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Preface

This is the second volume of a 2-volume textbook* which evolved from a
course (Mathematics 160) offered at the California Institute of Technology
during the last 25 years.

The second volume presupposes a background in number theory com-
parable to that provided in the first volume, together with a knowledge of
the basic concepts of complex analysis.

Most of the present volume is devoted to elliptic functions and modular
functions with some of their number-theoretic applications. Among the
major topics treated are Rademacher’s convergent series for the partition
function, Lehner’s congruences for the Fourier coefficients of the modular
function j(r), and Hecke’s theory of entire forms with multiplicative Fourier
coefficients. The last chapter gives an account of Bohr’s theory of equivalence
of general Dirichlet series.

Both volumes of this work emphasize classical aspects of a subject which
in recent years has undergone a great deal of modern development. It is
hoped that these volumes will help the nonspecialist become acquainted
with an important and fascinating part of mathematics and, at the same
time, will provide some of the background that belongs to the repertory of
every specialist in the field.

This volume, like the first, is dedicated to the students who have taken
this course and have gone on to make notable contributions to number
theory and other parts of mathematics.

T. M. A.
January, 1976

* The first volume is in the Springer-Verlag series Undergraduate Texts in Mathematics under
the title Introduction to Analytic Number Theory.



Preface to the Second Edition

The major change is an alternate treatment of the transformation formula for
the Dedekind eta function, which appears in a five-page supplement to Chap-
ter 3, inserted at the end of the book (just before the Bibliography). Other-
wise, the second edition is almost identical to the first. Misprints have been
repaired, there are minor changes in the Exercises, and the Bibliography has
been updated.

T. M. A.
July, 1989
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Elliptic functions

1.1 Introduction

Additive number theory is concerned with expressing an integer n as a sum
of integers from some given set S. For example, S might consist of primes,
squares, cubes, or other special numbers. We ask whether or not a given
number can be expressed as a sum of elements of S and, if so, in how many
ways this can be done.

Let f(n) denote the number of ways n can be written as a sum of elements
of S. We ask for various properties of f(n), such as its asymptotic behavior
for large n. In a later chapter we will determine the asymptotic value of the
partition function p(n) which counts the number of ways n can be written as a
sum of positive integers < n.

The partition function p(n) and other functions of additive number theory
are intimately related to a class of functions in complex analysis called
elliptic modular functions. They play a role in additive number theory analo-
gous to that played by Dirichlet series in multiplicative number theory. The
first three chapters of this volume provide an introduction to the theory of
elliptic modular functions. Applications to the partition function are given
in Chapter 5.

We begin with a study of doubly periodic functions.

1.2 Doubly periodic functions

A function f of a complex variable is called periodic with period w if
fz+w) = f(2)

whenever z and z + w are in the domain of /. If w is a period, so is nw for

every integer n. If @, and w, are periods, so is mw,; + nw, for every choice of
integers m and n.



1: Elliptic functions

Definition. A function f is called doubly periodic if it has two periods w;
and w, whose ratio w,/w, is not real.

We require that the ratio be nonreal to avoid degenerate cases. For
example, if w, and w, are periods whose ratio is real and rational it is easy
to show that each of w,; and w, is an integer multiple of the same period. In
fact, if w,/w,; = a/b, where a and b are relatively prime integers, then there
exist integers m and n such that mb + na = 1. Let ® = mw, + nw,. Then
w is a period and we have

_ ©2) _ a) _ o _
a)—a)l(m+nw‘> w1<m+nb> b(mb+na) =

so w; = bw and w, = aw. Thus both w, and w, are integer multiples of w.

If the ratio w,/w, isreal and irrational it can be shown that f has arbitrarily
small periods (see Theorem 7.12). A function with arbitrarily small periods
is constant on every open connected set on which it is analytic. In fact, at
each point of analyticity of f we have

m f(Z+Z,.)—f(Z)’

-0

f@=1
where {z,} is any sequence of nonzero complex numbers tending to 0. If f
has arbitrarily small periods we can choose {z,} to be a sequence of periods
tending to 0. Then f(z + z,) = f(z) and hence f'(z) = 0. In other words,
f'(z) = 0 at each point of analyticity of f, hence f must be constant on every
open connected set in which f'is analytic.

1.3 Fundamental pairs of periods

Definition. Let f have periods w,, w, whose ratio w,/w, is not real. The
pair (w,, w,) is called a fundamental pair if every period of f is of the form
mm, + nw,, where m and n are integers.

Every fundamental pair of periods w,, w, determines a network of
parallelograms which form a tiling of the plane. These are called period
parallelograms. An example is shown in Figure 1.1a. The vertices are the
periods @ = mw, + nw,. It is customary to consider two intersecting edges
and their point of intersection as the only boundary points belonging to the
period parallelogram, as shown in Figure 1.1b.

Notation. If o, and w, are two complex numbers whose ratio is not real
we denote by Q(w,, w,), or simply by Q, the set of all linear combinations
mw, + nw,, where m and n are arbitrary integers. This is called the lattice
generated by w, and w,.

2



1.3: Fundamental pairs of periods

Figure 1.1

Theorem 1.1. If (w,, w,) is a fundamental pair of periods, then the triangle
with vertices 0, w,, w, contains no further periods in its interior or on its
boundary. Conversely, any pair of periods with this property is fundamental.

Proor. Consider the parallelogram with vertices 0, w,, w; + w,, and w,,
shown in Figure 1.2a. The points inside or on the boundary of this parallel-
ogram have the form

z = aw,; + fw,,

where 0 < o < 1 and 0 < B < 1. Among these points the only periods are 0,
o4, 0,, and o; + w,, so the triangle with vertices 0, w,, w, contains no
periods other than the vertices.

Wy + w, Wy + W,
W, W,

w+w=0w +w,;

W, Wy

(a) (b)
Figure 1.2
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Conversely, suppose the triangle 0, w,, w, contains no periods other
than the vertices, and let @ be any period. We are to show that w = mw, +
nw, for some integers m and n. Since w,/w; is nonreal the numbers w, and
w, are linearly independent over the real numbers, hence

W =t,0; +t,ow,
where t, and t, are real. Now let [t] denote the greatest integer < ¢t and
write
t, =[] +r,ty=[t]+r,,where0 <r, <land0<r, <1
Then
o — [t ]o; — [t]o; = 1o, + ryo;.

If one of r, or r, is nonzero, then r,w,; + r,w, will be a period lying inside
the parallelogram with vertices 0, w,, ®,, w,; + w,. But if a period w lies
inside this parallelogram then either w or w, + w, — w will lie inside the
triangle 0, w,, w, or on the diagonal joining w, and w,, contradicting the
hypothesis. (See Figure 1.2b.) Therefore r, = r, = 0 and the proof is
complete. O

Definition. Two pairs of complex numbers (w,, w,) and (w,’, ,’), each with
nonreal ratio, are called equivalent if they generate the same lattice of

periods; that is, if Q(w,, w,;) = Qw,’, ®,).

The next theorem, whose proof is left as an exercise for the reader,
describes a fundamental relation between equivalent pairs of periods.

Theorem 1.2. Two pairs (0, ®,) and (w,’, w,") are equivalent if, and only if,

. . fa by .. . . .
there is a 2 x 2 matrix d with integer entries and determinant
c

()= )

w, = aw, + bw,,
W, = cw, + do,.

ad — bc = +1, such that

or, in other words,

1.4 Elliptic functions

Definition. A function fis called elliptic if it has the following two properties:
(a) f is doubly periodic.
(b) f is meromorphic (its only singularities in the finite plane are poles).



1.4: Elliptic functions

Constant functions are trivial examples of elliptic functions. Later we
shall give examples of nonconstant elliptic functions, but first we derive some
fundamental properties common to all elliptic functions.

Theorem 1.3. A nonconstant elliptic function has a fundamental pair of periods.

Proor. If fis elliptic the set of points where f'is analytic is an open connected
set. Also, f has two periods with nonreal ratio. Among all the nonzero
periods of f there is at least one whose distance from the origin is minimal
{(otherwise f would have arbitrarily small nonzero periods and hence would
be constant). Let o be one of the nonzero periods nearest the origin. Among
all the periods with modulus || choose the one with smallest nonnegative
argument and call it w,. (Again, such a period must exist otherwise there
would be arbitrarily small nonzero periods.) If there are other periods
with modulus |w,| besides w, and —w,, choose the one with smallest
argument greater than that of w, and call this w,. If not, find the next
larger circle containing periods # nw; and choose that one of smallest
nonnegative argument. Such a period exists since f has two noncollinear
periods. Calling this one w, we have, by construction, no periods in the
triangle 0, w,, w, other than the vertices, hence the pair (w,, w,) is funda-
mental. O

If f and g are elliptic functions with periods w, and w, then their sum,
difference, product and quotient are also elliptic with the same periods. So,
too, is the derivative [

Because of periodicity, it suffices to study the behavior of an elliptic
function in any period parallelogram.

Theorem 1.4. If an elliptic function f has no poles in some period parallelogram,
then f'is constant.

PRrOOF. If ' has no poles in a period parallelogram, then fis continuous and
hence bounded on the closure of the parallelogram. By periodicity, f is
bounded in the whole plane. Hence, by Liouville’s theorem, fis constant. []

Theorem 1.5. If an elliptic function f has no zeros in some period parallelogram,
then f'is constant.

PROOF. Apply Theorem 1.4 to th reciprocal 1/, 0

Note. Sometimes it is inconvenient to have zeros or poles on the bound-
ary of a period parallelogram. Since a meromorphic function has only a
finite number of zeros or poles in any bounded portion of the plane, a period
parallelogram can always be translated to a congruent parallelogram with
no zeros or poles on its boundary. Such a translated parallelogram, with no
zeros or poles on its boundary, will be called a cell. Its vertices need not be
periods.



1: Elliptic functions

Theorem 1.6. The contour integral of an elliptic function taken along the
boundary of any cell is zero.

Proor. The integrals along parallel edges cancel because of periodicity. [

Theorem 1.7. The sum of the residues of an elliptic function at its poles in any
period parallelogram is zero.

ProOF. Apply Cauchy’s residue theorem to a cell and use Theorem 1.6. [

Note. Theorem 1.7 shows that an elliptic function which is not constant
has at least two simple poles or at least one double pole in each period
parallelogram.

Theorem 1.8. The number of zeros of an elliptic function in any period parallel-
ogram is equal to the number of poles, each counted with multiplicity.

ProoF. The integral

1 J f'(2) i
= —— - az,
2ni Je f(2)
taken around the boundary C of a cell, counts the difference between the
number of zeros and the number of poles inside the cell. But f7/f is elliptic

with the same periods as f, and Theorem 1.6 tells us that this integral is zero.

a

Note. The number of zeros (or poles) of an elliptic function in any period
parallelogram is called the order of the function. Every nonconstant elliptic
function has order > 2.

1.5 Construction of elliptic functions

We turn now to the problem of constructing a nonconstant elliptic function.
We prescribe the periods and try to find the simplest elliptic function having
these periods. Since the order of such a function is at least 2 we need a
second order pole or two simple poles in each period parallelogram. The
two possibilities lead to two theories of elliptic functions, one developed by
Weierstrass, the other by Jacobi. We shall follow Weierstrass, whose point
of departure is the construction of an elliptic function with a pole of order
2 at z = 0 and hence at every period. Near each period w the principal part
of the Laurent expansion must have the form

A B
z—w? z-w




1.5: Construction of elliptic functions

For simplicity we take A = 1, B = 0. Since we want such an expansion near
each period w it is natural to consider a sum of terms of this type,

5 1

w (Z - w)Z

summed over all the periods @ = mw, + nw,. For fixed z # w this is a
double series, summed over m and n. The next two lemmas deal with con-
vergence properties of double series of this type. In these lemmas we denote
by Q the set of all linear combinations mw; + nw,, where m and n are
arbitrary integers.

Lemma 1. If « is real the infinite series

Z 1
P
we W
w#0

converges absolutely if, and only if, a > 2.

Proor. Refer to Figure 1.3 and let r and R denote, respectively, the minimum
and maximum distances from 0 to the parallelogram shown. If w is any of
the 8 nonzero periods shown in this diagram we have

r<|w]<R (for 8 periods ).
Wy + W,
w; — W,

w,

—w,
W, — W,

—w,
—w, — W,

Figure 1.3

In the next concentric layer of periods surrounding these 8 we have 2-8 = 16
new periods satisfying the inequalities

2r < |w| € 2R (for 16 new periods w).
In the next layer we have 3 -8 = 24 new periods satisfying

3r <|w|] <£3R (for 24 new periods w),



1: Elliptic functions

and so on. Therefore, we have the inequalities
1 1
R® s JofF < e
1 1 1
Ry = lol* = (2r)"

for the first 8 periods w,

for the next 16 periods w,

and so on. Thus the sum S(n) = Z |w|™% taken over the 8(1 + 2 + --- + n)
nonzero periods nearest the origin, satisfies the inequalities

8,28 o om8 oo 8 28 nd
R* (2R} (R)“ r o @y (nr)*
or
ii ; < S(h) < Z":
R* = k*! — kel

This shows that the partial sums S(n) are bounded above by 8{(a« — 1)/r* if
o > 2. But any partial sum lies between two such partial sums, so all of the
partial sums of the series Z ||~ * are bounded above and hence the series
converges if o > 2. The lower bound for S(n) also shows that the series
diverges if o < 2. O

Lemma 2. If o > 2 and R > O the series
1

lw|>R (Z - w)a

converges absolutely and uniformly in the disk |z| < R.

Proor. We will show that there is a constant M (depending on R and a)

such that, if & > 1, we have

1 M
T oESion
|z — o~ |o|

1

for all w with |w| > R and all z with |z| < R. Then we invoke Lemma 1 to
prove Lemma 2. Inequality (1) is equivalent to

1

Z

z— ol

@

w

To exhibit M we consider all w in Q with [w| > R. Choose one whose
modulus is minimal, say |w| = R + d, where d > 0. Then if |z| < R and
|ow] = R + d we have

4

>1-

z—wl ) z

= 1—-——
w w




1.6: The Weierstrass @ function

and hence
X P
w = R+d M’
where
R \-¢
M =< - m)
This proves (2) and also the lemma. J

As mentioned earlier, we could try to construct the simplest elliptic
function by using a series of the form

1
w;Q (Z - w)z.
This has the appropriate principal part near each period. However, the
series does not converge absolutely so we use, instead, a series with the
exponent 2 replaced by 3. This will give us an elliptic function of order 3.

Theorem 1.9. Let [ be defined by the series

1
@)= ——s.
wgﬂ (Z - (L))3
Then f'is an elliptic function with periods v, w, and with a pole of order 3 at
each period w in Q.

Proor. By Lemma 2 the series obtained by summing over |@| > R converges
uniformly in the disk |z| < R. Therefore it represents an analytic function
in this disk. The remaining terms, which are finite in number, are also
analytic in this disk except for a 3rd order pole at each period w in the disk.
This proves that f'is meromorphic with a pole of order 3 at each « in Q.

Next we show that f'has periods w; and w,. For this we take advantage
of the absolute convergence of the series. We have

1
ferols Lo —ar

But w — o, runs through all periods in Q with o, so the series for f(z + w,)
is merely a rearrangement of the series for f(z). By absolute convergence we
have f(z + w,) = f(z). Similarly, f(z + w,) = f(2) so f is doubly periodic.
This completes the proof. (]

1.6 The Weierstrass g function

Now we use the function of Theorem 1.9 to construct an elliptic function
or order 2. We simply integrate the series for f(z) term by term. This gives us
a principal part —(z — w)~?/2 near each period, so we multiply by —2 to

9



1: Elliptic functions

get the principal part (z — w)” 2. There is also a constant of integration to
reckon with. It is convenient to integrate from the origin, so we remove the
term z~3 corresponding to @ = 0, then integrate, and add the term z~ 2.

This leads us to the function

1 J‘z -2
=+ B
22 Ou);o(t_a))3

Integrating term by term we arrive at the following function, called the
Weierstrass g function.

Definition. The Weierstrass g function is defined by the series

1 1 1
wo-dag [

oio [z —0)f o

Theorem 1.10. The function ¢ so defined has periods w, and w, . It is analytic
except for a double pole at each period w in Q. Moreover §(z) is an even
Sfunction of z.

Proor. Each term in the series has modulus

1 1

(z —w? o?

o =@ - 0P| | 220 -2)

w?(z — w)? w?(z — w)?

Now consider any compact disk |z| < R. There are only a finite numbper of
periods o in this disk. If we exclude the terms of the series containing these
periods we have, by inequality (1) obtained in the proof of Lemma 2,

1
@ - w?

M
T o’

where M is a constant depending only on R. This gives us the estimate

z(2w — z)
w?(z — w)?|

MRQ|w| + R) MR(Q + R/|lo|) 3MR
lwl* - lo]? ~ op?

since R < |w]| for w outside the disk |z| < R. This shows that the truncated
series converges absolutely and uniformly in the disk |z| < R and hence
is analytic in this disk. The remaining terms give a second-order pole at
each w inside this disk. Therefore g(z) is meromorphic with a pole of order 2
at each period.

Next we prove that g is an even function. We note that

(—z-wf =@+ =E-(-w)

Since — w runs through all nonzero periods with w this shows that p(—z) =
©(2), so g is even.

10



1.8: Differential equation satisfied by g

Finally we establish periodicity. The derivative of @ is given by
1
z2)= =2 e
U N s

We have already shown that this function has periods w,; and w,. Thus
©'(z + w) = p'(z)for each peried w. Therefore the function g(z + w) — p(z)

is constant. But when z = —w/2 this constant is p(w/2) — @p(—w/2) =0
since g is even. Hence p(z + w) = gp(z) for each w, so g has the required
periods. (]

1.7 The Laurent expansion of g near the
origin

Theorem 1.11. Let r = min {le:w # 0}. Then for 0 < |z| < r we have

3) p(z) = Z 2n + )G,y 22",
where
1
@) Go= ) — Jornx3.
w#0 @

1 1 1 2 z\"
(z — ) = w2<1 - i)z =z <1 + "zl(n + 1)(5) >,

hence
1 1 o n+1
T T
Summing over all w we find (by absolute convergence)

1 & 1 1 ®
SO(Z)=Z_2+ Z("+1)Z —CL)"_+EZ"=_2+ Z(H+I)G"+22",
n=1

w*0 z n=1

where G, is given by (4). Since g(z) is an even function the coefficients G, ,
must vanish and we obtain (3). O

1.8 Differential equation satisfied by g

Theorem 1.12. The function g satisfies the nonlinear differential equation
[0'(2)]? = 40°(2) — 60G, p(z) — 140G,.

PrOOF. We obtain this by forming a linear combination of powers of g and
%' which eliminates the pole at z = 0. This gives an elliptic function which has

11



1: Elliptic functions

no poles and must therefore be constant. Near z = 0 we have
2
@'(z) = — = + 6G4z + 20Ggz> + -+,

an elliptic function of order 3. Its square has order 6 since

[/ = = — 2294 _ 850G, + -+
where + - - - indicates a power series in z which vanishes at z = 0. Now
403(z) = 46 et 36G‘* + 60G +
hence
[T — 4p%) = - 5% — 140G, +
$0

[9'(2)]? — 40°(2) + 60G, p(z) = —140G4 +

Since the left member has no pole at z = 0 it has no poles anywhere in a
period parallelogram so it must be constant. Therefore this constant must
be — 140G, and this proves the theorem. O

1.9 The Eisenstein series and the invariants
g, and g3

Definition. If n > 3 the series
G, = —
w;O wn

is called the Eisenstein series of order n. The invariants g, and g, are the
numbers defined by the relations

gz = 60G4, g3 = 140G6
The differential equation for g now takes the form
[0'(2)]* = 40°(2) — g200(2) — g5-

Since only g, and g, enter in the differential equation they should determine
¢ completely. This is actually so because all the coefficients (2n + 1)G,,4 >
in the Laurent expansion of g(z) can be expressed in terms of g, and g;.

Theorem 1.13. Each Eisenstein series G, is expressible as a polynomial in g,
and g5 with positive rational coefficients. In fact, if b(n) = 2n + )G,
we have the recursion relations

b(1) = g,/20,  b(2) = g5/28,

12



1.10: The numbers e, e,, ¢4

and

n—2

(2n + 3)(n — 2)b(n —3Zb (kp(n — 1 — k) forn >3,
or equivalently,

m—2
2m + )(m - 3)2m — 1)G,,, =3 Y 2r — 1)2m — 2r — 1)G5,Gapr_ 5,

r=2

form = 4.

Proor. Differentiation of the differential equation for o gives another
differential equation of second order satisfied by g,

(5) ©"(z) = 660°(z) — 19,
Now we write g(z + Yy b(n)z®" and equate like powers of z
in (5) to obtain the requxred recursxon relations. 0

1.10 The numbers e, , e,, e,

Definition. We denote by ey, e,, e; the values of g at the half-periods,

w w 0, +
e = SO<TI>, € = 50<72>, €3 = @(‘i—z*—z>

The next theorem shows that these numbers are the roots of the cubic
polynomial 40> — g, 0 — g;.

Theorem 1.14. We have
403(z) — g2 (2) — g3 = Hp(2) — €,))(p(z) — ex)(p(z) — e3).

Moreover, the roots ey, e,, es are distinct, hence g,> — 27g5* # 0.

PRrOOF. Since g is even, the derivative g’ is odd. But it is easy to show that
the half-periods of an odd elliptic function are either zeros or poles. In fact,
by periodicity we have p'(—iw) = p'(0 — Jw) = p'(Gw), and since g’ is odd
we also have p'(—iw) = —p'Gw). Hence p'(3w) = 0 if p'Gw) is finite.
Since p'(z) has no poles at 3w,, 3w,, 3w, + w,), these points must be
zeros of g’. But g’ is of order 3, so these must be simple zeros of g’. Thus
%' can have no further zeros in the period-parallelogram with vertices
0,w,,w,,w; + w,. The differential equation shows that each of these points
is also a zero of the cubic, so we have the factorization indicated.

Next we show that the numbers e,, e,, e5 are distinct. The elliptic function
$(z) — e, vanishes at z = $w,. This is a double zero since p '(3w,) = 0.
Similarly, ¢(z) — e, has a double zero at $w,. If e, were equal to e,, the
elliptic function g(z) — e; would have a double zero at 4w, and also a double

13



1: Elliptic functions

zero at 3m,, so its order would be > 4. But its order is 2,s0 e; # e,. Similarly,
e, # ez and e, # e;.

If a polynomial has distinct roots, its discriminant does not vanish. (See
Exercise 1.7.) The discriminant of the cubic polynomial

4x* — g,x — g3

is g,° — 27g5%. When x = g(z) the roots of this polynomial are distinct so
the number g, — 27g;* # 0. This completes the proof. O

1.11 The discriminant A

The number A = g,°> — 27g,° is called the discriminant. We regard the
invariants g, and g; and the discriminant A as functions of the periods w,
and w, and we write

g> = gr(wy, @), g3 = gs(w,, @y), A = Aw,, w,).

The Eisenstein series show that g, and g; are homogeneous functions of
degrees —4 and — 6, respectively. That is, we have

g2(dwy, 2w;) = A7 4gy(w, 0;) and  g3(dwy, dwy) = 27 %50, @)
for any 4 # 0. Hence A is homogeneous of degree — 12,
Adwy, Aw,) = A7 12 A(w,, w,).
Taking 4 = 1/w, and writing 7 = w,/w, we obtain

ga(l,7) = a)1492(w17 ®,), gs(l,7) = w1693(w1’ ,),
AL, 7) = 0" *Mw,, ).

Therefore a change of scale converts g,, g; and A into functions of one
complex variable 7. We shall label w, and w, in such a way that their ratio
T = w,/w, has positive imaginary part and study these functions in the upper
half-plane Im(z) > 0. We denote the upper half-plane Im(t) > 0 by H.

If te H we write g,(1), g3(t) and A(t) for g,(1, 1) gs(1, 7) and A(l1, 1),
respectively. Thus, we have

+ 1

= 60 S E——
92(7) m,n;m (m + n1)*
(m,n)#(0,0)

+ 1
= 140
93(‘[) m’";_m (m +n‘c)6
(m,n)#(0,0)

and
A1) = g,°(1) — 27g5%(0).
Theorem 1.14 shows that A(t) # O for all 7 in H.

14



1.12: Klein’s modular function J(r)

1.12 Klein’s modular function J(t)

Klein’s function is a combination of g, and g, defined in such a way that,
as a function of the periods w, and w,, it is homogeneous of degree 0.

Definition. If w,/w, is not real we define
o= 5
Since g,° and A are homogeneous of the same degree we have J(Aw,, Aw,)
= J(w,, w,). In particular, if t € H we have
J(1, 1) = J(w,, w,).
Thus J(w,, w,) is a function of the ratio t alone. We write J(1) for J(1, 7).

Theorem 1.15. The functions g,(t), g4(1), A(t), and J(z) are analytic in H.

PRrOOF. Since A(1) # 0 in H it suffices to prove that g, and g, are analytic
in H. Both g, and g, are given by double series of the form

+ o 1

)

mn=—ow (m + n,r)z
(m,n)#(0,0)

vith o > 2. Let T = x + iy, where y > 0. We shall prove that if « > 2 this
series converges absolutely for any fixed t in H and uniformly in every strip
S of the form

S={x+iy;|x| < A4,y>=6>0}

(See Figure 1.4.) To do this we prove that there is a constant M > 0, depending
only on A4 and on 4, such that

1
©) M

<
|m + ntl* ™ |m + nil*

for all 7in S and all (m, n) # (0, 0). Then we invoke Lemma 1.
To prove (6) it suffices to prove that

Im + nt|* > K|m + ni|?
for some K > 0 which depends only on 4 and J, or that
(7) (m + nx)? + (ny)* > K(m? + n?).
If n = 0 this inequality holds with any K such that 0 < K < 1. If n # 0
let ¢ = m/n. Proving (7) is equivalent to showing that
(g +x)° +y?

> K
1 +q°

it

15



1: Elliptic functions

Figure 1.4

for some K > 0. We will prove that (8) holds for all g, with
52
K=——
1+ (A4 + )
if [x| < A and y > ¢. (This proof was suggested by Christopher Henley.)

If |q] < A + 6 inequality (8) holds trivially since (g + x)*> > 0 and
y? = 6% 1f|q| > A + S then |x/q| < |x|/(4 + 6) < A)(A + J) < | so

|1+—’5’21—|5'>1-—A—=w5—
q q A+6 A+90
hence

'“x'Zqu&
and
o) (@ + %) +y? 6 q’

[+q® ~(A+ofl+q
Now ¢%/(1 + ¢?) is an increasing function of ¢* so
¢ 4+
1+¢>7 144+ 67>
when g*> > (4 + 6)%. Using this in (9) we obtain (8) with the specified K.

1.13 Invariance of J under unimodular
transformations

If w,, w, are given periods with nonreal ratio, introduce new periods
w,’, w,’ by the relations

W, = aw, + bw,, o, = cw, + dw,,

16



1.13: Invariance of J under unimodular transformations

where q, b, ¢, d are integers such that ad — bc = 1. Then the pair (v, w;’)
is equivalent to (w;, w,); that is, it generates the same set of periods Q.
Therefore g,(w,’, ;') = g)(wy, w,) and gi(w,', ®,) = g;(w,, w,) since g,
and g5 depend only on the set of periods Q. Consequently, A(w,’, w,’) =
Aw,, w,)and J(w,', w,") = J(w,, w,).

The ratio of the new periods is

, ) aw; +boy at+b
o) cw, +do, ct+d

where 1 = w,/w,;. An easy calculation shows that

at + b ad — be Im(z)
I N = I = = —
m(z) m(cr+d> let + d)? m(z) let + df?
Hence ©’' € H if and only if € H. The equation
,_at+b
T et4d

is called a unimodular transformation if a, b, ¢, d are integers with ad — bc = 1.
The set of all unimodular transformations forms a group (under composition)
called the modular group. This group will be discussed further in the next
chapter. The foregoing remarks show that the function J{1) is invariant
under the transformations of the modular group. That is, we have:

Theorem 1.16. If 1€ H and a, b, ¢, d are integers with ad — bc = 1, then
(at + b)/(ct + d)e H and

atr+b
(10) J(cr " d> = J(1).

Note. A particular unimodular transformation is 7" = 7 + 1, hence (10)
shows that J(tr + 1) = J(1). In other words, J(1) is a periodic function of 1
with period 1. The next theorem shows that J(z) has a Fourier expansion.

Theorem 1.17. If t€ H, J(1) can be represented by an absolutely convergent
Fourier series

o0

(11) J)= ) anpe*
PROOF. Introduce the change of variable
X = eZnit.

Then the upper half-plane H maps into the punctured unit disk
D={x:0<|x| < 1}.

17



1. Elliptic functions

(See Figure 1.5.) Each 7 in H maps onto a unique point x in D, but each
x in D is the image of infinitely many points in H. If ¢ and 7' map onto x
then ™ = ¢?™ 50 7 and 7’ differ by an integer.

2nit

x=e
1 —_—
D
H
Figure 1.5
IfxeD,let
fx) =J(@)

where 7 is any of the points in H which map onto x. Since J is periodic with
period 1, J has the same value at all these points so f(x) is well-defined.
Now fis analytic in D because

dx _ I

o d doodu o,
f(x) = E; J(T) = E‘; J(T)E; - J(T)/dt - 27!'-6210?:’

so f'(x) exists at each point in D. Since f is analytic in D it has a Laurent
expansion about 0,

o)

fx) =Y anx"

n= o0

absolutely convergent for each x in D. Replacing x by e*™" we see that J(t)
has the absolutely convergent Fourier expansion in (11). O

Later we will show that a_, = 0 for n > 2, that a_, = 1273, and that
the Fourier expansion of 12*J(z) has integer coefficients. To do this we first
determine the Fourier expansions of g,(t), g5(t) and A(z).

1.14 The Fourier expansions of g,(7)

and g,(7)
Each Eisenstein series ), 0.0, (m + nt) "% is a periodic function of 7 of
period 1. In particular, g,(7) and g,(z) are periodic with period 1. In this

section we determine their Fourier coefficients explicitly.
We recall that

i
(r) = 60 e 1) = 140 S
92 (M,N);(0.0) (m + nt)4 gB( ) (m',,)g(o’ 0) (m + nT)G

18



1.14: The Fourier expansions of g,(r) and g;(7)

These are double series in m and n. First we obtain Fourier expansions for
the simpler series

Py 1 P 1

Z(——and Y

m=—ooW"*"n":)4 m=—oo(m+n‘r)6'
Lemma3. If 1€ H and n > O we have the Fourier expansions
+ 0 1 87‘[4 0

Z = _3_ Z r3e21urnr

m= o (m + no)*

r=1
and
@ 6
+Z 1 == — 8TE irS 21urnr
m= = (M + n7)

ProoF. Start with the partial fraction decomposition of the cotangent:

1 t® 1
ncotm=;+ Y ( —1>

=_ T+ m m
m= e

Let x = 2™ If te H then | x| < 1 and we find

cos 1T cermt 4] x+1 { x 1
meot T = | — = T 5.3 =T = —nl ——+
sin T e™ — 1 x —1 l1—x 1-x

—ni(Zx’ + Zx’) = —ni(l + 2Zx’>.
r=1 r=0 r=1

In other words, if T € H we have

% + mzZ_QQ( }'1‘!) = —7Tl<1 + 2'_;1‘22“”).

m#0

Differentiating repeatedly we find

1 2 1 & )
—_— = - = 2 N2 2rirt
o T
m#0
3| +ZOO 1 __ ___(27.51)4 i r3e27rin
.m=—oo(7:+m)4 r=1
and
5| -EO 1 — —(2Tli)6 i rSeZnirr
'm=—oo(T+m)6— r=1 .
Replacing 7 by nt we obtain Lemma 3. O
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1: Elliptic functions

Theorem 1.18. -Ifr € H we have the Fourier expansions

4
g,(0) = g {1 + 240 o, k)ez’”"’}

k=1

and

g3(0) = {1 — 504 Z as(k)ez’“’“}

where a,(k) = Y 4 d*
PROOF. We write

g,(t) = 60 Z

n=1m=-ow (m + nr)4

ont 16n4 .

n=1r=1

= 60{2((4) + 2§ +f —1———}

where x = ¢2™". In the last double sum we collect together those terms for
which nr is constant and we obtain the expansion for g,(r). The formula
for g,() is similarly proved. O

1.15 The Fourier expansions of A(t) and J(7)

Theorem 1.19. If t € H we have the Fourier expansion
A(r) = 2n)'? ill'(n)ez"i"r
where the coefficients t(n) are integers, with 1(1) = 1 and ©(2) = —24.
Note. The arithmetical function (n) is called.Ramanujan’s tau function.
Some of its arithmetical properties are described in Chapter 4.

PROOF. Let

64n'?
A1) = g23(1) — 27g,2(x) = ——

{(1 + 2404)® — (1 — 504B)}.

20



1.15: The Fourier expansions of A(r) and J(t)

Now A4 and B have integer coefficients, and

(1 + 2404)* — (1 — 504B)2 = 1 + 7204 + 3(240)242 + (240)° 4% — 1
+ 1008B — (504)>B>
= 12354 + 7B)
+ 123(10042 — 147B2 + 80004%).

But
54 + 7B = Z{5a3 ) + Tas(n)x"
and
d¥d* — 1) = 0 (mod 3)
5d3 4+ 745 = 435 + 743 =
5+ 749 {3(1— d?) = 0 (mod 4)
S0

5d% + 7d°> = 0 (mod 12).

Hence 12° is a factor of each coefficient in the power series expansion of
(1 + 2404)® — (1 — 504B)? so

o0

64n'? {5 ¢ 2ni 12 2ni
A(‘L’) — > 12 Z ‘E(n)e mint\ _ (27[) Z r(n)e nint
n=1 n=1

where the t(n) are integers. The coefficient of x is 12%(5 + 7), so (1) = 1.
Similarly, we find 7(2) = —24. O

Theorem 1.20. If © € H we have the Fourier expansion
122J(x) = €7 2™ + 744 + Y c(n)e®™™,

n=1

where the c(n) are integers.

PROOF. We agree to write I for any power series in x with integer coefficients.
Then if x = 2™ we have
g23(1) = $3n12(1 + 240x + I)® = $4n'2(1 4+ 720x + 1),
A(r) = $4712(123x(1 - 24x + D)}

and hence
3
g,°(1) 1+ 720x + I 1
= = = 1 720 D + 24 1
TO =30 " i —2ax + 1) - 15 LT TP0x + DA+ 24x+ D)
SO
1 o0
123J(1) = : + 744 + ) c(n)x
n=1
where the c(n) are integers. O
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1: Elliptic functions

Note. The coeflicients c(n) have been calculated for n < 100. Berwick
calculated the first 7 in 1916, Zuckerman the first 24 in 1939, and Van
Wijngaarden the first 100 in 1953. The first few are repeated here.

c(0) = 744

c(1) = 196, 884

c(2) = 21, 493, 760

c(3) = 864, 299, 970

c(4) = 20, 245, 856, 256

c(5) = 333, 202, 640, 600

c(6) = 4, 252, 023, 300, 096
c(7) = 44, 656, 994, 071, 935
c(8) = 401, 490, 886, 656, 000

The integers c(n) have a number of interesting arithmetical properties. In
1942 D. H. Lehmer [20] proved that

(n + Dec(n) =0 (mod 24) foralln > 1.

In 1949 Joseph Lehner [23] discovered divisibility properties of a different
kind. For example, he proved that

¢(5n) = 0 (mod 25),
¢(7n) = 0 (mod 7),
c(11n) = 0 (mod 11).
He also discovered congruences for higher powers of 5, 7, 11 and, in a later
paper [24] found similar results for the primes 2 and 3. In Chapter 4 we will
describe how some of Lehner’s congruences are obtained.

An asymptotic formula for ¢(n) was discovered by Petersson [31] in 1932.
It states that

This formula was rediscovered independently by Rademacher [37] in
1938.

The coefficients t(n) in the Fourier expansion of A(r) have also been
extensively tabulated by D. H. Lehmer [19] and others. The first ten entries
in Lehmer’s table are repeated here:

(1) = 1 1(6) = —6048
12) = —24 1(7) = — 16744
1(3) = 252 7(8) = 84480
1(4) = —1472 19) = — 113643
7(5) = 4830 1(10) = —115920.

Lehmer has conjectured that t(n) # O for all n and has verified this for all
n < 214928639999 by studying various congruences satisfied by t(n). For
papers on 1(n) see Section F35 of [27].
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Exercises for Chapter |

Exercises for Chapter 1

1.

Given two pairs of complex numbers (w,, w,) and (w,’, w,’) with nonreal ratios
w,/w, and w,'/w,’. Prove that they generate the same set of periods if, and only if,

. _fa b\ . .
there is a 2 x 2 matrix ( d> with integer entries and determinant + 1 such that
c

()= e

. Let S(0) denote the sum of the zeros of an elliptic function f in a period parallelo-

gram, and let S(co) denote the sum of the poles in the same parallelogram. Prove
that S(0) — S(c0) is a period of f. [Hint: Integrate zf'(z)/f(2).]

. (a) Prove that p(u) = p(v) if, and only if, u — v or u + v is a period of g.

(b) Leta,,...,a,and by, ..., b, be complex numbers such that none of the numbers
@la;) — p(b)) is zero. Let

f@ = T1lp@) - @(ak)]/ [Tl - pb)].
k=1 r=1

Prove that f is an even elliptic function with zeros at ay, ..., a, and poles at
by,...,b,.

. Prove that every even elliptic function f is a rational function of g, where the

periods of g are a subset of the periods of f.

. Prove that every elliptic function f can be expressed in the form

f(@) = Ri{p(2)] + 9'(DR,[p(2)]

where R, and R, are rational functions and g has the same set of periods as f.

. Let fand g be two elliptic functions with the same set of periods. Prove that there

exists a polynomial P(x, y), not identically zero, such that

PLf(2),g9(2)] = C

where C is a constant (depending on f and g but not on z).

. The discriminant of the polynomial f(x) = 4(x — x;)(x — x;)(x — x3) is the

product 16{(x, — x;)(x3 — x2)(x3 — x1)}2. Prove that the discriminant of f(x) =
4x* —ax — bisa® — 27b%

. The differential equation for g shows that @'(z) =0 if z = w,/2, w,/2 or

(®m, + »,)/2. Show that

go(%) = 2e, — e;5)(e, — e3)

and obtain corresponding formulas for ©"(w,/2) and p"(w, + ®,)/2).
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10.

11.

12.

13.

14.
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: Elliptic functions

. According to Exercise 4, the function (2z) is a rational function of g(z). Prove

that, in fact,

_ @ + gl + 29,00 _ 1(p"(z))2
P = g — g PO YA

Let w, and w, be complex numbers with nonreal ratio. Let f(z) be an entire function
and assume there are constants a and b such that

fe+w)=4dfz), [z + w)=0bf(2),

for all z. Prove that f(z) = 4¢%?, where A and B are constants.

If k = 2 and 7 € H prove that the Eisenstein series
G, (1) = Z (m + nt)” 2k
(m,n)#(0,0)

has the Fourier expansion

2Q2mi)* = it

Gou() = 20(2k) + _(Zk 1 nglau—l(n)ez -

Refer to Exercise 11. If 7 € H prove that
Gaul—1/7) = TZszk(T)
and deduce that
Glif2) = (—4)G,,(2i) forallk > 2,
Gy (i) =0 if k is odd,
Go(e?™3) =0 if k # 0 (mod 3).

Ramanujan’s tau function t(n) is defined by the Fourier expansion

A(‘C) — (27!)12 i T(Vl)e?'"i"r,

n=1

derived in Theorem 1.19. Prove that
™(n) = 8000{(g3 0 03) > 63} (n) — 147(05  05)(n),

where f o g denotes the Cauchy product of two sequences,

M=

(feg)n) = ), flklgln — k),

Il

k=0
and a,(n) = Y 4, d* for n > 1, with 65(0) = 335, 05(0) = —b3.
[Hint: Theorem 1.18.]

A series of the form Y=, f(n)x"/(1 — x") is called a Lambert series. Assuming
absolute convergence, prove that

o xn K
"; S = n;F(n)x :
where
F(n) = §[:f ().
din



Exercises for Chapter |

Apply this result to obtain the following formulas, valid for | x| < 1.

. n)x & n)x” x
W L O LT T
oo ntlx" o o A(n)x" _ oc "2
© nzl 1-x nz o @ ngl L—x" n=1x .

(e) Use the result in (c) to express g,(r) and g;(r) in terms of Lambert series in
2mit
x = ™",

Note. In (a), u(n) is the Mobius function; in (b), ¢(n) is Euler’s totient ; and in (d),
A(n) is Liouville’s function.

. Let

and let
feo]
n=1
{n o d)

(a) Prove that F(x) = G(x) — 34G(x?) + 64G(x*).
{b) Prove that

!
1+ €™ 504
(n odd)

(c) Use Theorem 12.17 in [4] to prove the more general result

= pirt k1 1

= u
., ; 1+ 8k + 4 Y
(n odd)
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The modular group
and modular functions

2.1 Mobius transformations
In the foregoing chapter we encountered unimodular transformations

t,_a1'+b
Tet+d

where a, b, ¢, d are integers with ad — bc = 1. This chapter studies such
transformations in greater detail and also studies functions which, like
J(7), are invariant under unimodular transformations. We begin with some
remarks concerning the more general transformations

_az+b

(1) f@) = ——

where a, b, ¢, d are arbitrary complex numbers.

Equation (1) defines f(z) for all z in the extended complex number system
C* = C u {0} except for z = —d/c and z = 0. We extend the definition
of fto all of C* by defining

f<j>=oo and  f(o) =2,

C

with the usual convention that z/0 = oo if z # 0.

First we note that
_(ad = be)(w — 2)
() Sw) = f(z) = P T ——

which shows that f'is constant if ad — bc = 0. To avoid this degenerate case
we assume that ad — bc # 0. The resulting rational function is called a
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2.1: Mobius transformations

Mébius transformation. It is analytic everywhere on C* except for a simple
pole at z = —dJc.

Equation (2) shows that every Mobius transformation is one-to-one on
C*. Solving (1) for z in terms of f(z) we find

_df) - b
@ +a

so f maps C* onto C*. This also shows that the inverse function f ! is a
Mbobius transformation.
Dividing by w — z in (2) and letting w — z we obtain

ad — be

f'z) = T

hence f'(z) # 0 at each point of analyticity. Therefore f'is conformal every-
where except possibly at the pole z = —d/c.

Mobius transformations map circles onto circles (with straight lines
being considered as special cases of circles). To prove this we consider the
equation

(3) AzZ + Bz + Bz + C =0,

where A4 and C are real. The points on any circle satisfy such an equation
with A # 0, and the points on any line satisfy such an equation with 4 = 0.
Replacing z in (3) by (aw + b)/(cw + d) we find that w satisfies an equation
of the same type,

Aww + Bw+ Bw+ C =0
where A" and C’ are also real. Hence every Mébius transformation maps a
circle or straight line onto a circle or straight line.

A Modbius transformation remains unchanged if we multiply all the
coefficients a, b, ¢, d by the same nonzero constant. Therefore there is no loss
in generality in assuming that ad — bc = 1.

For each Mobius transformation (1) with ad — bc = 1 we associate the

2 x 2 matrix
a b
A= ( d).

Then det A = ad — bc = 1. If A and B are the matrices associated with
Mobius transformations f and g, respectively, then it is easy to verify
that the matrix product AB is associated with the composition f o g, where

1 0). . .
(f9)(z) = f(g(z)). The identity matrix I = <0 1) is associated with the
identity transformation
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2: The modular group and modular functions

and the matrix inverse

d —b
-1 __
-7

is associated with the inverse of f,
dz —b
—cz+a

f i) =

Thus we see that the set of all MObius transformations with ad — bc = 1
forms a group under composition. This chapter is concerned with an impor-
tant subgroup in which the coefficients a, b, ¢, d are integers.

2.2 The modular group I
The set of all Mobius transformations of the form

_ar+b
T+ d

’

where a, b, ¢, d are integers with ad — bc = 1, is called the modular group and
is denoted by I'. The group can be represented by 2 x 2 integer matrices

A=<a b) with det 4 = 1,
c d

provided we identify each matrix with its negative, since A and — A4 represent
the same transformation. Ordinarily we will make no distinction between
. . a b .
the matrix and the transformation. If A = < d> we write
c

1'__a'f+b
Tet+d

The first theorem shows that I' is generated by two transformations,

Tt=1t+1 and St=—-.

Theorem 2.1. The modular group T is generated by the two matrices

11 0 -1
T=<0 1) and S=<1 0>'
That is, every A in I" can be expressed in the form
A=T"ST"S .. -ST™

where the n; are integers. This representation is not unique.
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2.2: The modular group I’

Proor. Consider first a particular example, say

4 9
4= (11 25>‘

We will express A as a product of powers of S and T. Since §* = I, only the
first power of S will occur.
Consider the matrix product

L (4 9\/1 n 4 dn+ 9
AT “(11 25)(0 1>'<11 11n+25>'

Note that the first column remains unchanged. By a suitable choice of n
we can make |11n + 25| < 11. For example, taking n = —2 we find

11n + 25 = 3 and
4 1
-2
AT _(11 3)

Thus by multiplying A by a suitable power of T we get a matrix <a 3) with
c
|d] < |c]. Next, multiply by S on the right:

4 1\0o -1 1 —4
-2 . —
AT S'<11 3)(1 0) (3 —11>'

This interchanges the two columns and changes the sign of the second column.
Again, multiplication by a suitable power of T gives us a matrix with
|d| < |c]. In this case we can use either T* or T3. Choosing T* we find

1 —4\/1 4 10
—2QT4 — —
AT ST "(3 —11)(0 1) <3 1)'

Multiplication by S gives
0 -1
-2 4Q _
AT *ST*S = <1 _3).
Now we multiply by T2 to get

0 —1)\/1 3 0 -1
AT~ *ST*ST*® = <1 _3><0 1> (1 0) S.
Solving for A we find
A= ST 3ST *ST>

At each stage there may be more than one power of T that makes |d| < |c]
so0 the process is not unique.
To prove the theorem in general it suffices to consider those matrices

A= <a Z) in I with ¢ > 0. We use induction on c.
c
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2: The modular group and modular functions

Ifc =0thenad = 1soa=d= +1and

+1 b 1 +b
=" = — )= Tt
(% )6 )

Thus, A is a power of T.
Ifc =1thenad —b=1s0b=ad — 1 and

a ad — 1 1 a\/0 —1\/1 d o
A_<1 d )’(0 1)(1 0)(0 1>”TST'

Now assume the theorem has been proved for all matrices A4 with lower
left-hand element <c¢ for some ¢ > 1. Since ad — bc = 1 we have (c,d) = 1.
Dividing d by ¢ we get

d=cq+r, wherel<r<ec.

—q_ [ b\(1 —gq _ (4 —aq + b

AT <c d/\0 1 c r

AT-15 = (@ —aq + b\/0 -1 _ —aq +b —a)
c r 1 0 r —c

By the induction hypothesis, the last matrix is a product of powers of §
and T, so A is too. This completes the proof. O

Then

and

2.3 Fundamental regions

Let G denote any subgroup of the modular group I'. Two points t and 7'
in the upper half-plane H are said to be equivalent under G if T = At for
some A in G. This is an equivalence relation since G is a group.

This equivalence relation divides the upper half-plane H into a disjoint
collection of equivalence classes called orbits. The orbit Gz is the set of all
complex numbers of the form At where 4 € G.

We select one point from each orbit; the union of all these points is
called a fundamental set of G. To deal with sets having nice topological
properties we modify the concept slightly and define a fundamental region
of G as follows.

Definition. Let G be a subgroup of the modular group I'. An open subset
Rg of H is called a fundamental region of G if it has the following two
properties:

(a) No two distinct points of R are equivalent under G.
(b) If r € H there is a point 7’ in the closure of R such that 7’ is equivalent
to 7 under G.
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2.3: Fundamental regions

For example, the next theorem will show that a fundamental region Ry
of the full modular group I consists of all 7 in H satisfying the inequalities

t] > 1, [T+ T| < 1.

This region is the shaded portion of Figure 2.1.

—u=3
t=y-+iv,v>0
_ =1
T T T t B 1
-1 -4 0 4 1

Figure 2.1 Fundamental region of the modular group

The proof will use the following lemma concerning fundamental pairs of
periods.

Lemma 1. Given w,’, w," with ,'/w," not real, let
Q = {mw, + nw," :m, nintegers}.

Then there exists a fundamental pair (wy, w,) equivalent to (w,’, w,") such

that
<w2> = <a b><w2,> with ad — bc = 1,
W, ¢ d/\w,

lw,] > o], oy + wy| = |w,], lwy — w,| = [w,].

and such that

Proor. We arrange the elements of Q in a sequence according to increasing
distances from the origin, say

Q:{O,WI,Wz,...}
where
0<|w | <|w,}<--- and argw, <argw,,, if [w,|=|w,yl.
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2: The modular group and modular functions

Let w; = w, and let w, be the first member of this sequence that is not a
multiple of w;. Then the triangle with vertices 0, w,, w, contains no element
of Q except the vertices, so (w;, w,) is a fundamental pair which spans the
set Q. Therefore there exist integers a, b, ¢, d with ad — bc = +1 such that

w,\ _(a b\fw
w,) \c d\w/)
If ad — bc = —1 we can replace ¢ by —c,d by —d, and o, by —w, and the

same equation holds, except now ad — bc = 1. Because of the way we have
chosen w,, w, we have

|w,| = || and o) + ;| 2 |w,],

since w; + w, are periods in Q occurring later than w, in the sequence. [

Theorem 2.2. If ' € H, there exists a complex number 1 in H equivalent to v
under T such that

ltl>1,  Jr+ 1zl and T -1 21

PROOF. Let w," = 1, w,’ = 17’ and apply Lemma 1 to the set of periods
Q = {m + nt’:m, n integers}. Then there exists a fundamental pair w,, w,

with |w,| > o], |w; + @,| = |w,]. Let T = w,/w,. Then 1 = (Z Z)r’
with ad — bc = 1 and
IT| = 1, |t + 1] > 7). O

Note. Those t in H satisfying |t + 1| > || are also those satisfying
It + 7| < 1.

Theorem 2.3. The open set
Ry ={teH:|t|> 1|t + 7| < 1}

is a fundamental region for I'. Moreover, if A€l and if At = t for some
T in Ry, then A = 1. In other words, only the identity element has fixed
points in Rr.
PrOOF. Theorem 2.2 shows that if ' € H there is a point t in the closure of
R equivalent to 7" under I'. To prove that no two distinct points of Ry are
. b
equivalent under T, let v = At where 4 = <Z d>' We show first that
Im(t') < Im(z) if € R and ¢ # 0. We have

Im(7)

Im(TI) = m
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2.3: Fundamental regions

If te Ry and ¢ # 0 we have
let +d? = (ct + d)(cT + d) = *1T + cd(t + 1) + d* > ¢* — |cd| + d*.
Ifd = O0wefind |[ct + d|?> > ¢ = 1. If d # O we have
2 —ed| 4+ d* = (Je| = {d|)* + led| = |cd] = 1

so again |ct + d|? > 1. Therefore ¢ # 0 implies [ct + d|> > 1 and hence
Im(7") < Im(z). In other words, every element 4 of I' with ¢ # 0 decreases
the ordinate of each point 7 in Ry

Now suppose both t and 1’ are equivalent interior points of Rr-. Then

at+ b dt — b
= and T=——.

ct+d —ct' +a

If ¢ # 0 we have both Im(z") < Im(r) and Im(z) < Im(t'). Therefore ¢ = 0
soad =l,a=d= +1,and

_fa b (%1 b .
i=(eo)=(% )=

But then b = 0 since both 7 and 7’ are in R so 7 = 7'. This proves that no
two distinct points of Ry are equivalent under T

Finally, if At = 7 for some 7 in Ry, the same argument shows that ¢ = 0,
a=d= +1,50 A = I. This proves that only the identity element has fixed
points in Rr. O

7

Figure 2.2 shows the fundamental region R and some of its images under
transformations of the modular group. Each element of I" maps circles into
circles (where, as usual, straight lines are considered as special cases of
circles). Since the boundary curves of R are circles orthogonal to the real

TS TS

T-!'ST /STS| ST ST '|TST\ TST™!

-2 -1 -4 0 3 1 2
Figure 2.2 Images of the fundamental region R under elements of I'
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2: The modular group and modular functions

axis, the same is true of every image f(Ry) under the elements f of I'. The
set of all images f(Rr), where f €T, is a collection of nonoverlapping open
regions which, together with their boundary points, cover all of H.

2.4 Modular functions

Definition. A function f'is said to be modular if it satisfies the following three
conditions:

(a) f is meromorphic in the upper half-plane H.
(b) f(A1) = f (1) for every A4 in the modular group I'.
(c) The Fourier expansion of f has the form

ao

f(l')—_— Z a(n)eZRim.

n=-—-m

Property (a) states that fis analytic in H except possibly for poles. Property
(b) states that f is invariant under all transformations of I'. Property (c) is
a condition on the behavior of f at the point T = ioo. If x = 2™* the Fourier
series in (c) is a Laurent expansion in powers of x. The behavior of fat ico is
described by the nature of this Laurent expansion near 0. If m > 0 and
a(—m) # 0 we say that f has a pole of order m at ico. If m < 0 we say f'is
analytic at ico. Condition (c) states that f has at worst a pole of order m at
i0.

The function J is a modular function. It is analytic in H with a first order
pole at ico. Later we show that every modular function can be expressed as
a rational function of J. The proof of this depends on the following property
of modular functions.

Theorem 2.4. If f is modular and not identically zero, then in the closure of the
Sfundamental region Ry, the number of zeros of f is equal to the number of
poles.

Note. This theorem is valid only with suitable conventions at the boundary
points of Rr. First of all, we consider the boundary of Ry as the union of
four edges intersecting at four vertices p, i, p + 1, and ico, where p = ¢2™/3
(see Figure 2.3). The edges occur in equivalent pairs (1), (4) and (2), (3).

If fhas a zero or pole at a point on an edge, then it also has a zero or pole
at the equivalent point on the equivalent edge. Only the point on the leftmost
edge (1) or (2) is to be counted as belonging to the closure of Ry.

The order of the zero or pole at the vertex p is to be divided by 3; the order
at i is to be divided by 2; the order at jco is the order of the zero or pole at
x = 0, measured in the variable x = e?"".
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2.4: Modular functions

0i
P - ~
/// \\
0] 4)
i
() 3
P p+1
Figure 2.3

PROOF. Assume first that f has no zeros or poles on the finite part of the
boundary of Ry. Cut R by a horizontal line, Im(z) = M, where M > 0 is
taken so large that all the zeros or poles of f are inside the truncated region
which we call R. [If fhad an infinite number of poles in Ry they would have
an accumulation point at ico, contradicting condition (c). Similarly, since f
is not identically zero, f cannot have an infinite number of zeros in Ry.]
Let R denote the boundary of the truncated region R. (See Figure 2.4.)

Let N and P denote the number of zeros and poles of finside R. Then

N-P= 2m iT) 2”’{£1) ‘L) J‘(” L” f(s)}

where the path is split into five parts as indicated in Figure 2.5. The integrals
along (1) and (4) cancel because of periodicity. They also cancel along (2)
and (3) because (2) gets mapped onto (3) with a reversal of direction under

-1+iM 3 +iM

Figure 2.4
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2: The modular group and modular functions

(5)

j (1) @) I
) 3)
/\

Figure 2.5

the mapping u = S(t) = —1/1, or t = S~ 'u = S(u). The integrand remains
unchanged because f[S(u)] = f(u) implies f'[S(u)]S'(u) = f'(u) so

o fISw [
70 = TS 0 W =T

Thus we are left with

du.

f'(r) T)
Zm ) f(‘c)

We transform this integral to the x-plane, x = e*™". As t varies on the
horizontal segment t = u + iM, —% < u < 4, we have

2ri(u+iM) — e—ZnM 2miu

X =e e

so x varies once around a circle K of radius e~ 2™ about x = 0 in the negative

direction. The points above this segment are mapped inside K, so f has no
zeros or poles inside K, except possibly at x = 0. The Fourier expansion
gives us

f@ =524 = F),
say, with
i pdx O Fx)
f'(@) = F(x) FETe dt o dx
Hence
_ 1 f 1:) B _ _ _
N—P_%(S)fT 2m§F (Np — Pg) = Pp — Np,

where Ny and Py are the number of zeros and poles of F inside K.
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2.4: Modular functions

If there is a pole of order m at x = 0 then m > 0, Np = 0, P = m so
— Ny = m,and

N=P+m
Therefore ftakes on the value 0 in R as often as it takes the value co.
If there is a zero of order n at x = 0, then m = —nso P =0, Np = n,
hence
N+n=P~P

Again, f takes the value 0 in R as often as it takes the value oo. This proves
the theorem if f has no zeros or poles on the finite part of the boundary of R-.

Iffhas a zero or a pole on an edge but not at a vertex, we introduce detours
in the path of integration so as to include the zero or pole in the interior of R,
as indicated in Figure 2.6. The integrals along equivalent edges cancel as
before. Only one member of each pair of new zeros or poles lies inside the new
region and the proof goes through as before, since by our convention only
one of the equivalent points (zero or pole) is considered as belonging to the

closure of Ry.

Figure 2.6

If f has a zero or pole at a vertex p or i we further modify the path of
integration with new detours as indicated in Figure 2.7. Arguing as above we

verm gl L) o e
s {(L ) e LY

where x ™™ is the lowest power of x occurring in the Laurent expansion near
x =0,x = e
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2: The modular group and modular functions

-1+ iM 3+ iM

G,
Remm—

C, C,

N -~
2 "y
p p+1

Figure 2.7

Near the vertex p we write

f(@) = (t — p)g(r), where g(p) # 0.

The exponent k is positive if f has a zero at p, and negative if f has a pole at p.
On the path C,; we write T — p = re'® where r is fixed and « <0 < 7/2
where « depends on r. Then

fO_ _k 40
f@ t—p g

and

1 () 1 J‘“ kg +re®)\ ..
—_ ———— - — ry - " a_ L de
27 Je, f(7) du 2ni Jop \re® * glp + re) et

_ ke L J‘" glp + re®)

2 2 Jops glo + red)

0 ! m
e’df, wherea’ = 7 .

As r — 0, the last term tends to O since the integrand is bounded. Also,
o »>n/3asr—0so

L@,k
i WO
Similarly,
L,k
M ), 70 T 6
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2.5: Special values of J

SO

1 f@ .k
}‘1—{132_7”(,];1 * J‘C;)md’t - _§

Similarly, near the vertex i we write
f@) = (r — i)'h(zr), where h(i) # 0

and we find, in the same way,

tim— [ L= !

r0 27 J¢, /(1) 2

Therefore we get the formula
k1
N—-—P=m-—<—~.
"T372

If fhas a pole at x = 0, and zeros at p and i, then m, k and [ are positive and
we have

N+iplopy

3t3= m.

The left member counts the number of zeros of fin the closure of Ry (with the
conventions agreed on at the vertices) and the right member counts the
number of poles. If f has a zero of order n at x = 0 then m = —n and the
equation becomes

k1
N+n+<z+4+5=P

32
Similarly, if f has a pole at p or at i the corresponding term k/3 or I/2 is
negative and gets counted along with P. This completes the proof. [

Theorem 2.5. If f is modular and not constant, then for every complex c the
function f — ¢ has the same number of zeros as poles in the closure of Ry.
In other words, f takes on every value equally often in the closure of Ry.

Proor. Apply the previous theorem to f — c. O

Theorem 2.6. If f is modular and bounded in H then f is constant.

Proor. Since fis bounded it omits a value so fis constant. a

2.5 Special values of J

Theorem 2.7. The function J takes every value exactly once in the closure of
Ry. In particular, at the vertices we have

Jp)=0, Ji)=1  J(iow)= w.

There is a first order pole at ico, a triple zero at p, and J(t) — 1 has a double
zeroatt = | ‘
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2: The modulkar group and modular functions

Proor. First we verify that g,(p) = 0 and gs(i) = 0. Since p* =1 and
p?> 4+ p + 1 =0 we have
1 | 1
60927 *mzn (m + np)4 ,,.Z (mp® + np)* ~ p* = (mp? + n)4
1 1 1

pmzn n~'n-mp) ;A;N(N+Mp)4—@g2(p)’
0 ¢,(p) = 0. A similar argument shows that g;(i) = 0. Therefore
3 3
g2"(p) gz @) _
J(p) = = and J@) =
(p) AQ) ® 30
The multiplicities are a consequence of Theorem 2.4. i

2.6 Modular functions as rational functions
of J

Theorem 2.8. Every rational function of J is a modular function. Conversely,
every modular function can be expressed as a rational function of J.

PROOF. The first part is clear. To prove the second, suppose f has zeros at
Zy, ..., z, and poles at p,, ..., p, with the usual conventions about multi-
plicities. Let

I - ()
90 = 11 50 =76,

where a factor 1 is inserted whenever z, or p, is co. Then g has the same zeros
and poles as f'in the closure of R, each with proper multiplicity. Therefore
f/g has no zeros or poles and must be constant, so f is a rational function
of J. O

2.7 Mapping properties of J

Theorem 2.7 shows that J takes every value exactly once in the closure
of the fundamental region Ry. Figure 2.8 illustrates how R is mapped by
J onto the complex plane.

The left half of R (the shaded portion of Figure 2.8a) is mapped onto the
upper half-plane (shaded in Figure 2.8b) with the vertical part of the boundary
mapping onto the real interval (— oo, 0]. The circular part of the boundary
maps onto the interval [0, 1], and the portion of the imaginary axis v > 1,
u = 0 maps onto the interval (1, + o). Points in Ry symmetric about the
imaginary axis map onto conjugate points in J(Rp). The mapping is con-
formal except at the vertices 7 =i and 7 = p where angles are doubled
and tripled, respectively.
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2.7: Mapping properties of J

0.= J(p) 1 =J0@
(a) (b)
Figure 2.8
These mapping properties can be demonstrated as follows. On the

imaginary axis in Rr we have 7 = iv hence x = 2™ = ¢~ 2™ > (), so the
Fourier series

1 i .
12°J(7) = T Y cnx" (x = &™)
n=0
shows that J(iv) is real. Since J(i) = 1 and J(iv) > + o0 as v » + o0 the

portion of the imaginary axis 1 < v < + o0 gets mapped onto the real axis
1 <Jix) < +o0.

On the left boundary of Ry we have t = —1 + iv, hence x = ¢*™* =
e e = —e2m < (), For large v (small x) we have J(—1 + iv) < 0 so
J maps the line u = —4 onto the negative real axis. Since J(p) = 0 and

J(o0) = o0, the left boundary of Ry is mapped onto the line — oo < J(t) < 0.
As the boundary of Ry is traversed counterclockwise the points inside Ry
lie on the left, hence the image points lie above the real axis in the image
plane.

Finally, we show that J takes conjugate values at points symmetric about
the imaginary axis, that is,

J(x) = J(—=7).
To see this, write T = u + iv. Then
x = eZnit — eZni(lH—iv) = e—lnveZniu
and
F = o 2mp 2min _ p2mi(—utiv) _ o= 2mif

Thus  and —7 correspond to conjugate points x and X, but the Fourier
series for J has real coefficients so J(t) and J(—7) are complex conjugates.
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2: The modular group and modular functions

In particular, on the circular arc 1t =1 we have —7 = — 1/t, hence
J(—7) = J(—1/1) = J() so J is real on this arc.

2.8 Application to the inversion problem for
Eisenstein series

In the Weierstrass theory of elliptic functions the periods w,, w, determine
the invariants g, and g, according to the equations

1
g2 = g2(@y, ;) = 602m
1 2

4) ( )= 140Y 1

= gi(w,, w,) = S O
g3 = g3\, Wy (mw, + nw,)®

A fundamental problem is to decide whether or not the invariants g, and g;

can take arbitrary prescribed values, subject only to the necessary condition

g2> — 27g;* # 0. This is called the inversion problem for Eisenstein series

since it amounts to solving the equations in (4) for w, and w, in terms of g,

and g;. The next theorem shows that the problem has a solution.

Theorem 2.9. Given two complex numbers a, and a; such that a,® — 27a5* # 0.
Then there exist complex numbers w, and w, whose ratio is not real such
that

g2(w, w,) = a, and gs(w,, w,;) = a;.
PrOOF. We consider three cases: (1) a, = 0; (2)a; =0; (3) a,a; #0.

Case 1. If a, = 0 then a; # 0 since a,® — 27a;% # 0. Let w, be any
complex number such that

6 — g3(19 p)
as

Wy

and let w, = pw,, where p = e*™/3. We know that g,(1, p) # O because
g,(1, p) = 0 and A(1, p) = g, — 27g;> # 0. Then

1
g2(wy, 0;) = g,(w,, w,p) = ?D—492(1, p)=0=a,
1

and

1
gs(wy, 03) = g0, wp) = o gs(1, p) = as.
1

Case 2. If a; = 0 then a, # 0 and we take w, to satisfy

4 = g2(17 l)
1 —a2
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2.9: Application to Picard’s theorem

and let w, = iw,. Then

. 1 .
galwy, w,) = gylwy, iw,) = 5’292(1, i) =a,
1

and

. 1 ;
g3(@y, 03) = gs(w,, iv,) = ng(l, i)=0=a;.
1

Case 3. Assume a, # 0 and a3 # 0. Choose a complex t with Im 7 > 0

such that

a,’
023 - 27(132.
Note that J(t) # 0 since a, # 0 and that

Jo) =1 27ay?

J(t) =

5 = .
©) J(1) a,’
For this T choose w, to satisfy
2 _ %2 ¢93(L,7)
a; gZ(lat)
and let w, = tw,. Then
g2(w,, ,) _ w1_4gz(19 7) _ ,92(1,7) _4
gs(w,, w,) w1_693(1»1’) ! gs(1,1) ‘13’
SO
as
(6) gaswy, wy) = a2 g2(0, 0,).
2
But we also have
J(r) - 1 _ 2795 (w;, w,) _ 2Naz/ar)’ g (@4, ) _ 27a5?
J(7) ng(wlawZ) gz3(w1,w2) azzgz(wpwz).

Comparing this with (5) we find that g,(w,, @,) = a4, and hence by (6) we

also have g;(w,, w,) = a;. This completes the proof.

2.9 Application to Picard’s theorem

O

The modular function J can be used to give a short proof of a famous theorem

of Picard in complex analysis.

Theorem 2.10. Every nonconstant entire function attains every complex value

with at most one exception.

Note. An example is the exponential function f(z) = ¢* which omits

only the value 0.
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2: The modular group and modular functions

Proor. We assume f is an entire function which omits two values, say a
and b, a # b, and show that f'is constant. Let

flz)—a
b—a’
Then g is entire and omits the values 0 and 1.

The upper half-plane H is covered by the images of the closure of the
fundamental region R under transformations of I'. Since J maps the closure
of Ry onto the complex plane, J maps the half-plane H onto an infinite-
sheeted Riemann surface with branch points over the points 0, 1 and oo
(the images of the vertices p, i and oo, respectively). The inverse function J ™!
maps the Riemann surface back onto the closure of the fundamental region
Rp. Since J'(t) # 0if T # p or © # i and since J'(p) = J'(i) = 0, each single-
valued branch of J~! is locally analytic everywhere except at 0 = J(p),
1 = J(i),and oo = J(o0). For each single-valued branch of J ! the composite
function

g(z) =

hiz) = J~'[g(2)]

is a single-valued function element which is locally analytic at each finite
z since g(z) is never 0 or 1. Therefore h is arbitrarily continuable in the entire
finite z-plane. By the monodromy theorem, the continuation of h exists as a
single-valued function analytic in the entire finite z-plane. Thus h is an entire
function and so too is

o(z) = €.
But Im A(z) > 0 since h(z) € H so
lp2)] = '™ < 1.

Therefore ¢ is a bounded entire function which, by Liouville’s theorem,
must be constant. But this implies 4 is constant and hence g is constant since
g(z) = J[h(z)]. Therefore f'is constant since f(z) = a + (b — a)g(2). O

Exercises for Chapter 2

In these exercises, I' denotes the modular group, S and T denote its gen-
erators, S(t) = —1/1, T(r) = © + 1, and I denotes the identity element.

1. Find all elements 4 of I" which (a) commute with S; (b) commute with ST.
2. Find the smallest integer n > 0 such that (ST)" = I.

3. Determine the point 7 in the fundamental region R which is equivalent to
(@ 8+ 6i)/3 + 2i);  (b) (10i + 11)/(6i + 12).

4. Determine all elements A of I" which leave i fixed.

5. Determine all elements A of I which leave p = "3 fixed.
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Exercises for Chapter 2

QUADRATIC FORMS AND THE MODULAR GROUP

The following exercises relate quadratic forms and the modular group I'. We
consider quadratic forms Q(x, y) = ax? + bxy + cy* in x and y with real
coefficients a, b, c. The number d = 4ac — b? is called the discriminant of

O(x, y).

6. If x and y are subjected to a unimodular transformation, say
, , , , x B
(1) x = ax' + By, y = yx’ + dy’, where 5 el,
Y

prove that Q(x, y) gets transformed to a quadratic form Q,(x’, y') having the same
discriminant. Two forms Q(x, y) and Q,(x’, y') so related are called equivalent. This
equivalence relation separates all forms into equivalence classes. The forms in a given
class have the same discriminant, and they represent the same integers. That is, if
Q(x, y) = n for some pair of integers x and y, then Q,(x, y') = n for the pair of
integers x', y' given by (1).

In Exercises 7 thru 10 we consider forms ax? + bxy + cy* with d > 0,

a > 0, and ¢ > 0. The associated quadratic polynomial

f@)=az* +bz+c
has two complex roots. The root T with positive imaginary part is called the
representative of the quadratic form Q(x, y) = ax? + bxy + cy*.

7. (a) If d is fixed, prove that there is a one-to-one correspondence between the set

of forms with discriminant d and the set of complex numbers t with Im(z) > 0.

(b) Prove that two quadratic forms with discriminant d are equivalent if and only if
their representatives are equivalent under I'.

Note. A reduced form is one whose representative 7€ Ry. Thus, two
reduced forms are equivalent if and only if they are identical. Also, each
class of equivalent forms contains exactly one reduced form.

8. Prove that a form Q(x, y) = ax? + bxy + cy? is reduced if, and only if, either
—a<b<a<cor0<b<a=c

9. Assume now that the form Q(x, y) = ax? + bxy + cy® has integer coefficients
a, b, c. Prove that for a given d there are only a finite number of equivalence classes
with discriminant d. This number is called the class number and is denoted by h(d).

Hint: Show that 0 < a < /d/3 for each reduced form.

10. Determine all reduced forms with integer coefficients a, b, ¢ and the class number
h(d) for each d in the interval 1 < d < 20.
CONGRUENCE SUBGROUPS

The modular group I' has many subgroups of special interest in number
theory. The following exercises deal with a class of subgroups called con-
gruence subgroups. Let

a b (v B
A=<c d> and B_<y 5)
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2: The modular group and modular functions

be two unimodular matrices. (In this discussion we do not identify a matrix
with its negative.) If n is a positive integer write

A =B (modn) whenevera=ob=p,c=7 and d = (mod n).
This defines an equivalence relation with the property that
A; = A, (mod n) and B, = B, (mod n)
implies
AB, = A, B, (mod n) and A;"l'= A, (mod n).
Hence
A

IIf

B (mod n) if, and only if, AB™! = I (mod n),

where I is the identity matrix. We denote by I'® the set of all matrices in I’
congruent modulo n to the identity. This is called the congruence subgroup
of level n (stufe n, in German).

Prove each of the following statements:

11. T™ is a subgroup of I'. Moreover, if Be '™ then A"!BA4 e ™ for every 4 in T
That is, I'™ is a normal subgroup of I".

12. The quotient group I'/T™ is finite. That is, there exist a finite number of elements of
I',say Ay, ..., Ay, such that every B in I is representable in the form
B = A;B™ wherel <i<k and B®el™,

The smallest such k is called the index of '™ in T

13. The index of I'™ in T is the number of equivalence classes of matrices modulo n.

The following exercises determine an explicit formula for the index.
14. Given integers a, b, ¢, d with ad — bc = 1 (mod n), there exist integers «, 8, y, J
suchthata =g, =b,y =, =d (mod n) withad — By = 1.
15. If in, n) = 1 and A eI there exists 4 in I such that
A=A (modn) and A =1 (mod m).
16. Let f(n) denote the number of equivalence classes of matrices modulo n. Then fis a
multiplicative function.
17. If a, b, n are integers with n > 1 and (a, b, n) = 1 the congruence
ax — by =1 (mod n)
has exactly n solutions, distinct mod n.(A solution is an ordered pair (x, y) of integers.)

18. For each prime p the number of solutions, distinct mod p’, of all possible congruences
of the form

ax — by =1 (mod p"), where (a,b,p) = 1,
is equal to f(p").
19. If p is prime the number of pairs of integers (a, b), incongruent mod p’, which satisfy
the condition (a, b, p) = 1 is p>~3(p? — 1).

20. f(n) = n* Y 4, p(d)/d?, where p is the Mébius function.
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The Dedekind eta function

3.1 Introduction

In many applications of elliptic modular functions to number theory the
eta function plays a central role. It was introduced by Dedekind in 1877
and is defined in the half-plane H = {7 :Im(z) > 0} by the equation

(1) — emr/lz ﬁ _ 2mnt

The infinite product has the form [] (1 — x") where x = e?™*. If € H then
x| < 1 so the product converges absolutely and is nonzero. Moreover,
since the convergence is uniform on compact subsets of H, x(1) is analytic
on H.

The eta function is closely related to the discriminant A(r) introduced
in Chapter 1. Later in this chapter we show that

A7) = (2m)*2n*4(0).

This result and other properties of 5(t) follow from transformation formulas
which describe the behavior of #(t) under elements of the modular group I'.
For the generator Tt = © + 1 we have

(2) 7[(‘5 + 1) — em’(t+1)/12 l—[ (1 . e2nin(r+l)) — eni/lz’,’(r).
n=1

Consequently, for any integer b we have

(3) n(t + b) = ™' y().

Equation (2) also shows that #2%(z) is periodic with period 1.
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3: The Dedekind eta function

For the other generator St = — 1/7 we have the following theorem.
Theorem 3.1. If 7 € H we have
-1 )
@) 71<T> = (—i1)"*n(v).
Note. We choose that branch of the square root function z!/? which is
positive when z > 0.

This chapter gives two different proofs of (4). The first is a short proof of
C. L. Siegel [48] based on residue calculus, and the second derives (4) as a
special case of a more general functional equation which relates

at + b
g ct+d

(a b)eF and ¢ > 0.
c d

(See Theorem 3.4.) A third proof, based on interchange of summation in a
conditionally convergent iterated series, is outlined in the exercises.

to n(tr) when

3.2 Siegel’s proof of Theorem 3.1

First we prove (4) for T = iy, where y > 0, and then extend the result to all
7in H by analytic continuation. If t = iy the transformation formula becomes
n(i/y) = y*2n(iy), and this is equivalent to

log n(i/y) — log n(iy) = 3 log y.
Now

; n < -
log n(iy) = — % + log [](1 — e~2™)
n=1

7[y © B TIy © 0 e‘anny
- _ 7 1 1 _ 27nny PR A

12 * n=zl Og( ¢ ) 12 n=Zl mgl m
_ my © 1 e—-any _ ny © 1 1
) ,,,Zzlml A T ,,,Zﬂ%l — g2

Therefore we are to prove that

© 1 1 | 1 n 1 1
h) TSy - "D\ T3] T T3
( ) Z 2nmy Z ml — ean/y 12 (y y) 3 lOg y.

m=1m1_e m=1

This will be proved with the help of residue calculus.
Forfixed y>0andn=1,2, ..., let

1 N
F.(z) = — —cot miNz cot H,
8z y
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3.2: Siegel’s proof of Theorem 3.1

Figure 3.1

where N = n + . Let C be the parallelogram joining the vertices y, i, —y, —i
in that order. (See Figure 3.1.) Inside C, F, has simple poles at z = ik/N and

atz=ky/N for k= +1, +2,..., +n. There is also a triple pole at z =0
with residue i(y — y~!)/24. The residue at z = ik/N.is
1 cot mik
8nk y
Since this is an even function of k we have
" LS| nik
Res F(z) =2 ) ——cot—.
k=Z—n z=ik/N kgl 8mk y
k#0

But

oot i = 5 i e+ e+l 1 . 2
i0=-— =i— = —ij =-{1--—-"=)
sin i0 e —¢° e — i 1 —e?

Using this with 8 = nk/y we get

= 1 &1 1 &1 1
Res F,(z) = — - — — — .
k;—n z=§c/sN o) 4 k=zl k  2mi k;1 k1 — e
Similarly
" i -1 R | 1
R = _— —-— ) =
k=Z—n z=k€;NF,,(Z) 4n k;l ko 2m, Skl — 2™
k#0

Hence 27i times the sum of all the residues of F,(z) inside C is an expression
whose limit as n — oo is equal to the left member of (5). Therefore, to complete
the proof we need only show that

lim | F(z)dz = —%logy.

n—sow vC
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3: The Dedekind eta function

On the edges of C (except at the vertices) the function zF,(z) has, as
n — o, the limit 4 on the edges connecting y, i and —y, —i, and the limit —4
on the other two edges. Moreover, F,(z) is uniformly bounded on C for all n
(because N = n + % and y > 0). Hence by Arzeld’s bounded convergence
theorem (Theorem 9.12 in [3]) we have

d
lim | Fz)dz = | limzF ()&

n—-w vC Cn-wo z

SR AR
IR
R

This completes the proof. (]

By

3.3 Infinite product representation for A(t)

In this section we express the discriminant A(t) in terms of () and thereby
obtain a product representation of A(t). The result makes use of the following
property of A().

Theorem 3.2. If ((cl Z) eI then

at+ b _ 12

In particular,

At + 1) = A(r)  and A<— %) = t12A(1).

PROOF. Since A(w,, w,) is homogeneous of degree — 12 we have
Alwy, 0,) = 0, ?A(1, 1) = w, " 12A(1),
where T = w,/w,. Also,
Alwy, w,) = Aoy, w,)

if (w,, ;) and (w,’, w,’) are equivalent pairs of periods. Taking w, = 1,
w, =T,0, =t +d,w, =art + b, we find

A1) = Alw,, w,) = Alct + d, at + b) = (cT + d)"”A(l, at t b)' 0]
ct+d
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3.4: The general functional equation for 5(z)

Theorem 3.3. If 7 € H and x = ¢*™" we have

o«

(6) A(r) = 2m)!2n*4(x) = (2m)'? H — X"

Consequently,

7 Y tmx" = x[] (1 — x")**  whenever |x| < 1
n=1 n=1

where 1(n) is Ramanujan’s tau function.

PROOF. Let f(1) = A(t)/n**(z). Then f(z + 1) = f(z) and f(—1/1) = f(x),

so f is invariant under every transformation in I'. Also, f is analytic and non-

zero in H because A is analytic and nonzero and # never vanishes in H.
Next we examine the behavior of f at ico. We have

ac

’,’24(,[) = e2m’t H (1 2mnr ﬁ 1 — X X(l + I(X)),

n=1

where I(x) denotes a power series in x with integer coefficients. Thus, n24(1)
has a first order zero at x = 0. By Theorem 1.19 we also have the Fourier
expansion

8) A(z) = 2m)'? ir(n)x" = (2m)'2x(1 + I(x)).

n=1
Thus, near ico the function f has the Fourier expansion

Alr)  (2n)'2x(1 + I(x)
) x(1+ I(x)

so f is analytic and nonzero at ico. Therefore f is a modular function which
never takes the value 0, so f must be constant. Moreover, (9) shows that
this constant is (27)'2, hence A(1) = (2n)*?#2*(z). This proves (6), and (7)
follows from (8). ]

©) flr) = = (2m)' (1 + I(x)),

3.4 The general functional equation for 5(t)

Extracting 24th roots in the relation

A(‘” * b> = (et + d)?A()

ct+d
and using (6) we find that

n(ﬁ j: Z) = sct + D)),

where ¢2* = 1. For many applications of #(r) we require more explicit
information concerning ¢. This is provided in the next theorem.
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3: The Dedekind eta function

b
Theorem 3.4 (Dedekind’s functional equation). If ((CI ) el’,c>0, and

d
T € H, we have

(10 ncz : Z) = ¢&a, b, ¢, d){—i(ct + d)}'*n()

fa+d
ga, b, c,d) = exp{m( e + s(—d, c))}
and

k—1 1
(11) s(h, k) = ; %(% - [ﬁkf] - 5).

Note. The sum s(h, k) in (11) is called a Dedekind sum. Some of its properties
are discussed later in this chapter.

where

We will prove Theorem 3.4 through a sequence of lemmas. First we note
that Dedekind’s formula is a consequence of the following equation, obtained
by taking logarithms of both members of (10),

at + b\ fa+d L )
(12) log n<m> = log (1) +m< e + s(—d, c)) +7 log{—i(ct + d)}.

From the definition of n(r) as a product we have

Tt s

1 1 2minty _ _ i
(13) og (1) = 12 i Z log(l — &™) = 5 n;l( int),
where A(x) is defined for Re(x) > 0 by the equation

© —2mmx
(14) Mx)= —log(l — e 2™ = ¥ &

m=1 m

Equations (12) and (13) give us

Lemma 1. Equation (12) is equivalent to the relation

oo

(15) ¥ M—im) = §i<_,-naf+b>+g<r_w>
n=1

ct+d ct+d

+d
+ ni<a12c + s(—d, C)> + 3 log{—ilct + d)}.

We shall prove (15) as a consequence of a more general transformation
formula obtained by Sho Iseki [17] in 1957. For this purpose it is convenient
to restate (15) in an equivalent form which merely involves some changes
in notation.

52



3.5: Iseki’s transformation formula

Lemma 2. Let z be any complex number with Re(z) > 0, and let h, k and H be
any integers satisfying (h,k) = 1,k > 0,hH = —1 (mod k). Then Equation
(15) is equivalent to the formula

< i 1
w0 Eifte-o}- S (-]

1 _rf,_1 ;
+3logz 12k<z z)-!—ms(h,k).

¢
z, h, k, and H as follows:
k=c, h= —d, H=a, z = —ilct + d).

Then Re(z) > 0, and the condition ad — bc = 1 implies —hH — bk = 1, so
(h,k) = tand hH = —1 (mod k). Now b = —(hH + 1)/k and iz = ¢t + d,
)

b
PrOOF. Given (a d> in I', with ¢ > 0, and given t with Im(t) > 0, choose

_iz—d_iz+h

' c k

and hence

k k

>~

iz+h hH+1 i j
a1:+b=HlZ+ - * =13<H+—l>.

Therefore, since ct + d = iz, we have

at+b 1 i
———=—-|H+-).
ct+d k( +z>
Consequently
at+b 1 i 1 a+d i 1
e e th=—H+-lz-—=)= — Y O
T r+d k(h )+k<z z) c +k<z z>

mif _ar4b\__ fat+d) = (1)
12 ' ct+d/) ! 12¢ 12k z)

Substituting these expressions in (15) we obtain (16). In the same way we
find that (16) implies (15). O

SO

3.5 Iseki’s transformation formula
Theorem 3.5 (Iseki’s formula). If Re(z) > 0and 0 < a < 1,0 < < 1, let

o

17 Ay, B, 2) = Y {Mr + 0z — i) + M(r + 1 — o)z + iB)}.

r=0
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3: The Dedekind eta function

Then if either 0<a<land 0<f<l,or0<a<land 0<pf<I,
we have

(18) Alw, B,2) = A(l = B, z7 ") —mz ). (i)(iZ)'"Bz—n(a)Bn(ﬁ)-
n=0

Note. The sum on the right of (18), which contains Bernoulli polynomials
B,(x), is equal to

_m<a2 s +é> +§<ﬁ2 - ﬁ+é>+ 27t1<a ——><ﬂ—~>

Proor. First we assume that 0 < o < 1 and 0 < § < 1. We begin with the
first sum appearing in (17) and use (14) to write

e~ 2mm(r + a)z'

(19) i/l((r +a)z — if) = fj i ¢

Now we use Mellin’s integral for e ™ which states that

1 c+ ool
(20) e = — J. I'(s)x™*° ds,
2mi c—ooi

where ¢ > Oand Re(x) > 0. This is a special case of Mellin’s inversion formula
which states that, under certain regularity conditions, we have

¢ + ool

o(s)x

c— ool

o(s) = was“w(x) dx if, and only if, Y(x) = Imi -
0

In this case we take ¢(s) to be the gamma function integral,

l"(s)=f xS le™* dx

0

and invert this to obtain (20). (Mellin’s inversion formula can be deduced
from the Fourier integral theorem, a proof of which is given in [3]. See also
[49], p. 7.) Applying (20) with x = 2zam(r + &)z and ¢ = 3/2 to the last
exponential in (19) and writing |, for [¢* ! we obtain

2nimp 1

52/1((; taz—ip=3 3 T(s){2mm(r + @)z} ~* ds

r=om=1 M 2ni (3/2)
: f
27 Jp 27TZ) r= o r+o)f JZyom't

1 I'(s)
= 5 J.3/2) Sy U(s, )F(B, 1 + s) ds.

1 3] elnimﬂ
s ds
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3.5: Iseki's transformation formula

Here {(s, o) is the Hurwitz zeta function and F(x, s) is the periodic zeta function
defined, respectively, by the series

(s, o) Z

where Re(s) > 1,0 < a < 1, and x is real. In the same way we find

e
s and F(x,s) =
-+ a)s (X S) mz= 1 m

1 I'(s) .
A( 1 — 1 — —
,;) (r+ 1=z +if) =5 f( R I (R SR

so (17) becomes

1
(21 Ala, f z75®(a, 3, s) ds
) B,z = o . B, s)

where

D(a, B, s) {C(,a)Fﬁ1+s + s, 1 —)F(1 - B, 1 + 9)).

2)5

Now we shift the line of integration from ¢ = 3 to ¢ = —3. Actually, we
apply Cauchy’s theorem to the rectangular contour shown in Figure 3.2,

=3 4T 3T

T 3~iT

Figure 3.2

and then let T — co. In Exercise 8 we show that the integrals along the
horizontal segments tend to 0 as T — oo, so we get

[ =] +r
(3/2) (=3/2)

where R is the sum of the residues at the poles of the integrand inside the
rectangle. This gives us the formula

1

Al . 2) = 2mi

f z7°®(a, B, s)ds + R.
(-3/2)

55



3: The Dedekind eta function

In this integral we make the change of variable u = —s to get it back in
the form of an integral along the 3 line. This gives us

1

(23) A, B, 2) =5

f 2'D(e, B, —u) du + R.
(3/2)

Now the function ® satisfies the functional equation
(24) (D(a’ ﬂ’ —S) = (D(l - ﬁs a, S)-

This is a consequence of Hurwitz’s formula for {(s, «) and a proof is outlined
in Exercise 7. Using (24) in (23) we find that

(25) A, B,z) = Al — B,a,z” ") + R.

To complete the proof of Iseki’s formula we need to compute the residue
sum R.

Equation (22) shows that ®(a, 8, s) has a first order pole at each of the
points s = 1, 0 and — 1. Denoting the corresponding residues by R(1),
R(0) and R(— 1) we find

I“l 1 o€ 2ninf ~2ninf
RU) = 2L (F(B,2) + FO — ,2)) = <e—‘2“+e_z )
an,, "\ n n
1 & ik 1 —(Q2mi)?
= 57?2..=Z~m P ST B,(B) = = By(p),
n#0

where we have used Theorem 12.19 of [4] to express the Fourier series as a
Bernoulli polynomial.
To calculate R(0) we recall that {(0, ) = 1 — o Hence {(0,1 — o) = o — §

SO
kd eZmnﬂ e —2ninf
R(0) = (0, )F(B, 1) + L0, 1 ~ w)F(1 = B, 1) = (3 Z
o« lezinﬂ o eZm’nﬂ
=G-9 Y =B ¥ “— = 2miB,@B(p)
e e

where again we have used Theorem 12.19 of [4]. To calculate R(—1) we
write

R(—1) = Resz *®(x, f,s) = lim (s + 1)z7°D(a, B, s)

s=-—1 s— =1

= lim(—s + 1)z2°®(a, f, —s)

s—1
Using the functional equation (24) we find

R(—1) = lim(1 — 5)z°®(1 — B, o, s) = —Res 2°O(1 — B, a, s).

s—1 s=1
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3.5: Iseki’s transformation formula

Note that this is the same as R(1) = Res,_, z7°®(a, f, s), except that z is
replaced by —z7 !, a by 1 — B, and B by «. Hence we have

R(—1)= —mnzB,(a).
Thus
2 (2
R =R(-1)+ R(0) + R(l) = —nz ), <n>(iz)_"B2_,,(a)B,,(B).
n=0
This proves Iseki’s formula under the restriction 0 < « < 1,0 < 8 < 1.

Finally, we use a limiting argument to show it is valid if 0 < « < 1 and
0<pf<lorif0<f <1land0 < a < I. For example, consider the series

x oc .
Z A(()n + a)Z — lﬂ) = Z z e*erm(r+a)z
r=0 r=0m=1 m
o« eZnimﬂ o«
= Z - e—Zrtmaz Z e-anrz
m=1 m r=0
i eZm‘mﬂ e—anaz i Zm.mﬂf( )
—3 — — e m
ZTm Tz Tz & AT,

say, where

1 e~ 2nmaz

fum) = —

mi—e

—2rnmz*

Asm — oo, f(m) - O uniformly in o if 0 < o < 1. Therefore the series

eZm'mﬂfa(m)
1

™8

nt

converges uniformly in « if 0 < « < 1, provided 0 < < 1, so we can pass
to the limit & - 0+ term by term. This gives us

lim Y M+ o)z — if) = )Y Mrz — if).
=0+ r=0 r=0

Therefore, if 0 < § < 1 we can let « - 0+ in the functional equation. The

other limiting cases follow from the invariance of the formula under the

following replacements:

a—1—a p->1—-§
p1 :
— -1 — - —
o — f, a, z p
1
o—1—=p, B —a Z—>E. O
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3: The Dedekind eta function

3.6 Deduction of Dedekind’s functional
equation from Iseki’s formula

Now we use Iseki’s formula to prove Equation (16) of Lemma 2. This, in turn,
will prove Dedekind’s functional equation for #(z).

Equation (16) involves integers h and k with k > 0. First we treat the case
k = 1 for which Equation (16) becomes

(26) nii{n(z — ih)} = ngl{r(% - iH)} + % log z — 11[2— <z — %)

Since A(x) is periodic with period i this can be written as

& < . n 1 n 1

(27) ";i(nz) = n;l(;) +5 logz — - (z - ;)
We can deduce this from Iseki’s formula (18) by taking = 0 and letting
o — 0+. Before we let o — 0+ we separate the term r = 0 in the first term
of the series on the left of (18) and in the second term of the series on the right
of (18). The difference of these two terms is A(az) — A(ia). Each of these tends
to oo as a — 0+ but their difference tends to a finite limit. We compute this
limit as follows:

) 1 — - 2mnia
Moz) — Aio) = log(l — e~27%) — log(1 — e~ 2™%) = log 1—;:——

- 2naz"*
By L'Hopital’s rule,
—2nia l ﬁ _ 1

w—0 22 Z

1 —
lim ¢

4m0 4+ 1 — e—Zn:az

SO

lim (AMoz) — Aio) = log ~ = % ~log z.
z

a—0+

Now when a — 0+ the remaining terms in each series in (18) double up
and we obtain, in the limit,

mi i 2 (r nz w T

r=1

This reduces to (27) and proves (16) in the case k = 1.
Next we treat the case k > 1. We choose rational values for a and f in
Iseki’s formula (18) as follows. Take

a=%, where l < u<k -1
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3.6: Deduction of Dedekind’s functional equation from Iseki’s formula

and write

hu =gk +v, wherel <v<k-1

Now let

Note that v = hy (mod k) so —Hv = —Hhu = y (mod k), and therefore
—Hv/k = p/k (mod 1). Hence o = pu/k = —Hv/k (mod 1) and B = v/k =
hu/k (mod 1). Substituting in Iseki’s formula (18) and dividing by 2 we get

(b =)ol =R )

Rewrite this as follows:

1 & (rk + w)(z — ih) (rk + k — w)(z — ih)
L))

(rk +k — v)(% - iH)

Now sum both sides on g for g = 1,2, ...,k — 1 and note that
{rk+pu:r=0,1,2,..; u=1,2...,k—1} ={n:n#0 (mod k)}

and similarly for the set of all numbers rk + k — p. Also, sincev = hu (mod k),
as p runs through the numbers 1,2, ..., k — 1 then v runs through the same
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3: The Dedekind eta function

set of values in some other order. Hence we get

S ofge-m)- L GE-m)i-) nk

n=1
n#0 (modk)

I
P18
>
SN
=13
N
S
|

=
N——
~_
+
Sl
TN
N |-
|

N
N——

n=1

n#0 (modk)

X<QL)J((2"~'—“—3(k—1)+(k—1>+nlz (--1)
_ e nil | T 1 1 . ulv 1
- & e m)) e fe- ) i)
n#0 (mod k)

But v was defined by the equation hu = gk + v, so we have

hw _ Y el oy _hu | hu
Rl el B R

iy 1\ e [he] 1
-9 K- [5)-)-n

n=1 u=1

Therefore

Therefore we have proved that

& n, . i n{l

29 Sz —ih)) = (==

(29) ngl A(k (z lh)> ngl i(k (z 1H>>
nZ0 (mod k) n#0 (mod k)

1 1 .
+ ﬁ( — E><1 - 7(—) + 7is(h, k).

Add this to Equation (27) which corresponds to the case k = 1:

;A(mz = i <z> lnz( i)+;10gz.

This accounts for the missing terms in (29) with n = 0 (mod k), if we write
n = mk. When (27) is combined with (29) we get

5 i<£ - ih)) -3 A(% G - iH)) - 1“% (z - é) + %log z + mis(h, k).
n=1 n=1
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3.7: Properties of Dedekind sums

This proves (16) which, in turn, completes the proof of Dedekind’s functional
equation for m(7). For alternate proofs see p. 190 and [18], [35], and {45]. O

3.7 Properties of Dedekind sums

The Dedekind sums s(h, k) which occur in the functional equation for 5(z)
have applications to many parts of mathematics. Some of these are described
in an excellent monograph on Dedekind sums by Rademacher and Grosswald
[38]. We conclude this chapter with some arithmetical properties of the sums
s(h, k) which will be needed later in this book. In particular, Theorem 3.11
plays a central role in the study of the invariance of modular functions under
transformations of certain subgroups of I', a topic discussed in the next
chapter.

Note. Throughout this section we assume that k is a positive integer and
that (h, k) = 1.

Dedekind sums are defined by the equation
30 " ke br (hr hr 1

First we express these sums in terms of the function ((x)) defined by

x — [x] —4 if x is not an integer,
((x)) = U
0 if x is an integer.

This is a periodic function of x with period 1, and ((— x)) = —((x)). Actually,
((x)) is the same as the Bernoulli periodic function B,(x) discussed in [4],
Chapter 12. Since ((x)} is periodic and odd we find that

r
=0
r mzo;l k <<k>>
and, more generally,

Y ((%)) =0 for(h k) =1.
rmod k
Since

ZEE)- 262 ()

the Dedekind sums can now be represented as follows:

o ez ()

This representation is often more convenient than (30) because we can exploit
the periodicity of ((x)).
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3: The Dedekind eta function

Theorem 3.6
(@) If W = +h (mod k), then s(h', k) = ts(h, k), with the same sign as
in the congruence. Similarly, we have:
(b) If hh = +1 (mod k) then s(h, k) = +s(h, k).
(c) Ifh* + 1 =0 (mod k), then s(h, k) = 0.

PRrOOF. Parts (a) and (b) follow at once from (31). To prove (c) we note that
h* + 1 =0 (mod k) implies h = —h (mod k), where h is the reciprocal of
h mod k, so from (a) and (b) we get s(h, k) = —s(h, k) = 0. O

For small values of h the sum s(h, k) can be easily evaluated from its
definition. For example, when h = 1 we find

5(1,k):kilf<f_l>=ikirz__ZV
Sk\k 2] kP S 2k
Ck=DEk—1) k=1 (k=Dk-2
6k 4 12k

Similarly, the reader can verify that

k =Dk =5)

Sk if k 1s odd.

s(2,k) =

In general there is no simple formula for evaluating s(h, k) in closed form.
However, the sums satisfy a remarkable reciprocity law which can be used
as an aid in calculating s(h, k).

3.8 The reciprocity law for Dedekind sums

Theorem 3.7 (Reciprocity law for Dedekind sums). If h >0, k > 0 and
(h, k) = 1 we have

12hks(h, k) + 12khs(k, h) = h* + k* — 3hk + 1.

ProoF. Dedekind first deduced the reciprocity law from the functional
equation for log (). We give an arithmetic proof of Rademacher and
Whiteman [39], in which the sum Y ¥_, ((hr/k))* is evaluated in two ways.
First we have

o 30 ) - 5 0) 26
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3.8: The reciprocity law for Dedekind sums
We can also write
k W\\2 k=l /py hr 1\2
(7)) -2 153
n 1 hr + hr 2hr | hr
4 k k k| k

I
~ =
o
ST
‘3‘
5]

[N 3
(5]

+
>
=~|3
—

EPIE)-EEeE

Comparing this with (32) and using (30) we obtain

(33)  2hs(hk +.Z[:K[J+ )_h+1>fz__§i

In the sum on the left we collect those terms for which [hr/k] has a fixed value.
Since 0 < r < k we have 0 < hr/k < h and we can write

(34) [%J=V—l, where v =1,2,...,h.

For a given v let N(v) denote the number of values of r for which [hr/k] =
v — 1. Equation (34) holds if, and only if

l<hr<v or k(v—1)<’<kv
v— — - —
k ’ h h’

equality being excluded since (h, k) =1 and O < r < k. Therefore, if
1 <v < h — 1, Equation (34) holds when r ranges from [k(v — 1)/h] + 1
to [kv/h], and hence

N@) = [ﬁ] Fw;”JiHSvsh—L

But when v = h the quotient kv/h = k and since r = k is excluded we have

~ k(h — 1)
Mm—k—l—[ . }
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3: The Dedekind eta function

Hence

k-1 h
35 X lj%}([%] + 1) = Z (v — 1VN(v)
r=1 =
- i(v _ 1){[%} - ["‘”h‘ ”D ~hh - 1)
v=1

:I{(v— Iy —v(v + 1)}

Il
<
T
r_—_I
=T

+ kh(th — 1) — h(h = 1)

=—2Z [ ]+h(h—1)(k—1)

Now we also have
k k 2k k1 h—1
hs(k, h) = 2 Z <kv [ﬂ__>_ _22 [V]+_ Z 'Y
v=1

so (35) becomes

5 [%]([%} >—2hs(k w2k Zv " zv+h(h— ik - 1),

We use this in (33) and multiply by 6k to obtain the reciprocity law. O

3.9 Congruence properties of Dedekind sums
Theorem 3.8. The number 6ks(h, k) is an integer. Moreover, if 6 = (3, k) we have
(a) 12hks(k, hy = 0 (mod 6k)
and
(b) 12hks(h, k) = h* + 1 (mod 0k).
PRrOOF. From (30) we find
k-1

k-1 k-1
(36) 6ks(h, k) = % Yr2-6Y {%} -3y
r=1 r=1

r=1

Since 6 Y ¥Z1 r? = k(k — 1)(2k — 1) each term on the right of (36) is an
integer. Moreover, (36) shows that

6ks(h, k) = h(k — 1)(2k — 1) (mod 3)
so we have
(37) 12ks(h, k) = 2h(k — 1)(2k — 1) = h(k — 1)(k + 1) (mod 3).
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3.9: Congruence properties of Dedekind sums

If 31k then 3.4h and (37) implies

12ks(h, k) = —h % 0 (mod 3).
If 3.¥k then 3|(k — 1)(k + 1) and (37) implies
(38) 12ks(h, k) = 0 (mod 3).

In other words, 12ks(h, k) = 0 (mod 3) if, and only if, 3tk. Hence, inter-
changing h and k, we have

12hs(k, ) = 0 (mod 3) if, and only if, 34h.

If 6 = 3 this implies (a) since (h, k) = 1. If 0 = 1, (a) holds trivially. Part (a),
together with the reciprocity law, gives (b) since k> — 3hk = 0 (mod 6k).
O
Note. Theorems 3.8(b) and 3.6(c) show that

sth,k) = 0 if, and only if, k2 + 1 = 0 (mod k).
Theorem 3.9. The Dedekind sums satisfy the congruence
hr
(39) 12ksth,k)y=(k — )k +2) —4htk — 1)+ 4 ) [ . } (mod 8).
r<kf2

If k is odd this becomes

(40) 12ksth,k) =k — 1+ 4 ) [21'] {mod 8).

r<k/2 k

Proor. From (36) we obtain

r=1

k= [ hr
12ksth, k) = 2h(k — 1)(2k — 1) — 12 Z r[z] —3kk - 1)

—2h(k — 1) + 4hk(k — 1) — IZZ[ :I
+ k(k — 1) — 4k(k — 1).
Now we reduce the right member modulo 8. Since 4k(k — 1) = 0 (mod 8)

this gives us

k—1

12ks(h, k) = —2h(k — 1) — 42 [ J + k(k — 1) (mod &)

= (k — 1)k — 2h) —42 [kj'(modS)
r=1
rodd

= (k — 1)(k — 2h) —42 [ﬁkf}rét y [2’"] od 8).

r<k/2
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3: The Dedekind eta function

The next to last term is equal to

k—1 hr k-1 hr k-1 hr k-1
3 [f]=n (7)) 45 % r2x
=0-2hk — 1)+ 2tk — 1) =(k — 1)(2 — 2h).
Since

k— 1)k —2h)+ (k — D2 —2h) =(k — I)(k +2) —4h(k — 1)

this proves (39).
When k is odd we have 4h(k — 1) = 0 (mod 8) and

k-Dk+2=k>+k—-2=k—1 (mod8)
since k% = 1 (mod 8). Hence (39) implies (40). O

Theorem 3.10. If k = 2*k, where 2 > 0 and k, is odd, then for odd h > 1
we have

(41)  12hks(h, k) = h* + k* + 1 + 5k — 4k ) [:g?jl (mod 2**3).

v<h/2

PrOOF. Since h is odd we can apply (40) to obtain, after multiplication by k,
2kv i+3
12hks(k, h) = k(h — 1) + 4k ). W (mod 2*7°).
v<h/2
By the reciprocity law we have
12hks(h, k) = h? + k* — 3hk + 1 — 12hks(k, h)
—_ ]2 2 2kv A+3
=h>+k*~3hk+1 —kh—1)—4k ) |=| (mod2**?)

v<h/2 h
2k
=h+k*+1+k—dhk—4k Y [—h—”J (mod 24+ 3),
v<h/2

Since h is odd we have 4k(h + 1) = 0 (mod 2**3) hence k — 4hk = 5k
(mod 2**3) and we obtain (41). O

Finally, we obtain a property of Dedekind sums which plays a central
role in the study of the invariance of modular functions under transforma-
tions of certain subgroups of the modular group. This will be needed in
Chapter 4.

Theorem 3.11. Let q = 3, 5, 7 or 13 and let r = 24/(q — 1). Given integers
a, b, ¢, d with ad — bc = 1 such that ¢ = c,q, where ¢, > 0, let

d d
0= {s(a, c) — a—é—?} - {s(a, c,) — %;C—}
’ 1

Then ré is an even integer.
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Proor. Taking k = ¢ in Theorem 3.8(b) we find

d
12ac{s(a, c) — %} =a’+ 1 —ala+d)= —bc (mod 6c),

where 6 = (3, ¢). The same theorem with k = ¢, = c/q gives, after multi-
plication by g,

a+d

12ac{s(a, Cl) - W
1

} =ga’ + q — qala + d) = —qgbc (mod 6,c),
where 8, = (3, ¢,). Note that 6,0 so both congruences hold modulo 6,c.
Subtracting the congruences and multiplying by r we find

12acré = r(g — 1)bc (mod 6,c).
But r(g — 1)bc = 24bc = 0 (mod 0,c¢) so this gives
12acré = 0 (mod 6,¢).

Now (g, ¢) = 1 since ad — bc = 1. Also, 12¢4 is an integer so we can cancel
a in the last congruence to get

(42) 12¢ré = 0 (mod 6,c).
Next we show that we also have
43) 12¢ré = 0 (mod 3c).

Assume first that g > 3. In this case 0 = (3, gc,) = (3, ¢;) = 0, so (42)
becomes

12¢ré = 0 (mod 6c).

If 6 = 3 this gives (43). But if 6§ = | then 34c so 34c, and (38) implies
12¢s(a, ¢} = 0 (mod 3) and 12c¢s(a, ¢,) = 0 (mod 3). Hence

12¢réd = rlg — 1) a + d) = 24(a + d) = 0 (mod 3),

which, together with (42), implies (43).

Now assume that g = 3sor = 12. Thenf =3 and f,islor 3.1If 6, = 3
we get (43) by the same argument used above, so it remains to treat the case
8, = 1. In this case 3f¢, so (38) implies 12¢,s(a, ¢;) = 0 (mod 3), hence

12¢s(a, ¢;) = 0 (mod 9).

Also,
12¢6 = 12¢s(a, ¢) — (a + d) — 12¢s(a, ¢y) + 3(a + d)
= 12c¢s(a, ¢) + 2(a + d) (mod 9),
SO
(44) 12racé = 12racs(a, ¢) + 2r(a* + ad) (mod 9).
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3. The Dedekind eta function

But Theorem 3.8(b) gives us 12acs(a, c) = a* + 1 (mod 9) since 3|c. Hence
(44) becomes

12racd = r(a® + 1) + 2ra* + 2rad (mod 9)
=3ra®> +r + 2r(1 + be) = 3r + 2rbc = 0 (mod 9)
since r = 12 and 9|12¢. This shows that
12racdé = 0 (mod 9).

Now 34a since (a, ¢) = 1 so we can cancel a to obtain 12r¢é = 0 (mod 9)
which, with (42), implies (43).
Our next goal is to show that we also have

45) 12¢r6 = 0 (mod 24c)

since this implies rd is even and proves the theorem. To prove (45) we treat
separately the cases ¢ odd and ¢ even.
Case 1: c odd. Apply (40) with k = c to obtain

a+d
12¢

lZc{s(a, c) — } =c¢—1+4T(@,c) — (a + d) (mod 8)

where we have written

T(a,c)= ) [gﬁx:l

v<ei2 L €

We only need the fact that T(q, ¢) is an integer. Applying (40) again with
k = ¢; = ¢/q and multiplying by g we have

a+d

IZC{S((I, Cl) - W
1

} =c¢—q+49T(a,c,) — gla + d) (mod 8).

Subtracting the last two congruences and multiplying by r we find
2crd=rg—1)+rlg — )a+ d) =0 (mod 8)

since r(g — 1) = 24 and 4r = 0 (mod 8). Combining this with (43) we obtain
(45) and the theorem is proved for odd c.

Case 2: ¢ even. Write ¢ = 2%y with y odd. Now a is odd since (a, ¢) = 1 so
if a > 1 we can apply Theorem 3.10 with k = ¢ and h = a to obtain

l2ac{s(a, c) — a+t d}

2 2
17¢ a“+c°+1

+ 5¢ — 4cT(c,a) — ala + d) (mod 2*73)
¢ + 5¢ — bc — 4cT(c,a) (mod 2*73)

since ad — bc = 1. Similarly,

a+d
12¢,

12ac{s(a,cl) - } = cc, + 5S¢ — gbc — 4cT(c;,a) (mod 2**3),
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Subtract, multiply by r and use the congruence 4¢r = 0 (mod 2**3) to obtain
12card = ree(g — 1) + rig — 1)be = 0 (mod 2713).

Since a is odd we can cancel a to obtain

(46) 12¢rd = 0 (mod 2*13).

Now (43) states that 12crd = 0 (mod 3-2%) which, together with (46)
implies (45) and proves the theorem for a > 1.

To prove it for a < 0, write 6 = &(a) to indicate the dependence on a.
If @ =a+tc, where t is an integer, an easy calculation shows that
da’) — Sla) = t(qg — 1)/12since s(a, ¢) = s(a’, ¢)and s(a’, ¢,) = s(a, c,). There-
fore ré(a’) — ré(a) = 2t, an even integer. Choosing t so that a’ > 1 we know
ré(a’) is even by the above argument, so rd(a) is also even. This completes
the proof. O

3.10 The Eisenstein series G,(1)
If k is an integer, k > 2, and if € H the Eisenstein series

|

)Zk

47 Glt) = -
“n 2(7) m.m=(0,0) (M + nt

converges absolutely and has the Fourier expansion

22 2k«
8) Gaut) = 2420 + 570 Y o (e

2nint

where, as usual, ¢,(n) = Zd|,, d*. The cases k = 2 and k = 3 were worked out
in detail in Chapter 1, and the same argument proves (48) for any k > 2. If
k = 1 the series in (47) no longer converges absolutely. However, the series
in (48) does converge absolutely and can be used to define the function G,(1).

Definition. If 1 € H we define

(49) G,(1) = 20(2) + 2(2mi)> i o(n)e?™.

If x = e2™* the series on the right of (49) is an absolutely convergent
power series for | x| < 1 so G,(1) is analytic in H. This definition also shows
that G,(t + 1) = G,(7).

Exercises 1 through 5 describe the behavior of G, under the other generator
of the modular group. They show that

(50) G2<—Tl> = 12G,(1) — 2mir,

a relation which leads to another proof of the functional equation #(—1/1) =
(—it)'2n(1).
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Exercises for Chapter 3

1.

4.

70

If € H prove that

*x x l
51 G,(1) = 20(2) + —.
( ) Z(T) g( ) II=ZX ﬂlzz_ x (nl + nT)Z
n#0
Hint: Start with Equation (12) of Chapter 1, replace t by nt, where n > 0, and sum

overalln > 1.

. Use the series in (51) to show that

-1
(52) 1‘202<T> = 2{(2) + Z Z

m=-—x n=-x (’n + ’,n.)Z
n#0
the iterated series in (52) being the same as that in (51) except with the order of sum-
mation reversed. Therefore, proving (50) is equivalent to showing that

(53) Z Z Z Z

4l (m + )2 :
m=-o0 n=-x r”+”T) n=-o m= (m+'”') T
n®0 n#0

2ni

. (a) Inthe gamma function integral I[(z) = [¥ ¢~ 't*~ ! dt make the change of variable

t = o, where a > 0, to obtain the formula
(54) o T(z) = f e yF 1 du,
[}
and extend it by analytic continuation to complex a with Re(x) > 0.
(b) Take z = 2 and a = —27mi(m + nt) in (54) and sum over all n > 1 to obtain the
relation
= —87r2f cos(2nmu)g(u) du,

2
n=-x (nt +m) 0
n#0

where

x
gdu) = u Y ™™ ifu >0

n=1

and

-1
0)=1
g0) = . jl;ﬂ+gr(t«) i

(a) Use Exercise 3 to deduce that
(55) ,,,_Z. ) "_Z_) — m)z = ,,._Z-y f £(t) cos(2mmt) dt,
n#0

where

1= Y gdt + k.



Exercises for Chapter 3

(b) The series on the right of (55) is a Fourier series which converges to the value
L{f(0+) + f(1-)}. Show that

—1 x
fO+)=—+ Y gdk)
k=1

2nit
and that

=)= Y gk = Y alner
k=1 n=1

and then use (55) to obtain (50).
5. (a) Use the product defining y(t) to show that
o d
—4ni T log n(t) = G,(1).
(b) Show that (50) implies
d1 -1 dlo ()+1¢11(,)
— — = — n(t) + - — log( —it).
dt OB T dt g 2dt gt

Integration of this equation gives #{— 1/t) = C(—it)"/?(t) for some constant C.
Takingt = i we find C = 1.
6. Derive the reciprocity law for the Dedekind sums s(h, k) from the transformation
formula for log x(1) as given in Equation (12).

Exercises 7 and 8 describe properties of the function

I(s)
Qny

(o, B, 5) = {ls,)F(B, 1 + ) + Lls, 1 — o)F(1 — B, 1 + )}
which occurs in the proof of Iseki’s formula (Theorem 3.5). The properties
follow from Hurwitz’s formula (Theorem 12.6 of [4]) which states that

I'(s)

(2n)s {e_"iS/ZF(a,s) + em‘s/ZF(__a’ S)}

il —s,a) =

7. (a) If0 < a < 1 and Re (s) > 1, prove that Hurwitz’s formula implies

i - . )
Fla.s) = ( 1_5) {em(l—sl/ZC“ — s a) + em(s—l)/zc(l —s 1= a)}
(2m)'
{(b) Use(a)to show that ®(a, f, s) can be expressed in terms of Hurwitz zeta functions
by the formula
O, f, 3) " . . .
Fs(—s) (s, )l(—s, 1~ B) + Us, T — 2){(—s5, B)
e M2 (=5, 1 = B)s, 1 — o) + (s, B)(s, @)}

and deduce that ®(z, 5, 5) = P — f, o, —s).

8. This exercise gives an estimate for the modulus of the function z~*®(a, f3, s) which
occurs in the integral representation of A(x, f3, s) in the proof of Iseki's formula
{Theorem 3.5).
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3: The Dedekind eta function

(a) Show that the formula of Exercise 7(b) implies

27, B, 5) = o (e[, (=5, B) + LG5, 1 = (=5, 1 = f)]

s 8in s

+ e™2[{(s, ){(—s, 1 — B) + s, 1 — a)l(—s, B)]}.

(b) For fixed z with |arg z| < n/2,choose § > Oso that |arg z| < m/2 — J,and show
that if s = ¢ + it where ¢ > —3 we have

2751 = O(e!!t27),

where the constant implied by the O-symbol depends on z.
(c) Ifs = ¢ + it where ¢ = —2 and |t} = 1, show that

1 —nlt|
- O(e :
|s sin 7s| |t]

'em's/zl — O(e"“”z), |e~nis/2l — 0(91([![/2).

and that

(d) If 6 > —2 and |t| > 1 obtain the estimate |{(s, a)| = O(|t[) for some ¢ > 0
(see [4], Theorem 12.23) and use (b) to deduce that
lz75®(x, B, 5)| = O(|r|* e ),

This shows that the integral of z”@(o;, B, s) along the horizontal segments of the
rectangle in Figure 3.2 tendsto O as T — 0.

PROPERTIES OF DEDEKIND SUMS
9. If k > 1 the equation

o= % (ON()

is meaningful even if h is not relatively prime to k and is sometimes taken as the
definition of Dedekind sums. Using this as the definition of s(h, k) prove that
s(gh, gk) = s(h, k) if g > 0.
10. If p is prime prove that
1

-
(p + D)sth, k) = s(ph, k) + Y. sth + mk, pk).

m=0

11. For integers r, h, k with k > 1 prove that we have the finite Fourier expansion

hr 1 k21 2mhry t7tv
WY VN g T o ™
k 2% & T %

and derive the following expression for Dedekind sums:

) 1 "'i‘ t7rhr o

)= — ot —— cot —.

s\n, ak & C ,‘ k

12. This exercise relates Dedekind sums with the sequence {u(n)} of Fibonacci numbers
1,1,2,3,5,8,...,in which u(1) = u(2) = 1 and u(n + 1) = u(n) + w(n — 1).
(a) If h = u(2n) and k = u(2n + 1) prove that s(h, k) = 0.
(b) Ifh = u(2n — 1)and k = u(2n) prove that 12hks(h, k) = h* + k? — 3hk + 1.
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Exercises for Chapter 3

FORMULAS FOR EVALUATING DEDEKIND SUMS

The following exercises give a number of formulas for evaluating Dedekind
sums in closed form in special cases. Assume throughout that (h, k) = 1,
k>1,h>1

13.

If k = r (mod h) prove that the reciprocity law implies
12hks(h, k) = k* — {12s(r, h) + 3}hk + h* + 1.

Use the result of Exercise 13 to deduce the following formulas:

14.
15.
16.
17.

18.

19.

20.

If k = | (mod h) then 12hks(h, k) = (k — 1)(k — h* = 1).

If k = 2 (mod h) then 12hksth, k) = (k — 2)(k — 4(h? + 1)).

Ifk = —1 (mod h) then 12kksth, k) = k* + (h* — 6k + 2k + h* + L.
Ifk=r (mod h)and if h =t (mod r) where r > 1 and r = +1, then

W —tr— D(r—2h + 12 + 1
r

12hks(h, k) = k* — k+h*+ 1.

This formula includes those of Exercises 14 and 15 as special cases.

Show that the formula of Exercise 17 determines s(h, k) completely when r = 3
and whenr = 4.

Ifk = 5 (mod h)and if h = r (mod 5), wheret = +1 or +2, then
h? + 41t — 2)(t + 2)h + 26

12hks(h, k) = k* — 5 k+n+ 1.
Assume 0 < h < kand letrg, 1y, . . ., Fns denote the sequence of remainders in the
Euclidean algorithm for calculating the ged (h, k), so that
ro=k ry=h ry=rio modry), 1 <r <rp, ot = 1.

Prove that

l n+1 ) .2+ 472+1 _1" 1
S(h’k):ﬁ {(_1)/+1r1 Tj—1 }_( )8+ .
ji=1

Firj—

This also expresses s(h, k) as a finite sum, but with fewer terms than the sum in the
original definition.
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Congruences for the coefficients
of the modular function j

4.1 Introduction

The function j(r) = 122J(z) has a Fourier expansion of the form
1 ad 4
O ==+ Y cnx", (x =)
X n=0

where the coefficients c(n) are integers. At the end of Chapter 1 we mentioned
a number of congruences involving these integers. This chapter shows how
some of these congruences are obtained. Specifically we will prove that

c(2n) = 0 (mod 2'Y),
¢(3n) = 0 (mod 3%),
c(5n) = 0 (mod 52),
¢(7n) = 0 (mod 7).
The method used to obtain these congruences can be illustrated for the
modulus 52. We consider the function

o

fs(t) = ¥ c(Sn)x"

n=1
obtained by extracting every fifth coefficient in the Fourier expansion of j.
Then we show that there is an identity of the form

(N fs(1) = 25{a, ®(1) + a, ®*(x) + - -- + aq, D)},

where the g; are integers and ®(t) has a power series expansion in x = 2™
with integer coefficients. By equating coefficients in (1) we see that each
coeflicient of f() is divisible by 25.

Success in this method depends on showing that such identities exist.
How are they obtained?
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4.2: The subgroup I'y(g)

Theorem 2.8 tells us that every modular function f is a rational function
of j. Sometimes this rational function is a polynomial in j with integer co-
efficients, giving us an identity of the form

[ = ayj(0) + a,j (1) + - + aj*(0).

However, the function f4(t) is not invariant under all transformations of
the modular group I' and cannot be so expressed in terms of j{z). But we
shall find that fi(t) is invariant under the transformations of a certain
subgroup of I', and the general theory enables us to express f5(t) as a poly-
nomial in another basic function ®(r) which plays the same role as j(t)
relative to this subgroup. This representation leads to an identity such as
(1) and hence to the desired congruence property.

. . . b
The subgroup in question is the set of all unimodular matrices (a d)
c

with ¢ = 0 (mod 5). More generally we shall consider those matrices in I'
with ¢ = 0 (mod g), where g is a prime or a power of a prime.

4.2 The subgroup I'y(g)

Definition. If g is any positive integer we define I'y(g) to be the set of all

b) in I" with ¢ = 0 (mod g).

. a
matrices
c d

It is easy to verify that I'y(q) is a subgroup of I'. The next theorem gives a
way of representing each element of I' in terms of elements of I'y(p) when
p is prime. In the language of group theory it shows that I'y(p) is of finite
index in I'.

Theorem 4.1. Let St = — 1/t and Tt = 7 -+ 1 be the generators of the full
modular group T, and let p be any prime. Then for every V in I, V ¢ I'y(p),
there exists an element P in I'o(p) and an integer k, 0 < k < p, such that

V = PST*

A
p . Gi =
ROOF. Given V (C D

B> where C # 0 (mod p). We wish to find

P = (“ b), with ¢ = 0 (mod p),
c d

and an integer k, 0 < k < p, such that

(& 5)=( ok = oG -0 )
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4: Congruences for the coefficients of the modular function j

. . a b
All matrices here are nonsingular so we can solve for (c d) to get

<a b)_ <A B)(O —1)-1 B (A B>< k 1) 3 <kA - B A)
c d C D)\l k C D/\-1 0 kC—-D C)
Choose k to be that solution of the congruence
kC = D (mod p) with0 < k < p.
This is possible since C # 0 (mod p). Now take
¢=kC - D, a=kA ~ B, b=A4, d=C.
Then ¢ = 0 (mod p) so P € Ty(p). This completes the proof. O

4.3 Fundamental region of I'y(p)

As usual we write St = ~1/rand Tt = t + 1, and let R denote the funda-
mental region of I'.

Theorem 4.2. For any prime p the set

p—1
Rr () U STk(Rr)
k=0
is a fundamental region of the subgroup I y(p).
This theorem is illustrated for p = 3 in Figure 4.1.
PrOOF. Let R denote the set
p—1
R = Rru |JSTXRy).
k=0

We will prove

(i) if t e H, thereis a V in I'y(p) such that V't belongs to the closure of R, and
(i) no two distinct points of R are equivalent under I'y(p).

To prove (i), choose 1 in H, choose 7, in the closure of Ry and choose
A in T such that At = 7,. Then by Theorem 4.1 we can write

At =PW

where PeTo(p) and W = I or W = ST* for some k,0 < k < p — 1. Then
P=A"'"W land P~! = WA. Let V = P~'. Then VeI y(p) and

Vi = WAt = Wr,.
Since W = I or W = ST¥, this proves (i).
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4.3: Fundamental region of T y(p)

sT

ST?

b
—

0

=

Figure 4.1 Fundamental region for I'y(3)

Next we prove (ii). Suppose 7, € R, 1, €R and V1, = 1, for some V in
["o(p). We will prove that 7, = 1,. There are three cases to consider:

(a) 7, € R, 1, € Ry. In this case 1, = 7, since Vel.
(b) 1, €Rp, 1, STHRY).
(c) t, € ST*(Ry), 1, € ST*(Ry).

In case (b), 1, = ST*t; where 15 € Ry-. The equation
Vi, =1, implies Vi, = ST*t5, 1, = V7 18T5.
But 1, eRrand t13€ Rrso V7ISTH = I,

0 -1
V=S8T= .
st - (| k)
This contradicts the fact that V e I'y(p).
Finally, consider case (c). In this case
T] = ST‘“Tl/ and rz = STkZTZI

where 7," and 7, are in Ryr. Since V1, = 1, we have VST*'t," = ST*1, so

VST* = ST,
-1 0
YV =8Tk Mg = )
ST S (kz - kl _l>
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4: Congruences for the coefficients of the modular function j

Since V eTy(p) this requires k, = k, (mod p). But both k,, k, are in the
interval [0, p — 1], so k, = k,. Therefore

V=STS=8*=1
and 1, = 1,. This completes the proof. O

We mention (without proof) the following theorem of Rademacher [34]
concerning the generators of I'y(p). (This theorem is not needed in the
later work.)

Theorem 4.3. For any prime p > 3 the subgroup To(p) has 2[p/12] + 3
generators and they may be selected from the following elements :

LV, Voo Voo,

where Tt =1 + 1,8t = —1/1, and

, k 1
V= STST*S =
¢ S <—(kk’ + 1) —k)’

where kk' = —1 (mod p). The subgroup T'(2) has generators T and V;:
the subgroup I'(3) has generators T and V.

Here is a short table of generators:

p 2 3 5 7 11 13 17 19

Generators: T T T T T T T T

4.4 Functions automorphic under the
subgroup ['(p)

We recall that a modular function f is one which has the following three
properties: :

(a) fis meromorphic in the upper half-plane H.
(b) f(At) = f(7) for every transformation 4 in the modular group I'.
(c) The Fourier expansion of f has the form

@

f(l')= Z aneZninr.

n=-—-m
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4.4: Functions automorphic under the subgroup I'y(p)

If property (b) is replaced by
(b') f(V1) = f(z) for every transformation V in I'y(p),

then fis said to be automorphic under the subgroup I'o(p). We also say that
S belongs to ['y(p).

The next theorem shows that the only bounded functions belonging to
I'o(p) are constants.

Theorem 4.4. If f is automorphic under T'y(p) and bounded in H, then f is
constant.

ProOF. According to Theorem 4.1, for every V in I there exists an element
P in I'y(p) and an integer k, 0 < k < p, such that

V = PA,,
where 4, = ST*ifk < p,and A, = I. Foreachk =0, 1,..., p, let
Iy = {PA,: Pely(p)}.

Each set I'; is called a right coset of T'y(p). Choose an element ¥, from the
coset I', and define a function f, on H by the equation

D) = f(h).

Note that f,(t) = f(Pt) = f(t) since PeI'y(p) and f is automorphic under
I'o(p). The function value f,(r) does not depend on which element V, was
chosen from the coset I';, because

) = f(Vi1) = [(PA) = f(A47)

and the element A4, is the same for all members of the coset I',.
How does f, behave under the transformations of the full modular group?
If V eT then

Ve = f(V Vo).

Now V, V eI so there is an element Q in I'y(p) and an integer m,0 < m < p,
such that
V.V =QA4,.

Therefore we have

V1) = f(h V1) = f(QA4,7) = [(AnT) = fulD).

Moreover, as k runs through the integers 0, 1, 2, ..., p so does m. In other
words, there is a permutation ¢ of {0, 1, 2, ..., p} such that

SHiVT) = fow(t) foreachk =0,1,...,p.

Now choose a fixed w in H and let
p
o(1) = [T {flr) = f(w)}.
k=0
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4: Congruences for the coefficients of the modular function j

Then if V € I” we have

= 1 (VD — fw)) = T {fof®) = S0} = (o),
k=0 =0

so ¢ is automorphic under the full group I'. Now ¢ is bounded in H (since
each f, is). Therefore, ¢ omits some value hence, by Theorem 2.5, ¢ is
constant, so ¢(t) = @(w) for all 7. But ¢(w) = 0 because

o(w) = HO W) = fw)

and the factor with k = p vanishes since f, = f. Therefore () = 0 for all 7.
Now take T = i. Then

0= H R0 = fOw))

hence some factor is 0. In other words, f(w) = f(i) for some k. But w was
arbitrary so f can take only the values fo(i), ..., f,(i). This implies that f is
constant, D

4.5 Construction of functions belonging

to ['y(p)

This section shows how to construct functions automorphic under the
subgroup I'y(p) from given functions automorphic under I'.

Theorem 4.5. If f is automorphic under I and if p is prime, let
122 (144
o=-3f ( )
P i=o

Then f, is automorphic under I o(p). Moreover, if f has the Fourier expansion

e o}

f(‘(): Z a(n)elm'nt

n=-m
then f, has the Fourier expansion

@

Z a(np)eZWim.

n=—[m/p}

S

i

PRrOOF. First we prove the statement concerning Fourier expansions. We have

1p1 w

flo) == Z Z aln)e2min+ Ap

P i=on=-m

0 —~1

— 1 Z (n)eZMm:/p Z e2mn)./p
p

n=-—-m A=0
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4.5: Construction of functions belonging to I'4(p)

But
pileZninl/p _ {0 lf p*n
=0 p if pin
SO
fp(,[) — Z a(n)elnint/p — Z a(np)eZnint.
n=-m n= —fm/p]
pln

This shows that f, has the proper behavior at the point t = ico. Also,
f,1s clearly meromorphic in H because it is a linear combination of functions
meromorphic in H.

Next we must show that

f(V1) = f(t) whenever V eTy(p).
For this we use a lemma.

Lemma 1. If Velyp) and if 0<Ai<p—1, let Tyt =(t+ A)/p. Then
there exists an integer p, 0 < u < p — 1 and a transformation W, in
To(p?) such that

T,V = W,T,

Moreover, as 4 runs through a complete residue system modulo p, so does p.

First we use the lemma to complete the proof of Theorem 4.5, then we
return to the proof of the lemma.
If V ely(p) we have

r—1 1°- 1
Vo) = 1Zf(VT“> _Y ATV

Pizo

Now we use the lemma to write the last sum as

17- 1 p—-l

- Z JW, T,0) = Zf(T,J)=fp(T)-

u=0
This proves that f, is invariant under all transformations in Io(p), so f, is
automorphic under I'y(p).
b
PrROOF OF LEMMA 1. Let V = <a d>’ where ¢ = 0 (mod p), and let 4 be
¢

given, 0 < 1 < p — 1. We are to find an integer p, 0 < u <p—1and a

A B
transformation W, = < C D) such that W, € Ty(p*) and

TAV = VV“Tu.
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4: Congruences for the coefficients of the modular function j

1
Since T; = (

0 ) we must satisfy the matrix equation
p

(o e D-(e )6 2)

a+Aic b+ i\ (A Ap+ Bp
pc pd “\C Cu+Dp

with C = 0 (mod p?). Equating entries we must satisfy the relations

or

) {/é : ZC+ Ac

3 {Ay+Bp=b+,1d
Cu+ Dp =pd

with

C =0 (mod p?) and AD — BC = 1.

Now (2) determines 4 and C. Since p|c, we have C = 0 (mod p?). Substi-
tuting these values in (3) we must satisfy

4 @+ Ay +Bp=>b+ id
cpu + Dp = pd.
Choose u to be that solution of the congruence
ua = b + Ad (mod p)

which lies in the interval 0 < u < p — 1. Thisis possible becausead — bc = 1
and p|c imply pYa. Note that distinct values of A mod p give rise to distinct
values of y mod p. Then, since p|c we have

ua +uic = b + Ad (mod p)
or
(a + Ac)u = b + Ad (mod p).

Therefore there is an integer B such that
(a+ Ac)u + Bp=b + Ad.

Therefore the first relation in (4) is satisfied. The second relation requires
D = d — cu. Thus, we have found integers y, A, B, C, D such that

1 A\fa b\ (A B\(l pn
0 p/\e¢ d) \c D)\0 p/
Clearly AD — BC = 1 since all matrices in this equation have determinant

1 or p. This completes the proof of the lemma. O
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4.6: The behavior of f, under the generators of I’

4.6 The behavior of f, under the generators
of I

Let Tt =t + | and St = —1/7 be the generators of I'. Since T e I'y(p) we
have f(Tt) = f,(1). The next theorem gives a companion result for f,(St).

Theorem 4.6. If [ is automorphic under ¥ and if p is prime, then
t 1 1 [z
fp<‘ ;) = f 1) + E fpr) — ;f(;)
To prove this we need another lemma.
Lemma 2. Let T;t = (t + A)/p. Then for each /. in the interval | < } < p—1

there exists an integer u in the same interval and a transformation V in
T'o(p) such that

Moreover, as A runs through the numbers 1,2, ..., p — 1, so does p.

b
PrOOF OF LEMMA 2. We wish to find (i d) in T'y(p) such that
L 2\0 =1\ [a b\(1 pu
0 p/\1 0/ \c dJ\0 p
A =1\ _ [(a au+bp
p 0) \c¢ cu+dp/

Take a = 4, ¢ = p and let u be that solution of the congruence

or

A= —1 (mod p)

in the interval 1 < y < p — 1. This solution is unique and u runs through a
reduced residue system mod p with 4. Choose b to be that integer such that
ap + bp = —1, and take d = —p. Then cu + dp =0 and the proof is
complete. O

PROOF OF THEOREM 4.6. We have

TAZEE) = 1(5) + s sms
P p p i=1

f< 1) Y VT = fp) + piof(ﬂr) - f<£>
n=1 B=

S

T
TN
|
Qo=
N—
Il

= flzp) + pfyr) — f(g) O
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4: Congruences for the coefficients of the modular function j

4.7 The function ¢(7) = A(q1)/A(7)

The number of poles of an automorphic function in the closure of its fun-
damental region is called its valence. A function is called univalent on a
subgroup G if it is automorphic under G and has valence 1. Such a function
plays the same role in G that J plays in the full group I'.

It can be shown (using Riemann surfaces) that univalent functions exist
on G if and only if the genus of the fundamental region R is zero. [This is
the topological genus of the surface obtained by identifying congruent edges
of Rg. For example, the genus of Ry is zero because Ry is topologically
equivalent to a sphere when its congruent edges are identified.]

Our next goal is to construct a univalent function on the subgroup
I'o(p) whenever the genus of I'y(p) is zero. This will be done with the aid of
the discriminant A = g,* — 27g,2%.

We recall that A(t) is periodic with period 1 and has the Fourier expansion
(Theorem 1.19)

A(r) = 2m)*? Y t(n)er™™
n=1
where the t(n) are integers with (1) = 1 and 7(2) = —24. However, A(7) is
not invariant under all transformations of I". In fact we have

at + b\ 12 . (a b
A(Cr+d)—(cr+d) A7) if (C d)eF.

At + 1) = Ar) and A<;TI—> = t12A(7).

In particular,

Even though A(t) is not invariant under I'" it can be used to construct functions
automorphic under the subgroup I'y(g) for each integer q.

Theorem 4.7. For a fixed integer q, let

A
(p(‘r)=% ifte H.

Then ¢ is automorphic under T 4(q). Moreover, the Fourier expansion of @
has the form

o(t) = x“'1<1 + ) b,,x"),
n=1

2rit

where the b, are integers and x = e
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4.7: The function ¢(z) = Algt)/A(7)

ProoF. First we obtain the Fourier expansion. We have

A(t) = (2m)'? i t(n )‘Zx{l + i (n + l)x"},

= n=1

where x = ¢2™*. Hence

A(gt) = (2m) 12x"{l + irn + 1)x }

SO

old) = A(g1) qul+zn1‘cn+ ( i )

Af7) T+ Yot + 1)x

where the b, are integers.
Now ¢ is clearly meromorphic in H, and we will prove next that ¢ is
invariant under I'y(qg).

d
A(V1) = (ct + d)'2A(r) = (197 + d)'2A(1).
On the other hand,

b
Ifv = a4 > € I'g(g) then ¢ = ¢,q for some integer ¢,. Hence
C

at + b algr) + bq
ct+d  cgr)+d

a bg
W = )
(C 1 d )
But W eI because det W = ad — bc,q = ad — bc = 1. Hence
AlgVt) = AW(qr)) = (c4(qT) + d)'*A(gr),

gVt =g¢q = W(qn),

where

SO

AgVr) _ (e gt + d)'*Algr)
AVT)  (cigt + d)'?AG)

This completes the proof. O

p(V1) = = ¢(1).

Now ¢ has a zero of order ¢ — 1 at co and no further zeros in H. Next we
show that ¢ does not vanish at the vertex © = 0 of the fundamental region
of I'y(g). In fact, we show that ¢(7) » 0 as T — 0.

Theorem 4.8. If T € H we have

<—_1> _ 1
gt )~ 4%

Hence ¢(t) » o0 as T — 0.
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4: Congruences for the coefficients of the modular function j

PROOF. Since A(— 1/t) = t!2A(z) we have

A(— i) — (q9"2AlqD)
qT

)
-1 1
—1\ A("?) ~ A(’ %) R I
N )~ 320 ) o(- ) T @7ag) ! e
qt qt
Since ¢ has a zero at ¢ we have ¢(— 1/(¢1))— 0 as = 0 so ¢(7) > =~. ]

4.8 The univalent function ®(t)

The function ¢ has a zero of order ¢ — 1 at oo and no further zeros so its
valence is ¢ — 1. We seek a univalent function automorphic under I'y(g)
and this suggests that we consider ¢* where « = 1/(¢ — 1). The Fourier
expansion of ¢* need not have integer coefficients, since

o%(r) = x<1 + Z b,,x"> .
n=1
On the other hand we have the product representation

(21.[ H _ xn)24

n=1

SO

N
A(f) n= 1(1 — x"**

0 24
= x““‘(l + ) dq(n)x">

n=1

where the coefficients d (n) are integers. Therefore if « = 1/(g — 1) we have

o 24a
(5) 0%1) = x(l + ) dq(n)x">

n=1

and the Fourier series for %) will certainly have integer coefficients if
24a is an integer, that is, if ¢ — 1 divides 24. This occurs when q = 2, 3, 4, 5,
7,9, 13, and 25.

Definition. If ¢ — 1 divides 24 let « = 1/(g — 1) and r = 24a. We define the
function @ by the relations

. Algr)\* _ (nlgr)
O(7) = ¢*(1) = (A(T)) (n(ﬂ)'
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4.9: Invariance of ®(1) under transformations of ['(g)

The function ® so defined is analytic and nonzero in H. The Fourier series
for @ in (5) shows that ® has a first order zero at oo and that

1 1
m=;+ I{x),

where I(x) is a power series in x with integer coefficients.
Since ¢ is automorphic under I'y(q) we have (V1) = o(1) for every
element V of I'y(q). Hence, extracting roots of order g — 1, we have

D(V'1) = ed(1)

where £97! = 1. The next theorem shows that, in fact, ¢ = 1 whenever
24/(g — 1) is an even integer and q is prime. This occurs when g = 2, 3, 5, 7,
and 13. For these values of g the function @ is automorphic under IT'y(g).

4.9 Invariance of ®(7) under transformations
of I'o(q)

The properties of Dedekind sums proved in the foregoing chapter lead to a
simple proof of the invariance of the univalent function ®(x).

Theoremd4.9. Let g = 2,3,5,7,0r 13, and let r = 24/(q — 1). Then the function
n(qe)\
(6) O(1) = ( )
n(t)

is automorphic under the subgroup T'o(q).

ProOF. If ¢ = 2we haver = 24 and ®(t) = A(gt)/A(t). In this case the theorem
was already proved in Theorem 4.7. Therefore we shall assume that g > 3.

Let V = (a 2) be any element of I'4{g). Then ad — bc =1 and
¢

¢ =0 (mod g). We can suppose that ¢ > 0. If ¢ = 0 then V is a power of
the translation Tt = t + [, and since 5(t + 1) = ™/ ?y(1) we find

_ ngr + q) Y _ mirig-1)/12 —
Ot + 1) = <4’7(T " 1)> = g™ (1) = O(1).

Therefore we can assume that ¢ > 0 and that ¢ = ¢;q, where ¢; > 0.
Dedekind’s functional equation for () gives us

(7) n(Vr) = e(V){—ilct + d)}'*n(1)
where
®) o(V) = exp{m’(a ch +s(—d, c)>}
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4: Congruences for the coefficients of the modular function j

We also have

where

Since V; € I' we have
nqVt) = e(V){—ilc,gt + d)}'niqr)

which, together with (7), gives us

V r
(V1) = (i(( V‘))) ®(7).

But (8) shows that (e(V,)/e(V)) = ¢~ ™", where

a+d a+d
_{ e +S(—d’6)}_{12c1 +S(—d,C1)}

Since ad —bc =1 we have ad =1 (modc¢) and ad =1 (mod ¢,) so
s(—d,c) = —sla,c)and s(—d, ¢,) = —sla, ¢;), and Theorem 3.11 shows that
ré is an even integer. Therefore e ™™ = 1 and ®(V' 1) = (7). O

4.10 The function j, expressed as a
polynomial in @

If p is prime and if f is automorphic under I', we have shown that the

I p—1 ( )
= E

is automorphic under I'y(p), and its Fourier coefficients consist of every pth
coefficient of f. To obtain divisibility properties of the coefficients of j,(t)
we shall express j, as a polynomial in the function ®.

In deriving the differential equation for the Weierstrass g function we
formed a linear combination of g, ¢ and g* which gave a principal part
near z = 0 equal to that of ['(z)]>. The procedure here is analogous.
Both functions j, and ® have a pole at the vertex © = 0 of the fundamental
region of I'y(p). We form a linear combination of powers of @ to obtain a
principal part equal to that of .
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4.10: The function j, expressed as a polynomial in @

To obtain the order of the pole of j(r) at © = 0 we use Theorem 4.6
which gives us the relation

. 1 . 1. 1 [/t
Jp<— ;> = j,(0) + EJ(PT) - ;J(;)
valid for prime p. Replacing 1 by pt in this formula we obtain

Theorem 4.10. If p is prime and © € H then
1 1 1
o\ — — | = J,p0) + = j(p’0) — = j(x).
Jp( pT> P P e
2™t we have the Fourier expansion
pj L =x"" — x4 I(x)
p PT ’

where 1(x) is a power series in x with integer coefficients.

Henceif x = ¢

PROOF. We have
1) = x4+ c0) + c(D)x + cQxr + ---,
J(1) = ¢(0) + c(p)x + c2p)x® + -+,
Pipt) = pc(0) + pe(p)x? + pc(2p)x*? + -+,
and
J(p*1) = x 77 + 0) + c()x?* + c(@)x?F + - -,
$O
pj,,(- p_lt> = pj(p7) + j(p*7) — j(v)
=x7" —x7' + I(x). 0

Now we can express j, as a polynomial in .

Theorem 4.11. Assume p = 2,3, 5,7 or 13, and let
n(pf)>’ 24
d(1) = , wherer = ——.
© <n(r) p—1

Then there exist integers ay, . .., a, such that

9) Jo(1) = P Ha, @) + a, @¥(1) + - + a, ®P(1)} + c(0).

PROOF. By Theorem 4.10 we have

1
P./'p(— E) =x77 —x"' + (),
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4: Congruences for the coefficients of the modular function j

and, since 12a = r/2, Theorem 4.8 gives us

1 1
r/z —— = — = - 1
p (D( pr) o0 x7 1+ I(x).

Let y(t) = p"*®(—1/(pt)). Then the difference
1 2
p}p<_ —) - {l//(.[)}p
pt

has a pole of order <p? — 1 at x = 0, and the Laurent expansion near x = 0
-has integer coefficients. Hence there is an integer b, such that

pr<_ %) = (Y@} ~ b ()

has a pole of order <p? — 2at x = 0, and the Laurent expansion near x = 0
has integer coefficients. In p? steps we arrive at a function

1 1 2
f<— E) = Pjp< - E) = WP b (Y@} = - = b (D)

which is analytic at x = 0 and has a power series expansion with integer
coefficients. Moreover, all the numbers b, .. ., b,._ are integers. Replacing
7 by —1/(pt) we obtain

f@) = piplr) = {pPO)}?" — by {pPO)}7 7 = - = b {pPO(D)).

Now f(r) is automorphic under I'y(p) and analytic at each point t in H.
The function f'is also analytic at the vertex t = 0 (by construction). Therefore
f is bounded in H so f is constant. But this constant is pc(0) since ®(t)
vanishes at co. Thus we find

pif1) = {pPD()}P* + by {pPO)} " + -+ b {pPD(1)} + pe(0)

so j,(t) is expressible as indicated in (9). |

Theorem 4.12. The coefficients in the Fourier expansion of j(t) satisfy the
following congruences:

c¢(2n) = 0 (mod 21Y)
¢(3n) = 0 (mod 3%)
c(51n) = 0 (mod 5?)
¢(7n) = 0 (mod 7).

PrOOF. The previous theorem shows that for p = 2, 3, 5, 7 and 13 we have
c(pn) = 0 (mod p"/»~1),

where r = 24/(p — 1). Therefore we simply compute (r/2) — 1 to obtain the
stated congruences. Note that (r/2) — 1 = 0 when p = 13 so we get a trivial
congruence in this case. [
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Exercises for Chapter 4

Note. By repeated application of the foregoing ideas Lehner [24] derived
the following more general congruences, valid for a > 1:
c(2%n) = 0 (mod 23**8)
c(3*n) = 0 (mod 3%**3)
c(5°n) = 0 (mod 5**1)
c(7°n) = 0 (mod 7%).

Since it is known that ¢(13) is not divisible by 13, congruences of the above
type cannot exist for 13. In 1958 Morris Newman [30] found congruences
of a different kind for 13. He showed that

c(13np) + c(13n)c(13p) + p~ 16(%) = 0 (mod 13),

wherep~!p = 1 (mod 13)and c(x) = 0if x is not an integer. The congruences
of Lehner and Newman were generalized by Atkin and O’Brien [5] in 1967.

Exercises for Chapter 4

1. This exercise relates the Dedekind function y(t) to the Jacobi theta function (1)
defined on H by the equation

B =142 e = Y omit

n=1 n=-aox

The definition shows that # is analytic in H and periodic with period 2.
Jacobi’s triple product identity (Theorem 14.6 in [4]) states that

o

(1 - xZn)(l + x2n—122)(1 + xZn'lz—Z) — Z sz 2m
1 m=

ifz# 0and |x| < 1.
{a) Show that x and z can be chosen to give the product representation

]

n -

ﬁ _ anr (1 +e(2n 1)1!1()2.

This implies that 3(t) is never zero in H.
(b) If r € H prove that

(c) Prove that 3(—1/1) = (—it)'"23(z).
Hint: If St = —1/1, find elements 4 and B of I such that

St+ 1 T+ 1
T =A<

5 3 ) and St+ 1 =B+ 1)
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4: Congruences for the coefficients of the modular function j

2. Let G denote the subgroup of I generated by the transformations S and T2, where
St=-—1l/rand Tt=1+ 1.

b
(a) If (a d) € G prove that a = d (mod 2) and b = ¢ (mod 2).
c
(b) If V € G prove that there exist elements 4 and B of I such that

Vr+1=A1+1
2 2

) and Vi+1=B(t+1).

b
(c) If <a d> € G and ¢ > 0 prove that
c

9(2 i Z) =¢&la, b, c, d){—i(ct + d)}/?%(x),

where |e(a, b, ¢, d)| = 1. Express &(a, b, ¢, d) in terms of Dedekind sums.

Exercises 3 through 8 outline a proof (due to Mordell [28]) of the multiplica-
tivity of Ramanujan’s function t(n). We recall that

0

i T:(n)eZﬂ:im: — (27!)_ IZA( ) th H (1 _ e21:imr)24.

n=1 m=1

3. Let p be a prime and let k be an integer, 1 < k < p — 1. Show that there exists an

integer h such that
112A<f + h) _ A<kr - 1)
p pt

and that h runs through a reduced residue system mod p with k.

4. If p is a prime, define

F ) = pl'Ape) + 1 Y A(’ * k)
Pr=0 P

Prove that:
(@ Ft+1)=F,1); (b Fp<—Tl) = t'2F (7).

Note: Exercise 3 will be helpful for part (b).
5. Prove that F,(t) = t(p)A(t), where t(p) is Ramanujan’s function.
6. Use Exercises 4 and 5 to deduce the formulas
@ ") = p)(p") — p*le(p"~ ) forn = L
(b) (p°n) = t(p)t(p* n) — p'lt(p* 2n)for o > 2 and (n, p) = 1.
7. If o is an integer, « > 0, and if (n, p) = 1, let
9(2) = t(p*n) — (p%)(n).

Show that g(x + 1) is a linear combination of g(«) and g(a — 1) for @ > 2 and deduce
that g(o) = O for all o
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8.

10.

Exercises for Chapter 4

Prove that

Zd11< )
dhm n)

In particular, when (m, n) = 1 this implies ©(m)t(n) = t(mn).

. If te H and x = > prove that

% 2 ©
{504 Y as(n)x"} = {j(t)— 12°} ) t(n)x"

n=0 n=1
where 64(0) = — 1/504. Equate coefficients of x" to obtain the identity

n—1

(504)2 Z k)osin — k)= t(n + 1) — 9841(n) + Z (k)t(n — k).

k=1

Use Exercise 9 together with Exercise 10 of Chapter 6 to prove that

n—1
65520 {o,m) — )} = tn + 1) + 242 + Y clk)r(n — k).
691 k=1

This formula, due to Lehmer [20], can be used to determine the coefficients c(n)
recursively in terms of 7(n). Since the right member is an integer, the formula also
implies Ramanujan’s remarkable congruence

1(n} = o,,(n) (mod 691).
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Rademacher’s series for
the partition function

5.1 Introduction

The unrestricted partition function p(n) counts the number of ways a positive
integer n can be expressed as a sum of positive integers <n. The number of
summands is unrestricted, repetition is allowed, and the order of the sum-
mands is not taken into account.

The partition function is generated by Euler’s infinite product

1 [0 0]
Y, p(n)x",

m
1 —x n=0

(1) Fex)=T]

m=1

where p(0) = 1. Both the product and series converge absolutely and repre-
sent the analytic function F in the unit disk | x| < 1. A proof of (1) and other
elementary properties of p(n) can be found in Chapter 14 of [4]. This chapter
is concerned with the behavior of p(n) for large n.

The partition function p(n) satisfies the asymptotic relation

exﬁ

4n/3

p(n) ~ asn — oo,

where K = 7(2/3)!/2. This was first discovered by Hardy and Ramanujan [13]
in 1918 and, independently, by J. V. Uspensky [52] in 1920. Hardy and
Ramanujan proved more. They obtained a remarkable asymptotic formula
of the form

2 pln) = 3. Pyn) + O™,

k<ayn
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5.2: The plan of the proof

where o is a constant and P,(n) is the dominant term, asymptotic to
e"‘/i/(4n\/§). The terms P,(n), Ps(n), ... are of similar type but with smaller
constants in place of K in the exponential. Since p(n) is an integer the finite
sum on the right of (2) gives p(n) exactly when n is large enough to insure
that the error term is less than 1/2. This is a rare example of a formula which
is both asymptotic and exact. As is often the case with asymptotic formulas
of this type, the infinite sum

(3) Y Pyn)
k=1

diverges for each n. The divergence of (3) was shown by D. H. Lehmer [21]
in 1937.

Hans Rademacher, while preparing lecture notes in 1937 on the work of
Hardy and Ramanujan, made a small change in the analysis which resulted
in slightly different terms R,(n) in place of the P,{n) in (2). This had a profound
effect on the final result since, instead of (2), Rademacher obtained a con-
vergent series,

4) pln) = kZ Ry(n).
=1

The exact form of the Rademacher terms R,(n) is described below in Theorem
5.10. Rademacher [35] also showed that the remainder after N terms is
O(n~'*) when N is of order \/n, in agreement with (2).

This chapter is devoted to a proof of Rademacher’s exact formula for
p(n). The proof is of special interest because it represents one of the crowning
achievements of the so-called “circle method” of Hardy, Ramanujan and
Littlewood which has been highly successful in many asymptotic problems
of additive number theory. The proof also displays a marvelous application
of Dedekind’s modular function #(z).

5.2 The plan of the proof

This section gives a rough sketch of the proof. The starting point is Euler’s
formula (1) which implies

F) 8 ol

X k=0 X

k
X o< x] < 1,

for each n > 0. The last series is the Laurent expansion of F(x)/x"* ! in the
punctured disk 0 < |x| < 1. This function has a pole at x = 0 with residue
p(n) so by Cauchy’s residue theorem we have

1 F(x)
pln) = 2ni J; X"t dx,
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5: Rademacher’s series for the partition function

where C is any positively oriented simple closed contour which lies inside
the unit circle and encloses the origin. The basic idea of the circle method is
to choose a contour C which lies near the singularities of the function F(x).

The factors in the product defining F(x) vanish whenever x = 1, x* = 1,
x3 = 1, etc., so each root of unity is a singularity of F(x). The circle method
chooses a circular contour C of radius nearly 1 and divides C into arcs
Cy lying near the roots of unity e*™** where 0 < h <k, (h, k) = 1, and
k = 1,2,..., N.Theintegral along C can be written as a finite sum of integrals

along these arcs,
J‘ N k-1
C k=1 h=0 J‘C}.,k'

(h,k)=1

On each arc C,, , the function F(x) in the integrand is replaced by an elemen-
tary function ¥, ,(x) which has essentially the same behavior as F near the
singularity e*™"* This elementary function y, , arises naturally from the
functional equation satisfied by the Dedekind eta function »(t). The functions
F and 7 are related by the equation

F(QZnit) — enir/lZ/’,’(r),

and the functional equation for # gives a formula which describes the behavior
of F near each singularity e*"** The replacement of F by y, , introduces
an error which needs to be estimated. The integrals of the y,, , along C,, , are
then evaluated, and their sum over h produces the term R, (n) in Rademacher’s
series.

In 1943 Rademacher [38] modified the circle method by replacing the
circular contour C by another contour in the t-plane, where x = e*™". This
new path of integration simplifies the estimates that need to be made and
clarifies the manner in which the singularities contribute to the final formula.

The next section expresses Dedekind’s functional equation in terms of F.
Sections 5.5 and 5.6 describe the path of integration used by Rademacher,
and Section 5.7 carries out the plan outlined above.

5.3 Dedekind’s functional equation expressed
in terms of F

Theorem 5.1. Let F(t) = 1/[[2-, (1 — t™) and let

2nih  2nz , 2niH  2n
(5) x =expl — — — |, x' = exp )

k k? z
where Re(z) > 0,k > 0, (h, k) = 1, and hH = —1 (mod k). Then

1/2
__ nis(h, k) E l_ _ nz .
6) F(x)=e (k) exp(122 —12k2)F(x ).
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5.4: Farey fractions

Note. If |z| is small, the point x in (5) lies near the root of unity e?™*
whereas x’ lies near the origin. Hence F(x') is nearly F(0) = 1, and Equation
(6) gives the behavior of F near the singularity e2"**_ Aside from a constant
factor, for small | z|, F behaves like

z!2 exp(&).

b
Proor. If <i d> e I with ¢ > 0, the functional equation for #(z) implies

v 1/2 fa+d
(7) e R {—ilct + d)} exp{m( B + s(—d, c))},

where v = (at + b)/(ct + d). Since F(e*™") = e™"/'2/y(1), (7) implies

1

(8) F(ehir) — F(eZnir') exp(%){_i(cr + d)}l/z

fa+d

xexp{m( e + s(—d, c))}
Now choose
a=H,(‘=k,d:—h,b=——hH+1, and T=lZ+h.
k k
Then
oz +H
Tk

and (8) becomes

nz

n N
X exp{ﬁ—k—; ~ Tk + mis(h, k)}.

When z is replaced by z/k this gives (6). a

5.4 Farey fractions

Our next task is to describe the path of integration used by Rademacher.
The path is related to a set of reduced fractions in the unit interval called"
Farey fractions. This section describes these fractions and some of their
properties.
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5: Rademacher's series for the partition function

Definition. The set of Farey fractions of order n, denoted by F,,, is the set of
reduced fractions in the closed interval [0, 1] with denominators <n,
listed in increasing order of magnitude.

EXAMPLES

AW N
=IO O o =i
— e G N =
[N [ R
- N—= Wt
S3
[N [
3
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= ()]

<
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o
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1) 3-|
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|
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[
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<
&
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&
<
N
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M
<
b
3
&
<
Q
3
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These examples illustrate some general properties of Farey fractions.
For example, F, < F, ., so we get F,,, by inserting new fractions in F,,.
If (a/b) < (c/d) are consecutive in F, and separated in F,, ,, then the fraction
(a + ¢)/(b + d) does the separating, and no new ones are inserted between
a/b and c¢/d. This new fraction is called the mediant of a/b and c/d.

Theorem 5.2. If (a/b) < (c/d), their mediant (a + ¢)/(b + d) lies between them.

PrOOF

a+c a be—ad ¢ a+c¢c bc—ad
= and =

b+d b bb+d

¢_ - 0.
d b+d db+d O

The above examples show that { and £ are consecutive fractions in F,
forn = 5, 6, and 7. This illustrates the following general property.

Theorem 5.3. Given 0 < a/b < ¢/d < 1. If bc — ad = 1 then a/b and c/d are
consecutive terms in F, for the following values of n:

max(b,d) <n<b+d -1

PRrROOF. The condition bc — ad = 1 implies that a/b and c¢/d are in lowest
terms. If max(b, d) < nthen b < nand d < n so a/b and ¢/d are certainly in
F,. Now we prove they are consecutive if n < b + d — 1. If they are not
consecutive there is another fraction h/k between them, a/b < h/k < c/d.
But now we can show that k > b + d because we have the identity

9) k = (bc — ad)k = b(ck — dh) + d(bh — ak).

But the inequalities a/b < h/k < c/d show thatck — dh > 1and bh — ak > 1
s0 k > b + d. Thus, any fraction h/k that lies between a/b and c/d has
denominator k > b + d. Therefore, if n < b + d — 1, then a/b and ¢/d must
be consecutive in F,. This completes the proof. O
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5.5: Ford circles

Equation (9) also yields the following theorem.

Theorem 5.4. Given 0 < a/b < c¢/d < 1 with bc — ad = 1, let h/k be the
mediant of a/b and c/d. Then a/b < h/k < ¢/d, and these fractions satisfy
the unimiodular relations

bh — ak =1, ck —dh = 1.

Proo¥. Since h/k lies between a/b and c¢/d we have bh — ak > 1 and
¢k — dh = 1. Equation (9) shows that k = b + d if, and only if, bh — ak =
ck — dh = 1. ]

The foregoing theorems tell us how to construct F, ., from F,.

Theorem 5.5, The set F, ., includes F,. Each fraction in F,, ; which is not in
F, is the mediant of a pair of consecutive fractions in F,. Moreover, if
a/b < c¢/d are consecutive in any F,, then they satisfy the unimodular
relation bc — ad = 1.

PrROOF. We use induction on n. When n =1 the fractions 0/1 and 1/1 are
consecutive and satisfy the unimodular relation. We pass from F, to F, by
inserting the mediant 1/2. Now suppose a/b and c¢/d are consecutive in F,
and satisfy the unimodular relation bc — ad = 1. By Theorem 5.3, they will
be consecutive in F,, for all m satisfying

max(b,d) <m<b+d-— 1.

Form their mediant h/k, where h=a + ¢, k = b + d. By Theorem 54
we have bh — ak =1 and ck — dh =1 so h and k are relatively prime.
The fractions a/b and c¢/d are consecutive in F, for all m satisfying
max(b, d) < m < b + d — 1, but are not consecutive in F, since k = b + d
and h/k lies in F, between a/b and c¢/d. But the two new pairs a/b < h/k and
h/k < c¢/d are now consecutive in F; because k = max(b, k) and k = max(d, k).
The new consecutive pairs still satisfy the unimodular relations bh — ak = 1
and ck — dh = 1. This shows that in passing from F, to F,, every new
fraction inserted must be the mediant of a consecutive pair in F,, and the new
consecutive pairs satisfy the unimodular relations. Therefore F, . , has these
properties if F, does. O

5.5 Ford circles

Definition. Given a rational number h/k with (h, k) = 1. The Ford circle
belonging to this fraction is denoted by C(h, k) and is that circle in the
complex plane with radius 1/(2k?) and center at the point (h/k) + i/(2k?)
(see Figure 5.1).

Ford circles are named after L. R. Ford [9] who first studied their
properties in 1938,
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5: Rademacher’s series for the partition function

1
dius = —
raaius 2’\2

h
k
Figure 5.1 The Ford circle C(h, k)

Theorem 5.6. Two Ford circles C(a, b) and C(c, d) are either tangent to each
other or they do not intersect. They are tangent if, and only if, bc — ad =
+1. In particular, Ford circles of consecutive Farey fractions are tangent
to each other.

Proor. The square of the distance D between centers is (see Figure 5.2)

a_f(e_c\V (L _ 1Y
b _(b d) +<2b2 212

Figure 5.2
whereas the square of the sum of their radii is

(r + R} = Ly LY
rH R =5t o)

The difference D* — (r + R)?* is equal to

d—b\? (1 1YV (1 1Y
D>~ (r + R = (° LoV (e L
r+R) ( b >+<2b2 2d2) <2b2+2d2)

(ad — be)* — 1
= w20
Moreover, equality holds if, and only if (ad — bc)* = 1. O
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5.5: Ford circles

Theorem 5.7. Let h /k, < h/k < h,/k, be three consecutive Farey fractions.
The points of tangency of C(h, k) with C(hy, k) and C(h,, k,) are the points

h ky i
) T e ) TR TR
and
L .
alh )= 1+ |

PRI R e

Moreover, the point of contact «(h, k) lies on the semicircle whose diameter
is the interval [hy/k, h/k].

Proor. We refer to Figure 5.3. Write a, for a,(h, k). The figure shows that

h [ 1
GI=E‘—(1 +12—k2—b

—

[N}

2k,

Figure 5.3

To determine a and b we refer to the similar right triangles and we get

1
a 2%k - Kk
Bk LT G
kK k, 2k2 7 2k,2
Similarly, we find
1 1
AT 22 k2 - kP 1 k2 — k2

= h=-— 2 "
1 Tk 50 UK T k2
2k 2k 2k,
These give the required formula for o, and by analogy we get the correspond-
ing formula for «,.

b__
1
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5: Rademacher’s series for the partition function

To obtain the last statement, it suffices to show that the angle 6 in Figure
5.3 is m/2. For this it suffices to show that the imaginary part of a;,(h, k) is
the geometric mean of a and a’, where

k, h h, 1

——-———k(k2+k12) and a=E—E—a=m—a.

(See Figure 5.4.) Now

a =

o ke (1 ke
=K+ k) \kk, kK2 + kD)

_ ki k? _ 1
T KAK? + kD \ky (K2 + Ky Y)) (K k)
and this completes the proof. d

Jaa

Figure 5.4

5.6 Rademacher’s path of integration

For each integer N we construct a path P(N) joining the points i and i + 1
as follows. Consider the Ford circles for the Farey series F. If h,/k; < h/k
< h,/k, are consecutive in F, the points of tangency of C(h,, k), C(h, k),
and C(h,, k,) divide C(h, k) into two arcs, an upper arc and a lower arc.
P(N) is the union of the upper arcs so obtained. For the fractions 0/1 and 1/1
we use only the part of the upper arcs lying above the unit interval [0, 1].

ExaMmpLE. Figure 5.5 shows the path P(3).

Because of Theorem 5.7, the path P(N) always lies above the row of semi-
circles connecting adjacent Farey fractions in Fy.

The path P(N) is the contour used by Rademacher as a path of integration.
It is convenient at this point to discuss the effect of a certain change of variable
on each circle C(h, k).

Theorem 5.8. The transformation

h
= —] 2 —_——
4 ik <T k>
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5.6: Rademacher’s path of integration

[
1 1 2
0 3 2 3

Figure 5.5 The Rademacher path P(3)

maps the Ford circle C(h, k) in the t-plane onto a circle K in the z-plane of
radius § about the point z = % as center (see Figure 5.6). The points of
contact o, (h, k) and o,(h, k) of Theorem 5.7 are mapped onto the points

k?  kk,

2 k) = Y e

and

K2 ikk
zalh k) = 5 E K+ 122'

The upper arc joining a,(h, k) with o,(h, k) maps onto that arc of K which
does not touch the imaginary z-axis.

Zl(h, k)
.\
\
_ |
|
0 ;
z,(h, k)
z-plane
Figure 5.6
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5: Rademacher’s series for the partition function

Proor. The translation t — (h/k) moves C(h, k) to the left a distance h/k,
and thereby places its center at i/(2k?). Multiplication by —ik? expands the
radius to 1/2 and rotates the circle through n/2 radians in the negative
direction. The expressions for z,(h, k) and z,(h, k) follow at once. O

Now we obtain estimates for the moduli of z; and z,.

Theorem 5.9. For the points z, and z, of Theorem 5.8 we have
k

Moreover, if z is on the chord joining z, and z, we have

(11 |z| <fk

(10) |zy(h, k)| = |z5(h, k)| =

k2 + k2

ifhi/k, < hik < h,/k, are consecutive in Fy. The length of this chord does
not exceed 2\/—2 k/N.

ProOF. For |z, |* we have
+ k?k,? k2
(k2 + k?)? Rz k,?

There is a similar formula for |z, |2. This proves (10). To prove (11) we note
that if z is on the chord, then |z] < max(|z,|, | z;]), so it suffices to prove that

12) 2] <~{§—’f f"

For this purpose we use the inequality relating the arithmetic mean and the
root mean square:

|z, ? =

and lz,] <

k+ ki _ k% + ky2\'?
2 ° 2 '
This gives us

(K* + k32 > k;—kl N\[ NG
so (10) and (12) imply (11). The length of the chord is < |z,]| + |z,]. O

5.7 Rademacher’s convergent series for p(n)

Theorem 5.10. If n > 1 the partition function p(n) is represented by the

convergent series
o fm 2 1\
d smh{; 3 <n — ﬂ)}

pln) = ZA \[dn 1
f -
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5.7: Rademacher’s convergent series for p(n)

where

_ nis(h, k) — 2ninh/k

Ayn) = Z e .
0<h<k
(h,k)=1

PRrOOF. We have

1 F oo o0
(13) pn) = _f —n%dx where F(x)= []( —xm~'= ) pn)x";
27” c X m=1 n=0
C is any positively oriented closed curve surrounding x = 0 and lying inside
the unit circle. The change of variable

X = e21nt

maps the unit disk |x] < 1 onto an infinite vertical strip of width 1 in the
7-plane, as shown in Figure 5.7. As x traverses counterclockwise a circle of

x-plane

7-plane

Figure 5.7

radius e~ 2" with center at x = 0, the point 7 varies from i to i + 1 along a
horizontal segment. We replace this segment by the Rademacher path P(N)
composed of the upper arcs of the Ford circles formed for the Farey series
Fy. Then (13) becomes

i+1
P(l’l) — f F(eZnix)e—Zninr d‘[’ — f F(QZnir)e—Zm‘nr dT.
i P(N)

In this discussion the integer n is kept fixed and the integer N will later be
allowed to approach infinity. We can also write

N
[T
P(N) k=1 O0<h<k vy(hk) h,k v y(h, k)

(h,k)=1

where y(h, k) denotes the upper arc of the circle C(h, k), and Z,,, . IS an
abbreviation for the double sum over h and k.
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5: Rademacher’s series for the partition function

Now we make the change of variable

h
= —] 2 —_
z ik (r k)

h iz
T=—+—

ko k*

Theorem 5.8 shows that this maps C(h, k) onto a circle K of radius § about
z = 1 as center. The arc y(h, k) maps onto an arc joining the points z,(h, k)
and z,(h, k) in Figure 5.6. We now have

z2(h, k) i 2 . ' ,
pln) =Y F<exp<—7;(—l—}E — {;)) ic% o 2minhlk p2nmzik? g

h,kvzy(h, k)

Z2 h,k A
=Y ik~ 2™ Zrinhk f ( )ez"’"“‘zF <exp<@ - 2_rc2z>> dz.
h, k z1(h, k) k k

Now we use the transformation formula for F (Theorem 5.1) which states

so that

that
F(x) = o(h, k) <Z>”2 exp<i - £>F(x’)
Tk 12z 12k? ’
where
_ 2nih 2nz , 2niH  2n
x = exp<T - F), X = exp< T 7)
and

w(h, k) = ™" b) hH = —1 (mod k), (h, k) = 1.
Denote the elementary factor z'/? exp[w/(12z)— nz/(12k*)] by W,(z) and
split the integral into two parts by writing
F(x)=1+ {F(x") — 1}.
We then obtain
p(n) = > ik~ >2aw(h, k)e™ 2" (b, k) + I,(h, k)

Bk
where

z2(h, k)

I,(h,k) = { W (z)e?"™ K 4z

zy(h.k)

z2(h, k) ; 2
L(h, k) = f Wk(z){F<exp(2”’H - f)) - l}e““/“ dz.
z1(h, k) k z

We show next that I, is small for large N. The path of integration in the
z-plane can be moved so that we integrate along the chord joining z,(h, k)
and z,(h, k). (See Figure 5.8.) We have already estimated the length of this

and
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5.7: Rademacher’s convergent series for p(n)

z,(h, k)

z4(h, k)

Figure 5.8

chord; it does not exceed 2\/§k/N. On the chord itself we have |z|

< max{|z,|, |z;1} < \/Ek/N. Note also that the mapping w = 1/z maps
the disk bounded by K onto the half-plane Re(w) > 1. Inside and on the
circle K we have 0 < Re(z) < 1 and Re(1/z) > 1, while on K itself we have
Re(1/z) = 1.

Now we estimate the integrand on the chord. We have

2miH 2 ,
2] e

— |12 LW DL
4 exp{lzRe<z e e(z2)

2nnRe(z)/k?

@
X e Z p(’n)eZNiHm/kevbrm/z

m=1

1 ) & .
<|z|2 CXP{% Re(g)}eZnn/k S p(m)e™ 2rmRetisa

m=1

o
< 'zil/ZeZmr Z p(m)e*27t(m—(1/24))Re(1/z)

m=1

a0
< |Z|1/2€2mt Z p(m)e—ZN(m-(l/ZAt))

m=1

o
— |Z|1/262n7z Z p(m)QAZn(24m—1)/24
1

m=

oL
< 'Z'I/Zelnn Z p(24ﬂ1 _ I)e—2n(24m—1)/24

m=1

A
= ,Z}I/ZeZnn Z p(24m _ 1)},2411171 (Where y = 672"/24)
m=1

= clz['?,
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5: Rademacher’s series for the partition function

where
c=e™ Y p(2dm — 1y**m -1,
m=1
The number ¢ does not depend on z or on N. (It depends on n, but n is fixed

in this discussion.) Since z is on the chord we have |z| < \/ik/N so the
integrand is bounded by c2'/4(k/N)'/%. The length of the path is less than

2\/5 k/N, so altogether we find
[15(h, k)| < CK**N~3/2

for some constant C, and therefore

N
Z ik =5 2(h, k)e ™ 2™mhk] (b, k)| < Z Z Ck™IN—32
hk k=1 0<h<k
(h,k)=1
N
<CN732Y 1=CN™ 2
k=1
This means we can write
N
(14) p(n) = Z Z ik =52 co(h, k)e ™ 2™mWk] (b, k) + O(N ~113).
k=1 0<h<k
(h,k)=1

Next we deal with I,(h, k). This is an integral joining z,(h, k) and z,(h, k)
along an arc of the circle K in Figure 5.8. We introduce the entire circle K
as path of integration and show that the error made is also O(N ~'/?). We have

z1(h, k) 0
Ix(h,k)=f _f _J =f —Jy = Jy,
K(-) 0 z2(h, k) K(-)

where K(—) denotes that the integration is in the negative direction along K.
To estimate |J, | we note that the length of the arc joining O to z,(h, k) is less
than

|zy(h, k)| < nﬁ—]'\f]-.

Since Re(1/z) = 1 and 0 < Re(z) < 1 on K the integrand has absolute value

1
| (2)ePme?| = R |12 exp{l—"2 Re(;) -2 Rem}
e2nn21/4k1/2en/12
STTNmE

so that
|J,| < C,k¥*N~32
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5.7: Rademacher’s convergent series for p(n)

where C, is a constant. A similar estimate holds for |J,| and, as before,
this leads to an error term O(N~'/?) in the formula for p(n). Hence (14)
becomes

N

pin) =Y Y ik 5w(h, k)e 2mnhik W, (2)e™ = 4z 4 O(N~172)

k=1 0<h<k K(-)

Now we let N — oo to obtain

ad 21z 1
p(n) lkzlAk(n)k J;((-) exp{ 2 + kz ( 24)} dZ,

where
Aun) = Z gmisth, k) = 2minhjk
O<h<k
(h,ky=1
The integral can be evaluated in terms of Bessel functions. The change of
variable

1 1
w=—, dz = — —dw,
Z w
gives us
12 52 J‘”“" w 2% 1\1
pn) = ik;Ak(n)k 1_miw 2 exp TR = ) dw.

Now put ¢t = nw/12 and the formula becomes

2 1 3/2 52 1 c+ ool 52 TL'2 1 1 d
= - —{n—=|=}dt
pln) = n<12> kzlA nk~ T J;_wit exp{t + 0 (n 24> t}

where ¢ = n/12. Now on page 181 of Watson’s treatise on Bessel functions
[53] we find the formula

Iv(z) _ giz_)\: J<c_+ wi

27 Jec i

where I (z) = i™*J (iz). Taking

z n? 1\)?
- -2)
and v = 3/2 we get

32 [

n n— =

T\¥? 2 ( 24 T 2 1
pln) = (27f)<12> kZ,A mk > G332 13/2(; §<n—ﬂ>)

1 -3/4
(277-')< ) 0 h 1
- S/ o Ak(n)k‘llm(g <n - —))
k=1

24y 3 24

TVTett @AY g (if ¢ > 0, Re(v) > 0),

o~
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5: Rademacher’s series for the partition function

But Bessel functions of half odd order can be reduced to elementary functions.

In this case we have
2z d (sinh z
13/2(2):: T a;( e )

Introducing this in the previous formula we finally get Rademacher’s
formula,

b k=1 n 1
n——

24

| = J sinh{% §<n - 21—4>}
pln) = —= 3 Aynk!’? : O
\/‘

Exercises for Chapter 5

1. Tworeduced fractions a/b and c¢/d are said to be similarly ordered if (c — a)(d — b) = O.
Let a,/b, < a,/b, < ---denote the Farey fractions in F,,.
(a) Prove that any two neighbors a;/b; and «;, /b, , are similarly ordered.
(b) Provealso thatany two second neighborsa;/b;and ¢, . ,/b; , ; are similarly ordered.
Note: Erdos [8] has shown that there is an absolute constant ¢ > 0 such that the
kth neighbors a;/b; and «a; , ,/b; ., in F, are similarly ordered if n > ck.

2. Ifa, b, ¢, d are positive integers such that a/b < ¢/d and if 2 and u are positive integers,
prove that the fraction

lies between a/b and c/d, and that (¢ — d8)/(0b — a) = 2/u. When A = p, 0 is the
mediant of a/b and ¢/d.

3. If bc — ad = | and n > max(b, d), prove that the terms of the Farey sequence F,
between a/b and c¢/d are the fractions of the form (ia + uc)/(Ab + ud) for which A
and p are positive relatively prime integers with 4b + ud < n. Geometrically, each
pair (4, u) is a lattice point (with coprime coordinates) in the triangle determined by
the coordinate axes and the line bx + dy = n. Neville [29] has shown that the
number of such lattice points is

3 n?
2 bd + O(n log n).
This shows that for a given n, the number of Farey fractions between a/b and ¢/d is
asymptotically proportional to 1/(bd), the length of the interval [a/b, c/d].

Exercises 4 through 8 relate Farey fractions to lattice points in the plane.
In these exercises, n > 1 and T, denotes the set of lattice points (x, y) in the
triangular region defined by the inequalities

l<x<n, 1<y<n, n+1<x+y<2n
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Exercises for Chapter 5

Also, T, denotes the set of lattice points (x, y) in T, with relatively prime
coordinates.

4. Prove that a/b and c/d are consecutive fractions in the Farey sequence F, if, and only
if, the lattice point (b, d)e T,,.

5. Prove that } , 4. r 1/(bd) = 1. Hint: Theorem 5.5.

6. Assign a weight f(x, y) to each lattice point (x, y) and let S, be the sum of all the
weights in T,

So= Y fx )

(x.p)eTn
(a) By comparing the regions T, and 7,_, for r > 2 show that
r—1 r—1
S, =Sy = frn)+ L)+ [0 0} — 3 fik r = k),
k=1 k=1

and deduce that

" n o r—1 n r—1
Sn = Z f(rs )') + Z Z {f(ky r) + .f(rs k)} - 2 2 f(kv r— k)
r=1 r=2 k=1 r=2k=1

Note: If f(x,y) = O whenever (x, y) > 1 this reduces to a formula of J. Lehner
and M. Newman [25],

n r—1
(15) ( ;T.f(x,y)=f(1, D+ Y X {flkry+ fir k) = fk,r = k).
x.yeT, r=2 k=1
tk,r)=1

This relates a sum involving Farey fractions to one which does not.

7. Let

1

S, = S
MZE 7. bd(b + d)

(a) Use Exercise 5 to show that 1/2n ~ 1) < S, < l/n + 1).
(b) Choose f(x,y) = 1/(xy(x + y))in (15) and show that

8. Exercise 7(a) shows that S, — 0 as n —» oc. This exercise outlines a proof of the
asymptotic formula

21og2 /1
(16) S, = ¢ +o<°g2">

5
°n n

obtained by Lehner and Newman in {25].
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5: Rademacher’s series for the partition function

Let
r 1 r d
A= ) = zM ) ;
k=1 e+ k) S dlr.iol (r+k)
(k,r)=1
so that
~2Y 4,
(a) Show that
& du(r/d)
=X Y S
=1 7(h + d)

and deduce that

A, —log2~@+0< N (d)|)

djr
(b) Show that Y., >, |u(d)| = O(n log n) and deduce that

5 L5 lua <longz n>'

r>nl d|r

(c) Use the formula Zr <2 @(r) = 3n%/n* + O(n log n) (proved in [4], Theorem 3.7) to

deduce that
o(r) 6 log n
25 =5+ 0< o)

r>n ¥ nm

(d) Use (a), (b), and (c) to deduce (16).

112



Modular forms with
multiplicative coefficients

6.1 Introduction

The material in this chapter is motivated by properties shared by the discrimi-
nant A(t) and the Eisenstein series

1
Gol1) = —
2 mm%0,0) (M + nt)**

where k is an integer, k > 2. All these functions satisfy the relation

at+ b "
(1) f(cr - d) = (et + dY /(0),
. . b\ .
where r is an integer and i is any element of the modular group I

The function A satisfies (1) with r = 12, and G,, satisfies (1) with r = 2k.
Functions satisfying (1) together with some extra conditions concerning
analyticity are called modular forms. (A precise definition s given in the
next section.)
Modular forms are periodic with period 1 and have Fourier expansions.
For example, we have the Fourier expansion,
9]

A(T) — (27‘[)12 Z ,r(n)eZninr’

n=1
where 1(n) is Ramanujan’s function, and

202w 2k o '
GZk(T) = 2((21() + a}iil—)l)! nglo-ﬂ‘_ 1(”)627“"[’

where ag,(n) is the sum of the ath powers of the divisors of n.
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6: Modular forms with multiplicative coefficients

Both t(n) and o,(n) are multiplicative arithmetical functions; that is, we
have

(2) tm)t(n) = t(mn) and a{m)e,(n) = o mn) whenever (m,n) = 1.

They also satisfy the more general multiplicative relations

3) (mn) = ¥ d''t ( )

dl(m n)

and

4) a,(m)o,(n Z d*c < >
dl(m n)

for all positive integers m and n. These reduce to (2) when (m, n) = 1.

The striking resemblance between (3) and (4) suggests the problem of
determining all modular forms whose Fourier coefficients satisfy a multi-
plicative property encompassing (3) and (4). The problem was solved by
Hecke [16] in 1937 and his solution is discussed in this chapter.

6.2 Modular forms of weight k

In this discussion k denotes an integer (positive, negative, or zero), H denotes
the upper half-plane, H = {t: Im(t) > 0}, and I" denotes the modular group.

Definition. A function f is said to be an entire modular form of weight k if it
satisfies the following conditions:

(a) f is analytic in the upper half-plane H.

(b) f<z j: Z) = (ct + d)f (1) whenever <‘z Z) eT.

(c) The Fourier expansion of f has the form

> .
— Z C(n)eanr.
n=0

Note. The Fourier expansion of a function of period 1 is its Laurent
expansion near the origin x = 0, where x = ¢?™". Condition (c) states that
the Laurent expansion of an entire modular form contains no negative
powers of x. In other words, an entire modular form is analytic everywhere
in H and at ico.

The constant term ¢(0) is called the value of f at ico, denoted by f(ico).
If ¢(0) = O the function f is called a cusp form (“Spitzenform” in German),
and the smallest r such that c¢(r) # 0 is called the order of the zero of f at ico.
It should be noted that the discriminant A is a cusp form of weight 12 with
a first order zero at icc. Also, no Eisenstein series G, vanishes at ioc.
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6.3: The weight formula for zeros of an entire modular form

Warning. Some authors refer to the weight k as the “dimension —k”
or the “degree —k.” Others write 2k where we have written k.

In more general treatments a modular form is allowed to have poles in
H or at ico. This is why forms satisfying our conditions are called entire
forms. The modular function J is an example of a nonentire modular form of
weight O since it has a pole at ico. Also, to encompass the Dedekind eta func-
tion there are extensions of the theory in which k is not restricted to integer
values but may be any real number, and a factor &(a, b, ¢, d) of absolute
value 1 is allowed in the functional equation (b). This chapter treats only
entire forms of integer weight with multiplier & = 1.

The zero function is a modular form of weight k for every k. A nonzero
constant function is a modular form of weight k only if k = 0. An entire
modular form of weight 0 is a modular function (as defined in Chapter 2) and
since it is analyticeverywhere in H, including the point ioc, it must be constant.

Our first goal is to prove that nonconstant entire modular forms exist
only if k is even and >4. Moreover, they can all be expressed in terms of the
Eisenstein series G, and G¢. The proof is based on a formula relating the
weight k with the number of zeros of f in the closure of the fundamental
region of the modular group.

6.3 The weight formula for zeros of an entire
modular form

We recall that the fundamental region Ry has vertices at the points p, i,
p + 1 and ico. If f has a zero of order r at a point p we write r = N(p).

Theorem 6.1. Let f be an entire modular form of weight k which is not identically
zero, and assume f has N zeros in the closure of the fundamental region
Ry, omitting the vertices. Then we have the formula

(5) k = 12N 4 6N(i) + 4N(p) + 12N(icc).

Proor. The method of proof is similar to that of Theorem 2.4 where we
proved that a modular function has the same number of zeros as poles in
the closure of Rr-. Since f has no poles we can write

L[S,

T 27 Jog f(2)

The integral is taken along the boundary of a region R formed by truncating
the fundamental region by a horizontal line y = M with sufficiently large M.
The path 0R is along the edges of R with circular detours made around the
vertices i, p and p + 1 and other zeros which might occur on the edges. By
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6: Modular forms with multiplicative coefficients

calculating the limiting value of the integral as M — oo and the circular
detours shrink to their centers we find, as in the proof of Theorem 2.4,

k | 1 .

The only essential difference between this result and the corresponding
formula obtained in the proof of Theorem 2.4 is the appearance of the term
k/12. This comes from the weight factor (ct + d)* in the functional equation

fA[@) = (et + d)f(v),
where A(t) = (at + b)/(ct + d). Differentiation of this equation gives us
S (AE)NA'(T) = (et + dff'(r) + kelet + )1 f(7)
from which we find

SANA() _ f'(1) | ke

= + .
S(A) flr)  ct+d
Consequently, for any path y not passing through a zero we have
1 fw, 1 ') 1 J‘ ke
2y 0 ™ "2 ) T T T ) v a
Therefore the integrals along the arcs (2) and (3) in Figure 2.5 do not cancel

as they did in the proof of Theorem 2.4 unless k = 0. Instead, they make a
contribution whose limiting value is equal to

k[ ko g o K (M2 K
i), T om VBT T\ T ) T

T.

The rest of the proof is like that of Theorem 2.4 and we obtain (6), which
implies (5). 0

From the weight formula (5) we obtain the following theorem.

Theorem 6.2

(@) The only entire modular forms of weight k =0 are the constant
functions.

(b) Ifkis odd, ifk < O, or if k = 2, the only entire modular form of weight k
is the zero function.

(c) Everynonconstant entire modular form has weight k > 4, where k is even.

(d) The only entire cusp form of weight k < 12 is the zero function.

PROOF. Part (a) was proved earlier. To prove (b), (c) and (d) we simply refer
to the weight formula in (5). Since each integer N, N(i), Mp) and N(io0) is
nonnegative, k must be nonnegative and even, with k > 4 if k # 0. Also,
if k < 12 then N(ico) = 0 so f is not a cusp form unless f = 0. O
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6.4: Representation of entire forms in terms of G, and G

6.4 Representation of entire forms in terms
of G, and G4

In Chapter 1 it was shown that every Eisenstein series G, with k > 2 is a
polynomial in G, and Gg. This section shows that the same is true of every
entire modular form. Since the discriminant A is a polynomial in G, and
Gs,

A = g,® — 27g:* = (60G,)® — 27(140G,)?,

it suffices to show that all entire forms of weight k can be expressed in terms
of Eisenstein series and powers of A. The proof repeatedly uses the fact that
the product fg of two entire forms f and g of weights w, and w,, respectively,
is another entire form of weight w, + w,, and the quotient f/g is an entire
form of weight w, — w, if g has no zeros in H or at ico.

Notation. We denote by M, the set of all entire modular forms of weight k.

Theorem 6.3. Let f be an entire modular form of even weight k > 0 and define
Go(t) = 1 for all 7. Then f can be expressed in one and only one way as a

sum of the type ,
/121

(7) f = Z aer——IZrAr’
r=0
k—12r#2
where the a, are complex numbers. The cusp forms of even weight k are

those sums with a, = 0.

Proor. If k < 12 there is at most one term in the sum and the theorem can
be verified directly. If f has weight k < 12 the weight formula (5) implies
N = N(ico) = 0 so the only possible zeros of f are at the vertices p and i.
For example, if k = 4 we have N(p) = 1 and N(i) = 0. Since G, has this
property, f/G, is an entire modular form of weight 0 and therefore is constant,
s0 f = ayG,. Similarly, we find f = a,G, if k = 6, 8 or 10. The theorem
also holds trivially for k = 0 (since f is constant) and for k = 2 (since the
sum is empty). Therefore we need only consider even k > 12.

We use induction on k together with the simple observation that every
cusp form in M, can be written as a product Ah, where he M, _,,.

Assume the theorem has been proved for all entire forms of even weight
<k. The form G, has weight k and does not vanish at ico. Hence if
¢ = f(ioo)/Gioo) the entire form f — ¢G, is a cusp form in M, so
f — ¢G, = Ah, where he M,._,,. Applying the induction hypothesis to h
we have

{(k—12)/12) [k/12] .
e
h = Z b,Gy_12-1A" = Z br—le—IZrA .
r=0 r=1
k—12-12r#2 k—12r#2
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6: Modular forms with multiplicative coefficients

Therefore f = cG, + Ah is a sum of the type shown in (7). This proves, by
induction, that every entire form of even weight k has at least one representa-
tion of the type in (7). To show there is at most one such representation we
need only verify that the products G, _,,A" are linearly independent. This
follows easily from the fact that A(ioo) = 0 but G,,(ic0) # 0. Details are left
as an exercise for the reader. O

Since both A and G,, can be expressed as polynomials in G, and Gg,
Theorem 6.3 also shows that f is a polynomial in G, and G¢. The exact
form of this polynomial is described in the next theorem.

Theorem 6.4. Every entire modular form f of weight k is a polynomial in G,
and G¢ of the type

(®) f= Z ca,bG4aG6b
a,b

where the c, , are complex numbers and the sum is extended over all integers
a>0,b > 0suchthat 4a + 6b = k.

PROOF. If k is odd, k < 0 or k = 2 the sum is empty and fis 0. If k = 0, f'is
constant and the sum consists of only one term, ¢q o. If k = 4, 6, 8 or 10
then each of the respective quotients f/G,, f/Ge, f/G4* and f/(G4G) is an
entire form of weight 0 and hence is constant. This proves (8) for k < 12 or
k odd. To prove the result for even k > 12 we use induction on k.

Assume the theorem has been proved for all entire forms of weight <k.
Since k is even, k = 4m or k = 4m + 2 = 4m — 1) + 6 for some integer
m = 3. In either case there are nonnegative integers r and s such that
k = 4r + 6s. The form g = G,"G¢*® has weight k and does not vanish at ico.
Hence if ¢ = f(ioo)/g(ico) the entire form f — cg is a cusp form in M, so
f —cg = Ah where he M,_,,. By the induction hypothesis, h can be
expressed as a sum as in (8), taken over alla > 0,b > Osuch that4a + 6b =
k — 12. Multiplication by A gives a sum of the same type with 4a + 6b = k.
Hence f = cg + Ah is also a sum of the required type and this proves the
theorem. d

6.5 The linear space M, and the
subspace M, ,

The results of the foregoing section can be described in another way. Let
M, denote the set of all entire forms of weight k. Then M, is a linear space
over the complex field (since M, is closed under addition and under multi-
plication by complex scalars). Theorem 6.3 shows that M, is finite-dimen-
sional with a finite basis given by the set of products G,_,,,A" occurring
in the sum (7). There are [k/12] + 1 terms in this sum if k # 2 (mod 12),
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and one less term if k = 2 (mod 12). Therefore the dimension of the space
M, is given by the formulas

k o
[ﬁ} ifk =2 (mod 12),

9) dim M, =
[%] +1 ifk#2 (mod 12).

Another basis for M, is the set of products G,°G¢® where @ > 0, b > 0 and
4a + 6b = k (see Exercise 6.12).

The set of all cusp forms in M, is a linear subspace of M, which we denote
by M, ,. The representation in Theorem 6.3 shows that

(10) dika'():dika_ 1

since the cusp forms are those sums in (7) with a5 = 0.
We also note that if k > 12, feM, , if and only if f = Ah, where
he M, _ ,. Therefore the linear transformation T : M, {, = M, _, defined by

T(h) = Ah

establishes an isomorphism between M, , and M,_,,. Consequently, if
k > 12 we have

(11) dika’():dika_lz.
The two formulas (11) and (10} imply
dika=1+dika_12

if k = 12. This equation, together with the fact that dim M, = 1,0,1, 1,1, 1
when k = 0, 2, 4, 6, 8, 10, gives another proof of (9).

ExampLEs. Formula (9) shows that
dimM, =1 ifk =4,6,8,10, and 14.

Corresponding basis elements are G4, Gg, G4%, G, G, and G,*G.
Formulas (11) and (9) together show that

dimM, =1 ifk =12, 16,18, 20,22, and 26.
Corresponding basis elements are A, AG,, AGg, AG,%, AG, G, and AG,*Ge.

6.6 Classification of entire forms in terms of
their zeros

The next theorem gives another way of expressing all entire forms in terms
of G,, G, A and Klein’s modular invariant J.

Theorem 6.5. Let f be an entire form of weight k and let zy, ..., zy denote the
N zeros of f in the closure of Ry (omitting the vertices) with zeros of order
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6: Modular forms with multiplicative coefficients

N(p), N(i) and N(io0) at the vertices. Then there is a constant ¢ such that
N
(12)  f(z) = GGtV VAN PAR)Y ] {J(1) = (=)}
k=1

ProoF. The product
N
g = [[ V@) ~ J@)}
k=1

is a modular function with its only zeros in the closure of Ry at zy, ..., zy
and with a pole of order N at ico. Since A has a first-order zero at ico, the
product AVg is an entire modular form of weight 12N which, in the closure
of Ry, vanishes only at z,, ..., zy. Therefore the product

h — G4N(p)GéN(i)AN(ioo)ANg
has exactly the same zeros as f'in the closure of Ry-. Also, his an entire modular
form having the same weight as f since
k = 4N(p) + 6N(i) + 12N(ic0) + 12N.

Therefore f/h is an entire form of weight 0 so f/h is constant. This proves (12).
O

6.7 The Hecke operators 7,

Hecke determined all entire forms with multiplicative coefficients by intro-
ducing a sequence of linear operators T,, n = 1, 2, ..., which map the linear
space M, onto itself. Hecke’s operators are defined as follows.

Definition. For a fixed integer k and any n = 1, 2, ..., the operator T, is
defined on M, by the equation
bd
(13) (T,f)@) = nt"1 Y d- kz ('” * )
din =0

In the special case when n is prime, say n = p, the sum on d contains
only two terms and the definition reduces to the formula

p—-1
(14) (T, 1)) = P f(p) + Zf(””)

The sum on b is the operator encountered in Chapter 4. It maps functions
automorphic under I' onto functions automorphic under the congruence
subgroup I'y(p).

We will show that T, maps each f in M, onto another function in M,.
First we describe the action of T, on the Fourier expansion of f.
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6.7: The Hecke operators T,

Theorem 6.6. If f € M, and has the Fourier expansion

f@) =3 cmyerm,

m=0

then T, f has the Fourier expansion

(15) 1,110 = 3 nme>™

where

(16) palm) = > d*” ‘( )
dj(n, m)

Proor. From the definition in (13) we find

(T, /) = nk1 Z d_"dil i c(m)eZnim(m+bd)/dz

din b=0m=0
o n k-1 ) ) 1 d—1 )
— Z Z - c(m)e2mmnt/d - Z e21umb/d.
d d b=0

The sum on b is a geometric sum which is equal to d if d|m, and is O otherwise.
Hence

@ n\k— 1 o
TNO=3 % @ Jp—

Writing m = gd we have

1
(’]’;'f)(‘[ Z Z( > c(qd)ez""""'/"‘

q=0 d|n

In the sum on d we can replace d by n/d to obtain

(Tnf)(T) Z de 1 < ) 2qu:

q=0 din

If x = e2™ the last sum contains powers of the form x%. We collect those
terms for which gd is constant, say gd = m. Then g = m/d and d|m so

MHD=3 T de (??)x,

m=0 din,d|m

which implies (16). d

Our next task is to prove that T, maps M, into itself. For this purpose
we note that the definition of T, f can be written in a slightly different form.
We write n = ad and let
at +b

At =
' d
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6: Modular forms with multiplicative coefficients

Then (13) takes the form
1
(17) (LN =r"1 Y d¥f(Ar) = " Y df(An).
S<rea’ S<r<a’

. b . .
The matrix (g d which represents 4 has determinant ad = n. To deter-

mine the behavior of T, f under transformations of the modular group I'
we need some properties of transformations with determinant n. These are
described in the next section.

6.8 Transformations of order n
Let n be a fixed positive integer. A transformation of the form

at + b
T=—,
ct+d

where a, b, ¢, d are integers with ad — bc = n, is called a transformation of
order n. It can be represented by the 2 x 2 matrix

=)

where, as usual, we identify each matrix with its negative.

We denote by I'(n) the set of all transformations of order n. The modular
group I'is I'(1).

Two transformations 4, and A, in I'(n) are called equivalent, and we
write A, ~ A, if there is a transformation V in I" such that

A, = VA,.

The relation ~ is obviously reflexive, symmetric, and transitive, and hence
is an equivalence relation. Consequently, the set I'(n) can be partitioned
into equivalence classes such that two elements of I'(n) are in the same class
if, and only if, they are equivalent. The next theorem describes a set of
representatives.

Theorem6.7. In every equivalence class of T'(n) there is a representative of

triangular form
b
<g d)’ where d > 0.

b .
PROOF. Let 4 = <a d) be an arbitrary element of I'(n). If ¢ = O there is

c
nothing more to prove. If ¢ # 0 we reduce the fraction —a/c to lowest terms.
That is, we choose integers r and s such that s/r = —a/c and (r, s) = 1.
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6.8: Transformations of order n

Next we choose two integers p and g such that ps — gr = 1 and let

V= (p q>.
ros
Then V eI and

p q\fa b pa + gc pb + gd
VA = = .
r s)\c d ra + sc rb + sd
Since ra + sc = 0 and det(VA) = det V det 4 = n we see that VAeI(n)so
VA ~ A. Hence V4 or its negative is the required representative. O

Theorem 6.8. A complete system of nonequivalent elements in I'(n) is given by
the set of transformations of triangular form

a b
(18) A= (0 d>’

where d runs through the positive divisors of n and, for each fixed d,
= n/d, and b runs through a complete residue system modulo d.

PrOOE. Theorem 6.7 shows that every element in I'(n) is equivalent to one
of the transformations in (18). Therefore we need only show that two such
transformations, say

a, b, a, b,
= A =
A, <0 d1> and 2 (0 d2>

are equivalent if, and only if,
(19) a, zaz,dl =d2, and bl Ebz (mOddl).
If (19) holds then b, = b, + qd, for some integer q and we can take

1 q
V= )
o 1)
Then VA; = A, s0 A, ~ A,.
Conversely, if A; ~ A, there is an element

()

in I such that 4, = V4,. Therefore

20) a, b, _(P 9\(a by _ (P9 pb, + qd,
0 d, ros/)\0 d, ra; rhy +sd, )

Equating entries we find ra; = Osor = Osincea; # Obecausea,d, = n > 1.
Now ps — gr = 1 so ps = | hence both p and sare | or both are —1. We can
assume p = s = 1 (otherwise replace V by — V). Equating the remaining
entries in (20) we find a, = a,,d, = d;,b, = b, + gd{,s0b, = b, (mod d,).
This completes the proof. 0

123



6: Modular forms with multiplicative coefficients

Note. The sum in (17) defining T, f can now be written in the form

@ 10 = T f (4o

where A4 runs through a complete set of nonequivalent elements in I'(n) of
the form described in Theorem 6.8. The coefficient a* is the kth power of
the entry in the first row and first column of A.

Theorem 6.9. If A, eI'(n) and V, €T, then there exist matrices A, in I'(n)
and V, in I such that

22) AV, = V,A,.

a; b; o B
A. —1 . =
l (0 di) and i (Vi 5i>
for i =1, 2, then we have

(23) a;(y2 A, T + 8;) = ax(y,7 + 6,).

PROOF. Since det(4,V;) = det A, det V; = n, the matrix A,V is in I['(n) so,
by Theorem 6.7, there exists 4, in I'(n) and V, in I" such that (22) holds. To
verify (23) we first note that A, V] has the form

a; by\foy Bl) ( * * >
AV, = =
i (0 dl)(')’l 0y dyyr did,
1/d, -b
A -1 _ _ 2 2 )
2 n<0 az>
Therefore (22) implies

1/ * * \(d, —b
V,= A V,Ad,” ! = - 2 2
2 1 n(dlyl d151><0 a2>

1 * * )
T <d1d2 yi  —dyyiby +dd1ay)

Equating entries in the second row we find

Moreover, if

and that

didyyy _dy
2= —alh
and
—dyy,b, + dydqa b a
5, = 17192 112=——271+—351
n a a;
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since a,d, = n. Hence
ayyy = da71 and a6, = —byy; + a0y,
and we obtain
ay(y, AT + 8;3) = a;y, AT + a0,

a, T+ b,
d;

which proves (23). O

= dy71 = byy1 + a0, = ax(yT + 6y),

6.9 Behavior of T, f under the modular group

Theorem 6.10. If fe M, and V = (;‘ g) €T then
(24) (T,NHV1) = (y7 + T, N)(x).

ProoF. We use the representation in (21) to write

(T, Nz Za,"fAr

a,

b
where 4, = ( 1) and A4, runs through a complete set of nonequivalent

0 d,
elements in I'(n). Replacing t by Vt we find

(25) (T, HVr) = Za, (A, V7).

By Theorems 6.7 and 6.9, there exist matrices
a; bz . az ﬁ‘) .
A, = I d V, = 4
2 (0 d2> in ['(n) an > (Vz 52> inT’

AIV = V2A2 and al(’))ZAZT + 52) = az(yt + 5).

such that

Therefore
a (A VD) = a*f(VaA,7) = a (v, 4, T + 8,0 f(A4,7)
= a,*(y1 + )" f(4,7)

since f € M,. Now as 4, runs through a complete set of nonequivalent
elements of I'(n) so does 4,. Hence (25) becomes

(V) = 105+ 3F Tt 420 = G + HENE. O
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6: Modular forms with multiplicative coefficients

The next theorem shows that each Hecke operator T, maps M, into M,
and also maps M, , into M, ,.

Theorem 6.11. If f € M, then T, f € M. Moreover, if f is a cusp form then
T, f is also a cusp form.

ProOF. If f € M, the definition of T, shows that T, f is analytic everywhere
in H. Theorem 6.6 shows that T, f has a Fourier expansion of the required
form and that T, f is analytic at ico. And Theorem 6.10 shows that T, f has
the proper behavior under transformations of I'. Finally, if f is a cusp form,
the Fourier expansion in Theorem 6.6 shows that T, f is also a cusp form. [

6.10 Multiplicative property of Hecke
operators

This section shows that any two Hecke operators T, and T,, defined on M,
commute with each other. This follows from a multiplicative property of the
composition T, T,. First we treat the case in which m and n are relatively
prime.
Theorem 6.12. If (m, n) = 1 we have the composition property

(26) T, T, = T

Proor. If f € M, we have

1
(LH@W == ) df(40),
n a>1l,ad=n
0<b<d
a b .
where 4 = ( 0 d>' Applying T,, to each member we have
1 k 1 k
{Tm(n(f))} (T) = - Z o - Z a f(BAT),
ma21,16=m nazl,ad:n
0<p<o 0<b<d
o B ) .
where B = 0 5/ This can be written as
1
27 {(T.T)Y N =— Y Y, () f(Cr),
mn a>1l,ad=m ax=1,ad=n
0<f<é O<b<d
where

« B\fa b aa ob + pd
CZBA:(O 5)(0 >=<0 ds )

As d and § run through the positive divisors of n and m, respectively, the
product dd runs through the positive divisors of mn since (m, n) = 1. The
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6.10: Multiplicative property of Hecke operators

linear combination ab + fd runs through a complete residue system
mod dé as b and f run through complete residue systems mod d and 4,
respectively. Therefore the matrix C runs through a complete set of non-
equivalent elements of I'(mn) and we see that (27) implies (26). O

The next theorem extends the composition property in (26) to arbitrary
m and n. For convenience in notation we write T(n) in place of 7,,.

Theorem 6.13. Any two Hecke operators T(n) and T(m) defined on M, commute
with each other. Moreover, we have the composition formula

(28) Tm)T(n) = Y. d*~ 'T(mn/d?).

d{(m,n)

Proor. Commutativity follows from (28) since the right member is symmetric
in m and n. If (m, n) = 1 formula (28) reduces to (26). Therefore, to prove
(28) it suffices to treat the case when m and n are powers of the same prime p.
First we consider the case m = p and n = p", where r > 1. In this case we
are to prove that

(29) TETE) =TEY + ' TE"™).

We use the representation in (17) and note that the divisors of p” have the
form p' where 0 < ¢ < r. Hence we have

(30) {Te 1@ =p" 3 p" "kf<TT+b>

O<t<r
b
4

0<h <p

By (14) we have
et T+
{T(p)g}(z) = p*~'g(pr) + p~ ‘bZog<

so when we apply T(p) to each member of (30) we find

r+1 t
TOTE) HD) = p1 7 ¥ pr™ f<_hgm)
o":,,::;,z
r— r T +—b +-bp
0 E: p( o 2: f(}_~4*_"F:T_——__‘>
O<J<;

In the second sum the linear combination b, + bp’ runs through a complete
residue system mod p'*!. Since r — t = (r + 1) — (t + 1) the second sum,
together with the term 1 = 0 from the first sum, is equal to {T(p"* 1) £} (7). In
the remaining terms we cancel a factor p in the argument of f, then transfer
the factor p* to each summand to obtain

{TETE) @O ={TE" N} +p™' " X P““"’V(‘II;——TI)?-

1<ty
< 13

<b,
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6: Modular forms with multiplicative coefficients

Dividing each b, by p'~! we can write
b, = qrpr—l + 1y,

where 0 < r, < p'~! and g, runs through a complete residue system mod p.
Since f is periodic with period 1 we have

P 't+b Pttt
()

so as ¢, runs through a complete residue system mod p each term is repeated
p times. Replacing the index t by t — 1 we see that the last sum is p*~! times
the sum defining {T(p"~*!) £} (z). This proves (29).

Now we consider general powers of the same prime, say m = p* and
n = p’. Without loss of generality we can assume that r < s. We will use in-
duction on r to prove that

r r+s
(31) T(pr)T(ps) — Zpt(k——l)T(pr+s~21) — Z dk—1T<p_2_>
t=0 di(p", p%) d

for all r and all s > r. When r = 1, (31) follows for all s > 1 from (29).
Therefore we assume that (31) holds for r and all smaller powers and all
s > r, and prove it also holds for r + 1 and all s > r + 1.

By (29) we have

T(R)TETPY) = TE™HTE") + p* ' TE™HTE),

and by the induction hypothesis we have

TOTE)TE) = Lp* " TETE ™)

Equating the two expressions, solving for T(p"* !)T(p*) and using (29) in the
sum on ¢ we find

T(pr+ 1)T(ps) — Z

0
. pk— 1 T(pr— I)T(ps)

By the induction hypothesis the last term cancels the second sum over ¢
except for the term with ¢ = r. Therefore

pr(k—l)T(pr+s+1—21)+ Zr:p(t+l)(k—1)T(pr+s—1—2!)
t=0

pt(k— l]T(pr+s+ 1 —2!) + p(r+ 1)(k— I)T(ps— 1 —r)

M'l

T " HTP) =

0
1

+

t
r
— pt(k—l)T(pr+1+s—-2t)_

t=0

This proves (31) by induction for all r and all s > r, and also completes the
proof of (28). O
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6.11 Eigenfunctions of Hecke operators

In Theorem 6.6 we proved that if f € M, and has the Fourier expansion

e8]

(32) f@) =Y cm)x™,

m=0

where x = ¢2™, then T, f has the Fourier expansion

(33) (TN Z Palm)X™,

where

(34) yam) = Y d*7! ( )
d|(n, m)

When m = 0 we have (n, 0) = n so the constant terms of f and T, f are
related by the equation

(35) 70) = X, d*"*c(0) = ;- 1(n)c(0)

d|n
for all n > 1. Similarly, when m = 1 we find
(36) va(1) = c(n)

foralln > 1.

The sum on the right of (34) resembles that which occurs in the multi-
plicative property of Ramanujan’s function 7(n) and the divisor functions
6,(n). These examples suggest we seek those forms ffor which the transformed
function T, f has Fourier coefficients

(37 Yulm) = c(n)e(m)
since this would imply the multiplicative property

cme(m) = Y, d*~! ( )

df(n, m)
The relation (37) is equivalent to the identity
T.f =cn)f

for all n > 1. A nonzero function f satisfying a relation of the form
(38) T.f =Mn)f

for some complex scalar A(n) is called an eigenfunction (or eigenform) of the
operator T,, and the scalar A(n) is called an eigenvalue of T,. If f is an
eigenform so is ¢f for every ¢ # 0.
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6: Modular forms with multiplicative coeflicients

ExampLEs. If a linear operator 7 maps a 1-dimensional function space V
into itself, then every nonzero function in ¥ is an eigenfunction of 7. Formula
(9) shows that

dimM, =1 ifk =4,6,8, 10 and 14,

so each Hecke operator T, has eigenforms in M, for each of these values of k.
For example, the respective Eisenstein series G4, Gg, Gg, G and G4 are
eigenforms for each T,.

Similarly, formula (11) implies that

dim M, , = | ifk = 12, 16, 18, 20, 22 and 26,

so each T, has eigenforms in M, , for each of these values of k. The respective
cusp forms A, AG,, AGg, AGg, AG,, and AG,, are eigenforms for each T,,.

If f is an eigenform for every Hecke operator T,, n > 1, then f is called a
simultaneous eigenform. All the examples just mentioned are simultaneous
eigenforms.

6.12 Properties of simultaneous eigenforms

Theorem 6.14. Assume k is even, k > 4. If the space M contains a simultaneous
eigenform f with Fourier expansion (32), then ¢(1) # 0.

ProOF. The coefficient of x in the Fourier expansion of T, f is v,(1) = c(n).
Since f'is a simultaneous eigenform this coefficient is also equal to A(n)c(1), so

c(n) = An)e(l)

foralln > 1. If ¢(1) = 0 then ¢(n) = Ofor all n > 1 and f(r) = ¢(0). But then
¢(0) = O since k > 4, hence f = 0, contradicting the definition of eigenform.
This proves that ¢(1) # O. Ol

An eigenform with ¢(1) = 1 is said to normalized. If M, contains a simul-
taneous eigenform then it also contains a normalized eigenform since we
can always make c¢(1) = 1 by multiplying f by a suitable nonzero constant.

It is easy to characterize all cusp forms which are simultaneous eigenforms.
Since the zero function is the only cusp form of weight <12 we need consider
only k > 12.

Theorem 6.15. Assume f € M, o where k is even, k = 12. Then f is a simul-
taneous normalized eigenform if, and only if, the coefficients in the Fourier
expansion (32) satisfy the multiplicative property

(39) cm)en) = Y, d"‘lc(@>

2
dj(n, m) d

Sforallm = 1,n = 1, in which case the coefficient c(n) is an eigenvalue of T,.
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6.13: Examples of normalized simultaneous eigenforms

PRrOOF. The equation T, f = A(n)f is equivalent to the relation
(40) 7um) = An)c(m)

obtained by equating coefficients of x™ in the corresponding Fourier expan-
sions. Since f is a cusp form so is T, f hence (40) is to hold for all m > 1
and n > 1. Now y,(1) = c(n) so (40) implies A(n) = c(n) if (1) = 1, and
hence y,(m) = c(n)c(m). On the other hand, Equation (34) shows that (40)
is equivalent to (39) if ¢(1) = 1. Therefore f is a normalized simultaneous
eigenform if, and only if, (39) holds forallm > 1,n > 1. O

6.13 Examples of normalized simultaneous
eigenforms

The discriminant A is a cusp form with Fourier expansion
Aty = 2m)*? Y t(m)x™

where 1(1) = 1. Therefore (27)” 12A(z) is a normalized eigenform for each
T, with corresponding eigenvalue t(n). This also proves that Ramanujan’s
function t(n) satisfies the multiplicative property in (3).

The next theorem shows that the only simultaneous eigenforms in M,
which are not cusp forms are constant multiples of the Eisenstein series G,,.

Theorem 6.16. Assume that [ € M5, where k > 2, and that f is not a cusp
form. Then f is a normalized simultaneous eigenform if, and only if,

X (2k — 1!
(41) S@) = —E(EW Goul(7).

ProOF. In the Fourier expansion (32) we have ¢(0) # 0 since f is not a cusp
form. The relation

(42) T.f =/n)f
is equivalent to the relation
(43) Tum) = Aln)c(m)

obtained by equating coefficients of x™ in the corresponding Fourier expan-
sions. When m = 0 this becomes

(0} = An)c(0).

On the other hand, (35) implies 7,(0) = g4 ,(1)c(0) since f € M,,. But
c(0) # 0, so Equation {42) holds if, and only if,

Mn) = 03y (n).



6: Modular forms with multiplicative coefficients

Using this in (43) we find that
Valm) = 024 1(n)c(m).
When m = 1 this relation, together with (36), gives us
c(n) = 3 (n)e(1).
Therefore, f'is a normalized simultaneous eigenform in M, if, and only if,
c(n) = 03,-4(n)

for all n > 1. Since the Eisenstein series G,, has the Fourier expansion

2Q2miy* 2 m
Ga() = 2((2k) + ak———l)' m§162k_1(m)x >
the function in (41) is normalized and its Fourier expansion is given by
2k — 1! x .
(44) flo= ) {(2k) +m§102k-1(m)x : g
Note. Since
(271:)2k
 (_1\k+1
(oK) = (=1 5 Ba
where B, is the kth Bernoulli number defined by
X v Bi 4

ex_1=k=0k!x,
the constant term in (44) is equal to — B,,/(4k). (See [4], Theorem 12.17.)
We can also write

Gault) = 25(2k){1 Sy a2k_1(m)x'"}.

2k m=1

Since the eigenvalue A(n) in (42) is 6,4 (n), Theorem 6.16 shows that the
divisor functions o,(n) satisfy the multiplicative property in Equation (4)
when o = 2k — 1. Actually, they satisfy (4) for all real or complex a, but
a,(n) is the nth coefficient of an entire form only when a is an odd integer > 3.

ExampLES. The problem of determining all entire noncusp forms whose
coeflicients satisfy the multiplicative property (39) has been completely
settled by Theorem 6.16. For the cusp forms the problem has been reduced
by Theorem 6.15 to that of determining simultaneous normalized eigenforms
of even weight 2k > 12. We have already noted that the function (27) ~12A(t)
is the only simultaneous normalized eigenform of weight 2k = 12. Also
there is exactly one simultaneous normalized eigenform for each of the
weights

2k = 16, 18, 20, 22, and 26
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since dim M,, o =1 for these weights. The corresponding normalized
eigenforms are given by

G d 22k - 12) &
-12 2k 12 1 —
(2m)™ "*A(z) - —‘—'2C(2k _ D g { B2k - mg, O 21— 13(m }

We define 1(0) =0and o,,_,(0) = — B,,/(4k). Then the coefficients c(n) of
these eigenforms are given by the Cauchy product
4k — 24 2

on) = — Y wm)o—yan — m).
BZk—lZ m=0

They satisfy the multiplicative property

c(n) Z d2k 1 < >
dj(m, n}

forallm=1,n=> 1.

6.14 Remarks on existence of simultaneous
eigenforms in My, o

Let k = dim M, , where 2k > 12. Then we have

[%} —1 if2k =2 (mod 12)

[gk] if 2k # 2 (mod 12).
12

Let e(k) denote the number of linearly independent simultaneous eigenforms
in My, o. Clearly, e(k) < k. We have shown that e(k) = 1 when x = L.
Hecke showed that e(k) = 2 when x = 2, and later Petersson [32] showed
that e(k) = x in all cases. He did this by introducing an inner product
(f, g)in M,, , defined by the double integral

(f.9) = || f@a(x)p** 2 dudv
J

extended over the fundamental region Ry in the 1 = u + iv plane. Relative
to the Petersson inner product the Hecke operators are Hermitian, that is,
they satisfy the relation

(T.f.9) = (f. T.9)

for any two cusp forms in M5, ,. Therefore, by a well known theorem of
linear algebra (see [2], Theorem 5.4) for each T, there exist x eigenforms
which form an orthonormal basis for M ,, ,. These need not be simultaneous
eigenforms for all the T,. However, since the T, commute with each other,
another theorem of linear algebra (see [10], Ch. IX, Sec. 15) shows that
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6: Modular forms with multiplicative coefficients

M, o has an orthonormal basis consisting of x simultaneous eigenforms.
Each of these can be multiplied by a constant factor to get a new basis of
simultaneous normalized eigenforms. (The new basis will be orthogonal
but need not be orthonormal.) Since the T, are Hermitian, the corresponding
eigenvalues are real. Details of the proofs of these statements can be found
in references [32], [26], or [11].

6.15 Estimates for the Fourier coefficients of
entire forms

Assume f is an entire form with Fourier expansion

(45) f@) =Y cx",

n=0
where x = ¢2™%. Write T = u + iv so that x = e~ 2™e?™, For fixed v > 0,
as u varies from 0 to 1 the point x traces out a circle C(v) of radius g 2
with center at x = 0. By Cauchy’s residue theorem we have

1 @)

1
(46) c(n) = — dx = f flu + iv)x ™" du.
0

2ni Jeowy x

We shall use this integral representation to estimate the order of magnitude
of |c(n)|. First we consider cusp forms of weight 2k.

Theorem 6.17. If f € M, , we have
c(n) = O(n").

Proor. The series in (45) converges absolutely if | x| < 1. Since ¢(0) = 0 we
can remove a factor x and write

o«

Y c(n)x" !

n=1

If 7 is in Ry, the fundamental region of I, then T = u + iv with v > \/3/2
> 1/2,50 |x| = e 2™ < ¢~ ™ Hence

I f(@)] < Alx| = Ae™?™

@] = |x] s1x|<_21c<n)||x;n—1.

n=1

where

A= i [c(n)|e” b7,

n=1

This implies
(47) [ f(D)]* < Avve™ 2™
Now define

gl) =3t — 1l =v
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6.15: Estimates for the Fourier coefficients of entire forms

if te H. Then
g(A7) = |et + d|*g(7)

ifAd = (a Z) eT, so g{A1) = |ct + d|”**g¥(x). Therefore the product
c

= f@Ig"@) = | f@I

is invariant under the transformations of I'. Moreover, ¢ is continuous
in Rr, and (47) shows that ¢(t) — 0 as v - + oo. Therefore ¢ is bounded
in Ry and, since ¢ is invariant under I', ¢ is also bounded in H, say

lo(l < M
for all 7 in H. Therefore
[f(D)] < Mv™*
for all 7in H. Using this in (46) we find

n)|<f |f(u + iv)x™" du < Mv~¥|x|™" = Mv~*e?™>,

This holds for all v > 0. When v = 1/n it gives us
le(n)| < Mn*e?™ = O(n¥). O

Theorem 6.18. If fe M, and f is not a cusp form, then
(48) c(n) = O(n*1).

Proor. If f = G,, each coeflicient c(n) is of the form ao,, . (n) where o is
independent of n. Hence

le(n)| < [a|6,— ().

Now

n\2k—1 )
Oak—1(n) = Z(E) n?! Zde ;< n¥l Z de p = 0¥,

din

so (48) holds if /' = Gy,.
For a general noncusp formin M,,,let 1 = f(io0)/G,(ioo). Then f — AG
is a cusp form so

f=4Gu +g

where g € M, . The Fourier coefficients of f are the sum of those of 4G,
and g so they have order of magnitude

O(n*~1) + 0(n*) = O(n** ). d
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6: Modular forms with multiplicative coefficients

Note. For cusp forms, better estimates for the order of magnitude of the
¢(n) have been obtained by Kloosterman, Sali¢, Davenport, Rankin, and
Selberg (see [46]). It has been shown that

(,(n) — O(nk—(1/4)+5)

for every ¢ > 0, and it has been conjectured that the exponent can be further
improved to k — § + &. For the discriminant A, Ramanujan conjectured the
sharper estimate

l1(p)| < 2p''7

for primes p. This was recently proved by P. Deligne [7].

6.16 Modular forms and Dirichlet series

Hecke found a remarkable connection between each modular form with
Fourier series

(49) f(@) = c(0) + ¥ c(n)e®™
n=1
and the Dirichlet series

[¢o]

(50) o(s) =

formed with the same coefficients (except for ¢(0)). If f € M, then ¢(n) =
O(n*)if f is a cusp form, and c(n) = O(n?*~!)if fis not a cusp form. Therefore,
the Dirichlet series in (50) converges absolutely for ¢ = Re(s) > k + 1 if f'is
a cusp form, and for ¢ > 2k if f is not a cusp form.

Theorem 6.19. If the coefficients c(n) satisfy the multiplicative property

(51) clme(n) = 3, d*! <d2>

dl(m n)

the Dirichlet series will have an Euler product representation of the form

1
(52) o(s) = l;I 1= cop* + ka—lp—2s’

absolutely convergent with the Dirichlet series.

PrOOF. Since the coefficients are multiplicative we have (see [4], Theorem
11.7)

(53) o) =[] {1 ; ie(p")p-"’}
n=1

p
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6.16: Modular forms and Dirichlet series

whenever the Dirichlet series converges absolutely. Now (51) implies

c(p)c(p") — C(pn+1) + p2k—1c(pn—1)

for each prime p. Using this it is easy to verify the power series identity
(1 = clp)x + ka_1x2)<1 + ) c(p")x") =1
n=1
for all |x| < 1. Taking x = p~ %, we find that (53) reduces to (52). O

ExaMPLE. For the Ramanujan function we have the Euler product represen-
tation

o0

)3

n=1

1
p)p-—s + p11—2s

©(n)
o l;l 1 — 1
for ¢ > 7 since ©(n) = O(n®).

Hecke also deduced the following analytic properties of ¢(s).

Theorem 6.20. Let ¢(s) be the function defined for ¢ > k by the Dirichlet
series (50) associated with a modular form f(t) in M, having the Fourier
series (49), where k is an even integer >4. Then @(s) can be continued
analytically beyond the line ¢ = k with the following properties:

(@) If c(0) = 0, ¢(s) is an entire function of s.
(b) If c(0) # 0, @(s) is analytic for all s except for a simple pole at s = k
with residue

(=)@ n)f
rky

(c) The function ¢ satisfies the functional equation

)~ T()els) = (= D22y Tk — s)p(k — s).

Proor. From the integral representation for I'(s) we have

[(s)(2nm)~° = f e 2™y~ dy

0

if ¢ > 0. Therefore if ¢ > k we can multiply both members by c(n) and sum
on n to obtain

@y TO) = [ (1) = oy .
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6: Modular forms with multiplicative coefficients

Since f is a modular form in M, we have f(i/y) = (i y)* f(iy) so
* ! —k l s=~1
@2n) " T(s)e(s) = fl {fliy) — c(O)}y*~ " dy + L " f (;) — 0}y dy

@ © 0
= [Tt - conyray i fl Fliwpt=s1 dw — O

N

- f fliy) = O}y dy
1

+ (= 1) fm{f(iw) — cO)w s dw

+ (= 1)¥2¢(0) wak“‘_l dw — E(S—O)
1

- f “{fliy) = 00 + (- 1)"/2yk-3)dy—y
1

L (=1
— c(O)(— + (=1) )
s k—s
Although this last relation was proved under the assumption that ¢ > k, the
right member is meaningful for all complex s. This gives the analytic continua-
tion of ¢(s) beyond the line ¢ = k and also verifies (a) and (b). Moreover,

replacing s by k — s leaves the right member unchanged except for a factor
(= 1)¥? so we also obtain (c). O

Hecke also proved a converse to Theorem 6.20 to the effect that every
Dirichlet series ¢ which satisfies a functional equation of the type in (c),
together with some analytic and growth conditions, necessarily arises from
a modular form in M, . For details, see [15].

Exercises for Chapter 6

Exercises 1 through 6 deal with arithmetical functions f satisfying a relation
of the form

(54) fomfn) = ¥ a(d)f("lf)

d{(m,n) d
for all positive integers m and n, where o is a given completely multiplicative
function (that is, (1) = 1 and a(mn) = a(m)u(n) for all m and n). An arith-
metical function satisfying (54) will be called a-multiplicative. We write
f =0if f(n) = 0 for all n.

1. Assume f is a-multiplicative and f # 0. Prove that f(1) = L. Also prove that ¢f is
a~-multiplicative if, and only if,c = Oor ¢ = 1.
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2. If f and g are a-multiplicative, prove that [ + g is a-multiplicative if, and only if,
f=0o0rg=0.
3. Let fi,..., f; be k distinct nonzero a-multiplicative functions. If a linear combination

k

f= Z(’ifi

i=1
is also a-multiplicative, prove that:
(a) The functions fi, ..., f, are linearly independent.
(b) Either all the ¢; are 0 or else exactly one of the ¢; is 1 and the others are 0. Hence
either f =0 or f = f; for some i. In other words, linear combinations of -
multiplicative functions are never a-multiplicative except for trivial cases.

4. If f is a-multiplicative, prove that
a(n)f(m) = Y, d) f(mnd) f (g)
din

5. If f is multiplicative, prove that f is a-multiplicative if, and only if,

(55) FE = ) (") — p) S (")

for all primes p and all integers k > 1.
6. The recursion relation (55) shows that f(p") is a polynomial in f(p), say

J0") = Q.f(p))

The sequence {Q,(x)} is determined by the relations

0,(x) = x, Q3(x) = x* — alp), 0, 1(x) = xQ,(x) — aAp)Q,_(x) forr > 2.
Show that
Q.(20(p)'2x) = ap)"* U (),
where U (x)is the Chebyshev polynomial of the second kind, defined by the relations
Uyx)=2x, U,(x)=4x> -1, U,,x) =2xU/Ax) — U,_,(x) forr>1.

7. Let E, (1) = 3G, (1)/L(2k). If x = €™ verify that the Fourier expansion of E,(1)
has the following form for k = 2, 3,4, 5,6, and 7:

EJt) =1+ 240 Z as(n)x",

n=1

Eq(t) = 1 — 504 i as(n)x",

n=1

Eq(1) = 1 + 480 Y o4(n)x",

n=1

Eioft) =1 =264 Y aoln)x",

n=1

65520 & )
Enm) =1+ W";Un(")x )

o

Ej 1) =1-24Y o,3nx"

n=1
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6: Modular forms with multiplicative coefficients

Derive each of the identities in Exercises 8, 9, and 10 by equating coefficients
in appropriate identities involving modular forms.

n—1
8. 04(n) = as(n) + 120 3 o3(m)os(n — m).

m=1

n—1

9. llog(n) = 21las(n) — 100;(n) + 5040 Z as(m)as(n — m).
m=1
65 691 691 "}

10. t(n) = 56 o..(n) + 756 as(n) — 5 mz=:165(m)05(n — m).

Show that this identity implies Ramanujan’s congruence
t(n) = o,,(n) (mod 691).

11. Prove that the products G, _,,,A" which occur in Theorem 6.3 are linearly inde-
pendent.

12. Prove that the products G,°G¢’ are linearly independent, where a and b are non-
negative integers such that 4a + 6b = k.

13. Show that the Dirichlet series associated with the normalized modular form

—_ (2k _ 1)' - 2nimt
fl) = W {(2k) + mg,laqu(m)e
15 o(s) = Us)lls + 1 — 2k).

14. A quadratic polynomial 1 — Ax + Bx? with real coefficients 4 and B can be factored
as follows:

1 - Ax+ Bx?=(1—rix)(1 = r;x).
Prove that r; = « + iff and r, = y — iff, where «, §, v are real and f(y — «) = 0.

Hence, if § # 0 the numbers r; and r, are complex conjugates.

Note. For the quadratic polynomial occurring in the proof of Theorem
6.19 we have

L= clphx + p™ x> = (1 = r,x)(1 = ry)

where

rp+ry=clp) and  r,=p¥*L

Petersson conjectured that r, and r, are always complex conjugates. This
implies

—-1/2

[ryl = lry| = p* and  |c(p)| < 2p*~ V2,

When ¢(n) = 1(n) this is the Ramanujan conjecture. The Petersson conjecture
was proved recently by Deligne [7].
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15. This exercise outlines Riemann’s derivation of the functional equation

(56) n-sﬂr@as) = n‘s‘“’zl‘<—1 > s)m -
from the functional equation (see Exercise 4.1)

-1
(57) 9(—) = (—i1)!29(1)

T

satisfied by Jacobi’s theta function

) =1+2Y et

n=1

s ©

- - —nn? —

i S/Z[ b { S“—j e ™ "xs/z ldX
2 o

and use this to derive the representation

n's/zr@as) - f:w(x)xs/z-l dx,

where 2y(x) = 3(x)—1.
(b) Use (a) and (57) to obtain the representation

n"‘”I’(%)C(s) = % 1_ 0 + J‘lw(x‘/2~1 + x792=N(x) dx

foro > 1.

{c) Show that the equation in (b) gives the analytic continuation of {(s) beyond the
line ¢ = 1 and that it also implies the functional equation (56).

(a) If 0 > 1 prove that
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Kronecker’s theorem
with applications

7.1 Approximating real numbers by rational
numbers

Every irrational number 0 can be approximated to any desired degree of
accuracy by rational numbers. In fact, if we truncate the decimal expansion
of 0 after n decimal places we obtain a rational number which differs from
0 by less than 10~ ". However, the truncated decimals might have very large
denominators. For example, if

0=mn—3=0141592653 ...

the first five decimal approximations are 0.1, 0.14, 0.141, 0.1415, 0.14159.
Written in the form a/b, where a and b are relatively prime integers, these
rational approximations become

1 7 141 283 14159
10> 50’ 1000° 2000° 100,000

On the other hand, the fraction 1/7 = 0.142857 ... differs from 6 by less than
2/1000 and is nearly as good as 141/1000 for approximating 6, yet its denomi-
nator 7 is very small compared to 1000.

This example suggests the following type of question: Given a real
number 0, is there a rational number h/k which is a good approximation to
0 but whose denominator k is not too large?

This is, of course, a vague question because the terms “good approxima-
tion” and “not too large” are vague. Before we make the question more
precise we formulate it in a slightly different way. If 6 — h/k is small, then
(k@ — h)/k is small. For this to be small without k being large the numerator
kO — h should be small. Therefore, we can ask the following question:
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7.2: Dirichlet’s approximation theorem

Given a real number 6 and given ¢ > 0, are there integers h and k such that
k@ — h| < &?

The following theorem of Dirichlet answers this question in the affirma-
tive. -

7.2 Dirichlet’s approximation theorem
Theorem 7.1. Given any real 0 and any positive integer N, there exist integers

hand k with 0 < k < N such that

1
(1) |k9—h|<N.

ProOF. Let {x} = x — [x] denote the fractional part of x. Consider the
N + 1 real numbers

0, {0}, {20}, ..., {NG}.

All these numbers lie in the half open unit interval 0 < {mf} < 1. Now
divide the unit interval into N equal half-open subintervals of length 1/N.
Then some subinterval must contain at least two of these fractional parts,
say {af} and {b0}, where 0 < a < b < N. Hence we can write

%) 1{bO} — (a8} | < %

But
{b8} — {aB} = bO — [bO] — aB + [ab] = (b — a)8 — ([bO] — [ab]).
Therefore if we let
k=b—a and h = [b0] — [abf]

inequality (2) becomes
|k6 — h| <—]1\7, with0 < k < N.
This proves the theorem. ]
Note. Given ¢ > 0 we can choose N > 1/e and (1) implies |k§ — h| < «.

The next theorem shows that we can choose h and k to be relatively
prime.

Theorem 7.2. Given any real 0 and any positive integer N, there exist relatively
prime integers h and k with O < k < N such that
[k — h| < !
N
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7: Kronecker’s theorem with applications

PROOF. By Theorem 7.1 there is a pair /', k" with 0 < k" < N satisfying
W 1

Let d = (W, k). If d = 1 there is nothing to prove. If d > 1 write h’ = hd,

k' = kd, where (h, k) = 1 and k < k' < N. Then 1/k’ < 1/k and (3) becomes

Al L

k| = Nk' Nk’

from which we find |k6 — h| < 1/N. Ol

)

ig_

Now we restate the result in a slightly weaker form which does not involve
the integer N.

Theorem 7.3. For every real 0 there exist integers h and k with k > 0 and
(h, k) = 1 such that

h 1
‘9 — E' < e
PROOF. In Theorem 7.2 we have 1/(Nk) < 1/k? because k < N. O

Theorem 7.4. If 0 is real, let S(6) denote the set of all ordered pairs of integers
(h, k) with k > 0 and (h, k) = 1 such that

h
0%

Then S(0) has the following properties:

1

(a) S(6) is nonempty.

(b) If 0 is irrational, S(0) is an infinite set.

() When S(0) is infinite it contains pairs (h, k) with k arbitrarily large.
(d) If 0 is rational, S(0) is a finite set.

PROOF. Part (a) is merely a restatement of Theorem 7.3. To prove (b), assume
0 is irrational and assume also that S(0) is finite. We shall obtain a contra-
diction. Let

. h
o= min (0 — —|.
(h, k)€ S(6)

k

Since 0 is irrational, « is positive. Choose any integer N > 1/a, for example,
N =1+ [1/a]. Then 1/N < a. Applying Theorem 7.2 with this N we obtain
a pair of integers h and k with (h, k) = 1 and 0 < k < N such that

l()—ﬁ‘<—1~.

k
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7.2: Dirichlet’s approximation theorem

Now 1/(kN) < 1/k? so the pair (h, k) € S(0). But we also have

1 1 h
— < —<aq, SO 10—E

KN =N <%

contradicting the definition of «. This shows that S(6) cannot be finite if 6 is
irrational.

To prove (c) assume that all pairs (h, k) in S(8) have k < M for some M.
We will show that this leads to a contradiction by showing that the number
of choices for h is also bounded. If (h, k) € S(0) we have

1
6 — -<1
k0 —h| <o <1,

so
[hl = h — kO + k0| < |h — kO] + {kB] < 1 + k8] < 1 + M|6].

Therefore the number of choices for /1 is bounded, contradicting the fact that
S(6) is infinite.

To prove (d), assume 8 is rational, say 8 = a/b, where (a,b) = 1 and b > 0.
Then the pair (a, b) € S(6) because 8 — a/b = 0. Now we assume that S(0)
is an infinite set and obtain a contradiction. If S(6) is infinite then by part (c)
there is a pair (h, k) in S(6) with k > b. For this pair we have

a h 1
0<lp~ E' <@
from which we find 0 < |ak ~ bh| < b/k < 1. Thisis a contradiction because
ak — bh is an integer. O

Theorem 7.4 shows that a real number 0 is irrational if, and only if,
there are infinitely many rational numbers h/k with (h, k) =1 and k > 0
such that

h
k

1
<z
This inequality can be improved. It is easy to show that the numerator 1
can be replaced by } (see Exercise 7.4). Hurwitz replaced 5 by a smaller
constant. He proved that 6 is irrational if, and only if, there exist infinitely
many rational numbers h/k with (h, k) = 1 and k > 0 such that
h 1

0——|<——.

‘ k' J5k?
Moreover, the result is false if 1 /\/5 is replaced by any smaller constant. (See
Exercise 7.5.) We shall not prove Hurwitz’s theorem. Instead, we prove a

theorem of Liouville which shows that the denominator k? cannot be re-
placed by k* or any higher power.

g —
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7: Kronecker’s theorem with applications

7.3 Liouville’s approximation theorem

Theorem 7.5. Let 0 be a real algebraic number of degree n > 2. Then there is a
positive constant C(0), depending only on 8, such that for all integers h and
k with k > 0 we have
C(0)
k-

)

o=

9——'>

Proor. Since 0 is algebraic of degree n, 0 is a zero of some polynomial f(x)
of degree n with integer coefficients, say

S = Yax,

where f(x) is irreducible over the rational field. Since f(x) is irreducible it
has no rational roots so f(h/k) # O for every rational h/k.
Now we use the mean value theorem of differential calculus to write

© 1(1)=1(3)- ro = rof; -o)

where ¢ lies between 6 and h/k. We will deduce (4) from (5) by getting an upper
bound for | f'(£)| and a lower bound for | f(h/k)|. We have

06)- £al) -

where N is a nonzero integer. Therefore

h
()
which is the required lower bound. To get an upper bound for | f'(£)] we let

h
= 9 —_—
i=lo-1

1
2 Tn®
k'l

(6)

If d > 1 then (4) holds with C(f) = 1, so we can assume that d < 1. (We
cannot have d = 1 since 0 is irrational.) Since £ lies between 6 and h/k and
d < 1wehave | — 0| < 1so

[El=10+C—-0]<10|+E—-0]<|8]+ L
Hence

1 f(O] < AB) < 1 + A(0),

where A(0) denote the maximum value of | f'(x)] in the interval | x| < |0] + 1.
Using this upper bound for | f'(¢)| in (5) together with the lower bound in (6)
we obtain (4) with C(6) = 1/(1 + A(6)). |
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7.3: Liouville’s approximation theorem

A real number which is not algebraic is called transcendental. A simple
counting argument shows that transcendental numbers exist. In fact, the
set of all real algebraic numbers is countable, but the set of all real numbers
is uncountable, so the transcendental numbers not only exist but they form
an uncountable set.

It is usually difficult to show that some particular number such as e or 7
is transcendental. Liouville’s theorem can be used to show that irrational
numbers that are sufficiently well approximated by rationals are necessarily
transcendental. Such numbers are called Liouville numbers and are defined
as follows.

Definition. A real number 6 is called a Liouville number if for every integer
r = 1 there exist integers h, and k, with k, > 0 such that

h 1

0<|0——|<—.

(7) < ’ r| < i

r

Theorem 7.6. Every Liouville number is transcendental.

Proor. If a Liouville number 8 were algebraic of degree n it would satisfy
both inequality (7) and

h.,  C(0)
g —
‘ AR
for every r = 1, where C(6) is the constant in Theorem 7.5. Therefore
1
0<%€—)<—k——rr, 0r0<C(9)<F
The last inequality gives a contradiction if r is sufficiently large. O
ExaMPLE. The number
o1
9 - T
2, 107

is a Liouville number and hence is transcendental. In fact, for each » > 1 we
can take k, = 10" and

W |
hr = krmgl TO‘;J
Then we have
h sl 1 1 z 1
_r_ R _
0 < 6 kr Z lom! - 10(r+1)! Z 10m

m=r+1 m=0

109 1109 1

= —— = — ——— < —
10(r+1)! krr 10r! krr
so (7) is satisfied.
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7: Kronecker’s theorem with applications

Note. The same argument shows that Y ©_, a,,10™™ is transcendental if
a, = 0 or 1 and a,, = 1 for infinitely many m.

We turn now to a generalization of Dirichlet’s theorem due to Kronecker.

7.4 Kronecker’s approximation theorem:
the one-dimensional case

Dirichlet’s theorem tells us that for any real 6 and every & > O there exist
integers x and y, not both 0, such that

[0x + y| < e

In other words, the linear form 6x + y can be made arbitrarily close to O by a
suitable choice of integers x and y. If 6 is rational this is trivial because we
can make Ox + y = 0, so the result is significant only if 8 is irrational.
Kronecker proved a much stronger result. He showed that if § is irrational
the linear form Ox + y can be made arbitrarily close to any prescribed real
number a. We prove this result first for « in the unit interval. As in the proof
of Dirichlet’s theorem we make use of the fractional parts {nf} = nf — [n0].

Theorem 7.7. If 0 is a given irrational number the sequence of numbers {nf}
is dense in the unit interval. That is, given any o, 0 < a < 1, and given any
e > 0, there exists a positive integer k such that

[{k8} — a] < e.
Hence, if h = [kO] we have |k6 — h — a| < &.

Note. This shows that the linear form 0x + y can be made arbitrarily
close to a by a suitable choice of integers x and y.

Proor. First we note that {nf} # {m6} if m # n because 0 is irrational.
Also, there is no loss of generality if we assume 0 < 8 < | since nf =
n[0] + n{6} and {n0} = {n{0}}.

Lete > Obegiven and choose any o, 0 < o < 1. By Dirichlet’s approxima-
tion theorem there exist integers h and k such that |k6 — h| < &. Now
either k6 > h or k6 < h. Suppose that k0 > h, so that 0 < {kf} < ¢. (The
argument is similar if k0 < h.) Now consider the following subsequence of
the given sequence {n6}:

{k6}, {2k6}, {3k03, .. ..
We will show that the early terms of this sequence are increasing. We have
k8 = [k0] + {k6}, so mkf = m[k0] + m{k6}.

Hence
{mk0} = m{k6} if, and only if, {kf} < l
m
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7.5: Extension of Kronecker’s theorem to simultaneous approximation

Now choose the largest integer N which satisfies {k6} < 1/N. Then we have

1
N+1<{k0}<N.

Therefore {mk6} = m{k6} form = 1,2,..., N, so the N numbers
{k6}, {2k63, ..., {NkO}

form an increasing equally-spaced chain running from left to right in the
interval (0, 1). The last member of this chain (by the definition of N) satisfies
the inequality

N
N1l < {Nk8} < 1,

or

N7 < (VK6 < 1.

Thus {Nk0} differs from 1 by less than /(N + 1) < {kf} < & Therefore the
first N members of the subsequence {nkf} subdivide the unit interval into
subintervals of length <e. Since « lies in one of these subintervals, the
theorem is proved. O

The next theorem removes the restriction 0 < o < 1.
Theorem 7.8. Given any real o, any irrational 0, and any & > 0, there exist
integers h and k with k > 0 such that
|k — h — a] < e.
PROOE. Write o = [a] + {a}. By Theorem 7.7 there exists k > O such that
[{kf} — {a}| < &. Hence
kO — (k0] — (0 — [o])] < &
or
kO — ([k6] — [o]) — a| < &.
Now take h = [ktf] — [«] to complete the proof. O

7.5 Extension of Kronecker’s theorem to
simultaneous approximation

We turn now to a problem of simultaneous approximation. Given n irrational
numbers 8,, 0., ..., 0,, and n real numbers «;, 5, ..., «,, and given ¢ > 0,
we seek integers hy, h,, ..., h, and k such that

k@, — h; — oyl <& fori=12,...,n
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7: Kronecker's theorem with applications

It turns out that this problem cannot always be solved as stated. For example,
suppose we start with two irrational numbers, say 6, and 26,, and two real
numbers o, and a,, and suppose there exist integers hy, h, and k such that

kO, — hy — o] < ¢
and
[2k0, — h, — ;| < e.
Multiply the first inequality by 2 and subtract from the second to obtain
[2hy — hy + 20, — o] < 3e.

Since ¢, o, and «, are arbitrary and h,, h, are integers, this inequality cannot
in general be satisfied. The difficulty with this example is that 6, and 26, are
linearly dependent and we were able to eliminate 8, from the two inequalities.
Kronecker showed that the problem of simultaneous approximation can

always be solved if 6,, ..., 6, are linearly independent over the integers;
that is, if

Y6, =0 b

i=1
with integer multipliers ¢y, ..., ¢, implies ¢; = --- = ¢, = 0. This restriction

is compensated for, in part, by removing the restriction that the 6, be
irrational. First we prove what appears to be a less general result.

Theorem 7.9 (First form of Kronecker’s theorem). If a4, ..., a, are arbitrary
real numbers, if 0, ..., 0, are linearly independent real numbers, and if
¢ > O is arbitrary, then there exists a real number t and integers hy, ..., h,
such that

[t0; — h; — ;| <e fori=1,2,...,n
Note. The theorem exhibits a real number ¢, whereas we asked for an
integer k. Later we show that it is possible to replace ¢ by an integer k, but
in most applications of the theorem the real ¢ suffices.

The proof of Theorem 7.9 makes use of three lemmas.

Lemma 1. Let {A,} be a sequence of distinct real numbers. For each real t
and arbitrary complex numbers c,, . .., cy define

f@6) =3 c,ée
r=0

Then for each k we have

e )
¢, = lim T f (e "4 dt.
T-w 0
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7.5: Extension of Kronecker’s theorem to simultaneous approximation

PRrOOF. The definition of f(t) gives us
N
t)e—irlk — Z c ei(l,—).k)t_

Hence

T . N T )

f ftye ™ di =Y ¢, | P M dr 4 ¢, T,

0 r=0 0
r#k

from which we find

—f 1) "”’“‘dt—ckﬁ-Zc ¢

2y — Ai)T _ 1

( r “k)T -
r#k
Now let T — o to obtain the lemma. |
Lemma 2. If't is real, let
®) F(t) =1+ ) e¥itbr—a),
r=1
where oy, ..., o, and 6., ..., 8, are arbitrary real numbers. Let

L= sup [F(1)].

—o<t<+oo

Then the following two statements are equivalent:

(a) For every e > O there exists a real t and integers hy, ..., h, such that
[t6, — o, — h,| <€ forr=1,2,...,n
(b) L=n+1.

ProoF. The idea of the proof is fairly simple. Each term of the sum in (8)
has absolute value 1 so |F(f)| < n + 1.1f (a) holds then each number 16, — «,
is nearly an integer hence each exponential in (8) is nearly 1 so | F(¢)| is nearly
n + 1. Conversely, if (b) holds then | F(t)| is nearly n + 1 for some ¢ hence
every term in (8) must be nearly 1 since no term has absolute value greater
than 1. Therefore each number 16, — o, is nearly an integer so (a) holds.
Now we transform this idea into a rigorous proof.

First we show that (a) implies (b). If (a) holds take ¢ = 1/(2nk), where
k> 1, and let t, be the corresponding value of r given by (a). Then
2n(t, 0, — a,) differs from an integer multiple of 27 by less than 1/k so

1
cos 2n(t,.6, — a,) > cos %

Hence

i 1
[F(t)| = 1 + Y cos 2n(t, 0, — o) > 1 + ncos -

r=1
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7: Kronecker’s theorem with applications

and therefore L > |F(t,)| > 1 + ncos(1/k). Lettingk - co wefind L > n + 1.
Since L < n + 1 this proves (b).

Now we assume (a) is false and show that (b) is also false. If (a) is false there
exists an ¢ > 0 such that for all integers h, ..., h, and all real  there is a k,
1 < k < n, such that

€
9) [t0, — oy — hy| = 3
(We can also assume that ¢ < n/4 because if (a) is false for ¢ it is also false for
every smaller &) Let x, = t6, — o, — h,. Then (9) implies |27x,| > ¢ so the
point 1 + e*™** lies on the circle of radius 1 about 1 but outside the shaded
sector shown in Figure 7.1.

1 + elm'xk

Figure 7.1

Now |1 + €| <2501 + ¢*| =2 — 6 for some & > 0. Hence
1 4 ™| < |1 + €| =2~ 4,
$O
n
< |1 + eZm'xkl + Z |e21tix,-|

r=1
r¥k

|F(@0)] = ‘1 + 2 e

r=1

<R-)+m-D=n+1-209.

Since this is true for all t we must have L<n+ 1 -6 < n + 1, contra-
dicting (b). d

Lemma 3. Let g = g(x,, ..., x,) be the polynomial in n variables given by

g=1+x; +x24+ -+ x,,
and write

(10) gp =1 + Zan ..... rnxlr1 o xnrn’
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7.5: Extension of Kronecker’s theorem to sinwultaneous approximation

where p is a positive integer. Then the coefficients a,, , are positive
integers such that

(11 1+ Za,l ..... v = (1 4+ )P,
and the number of terms in (10} is at most (p + 1)".

PrOOF. Since 1 + Y a,,. ,. =gl 1, ..., 1) = (1 + n) this proves (11).
Let 1 + N be the number of terms in (10). We shall prove that
(12) L+ N<(p+1)y

by induction on n. For n = 1 we have

(1 + xl)p = 1 -+ (i’)xl + <g>x12 + -+ le

and the sum on the right has exactly p + 1 terms. Thus (12) holds for n = 1.
Ifn > 1 we have

gpz{(l + x4 +"'+xn—1)+xn}p
=(1 +X1 + +x,,_1)p+<11)>(1 + +xn_1)p_1x"+ "'+x,|p,

so if there are at most (p + 1)"~! terms in each group on the right there will
be at most (p + 1)” terms altogether. This proves (12) by induction. O

PROOF OF KRONECKER’S THEOREM. Choosing F{(¢) as in Lemma 2 we have

F(t) =1+ Y it

r=1
By Lemma 2, to prove Kronecker’s theorem it suffices to prove that

L= sup |F@®)l=n+ 1
—o<t< + o0
The pth power of F(t) is a sum of the type discussed in Lemma 1,

N
(13) f)=Frt)y =1+ Y c,e'™,

r=1
with 44 = 1 and 4, replaced by 2n(r 0, + --- + r,0,) if r > 1. The numbers
4, are distinct because the 0; are linearly independent over the integers. The
coefficients c, in (13) are the integers a,, ., of Lemma 3 multiplied by a
factor of absolute value 1. Hence (11) implies

N
(14) t+ Ylel=1+Ya, ., =(+n"
r=1
By Lemma 1 we have
1 [T ;
(15) ¢, = lim — f FP(t)e™ "**r dt.
T—wo T 0
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7: Kronecker’s theorem with applications

Now |F(t)| < L so |FP(t)| < L? for all ¢, hence

1 (7 ;
= f FP(t)e " dt

1 T
s—fL"dtzL".
T Jo T

0

Hence (15) implies |c,| < L for each r, and (14) gives us
(1 +nf <N+ DLP <(p+ 1)'L?

by Lemma 3. Therefore
n+1

<(p+ 1)y”

from which we find

n+1 n
< -1 + 1).
log< . )_p oglp + 1

Now let p — oo. The last inequality becomes log[(n + 1)/L] <0, so L >
n+1 But L<n+1 hence L=n+ 1, and this proves Kronecker’s
theorem. O

The next version of Kronecker’s theorem replaces the real number ¢ by an
integer k.

Theorem 7.10 (Second form of Kronecker’s theorem). If ay, ..., «, are
arbitrary real numbers, if 0, ...,0,, 1 are linearly independent real numbers,
and if ¢ > 0 is given, then there exists an integer k and integers my, .., m,
such that

kO, — m; — ;| <e fori=1,2,...,n
Proor. We apply the first form of Kronecker’s theorem to the system

oy, ..., a,, 0 and {6,}, {#.}, ..., {6,}, 1, with &/2 instead of ¢, where &¢ < 1.
Then there exists a real ¢t and integers hy, ..., h,,, such that

1t{0:} — h; — o] <% fori=1,2....n

and

[

16 — e
(16) |t h,,+1|<2.

The last inequality shows that ¢ is nearly equal to the integer h,, ,. Take
k = h, . Then (16) implies

[k{0:} — by — o] = [t{0.} — hy — a; + (k — ){6,}]
<1t{0} —h,—a;| + |k —t] <e.
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Hence, writing {6;} = 6, — [0,], we obtain
k@, — [6,]) — h;, — ;| < ¢
or, what is the same thing,
[kO; — (h; + k[6,]) — ;| < &
Putting m; = h; + k[6,] we obtain the theorem. ]

7.6 Applications to the Riemann zeta
function

With the help of Kronecker’s theorem we can determine the least upper
bound and greatest lower bound of |{(¢ + it)| on any fixed line ¢ = constant,
o> 1

Definition. For fixed o, we define

m(o) = inf|{(c + it)] and M(o) = sup|l{c + it}],
t t
where the infimum and supremum are taken over all real t.

Theorem 7.11. For each fixed 0 > 1 we have

M(o) = {(0) and m(o) = C(LU)

(o)

PROOF. For ¢ > 1 we have |{(o + it)| < {(6) so M(c) = {(0), the supremum
being attained on the real axis. To obtain the result for m(g) we estimate the
reciprocal | 1/{(s)|. For ¢ > 1 we have

L]y e L _ U0
Ts)‘_l;lll p Isl;l(1+p) o)

Hence |{(s)| > {(20)/{(a) so m(0) > {(26)/(0).
Now we wish to prove the reverse inequality m(o) < {(20)/{(c). The idea
is to show that the inequality

(17)

t—p<1+p7°
used in (17) is very nearly an equality for certain values of t. Now
1 . p—s — 1 _ p—a-il — 1 - p—ae—itlogp = 1 + p—aei(—tlogp~n)’

so we need to show that —t log p — = is nearly an even multiple of 2= for
certain values of t. For this we invoke Kronecker’s theorem. Of course,
there are infinitely many terms in the Euler product for 1/{(s) and we cannot
expect to make —¢ log p — 7 nearly an even muitiple of 2x for all primes p.
But we will be able to do this for enough primes to obtain the desired
inequality. ‘
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7: Kronecker’s theorem with applications

Choose any ¢, 0 < ¢ < m/2, and choose any integer n > 1. We apply
Kronecker’s theorem to the numbers

-1
0,=—Ilogp,, k=1,2,...,n,
2n
where p,, ..., p, are the first n primes. The 0; are linearly independent
because
Y a;logp; =0 implies log(p," -~ p,") =0
i=1
$0 p,™ - p,° = 1 hence each g; = 0. We also take o) = o, = -+ = aot,, = 5.

Then by Theorem 7.9 there is a real ¢ and integers hy, ..., h, such that
[t0, — o, — hy| < &/(2m), which means

(18) |—tlogp, — n — 2nh| <e.
For this t we have
1 —p S =1— p, e itlosr = | 4 p, ~eil~tlorpk=m)
=1+ p, ?cos(—tlog p, — 7 + ip,” ? sin(—t log p, — ™),
SO
[1 = p. %l =1+ p.~?cos(—t log p, — 7).

But (18) implies
cos| —tlog p, — | = cos| —t log p, — m — 2=mh,| > cos &,
since the cosine function decreases in the interval [0, 7/2]. Hence
|1 —p" %l > 1+ p,%cose.

Now consider any partial product of the Euler product for 1/{(s). For
a given ¢ and n there exists a real ¢ (depending on € and on n) such that

n

(19) [TA=p™d=T111=p %> [] (1 + p " cose).
k=1 k=1 k=1
Now
S Frp—
1K) 4=t ¢

and hence, by the Cauchy condition for convergent products, there is an
ng such that n > n, implies

[co]

[T N-ps-1|<e
k=n+1
or

I -e< H [1—p 7l <1+e

k=n+1
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Using (19) with n > ny we have
ag = I =p T = pt> 0 -0 [T+ o cose)
k=1 k=n+1 k=1
This holds for n > n, and a certain t depending on n and on ¢. Hence
1 1 t
m(o) — inf, (L + 0] $P|lo + i) = H (L+ P77 cos o)

Letting n — oo we find

1 = Ly
m I—ED (1 + p, “cos g).
We will show in a moment that the last product converges uniformly for

0 < & < n/2. Therefore we can let ¢ — 0 and pass to the limit term by term
to obtain

1 o]

> L0+ =20
This gives the desired inequality m(o) < {(20)/{(0).

To prove the uniform convergence of the product, we use the fact that
a product [[ (1 + f,(z)) converges uniformly on a set if, and only if, the
series ). f,(z) converges uniformly on this set. Therefore we consider the
series ) p,~° cos ¢. But this is dominated by Y p, 7% < Y n~% = {(9) so the
convergence is uniform in the interval 0 < ¢ < 7/2, and the proofis complete.

a

7.7 Applications to periodic functions

We say that n complex numbers w;, @,, ..., w, are linearly independent
over the integers if no linear combination
alwl + azwz + + a,.a),l

with integers coefficients is 0 except when a; = a, = -+ = a, = 0. Other-
wise the numbers w,, .., w, are called linearly dependent over the integers.

Elliptic functions are meromorphic functions with two linearly indepen-
dent periods. In this section we use Kronecker’s theorem to show that there
are no meromorphic functions with three linearly independent periods
except for constant functions.

Theorem 7.12. Let w, and w, be periods of f such that the ratio w,/w, is
real and irrational. Then f has arbitrarily small nonzero periods. That is,
given ¢ > 0 there is a period w such that 0 < |w| < &.

Proor. We apply Dirichlet’s approximation theorem. Let 0 = w,/w;.
Since @ is irrational, given any ¢ > 0O there exist integers h and k with k > 0
such that

£
1k — h| < ——.
Jw,]

157



7: Kronecker’s theorem with applications

Multiplying by |w, | we find
lkw, — how,| < &

But o = kw, — hw, is a period of f with |w| < e. Also, w # 0 since w, /w,
is irrational. U

Theorem 7.13. If f has three periods w,, w,, w3 which are linearly independent
over the integers, then f has arbitrarily small nonzero periods.

PrOOF. Suppose first that w, /w, is real. If w,/w, is rational then w; and
m, are linearly dependent over the integers, hence w,, ®,, w5 are also depen-
dent, contradicting the hypothesis. If w, /o, is irrational, then f has arbitrarily
small nonzero periods by Theorem 7.12.

Now suppose w, /w, is not real. Geometrically, this means that w, and
o, are not collinear with the origin. Hence w; can be expressed as a linear
combination of w, and w, with real coeflicients, say

w3 = ow; + Pw,, where « and f are real.
Now we consider three cases:

(a) Both « and S rational.
(b) One of a, f§ rational, the other irrational.
(c) Both o and f irrational.

Case (a) implies w,, w, , w; are dependent over the integers, contradicting
the hypothesis.

For case (b), assume o is rational, say « = a/b, and B is irrational. Then
we have

w; = gwl + Bw,,  so  bwy — aw, = P(bw,).

This gives us two periods bw; — aw; and bw, with irrational ratio, hence f
has arbitrarily small periods. The same argument works, of course, if § is
rational and o is irrational.

Now consider case (c), both « and g irrational. Here we consider two
subcases.

(c1) Assume o and f are linearly dependent over the integers. Then
there exist integers a and b, not both zero, such that ax + bf = 0. By sym-
metry, we can assume that b # 0. Then 8 = —ao/b and

a
Wy = 0w, — — 0w,, S0 bw; = a(bw, — aw,).
3 1 b 2 3 1 2

Again we have two periods bw; and bw,; — aw, with irrational ratio, so f
has arbitrarily small nonzero periods.

(c2) Assume « and f are linearly independent over the integers. Then by
Kronecker’s theorem, given any ¢ > 0 there exist integers h,, h, and k
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such that

& &

tkae — hy| < —————, |k —h)| < —M—m8——,
! 1+ o] + |w,] g 1 + o | + |o,]
Multiply these inequalities by |w, |, |, |, respectively, to get

el
1+ o+ o,

&lw,|

kow, — hyo,| < S L B
Kooy = hyeos | T F Jo| + o]

lkBw, — hyw,] <

Since kw; = kaw,; + kfw, we find, by the triangle inequality,

elw, | + |w,])
kwy — 1 -—ho < ——"= <&
[k 1,004 203 1+ [@,] + |0, €
Thus kw; — hyw,; — h,®, is a nonzero period with modulus <e. U]

Note. In Chapter 1 we showed that a function with arbitrarily small
nonzero periods is constant on every open connected subset in which it is
analytic. Therefore, by Theorem 7.13, the only meromorphic functions
with three independent periods are constant functions.

Further applications of Kronecker’s theorem are given in the next chapter.

Exercises for Chapter 7

1. Prove the following extension of Dirichlet’s approximation theorem.
Given n real numbers 6, ..., 8, and given an integer N > 1, there exist integers
hy, ..., h,and k, with 1 < k < N", such that

1
|kO; — bl < — fori=12...,n
N

2. (a) Given n real numbers 8,,...,6,, prove that there exist integers h,,...,h, and
k > O such that

1
Kitim

hi

’Gi_f fori=1,2,...,n

(b) If at least one of the 6, is irrational, prove that there is an infinite set of n-tuples
(hy/k, ..., h,/k) satisfying the inequalities in (a).

3. This exercise gives another extension of Dirichlet’s approximation theorem. Given
m linear forms,

Li=ayx; + -+ apx, — Vi» i=12...,m,

in n + m variables x,...,x,, ¥{,..., ¥m, prove that for each integer N > 1 there
exists integers x,,..., X, V1, - -» ¥, Such that

1
IL,~|<N fori=12,....m
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7: Kronecker’s theorem with applications

and 0 < max{|x;|, ..., |x,J} < N™" Hint: Let M;=a;x, + -+ ajX, and
examine the points ({M},...,{M,,}) in the unit cube in m-space, where {M;} =
M; ~ [M]

4. Let 0 be irrational, 0 < @ < 1. Then 0 lies between two consecutive Farey fractions,
say
4 < b < E,
b d
(a) Prove that either 0 — a/b < 1/(2b*) orc/d — 6 < 1/(2d%).
(b) Deduce that there exist infinitely many fractions h/k with (h,k) =1 and k >0
such that
h 1
0— - —.
| ‘ S

5. Leta=(1+ ﬁ)/Z. This exercise shows that the inequality

h
k

C

has only a finite number of solutions in integers h and k with k > 0if0 < ¢ < 1/\/5.

(a) Let f=o - \/3 so that « and B are roots of the equation x> — x — 1 = 0.
Show that for any integers h and k with k > 0 we have

1 h h
P “‘zHﬁ‘;’
and deduce that
1 h h
— < o — - — = 5.
2= | k(“ kl+‘[>

(b) If(20) has infinitely many solutions h/k with k > 0,say h,/k, hy/k- . ..., show that
k, — oc as n — oc and use part (a) to prove that ¢ > l/\ﬁ.

6. In Lemma 2, define

L = lim sup |F(r)] insteadof L = sup |F(1)].
1=+« ~w<t< o
Prove that the equation L = n + 1 is equivalent to the following statement: For
everye > Oand every T > Othereexistsarealt > T and integers h,, ..., h, such that
|t6; — h; — o;| < eforeveryi=1,2,...,n

7. Prove that the multiplier ¢ in the first form of Kronecker’s theorem can be taken
positive and arbitrarily large. That is, under the hypotheses of Theorem 7.9,if T > 0
is given there exists a real t > T satisfying the n inequalities |t0; — h; — ;] < &.
Show also that the integer multiplier k in the second form of Kronecker’s theorem
can be taken positive and arbitrarily large.
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General Dirichlet series and
Bohr’s equivalence theorem

8.1 Introduction

This chapter treats a class of series, called general Dirichlet series, which
includes both power series and ordinary Dirichlet series as special cases.
Most of the chapter is devoted to a method developed by Harald Bohr [6]
in 1919 for studying the set of values taken by Dirichlet series in a half-plane.
Bohr introduced an equivalence relation among Dirichlet series and showed
that equivalent Dirichlet series take the same set of values in certain half-
planes. The theory uses Kronecker’s approximation theorem discussed in
the previous chapter. At the end of the chapter applications are given to the
Riemann zeta function and to Dirichlet L-functions.

8.2 The half-plane of convergence of general
Dirichlet series

Definition. Let {i(n)} be a strictly increasing sequence of real numbers such
that A(n) - + o0 as n — o0. A series of the form

QO
Y a(n)e= 4™
n=1

is called a general Dirichlet series. The numbers A(n) are called the
exponents of the series, and the numbers a(n) are called its coefficients.

As usual, we write s = ¢ + it where o and t are real.

Note. When A(n) = log n then ¢ ~**™ = n~* and we obtain the ordinary
Dirichlet series Z a(n)n~°. When A(n) = n the series becomes a power series

in x, where x = ™%
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8: General Dirichlet series and Bohr’s equivalence theorem

A general Dirichlet series is analogous to the Laplace transform of a
function, [§ f(t)e™* dt. As a matter of fact, both Dirichlet series and Laplace
transforms are special cases of the Laplace-Stieltjes transform, [Fe™* dat).
When aft) has a continuous derivative «'(t) = f(t) this gives the Laplace
transform of f. When « is a step function with jump a(n) at the point A(n)
the integral becomes the general Dirichlet series Y, a(n)e™**™. Much of
what we do here can be extended to Laplace—Stieltjes transforms, but we
shall not deal with these generalizations.

As is the case with ordinary Dirichlet series, each general Dirichlet
series has associated with it an abscissa g, of convergence and an abscissa
o, of absolute convergence. We could argue as in Chapter 11 of [4] to
prove the existence of ¢, and o,. Instead we give a different method of proof
which also expresses g, and ¢, in terms of the exponents A(n) and the
coefficients a(n).

Theorem 8.1. Assume that the series Y, a(n)e **™ converges for some s with
positive real part, say for s = sy with 6, > 0. Let

L = lim sup —~——10g|%‘ (:1)1 a(k)l.

Then L < o0y. Moreover, the series converges in the half-plane ¢ > L, and
the convergence is uniform on every compact subset of the half-plane
o> L.

PRrOOF. First we prove that L < a,. Let A(n) denote the partial sums of the
coeflicients,

n

Aln) =Y alk).

k=1

Note that A(n) > O for all sufficiently large n. If we prove that for every
& > 0 we have

1) log|A(n)| < (oo + €)An)

for all sufficiently large n, then it follows that

log|A
oglAw| _

An)

for thesen,so L < o, + ¢ hence L < o,. Now relation (1) is equivalent to the
inequality

@ | Aln)| < etoo® 25,

To prove (2) we introduce the partial sums
S(n) = Y a(k)e™ 4@,
k=1
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8.2: The half-plane of convergence of general Dirichlet series

The S(n) are bounded since the series ) /2 ; a(k)e " *°*® converges. Suppose
that |S(n)| < M for all n. To express A(n) in terms of the S(n) we use partial
summation:

An) =

alk) = z a(k)e_sol(k)eso/l(k)
k =

1 k=1

i ] =

= 2 {Stk) — S(k — 1)}e™*®,
k=1
provided S(0) = 0. Thus

An) =

k

sol(k) Z S sol(k+ 1)

||M=

1

— Z S(k) {esol(k) _ esol(k-i»l)} + S(n)esoi.(n).

k=1
Hence
n—1
IA(H)] < M Z |esgl(k) _ esol(k+l)| + Meaol(n)'
k=1
But
n—1 n—1 Ak+1) n—1 Ak + 1)
Z |esol(k) _ esol(k+ 1)| - Z So f e du < |Sol Z &% dy
k=1 k=1 Ak) k=1 JAik)
A(n)
— ISO| g% d lSOl (eaoi.(n) aoﬂ.(l)) < ‘_sll eﬂol(n).
M1) Oo 0o
Thus

|A(n)| < M<1 + l(i—()l)e"““").

0

Now Mn) = o0 as n — o0 SO

ethm 5 M(l + ISOI)

Go

if n is sufficiently large. Hence for these n we have | A(n)| < e“°* 94" which
proves (2) and hence (1). This proves that L < a,.

Now we prove that the series converges for all s with ¢ > L. Consider
any section of the series Y a(n)e **™, say ¥%_,. We shall use the Cauchy
convergence criterion to show that this section can be made small when
a and b are sufficiently large. We estimate the size of such a section by using
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8: General Dirichlet series and Bohr’s equivalence theorem

partial summation to compare it to the partial sums A(n) = Yoo ak). We
have

b

b
Y alwe " = ¥ {A(n) — A(n ~ D}e™*"

n=a

b
ZA(n){e—sl(n) _ e—s).(n+1)} + A(b)e—s).(b+1)

— Ala — e 4@,

This relation holds for any choice of s, a and b. Now suppose s is any complex
number with ¢ > L. Let ¢ = $(¢ — L). Then ¢ > 0 and ¢ = L + 2¢. By the
definition of L, for this ¢ there is an integer N(¢) such that for all n > N(g)
we have

log| A(n)|
An)

We can also assume that (n) > O for n > N(¢). Hence

|A(n)| < L*94™  for alln > Ne).

<L +e

If we choose b > a > N(g) we get the estimate

b

b
Z a(n)e—sl(n) < z e(L+sM(n)|e—s1(n) _ e—sl(n+ 1)|
n=a n=a
+ eLHOMb+ 1) =aib+1) | (L+2)AMa),—0i(a)
The last two terms are e ¢*®*1 4 o=@ gince [ + ¢ — 6 = —e&. Now we

estimate the sum by writing

An+1)
< |s| e ™ du
A(n)

le"“”’ _ e—sl(rﬂ-l)‘ —

An+1)
-S f e " du

A(n)

SO

b b A(n+1)
Z e(L+s)).(n)!e—sA(n) - e—sl(n+ l)l < |S[ z e(L+e)).(n) f e—ou du
n=a n=a AMn)
b An+ 1) b A(n+1)
<Is| Y e~ et dy = |s| Y e ™ du
n=a v i(n) n=a v i(n)
Ab+1) |S|
— ‘Sl et dy = (e—e).(a) _ e—el(b+ 1)).
Aa) £

Thus we have
b

Y. a(n)e =A™

n=a

< li{;}(e—s).(a) _ e—c).(b+1)) + e—el(b+1) + e*el(a).
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8.2: The half-plane of convergence of general Dirichlet series

Each term on the right tends to 0 as @ — oo, so the Cauchy criterion shows
that the series converges for all s with ¢ > L. This completes the proof.
Note also that this proves uniform convergence on any compact subset of
the half-plane ¢ > L. O
Theorem 8.2. Assume the series Z a(n)e ™ s*™ converges for some s with o > 0
but diverges for all s with ¢ < 0. Then the number

L = lim sup _______logl%((;)l al)|

is the abscissa of convergence of the series. In other words, the series
converges for all s with ¢ > L and diverges for all s with ¢ < L.

ProOF. We know from Theorem 8.1 that the series converges for all s with
¢ > L and that L cannot be negative. Let S be the set of all ¢ > 0 such that
the series converges for some s with real part ¢. The set S is nonempty and
bounded below. Let o, be the greatest lower bound of S. Then ¢, > 0. Each
¢ in § satisfies L < o hence L < o,. If we had o, > L there would be a ¢ in
the interval L < ¢ < o,. For this ¢ we would also have convergence for all
s with real part ¢ (by Theorem 8.1) contradicting the definition of ¢,. Hence
o. = L. But the definition of o, shows that the series diverges for all s with
0 < ¢ < L. By hypothesis it also diverges for all s with ¢ < 0. Hence it
diverges for all s with ¢ < L. This completes the proof. O

As a corollary we have:

Theorem 8.3. Assume the series Z a(n)e ™" converges absolutely for some s
with ¢ > 0 but diverges for all s with o < 0. Then the number

0, = lim sup 28 k=1 140} Z;nl) L)

is the abscissa of absolute convergence of the series.

PROOF. Let A be the abscissa of convergence of the series Y. |a(n)e™**®.

Then, by Theorem 8.2,

A = lim sup 28 2= 10| Z‘i(:n‘) ELL

We wish to prove that ) |a(n)|e”°*™ converges if ¢ > A and diverges if
o < A. Clearly if ¢ > A then the point s = ¢ is within the hali-plane of
convergence of Y |a(n)|e”**" so Y |a(n)| e~ "*™ converges.

Now suppose Y. |a(n)|e~*™ converges for some o < A. Then the series
Y la(n)|e™**" converges absolutely for each s with real part ¢ so, in particular
it converges for all these s, contradlctmg the fact that A is the abscissa of
convergence of Y |a(n)|e”**". O
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8: General Dirichlet series and Bohr’s equivalence theorem

8.3 Bases for the sequence of exponents of a
Dirichlet series

The rest of this chapter is devoted to a detailed study of Harald Bohr’s
theory with applications to the Riemann zeta-function and Dirichlet’s
L-series. The first notion we need is that of a basis for the sequence of
exponents of a Dirichlet series.

Definition. Let A = {/(n)} be an infinite sequence of distinct real numbers. By
a basis of the set A we shall mean a finite or countably infinite sequence
B = {f(n)} of real numbers satisfying the following three conditions:

(a) The sequence B is linearly independent over the rationals. That is,
forallm > 1, if

m

> reBlk) =0
k=1
with rational multipliers r;, then each r, = 0.
(b) Each A(n) is expressible as a finite linear combination of terms of B,
say
a(n)

An) = Y. ry Bk
k=1

where the r, , are rational and the number of summands g(n) depends
on n. (By condition (a), if A(n) # O this representation is unique.)

(c) Each f(n) is expressible as a finite linear combination of terms of A,
say

m(n)

Bln) = .t 1 AK)
k=1
where the t, , are rational and m(n) depends on n.
ExAMPLE 1. Let A be the set of all rational numbers. Then B = {1} is a basis.
ExampLE 2. Let A = {log n}. Then B = {log p,} is a basis, where p, is the

nth prime. It is easy to verify properties (a), (b) and (c). For independence
we note that

q
Yrlogp, =0 implies p,---pfi=1 so ri=-:-=r,=0.
k=1

To express each A(n) in terms of the basis elements we factor n and compute
log n as a linear combination of the logarithms of its prime factors. Property
(c) is trivially satisfied since B is a subsequence of A.
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8.4: Bohr matrices

Theorem 8.4, Every sequence A has a subsequence which is a basis for A.

ProoF. Construct a basis as follows. For the first basis element take A(n,),
the first nonzero A (either A(1) or A(2)), and call this §(1). Now delete the
remaining elements of A that are rational multiples of f(1). If this exhausts
all of A take B = {f(1)}. If not, let A(n,) denote the first remaining A, take
B(2) = An,), and strike out the remaining elements of A which are rational
linear combinations of (1) and f(2). Continue in this fashion to obtain a
sequence B = (B(1), B(2), ...) = (Any), A(ny), ...). It is easy to verify that B
is a basis for A. Property (a) holds by construction, since each f# was chosen
to be independent of the earlier elements. To verify (b) we note that every 4 is
either an element of B or a rational linear combination of a finite number of
elements of B. Finally, (c) holds trivially since B is a subsequence of A. []

Note. Every sequence A has infinitely many bases.

8.4 Bohr matrices

It is convenient to express these concepts in matrix notation. We display the
sequences A and B as column matrices, using an infinite column matrix for A
and a finite or infinite column matrix for B, according as B is a finite or
infinite sequence.

We also consider finite or infinite square matrices R = (r;;) with rational
entries. If R is infinite we require that all but a finite number of entries in each
row be zero. Such rational square matrices will be called Bohr matrices.

We define matrix addition and multiplication of two infinite Bohr
matrices as for finite matrices. Note that a sum or product of two Bohr
matrices is another Bohr matrix. Also, the product RB of a Bohr matrix R
with an infinite column matrix B is another infinite column matrix I
Moreover, we have the associative property (R;R,)B = R,(R,B) if R,
and R, are Bohr matrices and B is an infinite column matrix.

In matrix notation, the definition of basis takes the following form. B is
called a basis for A if it satisfies the following three conditions:

(a) If RB = 0 for some Bohr matrix R, then R = 0.
(b) There exists a Bohr matrix R such that A = RB.
(c) There exists a Bohr matrix T such that B = TA.

The relation between two bases B and T of the same sequence A can be
expressed as follows:

Theorem 8.5. If A has two bases B and T, then there exists a Bohr matrix
A such that T' = AB. :

ProOF. There exist Bohr matrices R and T such that I’ = TA and A = RB.
Hence I’ = T(RB) = (TR)B = AB where A = TR. ad

167



8: General Dirichlet series and Bohr’s equivalence theorem

Theorem 8.6. Let B and T be two bases for A, and write I’ = AB, A = RgB,
A = Ry T, where A, Rg, Ry are Bohr matrices. Then Ry = Rr A.

Note. If we write A/B for Ry, A/T" for Ry and T'/B for A4, this last equation
states that

AT
r B
Proor. We have A = RgB and A = RyI' = RrAB. Hence RyB = RrAB,

so (Rg — RrA)B = 0. Since Rz — R A is a Bohr matrix and B is a basis, we
must have Rg — Ry 4 = 0. O

A
B

8.5 The Bohr function associated with a
Dirichlet series

To every Dirichlet series f(s) = Y%, a(n)e > we associate a function
F(z,, z5, ...) of countably many complex variables z,, z,, ... as follows.
Let Z denote the column matrix with entries z,, z,, .... Let B = {fi(n)}
be a basis for the sequence A = {A(n)} of exponents, and write A = RB,
where R is a Bohr matrix.

Definition. The Bohr function F(Z) = F(z,, z,, ...) associated with f(s),
relative to the basis B, is the series

F(Z) = i a(n)e_(RZ)”,

n=1

where (RZ), denotes the nth entry of the column matrix RZ.

In other words, if

q(n)

Mo = Y. 7, BK)

then
©
F(zy,25,...) = Y a(n)e™ "mimt*rnamza),
n=1

Note that the formal substitution z,, = sf,, gives Z = sB, RZ = sRB =
sA, so (RZ), = sA(n) and hence

e8]

F(sB) = Y a(n)e™*™ = f(s).

n=1

In other words, the Dirichlet series f(s) arises from F(Z) by a special choice
of the variables z,, z,, .... Therefore, if the Dirichlet series f(s) converges
for s = ¢ + it the associated Bohr series F(Z) also converges when Z = sB.
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8.5: The Bohr function associated with a Dirichlet series

Moreover, if the Dirichlet series f(s) converges absolutely for s = ¢ + it
then the Bohr series F(Z) converges absolutely for any choice of z,, z,, ...
with Re z, = af(n) for all n. To see this we note that if Re z, = of(n) then
Re Z = 6B so

o o) e
2 la(me™ @] =} [a(n)le™ " =} |a(n)|e”"*".
n=1

n=1 n=1

To emphasize the dependence of the Bohr function on the basis B we
sometimes write A = RgB and

Fy(Z) =Y a(n)e™ Redr,
n=1

Bohr functions Fy and Fy corresponding to different bases are related by
the following theorem.

Theorem 8.7. Let B and I" be two bases for A and write T = AB for some
Bohr matrix A. Then

Fp(Z) = F{AZ).

Proor. By Theorem 8.6 we have
A = RBB == Rrr, Where RB = Rr‘A
Hence

FyZ) = ila(n)e—“‘ﬂz"- = Zl a(nexp{ —(RrAZ),} = FH{AZ). O

n=

Definition. Assume the Dirichlet series f(s) = ) o2, a(n)e”**" converges
absolutely for some s = ¢ + it. We define U ((o; B) to be the set of values
taken on by the associated Bohr function, relative to the basis B, when
Re Z = oB. Thus,

Ufo;B) = {F(Z):Re Z = ¢B}.
The next theorem shows that this set is independent of the basis B.

Theorem 8.8. If B and I are two bases for A then U (o, B) = U a; ).

ProoF. Choose any value Fp(Z) in U (o; B), so that Re Z = ¢B. By Theorem
8.7 we have Fg(Z) = F(AZ), where I = AB. But

ReAZ = ARe Z = AoB = 64AB = oI’

so Fg(Z) € U ((o;T). This proves U ((c; B) = U ((¢;T),and a similar argument
gives U (o;T) € U (o; B). O
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8: General Dirichlet series and Bohr’s equivalence theorem

Note. Since U (o; B) is independent of the basis B we designate the set
U /(o; B) simply by U 4(0).

8.6 The set of values taken by a Dirichlet
series f(s) on a line 6 = o

This section relates the set U (g,) with the set of values taken by the Dirichlet
series f(s) on the line ¢ = g.
Definition. If the Dirichlet series f(s) = Y ;% , a(n)e**" converges absolutely

for o = o, we let

Vioo) = {f(oo +it): —00 <t < +00}
denote the set of values taken by f(s) on the line ¢ = g,.
Since f(s) can be obtained from its Bohr function F(Z) by putting Z = ¢B,

it follows that Vj{(a,) = U {(a,). Now we prove an inclusion relation in the
other direction. ~

Theorem 8.9. Assume 6, > ¢,, where a6, is the abscissa of absolute convergence
of a Dirichlet series f(s). Then the closure of V/(a,) contains U ((a,). That
is, we have

Vi(oo) € Ufay) < Vi(o,), and hence U (ao) = V(o).

Proor. The closure V(g,) is the set of adherent points of V{(a,). We are
to prove that every point u in U (o,) is an adherent point of V/{(a,). In
other words, given u in U ;(d,) and given & > 0 we will prove that there exists
a v in V/(o,) such that |u — v| < &. Since v = f(o, + it) for some ¢, we are
to prove that there exists a real ¢ such that

| floo +it) —ul <e.
Since u € U {(o,) we have u = F(z,, z,, ...) where z, = 0, f(n) + iy,. Hence
Z = o0yB + iY, RZ = 64RB + iRY = g4, A + iRY,
SO
(RZ), = 0oAn) + i(RY), = 0gA(n) + in,,

say. Therefore
a0
u=> a(n)e 7Mme i
n=1

On the other hand, we have

0

f(o'o + it) = Z a(n)e—ﬂol(n)e—itl(n),

n=1
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8.6: The set of values taken by a Dirichlet series f(s) ona line o0 = o,

hence

o0

flog +it) — u =) a(n)e™ 704 (e= 1A — g=ikn)

n=1

The idea of the proof from here on is as follows: First we split the sum into
two parts, Y n_y + 32 n.1. We choose N so the second part ) 2%y, is
small, say its absolute value is <3e. This is possible by absolute convergence.
Then we show that the first part can be made small by choosing ¢ properly.
The idea is to choose t to make every exponential e~ 4™ very close to e~ #~
simultaneously for every n = 1, 2, ..., N. Then each factor ¢ "4 — ¢~ ikn
will be small, and since there are only N terms, the whole sum will be small.
Now we discuss the details. For the given ¢, choose N so that

€
< =.

©
Z a(n)e—agi.(n)(e—ir}.(n) _ e—iu") 2

n=N+1

Then we have

N
Z a(n)e-—og/l(n)(e—id(n) mn)

n=1

[ f(oo + it) —u} < +—

2

This holds for any choice of t. We wish to choose t to make the first sum
<Le. Since |€"*™| = 1 we can rewrite the sum in question as follows:

N
Z a(n)e—ag).(n)(e—ir}.(n) _ e—iu")

n=1

N
Z u).(n)a(n —-aol(n)(l _ ez(Mf 1 — un))

n=1

z

< Z |a(n)le“"ol("’lei('u")”‘") _ 1|_
1

n=

Let M =1 + Y7_, la(n)|e”°°*™. For the given & there is a 6 > 0 such
that

. £ .
(3) e — 1] < g ifIx] < 6.

Suppose we could choose a real ¢ and integers k;, ... ., ky such that

4) tA(n) — u, = 2nk, + x,

where |x,| < éforn =1,2,..., N. Then for this t we would have
QA = n) — G2kt ixn — oiXn

By (3), this would give us
€

QA=) 1| <
| | <5
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8: General Dirichlet series and Bohr’s equivalence theorem

and hence
N ) c N e
";1|a(n)|e~doﬂ-(")!et(12(n)—un) —-1]< EA_/I ngll a(n)leAaoMn) < 5
Thus, the proof will be complete if we can find ¢t and integers k,, ..., ky to

satisfy (4). If the A(n) were linearly independent over the integers we could
apply Kronecker’s theorem to A(1), ... A(N) and obtain (4). However the
An) are not necessarily independent so instead we apply Kronecker’s
theorem to the following system:

0,,0,,...,00, gy 0y eney Og,
where

o B0
" 2nD’ " 2D’
The f(n) are the elements of the basis B used to define F(Z), and the y, are
the imaginary parts of the numbers z, which determine u. The integers Q and
D are determined as follows. We express A in terms of B by writing

’1(") = rn, lﬂ(l) + -+ rn,q(n)ﬁ(q(n))-
Then Q is the largest of the integers g(1),. . ., g(N), and D is the least common
multiple of the denominators of the rational numbers r; ; that arise from the
A(n) appearing in the sum. There are at most g(1) + - -- + g(N) such numbers
r; ;- The numbers 6, are linearly independent over the integers because B
is a basis.

By Kronecker’s theorem a real ¢ and integers hy, ..., hg exist such that
10, — ap — hy| < ——,
|16, — o4~ Iy < 5~
where
N qn)
A = Z Z 'I‘",j| .
n=1 j=1

For this t we have |2nDt0, — 2nDa, — 2nDh,| < 6/A, or
o
|tB(k) — yi — 2nDhy | < —.

Therefore tf(k) — y, = 2aDh, + §,, where |6,| < /4. Now we can write

q(n) q(n)

tAn) =, =ty 1 BG) = D ra Y
j=1 Jj=1

q(n) g(n)
=Y 1o ftBG) — v) = ¥ 1y (27Dh; + ;)
Jj=1 j=1
a(n) a(n)
=21y hiDr, ;+ Y ;1
j=1 =1
= 2nk, + x,
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8.7: Equivalence of general Dirichlet series

where k, is an integer and |x,| < (3/4) Y%, |r, ;| < é. But this means we
have found a real r and integers ky, ..., ky to satisfy (4), so the proof is

complete. [

8.7 Equivalence of general Dirichlet series

Consider two general Dirichlet series with the same sequence of exponents
A, say

e sl

Y ame "  and Z b(n)e ~s*"
n=1

n=1

Let B = {f(n)} be a basis for A and write A = RB, where R is a Bohr matrix.

Definition. We say the two series are equivalent, relative to the basis B, and
we write

oz o0
Y aln)e MM ~ 3" bn)e ™ MM
n=1

n=1
if there exists a finite or infinite sequence of real numbers Y = {y,} such
that
b(n) = a(n)e™

where X = {x,} = RY.

In other words, if we write

a(n)

M) =Y ro i Plk),
k=1

equivalence means that for some sequence {y,} we have

b(n) = a(n) eXP<i qf:) "n.k)’k)-

k=1

Theorem 8.10. Two equivalent Dirichlet series have the same abscissa of
absolute convergence. Moreover, the relation ~ just defined is independent
of the basis B.

Proor. Equivalence implies |b(n)| = |a(n)| so the series have the same
abscissa of absolute convergence.

Now let B and I' be two bases for A, and assume that two series are equiv-
alent with respect to B. We will show that they are also equivalent with
respect to T.

Write A = RgB. Then there is a sequence Y = {y,} such that b(n) =
a(n)e™™", where X = {x,} = RzY. Now write A = RpI". If we show that for
some sequence V = {v,} we have X = RV then the two series will be
equivalent relative to I'. The sequence

V =AY
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8: General Dirichlet series and Bohr’s equivalence theorem

has this property, where A is the Bohr matrix such that I' = AB. In fact,
we have RV = RrAY = RyY = X, since RrA = Rg. This completes the
proof. a

Theorem 8.11. The relation ~ defined in the foregoing definition is an equiv-
alence relation. That is, it is reflective, symmetric, and transitive.

PRrOOF. Every series is equivalent to itself since we may take each y, = 0.
The corresponding x, will then be zero.

If b(n) = a(n)e™ then a(n) = b(n)e™ . Since X = RgY we have —X =
Ry(—Y) so the relation is symmetric.

To prove transitivity we may use the same basis throughout and assume
that b(n) = a(n)e™", where X = RpY for some Y, and that a(n) = c(n)e™,
where U = R,V for some V. Then b(n) = c(n)e"*"*" where

X +U=RgY + RV =RyY + V).
This completes the proof. 0

8.8 Equivalence of ordinary Dirichlet series

Theorem 8.12. Two ordinary Dirichlet series

o

> alw) and 2

s
n=1 N n

are equivalent if, and only if, there exists a completely multiplicative function
fsuch that

(a) b(n) = a(n)f(n) for alln > 1, and
(b) | f(p)| = | whenever a(n) # 0 and p is a prime divisor of n.

Proor. For ordinary Dirichlet series the sequence of exponents A = {A(n)}
is {log n} and for a basis we may use the sequence B = {log p,}, where p,
denotes the nth prime. In fact, if we use the prime-power decomposition

®) n=[]pS

where each exponent g, , > 0, we heve

]0g n= Z an,k log pk’
k=1

so the integer powers may be used as entries in the Bohr matrix Ry for which
A = RgB. In the sum and product only a finite number of the a, , are
nonzero.

We note that, because of the fundamental theorem of arithmetic, the
numbers a, , defined by (5) have the property

(6) Qn k = Ak + A k-
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8.8: Equivalence of ordinary Dirichlet series

Now let A(s) = Y a(m)n™%, B(s) = Y b(nn~°. Suppose that A(s) ~ B(s).
Then there exists a real sequence { Vi) such that

(7) b(n) = a(n exp{ Z a, kyk}

where the integers a, , are determined by equation (5). Define a function f
by the equation

f(n) = exp{i Z an,kyk}'
k=1

Property (6) implies that f(mn) = f(m) f(n) for all m and n, so f is completely
multiplicative. Equation (7) states that b(n) = a(n) f(n), and the definition of
[ shows that | f(n)| = 1 for all n, so conditions (a) and (b) of the theorem are
satisfied.

Now we prove the converse. Assume there exists a completely multi-
plicative function f satisfying conditions (a) and (b). We must show that
there is a real sequence {y,} satisfying (7) for all n. First we consider those n
for which a(n) = 0. Property (a) implies b(n) = 0, so equation (7) holds for
such n since both sides are zero no matter how we choose the real numbers
yi- We shall now construct the sequence {y,} so that equation (7) also holds
for those n for which a(n) # 0.

Assume, then, that n is such that a(n) # 0. We use the prime-power
decomposition (5) and the completely multiplicative property of f to write

(®) fln) = k[[l gln, k),
where

S k) — {f(pk)"""‘ if pym

1 otherwise.

Condition (b) implies that | f(p,)] = 1 for each prime divisor p, of n. Therefore
for such primes we may write

f (o) = expliyi),

where y, = argf(p,). The real numbers y, have been defined for those k such
that the prime p, divides some n with a(n) # 0. For the remaining k (if any)
we define y, = 0. Thus, y, is well-defined for every integer k > 1 and we
have

g(n, k) = explia,, x yi)

for every k > 1. Equation (8) now becomes

fln) = eXp{iZ an.kyk}-

k=1
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8: General Dirichlet series and Bohr’s equivalence theorem

This, together with property (a), shows that (7) holds for those n for which
a(n) # 0. Thus, (7) holds for all n so A(s) ~ B(s). This completes the proof of
the theorem. O

8.9 Equality of the sets U(a,) and U,(o,) for
equivalent Dirichlet series

Theorem8.13. Let f(s) and g(s) be equivalent general Dirichlet series, each of
which converges absolutely for ¢ = o,. Then

Uf(Uo) = Ug(Uo)-

ProoF. Let B = {fi(n)} be a basis for the sequence A of exponents. If
f(s) =D aln)e™**" and g(s) = ) b(n)e **" then there is a real sequence
{y} such that

q(n)
b(n) = a(n) exp{—i Y r,,,kyk}.

k=1
The Bohr series of f and g are given by

ac q(n)
F(zy,25,..) = Za(n exp{ Zr,,kzk}

n=1

and

o qn)
Glzy,z5,...) = ) b(n) exp{—— Y r,,,,‘zk}.
n=1 k=1

Expressing the b(n) in terms of the a(n) we find

o« q(m
Glzy,25,...) =) a(n) exp{—— Y roiz + iyk)} = F(z; + iy, 2; + iys,...).
n=1 k=1

Since the real part of z, + iy, is the real part of z,, both series take the same
set of values on the lines x, = g, f(n). Hence U (o) = U 4(00), as asserted.

d

8.10 The set of values taken by a Dirichlet
series in a neighborhood of the
line ¢ = o,

Definition. Let f(s) be a general Dirichlet series which converges absolutely
for 6 > ¢,. Given 6 > 0 and ¢, such that ¢, — 6 > g,, we define the
set Wi(a,; 0) as follows:

Wi00;0) = {f(s):0p —0 <o <0g+0, —0 <1< +00}.
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8.10: The set of values taken by a Dirichlet series in a neighborhood of the line ¢ = ¢,

That is, Wi(a,; ) is the set of values taken by f(s) in the strip
0o — 6 <0 <0ay+ 0.
Also, if 6, > o, we define

Wf(ffo) = ﬂ Wioos d).
0<é<og—oa,
Thus, Wi(a,) is the intersection of the sets of values taken by f(s) in all
such strips.

It is clear that V{(g,) = W(o,) since every value taken by f(s) on the line
g = 0, is also taken in every strip containing this line. Of course, it may
happen that V/(a,) = W/(o,) or that V(a,) # Wi(o).

In general, we have:

Theorem 8.14. V(a,) & Wa,) < V((a,), hence Vi(o,) = Wio,).

PRrROOF. We remark that this proof is entirely function-theoretic and has
nothing to do with the concept of a basis.

We are to prove that every point in Wy(o,) is in the closure of V(o).
We will show that if we W(g,) then w is an adherent point of V/{g,). In
fact, we will prove that

w = lim f(o, + it,)
for some real sequence {t,}.

Since w e W/{(o,) this means that we Wio,;4) for all 6 > 0 such that
0 < 6y — 0,. In particular, we Wya,; 1/n) for all n > n, for some n,.
This means that for n > n, we have w = f(s,) where s, = g, + it, and
6o — (1/n) < 6, < 0y + (1/n). Using the numbers ¢, so determined, consider
the difference

w — f(GO + ltn) = f(o-n + itn) - f(o-o + ltn)

where n > n,. We shall express this difference in terms of the derivative
/f'(s). Now just as in the case of ordinary Dirichlet series, the function f(s)
defined by

1) = Y alnje==

is analytic within its half-plane of absolute convergence. In fact in the proof
of Theorem 8.1 we showed that the series converges uniformly on every
compact subset of the half-plane ¢ > o,. Therefore the sum is analytic in
the half-plane ¢ > o.. Moreover, we can calculate the derivative f'(s) by
term-by-term differentiation, so

fis) = — ia(n)i(n)e'“("’.
n=1
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8: General Dirichlet series and Bohr’s equivalence theorem

Hence if ¢ > o, then s is the half-plane of absolute convergence and we get
1f6) < Y lam)l|An)le™ 2™ = 3 |a(n)|e™ 74| A(n)|e™ (o004
n=1 n=1

where 0, < 6, < 64. Now |A(n)|e” 7™ — 0 as n — oo so, in particular,
this factor is less than 1 for large enough n. Hence

’f,(S)' < Z la(n)le_ao'l(n)'K

n=1

for some K, which shows that | f'(s)| is uniformly bounded in the region
6 > 0,.Let gy = g, — 1/ny and let M be an upper bound for | f'(s)| in the
region ¢ > d,". Then

lw— flao +it)| = | flo, + it,) = flog + it))| =

f "fo + it,) do

M
SM'O',,—O'()IS_
h

if n > ny. Hence lim,., f(o, + it,) = w, so w is an adherent point of
Vi(a,). This completes the proof. O

8.11 Bohr’s equivalence theorem

We have just shown that Wi(o,) S V;(0,). The next theorem shows that this
inclusion is actually equality.

Theorem 8.15. We have

Wf(o'o) = Vf(o'o)-

The proof of Theorem 8.15 is lengthy and appears in Section 8.12. In
this section we show how Theorem 8.15 leads to Bohr’s equivalence theorem.

Theorem 8.16 (Bohr’s equivalence theorem). Let f and g be equivalent
Dirichlet series with abscissa of absolute convergence o,. Then in any

open half plane o > ¢ = 0, the functions f(s) and g(s) take the same set
of values.

PROOF. Let S (a,) be the set of values taken by f(s) in the half-plane ¢ > a,.
Then

Sf(o'l) = U Vf("o)-
Now we prove that
Syo,) = U Wioo)-

g0>0a1
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8.12: Proof of Theorem 8.15

First of all, we have S (o,) U,,onl Wi(o,) because V(o) = Wi(o,). To
get inclusion in the other direction, assume we U,OM! W(oo). Then
we Wia,) for some o, > o;. Hence we Wy(o,; 6) for all 6 satisfying
0 <6 <agy— g, In other words, f(s) takes the value w in every strip
6p—0<0<0y+06if0 < <o, — g, In particular, when § = g, — g,
we have 65 — 6 = g, so f(s) = w for some s with ¢ > o,. Hence we S (a,).
This proves that U,,Pm Wioo) € S4(,),50 the two sets are equal. Therefore,
we also have
Sqa) = U Wiao).

so> a1

To prove Bohr’s theorem it suffices to prove that
Wf(o'o) = VVg(Uo)

whenever f and g are equivalent. But f ~ g implies
Uf(o'o) = Ug(00)~

Hence U (o) = U (0,). But, in view of Theorem 8.9, this means
Vf(ao) = Vg(ao)-

But Theorem 8.15 states that Vi (s,) = W(g,) and V,(a,) = W,(g,) so Bohr’s
equivalence theorem is a consequence of Theorem 8.15. (]

8.12 Proof of Theorem 8.15

To complete the proof of Bohr’s equivalence theorem we need to prove
Theorem 8.15, which means we must establish the inclusion relation.

9) Vi(oo) = Wilay).

The proof of (9) makes use of two important theorems of analysis which we
state as lemmas:

Lemma 1 (Helly selection principle). Let {0,, .} be a double sequence of real
numbers which is bounded, say

[Om, .l < A forall m,n.

Then there exists a subsequence of integers n; < n, < --- with n, -
as r— oo, and a sequence {0, of real numbers such that for every
m=12,..., we have

-

lim 6, ,, = 0,.

r—oc

Note. The important point is that one subsequence {n,} works for every m.
To show the true import of the Lemma, let us see what we can deduce in a
trivial fashion. Display the double sequence as an infinite matrix. Consider
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8: General Dirichlet series and Bohr’s equivalence theorem

the first row: {6, ,}% ;. This is a bounded infinite sequence so it has an
accumulation point, say 6,. Hence there is a subsequence {n,} such that
lim, . 0, , = 0,. Similarly, for the second row there is an accumulation
point 0, and a subsequence n,’ such that lim,_, , 8, ,- = 0,, and so on. The
subsequence {n,’} needed for 6, may be quite different from that needed for
0,. Helly’s principle says that one subsequence works simultaneously for all
rOws.

PROOF OF LEMMA 1. Let 6, be an accumulation point of the first row and
suppose the subsequence {n,")} has the property that

llm gl,nr(” = 01.

r— o
In the second row, consider only those entries 6, , . This is a bounded
sequence which has a convergent subsequence with limit 6,, say. Thus,

lim 02,"r(2) = 92

r— o
where {n,®} is a subsequence of {n,'"’}. Repeat the process indefinitely. At
the mth step we have a subsequence {n,™} which is a subsequence of all

earlier subsequences and a number 0, such that
lim 6 m) = Om'

r—>ow

Now define a sequence {n,} by the diagonal process:

m, ny

n, = n".

That is, n, is the first integer used in the first row, n, the second integer used
in the second row, etc. Look at the mth row and consider the sequence
{0, ). We assert that

lim 6, , =0,.

m,nr
r—w

Since n, = n,", after the mth term in this row we have r > m so every integer
n," occurs in the subsequence n,"™, so from this point on {n,} is a sub-
sequence of {n,"} hence 0,, , — 0,,, as asserted. 0

Lemma 2 (Rouché’s theorem). Given two functions f(z) and ¢(z) analytic
inside and on a closed circular contour C. Assume

lg(z)] < | f(2)] onC.
Then f(z) and f(z) + g(z) have the same number of zeros inside C.

PROOF OF LEMMA 2. Let m = inf{| f(z)| — |g(z)|:z€ C}. Then m > 0
because C is compact and the difference | f(z)| — |g(z)| is a continuous
function on C. Hence for all real ¢ in the interval 0 < ¢ < 1 we have

1 f(2) + tg(2)| = | f(2)] = 1tg(2)| = | f(2)] — |g(z)| = m > O.
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8.12: Proof of Theorem 8.15

If0 <t < 1 define a number qo(t) by the equation

f (z + tg'(2)
2m ) + tg(2)

This number ¢(r) is an integer, the number of zeros minus the number of
poles of the function f(z) + tg(z) inside C. But there are no poles, so ¢(t) is
the number of zeros of f(z) + tg(z) inside C. But ¢(t) is a continuous function
of t on [0, 1]. Since it is an integer, it is constant: ¢(0) = ¢(1). But ¢(0} is the
number of zeros of f(z), and ¢(1) is the number of zeros of f(z) + g(z). This
proves Rouché’s theorem. a

PROOF OF RELATION (9). V (g,) & W((a,). Assume v € V (a,). Then either
ve V{o,)or vis an accumulation point of Vi(a,). If v € V() then v € W(a,)
since V,(g,) & Wj(o,). Hence we can assume that v is an accumulation point
of Vi(6,), and v ¢ V/(a,). This means there is a sequence {t,} of real numbers
such that

v= lim f(a, + it,).

We wish to prove that v € W(a,). This means we must show that ve W(a,; J)
for every d satisfying 0 < 8 < g, — 0,. In other words, if 0 < 6 < 0y — 0,
we must find an s = ¢ + it in the strip

0o —0 <0 <05+ 96
such that f(s) = v. Therefore we are to exhibit an s in this strip such that

f(s) = lim f(oq + it,)

Let us examine the numbers f(g, + it,,) for the given sequence {t,}. We
have

@
f O.O + lt Z —o‘ol(n) _e—xtm).(n).

The products t,,A(n) form a double sequence. There exists a double sequence
of real numbers 6, ,, such that

Op.m = tmAln) + 27k, ,, With0 < 6, , < 27,
where k,, , is an integer. If we replace t,,4(n) by 6, ,, in the series we don't

alter the terms, hence

o0

f(og + ity) = Y aln)e 704 ¥nm,

n=1

By Lemma 1, there is a subsequence of integers {n,} and a sequence of real
numbers {6,,} such that

(10) lim 6, ,. = O,n.

r— o
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8: General Dirichlet series and Bohr’s equivalence theorem

Use this sequence {6,,} to form a new Dirichlet series
g(s) = 3 bn)e™**"
n=1

where
b(n) = a(n)e .

This has the same abscissa of absolute convergence as f(s). Now consider
the following sequence of functions:

Hs) = fls + it,,)
where {n,} is the subsequence for which (10) holds. We assert that

(@) f(s) = g(s) uniformly in the strip 6, — 6 < 0 < g, + 4, hence, in
particular, in the circular disk |s — 4| < 9.

(b) glao) = v.

(c) Thereisad,0 < d < 6, and an R such that fg(s) — v and g(s) — v have
the same number of zeros in the open disk |s — g,| < d.

If we prove (b) and (c) then fg(s) — v has at least one zero in the disk because
gloo) = v. But fr(s) = f(s + it,;) and s + it is in the strip if s is in the disk,
so this proves the theorem. Now we prove (a), (b) and (c).

Proof of (a). We have

o

[ f{s) — g(s)] = Z a(n)e MM (= Bnnr _ o= ifn)

n=1

IA
18

-

'a(n)'e—a).(n)le—ie,,,nr _ e—iﬂ,.l

X

la(n)le—(ao—é)l(n) l e Fnnr _ e i0n|

=
-

IA
1=z

o

+2 Y Ja(n)|e o~ dim,
n=N+1

Now if ¢ > 0 is given there is a number N = N(e) such that
2 Z Ia(n)le“""“’”"" < E,
n=N+1 2

because the series Y ., |a(n)|e™ ">~ 9*™ converges. In the finite sum YV_,
we use the inequality

) ) 1.
|e~xb_e-la|='?fe_"d[ glb—al
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8.12: Proof of Theorem 8.15

to write
—i0nn, _ 5, i0n
Ie ! e ! |S|0n,nr—9nl'

But if M(§)=1+ Y2, Ia ]e‘("‘)_‘m"", there is an integer ro = ryl€)
such that for everyn = 1,2,..., N we have

&
0., —80 — ifr >r,.
'n,nr "|<2M(5) lfr—"o
Therefore, if ¥ > r, we have
| 145) = gs)| < ilanne"“o R
g —2M(5 2527378

Since r, depends only on ¢ and on & this shows that f,(s) — g(s) uniformly
in the strip 6, — 8 < ¢ < 64 + 0 as ¥ — oo. This proves (a).

Proof of (b). We use (a) to write

gloo) = lim filoo) = lim f(ao + it,,) = v.
Proof of (c). Assume first that g is not constant. Since g(6,) = v thereis a
positive d < J such that g(s) # v on the circle

= {s:|s — 04| =d}.

Let M be the minimum value of |g(s) — v|on C. Then M > 0. Now choose R
solarge that | fz(s) — g(s})] < M on C. This s possible by uniform convergence
of the sequence { fx(s)}, since the circle C lies within the strip |6 — g4| < 4.
Then on C we have

| fr(s) = g(s)| < M < [gls) — vl

If G(s) = fr(s) — g(s) and F(s) = g(s) — v we have |G(s)| < |F(s)| on C with
F(s), G(s) analytic inside C. Therefore, by Rouché’s theorem the functions

F(s) + G(s) and F(s) have the same number of zeros inside C. But F(s) + G(s)
= fr(s) — v, 50 fr(s) — v has the same number of zeros inside C as g(s) — v.
Now g(g,) = v so g(s) — v has at least one zero inside C. Hence fx(s) — v
has at least one zero inside C. As noted earlier, this completes the proof if g
is not constant.

To complete the proof we must consider the possibility that g(s) is constant
in the half-plane of absolute convergence. Then g'(s) = O for all s in this half-
plane, which means

[eo]

g(s) = — Y. Mnb(n)e 4™ = 0.

n=1

But as in the case of ordinary Dirichlet series, if a general Dirichlet series
has the value O for a sequence of values of s with real parts tending to 4
then all the coefficients must be zero. (See [4], Theorem 11.3.) Hence
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8: General Dirichlet series and Bohr’s equivalence theorem

An)b(n) = 0 for all n > 1. Therefore b(n) = 0 with at most one exception,
say b(n,), in which case A(n;) = 0. Therefore, since a(n) = b(n)e % we must
have a(n) = 0 with at most one exception, say a(n,), and then l(n,) = 0.
Hence the series for f(s) consists of only one term, f(s) = a(n,)e” s = a(n,),
so f(s) itself is constant. But in this case the theorem holds trivially. [

8.13 Examples of equivalent Dirichlet series.
Applications of Bohr’s theorem to
L-series
Theorem 8.17. Let k > 1 be a given integer, and let y be any Dirichlet character

modulo k. Let Y., a(nyn™° be any Dirichlet series whose coefficients
have the following property:

a(n) # 0 implies (n, k) = 1.

Then
i a(n) i a(n
n=1 h n=1
PROOF. Since these are ordinary Dirichlet series we may use Theorem 8.12
to establish the equivalence. In this case we take f(n) = y(n). Then f is

completely multiplicative and condition (a) is satisfied. Now we show that
condition (b) is satisfied. We need to show that | f(p)| = 1 if a(n) # 0 and
pln. But a(n) # 0 implies (n, k) = 1. Since p|n we must have (p, k) = 1 so
| f()] = lxp)| = 1 since y is a character. Therefore the two series are
equivalent. O

Theorem 8.18. For a given modulus k, let xy, ..., x,u) denote the Dirichlet
characters modulo k. Then in any half-plane of the form ¢ > o, > 1 the
set of values taken by the Dirichlet L-series L(s, x;) is independent of i.

PRrOOF. Applying the previous theorem with a(n) = x,(n) we have

- X1{n) o Xi(n)x(n)
2 ~ 2

ne1 nS nS

n=1

for every character y modulo k. Here we use the fact that y,(n) # 0 implies
(n, k) = 1. Thus each L-series L(s, x) is equivalent to the particular L-series
L(s, x,). Therefore, by Bohr’s theorem, L(s, x) takes the same set of values as
L(s, x,) in any open half-plane within the half-plane of absolute convergence.

d
8.14 Applications of Bohr’s theorem to the
Riemann zeta function

Our applications to the Riemann zeta function require the following identity
involving Liouville’s function A(n) which is defined by the relations

Al =1, Mp,* - p,) = (1) FHe,
184



8.14: Applications of Bohr’s theorem to the Riemann zeta function

The function A(n) is completely multiplicative and we have (see [4], p. 231)

= Mn) _ {29)

= ifo > 1.
n=1 M £(s)

Theorem 8.19. Let A(n) denote Liouville’s function and let

An)

nsx N

C(x) =
Then if ¢ > 1 we have

dx.

s

(s _ f“ Clx)
G- D)y

PrOOF. By Abel’s identity (Theorem 4.2 in [4]) we have
An) 1 C * C
(n) (x) 4 f (1)

s s ts+1

dt.

Keep ¢ > 0 and let x — oo. Then

ol 5o e

n<x

so we find

An) j“‘ C@)
=5
1

ln5+1 ts—+1d[, fore > 0.
n=

Replacing s by s — 1 we get
i /l(n

= —lf —dt foro > 1.

Since the series on the left has sum ((2s)/{(s) the proof is complete. ]

Now we prove a remarkable theorem discovered by P. Turdan [50] in
1948 which gives a surprising connection between the Riemann hypothesis
and the partial sums of the Riemann zeta function in the half-plane ¢ > 1.
Theorem 8.20. Let
o1

-

If there exists an ny such that {,(s) # 0 for all n = ng and all ¢ > 1, then
s)# 0 foro > %

Lls) =

PROOF. First we note that the two Dirichlet series Y-, k™*and Y r_; A(k)k~*
are equivalent because A is completely multiplicative and has absolute
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value 1. Therefore, by Bohr's theorem, (,(s) # O for ¢ > 1 implies that
Yoy Ak)k~* # 0 for ¢ > 1. But for s real we have

im Y 2K

s
s~ +ow k=1 k

= A1) =1

Hence for all real s > 1 we must have Y 4_; A(k)k™* > 0. Letting s —» 1+
we find

Y 11(-15()20 ifn > n,.
k=1
In other words, the function
A
(11) =3

is nonnegative for x > n,. Now we use the identity of Theorem 8.19,

4(2s) © C(x)
27 o — dx,
(s — D) f s 4

valid for ¢ > 1. Note that the denominator (s — 1){(s) is nonzero on the
real axis s > 3, and {(2s) is finite for real s > 1. Therefore, by the integral
analog of Landau’s theorem (see Theorem 11.13 in [4]) the function on the
left is analytic everywhere in the half-plane ¢ > . This implies that {(s) # 0
for ¢ > }, and the proof is complete. O

1

Turan’s theorem assumes that the sum C(x) in (11) is nonnegative for all
X = ng. In 1958, Haselgrove [14] proved, by an ingenious use of machine
computation, that C(x) is negative for infinitely many values of x. Therefore,
Theorem 8.20 cannot be used to prove the Riemann hypothesis. Subse-
quently, Turdn [51] sharpened his theorem by replacing the hypothesis
C(x) = 0 by a weaker inequality that cannot be disproved by machine
computation,

Theorem 8.21 (Turan). Let C(x) = Znsx Mn)/n. If there exist constants
o > 0, ¢ > 0 and ng such that

a

log* x
NE

for all x = nq, then the Riemann hypothesis is true.

(12) Clx) > —c

ProoF. If € > 0 is given there exists an n, > n, such that ¢ log* x < x* for
all x > n, so (12) implies

Clx) > —x" 12,
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Exercises for Chapter 8

Let A(x) = C(x) + x*~ Y2, where ¢ is fixed and 0 < & < {. Then A(x) > 0
for all x > n,. Also, for ¢ > | we have

f A(x)dx=f C(x)dx+f x¢TST U2 gx
X x )

s s
1 1

{(2s) 1
R CM I T
say. Arguing as in the proof of Theorem 8.20, we find that the function f(s)
is analytic on the real line s > § + & By Landau’s theorem it follows that
f(s) is analytic in the half-plane ¢ > § + ¢ This implies that {(s) # 0 for
o > % + ¢ hence {(s) # O for ¢ > 4 since ¢ can be arbitrarily small. a

Note. Since each function {,(s) is a Dirichlet series which does not vanish
identically there exists a half-plane ¢ > 1 + ¢, in which {,(s) never vanishes.
(See [4], Theorem 11.4.) The exact value of o, is not yet known. In his 1948
paper [50] Turan proved that, for all sufficiently large n, {,(s) # O in the
half-plane ¢ > 1 + 2(log log n)/log n, hence o, < 2(log log n)/log n for large
n. In the other direction, H. L. Montgomery has shown that there exists a
constant ¢ > O such that for all sufficiently large n, {,(s) has a zero in the half-
plane o > 1 + c(log log n)/log n, hence o, > c(log log n)/log n for large n.

The number 1 + o, is also equal to the abscissa of convergence of the
Dirichlet series for the reciprocal 1/{,(s). If ¢ > 1 + o, we can write

1 o Unlk)
~ Tk

Gls)

where (k) is the Dirichlet inverse of the function u,(k) given by

1 ifk <n,
unlk) = {0 ifk > n.

b

The usual Mobius function p(k) is the limiting case of u,(k) as n — oo.

Exercises for Chapter 8

1. If ¥ a(n)e™**™ has abscissa of convergence g, < 0, prove that

1 <, alk
o, = lim sup ——Og|%‘('; alb)l
n— o n

2. Let g, and ¢, denote the abscissae of convergence and absolute convergence of a
Dirichlet series. Prove that

1
0 <o0,— 0. <limsup 2( %
n-—aoc n

This gives 0 < ¢, — 0. < 1 for ordinary Dirichlet series.
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[

. Iflog n/A(n) —» 0 as n — oo prove that

. log|a(n)|
6, = g, = lim sup .

What does this imply about the radius of convergence of a power series?

. Let {i(n)} be a sequence of complex numbers. Let 4 denote the set of all points

s = o + it for which the series ) a(n}e **™ converges absolutely. Prove that A
is convex.

Exercises 5, 6, and 7 refer to the series f(s) = Y % a(n)e **™ with exponents
and coefficients given as follows

n 1 2 3 4 5

Mn) | —1—log2 | —1| —log2 | ~1+1log2|0

Y
—_—
S
=
oo
W=
A=
Qoj—
Mol

An) |1 —log2|log2|1|log3|1+log2

b
Py
=
=
Q0|
I
B
[STE
|
Pl
|
- IC

Also, a(n + 10) = ~227"and A(n + 10) = (n + 1) log 3forn > 1.

5.
6.

Prove that ¢, = —(log 2)/log 3.

Show that the Bohr function corresponding to the basis B = (1, log 2, log 3) is

. L ) 1 — 2e™ %

F(zy, 25, z3) = cosliz,) — i sin(izz)(1 + cos(iz,)) + 5
— e 3

if x > —log 2, zy, z, arbitrary.

. Determine the set Uy(0). Hint: The points —1, 1 + i, 1 — i are significant.

. Assume the Dirichlet series f(s) = Y .=, a(n)e ™ **™ converges absolutely for ¢ > a,.

If ¢ > g, prove that

an) if A = An)

1 T
hm _J. A + i) [ d =
7)) & e Idi = A,

T-+x

. Assume the series f(s) = Y ., a(n)e™*™ converges absolutely for ¢ > o, > 0. Let

v(n) = '™,

(a) Prove that the series g(s) = ) %, a(n)e™**™ converges absolutely if ¢ > 0.
(b) If 6 > 0, prove that

rese = [ g
0
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Exercises for Chapter 8

This extends the classic formula for the Riemann zeta function,

o [s~1

di.

T(s)(s) = f

0o € —1

Hint: First show that I'(s)e =™ = [& e=ttps=1 gy,
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Supplement to Chapter 3

Alternate proof of Dedekind’s functional equation

This supplement gives an alternate proof of Dedekind’s functional equation
as stated in Theorem 3.4:

b
Theorem. [fA = (‘Cl ) € I'and ¢ > 0, then for every T in H we have

d
+b
) n(: " d) = s —i(er + d)}"*n(m),
where
fa+d
) e(A) = exp{m(—ﬁz— — s(d, c))}

and s(d, ¢) is a Dedekind sum.

The alternate proof was suggested by Basil Gordon and is based on the fact
that the modular group I' has the two generators It = 7 + | and S7 =
—Vr. In Theorem 2.1 we showed that every A in I' can be expressed in
the form

A =T"ST"S---ST™,

where the n, are integers. But T = ST 'ST™'S, so every element of I also
has the form ST™S -+ ST"* for some choice of integers m,, ..., m,. The
idea of the proof is to show that if the functional equation (1) holds for a

b
particular transformation A = (‘Cl d) in I’ with ¢ > 0 and with &(A) as
specified in (2), then it also holds for the products AT" and AS for every
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Supplement to Chapter 3

integer m. (See Lemma 3 below.) In Theorem 3.1 we proved that it holds
for S. Therefore, because every element of I' has the form ST™S - -+ ST™,
it follows that the functional equation (1) holds for every A with ¢ > 0.

The argument is divided into three lemmas that show that the general
functional equation is a consequence of the special case in Theorem 3.1
together with three basic properties of Dedekind sums derived in Sections
3.7 and 3.8. The first two lemmas relate £(A) with e(AT™) and &(AS), where
T and S are the generators of the modular group.

b
Lemma 1. If A = (i d) € I and ¢ > 0, then for every integer m we
have

S(ATm) —_ eﬂim”ZB(A).

a b\l m a am+ b
PROOF. We have AT = c = , SO

d\0 1 ¢ cm+d
fa+cem+d
e(AT") = expymil——=—— — s{em + d, o) | ;.
12¢
But s(cm + d, ¢) = s(d, ¢) by Theorem 3.5(a), and hence, we obtain
Lemma 1. |

b
Lemma 2. [fA = ((Cl a') € I and ¢ > 0, then we have

e ™ e(A) ifd>0,
erri/48(A) {fd< 0

w3 Y- )

If d > 0, we represent the transformation AS by the matrix

AS—b -a
“\d —c¢)

but if d < 0, then —d > 0 and we use the representation AS =

(259

For d > 0, we have

3) £(AS) = exp{wi(b1; dc — s(—c, d))}

= exp{*n-i(l—};—dE + s(c, d))}

e(AS) = {

PrROOF. We have
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Supplement to Chapter 3

because s(—c, d) = —s(c, d) by Theorem 3.5(a). The reciprocity law for
Dedekind sums implies

kS d 1 1

124 T 12c "3 T2ca

s(c,d) + s(d, ¢) =

We replace the numerator 1 in the last fraction by ad — bc and rearrange
terms to obtain

b—c a+d 1
2 Ted =T oy

Using this in (3), we find £(AS) = e ™&(A).

0 ootain
d c

If d < 0, we use the representation AS = (

) £(AS) = exp{m'( __bl; - - s(c, —d))}.

In this case, —d > 0 and we use the reciprocity law in the form

c d 1 ad - bc
S =)+ s(=d.O) = T35~ 152 T3 Tiacd

Rearrange terms and use s(—d, ¢) = —s(d, ¢) to obtain
-b+c a+d 1
—12d s(c, —d) = W —s(d, ¢) + Z

Using this in (4), we find that £(AS) = e™*e(A). This completes the proof
of Lemma 2. ]

Lemma 3. If Dedekind’s functional equation

(5) NAT) = eA{ —i(cr + d)} (1),

b
is satisfied for some A = (Z a') in ' with ¢ > 0 and &(A) given by (2),

then it is also satisfied for AT" and for AS. That is, (5) implies

©6) NAT"7) = e(AT"){ —i(ct + d + mo)}"*n(7),
and

7 N(AST) = e(AS){ —i(dT — )} (1) ifd>0,
whereas |

(8) N(AST) = e(AS —i(—dr + oO)}'"n(r) ifd<0.
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Supplement to Chapter 3

PROOF. Replace 7 by T"7 in (5) to obtain

NAT™1) = e(A{ —i(cT™r + d)}"n(T™7)
= g(A{ —i(ct + mc + d)}'%e™™ (7).

Using Lemma 2 we obtain (6).
Now replace 7 by S7 in (5) to get

N(AST) = e(A{—i(cST + d)}'"*n(ST).
Using Theorem 3.1 we can write this as
) N(AST) = e(A —i(cST + )} {~ it} (7).
If d > 0, we write
dr — c

ST+d=-=+d= ;
T T

hence,
~idr —c¢) __.,
—_— €
—ir
and therefore, {—i(cSt + d)}'? {—it}'* = e ™ —i(dr — ¢)}'”. Using this
in (9) together with Lemma 3, we obtain (7).
if d < 0, we write

—icST +d) =

’

c —dr +c¢
cStr+d=—-—+d=—""
T -7
so that in this case we have
—i(—dr + o)
—i(cST + d) = ———€"",

—iT
and therefore, {—i(cSt + d)}'* {—ir}'? = e™{—i(—dr + ¢)}"?. Using
this in (9) together with Lemma 3, we obtain (8). O
Remark on the root of unity &(A)

Dedekind’s functional equation (1), with an unspecified 24th root of unity
£(A), follows immediately by extracting 24th roots in the functional equation
for A(t). Much of the effort in this theory is directed at showing that the
root of unity &(A) has the form given in (2). It is of interest to note that a
simple argument due to Dedekind gives the following theorem:

b
Theorem. If (1) holds whenever A = (? d

e(A) = exp{ﬂi(al;d - fd, c))}

for some rational number fld, c) depending only on d and c.

)EFandc#O,then
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PROOF. Let

ar + b Y _at+b
cr+d TS+ d

T =

be two transformations in I" having the same denominator ¢ + d. Then
ad — bc =1 and ad — bc = 1,
so both pairs a, b and a’, b’ are solutions of the linear Diophantine equation
xd — yc = 1.
Consequently, there is an integer n such that
a = a + nc, b = b + nd.
Hence,

@+ nc)yr+(Mb+nd) ar+b>b

= At + n.
ct+d c7'+d+n T

At =
Therefore, we have
NA'T) = (AT + n) = e™"n(Ar) = e *e(AN —i(cT + d)}*n(7),
because of (1). On the other hand, (1) also gives us
NA'T) = e ~i(cr + d)}n(7).

Comparing the two expressions for 1(A'7), we find e(A’) = ™"'"’g(A). But
= (a' — a)lc, so

eA’) = exp(ﬂ%a)>s(A),

exp( )s(A ) = exp( )s(A)

This shows that the product exp( )s(A) depends only on ¢ and d. There-

or

fore, the same is true for the product

wi(a + d)
XP( 12¢ )S(A)'
This complex number has absolute value 1 and can be written as
wila + d)
expl — 1 2 &(A) = exp(—mifid, c))
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Supplement to Chapter 3

for some real number f(d, ¢) depending only on ¢ and d. Hence,

e(A) = exp{m'(a—I%é - fd, c))}.

Because £** = 1, it follows that 12¢cfid, c¢) is an integer, so fid, c¢) is a
rational number. |
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