms(R).

Now take the sup for |z| = r and let R = 2r to conclude the proof.

Corollary 24. Let f be an entire function. If m; is bounded for r — o0
then f is constant. If there exists a constant k such that

my(R;) £ klog R;

for a sequence of numbers R;— oo then f is a polynomial of degree
<k

Proof. The first assertion follows from Theorem 2.3 and Liouville’s
theorem that a bounded entire function is constant. The second assertion
is essentially Exercise 5 of Chapter V, §1, but we give the short proof.
Select A large positive, and let R = Ar. By Cauchy’s theorem, if f =
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Y a,z" then |a,| < || fl|z/R" By Theorem 2.3, we find for R = R; = Ar;:
A+1
logla,] £ M(R) —nlogR £ A——lk log(Ar) — n log(Ar).

If n > k, then for A sufficiently large, we also have n > k(4 + 1)/(4 — 1).
Letting R =R;—» oo we find that a,=0. Taking A sufficiently large
shows that a, = 0 if n > k, thus proving the corollary.

We now turn to the main application.

Theorem 2.5. Let h be an entire function without zeros. Then

myp(r) < logr + logmy(r)

for all r lying outside a set of finite measure, and r — 0.

The proof will require some lemmas. Recall that a set has finite measure

if it can be covered by a union of intervals I,, I, ... such that the sum
of the lengths is finite, i.e.

Y. length(l,) < co.
n=1

Lemma 2.6. Let h be an entire function without zeros. Let 1 <r < R.
Then

1
my () < log* R + 2log* =t 2 log™ my(R) + a constant.

Proof. Note that log h is defined as an entire function, and we have
the Poisson representation

2 Re® + z df

_ i9 :
log h(z) = L log|h(Re")| ——— R 3 % +iK

for some constant K. Differentiating with respect to z with |z| < R we
obtain

2n 2 Re® db
’ — i0
Wih(z) = L log|h(Re )l——————R T o

Therefore we find the estimate

2
IWHEN S = IR + (R
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Taking log* and integrating, we obtain the bound
1
my, 3(r) < log*™ R + 2 log* i log* my(R) + log*my,(R) + log 2.

But as we saw at the beginning of the section, m,, = m, — log|h(0)|, so
the lemma follows, with the constant log 2 — log|h(0)).

The lemma tells us that my,(r) is very small compared to m,, pro-
vided we can find R slightly bigger than r such that m,(R) is not much
bigger than m,(r). The next lemma shows that we can find arbitrarily
large values of such numbers r.

Lemma 2.7. Let S be a continuous, non-constant, increasing function
defined for r > 0. Then

1
S — <2
<r + S(r)) < 28(r)
for all r > 0 except for r lying in a set of finite measure.

Proof. Let E be the exceptional set where the stated inequality is false,
that is S(r + 1/S(r)) = 2S(r). Suppose there is some r, € E, S(r;) # 0. Let

1
r2=inf{reEsuchthatrgr1+ }
S(ry)

Then rye E and r, =2 r; + 1/8(r;). Let

1
r, =inf<re E such that r 2 r, + }
’ { 27 8(r2)

Then ry€ E and r; 2r, + 1/S(r,). We continue in this way to get the
sequence {r,}.

[ i | — i

ry T2 T3

ry+ m r, + Trz)
Figure 2

Since S is monotone, by construction we find

S(ras1) 2 S<r,, - ) 2 28(r,) 2 2°S(r).

S(ra)

1 2
2500 = 560"

Hence
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If the sequence {r,} is infinite, then it cannot be bounded, for otherwise
one sees immediately that S would become infinite before the least upper
bound, which does not happen since S is continuous. Then E is covered
by the union of the intervals

1
U[*m]

which has measure < 2/S(r,), thereby proving the lemma.
We apply the lemma to the function

S(r) = log™ m(r),

and we take
R=r+ *—E—A
log* my(r)

in Lemma 2.6. This concludes the proof of Theorem 2.5. (See Exercise

1)

We now come to Picard’s theorem.

Theorem 2.8. Let f be an entire function. Let a, b be two distinct
complex numbers such that f(z) # a, b for all z. Then f is constant.

Proof. Let
w—a

Lw)= b

..._a.

Then L carries a,b to 0,1. Thus after replacing f by Lo f, we may
assume without loss of generality that a =0 and b = 1. Thus we let h be
an entire function which has no zeros and such that 1 — h also has no
zeros, and we have to prove that h is constant. Letting h, =h and
h, =1 — h, we see that it suffices to prove:

Theorem 2.9. Let h,, h, be entire functions without zeros. If

h1+h2=1

then h,, h, are constant.
Differentiating the given relation, we obtain two linear equations

h1+h2=1,
R+ hy =0,
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Write hy = (hy/hy)h, and h) = (hy/h,)h,. Solving for h,, say, we get

b hah
Y hyfhy — hifhy
unless the denominator is 0, in which case (h,/h,)/(h,/h,) =0, and then
hy/h, is constant, and it follows at once that both h,, h, are constant.

We then apply the inequalities for m,, and m,,, at the beginning of this
section, and we find by Theorem 2.5 that

my, (r) < log r + log my (r) + log my, (r)

for all r outside a set of finite measure. We have a similar inequality for
my,,. Then we get that
my, (r) + m,, (r) < log r + log my, (r) + log my, ().
It follows that
my, (r) and my, (r) = O(log r)
for arbitrarily large values of r. By Corollary 2.4, we conclude that h,,

h, are polynomials, which are constant since they have no zeros. This
concludes Borel’s proof of Picard’s theorem.

XIl, §2. EXERCISES

1. Let h be an entire function without zeros. Show that m, is continuous. [This
is essentially trivial, by the uniform continuity of continuous functions on
compact sets.]

2. Let f be a meromorphic function. Show that m, is continuous. This is less
trivial, but still easy. Let z,, ...,z, be the poles of f on a circle of radius r.
Let z; = re', and let I(d;, 6) be the open interval or radius & centered at 0;.
Let I be the union of these intervals. Then for 8¢ I, f(te®®) converges uni-
formly to f(re®) ast—r,soast—r,

L. do o, dO
j log*| f(e™)| ——’f log*|f(re®)| 5.
041 27[ 0¢r 27'[

Given ¢, there exists d such that if 0 € I(6;, 6) for some j and |t — r| < §, then

log”|f(re®)| = log|f(re®)]  and  log®|f(te®)| = log| f(te®)|
because | f(2)| is large when z is near z;. But for z near z;,

@) =(z—2)"g(),
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where e > 0 and |g{(z)| is bounded away from 0. Hence for z near z;,

log| f(z)| = —e log|z — z;| + bounded function.
Then

L. do .. do
J log|f(re®)| ==  and j log|f(te®)] —
0¢1(6;,8) 2n 0e1(6;,9) 2n

are both small, because they essentially amount to

]
J log|6] d,
é

up to a bounded factor. Put in the details of this part of the argument.]

3. Let f be meromorphic. Let a be a complex number. Show that-
Tp(r) = Tr—,(r) + O,(1),

where |0,(1)| < log*|a| + log 2.

So far you will have proved the first main theorem of Nevanlinna theory.
For a development of the theory, see Nevanlinna’s book [Ne 53]. You can
also look up the self-contained Chapters VI and VIII of [La 87].

The next sections deal with separate topics of more specialized interest.
First we show how to estimate an analytic function by its real part. The
method continues the spirit of the beginning of §1, using the maximum
modulus principle. Next, we show that in the estimate of a function, one
can use the fact that derivatives are small instead of the function having
actual zeros to get bounds on the function. Such a technique is useful in
contexts which deepen the result stated in §4 concerning rational values of
entire or meromorphic functions. Then we go on to applications of the
maximal modulus principle to regions other than discs, namely strips. These
topics are logically independent of each other and can be covered in any
order that suits the reader’s tastes or needs. Readers may also wish to skip
the next sections and go immediately to the next chapter.

Xil, §3. BOUNDS BY THE REAL PART,
BOREL-CARATHEODORY THEOREM

We shall now give a simple proof that an analytic function is essentially
bounded by its real part. As usual, we use the technique of two circles.
If u is a real function, we let supy u = sup u(z) for |z| = R.

Theorem 3.1 (Borel-Carathéodory). Let f be holomorphic on a closed
disc of radius R, centered at the origin. Let |f|, = max|f(z)| for
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|z} =r < R. Then

W, s =2

R—r

R
supy Re f + 2~ |fO).

Proof . Let A =supyRef. Assume first that f(0) =0. Then 4 =0
(why?). Let

Then g is holomorphic for |z| £ R. Furthermore, if |z| = R, then

124 — f(2)] 2 1f(2)I.

Hence |gllg < 1/R. By the maximum modulus principle, we have the

inequality ||gll, < |lgllr, and hence, if {w| =r, we get

Lfw)l 1

A UC N
r|24 — fw)| T R’

whence

SIS 24+ 1109,

and therefore

2r

which proves the lemma in this case.
In general, we apply the preceding estimate to the function

h(z) = f(2) — f(0).

supr Re h < supg Re f + | f(0)l,

Then

and if |w] = r, we get

S09) = JO) S 7 [A+ 1O,

whence
2r
/W) = o [4 + 11011 + 110)]
thereby proving the theorem.

In Chapter VIII we gave a more precise description of the relationship
which exists between an analytic function and its real part, by expressing
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the function in terms of an appropriate integral involving only the real
part and the Poisson kernel function. The analytic function is essentially
uniquely determined by its real part, except for adding a constant, which
explains the occurrence of the term f(0) in the above estimate. However,
the proof here with the maximum modulus principle is so simple that we
found it worthwhile including it anyway. Besides, we give an estimate in
terms of supz Re f, not just ||Re f]g. This is significant in the next
corollaries.

Corollary 3.2. Let h be an entire function. Let p > 0. Assume that
there exists a number C >0 such that for all sufficiently large R we
have

supg Re h < CR®.

Then h is a polynomial of degree < p.

Proof. In the Borel-Carathéodory theorem, use R =2r. Then we
have |||, < for r— 0. Let h(z) =) a,z". By Cauchy’s formula we
have |a,| < ||| g/R" for all R, so a, =0 if n > p, as desired.

Corollary 3.3 (Hadamard). Let f be an entire function with no zeros.
Assume that there is a constant C 2 1 such that ||f| g £ C*¥ for all R
sufficiently large. Then f(z) = ¢"® where h is a polynomial of degree
<

Proof. By Chapter III, §6 we can define an analytic function log f(z)=
h(z) such that e*@ = f(z). The assumption implies that Re h satisfies the
hypotheses of Corollary 3.2, whence & is a polynomial, as desired.

Xll, §4. THE USE OF THREE CIRCLES AND
THE EFFECT OF SMALL DERIVATIVES

We begin by illustrating the use of three circles in estimating the growth
of a function in terms of the number of zeros.

We study systematically the situation when an analytic function has
zeros in a certain region. This has the effect of making the function
small throughout the region. We want quantitative results showing how
small in terms of the number of zeros, possibly counted with their multi-
plicities. If the function has zeros at points z,, ...,z, with multiplicities
k., ....k,, then

12

=z G-z

is again analytic, and the maximum modulus principle can be applied to
it On a disc of radius R centered at the origin such that the disc
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contains all the points z,, ...,z,, suppose that R is large with respect to
|z1], ...,lznl, say |z;] < R/2. Then for |z| = R we get

|z —z| 2 R/2.

If we estimate the above quotient on the circle of radius R (which gives
an estimate for this quotient inside by the maximum modulus principle)
we obtain an estimate of the form

2k1+m+k"“f||R/Rk‘+m+k".

Specific situations then compare || f]|x with the power of R in the denom-
inator to give whatever result is sought. In the applications most often
the multiplicities are equal to the same integer. We state this formally.

Theorem 4.1. Let f be holomorphic on the closed disc of radius R. Let
Zy, ...,Zy be points inside the disc where f has zeros of multiplicities
= M, and assume that these points lie in the disc of radius R,. Assume

R, <R/2.

Let R, £ R, < R. Then on the circle of radius R, we have the esti-
mate

M
| < Iflx4 N
I flx, S CMNIosR/E)

Proof. Let |w| = R,. We estimate the function

/@ oz
[G—z) G-zl

) (w—zy) I

Ry

Figure 3
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on the circle of radius R. This function has precisely the value f(w) at
z =w. The estimate |w — z;| £ 2R, is trivial, and the theorem follows at
once.

If a function does not have zeros at certain points, but has small
derivatives, then it is still true that the function is small in a region not
too far away from these points. A quantitative estimate can be given,
with a main term which is the same as if the function had zeros, and an
error term, measured in terms of the derivatives.

Let z,, ...,zy be distinct points in the open disc of radius R, and let

Q@) =[z—1z,) - (z—zy)I™.

Let f be holomorphic on the closed disc of radius R. Let T be the circle
of radius R, and let T; be a circle around z; not containing z, for k # j,
and contained in the interior of . Then we have for z not equal to any
z;:

Hermite Interpolation Formula

f@_ 1 f O &
2ni

002) 20 -2
__}_ NoMo 1D"'f( z) [ ((—2z)" 4
2m, A = 0 20) (-2

This formula, due to Hermite, is a direct consequence of the residue
formula. We consider the integral

QO 1
r@) (¢ -2

The function has a simple pole at { = z with residue f(z)/Q(z). This gives
the contribution on the left-hand side of the formula. The integral is also
equal to the sum of integrals taken over small circles around the points
Zy, ...,zy, z. To find the residue at z;, we expand f({) at z;, say

ac.

f(C)=ao+a1(C—ZJ~)+'-'+aM(C_zj)M+..._

Looking at the quotient by Q({) immediately determines the residues at
z; in terms of coefficients of the expression, which are such that

a, = D™f(z;)/m!.

The formula then drops out.
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It is easy to estimate |f(z)] Multiplying by Q(z) introduces the
quotients
o0 _pfe=s1"
Q0 =ill—2z)] "’

which are trivially estimated. The denominator is small according as the
radius of I is small. In applications, one tries to take the I} of not too
small radius, and this depends on the minimum distance between the
points z, z;, ...,zy. It is a priori clear that if the points are close
together, then the information that the function has small derivatives at
these points is to a large extent redundant. This information is stronger
the wider apart the points are.
Making these estimates, the following result drops out.

Theorem 4.2. Let f be holomorphic on the closed disc of radius R. Let
Zy, -..,Zy be distinct points in the disc of radius R,. Assume

2R, <R, and 2R, <R.

Let o be the minimum of 1, and the distance between any pair of
distinct points among z,, ...,zy. Then

IfIC™

LG
I7le, < (R7R, e

)MN + (CRZ/ )

m,J'

where C is an absolute constant.

An estimate for the derivative of f can then be obtained from
Cauchy’s formula

dac.

D*fz) 1 j fO
k! 2nmi

2ni =R, (- Z)k+1

from which we see that such a derivative is estimated by a similar
expression, multiplied by
2*/R%,.

We may summarize the estimate of Theorem 4.2 by saying that the
first term is exactly the same as would arise if f had zeros at the points
zy, ...,Zy, and the second term 4is a correcting factor describing the
extent to which those points differ from actual zeros. In practice, the
derivatives of f are very small at these points, which thus do not differ
too much from zeros.
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Xil, §5. ENTIRE FUNCTIONS WITH RATIONAL VALUES

We shall give a theorem showing how the set of points where an entire
function takes on rational values is limited. The method follows a classi-
cal method of Gelfond and Schneider in proving the transcendence of of
(when «, f are algebraic # 0, 1 and g is irrational). It develops ideas of
Schneider, who had partially axiomatized the situation, but in a manner
which makes the theorem also applicable to a wider class of functions.

We recall that an analytic function is said to be entire if it is analytic
on all of C. Let p > 0. We shall say that f has strict order < p if there
exists a number C > 1 such that for all sufficiently large R we have

|f(z)) £ C®  whenever |z|] <R

Two functions f, g are called algebraically independent if for any poly-
nomial function

Z aijfigj =0

with complex coefficients a;;, we must have a;; = 0 for all i, j.

We denote the rational numbers by Q, as usual. If f g take on
rational values at certain points, we shall construct an auxiliary function
Y. b;;f'g’ which has zeros of high order at these points, and then estimate
this latter function.

Theorem 5.1. Let f,, ....f, be entire functions of strict order =< p.
Assume that at least two of these functions are algebraically indepen-
dent. Assume that the derivative d/dz = D maps the ring QLf,,....[,]
into itself, i.e. for each j there is a polynomial P; with rational coeffi-
cients such that

Df; = P(f1, ... [

Let wy, ...,wy be distinct complex numbers such that

fiw)eQ
Jor j=1,....,nandi=1,...,N. Then N < 4p.

The most classical application of the theorem is to the ring of
functions

Q[z €*]

which is certainly mapped into itself by the derivative d/dz = D. The
theorem then implies that e* cannot be rational for any integer w # 0.
For otherwise,
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would be rational, so we would obtain infinitely many numbers at which
the exponential takes on rational values, as well as the function z, which
contradicts the theorem. The same argument works in the more general
case when dealing with algebraic numbers, to show that e is not alge-
braic when w is algebraic # 0. Cf. [La 62], Theorem 3, and [La 66],
Chapter III, Theorem 1.

Before giving the main arguments proving the theorem, we state some
lemmas. The first, due to Siegel, has to do with integral solutions of
linear homogeneous equations.

Lemma 5.2. Let
ay Xy + 0+ a,x, =0,

a,1Xy + 4 pp Xy =0

be a system of linear equations with integer coefficients a;;, and n>r.
Let A21 be a number such that |a;| < A for all i,j. Then there
exists an integral, non-trival solution with

|x;| < 2Q2nAy/®,

Proof. We view our system of linear equations as a linear equation
L(X)=0, where L is a linear map, L:Z™ — Z®, determined by the
matrix of coefficients. If B is a positive number, we denote by Z™(B) the
set of vectors X in Z™ such that |X| £ B (where | X| is the maximum of
the absolute values of the coefficients of X). Then L maps Z™(B) into
Z"(nBA). The number of elements in Z™(B) is = B" and < (2B + 1)~
We seek a value of B such that there will be two distinct elements X, Y
in Z®™(B) having the same image, L(X)= L(Y). For this, it will suffice
that B" > (2nBA + 1), and thus it will suffice that B = (3n4)/"™". We
take X — Y as the solution of our problem.

The next lemma has to do with estimates of derivatives. By the size of
a polynomial with rational coefficients we shall mean the maximum of
the absolute values of the coefficients. A denominator for a set of rational
numbers will be any positive integer whose product with every element of
the set is an integer. We define in a similar way a denominator for
a polynomial with rational coefficients. We abbreviate denominator by
“den”.

Let

P(Ti’ ,’1:1) =Zai1...inTlil ’I;li"

be a polynomial with complex coefficients, and let

Q(Tl’ 51;:) = Zﬂil...i,,Tlil ’I;i"
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be a polynomial with real coefficients = 0. We say that Q dominates P
and write P <Q, if || £ B for all (i) = (iy,...,i,). It is then immedi-
ately verified that the relation of domination is preserved under addition,
multiplication, and taking partial derivatives with respect to the variables
T,, ...,T,. Thusif P <Q, then D;P < D;Q, where D; = 0/0T,.

Lemma 53. Let f;, ...,f, be functions such that the derivative D =
d/dz maps the ring Q[f1,....f,] into itself. There exists a number C,
having the following property. If Q(Ti,...,T,) is a polynomial with
rational coefficients, of total degree <'r, then

D™(Q(f1s--sf0) = Culfrs o f0)
where Q,, € Q[T,,...,T,] is a polynomial satisfying:
(i) deg Q,, < r + md with d defined below.
(i) size Q,, < (size Q)m! CI*".
(iii) There exists a denominator for the coefficients of Q,, bounded by
den(Q)CI*".
Proof. Let B(T,...,T,) be a polynomial such that
Df;: B(fl) 7f;|)

Let d be the maximum of the degrees of P, ...,F,. There exists a
“differentiation” D on the polynomial ring Q[T;,...,T,] such that

DL =PR(T,....T)

and for any polynomial P we have

B(P(T. ) = 3 DP)(T;s e TIB(T - T

This is just obtained by the usual chain rule for differentiation, and

D, = 0/0T,

J J

is the usual partial derivative. But the polynomial Q is dominated by
0<size( @1+ T, + -+ T)

and each polynomial P, is dominated by size(P)(1 + T, + - + T,)°. Thus
for some constant C, we have

DQ <size(Q)Cor(1 + T, + -+ + T
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Proceeding inductively, we see that D*Q is dominated by
D*Q <size(Q)Cir(r +d) - (r + kd)(1 + T, + -+ + T,y ™™,

Since
r(r+d)--(r+ kd) Ldr(dr +d) - (dr + kd)

<d**Yr(r4+ 1) (r + k),

this product is estimated by

dk+1

(r + k) k' < Cr+kk|
r!

This proves the lemma.

We apply the lemma when we want to evaluate a derivative

D¥f(w)

at some point w, where f = Q(f;,...,f,) is a polynomial in the func-
tions f;, ....f,- Then all we have to do is plug in fi(w), ...,f,(w) in
0.T,,...,T,) to obtain

D*f(w) = Qs (fi (W), ... fu(W)).

If w is regarded as fixed, this gives us an estimate for D*f(w) as in (ii)
and (iii) of the theorem, whenever fi(w), ...,f,(w} are rational numbers.
Thus the previous discussion tells us how fast the denominators and
absolute values of a derivative

D*f(w)

grow when w is a point such that f;(w), ...,f,(w) are rational numbers.
We now come to the main part of the proof of the theorem. Let f, g
be two functions among f;, ...,f, which are algebraically independent.
Let L be a positive integer divisible by 2N. We shall let L tend to
infinity at the end of the proof.
Let

=§L:= b;f'g’

have integer coefficients, and let L?> = 2MN. We wish to select the coeffi-
cients b;; not all 0 such that

D™F(w,) = 0
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form=0,....M—1and v=1,...,N. This amounts to solving a system
of linear equations

Z= biij(figj)(Wv) =0,

1

LJ

and by hypothesis D™(f'g’)(w,) is a rational number for each v. We
treat the b;; as unknowns, and wish to apply Siegel’s lemma. We have:

Number of unknowns = L2,

Number of equations = MN.
Then our choice of L related to M is such that

#equations _q
#unknowns — #equations

We multiply the equations by a common denominator for the coeffi-
cients. Using the estimate of Lemma 5.3, and Siegel’s lemma, we can
take the b;; to be integers, whose size is bounded by

size b; < M! CYHE <« MMCHHE

for M - 0.

Since f, g are algebraically independent, the function F is not identi-
cally zero. Let s be the smallest integer such that all derivatives of F up
to order s — 1 vanish at all points w,, ...,wy, but such that D°F does
not vanish at one of the w,, say w,. Then s = M. We let

o = DF(w,).

Then o # 0 is a rational number, and by Lemma 5.3 it has a denomina-
tor which is < C; for s » c0. Let ¢ be this denominator. Then ca is an
integer, and its absolute value is therefore = 1.

We shall obtain an upper bound for |D*F(w,)| by the technique of
Theorem 4.1. We have

F(2)

DsF =8l
(WI) ’ (Z - Wl)s z=w,

We estimate the function

F(Z) H (Wl - Wv)s

HE) = sl ey  E =W T o

on the circle of radius R = s'/?#, By the maximum modulus principle, we
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have
ID*F(wy)| = [H(w)| < [Hl|g < s°CY||F|| g/R™
for a suitable constant C. Using the estimate for the coefficients of F,

and the order of growth of the functions f, ...,f,, together with the fact
that L £ M < s, we obtain

C35°CRY _ C3s°CyY
RNs = eNs(logs)/Zp'

IFllg
Hence

SZSCévs

1 < |ca| = |cD°F(w,)| = oNsllogs)/2p "

Taking logs yields

Nslogs

< 2slogs + C¢Ns.

We divide by slogs, and let L— oo at the beginning of the proof, so
s — 0. The inequality
N=<4p

drops out, thereby proving the theorem.

Xll, §6. THE PHRAGMEN-LINDELOF AND
HADAMARD THEOREMS

We write a complex number in the form

s=0+it
with real o, t.
We shall use the O notation as follows. Let f, g be functions defined
on a set S, and g real positive. We write

f@)=0(g()) or |f(@I<gl2) for |z o0

if there is a constant C such that |f(z)| < Cg(z) for |z| sufficiently large.
When the context makes it clear, we omit the reference that |z| - co.
Consider a strip of complex numbers s such that the real part ¢ lies in
some finite interval [g1,07]. We are interested in conditions under which f
is bounded in the strip. Suppose that |f| < 1 on the sides of the strip. It
turns out that if f has some bound on its order of growth inside the strip,
then |f] <1 on the whole strip. The double exponential f(s) = ¢ on the
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strip [—7/2, n/2] gives an example when f is not bounded on the interior.
However, one has:

Theorem 6.1 (Phragmen-Lindelof). Let f be continuous on the strip
-n/2L0=<n/2

and holomophic on the interior. Suppose |f| < 1 on the sides of the strip,
and suppose there exists 0 < o <1 and C > 0 such that

£ ()] < exp(Ce*™)

Jor s in the strip with |s| — . Then |f| <1 in the strip.

Proof. Let o < f< 1. For each € > 0, define

gels) = f(s)e> =P,

We have 2Re(cos fis) = (ef' + e *)cos fo. Since 0 < § < 1, it follows that
there exists ¢ > 0 such that ¢ < cos o for all o € [-n/2, n/2]. Hence

|ge(s)] — 0 as |s| — o0, s in the strip.

Since it is immediate that g. is bounded by 1 on the sides of the strip, it
follows from the maximum modulus principle applied to truncated rec-
tangles of the strip that |g| < 1 on the whole strip. Then we conclude that

|f(s)| < e¥Recoshs for all s in the strip.

We now fix some finite rectangle, and take s in this rectangle. The
previous inequality holds for every e >0, and the values |cos Bs| are
bounded for s in the rectangle. This implies that |f(s)] £ 1 for s in the
rectangle, and concludes the proof of the theorem.

From Theorem 6.1 we shall obtain several variations. First, we say that
a function f on a strip 61 < o < 0, is of finite order on the strip if there
exists 4 > 0 such that

log|f(s)| « |s|*  for |s| — oo, s in the strip.

Theorem 6.2 (Phragmen—Lindeléf, second version). Let f be continuous
on a strip Re(s) € [01,02] and holomophic on the interior. Suppose
|f| £ 1 on the sides of the strip, and f is of finite order on the strip. Then
IfI =1 on the strip.
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Proof. By a linear change of variables s = aw + b = p(w) we see that
the given strip corresponds to a strip as in Theorem 6.1. It is immediately
verified that f o ¢ satisfies the hypothesis of Theorem 6.1, so |fog| <1,
and finally |f] < 1, which proves the corollary.

Remark. The bound of 1 on the sides is a convenient normalization. If
instead |f| < B on the sides of the strip for some B > 0, then by con-
sidering f/B instead of f one concludes that |f| < B inside the strip.

The Phragmen-Lindeldf can be applied to give estimates for a func-
tion even when the function is not bounded in the strip. For instance,
we obtain the following statement as an immediate consequence.

Corollary 6.3. Suppose that f is of finite order in the strip, and that there
is some positive integer M such that

floy+i)y=0(d™)  for|]—

and similarly for o, instead of o, that is | f(s)| is bounded polynomially
on the sides of the strip. Then for s in the strip, we have

[l =0(s™)  forls| = co.
Proof. Let s, be some point away from the strip. Then the function
g(s) = f(s)/(s — s0)™.

is bounded in the strip and we can apply the Phragment—Lindeldf theo-
rem to conclude the proof.

Example. Define the zeta function
{s)=Y n~s
n=1

It is easily shown that the series converges absolutely for Re(s) > 1, and
uniformly on every compact subset of this right half-plane, thus defining
a holomorphic function. It is also easily shown that

{s)=]](1 —p~)™"  (called the Euler product),

p

where the product is taken over all the prime numbers. In Chapter XIII
you will learn about the gamma function I'(s). Define

fis) = s(1 — s)n—sﬂr(%)c(s).
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It can be shown that there is an extension of f to an entire function,
satisfying the functional equation

fls) = f(1 —s).

For Re(s) = 2, say, the Euler product is uniformly bounded. The func-
tional equation gives a bound

flo+it)=0(tM)  for || > 0

for each ¢ £ —2. The Phragmen-Lindel6f theorem then gives a bound
in the middle.

In the Phragmen-Lindeldf theorem we were interested in the crude
asymptotic behavior for large t. In the next theorem, we want a more
refined behavior, and so we must assume that the function is holomor-
phic and bounded in a whole strip.

Theorem 6.4 (First Convexity Theorem). Let s=o0+it. Let f be
holomorphic and bounded on the strip a <o < b. For each o let

M;(c) = M(0) = sup | f(o + it)|.

Then log M(o) is a convex function of .
Proof. The statement is defined to be the inequality
b—o —a

o
<
log M(0) £ 5 aIOgM(a)+b—a

Expressed in multiplicative notation, this is equivalent with

— log M(b)
M(o)™* < M(@)’~°M(by™".
The case when M(a)=M(()=1 is simply a special case of the

Phragmen-Lindeldf theorem.
In general, let

h(s) = M(a)®~/E-a M (p)s—aNb-a)
Then h is entire, has no zeros, and 1/h is bounded on the strip. We have
|h(a + it)] = M(a) and [h(b + it)] = M(b)
for all t. Consequently,

Mp(a) = My, (b) = 1.
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The first part of the theorem implies that |f/h| < 1, whence |f| < |h|, thus
proving our theorem.

Corollary 6.5 (Hadamard Three Circle Theorem). Let f(z) be holo-
morphic on the annulus o < |z| < B, centered at the origin. Let

M(r) = sup [ f(z)].

|zl=r

Then log M(r) is a convex function of logr. In other words,
log(/x) log M(r) < log(B/r) log M(a) + log(r/x) log M(B).

Proof. Let f*(s) = f(¢®). Then f* is holomorphic and bounded on the
strip a < 0 £ b, where ¢ = « and e” = 8. We simply apply the theorem,
to get the corollary.

In the next corollary, we analyze a growth exponent. Let f be holo-
morphic in the neighborhood of a vertical line ¢ + it, with fixed o, and
suppose that

flo +ir) <[t

for some positive number y. The inf of all such y can be called the
growth exponent of f, and will be denoted by (o). Thus

flo + it) € |t|v@*e

for every € > 0, and /(o) is the least exponent which makes this inequal-
ity true.

Theorem 6.6 (Second Convexity Theorem). Let f be holomorphic in the
strip a £ 6 £ b. For each o assume that f(o + it) grows at most like a
power of |t|, and let (o) be the least number 20 for which

flo+ i) « |1/

for every € > 0. Assume also that f is of finite order in the strip. Then

V(o) is convex as a function of o, and in particular is continuous on
[a, b].

Proof. The corollary of the Phragmen—Lindelof theorem shows that
there is a uniform M such that f(o + it) < |t|™ in the strip. Let L.(s) be
the formula for the straight line segment between Y (a) + € and Y(b) + €;
in other words, let

L) = @) + €1+ ;S [y(h) + ]
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The function

fls)(—isy 4

is then immediately seen to be bounded in the strip, and our theorem
follows, since we get ¥(o) < L. (o) for each ¢ in the strip, and every € > 0.

Example. We have already mentioned the zeta function. It is a stan-
dard fact that it has a pole of order 1 at s =1, and is otherwise holo-
morphic. Hence let us put

fis) = (s = 1L(s).

Then f is an entire function. We then have the corresponding y(s). The
Riemann hypothesis states that all the zeros of {(s) (or f(s)) in the strip
0 <o <1 lie on the line Re(s) = 1/2. It can be shown fairly easily that
this hypothesis is equivalent to the property that the graph of ¢ is as
shown on Fig. 4, in other words, {(s) =0 for ¢ = 1/2. Cf. my Algebraic
Number Theory, Springer-Verlag, Chapter XIII, §5.

The dotted line represents the behavior
¥(0) of the graph of ¥(¢) under the Riemann hypothesis.
AN
\
\
\
\
\
- °
Figure 4

Xll, §6. EXERCISES

Phragmen-Lindelof for Sectors

1. Let U be the right half plane (Re z > 0). Let f be continuous on the closure
of U and analytic on U. Assume that there are constants C >0 and o < 1
such that

/@) £ Ce’

for all z in U. Assume that f is bounded by 1 on the imaginary axis. Prove
that f is bounded by 1 on U. Show that the assertion is not true if a = 1.
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2. More generally, let U be the open sector between two rays from the origin.
Let f be continuous on the closure of U (ie. the sector and the rays), and
analytic on U. Assume that there are constants C > 0 and a such that

/(2] < Ce

for all ze U. If n/B is the angle of the sector, assume that 0 <a < f. If f is
bounded by 1 on the rays, prove that f is bounded by 1 on U.

3. Consider again a finite strip ¢; < ¢ < 0,. Suppose that f is holomorphic on
the strip, | f(s)] = 0 as |s| - oo with s in the strip, and |f(s)] < 1 on the sides of
the strip. Prove that | f(s)] < 1 in the strip.

(Remark. The bound of 1 is used only for normalization purposes. If f is
bounded by some constant B, then dividing f by B reduces the problem to the
case when the bound is 1.)

4. Let f be holomorphic on the disc Dg of radius R. For 0 <r <R let

1 2n -
I(r)=57; . | f(re™)|* d6.

Let f =Y a,z" be the power series for f.
(a) Show that
I =Y |a,|*r*"

(b) I(r) is an increasing function of r.

© LfOF2IM=If7
(d) loglI(r) is a convex function of logr, assuming that f is not the zero
function. [Hint: Put s = logr,

J(s) = I(e®).

J"J — (J/)Z

Show that (log J)" = 72

. Use the Schwarz inequality to show

that
J'J—(J)Y=0]



CHAPTER XIlI

Entire and Meromorphic
Functions

A function is said to be entire if it is analytic on all of C. It is said to be
meromorphic if it is analytic except for isolated singularities which are
poles. In this chapter we describe such functions more closely. We
develop a multiplicative theory for entire functions, giving factorizations
for them in terms of their zeros, just as a polynomial factors into linear
factors determined by its zeros. We develop an additive theory for mero-
morphic functions, in terms of their principal part (polar part) at the
poles.

Examples of classical functions illustrating the general theory of
Weierstrass products and Mittag—Leffler expansions will be given in the
three subsequent chapters: elliptic functions, gamma functions, and zeta
functions. For other classical functions (including hypergeometric func-
tions), see, for instance, Copson [Co 35].

XIll, §1. INFINITE PRODUCTS

Let {u,} (n=1,2,...) be a sequence of complex numbers # 0. We say
that the infinite product

0
[T u,
n=1
converges absolutely if lim u, = 1 and if the series

Y logu,
n=1

converges absolutely, ie. ) |logu,| converges. For a finite number of n
372
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we take any determination of logu,, but if n is sufficiently large, then
u, can be written in the form u, =1 — a, where |«,| < 1, and then we
let log u, = log(1 — a,) be defined by the usual series for the logarithm.
Under this condition of absolute convergence, it follows that the series

Y log u, =Y log(l —a,)

converges, so the partial sums

M=

log u,

It

n=1

have a limit. Since the exponential function is continuous, we can expon-
entiate these partial sums (which are the log of the partial products) and

we see that
53] N

u, = lim [] u,
=1 N

n —w n=1

exists.

Lemma 1.1. Let {&,} be a sequence of complex numbers o, # 1 for all
n. Suppose that
PALA

converges. Then

rj(l ~a,)

converges absolutely.
Proof. For all but a finite number of n, we have |a,| < 1, so
log(1 — a,)
is defined by the usual series, and for some constant C,
llog(1 — a,)| = Clat,|.

Hence the product converges absolutely by the definition and our as-
sumption on the convergence of Y. |a,|.

The lemma reduces the study of convergence of an infinite product to

the study of convergence of a series, which is more easily manageable.
In the applications, we shall consider a product

(1 - hn(,z))5

—s

n=1

where h,(z) is a function # 1 for all z in a certain set K, and such that
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we have a bound
|ha(2)] £ oy

for all but a finite number of n, and all z in K. Taking again the partial
sums of the logarithms,

N
; log(1 — h,(2),

we can compare this with the sums of the lemma to see that these sums
converge absolutely and uniformly on K. Hence the product taken with
the functions h,(z) converges absolutely and uniformly for z in K.

It is useful to formulate a lemma on the logarithmic derivative of an
infinite product, which will apply to those products considered above.

Lemma 1.2. Let {f,} be a sequence of analytic functions on an open set
U. Let fo(z) =1+ h,(2), and assume that the series

> ha(2)

converges uniformly and absolutely on U. Let K be a compact subset of
U not containing any of the zeros of the functions f, for all n. Then the
product [] f, converges to an analytic function f on U, for z € K we have

P = Z}lﬁ.’/f..(z),

and the convergence is absolute and uniform on K.
Proof. By covering K with a finite number of discs of sufficiently

small radius, using the compactness, we may assume that K is a closed
disc. Write

10 =TI 46 I £
where N is picked so large that iNIh,,(z)| < 1. Then the series
n=
3 togfie) = § log(1 + @)
converges uniformly and absolutely, to define a determination of

log G(2), where G(2) = ﬁ £,(2).
n=N
Then

N
@) = ; Salf(2) + G'/G(2).
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But we can differentiate the series for log G(z) term by term, whence the
expression for f’'/f(z) follows. If the compact set is away from the zeros
of f, for all n, then the convergence is clearly uniform, as desired.

XN, §1. EXERCISES

1. Let 0 < |a| < 1 and let |z] £ r < 1. Prove the inequality

o+ |alz

o2+ |oz <1-+-r
(1 — @z)a

l1-—r

2. (Blaschke Products). Let {a,} be a sequence in the unit disc D such that
a, # 0 for all n, and

M8

(1 = o)

n=1

converges. Show that the product

oy — 2 |an|

f@=T11

ami 1 — &,z a,

converges uniformly for |z| <r <1, and defines a holomorphic function on
the unit disc having precisely the zeros a, and no other zeros. Show that

/@I =1,

3. Let «, = 1 — 1/n? in the preceding exercise. Prove that

limfx)=0 if 0<x<l.

x=1

In fact, prove the estimate for «,_; < x < a,:

nlox—o  "la,—o
1f(x)| < < < 2e™"B,
,‘Dl 1 —ax ,‘UI 1 —a

4. Prove that there exists a bounded analytic function f on the unit disc for
which each point of the unit circle is a singularity.

5. (g-Products). Let z = x + iy be a complex variable, and let 1 = u + iv with u, v
real, v > 0 be a variable in the upper half-plane H. We define

q.= e2m‘r and q,= e21u'z‘
Consider the infinite product
0
(1 =a) [T (1 - a'q)( ~ q/q.).
n=

(a) Prove that the infinite product is absolutely convergent.
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(b) Prove that for fixed 7, the infinite product defines a holomorphic function
of z, with zeros at the points
m+nt, mn int?gers.
We define the second Bernoulli polynomial
B,(y)=y*—y+s.

Define the Néron—Green function

A(Z, 1) = A(x’ Y, T) = —lOg thz(y/u)/2(1 - qz) l:Il (1 - q:qz)(l - q:/qz) .

(¢) Prove that for fixed 7, the function z+> A(z, 1) is periodic with periods
1, 7.

Xlll, §2. WEIERSTRASS PRODUCTS

Let f, g be entire functions with the same zeros, at which they have the
same multiplicities. Then f/g is an entire function without zeros. We
first analyze this case.

Theorem 2.1. Let f be an entire function without zeros. Then there
exists an entire function h such that

f(z) = "™,

Proof. Since C is simply connected, this is merely a restatement of the
result of Chapter III, §6 where we defined the logarithm log f(z) for any
function f which has no zeros.

We see that if f, g are two functions with the same zeros and same
multiplicites, then

f(2) = g(z)e"®

for some entire function h(z). Conversely, if h(z) is entire, then g(z)e"®
has the same zeros as g, counted with their multiplicities.

We next try to give a standard form for a function with prescribed
zeros. Suppose we order these zeros by increasing absolute value, so let
Zy, Z,, ... be a sequence of complex numbers # 0, satisfying

2] Szl -+

Assume that |z,| - co as n— o0. If we try to define the function by the
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A2

then we realize immediately that this product may not converge, and so
we have to insert a convergence factor. We do not want this factor to
introduce new zeros, so we make it an exponential. We want it to be as
simple as possible, so we make it the exponential of a polynomial, whose
degree will depend on the sequence of z,. Thus we are led to consider
factors of the form

product

E"(Z) — (1 _ Z)ez+zz/2+---+z"‘1/(n—l)'

The polynomial in the exponent is exactly what is needed to cancel the
first n terms in the series for the log, so that

22 zn—l
log E,(z2) =log(l —2) +z+ %+ +
2 n—1
@ _Zk
_k;n k '

Lemma 2.2. If |z| £ 1/2, then
llog E,(2)| = 2|z|"

Proof.
|z|" &
llog E,(2)| = < >

1
_k
n ¥=o2

< 2|z

Given the sequence {z,}, we pick integers k, such that the series

)

converges for all positive real R. Since |z,| - co we can find such k,, for
instance k, = n, so that (R/|z,|)" < 1/2" for n 2 no(R). We let

2 Zkn~1

P)=z+2% 4+
W =275 k —1

En(z’ Zn) = (1 — ’z—> eP"(z/z").
Zy

and
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P z _z+1 22+ + 1 <i>k"_1
"\z.) zx  2\z, k,—1\z,)]

Theorem 2.3. Given the sequences {z,}, {ka}, {Px} as above; if the series

S

converges for all positive real R (which is the case if k, = n), then the
product

Note that

o0 Q0 z

f15(e.2) = 11 (1= 2)enro

n=1 n=1 Zn
converges uniformly and absolutely on every disc |z| < R, and defines an
entire function with zeros at the points of the sequence {z,}, and no other
zeros.

Proof. Fix R. Let N be such that
|zv] S 2R < |z41].

Then for |z| < R and n> N we have |z/z,| <1/2, and hence

kn
llog Ey(z, 2,)| < z(%) .

Therefore the series

o0
Z log E,(z,z,)

N+1

converges absolutely and uniformly when |z| < R, thereby implying the
absolute and uniform convergence of the exponentiated product.

The limiting function obviously has the sequence {z,} as zeros, with
the multiplicity equal to the number of times that z, is repeated in the
sequence. We still have to show that the limiting function has no other
zeros. We fix some radius R and consider only |z| £ R. Given € there
exists Ny such that if N > N,, then

N
Y logE,(z z,)

n=No

<e

N
log [] E.(zz,
n=Ng

by the absolute uniform convergence of the log sequence proved pre-
viously. Hence the product

N
[1E.(z z,)
No
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is close to 1. But

No—

5@ =11 Edz z) lim [] Esz 7).

n= N-wo Np

The first product on the right has the appropriate zeros in the disc
[z| £ R. The limit of the second product on the right is close to 1, and
hence has no zero. This proves the theorem.

The sequence {z,} was assumed such that z, # 0. Of course an entire
function may have a zero at 0, and to take this into account, we have to
form

= Z
Zm H l —_— ePn(z/zn).
Z

n=1 n

This function has the same zeros as the product in Theorem 2.3, with a
zero of order m at the origin in addition.

In most of the examples, one can pick k, — 1 equal to a fixed integer,
which in all the applications we shall find in this book is equal to 1 or 2.
The chapter on elliptic functions gives examples of order 2. We now give
an example of order 1.

Example 2.4. We claim that

72 1

sin’ 1z 454 (z — n)?’

cosnz 1 1 1
ot Tz = w— =-+ Y +-,
sinnz z JSoo\z—n n

s
N
[
|
3N

[ %) [ %]
SN——

. z
sinnz =7z [] (l — —>ez/" =nz
n

n#0 1

Proof. Consider the difference

(1) h(z)=;+z< ! +1>—n°°”z

o\z—n n sin 7z’

The function = cot 7z has simple poles at the integers, with residue 1, and
so does the sum on the right-hand side. Hence the difference on the
right-hand side representing the function h is an entire function, which
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we must prove is equal to 0. We take the derivative

-1 n?
5 +

) W)=}

WSz (z—n)?  sin’nz

It is clear that h’' is periodic of period 1 (but it would not be so
immediate that the function h itself is periodic). Next we prove that h’ is
constant. By Liouville’s theorem, it suffices to prove that h’ is bounded.
But for |y| = 2 (say), putting z = x + iy, it is immediate that the series

1
E with 0=x=1

neZ|x+iy—n

is bounded, and in fact the series approaches 0 as |y| = co. Furthermore,
substituting z = x + iy directly in the expression

. einz _ e—inz

sin 1z = ————
shows that 1/sin? nz is also bounded in the cut-off strips 0 < x <1,
|yl =2, and approaches 0 as |y| — oo (like e 2™")). Since h’ is entire, it
follows that A’ is continuous also for |y| < 2, whence h’ is bounded in the
entire strip, and is therefore bounded on C by periodicity. Hence h’ is
constant by Liouville’s theorem. Furthermore, this constant is 0 because
as we have seen, h'(x + iy) > 0 as |y| —> o0.

Having proved h’' =0 we now conclude that h itself is constant. Im-
mediately from the definition (1), one sees that h(0) =0, whence h =0
and therefore the formula for cot nz has been proved.

Finally we consider sin nz. We let z, =n where n ranges over the
integers # O (possibly negative). Let k, = 2, k, — 1 = 1. The series

(R/n)?

s

n=1

converges for all R. Hence Theorem 2.3 implies that the function

1@ =nz ] <1 _ %) el

n#0

is an entire function with zeros of order 1 at the integers. We show that
it is equal to sin nz. The Weierstrass product has the property stated in
Lemma 1.2, and therefore taking the logarithmic derivative term by term
yields

1 1o
rra=t+ 3 (e h)
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But

cos mz  d(sin nz)/dz
cotnz=mn = .

sin 7z sin 7z

Since the logarithmic derivatives of sin 7z and f(z) are equal, we now
conclude that there exists a constant C such that

f(z) = Csin nz.

We divide both sides by nz and let z tend to 0. We then see that C = 1,
thereby proving the Weierstrass product expression for sin nz.

Remark. Of course, we gave two version of the Weierstrass product
for sin mz. In the second version, the product is taken for n=1, 2, ...
ranging over the positive integers. As a simple exercise, justify the fact
that we could combine the terms with n positive and the term with —n,
so that the exponential factor cancels in this second version.

Xill, §2. EXERCISES

1. Let f be an entire function, and n a positive integer. Show that there is an
entire function g such that g" = f if and only if the orders of the zeros of f
are divisible by n.

2. Prove that
1

2:

s

7[2
n 6

Il
-

n

[Hint: Use the constant term of the Laurent expansion of n2/sin? nz at z = 0.]
3. More generally, show:
(@ mzeotmz=1-2Y% Y z2"/n*™

n=1 m=1

(b) Define the Bernoulli numbers B, by the series

t =tk
=1—-+ Y B,—.
e —1 2 k; k!

Setting ¢t = 2inz and comparing coefficients, prove:

If k is an even positive integer, then
B,
2(k) = —-kf"‘(Zni)".

If k =2, you recover the computation of Exercise 2.
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4. In the terminology of algebra, the set E of entire functions is a ring, and in
fact a subring of the ring of all functions; namely E is closed under addition
and multiplication, and contains the function 1. By an ideal J, we mean a
subset of E such that if f, geJ then f+geJ, and if he E then hfeJ. In
other words, J is closed under multiplication elements of E, and under addi-
tion. If there exists functions f;, ...,f, € J such that all elements of J can be
expressed in the form A, f; + -+ A,f, with A;e E, then we call f,, ....f,
generators of J, and we say that J is finitely generated. Give an example of an
ideal of E which is not finitely generated.

For finitely generated ideals, see the exercises of §4.

XIll, §3. FUNCTIONS OF FINITE ORDER

It is useful to have a simple criterion when the integers k, in -the
Weierstrass product can all be taken equal to a fixed integer. Let p be a
positive real number.

An entire function f is said to be of order £ p if, given € > 0, there
exists a constant C (depending on €) such that

Iflr S C¥"  for all R sufficiently large.

or equivalently,
log|fllg <« R°**  for R- .

Observe that to verify such an asymptotic inequality, it suffices to verify
it when R ranges through positive integers N, because we have

(N + 1+ < N°*<  for N sufficiently large.

A function is said to be of strict order < p if the same estimate holds
without the ¢, namely

[fllg £C¥  for R sufficiently large.
The function is said to be of order p if p is the greatest lower bound of

those positive numbers which make the above inequality valid, and simi-
larly for the definition of the exact strict order.

Example. The function e has strict order 1 because |e?| = e* < eV,

Further examples will be given by constructing functions of order p
using Weierstrass products, as follows,
Let p > 0. Let k be the smallest integer > p. Let {z,} be a sequence
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of complex numbers # 0, ordered by increasing absolute value, and such
that

1
Zm,m

converges for every €. As before let

2 k-1

V4
RO =P@=z+ 5+ 4 .

We call

V4
o T
V4

n

B () = B = T1(1 -

the canonical product determined by the sequence {z,} and the number p,
or canonical product for short. Lemma 2.2 shows that it defines an
entire function.

Theorem 3.1. The above canonical product is an entire function of
order < p.

Proof. Let € >0 be such that p+e <k and let A =p + e There
exists a constant C such that

|E2)| = (1 — 2)e”@| < C*.

This is true for |z] £ by Lemma 2.2, and it is even more obvious for
|z| =21 and { <z} £ 1. Then

|E(k)(z, {Zn})l < H Cl#/znl* < CIZI‘EIHZ.,I"
thus proving the theorem.
The next results essentially prove the converse of what we just did, by

showing that all entire functions of order < p are essentially Weierstrass
products of the above type, up to an exponential factor and a power of z.

Theorem 3.2. Let f be an entire function of strict order < p. Let v/(R)
be the number of zeros of f in the disc of radius R. Then

v(R) < R
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Proof. Dividing f by a power of z if necessary, we may assume
without loss of generality that f does not vanish at the origin. The
estimate is an immediate consequence of Jensen’s inequality, but corre-
sponds to a coarse form of it, which can be proved ad hoc. Indeed, let
z;,...,2, be the zeros in the circle of radius R, and let

f2)

Te—z)G-z) "

g(2) "z

Then g is entire, g(0) = +f(0), and we apply the maximum modulus
principle to the disc of radius 3R, say. Then the inequality

LSO = 1/ 3-/2"

falls out, thereby proving Theorem 3.2 directly.

Theorem 3.3. Let f have strict order < p, and let {z,} be the sequence
of zeros #0 of f, repeated with their multiplicities, and ordered by
increasing absolute value. For every 6 > 0 the series

|

ENG

)

converges

Proof. We sum by parts with a positive integer R —» o0

1

2R |2,lP*?

Rovr+1)—v(r)
< ;1 re+e

VR) & )
< povs t Zl e T constant.

r=

Each quotient v(r)/r? is bounded, so the first term is bounded, and the
sum is bounded by ) 1/r'*? which converges. This proves the theorem.

Theorem 3.4 (Minimum Modulus Theorem). Let f be an entire function
of order < p. Let z,, z,, ... be its sequence of zeros, repeated according
to their multiplicities. Let s> p. Let U be the complement of the
closed discs of radius 1/|z,|° centered at z,, for |z,| > 1. Then there
exists ro(€, ) such that for ze U, |z| = r > ry(€, f) we have

|f(z)' > e“"’*" i.e. log|f(Z)| > _rp+5.
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Proof. We first prove the minimum modulus theorem for the canoni-
cal product. Let |z| =r. We write

z
E@)= ][] (1 - —> [T e [] Ez z,)
lznl<2r Zn/ lznl<2r lznl22r

—pote

The third product over |z,| = 2r is seen to have absolute value > C
by the usual arguments. Indeed, we have the analogous estimate from
below instead of Lemma 2.2, namely:

If |w| £1/2, then
2
log | Ey(w)| Z ~=|wP.

This is seen at once from the expansion

wm  wk
— = — + higher terms,
m k g

s

—log E,(w) =

il

m=k

and the higher terms can be estimated by the geometric series. We put
w = z/z, to obtain

pte

2 z z

k
> 2

> log|Ek(z,2n)]

|zn|Z2r k[z,,\;zr

v

Zn

“n |zal Z2r

Since Y’ 1/|z,/°*€ converges, we obtain the desired estimate
log|third product| = —C,r?*¢ for some constant C, > 0.

Consider next the second product. There is a constant C, > 0 such
that

k—1
~IP(/z) 2 ~ C Y e/l
=0

If |z,| = r, then the term |z/z,|’ is bounded and there are
<v2r) < rete

such terms. For |z,| <r we can replace j by its highest possible value
k — 1. Then we obtain

k-1
log |second product| 2 —C, Y. =l - o(1).
lznl<r {4n
k—1
2—Cyrt ¥ o — oW
|zal <r | 4n
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Using summation by parts, we find

1 [t vim + 1) — v(m)
- < Z k—1
1<z l<r | Zn m<r m
v(r v(m
< ——,‘% + ) (—k) + constant
r m<r M
rp+€

< pk-1 4 pprekAl o(1).

Combining this with the lower bound for log|second product| proves that
log |second product| > —r?*e,

as desired.
In the first product we have

z
‘1__
z

|z — z,] 1 > 1
|zal =z, T @y

v

n

Hence the first product satisfies the lower bound

Z log

|za]<2r

1 ——| = v(2r) — (s+ 1) log(2r)

V4
Zn

> — C3r’*“log(2r) (by Theorem 3.2).

which concludes the proof of the minimum modulus theorem for canoni-
cal products.

Before proving the full minimum modulus theorem, we give the most
important application of minimum modulus for Weierstrass products,
which now allow us to characterize entire functions of finite order.

Theorem 3.5 (Hadamard). Let f be an entire function of order p, and

let {z,} be the sequence of its zeros # 0. Let k be the smallest integer
>p. Let P=P,. Then

1) = eMzm I (1 _ i) ePlelzn).

Z'l
where m is the order of f at 0, and h is a polynomial of degree < p.

Proof. The series Z 1/|z,)° converges for s> p. Hence for every r
sufficiently large, there exists R with r < R < 2r such that for all n the
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circle of radius R does not intersect the disc of radius 1/|z,|° centered at
z,. By the minimum modulus theorem, we get a lower bound for the
canonical product E(z) on the circle of radius R, which shows that the
quotient f(z)/E(z)z™ is entire of order < p. We can apply Corollary 3.3
of Chapter XII to conclude the proof.

The full minimum modulus theorem for f is now obvious since the
exponential term e"® obviously satisfies the desired lower bound.

Xill, §3. EXERCISES

1. Let f, g be entire of order p. Show that fy is entire of order < p, and f + g is
entire of order < p.

2. Let f, g be entire of order < p, and suppose f/g is entire. Show that f/g is
entire of order < p.

Xill, §4. MEROMORPHIC FUNCTIONS,
MITTAG-LEFFLER THEOREM

Suppose f has a pole at z,, with the power series expansion
a‘m
f@=—"F+""+ao+az—z)+" .

We call

PI(f, 2g) = — =" 4 - 4 21 P(%l_)

(z—zo)" (z —zp) BV 2o
the principal part of f at z,.

We shall consider the additive analogue to Section §2, which is to
construct a meromorphic function having given principal parts at a
sequence of points {z,} which is merely assumed to be discrete.

Theorem 4.1 (Mittag—Leffler). Let {z,} be a sequence of distinct com-
plex numbers such that |z,| — c. Let {P,} be polynomials without con-
stant term. Then there exists a meromorphic function f whose only
poles are at {z,} with principal part P(1/(z — z,)). The most general
Sfunction of this kind can be written in the form

L)~ + o

r0=3|5;
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where Q, is some polynomial, and ¢ is entire. The series converges
absolutely and uniformly on any compact set not containing the poles.

Proof. Since a principal part at 0 can always be added a posteriori, we
assume without loss of generality that z, ¢ 0 for all n. We expand

|
()
z—2z,

in a power series of z/z, at the origin. This power series is a linear
combination of power series arising from a single term

(z—lz,,)"= ((1__> zkZ ()

Zn

with coefficients b; related to binomial coefficients (dependlng on k). In
particular, since the radius of convergence of 1/(1 — T)* is 1, we have
the estimate

[bj| < (1+ ef  for j— oo,
with the implied constant depending on k. Let d, be a positive integer. It
follows from these estimates that if we let Q,(7) be the polynomial of

degree <d, — 1 in the power series expansion of P,(1/(z — z,)) at 0, then
there exists a constant B, (depending only on n) such that

(=) -2

Therefore we can pick d, such that if |z/z,| < 1/2, then

<B, Z(l +¢)
i=d,

Then the series

converges absolutely and uniformly for z in any compact set not contain-
ing the z,. In fact, given a radius R, let R < |z,|, and split the series,

(1) -0 5[]
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The first part is a finite sum. If |z] < R/2, then the second sum is
dominated by ) 1/2". The finite sum has the desired poles, and the
infinite sum on the right has no poles in the disc of radius R/2. This is
true for every R, thereby completing the proof of the theorem.

Xiil, §4. EXERCISES

L.

Let g be a meromorphic function on C, with poles of order at most one,
and integral residues. Show that there exists a meromorphic function f such that

fif=g

. Given entire functions f, g without common zeros, prove that there exist entire

functions A, B such that Af + Bg = 1. [Hint: By Mittag-Leffler, there exists a
meromorphic function M whose principal parts occur only at the zeros of g,
and such that the principal part Pr(M,z,) at a zero z, of g is the same as
Pr(1/fy, z,), so M — 1/fg is holomorphic at z,. Let A = Mg, and take it from
there.]

. Let f, g be entire functions.

(a) Show that there exists an entire function h and entire functions f,, g,
such that f = hf,, g = hg,, and f,, g, have no zeros in common.
(b) Show that there exist entire functions A, B such that Af + Bg = h.

. Let fi, ....f, be a finite number of entire functions, and let J be the set of all

combinations A, f; + -+ A, f., Where A; are entire functions. Show that
there exists a single entire function f such that J consists of all multiples of f,
that is, J consists of all entire functions Af, where A is entire. In the language
of rings, this means that every finitely generated ideal in the ring of entire
functions is principal.

. Let {ar}, {zx} be sequences of non-zero complex numbers, with |z;| — cc and

|2k < |zi41| for all k. Let p be a real number >0 such that

[ee]
a
solad o
= ||
Define
n
An = |ak[.
k=

(a) Prove that 4, = o(|z,|*) for n — oo, meaning the lim A,/|z,|" = 0.
(b) Let d be the smallest integer = p. Let G; be the polynomial

d—1
Galz) =Y 2"
n=0
Define
a (4]
Fie(z, z) =~ _ka + ;EGd(Z/Zk)~
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Prove that the series
0
F(z) =Y F(z z)
k=1
converges absolutely and uniformly on every compact set not containing
any Zzg.

(c) Let S be a subset of C at finite non-zero distance from all z, that is, there
exists ¢ > 0 such that |z —z;| 2 ¢ for all ze § and all k. Show that

F(z)=0(z|?) forzeS, |z] - .

(d) Let U be the complement of the union of all discs D(z, di), centered at z,
of radius & = 1/|z|?. Show that

F(z) = 0(|z2/*)  forze U, |z — co.

Note: For part (d), you will probably need part (a), but for (c), you won’t.



CHAPTER XIV

Elliptic Functions

In this chapter we give the classical example of entire and meromorphic
functions of order 2. The theory illustrates most of the theorems proved
so far in the book. A self-contained “analytic” continuation of the topics
discussed in this chapter can be found in Chapters 3, 4, and 18 of my
book on Elliptic Functions [La 73].

XIV, §1. THE LIOUVILLE THEOREMS

Let w,, w, be two complex numbers which are linearly independent over
the real numbers. This means that there is no relation

aw; + bw, =0 with a, be R not both 0.

By the lattice generated by w,;, w, we mean the set of all complex
numbers of the form

mo; + nw, with m,neZ.

Thus a lattice looks like the set of points of intersections in the lines
of the following diagram. We shall use the notation L = [w;,w,].
Observe that if w, o' €L, then w + o', and nwe L for all integers n.
One may say that L is closed under addition and under multiplication by
integers. Those who know the definition of a group will therefore see
that a lattice is a subgroup of C. Furthermore, since C has dimension 2

391
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Figure 1

as a vector space over R, we see also that w,, w, form a basis of C
over R.

Let z, we C. We define z= wmod L to mean that z — we L. We let
the reader verify that the relation z = w mod L, called congruence modulo
L, is an equivalence relation, that is:

z=zmod L;
if z=wand w=u then z = u;

if z=wthen w=z.

The set of equivalence classes mod L is denoted by C/L, which we read
C modulo L. Since congruence is an equivalence relation, we may add
congruence classes. Also observe that if z=wmod L and n is an integer,
then nz =nwmod L. If A is an arbitrary complex number # 0, then in
general it is of course not true that AL — L, and even less true that
AL = L. However, the reader can verify that if z=wmod L, then AL is
also a lattice, and Az = Aw mod AL.

If L =[w,,w,] as above, and a € C, we call the set consisting of all
points

Ot+t1w1+t2w2, O§t1§l,
a fundamental parallelogram for the lattice (with respect to the given

basis). We could also take the values 0 £ t; < 1 to define a fundamental
parallelogram. Let P be the fundamental parallelogram defined in this
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latter fashion. Then one has:
Given z € C, there exists a unique element z, € P such that z = z, mod L.

Proof. First let « =0. Write z = aw, + bw, with a, beR. Let m
be the largest integer < a, and let n be the largest integer < b. Let
t;=a—mand t, =b—n Then

z=mw; + hw, + t,0, + t,w, =t,0, + t,w, mod L.

Observe that 0 < t; < 1, so the congruence class of zmod L has a repre-
sentative in the fundamental parallelogram P. On the other hand, sup-
pose that

Loy + 1,0, = 5,0, + 5,0, with 0<s; < 1.

Then [s; — t;| < 1, but (5; — t;)w; + (5, — t;)w, =0mod L, so s;=1¢; for
i=1, 2. Thus z,=t,w, + t,w, is the unique element of P which is
=zmod L.

If « # 0, then we apply the above arguments to z — a, to get both the
existence and uniqueness of an element z, in a fundamental parallelo-
gram which is =z mod L.

Since we assumed that w,, w, are not real scalar multiples of each
other (because they are linearly independent over R), it follows that
w,/w, or w,/w, has a positive imaginary part. After changing the order
in which we consider w, and w,, we can achieve that the imaginary part
of w,/w, is positive.

Unless otherwise specified, we shall assume that Im(w,/w,) >0, ie.
that w, /w, lies in the upper half plane H = {x + iy, y > 0}. An elliptic
function f (with respect to L) is a meromorphic function on C which is
L-periodic, that is,

fz + w) = f(2)

for all ze C and w e L. Note that f is periodic if and only if

fz + o) =f2) = flz + ©,).

An elliptic function which is entire (ie. without poles) must be con-
stant. Indeed, the function on a fundamental parallelogram is continuous
and so bounded, and by periodicity it follows that the function is bounded
on all of C, whence constant by Liouville’s theorem.

Theorem 1.1. Let P be a fundamental parallelogram for L, and assume
that the elliptic function f has no poles on its boundary 0P. Then the
sum of the residues of f in P is Q.
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Proof. We have

27:i2Resf=J f(z)dz =0,

oP

this last equality being valid because of the periodicity, so the integrals
on opposite sides cancel each other (Fig. 2).

atw) tw

atw)

a+w?2

Figure 2

Corollary. An elliptic function has at least two poles (counting multi-
plicities) in C/L.

Theorem 1.2. Let P be a fundamental parallelogram, and assume that
the elliptic function f has no zero or pole on its boundary. Let {a;,} be
the singular points (zeros and poles) of f inside P, and let f have order
m; at a;. Then

Y. m=0.

Proof. Observe that f elliptic implies that f* and f’/f are elliptic. We
then obtain

0= f f'If(z)dz = 2n,/—1Y Residues = 2n,/—1) m,
op

thus proving our assertion.
Theorem 1.3. Hypotheses being as in Theorem 1.2, we have
Y ma;=0 (mod L).

Proof. This time, we take the integral

@, —
LP z 0 dz =2n./—1) ma,
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because

On the other hand we compute the integral over the boundary of the
parallelogram by taking it for two opposite sides at a time. One pair of
such integrals is equal to

J‘a+w1 f/(z)d _J‘a+w1+wz f’(Z)

We change variables in the second integral, letting u =z — w,. Both
integrals are then taken from a + w,, and after a cancellation, we get the

value
osfiw)
_G)2J\ md“—zn -—lsz,

o

for some integer k. The integral over the opposite pair of sides is done
in the same way, and our theorem is proved.

XIV, §2. THE WEIERSTRASS FUNCTION

We now prove the existence of elliptic functions by writing some analytic
expression, namely the Weierstrass function

1 1 1
vo-bv 3 [ 1]

itz —0)? o

where the sum is taken over the set of all non-zero periods, denoted by
L*. We have to show that this series converges uniformly on compact
sets not including the lattice points. For bounded z, staying away from
the lattice points, the expression in the brackets has the order of magni-
tude of 1/|w|®>. Hence it suffices to prove:

1
Lemma 2.1. If 1> 2, then Y, of converges.

wel |(U
Proof. Let A, be the annulus consisting of all z € C such that
n—1=Z]z|<n

The partial sum for |w| < N can be decomposed into a sum for w € A4,,
and then a sum for 1 £ n < N. We claim:
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There exists a number C > 0 such that the number of lattice points in
A, is < Cn.

Assuming this claim for a moment, we obtain

1
lel'1

n < 1
— £ —_—
) Py

n

<X
1

HMS

A

]

which converges for 1 > 2.

Now to prove the claim, let d be a positive integer such that the
diameter of a fundamental parallelogram is < d. Then A, is contained in
the annulus of complex numbers z such that

n—1-dZ|z|€n+d

By direct computation, the area of this annulus is C,n for some constant
C, (depending on d). Let k, be the number of fundamental parallelo-
grams of the lattice which intersect 4,. The number of lattice points in
A, is certainly bounded by k,. But if P is a fundamental parallelogram,
then

k,(area of P) < area of the annulus{n —1 —d <|z]<n+d} < Cin

This proves that k, < Cn, with C = C, /(area of P), and thus proves the
claim.

The series expression for @ shows that it is meromorphic, with a
double pole at each lattice point, and no other pole. It is clear that p is
even, that is,

p(2) = p(-2)

(summing over the lattice points is the same as summing over their
negatives). We get g’ by differentiating term by term,

1
$'(z)=-2 ng(—z’_—w)y

the sum being taken for all w € L. Note that g’ is clearly periodic, and
is odd, that is

P(=2)=—p'(2.
From its periodicity, we conclude that there is a constant C such that

Pz +0,)=pk +C.
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Let z = —w, /2 (not a pole of p). We get

o\ oy
“’(2)“”( 2>+C’
and since g is even, it follows that C =0. Hence g is itself periodic,
something which we could not see immediately from its series expansion.

Theorem 2.2. Let f be an elliptic function periodic with respect to L.
Then f can be expressed as a rational function of @ and g'.

Proof. If f is elliptic, we can write f as a sum of an even and an odd
elliptic function, namely

@+ f(=2) )= f(=2)
5 .

1) = :

If f is odd, then the product fg' is even, so it will suffice to prove that if
f is even, then f is a rational function of .

Suppose that f is even and has a zero of order m at some point u. Then
clearly f also has a zero of the same order at —u because

SOW) = (=1 “(~u).
Similarly for poles.

If u= —u (mod L), then the above assertion holds in the strong sense,
namely f has a zero (or pole) of even order at u.

Proof. First note that u = —u (mod L) is equivalent to
2u=0 (mod L).
In C/L there are exactly four points with this property, represented by

W, Wy, W+ W,

0’ 75 73 2

in a fundamental parallelogram. If f is even, then f’ is odd, that is,
f'w)=—f"(—u.

Since u = —u (mod L) and f' is periodic, it follows that f'(u) = 0, so that
f has a zero of order at least 2 at u. If u% 0 (mod L), then the above



398 ELLIPTIC FUNCTIONS XTIV, §2]

argument shows that the function

g(2) = p(2) — p(u)

has a zero of order at least 2 (hence exactly 2 by Theorem 1.2 and the
fact that o has only one pole of order 2 on C mod L). Then f/g is even,
elliptic, holomorphic at u. If f(u)/g(u) # O, then ord,f = 2. If f(u)/g(u) =
0, then f/g again has a zero of order at least 2 at u and we can repeat
the argument. If u = 0 (mod L) we use g = 1/p and argue similarly, thus
proving that f has a zero of even order at u.

Now let u; (i=1,...,r) be a family of points containing one represen-
tative from each class (4, —u) (mod L) where f has a zero or pole, other
than the class of L itself. Let

m; = ord, f if 2u;,#20 (modL),
m;=zord, f if 2u;=0 (mod L).

Our previous remarks show that for ae C, a # 0 (mod L), the function
#(2) — @(a) has a zero of order 2 at a if and only if 2a = 0 (mod L), and
has distinct zeros of order 1 at a and —a otherwise. Hence for all z £ 0
(mod L) the function

110p@ - o)

has the same order at z as f. This is also true at the origin because of
Theorem 1.2 applied to f and the above product. The quotient of the
above product by f is then an elliptic function without zero or pole,
hence a constant, thereby proving Theorem 2.2.

Next, we obtain the power series development of o and g’ at the
origin, from which we shall get the algebraic relation holding between
these two functions. We do this by brute force.

1 1 2 21
p(z)=?+w§*li?<l+é+(é> +> ~a—)§]

z wel* m=1
1 O
=3 + Z CmZm,
Z m=1
where
5y m+ 1
m= ¥2
w#0 o™

Note that ¢, = 0 if m is odd.
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Using the notation

1
Sp(L) = s, = —
(L) m;ow'"

we get the expansion

1 0
Pl =+ ¥ @n+ Dsppua(L)e™,

from which we write down the first few terms explicitly:

1
pE =+ 3542% + Ssgz* + -

and differentiating term by term,

-2
9'(2) = — + 6542 + 20852° + -+ .
z

Theorem 2.3. Let g, = g,(L) = 60s, and g5 = g,(L) = 140ss. Then
P =4p° —g,0 — g5.
Proof. We expand out the function
?@2) = p'(2 —4p@)° + g,0(2) + g5

at the origin, paying attention only to the polar term and the constant
term. This is easily done, and one sees that there is enough cancellation
so that these terms are 0, in other words, ¢(z) is an elliptic function
without poles, and with a zero at the origin. Hence ¢ is identically zero,

thereby proving our theorem.

The preceding theorem shows that the points (g(z), ¢'(z)) lie on the
curve defined by the equation

¥ =4x> —g,x — g5.
The cubic polynomial on the right-hand side has a discriminant given by
A = g3 —2743.

We shall see in a moment that this discriminant does not vanish.
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ew=p(%§, i=1,23

where L = [w,, w,] and w; = w,; + @,. Then the function

Let

he) = p(2) — &,

has a zero at w;/2, which is of even order so that p'(w;/2)=0 for
i=1, 2, 3, by previous remarks. Comparing zeros and poles, we con-
clude that

0'2) =4p@) ~ e)(pE) — e2)(p(2) — e3).

Thus e,, e,, e; are the roots of 4x* — g,x — g;. Furthermore, p takes
on the value e¢; with multiplicity 2 and has only one pole of order
2mod L, so that e; # ¢; for i # j. This means that the three roots of the
cubic polynomial are distinct, and therefore

A=g3—27g%2#0.

XIV, §3. THE ADDITION THEOREM

Given complex numbers g,, g5 such that g3 — 2792 #0, one can ask
whether there exists a lattice for which these are the invariants associated
to the lattice as in the preceding section. The answer is yes. For the
moment, we consider the case when g,, g5 are given as in the preceding
section, that is, g, = 60s, and g; = 140s,.

We have seen that the map

z-(p(2), '(2))
parametrizes points on the cubic curve defined by the equation
=4’ —gyx —g;.

If z ¢ L then the image of z under this map is a point of the curve, and if
ze L, then we can define its image to be a “point at infinity”. If z, = z,
(mod L) then z; and z, have the same image under this map.

Let

P =(pw) p'w)) and P, =(p(,), p'(uy))
be two points on the curve. Let u; =u, + u,. Let

P = (So(us), p'(u3)).
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We also write

P1=(x1’y1)’ P2=(x2,y2)5 P3=(X3,y3).

Then we shall express x;, y; as rational functions of (x;, y,) and (x,, y,).
We shall see that P, is obtained by taking the line through P,, P,
intersecting it with the curve, and reflecting the point of intersection
through the x-axis, as shown on Fig. 3.

\_

Figure 3

Select u,, u,€C and ¢ L, and assume u, # u, (mod L). Let a, b be
complex numbers such that

$'(u) = apu) +b,
9'(uy) = ap(u;) + b,
in other words, y =ax + b is the line through (p(u,), »'(u;)) and

(@(“z)a pl(uz))- Then
9'(2) — (ap(z) + b)

has a pole of order 3 at 0, whence it has three zeros, counting multi-
plicities, and two of these are at u, and u,. If, say, u; had multiplicity 2,
then by Theorem 1.3 we would have

2u; +u, =0 (mod L).
If we fix u,, this can hold for only one value of u, mod L. Let us
assume that we do not deal with this value. Then both u,, u, have

multiplicity 1, and the third zero lies at

uy = —(u; +u;) (mod L)
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again by Theorem 1.3. So we also get

9'(u3) = ap(us) + b.
The equation
4x3 —g,x —g; —(ax + b)* =0

has three roots, counting multiplicities. They are @(u,), @u,), ©(u;),
and the left-hand side factors as

4(x — p(u))(x — ) (x — pu3)).
Comparing the coefficient of x? yields

2

a
Pu) + o) + pus) = e
But from our original equations for a and b, we have

alpu,) — pu,)) = p'u,) — p'u,).
Therefore from

P(us3) = p(— Wy +u,)) = pu, + uy)
we get

0'(uy) — @'(uz))z

1
P, +uy)=—pu,) — pu,) + Z(M

or in algebraic terms,

1y =y, \?
X3=—X; — X3+~ .
3 1 2 4<x1__x2

Fixing u,, the above formula is true for all but a finite number of
u, = uy (mod L), whence for all u, # u, (mod L) by analytic continuation.
For u; = u, (mod L) we take the limit as u, — u, and get

- 1(p"W)?
02u) = —2p ) + Z(go’(u)) :

These give us the desired algebraic addition formulas. Note that the
formulas involve only g,, g5 as coefficients in the rational functions.
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XIV, §4. THE SIGMA AND ZETA FUNCTIONS

Both in number theory and analysis one factorizes elements into prime
powers. In analysis, this means that a function gets factored into an
infinite product corresponding to its zeros and poles.

In this chapter, we are concerned with the analytic expressions.

Our first task is to give a universal gadget allowing us to factorize an
elliptic function, with a numerator and denominator which are entire
functions, and are as periodic as possible.

One defines a theta function (on C) with respect to a lattice L, to be
an entire function @ satisfying the condition

0(z + u) = O(z)e*mli@wteml 2 eC, uel,

where | is C-linear in z, R-linear in u, and c(u) is some function depending
only on u. We shall construct a theta function.

We write down the Weierstrass sigma function, which has zeros of
order 1 at all lattice points, by the Weierstrass product

o) =z [] (1—i>e=/w+1/2<sz)2.

wel* W

Here L* means the lattice from which 0 is deleted, i.e. we are taking the
product over the non-zero periods. We note that ¢ also depends on L,
and so we write g(z, L), which is homogeneous of degree 1, namely

o(Az, AL) = Aa(z, L), leC, 2+#0.

Taking the logarithmic derivative formally yields the Weierstrass zeta
function

z) rlz—0 o o

It is clear that the sum on the right converges absolutely and uniformly
for z in a compact set not containing any lattice point, and hence inte-
grating and exponentiating shows that the infinite product for o(z) also
converges absolutely and uniformly in such a region. Differentiating {(2)
term by term shows that

oD =t@=00= 14 z[ ! +l+i].

Llz—w)? o

1 1 1
(@)= —p@=—- Z*[— ~2]-

Also from the product and sum expressions, we see at once that both
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o and { are odd functions, that is
o(—z)=-0(z) and {(—2)=—{(2)

The series defining {(z, L) shows that it is homogeneous of degree —1,
that is,

{(Az, AL) = %C (z, L).

Differentiating the function {(z + w) — {(z) for any w e L yields O be-
cause the p-function is periodic. Hence there is a constant n(w) (some-
times written #,) such that

{(z + 0) = {z) + n(w).

It is clear that n(w) is Z-linear in . If L = [w,, w,], then one uses the
notation

n(w;) =n, and n(w,) =n,.

As with {, the form n(w) satisfies the homogeneity relation of degree —1,
as one verifies directly from the similar relation for {. Observe that the

lattice should strictly be in the notation, so that in full, the relations
should read:

{(z+ o L)= C(Z: L) + n(w, L),

e, AL) = Jn(@, L),

Theorem 4.1. The function o is a theta function, and in fact

o(z + w)
a(2)

Y(w)=1 if w2el,
Y=-1 i o2¢L

— !//(w) err<w)(z+w/2)’

where

Proof. We have
d, oz+w)

dz o8 a(z)

1(w).
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Hence
gz + w)
o(2)

log = n(w)z + c(w),

whence exponentiating yields
0(z + w) = o(z)e"@z+d@),

which shows that ¢ is a theta function. We write the quotient as in the
statement of the theorem, thereby defining y(w), and it is then easy to
determine y(w) as follows.

Suppose that /2 is not a period. Set z = —w/2 in the above relation.
We see at once that y(w) = —1 because ¢ is odd. On the other hand,
consider

0z +2w) 0oz +20)0(z + )
oz  oz+ow o2

Using the functional equation twice and comparing the two sides, we see
that ¥ (2w) = Y(w)>. In particular, if w/2 € L, then

¥(0) = Y(0/2).
Dividing by 2 until we get some element of the lattice which is not equal
to twice a period, we conclude at once that y(w) = (—1)*" = 1.
The numbers 7, and 7, are called basic quasi periods of (.

Legendre Relation. We have

N0 — Ny, = 2mi.

Proof. We integrate around a fundamental parallelogram P, just as we
did for the gp-function:
o] twp tw)

atwi

atwy

Figure 4
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The integral is equal to

f {(z) dz = 2mi ) residues of {
oP

= 2mi

because { has residue 1 at 0 and no other pole in a fundamental parallel-
ogram containing 0. On the other hand, using the quasi periodicity, the
integrals over opposite sides combine to give

N0y — N0,

as desired.

Next, we show how the sigma function can be used to factorize elliptic
functions. We know that the sum of the zeros and poles of an elliptic
function must be congruent to zero modulo the lattice. Selecting suitable
representatives of these zeros and poles, we can always make the sum
equal to 0.

For any a € C we have

g\z a

Observe how the term n(w)a occurs linearly in the exponent. It follows
that if {a;}, {b;} (i =1, ...,n) are families of complex numbers such that

Z a; = Z b;,
then the function

[To(z—ay)

[[o@z—1b)

is periodic with respect to our lattice, and is therefore an elliptic function.
Conversely, any elliptic function can be so factored into a numerator and
denominator involving the sigma function. We write down explicitly the
special case with the g-function.

Theorem 4.2. For any a e C not in L, we have

a(z + a)o(z — a)
" 6%(2)d%(a)

0(2) — p(a) =
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Proof. The function g(z) — @(a) has zeros at a and —a, and has a
double pole at 0. Hence

a(z + a)o(z — a)
p(2) — pla) = cTEFALE=0)

0%(2)
for some constant C. Multiply by z? and let z— 0. Then ¢?(z)/z* tends
to 1 and z%p(z) tends to 1. Hence we get the value C = —1/62(a), thus
proving our theorem.



CHAPTER XV

The Gamma and
Zeta Functions

We now come to a situation where the natural way to define a function
is not through a power series but through an integral depending on a
parameter. We shall give a natural condition when we can differentiate
under the integral sign, and we can then use Goursat’s theorem to con-
clude that the holomorphic function so defined is analytic.

We shall be integrating over intervals. For concreteness let us assume
that we integrate on [0, oo[. A function f on this interval is said to be
absolutely integrable if

f : )] de

exists. If the function is continuous, the integral is of course defined as
the limit

lim r 1f@)] dt.

B-w JO

We shall also deal with integrals depending on a parameter. This
means f is a function of two variables, f(t,z), where z lies in some
domain U in the complex numbers. The integral

J‘w f(t, z) dt = lim Bf(t, z) dt
0

B-wo JO

is said to be uniformly convergent for z € U if, given ¢, there exists By
such that if By < By < B,, then

< €.

B,
j f(t, z) dt
B,

408
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The integral is absolutely and uniformly convergent for z € U if this same
condition holds with f(¢, z) replaced by the absolute value | f{(t, z)|.

XV, §1. THE DIFFERENTIATION LEMMA

Lemma 1.1. Let I be an interval of real numbers, possibly infinite. Let
U be an open set of complex numbers. Let f = f(t, z) be a continuous
function on I x U. Assume:

(i) For each compact subset K of U the integral

J f(t,z) dt
I

is uniformly convergent for z € K.

(i) For each t the function z— f(t, z) is analytic. Let

F(z)= J ft, 2) dt.
I
Then F is analytic on U, D, f(t, z) satisfies the same hypotheses as
f, and
F’(z)=f D, f(t, 2) dt.
I
Proof. Let {I,} be a sequence of finite closed intervals, increasing to I.

Let D be a disc in the z-plane whose closure is contained in U. Let y be
the circle bounding D. Then for each z in D we have

ft,2) = - j UCLp

T i) =2
SO
([0
F(z)—%'[lﬁc_zdldt.

If y has radius R, center z,, consider only z such that |z — z,| < R/2.
Then

< 2/R.

For each n we can define

F@) = f fé(tfz)dcdt.
InJy
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In view of the restriction on z above, we may interchange the integrals

and get
F =—1 f—l IJ tC)dtldC
n(z) 2 i yc z Inf( £ .

Then F, is analytic by Theorem 7.7 of Chapter III. By hypothesis, the
integrals over I, converge uniformly to the integral over I. Hence F is
analytic, being the uniform limit of the functions F, for |z — z,| £ R/2.
On the other hand, F/(z) is obtained by differentiating under the integral
sign in the usual way, and converges uniformly to F'(z). However

1
E(z) = i L D, f(t, z) dt.

This proves the theorem.

Observe that the hypotheses under which the theorem is proved are
slightly weaker than in the real case, because of the peculiar nature
of complex differentiable functions, whose derivative can be expressed as
an integral. For the differentiation lemma see the Appendix of Chapter
VIIL

Example. Let f be a continuous function with compact support on
the real numbers. (Compact support means that the function is equal to 0
outside a compact set.) Consider the integral

Fz) = j * e dt.

Let y, < y, be real numbers. The integrand for

Vo<Imz<y,

is of the form

f(t)eitz — f(t)eirxe—ty

and we have |e"*| = 1, whereas e lies between e ' and e ™°. Since
f has compact support, the values of ¢t for which f(t) # 0 are bounded.
Hence e is bounded uniformly for y, <Imz <y,. Thus the integral
converges absolutely and uniformly for z satisfying these inequalities.
Differentiating under the integral sign yields the integrand

itf(r)e™,
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and again the function itf(t) has compact support. Thus the same argu-
ment can be applied. In fact we have the uniform bound

litf (B)e"™| < |¢]| f(£)] e

which is independent of z in the given regions. Therefore we obtain
F'(z)= j itf(t)e™*dt  for y,<Imz<y;.

As this is true for every choice of y,, y; we conclude that in fact F is
an entire function.

The similar result for continuity rather than differentiability from
Theorem A2 of the Appendix of Chapter VIII can be used. We give here
another version which will suffice in what follows.

Lemma 1.2 (Continuity Lemma). Let I be an interval, U an open set in
the complex numbers, and f(t, z) a continuous function on I x U. As-
sume that there exists a function ¢ on I which is absolutely integrable
on I, and such that for all ze U we have

|/, 2)] £ o().

Then the function F defined by

F(z) = J‘ ft,z) dt

is continuous.

XV, §1. EXERCISES

1. For Re(z) > 0, prove that

logz= J (et~ e"‘)éf‘

0 t

[Hint: Show that the derivatives of both sides are equal.]

2. Let f be analytic on the closed unit disc. Let

0]
I(z)-—L t+zdt'
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Show that I(z) + f(—z)logz is analytic for z in some neighborhood of 0.
[Hint: First consider z real positive, or if you wish, z with positive real part.
Use the power series expansion f(t) =Y ¢,t*, and write t =t + z —z. Collect

terms. The part
dt

© 1
g;o Ck(—Z)k _{.o t+z

will give rise to the log term.]

The Laplace Transform

3. Let f be a continuous function with compact support on the interval [0, co[.
Show that the function Lf given by

Lf(z) = J‘w f)e ™ dt
0

is entire.

4. Let f be a continuous function on [0, cof, and assume that there is constant

C > 1 such that
IfOl<C*  for t— o0,

i.e. there exist constants A, B such that |f{t)] £ Ae® for all ¢ sufficiently large.
{a) Prove that the function

Lf(z) = Jw f(t)e = dt
[}

is analytic in some half plane Re z = ¢ for some real number ¢. In fact,
the integral converges absolutely for some 5. Either such ¢ have no lower
bound, in which case Lf is entire, or the greatest lower bound o, is called
the abscissa of convergence of the integral, and the function Lf is analytic
for Re(z) > g,. The integral converges absolutely for

Rez 20, +¢

for every € > 0.
The function Lf is called the Laplace transform of f.
(b) Assuming that f is of class C!, prove by integrating by parts that

L(f)z) = zLf (2) - £ (0).

Find the Laplace transform of the following functions, and the abscissa of
convergence of the integral defining the transform. In each case, a is a real
number # 0.

5. f@=e™ 6. f(t) =cos at
7. f(t) =sinat 8. f)=(e"+¢7%)2
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9. Suppose that f is periodic with period a > 0, that is f(t + a) = f(t) for all
t 2 0. Show that

fae () de

- for Rez>0.
l_e az

Lf(z) =

XV, §2. THE GAMMA FUNCTION

There are two natural approaches to the gamma function. One is via the
Weierstrass product, and the other is via a Mellin transform integral.
Certain properties are clear from one definition but not from the other,
and there is also the problem of proving that the two definitions give the
same function. There are many variations for achieving all this. I select
one of them, starting with the Weierstrass product and its consequences,
which constitute the more algebraic properties of the gamma function.

Weierstrass Product

Let y be the Euler constant, that is

1 1
y = lim <1+—+“'+——logn>.
2 n

n—+e

By the general theory of Weierstrass products, there is an entire function
g(z) whose zeros are the negative integers and 0, having the Weierstrass
product

g2y =e"z [] <1 + E) e,
n=1 n

We define the gamma function to be I'(2) = 1/g(2), so that

ri T() = 20™ [ (1 + ﬁ)m,

n=1

Thus the gamma function has poles of order 1 at the negative integers.
We record at once its logarithmic derivative

ra2 —I"T(z) = ¢'/9(2) —-—+v+ i ( 1)

Z4+n n

The Euler constant is the unique constant such that the Weierstrass
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product for g satisfies the property

1
glz +1)=—4g(),

and therefore the gamma function satisfies the property

r3. Iz + 1) = z(2).

To prove this, let g,(z) = z7'g(z), so that g,(0) = 1. Taking logarith-
mic derivatives, we find immediately from I 2 that

1 © | 1
’ N=_—_ B
gloz+1D z+1+y+,;1<z+n+l n)

=91/9:(2).
Indeed, the term with 1/z disappears in the Mittag—Leffler expansion of
g3/9,, and looking at the partial sums of this expansion, we find that
they differ from the partial sums of g'/g(z + 1) by a term 1/(z +n+1)
which tends to 0 as n tends to co. Therefore there is a constant C such
that
g(z + 1) = Cg,(2).

Evaluating at z = 0 yields g(1) = Cg,(0) = C, so

Hence

el 1
=y+ ) log(n+1)—-logn—;:|

as one sees by looking at the partial sums and using the definition

. 1 1
y = lim (1+—+"'+ﬂ—logn>.
2 n

n—o

Hence C =1 and we are done. In addition we have also proved that for
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positive integers n we have
r 4. I'n)=@n-—1)! and =1

Next comes the identity

I 5. r@ra -z =

nnz

To prove this, we note that from the Weierstrass product and Example
2.4 of Chapter X, N

© 2\ -1
T (T (-2) _%H< Z) -

zsin iz’

Using I' 3 the formuia I' § drops out.
Putting z = 1/2 and noting that I'(x) is positive when x is posmve we
get I'(1/2)* = n, and so
rd)=x

From I 5 we shall also obtain the residue of I' at negative integers,
namely:

6. Theresidueof T at z=—n forn=0,1,2,...is (—1)"/nl.

To see this, we multiply both sides of I' 5 by (z + n) and use the addition
formula for the sine, to find

n(z+n) (=1
sinn(z+n) (1 —2z)

z+nl(z)=

We can evaluate the right side at z = —n to be (—1)"/n!, which therefore
gives the residue from the left side, as desired. Several other proofs will be
given subsequently.
Next we compute an alternate version of the Weierstrass product.
Define
Zz+1)---(z+n)
n!n? '

gn(z) =

From the definition of g,(z), we get directly

_,T ZY gm2/k) 2412+ (1 /) log n)
2) Z}g((l+k)e )e 1+(1/2)+-+(1/n)~log
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This product is a partial product for the Weierstrass product of 1/T.
Thus we obtain the limiting value for the gamma function, that I'(z) =
lim 1/g,(z), or in other words,

n-00

7. I(2) = lim ———
n—»ooz(z +1)---(z+n)

uniformly for z in a compact set not containing 0 or a negative integer.

The Gauss Multiplication Formula (Distribution Relation)

Define the entire function

D(z) \'/_; V27g(2).
Then
N-—
rs. 11 D(z + ) = D(Nz)NV*=1/2,
Jj=0

For example, if N = 2 we find the duplication formula
Tz + ) = /n2'"2T(22),

which allows us to express values of the gamma function at half integers
in terms of gamma values at integers.

To prove the general formula, the main idea is that the left side and
right side have the same zeros and poles, so the quotient is an exponen-
tial function of order 1, so of type AB?, and one has to determine 4 and
B. Of course, there is a computational part to the proof, which we carry
out. So we let

N-1
1;1) I'(z + j/N)

T(va) = AB* = h(z), say.
By using I'(z + 1) = zI'(z) repeatedly, we find

h(z+1)_1‘sz+i/N

h(z) = N™"h(2).
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But from the definition of h, we also have h(z + 1) = Bh(z), so
B=N7¥

There remains to determine A. We can evaluate I'(z)/T'(Nz) at z=0 to
find N. Hence from the definition of h(z) = AB® at z = 0, we get

A=h0)=N [;]1 T'(j/N).

In particular, 4 > 0, and it suffices to compute A%. By I' 4 we find:

A\2 N1
(N—) =[] rG/MTa - jiN)

N-1 N-1
=" [T (sin nj/N)™* = Quiy"™* ] (€™ — e™™iM)1,
Jj=1 j=1

But

N—-1 N-1 N-1
H (einj/N _ e—inj/N) - H gimilN H a1 - e-Zm'j/N) = iN—lN’
j=1 j=1 j=1
by using some simple algebraic identities. Indeed, we use
N-1
_Zl j=(NN-=1)N/2,
=

and we note that e"2"/N (j=1,...,N — 1) ranges over all N-th roots of
unity # 1. From the factorization

[Tx-0=x"-1
tM=1
we find
XV —1 N~1 N-2
]’[(X—c)=X 1=X + XV 4+ 1
=1 -
T#1

Substituting 1 for X on the right-hand side yields N. Then we note that
i¥N-1 cancels, so (4/N)* = (2z)""'/N. Then formula T'8 drops out.

Remark. We formulated I'8 with the normalized function D so that
the powers of = disappeared, for three reasons. First, the number of
factors \/E;z_ which occur is precisely the number of factors in the prod-
uct. Hence such factors might as well be incorporated from the start into
the formula.



418 THE GAMMA AND ZETA FUNCTIONS XV, §2]

The second reason is that if one lets

8, 2) = 2 (z + ny

and if we let {'(s, z) denote the derivative with respect to s, then one has
the Lerch formula

D(z) = exp(—{'(0, 2)).

Thus the normalization with D(z) gets rid of all extra constants in this
Lerch formula. See Theorem 3.2 below.

The third reason is that, when z ranges over rational numbers, then
the term NY27!2 js a pure fractional root of an integer, and contains no
transcendental factor involving 7. It is a conjecture of Rohrlich that the
only multiplicative relations of values of the gamma function at rational
numbers (up to algebraic factors) are those which follow formally from
I'3, 'S, and the multiplication formula I'8.

Thus we see that the normalization D(z) instead of I'(z) is much nicer
in several respects. It exhibits the structure of relations involving the
gamma function in a much clearer way, than when a random constant
appears to be floating around.

For another basic example of a distribution relation (or addition for-
mula) see the exercise of §3, and also Exercises 3, 4 of Chapter XI, §2.

The (Other) Gauss Formula

The Gauss Formula which follows is really a corollary of I'2.

ro. I'/I(z) = r (E’lf _ _"f_'_> a | for Re(z)>0

0 t 1—et

Proof. We start with the simple fact that

1) logz = f (et — e‘”)? for Re(z) > 0.

0

Indeed, both sides are analytic in z. We can differentiate under the
integral sign, and we find 1/z for both sides. Evaluating each side at
z =1 we find 0. Hence both sides are equal.

Then directly from the logarithmic derivative I' 2 and using the defini-
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tion of the Euler constant

1 1
y = lim <1+—+"'+——logN)

N—-w 2 N
we obtain
2 I'/T(z) = li (1 Ny ! )
@ (@) = lim (logN ~ 3 ——).
Using (1) and
1 = ? e—(z+n)t dt
z+n ), ’

we see that a partial sum for I''/T'(z) is given by

1 [

N-1 N-1 dt
logN — ) = et —e N —te* Yy e'"’]-

n=0Z+n Jo n=0 t

[ et — e—Nt —te 1 _ e g
Jo l—e™ 1—¢e) |t

Since

e
1—e™

1
—;=0(1) for t—0,

it follows at once that we can take the limit as N — oo under the in-
tegral sign, giving O as this limit, and concluding the proof of the Gauss
formula.

Remark. Note that 1/¢ is the principal part of e=*/(1 —e™) in the
sense of meromorphic functions in the variable ¢ Subtracting this

principal part in the integrand makes the integral converge, and is known
as regularizing the integral.

From I'9 one immediately obtains:
® 1 N\
I'10. Y= JO (Ij“_‘—;)e dt.

© o=t _ gtz
r'11. F'/F(z) =—y+ Jo TCT dt.
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The Mellin Transform

We now start all over again. We suppose nothing known about the
gamma function, and define the Euler integral

ri2. I'(z) = J e 'r S

Then the integral fits the hypotheses of Lemma 1.1, provided
0O<agRezZb if 0 < a < b are real numbers.

Therefore I'(z) is an analytic function in the right half plane. (Give the
details of the proof that the above integral satisfies the hypotheses of the
lemma, and write down explicitly what the derivative is.)

Remarks. An integral of the form

® dt
F@) = | oor S

0 t
is called the Mellin transform of a function 9. We write dt/t because this
expression is invariant under “multiplicative translations”. This means:
Let f be any function which is absolutely integrable on 0 < t < 0. Let a
be a positive number. Then

j f(at)~~f f(t)

This is verified trivially by the change of variables formula of freshman
calculus. Use will be made of this in the exercises. For example, re-
placing ¢ by nt where n is a positive integer, we obtain

H?-—- J e'”‘t’g for Re(s)>0
n 0 t

Summing over n yields what is called the Riemann zeta function of the
complex variable s. See Chapter XV, §4.

The Mellin integral for the gamma function converges only for
Re(z) > 0. We illustrate right away a technique which allows us to give its
analytic continuation to the whole plane, in the simplest context. We write
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the integral in the form

Now we observe that the integral from 1 to oo defines an entire function

of z, say
® dt
H(z) = j et —,
1 t

because the convergence problem for ¢ near 0 has disappeared. For the

other integral
! dt
Pz)=| e 't*—,
0 t

we write down the power series expansion for e™* at t = 0. We leave to
the reader the justification that we can interchange the finite integral and
the series for Re(z) > 0. We perform the integration, which is completely
elementary, and we then find

This series converges uniformly for z in any compact subset of the plane
not containing 0 or a negative integer. Then

I'(z) = P(2) + H(z)

gives the Mittag—Leffler decomposition of the gamma function in terms
of its principal parts, and gives one form for its meromorphic continua-
tion to C.

Another technique can also be applied. We integrate the Euler integral
I'12 by parts, with u=¢~!, dv = t*1 dt, to get:

I(z) = éjo e~'t? dt.

In particular, the formula
[(z+1) =2I'(2)
follows directly from the definition with the Euler integral. Inductively we

obtain
Fz+n+1)=z2(z+1) - (z4+nT(z)
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which can also be written

1 * —t42+n
1H(Z)=2(2+1)--~(z-+—n)J‘0 e dt.

Note that the integral in this last expression is holomorphic in z for
Re(z) > —n — 1, so this expression gives a meromorphic continuation for
the Euler integral arbitrarily far to the left as n — co. Putting successively
z=1,z=2,...,z=n we can also compute the residues at the negative
integers and O directly from these integral expressions.

After these remarks, we proceed to the proof that the Euler integral is
equal to the Weierstrass product for I'(z). Integrating by parts, the reader
will prove easily that for x real > 0,

n*n!

*) Jo (1 B é)ntx—l di = x(x+1)-- -.(x+n) =1/4:(2)

for every integer n > 1. (But first change variables, let ¢/n = u, dt = n du.)
We let the reader prove that

0se'—(1—t/m)"<t?e'/n  for 0Lt<n..

This is done by using the usual technique that if f(0) =g(0) and
fl(t)=4g'(t) for te[0,n], then f(f) <g(f), and also the inequality
(1+1¢/n)" <e'. Since [;° 2e~'r*~! dt converges, it follows that we can
take the limit on the left of (%), and obtain for x real > 0:

Q0

n n
lim J (1—1) -1 dt:J e dr.

n=e Jo n 0

Using I 7 concludes the proof that the Euler integral gives the same value
as the Weierstrass product, and therefore we have identified the definition
of the gamma function by means of the Mellin transform in the right half
plane with the definition by means of the Weierstrass product. Thus the
Weierstrass product gives the analytic continuation of the Mellin transform
to a meromorphic function in the whole plane.

The Stirling Formula

This formula gives an asymptotic development for the gamma function,
and the best statement is the one giving an exact error term, as follows.
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1 @
ris. | logl)= <Z - 5) log z — z + 3 log(2m) — j () dt,

0o Z+t

where P(f)=t—[t] —% is the sawtooth function, [t] denoting the

largest integer < t. One takes the principal value for the log, deleting the
negative real axis where the gamma function has its poles. The useful-
ness of the error term involving the integral of P(¢) is that it tends to 0
uniformly in every sector of complex numbers z = re” such that

—n+6<0=5n-34, 0<d<m

Figure 1

When z = n is a positive integer, it is at the level of calculus to prove
that

n Af12n
s

n!=n"""./2nne
where |4] < 1. Since n! = I'(n + 1), one sees that the asymptotic relation

n! ~n"e " /2nn

is a special case of the relation, valid for all |z| - co:

I 14. I(z) ~ z7 Ye7%,/2m,

uniformly in the sector mentioned above. The twiddle sign ~ means
that the quotient of the left-hand side by the right-hand side approaches
1, for |z| = o0.
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Proof of Stirling’s Formula
We shall need a simple formula.

Euler Summation Formula. Let f be any C' function of a real vari-
able. Then

ZD Sy = L f@ dt +3(f0n) + £0) + J P.(Of'(¢) dt.

0

Proof. The sawtooth function looks like Fig. 2. Note that
Pl(t)=1

for t not an integer.

A YAy
AVEaAeVaeZ

Figure 2

Integrating by parts with u = Py(t) and dv = f'(t) dt yields

k k
- J‘ f@)dt
k-1 k-1

k

f(t) dt.
-1

k
f RS0 di = RS0

k-

= 3/t + flk ~ 1)) - f

k

We take the sum from k =1 to k = n. Adding the integral
j f@de  and  3(f(m) + fO)
0

then yields the sum ) f(k) on the right side and proves the formula.
k=0

Before going further and applying the formula to the gamma function,
we evaluate some constants. The first constant will not be used in the
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Stirling formula, but it will be used in §3, and it gives a simple example
for the formula, so we derive it now.

Lemma 2.1.

to[" RO
5+J‘0 (—————‘1+t)2dt-—'y

Proof. We apply Euler’s formula to the function f(x)= 1/(1 + x).

Then the formula gives

1 1 1/ 1 n 1
14t = ol N )
tatt 1og(n+1)+2(n+1+1>+f0 P gt

Since P, is bounded, the integral on the right converges absolutely.
Hence after subtracting log(n + 1) from both sides, the lemma drops out
by the definition of 4.

Let
PBt)=4t*—-1 for 05t<1,

and extend P,(t) by periodicity to all of R (period 1). Then Py(n) =0 for
all integers n, and P, is bounded. Furthermore, Py(t) = P,(f).

Lemma 2.2. For z not on the negative real axis, we have

J“” Pl(t)dt=jw£i@5dt.
o Z+t o (z+1)

The integral is analytic in z in the open set U obtained by deleting the
negative real axis from the plane, and one can differentiate under the
integral sign on the right in the usual way.

L -5

Integrating by parts on each interval [n, n + 1] gives the identity of the
lemma. The integral involving P, is obviously absolutely convergent, and
the differentiation lemma applies.

Proof. We write

ire

Lemma 2.3.
lim f ﬁ(—t)—dt =0.

y—w Jo Wy +1
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Proof. The limit is clear from Lemma 2.2.
We now apply the Euler formula to the functions
f) = log(z + ¢), and  f(t) =log(1 + 1)
and assume until further notice that z is real > 0. Then we have no
difficulty dealing with the log and its properties from freshman calculus.

Subtracting the expressions in Euler’s formula for these two functions,
and recalling that

jlogxdx-—-xlogx—x,
we obtain

zz+ 1) (z+n)
nl(n+1)

log =zlog(z+n)+nlog(z+n) —zlogz

—(z +n) + z + ¥(log(z + n) + log 2)
—(n+Dlogh+1)+(n+1)
—1—1Llogn+1)

+ the terms involving the integrals of P, (z).

None of this is so bad. We write
z z
zlog(z + n)=zlog n<1 + E) =zlogn+ zlog(l + ;).

The term z log n is just log n?, and we move it to the other side.

On the other hand, we note that n + 1 occurs in the denominator on
the left, and we move —log(n + 1) from the left-hand side to the right-
hand side, changing signs. We also make as many cancellations as we
can on the right-hand side. We end up with

el oo

among other expressions. But from the Taylor expansion for large n
(and fixed z) we know that

1 1 1 1
log<1+—)=—+0<—5> and log<1+f>=i+0<—i>.
n/ n n n/ n n
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Therefore it is easy to take the limit as » tends to infinity, and we find
by ' 7,

dt.

(.1 _ ® Py(1) _ * Py(1)
(%) logF(z)—(z §>logz Z+1+Ll+tdt Lz+t

All this is true for positive real z. By Lemma 2.2 the integral on the
right is analytic in z for z in the open set U equal to the plane from
which the negative real axis has been deleted. Since the other expressions

log I'(z), zlog z, log z, z
are also analytic in this open set (which is simply connected) it follows

that formula (*) is valid for all z in this open set.
There remains to evaluate the constant.

Lemma 2.4.
1+ Lw flf)tdz - %log om.
Proof. From
rar(-2= z-sinnnz
we get
Iy ey —

ye” = e

From () we get

=P, . 1 L AU
1+ L pn tdt = Re {log Gy — <1y - §>log(1y) +iy + Jo Py tdt

= lim {logll"(iy)l +3logy + ZE—X} [by Lemma 2.3]

y— o 2
= Iim Io 2nye™
e e =)
= 1log 2n.

This proves Stirling’s formula.
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Observe that differentiating under the integral sign involving P, yields

a good error term for I"'/T"(z), namely

1
T 15. T =logz—~—+2| 22 dt.

® B

2z 0o z+1)?

Remark. To integrate by parts more than once, it is more useful to

take Py(t) = 3(t> — t + 1) = 1B, (t), where B, is the second Bernoulli poly-
nomial, and so forth.

XV, §2. EXERCISES

1.

Prove that:

(@ ') =—y.

(b) T/T(3)=—y—2log2
) I'r@)=—y+ 1L

. Give the details for the proofs of formulas I'10 and I'11.

o)

. Prove that J e'logtdt=—y.

0

. Show that

! 1 1 © dt
——)dt =0.
L (e’—l t> +£ et—1

. Let ay,...,a, be distinct complex numbers, and let my,...,m, be integers.

Suppose that

W) = [[ T +a)™
i=1

is an entire function without zeros and poles.
(a) Prove that there are constants 4, B such that A(z) = ABZ.
(b) Assuming (a), prove that m; =0 for all i.

. {a) Give an exact value for I'(1/2—n) when n is a positive integer,

and thus show that I'(1/2 —n) — 0 rapidly when n — co. Thus the
behavior at half the odd negative integers is quite opposite to the polar
behavior at the negative integers themselves.

(b) Show that I'(1/2 — n+ it) — 0 uniformly for real ¢, as n — oo, n equal to
a positive integer.

. Mellin Inversion Formula. Show that for x > 0 we have

—X __ 1 —5
e =5 Ja:ao x7T(s) ds,
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10.

11.

where s = o + it, and the integral is taken on a vertical line with fixed real part
g9 >0, and ~0 < t < co. [Hint: What is the residue of x—T'(s) at s = —n?

. Define the alternate Laplace transform L~ by

L f(w) = J:Of(t)e“ dt.

(a) Let f(f) =e* for t 20. Show that

1

zZ—W

L f(w) = for Re(w) < Re(z).
(b) Let f(f) =t"'e™* for t = 0. Show that
L f(w)=T(w)(z—w)™®  for Re(w) < Re(z).

Here (z —w)® is defined by taking —n/2 < arg(z — w) < n/2.

. Consider the gamma function in a vertical strip x; < Re(z) £ x;. Let a be a

complex number. Show that the function
z->T(z+a)/T(z) = h(z)

has polynomial growth in the strip (as distinguished from exponential growth).
In other words, there exists k > 0 such that

lh(z)] = O(|2|*)  for |z] — o0, z in the strip.

Let the Paley—Wiener space consist of those entire functions f for which
there exists a positive number C having the following property. Given an
integer N > 0, we have

1%]

[f(x + iy)| < m,

where the implied constant in < depends on f and N. We may say that f is
at most of exponential growth with respect to x, and is rapidly decreasing,
uniformly in every vertical strip of finite width.

If fis C* (infinitely differentiable) on the open interval ]0,c0[, and has
compact support, then its Mellin transform Mf defined by

© d
Mf(z) = f foe S
0

is in the Paley—Wiener space. [Hint: Integrate by parts.]
Let F be in the Paley-Wiener space. For any real x, define the function
‘M,F by

"M F(t) = J F(z)t? de.

Rez=x
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The integral is supposed to be taken on the vertical line z = x + iy, with
fixed x, and —o0 <y < co. Show that ‘M, F is independent of x, so can be
written ‘MF. [Hint: Use Cauchy’s theorem.] Prove that ‘M, F has compact
support on ]0, cof.

Remark. If you want to see these exercises worked out, cf. my book SL,(R),
Chapter V, §3. The two maps M and 'M are inverse to each other, but one needs
the Fourier inversion formula to prove this.

12. Let a, b be real numbers > 0. Define the K-Bessel function

© 2¢ 42 dat
KL K,a, b)=J e —
0

Prove that K| is an entire function of s. Prove that
K2 K(a, b) = (b/ayK  (ab),

where for ¢ > 0 we define

K3 K () = J‘w e“““/”tsit-.
o t

Prove that

K 4 K,(c) = K_,(0).

K 5. K0 = /njce™.

[Hint: Differentiate the integral for ﬁKl/z(x) under the integral sign.] Let
xo >0 and 6, <0 £ 0,. Show that there exists a number C = C(x,, g, 6,)
such that if x > x,, then

K 6. K,(x) £ Ce™*
Prove that
® I'(s—1/2)
K7
.Lo(u +1)s =V ['(s)

for Re(s) > 1/2. Also prove that

ixu

K 8. r()_(le)s

2\/7;(x/2)s'1/2Ks_1/2(x)

for Re(s) > 1/2.
[To see this worked out, cf. [La 73], Chapter 20.]
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XV, §3. THE LERCH FORMULA

We shall study zeta functions per se in the next section, but here we
want to give a continuation of the technique used to derive Sterling’s
formula to obtain an important formula due to Lerch, concerning the
gamma function. The next section does not depend on this one, and may
be read independently.

Let u > 0. We introduce the Hurwitz zeta function

1
S )= ,.Zo (n +uy

The series converges absolutely and defines an analytic function for
Re(s) > 1. In particular, setting u=1 we obtain the Riemann zeta
function

® 1
(=t = Y
Theorem 3.1. For Re(s) > —1 we have an analytic continuation of

{(s, u) given by
: ul—s u-s © Pr(t)
C(s,u)_s_1+7 SJ;) (t+u)s+1

Proof. First, for Re(s) > 1, we apply Euler’s summation formula to the
function
1

T

We write down this summation formula with a finite number of terms
Z f(k), with 1 £k < n, and then we let n tend to infinity. The integrals
in the Euler formula converge uniformly, and the formula of Theorem 3.1
drops out, except that we still have Re(s) > 1. However, now that we
have the formula in this range for s, we note that the oscillating integral
on the right, involving P, as in Lemma 2.2, is uniformly convergent for
Re(s) > —1, and therefore gives the analytic continuation of {(s, #) in this
larger domain. Furthermore, by Lemma 1.1 we may differentiate under
the integral sign, so we get a way of finding the derivative in this large
domain.

For each fixed value of u, it is now easy to find the first few terms of
the power series expansion of {(s, u) at the origin. We put

D(u) = ﬁ

I'(u)

and we let O(s?) denote an analytic function divisible by s near s = 0.
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Theorem 3.2.
(s, u) = % — u— (log D(w))s + O(s?).

Proof. We use the geometric series for 1/(s — 1) = —1/(1 — s) and use

=1—slogu+ O(s®). The integral on the right of the formula in
Theorem 3.1 is holomorphic at s =0, and its value at s = 0 is obtained
by substituting s = 0. Thus we find

A (@)

2
1t + 06).

C(s,u)=—u(1—slogu)(1+s)+1Lu1°g”_sf
0

The formula stated in Theorem 3.2 is now a consequence of Sterling’s
formula T 13.

We denote by {'(s, u) the derivative with respect to s.

Corollary 3.3.

{0) = —%log 2n and {(s) = ; +7+0(-1).

Proof. For the first expression, put u =1 in Theorem 3.2. For the
second expression, write s = s — 1 + 1 in front of the integral of Theorem
3.1. Then the constant term y drops out by using Lemma 2.1. This
concludes the proof.

Corollary 3.4 (Lerch Formula).
log D(u) = —{'(0, u)
or completely in terms of the gamma function,
log T'(w) = {'(0, u) — {'(0).

Proof. Immediate from the power series expansion of Theorem 3.2,
and the value of {’(0) in Corollary 3.3.

Remark. We could have replaced u >0 throughout by a complex
z with Re(z) > 0. The formulas converge in this case. Furthermore,
log T'(z) is analytic for z in the plane from which the half line (—oo, 0] is
deleted, and so from Theorem 3.3 we see that the Lerch formula holds if
u is replaced by z on this open set. Defining the regularized product
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we obtain the Lerch formula for the complex variable z, namely:

log D(z) = —'(0, ).

This is the most classical and most elementary special case of a general
formalism concerning regularized products and determinants, which arose
in many contexts, including physics. The paper by Voros [Vo 87] gives
a treatment, including several examples from classical partial differential
equations. See especially Voros® Section 4, on zeta functions and func-
tional determinants. For further results, see [JoL 93].

[Vo 87] A. Voros, Spectral functions, special functions and the Selberg zeta
function, Commun. Math. Phys. 110 (1987) pp. 439-465

[JoL 93] J. JORGENSON AND S. LANG, Basic analysis of regularized series and
products, Lecture Notes in Mathematics 1564, Springer-Verlag, 1993

XV, §3. EXERCISE

1. For each real number x, we let {x} be the unique number such that x — {x} is
an integer and 0 < {x} < 1. Let N be a positive integer. Prove the addition
formula (distribution relation)

N—1
N J;O Us, {x + j/N}) = {(s, {Nx}).

From this formula and Theorem 3.2, deduce another proof for the multiplica-
tion formula of the gamma function.

XV, §4. ZETA FUNCTIONS

In this section, we are concerned more with the zeta function, its analytic
continuation to the whole plane, and the functional equation. We deal to
a large extent with the Hurwitz zeta function introduced in the preceding
section, namely for u > 0,

{(s, u) Z )s, analytic for Re(s) > 1.
o (n+u
In particular, setting u = 1 we obtain the Riemann zeta function

1
=Us = ;F'
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We shall now express the Riemann and Hurwitz zeta functions as Mellin
transforms. We have

I'(s) =J e"t‘? for Re(s) > 0
0

[co}

dt
= J‘ e——(n+u)t(n + u)sts 7

0

after making the multiplicative change of variables t— (n + u)t, which
leaves the integral invariant. Therefore dividing both sides by (n + u)®
and summing, we get for Re(s) > 1:

F(S)C(S, u) = i F(S) = J‘w ”20 e"(n+u)tts ?

imo(n+uy J,
But
o ot
nzo o~ _ —
Therefore, letting )
Ge) = 7=

we find

rma&w=qumf?,

[

so the zeta function times the gamma function is the Mellin transform of
G,.
We let

uz

e

RO =

Then

G2 = — = —F@

We introduced these functions to get an analytic continuation of the zeta
function to a meromorphic function on all of C by means of the Hankel
integral

m@=fﬂ@ff,
c z

where the integral is taken over the contour C as shown on Fig. 3, in
which K, is a small circle of radius e around the origin.
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-—
— K,

Figure 3

As usual, z° = ¢*'*#7 and the log is taken as its principal value on the
complex plane from which the negative real axis is deleted. Symbolically

we may write
—€ —
C — K, —€

but the integrand in the first and last integral may not be the same,
corresponding to the two values of z* which differ by a constant.

The exponential decay of the integrand and Lemma 1.1 show at once
that H, is an entire function of s. We shall see that it gives the analytic
continuation for {(s, u), and therefore also for the Riemann zeta function
by putting u = 1.

Theorem 4.1.

H,(s) = —(e'™ — e™™)T(s){(s, u) = — 2i sin(ms)I"(s){ (s, w).

Proof. We change the variable, putting z = —w. Then writing G = G,,
F = F,, we find

H"(S) — e—insJ F(_W)eslogw d-VE
w

a0

+ F(—w)ests) dw
—K. w
+ eins ® F(_w)eslog(w) ﬁi&
€ w

Therefore taking the limit as € — 0 (sece the lemma below), we find

H,(s) = e‘i’“J‘ G(t)ts? - ei’“f G(t)t‘?

0 0

= _(eins _ e—im) J G(t)tsd—;

0

which proves the theorem, except for proving the lemma.
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Lemma 4.2. If Re(s) > 1, then
d
j G(w)es o8 M0 as eso.
-K, w
Proof. The length of K, and |[dw/w| have a product which is bounded.
But putting r = |z| and ¢ = Re(s), we have
eslogz < ealogr — ra’

and
G(z) < 1/r for r—0.

This proves the lemma.

Remark. From Theorem 4.1, the fact that H, is an entire function,
and the fact that the zeros of sin ns at the negative integers and 0 cancel
the poles of I'(s) at these integers, we see that {(s) is holomorphic at these
integers. We shall determine where {(s) has a pole shortly. Before doing
this, we get the values of { at the negative integers.

Theorem 4.3. We have

1
{(s, u) = —5 T = s)H,(s).
In particular, if n is a positive integer, then

{1 —n,u)= —%F(n)Hu(l —n)

and
{(1 ~n,u) : n
“Tw —residue of F(z)z™" at z=0.

In particular, letting B, denote the Bernoulli numbers, we find

{(1—n)= —%B,, except for ((0)= B, = —1.

Proof. Observe that when s =1 — n in the Hankel integral, then the
integrand is a meromorphic function, and so the integrals from —oo to
—e and from —e to —oo cancel, leaving only the integral over K.. We
can then apply Cauchy’s formula to get the stated value. The assertion
about the value of the zeta function at negative integers then comes
immediately from the definition of the Bernoulli numbers in terms of the



XV, §4] ZETA FUNCTIONS 437

coefficients of a power series, namely

=ZB
n=0

tn

Next we shall obtain an expression for the Hankel function which will
lead to the functional equation.

Theorem 4.4. For Re(s) < 0 we have

2munems/2 _ e—Zmune-—ms/Z

H) = (<20 3 ° _

2i sm(2nun + ns/2)

= —(2n)° 2

Proof. Let m be an integer = 2, and let D, be the path indicated on
Fig. 4, consisting of the square and the portion of C inside the square,
with the given orientation.

(m + $)2ni
> 3_ o
EE 2nin
A I Y
E:
- :R
— ¥ (m + Y27
A I J!
T
o
Figure 4

Thus the square crosses the axes at half integral multiples of 2ni. Let

R, = residue of F(z)z*! at 2nin, n#0, —m<n<m

Then
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For n 2 1 we have

1, .
Rn — ?eZntun(znn)sems/Z’
1 —2mi -1 ,—ins/2
R—n =-_¢ mun(znn)s e insi2,
—1

Note that F(z)/z is bounded on the outside square. Hence if Re(s) < 0,
the Hankel integral over the outside square tends to 0 as m — o0. Hence

m—w

Hu(S)=J F(z)z Z = lim J F(z)zs@
D,, 2z

and the theorem follows.

We apply Theorem 4.4 to the Riemann zeta function, taking u = 1.
Then for Re(s) < 0, we obtain

ms/2 —ins/2

Hi(o) =~y § S
and therefore using Theorem 4.2:
Theorem 4.5.
00 = eoyr(t -9 g g

Observe that the formula of Theorem 4.5 was derived at first when
Re(s) < 0 so that the series ) 1/n'™* converges absolutely. However, we
know from Theorem 4.1 that {(s) is a meromorphic function of s, so that
quite independently of the series representation in any region, the relation
of Theorem 4.5 holds unrestrictedly for all s by analytic continuation.
We may reformulate the functional equation relating {(s) and {(1 — s) in
another more symmetric form as follows.

Theorem 4.6. Let &(s) = s(s — 1)n™I'(s/2){(s). Then ¢ is an entire
function satisfying the functional equation

) =¢ -9

The zeta function itself is meromorphic, and holomorphic except for a
simple pole at s = 1.

Proof. The term s(s — 1) remains unchanged under the transformation
s—>1—s That the other factor n*?I'(s/2){(s) remains unchanged fol-
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lows at once from Theorem 4.5, using the formulas

rEra -s) = and  T()I(s + 1) = 2r12272T(2s).

sin 7ts
We leave the actual easy computation to the reader. As to the fact that
¢(s) is an entire function, and that s = 1 is the only pole of {(s), we argue
as follows. From Theorem 4.1, from the fact that H, is entire, and that
the zeros of sin(ns)I'(s) occur only at the positive integers, we see that
{(s) can have poles only at the positive integers. But the series Y, 1/n°
shows that {(s) is holomorphic for Re(s) > 1, so the only possible pole is
at s = 1. From Theorem 4.5, we see that s = 1 is actually a pole of order
1, coming from the pole of I'(1 — s), since the other expressions on the
right of the formula in Theorem 4.5 are analytic at s = 1. This concludes
the proof of Theorem 4.6.

XV, §4. EXERCISES

1. (a) Show that {(s) has zeros of order 1 at the even negative integers.
(b) Show that the only other zeros are such that 0 < Re(s) < 1.
() Prove that the zeros of (b) actually have Re(s) = 1/2. [You can ask the
professor teaching the course for a hint on that one.]

2. Define F(z) = &(3 + iz). Prove that F(z) = F(—2z).

3. Let C be the contour as shown on Fig. 3. Thus the path consists of ]—o0, —€],
the circle which we denote by K., and the path from —e to —c0. On the
plane from which the negative real axis has been deleted, we take the principal
value for the log, and for complex s,

7275 = e logz

The integrals will involve z°, and the two values for z* in the first and third
integral will differ by a constant.
(@) Prove that the integral
j e’z % dz
c
defines an entire function of s.
(b) Prove that for Re(1 — s) > 0 we have
'[ e’z % dz = 2isin ns j e "u"* du.
¢

0

(c) Show that
1 1
—— *z7% dz.
T 2 L ¢z @

The contour integral gives another analytic continuation for 1/I'(s) to the
whole plane.



CHAPTER XVI

The Prime Number Theorem

At the turn of the century, Hadamard and de la Vallee Poussin indepen-
dently gave a proof of the prime number theorem, exploiting the theory
of entire functions which had been developed by Hadamard. Here we
shall give D.J. Newman’s proof, which is much shorter. I have also
benefited from Korevaar’s exposition. See:

D.J. NewMaN, Simple analytic proof of the prime number theorem, Amer.
Math. Monthly 87 (1980) pp. 693—696

J. KOREVAAR, On Newman’s quick way to the prime number theorem, Math.
Intell. 4, No. 3 (1982) pp. 108-115

See also [BaN 97]. Newman’s proof illustrates again several techniques of
complex analysis: contour integration, absolutely convergent products in a
context different from Weierstrass products, and various aspects of entire
functions in a classical context. Thus this chapter gives interesting more
advanced reading material, and displays the versatility of applications of
complex analysis.

In Chapter XV we touched already on the zeta function, and gave a
method to prove the functional equation and the analytic continuation to
the whole plane by means of the Hankel integrals. Here we shall develop
whatever we need of analysis from scratch, but we assume the unique
factorization of integers into primes.

We recall the notation: if f, g are two functions of a variable x,
defined for all x sufficiently large x, and g is positive, we write

f=0(9

to mean that there exists a constant C > 0 such that |f(x)| < Cg(x) for
440
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all x sufficiently large. Thus a function f = O(1) means that f is
bounded for x = x,.

XVI, §1. BASIC ANALYTIC PROPERTIES OF
THE ZETA FUNCTION

Let s be a complex variable. For Re(s) > 1 the series

© 1
Lo

converges absolutely, and uniformly for Re(s) = 1 + 4, with any 6 > 0.
One sees this by estimating

1

s

1

F
nlé

s

and by using the integral test on the real series Y 1/n'*?

positive terms.

As you should know, a prime number is an integer = 2 which is
divisible only by itself and 1. Thus the prime numbers start with the
sequence 2, 3, 5, 7, 11, 13, 17, 19, ....

()

converges absolutely for Re(s) > 1, and uniformly for Re(s) = 1 + o with

o >0, and we have
1 -1
{(s) = (1 — —s> .
L=

Proof. The convergence of the product is an immediate consequence
of the definition given in Chapter XIII, §1 and the same estimate which
gave the convergence of the series for the zeta function above. In the
same region Re(s) = 1 4+ 0, we can use the geometric series estimate to
conclude that

, which has

Theorem 1.1. The product

1\ 1 1 1
l——] =14+—=+ 545+ =E|[) say.
p pp 14

Using a basic fact from elementary number theory that every positive
integer has unique factorization into primes, up to the order of the
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factors, we conclude that in the product of the terms E (s) for all primes
p, the expression 1/n° will occur exactly once, thus giving the series for
the zeta function in the region Re(s) > 1. This concludes (Euler’s) proof.

n(i-5)

is called the Euler product. The representation of the zeta function as
such a product shows that {(s) # 0 for Re(s) > 1. We shall refine this
statement to the line Re(s) = 1 in Theorem 1.3.

In Exercise 5 of Chapter XV, §2, we gave one method to show how
the zeta function extends to a meromorphic function on the whole plane.
We do not use this exercise but reprove ad hoc what we need for the
application to the prime number theorem in the next section.

The product

Theorem 1.2. The function
1
) ——

s—1

extends to a holomorphic function on the region Re(s) > 0.

l—f ~1—sdx
1hn 1 X

@ (101 1
= S
";J‘n <ns xs> *

We estimate each term in the sum by using the relations

Proof. For Re(s) > 1, we have

M8

“

(- —=

s—1 4

b
fb) - fla) = J f'@dt  andso  [f(b) - fla)l = max lf' @b — al.

Therefore each term is estimated as follows:

n+1 1 1
|G
n n X

1

<
£ max ol

nsx<n+l

< max

xs+1

Is|

ch(s)+1 N

<

Thus the sum of the terms converges absolutely and uniformly for
Re(s) > 8. This concludes the proof of the theorem.
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We note that the zeta function has a certain symmetry about the
x-axis, namely

{(3) = {s).

This is immediate from the Euler product and the series expansion of
Theorem 1.2. It follows that if s, is a complex number where { has a
zero of order m (which may be a pole, in which case m is negative), then
the complex conjugate 5, is a complex number where { has a zero of the
same order m.

We now define

o(x)= Y logp and B(s)=), log p

s
pEx rp D

for Re(s) > 1.
The sum defining ®(s) converges uniformly and absolutely for

Re(s) 2 1+ 9,

by the same argument as for the sum defining the zeta function. We
merely use the fact that given € > 0,

logn < n¢ for all n = ng(e).

Theorem 1.3. The function ® is meromorphic for Re(s) >%. Further-
more, for Re(s) 2 1, we have {(s) # 0 and

1
O(s) — p—1

has no poles for Re(s) = 1.

Proof. For Re(s) > 1, the Euler product shows that ((s) # 0. By
Chapter XIII, Lemma 1.2, we get

Lo _ o 108 P
C/C(s)—gps_l-

Using the geometric series we get the expansion
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SO

gp

| |

(*) ~0Jis) = ®(s) + Y hy(s)  where  |h,(s)] £

for some constant C. But the series Y, (log n)/n** converges absolutely
and uniformly for Re(s) =31+ 6, with 6 >0, so Theorem 1.2 and (%)
imply that ® is meromorphic for Re(s) > %, and has a pole at s =1 and
at the zeros of {, but no other poles in this region.

There remains only to prove that { has no zero on the line Re(s) = 1.
We follow Titchmarsh, Theory of the Riemann zeta function, 111, 3.3 and
34. Put s=0+it. Then

{s)=exp) Zmpm :

p m=1

1£(s)| = exp Z Z cos(mt log p

SO

It follows that

(1) B(0)|t(o + in)]*|L (o + 2it)|

.3 + 4 cos(mt lo + cos(2mt lo
—epY Y (mt log p) + cos(2mt log p)

7 mei mp™e
From the positivity
(2) 3 44 cos 0+ cos 20 = 2(1 + cos 6)* = 0,
it follows that
(3) E)\ o+ i) |te+2i| 21 for o> 1.

Fix t #0. Suppose {(1+it)=0. Then for 6 > 1, ¢ — 1,
Blo)=0(1/(c-1)) and (o +2it) = 0(1),

but {(o+it) = O(c —1). Hence the left side of (3) is O(¢ — 1), con-
tradiction. This proves Theorem 1.3.

It will be convenient to have an integral expression for ®.

Proposition 1.4, For Re(s) > 1 we have

P(s)=s jw ’(es(—fi) dx.
L X
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Proof. To prove this, compute the integral on the right between suc-
cessive prime numbers, where ¢ is constant. Then sum by parts. We
leave the details as an exercise.

XVl, §1. EXERCISES

1. Let f, g be two functions defined on the integers >0 and <n + 1. Assume
that f(n + 1) =0. Let G(k) = g(1) + --- + g(k). Prove the formula for summa-
tion by parts:

$ s00t0 = 3 (50 =k + )60

2. Prove the integral expression for ® in Proposition 1.4.

3. Let {a,} be a sequence of complex numbers such that ) a, converges. Let {b,}
be a sequence of real numbers which is increasing, ie. b, £ b,,, for all n, and
b, - o0 as n— o. Prove that

1 N
lim — Y a,b, =0.

N—-w b)v n=1

Does this conclusion still hold if we only assume that the partial sums of )  a,
are bounded?

4. Let {a,} be a sequence of complex numbers. The series

an

™8

n

Il
U

n

s called a Dirichlet series. Let o, be a real number. Prove that if the
Dirichlet series converges for some value of s with Re(s) = o,, then it con-
verges for all s with Re(s) > g,, uniformly on every compact subset of this
region.

5. Let {a,} be a sequence of complex numbers. Assume that there exists a
number C and ¢, > 0 such that

la, + - + a,| £ Cn° for all n.

Prove that Y a,/n* converges for Re(s) > o,. [Use summation by parts.]
6. Prove the following theorem.
Let {a,} be a sequence of complex numbers, and let A, denote the partial sum
A"=a1 +..‘+a’.-
Let 0 < 6, < 1, and assume that there is a complex number p such that for all n

we have
|4, — np| £ Cn%,



446 THE PRIME NUMBER THEOREM [XVI, §2]

or in other words, A,=np+ 0(n°). Then the function [ defined by the
Dirichlet series

)= Z%E for Re(s)>1

has an analytic continuation to the region Re(s) > oy, where it is analytic except
for a simple pole with residue p at s = 1.

[Hint: Consider f(s) — p{(s), use Theorem 1.2, and apply Exercise 5.]

XVl, §2. THE MAIN LEMMA AND ITS APPLICATION

We shall now deal with the more number theoretic applications of the
analytic properties. We shall state one more fundamental analytic theo-
rem, and show how it implies the prime number theorem.

Theorem 2.1 (Chebyshev). ¢(x) = O(x).

Proof. Let n be a positive integer. Then

92n (1 + 1)2n _ Z (2”) > (2”) > l—[ p= prel e O]
J

Jj n n<ps<2n

‘Hence we get the inequality
¢(2n) — @(n) < 2nlog 2.

But if x increases by 1, then ¢(x) increases by at most log(x + 1),
which is O(log x). Hence there is a constant C > log 2 such that for all
x = xo(C) we have

o(x) — ¢(x/2) = Cx.

We apply this inequality in succession to x, x/2, x/2%, ...,x/2" and sum.
This yields
o(x) £2Cx + 0(1),

which proves the theorem.

We shall now state the main lemma, which constitutes the delicate
part of the proof. Let f be a function defined on the real numbers = 0,
and assume for simplicity that f is bounded, and piecewise continuous.
What we prove will hold under much less restrictive conditions: instead
of piecewise continuous, it would suffice to assume that the integral

f |f@)] dt
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exists for every pair of numbers a, b = 0. We shall associate to f the
Laplace transform g defined by

g(z) = fw fe ™ dt  for Re(z) > 0.

0

We can then apply the differentiation lemma of Chapter XV, §1, whose
proof applies to a function f satisfying our conditions (piecewise continu-
ous and bounded). We conclude that g is analytic for Re(z) > 0. (Do
Exercise 1.)

Lemma 2.2 (Main Lemma). Let f be bounded, piecewise continuous on
the reals 2 0. Let g(z) be defined by the above integral for Re(z) > 0.
If g extends to an analytic function for Re(z) = 0, then

J f(t) dt exists and is equal to g(0).
0

We postpone the proof of the main lemma to the next section, and now
give its application. Observe that the function ¢ is piecewise continuous.
In fact, it is locally constant: there is no change in ¢ between prime
numbers.

The application of the main lemma is to prove:

Lemma 2.3. The integral
j o) =,

1 X
converges.

Proof. Let

f0) = plehe™ — 1 = "’("Z—‘e

Then f is certainly piecewise continuous, and is bounded by Theorem
2.1. Making the substitution x = ¢ in the desired integral, dx = e’ dt, we

see that
J ?i’%;.’fdhf 1(0) de.

1 0

Therefore it suffices to prove that the integral on the right converges. By
the main lemma, it suffices to prove that the Laplace transform of f is
analytic for Re(z) = 0, so we have to compute this Laplace transform.
We claim that in this case,

O+ 1

9) z+1 z
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Once we have proved this formula, we can then apply Theorem 1.3 to
conclude that g is analytic for Re(z) = 0, thus concluding the proof of
Lemma 2.3.

Now to compute g(z), we use the integral formula of Proposition 1.4.
By this formula, we obtain

s+1

o1 _[eox,

s s—1 X
Therefore
n 1 (= -
Oz+1) 1_ (p(xz+2 X i
z+1 z J1 X

(* o t t
e)—e
—(p( )Zt e Ze' dt

JO e
=| f(e *dt.
JO

This gives us the Laplace transform of f, and concludes the proof of
Lemma 2.3.

Let f, and f, be functions defined for all x = x,, for some x,. We
say that f, is asymptotic to f,, and write

fi~f, ifandonlyif lLim f,(x)/fy(x)=1.

Theorem 2.4. We have ¢(x) ~ x.

Proof. The assertion of the theorem is logically equivalent to the
combination of the following two assertions:

Given 1 > 1, the set of x such that ¢(x) = Ax is bounded;
Given 0 < 4 < 1, the set of x such that ¢(x) £ Ax is bounded.

Let us prove the first. Suppose the first assertion is false. Then there is
some A > 1 such that for arbitrarily large x we have ¢(x)/x = 1. Since ¢
is monotone increasing, we get for such x:

Ax _ Ax — Ag
f Uk tdt;f A tdtzf =t o.
t t t

x x 1

The number on the far right is independent of x. Since there are arbi-
trarily large x satisfying the above inequality, it follows that the integral
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of Lemma 2.3 does not converge, a contradiction. So the first assertion
is proved. The second assertion is proved in the same way and is left to
the reader.

Let n(x) be the number of primes < x.

Theorem 2.5 (Prime Number Theorem). We have

n(x) ~

log x
Proof. We have

and given € > 0,

p(x)2 Y logpz Y (1-¢)logx

xl-e<p<x xl-e<p<x
= (1 — €) log x[n(x) + O(x'9)].

Using Theorem 2.4 that ¢(x) ~ x concludes the proof of the prime num-
ber theorem.

XVI, §2. EXERCISE

1. Prove the lemma allowing you to differentiate under the integral sign in as
great a generality as you can, but including at least the case used in the case
of the Laplace transforms used before Lemma 2.2.

XVI, §3. PROOF OF THE MAIN LEMMA
We recall the main lemma.

Let f be bounded, piecewise continuous on the reals = 0. Let

g(z) = J‘w fltye = dt for Re(z) > 0.

0

If g extends to an analytic function for Re(z) 2 0, then

J f(¢) dt exists and is equal to g(0).
0
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Proof. For T > 0 define

gr(z) = j f)e ™ dt.

0

Then g, is an entire function, as follows at once by differentiating under
the integral sign. We have to show that

lim g-(0) = ¢(0).

T—-wo

Let 6 > 0 and let C be the path consisting of the line segment Re(z) = — 6
and the arc of circle |z| = R and Re(z) = — 4, as shown on the figure.

l2l=R
Re(z) =&

ct

-R

By our assumption that g extends to an analytic function for Re(z) = 0,
we can take J small enough so that g is analytic on the region bounded
by C, and on its boundary. Then

1 Ndz 1
g(0) — g7(0) = i L (9(z) — gT(Z))e“<1 + %) -Zf = 3 L Hy(2) dz,

where H(z) abbreviates the expression under the integral sign. Let B be
a bound for f, that is | f(t)] £ B for all t = 0.

Let C* be the semicircle |z| = R and Re(z) = 0. Then

2

<—.
~ R

1) 1 f Hy(2) dz
C+

2mi
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Proof. First note that for Re(z) > 0 we have

l9(z) — gr(2)| = J f(tye ™™ dt| < B j le™?| dt
T T
— B e—Re(z)T.
Re(2) ’
and for |z| = R,

)1 R z|1 2|Re(z)|
Tz {4+ || = Re(z)T|2> 4 “| = _— pRe@T )

¢ <+R2>z’ U ZTRIRTS R

Taking the product of the last two estimates and multiplying by the
length of the semicircle gives a bound for the integral over the semicircle,
and proves the claim.

Let C~ be the part of the path C with Re(z) < 0. We wish to estimate

1 s 22\ dz
o L_ (9(2) — gr(2))e (1 + F) —

Now we estimate separately the expression under the integral with g and
gr-

We have

B

2 z

<

1 22\ dz
L Tz " \az
2mi L gr(z)e (1+R2> z

Proof. Let S™ be the semicircle with |z| = R and Re(z) < 0. Since gy
is entire, we can replace C~ by S~ in the integral without changing the
value of the integral, because the integrand has no pole to the left of the
y-axis. Now we estimate the expression under the integral sign on S°.
We have

l9r(2)| =

T T
J f(t)e™ dt gBj e Re@ gy
0

0
Be—Re(z)T

<——.
= —Re(2)

For the other factor we use the same estimate as previously. We take
the product of the two estimates, and multiply by the length of the
semicircle to give the desired bound in (2).
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Third, we claim that
2
(3) JC_ g(z)eT" (1 +;—2> flzf -0 as T — 0.

Proof. We can write the expression under the integral sign as

22

R2> ; = h(z)e™* where h(z) is independent of T.

g(z)e™? <1 +

Given any compact subset K of the region defined by Re(z) < 0, we note
that

e -0 rapidly uniformly for z€ K, as T — oo.
The word “rapidly” means that the expression divided by any power TV
also tends to 0 uniformly for z in K, as T — co. From this our claim (3)
follows easily. (Put the details as an exercise.)

We may now prove the main lemma. We have
j f(t)dt = lim g.(0) if this limit exists.
0 T—00
But given €, pick R so large that 2B/R < €. Then by (3), pick T so large

that
2
(g4 2 )%
J‘C‘ g(z)e (1 + R2> .

Then by (1), (2), and (3) we get |g(0) — gr(0)] < 3e. This proves the main
lemma, and also concludes the proof of the prime number theorem.

< €.




Appendix

The purpose of this appendix is to collect miscellaneous topics which are
relevant to the theory of complex analysis, but which were not formally
treated in the text for various reasons.

We first start by working out systematically some topics which were
assigned as exercises. I think it is better for students to have attempted
to solve some non-routine problems. If they have done so unsuccessfully,
then they are much more ready to appreciate how the problems are
worked out, and they will remember the method of proof better for
having tried and possibly failed. The first four sections are basically of
this type, and are related to linear algebra.

The last two sections deal with the extension of Cauchy’s formula to
C* functions, and presents a topic usually omitted from the course
entirely, but I think it provides a nice mixture of real and complex
analysis which I want to make available for independent reading.

APP., §1. SUMMATION BY PARTS AND
NON-ABSOLUTE CONVERGENCE

Although non-absolute convergence is more delicate and peripheral to
this course, we shall nevertheless give a brief discussion of one of its most

important aspects. We first state a formula.

Lemma 1.1 (Summation by Parts). Let {a,}, {b;} (k=0,1,...) be two
sequences of complex numbers. Let the partial sums for {b.} be

Bn=bo+"'+b"= Zb“'

453
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Then

n n-1
2 a,b, = a,B, — Z Bi(ay41 — ay)-
k=0 k=0

This is similar to integration by parts: [u dv = uv — | vdu. We leave the
proof to the reader; it is very easy. We apply summation by parts in the
following case.

Proposition 1.2. Let {a,} (k=0,1,...) be a monotone decreasing se-

quence of real numbers whose limit is 0.

(@) Let {b,} be a sequence of numbers such that the partial sums B,
are bounded. Then

converges.

(b) Let {a,} be a monotone decreasing sequence of real functions on a
set, converging uniformly to 0. Let {f,} be a sequence of complex
functions on the set, and let

EEWAC

be the partial sums of the series Y. f,. Assume that the partial
sums are uniformly bounded, i.e. there exists M > 0 such that for
all n we have |F,(z)] < M for all z. Then the series Y, af, con-
verges uniformly.

Proof. Let

be the partial sum of the series Y a,b,. We have to estimate |S, — S,,| for
m, n large. Let |B,| < M for all n. Then

|B, — B,| = 2M for all m, n.
By Lemma 1.1, for n > m,
Sy — Sw= Z ayb, = a,(B, — B,) — Z (B — B} (a1 — @)
k=m+1 k=m+1

n—1
= an(Bn - Bm) + k=z+1 (Bk - Bm)(ak - ak+1)'
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By convention, the sum on the right side is 0 if n =m + 1. Then we get

n—1
1S, = Swl S a,2M + Y. 2M(a, — a,,,) (because a; — a4y = 0)
k=m+1
<a,2M +2M(a,,+, — a,) =2Ma,,,,.

Given ¢, we can select ny such that a,, < ¢/2M for m 2 n, because of the
assumption on the sequence {a,}. Then the right side is < ¢, thus con-
cluding the proof for the series of numbers.

For part (b), concerning the series of functions, we merely replace b,
by f.(z) for each ze S. Then the above estimate gives the uniform esti-
mate for the partial sums |S,(z) — S,,(z)|, thus concluding the proof of the
theorem.

The next proposition is a variation.

Proposition 1.3. Let {a,} be a sequence of non-negative real numbers,
monotone decreasing (not necessarily to 0). Let {b.} be a sequence of
complex numbers such that b, converges. Then Y a.b, converges.

Proof. This proposition is a corollary of the preceding one, as follows.
We let a =lim q;, and ag; = a, —a. Then {a;} is a sequence which de-
creases monotonically to 0. But

Zakbk=Z(ak—a)bk-{-zabk:Za;‘bk'f-aZbk.

Thus if ) b, converges, we can apply Proposition 1.2 to conclude the
proof.

From the same estimate applied uniformly, we obtain:

Proposition 14. Let {a,} be a monotone decreasing sequence of
bounded non-negative real functions on some set. Let {f;} be a sequence
of complex functions on the set such that Y f, converges uniformly.
Then Y a, f, converges uniformly.

As an example of summation by parts, we work out one of the
exercises in the text, namely Abel’s theorem.

Theorem 1.5. Let {a,} be a sequence of complex numbers such that
Y- a, converges. Assume that the power series Y anz" has radius of
convergence at least 1. Let f(x) =3 anx" for 0 S x < 1. Then

lim f(x) =Y a,.

x=1
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Proof. Let A=Y a,, A,= Y. a,. Consider the partial sums
k=1 k=1

n
s,(x) = kZ:l a,x*.

We first prove that the sequence of partial sums {s,(x)} converges uni-
formly for 0 £ x £ 1. For m < n we have

(1) 500 —sa@) = Y x*ay = x"(4, — Apyy)
k=m+1

+ "f (4, - Am+1)(xk — xk),

k=m+1

There exists N such that for k, m 2 N we have |4, — 4,,,,] <e. Hence
for0<x <1,

@ 50 —sa) Se e T (xk—xkH)
k=m+1
=€+ e(x"" — x")

< 2e.

This proves the uniformity of the convergence of {s,(x)}.
Now given ¢, pick N as above. Choose ¢ (depending on N) such that
if |x — 1] < 4, then

3 Isy(x) — Ayl < €.
By (1), (2), (3), we find that

Lf(x) — Al £ [f(x) = 5,0 + Isp(x) — sy(x)] + |sy(x) — Ap| + |4y — A|
S f(x) — s,(x)] + 5S¢, forall n= N and |x — 1| <.

For a given x, pick n so large (depending on x!) so that the first term is
also < ¢, to conclude the proof.

We conclude this section with a theorem on Dirichlet series.
We shall consider series

(X)an
s
n=1n

where {a,} is a sequence of complex numbers, and s is a complex
variable. We write s = ¢ + it with o, ¢ real.
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Theorem 1.6. If the Dirichlet series Y an/n® converges for some s = sy,
then it converges for any s with Re(s) > a9 = Re(sy), uniformly on any
compact subset of this region.

Proof. Write n* = n*®n~%) and sum the following series by parts:

a, 1
ZE nls—s)

If Py(s0) = > o1 am/m™, then the tail ends of this Dirichlet series are
given for n > m by

a1 Pus) , & 1 1 Pu(s0)
kS ks—s  ps—so +k§1Pk(S°) ks=s  (k+ 1)J—So (m+ l)s—sO-

k=m+1

We have
1 1 k+1 1
oGO,

dx,

which we estimate easily in absolute value. If 6 > 0 and Re(s) 2 g9 + 4,
then we conclude that our tail end is small uniformly if |s — 5| is bounded.
This proves the theorem.

Assuming that the Dirichlet series converges for some s, if g is the
smallest real number such that the series converges for Re(s) > a9, then we
call gy the abscissa of convergence, and we see that the series converges in
the half plane to the right of the line ¢ = gy, but does not converge for
any s with ¢ < gy.

If the Dirichlet series converges for s; = o) + it;, then we must have

a, = 0(n”")
because the n-th term of the series a,/n® tends to 0. It follows in par-
ticular that the Dirichlet series converges absolutely and uniformly on
compacts for

Re(s) 2 o1 + 1+,

if > 0. This is immediately seen by comparison with the series 3 1/n!*9.

APP., §2. DIFFERENCE EQUATIONS

Let u,, ...,u; be given complex numbers. We want to determine all
solutions (ag, a,, ...) of the equation

(%) A, = U ay_; + -+ uya,_, forall n = d.
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Such solutions are therefore infinite vectors
(Ao - s@Bgqs Bas e eeslyson),

and they form a vector space, this being immediately verified directly
from the definitions. Observe that a given d-tuple (aq,...,a;-;) deter-
mines uniquely the infinite vector which is a solution of () and projects
on this d-tuple. Let S be the space of solutions and let S; be the d-
dimensional space of the first d coordinates. Then the projection

S-5

is injective, and it is obviously surjective, so S is a vector space of
dimension d. We want to find a basis for S, or even better, given a
d-tuple (aq,...,a;_;) we want to express the corresponding solution in
terms of this d-tuple and u,, ...,u,.
Let
PX) =X — (u; X¥71 4+ -+ + uy).

We call P(X) the characteristic polynomial of the equations (*). Let a be
a root of P(X). Then it is immediately verified that putting a, = a” for
n=d gives a solution of (*). Thus we have found a solution for each
root of the characteristic polynomial. Note that if « = 0, then by conven-
tion 0° = 1 and 0" = 0 for n = 1, so the solution with n = 0 is

1,0,0,...).

Note that « = 0 implies u, = 0.
Also we note that the solution a, =a" for n =2 d has the beginning
segment

(ao, ..‘,dd_l) = (1, o, ...,Otd_l),

which determines a, uniquely for n = d by the difference equations (x). In
particular, for this solution we have a, = «" for all n > 0.

One knows from elementary algebra that P has at most d distinct
roots.

Theorem 2.1. Suppose that P(X) has d distinct roots a,, ...,0;. Then:
all solutions of (%) are of the form

a, =ba} + - + baj
with arbitrary numbers b,, ...,b,.

Procf. It will suffice to prove that the solutions («f), ...,(xJ) are
linearly independent, because then they form a basis for the space S of
solutions.
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Suppose there is a relation of linear dependence, that is
bjo} + - +ba}=0 forall n=0.

Looking at the first d equations (with n=0,...,d — 1) we see that the
determinant of the coefficients is a Vandermonde determinant, which is

V=[](y—a)#0

i<j

by the hypothesis that the roots of the characteristic polynomial are
distinct. Hence b, = 0 for all i, thus proving the theorem.

From Theorem 2.1 one can solve explicitly for by, ...,b; when
ag, ...,a4_, are given. Indeed, we have the system of linear equations

a0=b1 +“'+bd,
a, =bya, + -+ boy,

Let A be the column vector of the left-hand side, and let A, ...,4% be
the column vectors of the coefficient matrix on the right-hand side

1 1 1
*y ay g
ad=t il od~t

Then
DAY, ..., A% = H (¢ —a)=V.

i<j
By Cramer’s rule, we obtain
b, = D(A%,...,A,..., AV,

where the column vector A occurs in the i-th place.
As an application of Theorem 2.1, consider the power series

F(T)= 20 a,T"

Theorem 2.2. Assume that o, ...,a, are distinct. Then F(T) is a
rational function.
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Proof. We have

F(D)=b 3 T+ + b 3 @T)'

— bl +...+ bd
" 1—-o,T 1—o,T

This gives the partial fraction decomposition of F(T), showing also that
F(T) is a rational function.

We shall now indicate another approach, which we carry out when
d = 2. In this case, the characteristic polynomial is

PX)=X?>—u,; X —uy = (X — a)(X — ay).
Observe that one then has the factorization
1 —u,T—u,T?=(1—o; T)(1 — a, T),
which comes by putting X = 1/T. The rational function for F(T) can
then be written down explicitly, as the following proof will show. We

have

[
F(T)=ay+a, T+ Y, a,T"
n=2

0
ag+a; T+ Y, (Uyay_y + Uy, ;)T"
n=2

0 0
ao+a;T+u,TY a,  T" ' +u,T* Y a, ,T"?
n=2 n=2

=ao+ a; T + u T(F(T) — ao) + u, T*F(T)
=ay + (a; — aou;)T + u; TF(T) + u, T*F(T),

from which we get
F(T)(1 —u, T —u, T?) = ao + (a; — aouy) T
and so F(T) is the rational function

ao + (@, — aou)T _ ag + (a; — aouy)T
1—u,T—u,T?) (1 —a; 71 —a,T)

) K(T) =

One can then write down the partial fraction decomposition if «; # a,,
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namely

1 b
2) ¢

A=D1 -0,T) 1-uT 1-oT

We solve for b and ¢ from the equations:

b+c=1,
—‘azb_alc=0.
Then
3) p=_ 1 and c=—2
a0y — %y y — 0y

We can invert the power series 1 —a, T and 1 —a,T by the geometric
series:
1
1—a, T

af T and
0

M8
|
&
hﬂ
|
g
R
[ %]
=

Then it is clear from (1), (2), (3) that there exist numbers b;, b, explicitly
given in terms of u,, u,, «;, o, such that

a, = by} + bya3.

Observe that we can also determine b,, b, in a simple way by using
these equations for n = 0 and n = 1, in which case we get:

(10=b1 +b2,

a, = bya; + bya,.
Solving by the high school method yields:
by, = (aza0 — ay)/(2; — %) and b, = (a9 — ay)f(ay — a5).

When d = 2, the Vandermonde determinant collapes to one simple factor.

APP., §3. ANALYTIC DIFFERENTIAL EQUATIONS

In this appendix we work out Exercises 6 and 7 of Chapter II, §6.
Theorem 3.1. Let p be an integer 2 2. Let g,, ...,g,-; be power series
with complex coefficients. Let aq, ...,a,-, be given complex numbers.

Then there exists a unique power series f(T) =Y a,T" such that

D*f =g, D' + -+ g,Df,
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where D is the derivative. If g,, ...,9,-, converge in a neighborhood of
the origin, then so does f.

Proof. The idea is that the coefficient a, of f for n>p can be
determined inductively from the previous coefficients ay, ...,a,_,, thus
giving the formal power series solution. Then one has to estimate to
show the convergence. We carry this out in detail. We let Ayy Qpiys ooy
be unknown coefficients. Then observe that

D?f(T)= ) nn—1)...(n—p + 1)a, T"?,

n=p

and therefore putting m = n — p, we get
(1) D?Pf(T) = ZO (m+p)m+p—1)...(m+ a,,,T™

Similarly for every positive integer s with 1 < s < p — 1 we have
Df(T)=Y (k+s)k+s~1)...(k + Da,, T~
k=0

It will be useful to use the notation [k, s] = (k + s)(k + s — 1)... (k + 1).
Next we write down the power series for each g, say

gs = Z bs,jTj'
=0
Then
@ gDf(D=Y c,,T" where Csm= ), [k s]apb, i

k=

Hence once we are given ay, ...,a,_; we can solve inductively for a,, in
terms of ay, ...,a,—, and the coefficients of g,, ..-»gp-1 by the formula

Cimt+ " +Cp ! [k, 5]
3 I 1.m p=1m _ aﬁa b .
( ) e [m5 P] sgl k+j=m [m, P] htsTsd

which determines a,,,, uniquely in terms of a,, cos@mip-ts b1y oo ybg .
Hence we have proved that there is a unique power series satisfying the
given differential equation.

Assuming that the power series g;, ...,g,; converge, we must now

prove thai f(T) converges. We select a positive number K sufficiently
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large = 2 and a positive number B such that

laol, ..., la,-| <K and |b, ;| S KB’ forall s=1,...,p— 1 and all j.
We shall prove by induction that for m = 0 we have
) |yl < (p — D" K2K™B™.

The standard m-th root test for convergence then shows that f(T)
converges.

We note that the expressions (2) for ¢, and hence (3) for a,., have
positive coefficients as polynomials in a,, a,, ... and the coefficients b; ;
of the power series g,. Hence to make our estimates, we may avoid
writing down absolute values by replacing b,; by KB/, and we may
replace ay, ...,a,-; by K. Then all the values am+p (m = 0) are positive,
and we want to show that they satisfy the desired bound (4).

Observe first that for 0 <k <m and 1 £5 < p — 1 we always have

[k, s]
[m, p] =

Hence the fraction [k, s]/[m, p] will be replaced by 1 in the following
estimates.

Now first we estimate a,,,, with m=0. Then k+ j=0,s0 k=j=0,
and

aé; z ak+ss1_(p_1)K2

k+j=0

as desired. Suppose by induction that we have proved (4) for all integers
=0 and < n. Then,

Gy < z L aub<(-1) Y (p- IYK’K*BB

+j= k+j=n
§ (p _ 1)n+1 Z Kk+an
k=0
é (p _ 1)"+1Kn+2B",
which is the desired estimate. We have used the elementary inequality

n n+1
Z 5__‘_1 é K"+1,

K=o K-1

which is trivial.
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Theorem 3.2. Let g(T) be a power series. Then there is a unique power
series f(T) such that f(T) = a, T + - satisfying the differential equation

f'(T) = g(f(T)).
If g is convergent, so is f.

Proof. Let g(T) =) b, T* and write f(T) with unknown coefficients

D8

f(T) =

a,T™
1

It

m

Then f'(T) = ) ma,T™" = Y (n+ l)a,,, T". The given differential
equation has the form

i (n+ 1a, . T"=by + b, f(T) + by f(T)* +---.

n=0

Equating the coefficient of T" on both sides, we see that a, = b,, and
(n+ Va,. = Byby,....h,; 04,...,a,)

where P, is a polynomial with positive integer coefficients. In particular,
starting with a; = b,, we may then solve inductively for a,,, in terms of
a, ...,a, for n=1. This proves the existence and uniqueness of the
power series f(T). '

Assume next that g(T) converges. We must prove that f(T) converges.
Let B, be positive numbers such that |b| < B, and such that the power
series G(T) = Y B, T* converges. Let F(T) be the solution of the differen-
tial equation

F'(T) = G(F(T)),
and let F(T)=) A, T™ with 4, >0 and |a,| £ A;. Then
(n+ 1A, = B(By,...,B,; A1, ...,4,),
with the same polynomial P,. Hence |a,,,| < A4,,,, and if F(T) converges
so does f(T).
Since g(T) converges, there exist positive numbers K, B such that

|b| £ KB* forall k=0,1,....

We let B, = KB*. Then

K

G(T)=K y B*TY = ——
™ ,,;0 1 — BT’
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and so it suffices to prove that the solution F(T) of the differential
equation
K

F(T)= —————.
M 1 — BF(T)
converges. This equation is equivalent with
F'(T)=K + BF(T)F'(T),

which we can integrate to give

F(T)?
2

F(T)=KT + B
By the quadratic formula, we find

1 — (1 — 2KBT)!2

F(T) = =

We then use the binomial expansion which we know converges, as
worked out in the examples of Chapter II, §2 and §3. This proves
Theorem 3.2.

APP., §4. FIXED POINTS OF A FRACTIONAL
LINEAR TRANSFORMATION

Let M be a 2 x 2 non-singular complex matrix

M=<a b), ad — bc # 0.
¢ d

Let P(t) be its characteristic polynomial, so P(t) = det(t] — M) and
P@)=(— A — 1)
where A, A’ are the eigenvalues. We assume that A # A’ and ¢ #0. Then

M is diagonalizable, but we want an explicit way of doing this. Let W,
W' e C? be eigenvectors belonging to the two eigenvalues. We can write

W, W' in the form
w . (W
W=<1> and W—<l>.

Indeed, if an eigenvector had the form W =*(w,0), w #0, we could
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assume w = 1. Then directly from the relation MW = AW we find ¢ =0
which we have ruled out.

Let
n_ (W W
S-(W,W)—(1 1).

A0
From the relation M(W, W') = (AW, A W') = (W, W’)< > we find

0 X
A0
-1 _
S Ms_<0 r)'

Thus S is a matrix which conjugates M to a diagonal matrix.
Let ze C. For z # —d/c we define

_az+b
Tcez+d

M(z)

If z = —d/c then the above expression is not defined, but we put M(z) =
0. If ¢ =0 we let M(0) = o0. If ¢ # 0, we let M(0) = a/c.
One verifies directly that if A, B are non-singular 2 x 2 matrices, then

(AB)(z) = A(B(z)) and  I(z)=z (I = identity matrix).
By a fixed point of M we mean a complex number z such that M(z) = z.

Theorem 4.1. Assuming A # A’ and c # 0, there are exactly two fixed
points, namely w and w’'.

Proof. Directly from the definition, one verifies that M(w) = w and
M(w')=w’, so w and w’ are fixed points. Conversely, the condition that
z is a fixed point is expressible as a quadratic equation in z, which has at
most two solutions by the quadratic formula. This proves Theorem 4.1.

Theorem 4.2. Assume |A| < |A'| and ¢ #0. Let ze C and z #w. Then

lim M*(z) = w'.

k—w
Proof. Let = A/A". Then |a| < 1. We have
~taskef 2 Atz ~1pfk k
STM*S 1) = U s0 STM*S(z) = a”z.

Hence lim a*z = 0 for all complex numbers z.

k—wo



[App., §5] CAUCHY’S FORMULA FOR C% FUNCTIONS 467

Next observe that since z # w, it follows that S7*(z) is a complex
number by direct computation (i.e. S7'(z) # o0). We then apply the for-
mula we have just derived to S7'(z) instead of z, and we find

k2) = S(a*S71(2)).
Taking the limit yields

lim M*z) =S0)=w’

k-

thus proving the theorem.

APP., §5. CAUCHY’'S FORMULA FOR C* FUNCTIONS

Let D be an open disc in the complex numbers, and let D be the closed
disc, so the boundary of D is a circle. Cauchy’s formula gives us the
value as an integral over the circle C:

e

27 Jo 2 — 2y

if f is holomorphic on D, that is on some open set containing the closed
disc. But what happens if f is not holomorphic but merely smooth, say
its real and imaginary parts are infinitely differentiable in the real sense?
There is also a formula, which unfortunately is not usually taught in
basic courses, although it gives a beautiful application of several notions
which arise in both real and complex analysis, and advanced calculus.
We shall prove this theorem here. We shall also mention an application,
which occurs in the theory of partial differential equations.
Let us write z = x + iy. We introduce two new derivatives. Let

f(Z) = fl(xa .V) + ifz(x, ,V),

where f, = Re f and f, =Im f are the real and imaginary parts of f

respectively. We say that f is C* if f,, f, are infinitely differentiable in

the naive sense of functions of two real variables x and y. In other

words, all partial derivatives of all orders exist and are continuous. We

write f € C*(D) to mean that f is C* on some open set containing D.
For such f we define

of 1(of .of of of f
0z (6x_ 5) and 0z 2<5x+ 6y>
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Symbolically, we put

6_1 4 ia and i—l
9z 2\ox dy 9z 2

The Cauchy—Riemann equations can be formulated neatly by saying that
f is holomorphic if and only if

SIS
I
o

See Chapter VIII, §1.
We shall need the Stokes—Green formula for a simple type of region.
In advanced calculus, one integrates expressions

f Pdx + Q dy,
C

where P, Q are C* functions, and C is some curve. The Stokes—Green
theorem relates such integrals over a boundary to a double integral

8Q oP
1G5 wa

taken over a region B which is bounded by the curve C. The precise .
statement is this.

Stokes—Green Formula. Let B be a region of the plane, bounded by a
finite number of curves, oriented so that the region lies to the left of

each curve. Let y be the boundary, so oriented. Let P, Q have continu-
ous first partial derivatives on B and its boundary. Then

[ riceon[[ (2-)ua

It is useful to express the Stokes—Green formula in terms of the
derivatives 0/0z and 0/0Z. Writing

dz=dx+idy and dZ=dx —idy,

we can solve for dx and dy in terms of dz and dz, to give

1
dx=4(dz+dz) and  dy=(dz - da)
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Then
Pdx+Qdy=gdz+ hdz,

where g, h are suitable functions. Let us write symbolically
dz A dz = —2idx dy.

Then by substitution, we find the following version of the Stokes—Green

Formula:
h
Jgdz+hdz=” <a ag>d2/\dz
’ g\0z 0z

Remark. Directly from the definition of d/0z and 0/0Z one verifies that
the usual expression for df is given by

af L= a1 Yy

* 529 % 3y

Consider the special case where B = B(a) is the region obtained from
the disc D by deleting a small disc of radius a centered at a point z,, as
shown on the figure.

Figure 1

Then the boundary consists of two circles C and C, , oriented as shown
so that the region lies to the left of each curve. We have written C, to
indicate the circle with clockwise orientation, so that the region B(a) lies
to the left of C, . As before, C is the circle around D, oriented counter-
clockwise. Then the boundary of B(a) can be written

y=C+C, .
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We shall deal with integrals

dz A dZ
¢(2) )
D Z2—1Zz
where ¢(z) is a smooth function, and where z, is some point in the

interior of the disc. Such an integral is an improper integral, and is
supposed to be interpreted as a limit

lim jf (p(z)dz A dz’
a~0 J JB() Z— 2

where B(a) is the complement of a disc of radius a centered at z,. The
limit exists, as one sees by using polar coordinates. Letting z = z, + re®
with polar coordinates around the fixed point z,, we have

dx dy =rdrdf
and z — zy = re®, so r cancels and we see that the limit exists, since the

integral becomes simply
[[CEL]
eit

The region B(a) is precisely of the type where we apply the Stokes—
Green formula.

Cauchy’s Theorem for C* Functions. Let fe C*(D) and let z, be a
point in the interior D. Let C be the circle around D. Then

flzo) = | 1O, ” Vdndz
p0Z z— 2z,

2ni joz—zy 2mi

Proof. Let a be a small positive number, and let B(a) be the region
obtained by deleting from D a disc of radius a centered at z,. Then
0f/0z is C* on B(a) and we can apply the Stokes—Green formula to

f(z) dz

Z_ZO

=g(z) dz

over this region. Note that this expression has no term with dz.
Furthermore

6( ! >=O and @=a—f— !

0z\z — z, 0z 07z -z,
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because 1/(z — z,) is holomorphic in this region. Then by Stokes—Green

we find
f(2) dz f@) dz _ _J‘J‘ of dz A dzZ

+ = .
c; Z2— 2o cZ— 2 @ 0Z 2 —2Zq

The limit of the integral on the right-hand side as a approaches 0 is
the double integral (with a minus sign) which occurs in Cauchy’s formula.
We now determine the limit of the curve integral over C; on the left-
hand side. We parametrize C, (counterclockwise orientation) by

z=2zy+ae® 0<0<2n

Then dz = aie' db, so

J f(z)dz _ _J f2)dz - ﬁjzn f(zo + ae®)i do.
c c

;Z—'Zo aZ"—Zo 0

Since f is continuous at z,, we can write

flzo + ae®) = f(zo) + h(a, 6)
where h(a, 0) is a function such that

lim h(a, §) = 0

a0
uniformly in 8. Therefore
2n

—27if(zy) — lim J‘ h(a, 0)i do
a—0

0

lim f(z)dz _
a0 Ca— zZ — ZO

= —27if(z,).

Cauchy’s formula now follows at once.
Remark 1. Suppose that f is holomorphic on D. Then

of
)

oz

and so the double integral disappears from the general formula to give
the Cauchy formula as we encountered it previously.

Remark 2. Consider the special case when the function f is 0 on the
boundary of the disc. Then the integral over the circle C is equal to 0,
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and we obtain the formula

1 of dz A dz

This allows us to recover the values of the function from its derivative
0f/0z. Conversely, one has the following result.

Theorem. Let g e C*(D) be a C* function on the closed disc. Then the
Junction
1
fw) = — Jj 96 dz A dz
pZ

is defined and C® on D, and satisfies

% =gw)  for weD.

The proof is essentially a corollary of Cauchy’s theorem if one has the
appropriate technique for differentiating under the integral sign. How-
ever, we have now reached the boundary of this course, and we omit the
proof.

APP., §6. CAUCHY’S THEOREM FOR LOCALLY
INTEGRABLE VECTOR FIELDS

The main part of Chapter IV is not really a theorem about complex
functions, but consists of a purely topological theorem as in Chapter 1V,
§3, and an application to locally integrable vector fields on an open set of
the plane R%.. We now indicate briefly this more general context in a
precise way.

Let U be a connected open subset of R% and let F = (fi, f2) be a
continuous real valued vector field on U. If F is of class C!, ie. its
coordinate functions f;, f, have continuous partial derivatives, and if

DZfl = D1f2a

then it is proved in standard courses that F has a potential g on every disc
D contained in U, that is a function g such that grad g =F. Cf. for
instance my Undergraduate Analysis, Springer-Verlag (1983), Chapter XV,
Theorem 3.3.

Now in general, for a continuous vector field F, we define F to be
locally integrable on U if for each point P of U there is a disc Dp
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contained in U such that F has a potential on Dp. We let F denote such a
vector field for the rest of this section.

Let y, : [a1, az] — U be a continuous curve, whose image is contained
in a disc D < U such that F has a potential on D. Let P; = y,(a;), so P; is
the beginning point and P, the end point of the curve. We define

j F=g(Py) — g(Py).

Since a potential is uniquely determined up to an additive constant (on
a connected open set, and D in particular), it follows that the value
g(P2) — g(P) is independent of the choice of potential g for F on the disc.
If the curve y, happens to be C!, then the above value coincides with the
value of the integral computed according to the usual chain rule.
Suppose that y: [a, b] — U is an arbitrary continuous curve. We can

then define the integral

J F

Y

just as we defined the integral of a holomorphic function. We can find a
partition of [a, b], and a sequence of discs Dy,...,D, connected by the
curve along the partition such that each D; « U and such that F has
a potential g; on D;. (One uses the uniform continuity of F and the
compactness of the image of y to satisfy these conditions.) The integral is
defined to be

J F = Z[gi(PiH) — g:i(Py))-

Exactly the same arguments as those of the text in Chapter III, §4 show
that this integral is independent of the choices made (partition, discs,
potentials) subject to the above conditions.

We can define two continuous curves y, # from P to Q in U to be close
together (with respect to F) if there is a sequence of discs as above such
that

v(lai, ai1]) € D; and  y([ai, ain1]) = Di.

The proofs of Theorems 5.1 and 5.2 of Chapter III are then valid in the
present context. In particular, if two curves are close together with respect
to F, then the integrals of F along these curves are equal.

Furthermore, the homotopy form of Cauchy’s theorem is also valid in
the present context, replacing the holomorphic function f by the locally
integrable vector field F. In particular:
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Theorem 6.1. Let U be simply connected (for instance a disc or a
rectangle), and let F be a locally integrable vector field on U. Then F
has a potential on U.

Proof. This comes directly from the homotopy form of- Cauchy’s
theorem. The potential is defined by the integral

X

ﬂD=LR

taken from a fixed point Py in U to a variable point X. The integral may
be taken along any continu curve in U, because the integral is
independent of the path between Py and X. Thus the analogue of Chapter
III, Theorem 6.1 is valid.

In particular, in the definition of an integral of F, one need not specify
that F have a potential on each D;. It suffices that the discs D; be
contained in U.

We may now apply the considerations of Chapter IV, concerning the
winding number and homology. Instead of d{/{, we use the vector field

G(x, y)=( = X )

x2+y2’ x2+y2

By the chain rule, using 7> =x?>+y% x=rcosf, y=rsin 6, one sees
that

d dy = do.
P v A

For (x, y) in a disc not containing the origin, G has a potential, which is
just 6, plus a constant of integration.

Let U be a connected open set in R%. For each PeR?, P = (%0, o),
we may consider the translation of G to P, that is the vector field

Gr(x, y) = Gp(X) = G(X — P) = G(x — x0, ¥ = y0)-

Then Gp is locally integrable on every open set not containing P.
Let y: [a, ] — U be a closed curve in U. For every P not on 7, the

integral
J
7

is defined, and from the definition of the integral with discs connected
along a partition, we see that the value of this integral is equal to 27k, for
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some integer k. We define the winding number W(y, P) to be

1
W(y, P)=—1 Gp.
(», P) m L P
We are now in the same position we were for the complex integral,
allowing us to define a curve y homologous to 0 in U if W(y, P) =0 for all
points P in R?, P¢ U.
The same arguments of Chapter IV, §3, replacing f by F, yield:

Theorem 6.2. Let U be a connected open set in R, and let y be a closed
chain in U. Then vy is homologous to a rectangular chain. If y is
homologous to 0 in U, and F is a locally integrable vector field on U,

then
j F=o.
?

Proof. Theorem 3.2 of Chapter IV applies verbatim to the present
situation, and we know from Theorem 6.1 that the integral of F around a
rectangle is 0, so the theorem is proved.

We also have the analogue of Theorem 2.4 of Chapter IV.

Theorem 6.3. Let U be an open set and y a closed chain in U such that
y is homologous to 0 in U. Let P,...,P, be a finite number of distinct
points of U. Let y, (k=1,...,n) be the boundary of a closed disc Dy,
contained in U centered at Py, and oriented counterclockwise. We assume
that Dy does not intersect D; if k #j. Let

my = W(% Pk)

Let U* be the set obtained by deleting Py,...,P, from U. Then y is
homologous to Y myy, on U*.
Furthermore, if F is a locally integrable vector field on U*, then

JszkaLkF.

From the above theorem, we also obtain:

Theorem 6.4. Let U be simply connected, and let Py,...,P, be distinct
points of U. Let U* be the open set obtained from U by deleting these
points. Let F be a locally integrable vector field on U*. Let
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where y; is a small circle around Py, not containing P; if j # k. Then the

vector field
F - Zakak
has a potential on U.

Proof. One verifies directly that

{27: if k =},
J Gp, = . .
Y 0 ifk#j.

Let y be a closed curve in U*. Then immediately from the definition of y,
and Theorem 6.3, it follows that if we put

n=y-Y my,

then # is homologous to 0 in U*. Therefore by Theorem 6.3, the integral
of F over 5 is 0. By the definitions, this implies that

Jy |F- Zakak] = 0.

Thus the integral of F — Y a;Gp, over any closed curve in U* is 0, so by
a standard result from the calculus in 2 variables, we conclude that

F— Z akak

has a potential on U*, thus proving the theorem.

For the “standard result”, cf. for instance my Undergraduate Analysis,
Springer-Verlag, Chapter XV, Theorem 4.2.

A more complete exposition of the material in the present appendix is
given in Undergraduate Analysis, Springer-Verlag, Second Edition (1997).
Chapter XVI.

Theorem 6.4 is the third example that we have encountered of the same
type as Theorem 2.4 of Chapter IV, and Theorem 3.9 of Chapter VIII.

Sketch of proof of Theorem 3.9, Chapter VIII. We are given 4 harmonic
on the punctured open set U*. On each disc Win U*, h is the real part of
an analytic function f/, uniquely determined up to an additive constant.
We want to know the obstruction for 4 to be the real part of an analytic
function on U*, and more precisely we want to show that there exist
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constants @, and an analytic function f on U* such that

h(z) — Zak log|z — zx| = Re f(z2).

We consider the functions fi as above. For each W, the derivative f}, is
uniquely determined, and the collection of such functions {f},} defines an
analytic function f’ on U*. Let y, be a small circle around z, and let

1

a = -—;
2mi

ka'(o dr.

Let zg be a point in U* and let y, be a piecewise C! path in U* from z to
a point z in U*. Let

1
zZ—2z

92) =) - a and  f(z) = J g(0) dc.
k

z

Show that this last integral is independent of the path y,, and gives the
desired function. Use Theorem 2.4 of Chapter IV.]

§7. MORE ON CAUCHY-RIEMANN

We give here two more statements about the Cauchy-Riemann equations,
which are the heart of some exercises of Chapter VIIL

Theorem 7.1. Let f be a complex harmonic function on a connected open
set U. Let S be the set of points z € U such that df/0z = 0. Suppose
that S has a non-empty interior V. Then V = U.

Proof. From p. 92 Theorem 1.6, we know that_an open subset of
U which is closed in U is equal to U. Thus it suffices to show that V' is
closed in U. Let zo be a point in 0V n U. Let h = 0f/0Z = u+ iv, with u,
v real. Since partials commute, 4 is harmonic. Let Dy be a disc centered
at zg, and Dy = U. By Theorem 3.1 or 5.4 of Chapter V..I, there exists
an analytic function h; on Dy with Re(h;) = u. Since zoe 0V, if zo ¢ V it
follows that Dy ¥V is open, and u =0 on Dy~ V. Hence h; is pure
imaginary constant on DoV, and therefore h; is pure imaginary
constant on Dy, so u =0 on Dy. Replacing f by if, we conclude that
v =0 on Dy also. Hence f is analytic on Dy, so Dy = S and zy € V, ged.

Of course, in the above statement, one could have assumed 0f/dz =0
instead of 0f/0z = 0. Recall the formula df/0z = df/0Z, which shows that
in the above situation, f, f play a symmetric role.
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The next result has to do with the normal derivative, and extends VIII,
§2, Exercise 5. Let f, U be open sets in R%. Let:

f: U — V have coordinate functions satisfying Cauchy-Riemann equa-
tions, i.e.

O1fi=02f» and 0pfi = —01/fy;

¢: V—R a C! real valued function on V;
y: la,b] = U a C' curve, so we get a sequence of maps

I EN/ESENY

For each function, we have its derivative at a point as a real linear map.
The (non-unitized) normal of y is

!

N, = vertical vector < yz, ), evaluated at each 1€ [a,b].

1

For any point Q € V, calculus tells us that for any vector Z € R*> we have
(grad )(Q) - Z = ¢'(Q)Z.

The normal derivative of ¢ along the curve f oy is by definition

(1) Dy (foy9 = @'(f © ) Nsoy.

Using the chain rule, we also have

(2) Dypy(pof) = (9o f) (NN, = ¢'(f 2 9)f ()N,

Theorem 7.2. Assume that fi, f satisfy the Cauchy-Riemann equations.
Then

J'(¥)Ny = Npoy.
Proof. On the one hand, writing vectors vertically, we have

A (fon) \ _ [ 0fay)ry + 02s(0)%
MW_(—UﬁwY)_<—&ﬁ@hﬂ—®ﬁ&%)'

On the other hand, using the matrix representing f’ and writing y’ verti-
cally, we get

/ _(0/i &f 2\ _ [ (0uf)ry — (Bafi)ny
4 (”Ny‘(alfz am)(—y;) = ((almyg—(azﬁ)y;) |

Using the Cauchy-Riemann equations concludes the proof.
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