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Preface

The author's book on Gewohnliche Differentialgleichungen (Ordinary Dif
ferential Equations) was published in 1972. The present book is based on a
translation of the latest, 6th, edition, which appeared in 1996, but it also treats
some important subjects that are not found there. The German book is widely
used as a textbook for a first course in ordinary differential equations. This is
a rigorous course, and it contains some material that is more difficult than that
usually found in a first course textbook; such as, for example, Peano's existence
theorem. It is addressed to students of mathematics, physics, and computer sci
ence and is usually taken in the third semester. Let me remark here that in the
German system the student learns calculus of one variable at the gymnasium 1

and begins at the university with a two-semester course on real analysis which
is usually followed by ordinary differential equations.
Prerequisites. In order to understand the main text, it suffices that the

reader have a sound knowledge of calculus and be familiar with basic notions
from linear algebra. For complex differential equations, some facts about holo
morphic functions and their integrals are required. These are summarized at
the beginning of § 8 and more fully described and partly proved in part C of the
Appendix. Functional analysis is developed in the text when needed. In several
places there are sections denoted as Supplements, where more special subjects
are treated or the theory is extended. More advanced tools such as Lebesgue's
theory of integration or Schauder's fixed point theorem are occasionally used in
those sections. The supplements and also § 13 can be omitted in a first reading.
Outline of contents. The book treats significantly more topics than can

be covered in a one-semester course. It also contains material that is seldom
found in textbooks and-what is perhaps more important-it uses new proofs
for basic theorems. This aspect of the book calls for a closer look at contents and
methods with emphasis on those places where we depart from the mainstream.
The first chapter treats classical cases of first order equations that can be

solved explicitly. By means of a number of examples the student encounters the
essential features of the initial value problem such as uniqueness and nonunique
ness, maximal solutions in the case of nonuniqueness, and continuous depen
dence on initial values in the small, but not in the large; see l.VI-VIII. The

1 In the German school system, the gymnasium is an academic high school that prepares
students for study at the university.

v



VI Preface

phase plane and phase portraits are explained in 3.VI-VIII.
The theory proper starts with Chapter II. In this and the following chapter

the initial value problem is treated first for one equation and then for systems
of equations. The repetition caused by this separation of cases is minimal since
all proofs carryover, while the student has the benefit that the reasoning is not
burdened by technicalities about vector functions. The complex case, where
the solutions are holomorphic functions, is treated in § 8; the proofs follow the
pattern set in § 6 for the real case. The theory of differential inequalities in §
9 is one-dimensional by its very nature. An extension to n dimensions leads to
new phenomena that are treated in Supplement I of § 10.
Chapter IV is devoted to linear systems and linear differential equations of

higher order. In a Supplement to § 18 the Floquet theory for systems with
periodic coefficients is presented.
Linear systems in the complex domain is the topic of Chapter V. The main

properties of systems with isolated singularities are developed in a novel way
(see below). Equations of mathematical physics are discussed in § 25.
The main subject of Chapter VI is the Sturm-Liouville theory of boundary

value and eigenvalue problems. Nonlinear boundary value problems and corre
sponding existence, uniqueness, and comparison theorems are also treated. In
§ 28 the eigenvalue theory for compact self-adjoint operators in Hilbert space is
developed and applied to the Sturm-Liouville eigenvalue problem.
The last chapter deals with stability and asymptotic behavior of solutions.

The linearization theorem of Grobman-Hartman is given without proof (the
author is still looking for a rea]]y good proof). The method of Lyapunov is
developed and applied in § 30.
An appendix consisting of four parts A (topology), B (real analysis), C

(complex analysis), and D (functional analysis) contains notions and theorems
that are used in the text or can lead to a deeper understanding of the subject.
The fixed point theorems of Brouwer and Schauder are proved in B.V and D.XII.
In closing this overview, we point out that applications, mostly from me

chanics and mathematical biology, are found in many places. Exercises, which
range from routine to demanding, are dispersed throughout the text, some with
an outline of the solution. Solutions of selected exercises are found at the end
of the book.
Special Features. Two general themes exercise a profound influence through

out the book: functional analysis and differential inequalities.
Functional Analysis. The contraction principle, that is, the fixed point

theorem for contractive mappings in a Banach space, is at the center. This the
orem has all necessary properties to make it a fundamental principle of analysis:
It is elementary, widely applicable, and far-reaching. 2 Its flexibility in connec
tion with our subject comes to light when appropriate weighted maximum norms

2 A remarkable theorem of Bessaga (1959) sheds light on the versatility of the contraction
principle. Consider a map T : 5 ---> 5, where 5 is an arbitrary set, and assume that T has a
unique fixed point which is also the only fixed point of T 2 , T 3 , .... Then there is a metric on
5 that makes 5 a complete metric space and T a contraction. One can even find metrics for
which the Lipschitz constant of T is arbitrarily small.
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are used. A first example is found in the dissertation of Morgenstern (1952);
references to later authors in the literature are historically unjustified. In linear
complex systems, the weighted maximum norm in 21.11 leads to global existence
without using analytic continuation and the monodromy theorem. Moreover,
this proof gives the growth properties of solutions that are needed in the treat
ment of singular points. The theorems on continuous dependence on initial
values and parameters and on holomorphy with regard to complex parameters
follow directly from the contraction principle, a fact which is still little known.
Differentiability with respect to real parameters requires Ostrowski's theorem
on approximate iteration 13.IV.
In the treatment of linear systems with weakly singular points, the crucial

convergence proofs are also reduced to the contraction principle in a suitable
Banach space. 3 For holomorphic solutions, i.e., power series expansions, this
method was discovered by Harris, Sibuya, and Weinberg (1969). The logarith
mic case can also be treated along these lines. This approach leads also to
theorems of Lettenmeyer and others, which are beyond the scope of this book;
cf. the original work cited above.
A theorem in Appendix D.VII, which is partly due to Holmes (1968), estab

lishes a relation between the norm of a linear operator and its spectral radius.
As explained in Section D.IX, this result gives a better insight into the role of
weighted maximum norms.
Differential Inequalities. The author, who also wrote the first monograph

on differential inequalities (1964, 1970), has encountered many instances where
authors are unaware of basic theorems on differential inequalities that would
have made their reasoning much simpler and stronger. The distinction between
weak and strong inequalities is a matter of fundamental importance. In partial
differential equations this is common knowledge: weak maximum or comparison
principles versus strong principles of this type. Not so in ordinary differential
equations. Theorem 9.IX is a strong comparison principle that prescribes pre
cisely the occurrence of strict inequalities, while most (all?) textbooks are con
tent with the weak "less than or equal" statement. This principle is essential
for our treatment of the Sturm-Liouville theory via Prufer transformation. Its
usefulness in nonlinear Sturm theory can be seen from a recent paper, "Valter
(1997).
Supplement I in § 10 brings the two basic theorems on systems of differen

tial inequalities, (i) the comparison theorem for quasimonotone systems, and (ii)
Max Muller's theorem for the general case. Both were found in the mid twen
ties. Q'Uasimonotonicity is a necessary and sufficient condition for extending the
classical theory (including maximal and minimal solutions) from one equation
to systems of equations. More recently, both theorems (i) and (ii) have been
applied to population dynamics, but it is not generally known that results on

3The Banach space Ho of 24.1, which is indeed a Banach algebra, can be used for a short
and elegant proof of two fundamental theorems for functions of several complex variables, the
preparation theorem and the division theorem of vVeierstrass. This proof has been propagated
by Grauert and Remmert since the sixties and can be found, e.g., in their book Coher-ent
Analytic Sheaves (Grundlehren 265, Springer 1984); d. \""alter (1992) for other applications.
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invariant rectangles are special cases of Muller's theorem. Theorem 1O.XII is
the strong version of (i); it contains M. Hirsch's theorem on strongly monotone
flows, cf. Hirsch (1985) and Walter (1997).
A Supplement to § 26 describes a new approach to minimum principles for

boundary value problems of Sturmian type that applies also to nonlinear differ
ential operators; cf. Walter (1995). The strong minimum principle is generalized
in 26.XIX, so that it includes now the first eigenvalue case.
In Supplement II of § 26 on nonlinear boundary value problems the method

of upper and lower solutions for existence and Serrin's sweeping principle for
uniqueness are presented.
Miscellaneous Topics. Differ-ential equations in the sense oj Caratheo

dor-y. The initial value problem is treated in Supplement II of § 10 and a Sturm
Liouville theory under Caratheodory assumptions in 26,XXIV and 27.XXI. As a
rule, the earlier proofs for the classical case carryover. This applies in particular
to the strong comparison theorem 1O.XV and the strong minimum principle in
26.XXV.

Radial solutions of elliptic equations. This subject plays an active role in
recent research on nonlinear elliptic problems. The radial ~-operator is an op
erator of Sturm-Liouville type with a singularity at O. The corresponding initial
value problem is treated in a supplement of § 6, and the eigenvalue problem and
nonlinear boundary value problems for the unit ball in \R.n (for radial solutions)
in a Supplement to § 27.

Separatr-ices is the theme of a Supplement in § 9. Differential inequalites are
essential for proving existence and uniqueness.

Special Applications. We mention the generalized logistic equation in a sup
plement to § 2, general predator-prey models in 3.VII, delay-differential equa
tions in 7.XIV-XV, invariant sets in 10.XVI and the rubber band as a model for
nonlinear oscillations in a nonsymmetric mechanical system in 11.X.

Exact Numer-ics. vVe give examples in which a combination of a numerical
procedure and a sup-superfunction technique allows a mathematically exact
computation of special values. The numerical part is based on an algorithm,
developed by Rudolf Lohner (1987, 1988), that computes exact enclosures for
the solutions of an initial value problem. In blow-up problems one obtains rather
sharp enclosures for the location of the asymptote of the solutions; cf. 9.V. A
different kind of sub- and supersolutions is used to compute a separatrix; in
general, a separatrix is an unstable solution.
Acknowledgments. It is a pleasure to thank all those who have contributed

to the making of this volume. The translator, Professor Russell Thompson,
worked with expertise and patience in the face of changes and additions during
the translation and furnished beautiful figures. He also suggested an improved
division into chapters. Irene Redheffer acted as a mediator between author and
translator with exceptional care and insight and translated the Solutions section.
Her help and advice and that of Professor Ray Redheffer were indispensable.
My sincere thanks go to all of them and also to other helping hands and minds.

K aTlsruhe, August 1997 Wolfgang Walter
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Note to the Reader

In references to another paragraph. the number of the paragraph is given
before the number of the formula, theorem, lemma.. . .. For example, formula
(7) in § 15 is denoted as (15.7), and theorem 15.III or corollary 15.III refers to
the theorem or corollary in section III of § 15. But when citing within § 15, we
write simply formula (7), Theorem III, and Corollary III. A reference to B.V
refers to Section V in Part B of the Appendix.
When the name of an author is followed by the year of publication, as in

Perron (1926), the source is found in the bibliography at the end of the book.
lVly two books on analysis are cited as Walter 1 and Walter 2. A compilation of
general notions and a list of symbols are found at the end of the book.
The German word Ansatz is used repeatedly: a footnote in Part II of the

introduction gives an explanation.

xi



Introduction

A differential equation is an equation containing independent variables, func
tions, and derivatives of functions. The equation

y/ + 2;ry = 0 (1)

is a differential equation. Here x is the independent variable and y is the un
known function. A solution is a function y = ¢(x) that satisfies (1) identically

.2

in x, that is, ¢/ (x) +2x· ¢(x) = O. It is easy to check that the function y = e- x

is a solution of (1):

d.2 2
_(e- X )+2xe- x =0 for -oo<x<oo.
dx

We will see later that the collection of all solutions of (1) can be written in the
2

form y = C . e- X
, where C runs through the set of real numbers.

Equation (1) is a differential equation of first order. The general differential
equation of first order has the form

F(x, y, y/) = O. (2)

A function y = y(x) is called a solution of (2) in an interval J if y(x) is differ
entiable in J and

F(x, y(x), y/(x)) = 0 holds for all x E J.

If a differential equation contains higher order derivatives, say up to nth
order, then the equation is called an nth order differential equation. Such an
equation can always be written in the general form

F( . I (n)) - 0x,y,y, ... ,y -. (3)

Here a solution is defined to be an n-times differentiable function such that
equation (3) is satisfied identically when y(x) and its derivatives are substituted
into F. A differential equation of nth order is called explicit if it has the form

yin) = f(x, y, y/, ... , y(n-l)); (4)

otherwise it is called implicit. For a first order ordinary differential equation the
explicit form is

y/ = f(x, y).

1

(5)
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The above comments apply to ordinary differential equations, that is, to
differential equations for functions y(x) of a single independent variable x. If
several independent variables and hence also partial derivatives are present, then
the equation is called a par·tial differential eq·uation. For example,

U x + U y = x + y

is a partial differential equation of first order for an unknown function u(x,y).
The function U(.T, y) = xy is a particular solution to this equation. An important
example of a second order partial differential equation is the potent'ial equation
in three-space

t:,.u == U.TX + U yy + U zz = 0,

where u = u(x,y,z).
In this book we will be concerned only with ordinary differential equations.

The primary emphasis will be on differential equations in the real domain where
the independent variable x is a real variable and y(x) is a real function. However,
the fundamental facts about differential equations in the complex domain will
also be treated.
The expression -integral of a differential equat-ion is another term used for a

solut'ion, and the terms solution curve and integral curve are used to emphasize
the geometric interpretation of a solution as a curve. A family of functions
y(x; e l , ... , en), depending on x and n parameters e l , ... , en (which vary in a
point set A1 c IRn

). is called a complete -integral or a general solution of the nth
order differential equation (4) if it satisfies the following two requirements: first,
each function y(:r:; e l •... , en) is a solution to the differential equation (4) for an
arbitrary choice of the parameters (el , ... , en) E 1\1, and second, all solutions
can be obtained in this manner. The notion of a general solution does not play
a major role in the theory of differential equations. It is used here in connection
with simple examples, where it is actually possible to give all solutions explicitly
in a form depending 011 n parameters.
Differential equations playa cardinal role in the natural sciences and tech

nology, especially in physics. for the simple reason that many physical laws take
the form of a differential equation. Differential equations also appear in other
scientific domains where mathernaticalmodels and theories are used. The three
examples that follow are intended to give a first impression of the type of prob
lems that arise. They all deal with the motion of a body in a gravitational
field.

I. Free Fall. W'hen a body at rest is suddenly released, it falls downward
under the influence of gravity. This motion can be described mathematically
by a fUllction s = s(t) which gives the distance that the body (or more exactly,
its center of mass) has traveled up to time t. Other quantities of interest that

d
can be derived frol11 8 include the instantaneous velocity v(t) = ~d s(t) = s(t)

t
d

and the acceleration a(t) = ~v(t) = s(t). (When describing processes in which
dt
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o
1

2

3

4

the independent variable represents time, it is customary to denote the inde
pendent variable by t instead of x, and derivatives by dots instead of primes.)
We learn in elementary mechanics that the acceleration of such bodies may be
assumed to be constant, in fact, equal to the acceleration g due to gravity at the
earth's surface. Thus the distance-time function s(t) satisfies the second order
differential equation

s = g. (6)

It is easy to find all of the solutions here. Indeed. it follows from integrating the
equation v(t) = g that v(t) = gt + C j • and likewise from 8(t) = gt + C j that

1 2s(t) = -gt + Cjt + C2 (C1 . C2 constant).
2

We have thus found the complete integral of the differential equation (6).
To go from this family of s= g to the solution that corresponds to a partic

ular physical process requires some additional information. the so-called initial
condit·ions. Let us assume, for instance. that in the example above the body
is at rest and is then released at time t = O. Corresponding initial conditions
are given by s(O) = 0 and 8(0) = v(O) = O. From the first of these conditions
it follows that C2 = 0, from the second that C1 = O. and in this manner one
obtains the solution

1
s(t) = 2gt2.

Other initial conditions lead in a like manner to other solutions.

II. Free Fall from a Large Distance. Now suppose that the body is
at a large distance from the earth. The assumption of constant gravitational
acceleration made in I is valid only near the surface of the earth. According
to 'ewton's law of gravitation. two bodies a distance s apart with masses iII

, !lIm
(earth) and m (test body) attract each other with a force equal to Ii. = "(-2-'

s
where"( is the gravitational constant. By Kewton's second law the acceleration
now satisfies the equation

1s = -"(!II. 2'
s

(7)
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M.,
Earth

m
• ) S

s( t)

The minus sign on the right-hand side indicates that the direction of the force
is opposite to the positive s-direction. This differential equation of second order
is significantly more difficult to integrate than equation (6). Nonetheless, the
solutions can be given explicitly; we will return to this later in §l1.XII. Suppose
that at time t = 0 a test body is located a distance R from the earth's center
and released at rest. Then one has for initial conditions s(O) = R, 8(0) = O.
A simple and sometimes successful method of finding solutions to a differen

tial equation is to look for a likely "ansatz,,4 (possibly containing parameters)
and to investigate whether it leads to a solution. We will try this approach in
the case of equation (7) using the ansatz

s(t)=a·tb

When this function is substituted into equation (7), the result is

ab(b - 1)tb- 2 = -rMa-2t-2b

Equating exponents and coefficients leads to b - 2 = - 2b, that is, b = ~, and
a· ~(-~) = -rMa-2, from which follows a = (9,M/2)1/3. Thus s(t) = a· t2/3

is a solution. It is easy to check that any function of the form

s(t) = a(c ± t)2/3 with a = (9,M/2)1/3, c arbitrary, (8)

is a solution to the differential equation (7) as long as c ± t > O. Note that none
of the solutions from this collection satisfies the initial conditions mentioned
above. The solution

( )

2/3RV2R
s(t) = a Ii'C.TI - t ,

y9,M

for example, satisfies s(O) = R, but v(O) = 8(0) = -J2r M/R. This describes
an object falling to earth from the position s = R with initial speed at time
t = 0 equal to J2,M/ R.
One of the solutions of (8) with c = 0 is

(9)

An object on this trajectory does not return to earth, since s(t) -'> 00 as t -'> 00;

however, the velocity v(t) = ~at-1/3 tends to 0 as t -'> 00. Since v(t)2 . s(t) =

4The word ansatz is a German word that has become part of modern mathematical lan
guage; it has no exact English counterpart. An ansatz is an "educated guess" at the probable
form of a solution. The plural of ansatz is ansiitze.
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t=4 0.8

0.6

t=6

!vI

t=5

--+--'--------'----'------.-JL--"--y~~-'----L---'--:----,-'-,____-_:lIt_-+-X
0.4 0.6 0.8 1.0

t=3

-0.6

t=1
t=2 -0.8

~a3 = 2,1111, the velocity as a function of distance R from the earth's center can
be expressed in the form

Substituting R = 6.370 . 108 em and M = 5.97· 1027g for the radius and mass
of the earth and taking, = 6.685 . 10-8 dyn . cm2 . g-2, one obtains

VR = 1.12· 106 em/sec = 11.2 km/sec.

This is the well-known "escape velocity," the minimum velocity that a projectile
fired from the surface of the earth must have in order to escape the effect of
the earth's gravitational pull and never return. Compare this result with the
exercise at the end of this introduction.

III. Motion in the Gravitational Field of Two Bodies (Satellite
Orbits). The following equations (10) describe the motion of a small body
(a satellite) in the force field of two larger bodies (earth and moon). It is
assumed here that the motion of the three bodies takes place in a fixed plane
and that the two larger bodies rotate with the same constant angular velocity
about their common center of mass and maintain a constant distance to it. In
particular, the effect of the small body on the motion of the two larger bodies
will be ignored (this is the meaning of the adjectives 'small' and 'large'). In
a corotating coordinate system with the center of mass at the origin, the two
larger bodies appear to be at rest. The path of the small body can be described
by a function pair (x(t),y(t)) that satisfies the following system of two second
order differential equations:

(10)
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Here the two larger bodies are assumed to lie on the .l:-axis, and the parameter
fJ, respectively fJl, is the ratio of the mass of the body lying on the positive,
respectively negative, x-axis to the combined mass of both bodies. Further, the
unit of length is chosen such that the distance between the two bodies is equal
to 1, and the unit of time such that the angular velocity of the rotation is also
equal to 1 (i.e., a complete revolution lasts 2Jr time units). A closed orbit is
reproduced in the figure. Here fJ :::::; 0.01213, which corresponds to the mass
ratio of the earth-moon system. The initial conditions are

x(O) = 1.2,

X(O) = 0,

y(O) = 0,

y(O) :::::; -1.04936.

The period T (duration of one complete revolution) is approximately equal to
6.19217.
These examples suggest a variety of problems. First we made use of elemen

tary methods of solution and discovered in the process that for some differential
equations all solutions can be given in closed form (Examples I, II). For differ
ential equations in general, just as in the problem of finding the antiderivative
of an elementary function in integral calculus, the adage holds: Explicit solu
tions are the exception! The theory of diflerential equations proper has as its
goal a general theory of existence, uniqueness, and other related subjects (for
example, continuous dependence of solutions on various kinds of data) together
with qualitative statements about the behavior of solutions in the large such as
boundedness, oscillation properties, stability, and asymptotic behavior. Theo
rems about inequalities are also important, as the exercise at the end of this
introduction illustrates.
Several important topics can only be touched briefly in an introductory work

like this one. These include, for instance, the investigation of periodic solutions
to nonlinear differential equations. Periodic solutions have important applica
tions in mechanics (oscillations) and celestial mechanics (closed orbits). How
ever, their mathematical theory is often difficult. Some results in this direction
will be presented in 3.VI-VII and l1.X-XI. For the earth-moon-satellite prob
lem described in III, a special case of the "restricted three-body problem," it was
suggested some time ago that a spaceship on a periodic orbit could be used as a
kind of "bus line" between the earth and the moon. The ensuing investigation
led to the discovery of a new class of periodic orbits; see Arenstorf (1963).
Also, the problem of solving differential equations numerically will not be

treated here. We note that difficult numerical problems arise in connection with
space flight (determining the trajectories of spacecraft). There are efficient nu
merical algorithms available today that allow the determination and correction
of such trajectories with sufficient accuracy and a tolerable amount of compu
tational effort; see, for instance, the work of Bulirsch and Stoer (1966), from
which the algorithm that produced the above figure is taken.

IV. Exercise. Prove the assertion at the end of Example II. More pre
cisely, show: If s( t) is a positive solution of the differential equation (7) in the
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interval a < to :::; t < h (with t j = 00 allowed), s(t) the solution given by (9),
and s(to) = s(to), a< s(to) = v(to) < v(to), then s(t) < s(t) and v(t) < v(t) for
to < t < tj. Further, s(t) is bounded above, and v(t) has one zero (thus, s(t)
describes a return trajectory).

Hint. Derive a differential equation for the difference d(t) = s - sand
conclude from it that d is monotone increasing as long as d is positive. Note
that s < a and v(t) ----+ a as t ----+ 00.



Chapter I
First Order Equations:
Some Integrable Cases

§ 1. Explicit First Order Equations

We consider the explicit first order differential equation

y' = f(x, y). (1)

The right-hand side f(x, y) of the equation is assumed to be defined as a real
valued function on a set D in the xy-plane.

I. Solution. Line Element. Direction Field. Let J be an interval.
(In general, J can be open, closed, half-open, a half-line, or the whole real
line; when special restrictions are necessary, they will be stated explicitly.) A
function y(x) : J ----> IR is called a solution to the differential equation (1) (in J)
if y is differentiable in J, the graph of y is a subset of D, and (1) holds, i.e., if

(x, y(x)) E D and y'(x) = f(x, y(x)) for all x E J.

y y

Yo

D I I
I I f

I I I I I
I I I I I

/////
'/////

+----------'------x
Xo

Slope and line element

9

+-----------x

Direction field
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The differential equation (1) has a simple geometric interpretation. If y(x)
is an integral curve of (1) that passes through a point (xo, Yo) (i.e., y(xo) = Yo),
then the differential equation specifies the slope of the curve at that point:
y/(xo) = f(xo,yo)· This leads naturally to the notions of line element and
direction field, which we will now define. We interpret a numerical triple of the
form (x, y, p) geometrically in the following way: (:r, y) gives a point in the plane,
and the third component p gives the slope of a line through the point (x, y) (ex,
with tan ex = p, is the angle of inclination of the line; see the figure). Such a
triple (or its geometric equivalent) is called a line element. The collection of all
line elements of the form (x, y, f(x, y)), i.e., those with p = f(x, y), is called a
direction .field.

The connection between direction fields and the differential equation (1) can
be expressed in geometric terms as follows: A solution y(x) of a differential
equation "fits" its direction field, i.e., the slope at each point on the solution
curve agrees with the slope of the line element at that point. To put it another
way, if y(x) is a solution in J, then the set of line elements (.T,y(X),y'(x)), with
x E J, is contained in the set of all line elements (x, y, f(x, y)), (:x:, y) E D.
The strategy of sketching a few of the line elements in the direction field and

then trying to draw curves that fit these line elements can be used to get a rough
idea of the nature of the solutions to a differential equation. This procedure
suggests quite naturally the view that for each point (~, 1]) in D there is exactly
one solution curve y(x) passing through that point. A precise formulation of
this idea leads to the notion of

II. The Initial Value Problem. Let a function f(:x:, y), defined on a
set D in the (x,y)-plane, and a fixed point (~,1]) ED be given. A function y(x)
is sought that is differentiable in an interval J with ~ E J such that

y'(x)

y(O

f(x, y(x)) in J,

1].

(2)

(3)

Equation (3) is called the initial condition. Naturally, in (2) it is assumed that
graphy = {(x,y(x)) :.T E J} cD (otherwise the right-hand side of (2) would
not even be defined).

III. Remarks. (a) D'i.fferential Equations and Families of Curves. The
geometric line of reasoning outlined above can be turned around. Given a family
of curves that completely covers a set D in the plane (precise analytic formula
tion: a set 111 of differentiable functions whose graphs are pairwise disjoint and
have D as their union), there is a differential equation that has these curves as
its solutions. The right-hand side of this differential equation is determined as
follows: For every (xo, Yo) E D, find the unique function ¢ belonging to M with
¢(xo) = Yo and set f(xo, Yo) = ¢/(xo).
This relationship does not give us very much from the mathematical point of

view. However, it does give an idea of some of the possibilities for the behavior
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of differential equations, and in addition, it can be used in the construction of
examples.
We will now briefly discuss some mathematical shorthand that is frequently

used.
(b) Sometimes (particularly in examples) when a differential equation is

solved, the function found as the solution is only a solution to the equation on
a subinterval of its domain of definition. When this happens, the expression
"¢J(x) is a solution to the differential equation in the interval J" means that ¢J
is defined at least on J and that the restriction ¢JI J is a solution in the sense of
the definition in I.
(c) If ¢J : J ----> lR is a solution of the differential equation (1) and J' is a

subinterval of J, then, in a trivial way, the restriction 'lj! = ¢JIJI is also a solution
of (1). This is not regarded as a new solution. For instance, the statement "the
differential equation has exactly one solution existing in the interval J" means:
There exists a solution with J as its domain of definition, and every other
solution is a restriction of this solution.
Before giving a detailed investigation of initial value problems, we will study

some simple examples.

IV. I y' = f (x) I
Suppose the function f(x) is continuous in an interval J. Then the set D

is a strip J x lR. The direction field is independent of y. This leads naturally
to the conjecture that all of the solutions can be obtained by translating any
one particular solution in the direction indicated by the y-axis. The analysis
confirms that this guess is true. If ~ E J is fixed, then by the fundamental
theorem of calculus, the function

¢J(x) := lx

f(t) dt

is a solution of the differential equation satisfying the initial condition y(O = 0;

y
, ,
'/ /" ./ ", ,
, ,
, ,
'/ /" ./ ", ,
, ,
, ,
'/ /" ./ ", ,
, ,
, ,
'/ /" ./ ",

¢J(x)
,, ,,

'/ ./ ", ,
, ,

X, , Direction field in the case where the, ./ " right side depends only on x, ,
J
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and the general solution can be written in the form

y = y(x;C) = ¢(x) + C,

where C is an arbitrary constant. It follows in particular that the initial value
problem (2), (3) has exactly one solution in this case, namely

y(x) = ¢(x) + '!]. (4)

The solution exists in all of J.
Note: If J is not compact, then f need not be bounded and as a result may

not be integrable over J. However, since [~, x] is a compact subinterval of J and
f is continuous on [~, .or], the integral in the definition of ¢(x) exists for each
x E J, and the equation ¢' = f holds in all of J.

Example. The equation

y' = x 3 + cos x

has as solutions

1 .
y(x;C) = 4'x4 + smx + C.

If the initial condition is y(l) = 1, then the corresponding solution is

1 4· . 1 3
y = 4' x + sm x - sm + 4"

Thus the problem of finding a solution to a differential equation of type (IV)
is purely a problem in integral calculus-that of finding an antiderivative of a
given function f(x). This motivates a commonly used expression: "Integrating
a differential equation" is synonymous with finding its solutions.

v. I y' = g(y) I

Let g(y) be continuous in an interval J. The direction field here is simi
lar to the one in IV but with the roles of x and y exchanged. This suggests
interchanging x and y and writing the solution curves in the form x = x(y).
A formal calculation gives

dy dy
- = g(y) ¢? - = dx
dx g(y)

and hence the solution

(5)

If 9 f= 0, then (5) gives a function x = x(y) whose inverse function y(x) is a
solution to the differential equation, as we will show in VII. Finding a solution
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y

x

Direction field in the case where the
right side depends only on y

that satisfies an initial condition y(~) = TJ involves making a choice of the
constant of integration such that x(TJ) = ~, i.e.,

rv dz
x(y) = ~ + iT! g(z)' (6)

This is a special case of a "differential equation with separable variables." This
type of equation is investigated in more detail in VII. A theorem that will be
proved in that section shows that the initial value problem has exactly one
solution y(x) in a neighborhood of the point ~ if g(TJ) -I- °(if g(TJ) -I- 0, then
by continuity 9 -I- °in a neighborhood of TJ). This solution can be obtained by
first using formula (6) to get x(y) and then finding the inverse function y(x). If
g(TJ) = 0, then y(x) == TJ is a solution. In this special case, it is quite possible
that there are also other solutions that pass through the point (C TJ), i.e., that
the initial value problem has more than one solution. For more in this regard,
see Example 2 and the discussion in VIII.
The nature of the direction field and the location of the constant of integra

tion in formula (5) suggest that a translation of a solution in the x-direction
will produce another solution: If y(x) is a solution, then so is y(x) := y(x +C).
Indeed, this follows from

y'(x) = y'(x + C) = g(y(x + C)) = g(y(x)).

Example 1.

y' = -2y.

Here D = IR? Using the procedure in (5) one obtains

dy = -2dx ¢} In Iyl = -2x + C ¢} Iyl = eC - 2x .
y

The general solution (with ±ec replaced with C) is

y(x; C) = Ce- 2x (C E lR).
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y

Solution curves y = Ce- 2x of the
differential equation y' = -2y

The proof that every solution is of this form is elementary: If ¢(x) is any solution
of the differential equation, then

(¢e2x
)' = ¢/e2x + 2¢e2x = 0,

i.e., ¢e2x is a constant. (One could also appeal to the uniqueness statement
proved in VII.) It follows that exactly one solution passes through each point
(~, T/), namely,

y(x; T/e 2 f,) = T/e 2 (f,-x).

Thus we have shown that the initial value problem is uniquely solvable, with a
solution that exists in R

Example 2.

y/ = v'1YI.
Again D = ]R2. Since the direction field is symmetric, it follows that if y(x) is
a solution, then z(x) = -y(-x) is also a solution. Indeed, we have

z/(.x) = y/( -x) = Jly( -x)1 =~.

Thus it is sufficient to consider only positive solutions. From (5) it follows that

j'dJy = 2Vfj = x + C,

hence

y(x; C) = (x +4C )2 (C) (C lTll)in -,00 Em.

(note that .jfj is positive, whence x > -C, and that for x < -C this formula
does not give a solution to the differential equation). This function gives all of
the positive solutions (this also follows from the uniqueness statement in VII).
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y

(X-2)2
-4-

Solution curves of the differential
equation y' = JTYT

Additionally, y == 0 is also a solution, and the functions -y( -x; C) give the
llegative solutions; they exist for x < C.
Solutions that exist in all of lR can be constructed by piecing these functions

together; for example,

for x> 0,
for -2::; x ::; O.
for x < -2.

Note (and check for yourself!) that at the "splice points" the function ¢ IS

differentiable and satisfies the differential equation.

In this example we encounter for the first time the phenomenon of

VI. Nonuniqueness. It is easy to see that every initial value problem
in Example 2 has infinitely many solutions. For instance, the set of solutions
through the point (2.1) is given by the functions

for x> 0,
for a::; x ::; 0,
for x < a,

where a is any nonpositive number, together with

{
x2/4

'Ij;(x) = 0
for x> 0,
for x::; 0

(we recall the convention, introduced in III. (c). that restrictions of solutions will
not be regarded as separate solutions).
Two types of nonuniqueness are illustrated in this example, depending on

whether the initial value TJ = y(~) is zero or different from zero. In the first case,
the solutions all branch directly at the point (c 1]), and in the second case, the
solution begins as a unique solution which can then split at some distance from
(~. 7]).
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In the latter case, the initial value problem is said to be locally uniquely
solvable. This means that there exists a neighborhood U of the point ~ such
that exactly one solution of the initial value problem exists in U. Thus, in
Example 2 of Section V, initial value problems with ry #- 0 are locally uniquely
solvable, but those with ry = 0 are not.

VII. I y' = f(x)g(y) I Equations with Separated Variables. This

class of equations, which includes the types discussed in IV and V as special
cases, can also be solved by quadrature using the method of separation of vari
ables. We will describe this method first in heuristic terms. One goes from

dy
dx = f(x)g(y) to the equation

and then by integration to the equation

Jg~~) = Jf(·r) dx,

dy
-(-) = f(x) dx
gy

(7)

from which a solution can be obtained by solving for y. In order to get the
solution that passes through the point (~, ry), it is necessary to choose the limits
of integration such that equation (7) is satisfied when x = ~, y = ry. This is
accomplished by setting

rY
ds l x

J
7I

g(8) = ~ f(t) dt. (8)

The following theorem gives conditions under which this procedure is per
mitted. It concerns the initial value problem

y' = f(x)g(y), y(~) = ry (9)

under the following general hypothesis:

(H) f(x) is continuous in an interval Jx ; g(y) is continuous in an interval Jy ;

and ~ E Jx , ry E Jy .

Theorem. Let 1] be an interior point of J y with g(ry) #- 0 and let (H) hold.
Then there exists a neighborhood of ~ (in the case where ~ is a boundary point
of Jx , a one-sided neighborhood) in which the initial value problem (9) has a
unique solution y(x). It can be obtained from equation (8) by solving for y.

Proof. We recall the following result from analysis: If 1> is a differentiable
function in an interval J and 1>' (x) #- 0, then 1> has a differentiable inverse
function 1/J : J' ----+ J, where J' = ¢(J).
Denote the left-hand side of (8) by G(y), the right-hand side by F(x). In this

notation (8) becomes G(y) = F(x). The function g(y) oF 0 in a neighborhood of
1]. Therefore, G(y) exists in this neighborhood, and because G' = l/g #- 0, G has
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an inverse function H. Applying H to both sides of the equation G(y) = F(x)
and using y == H(G(y)) gives

y(x) = H(F(x»). (10)

We will show that y(x) satisfies (9). Since Hand F are differentiable, it follows
that y is differentiable. Differentiation of the identity G(y(x)) = F(x) yields

Since G' = 1/g, it follows that y satisfies the differential equation

y'(x) = f(x)g(y(.1:)).

Furthermore, from the relations F(E) = 0, G(TJ) = 0, H(O) = TJ we have that
y(O = H(F(O) = TJ· This shows that y(x) is a solution of the initial value
problem (9).
We now show that there are no other solutions. Suppose z(x) is another

solution. Then as long as g(z) =I- 0 (this is certainly true in a neighborhood of
0, the equation

z'(x)
g(z(x)) = f(x)

holds. Integrating this identity between Eand x and using the change of vari
ables s = z(x), one obtains

l
x lx z'(t) dt iZ(X) ds

f(t)dt = -- = -
E; E; g(z(t)) . 1) g(s)'

In the notation introduced earlier, this equation says that F(x) = G(z(x)), and
therefore z(x) = H(F(x)) = y(x). •

VIII. The Case g('1]) = O. If g(TJ) = 0 in (9), then one solution can be
immediately given: y(x) == TJ. However, it may be the case that there are other
solutions, as we have already seen in Example 2 of V.

Theorem. Let hypothesis (H) from VII hold, let g(TJ) = 0 and g(y) =I- 0 in
an inter'val TJ < y :::; TJ + a or TJ - a :::; y < TJ, (a > 0), and let the improper
integml

11)+0 dz

1) g(z) or j '1) dz

1)-0 g(z)'

respectively, be divergent. Then every solution that starts above or below the line
y = TJ remains (strictly) above or below this line (in both directions).
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It follows from this theorem that a solution y(x) which satisfies y > TJ at one
point remains greater than TJ for all x (a corresponding statement holds for <).
In particular, if TJ is an interior point of Jy and if both integrals diverge, then
the initial value problem (9) has only one solution y(x) == TJ. This is the case,
for example, if g(y) has an isolated zero at the point TJ and satisfies a Lipschitz
condition at TJ

Ig(y) - g(7])1 = Ig(y)1 ::; Kly - 7]1,

hence, in particular, if g'(TJ) exists and is different from O.

Proof. Let us assume that there exists a solution y(x) to the initial value
problem that is not identically equal to TJ. To focus in on one of the four
possible cases, suppose that there exists a point ( to the right of ~ such that
TJ < y(() = fJ < TJ + a. Then by (8) with ((, fJ) in place of (~, TJ), we have that

.iY(X) g~:) = tX
f(t) dt

holds, at least for as long as y(.T) remains in the strip TJ < y(x) ::; 7] + a.
Suppose that Xo is the first point to the left of ( with y(xo) = 7]. Then the
above formula leads immediately to a contradiction, since the integral on the
right stays bounded as x ---> :fO, while the one on the left goes to infinity. •

l
±;;~:eturn allga~~ tOd:he

l

two examples from V that correspond to the integrals

- and ICT . In Example 1, the integrals on the left are divergent,
° y 0 V Iyl
and thus y == 0 is the only solution through the origin. In Example 2, the
integrals on the right are convergent, and there are several solutions.
However, it is entirely possible that the integral converges and the solution

to the initial value problem is still unique. To illustrate this point, consider the
following:

Example 1.

{

-xvy for y ~ 0,
y' = -x(sgny)J1YI =

xH for y < O.

y

7) + a /---------

i) ---------

77 /--~-.,..L..----..Jl----

-+-~~---'--_x
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y

1 Solution curves of the differential
equation y' = -x(sgny)1!YT

The direction field is symmetric to the x-axis; i.e., if y(x) is a solution, then so
is -y(x). Thus it is sufficient to calculate the positive solutions. From

Jdy = - 2/y = - Jx dx: = ~ (C - x 2
)

/y 2

it follows that

(note that /y > 0). If this function is extended by setting y(x:; C) = 0 for

Ixl 2 VC, then one clearly has a solution defined in R Thus we have the
solutions ±y(x; C) for C > 0 and y == O. There are no other solutions. On the
one hand, they (that is, their graphs) cover the whole plane; on the other hand,
g(y) = v'1YT vanishes only for y = O. Thus each initial value problem with TJ -=I- 0
is locally uniquely solvable.
One can see from the figure that every initial value problem with y(~) =

TJ -=I- 0 is uniquely solvable, not only locally, but also globally. For the initial
condition y(E,) = 0, there are infinitely many solutions in the case where ~ -=I- 0,
but only one solution in the case where ~ = O.

Example 2.

y' = eY sinx.

The direction field is symmetric with respect to the y-axis and periodic
in x of period 2n, i.e., if y(x) is a solution, then so are u(x) = y( -x) and
v(x) = y(x + 2kn). By separation of variables (7) one obtains

Je-Y dy = -e-Y = Jsinxdx = -cosx - C;
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y

C = 3

Solution curves of the differential equation y' = eY sin x

i.e.,

y(x;C) = -log(cosx+C) (C+cosx > 0).

The reader should verify that all solutions have been found and that each initial
value problem is uniquely solvable.
This example exhibits a new and important phenomenon. The solutions

can have quite different behavior, depending on the value of the constant C.
While in the case C > 1 solutions exist for all x and are bounded, in the case
-1 < C :::; 1 the solutions exist only in finite intervals and increase without
bound.
Consider, for purposes of illustration, the initial condition y(O) = 7). The

corresponding solution is

y(x; e~7) - 1) = -log(cosx + e-7) - 1).

In particular, if 7) = -log 2, then y is given by

y(x; 1) = -log(l + cos x).

This solution exists in (-7r, 7r) and cannot be extended beyond this interval.
It tends to 00 as x ----t ±7r. Solutions with 7) < - log 2 exist in all of ]R and
are bounded. For 7) > - log 2, the solutions exist only in the interval Ixl <
arccos(l - e-7)); the length of this interval of existence converges to 0 as 7) ----t 00.

Existence and Behavior in the Large. This example shows, first of all,
that the solution of an initial value problem does not necessarily exist in all of
JR, but possibly only in a very small interval, and that this is true even if the
right-hand side of the differential equation is defined and "smooth" on all of]R2.
Take another look at the formulation of Theorem VII in this regard. This raises
the question whether it is possible to make any general statements about the
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domain of definition of a solution. We will prove in 6.VII that a solution can
always be extended to the boundary of D (D is the domain of the right-hand
side of the differential equation). Secondly, the example also shows that the
behavior of solutions "in the large" can change dramatically with small changes
in the initial conditions; this occurs for solutions with initial values y(O) = 7],

where 7] is close to -log 2, i.e., C = 1.
The three types of differential equations that follow can be reduced by simple

transformations to equations of the types already discussed. In all three cases
the function f (s) that appears is assumed to be continuous in an interval.

IX. I y' = f(ax + by + c) I
The structure of the differential equation suggests that we look for a solution

of the form

u(x) = ax + by(x) + c (11)

(the case b 1= 0 is the only interesting one). If y(x) is a solution, then u(x)
satisfies

u' = a + by'(x) = a + bf(u), (12)

(13)

which is a solvable equation of type V. Conversely, it is easy to see that a solution
y(x) of (11) can be obtained from a solution u(x) of (12). All solutions can be
obtained in this manner.

Example.

y' = (x + y)2 + .
Using the ansatz u(x) = x + y(x) we have

u' = u2 + 1, and hence u = tan(x + C)

(why does this give all the solutions?). The general solution can be written

y(x; C) = tan(x + C) - x.

x. Iy' ~ f (~) I Homogeneou, Different;al Equation.
Using the ansatz u(x) = y(x) (x 1= 0) and calculating the derivative, one

x
obtains the relation

y' = u + xu' = f (u),

and thus a differential equation for u(x) with separated variables,

, f(u)-u
u = .

x

One sees immediately that every solution u(x) of (13) leads to a solution y(x) =
x· u(x) of the given differential equation.
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Example. The initial value problem

, y X
2

Y = - - -, y(1) = 1
X y2

transforms into an initial value problem

I 1 (
U =-xu2 ' u1)=1

with the solution

j 'U j'x dt
z2 dz = - -'
lit'

i.e.,
u3 -1
-- = -logx.
3

Thus the solution to the original problem is given by

y = xV'l- 3logx for 0 < x < ~;::::; 1.396.

XI. y' = f ( a.T + by + c )
o:x + {3y +,

In the case where the determinant I: ~I = 0, that is, where a = AO: and

b = A{3, the equations can be reduced to one of the types we have already
considered. If this determinant is not zero, then the linear system of equations

ax + by + c=O,
o:x + {3y + , = 0 (14)

has a unique solution (xo, Yo). If a new system of coordinates (x, y) is introduced
by translating the origin to the point (xo, Yo),

X := x - xo, y:= y - Yo,

then in the new coordinate system a solution curve y(x) is described by the
function

y(x) := y(x + xo) - Yo.

The differential equation in the (x, y) coordinate system

dy(x) 1-

-d- =y(x+xo)
x

f ( a(x + xo) + b(y(x) + Yo) + c )
o:(x + xo) + {3(y(x) + Yo) + "I

f ( ax + by(x) ) = f ( a + bY/X)
o:x+{3y(x) 0: + {3y/x

is just the special case c = "I = 0 of the original equation. It is homogeneous
and can be solved using the techniques in X.

How to proceed. (i) Determine the point (.TO, Yo) that satisfies (14).
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(ii) Solve the differential equation with c = "( = 0 using techniques from X
(this equation is homogeneous).
(iii) A solution y(x) of this equation generates a solution to the original

equation using the substitution x = x - Xo, Y = y - Yo, that is, y(x) := Yo +
y(x - xo).
We will illustrate these steps in the following

Example.

y' = y +1_exp (y + 1) .
x+2 x+2

From (14) we obtain Xo = -2, Yo = -1. The differential equation for y is

dy Y (Y)- = - -exp -
dx x x '

and for u = yIx the differential equation is
xu' = _eu ,

which gives

-Je-u du = J~ dx or e-u
= log Ixl + C = logclxl

(the constant of integration has been written as C = log c (c > 0)). One obtains
u= log(log clxl) as long as clxl > 1. The functions

y(x) = -1 - (x + 2) log(logclx + 21) for clx + 21 > 1

are the solutions of the original differential equation.
The value c = ~ee-1/2 gives the solution that passes through the origin. It

exists for x > lie - 2 ~ -0.9095.

XII. Exercises. (a) In the above example, determine a solution y with
the property that lim y(x) = 00. Is it uniquely determined?

x->o+
Determine all of the solutions to the following differential equations and find

the particular solution that passes through the origin.

,y+1 (Y+1)
(b) y = x + 2 + exp x + 2 .

(c) '= x+ Y +1_ex (x + Y + 1).
Y x+2 P x+2

(d) y' = x + 2y + 1.
2x + Y + 2

(e) y' 2x + Y + 1
x + 2y + 2
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XIII. Exercises. Determine all solutions of the differential equations
and in each case sketch the solution curves and determine the set of all points
(~, 1]) for which the initial value problem is not locally unique.

(a) y' = 31y12/3 (y E lR).

(b) y' = 3(sgny)lyI2/3 (y E lR).

(c) y' = Vlyl(1 - y) (y S; 1).

Solve the following initial value problems and in each case give the maximal
interval of existence of the solution.

~y2

(d) y' = (2
e

2)' y(2) = O.
Y x +x

, ylny
(e) y = -.-, Y(1r/2) = ee.

Sill X

(f) '= cos .1: () = ~
Y cos2 y' Y 1r 4 .

Determine all solutions of the differential equations

(g) y'=(x-y+3)2,

(h) y' = 2y(y -1)
x(2-y)'

(i) y = xy' - vx2 + y2.

Give a differential equation of the first order for the following families of curves
(parameter c E lR).

(j) y = cx2
,

(k) y = cx2 + C,

(I) Y = cx2 + (sgn c)c2
.

XIV. Population Growth Models. In this section we investigate some
simple ecological models for the growth of a population. Let y( t) be the size
of a population at time t. If the relative growth rate of the population per,
unit time is denoted by c = c(t, y), then '!!.- = c; i.e., y' = cy. In any ecologi-

y
cal system, the resources available to support life are limited, and this in turn
places a limit on the size of the population that can survive in the system. The
number N denoting the size of the largest population that can be supported
by the system is called the carrying capacity of the ecosystem. We consider
a sequence of three single-population models, which incorporate the following
assumptions: The relative population growth rate depends only on y (that is to
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say, not explicitly on t) and goes to zero as the population approaches N. In
particular, we assume that c = c(y) is given by one of the following:

c(y) = a(N - y)k with k = 0,1,2.

To illustrate these ideas we will model the human population of the earth and
choose the year 1969 as the starting point (t = 0, with t measured in years). Let
Yo denote the population of the earth in the year 1969 and Co the relative annual
population growth rate for the year 1969. These are given by Yo = 3.55 . 109
and Co = 0.02. From the condition c(O) = Co, it follows that a = co(N - yo)-k.

If we measure y(t) in multiples of Yo, i.e., set y(t) = you(t), N = (3yo, where
(3 gives the carrying capacity in multiples of Yo, then one obtains the initial
value problem

(15)(k = 0,1,2).u(O) = 1, ((3-U)kU =Co ~ ·u,

If k = 0, equation (15) reduces to the equation u' = cou, which produces the
well-known exponential growth function u(t) = ecot . For the other cases,

Ju ds (3 - 1 ( ((3 - l)U)
k = 1 : cot = ((3 - 1) 1 s((3 _ s) = -(3-log (3 - u '

k=2: cot=((3-1)2 JU s((3~s)2

= (~)2 {log (((3 - l)U) + _(3 __(3 }.
(3 (3-u (3-u (3-1

Solving these equations for u is easy when k = 1 but difficult when k = 2;
however, for many questions, solving for u is not necessary For instance, we
can calculate the doubling time by putting u = 2. For the case k = 0, the
population of the year 1969 doubles in 50 . log 2 = 34.7 years, and if (3 = 5 is
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u

(3

o :ta
I

I
I

Logistic equation.
The solutions U3 and U-3

with t a = ~ In3

used, it doubles in 50· ! .~ = 39.2 years in the case k = 1 and in 44.8 years for
k = 2.

The Logistic Equation. The equation with k = 1 is called the logistic
equation. It was proposed as early as 1838 by the Belgian mathematician Pierre
Fran<;ois Verhulst (1804-1849). We will consider this equation in more detail
using different notation:

!U'=U(b-CU) with b,c>ol

This equation is the same as (15) with k = 1 and

logistic equation. (16)

Co
c= ;3-1' b = ,Bc. (17)

(18)

Using the methods described in VII one obtains the solutions

b 1
u, = - . -bt for ,i- 0

c 1 + ,e
as well as two stationary solutions u == 0 and u == b/ c (the reader should check
this). These are all of the solutions. On the one hand, every initial condition
u(to) = Uo can be satisfied by one of these solutions, on the other hand, by the
results in VII and VIII, exactly one solution goes through each point.
Two simple propositions follow:
(a) Every solution u of (16) with u(to) > 0 rema'ins positive for t > to and

tends to b/c as t -; 00.
(b) u~ = 0 if and only ifu, = b/(2c).
The proof of (a) is obvious from (18). For (b), we differentiate (16), obtaining

u" = u'(b - cu) - cuu' = u'(b - 2cu). o

In population models, u, with, > 0 describes the growth of the population,
and b/c is the carrying capacity;3. We will now check how the world population
y(t) = you(t) has grown since 1969 (t = 0) according to this model. Recall that
Co = 0.02. We have u,(O) = 1, and we obtain, =;3 - 1 from (17), (18). Under
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the assumption p = 3 (b = 0.03) one obtains a population of y = 5.157 billion
for the year 1990 (t = 21) and with p = 5 (b = 0.025); y = 5.273 billion. The
actual population size in 1990 was 5.321 billion. The assumption p = 5 gives
a better approximation, though p = 3 corresponds to the carrying capacity
N = YoP >:::: 10 billion which is sometimes used by demographers.
The point of inflection marks the turning point where the second derivative

becomes negative, and hence the point beyond which the yearly population
growth rate begins to decrease. It occurs in this model at p/2 according to (b).
Applying this result to the world population under the assumption that p = 3
would mean that we have already passed this point (N/2 = yop/2 >:::: 5 billion).
The situation fits p = 5 better. One should, however, not forget that we are
dealing with the simplest growth model with bounded growth.

§ 2. The Linear Differential Equation. Related
Equations

A linear differential equation is an equation of the form

y' + g(x)y = h(x); (1)

we assume that the two given functions g(.7:) and h(x) are continuous on an
interval J. If h(x) == 0, then equation (1) is called homogenemLs, otherwise
nonhomogeneous or inhomogeneous. The differential operator

Ly := y' + g(x)y (2)

can be used to write the differential equation (1) in the form

Ly = 0 (homogeneous) and Ly = h(x) (nonhomogeneous).

Thus, to each function ¢ E C 1 (J) the operator L associates a function 'l/J
L¢ = ¢' + g¢ E CO (J). The value of the function L¢ at the point x will be
denoted by (L¢)( x).
The operator L is linear; i.e., if ¢, 'l/J belong to Cl (J) and a, b E lR are

arbitrary constants, then

L(a¢ + b'l/J) = aL¢ + bL'l/J.

1. I Ly:= y' + g(x)y = 0 I The Homogeneous Equation.

This is an equation with separated variables which can be solved using the
techniques discussed in LVII and LVIII. From formula (1.8) we obtain the
family of solutions

y(x; C) = C· e~G(x) with G(x) = iX

g(t) dt (~E J fixed) (3)

(recall that 9 is continuous in J). It is easy to check that (3) gives a solution
for every real C and that exactly one solution from this family passes through a
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given point (~, T)) E J x JR. There are no other solutions, since by the theorems
proved in l.VII, VIII there exists exactly one solution through each point in
J x JR. The fact that every solution is given by (3) can also be verified directly:
If ¢ is a solution of L¢ = 0 and u(x) := eG(x)¢(x), then u' = eG(x)(g¢+¢') = 0;
i.e., u is constant and hence ¢ has the form (3).
The unique solution satisfying the initial condition y(~) = T) is given by

y(x) = T) . e-G(x) with G(x) = l x
g(t) dt.

It exists in all of J.

(4)

II. I Ly = h(x) I The Nonhomogeneous Equation.

Solutions to the nonhomogeneous equation can be obtained with the help of
an ansatz that goes back to Lagrange, the method of variation of constants. In
this method, the constant C in the general solution y(x; C) = Ce-G(x) of the
homogeneous equation is replaced by a function C(x). The calculation of an
appropriate choice of C(x) gives a solution of the nonhomogeneous equation.
Indeed, the ansatz

y(x) = C(x)e-G(x) with G(x) = lx
g(t) dt

leads to

Ly == y' + gy = (C' - gC + gC)e-G(x) = C'e-G(x).

Hence Ly = h holds if and only if

C' = h(x)eG(x), or equivalently, C(x) = lx
h(t)eG(t) dt + Co. (5)

Theorem. If the functions g(x), h(x) are continuous in J and ~ E J, then
the initial value problem

Ly = y' + g(x)y = h(x), y(O = T)

has exactly one solution,

(6)

(7)y(x) = T). e-G(x) + e-G(x) l x
h(t)eG(t) dt.

The solution exists in all of J.

The discussion leading up to formula (5) shows that (7) is a solution to
Ly = h; it is clear that the initial conditions are satisfied. Uniqueness is a
consequence of (a) below.

Remark on Linearity. If y, yare two solutions to the nonhomogeneous
equation Ly = h, then L(y - y) = Ly - Ly = 0, i.e., z(x) = y - Y is a
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solution of the homogeneous equation Ly = O. Thus all solutions y(x) of the
nonhomogeneous equation can be written in the form

y(x) = y(x) + z(x), (8)

where y(x) is a fixed solution of the nonhomogeneous equation and z(x) runs
through all solutions of the homogeneous equation. In other words,

y(x; C) = y(x) + Ce-G(x) (C E lR) (8')

is the general solution of the inhomogeneous equation.
It follows from (4) that a solution z of the homogeneous equation that van

ishes at a point ~ is identically zero (note that ~ can be any point in J). Using
(8), this result implies
(a) Two solutions y, y of the inhomogeneous equation that coincide at one

point in J are identical.

Example.

y' + Y sin x = sin3 x.

Here G(x) = - cosx. Hence z(x; C)
homogeneous equation Lz = 0 and

y(x) = l x
sin3t·ecosx-costdt

CeCOSX is the general solution of the

l
COSX

=eCOSX 1 (82 -l)e-S d8

I

cos x

= - eCOSX((82 - 1) + 28 + 2)e- S 1

=sin2x - 2cosx - 2+ 4ecosx-l

is a solution to the nonhomogeneous differential equation. It follows that the
general solution of the nonhomogeneous equation is given by

y(x; C) = sin2 x - 2cosx - 2 +C. eCosx .

III. I y' + g(x)y + h(x)yCX = 0, a -=I- 1 I Bernoulli's Equation.

This differential equation, named after Jacob Bernoulli (1654-1705), can be
transformed into a linear differential equation. Let us assume that the functions
g, h are continuous in J and that y > O. If the equation is multiplied by
(1 - a)y-CX and the relation (1 - a)y-CX y' = (yl-cxy is used, then one obtains

(yl-cx), + (1 - a)g(x)yl-CX + (1 - a)h(x) = O.

Thus the function z = yl-CX satisfies a linear differential equation,

z' + (1 - a)g(x)z + (1 - a)h(x) = O. (9)
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y

Solution of the initial value problem
,y 4

Y + -- + (1 + X)y = 0, y(O) = -1
l+x

Conversely, if z(x) is a positive solution of (9), then the function y(x) =
(z(x)) 1/(1-0) is a positive solution of Bernoulli's differential equation. For "l > 0,
the initial condition y(~) = "l transforms into z(~) = "ll-o > O. By Theorem
II, this condition uniquely defines a solution z of (9). Hence each initial value
problem for the Bernoulli equation with a positive initial value at the point ~ is
uniquely solvable.
The cases where also nonpositive solutions occur will be discussed now.
(a) 0: > 0: Then the differential equation is defined for y ~ 0, and y == 0

is a solution. Since all positive solutions can be given explicitly, it is easy to
determine, on a case by case basis, whether or not solution curves run into the
x-axis from above. This is the case, for example, for g = 0, h = -1, 0: = ~
(Example 2 from 1.V).
(b) 0: an integer: Then y < 0 is also permitted. There are two cases.

0: odd: It follows from the Bernoulli equation that

(-y)' + g(x)( -y) + h(x)( _y)O = O.

So if y(x) is a positive solution of the Bernoulli equation, then u(x) = -y(.T)
is a negative solution. Hence initial value problems with "l < 0 can be easily
handled.
0: even: Since 1 - 0: is odd, y < 0 implies z = yl-o < 0, which in turn yields
y = -lzI 1/(1-0). So for a negative initial value "l, the negative solution zof (9)
with z(~) = "ll-o leads to a negative solution y = _lzI 1/(1-0) with y(~) = "l·

In both cases the solution y satisfying y(~) = "l < 0 is unique.

Exercise. Show directly (without using the uniqueness theorem) that for
0: ~ 2, 0: E N, a solution y¢.O of Bernoulli's equation has no zero in J.

Example.

y' +~ + (1 + x )y4 = O.
l+x



§ 2. The Linear Differential Equations. Related Equations 31

The differential equation is defined for both positive and negative y. Using
1

z = 3 gives, according to (9),
y

z' - _3_ z - 3(1 + x) = O.
l+x

Clearly, ¢ = C(l + X)3 is the general solution of the homogeneous equation.
Thus the ansatz for the nonhomogeneous equation (by variation of constants)
is z = C(x)(l + x)3. After a simple calculation, one obtains

3 -3
C' = =} C(x) = --.

(l+xF l+x

Therefore, the general solution of the nonhomogeneous equation is

z(x; C) = C(l + x)3 - 3(1 + x)2 = (1 + x2)(Cx + C - 3).

Since a = 4 is even, one has

(x'C)- sgn(Cx+C-3)
y, - \!(1+xFICx+C- 31

The solution through the point (0, -1) is given by

1
y(x; 2) = - \!(1 + X)2(1- 2x) (-1 < x < ~).

IV. I y' + g(x)y + h(x)y2 = k(x) I Riccati's Equation.

In this equation, which is named after the Italian mathematician Jacopo
Francesco Riccati (1676-1754), the functions g(x), h(x), k(x) are assumed to be
continuous in an interval J. Except in special instances, the solutions cannot
be given in closed form. However, if one solution is known, then the remaining
solutions can be explicitly calculated. For proof, we consider the difference of
two solutions y and ¢, u(x) = y(x) - ¢(x); it satisfies the equation

u' + gu + h(y2 - ¢2) = O.

Since y2 - ¢2 = (y - ¢)(y + ¢) = u(u + 2¢), one has

u' = [g(x) + 2¢(x)h(x)]u + h(x)u2 = O. (10)

Thus the difference satisfies a Bernoulli differential equation which can be con
verted, using the techniques described in III, into the linear differential equation

z' - [g(x) + 2¢(x)h(x)]z = h(x),
1

where z(x) = u(x)' (11)

Summary. If a solution ¢(x) of the Riccati equation is known, then all of
the other solutions can be obtained in the form

1
y(x) = ¢(x) + z(x)'

where z(x) is an arbitrary solution of the linear equation (11).

(12)
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Example. y' - y2 - 2xy = 2.
1

The function ¢(x) = -- is a particular solution. Formula (11) then gives
x

the linear differential equation

z' + z ( 2x - ~) + 1 = O.

The general solution to the homogeneous equation is z(x) = Cx2e- x2
, from

which a particular solution z of the nonhomogeneous equation can be obtained
using (7) with h = -1:

The integral E(x) can be expressed in terms of the error function with imaginary
argument. The general solution of the original Riccati equation is now obtained
from (12),

1 1
y(x;C)=-;;+ x+x2e- x2 (C-2E(x))

_e- X2 (C - 2E(x))
= 2 .
1+ xe- X (C - 2E(x))

Since y(O; C) = C, every initial value problem y(O) = TJ can be immediately
solved.

V. Exercises. (a) Isoclines. Isoclines of a differential equation y' =
f(x, y) are the curves f(x, y) = const, on which the direction field has constant
slope. Sketch the direction field for the differential equation

making use of the isoclines y2 + 1 - x 2 = const. Determine all solutions (one
solution is evident from the direction field). Which solutions exist on an infinite
interval; which exist in 1R?
(b) Determine all solutions of the differential equations

y' + Y sin x = sin 2x and y' - 3y tan x = 1.

(c) Solve the initial value problem
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VI. Exercise. Suppose f(x) is continuous on the half-open interval 0 <
x S 1. What additional conditions must f(x) satisfy so that every solution of
the differential equation

y' = f(x)y for 0 < x S 1

has the property

(a) y(x) --> 0 as x --> +O? (b) y(x) -->0 as x-->+O?
x

Investigate the same question for the differential equation

I 1
y = f(x)ylog- for 0 < x S 1,

y

where only solutions with 0 S y(x) S lie are taken into consideration.

VII. Exercise. The Riccati Differential Equation and Linear Differen
tial Equations of Second Order. Show that the Riccati differential equation

y' + g(x)y + h(X)y2 = k(x)

with g, hE C°(J), hE C1(J), h(x) -# 0 in J, can be transformed into the linear
differential equation of second order

1/ I ( hi)
U + u g - h - khu = 0

using the transformation

u(x) = exp (/ h(x)y(x) dX)

(13)

and that conversely, a positive solution u of (13) produces a solution y =
(log u)'I h of the Riccati equation. Use this relationship to solve the initial
value problem

Supplement: The Generalized Logistic Equation.

We consider a generalization of the logistic differential equation u' = u(b 
cu), where, in contrast to 1.XIII, band c depend on t. Our objective is to derive
some theorems on the asymptotic behavior of the solutions as t --> CXJ and on
the existence of a class of distinctive, in particular periodic, solutions.
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VIII. The Generalized Logistic Differential Equation

u'(t) = u(b(t) - c(t)u). (14)

The functions band c are assumed to be continuous and positive in R We
consider only positive solutions.
Equation (14) is a Bernoulli equation. If u is a solution with U(T) = Uo > 0,

then by III, the function y = l/u satisfies

y' = -by + c,

and hence

1
Y(T) = - = Yo,

Uo
(15)

y(t) = e-B(t) (YO + it c(s)eB(s) dS)

with

B(t) = it b(s) ds.

(16)

Since u = l/y, we obtain the following results.
(a) A solution u with u(T) > °exists and is positive for all t > T. The

solution also remains positive "to the left." Either it exists for all t < T or there
exists a tl < T such that u(t) ~ 00 as t ~ t 1+. The latter case occurs if there
is a tl such that y(td = 0, i.e., if Yo < [TOO c(s)eB(s) ds.

(b) If u, v are two solutions with u(T) < v(T), then u < v in their common
interval of existence. If u(to) = v(to), it follows from (16) that u == v.

Theorem 1. Let lim B(t) = 00. If u is a positive solution, then
t~oo

. . b(t)
hm u(t) = hm -()'

t--->oo t--->oo C t

provided that the limit on the right side exists.

Proof. This theorem is a substantial generalization of 1.XIII. (a). It can
be proved by writing y as the quotient Z(t)/N(t) with N(t) = eB(t). The
result then follows using I'Hospital's rule; since both B(t) and N(t) tend to 00,
the rule applies. One gets Z'(t)/N'(t) = c(t)/b(t), which gives the conclusion
immediately. •

In what follows, a function g will be called T-periodic (T > 0) if it is defined
on all of IR and g(t + T) = g(t) holds for all t E R

Theorem 2. If the coefficients band care T -periodic, then there exists
exactly one positive T -periodic solution of (14).
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Proof. It is sufficient to show that there is exactly one solution with u(O) =

u(T) > O. Under this assumption v(t) := u(t + T) is a solution of (14) with
v(O) = u(O). Then y = l/u and Z = l/v both satisfy the same linear differential
equation and have the same initial values. It follows that y = z and hence u = v
i.e., u is T-periodic. If we set T = 0 in (15), then the relation u(O) = u(T) leads
to the equation

Yo (eB(T) - 1) = IT
c(x)eB(s) ds > 0,

which can be solved uniquely for Yo because eB(T) > 1. •
In the classical case (b, c constant), the constant solution u = b/ c is distinc

tive. It is the only solution for which both the limits as t ----t 00 and as t ----t -00
are positive. Moreover, as t ----t 00, all positive solutions tend to this solution; ef
1.XIII.(a). There also exists a distinctive solution in the general case. To inves
tigate it we introduce a new concept. We call a function 9 : IE. ----t IE. positively
bounded if there are two positive constants a, (3, such that a < 9(t) < (3 for
t E IE.. Clearly, if 91,92 are positively bounded, then so are 9192, 91 +92, 9I!92.

Theorem 3. Let the coefficients b, c be positively bounded. Then equation
(13) has exactly one positively bounded solution u* on IE.; and if u is any positive
solution, then u(t) - u*(t) ----t 0 as t ----t 00.

Proof. Let a, {3, 'Y, /j be positive constants with a < b < (3, 'Y < c/b < /j in IE..
The first set of these inequalities leads to the estimates

at < B(t) < (3t for t > 0, at> B(t) > (3t for t < 0;

and the second leads to

I(t) := 1t
oo c(s)eB(s) ds < /j1t

oo b(s)eB(s) ds = /jeB(S)I~oo = /jeB(t) ,

and similarly I(t) > 'YeB(t).
We have to show that the linear equation (15) for y = l/u has one and only

one positively bounded solution. Let y* be the solution (16) with Yo = 1(0) and
T = 0, that is,

y*(t) = e-B(t)1t
oo c(s)eB(s) ds.

(This, by the way, is the smallest positive solution that exists in all of IE.; ef. (a).)
From the previous estimates it follows that 'Y < y* < /j. Since the solution
z(t) = e-B(t) of the homogeneous equation is unbounded and all solutions of
the nonhomogeneous equation are given by y = y* + AZ, it follows that y* is the
only positively bounded solution. •

Exercise. Prove the last assertion in Theorem 3.
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§ 3. Differential Equations for Families of Curves.
Exact Equations

(1)

I. The Differential Equation for a Family of Curves in Various
Forms. If f(x,y) is defined and continuous in a domain D (open connected
set), then the solutions to the differential equation y' = f(x, y) form a family
of curves that covers D (that is the geometric meaning of the Peano existence
theorem, which will be proved in § 7).
Conversely, if a given family of curves covers D simply, then it is possible

to find a first order differential equation such that the curves in the family are
the solutions of the differential equation. For proof, suppose (x, y) E D is an
arbitrary point and y = ¢(x) is the curve in the family that goes through this
point. If we define the function f by setting f(x, y) = ¢' (x), then clearly each
curve in the family is a solution of the differential equation y' = f(x, y) (this
procedure was already mentioned in 1.111).

Example. The family of concentric circles

x 2 + y2 = r2 (r > 0)

satisfies the differential equation

, x
y + - = 0,

y

since the slope of the line passing through the origin and the point (x, y) is
m = y/x, and the line perpendicular to it (which is tangent to the circle) has
slope -1/m. Technically speaking, the functions

y(x; r) = ±vr2 - x 2 (r > 0 is a parameter)

and not the circles are solutions to the differential equation (1). Moreover, the
equation holds only in the open interval -r < x < r because the derivative is
infinite at the points x = ±r. Similar problems occur whenever curves with
infinite derivatives (and hence vertical line elements) are present.

y

m

-+-+-'$-~+-+---';~--"'X
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Such difficulties can be overcome by representing the curves in a symmetric
form, that is, either in implicit form F(x, y) == C or in parametric form x = x(t),
y = y(t). A symmetric representation of a first order differential equation is
given by

g(x,y)dx+ h(x,y)dy = 0,

or, equivalently, by

g(x, y)x + h(x, y)iJ = 0 for x = x(t), y = y(t),

where x = dx(t)/dt, iJ = dy(t)/dt. Here it makes sense to assume that

g2 + h2 > 0

(2a)

(2b)

(3)

(note that 9 == h == 0 in a domain D implies that every differentiable curve lying
in D is a solution of (2)). Further, we require solutions in parametric form x(t),
y(t) to be continuously differentiable and satisfy

(X(t))2 + (iJ(t))2 > 0, (4)

(2c)

(2d)

which implies that the curve is a smooth curve. This assumption is also a
natural one. It excludes solutions of the form x(t) = const., y(t) = const., and
it guarantees that locally (i.e., in a neighborhood of each point of the curve) the
curve can be written explicitly in the form y = ¢(x) or x = 'ljJ(y) with ¢, 'ljJ in
C1 .
The differential equation (2b) is equivalent to

g(x,y)+h(x,y)y'=O for y=y(x) (y,=d~~))

in the following sense: If y(x) is a solution of (2c), then this explicit represen
tation can be interpreted as a parametric representation x = t, Y = y(t), for
which (2b) holds. Conversely, if x = ¢(t), y = 'ljJ(t) is a solution of (2b) and
if ¢(to) #- 0, then ¢ #- 0 in a neighborhood U of to, and the inverse function
t = t(x) exists. The part of the curve that corresponds to values of t E U can
be expressed explicitly in the form

y = y(x) = 'ljJ(t(x)).

The function y(x) is a solution of (2c) because

y'(x) = -J;(t(x)) dt(x) = ~(t(x)).
dx ¢(t(x))

In a like manner, if -J;(to) #- 0, then (2b) is equivalent to the differential equation
dx

g(x, y) dy + h(x, y) = 0 for x = x(y).

The case ¢(to) = -J;(to) = 0 is excluded by the requirement (4).
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Summary. The solutions obtained from equations (2b), (2c), and (2d)
are indeed different functions, but they give exactly the same curves with the
exception that for (2c) those curve points with vertical tangents and for (2d)
those curve points with horizontal tangents are missing. Consequently, whenever
the emphasis is on the geometric point of view, that is, when one is interested in
solution curves, there is no real difference between the four forms of the equation
(2a), (2b), (2c), (2d).
Finally, we note that equation (2b) is invariant with respect to a change

of parameter: If x(t), y(t) is a solution of (2b), then so is X(T) = x(h(T)),
Y(T) = y(h(T)), as long as h(T) E C l

.

In Example 1, the symmetric form of differential equation (1) is

xdx + ydx = O.

II. Exact Differential Equations. A differential equation of the form
(2) is called an exact equation in the domain D if (g, h) is a gradient field, i.e.,
if there exists a function F(x, y) E C1 (D) such that

Fx(x, y) = g(x, y), Fy(x, y) = h(x, y) in D. (5)

The function F is called a potential function for the field (g, h).
The total differential of a function F is defined as dF = Fxdx + Fydy. Thus

a differential equation is exact in D if and only if it can be represented in the
form

dF(x, y) = 0 with FECI (D). (6)

Once a potential function has been determined, the problem of integrating
the differential equation (2) is essentially settled.

Theorem. Let the functions g, h be continuous in the domain D. If the
differential equation (2) is exact in D and if FECI (D) is a potential function,
then the function pair (x (t), y( t)) E C 1 (J) (with values in D) is a solution of the
differential equation (2b) if and only if F(x(t), y(t)) is constant in the interval
J. Likewise, y(x) is a solution of (2c) if and only if F (x, y(x )) is constant, and
a corresponding statement holds for (2d).

Additionally, if (3) holds, then by solving

F(x,y) = a (7)

one obtains all sol'ution curves, and exactly one solution curve passes through
each point of D.

The proof follows from the identity

d
g.:i: + h· i; = Fx·T + Fyi; = -d F(x(t), y(t)).

x

Thus the pair (x(t), y(t)) is a solution of (2b) if and only if F(x(t), y(t)) is
constant.
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The second part of the conclusion is a consequence of the implicit function
theorem. Note that by (3) and (5), F; + F; > 0 in D. Let (~, 1]) E D and
F(~, 1]) = a. If Fy(~, 1]) =I- 0, for instance, then by the implicit function theorem
F(x, y) = a has a unique solution of the form y = y(x) E C1 in a neighborhood
U of the point (~,1]), and differentiation of the identity F(x,y(x)) = a gives
equation (2c), i.e., y is a solution. •

Example.

(y2 exy + 3x2y)dx + (x 3 + (1 + xy)exY)dy = 0
is exact in IR2

. A potential function is

F(x, y) = y(exy + x 3
).

The question whether a differential equation is exact and if it is, how to
find a potential function is answered in the following well-known result from
analysis.

III. Theorem on Potential Functions. If g(x,y), h(x,y) are contin
uously differentiable in the simply connected5 domain D) then there exists a
potential function F(x, y) satisfying (5) if and only if

gy == hx in D (8)

holds.

The potential function is obtained as a line integral

1
(5',11)

F(x,y) = {g(x,y)dx + h(.T,y)dy} ,
(~,'7)

where (~, 1]) ED is a fixed point and the integration is carried out along an arbi
trary C 1-path connecting (~,1]) to (x,y). Equation (8) is precisely the condition
required to guarantee that this integral is independent of the path.

IV. Integrating Factors (or Euler Multipliers). The differential equa
tion

ydx + 2xdy = 0 (9)

is not exact. However, it can easily be made an exact differential equation
(in the domain x > 0) by multiplying the equation by 1/Vi. The resulting
differential equation

y r::.
.jX dx + 2y xdy = 0

is exact, and a potential function is given by

F(x, y) = 2y.jX (x > 0).
An exact differential equation can also be obtained by multiplying (9) by y:

y2 dx + 2xy dy = 0, giving F(x, y) = xy2.

5See A.VI for a definition of simple connectedness.
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V. Definition and Theorem. If the functions g(x, v), h(x, y) are con
tinuous in D, then a continu01lS function M (x, y) i- 0 defined in D is called
an integrating factor or Euler multiplier for- the differ-ential equation (2) if the
differential equation

lVI(x,y)g(x,y)dx+ M(x,y)h(x,y)dy = 0 (10)

(11)

is exact.
If D is simply connected andg,h,M E C 1 (D), then (Mg)y = (Mh)x, i.e.,

Myg + Mgy = Mxh + Mhx

is necessary and sufficient for M to be a multiplier-.

This follows immediately from Theorem III. Note that in general it is a dif
ficult task to find an integrating factor M, since M is the solution to the partial
differential equation (11). However, once a multiplier M is found, all solutions
of equation (2) (which is equivalent to (10)) can be found by integration; cf.
Theorems II and III.

Multipliers Depending on Only One Variable. Sometimes a multiplier can
be found that depends only on x (or only on V). The ansatz M = M(x), for
instance, leads to

gy - hx = M' = (log M)'.
h M

(12)

Thus an integrating factor depending only on x exists if and only if the left-hand
side of (12) depends only on x. An important example is the linear differential
equation; see Exercise VIII. (e).

Example.

(2x 2 + 2xy2 + l)yi: + (3 y2 + x)y = O.

The differential equation is not exact; however (cf. (12)),

gy - hx = 2x
h '

and hence M = e
x2 is an integrating factor. A potential function F(x, y) can

be determined from equations (5), which for this example are given by

Fx = e
x2

y(2x2 + 2xy2 + 1), Fy = e
x2

(3y 2 + x).

From the second of these equations it follows immediately that

F(x, y) = e
x2

(y3 + :.cy) + ¢(x),

where ¢(x) is an arbitrary function of x. This function ¢(x) must be determined
such that the first of the two equations also holds. This is the case, as one can
check, if ¢ == O. Thus the solutions are given by

F(x, y) == ye
X2

(x + y2) = C.
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Note that it is just about as easy to get the potential function from the line
integral in Theorem III. Choosing (C Tl) = (0,0) and taking the path given in
the figure, one sees that the integral vanishes along the x-axis, since g = 0 there
and dy = 0, and that the integral over the vertical segment gives precisely the
function F obtained earlier.

VI. A System of Two Autonomous Differential Equations. In
connection with equation (2), we consider the system of two differential equa
tions

x = h(x, y), Y= -g(x, y) (13)

for the pair of functions (x( t), y(t)). Such a system is called an autonomous
system, because the variable t does not appear explicitly in the right-hand side.
A consequence of this fact is the following property:
(a) If (x(t), y(t)) is a solution, then so is (x(t + c), y(t + c)) (c arbitrary).

Phase Plane and Phase Portraits. A solution (x(t), y(t)) of the system
(13) can also be interpreted as the parametric representation of the correspond
ing solution curve in the xy-plane. In this context the xy-plane is also referred
to as the phase plane, and the curves generated by the solutions are called the
trajectories (or the orbits) of the differential equation. A sketch of several of
these trajectories is called a phase portrait or phase diagram of the system (13).
Arrows are added to the trajectories to give the orientation of the curve in the
sense of increasing t. In addition, the velocity of motion, that is, the vector
(x( t), y( t)), can also be given approximately by placing special dots along the
trajectory at solution points corresponding to a sequence of equidistant t-values.
Where the dots are close together, the solution is changing slowly, where they
are far apart, the change is correspondingly faster.
A phase portrait gives an excellent overview of the qualitative behavior of

the solutions. Thus it is of great significance that in some examples the trajec
tories can be given without first determining the solutions. What is needed is a
function F(x, y) that is constant along each solution (i.e., on each trajectory).
Such a function is called a first integral of the system (13). The trajectories are
then given implicitly by the equation F(x, y) = Q.
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There is a relationship between equations (2) and (13). A solution of (13) is
clearly a solution of (2b) and also, more generally, of the equation

lVI(x,y)g(x,y)x+ lVI(x.y)h(x,y)Y = o. (14)

If M i- 0 is an integrating factor that makes this equation exact, then there
exists a potential function F with the desired property. To make this precise:
(b) If equation (14) is exact and F is a potential function, that is, if grad F =

(Mg, Mh), then F is constant along solutions of the system (13). The trajecto
ries of the system (13) are obtained as the level sets

Key. = F-1(a) = {(x,y) ED: F(x,y) = a}.

Example. For the system .1; = y, Y = -.1:, the corresponding equation (2) is
x d:r + ydy = O. The function F(x, y) = x 2+ y2 is constant along each solution,
and therefore the trajectories are circles centered at the origin.

Some questions arise at this point.
(c) If the level sets KG. are curves, is it possible to formulate general theorems

about their structure? Locally, if grad F i- 0, then KG. is a curve because of the
implicit function theorem. Global statements, particularly statements about
closed Jordan curves, are proved in the Appendix in sections A.VII-VIII.
(d) Does a solution that starts on a level curve always trace out the entire

curve, or can it just stop somewhere? Statements related to this question are
proved in A.IX.
(e) How can the direction of the arrows on the trajectories be obtained?

This can usually be done without difficulty by considering the sign of g and h.
The markings of points for equidistant t-values, on the other hand, have to be
obtained numerically.
As an illustration of these ideas, we will consider a famous example from

biomathematics.

VII. The Predator-Prey Model of Lotka-Volterra. We consider
an ecological model consisting of two species, a predator species and a prey
species, which goes back to the American biophysicist Alfred J. Lotka (1880
1949) and the Italian mathematician Vito Volterra (1860-1940). The size of the
predator population will be denoted by y(t), that of the prey by x(t). In the
system of differential equations

x=x(a-by), y=y(-c+dx), (15)

which describes their interaction, a, b, c, d are positive constants. The prey
population is assumed to have ample resources (e.g., food) so that in the absence
of predators (y = 0)

growth rate = birth rate - death rate = a > 0,

and the population increases in size according to the exponential growth equa
tion i = ax. In the presence of predators the growth rate reduces from a to a-by
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for obvious reasons; in fact, it can become negative. The situation is different
for the predator population. Without prey (x = 0), the predator population
decreases in accordance with the equation for exponential decay iJ = -cy (be
cause without an adequate food supply, the death rate exceeds the birth rate),
but when the prey population is present, the improvement in the food supply
enlarges the growth rate to -c+ dy, which can be positive if the prey population
is large.
The following analysis of equation (15) begins with an application of the

existence and uniqueness theorem 10.VI. From this theorem it follows that for
every initial condition (x(O), y(O)) = (~, TJ), there is exactly one solution of
(15). Clearly, there is exactly one positive constant, or stationary, solution
(x(t), y(t)) = (xo, Yo) = (c/d, a/b).
In the notation of (13), g = y(c - dx) and h = x(a - by). We claim that

1
M(x, y) = - is an integrating factor. Indeed, the functions

xy

c
!} = Mg = - - d,

x

- a
h = --b

y

satisfy the condition !}y = hx = 0 from Theorem III. A potential function is
easily found:

F = G(x) + H(y) with G(x) = clogx - dx, H(y) = alogy - by.

The function G is strongly monotone increasing in the interval (0, xo), strongly
decreasing in the interval [xo, (0), and it tends to -00 as x ----+ 0+ and as x ----+ 00;

H behaves in the same manner on the intervals (O,Yo), [Yo, (0). It follows that
F has a maximum at (xo, Yo),

F(x, y) < F(xo, Yo) =: B for x, y > 0, (x, y) of (xo, Yo),

and gradF of 0 there. From Theorem II and Theorems A.VIII (with A = -(0)
and A.IX in the Appendix, we immediately obtain the following

Theorem. For -00 < a < B, the level sets Ko. = F-1(a) are closed
Jordan curves that surround the stationary point (xo, Yo). All positive solutions
(x(t), y(t)) of the Lotka- Volterra equations are periodic; x(t) has its largest and
smallest values when y(t) = Yo, and y( t) has its lar:qest and smallest values when
x(t) = xo.

We briefly describe the evolution of a solution (x(t), y(t)) with initial value
(xo, TJ), TJ < Yo, at t = O. The solution traces out the curve Ko.' where a =
F(:ro, TJ). When t = 0, the predator population y is at its lowest point; as t
increases, y begins to increase, while at the same time the growth of the prey
population x slows and comes to a halt at the value y = Yo. At this point
x begins to decrease and y continues to grow, but more slowly, reaching a
maximum when x sinks to the value Xo, etc.

It can be shown directly, without appealing to A.IX, that the above solution
actually makes a complete rotation in finite time and does not just come to a halt
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with (a, b, c, d) = (3,2,2,1),
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somewhere on the curve. Since the solution values (x(t),y(t)) lie on a bounded
curve Ken the solution itself is bounded; thus it exists for all t 2 0 by Theorem
1O.VI. As long as y(t) < Yo, x(t) is positive, whence x(t) > Xo for small positive
t. But then from x 2 Xo + E it follows that iJ 2 y( -c + d(xo + E)) = dEy> O.
Thus y > 7), and hence iJ > dE7) > O. Therefore, y takes on the value Yo at a
time t l , where x(td > xo. In a similar manner, one shows that the remaining
three parts of the curve K ex are traced out in this way and that there exists
a smallest positive number T with (x(T), y(T)) = (x(O), y(O)). By V.(a) the
function (5.;(t), y(t)) = (x( t + T), y( t + T)) is also a solution of the differential
equation with the same initial conditions at t = 0 as (x(t), y(t)), and by the
uniqueness theorem both solutions must be identical, i.e., the solution under
consideration is periodic with period T.
(a) Exercise. Consider the mean value (xm,Ym) of a T-periodic solution

(x(t), y(t)) of equation (15); i.e.,

Xm = ~ iT x(t) dt, Ym = ~ iT y(t) dt.

Show that X m = XO, Ym = Yo· Thus the mean value of a solution over a period
is equal to the value of the stationary solution.

Hint: Integrate xix and iJlY from 0 to T.

VIII. Generalized Predator-Prey Models. Exercise. (a) Show
that the same qualitative statements hold for the nonnegative solutions of the
system

.1: = x(a - by2), iJ = y( -c + dx2)

as for the Lotka-Volterra model; cf. Theorem VI. Is VI.(a) still valid?
The statements of Theorem VI can be essentially carried over to more general

systems of the form

x = ¢(:r)a(y), iJ = -'l/J(y)(3(x) (16)

and, in fact, can be carried a step further.
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(b) We consider an autonomous system of the form

j; = W(x,y)h(y), iJ = -W(x,y)g(y) (17)

with W > 0 (in the case of equation (16), W = ¢J(x)1/J(y)). Let the functions
g, h be continuous and strongly monotone decreasing in [0,00) and let each
function have a positive zero, say g(xo) = 0, h(yo) = O. Show directly that:

(i) The function F(x, y) = G(x) + H(y) with

G(x) = 1: g(s) ds, H(y) = 1~ h(s) ds

is constant along each solution of the system (17).

(ii) If it is assumed that G(O+) = H(O+) = -00, then the statements of
Theorem VI are valid. In particular, all positive solutions are periodic.

(iii) Using g(x) = 2(I-x), h(y) = 2(I-y), W = 1 as an example, discuss how
the behavior of the solutions changes if the hypothesis in (ii) is violated.

IX. Exercises. (a) Determine all solutions of the differential equation

(cos(x + y2) + 3y) dx + (2ycos(x + y2) + 3x) dy = 0

in implicit form. Discuss (and sketch) the solution through the origin.
(b) Determine all solutions of the differential equation

(There is an integrating factor M = M (y).) Sketch the direction field and draw
some solution curves (with the help of the isoclines for the slopes 0, 1, -1,00,
for instance). Determine the solution through the origin.
(c) Determine all solutions of the differential equation

y(1 + xy) dx = x dy

in explicit form. There exists an integrating factor M = M(y).
(d) Derive a differential equation for the family of circles

and draw a sketch showing some of the solutions.
(e) Find an integrating factor M = M (x) for the linear equation

yl + p(x)y = q(x)

and find the associated potential function. Compare the solutions obtained from
F(x, y) = a with Theorem 2.II.
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§ 4. Implicit First Order Differential Equations

We consider the implicit differential equation

F(x, y, y') = o. (1)

Throughout this section, we assume that the function F(x, y, p) is continuous
in a domain D of three-dimensional space (without making specific reference to
the fact each time).
Just as in the case of explicit differential equations, the differential equation

(1) defines a direction field. It is the set of all line elements (x,y,p), for which

F(x, y,p) = O. (2)

The new feature in the case of implicit differential equations is that now a
point (x, y) can be a "carrier" of more than one line element, in contrast to the
situation for explicit differential equations. This happens whenever the equation
F(x,y,p) = 0 has more than one solution p.

I. Regular and Singular Line Elements. If F(x,fj,p) = 0 and if
equation (2) can be rewritten in a neighborhood U C JE.3 of the point (x, fj, 15)
in a unique way in the form

p = f(x, y) with a continuous f(x, y) ((x, y) E V(x, y)) (3)

(this means that the line elements in U are precisely the triples (x,y,f(x,y))
with (x, y) E V), then (x, fj, p) is called a T'egular line element. All line elements
that are not regular are called singular. A solution curve y(x) of (1) is called
regular, respectively singular, if all of the line elements (x, y(x), y'(x)) are reg
ular, respectively singular. Finally, (x, y) is a singular point of the differential
equation if there exists a singular line element (.T,y,p).

Theorem. If the functions F(x,y,p) and Fp(x,y,p) are continuous in a
neighborhood of (x, fj, z) and if

F(x, fj, p) = 0, Fp(x, fj, 15) =1= 0, (4)

then (x, y, p) is a regular line element.

The implicit function theorem applies under the hypotheses of this theorem
and implies that a representation in the form (3) is possible.

It follows that the conditions

F(x, y, p) = Fp(x, y, p) = 0 (5)

must hold for singular line elements (x,y,p). Note, however, that a line element
that satisfies property (5) is not necessarily singular. For instance, every line
element of F(x,y,p) = [p - f(:r,y)]2 is regular (for continuous .f), since the
equation can be uniquely expressed in the form (3), even though (5) holds for
all line elements.
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Solution curves of the
differential equation yf2 = 4x2

Example.

/2 4 2Y = x.

The equation F(.7:, y, p) = p2 - 4x2 = °is equivalent to p = ±2x, and thus the
line elements are the triples (x, y, ±2x); the solutions of the differential equation
are the parabolas y = C + x 2 and y = C - x 2

. The only place where (2) cannot
be written (locally uniquely) in the form (3) is the y-axis; i.e., the line elements
(O,y,O) are singular, as are the points (O,y).

II. Parametric Representation with y' as the Parameter. In the
following sections we will discuss some examples of implicit differential equations
that can be solved in closed form. The ansiitze that are used here all have the
common property that they lead to solution curves with a special parametric
representation in which p = y/ is the parameter.
This will now be explained. Consider pairs (x(p), y(p)) of continuously dif

ferentiable functions in an interval J with the property

y(p) = p. x(p). (6)

Here x = dx / dp, Y= dy / dp. If x(p) i= 0, then the curve represented by this pair
has slope p at the point (x(p), y(p)). Indeed, it is well known that the curve can
be represented in explicit form y = ¢(x), and moreover, from y(p) = ¢(x(p))
and (6), it follows that

¢/(x(p)) = ~(p) = p.
x(p)

(7)

Conversely, suppose y = ¢(x) is an arbitrary curve in explicit form. A para
metric representation that satisfies condition (6) can be derived by solving the
equation p = ¢' (x) for x. If we denote the inverse function of ¢/ by x(p) and
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set y(p) := ¢(.T(p)), then (x(p), y(p)) is a parametric representation of the curve
that satisfies the relation (6),

y(p) = ¢(x(p)) . x(p) = p' x(p),

as was expected.

Two Examples. (a) y = x3 for x E R From the relation p = 3x2 ~ 0, we
obtain, using the procedure described above, that

x = ~(p) = ±VP73
y = 7](p) = e(p)

(p ~ 0).

Thus each of the two branches x ~ 0, x :::; 0 of the cubic parabola has a
parametric representation with y' = p as parameter that satisfies the condition
(6).
(b) y = sinx, 0:::; x:::; 11'. From p = cos x it follows that

x = arccosp

y = J1=P2
(-l:::;p:::;l).

What is the corresponding representation in the interval 7r :::; X :::; 27r?

Such a representation of a curve is possible only if p = ¢' (x) can be solved for
x (as is the case if ¢" =1= 0). In particular, straight lines cannot be represented
parametrically in this manner. We will have to be on the alert for this situation
later on in the discussion.
The outline of a solution procedure based on the above ideas goes something

like this. An implicit differential equation in the form (1) is given. Denote
the solution by ¢(x). If the solution curve has a parametric representation
(x(p), y(p)) with property (6) (this would be the case if ¢" =1= O!), then the
substitution x = x(p) into F(x, ¢(x), ¢'(x)) == 0 gives the equation

F(x(p), y(p), p) = 0 (8)

because of (7). The functions x(p), y(p) can now be determined using the two
equations (6) and (8).
The following types of equations can be solved using this procedure.

III. I x = g(y') I
Let J be an interval and 9 E C 1 (J). Here x(p) = g(p) is given and y(p) is

obtained from (6). Thus the solution curves are given by

{

x(p) = g(p),

y(p) = C +I p!J(p) dp.

Clearly, the set of solutions does not include line segments.
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IV. I y = g(y') I

Let 9 E C1(J). Similar to the result obtained in III, it follows from (6) that

{

y(p) = g(p),

x(p) = C + Jg;) dp.

In addition, the constant function y = g(O) is also a solution, provided that
oE J.

V. I y = .cry' + g(y') I Clairayt's Differential Equation.6

Let 9 E C 1(J). Differentiating y(p) = x(p)p + g(p) gives the relation

iJ = pi + x + g,

and hence, using (6), we have x + g= 0; i.e.,

{

x(p) = -g(p),

y(p) = -pg(p) + g(p).

However, this is only one solution. It is easy to check that the straight lines

(9)

y=cx+g(c) (cEJ) (10)

are also solutions. It is also not difficult to verify that the curve (9) touches each
of the lines (10) at the point (x(c), y(c)) corresponding to the parameter value
p = c and that both have the same slope m = c at this point. The lines (10)
form a set of tangents to the curve (9), and the curve (9) is called the envelope
of the family of lines (10).
'\That about the conditions that must be met before (9) defines a solution?

If 9 E C 2 (J), then clearly x,y E C1(J). Further, if g i- 0, then i i- 0 in J,
i.e., the curve (9) can be explicitly represented in the form y = ¢(x) with a
continuously differentiable ¢. If one notes that ¢(x(p)) = y(p), then the proof
that ¢ is actually a solution follows from the second line of (9). It can be further
proved under these assumptions that all of the solutions to the Clairaut equation
have been found, i.e., that every solution is either the function ¢ obtained from
(9), one of the lines (10), or a function constructed by splicing ¢ to one of
the lines (10). The proof (which is not exactly short) can be found in Kamke
(Differentialgleichungen, Vol. I, pp. 52-54).

Example.
, ,

y = xy + eY

The solution curves are the lines

y=cx+eC (cElE.)

6Clairaut, Alexis Claude, 1713-1765, French mathematician and astronomer.
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y

c =-~

c =-1

c=l

e

c=~

Solution curves of Clairaut's equation y = xy' + eY '

and their envelope

x = -eP

y=(l-p)eP (p E lR) } {=> Y = x{log(-x) -1} (x < 0).

VI. I y = xf(y') + g(y') I D'Alembert's Differential Equation.7

Let f,g E C 1(J). Differentiating y(p) = xf(p) + g(p) to get

iJ = xf + xj + g
and then using (6) leads to the linear differential equation

xj(p) + g(p)x= p - f(p)

from which x(p) and hence also y(p) = xf(p) +g(p) can be determined in closed
form. A line y = cx + d is a solution if and only if f(c) = c and d = g(c).

Example. Let

( ' 1) ,4y=x Y+y; +y.

Differentiation of y(p) = x(p)(p + lip) + p4 leads to

iJ = x (p + ~) + x(l - p-2) + 4p3,

or, since iJ = px,

. (1 ) 4x = X P- p - 4p .

7D'Alembert, Jean Le Rond, 1717-1783, French mathematician, philosopher, and writer.
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A solution to the homogeneous equation is x(p) = elogp-p2/2 = p. e- p2 /2, a
solution to the inhomogeneous equation

x(p) = pe-
p2

/2 . (-4)JeP2 /2p3 dp.

The substitution s = p2/2, ds = pdp, transforms the integral into 2Jses ds =
2es (s - 1), which gives x(p) = 8p - 4p3. Thus the general solution reads

x(p) = Cpe-
p2

/2 + 8p - 4p3, y(p) = x(p) (p + ~) + p4 (C E IR).

VII. Integration by Differentiation. This heading refers to the fol
lowing procedure for solving a differential equation F(x, y, y') = O. If there
is a solution of the form (x(p),y(p)), then F(x(p),y(p),p) = 0 holds, and the
equation

Fx . x+ Fy . Y+ Fp = 0

follows by differentiation. Using this relation together with (6) gives the follow
ing equations for the functions x, y:

x=
. pFp

y =-
Fx + pFy

(11 )

This is a system of two differential equations for the two unknown functions
(x(p), y(p)). In many cases the variables are separated; i.e., only :r(p) [or y(p)]
appears on the right-hand side of the first [or second] differential equation. Two
examples where this kind of separation occurs are

I G( ') I . Gp(x,p)
~= x,y =?x=p-Gx(x,p)' y(p) = G(x(p),p);

[ x = H(y,y') I=? Y= 1 ~~~~(::p)' x(p) = H(y(p),p).

The types of equations discussed above in III, IV, and VI are special cases of
this type of equation in which the new differential equation for x, respectively
y, can be solved explicitly.

VIII. Exercises. Determine all the solutions for the following Clairaut
differential equations in explicit form. Sketch some of the solution curves!

(a) y = xy' - vfiT=l.

(b) y = xy' + y,2.

(c) Show that all solutions of the differential equation

y = xy' + ay' + b (a, b constant)

are lines through a fixed point. Is the "envelope" given by (9) a solution?
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Determine the solutions of the following differential equations in parametric
form:

(d) y = xy,2 + In(y,2),

(e) x = y(y' + l/y') + y,5.



Chapter II
Theory of First Order
Differential Equations

§ 5. Tools from Functional Analysis

Many questions in the theory of differential equations can be answered in a
particularly elegant manner using general concepts of functional analysis. In this
and later chapters, functional-analytic methods will be used to derive theorems
on existence, uniqueness, and dependence of solutions on parameters. \Ve begin
by introducing the concept of a Banach space.

I. Vector Spaces. A set L = {a, b, c, ... } is called a vector space or
linear space if an addition and a "scalar" multiplication (scalars are real or
complex numbers) are defined (i.e., to each pair of elements a, bEL there is
associated a unique element a + bEL, and to each element a ELand each
number '\, an element ,\a E L) and if these operations satisfy the following laws:

The set L is an abelian group with respect to addition, that is to say, the
following rules hold for a, b, eEL:

(a+b)+c

a+b

a+(b+c)

b+ a,

and there is a unique zero element, denoted bye, and to each a E L a unique
inverse, denoted by -a, such that

a + e a

a+(-a) e.

53
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For a, bEL and arbitrary numbers A, /-L, scalar multiplication satisfies the rules

A(a + b) Aa+ Ab

(A+/-L)a Aa+/-La

A(/-La) (A/-L)a

1· a a

O·a B.

The space is called a real or a complex vector space, depending on whether the
scalars A, /-L come from the field of real or complex numbers.
A nonempty subset of L that (with the previously described operations) is

again a linear space is called a (linear) sllbspace of L.

II. Normed Space. Let L be a real or complex linear space. A real
valued function Iiall, defined for a E L, is called a norm if it has the properties

IIBII = 0, Iiall > 0 for a =I- B definiteness,

IIAal1 = IAI . Iiall homogeneity,

Iia + bll ::; Iiall + Ilbll triangle ineq1lality.

The space L is sometimes said to be "normed" by II . II· We have used a special
symbol B here for the zero element of L in order to avoid confusion with the
number O. From now on we shall take the commonly used symbol 0 for the zero
element in any vector space; the reader should have no problem with equations
like 0 . a = 0 from Section I.
For future reference we mention two simple consequences of the triangle

inequality:

Iial + ... + anll <

Illall-llblll <

Ilalll + ... + Ilanll,
Iia - bll·

(1)

(2)

Note that a norm defines a distance jllnction (or metric) p(a, b) = Iia - bll
that satisfies the axioms of a metric space:

p(a, b) > 0 for a =I- b, p(a, a) = 0 positivity,

p(a, b) = p(b, a) symmetry,

p(a, b) ::; p(a, c) + p(c, b) triangle ineqllality.

Thus a normed space is a metric space. Using this "canonical" distance function
and proceeding in a natural manner, we can extend the definition of familiar
mathematical objects from the Euclidean space lRn to any normed space L:
balls, c-neighborhoods, neighborhoods, interior points, boundary points, open
and closed sets ... and, not least, convergence.
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III. Examples. (a) The n-dimensional Euclidean space IRn
. This space

is the set of all n-tuples of real numbers

a= (al, ... ,an) = (ai).

Addition and scalar multiplication (A real) are defined by

a + b = (ai + bi ), Aa = (Aai).

The space IRn can be normed in many ways, for example, by anyone of the
following:

lal e Ja 2 + ... + a2 Euclidean norm,1 n

lal lall + ... + lanl,
lal maxi lail maximum norm.

In this text, elements from IRn are denoted by boldface italic type and norms
in IRn by the ordinary absolute value symbol.
(b) The n-dimensional complex, or unitary, space, Cn is defined in the same

manner as example (a) except that ai and A are complex numbers. In the
definition of Euclidean norm, it is necessary to use absolute value bars:

(c) Let KeIRn be a compact set and C(K) the set of all continuous real
valued functions f(x) = f(Xl,· .. ,xn ) on K. Addition h = f + 9 and scalar
multiplication k = Af are defined for f, 9 E C(K) and real numbers A in the
natural way:

h(x) = f(x) + g(x); k(x) = Af(x) for x E K.

As a norm one can choose, for instance,

Ilfllo = max {If(x)1 : x E K} maximum norm,

or, more generally, a weighted maximum norm

Ilflh = sup {If(x)lp(x) : x E K},

where p(x) is a given, fixed function with 0 < 0 :::; p(x) :::; (3 < 00.
(d) This final example is needed in the investigation of complex differential

equations. Let G C C be a domain in the complex plane and H 0 (G) the set
of holomorphic (i.e., regular analytic) and bounded functions u(z) : G ~ C. If
p(z) is a real valued function in G and 0 < 0 :::; p( z) S (3 for suitable positive
constants 0, (3, then

Ilull = sup {lu(z)lp(z) : z E G}

defines a norm in Ho(G).
It is easy to verify the norm properties in each of these examples. The norms

are homogeneous, nonnegative, they vanish only for the zero function, and they
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are finite. The triangle inequality is well known for the Euclidean norm lale,
and easily verified for the other two norms in (a). In function spaces like (c)
and (d), the triangle inequality holds under quite general hypotheses: G can be
any set, the functions f, g, p need to be defined on G; f and g can be complex
valued, p real valued and;::: O. If one sets

Ilfll = sup {If(x)jp(x) : :£ E G},

then

IfCr) + g(l;)lp(x) :s; If(x)lp(x) + Ig(x)lp(x) :s; Ilfll + Ilgl/ for x E G.

Therefore, the triangle inequality Ilf + gil :s; Ilfll + Ilgll holds if the norms of f
and g are finite.

IV. Convergence and Completeness. The notion of the convergence
of a sequence of numbers can be extended in a natural way to a normed space
L. A sequence Xl, X2, ... of elements of L converges "strongly" or "in the
norm" to an element X E L if

Ilxn - xii -----> 0 as n -----> 00.

In this case, we also write

x n -----> x (n -----> (0) or lim .rn = X.
n---,>oo

Convergence for infinite series is defined similarly:

fXk =.r ¢=} Ilt.rk -xll-----> 0 as n -----> 00.
k=l k=l

A sequence Xl, X2, . .. is called a Cauchy sequence or a fundamental sequence
if it satisfies the Cauchy convergence criterion: For every c > 0, there exists an
No(c) such that Ilx n - xmll < c faT' n, m ;::: No(c); or more briefly,

lim Ilxn - X m II = O.
n,nl~OO

It is well known that every Cauchy sequence of real or complex numbers has a
limit (that is the essence of the Cauchy convergence criterion). However, the
same is not true for all normed spaces; instead, it is a special property, called
the completeness property, of certain lineal' spaces.
A normed lineal' space L is called complete if every Cauchy sequence of

elements of L has a limit in L (in the sense of convergence in the norm).
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V. Banach Spaces. A Banach space is a complete normed linear space,
that is, a set with the properties given in sections I. II, and IV.
Examples III.(a),(c) are real Banach spaces, and III.(b),(d) are complex

Banach spaces. In the first two examples the completeness follows immediately
from the completeness of the spaces lR and C. In the third example, we rely on
the following important observation:

Convergence in the maxim'um norm 'is equivalent to uniform convergence.
Indeed. if (fn) is a Cauchy sequence, then the statement Ilfn - Imllo < E for

m, n ~ no is precisely the Cauchy criterion for uniform convergence:

Ifn(:r) - fm(x)1 < E for m, n ~ no and all x E K.

The completeness then follows from the well-known theorem that the limit of
a uniformly convergent sequence of continuous functions is again continuous.
Therefore, there exists a function f E C(K) such that lim fn(x) = f(x) uni-

12------00

formly in K. If x and n in (*) are fixed and m --> 00, then it follows that

Ifn(:r) - f(·r)1 S: E for n ~ no and x E !{;

i.e., Ilfn - fllo S: E for n ~ no· Thus fn --> f in the sense of convergence in the
norm, and hence C(K) is complete.
This argument is also valid for the weighted maximum norm Ilflll in III.(c).

There we assumed that 0 < a S: p(x) S: (3 in K, so that

allfllo S: Ilflll S: (3llfllo.
It follows that these two norms are equivalent:
Equivalence of Norms. Two norms II . II and II . II' on a vector space L

are said to be eq11ivalent if Ilxll S: allxll' and II:rll' S: ,811:rll for all x E L (a, (3
constant), which means that convergence in one norm implies and is implied
by convergence in the other norm. The two norms Ilfllo and Ilflll from III.(e)
are equivalent. It will be shown in lO.III that all norms in lRn are equivalent.
Equivalence of norms is discussed in more detail in D.II.
Completeness of the space in Example (d) is obtained in a similar maImer;

here, however, one ueeds the theorem that the limit of a uniformly convergent
sequence of holomorphic functions is holomorphic; ef. C.VI.

VI. Operators and F\mctionals. Continuity and Lipschitz Con
dition. Let E, F be two real or complex normed spaces and T : D --> F a
function with DeE. It is customary to refer to such mappings as operators
or, in the case where F = lR or F = C, as functiouals. An operator T : D --> F
is called linear if D is a linear subspace of E and T(>",T + MY) = >"T(x) + 11T(y)
holds for x, y E D and >.., ME lR or C, respectively. The value of T at x is usually
written Tx instead of T(x).
An operator T : D --> F is said to be continuous at a point Xo E D if X n ED,

:rn --> :];0 implies that TX n --> T,TO' The equivalent 0, E-formulation reads: For
every E > 0, there e.Tists °> 0 such that from xED. 11:1' - J:oll < 0, it follo'ws
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that IITx - Txoll < c. An operator T satisfies a Lipschitz condition in D (with
Lipschitz constant q) if

IITx - Tyll :::; qllx - yll for x, y E D. (3)

It is easy to check that such an operator is continuous in D.
Note that the norms of two spaces, E and F, appear in this inequality. We

make no distinction between these two norms in the notation because E = F in
most applications.

Remark If T satisfies a Lipschitz condition, there is always a smallest Lip
schitz constant. Let qo be the infimum of all numbers q for which (3) holds (for
all x, y E D); then for fixed x and y the inequality (3) clearly also holds with qo
in place of q.

The Operator Norm. If T is linear, then (3) follows from

IITxl1 :::; qllxll for XED, (3')

and conversely (take y = 0 in (3) for the latter case). The smallest Lipschitz
constant in this case is called the operator norm of T and is denoted by IITII. It
is given by 1IT11 = sup{IIT:rll : Ilxll :::; I}; cf. D.III.

VII. Some Examples. (a) In the special case E = F = lR, every linear
operator T is of the form Tx = cx with c E lR, and IITII = c.
(b) Let D = E = C(J), J = [a, b], F = lR, and

rb

Tf = i
a

f(t) dt.

Clearly, T is a linear functional. It satisfies a Lipschitz condition (3) with
q = b - a if the maximum norm is used in E and the absolute value in F = lR.
This is the smallest Lipschitz constant, i.e., IITII = b - a.
(c) Let D = E = F = C(J) with J = [a, b], and

(Tf)(x) = lx

f(t) dt.

The operator T is linear and satisfies a Lipschitz condition (3) with q = b - a
(maximum norm). Furthermore, if the weighted maximum norm with p(x) =
e-x is used (cf. III.(c)), then q = 1 - e-(b-a) (Exercise!).

(d) We consider the functional Tx = Ilxll from E to lR (= F). From inequality
(2) it follows immediately that a Lipschitz condition is satisfied with q = 1: The
norm in E is a continuous functional; 'it satisfies a Lipschitz condition with
Lipschitz constant 1.
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VIII. Iteration in Banach Spaces. Contractive Mappings. Many
existence problems in analysis ~ and this also includes, as we will see, existence
problems for ordinary differential equations ~ can be written as an equation of
the form

x =Tx (4)

in a suitably chosen Banach space B. Here T is an operator D --+ B with
DeB. A solution of (4) is called a fixed point of T; it is a point which remains
"fixed" under the map T.
Fixed points are frequently found using an iteration procedure called the

method of successive approximation: starting from an element .ro E D, one
forms successively the elements

(5)

(6)

The central question of whether the sequence (xn ) converges to a solution of
equation (4), is intimately connected to the concept of a contractive mapping.
The mapping T : D --+ B is called contracting or a contraction if it satisfies a
Lipschitz condition (3) with a Lipschitz constant q < 1. In this case, (3) says
that the distance between the image points Tx, Ty under the mapping is smaller
by a factor q than the distance between the two original points x, y, and hence
T "contracts" distances between points.
The following result is fundamental for later existence proofs.

IX. Fixed Point Theorem for Contractive Mappings (The Con
traction Principle). Let D be a nonempty, closed set in a Banach space B.
Let the operator T : D --+ B map D into itself, T(D) C D, and be a contraction,
i.e., satisfy a Lipschitz condition (3) with constant q < 1. Then equation (4)
has exactly one solution x = x in D.

If a sequence (xn ) of "successive appro.rimations" is formed according to (5),
beginning with an arbitrary element Xo ED, then the sequence converges (in the
norm) to x, and we have the estimate

1 qn
Ilxn -xii::; --llxn+l-xnll::; --llxl-Xoll·

l-q l-q

Proof. First we note that Xn E D implies Xn+l E D because T(D) C D;
thus the sequence (xn ) can be constructed as indicated in (5) and is contained
in D.
We will first establish the estimate

Ilxn+l - xnll ::; qnll x1 - xoll (n = 0,1,2, ...). (7)

This inequality is clearly true for n = 0 and can be easily proved by induction.
Assume that (7) is true for index n. Then from (3) it follows that

Ilxn+2 - x n+liI IITxn+l - TXn II ::; qllxn+l - Xn II

< qn+lII·T1-Xoll·
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Thus (7) holds for the index n + 1 and hence, by induction, for all n.
Applying (1) to the identity x - y = (x - Tx) + (T:r - Ty) + (Ty - y), one

obtains

Ilx - yll ::; IIx - Txll + IITx - Tyll + IITy - yll for x, y E D.

The right-hand side of this inequality becomes larger if the term IITx - Tyll is
replaced by qllx - yll (cf. (3)). Moving this expression to the left-hand side and
dividing both sides by 1 - q gives the inequality

1
Ilx - yll ::; -{llx - Txll + Ily - Tyll} for x,y E D.

1 - q
(8)

All of the assertions follow very quickly from (8). The quantity x - Tx is called
the defect of x relative to equation (4), and correspondingly, the inequality (8)
is called a defect inequality.

If x and yare fixed points of T, then (8) implies that Ilx - yll = 0 and hence
the uniqueness of the fixed point. Setting x = x n +p in (8) with p > 0 and
y = Xn, then using (7) and Tx = Xn+p+l, Ty = Xn+l, one obtains

1
Ilxn+p - xnll::; -1-{llxn+p+1 - xn+pll + Ilxn+l - xnl!}-q

1
::; -l-(qn+p + qn)llxl - xoll ::; cqn,

-q

where C = 211xl - xoll/(l - q). This implies that (xn ) is a Cauchy sequence,
which then has a limit i: because of the completeness of B. Since D is closed,
i: is in D. On the one hand, we have TXn ---; Ti: from the continuity of T, and
on the other hand, TXn = Xn+l ---; i:. Thus i: is a fixed point of T. The first
inequality in (6) is obtained from (8) when x = Xn, Y = i: are substituted, and
the second inequality then follows from (7). This completes the proof of this
important theorem. •

x. Remarks. (a) The method of successive approximation is easy to
illustrate graphically in the special case B = R Suppose T(x) is a real function
of a real variable x defined in an interval D = [a, b]. The assumption T(D) C D
means that a ::; T(x) ::; b. The Lipschitz condition (3) is an estimate on the
size of the difference quotients

I
T(x) - T(y) I

::; q < 1 for x, y E D, x i- y.
x-y

If T E C1(D), it is equivalent to IT'(x)1 ::; q in D.
A solution i: of the equation

x = T(x)

corresponds geometrically to the intersection of the line y = x with the curve
y = T(x). The construction (5) can be carried out graphically: See the figure,
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Y
y=x

I
,y=T(x)
I
I

-¥----'__.J..-.l...-.J..-...J.......J...__.. x The method of successive approximation
in the case T : IR. -" IR.

in which -1 < T'(x) < O. The reader should make sketches for each of the
other three cases 0 < T'(x) < 1, T'(x) 2: 1, T'(x) :S -1, and verify that in the
first of these cases the method of successive approximations converges but that
it does not converge in the other two cases.

(b) The preceding fixed point theorem goes back to Banach (1922) and is
also called the Banach fixed point theorem. Stefan Banach (1892-1945, Polish
mathematician) is one of the founders of functional analysis. In the work cited
(his dissertation) he introduced the central concept of a normed space and laid
the foundations of the corresponding theory.

XI. Exercises. (a) Let M c lRn be an arbitrary set and p(x) a positive,
continuous function on M. Show that the subset C(M;p) of all functions f E
C(M) for which the norm

Ilfll := sup{lf(x)lp(x) : x E M}

is finite, forms a real (or complex) Banach space.

Hint: A Cauchy sequence in this norm is locally uniformly convergent, i.e.,
for x E M there exists a neighborhood U(x) such that the sequence converges
uniformly in U(x) n M. Don't forget to check that C(M;p) is a linear space.

This result is false if p has zeros; see (b).

(b) Let L be the space of continuous functions f (x) on 0 :S x :S 1 and
Ilfll = max Ix 2 f(x)l· Show that this defines a norm, but that the space L is not
complete.

Hint: Consider the sequence fn with fn(x) = ~ for ~ :S x :S 1, fn(x) = n
x n

1
for 0 < x < -.- - n

(c) Let C(M;p) be the Banach space from (a) and ¢, 'IjJ two real-valued
functions defined in M with ¢(x) :S 'IjJ(x) in M. Show that the set of all
f E C(M;p) with ¢(x) ::; f(x) ::; 'IjJ(x) for x EM is closed.
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XII. Exercises. (a) Let J = [0, a]. We define three norms in C(J), the
maximum norm Ilflla and

Ilflll = max If(x)le- aX
,

J

2IIfl12 = max If(x)le- X
•

J

Determine the corresponding operator norms IITlla, IITlh, IITI12 for the operator

(T f)(x) = l x

tf(t) dt.

(b) Show that the integral equation

1 l x

y(x) = _x2 + ty(t) dt, x E J = [0, a],
2 a

has exactly one solution and determine it (i) by rewriting the equation as an
initial value problem and solving it, and (ii) by using the results from (a) and
explicitly calculating the successive approximations (5), beginning with Yo = O.
(c) In C I (J), J = [a, b], let Ilflla be the maximum norm and Ilflll := Ilflla +

111'110' Show that this space is a Banach space with the norm II . Ih, but not
with the norm II . 110.

§ 6. An Existence and Uniqueness Theorem

All of the functions in this section are assumed to be real valued. We consider
the following initial value problem

y' = f(x, y) for ~ ~ x ~ ~ + a, y(~) = 1]. (1)

The main assumptions in the following theorem are that f is continuous in the
strip S = J x lR with J = [C ~+a] and satisfies a Lipschitz condition with respect
to y in S:

If(x, y) - f(x, y)1 ~ Lly -:iJI.
No restrictions are placed on the value of the Lipschitz constant L 2: o.

(2)

I. Existence and Uniqueness Theorem. Let f E C(S) satisfy the
Lipschitz condition (2). Then the initial value problem (1) has exactly one so
lution y(x). The solution exists in the interval J : ~ ~ X ~ ~ + a.

The proof is essentially an application of the fixed point theorem 5.IX. As a
preliminary step, the initial value problem is transformed into an equivalent fixed
point equation y = Ty. Let y(x) be differentiable on the interval J and satisfy
the initial value problem (1). Because of the continuity of f, u(x) := f(x, y(x))
is continuous in J, so y(x) is actually continuously differentiable. Therefore, by
the fundamental theorem of calculus

y(x) = 1] +iX

f(t, y(t)) dt. (3)
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Conversely, if y(x) is a solution of (3) that is merely continuous in J, then
the right-hand side of (3) is continuously differentiable; hence so is y(x), and
y' = f(x, y) holds. Furthermore, y satisfies the initial condition y(~) = ry.
Therefore, the initial value problem (1) is equivalent to the integral equation
(3), which can be written in the form of an operator equation

y = Ty with (Ty)(x) =T) +lx

f(t, y(t)) dt.

The integral operator T maps each function y from the Banach space C(J) of
continuous functions (d. Example 5.111. (c)) to a function Ty in the same space.

It follows that the solutions to the initial value problem (1) are precisely the
fixed points of the operator T, considered as a mapping B ---> B with B = C(J).
To complete the proof of Theorem I, we show that the operator T satisfies a
Lipschitz condition (5.3) with a Lipschitz constant q < 1, and we then apply
the fixed point theorem 5.IX.

If the space C(J) is normed with the maximum norm IIYllo = max {ly(x)1 :
x E J}, then (2) implies that for x,y E C(J),

I(Ty)(x) - (Tz)(x)1 = 11x

{f(t, y(t)) - f(t, z(t))} dtl

::; lx

Lly(t) - z(t)1 dt ::; Lily - zllo(x - ~),

and hence, because x - ~ ::; a,

IITy - Tzll o ::; LallY - zllo·

(4)

Hence T satisfies a Lipschitz condition with Lipschitz constant La. Note, how
ever, that this Lipschitz constant is less than 1 only if the interval is small, since

1 1
La < 1 implies that a < -. One way to handle the case where a > - is to findL -L

a 1
an n such that b = - < - and then use the above procedure to determine the

n L
solution successively on the intervals

~ ::; .'T ::; .; + b, ~ + b ::; x ::; .; + 2b, ... ,.; + (n - l)b ::; x ::; ~ + nb = .; + a.
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To do this one needs the result in VI.(b).
A more elegant way is to work with a weighted maximum norm:

Ilyll = max {ly(x)le- nX : x E J} (0) 0).

The last integral in (4) is now estimated as follows:

L l~·ly(t) - z(t)le-nte"t dt ::; Lily - zll rent dt ::; Lily _ zll e
ux

.
t, it, 0

Then we conclude from (4) that

I(Ty)(x) - (Tz)(x)le- nJ ::; ~IIY - zll·
o

and hence

(5)

L
IITy - Tzil ::; -Ily - zll·

o

Thus if one chooses 0 = 2L, for example, then T satisfies a Lipschitz condition
with Lipschitz constant ~. This variant of the proof gives existence for the whole
interval (of arbitrary length) in a single step. •

II. Comments. (a) The theorem shows that starting with an arbitrary
function yo(x) E C(J) and calculating the sequence of "successive approxima
tions" given by

Yk+l (x) = 1] + i"' f(t, Yk(t)) dt (k = 0,1,2, ... ), (6)

one obtains a sequence that converges in the norm, and hence uniformly in J, to
the solution y(x) of the initial value problem. This iteration procedure can also
be used to determine a numerical approximation to the solution. In numerical
approximations, it is a good idea to start with a function Yo (.7: ) that is as close
as possible to the solution. However, if nothing is known about the solution,
then yo(x) = '1/ is not a bad choice.
(b) The following is a sufficient condition for the Lipschitz condition (2) to

hold: f is differentiable with respect to y, and Ify (x, y) I ::; L (the proof uses the
mean value theorem).
(c) Existence and Uniqueness Theorem to the Left of the Initial Value. Let

.L = [.; - a,';] (a > 0). If f is continuous in the strip S_ := .L x lR and the
Lipschitz condition (2) holds in S_, then the initial value problem

yl=f(:c,y) for ~-a::;x::;';, y(';)=1] (L)

has exactly one solution in J _.
This result can be proved by
(d) Reflection about the Line x = ~. We introduce the functions :1} := y(2~ ~

:r:), J(x, y) := - f(2'; - x, y) to transform the problem (L) in .L into the initial
value problem in J

yl = J(x, y) for .;::; x ::; .; + a, y(O = 1].
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Clearly, 1 satisfies the hypotheses of Theorem I. In addition, one can see at
once that ¢(x) f-> ¢ := ¢(2~ - x) defines a bijective mapping of C(L) onto
C(J) that maps solutions of (L) into solutions of (1+) (and conversely). The
conclusion then follows from Theorem I.
(e) We note that an alternative approach is to carry the original proof directly

over to the present case. Existence to the left and to the right can both be proved
using the norm

Ilyll = max ly(x)le-aIX-EI

(equation (3) holds in both cases).
Frequently, f is not defined in the whole strip, but only in a neighborhood

of the point (~, 1]). The following result deals with this situation.

III. Theorem. Let R be the rectangle ~ ::; x ::; ~+a, IY-1]! ::; b (a, b > 0)
and let f E C(R) satisfy a Lipschitz condition (2) in R. Then there e.Tists exactly
one solution to the initial value problem (1). The solution exists (at least) in an
interval ~ ::; x ::; ~ + 0') -where

0' = min (a,~), -with A = m~x Ifl.
A corresponding statement holds for ~ - a ::; x ::; C -with the rectangle R lying
to the left of the po-int (~, 1]).

For the proof, we extend f continuously to the strip ~ < x < ~ + a,
-00 < y < 00; for example, by setting

{

f(x,1]-b) for Y<1]-b,

J(x, y) = f(x, y) in R,

f(x,1]+b) for Y>1]+b.

The function 1 is clearly continuous in the strip and satisfies the same Lipschitz
condition (2) as f with the same Lipschitz constant. By Theorem I, there exists
exactly one solution y(.T) of the initial value problem with right-hand side j.
As long as this solution remains in R, it is also a solution of the original initial
value problem. Since III ::; A, we have Iy'l ::; A; i.e., the solution remains in the
angular region formed by the two lines through the point (~, 1]) with slopes ±A
(see the figure). Hence the solution does not leave R as long as ~. ::; x ::; ~ + 0',
where 0' is the smaller of the two numbers a and blA. •

Remark. We sketch another proof that does not require a continuous exten
sion of f outside of R. Let J' = [~, ~ + 0']. One considers the Banach space
B = C( J') and the operator T as defined in (3') on the subset D of all ¢ E B
with I¢(x) - 1]1 ::; b. In order to apply the fixed point theorem 5.IX, one has to
show that D is closed, T(D) c D, and T is a contraction (proof as in Theorem
I). The details of this proof are recommended as an exercise.
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IV. Local Lipschitz Condition. Definition. The function f(x, y) is
said to satisfy a local Lipschitz condition with respect to y in D C ]R2 if for every
(xo, Yo) E D there exists a neighborhood U = U(xo, Yo) and an L = L(xo, Yo)
such that in Un D the function f satisfies the Lipschitz condition

If(x,y) - f(x,Y)1 ::; Lly - tJI. (2)

Criterion. If D is open and if f E C(D) has a continuous derivative fy in
D, then f satisfies a local Lipschitz condition in this set.

Suppose, namely, that U is a circular neighborhood of (xo, Yo) E D with
U c D; then fy is bounded in U, say Ifyl ::; L, and for (x, y), (x, y) E U, the
relation

f(x, y) - f(x, y) = (y - y)fy(x, y*) with y* E (y, y)

follows from the mean value theorem. Hence, (2) holds. •
A local Lipschitz condition is a weak requirement compared to the global

Lipschitz condition in Theorem I. For instance, f(x, y) = y2 satisfies

If(x, y) - f(x, y)1 = ly2 _ y21= Iy + ylly - Yl·

Therefore, f satisfies a local Lipschitz condition in lR2 (or in the strip J x lR)
but does not satisfy a Lipschitz condition in this set.

Theorem on Local Solvability. If D is open and f E C(D) satisfies a lo
cal Lipschitz condition in D, then the initial value problem (1) is locally uniquely
solvable for' (C 1]) E D; i.e., there is a neighborhood I of ~ such that exactly one
solution exists in I.

This follows immediately from Theorem III. A rectangle like the one that
appears in III is constructed to the right of the point (~, 1]). If the rectangle
is chosen small enough, then a Lipschitz condition holds in this rectangle and
Theorem III applies. A corresponding argument holds to the left. •

Our next objective is to derive some global statements on the unique exten
sion of these local solutions. We begin with a lemma that looks awkward at
first sight. It will later be used in different situations in connection with global
existence.
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V. Lemma. Let f be defined in D and let 4> = {¢o}c'EA (A =I- 0) be a
set of functions, where ¢o is a solution to the initial value problem (1) in the
interval J o containing';. Assume that the following property (U) holds:

(U)

Then there exists exactly one solution ¢ defined in the interval J:= U J o with
oEA

the property ¢ IJo = ¢o for every a E A.

This solution can be constructed as follows: For each x E J determine an
a E A such that x E J o and then define ¢(x) = ¢o(x). If (3 is another index
with x E J{3, then by hypothesis ¢o(x) = ¢j3(x), i.e., ¢(x) is well-defined.

If a is an arbitrary point from J, then there exists an a E A such that
a E J o ' Thus [.;, a] C Jo and ¢(x) = ¢o(.T) holds in [.;, a]. It follows that ¢ is a
solution of (1) in J. •

If this lemma is applied to the set of all solutions to the initial value problem,
then (U) implies the uniqueness of the solution. In summary, one obtains the
following

Corollary. If the initial value problem (1) has at least one solution and if
the uniqueness statement (U) holds for every pair of solutions, then there exists
a solution of (1) which cannot be extended. All other solutions ar'e restrictions
of this solution.

VI. Lemma on the Extension of Solutions. Let D C ]R2 and f E

C(D).
(a) If ¢ is a solution of the differential equation y' = f(x, y) in the interval

.; :S x < b such that graph ¢ remains in a compact set A cD, then ¢ can be
extended to the closed interval [.;, b].

(b) If ¢ is a solution in the interval [.;, b] and 'Ij; a solution in the interval
[b, c] with ¢(b) = 'l/J(b), then the function

{

¢(x)
u(x) := 'l/J(x)

for ';:S x :S b,

for b < x :S c

is a solution in the interval [.;, c].

Proof. (a) The function f is bounded on A, say If I ::; C. This means
that WI :S C and therefore ¢ is uniformly continuous in [( b). It follows that
(3 = lim ¢(x) exists, and (b, (3) E A. If one sets ¢(b) = (3, then ¢(x), and hence

x-.b-

also f(x, ¢(x)), is continuous in [.;, b]. The equation

¢(x) = ¢(.;) + lX f(t, ¢(t)) dt
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holds for ~ ::; x < b. The limit as x ----> b- shows that this is also valid for x = b.
Therefore ¢ is differentiable (to the left) at band ¢' (b) = f (b, ¢(b)).
(b) It is sufficient to check that u satisfies the differential equation at b.

The function u is differentiable to the left and the right at this point, and both
derivatives are equal to f(b, ¢(b)). •

We come now to the main theorem of this section.

VII. Existence and Uniqueness Theorem. Let f E C(D) satisfy a
local Lipschitz condition with respect to y in D, where D c m;.2 is open. Then
for every (~, 7)) E D the initial value problem

y' = f(x, y), y(O = 7) (7)

has a solution ¢ that cannot be extended and that to the left and to the right
comes arbitrarily close to the boundary of D. The solution is uniquely deter
mined in the sense that every solution of (7) is a restr'iction of ¢.

Definition. The statement "¢ comes arbitrarily close to the boundary of
D to the right" is defined as follows: If G is the closure of graph ¢ and if G+ is
the set of points (x, y) E G with x 2: ~, then
(a) G+ is not a compact subset of D.
An equivalent formulation that gives a better understanding reads as follows:

¢ exists to the right in an interval ~ ::; x < b (b = 00 is allowed), and one of the
following cases applies:
(b) b = 00; the solution exists for all x 2: ~.

(c) b < 00 and lim sup 1¢(x)1 = 00; the solution "becomes infinite."
x-tb-

(d) b < 00 and lim inf p(x, ¢(x)) = 0, where p(x, y) denotes the distance from
x->b-

the point (x, y) to the boundary of D; the solution "comes arbitrarily close to
the boundary of D."

Indeed, statement (a) says that G+ is either unbounded (case (b) or (c)) or
is bounded and contains boundary points of D (case (d)).
\Ve have repeatedly encountered these three types of behavior. In the exam

ple y' = eY sin x of 1.VIII, (b) or (c) holds to the left and to the right, depending
on the value of y(O). For the equation y' = (2y)~1 in the upper half plane y > 0,
all solutions are given by y = Jx + c (x > -c). Here, case (b) prevails to the
right and case (d) to the left.

Proof. Uniqueness. We prove the statement "If ¢ and 1/J are two solutions
of the initial value problem and if J is a common interval of existence of both
solutions with ~ E J, then ¢ = 1/J in J"
Let us assume on the contrary that there exist, say to the right of ~, points

x E J with ¢(x) i 1/J(x). Then there also exists a first point Xo E J to the right
of ~ where the two solutions separate. This Xo is the largest number with the
property that ¢(.r) = 1/J(x) for ~ ::; x::; Xo (xo = ~ is not excluded).
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However, we know from IV that there exists a local solution through the
point (xo, ¢(xo)) and that it is uniquely determined. In other words, ¢(x) =
'ljJ(x) in a right neighborhood of xo. This is a contradiction to our assumption
about xo. The uniqueness to the left is proved similarly.

Existence. By Theorem IV there exists a local solution to (7), and as we
have just proved, the uniqueness statement (U) of V holds. Thus Corollary V
guarantees the existence of a nonextendable solution ¢, and we have only to
show that it comes arbitrarily close to the boundary of D (we consider only the
case "to the right" in the direction of increasing .T, x 2: O.
Assume that (a) is false. Then G+ is a compact subset of D, and ¢ exists in

a finite interval ~ ::; x < b or ~ ::; x ::; b. In the first case, Lemma VI. (a) can be
applied, i.e., ¢ can be extended to [~,b]. In the second case, (b,¢(b)) ED, and
there exists a local solution 'ljJ that passes through this point. Applying VI.(b),
one again obtains an extension of ¢.
In either case, we have a contradiction to the assumption that ¢ cannot be

extended. This completes the proof of the theorem. •

VIII. Exercise. Let k(x, t, z) be continuous for 0 ::; t ::; x ::; a, -00 <
z < 00 and satisfy a Lipschitz condition in z,

Ik(x, t, z) - k(x, t, 2)1::; Liz - 21,

and let g(x) be continuous for 0 ::; x ::; a. Show, by applying the fixed point
theorem 5.IX, that the Volterra integral equation"

u(x) = g(x) + fax k(x, t, u(t)) dt

has exactly one continuous solution in 0 ::; x ::; a.

IX. Exercise. Prove: If f(x,y) satisfies a local Lipschitz condition with
respect to y in the set D C 1R2 and if A c D is compact and f bounded on A,
then f satisfies a Lipschitz condition with respect to y in A. In particular, if
v, wE C([a, b]) and graph v, graphweD, then there exists L > 0 such that

If(x, v(x)) - f(x, w(x))1 ::; Llv(x) - w(x)1 In [a, b].

X. Exercise. Prove: If f is continuous in the open set D and ¢ is a
solution of (7) in the interval [~, b) with b < 00 that comes arbitrarily close to
the boundary of D to the right, then at least one of the following two cases
applies (both can happen at the same time):
(c') ¢(x) ----> +00 or -00 as x ----> b-;
(d') p(x, ¢(x)) ----> 0 as x ----> b-.
This sharpens the statement in VII.
Hint: Show: If Gb is the intersection of graph ¢ with the line x = b, then

Gb c aD (the boundary of D).
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XI. Exercise. Rosenblatt's Condition. Let the function f(x, y) be
continuous in the strip S = J x JR., J = [0, a] and satisfy the condition

If(x,Y)-f(x,z)!:s;2.ly-zl for O<x:S;a and Y,zEJR.
x

with q < 1. Show that the initial value problem

Y' = f(x, y) in J, Y(O) = "7

has exactly one solution and that this solution can be obtained by the method of
successive approximations. The above condition was introduced by Rosenblatt
(1909).

Hint. In the Banach space B of all functions u E C(J) with finite norm

lIull := sup {lu(x)l/x : °< x :s; a},

the operator T,

(Tu)(x) := l x

f(t, "7 + u(t)) dt,

satisfies the Lipschitz condition (5.3). If u is a fixed point of T, then Y = u + "7
is a solution of the initial value problem.

Supplement: Singular Initial Value Problems

Here we consider a singular initial value problem for a differential equation
of second order,

Y" + ~ Y' = f(x, y) in Jo = (0, b], y(O) = "7, y'(O) = 0. (8)
x

This problem is closely connected to the problem of finding rotationally sym
metric solutions of the nonlinear elliptic equation

6.u = f(r, u),

where x E JR.n and r = I.rl.

XII. The Operators La and la. In what follows, J = [0, b], Jo = (0, b]'
0: > 0, and La is the differential operator

LaY = Y" + ~ y' = x-a(xay')' .
.r

Lemma. Let y E C(J) n C 2 (JO)' y' bounded, and f(x) E C(J). If

LaY = f(x) in Jo, y(O) = "7, (9)

then y E C 2 (J), y'(O) = 0, lim y'(x)/x = y"(O) = f(O)/(o: + 1), and
x--->O+

y(x) = "7 + (Iaf)(x) with Iaf = l x

s-a18

ta f(t) dtds. (10)

Conversely, if y is defined by (10), then y is a solution of (9) with the above
properties; in particular, y E C 2 (J), y'(O) = 0.
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Proof. Because y' is bounded, we have xQy'(x) --+ 0 as x --+ 0+. By inte
grating (xQy')' = xQ f, one obtains

xQy'(x) = l x

t
Q f(t) dt.

The substitution t = XT, dt = x dT in (11) leads to

y'(x) = t T Q f(TX) dT.
X Jo

(11)

(11')

Since f(XT) --+ f(O) as x --+ 0+ uniformly in T E [0,1]' one derives from (11')
that y'(x)/x --+ f(O)/(o: + 1) and, in particular, y'(x) --+ 0 as :r --+ 0+. By
a well-known theorem from analysis (see C.VI.(b)), y E C1(J) and y'(O) = O.
Using equation (9) to determine y", we get y"(x) --+ f(O)/(o: + 1) as x --+ 0+.
A second application of the previously mentioned lemma shows that y E C 2 (J)
and that y" (0) has the specified value.
Solving equation (11) for y' and then integrating gives (10). The integrand

s-Q18

t
Q

f(t) dt in IQ is a continuous function in J vanishing at O. This follows

from the boundedness of f together with the inequality s-Qt
Q
S l.

Conversely, one obtains (11) by differentiating equation (10). As we have
seen, the specified properties of y follow from (11). Finally, if equation (11) for
xQy' is differentiated, (9) follows. •

XIII. Existence and Uniqueness Theorem. Let the function f(x, y)
be continuous in J x lR and satisfy a Lipschitz condition (2) in y. Then fOT given
0: > 0, the initial value problem (8) has exactly one solution y E C 2 (J).

Proof. By the previous lemma, (8) is equivalent to the Volterra integral
equation y = 1] + IQf(, y), which can be written in the form

with

y(x) = 1] + l x

k(x, t)f(t, y(t)) dt (12)

k(x, t) = tQ jX s-Qds.

Since (t/s)Q S 1 implies that 0 S k(x, t) S x - t, it follows that the "kernel"
k(x, t) is continuous in the triangle D: 0 < t S x < b. The assertion now
follows from the theorem in Exercise VIII. •

XIV. Rotationally Symmetric Solutions of Elliptic Differential
Equations. In the following, x E lRn

, n :2: 2, r = Ixl (Euclidean norm), and
.6. is the Laplace operator
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The Laplace operator for mtationally symmetric functions u(x) = y(lxl) (they
are also called mdial functions) is given by

1/ n -1 ,
/::,.u = y + -- y = Ln-1y;

r

for proof, use the formulas for Ui, Uij given below. The results established here
lead at once to the following

Existence and Uniqueness Theorem. Let the function f(r-, z) be con
tinuous in J x IR and Lipschitz continuous in z. Denote by B b the closed ball
B b : Ixl ::; b. Then the differ-ential equation

/::,.u = f(lxl, u) in Bb

has exactly one mtationally symmetr-ic solution U E C2 (Bb) satisfying the initial
condition u(O) = Uo.

This result follows immediately from the previous theorem. The solution u
is obtained in the form u(x) = y(lxl), where y(r) is the solution of (12) with
0: = n - 1, T/ = uo, and r in the place of x. One question needs clarification.
While the C 2-property of y carries over at once to U as long as x # 0, the same
is not immediately obvious for x = O. The next lemma gives information about
this.

Lemma. The f1lnction u(x) = y(l:rl) (x E IRn ) is twice continuously differ-
entiable in the ball B b : 1:);1 ::; b if and only ify E C 2 (J) and y'(O) = O.

Pmof. Since u(t, 0, ... ,0) = y(ltl) is an even function of t, it follows easily
thatu E C 2 (Bb ) implies y E C2 (J) and y'(O) = O. For the proof of the converse
proposition, the partial derivatives of u will be denoted by Ui and Uij' For x # 0,
we have

Xi ,
Ui = - y,

r-
Oij , XiXj (1/ Y')Ui· = - Y +-- Y - - .

J r- r-2 r-

Because Ix;jr-I ::; 1, Ui(X) -; 0 as x -; O. Setting Ui(O) := 0, one obtains
a continuous function in Bb for which 8u(0)/8xi = 0; cf. B.VI.(a) and (b).
Thus U E C1(Bb ). One proceeds in exactly the same manner with the second
derivatives. From y'(r-)Iro = (y'(r-) -y'(O))jT -; yl/(O) it follows that yl/ -y' Ir -;
o as r- -; 0+, thus Uij(X) --> Oijyl/(O) as x -; O. Taking this value to define
Uij (0) and using Theorem VI from Appendix B again, we see that this defines
a continuous function in B b and that 8u;j8xj = Uij at x = O. This completes
the proof of this lemma and also the proof of the previous theorem. •

Radial solutions of elliptic equations have been studied extensively. Such
solutions are important in differential geometry and in many areas of applied
mathematics. The question of the existence of entir-e radial solutions (i.e., those
that exist in IR n

) has been completely solved in the case of the equation /::,.U +
uP = O. The first comprehensive results for more general equations of the form
/::,.U + K(r-)urJ = 0 were given by Ni (1982).
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XV. Exercise. Comparison Theorem. Assume that v, w E C 2 (J)
satisfy

Lav < f(x, v), Law 2: f(:r, w) in Jo = (0, bJ,

v(O) < w(O), v'(O) = w'(O) = 0,

where f (x, y) is increasing in y. Then Vi :s; u/ and v < w in J.
Hint: Show that Vi :s; w' as long as v < w.

XVI. Exercise. Let the functions P and PI be continuous in J = [0, b]
and positive in Jo = (0, b] and let PI (t)jp(x) :s; Cx'-' for 0 < t :s; x :s; b with
o :s; I < 1. We consider the initial value problem

Ly = f(x, y) III Jo, y(O) = 7), y' (0) = 0,

where

1 I ,
Ly = -(-) (p(x)y ) .

PI x

Prove: If the function f(x. y) is continuous in J x lR and satisfies a Lipschitz
condition in y, then the initial value problem has exactly one solution. For a
solution we require y E CI(J) and pyl E CI(JO)'

Hint: Reduce the problem to a Volterra integral equation and use the theo
rem from Exercise VIII.

§ 7. The Peano Existence Theorem

In Chapter I we dealt with instances where the right-hand side of the differ
ential equation

yl = f(x, y) (1)

does not satisfy a Lipschitz condition. An example is the equation yl = v1YT.
The fundamentally important question whether continuity of f(x, y) is sufficient
for existence of a solution was first answered in the affirmative by the Italian
mathematician and logician Giuseppe Peano (1858-1932). Peano's paper (1890)
is written in logical symbols and was later "translated" by G. l\fie (1893) into
German.

I. The Peano Existence Theorem. If f(:r;, y) is continuous in a do
main D and (~, 7)) is any point in D, then at least one solution of the difJerential
equation (1) goes through (~, 17). Every solution can be extended to the right and
to the left up to the boundary of D.

The last part of the statement of this theorem means that every solution
has an extension that comes arbitrarily close to the boundary of D both to the
right and the left as explained in 6.VII.
The proof of this theorem requires some additional concepts and lemmas.
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II. Equicontinuity. A set M = {j, g, ... } of continuous functions on
the interval J : a ::; J': ::; b is called equicontinuous if for every E > °there exists
a number D= D(E) such that for any f E M,

If(x) - f(:r)1 < E for Ix - xl < D, (x, x E J). (2)

It is important to note in this definition that for a given E > 0, the same D
works for every function in the family !vI.

Example. Let M be a set of functions f(x) that satisfy a Lipschitz condition
with a common Lipschitz constant L; i.e.,

If(x) - f(x)1 ::; Llx - xl for :r,.1: E J and f E M.

The set AI is equicontinuous. Clearly, one can set D(E) = E/ L here.

III. Lemma. Let J = [a, b] and let A c J be a dense set of points in
J. If the sequence of functions h(x), h(x), ... is equicontinuous in J and
converges for every x E A, then it converges uniformly in J. Hence the limit
f (x) is continuous in J.

A point set A is said to be dense in J if every subinterval of J contains at
least one point of A (example: A = the set of all rational numbers in J).

Proof. Given [ > 0, let D= D([) be determined such that (2) holds for all
functions fn (n ~ 1). Now partition the interval J into p closed subintervals
J1 , ... ,Jp such that each Ji is less that D in length. For each Ji , choose an
.Ti E J i n A (there exists at least one such point for each i). By hypothesis,
there exists an no = no ([) such that

Now let x be an arbitrary point of J and q be such that x E Jq . It follows
from the inequality Ix - x q I < D, property (2), and the above inequality that for
m,n ~ no,

Ifm(x) - fn(x)1 ::; Ifm(x) - fm(xq)1 + Ifm(xq) - fn(xq)1

+- Ifn(xq) - fn(x)1 < 3[.

This shows that the sequence f n (x) converges uniformly in J.

As a further tool we require the

•

IV. Ascoli-Arzela Theorem. Every bounded and equicontinuous se
quence of junctions (In) in C(J) contains a subsequence that converges uni
formly in J. (Boundedness means that theTe exists u constant M such that
Ifn(x)1 ::; M fOT all n ~ 1 und J: E J.)
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Proof. Let A = {Xl, X2, ... } be a countable dense point set in J (for instance,
the set of all rational numbers in J). The sequence of numbers an = fn(xd
(n = 1,2, ... ) is bounded and hence contains a convergent subsequence, say

The sequence of numbers bn = fPn (X2) is likewise bounded and has, accordingly,
a convergent subsequence, say

Note that (qn) is a subsequence of (Pn). The sequence Cn = fqn (X3) is again a
bounded sequence and therefore has a convergent subsequence

By continuing this process one obtains a series of sequences of the form

fPl' fP2' fP3' fP4' , which converges for X = Xl,

fqj' fq2' fQ3' fQ4' , which converges for X = Xl, X2,

For each k > 1 the sequence that appears in the kth line is a subsequence of
the sequence in the previous, (k - 1)st, line and converges for X = Xl, ... ,Xk.
It follows that the diagonal sequence

converges for every X = Xki i.e., for all X E A, because it is a subsequence of the
sequence in the kth line, at least from the kth term onward (k = 1,2, ... ). The
uniform convergence of this diagonal sequence now follows from Lemma III. •

We first give a proof of a weaker version of the Peano existence theorem.

v. Theorem. Let the function f(x, y) be continuous and bounded in the
strip S = J x lR with J = [~, ~+a]' a > O. Then there exists at least one function
y(x) defined and differentiable in J for which

y' = f (x, y) III J, y(O = TJ (3)

(and, as a consequence, y(x) is continuously differentiable in J).

Proof. The theorem is proved by finding a function y(x) E C(J) that satisfies
the integral equation

y(X) = TJ + l x

f(t,y(t))dt in J; (4)
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------'----'----'-----...J-_X The approximate solutions z",(x)
~ ~ + a ~ + 2a ~ + a

see 6.1. With this objective in mind we construct, for every a > 0, an "approx
imate solution" zoJx) E C(J) using the formula

(5)
for x E 1.

for x::;~,

'a(X) ~ { : + [ I(t, 'art - a) dt

This formula defines z'" unambiguously for x ::; ~ + a. Indeed, if ~ ::; x ::; ~ + a,
then t - a ::; ~ and z'" (t - a) == 7) in the integrand; i.e., the integral is well
defined. If ~ + a ::; x ::; ~ + 20', then t - a ::; x - a ::; ~ + a. Therefore,
z'" (t - a) is determined from the previous step; i.e., the integral is well-defined
and so on. After a finite number of such steps we have constructed a continuous
function z'" (x) that satisfies the integral equation (5). It follows from Ij I ::; C
that Iz~(x)1 ::; C; i.e., the functions z",(x) satisfy the Lipschitz condition

in J. If we denote the set of functions z'" in C (J) (we consider only their restric
tions to J) by M, then M is equicontinuous. Therefore, by the Ascoli-Arzela
theorem IV, the sequence Zl(X), Zl/2(X), Zl/3(X), ... has a uniformly convergent
subsequence (z"'n (x)) (n = 1,2,3, ... ;an --+ 0), which we relabel as (zn(x)) to
simplify the notation. Denote the continuous limit of this sequence by y(x).
Then by (5),

zn(x) = 7) +lx

j(t, zn(t - an)) dt. (6)

It follows now from the inequality

IZn(t - an) - y(t)1 ::; IZn(t - an) - zn(t)1 + IZn(t) - y(t)1

::; Can + IZn(t) - y(t)1

that Zn (t - an) converges uniformly in J to y( t) and hence that! (t, Zn (t - an))
converges uniformly in J to j(t,y(t)) (here we have used the fact that !(x,y) is
uniformly continuous on bounded sets). Therefore, passage to the limit under
the integral sign in equation (6) is allowed, and equation (4) follows as a result.

•
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This special case of the Peano theorem can now be used in a manner that
parallels the role of Theorem 6.1 in the development of the Lipschitz case. But
in other respects, the proof of theorem I differs essentially from that in the
corresponding theorem 6.VII.
One first proves, exactly as in §6, that the existence theorem holds for a strip

to the left of ~ and also for a rectangle. We formulate the latter case, which
corresponds to Theorem 6.1II.

VI. Theorem. If f is continuous in the rectangle R : ~ :::; :r: :::; ~ + a,
Iy - 771 :::; b, then the initial value problem y' = f(x, y), y(~) = 77 has a solution
y(x) existing (at least) in the interval ~ :::; x :::; ~ + 0', where a = min (a, b/A),
A = maxR If I· A corresponding T'esult holds for a rectangle to the left of ~.

This establishes the first part of the Peano existence theorem, that an
integral curve passes through every point of D.
The second part, the proof of the assertion that every solution can be ex

tended to the boundary, is more difficult in this setting in comparison to the
proof in §6. The difficulties come from the fact that we do not have a uniqueness
statement at our disposal.
Only the extendibility to the right will be discussed.
We first prove the following intermediate result.

(Z) If ¢ is a solution in the interval ~ :::; x < b and A is a compact subset
of D, then ¢ can be extended beyond A, i.e., there exists an extension ¢ to the
right with graph ¢ rt- A.

The distance from the set A to the boundary of D is positive, say 3p > 0 (if
D = lR2 , one can take p = 1). If A2p is the set of points whose distance from A is
:::; 2p, then A 2p is likewise a compact subset of D, and hence f is bounded in A 2p ,

say If I :::; C. Denote by R(xo, Yo) the rectangle Xo :::; x :::; Xo + p, Iy - Yol :::; p.
Then R(xo, Yo) C A 2p for any (xo, Yo) EA.

If graph ¢ C A, we begin by extending ¢ to [~, b] in the manner described
in 6.VI.(a). Then we continue ¢ further to the right, by applying Theorem VI
in the rectangle R(b, ¢(b)), This results in a solution in b :::; x :::; b + a =: b1

with a:= min(p,p/C), If this extension still lies entirely in A, then the process
is repeated with R(b1 , ¢(bd), etc. Since at each step the interval of existence
increases by a fixed number 0' > 0 (as long as graph ¢ C A), one obtains in this
manner a solution that extends beyond A after a finite number of steps. This
proves (Z). •

The remainder of the proof is straightforward. We consider a sequence (An)
of compact sets with An C A n+ 1 C D for all n and such that every compact
BcD is contained in one of the An (for example, let An be the set of points

from D with distance ;:::: .! from the boundary of D and distance :::; n from the
n

origin). Let ¢ with ¢(O = T] be a solution in an interval to the right of ~ that
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does not approach the boundary of D. Then graph <P is a compact subset of D;
i.e., graph <P c Ap for a suitable p.

\lVe continue <P beyond Ap using (Z) and call the extension <Pp; it exists in
an interval Jp = [C bp ]. We now construct <PP+I: If <pp does not belong entirely
to Ap+l , then we set <Pp+l = <pp; if <pp does lie in Ap+l , then we continue the
function <pp to the right until it leaves A p+l and call the continuation <Pp+l' It
exists in an interval [~, bp+l ] with bp+I 2: bp . Continuing inductively in this
manner, one obtains a sequence of functions (<Pn) such that <Pn is defined in
[~, bn ] and (bn ) is a monotone increasing sequence of numbers. If p ~ n < m,
then <Pn == <Pm in I n·
Thus, by Lemma 6.V, there exists exactly one solution Y defined in [~, b),

where b = limn - HXJ bn (b = 00 allowed), with the property that Y IJn = <Pn for
every n 2: p. This function Y is the extension to the right of the original solution
<P mentioned in the conclusion of the theorem. Clearly, graph y is not contained
entirely in any An and hence is not contained in any compact subset of D. •

Remark on constructive proofs. The proof of Theorem V is different from
that of 6.1 in one important respect. In 6.1 it was possible to calculate explicitly
a sequence of successive approximations that converges to the solution (this is
the essence of the contraction principle). Here, on the other hand, the initial
value problem has several solutions in general, and it cannot be expected that
a sequence of approximations like the one we constructed even has a limit, let
alone tends toward any particular one of these solutions. Now one applies the
Ascoli-Arzela theorem to a sequence of such approximations. It says that there
exists at least one convergent subsequence. However, no procedure is given that
would allow the particular subsequence to be identified. An existence proof like
the earlier one in §6 is called a constructive proof. By contrast, the proof of the
Peano existence theorem given in this section is nonconstructive.

In the proof of the Peano existence theorem that we have just given the
approximate solutions Za were computed from the integral relation (5). Another
frequently used method of obtaining approximations is

VII. The Euler-Cauchy Polygon Method. In this method, polygo
nal approximations U a (a > 0) to the solution to the initial value problem (3)
are constructed in the following manner. Let Xi = ~ + ai (i = 0,1,2, ... ). For
~ = Xo ~ x ~ Xl we set Ua(X) = "I + (x - xo)f(~, "I); i.e., Ua is the straight
line through the point (~, "I) = (xo, Yo) with slope f(xo, Yo). In the interval
Xl ~ X ~ X2, Ua is the straight line through the point (xI,Yd := (xI,ua(xd)
with slope f(Xl,Yd. In general, one arrives after p steps at a point (.'Tp,yp)
with Yp = Ua (.'Tp) and defines then for x p ~ X ~ Xp+l that Ua is the straight
line through (x p,Yp) with slope f(x p,Yp). The advantage to this construction
is two-fold. It is based on a relatively simple idea that is easily carried out
numerically. However, the final step in the proof (passing to the limit to get the
solution) is more difficult.
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y

Y2

7) = yo Y3

-+_--''--_...l-_---l..._''''__ X

~ = Xo Y4 The Cauchy polygon method

VIII. Exercise. Prove that the Volterra integral equation

y(x) = g(x) + l x

k(x, t, y(t)) dt

has at least one continuous solution in J = [0, a], provided that the function
g(x) is continuous in J and the "kernel" k(x, t, z) is continuous for 0 :::; t :::; x:::;
a, -00 < z < 00 and satisfies a growth condition Ik(x, t, z)1 :::; L(l + lzl).

Hint: Let C = max Ig(x)1 and D = {v E C(J) : Iv(x)1 :::; p(x) in J}, where
p is determined by pi = L(l +p), p(O) = C. If the integral equation is written in
the form u = Tu, then T(D) c D. Now apply the Schauder fixed point theorem
7.XII.

Application to an Elliptic Problem. Show that if f is continuous in
J x lR and satisfies If(x, y)1 :::; L(l + Iy!), then the initial value problem (6.8),

LaY = f(x, y) in J, y(O) = 1], y'(O) = 0,

where La is the operator defined in 6.XII and a > 0, has at least one solution.
As in 6.XIV, this result leads to an existence theorem for rotationally sym

metric solutions of the elliptic differential equation!::"u = f(lxl,u). In particular,
if f is continuous in [0,00) x lR and satisfies an estimate If(r, y)1 :::; L(r)(l + IYI),
where L(r) is a continuous function in [0,00), then there exists an entire, rota
tionally symmetric solution for every initial value 1].

IX. Divergence of the Successive Approximations. If the right
hand side f(.T, y) is not Lipschitz continuous in y, then, as a general rule, the
sequence of functions generated by the method of successive approximation does
not converge to a solution. The example

y' = 2x - 2';y+, y(O) = 0 with y+ = max {V, O}

shows that this behavior can also occur even if the solution is uniquely deter
mined.
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Indeed, beginning with Yo = 0 one obtains YI = :1:
2

, Y2 = o.... , and in
general, Y2n = 0, Y2n+J = :r2 Nevertheless, since f is monotone decreasing in Y,
the uniqueness of the solution to the right follows from the uniqueness theorem
9.X.

Exercise. (a) If Yo = a:r2 (a > 0) is chosen as a starting value in the
method of successive approximations for the above equation, then one obtains
YI = ¢( 0' )x2, hellce Yn = a n:r2, where an is defined inductively by ao = 0',
an+l = ¢(a n ) (11 = 0, L 2, ... ). Determine ¢ and show that ¢ has exactly one
fixed point 0 (0 = ¢(o)), and compute the fixed point. This gives a solution y =
0.7:2 to the problem. A more difficult problem is to show that the convergence
is alternating for 0 < 0'0 < 0: 0 < ao < a2 < ... < 0 < ... < a3 < al < 1 and
that lim an = O.
(b) Analyze the above problem "to the left" in a similar manner, i.e., consider

for z(:r;) := y( -:r) the problem

z' = 2x + 2JZ+ for J; 2': 0, z(O) = 0

and show that starting with Zo = f3o:r2 and using the method of successive
approximations, one obtains Zn = f3nx2, where f3n+1 = 1./J(f3n) , limf3n = jJ
(independent of ,60 E lR?), and that z = (3x2 is the unique solution.

Hint: Show that the condition of Rosenblatt in 6.XI is satisfied (one can as
sume that z 2': 2:r;2). The uniqueness and convergence of the iteration procedure
for every starting value zo(x) can then be obtained from the theorem in 6.XI.

Supplement: Methods of Functional Analysis

vVe briefly develop some concepts and theorems from functional analysis in
order to deepen our understanding of the Peano existence theorem and its proof.
Fundamental to this effort is the concept of

x. Compactness. A subset A of a normed linear space B is called com
pact if every sequence (x n ) in A has a convergent subsequence with limit in A.
The set A c B is called relatively compact if A is compact.
In lR?n a set is compact if and only if it is closed and bounded. In the general

case, a compact set is always closed and bounded, but the converse is not always
true.
An operator T : D ~ B with DeB is called a compact operator in D if

T(D) is relatively compact.
If T is a compact operator and if it is possible to find approximating so

lutions, then the equation x = Tx has a solution. This goes as follows. An
equation x = Tx is called approximately solvable if for every E > 0, there exists
or E D with Ilx - T:rll < E.

Fixed Point Theorem. Let the operator T : D ~ B be continuous and
compact in D, where D is a closed subset of the normed space B. If the equation

.1' = T.T
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is approximately solvable in D. then there exists a solution in D.

The proof is elementary. There exists a sequence (x n ) from D with Xn 

TXn ~ O. The sequence (Yn) = (Txn ) has a convergent subsequence. since T(D)
is relatively compact. If we denote this subsequence again by (Yll,) to simplify
the notation, then Yn = TXn ~ Y E B and hence :1'n = Yn + (xn - Txn ) ~ y.
Since D is closed, it follows that Y E D. Then because of the continuity of T,
TXn ~ Ty, from which Y = Ty follows. •

XI. Example. Let J be a compact interval and 111 a subset of the Ba
nach space C(J) with the maximum norm.

If NI is bounded and equicontinuous, then AI is relatively compact.
This statement expresses precisely the content of the Ascoli-Arzela theorem

IV in the terminology of compact sets.
The Peano existence theorem, in the form of Theorem V, can be derived

using the fixed point theorem X. One sets D = B = C(J) and defines T to be
the integral operator

(T¢)(x) = 1) + lX f(t, ¢(t)) dt for ¢ E B.

The following must now be shown:

(a) T is continuous in B:
(b) T is compact in B;
(c) the equation x = Tx is approximately solvable.

The reader should carry out this proof. The approximations ZQ (x) (d. (5)) can
be used to verify (c).
The proof can be made even simpler if one makes use of the following,

significantly deeper, tool from functional analysis.

XII. The Schauder Fixed Point Theorem. Let D be a closed and
convex set in a Banach space B and let T : D ~ B be a continuous and
compact operator in D with T(D) c D. Then T has at least one fixed point in
D.
A set D is called convex if, whenever a, bED, the line segment ab = {x =

Aa + (1 - )")b : 0 ~ ).. ~ I} also lies in D.
A proof of the Schauder fixed point theorem is given in D.XII.
In order to derive the Peano existence theorem from the Schauder fixed point

theorem, one has only to verify the two properties XI.(a), (b).

XIII. A Proof Based on Zorn's Lemma. Theorem I was derived
from Theorem V by constructing the extensions explicitly. This result call also
be proved using a theorem from set theory, Zorn's lemma. 'iVe introduce some
additional concepts. A set 1\I, or more precisely the pair (At, ~), is called an
ordered set if ~ is a transitive, antisymmetric relation in j\J (i.e .. x ~ y and
y ~ Z implies :r: ~ z: X ~ Y and y ~ .1: implies .:r: = y). A subset N c !II is
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called totally ordered if every pair of elements of N is comparable (either x S y
or y S x for all x, yEN). An element m E M is called an upper bound of N if
x S m holds for all x EN. The element m E !vI is called a maximal element of
M if, except for m itself, there does not exist an x E M with m S x.

Zorn's Lemma. If (M, S) is ordered and if every totally ordered subset of
M has an upper bound in NI, then there exists a maximal element in !vI.

We give here a brief indication of how Theorem I can be proved using this
lemma. Let M be the set consisting of the graphs of all solutions of the given
initial value problem, ordered by inclusion C. A set of solutions with the unique
ness property (E) of 6.V is a totally ordered subset ofM. It follows from Lemma
6.V that this set of solutions has an upper bound. Thus Zorn's lemma can be
applied and there exists a maximal element, i.e., a nonextendible solution. The
proof that this solution extends to the boundary in both directions now follows,
word for word, as in 6.VII.

XIV. Delay-Differential Equations. Let 7(X) be a given function in
C(J), J = [~,~ + a], with 0 S 7(X) S b. The equation

y'(.1:) = f(x, y(x - 7(.1:)) for x E J (7)

is called a delay-differential equation. It is necessary to specify the function y(x)
in the interval J_ = [~ - b,';] as the "initial value"; otherwise, the right-hand
side of (7) would not be defined for .1: close to ~ if, e.g., 7(X) = b. Thus an initial
condition for (7) reads

y(:r) = ¢(.1:) for x E L = [.; - b,';], (8)

where ¢ is a given function.
The functions Za constructed for the proof of Theorem V are, in fact, solu

tions of just such an initial value problem with delay arguments where ¢(x) = TJ

and 7(X) = a.

Theorem. We consider the initial value problem (7), (8), where f is con
tinuous in the strip S = J x lR and 7 is continuous in J with 0 S 7(X) S b.

(a) If 7(X) > 0 in J, then there exists exactly one solution.

(b) If f satisfies a L-ipschitz condition in S,

If(x, y) - f(x, z)1 S Lly - zi with L 2: 0,

then there exists exactly one solution, and it can be obtained by successive ap
proximation.

(c) If f is botmded in S, then there el:ists at least one solution.

The proof of (a) proceeds like the proof in V. Theorem (b) corresponds to
Theorem 6.1 and is proved in exactly the same way. Theorem (c) corresponds
to the Peano existence theorem V; the proof can be carried over. •
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xv. Exercise. Let the initial value problem
y'(x)=y(x-a) for x>a, y(x)=l for O::;x::;a,

for a linear delay-differential equation be given, where a > 0 is a given constant.
Show that the solution can be represented in the form

00

y(x) = Lakl(x - ka)+l k with s+ = max(O,s).
k=O

Determine the ak.
Show that the solution approaches the solution to the initial value problem

y' = y, y(O) = 1

as a ~ 0 and that the convergence is uniform in bounded intervals.

XVI. An Elementary Proof of the Peano Existence Theorem.
We sketch a constructive proof of the Peano existence theorem that does not
use a compactness argument.
Suppose that the assumptions of Theorem V hold; in particular, let If (x, y) I ::;

A. For h > 0 let

ih(x, y) := max {f(x, y) : x ::; x ::; :T + h, Y - 3Ah ::; y ::; y + Ah}.

We apply the polygon method (cf. VII), first with step size h and the function
ih (instead of j), and then with step size h/2 and the function ih/2· Denote the
polygonal curves obtained in this manner by y(x) and z(x), respectively. Then
it follows that z ::; y in J. This can be proved using an induction argument
on the grid points of y. If x is a grid point and z(x) ::; y(x) for x ::; x and
z(x) ::; y(x) - 2Ah, then the inequality z ::; y also holds up to the next grid
point x+h. On the other hand, ify(x)-2Ah < z(x) ::; y(x), then ih/2(X, z(x)) ::;
fh(X, y(x)), and from this it follows that z ::; y up to the point x + h/2, and
then, using a similar argument, up to x + h.

If the polygon method is applied in the manner described above for h = 2-n ,

then one obtains a monotone decreasing sequence of polygonal curves Yn. The
proof that the limit of these sequences is a solution of the initial value problem
is carried out in the usual way by going over to an integral equation. Note that
the solution that is obtained in this way is the maximal integral (§ 9); ef. Walter
(1971).

§ 8. Complex Differential Equations. Power
Series Expansions

In this section z, w denote complex numbers and w(z), f(z, w) complex
valued functions of one and two complex variables, respectively. We begin with
a few definitions and facts from the theory of functions of complex variables.
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I. Properties of Holomorphic Functions. A continuous function g(z) :
G ----. C, where G is an open set in C, is called holomorphic (also analytic) in G if
the (complex) derivative g' (z) = lim (g(z + h) - g(z))/h exists and is continuous

h-+O
in G. We denote by H(G) the complex vector space of holomorphic functions
in G. If the closed disk Z : Iz - zol ::; a belongs to G, then every function
9 E H(G) has an absolutely and uniformly convergent power series expansion

00

g(z) = L an(z - zo)n in Z.
n=O

Similarly, a function !(z,w) is holomorphic in an open set D C C2 (written
more briefly! E H(D)) if! and the partial derivatives!z and !w are continuous
in D. If this is the case and if the disk product Z : Iz - Zo I ::; a, Iw - Wo I ::; b lies
in D, then !(z,w) admits an absolutely and uniformly convergent power series
representation

00

" . k!(z,w) = ~ Cjk(Z-ZO)J(w-wo) in Z.
j,k=O

Thus holomorphic functions have continuous derivatives of all orders. The com
position g(z):= !(hl (z),h2(z)) is holomorphic whenever the functions !(z,w),
hl(z), h2(z) are holomorphic (naturally, it is also assumed that the range of
(hI (z), h2 (z)) is contained in the domain of f), and the chain rule applies,

g'(z) = !z(hl(Z),h2(Z))h~(z) + !w(hl (z),h2(z))h;(z). (1)

Suppose h(z) E H(G) and z = ((t), tEl = [a, /J], is a smooth path in G.
Then the path integral along ( is given by

(J h(z) dz = J: h(((t))('(t) dt. (2)

If G is simply connected and the path closed (i.e., ((a) = ((b)), then (J h(z) dz =

oby the Cauchy integral theorem. It follows easily that the function

H(z) := jZ h(() d( (zo E G)
ZQ

(3)

is well-defined in G, i.e., that the integral has the same value for all paths that
run in G from Zo to z. The function H is an antiderivative of h, i.e., it is
holomorphic in G, and

H'(z) = h(z) in G.

As in the real case, the fundamental theorem of calculus holds:

h(z) = h(zo) + j'z h' (() d( (z, Zo E G).
ZQ

(4)

However, the mean value theorem of differential calculus is valid only in the
following special form:
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If the line segment connecting Zo and z lies in G and if Ih' (() I :s; L on this
segment, then

Ih(z) - h(zo)1 :s; Liz - zol· (5)

(6)

This result can be obtained immediately from (4) by taking the path of inte
gration to be the straight line connecting the points zo, z and making use of a
general estimate for the path integral in (2),

I(J h(z) dZ[ :s; J: Ih((t))II('(t)1 dt :s; mgx Ih(z)1 ·l().

Here l(() = J: 1('(t)1 dt is the length of the path, and C = «(I) is the curve

generated by the path.
These facts are assumed to be known; cf. Appendix C.

II. Existence and Uniqueness Theorem in <C. Let the function f (z, w)
be holomorphic in a domain D C ((:2 that contains the set

z: Iz - zol :s; a, Iw - wol :s; b

and let If I :s; M in Z.
Then there is a holomorphic solution w(z) of the initial value problem

W' = f(z, w(z)), w(zo) = Wo, (7)

and this solution exists at least in the disk K : Iz - Zo I < (X = min(a, b/M).
If v and ware solutions of (7) existing in a domain G that contains the point

zo, then v = w in G.

Proof. Suppose Ifwi :s; L on the set

Zl : Iz - zol :s; (x, Iw - wol :s; b.

Then f satisfies a Lipschitz condition with respect to w in Zl:

(8)

This follows from the mean value theorem in the form (5) (with w as the in
dependent variable and z as a parameter). Because of (4), the initial value
problem (7) is equivalent to the integral equation

w(z) = Wo +1z

f(, w()) d(.
Zo

(9)

Let B be the space of functions w(z) that are holomorphic and bounded in
the disk K with the norm

Ilull = sup lu(z)le-2Llz-zol.
K
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This space is complete and hence a Banach space; cf. Example 5.III.(d). Let
DT be the set of all U E B with Iu(z) - wol :::; b. The operator T,

Tu = Wo +1: f((, w(()) d(,

is defined for u EDT, and the solutions to the initial value problem (7) are
precisely the fixed points of T. We are going to show:
(a) T maps D T into itself;
(b) T satisfies a Lipschitz condition in D T with constant ~.
To prove (a), if u EDT, we have

I(T(u)(z) - wol = 11: f((, u(()) d(1 :::; Mlz - zol :::; aM:::; b. (10)

The argument for (b) is similar to the one in 6.I. A straight line path of
integration is chosen: ((t) = Zo +e· t, 0 :::; t :::; Iz - zol, where e is the unit vector
(z - zo)/Iz - zol. Then using (8), (6), and 1('1 = 1 one obtains

I(Tu)(z) - (Tv)(z)1 :::; 11: {f((, u) - f((, v)} d(1

rlz-zol
:::; L J

o
lu(((t)) - v(((t))le-2Lte2Lt dt

rlz-zol
:::; Lllu - vii J

o
e

2Lt dt

:::; ~e2Llz-zolllu - vii.

Statement (b), IITu-Tvll :::; ~llu-vll for u,v EDT, follows from this inequality.
Now, by the contraction principle 5.IX, T has exactly one fixed point w in

D T . It is the limit w(z) = lim un(z) in the sense of uniform convergence in K
of a sequence of successive approximations (un), which can be constructed by
first setting Uo (z) = Wo (for instance) and then in succession setting

un+l=Tun, in full, Un+1(Z)=wo+jZf((,Un(())dt. (11)
Zo

Uniqueness. (i) Let v be another solution of (7) and let a' :::; a be chosen
such that Jv(z) - wol < b in the disk K' : Iz - zol < a'. From the above proof
(with K' instead of K) it follows that v = w in K'.
(ii) Now let v, w be solutions in the domain G with v(zIl -I w(zd. If Zo and

Zl are connected by a smooth path z = ((s) (0 :::; s :::; l) that lies in G, then
there exists a maximal s' < l with v(((s)) = w(((s)) for 0 :::; s :::; s'. Since v and
w have the same "initial value" at the point z' = ((s'), it follows from (i) with
z' in place of zo, that v and w agree in a neighborhood of z'. This contradiction
to the maximality of s' shows that v = w holds in G. Note that this result also
follows from (i) and the identity theorem for holomorphic functions. •
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III. Power Series Expansions. Like all holomorphic functions, the
uniquely determined solution w(z) of the initial value problem (7) can be ex
panded in a power series

00

w(z) = L an(z - zot for Iz - zol < a.
n=O

(12)

Determining some coefficients of this expansion is an efficient numerical proce
dure, at least for z close to zo0 The following two methods can be used to this
end:

Method 1. Beginning with the identity w' (z) = f (z, w( z)), the higher order
derivatives can be calculated, one after another, by differentiation:

w' =f,
w" = fz + w' fw,

w'" = fzz + 2w' fzw + w" fw + w,2 2fww ,

etc.

The coefficients

w(n)(zo)
an =

n!

(13)

(14)

(15)

are obtained by inserting the values (zo, wo) into (13).
Method 2 (Power Series Ansatz). Substituting the expansion (12) into the

right-hand side of the differential equation

00

f(z,w) = L Cjk(Z - zoF(w - wO)k
j,k=O

and differentiating termwise for the left-hand side leads to the relation

~jaj(Z - zo)H ~ j~OCj'(z - 'oj! (~a.(z - '0)·) ,
Equating coefficients of like terms gives a recursion formula for the ai. This
method is often easier to carry out than the first.
Naturally, the power series ansatz can also be used for differential equations

in the real domain if the right-hand side is analytic.

Example. A special Riccati Equation (Johann Bernoulli, 1694).

y' = x2 + y2, y(O) = 1.

The ansatz
00

y(x) = Lajxj

j=O
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leads to the identity

00

LjajXj - 1 = X
2 +

j=l

and, when coefficients of like powers are set equal, to the relation

j

(j+l)aJ+1=Lakaj-1 {+1 forj=2}.
k=O

Incorporating the initial condition, one obtains for the first few terms

aO = 1;

j = 0: a1 a6, a1 = 1;

1: 2a2 2aOa1, a2 = 1;

2: 3a3 2aOa2 + ai + 1, a - 4.
3 - 3'

3: 4a4 2aOa3 + 2a1a2, 7
a4 = "6'

(16)

Thus the power series expansion begins with

4x3 7x4
y(x) = 1 + x + x 2 + - + - + ....

3 6

One can see immediately from the recursion formula for the ai that all ai are
positive. An inspection of the first few terms suggests that in fact ai 2': 1 (i 2': 0).
This inequality is valid for small i and can be proved in general by induction
(exercise!). Therefore, we have

1
y(x) > 1 + x + x 2 + x 3 + ... = -- for x> O.

I-x
(17)

This inequality shows that the solution can exist to the right at most up to the
point x = 1. Better methods for the estimation of solutions are derived in § 9;
d. Example 9.V.

IV. Exercises. (a) Give the first few terms in the power series expansion
(up to the fourth power) of the solution of the initial value problem

y' = eX + x: cos y, y(O) = O.

(b) Determine the first terms in the power series expansion y = L akxk for
the solution to the initial value problem

y'=x3 +y3, y(O)=1.

Determine the power series expansion of the solution u = L bkxk of

U' = u3
, u(O) = 1

and show that ak 2': bk. From this derive an upper bound for the number a,
where [0, a) is the maximal interval of existence of the solution y to the right.
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V. Growth Estimates. The growth of solutions of complex differential
equations can be estimated using the following theorem, which depends on a
result from § 9.

Theorem. Let w be a holomorphic sol'ution of the initial value pmblem (7);
w'(z) = f(z, w) 'in G, w(zo) = Wo (G a convex domain), where

If(z, w)1 ~ h(lz - zol, Iw - wol)

(h(t, y) is real-valued and locally Lipschitz continuous in y). Then Iw(z) -wol ~
¢( Iz - Zo I), where ¢ is differentiable and satisfies

¢'(t) :::: h(t, ¢(t)), ¢(O):::: o.

Hint: Apply Theorem 9.VIII to v(t) = [w(zo + eiat) - wol with 0 ~ a < 27f,
w(t) = ¢(t). Note that v~(t) ~ h(t,v(t)); d. B.IV.

§ 9. Upper and Lower Solutions. Maximal and
Minimal Integrals

In this section all quantities are again real-valued.

I. Lemma. Let ¢(.T) ,!/JeT) be differentiable in the half-open interval Jo :
~ < x ~ ~ +a (a > 0) and suppose that ¢(.T) < 't/J(x) in an interval ~ <:r < ~ +c
(c > 0). Then one of the following two cases holds:

(a) ¢ < 't/J in Jo:
(b) there exists an Xo E Jo such that ¢(x) < '!/J(:J:) for ~ < x < Xo and

¢(xo) = 't/J(xo) and ¢'(xo):::: 'lJ/(xo).

The pmof is simple. If (a) does not hold, then there exists a first point
.TO > ~ where ¢(xo) = 't/J(xo)· Since ¢ < 't/J to the left of Xo, the left-sided
difference quotients at the point Xo satisfy

¢(:J:o) - ¢(xo - h) 't/J(xo) -1jJ(:J:o - h)
h > h for h> O. (2)

The second inequality in (1) follows by taking the limit in (2) as h ----+ 0+.•

(c) It is possible to weaken the hypotheses in the above result. The conclu
sion of the lemma remains true if the functions ¢(x), 't/J(x) are assumed only to
be continuous. In this case the relations (1) in (b) are replaced by

Here D-, D_ are the left-sided upper and lower Dini derivatives, defined in
section B.I of the Appendix. Clearly, (I') also follows from (2).
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y
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II. Defect. The deject P¢ of a function ¢ with respect to the differential
equation y' = f(x, y) is the function

P¢ = ¢' - f(x, ¢). (3)

The defect tells "how close" ¢ is to satisfying the differential equation. Solutions
y(x) are characterized by Py = 0 (the defect is 0).
Every theorem on differential inequalities for the interval J = [~, ~ + a] has

a counterpart for the interval L = [~ - a,~] to the left of ( The corresponding
defect inequality is obtained by reflection about the point ~, and the proof is
carried out by reducing the case "to the left" to the earlier case; d. 6.II.(d). The
reflection transformation, ¢(x) = ¢(2~ - x), J(x, y) = - j(2~ - x, y), introduces
a minus sign to the defect,

(F¢)(x) := ¢'(x) - J(x, ¢(x)) = -(P¢)(2~ - x) (4)

with the result that in the theorem for J_, the differential inequalities are re
versed. A first example is the

III. Comparison Theorem. Let the junctions ¢(x)) 1j!(x) be differen
tiable in Jo : ~ < x S; ~ + a and let the following hold:

(a) ¢(x) < 'IjJ(x) jar ~ < x < ~ + c: (c: > 0);
(b) P¢ < P1j) in Jo.

Then

¢ <'l/J 111 Jo·

There is no assumption on f. The theorem remains true for continuous
functions ¢, 'IjJ with D-¢, D-'IjJ or D_¢, D_'IjJ instead of ¢', 'IjJ'.

The prooj is based on showing that case (b) of Lemma I cannot occur.
Suppose ¢(xo) = 'IjJ(xo). Then at xo,

¢' (xo) = P¢ + f(xo, ¢(xo)) < P'IjJ + f(xo, 'IjJ(xo)) = 'IjJ' (xo)

holds because of hypothesis (b). Thus (1) or (I') certainly does not hold. •
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We formulate the corresponding theorem for an interval lying to the left of
the point ~.

Corollary. If ¢, 'ljJ are differentiable in Jo= [~ - a, 0 and satisfy
(a) ¢(x) < 'ljJ(x) for ~ - E < .r < ~ (E > 0),
(b) P¢ > P'ljJ in Jo'

then it follows that

¢ < 'ljJ in Jo'

IV. Upper Solutions, Lower Solutions. Let f(x, y) be defined in D,
D C ]R2 arbitrary. The function v(x) is called a lower solution (or subsolu
tion) and w(x) is called an upper solution (or supersolution) of the initial value
problem

y' = f(x, y) in J = [~, ~ + aJ, y(~) = 7],

if it is differentiable in J and

(5)

<

>

f(x,v)

f(x, w)

in J, v(O::; 7],

in J, w(O::::: 7],

lower solution,

upper solution.
(6)

Naturally, it is assumed that graph v c D and graphweD. These concepts
were introduced (in a somewhat more general way) by Perron (191.5). An upper
solution runs above a solution, a lower solution below. More precisely: If v is
a lower solution, w an upper solution, and if y is a solution to the initial value
problem (5), then

v(x) < y(x) < w(x) in Jo : ~ < :r ::; ~ + a. (7)

These inequalities follow immediately from Theorem III. Setting ¢ = v,
'ljJ = y, one obtains P¢ < 0 = P'ljJ; thus (b) holds. If v(O < 7] = y(O, then
clearly (a) holds, and if v(~) = 7] = y(O, then by (6), vl(O < f(~, 7]) = y'(O·
Therefore, v < y for ~ < x < ~ + E (E > 0). The second inequality in (7) is
proved in a similar manner. •

Upper and Lower Solutions to the Left. If J_ is an interval to the left
~ - a ::; x ::; ~, then the conditions that define lower and upper solutions in the
initial value problem (5) read

w'

>

<

f(x, v) in J_,

f(x,w) in L,

v(~) ::; TI,

w(~) ::::: 7],

lower solution,

upper solution
(6/)

and the conclusion is

v(x) < y(.r) < w(x) III Jo:~ - a::; x < ~.

A common method of determining upper and lower solutions is to make small
changes in f to find functions II, h such that

II (x, y) < f(x, y), respectively h(x, y) > f(x, y),



92 II. Theory of First Order Differential Equations

and such that the corresponding initial value problems for the equations

Vi = h(x,v), respectively Wi = !2(x,w),

can be explicitly solved.

V. Example. We consider Bernoulli's example from 8.I1I,

y' = x2 +y2, y(O) = 1.

For positive x, y2 < x2 + y2, thus using h (x, y) = y2, one obtains a lower
solution

V' =V2, v(O)=1
1

=? v(x)=I_x'

(c> 1).

We see from this that the solution exists to the right at most up to the point
x = 1. Thus one can assume that 0 ::; x < 1 and obtain an upper solution by
setting !2(x, y) = y2 + 1:

w' =w2 +1, w(O)=1 =? w(x)=tan(x+~).

Thus without computational effort one obtains the estimates

_1_ < y(x) < tan (.1: + ~)
I-x 4

as well as an estimate for the asymptote x = b (y -; 00 as x -; b- )

'iT
0.78 < - < b < 1.4 - -

A significantly better upper solution can be obtained using the ansatz

1
WI = --

I- cw

The inequality w~ > wi +x2 is equivalent to c - 1 > (1 - cx)2x2 for 0 ::; x < 1/c.
For example, one can take c = 17/16. It follows that

16
w (x) - -----,-----

I - 16 - 17x
16

and 0.94 < 17 < b::; 1.

The solution remains in the domain illustrated in the figure. Better bounds for
b are obtained by computing the solution y with the Lohner algorithm, which
gives exact bounds; cf. XVI. Let us assume that Yo < y(a) < YI. Then a lower
solution v for x > a is obtained from v(a) = Yo, Vi = a2+ v2; i.e.,

v(x) = a tan (ax + c) with a2+ c = arctan Yo/a.

Solving ax+c = 'iT /2, the asymptote x = bi ofV is obtained; it is an upper bound
for b. Now we can construct an upper solution 'W from w(a) = YI, Wi = bi +w2,
i.e.,
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Here the asymptote bo of w, a lower bound of b, comes from the equation
b1x + d = 7f /2. For example, the Lohner algorithm produces

31
a = - = 0.96875

32 '
308

y(a) E 942.81425692
082
,

and one obtains in the way just described,

13
b E (bo,bd = 0.96981065393

04

356
(the notation used above represents an interval; for example, 4.5

130
is the

interval (4.5130,4.5346)). The success of the method, here shown impressively,
depends on good upper and lower solutions. For example, it works with the
tangent function used above for the equation y' = g(x) + y2.

VI. Maximal and Minimal Solutions. Definition and Theorem.
If f(x,y) is continuous in a domain D, then the initial value problem

y' = f(x, V), y(~) = 7] with (~, 7]) ED

has two solutions y* (x), y* (x) that come arbitrarily close to the boundary of D
both to the left and the right and that have the following property:

If y(x) is any solution of the initial value problem, then

(8)

(each of the inequalities holds as long as the functions involved are defined).
The solution y*(x) is called the minimal solution (minimal integral), and y*(x)
is called the maximal solution (maximal integral) of the initial value problem.
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Proof. First assume that f(x, y) is continuous and bounded in the strip
J x JR, J = [~, ~ + a]. Let y(x) be a solution of the initial value problem (5) and
W = wn(:x:) be a solution of the initial value problem

, ) 1W = f(x,w +
n
in J,

1
w(~) = TJ + -

n
(n=1,2,3, ... ) (9)

(if (9) has more than one solution, then one of them is chosen). If Theorem III
is first applied with ¢ = y, 'I/J = Wn+l and then with ¢ = Wn+l, '1/) = Wn, then
one obtains the inequalities

y(x) < wn+dx) < wn(x) in J.

Thus the sequence W n is monotone decreasing and has a limit

y*(x) = lim wn(x) ;::: y(x).
n~oo

(10)

In fact, by Lemma 7.III, this limit is uniform, since (9) implies that Iw~ I :s:
c := sup If I + 1, and hence the sequence of functions (wn ) is equicontinuous.
Thus one can pass to the limit as n -> 00 under the integral sign in the integral
equation equivalent to (9),

1 1 lx

wn(x) = TJ + - + -(x - 0 + f(t, wn(t)) dt,
n n ~

and obtain that the limit satisfies the integral equation

y*(x) = TJ+ iX

f(t,y*(t))dt.

(9')

Therefore, the function y*(x) is a solution to the initial value problem, and
because of (10), it has the property y(x) :s: y*(x) proposed in (8).
In a corresponding manner the minimal integral y*(x) can be obtained as

the limit of a related sequence V n (x); here one has to replace the term 1In by
-lin in both places in (9).
This proves the theorem under the special assumptions. The general theorem

can now be derived from this result following the procedure described in § 7 for
the Peano existence theorem. This procedure has to be modified to the extent
that instead of an arbitrary solution, the maximal solution is chosen in each
step of the extension. •

VII. Remarks. (a) If f is continuous, then the initial value problem is
uniquely solvable if and only if y*(x) = y*(x).
(b) If the initial value problem is not uniquely solvable, then the whole

region between the maximal solution and the minimal solution is filled up with
solutions. To be more explicit:

If f(x, y) is continuous in the strip J x JR, J = [~,~ + a]' and if y*(x) is the
minimal and y*(x) the maximal integral of the initial value problem (5), then a
solution of the initial value problem (5) goes through each point of the set

H = {(x,y):.r E J, y*(x):S: y:S: y*(x)}.
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~ Xl XQ ~ + a

The proof is an exercise. Hint: If a solution z, which starts at a point (xo, zo) E
H, meets, e.g., y* to the left of xo, say, z(xd = y*(xd, Xl < .TO, then one may
set Z(.T) = y*(x) in [~,Xl]'

VIII. Theorem. Let f be continuous in the rectangle R = J x [b, c],
J = [C ~ + a]. Let the functions v, w be differentiable in J and let

Vi $. f(x, v)

Wi ? f(x, w)

in J, v(O $. TJ

m J, w(~) $. TJ.

or
(11)

If y* E C l (J) is the minimal solution and y* E C1 (J) the maximal solution of
the initial value problem (5), then

v $. y* or w? y* in J.

This Temains true for continuous functions with Dv, Dw (D any Dini deriva
tive). It it is assumed that the graphs of all four functions lie in R.

For the proof one extends f as a continuous and bounded function to the
strip J x lR (cf. the proof of 6.IlI) and determines wn(x) using equation (9). By
Theorem III, v < W n (note that Dv $. f(t, v) implies D-v $. f(t, v) by B.Il).
Since the W n converge to y*(x), it follows that v $. y* (it is easy to see that y*
is also the maximal solution relative to the extended function J). The second
inequality y* $. w is handled in a similar manner. •

Corollary on Upper and Lower Solutions. If f is continuous and the
solution y of the initial value problem (5) is unique. then upper and lower solu
tions can be characterized by the weak inequalities (11) (with $. instead of <).
It follows immediately from the above theorem that the inequalities (11) imply
v $. y $. w in J.

Example.

yl = JIYT, y(O) = O.
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The maximal solution y* and the minimal solution y* are given by

x 2

y*(x) = ~, y*(x) = 0 for .7: 2: 0,

y*(x) = 0,
x 2

y*(x) = -~ for x::;O
4

(see Example 2 of 1.V). Make a sketch of all solutions for the proof.

\Ve conclude the discussion of differential inequalities with a variant of The
orem III, in which it is assumed that the function f satisfies a local Lipschitz
condition in y (the reader will recall the definition from 6.IV). This case applies
to most applications, in particular those where fy is continuous. Our proof is
independent of the earlier results, and the conclusion is sharper with respect to
strict inequalities.

IX. Comparison Theorem. Let f : D ----; IR satisfy a local Lipschitz
condition in y. Let ¢, 1/J be differentiable in J = [~, ~ + aJ, and let

(a) ¢(E,) ::; 1/J(E,),
(b) P¢ ::; P1j, (which is ¢I - f(x, ¢) ::; 1/J1 - f(x, 1/J)) in J.

Then ¢ ::; 1j1 in J, and with respect to str'ict inequalities,

¢<1/J inJ or ¢=1/J in[~,c], ¢<1/Jin(c,~+a](cEJ).

Corollary. For an interval L = [~ - a,~] to the left of C (a) ¢(E,) ::; 1/J(E,)
and (b/) P¢ 2: P1j1 in L implies ¢ < 1/J in L or ¢ = 1/J in [c, ~J, ¢ < 1/J in
[~ - a, c] w'ith c E L.

Pr·oof. We write f(¢), f(1/J) as an abbreviation for f(x, ¢(x)), f(x,1/J(x)).
There exists L > 0 such that If(¢) - f(1/J) I ::; LI¢ -1/J1 in J; d. Exercise 6.IX.
Hence the function w = 1/J - ¢ satisfies

Wi = 1/J1 - ¢I = P1/J + f(1/J) - P¢ - f(¢) 2: f(1/J) - f(¢) 2: -Llwl·
Assume that w(d) < 0 for some d E J and that I = [b, d] c J is the largest
interval to the left of d where w ::; O. In this interval Wi 2: Lw, hence

(w(,7:)e- Lx )' = (Wi - Lw)e- Lx 2: O.

Thus the function w(x)e- Lx is monotone increasing in I and therefore negative
in I. This shows that b = a and w(a) < 0, which is a contradiction. Hence
¢::;'i/J in 1.
Now assume that w(d) > 0 and that I' = [d, d' ] c J is the largest interval

to the right of d where w 2: O. In I' we have Wi 2: -Lw, which implies

(eLxw)' = eLx(w' + Lw) 2: O.

Reasoning as before, we conclude first that eLx w(.7:) is increasing in I', then
that w(d' ) > 0, and finally that d' must be the right endpoint ~ + a of J. This
completes the proof of the theorem. The corollary is left to the reader's care.•
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Consequences of the Comparison Theorem. (a) Upper and lower so
lutions. Let y be a solution of the initial value problem

y' = f (x, y) III J, y(O = 1], (5)

where f is locally Lipschitz continuous in y. Then upper and lower solutions
can be characterized by the inequalities (11) (with equality permitted), that is
to say, these inequalities imply

m J.

But now the theorem gives a stronger statement than the one in section VIII.
For example, if y = v in J' = [l;, c]' then v'(x) = f(x, v(x)) holds in J'. Thus
the strong inequality v < y holds in Jo = (l;, l; + a] if either v(O < 1] or if there
exists a sequence (xn ) in Jo with limxn = l; such that v'(xn ) < f(xn,v(xn ))
(since v is usually given in applications and y is the unknown solution, these
conditions can be checked). This follows readily from Theorem IX and applies
also for upper solutions.
(b) A uniqueness theorem for the initial value problem (5) follows immedi

ately from this theorem.
(c) If y and z are solutions of the differential equation and if y(xo) < z(xo),

then it follows that y < z in the common interval of existence of both solutions
(to the right and to the left of xo).
Part of the previous theorem, the uniqueness to the right, can be proved

under the weaker assumption that f only satisfies a one-sided Lipschitz condition

f(x, y) - f(x, z) :::; L(y - z) for y> z.

While the usual Lipschitz condition says that the difference quotients

f(x, y) - f(x, z)

(12)

y-z

lie between -Land L, the one-sided condition implies only that they are:::; L.
The proof of the following theorem is left as an exercise for the reader. Hint:
Study the previous proof

x. Theorem. Let f satisfy a local one-sided Lipschitz condition of the
form (12). Then the inequality ¢ :::; "l/J 'in J = [l;, l; + a] follows from

(a) ¢(l;) :::; "l/J(O,
(b) P¢ :::; P"l/J in J.

In particular, a uniqueness theorem "to the right" holds for the corresponding
initial value problem.

Remark. This theorem applies in particular to functions f that are monotone
decreasing in y. Such functions satisfy a one-sided Lipschitz condition with
L =0.

Exercise. Give an example of a monotone decreasing, continuous function
f(y), for which the stronger hypotheses of Theorem IX are not satisfied.
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XI. Exercise. Let the function f (x, y) be defined for x 2: 0 by

{~
for y 2: x 2

, X 2: 0,

f(x, y) = 2yjx for Iyl < x 2
, x> 0,

-2x for y:::; _x2 , X 2: O.

Is f continuous in [0,00) x lR? Find all of the solutions to the initial value
problem

y' = f(x, y) for x 2: 0, y(O) = 'T/.

For which values of 'T/ is the solution unique? Give the maximal and minimal
solutions in the nonuniqueness case.

XII. Exercise. Construct upper and lower solutions for the following
initial value problems

(a) y' = x3 +y3, y(O) = 1.

(b) y' = x + j1+Y2, y(O) = 1 .

In the case (a), if 0 :::; x < a is the maximal interval of existence to the right,
calculate two bounds al :::; a :::; a2 with a2 - al < 0.05. Compare this to Exercise
8.IV.(b).

Supplement: The Separatrix

Here we consider differential equations

y' = f(x,y) for x 2: 0 (13)

that have the following (at first imprecisely formulated) property: There exists
a special global solution cP (i.e., one that exists in [0,00)) which is distinguished
by the property that the solutions above cP and the solutions below cP form two
classes of solutions such that within the classes solutions have similar behavior
for large x, whereas two solutions taken from different classes have completely
different behavior. We give two examples to illustrate this property.

Example 1. y' = x - 1jy (y > 0).

Example 2. y' = x3 + y3.

In the first example, the special solution cP is the only bounded global solu
tion. The solutions above cP tend to 00 as x ----> 00, while every positive solution
beneath cP exists only in a finite interval [0, b) and tends to 0 as x ----> b-.
In the second example, cP is the only global solution. The solutions above cP

tend to +00 and those below cP tend to -00 as x approaches the right endpoint
of the (finite) maximal interval of existence.
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In this connection, the solution curve C = graph ¢ is called a sepamtrix: It
"separates" solutions with different behavior. Various definitions of the separa
trix can be found in the literature.
Differential inequalities provide a powerful tool for dealing with such ques

tions.

XIII. Existence of Global Solutions. Solutions of (13) that exist in
[0,00) are called global solutions. Let f be continuous and locally Lipschitz
continuous with respect to Y (for instance, suppose fy is continuous) on a set
D : x 2': 0, a < Y < (3 (-00 :s; a < (3 :s; 00). If v, ware two functions with the
properties v :s; wand Pv :s; °:s; Pw in [0,00), then every solution Y of (13) with
v(o) :s; Y(O) :s; w(O) lies between v and w on [0,00). This follows immediately
from Theorem IX. The following theorem with reversed differential inequalities
also follows from Theorem IX, but the proof is less trivial.

Theorem. Let v and w be functions that are differentiable in [0,00) and
satisfy the inequalities

v:S;w and Pw:S;O:S;Pv in [0,00).

Then the differential equation y' = f(x, y) has a global solution ¢ with v :s; ¢ :s; w
for x 2': 0.

Proof. Let Yn denote the (unique) solution of the initial value problem

y' = f(:r, V), y(n) = w(n) (n = 1,2,3, ... ).

It follows from applying Corollary IX twice on the interval [0, n]' which lies to
the left of the point ~ = n, that the inequalities v :s; Yn :s; w hold in [0, n].
In particular, Yn+l(n) :s; w(n) = Yn(n), and hence, again using Corollary IX,
Yn+l :s; Yn in [0, n].
We fix a number a > 0. If n > a, then the inequalities v :s; Yn+l :s; Yn :s; w

hold in the interval [0, a]. Since the sequence (Yn) is monotone decreasing,
¢(x) := limYn(x) exists in [O,a] and satisfies the inequalities v :s; ¢:s; w there.
The set M a = {(x, y) : °:s; x :s; a, v(x) :s; Y :s; w(x)} is compact, and the
function f is bounded on M a , say If I :s; L. Thus, for n > a, the functions Yn are
Lipschitz continuous with Lipschitz constant L in the interval [0, a]. Uniform
convergence on the interval [0, a] now follows from Lemma 7.111.
Passing to the limit in the corresponding integral equation

Yn(X) = Yn(O) +lx

f(t n,Yn(t)) dt

shows that ¢ is a solution of (13) in the interval [0, a]. Since a is arbitrary, the
rest of the theorem follows. •

Remark. If there exist sequences (xn ), (x~) tending to 00, with (Pv)(xn ) >
0, (Pw)(x~) < 0, then the strong inequalities v < ¢ < w hold in [0,00). This
follows again from Theorem IX.
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Example 2 with VI = -x - 1/3x2
,

W= -x

Note that one can also use the sequence of solutions Z = Zn defined by

z' = f(x, z), z(n) = v(n) (n = 1,2,3, .. ,)

in the construction of a global solution. One obtains v ::; Zn ::; Zn+l ::; Yn+l ::;

Yn ::; w in [0, n], n = 1,2,3, ' , ,
We apply this theorem to the two examples given at the beginning of this

supplement,

Example 1, The inequality Pv ~ 0 holds for v = e- x , and the inequality
Pw ::; 0 is satisfied by the function

{

2 - x for 0::; x ::; 1,
w(x) =

l/x for x> 1.

Thus there exists a global solution ¢ with e- x < ¢(x) < l/x, The reader should
show that VI = l/(x + x- Z) is also a lower bound,

Example 2, One can chose v = -(x + 1), w = -x, as can be easily seen,
Thus there exists a global solution ¢ that satisfies the inequality -(x + 1) <
¢(x) < -x. The reader should show that VI = -x - 1/3xz is a better lower
bound,

XIV. Uniqueness. The characterization of the distinctive global solu
tion differs from case to case, and it seems impossible to give a sufficiently general
uniqueness theorem, Instead, we illustrate how to proceed in certain specific
cases, Suppose that fy is continuous in D. If ¢ and 'I/J are two global solutions
with ¢ < 'I/J, then by the mean value theorem, the difference u = 'I/J - ¢ > 0
satisfies

u' = 'I/J' - ¢' = f(x, 'I/J) - f(x, ¢) = fy(x, y*)u(x), (14)
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where 1>(x) < y* < 'IjJ(x). We consider again the two examples and show how
one can use (14) to derive a uniqueness result.

Example 1. Here the global solutions 1>, 'IjJ are bounded; that is, there exists
L > 0 such that 0 < 1> < 'IjJ < L holds in [0,00) and hence fy(x,y) = l/y2 >
1/L2 := a. Thus

u' 2: au, which implies that u(x) 2: u(O)eC>x.

But u is bounded by assumption. This contradiction proves the assertion made
at the beginning that there is only one bounded global solution. The estimate
VI < 1> < l/x (see XIII) shows that 1> behaves like l/x as x ----+ 00 and that

1 1 1
- - - < 1>(x) < -.
X x 4 X

Example 2. Let y be a solution and y(a) 2: -a for some a 2: O. It is easy to
see from the differential equation that there exists b > a with y(b) > O. Since
the solution of the initial value problem Vi = v3 , v(b) = y(b) is a lower solution
to y and since there exists c < 00 such that v(x) ----+ 00 as x ----+ c, it follows that
y(x) is not a global solution.

If 1> and 'IjJ are global solutions with 1> < 'IjJ, then accordingly, 'IjJ(x) < -x.
Thus in (14) we have fy(x, y*) = 3y*2 > 3x2 , and hence u = 'IjJ -1> 2: 8 exp(x3 ),
where 8 = u(O) > O.
In particular, z = -1> 2: 8 exp(x 3 ). Since z satisfies z' = Z3 - x 3 , we have

Zl > ~ z3 for large x. This implies in a manner similar to the case above that
z = -1> exists only in a finite interval [a, b) and tends to 00 as x ----+ b. Therefore,
there exists only one global solution. This proves the assertion made at the
beginning for the second example.

Remark. In the two examples, each local solution can be extended to the
left to -00 (proof follows by considering the sign of f). Thus the distinguished
solution exists in JR, and the separatrix C = graph 1> divides the xy-plane into
two domains G I (above C) and G2 (below C). If y is a solution of the differential
equation with the initial value y(E;) = 7], then the location of (E;,7]) instantly
gives information about the qualitative behavior of the solution y for increasing
positive x.

xv. Exercises. (a) Show that the qualitative behavior from Example
1 also holds for the differential equation

y' = xC> - y-i3 (y > 0) with a > 0, {3 > O.

(b) Show that the same qualitative statements hold for the differential equa
tion

y' = xC> + lyl i3sgn y with a > 0, f3 > 1

as in Example 2 (which is the case a = (3 = 3).
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Hint. One can take w = _xoj /3 and v - -aex with appropriate a > O. A
better choice is v = -(a + xl+O

).

(c) Denote the solution of the differential equation y' = f(x, y) with initial
value y(O) = a by y(x; a), and denote by [0, ba) with 0 < ba :s: 00 the maximal
interval of existence to the right. Prove the following

Theorem. Let the function f be continuous and satisfy a local Lipschitz
condition in y. Let A be the set of initial values a such that y(x; a) --> 00 as
x --> ba' Assume that for every b > 0 there exist initial values a E A and a' ~ A
such that ba, ba, > b. Then

¢(x) = y(x; ao) with ao = inf A

is a global solution of (13).

(d) Show that all solutions y(x;a) of the differential equation y' = ~(1 +
y2)COSX tend to +00 or -00 as x --> ba , where ba < ~7r, and compare this result
with the assumptions on ba in the preceding theorem.
(e) In the differential equation

y' = h(x) + g(y)

let h be continuous in [0,(0) and let 9 be locally Lipschitz continuous in 1Ft
Further, let g(y) --> ±oo as y --> ±oo, and let the integrals

rOO dy

i o g(y) 1
-0 dy

and
-00 g(y)

be convergent (we assume Ig(y)1 > 0 for Iyl
global solution.

> a). Show that there exists a

Remark. In the American Mathematical Monthly 94 (1987), p. 694, one finds
Example 1 as Problem 6551: "Prove that the differential equation y' = x - l/y
has a unique solution in [0,(0) which is positive throughout and tends to zero
at +00." In Vol. 96 (1989) three different solutions are given on pages 631-635
and 657-659, but no general method is suggested.

XVI. Computing the Separatrix. Theorem XIII not only establishes
the existence of a separatrix ¢, it can also be used to determine it numerically.
By solving the initial value problems (An) and (Bn), one obtains upper and
lower bounds for ¢. R. Lohner (1988) developed an algorithm that gives exact
upper and lower bounds for the solution of initial value problems (for systems).
It applies to a large class of functions f and uses the programming languages
PASCAL-XSC or ACRITH-XSL, which reflect advances in interval arithmetic.
I owe Dr. Lohner many thanks for carrying out the calculations in the two
examples. They lead to the following surprisingly good (and, as said, exact)
bounds for the initial value ¢(O):
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Example 1: v(x) = l/(x + 1/x2 ), w(x) = l/x, (An), (Bn) with n = 6 gives

¢(O) E 1.28359871046359952345 264 ~~.

Example 2: v(x) = -x - 1/3x2 , w(x) = -x, (An), (Bn) with n = 5 gives

¢(O) E -0.66727091254432365855 63 ~~.

XVII. Exercise. Driver's Equation. The initial value problem

y'(x) = 1+ f(y) - f(x), y(O) = 0,

where f : lit ~ lit is continuous, has y(x) = x as a solution. R.D. Driver
posed the problem (American Mathematical Monthly 73 (1966), 783, advanced
problem 5415) of determining whether this is, in general (i.e., for all j), the only
solution. Some results on uniqueness were given in the solution section of the
Monthly (76 (1969), 948-949), but much was left to be desired. Our treatment
relies heavily on the results of this section on diff"erential inequalities.

If y is a solution, then z(x) := -y(-.x) is a solution to the corresponding
problem with h(s) := f(-s). Therefore, we consider only solutions for.x > O.
Prove the following:
(a) Replacing f(s) by f(s) +const. does not change the problem. Hence one

may assume f(O) = o.
(b) If y is a solution and y(c) = c (c > 0), then z(x) = y(x + c) - c is a

solution of the problem with f replaced by fc(s) = f(s + c) - c.
(c) y*(x) = x is the maximal solution to the right, i.e., y(x) ::: x for .x :2 0

and every solution.
(d) Uniqueness to the right holds if f satisfies locally (i.e., in compact inter

vals) a one-sided Lipschitz condition f(y) - f(z) ::: Lly - zl for y > z.
(e) Uniqueness holds if f = g - h, where g and h are (weakly) increasing.
Hints: (c) Let F( s) = exp f (s). The differential equation is equivalent to

exp (y' - 1) = F(y)/F(x). Using es - 1 :2 s, one obtains y' ::: F(y)/ F(x). Hence
y is a subsolution to the problem with separated variables z' = F(z)/F(x),
z(O) = 0, which gives y(x) ::: z(x) = x.
(e) Let f be increasing. Then by (c), y' ::: 1. Consider the function

k(x) = i x

(1 - f(s)) ds =} k'(x) = f(y)(y' - 1).
y(x)

Assume 0 = f(O) ::: f(x) < 1 and y(x) > 0 for 0 ::: .x < b. Since k' ::: 0 and
k :2 0 in [0, b], it follows that k(x) = 0 and hence y(x) = x in [0, b]. Use (b) to
show that y(x) = x in [0, c] implies y(x) = x in [0, c + c], c > 0.
In the general case f = g - h we have y' :2 1 + g(y) - g(x). Since z' =

1+ g(z) - g(x), z(O) = 0 implies z(x) = x, Theorem VIII shows that y :2 z. Use
(c).
Our treatment follows that of G. Herzog and R. Lemmert, Remarks on

Driver's equation, Ann. Polon. Math. LIX.2 (1994), 197-202. The authors
also construct an example of nonuniqueness.
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XVIII. Exercise. Prove the following:

Theorem. Let v, w be two solutions of the differential equation y'(x)
f(.7:, y) in the inteTval J = [~, ~+a]. Assume that v(~) < w(~) and that f(x, y) is
(weakly) increasing aT decTeasing in y. Then (i) v :::; w in J and (ii) w(x) - v(x)
is incTeasing aT decTeasing, respectively.



Chapter III
First Order Systems.
Equations of Higher Order

§ 10. The Initial Value Problem for a System of
First Order

I. Systems of Differential Equations. Direction Fields. By a first
order system of differential equations (in explicit form) we mean a set of simul
taneous equations of the form

(1)

Here the n functions fl (x, Yl,· .. ,Yn), , fn(x, Yl," . ,Yn) are defined on a
set D of (n + I)-dimensional (x, Yl, ,Yn)-space lRn+1

. A vector function
(yd x), ... ,Yn (x)) is a solution (or an integral) of(1) in the interval J if the func
tions Yv (x) are differentiable in J and if (1) is satisfied identically when they are
substituted into the equation. Naturally, we require (X,Yl(X), ... ,Yn(x)) ED
for x E J. Vector notation will be used whenever possible. \Ve denote n
dimensional column vectors with boldface letters, as shown in the following:

(

Yl(X))
y(x) = : ,

Yn(x)

. _(.h(~,y))
f(x,y)- : .

fn(x, y)

In this notation, statements of the type "y(x) is continuous, differentiable, ... "
mean that each component YI/ is continuous, differentiable, ... (v = 1, ... , n).
Derivatives and integrals of a vector function y(x) are also defined component-

105
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wise:

rb
y(x) dx =

.fa

\Vritten in vector notation, system (1) reads

y' = f(:c, y). (I')

(3)

As in the case n = 1, equation (11) has a geometric interpretation. The graph
of a function y(x) represents a curve in IRn + 1 The vector function f(x,y)
determines a direction field in D, which is defined as follows: To each point
(x, y) E D is associated a direction, given by the (n + I)-dimensional vector
(1, a) where a = f(.f, y), or equivalently, by the line y = y + (x - x)a. Solutions
of the differential equation (I') have the property that their graphs "fit on the
direction field."

II. Initial Value Problem. An initial value problem for (1/) asks for a
solution that passes through a given point (~,,,.,) E D, that is, one that satisfies
the initial conditions

Yv(O = 1]v (1/ = 1, ... ,n) or y(O ="., (in vector form). (2)

Initial value problem (1/), (2) is equivalent to the system of integral equations

y(x) = "., + l x

f(t, y(t)) dt.

More precisely: Let f be continuous in D and (x,y(x)) E D for:1: E J. Suppose
y(x) is differentiable in J and satisfies equation (I') and the initial conditions
(2). Then yl is continuous and y(x) satisfies the integral equation (3) for .1: E

J. Conversely, if y(x) is a continuous solution of (3) in J, then f(:1:, y(x)) is
continuous in J. Hence y(x) is continuously differentiable and satisfies (I') and
(2). The notation lal for the norm of a vector aE IRn was introduced in 5.1II.(a).
A special case is the Euclidean norm lal e = Jai + ... + a;;'.

III. Equivalence of Norms. Lemma. All norms in IR n are equivalent;
i. e., if lal, lal* are any two norms in IRn

, then there exist constants a > 0, fJ > 0
such that

alal* :S lal :S fJlal* for all a E IRn
.

Proof. Clearly, it is sufficient to prove the theorem for the special case jal* =

lal e . If e,/ is the l/th unit vector (i.e., e v is 1 in the l/th position, all other
components are zero), then it follows from the expansion a = 2: a,/ev that
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This proves the second inequality in the lemma. It follows at once from this in
equality that the function ¢(x) = Ixl is continuous (in the sense of the Euclidean
norm). Indeed, by (5.2), we have

I¢(x) - ¢(y)1 = Ilxl - /yll :s Ix - yl :s ,8/x - yle.

To prove the first inequality, let S be the unit sphere in ]Rn; that is, S is
the set of vectors with lal e = 1. Since S is compact, the continuous function
¢(x) = Ixl assumes its minimum on S at a point ao E S. Because ao -I- 0, we
have

tal 2 laol = a > 0 for all a E S.

Since an arbitrary vector b -I- 0 can be written in the form b = c·a with c = Ibl e
and a E S, the first inequality in the lemma follows:

Ibl = clal 2 ac = albl e .

•
IV. Lipschitz Condition. A vector function f(x, y) satisfies a Lipschitz

condition with respect to y in D (with Lipschitz constant L) if

If(x, y) - f(x, y)1 :s Lly - yl for (x, y), (x, y) ED. (4)

It follows from Lemma III that the question whether f satisfies a Lipschitz
condition is independent of the chosen norm. However, the magnitude of the
Lipschitz constant L depends on the choice of the norm.
A function f is said to satisfy in D a local Lipschitz condition with respect

to y if for every point (x, y) E D, there exists a neighborhood U : Ix - xl <
8, Iy - yl < 8 (8 > 0) such that f satisfies a Lipschitz condition in D n U. In
general, the Lipschitz constant may vary from neighborhood to neighborhood.

V. Lemma. (a) If D is convex and if f and all components of the Ja
cobian of/oy = (ofv/oYi-')~,v=1 are continuous and bounded in D (/1, v =
1, ... , n), then f satisfies a Lipschitz condition with respect to y in D.
(b) If D is a domain and if f and of / oy are continuous in D, then f satisfies

in D a local Lipschitz condition with respect to y.
(c) Iff E C(D) satisfies in D a local Lipschitz condition in y, then f satisfies

a Lipschitz condition in y on compact subsets of D.

Proof. (a) Applying the mean value theorem to fv(x, y), we obtain

( ) (
_) ~ ofv(x,y*) _

fv x, y - fv x, y = ~ 0 (Yi-' - Yi-')'
1-'=1 Vi-'

where (x, y*) is a point on the line segment connecting (x, y) and (x, y). It
follows that there exists a constant K such that

(4')
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and hence f satisfies a Lipschitz condition with respect to the maximum norm
lal = max laul· Part (b) is an immediate consequence of part (a), since a function

v

from C(D) is bounded in compact subsets of D. (c) If KeD is compact and
the proposition with respect to K is false, then there exist sequences (Xk, Yk),
(Xb zd in K with

(k=1,2, ... ).

Because K is compact, we may assume that (Xk' Yk) ----? (xo, Yo) E K, and since
f is bounded in K, it follows from (*) that (Xb Zk) tends to the same point. This
leads to a contradiction, since for large k, the points (Xb Yk), (Xk, Zk) belong to
a neighborhood of (xo, Yo), where f satisfies a Lipschitz condition in y. •

\Ve now state and prove the basic

VI. Existence and Uniqueness Theorem. Let f(x, y) be continuous
in a domain D c lRn +1 and satisfy a local Lipschitz condition with respect to y
in D (this hypothesis is satisfied, fOT instance, if afjay E C(D)). If (~, 1]) E D,
then the initial value problem

y/ = f(x,y), y(O = 1] (5)

has exactly one solution. The solution can be extended to the left and right up
to the boundaTy of D.

The line of reasoning used for the case n = 1 in §6 carries over. The following
special case is proved first (compare with Theorem 6.1).

VII. Theorem. Let f(x, y) be continuous and satisfy the Lipschitz con
dition (4) in J x lRn, J = [~, ~ + a] . Then there is exactly one solution to the
initial value problem

y/ = f(x, y), y(O = 1].

The solution exists in of J.

(6)

Proof. The initial value problem (6) is equivalent to the integral equation

y(X) =1]+ i x

f(t,y(t)) dt in J,

which can be written, using the more concise operator notation, in the form

(7)

y = Ty where (Tz)(x) = 1] + i x

f(t, z(t)) dt. (7/)

The set of continuous vector-valued functions defined on J with the norm

Ilzll = max Iz(;r)le- zLX
J
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is a Banach space ([. I is the norm in IRn that appears in (4)). The operator T
defined by (7') maps this space into itself. The proof that T satisfies a Lipschitz
condition with Lipschitz constant ~ is the same as the one given in 6.1. In this
proof, y(x) is now a vector function, and the two simple facts in the following
lemma are needed.

VIII. Lemma. If z(x) is continuous in an interval [a, b] and I . I is a
norm in IRn

, then the scalar function ¢(x) = Iz(x)1 is continuous in [a,b] and
the inequality

holds.

Proof. It follows from inequality (5.2) that

1¢(Xk) - ¢(x)1 ::; Iz(xk) - z(x)1 --; 0 as Xk --; x;

therefore ¢(x) is continuous.
Let us denote the integrals in the lemma by hand 12 . Then the inequality

Ih I ::; lz must be proved. We consider a partition P : a = Xo < Xl < <
xp = b and its measure of fineness !PI = max {(Xi - xi-d : i = 1, ,pl·
Corresponding Riemann sums are given by

fJ(P;z)
P

2)Xi - Xi-dZ(Xi)
i=l

P

2)Xi - xi-dlz(xi)1
i=l

for II = l b

z(x) dx,

b

for lz = llz(x)1 dx.

The triangle inequality implies

Now consider a sequence (Pk) of partitions with lim !Pkl = O. Then, by the
Riemann definition of the integral,

as k --; 00. The inequality 111 1::; 12 now follows from *). •
The solutions of (6) are the fixed points of T. Since T is a contraction,

Theorem VII follows from the Contraction Principle 5.IX. The solution is the
limit of a uniformly convergent sequence of successive approximations

The first term Yo(x) E C(J) can be arbitrarily chosen. •
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The general theorem is now derived from this special case in a series of steps
that are completely analogous to those in §6 for the one-dimensional case.

In §7 and §8 two additional existence theorems were proved. The extension
of the proofs of these theorems to the n-dimensional case is also straightforward.
Consequently, we will state these theorems without proof.

IX. Peano Existence Theorem. If f(x, y) is continuous in the do
main D and (~, TJ) ED, then the initial value problem (5) has at least one
solution. EveTy solution can be extended to the left and Tight up to the boundaTy
of D.

Remark. The results on upper and lower solutions and on maximal and
minimal solutions obtained in §9 do not extend to general systems, but only to
systems that have a certain monotonicity property. We shall treat this impor
tant question in Supplement I below.

X. Existence Theorem for Complex Differential Equations. Let
the vectoT function f(z, w) of n + 1 complex vaTiables (z, w) = (z, WI, ... , wn )

with values in en be holomoTphic in a domain D c en+1 (i. e., each component
is continuously diffeTentiable with Tespect to all n + 1 complex vaTiables), and
let (zo, wo) E D.

Then the initial value problem

w' = f(z, w), w(zo) = Wo (9)

has exactly one holomoTphic solution w(z). The solution exists (at least) in the
disk K: lz - zol < Q, wheTe Q > 0 is deteTmined as in 8.11.

The solution w (i.e., each of the components wv(z)) can be expanded in a
power series about the point Zo with a radius of convergence 2: Q.

XI. Autonomous Systems. In this section, we develop a general frame
work for problems of the type introduced in 3.V. We call the system of differ
ential equations (1) autonomous if the right-hand side f(x, y) does not depend
explicitly on x. Thus an autonomous equation has the form

y' = f(y). (10)

Autonomous equations frequently arise in applications where the independent
variable is time. With these problems in mind, we denote the independent
variable by t and write y = y(t). In the results that follow, f is assumed to be
locally Lipschitz continuous in an open set G c lRn

. Thus Theorem VI applies
to (10) and it follows that initial value problems are uniquely solvable and the
solution can be extended to the boundary of D = lR x G (cf. the definition in
6.VII). This leads us to a number of conclusions about solutions to (10):
(a) A solution y exists in a maximal open interval J = (a, b).
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(b) If y is a solution of (10) in the interval J = (a, (3), then z(t) := y(t + c)
is a solution in the interval J- c = (a - c,(3 - c).
(c) Phase Space and Trajectories (Orbits). For autonomous systems, the

space jRn is called the phase space. The curve C = y(J) := {y(t) : t E J} c 0
in the phase space generated by a solution y on a maximal interval of existence
J = (a, b) is called the trajectory or the orbit of y; cf. A.I for the definition
of curves. If z is another solution with z(to) E C and z(to) = y(td for some
t l E J, then y(t) = y(t l - to + t) is also a solution by (b), and the relation
z(to) = y(to) implies z = y. Therefore, the trajectories of y and z coincide.

If the "half trajectory" y([c, b)) with c E J is contained in a compact subset
of 0, then b = 00; a corresponding statement holds for the interval (a, c].
(d) The Phase Portrait. Two trajectories are either disjoint or identical.

Each point of 0 belongs to exactly one trajectory. The collection of all trajec
tories is called the phase portrait of the differential equation; d. 3.V.
(e) The two differential equations y' = f(y) and y' = Af(y) (with A =1= 0)

generate the same trajectories, hence the same phase portraits (with the same
orientation if A > 0).
(f) Per'iodic Sol1Jtions. If y is a solution and y(to) = y(t l ) for some to =1= t l ,

then y is periodic with period p = to - t l . This follows from (c), with z = y.
The maximal interval of existence is R A nonconstant, continuous, periodic
function has a smallest period T > 0, also known as the minimal period.
(g) Critical Points. A point a E 0 is called a critical point (also a stationary

point or equilibrium point) of f if f(a) = O. If a is a critical point of f, then
y(t) == a is a solution in R The corresponding orbit is the singleton {a}.
(h) If the solution y exists for t :?' to and if a = lim y( t) exists and belongs

t~oo

to 0, then a is a critical point: i.e. f(a) = O.

Proof of (h). Suppose ¢ is a real-valued Cl-function and lim ¢'(t) = a =1= o.
t->oo

If a> 0, then for large t, ¢'(t) > 0'/2. It follows that lim ¢(t) = 00. Similarly,
t~oo

a < 0 implies lim¢(t) = -00. Now the hypotheses imply that limy'(t) =
f(a). The preceding argument applied to the components vdt) of y shows that
limy'(t) = 0, i.e., f(a) = O. •

Supplement I: Differential Inequalities and Invariance

Does the comparison theorem 9.III carryover to systems when the natmal
(componentwise) ordering of points is introduced in jRn? Not surprisingly, the
answer is negative in general. In the next section, we treat those systems for
which such a theorem holds; later we show how to obtain bounds for solutions
of (1) in the general case.
For y, z E jRn, inequalities are defined componentwise:

y ::; z ¢=} Yi ::; Zi for i = 1, ... ,n,

y < z ¢=} Yi < Zi for i = 1, ... , n.
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XII. Monotonicity and Quasimonotonicity. The function f(x, z)
D C IRn +1

--+ IRn is said to be increasing in y if y :S z implies f(x, y) :S f(:r, z),
and quasimonotone increasing in y if fi is increasing in Yj for i =J .j, more
exactly, if for i = 1, ... ,n,

y:S Z, Yi = Zi, (x,y), (x,z) E D implies fi(x,y):S fi(x,z).

An n x n matrix C = (Cij) is said to be positive if Cij ~ 0 for all components,
and essentially positive if Cij ~ 0 for i =J j. The same terminology is used for
matrices C(x) = (Cij(X)). In connection with matrix products, vectors y, u, ...
are always assumed to be column vectors, y = (VI, ... ,Yn)T.

It is easily seen that a linear function f(x,y) = C(x)y is quasimonotone if
and only if C(x) is essentially positive. If D c IRn +1 is open and convex and f
and afjay belong to C(D), then f is quasimonotone increasing if and only if
the Jacobian afjay is essentially positive. Without convexity, this is not true
in general.

If the matrix C(x) + AI is positive for some A > 0, then C(x) is obviously
essentially positive. Conversely, if C(.1::) is essentially positive and if the diagonal
elements of C are bounded below, then C + AI is positive for large A. There is
a similar relation between monotone and quasimonotone functions. Again it is
obvious that f(:c, z) is quasimonotone increasing when f(.r, z) + AZ is increasing
for some A > O. Conversely, if f is quasimonotone increasing and satisfies a
Lipschitz condition in y, then f(x, y) + Ay is increasing in y for large A. In
short, a smooth function is quasimonotone increasing if it becomes monotone
increasing when a large multiple of the identity is added.
The propositions that follow can be summarized in a general

Principle. The theorems in § 9 for a s'ingle equation carryover to systems
if and only if the right-hand side f(x, y) is quasimonotone increasing in y.

We use the notation Pv = v'(:c) - f(x, v) for the defect.

Comparison Theorem. Assume that f : D --+ IRn is quasimonotone In

creasing and that v, ware differentiable in J = [~, ~ + aJ. Then
(a) v(O < w(O. Pv < Pw in J implies v < w in J.
(b) If f(,r, y) satisfies a local Lipschitz condition in y, then v(O :S w(O,

Pv :S Pw in J implies v :S w in J; moreover, the index set splits into two
subsets a and (3. such that for

i E a: Vi < Wi in (~, ~ + aJ

j E (3 : Vj W zn [~,~+bj) and Vj < Wj in (bj , ~ + a),J

where 8j > O.

(11)

(12)

A simple consequence is

(c) M. Hirsch's Theorem. Assume that f(y) E C 1 has an essentially
positive and irT'educible Jacobian af(y)jay. Then two sol-utions v, w of y' =
f(y) with v(~) :S w(O. v(O =J w(O satisfy v(.r) < W(.T) fOT;r: >~.
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Proof. If (a) is false, then there is a first point .1:0 > ~ such that v(x) :::: w(x)
for x :::: Xo and Vi(XO) = Wi(XO) for some index i. It follows easily that vHxo) 2:
w;(xo) (apply the reasoning of 9.1 to Vi and Wi)' On the other hand, Pv < Pw
and v :::: w, Vi = Wi at x = Xo, implies by quasimonotonicity

W; - v; > fi(W) - fi(V) 2: 0 at x = Xo,

which is a contradiction. Here and below, the argument x or Xo is suppressed.
(b) Assume that f satisfies a Lipschitz condition If(x, w+z)-f(x, w)1 :::: Lizi

(maximum norm) and let p = e2Lx , h = €(p, ... , p), € > O. Then

hi = 2Lh > f(w + h) - f(w) =} P(w + h) > Pw.

Hence, by (a), v < w + h, which gives v :::: w, since € > 0 is arbitrary.
Last part of (b): It follows from the local Lipschitz condition that for some

L> 0, f(x, z)+Lz is (componentwise) increasing in z as long as v(t) :::: z :::: w(t).
From (b) we get u = w - v 2: 0, and furthermore,

e-Lx(eLxu)' u' + Lu = f(w) + Pw - f(v) - Pv + L(w - v)

> f(w) + Lw - (f(v) + Lv) 2: 0;

i.e., each component of eLxu is increasing. This proves the last part. •

The proof of (c) is an exercise. Hints: f is quasimonotone, hence v :::: w.

Assume f3 is nonempty, and write v = (va, v(3), .... Then Va < Wa, V(3 = w(3
implies f(3(va , v(3) :::: f(3(wa ,V(3), and equality is excluded if 8f(3(Ya, Y(3)/8Ya 2: 0
is nonzero which is a contradiction.

Sub- and Supersolutions. Maximal and Minimal Solutions. On
the basis of the preceding theorem, sub- and supersolutions for the initial value
problem (6) can be defined by Vi < f(x, v), v(O < 'TI and Wi > f(x, w), w(O > 'TI
(or the same with:::: in case (b)) exactly as in 9.1V.
Furthermore, in the case where f is continuous and quasimonotone increas

ing, one can construct a maximal solution y* and a minimal solution y* of (6).
For those solutions the propositions

(d) v(O :::: 'TI, Vi :::: f(x, v) in J ==} v :::: y* in J;

(e) w(O 2: 'TI, Wi 2: f(.1:, w) in J ==} w 2: y* in J

hold. The proofs of 9.VI and 9.VIII carryover.
Our program announced in the general "principle" has been carried out now,

except for the "only if" part. The fact that qua.'iimonotonicity is a necessary
prerequisite for the validity of the comparison theorem is proved in Redheffer
and Walter (1975). The theory that has been developed above goes back to
M. Muller (1926, 1927) and E. Kamke (1932). In the next section we prove
a theorem on differential inequalities for general systems, that also is due to
M. l\,luller (1927). It is of a different nature inasmuch as it requires an upper
bound and a lower bound simultaneously.
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XIII. M. Muller's Theorem for Arbitrary Systems. Let f(x, y) :
D ----7 lRn satisfy a local Lipschitz condition in y. Let y, v, w : J = [~, ~+a] ----7 lRn

be differentiable, v S w in J, v(~) :S y(O S w(O, yl = f(x,y), and

v; < fi(X, z) for all z E lRn such that v(x) S z S w(x), Zi = Vi(X),

w; < fi(x, z) for all z E lRn such that v(x) S z S w(x), Zi = Wi(X),

for'i = 1, ... ,n. Then

v S y S w m J.

Remark. The differential inequalities, which look quite complicated at first
sight, have a simple geometric meaning. We use the following notation for
intervals in lRn:

I = [a, b] = {z E IR n
: a S z S b}, where a, b E lRn and a S b.

The boundary of this interval consists of 2n "faces" Ii and Ii defined by z E I,
Zi = ai or Zi = bi (i = 1, ... ,n). In the two-dimensional case I is a rectangle
with sides parallel to the axes, a is the left lower and b the right upper corner
point, hand 11 are the left and right vertical sides, while 12 and 12 are the
lower and upper horizontal sides.
Using this notation, the differential inequality for Vi can be written in the

form v; S fi(X, z) for z E Ii(x), where I(x) = [v(x), w(x)]. One may carry the
abbreviation a step further by (i) defining inequalities between a real number s
and a set A c lR,

s S A~ s S a for all a E A;

and (ii) using a familiar notation fi(X, B) = {fi(X, z) : Z E B}. Then the
differential inequalities in Muller's theorem XIII can be written as

v; S fi(X. I(x)i) and w; 2: fi(X, I(x)i), I(x) = [v(x), w(x)] .

Proof. We again use a two-step method. Assume first that v, w satisfy
strict inequalities. If the conclusion is false, there is a maximal Xo > a such
that v < y < w in [a, xo) and, e.g., Vi(XO) = Yi(XO). Hence v; 2: Y; at Xo·
On the other hand, z = y(xo) satisfies v(xo) S z S w(xo), Vi(XO) = Zi, and
hence v;(xo) < h(xo,y(xo)) = y;(xo), which is a contradiction. In the second
step one may assume that f satisfies (for the arguments involved) a Lipschitz
condition If(x, y) - f(x, z)1 S Lly - zl, where I· I is the maximum norm. Then
the case of weak inequalities is reduced to the case treated above by considering
We = W + Eh, V E = v - Eh, where h = (p, . .. , p), p = e2Lx . •
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Invariant Intervals. Let us consider the important special case where the
functions v, ware constant. Then the assumptions in Muller's theorem are

y(O E I, Ji(x, Ii) ;::: 0 and fi(X, Ii) S; 0, where I = [v, w]

(i = 1, ... , n), and the conclusion is y(x) E I for x E J.
These inequalities signify that on the boundary of I the vector field f points

into I. For example, in the case n = 2 we have h ;::: 0 on the left side and
h S; 0 on the right side, and similarly 12 ;::: 0 on the lower side and S; 0 on the
upper side. When this is true, then y(O E I implies y(x) E I for x > ~. This
fact is expressed by saying that I is an invariant interval (invar'iant rectangle
in the case n = 2). Thus a theorem on invariant intervals is a very special case
of Muller's theorem.

XIV. The Case n = 2. Consider problem (1) for y = (YI, Y2), i.e.,

y~ = h(X,YI,Y2), Y; = h(X,YI,Y2), Yl(O = T)l, Y2(O = 1]2, (13)

and assume for simplicity that f(.r, y) = (11, h) is locally Lipschitz continuous
in y. We discuss several monotonicity assumptions with respect to the theorems
in the two preceding sections. The behavior of h in the variable Y2 and of 12
in the variable YI is crucial. Let y be the (unique) solution of (13).

(a) Case (I, I). If h (t, YI , Y2) is increasing in Y2 and 12 (t, Yl, Y2) is increas
ing in Yl, then f is quasimonotone increasing. In this case,

implies VI S; YI and V2 S; Y2 in J.

(b) Case (D, D). Let h be decreasing in Y2 and 12 be decreasing in YI'
Then f is not quasimonotone, but the equivalent system for ill = -YI and Y2,

Y~ = -h(X,-YI,Y2), Y; = h(x,-YI,Y2),

is quasimonotone. Therefore, the statement given in (a) holds for this system.
In terms of the original system it reads as follows:

v~ ;::: h(x, VI, V2), v; S; 12 (x, VI, V2), VI(O;::: T)I, V2(() S; T)2

implies VI ;::: YI and V2 S; Y2 in J. In such a case v = (VI, V2) is sometimes called
an upper-lower solution.

(c) Case (D, I). If h is decreasing in Y2 and 12 is increasing in YI, it is
impossible to enforce quasimonotonicity by a simple transformation. vVe employ
Muller's theorem XIII. The conditions for v, w are v(~) S; "l S; w(O, v S; w
and
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D_----+-+------------"'C.....

B

- +
- + +

A

--l-----~~-___}'------+---l- YI
(3

Sl : Y2 = !(YI) = -YI(YI - "')(Yl - 1)

S2 : Y2 = bYI, b = (J / "( > 0
FitzHugh-Nagumo equations

and the conclusion is v ::; y ::; w.

Example. The FitzHugh-Nagumo Equations. These equations rep
resent a simple model for the mechanism underlying signal transmission in neu
rons. Usually, these equations are given in the form

where (J and "( are positive constants and f(v) = -v(v-K)(v-1) with 0< K < 1
(typically). Here u(t) represents the density of a chemical substance and v(t)
an electric potential depending on time t. For further information, see Jones
and Sleeman (1983). With the notation v = Yl, U = Y2 we have

Since h is decreasing in Y2 and 12 increasing in Yl, the conditions from (c) for
a subfunction v = (VI, V2) and a superfunction w = (WI, W2) are

v~ ::; f(vd - W2, W~ 2': f(wd - V2,

v~ ::; (JVl - "(V2, W~ 2': (JWl - ,,/W2·

In the figure the curves 51 : h = a and 52 : 12 = a are drawn, and the side of
the curve where the component is positive or negative is indicated. A rectangle
[A, C] (A < C) with corners A, B, C, D is invariant if v(t) == A and w(t) == C
satisfy the preceding inequalities; i.e. if

A is below 52, C is above S2,

D is below 51, B is above 51;
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for example, on the side AB we must have h 2: 0, which is guaranteed if A is
below 52'
The straight line 52 is given by Y2 = bY1, b = oIy. If we choose A and

C on 52, i.e., A = (a, ba), C = ca, b{3) with a < 0 < {3, then B = ({3, ba),
D = (a, b{3), and the two remaining conditions regarding 51 read

f(a) 2: b{3, f({3)::; ba.

If -a = {3 is a large positive number, then these inequalities are satisfied:

There are arbitrarily large invariant rectangles, which implies that all solu
tions of the FitzHugh-Nagumo equations exist for all t 2: o.

(e) Exercise. Find sub- and superfunctions depending on t (shrinking rect
angles). Assume that A and C, that is, v(t) and w(t), are on the line

Y2 = aY1, where a = b+Eh (E > 0)

(this line is slightly steeper than 52)' Use the ansatz v(t) = (1, a)ae-6(t-c),

w(t) = (1, a){3e-6(t-c) (a < 0 < {3, (j > 0) and give conditions on f such that
v, w satisfy the inequalities in (d) for t ::; c.

(f) Show that there exist arbitrarily large invariant rectangles if the function
f in the FitzHugh-Nagumo system satisfies f(s)/s ----+ -00 as 05 ----+ ±oo.

XV. Invariant Sets in JRn. Tangent Condition. A set M c JRn is
said to be (positively) invariant or flow-invariant with respect to the system
y' = f(x, y) if for any solution y, y(a) E lVI implies y(x) E M for x > a (as
long as the solution exists). The basic hypothesis for invariance is a tangent
condition that roughly states that at a boundary point z E oAf the vector
f(x, z) is either tangent to ]\II or points into the interior of lVi. The problem
is to find a formulation that applies to arbitrary sets M and does not use any
smoothness of the boundary of lVI. The tangent condition is given in two forms.
It is assumed that f is defined in G =:> J x !'vI, J = [a, b]:

1
lim -dist (z + hf(x, z), M) = 0 for z E M, x E J, (Td)
h~O+ h

(n(z), f(x, z)) ::; 0 for x E J, z E oM, where

n(z) is the outer normal to AI at z.

Here, dist (z, M) denotes the distance from z to M, and (y, z) is the familiar
inner product Y1Z1 + ... + YnZn. The vector n(z) i= 0 is said to be an outer
normal to M at z E oM if the open ball B with center at z + n(z) and radius
In(z)1 has no point in common with M. Geometrically speaking, the ball B
touches 11;1 at z, z E 011;1 n B. The index d or i in the tangent condition
indicates that the definition employs the distance or the inner product in JRn

,

respectively. Naturally, (Td ) is true for z E int M. First we give without proof
some relations between these two conditions.
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z----~

Condition (Td ) Condition (Ti )

Tangent conditions

(b) If f is continuous in J x M, then (Ti ) implies (Td), and (Td) even
holds uniformly in compact subsets of J x M.

XVI. Invariance Theorem (with Uniqueness Condition). The closed
set M c IRn is flow-invariant with respect to the differential equation y' =
f(x, y) if f satisfies the tangent condition (Ti ) or (Td) and a condition of Lip
schitz type

(12)

Proof. Let y be a solution of y' = f(x, y), let yea) E M and p(x) =
dist (y(x), M). Assume that yes) r:f- M, i.e., pes) > 0 for some s > a, and
let z E 8M be such that pes) = Iy(s) - zl. The function a(x) = Iy(x) - zl
satisfies p(x) S a(x), pes) = a(s), and hence D+p(s) S a'(s) (D+p is a Dini
derivative). Note that a is differentiable near sand

~(a2)' = aa' = (y(x) - z,y'(x) = (y(x) - z,f(x,y(x).

Now, n(z) = y(s)-z is an outer normal to M at z, and (T;) implies (n(z), f(s, z)
S O. Using this inequality, we obtain for t = s,

aa' = (n(z), f(s, yes)~ S (n(z), f(s, y) - f(s, z)) S Lp2.

Hence D+ pes) S Lp(s). Since 5 was arbitrary, we have D+ p S Lp whenever
p > O. There exists an interval [b, c] such that pCb) = 0 and p > 0 in (b, c]. It
follows from Theorem 9.VIII that p = 0 in [b, c], which is a contradiction. •

In conclusion we state without proof another
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Invariance Theorem (Existence). Let !vI c lRn be closed, f(x, y) : [~, ~+
a] x IvI ---+ lRn bounded and continuous, and assume that a tangent condition (Ti )

or (Td) holds. Then, for any 11 E 111, the initial value problem (6) has a solution
y s'uch that y(x) E !vI for ~ :S x :S ~ + a.

In particular, if 111 is compact and if f is continuous in [.;, (0) x 111, then
there exists a global solution satisfying y(x) E 111 for all x :2: ~.

Remarks. 1. Nagumo (1942) formulated condition (Td ) and proved the last
theorem. The invariance problem was revitalized in the late sixties. Condition
(T i ) goes back to Bony (1969), who proved Theorem XVI under the assumption
that f = f(y) is locally Lipschitz continuous; Brezis (1970) showed the same
under condition (Td ). The propositions XV.(a) and (b) are due to Redheffer
(1972) and Crandall (1972), respectively. The paper by Hartman (1972) and
other papers cited here give the impression that the authors were not aware
of Nagumo's theorem. Obviously, invariance follows from this theorem if f is
continuous and if the assumptions regarding f guarantee uniqueness.

2. The invariance theorem XVI and its proof carryover to differential equa
tions in a Hilbert space H (where f and the solution have values in H and the
inner product in H appears in (12)).

XVII. An Example from Ecology: Competing Species. We con
sider nonnegative solutions (u( t), v( t)) of the autonomous system

u' =u(3-u-2v), v' =v(4-3u-v). (13)

In the biological model, u(t) and v(t) are the numbers of individuals in two
competing populations that feed on the same limited food source, and t is time.
If v is absent, u( t) is governed by the logistic equation '11' = '11(3 - '11) with growth
rate 3 - '11, which diminishes to 3 - '11 - 2v in the presence of v. The same applies
to v.
We discuss the global behavior of solutions as t ---+ 00 using the phase plane.

Since both '11 and v are nonnegative, only the first quadrant Q = [0,(0)2 in the
uv-plane is considered.
Writing the system in the form (U',V' ) = F(u,v) = (J(u,v),g(u,v)), we find

that f = 0 on the line BD and on the v-axis, while g = 0 on the line AC and
the u-axis; in the figure, the sign of f or g 011 the two sides of the zero line is
indicated. This figure shows that there are

and

four stationary points, (0,0), B = (3,0), P = (1,1), C = (0,4)

four regions, E 1 - E 4 , where the signs of '11' and Vi do not change;

the arrows show the direction of F on the boundary of these regions. First
observation: the regions £2 and E 4 are positively invariant, and so is Q.
Consider a solution (u, v) starting (say, at t = 0) in region E3 . Both COIIl

ponents u and v decrease as t increases. The solution either stays in E 3 for all
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t > 0 or enters one of E2 (through B P) or E4 (through PC) and remains there.
Similarly, a solution starting in E 1 stays there or enters E 2 or E 4 , remaining
there. Because u(t) and vet) are eventually monotone in all cases, the limit

exists. According to XI.(g), F(Poc ) = 0; i.e., every solution i- 0 converges to
B, C, or P as t --> 00. In the first case, the v-population dies out; in the second
case it is the u-population which becomes extinct. In the third case the solution
converges to a statc of coexistencc P. In each of E 1 and E3 there is a unique
solution (modulo time shift, see XI.(b), (c)) converging to P. The corresponding
orbits combine to form a curve from 0 through P to infinity, which divides the
first quadrant in two regions. A solution starting (at any time) in the upper
region converges to C, and one starting in the lower region converges to B.
Hence this Clll'VC, also called a sepamtr'i,Y, categorizes the asymptotic behavior
of all solutions as t --> 00. A proof (not simple) is indicated in (d) below.

E:rerc'ise. (a) Show that the regions E1 and E3 and Q are negatively invariant
and that every solution starting in E 1 tends to 0 as t ----; -00.
(b) The diagonalu = v cuts the first quadrant into a lower part Ql and an

upper part Qu' Show that the regions (E1 U E4 ) n Qu and (E2 U E3 ) n Ql are
positively invariant and that a solution starting in one of these regions does not
converge to P as t --> 00.
(c) Let F he the set of points between the straight lines v = u and v = 2u-2.

Show that for i = 1 and 'i = 3, the sets E~ = E i n F are negatively invariant
and that a solution starting in E; \ E~ does not converge to P.
(d) Show that there exists a unique solution (u*(t), v*(t)) (modulo time shift)

starting in E~ and cOllverging to P (same for ED.
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Hint: Make P the origin of coordinates (u, v), i.e., u = l+u. v = l+v. Then
(13) becomes (u', v') = - (( 1+u)(u +2v), (1 +v)(3u +v)) = (], g). Consider the
differential equation for the trajectories in explicit form v = v(u) (see equation
(2c) in § 3), which reads

dv = Z. = (1 + v)(3u + v) =: h(u fi).
du f (1+u)(u+2v) ,

The solutions vn with initial value vn (1/n) = 2/n converge monotonically to a
solution v* (u) that describes the trajectory (lying in E~) of a solution (u*, v*)
of (13) converging to P. There is only one such solution in E~, since h(U, 'iI) is
decreasing in v near 0 (= P), which implies that the difference of two solutions
is increasing as fl ----+ 0+.

Supplement II: Differential Equations in the Sense of
Caratheodory

Solutions in the Sense of Caratheodory. Some facts from the theory of
Lebesgue measure and Lebesgue integral for real functions are required in the
following. We denote by L(J) the class of functions that are measurable and
integrable over J and by AC( J) the class of absolutely continuous functions on
J. In this section, we consider a generalization of the notion of a solution to a
differential equation, introduced by Caratheodory (1918). A function y(x) is a
solution of the differential equation (1) in the sense of Caratheodory (abbrevi
ated, a C-solution) if y is absolutely continuous in the interval J and satisfies
the differential equation (1) almost everywhere in J. Ify also satisfies the initial
conditions, then it is called a C-solution of the initial value problem (6). The
right-hand side f(.1:, y) : D ----+ jRn is required to satisfy in D a

Caratheodory Condition: f(x,y) is continuous as a function ofy for
fixed x and measurable as a function of x for fixed y.

XVIII. Existence and Uniqueness Theorem. Let J = [~, ~ + a] and
S = J x jRn and assume that the function f : S ----+ jRn satisfies a Caratheodory
condition in S.

(a) If there exists h E L( J) with If(x, y) I ::;; h(x) in S, then the initial value
problem (6) has at least one C-solution in J.

(b) Iff satisfies f(x,y) E L(J) for fixed y and a generalized Lipschitz con
dition

If(x,y) - f(x,Y)1 ::;; l(x)ly - yl in S, where l(x) E L(J), (14)

then there exists a unique C -solution of (6) in J.

Sketch of the Proof. Once again the proofs from §6 and §7 carryover. First
one needs the following lemma.
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XIX. Lemma. Iff satisfies the hypotheses ofXVIII and ifu(x) E C(J),
then f(x, U(.T)) E L(J).

It is sufficient to show that f(x, u(x)) is measurable. This is clearly the case
if u is constant, and hence also if u is a step function (constant on intervals).
If u is continuous and (ud is a sequence of step functions such that Uk ----. u
pointwise, then f(x, ud ----. f(x, u). This implies the measurability of f(.T, u(x)) .

•
The fundamental theorem of calculus for the Lebesgue integral states that

'ljJ E L(1), if;(x) = if;(O +1x

'ljJ(t) dt~ if; E AC(J), if;/ = 'ljJ a.e.

We can now proceed along the lines of the earlier proofs, since solving the
initial value problem is equivalent to finding a continuous solution of the integral
equation (7). In the case (b) one can show that the operator T is a contraction
in C(J) with Lipschitz constant ~. In the proof we use the norm

Ilzll = mJx Iz(x)le- 2L (x) with L(x) =1x

l(t) dt.

In the case (a), one can use the approximating functions ZQ introduced in
§7. Equicontinuity of the family (zQ) follows from the inequality

where H(x) = 1x

h(t) dt is (uniformly) continuous in 1.

Thus we easily obtain the following theorem.

XX. Existence and Uniqueness Theorem. Let D c jRn+l be open
and suppose that the assumptions of XVIII hold on every set of the form S =
J x J( contained in D, where J c jR is a compact interval and J( c jRn is a
closed ball. Then the initial value problem (5) has a solution for any (C "1) ED.
Every solution can be extended to the left and right to the boundary of D. In
the case (b)) the solution 'is unique.

The next two theorems have important applications. Note that all functions
are real-valued.

XXI. Theorem on Differential Inequalities. Let the function f (x, y) :
D C jR2 ----. jR satisfy a local generalized Lipschitz condition in y, i. e., on every
compact rectangle R = lx x Jy c D (lx, J y compact intervals), let there exist
a junction l E L (Jx) such that

If(x, y) - f(x, v)1 :s; l(x)ly - vi for x E /r' y, VEly. (15)
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Suppose that the functions C/>, 1/J E AG(J), J = [~, ~ + a], satisfy the conditions
(a) c/>(O :::; 1/J(O,
(b) Pc/> :::; P1/J a.e. in J with Pc/> = c/>' - f(x, c/».

Then either c/> < 1/J in J, or there exists c E [~, ~ + a] such that c/> = 1/J in [~, c]
and c/> < 1/J in (c,~ + a].

A corresponding statement holds for the interval J_ = [~ - a,~] with the
assumption (b') Pc/> 2 P1/J instead of (b).

This extends Theorem 9.IX to differential equations in the sense of Caratheo
dory. The proof from 9.IX carries over. One simply replaces Lx with the func
tion L(x) = I l(x) dx. Theorem XXI provides a basis for introducing upper and
lower solutions exactly as in 9.IX.
For general f, an analogue of Theorem 9.III with strict inequality does not

hold for C-solutions. It fails even for classical solutions if the strict inequality
in (b) is violated at just one point; take, e.g., y' = J!YT, c/> = x3 , 1/J = 0 in
Ixl < 1/10. Nevertheless, we have

XXII. Maximal and Minimal Solutions. Theorem. Let J = [~, ~ +
a] and S = J x lR. Assume that f : S --+ lR satisfies Camtheodory's condition
and If(x,y)! :::; h(x) E L(J) in S. Then the initial value problem y' = f(x,y),
y(O = TI has a maximal solution y' and a minimal solution y. existing in J,
and for ¢, 1/J E AG(J),

C/>' :::; f(x, c/» a. e. m J, ¢(~):::; TI implies c/>:::; y' in J,

¢' 2 f(x, 1/J) a.e. in 1. 1/J(O 2 TI implies 1/J 2 y' in J.

In particular, y. :::; y :::; y' in J for every solution y.

Proof. Obviously, Iy(x) - Til :::; It h(t) dt =: H(;r) for every solution y(x).
Let R be the rectangle R = J x [TI - G, TI + Gj, where G = 3H(~ + a) + 2, and
consider for 0 < ct < 1 the "modulus of continuity"

ba(x) = sup {If(x, y)1 - f(x, z)1 : (x, y), (x, z) E R, Iy - zl :::; ct}.

It satisfies 0 :::; ba(x) :::; 2h(x) and and ba(x) --+ 0 as ct --+ 0+ (pointwise),
because f is uniformly continuous in y in the compact interval [ry - C, TI + GJ.
Let W a be a solution of

The estimates given above show that TI - C + 2 :::; wa(x) :::; TI + C - 1 in J.
We show first that ¢ < W a in 1. Let u = W a - ¢. Then lu(x)1 < ct implies
(x, wa(x)), (x, c/>(x)) E Rand

u' = w~ - ¢' 2 f(x, wa ) - f(x, c/» + ba(x) 2 -ba(x) + ba(x) = O.

It follows easily that u 2 0, i.e., ¢ :::; W a in J.
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Since Iw~(x)1 S 3h(x), the family {wo} is equicontinuous. Let (an) be a
null sequence and (fJn) a subsequence such that the sequence (wf3n) converges
uniformly in J; d. Theorem 7.IV. If y'(x) = limwf3n(x), then clearly ¢ S y'
in J. Now consider the integral equation for W o equivalent to (*) and take
a = fJn. For n ----> 00, we obtain an integral equation for y' which shows that y'
is a solution of the initial value problem for y' = f(x, y). Here we have used that
It l5f3n (t) dt ----> O. This follows from Lebesgue's dominated convergence theorem
since liml5f3n (t) = 0 (pointwise). •

Remarks. 1. It is now a matter of routine to show that under the assump
tions of Theorem XX, case n = 1, there exists a maximal solution y' and a
minimal solution y, and that both solutions approach the boundary of D to the
left and to the right.
2. Theorem XXII extends to systems of differential equations which are

quasimonotone in y. However, the above proof needs modification. If the in
equality ¢ < w o does not hold in J, then there is a first point c > ~ such
that ¢ < w o for x < c and ¢i(C) = WOi(C). One considers u = Woi - ¢i in an
interval [c - c, C], where 0 SuS a, and obtains u' 2: 0 in this interval using
quasimonotonicity. This implies u(c) > 0, a contradiction.

3. Exercise. Let ~ = TJ = 0, f(x,y) = y/x for 0 < x S 1, xlogx S y S 0
and f(x, y) = 0 for y 2: 0, f(x, y) = log x for y S x log x. Find the maximal
and minimal solution and a negative function 1/; satisfying 1/;' = f(x,1/;) + 1,
1/;(0) = O.

XXIII. Solution Estimates. (a) Ify(x) is absolutely continuous in J,
then so is ¢(x) = ly(.x)I, and

1¢'(x)1 S ly'(x)1 a.e. in 1.

The absolute continuity follows from the inequality

obtained using (5.2). Dividing both sides now by X2 - Xl > 0 and taking the
limit as X2 ----> Xl + or Xl ----> X2-, leads to the inequality WI S ly'l· •

Theorem. Let y be a C-solution of (1) in the interval J = [~,~ + a]' and
let the inequality

If(x,y)1 S w(x, Iyl) (16)

hold, where w(x, r) is defined in J x [0,(0) and satisfies a generalized local
Lipschitz condition in r. Then any function p E AC(J) with the properties

p' 2: w(x, p) a.e. in J, p(~) 2: !y(OI,

is an upper bound for the solution,

ly(x)1 S p(x) in 1. (17)
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The estimate (17) holds in an interval L = [( - a, (I to the left of ( if

p' ~ -w(x,p) a.e. in L, p(():::: ly(()I.

Proof. Let ¢(x) = ly(x)l. From proposition (a) and (16), it follows that

¢' :S: If(x, y)1 :S: w(x, ¢).

The conclusion now follows from Theorem XXII with f replaced by w. •

Exercise. Show that, with the Euclidean norm, the estimate (17) also holds
under the weaker assumption (y, (f(x,y)) :S: Iylew(x, lyle). Here (-,.) is the
scalar product in IRn

.

XXIV. Exercise. Separated Variables. Show that the Theorems
l.VII-VIII hold for the differential equation with separated variables

y' = f(x)g(y) under the assumption f E L(Jx ), 9 E C(Jy )

and that the representation formula (l.8) remains valid.

XXV. Exercise. Solve the initial value problem (n = 3)

with y(O) ~ m
by the method of successive approximation. What is the kth approximation if
Yo(x) = y(O)?

§ 11. Initial Value Problems for Equations
of Higher Order

I. Transformation to an Equivalent First Order System.
the nth order scalar differential equation in explicit form

(n) - f( I (n-l)) ( > 1)y - x,y,y, ... ,y n_.

Consider

(1)

A function y(x) is a solution of this equation in an interval J if it is n-times
differentiable in J and satisfies equation (1) identically for x E J. Equation (1)
can be transformed into a system of n first order differential equations for n
functions Yl(X), ... , Yn(x):

y~ = Y2

Y~ = Y3

(2)

Y~-l = Yn
Y~ = f(x, Yl, Y2,· .. ,Yn)'
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Equation (1) and the system of equations (2) are equivalent in the following
sense: If y(x) is a solution of (1), then the vector function y = (Y1, Y2, ... ,Yn) :=

(y, y', ... , y(n-1)) is a solution of (2). Conversely, if y is a (differentiable) so
lution of (2) and one sets Y1(X) := y(x), then y(x) is n-times differentiable,
Y2(X) = y'(x), ... ,Yn(x) = y(n-1)(x), and equation (1) holds.
In a similar manner, systems of nth order equations can be transformed into

systems of first order equations by introducing new functions for the lower order
derivatives. For example, the equation of motion of a point mass of mass 1 in
three-dimensional space in the presence of a force field k(t, x) is given by

x=k(t,x) for x=x(t),

or, written in expanded form with x = (x, Y, z), k = (1, g, h),

i =f(t,x,y,z)

Y=g(t,x,y,z)

i = h(t, x, y, z).

This system is equivalent to the following system of six first order differential
equations for six unknown functions x, y, z, u, v, w.

x=u, u=f(t,x,y,z)

y=v, v=g(t,x,y,z)

z=w, w=h(t,x,y,z).

Vife return to equation (1). An initial value problem for the equivalent system
(2) prescribes the values of the functions Y1,"" Yn at a point~. Corresponding
initial conditions for (1) are given by

y(O = 7)0, y' (0 = 7)1, ... ,y(n-1) (0 = 7)n-1' (3)

For example, the initial value problem for a second order differential equation
reads

y" = f(x, y, y'), y(~) = 7)0, y' (0 = 7)1·

Because of the equivalence of the two initial value problems, all of the the
orems derived earlier for the system (2) can be applied to (1), (3). Here, the
right-hand side of (2), f = (!I, ... , fn), takes the special form

fi (x, Y1 , ... ,Yn) = Yi+ 1 (i = 1, ... ,n - 1)

fn(x, Y1," . ,Yn) = f(x, Y1,' .. ,Yn).

Thus f is continuous if f is continuous, holomorphic if f is holomorphic, and
satisfies a Lipschitz condition if f satisfies a Lipschtiz condition

If(x, y) - f(x, y)1 ::; Lly - YI- (4)

In particular, if f(x, Y1,.'" Yn) is continuous in a domain D c jRn+1 and if the
partial derivatives 8 f /8Yi are continuous in D, then both f and f satisfy a local
Lipschitz condition in y. We summarize.
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II. Peano Existence Theorem. Let f(.1:, y) be continuous in a domain
D c lRn +I, and let (~, r70, ... ,7]n-l) ED. Then the initial value problem (1),
(3) has at least one solution. Every solution can be extended up to the boundary
of D.

III. Uniqueness Theorem. Let f satisfy the hypotheses of Theorem II.
If in addition, f satisfies a local Lipschitz condition (4), then there exists exactly
one solution. This is the case, in particular, if of jay E C(D).

IV. Complex Existence Theorem. Let f(z, Uh, ... ,wn ) be a junction
of n+ 1 complex variables z, WI, ... , wn . Iff is defined and holomorphic 'in D c
Cn+I, then there exists exactly one function w( z), defined and holomorphic in a
neighborhood of the point (zo, (0, (I, ... ,(n-d ED, that satisfies the different'ial
equation

W(n) = f(z, W, Wi, ... , w(n-I))

and the initial conditions

The solution can be expanded in a power' series

co

w(z) = L ak(z - zo)k
k=O

For example, the ansatz y(x) = ao + alx + a2x2 + ... in the initial value
problem

y" + y, y(O) = 7]0, y'(O) = 7]1

leads to the recursion formulas

ao = Tlo, al = 7]1, k(k - l)ak + al.:-2 = 0 (k = 2,3, ... ),

from which it is easy to see that

7]0 = 1, 7]1 = 0
x 2 x 4

Y = 1 - - + - - + ... = cos x2! 4! . ,

7]1 = 1Tlo = 0,
:r3 x 5

y = X - - + - - + ... = sin x
3! 5! '

and hence the solution of problem (*) is y = 7]0 cos x + 7]1 sin x.

In the next three parts we consider some differential equations of second
order that either can be integrated directly or reduced to simpler differential
equations.
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V. [ y" = f (x, y') I

This equation is equivalent to a first order differential equation for z(x) =
y' (x:),

z' = f(x, z).

If the initial condition is y(~) = 7]0, y' (0 = 7]1, one first looks for the solution z
with z(O = 7]1. Then y is found by quadrature:

y(x) = Tlo + 1"T z(t)dt.

VI. I y" = f(y, y') I

Suppose y(x) is a solution and x:(y) its inverse. We introduce the function
p(y) defined by

p(y) = y'(x(y)).

Note that dx(y)/dy = l/p(y). The expression for the derivative of p, dp/dy =
y" (x:(y)) / p(y), leads to the first order differential equation

dp 1
- = - f(y,p) for p = p(y).
dy p

Suppose p(y) is a solution of this equation. Then we may calculate

x(y) =J_1_ dy.
p(y)

The solution y(:r) is the inverse of this function.

Example.

" ,2. ( .Y = Y . Sill y, Y 0) = 0,

The equation for p(y) is

y'(O) = 1.

dp/dy = p . sin y with p(O) = y' (0) = 1.

Therefore

p(y) = e1~cosy =} x(y) = r ecoss-1 ds .
./0
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VII. [Y" = 1(y) I

This is a special case of VI. Suppose 1 is continuous, y(J;) is a solution, and
F(y) = J1(y) dy is a primitive of 1(y)·
Multiplying the differential equation by 2y', we obtain

(y,2), = 2y'y" = 2Y'1(y) = 2
d

d
F(y(x)),

y

which implies

y,2 = 2F(y) + C.

Solving for y' gives a differential equation

y' = ±y'2F(y) +C,
which does not depend explicitly on the independent variable.

If TIl =I 0, then the value of the constant C and the sign arc uniquely de
termined by the initial condition y(o) =1]0. y' (0) = TIl, and the differential
equation has a unique solution Y(:1') with y(o) = Tlo (Theorem l.VII). In the
case where Til = 0, the situation is somewhat more complicated, and there may
be more than one solution.
In the remainder of this section, we discuss some examples from physics.

VIII. The Catenary. A flexible chain or cable with no stiffness, sus
pended from two points, hangs under the influence of gravity in a shape called
a catenary (from Latin catena, chain). Let (a, Ya), (b, Yb). a < b, be the two
suspension points in the .7:y-plane, p the density (mass per unit length) of the
chain, which is assumed to be constant, and g the constant of gravitational
acceleration. \Ve choose a reference frame such that the gravitational force op
erates in the direction of the negative y-axis. In order to determine the function
y(x) that describes the shape of the curve, we conduct a thought experiment:
We cut the chain at a point (:1", y(x)) and remove and replace the right-hand
part by a force k x = (H" "liT) in such a way that the left-hand part of the chain
remains at rest. Then

, VTY (.7:) = -'
Hx

(this relation reflects the assumption that the chain has no stiffness). If, on
the other hand, the left-hand part is removed and the right retained, then an
opposite force -kx is required.
Now consider the segment of the chain between 0' and ;3. It is kept at rest

by forces -ka = -(Ha , Va) on the left and kg = (H(3. V(3) on the right. Since
the system is at rest, the sum of the forces is zero. Separating into horizontal
and vertical components, one is led to a pair of equations

H(3 - Ha = °==? H, = const. = H,
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Yb

Ya

a x b

V/3

-----"--------------':o----x

Catenary equation.

The integral in the second equation measures the length L of the curve segment
(d. A.I), and the term pgL gives the downward pull due to gravity. The second
equation can be rewritten in the form

;: (Hyll - P9Vl + y12) dx = 0,

since V/3- Va = 1/3 V/(x) dx and V = Hy'. ow we use a well-known argument:

Since Ct, /3 can be chosen arbitrarily, the integrand must vanish, and it follows
that

y" =c~ with c = ;: > 0

This equation belongs to the type studied in V. From the differential equation
Zl = cJl + z2 for z = yl one easily obtains arcsinh z = c(x + A) and hence
z = yl = sinhc(x + A). The general solution is then given by

1
Y = B + - coshc(x + A) (A. B arbitrary).

c

Remark. The equation of the catenary (and the above derivation) remains
valid if the density p is variable.

The Boundary Value Problem. Suppose the distance b - a and Yb - Ya
are given, together with the length of the cable L; naturally, we require that

(5)

Without loss of generality, let A = 0, i.e., a reference frame is chosen such that
the minimum of y is at x = O. Then we have

L= rb VI + yl2 = ~ rb

y" dx = ~[y'(b) - y'(a)]ia c ia c

1 2 c(b - a) c(a + b)
= - [sinh cb - sinh cal = - sinh . cosh -'---
c c 2 2

(6)
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and

1 2 c(b - a) c(a + b)
Yb - Ya = - [cosh cb - cosh cal = - sinh . sinh . . (7)

c c 2 2

From this pair of equations, it follows that

, 2 c(b - a)
L := V£2 - (Yb - Ya)2 = - sinh .

c 2
(8)

(9)

The value of c can be determined from this equation. The equation is first
written in the form of a fixed point equation. ~ = ¢(O can then be solved by
iteration. Setting ~ = c/2 one obtains ~ = (sinh(b - a)~)/L', or, in terms of the
inverse function,

~ = _1_ sinh-1(L'O.
b-a

If ¢(0 denotes the right-hand side of (9), then L' > b- a implies that ¢' (0) > l.
Since arcsinh (t) is concave for t 2: 0 and grows like In(t) for large t, there exists
exactly one positive fixed point ~. The reader should verify using a sketch that
the sequence (xn ) obtained by iteration Xn+l = ¢(xn ) converges to ~ for every
starting value Xo > O. In the special case Ya = Yb, we have a = -b < 0 and
L = L'. In the general case, once c has been determined, a can be determined
from (7), (8), and a + b = (b - a) + 2a:

1 . Yb - Ya b - a
a = -arcsmh - --.

c L' 2
(10)

Historical Remark. In the second discussion in the Discorsi (1638), Galileo
expressed the opinion that the catenary was a parabola. The true form was
found, independently, in 1691 by Leibniz, Johann Bernoulli, and Huygens. Leib
niz originated the name catenary.

Example. Let b-a = 200, Yb-Ya = 100, L = 240, hence L' = 20)144 - 25 =
218.1742. By iteration in (9), one obtains c = 2~ = 0.007287 and a = -39.114.
Thus the chain is described by the function

y(X) = 137.237· cosh(0.007287x) + B,

its sag S = min (Ya,Yb) - miny(x) is given by

1
S = y(a) - y(O) = -(coshca - 1) = 5.612.

c

IX. Catenary Problems. (a) For fixed b- a and Yb - Ya, the horizontal
component of the force H is a function of L. Show: H = H(L) is monotone
decreasing and tends to 00 as L --+ V(b - a)2 + (Yb - Ya)2 and toward 0 as
L --+ 00.

(b) Let b - a = 200, Ya = Yb, L = 240. How large is the sag?
(c) Let b - a = 200, Ya = Yb, S = 20. How large is L?
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(d) Let Ya = Yb and span = sag = 1m. How long is the chain?
(e) Prove: If y(x) = (lie) cosh ex describes a catenary and z(:r) = a + (3x 2

is a parabola with y(O) = z(O), y(b) = z(b), then y < z in (0, b).
(f) (Calileo Vindicated?) For which density function p = p(x) is the parabola

y = a + (3x2 a solution of the catenary equation? Interpret this result in terms
of (e).

X. Nonlinear Oscillations. We consider the differential equation

x+h(x)=O for x=x(t). (11)

(12)

Here h is locally Lipschitz continuous in lR and satisfies the conditions h(O) = 0
and :r; . h(x) > 0 for x # O. This equation is of type VII.
(a) If x(t) is a solution of (11), then the functions x(t + e) and x( -t) are

also solutions.
By VII, the function

E(x, x) = ~.i:2 + H(x) with H(x) = l x

h(s) ds

is constant for every solution of (11), and for the initial conditions x(O) = Xo,
x(O) = va, E(x,x) = E(xo,vo) =: a. For Vo > 0, we have x = J2(a - H(x)),
and using l.V, we obtain the solution in the form

j
,X([l ds

v'2t=
XQ Ja - H(s)

with a = E(xo, vol > o. (13)

In applications to mechanics, x(t) describes the motion of a point mass
of mass 1, x = 0 corresponds to the equilibrium state, and -h(x) gives the
magnitude of a "restoring force" (its sign is opposite to the displacement x,
whence its name). The function E in (12) is the total energy, the sum of the
kinetic energy ~X2 and the potential energy H(x) (the work done in moving
the mass from x to x + dx is h(x) dx). The equation E(x(t), x(t)) = const has
the following interpretation: In the oscillations of a frictionless system, like the
one under consideration here, there is a continual exchange between kinetic and
potential energy, while the total energy remains constant.
Equation (11) can be written as an autonomous system

x = y, iJ = -h(x). (11')

In 3.V, we described how to construct a phase portrait, from which the qualita
tive behavior of the solutions of such systems can be read. The trajectories in
the xy-plane are level sets of E(x, y). Clearly, H(:r:) > 0 for x # O. Therefore,
0= E(O, 0) < E(x, y) for (x, y) # O.

Theorem. Suppose H(x) ----> 00 as x ----> ±oo. Then every solution to the
differential equation (11) is periodic. A solution x(t) takes on its extreme values
when x(t) = 0; the extreme values of x(t) occur when x(t) = O.
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Proof. By (11'), x(t) is strongly monotone increasing for y > °and decreas
ing for y < 0; a similar statement holds for y(t). This implies the statement
about the extreme values. The remaining conclusions follow from A.VIII-IX.
We indicate a direct proof.
The equation E(x, y) = a > °describes a closed Jordan curve Ko: that

surrounds the origin and is symmetric to the x-axis and that is represented by

y = ±yl2(a - H(x)) for 7"1::;:1:::; 7"2,

where 7"1 < °< 7"2 and H(7"d = H(7"2) = a. These values are uniquely de
termined because of the strong monotonicity of H in the intervals (-00,0] and
[0,(0).

If (x(t), y(t)) is a solution of (11') with the initial values :r(O) = xo > 0,
y(O) = Yo = 0, then since the curve Ko: is bounded, the solution exists in lR?;
cE. 1O.XI.(c). Using an argument similar to the one used for the predator-prey
model in 3.VI, one shows that the solution runs over the entire curve Ko: and
is periodic. (Initially iJ < 0; y(t) is strongly monotone decreasing, as long as
x(t) > 0; from y ::; -E it follows that i: ::; -E, hence there is a t 1 > °with
x(t1 ) = 0; etc.) •

We discuss some examples.
(b) The Harmonic Oscillator. In the linear case h(x) = w2x with w > 0, the

equation is

harmonic oscillator equation.

The general solution is x(t) = r'sinw(t+c) (7" ~ 0), and the total energy is given
by 2E(.T, y) = y2 + W

2
X

2. Thus the trajectories are ellipses y2 + W
2

X
2 = 2a.

The (minimal) period T = 21flw is the same for all solutions. The number v =
liT = w/(21f) is called the frequency (the number of oscillations per second), w
the circular frequency, and r the amplitude of the oscillation.
In mathematical models of elastic objects, a linear relationship between dis

placement and tension is known as Hooke's law. The classical example is a mass
hanging on a spiral spring; here k = w2 is the spring constant.
(c) Mass on a Rubber Band. Suppose a rubber band is fixed at the upper end

A and hangs vertically downward. Coordinates are chosen such that the x-axis
is oriented downward and the position of the lower end B, when the system is
at rest, is at the origin. If B is pulled downward, then the restoring force is
given by Hooke's law h(.T) = kx with k > 0. On the other hand, if B is pushed
upward, then, in contrast to the case of the spiral spring, there is no restoring
force. A mass m is now attached at B. The vertical motion, described by ,;(t),
satisfies the equation

m~ = mg - k,;+ with ~+ = max{~, O}

(g is the constant of gravitational force). The equilibrium position ro is given
by TO = mglk. Writing ,;(t) = ro +x(t) and setting b = kim> 0, we obtain the
differential equation

j; + h(x) = 0 with h(x) = (g + bx)+ - 9
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y
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Mass on a rubber band

(the reader should make a sketch of h). In this example, the potential is

{

~b.T2
H(x) =

~g(ro + 2x)

for x:::: -ro,

for x < -roo

For small perturbations, the orbits

1
E(x,y) = 2, y2 + H(x) = a with a> 0

are ellipses, and the system behaves like a harmonic oscillator. However, if
a> H(TO), then ~(t) = ro + x(t) also takes on negative values, and the orbit is
a combination of an ellipse and a parabola.
The above example is typical of mechanical systems that are not symmetric

with respect to their rest state. An interesting system of this type is a suspension
bridge, where a linear theory is appropriate for small (vertical, torsional, ... )
oscillations but fails for large amplitudes. A nonlinear theory of the dynamics of
suspension bridges is currently under investigation; cf. in this regard McKenna
and Walter (1990) and Lazer and J\1cKenna (1990).
(d) The Mathematical Pendulum. One end A of a (weightless) rod of length I

is attached to a pivot, and a mass m is attached to the other end B. The system
moves in a plane under the influence of the gravitational force of magnitude mg,
which acts vertically downward. If ¢ denotes the angle between the vertical and
the rod, then the tangential component of the downward force -mg sin ¢ acts
on the mass point at B. If the motion is described in terms of the angle ¢(t),
then s(t) = l¢(t) gives the distance traveled by the mass (measured from the
lowest point), and from the equation of motion ms = -mg sin ¢, we obtain

¢+ a sin ¢ = 0 with a = g / I mathematical pendulum.

For small values of I¢I, one may replace sin ¢ by ¢ ~ sin ¢, which leads to

¢+a¢=O with a=g/l linearized pendulum

as a usable approximation. Thus, for small displacements, the pendulum be
haves like a harmonic oscillator with circular frequency w = J[i1l.
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y

Mathematical pendulum

The potential energy for the mathematical pendulum is given by H(¢) =

a(l- cos ¢), 0 -S H(¢) -S 2a, and the total energy is E(¢, ¢) = ~¢2 + H(¢) ;:::: O.
The assumption ¢ . h(¢) > 0, mentioned in earlier results, is violated here. It
holds only for I¢I < 7r, and accordingly, the level sets

Kex: ¢2 = 2(0 - a(l - cos¢))

in the (¢, ¢ )-plane are closed curves only for 0 < a < 2a =: ao. These closed
curves correspond to periodic oscillations with a maximum angular displacement
< 7r. For 0 = 0, one obtains stationary solutions ¢(t) == 2k7r. If a > ao,
the orbits K et are unbounded wavy lines, corresponding to continual rotations
about the pivot point A. Such are obtained from the initial conditions ¢(O) = 0,
¢(O) = Vo with ~v5 > ao (the upper wavy lines correspond to Vo > 0, the lower
wavy lines to Vo < 0.) Solutions in the two cases 0 < 0 < 00 and 0 > ao have
completely different behavior and are divided by the set Keto, which is called the
sepamtrix. The solution ¢(t) that corresponds to the separatrix. for instance
the one with initial values ¢(O) = 0, ¢(O) = )2ao, is monotone increasing and
tends toward 7r as t ----+ 00 (the reader should give a description of the pendulum
motion for this case).

Historical Remark. Galileo writes in the first discussion of the Discorsi
(1638) that the frequency of a pendulum does not depend on the maximal
angular diRection and is proportional to Jl7l. He is correct in the second
assertion; cf. XI. (j) below.

XI. Exercises on Nonlinear Oscillations. Suppose h is continuous in
ITt and satisfies x . h(x) > 0 for x i- O. Let Hand E he defined as in X.
(a) Prove: If h is continuous, then every initial value problem for (11) is

uniquely solvable (cf. Exercise XIII). Theorem X remains true.
(b) Let H(x) tend toward A as x ----+ -00 and toward B as .r ----+ 00, with

o < A -S B < 00. Describe the global behavior (periodicity, behavior for large
Itl) of the solution x(t) with initial values x(O) = ~, i:(O) = TI in each of the
following cases: (i) 0 < E(~, TI) < A. (ii) A :::; E(C 7/) < B. (iii) E(E" TI) ;:::: B.
Make a sketch of the phase portrait.
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(c) For which values of A, B (cf. (h)) is the following statement true? Every
solution of the differential equation that has a zero and whose first derivative
has a zero is periodic.
(d) Suppose, additionally, that h is odd. Prove: If x(t) is a solution to the

dillerential equation, then v(t) := x(c - t) and w(t) := -x(t) are also solutions.
Further, the relations

x(c) = °=} :c(c + t) = ~.y,(c - t),

i(d) = °=} x(d + t) = x(d - t)

hold for every solution :r:. Thus the solutions have the same symmetry properties
as the sine function.
(e) The Period of an Oscillation. Let V denote the duration of the positive

quarter oscillation starting at the point (0, vol and ending at (r,O) (vo > 0, r > °
is the largest swing). Using (13) with a = H(r-) = ~V6, we get

1 f·r ds
V = V (1') = - -r===;::=:=====:=;=;=

J2 0 JH(1') - H(s)

(f) Prove: If h is a symmetric forcing term (h odd), then T = 4V is the
period of an oscillation.
(g) Prove: If h(:r) :::; h*(:r) for :r > 0, then V(r-) 2: V*(r-). If, in addition,

h(c) < h*(c) for some c > 0, then V(r) > V*(r-) holds for r 2: c.
(h) Prove: If h(x:)/:r is weakly or strongly increasing [decreasing], then V(r-)

is weakly or strongly decreasing [increasing]. As an illustration, calculate V(r')
for the case h(x) = xC< (a> 0).
(i) Prove: If h~(O) = w2 exists, then lim1'~o V(r) = 7f/(2w), i.e., for small

displacements the system is approximately a harmonic oscillator.
(j) The Mathematical Pendulum. Show that for the mathematical pendulum

a
(d. X.(d)) (using 1- cosa = 2sin2 2)'

1 11' _---,===d=== = _1 1"/2 duV(r) = __ s
2JZiO 0 /sin 2 !:. _ sin2 "- a 0 /1 - k2 sin2 u'V 2 2

where k = sin r,/2 (substitution sin s/2 = k sin 71). This function is an elliptic
integral of the first kind. From the binomial expansion for (1 - x) -1/2, it follows
that

V(r) = _7f_(1 + a1 k2 + a2 k4 + ... );
2JZiO

in particular, V(O) = 7f/(2j(i), in agreement with (i) and X.(b) (a = w 2 here).
Calculate ai, a2. By what percentage is the period of an oscillation of the
mathematical pendulum larger than that of the linearized pendulum equation
if the maximum displacement is 5° (lao; 15°; 20°)?

Hints: (g) Consider the difference H(r) - H(8).
(h) Consider V(r) and V(qr) with q > 1 and write V(q''') as an integral

from °to r. The quotient in the corresponding H-differences has the form
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Of------+----+-----"l~--------.- T
R

-- -
Free fall

total eneryy function

[.f(1') - f(s)]/[g(T) - g(s)] with f(x) = H(qx), g(x) = q2 H(x). The generalized
mean value theorem of differential calculus can be used.
(i) Use (g).
RemaTk. The dependence of the period of the oscillation on the function

h was investigated thoroughly in 1961 by Z. Opial (Ann. Polan. Math. 10,
42-72); (g) and (h) can be found there. The book by Reissig, Sansone, and
Conti (1963) contains these results and a number of others.

XII. Free Fall. In part II of the Introduction, we presented the example
of free fall from a great height. The initial value problem

.. Mm
mT = -,- 1'(0) = R. i(O) = Va1'2 '

describes the vertical motion of a body with mass m starting at a distance R
from the center of the earth with initial velocity Va, where 1'(t) is the distance
from the center of the earth at time t. From the equation

d .2 i
d{ = -2,M 1'2

it follows that

. 1'2 ME(1',T) = -1' -,-
2 l'

is constant. Here ~i2 is the kinetic energy term and -,M/T the potential
energy. The latter is normalized in such a way that it vanishes at infinity and
hence is negative. The trajectories satisfy the equation E(1', i) = 0'. If 0' 2: 0,
the trajectories run to infinity; for 0' < O. they are return curves (describing a
body that falls back to the earth after being thrown vertically upward).
The smallest total energy for a motion without return is 0' = O. The corre

sponding differential equation reads

(14)
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It has the solutions

TO = a(t + C)2/3, a = {!9r M/2.

If R denotes the radius of the earth, then it follows from (14) that the velocity
of the corresponding motion at r = R is given by

Vo = J2r M/R:::::: 11.2km/sec.

This is the so-called 'escape velocity', the minimum velocity that a rocket re
quires in order to escape the gravitational field of the earth.

XIII. Exercise. Let f E C(J). Show: The initial value problem

y" = f(y). y(O) = 1)0 E J, y'(O) = 1)1

is locally uniquely solvable in each of the following three cases.
(a) 1)1 #- O.
(b) 1)1 = 0, f(1)o) #- o.
(c) 1)1 = 0, f(1)o) = 0, (y -1)o)(f(y) - f(1)o)) ::; 0 for y close to 1)0·
(d) Give all of the solutions for the initial value problem y" = J!YT, y(O) =

y'(O) = O.

XIV. Exercise. (a) Let the function f(x, y) be continuous in the strip
J x IR (J an open interval), and let f(x, y) . y > 0 for y #- O. Let N be the
number of zeros and E the number of local extrema of a solution y( x) of the
differential equation

y" = f(·1:, V)·

Prove: If solutions to initial value problems with the initial conditions y(~) =
y'(O = 0 (~ E J) are unique, then N + E ::; 1 for every solution y ¢ 0 of the
differential equation. Find and sketch all solutions of the initial value problem

y" = (sgny)J!YT, y(O) = y'(O) = 0

(to the left and to the right). This example shows that without the uniqueness
assumption the inequality N + E ::; 1 is not always true.
(b) Investigate the differential equation

y" = - f(x, y)

1ll1der the same assumptions and show that between two successive zeros of
a solution there is exactly one extremum, that at each zero there is a point
of inflection, and that the set of zeros does not have a point of accumulation
in J. Which of these conclusions is false without the uniqueness assumption
introduced in (a)?
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xv. Exercise. Let 9 E C(J), J = [0, b], and

u(x) = lx

k(x - t)g(t) dt, x E J,

where k = k(x; A) (A E JR.) is the solution of

kl/ - Ak = 0, k(O) = 0, k'(O) = 1.

(a) Find k(x; A) explicitly and show that u is a solution of

ul/ - AU = g(x) in J, u(O) = u'(O) = O.

(b) Let f(x,u) be continuous in J x R Show that u is a continuous solution
of

u(x) = l x

k(x - t)f(t, u(t)) dt in J

if and only if it is a C2-solution of

ul/ - AU = f(x, u) in J, u(O) = u'(O) = O.

Supplement: Second Order Differential Inequalities

We consider comparison theorems related to the initial value problem

yl/ = f(x,y,y') in J = [~,b], y(O = 7)0, y'(O = 7)1' (15)

It is assumed for simplicity that f is defined in J x JR.2. The differential equation
is equivalent to a system for y = (Yl, Y2) = (y, y'),

y~ = Y2, y; = f (x, Yl ,Y2),

which is quasimonotone increasing if f = f(x,y,p) is increasing in y.

XVI. Comparison Theorem. Assume that f(x, y,p) is (weakly) zn
creasing in y and that v,w E C2 (J), J = [~,b]. Then the inequalities

(a) Pv < Pw in J, where Pv = vI/ - f(x, v, v'),
(b) v(O :::; w(O, v'(O :::; w'(O

imply that v < wand v' < w' in (~, b].
If f satisfies a local Lipschitz condition in y and p, then the inequalities (a')

Pv ~ Pw in J (instead of (a)) and (b) imply that 1J ~ wand v' ~ w'in J.

Sketch of the proof: Assume that the conclusion is false. Since V'(~) = w'(~)
implies vl/(O < wl/(O by (a), it follows that Vi < w' in a largest interval
(~,c) with ~ < c:::; band v'(c) = w'(c). Therefore, vl/(c) -2: wl/(c) (see proof
in 9.1). This together with the monotonicity of f and v(c) < w(c) leads to
(Pv)(c) -2: (Pw)(c), contradictory to (a). •
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Applications. 1. Upper and Lower Solutions for problem (15) are now
introduced in the usual way. If f(x, y,p) is increasing in y and satisfies a local
Lipschitz condition in y and p, then

w" 2 f(;1:, W, w') in J, w(O 2 Tlo, W'(~) 2 TIl (upper solution)

implies w 2 y and w' 2 y' in J, where y is the solution of problem (15).
2. Maximal and Minimal Solutions. If f(x, y, p) is continuous and increasing

in y, then the initial value problem (15) has a maximal solution y' and a minimal
solution y. with the property that y. ::; y ::; y' and y: ::; y' ::; y" for any other
solution y. The maximal solution is constructed as a limit of solutions W n of
problem (15) in which f is replaced by f(;r;, y, y') + l/n. The sequence (wn )

is decreasing and converges to a solution y' with the properties just stated.
Furthermore, the following comparison theorem holds:

V" ::; f(x, V, v'), v(~) ::; Tlo, v' (0 ::; TIl ===? V ::; y', V' ::; y" III J.

Exercise. Prove these statements; formulate and prove similar propositions
for lower solutions.

3. The comparison theorem holds in an interval [a,~] to the left of ~ if (b)
is replaced by (b_) v(O ::; w(O, v'(O 2 W'(~).

4. These results extend to the case where f is continuous in an open set
D C IR.3 and increasing in y. In particular, the maximal and minimal solutions
can be extended to the right and left up to the boundary of D.

5. Exer-cise. Show using Exercise XV that for u E C2 (J), 9 E C(J), J =
[0, v], A > 0,

U" - AU::; g(x) in J, u(O)::; 0, u'(O)::; 0

implies

u(x) ::; ~ fax sinh J:\ (x - t)g(t) dt.

XVII. Nonlinear Differential Operators. The 6.p Operator. We
introduce instead of y" a nonlinear operator Ly = (¢(X,y'))' and consider a
corresponding equation Ly = f(x, y) with the defect operator Pv = Lv- f(x, v).

Comparison Theorem. Let J = [~, b], Jo = (~, b], and assume that f(x, y)
is incr-easing in y and ¢(.1:,p) is str-ictly incr-easing in p. Ifv,w E Cl(J) with

¢(x, v'), ¢(x, w') E C°(J) n Cl(JO) satisfy

Pv ::; Pw in Jo, and v(O < w(~), V'(~)::; w'(O,

then v < wand v' ::; w' in J.

Exer-cise. Make a proof along the lines v < w ===? Lv ::; Lw ===? ¢(x, v') ::;
¢(x, w') ===? v' ::; w' ===? w - v increasing.
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As an application, we consider the D.p operator (p-Laplacian) in ITtn ,

D.pu = div (IVuI P- 2Vu) for p> 1 (Vu = grad u)

(note that D.2 is the classical D. operator), which for radial functions u = u(r)
is given by

A _ I-n( n-11 /IP-2 /)/upu - r r u u,

Using the operator L~y = r- a(ra ly'IP-2 y')' (note that L; is the operator La
introduced in 6.XII), one can deal with the D. p operator for radial solutions as
was done in 6.XIV with equations involving D.u.

Theorem. Let f be continuous and bounded in J x ITt, J = [0, b], Jo = (0, b],
and C\' > 0, p> 1. Then the problem

L~y = f(x, y) in Jo, y(O) = "I, y'(O) = 0

has a solution y E C1(J) with L~y E C(J). If f is increasing in y, then the
comparison theorem (with v/(O) = w/(O) = 0) holds for this equation.

The existence proof uses Schauder's fixed point theorem 7.XII. Uniqueness
is more difficult. Show: The problem L~u = u, u(O) = u/(O) = 0 has three
solutions of the form u = c . x 2

.

§ 12. Continuous Dependence of Solutions

The problem discussed here arises naturally in the modeling of physical
processes using differential equations. Numerical values, representing physical
quantities, enter into the differential equation and the initial conditions (initial
position, initial velocity, mass, gravitational constant, ... ). These quantities
are obtained from measurements and, consequently, are not precisely known.
One would require, based upon experience with the physical problems, that the
solutions (say, to an initial value problem that models the motion of an object)
are "insensitive" to small changes in these numerical values. This idea is given
a more precise formulation and investigated in this section.

I. Well-Posed Problems. A mathematical problem used to model a
well-defined physical process that proceeds in a unique manner should satisfy
three general requirements.
(a) Existence. The problem has at least one solution.
(b) Uniqueness. The problem has not more than one solution.
(c) Continuous Dependence. The solution depends continuously on the data

that are present. For instance, if the model results in an initial value problem,
then the solution depends continuously on the right side of the differential equa
tion and on the initial values. Or to put it another way: If a "small" change is
made on the right side or in the initial values, then the solution changes only a
"little."
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A problem is called well-posed if it has the properties (a), (b), and (c).
Our aim is to prove well-posedness for the initial value problem y' = f(x, y),
y(O = TJ· Since the requirements (a), (b) have already been investigated, we
deal primarily with requirement (c) in this section. Let us remark in closing that
there are instances where a small change in a parameter introduces important
new physical phenomena (like resonance), so that (c) is not always a physically
meaningful requirement.

Historical Remark. Existence and uniqueness for the initial value problem
were rigorously treated by Cauchy as early as around 1820. Continuous depen
dence on the data as an equally important requirement was emphasized about
a century later by the French mathematician Jacques Hadamard (1865-1963);
d. Hadamard (1923, Chap. II). In Courant and Hilbert's classic Methoden der
Mathematischen Physik (Vol. II, 1937, p. 176) a "sachgemiijJes Problem" is
described, perhaps for the first time, in much the same way as in (a)-(c) above.
In the English edition (1962) this is translated as a "properly posed problem."

II. Differential Equations for Complex-Valued Functions of a Real
Variable. Vie first extend the notion of an initial value problem by allowing
the functions that appear to be complex-valued. The independent variable x,
however, remains a real variable as before. Since e and JR2 (and likewise en and
JR2n) are equivalent as sets, as metric spaces, and with respect to the additive
structure, we can represent the complex-valued function y : J ----> e as a pair of
real functions

y(x) = (u(x), v(x)) = u(.1:) + iv(:r) with u = Rey, v = Imy.

Likewise, we write y = (u, v) for y E en (u, v E JRn). Then f(x, y) : J x en ---->

en can be written in the form
f(x, y) = (g(x, u, v), h(x, u, v)),

and hence the "real-complex" system of n differential equations

y' = f(x,y) (1)

is equivalent to a real system of 2n differential equations

(2)
u' =g(x, u, v),

v' = h(x, u, v).

Further, continuity, respectively Lipschitz continuity, with respect to y for f is
equivalent to continuity, respectively Lipschitz continuity, with respect to (u, v)
for g and h.

It follows that the earlier theorems for real systems remain valid for systems
with complex-valued functions. This statement can also be verified directly,
since the earlier proofs remain valid without changes if C(J) is understood to
be a Banach space of complex-valued functions.
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Example. In the differential equation

yl = Ay + g(x)

let A = f.J, + iv and g(x) = h(x) + ik(x) E C(lR). The equivalent real system is

u l = f.J,U - I/V + h(x),

Vi = I/U + f.J,V + k(x).

As in the real case, the general solution is

y(x; C) = Ce AX + l x
e-A(x-t)g(t) dt (C E e!).

The proof is left as an exercise for the reader.

It is frequently more convenient to work with (1) instead of (2) from a
practical point of view (cf. the above example). There is also an important
theoretical reason for preferring (1). In the example given above, the right
hand side of the differential equation is a holomorphic function of the parameter
A E C. This property arises frequently, and an important theorem says that if
the right-hand side is holomorphic in A, then the solutions are also holomorphic
in A (this is evident in the example). This theorem is proved in the next section.
It is needed in a later chapter in the investigation of eigenvalue problems, among
others.

Notice. The theorems in §12 are true for systems where the right-hand sides
and solutions or approximate solutions are real-valued, as well as for those where
they are complex-valued; in both cases, however, the independent variable x is
always real.
The following estimation theorem, Theorem III, deals with the initial value

problem

yl = f(x,y) in J, y(O = 1]. (3)

It gives an estimate for the difference z(x) - y(x), where y(x) is a solution to
(3) and Z(.T) is an "approximate solution." The two quantities

z(O - 1] and pz = Zl - f(x, z) (defect)

are used to measure of how "good" z(x) is as an approximation to y(x). The
orem III establishes a bound p(x) for the difference Iz(x) - y(x)1 that depends
on a bound on the initial deviation (a), and a bound on the defect (b), and,
most important, a condition (d) on f that includes the Lipschitz condition as a
special case.

III. Estimation Theorem. Let the vector functions y(x), z(x) and the
real-valued function p( x) be defined and differentiable in the interval J : ~ ::::;
x :s: ~ + a. Let the Tml-valued functions 8(x) and w(x, z) be defined in J and
J x JR, resp., and suppose the following conditions are satisfied:
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(a) Iz(O - y(~)1 < p(~),

(b) y' = f(x, y), Iz - f(x, z)1 ~ b(x) in J,

(c) p' > b(x) +w(x,p(x)) in J, and

(d) If(x, y) - f(x, z)1 ~ w(x, Iy - zl) in J.

Then

Iz(x) - y(x)1 < p(x) in J.

If w(x, y) is continuous and locally Lipschitz continuous in y, then the theorem
holds with ~ in all places. Naturally, we assume that f is defined in a set D
containing graph y and graph z.

In the proof, we need the following Lemma.

IV. Lemma. If the vector function g(x) is differentiable at xo, then the
scalar junction cjJ(x) = Ig(x)1 satisfies

As a matter of fact, the one-sided derivatives cjJ~ and cjJ'- exist at Xo; d.
B.IV.

The proof proceeds by passing to the limit as h -+ 0+ in the inequality
(here h > 0),

cjJ(xo) - cjJ(.TO - h) = Ig(xo)l- Ig(xo - h)1 < Ig(xo) - g(xo - h) I
h h - h '

and similarly for the second inequality. •
Proof of the Estimation Theorem III. We apply Theorem 9.III with cjJ(x) =

Iz(x) - y(x)l, "Ij;(x) = p(x), and w instead of f. By hypothesis (a), the require
ment cjJ(~) < "Ij;(~) in satisfied. Since Pp = p' - w(x, p) > 8(x) by (c), it remains
to prove that PcjJ ~ b(x). Indeed, it follows from the lemma and assumptions
(b), (d) that

D-cjJ(x) ~ Iz'(x) - y'(x)1

= Iz' - f(x, z) + f(x, z) - f(x, y)1

~ 8(x) + w(x, [z - yl) = b(x) + w(x, p(x)).

In the theorem with ~ we apply Theorem 9.VIII.

The most important special case is the following

•
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V. Lipschitz Condition. Theorem. Iff satisfies a Lipschitz condition
in D,

(4)

and if Y(x) is a solution and z(x) an approximate solution to the initial value
problem (3) in J such that

Iz(O - y(OI ::; I, Iz' (x) - f(x, z)1 ::; b

h, /j ar'e constants), then the estimate

Iy(x) - z(x)1 ::; ,eLlx-~1 + %(eLIX-~1 - 1)

holds in J. HeTe J 'is an aTbitmry inter-val with ~ E J.

(5)

(6)

In the estimation theorem, we set w(x, z) = Lz and use the second version.
All four assumptions are satisfied if p(x) is the solution of

p' = b + Lp in J, p(O = T

This leads to the bound in (6) for x > ~. The case .1' < ~ can be reduced to the
estimation theorem in exactly the same way by a reflection about the point ~ .

•
If /j = ,= 0 in (5), then the estimate (6) implies that y(x) = z(x). Thus (6)

contains the uniquene:,;s result proved earlier in the ca:,;e where the right-hand
side satisfie:,; a Lipschitz condition, However, it also include:,; significantly more,
namely a

VI. Theorem on Continuous Dependence. Let J be a compact in
teTval with ~ E J and let the function y = yo(J;) be a sol1Ltion of the initial value
problem

y' = f(x, y) 111 J, y(O = 1]. (3)

The a-neighboThood (a > 0) of graph Yo (definition: the set of all points (:r,y)
11Jith x E J, Iy - yo(x)1 ::; a) will be denoted by So' Suppose ther'e exists a> 0
such that f(x,y) is continuous and satisfies the Lipschitz condition (4) in So'

Then the solution yo(x) depends continuously on the initial values and on
the Tight-hand side f. In otheT wOTds: FOT eveTy f > O. theTe exists b > 0 such
that 'if g is continuous in So and the ineqlwlities

Ig(x, y) - f(:r:, y)1 < b in SO, I( - 1]1 < /j (7)

aTe satisfied, then eveTy solution z (x) of the ''peTtuTbed'' initial value problem

z' = g(x, z), z(~) = (

exists in all of J and satisfies the inequality

Iz(x) - yo(x)1 < c in J.

(8)

(9)
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Proof. Let z(x) satisfy (7) and (8). As long as the curve z(x) remains in Sa,
(5) is satisfied for yo(x) and z(x) with I = 6. Thus (6) holds with I = 6. If,= b is chosen sufficiently small in (6), then it is easy to see that the right side
of (6) is ::; 0;/2. As long as z(x) remains in Sa, i.e., as long as Iyo(x) -z(x)1 < 0;,
the estimate (6) holds and hence, as a matter offact, Iyo(x) -z(x)1 ::; 0;/2. From
here one sees immediately that the curve z(x) cannot leave the neighborhood
Sa' Thus the estimate (6) with I = 6 holds in all of J. Therefore condition (9)
is easily satisfied (for an arbitrarily given c > 0); one has simply to take I = 6
so small that the right-hand side of (6) is < c. •

Remarks. 1. The theorem applies, in particular, if D is open and f and
of/oy are in CO(D). Indeed, if Yo is a solution on a compact interval J, then
there exists an 0; > 0 such that Sa C D, and furthermore, a Lipschitz condition
holds because of the continuity of the derivatives of f.
2. The theorem applies to the case where IPzl = Iz 1

- f(x, z)1 < 6 because
z is a solution of (8) with g(x, y) := f(x, y) + (Pz)(x).

Supplement: General Uniqueness and Dependence
Theorems

The Lipschitz condition in Theorem VI can be replaced with a significantly
weaker uniqueness condition.

VII. Dependence and Uniqueness Theorem. Let the real-valued func
tion w(x, z) be defined for x E J := [~, ~ + a] (a > 0), z 2: 0, and have the
property:

(U) For every c > 0, theTe exist 6 > 0 and a function p(x) such that

/>b+w(x,p) and O<b<p(x)<c in 1.

If f satisfies the estimate

(10)

in D c J x jRn, respectively J x en, then the initial value problem (3) has at
most one solution. The solution depends continuously on '11 and f in the sense
descTibed in TheoTem VI.

Pr·oof. If y is a solution of (3) and c > 0 is given, we determine p(x) and 6
according to (U). If z satisfies (7), (8), then it follows immediately from Theorem
III that Iy(x) - z(x)1 < p(x) < c. •

VIII. Examples of Well-Posedness. The theorem states in particular
that if f is continuous and the function w satisfies (U), then an estimate of the
form (10) gives a condition for well-posedness of problem (3). Some examples
of functions w that satisfy (U) are:
(a) The L'ipschitz Condition (R. Lipschitz 1876): w(x, z) = Lz.
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(b) Osgood's Condition (1898): w(x, z) = q(z), where q E C[O, 00), q(O) = 0,
q(z) > 0 for z > 0, and

11

q~;) = 00.
(c) Bompiani's Condition (1925): Let the function w(x, z) be continuous

and 2': 0 for x E J, z 2': O. Let w(x, 0) = 0 and suppose the following condition
is satisfied:

If 4>(x) 2': 0 is a solution of the initial value problem

4>' = w(x, 4» in J 1 := [~, ~ + a), 4>(0 = 0,

then 4> = 0 in J1 ·

(d) Kmsnosel'skii-KTein Condition (1956):

w(x,z)=min(cza,~) for x>~
x-~

with 0 < a < I, 0 < k(1 - a) < I, C > O.

Example (a) is clearly a special case of (b). By Theorem l.VIII, (b) is a
special case of (c). To show that a function w that satisfies (c) also satisfies
(U), we modify w for z 2': 1 by setting w(x, z) = w(x, 1) for z 2': l. Then w is
bounded. Let Pn be a solution of the initial value problem

P~ = w(x,Pn) + ~ in J, Pn(O) = ~.
n n

Since w is bounded, Pn exists in all J. By Theorem 9.111, the sequence (Pn)
is monotone decreasing. Therefore 4>(x) = limpn(x) exists. Furthermore, the
sequence (Pn) is equicontinuous, and hence the convergence is uniform (follows
from the boundedness of wand 7.111). Representing the initial value problem
for Pn as an integral equation and taking the limit as n ----> 00 gives

4>(x) = l x

w(t, 4>(t)) dt.

From (c) it follows that 4> = 0 in every interval J1 = [~,~ + a] in which 4> :::; 1
(note that w was modified, but only for z 2': 1). It follows easily that 4> = 0 in
1. Thus (Pn) converges uniformly to 0 in J. Therefore, for every E > 0, there
exists () = 1/(2n) and P = Pn such that (U) is satisfied.
Example (d) is also a special case of (c). However, the verification is some

what more difficult; cf. Walter (1970; p. 108).

RemaTk. More general uniqueness conditions of Nagumo, Kamke, and others
can be found in the literature. Their importance, however, is limited by the
fact, proved first by Olech (1960), that a continuous function f that satisfies
such a general condition also satisfies the condition in Theorem VII. References
to the literature and historical remarks are contained in Walter (1970; see, in
particular, §14) .
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§ 13. Dependence of Solutions on Initial Values
and Parameters

(1)

(2)

(3)

In this section the problem of dependence of the solution of an initial value
problem on the data is investigated further. At the same time, the structure of
the problem is generalized in two directions. First, we consider the case where
the right side of the differential equation depends on a parameter A: that is.
f = f(x, y; A). Second, we consider

I. Volterra Integral Equations of the form

y(x) = g(x) + lX k(.T, t, y(t)) dt.

The integral equation (6.3) for an initial value problem is a special case. There
g(:r) = TI is constant and the "kernel" k(x, t, z) is independent of .T.

Example. In §11 we showed how to transform an initial value problem

y" = j(x,y) with y(O) = 770, y'(O) = Til

into a system of two differential equations of first order. This problem can also
be written as an equivalent Volterra integral equatioll,

y(x) = Tlo + Til X + r (x - t)J(t, y(t)) dt
.fa

(the proof is an exercise). For the investigation of some types of problems
equation (2) is more useful than the first order system.

More generally. we consider a vector integral equation of Volterra type de
pending on a parameter A,

y(x; A) = g(x; A) + r k(x, t, y(t; A); A) dt
.fa(A)

in an interval J. Here x and t are always real. However, g, k, and y may be
complex-valued. More than one real or complex parameter is permitted; i.e.,
A E ~m or em. Our objective is to study the dependence of y(x; A) on A. It is
not assumed that a(A) < x.

II. Theorem on Continuous Dependence. Let J = [a, b] and let K c
~m be compact. Let the junctions g : J x K -; ~n. a : K -; J and k :
J2 X ~n X K -; ~n be continuous in their- r-espective domains, and let k satisfy
a Lipschitz condition

Ik(x, t, u: A) - k(:r, t. v; A)I :::; Llu - vi· (4)

Then the integml equation (3) has exactly one solution y(x: A) jor- ever-y A E K.
The solution is continuous as a junction of (x: A), that is, y(x; A) E C(J x K).

The theorem is also valid with ~ replaced bye (the complex case).
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The proof uses an argument similar to the one in 6.1. The space B =
C(J x K) with the norm

Ilull := sup {Iu(x; A)le-2L!T-o(>')1 : (x; A) E J x K}

is a Banach space. For u E B, we define

(Tu)(x; A) = g(x; A) + ;.X k(x, t. u(t; A); A) dt.
0(>')

Clearly, Tu E B if u E B. The Lipschitz condition (4) implies that

I(Tu - Tv)1 ::; L 1;'10 lu(t; A) - v(t; A)I dtl·
0(>')

(5)

Since lu(t, A)I ::; Ilull . e2L1t - o(>,)I, the right-hand side of the inequality is less
than or equal to

Lllu - vii 1;'10 e2L,t-O(>')'dtl::; ~llu _ vlle2Llx-o(>,)I,
0(>') 2

and hence,

1
IITu - Tvll ::; 211u - vii· (6)

The conclusion follows now from the fixed point theorem 5.IX as does the fol
lowing corollary. •

Corollary. For every Uo E C(J x K), the sequence of successive approxi
mations (Uk) with UHi = TUk (k = 0,1,2, ... ) converges uniformly on J x K
to the solution y.

III. Theorem on Analyticity in..\. Let the assumptions from II (com
plex case) hold, and let KO be the interior of K C C. If a(A) is constant, g(x; A)
is holomorphic with r'espect to A in KO for .fixed x E J, and k(x, t, y; A) is holo
rnorphic with respect to (y,A) in en x KO for fixed (t,x) E P, then the solution
y is holomorphic with respect to A E KO for fixed ,T E J,

This result follows from the corollary in II and the following fact: If u E

C(J x K) is holomorphic with respect to A E KO, then the same holds for
Tu. Thus, if the successive approximations are started with a function Uo that
is holomorphic with respect to A, then the whole sequence and, by uniform
convergence, its limit are holomorphic with respect to A, •

Extension. Clearly, a corresponding theorem holds if both real and complex
parameters appear in the right-hand side. Let A = (N, A") with A' E IRP,
A" E eq

. If a(A) = a(N) and if g and k are holomorphic in A" and (y, A"),
respectively, then the same holds for the solution,
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Theorem III implies that the solution y(x;),) is differentiable with respect
to complex parameters. The corresponding proposition with respect to real
parameters is more difficult to prove. The following proof can be omitted at
first reading. It depends on a theorem about approximate iteration in a Banach
space, which is an extension of the contraction principle 5.IX. It was proved in
a special form (with f3k = 0) by Ostrowski (1967).

IV. OstrowskPs Theorem on Approximate Iteration. Let D be a
closed subset of a Banach space B and let R : D ----t D be a contraction,

IIRu - Rvil ::; qllu - vii in D with q < 1.

Suppose the sequence (Vk) in D satisfies

Vk+1 = RVk + ak where, Ilakll::; O'k + f3kllvkll

and (O'k), (f3d are real null sequences. Then the sequence (Vk) converges to the
fixed point z of R: lim Vk = z with z = Rz (the existence of the fixed point is
guaranteed by the contraction principle 5.IX).

Proof. Because z = Rz, we have

IIVk+1 - zll ::; IIRvk - Rzil + Ilakll :::; qllvk - zll + Ilakll·

Using the hypothesis on ak and the inequality Ilvkll ::; IIvk - zll + IIzll, we have

Hence the term Ek = Ilvk - zll satisfies

Ek+1 ::; (q + f3k)c:k + rk with rk = O'k + f3kll z ll,

where the sequencehk) is a null sequence.
From here it easily follows that Ek ----t O. Let E > 0 and r E (q, 1) be given.

Then there exists an index p such that q + f3k :::; rand rk :::; c:(1 - r) for k :::: p,
which implies Ek+1 ::; TEk + c:(1 - y.) for k :::: p. In terms of 15k := Ek - E this
reads

15k+! ::; r15k for k:::: p.

If 15k 2: 0 for all k 2: p, then obviously 15k ----t 0 monotonically; if one member
15n is negative, then 15k < 0 for all k > n. Hence lim sup 15k ::; 0, which implies
lirnsupEk :::; E; i.e., limEk = 0, since Ek 2: O. •

V. Differentiability with Respect to Real Parameters. First we
recall the chain rule for vector functions. If u : lR ----t lRn and v(t) := f(u(t))
with fECI, then

n 8f
V;(t) = L 8r t (u(t))· uj(t) (i = 1, ... ,n).

j=l y]
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In matrix notation this formula is written

v'(t) = fy(u(t))u'(t),

where fy = of/oy is the n x n Jacobi matrix of f, and U', v' are column
vectors. The same formula holds for complex-valued functions (C instead of
IR). In matrix products, vectors are always interpreted as column vectors (for
example g, k, y).
We show that the solution is differentiable with respect to a real parameter

and that (3) can be formally differentiated, provided that all the derivatives
of g and k that appear exist and are continuous. Let T be given by (5), and
let A = (A', A") with A' E IR; the remaining parameters (real or complex) are
lumped together in A". Differentiating formally, we obtain

where

a
OA' (Tu) = S(u, u.\,), (7)

S(u, v)(x; A) g.dx; A) - aN(A)k(x, a(A), u(a(A); A); A)

+ IX [kN(x, t, u(t; A): A)
a(.\)

+ ky(x, t, u(t; A); A)V(t: A)] dt.

(8)

VI. Theorem. Let the assumptions from II hold; let the derivatives aN,

gN, k N k y be defined and continuous in KO, respectively J x KO, respectively
j2 x IRn x KO (in the complex case j2 x Cn x KO), and let y(x; A) be the solution
of (3). Then the derivative y N exists and is continuous in J x KO, and

YN = S(y, YN). (9)

Proof. Let C* be the set of all u E C(J x K) such that UN exists and is
continuous in J x KO. Let the operators T, S be defined by (5), (8), respectively.
Clearly, if u E C*, then Tu E C* and (7) holds.
Let Uo E C*, va = ou%N and define sequences (Uk), (Vk) iteratively as

follows

Uk+l = TUk, vk+l = S(Uk, vd (k 2 0).

Thus UI = Tuo, and using (7),

VI = S(uo, va) = S(uo, OUO/OA') = ouI/OA'.

Proceeding inductively in this manner, one shows that in general,

Uk E C* and Vk = auk/a)..' (k 2': 0).
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Now choose a compact subset K 1 C KO and consider Sand T as operators
on the Banach space B = C(J x Kd with the norm defined in II:

IIull := sup{lu(x; ,\)le-2Llx-o(..\)1 I (x;'\) E J x KI}.

From Corollary II it follows that lim Uk = y, where y is the solution to (3).
We now apply Theorem IV to the operator R = S(y,,) in D = B:

Rv = S(y, v) = IX ky ( ... , y)v(t;'\) dt + terms without v.
0(..\)

The kernel of this integral,

k*(x, t, v;,\) = ky(x, t, y(t; ,\); '\)v,

is linear in v. Thus we have

k*(x, t, v,'\) = lim ~ {k(x, t, y(t;'\) + hv;'\) - k(x, t, y(t; ,\);,\)} .
h---.O h

Using the Lipschitz condition (4), we see that the difference in braces on the
right hand side is :::; Llhvl in absolute value. From here it follows immediately
that Ik*(x, t, v; '\)1 :::; Llvl, i.e., that k* satisfies the Lipschitz condition (4) with
respect to v. Therefore, exactly as in the proof of II, R satisfies the Lipschitz
condition in Theorem IV with q - ~. The fixed point z of R is a function
z E C(J x K 1 ) that satisfies

z = S(y, z).

The sequence (vk) satisfies

vk+l = S(Uk, Vk) = RVk + ak with ak = S(Uk, Vk) - S(y, Vk).

(10)

The term ak consists of four differences corresponding to the four summands of
S (see (8)). Since lim Uk = vk (uniformly), the sum of the first three differences,
which do not contain Vk, is bounded by a term Ctk with limCtk = O. The fourth
difference is bounded by a term of the form 13kllvkll with lim13k = O. Thus
Theorem IV can be applied, and we obtain

It follows now from an elementary theorem in analysis (the statement and proof
follow in VII) that y is differentiable with respect to ,\' in J x Kf and z = y..\'.
Since K 1 was arbitrary, the proof of Theorem IV is complete. •

VII. Lemma. Let (¢n(t)) be a sequence in C1[a,b] and let ¢n -t ¢ and
¢:, -t 1/J uniformly in [a,b]. Then ¢ E C1[a,b] and ¢' = 1/J.

Proof. Passing to the limit in the formula
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one obtains

¢(t) = ¢(a) + it 'l/!(s) ds

and hence the conclusion. •
VIII. Remarks. (a) If G c jRP is an open set and u(Xl, ... , xp ) is a

continuous function in G, then the statement UXi E C (G) means that this
derivative exists in G and has a continuous extension to G. The class Ck(G)
is defined correspondingly. There is a corollary to Theorem VI that is true in
this sense. If K is the closed hull of KO and if all of the assumptions of VI hold
for K in place of KO, then Y.v E C(J x K). In this case, (10) has a solution
Z E C(J x K).
(b) Statements about higher order derivatives follow immediately from The

orem VI. Since derivative Y.v also satisfies an integral equation (9) of the type
of equation (3) (as a matter of fact, it is a linear equation), one can again apply
VI. Arguing along these lines, one obtains the following

Theorem. If the partial derivatives of ex and g with respect to AI, ... ,Am
and the partial derivatives of k with respect to t; Y1, ... ,Yn; AI, ... ,Am up to
order p are continuous in their domains (given explicitly in Theorem VI), then
the der'ivatives of Y with respect to AI, ... ,Am up to order p are continuous in
J x KO, and they can be obtained by differentiating with respect to Ai under the
integral sign in (3).

IX. The Initial Value Problem. When an initial value problem

y' = f(x,y), y(O ="., (11)

has exactly one (maximally extended) solution for a given (~, ".,), then we denote
this solution by y(x;~,,,.,) in order to emphasize the dependence on the initial
values.

Example. The general solution of the differential equation (n = 1)

y' = 2xy + 1 - 2x2

is given by y = X + Cex2
. It follows that

( . ) _ ( ) x
2 -ey x, C TJ - X + TJ - ~ e .

The theorems obtained above can be applied to (11), since the initial value
problem is equivalent to the integral equation

y(x;~,,,.,) = "., + l x

f(t, y(t; C ".,)) dt. (12)

Here we have A = (~, ".,), g(x; A) = "." ex(A) = (
However, since f is frequently not defined on all of the strip J x jRn, respec

tively J x en, we need a corresponding local theorem.
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X. Theorem. Let f and of/ oy be defined and continuous in a domain
D c JR x JRn. Let (~o, 7]0) E D and Yo(x) := y(x; ~o, 7]0)' Suppose J = [a, b]
is a compact interval such that Yo exists on J, and denote by Sa the set Sa =

{(x, y) : X E J, Iy - yo(x)1 ::; a}.
Then there exists an a> 0 with Sa C D such that the junction y(.T;~, 7]) is

defined in J x Sa (i. e., every solution oj the initial value problem with (~, 7]) E Sa
exists at least in J), the junctions y, y~, Y7] and their derivatives with respect
to x, which are denoted by y', Ye' Yry, are continuous in J x Sa, and

and

yd.T;~,7]) = -f(~,7]) +l x

fy(t,Y(t;~,7]))Y~(t;~,7])dt,

Y7](x; C7]) = 1+ l x

fy(t, y(t;~, 7])) . Y7](t;~, 7]) dt,

y~(x;~, 7]) + Y7](x;~, 7]) . f(~, 7]) = O.

(13)

(14)

(15)

Remarks, 1, Notation: Y, y', y~, f are column vectors; fy , Y7], Yry are
n x n matrices (cf, the remark in V); I is the identity matrix; (14) is a linear
matrix-integral equation (it is equivalent to n vector-integral equations for the
columns Y1]J; the product fy . Y7] is a matrix product.
2. The theorem remains valid in the complex case with en in place of JRn.

We simplify the proof by extending f continuously and differentiably to the
strip J x JR and then applying the earlier results (the proof is also valid in the
complex case). Let (3 > 0 be chosen such that S2/3 cD. We determine a real
function h(s) E C 1 (JR) that satisfies

{

I for x::; (3,
h(s) =

o for x:;::' 2{3,

and 0 ::; h(x) ::; 1, and we define

f*(x,y) = f(x,yo(x) + (y - yo(.T))h(ly - yo(x)I))·
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Clearly, the expression Yo(x) + (y - yo(x))h(ly - yo(x)J) that appears on the
right-hand side lies in S2/3 for (x,y) E J x jRn. Moreover, f = f* in S/3, and f*
has continuous and bounded derivatives in J x jRn with respect to Yi and hence
satisfies a Lipschitz condition (4). By Theorem II, the system (11) with f* on the
right has a solution y* (Xi ~, 1]) that exists and is continuous in J x J x jRn If the
initial point (( 1]) lies on the curve Yo(x), then y* (Xi~, 1]) = Yo(x). Thus by the
uniform continuity of y* in all variables, there is an a, a< a < {3, such that y*
remains in S/3 for (~, 1]) E Sa' For these values of (~, 1]), the relation y(x;~, 1]) =
y*(x;~, 1]) holds. Thus by Theorem VI, (12) can be formally differentiated, and
one obtains (13), (14), first with f*, which, however, can then be replaced by f
for (~, 1]) E Sa' Since in (13) and (14) the integrand is a continuous function,
the derivatives y/, y{" .. exist and are continuous.
By (13), (14), the left side of (15), call it v, satisfies a homogeneous linear

integral equation

v(x) = lX fy . v(t) dt,

which has only the zero solution (Theorem II). This proves equation (15). •

XI. Higher Order Derivatives. Differentiation with Respect to
Parameters. Now suppose the differential equation depends on a parameter,

y' = f(x, y, A).

Instead of (12), one then has

Y(X;~,1],A) = 1] + lX f(t,y(ti~,1],A),A)dt.

(16)

(17)

Let f here be defined in D x KO, where D is a domain and KO is an open set in
A-space. Let A = (X, A"), where A' is a real or complex parameter and X' is a
vector parameter. The following theorem extends the results of Theorem X to
the present case (Sa is defined as in X):

Theorem. If f, fy , f.>.' are continuous in D x KO and if there exists a
solution Yo(x) = y(x;~o,1]o,AO) in a compact interval J, where (~o,1]o,AO) E
D x KO, then there exists a> a such that y(x;~, 1], A) is defined in J x Sa X Ua ,

Ua = {>. : IA - Aol ~ a}. The statements in Theorem X, in particular (13) ~
(15), hold in J x Sa X Ua (the variable A needs to be added to the formulas).
Further, Y>-.' is continuous on this set, and

In the complex case, f is assumed to be holomorphic in (y, A'), and the solution
is holomorphic in )..' .
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Proof. Real Case. One chooses again (3 > 0 with S2(3 c D and extends f
continuously and differentiably as in Theorem X. The extension f* is defined
in J x jRn X KO and agrees with f in S(3 x KO. Theorem VI is applied to the
equivalent integral equation (17) with f* in place of f (note that if K 1 c KO is
compact, then since f; is bounded on J x jRn X K 1 , it follows that f* satisfies
a Lipschitz condition with respect to y in this set). All of the statements now
follow for the extension f*. Further, there exists an 0, 0 < 0 < {3, such that if
(~, "7) E Sa, ,,\ E Ua C j.(O, then the solution y remains in S(3/2, and therefore
all the statements also hold for f.

Comple.I Case. In this case it is necessary to prove the holomorphy with
respect to N. By hypothesis, f is holomorphic in (y, ,,\'). This suggests an ap
plication of Theorem III, which comes to nothing, because f* is not holomorphic
in y. However, the proof of Theorem III can be carried over. Beginning with
the term Uo := y(x; C"7, "\0), a sequence (Uk) of successive approximations is
constructed with respect to the equation for f*. Since (Uk) tends uniformly to
y and since y is in S(3/2 for (~, "7, ,,\) E Sa X Ua, it follows that Uk remains in
S(3 for these parameter values for k 2 ko. Now, Uo is the solution y( ... ,"\0),
which implies ud.·., "\0) = y( ... , "\0) for all k. Since y remains in S(3/2' as was
already mentioned, there exists a , > 0 such that if 1,,\ - "\01 < " the first ko
terms of the sequence (Uk) also lie in S(3. Since, however, f* = f is holomorphic
in y on this set, all of the Uk are holomorphic in N, and the same holds for y,
at least for 1,,\ - "\01 < ,. In this proof one can take any element of Ua for "\0,
and the holomorphy of the solution in Ua follows. •

Remark. (a) Note that the derivatives of y with respect to ~, "7, and N all
satisfy a linear integral equation of the form

z(x; J.L) = h(x; J.L) +iX

fy(t, y(t; J.L), "\)z(t; J.L) dt,

where J.L = (~, "7, ,\.), and

(19)

h = -f(~, "7, ,,\),

h = It f.\, (t, y(t;~, "7, ,,\),,\.) dt.

z = oy/o~ :
z = oy /07]i :
z = oy/oN :

h = ei (ith unit vector),

Thus in each case, one has a linear differential equation for z,

z'(x; J.L) = fy(.I, y(x; J.L), "\)z(x; J.L) [+ fv(x, y(x; J.L), ,,\)], (20)

where the term in square brackets appears in the case z = oy/0,,\'.
(b) Based on these observations, the question of the existence of higher

derivatives can be easily answered, since Theorems II, III, and VI apply to the
(linear') integral equation (19). If the partial derivatives of f, which occur in a
formal differentiation of (19), exist and are continuous, then the differentiation
is "allowed," and the corresponding derivative of y exists and is continuous.
Here one always obtains an integral equation of the form (19), but each time
with a different h. In particular, the following is true.
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Corollary. Iff is p-times continuously differentiable with respect to all vari
ables x, y, ,\ in D x KO, then y is p-times continuously differentiable with respect
to all the variables x, ~ J "I J ,\ in J x SO' x U0'. The same holds for y' J because
of the differential equation (16).

XII. Exercise. Show that in the initial value problem for the differential
equation with separated variables

y'(x) = f(x)g(y), y(O = 17,

the derivatives of y(x;~, 17) in the case g(17) =I- a are given by

ydx; (17) = - f(Og(y(x;~, 17)),

Y1) (x; ~, 17) = g(y(x; ~, 17)) / g(17)·

Here only continuity of f and g are assumed.
Hint: Differentiate the identity (1.8).

XIII. Theorem. Suppose that f satisfies a local Lipschitz condition with
respect to y in the open set D c jRn+l. Let y(x; C"I) denote the (maximally
extended) solution of the initial value problem (11) and E c jRn+2 the domain
of this function (that is, E is the set of all (x;~, "I) such that the solution of (11)
exists from ~ to x). Then E is open, and y(x:~,TJ): E ---> jRn is continuous.

Proof as an exercise. Hint: If (x,~, "I) E E and, say, ~ ::::; x, then the
solution exists in J = [~- c:, x + c:] (c: > a small). Construct a strip SO' cD as
was done in Theorem X and apply Theorem II.



Chapter IV
Linear Differential
Equations

§ 14. Linear Systems

I. Matrices. We denote n x n matrices by uppercase italic letters,

A=

where aij E IR or C. With the usual definitions of addition and scalar multipli
cation of matrices,

(1)

the set of all n x n matrices forms a real or complex vector space. One can inter-
2 2

pret this space as IRn (or, for complex aij, bij , '\, as en ). Matrix multiplication
is defined by

n

AB = C~ Cij = Laikbkj.
k=l

It is not commutative. We recall the definition of the determinant of A:

detA = L(-lt(p)alP,a2P2" ·anpn ,

P

where P = (Pl," . ,Pn) runs through all permutations of the numbers 1, ... ,n
and v(p) is the number of inversions of p.
For n x I-matrices, i.e., column vectors, the previous notation is used

a ~ CJ, ac,,",iaoallyalw a ~ (a" ... ,a,,)T

159
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The expression AT denotes the transpose of the matrix A.
The notation

(

ali)
A = (al, ... ,an ) with ai = :.

ant

is self-explanatory. In particular,

{

I for i = j,
1= (el, ... ,en) = (8ij ) with 8ij =

o for i =I- j

is the identity matrix, ei the ith unit vector. Finally,
n

Ax = Y {=} Yi =L aijXj'
j=l

II. Compatible Norms. Let IAI be a matrix norm, that is, a norm in
IR

n2
(or e

n2
), and lal a vector norm in IRn (or en). Here we consider only

compatible norms, i.e., those for which the inequalities

IABI < IAI·IBI,

IAxl < IAI· Ixl

are satisfied.

Example. Let

(2)

(3)

IAI = L !aijl,
i,j

Ixl = maxlxJ

We show that these norms are compatible. First, for C = AB,

ICI :::; L L laikbkjl:::; L !aikbljl = IAI·IBI,
i,j k i,j1k,l

which implies (2); and second, for y = Ax,

IYil :::; L laijxjl :::; Ixl L laijl :::; IAI·lxl,
j j

and since this is true for every i, it follows that (3) holds.

Exercise. Show that the two Euclidean norms \xle and

IAle = L laij!2
i,j

are compatible.
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III. Matrices with Variable Elements. For matrices A(t) = (aij(t))
with elements depending on t, the notation introduced in §10 for vectors is used,
in particular,

If A(t) is continuous, then by Lemma 10.VIII,

(4)

(one can consider A as a vector with n 2 components).

IV. Lemma. If the functions A(t), B(t), x(t) are difJerentiable (at a
point to), then each of the following functions 'is differentiable, and the corre
sponding derivative formulas hold:

(AB)'

(Ax)'

A'B +AB',

A'x+ Ax',

n

(det A)' = L det(al, ... , ai-I, a;, ai+I,···, an)'
i=1

(5)

Proof. The first two formulas follow immediately from the definition of the
products. Formula (5) for the derivative of the determinant follows from the
representation (1) and the product rule of differentiation. •

V. Systems of n Linear Differential Equations. We consider a sys
tem of differential equations of the following form:

yi=all(t)YI + ... + aIn(t)Yn + bl(t)

(6)

or, written in matrix notation,

y' = A(t)y + b(t),

where

(6')

(7)

It is common practice with linear systems to denote the independent variable by
t instead of x, because in many physical applications the independent variable
represents time. Note that while t is always assumed real, the functions that
appear can be either real-valued or complex-valued.
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VI. Existence, Uniqueness, and Estimation Theorem. Let the real
or comple.T-valued functions A(t), b(t) be continuous in an (arbitrary) interval
J, and let T E J. Then the initial value problem

y' = A(t)y + b(t), y(T) = TJ (8)

has exactly one solution y(t) for a given TJ E IRn or en, respectively. The
solution exists in all of J.

If J' is a subinterval of J, T E J' and

IA(t)1 :s; Land Ib(t)l:s; 8 in J', ITJI:s; "

then y (t) satisfies

(9)

(10)

The solution y(t) depends continuously on A(t), b(t), and TJ on every com
pact subinterval J' c J, i. e., for every E > 0 there exists (3 > 0 such that if the
inequalities

IB(t) - A(t)1 < (3, Ib(t) - c(t)1 < (3 in J', ITJ - (I < (3 (11)

are satisfied and if z(t) is a solution of the initial value problem

z' = B(t)z + c(t), Z(T) = (

(B, c are continuous), then the inequality

Iz(t) - y(t)1 < E in J'

holds.

(12)

(13)

Proof. Suppose J' is a compact subinterval. Then, sinCE: a continuous func
tion on J' assumes its maximum, it follows that there exist constants L, 8 such
that (9) holds. In D = J' x IR.n, respectively J' x en, f( t, y) = Ay + b satisfies
a Lipschitz condition (4)

I(Ay + b) - (Ay - b)1 :s; IAlly - yl :s; LIY - YI-
Therefore, by Theorem 10.VII, problem (8) has exactly one solution, defined in
all of J'. We use Theorem 12.V with f(t, y) = Ay + band z(t) == 0:

Iz' - f(t, z)1 = Ib(t)1 :s; 8, IZ(T) - Y(T)I = ITJI :s; J.

That is, (12.5) holds, as does the estimate (12.6), which is identical to (10).
Since in this reasoning J' can be any compact subinterval of J, the solutions

of (8) exist in all of J.
Now let J' c J be a compact interval, and let (9) and (13) hold, where it is

assumed that (3 :s; 1. Then there exists a constant c such that

IB(t)1 :s; c, Ic(t)l:s; C, I(I:S; C,
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and thus every solution z(t) of (12) satisfies (10) with 'Y = L = () = c, and hence
Iz(t)1 :::; Cl in J'. We now apply Theorem 12.V to the two solutions y(t) and
z(t) of (8) and (12) and to f(t, y) = Ay + b. The result is

Iz' - f(t, z)1 I(B - A)z + c - bl

< IB - AI . Izl + Ie - bl

< ,6(1 + cd·
Therefore, (12.6) holds with 'Y = ,6, () = ,6(1 + cd· If,6 > 0 is chosen sufficiently
small, the inequality (13) follows. •

VII. Complex Systems Versus Real Systems. Let

z' = B(t)z + b(t)

be a complex system of n differential equations, where

z = x + iy, b = c + id, B(t) = C(t) + iD(t) with i = R.

(14)

By separating (14) into real and imaginary parts, one obtains the pair of differ
ential equations

x' = C(t)x - D(t)y + e(t),
y' = C(t)y + D(t)x + d(t).

This real system of 2n equations can be written in the form

u' = A(t)u + a(t),

where u = (~) and a = (~) are 2n-dimensional column vectors and

(15)

(15')

(16)

is a real 2n x 2n matrix. Therefore, every complex system of order n is equivalent
to a real system of order 2n of the special form (15'), (16).

VIII. Exercise. Let Ck > 0 for k = 1, ... ,n. Show that
n

Ixl := L cklxkl
k=l

and

1 n

IAI:= max - LCklakml
m Cm k=l

define compatible norms in the sense of II.
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IX. Exercise. The Operator Norm. If Ixl is an arbitrary vector
norm, then

IAI := max{ IAxl : Ixl ::; I}

defines a compatible matrix norm (proof as an exercise). This norm is called
the operator norm of A. The operator norm is the smallest number "f such that
IAxl ::; "fIXI for all x.
Show that the norm given in VIII is the operator norm (for all A) and that

the two matrix norms defined in II are, in general, not operator norms (calculate
the operator norm of A = 1).

§ 15. Homogeneous Linear Systems

A linear system of differential equations y' = A(t)y + b(t) is called homo
geneous jf b(t) == 0; otherwise, it is called inhomogeneous. Within this section,
the term solution refers to a solution of the homogeneous system

y' = A(t)y, (1)

where A(t) is continuous in the (arbitrary) interval J. By Theorem 14.VI, there
exists exactly one solution y = y(t; T, 11) for every T E J, 11 E jRn or en, and
this solution exists in J.

I. Theorem. If A(t) is real-valued (complex-valued) and continuous in
J, then the set of real (complex) solutions y(t) of the homogeneous equation (1)
forms an n-dimensional real (complex) linear space.

For fixed T E J the mapping

11 f---7 y(t; T, 11)

defines an isomorphism (a linear, bijective mapping) between jRn (C') and the
space of solutions.

This theorem is a simple consequence of the superposition principle, which
states that every linear combination

y = C1Yl + ... + CkYk

of solutions is again a solution. It follows that

y(t; T,).,11 + ).,'11') = ).,y(t; T, 11) + ).,'y(t; T, 11'),

since the functions on the left and the right are both solutions with the same
initial value ).,11 + ).,'11' at T. Therefore, the mapping 11 f---7 y(t; T, 11) is linear. In
particular, the zero solution y == 0 is the image of the zero vector 11 = O. The
remaining statements are evident. •

The isomorphism 11 f---7 y(t;T,11), which is well-defined for every fixed T E J,
leads immediately to some important
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II. Propositions. (a) If Y is a solution and y(to) = 0 for some to E J,
then y == 0 in J.
(b) A set of k solutions Yl, , Yk is called linearly dependent if there exist

constants Cl, ... , Ck with hi + ICk I> a such that

ClYl + ... + CkYk = O.

Because of (a) and the superposition principle, this equation holds identically if
it holds at one point in J. The k solutions are said to be linearly independent
if they are not linearly dependent.
(c) We recall that k vectors aI, ... ,ak E jRn are linearly independent in jRn

if and only if they are linearly independent when considered as vectors in en.
A similar statement holds for real solutions of (1) when A(t) is real.
(d) For k > n, any k solutions Yl, ... , Yk are linearly dependent.
(e) There exist n linearly independent solutions Yl, ... , Yn' Every such set

of n linearly independent solutions is called a fundamental system of solutions.
If YL ... , Yn is a fundamental system, then every solution Y can be written in
a unique way as a linear combination

Y = ClYl + ... + CnYn· (2)

(f) A system of n solutions Yl, ... , Yn can be assembled into an n x n
solution matrix

In this notation, the n differential equations Y; = A(t)Yi (i = L ... ,n) can be
written as a matrix differential equation

Y' = A(t)Y; (3)

it is easy to see that this matrix equation is equivalent to the n differential
equations. The solution Y(t) of (3) is uniquely determined by the specification
of an initial condition Y(r) = C. Here Y(t) is a fundamental system (also called
fundamental matrix) if and only if the matrix C is nonsingular. It follows then
from (b) that Y (t) is nonsingular for every t E J. If Y (t) is a fundamental
matrix, then every solution of (1) can be written in the form

Y = Y c, c E jRn or en, respectively. (2')

This equation is identical to (2).
(g) A special fundamental matrix X(t) is obtained from the initial value

problem

x' = A(t)X, X(T) = I.

Problem (4) is identical to the n initial value problems

(4)

x; = A(t)Xi, Xi(T) = ei (i = 1, ... , n). (4')
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Using the solution matrix X(t), the solution to any initial value problem can be
immediately given:

y' = A(t)y, y(T) = TJ ¢=::;> y(t) = X(t)TJ.

(h) The following extension of (f) is true: If Y(t) is a solution to (3) and
C is a constant matrix, then Z(t) = Y(t)C is also a solution to (3). We have
namely

Z' = y'C = AYC = AZ.

If Y (t) is a fundamental matrix and C nonsingular, then Z (t) is again a funda
mental matrix; moreover, every fundamental matrix can be represented in the
form Y(t)C with C nonsingular.

In particular, every solution matrix Y(t) satisfies

Y(t) = X(t)Y(T), (5)

where X (t) is the solution to (4). This follows because the right side is a solution,
and it has the correct initial values X(T)Y(T) = IY(T) = Y(T).

III. The Wronskian. If Y(t) = (Yl, ... ,Yn) is a solution of (3), then
its determinant c/J(t) := det Y(t) is called the Wronskian determinant or Wron
skian!, of Y(t).

Theorem. If A(t) is continuous in J, then the Wronskian ¢(t) := det Y(t)
of a solution of (3) satisfies the differential equation

c/J' = (tr A(t))c/J in J,

where

tr A(t) = all (t) + a22(t) + ... + ann(t)

is the trace of A. Hence

c/J(t) = c/J(T) exp (1 t

tr (A(s)) dS) .

In particular, the Wronskian of the solution X(t) of (4) is given by

detX(t) = exp (1 t

trA(S)dS).

(6)

(7)

(8)

The theorem shows that the Wronskian can be calculated from the initial value
Y(T) alone without knowledge of the solution.

I After J .l'v!. Hoene-Wronski (1778-1853), Polish mathematician.
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Proof. By (14.5) we have

n

(detX(t))' = Ldet(x1,x2, ... ,X;-1,X~,X;+1,... ,Xn).
;=1

n

(detX(r))' =L det(e1' e2,"" ei-1, A(r)e;,ei+1,"" en)
;=1

n

=L a;j(r) = tr A(r).
;=1

By (5), the function ¢(t) = det Y (t) satisfies ¢(t) = ¢(r) det X (t). Hence

¢'(t) = ¢(r) (detX(t))',

and in particular,

Since this argument can be applied at every point r, it follows that ¢(t) satisfies
the linear differential equation (6) in all of J. •

Corollary. The Wronskian is either == 0 or -lOin J. The nonvanish
ing of the Wronskian is a necessary and sufficient condition for Y(t) to be a
fundamental matrix (this follows already from II.(b)).

IV. D'Alernbert's Method of Reduction of Order. In general, it
is not possible to give the solutions of a homogeneous system in closed form.
However, if one solution is known, it is possible to reduce the system to a system
of n - 1 differential equations. If x(t) is a (known) solution of the differential
equation (1), then for the remaining solutions one makes the ansatz

y(t) = ¢(t)x(t) + z(t) with z(t) ~ (l) (9)

(¢ scalar). This function is a solution of (1) precisely if

y' = ¢'x + ¢x' + z' = ¢Ax + Az,

i.e., if

z' = Az - ¢'x.

The equation for the first component is

n

L a1jZj = ¢'X1,
j=2

(10)
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and for the ith component (2 :S i :S n) it is

n

z~ = L aijZj - cP' Xi·

j=2

Thus, for the components Zi, one obtains the differential equations

(i=2, ... ,n), (11 )

that is, a homogeneous linear system of n - 1 equations. Here it is assumed,
without loss of generality, that Xl (t) =J 0 (instead of the first component, any
other component can be chosen). If (Z2, .. . , zn) is a solution to this system,
then from (10),

(12)

and a solution y(t) of (1) is obtained by (9).
If (11) has been completely solved, i.e., if a fundamental system has been

found, then this procedure leads to n - 1 solutions Yl, ... , Yn~l of the original
differential equation (1). Combining these solutions with x gives a fundamental
system for (1).

To prove the linear independence of these n solutions, let

(i=1, ... ,n-1)

and consider the equation

AX + AlYl + ... + An-lYn-l = o.

Since the first component of each Zi vanishes, the first component of this equa
tion, divided by Xl, reads

Multiplying this equation by x and subtracting from the previous one gives

Therefore, since the Zi are linearly independent, Al
consequently A = O.

0, and

•
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V. Example. The system

, 1
Yl = tY1 - Y2,

I 1 2
Y2 = t2Y1 + tY2,

has the solution

x(t) = (~:).
Here (11) reduces to a single equation for Z2(t) = z(t),

z' = (~ - t~ ) z = ~ z.

One solution is z(t) = t. We choose the basic interval to be J = (0,00). By
(12), then,

¢(t) = Jt~(-t)dt= -Int.

Therefore, in view of (9),

(0) (-t2Int)y(t) = -x(t) In t + =
t t + tIn t

is another solution of the original system. The system of solutions

(
t2 -t2

ln t)
Y(t) = (x,y) =

-t t + tIn t
with Y(1) = ( 10)

-1 1
(13)

is a fundamental system. If the second column in Y(t) is added to the first and
the second is left unchanged, then one obtains the identity matrix for t = 1, i.e.,

(

t2(1 - In t) -t2 ln t )
X(t) = (x+y,y) =

tInt t(1+lnt)

is a solution with X(1) = I.

VI. Exercise. The Adjoint Equation. Let C* = CT be the complex
conjugate transpose of the matrix C, that is, cij = Cji' If CC* = I, then C is
called unitary. The star operation obeys the rules

(BC)* = C* B*, (C*)-l = (C- 1 )*, (C*)* = C,

and (Cy, z) = (y, C*z) for y, z E en, where (a, b) = a1b1 + ... + anbn is the
inner product in en, Further, if C = C(t) is differentiable, then

(C'(t))* = (C*(t))'.



170 IV. Linear Differential Equations

The equation adjoint to equation (1), y' = A(t)y, is given by

z' = -A*(t)z. (14)

Similarly, the differential operator M corresponding to (14), that is, Mz =
z' + A * (t )z, is called the adjoint operator to the operator L, which corresponds
to (1) and is given by Ly = y' - A(t)y. The adjoint to M is again L. The
operator L is called self-adjoint if L = M, i.e., A = -A*.
(a) Let Y(t) be a fundamental matrix for equation (1). Then Z(t) is a fun

damental matrix for equation (14) if and only if Y*(t)Z(t) = C is a nonsingular
constant matrix.
(b) The Lagrange identity for y(t), z(t) E C1(J) reads

d
(Ly, z) + (y, Mz) = dt (y, z).

(c) If L is self-adjoint, T E J, and Y(t) is a fundamental matrix for (1) with
the property that Y(T) is unitary, then Y(t) is unitary for all t E J.

Hint for (a): (y* Z)' = Y* A* Z + Y* Z' = 0 ¢==} Z' = -A* Z.

Remark on the Real Case. If C is real, then C* = CT. In this case unitary
matrices are called orthogonal. If (1) is a real system, then L is self-adjoint if
and only if A(t) is skew-symmetric.

§ 16. Inhomogeneous Systems

As earlier, A(t), b(t) are defined and continuous in an interval J (real- or
complex-valued).
The following theorem gives the relationship between solutions of the inho

mogeneous differential equation

y' = A(t)y + b(t)

and solutions of the corresponding homogeneous differential equation.

(1)

I. Theorem. Let y(t) be a fixed solution of the inhomogeneous equation
(1). If x(t) is an arbitrary solution of the homogeneous eq'uation, then

y(t) = y(t) + x(t)

is a solution of the inhomogeneous equation, and all solutions of the inhomoge
neous equation are obtained in this way.

As in the case n = 1, the proof rests on the simple fact that the difference
between two solutions of the inhomogeneous differential equation is a solution
of the homogeneous equation. •

Thus our task is to find just one solution of the inhomogeneous equation.
\Ne make use of a procedure that originated with Lagrange, the
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II. Method of Variation of Constants. If Y(t) is a fundamental ma
trix to the homogeneous differential equation, then by 15.II.(e), every solution
of the homogeneous equation can be represented in the form Y(t)v, where v
runs through all (constant) vectors. In the method of variation of constants the
constants (VI, ... , V n ) are "varied," i.e., replaced by functions of t,

z(t) = Y(t)v(t).

The function v(t) is to be determined such that z(t) is a solution of the inho
mogeneous differential equation (1). Substituting z(t) into (1) gives

z' = Y'v + Yv' = AYv + Yv' = AYv + b,
which leads to the condition

Y(t)v' = b(t). (2)

(3)

Since Y is a fundamental matrix, the Wronskian det Y is i- O. Therefore, the
inverse matrix y- I exists and is continuous in J. Multiplying equation (2) on
the left by this matrix and integrating gives

v(t) = v(r) + it y-I(s)b(s) ds.

For instance, the solution z(t) with initial value z(r) = 0 is given by

z(t) = Y(t) it y-I(s)b(s) ds.

III. Theorem. The initial value problem (A( t), b(t) E C(J), r E J)

y' = A(t)y + b(t), y(r) = rJ

has the (uniquely determined) solution

y(t) = X(t)rJ + it X(t)X~I(s)b(s) ds, (4)

where X(t) is the fundamental matrix of the homogeneous differential equation
with X(r) = I.

Proof. The first summand on the right side is a solution of the homogeneous
equation with the initial value rJ, and the second summand is a solution of the
inhomogeneous equation with initial value 0 (see (3)). •

Remark. If Y(t) is a fundamental matrix, then by (15.5) Y(t) = X(t)Y(r),
whence y-I(t) = y-l(r)X-I(t), and it follows that

Y(t)y- I (s) = X(t)X-I(s).

Thus a representation of the solution y to the initial value problem in terms of
Y(t) is given by

y(t) = Y(t)y-l(r)rJ +1t

Y(t)y-I(s)b(s) ds. (4')
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Example.

I 1
Y1 = tY1 - Y2 + t,

, 12 2
Y2 = t2Y1 + tY2 - t ,

The general solution to the corresponding homogeneous equation was found in
15.V. Using the well-known formula for the inverse of a 2 x 2-matrix,

B= (
a b) 1 (d -ab) ,
e d ==} B-

1
= ad - be -e

and (15.13), one can easily calculate y- 1(t). The resulting matrix is

1 (t(l + Int) t
2

1nt)y- 1 (t) = _ .
t3 t t2

Hence

y-1(t)b(t) ~ (In t + 1 - t2
In t)

4 1 - t 2 '

~ (t
2
- 1+ (4 - 2t

2 + 2 In t) In t) ,

4 41n t - 2t2 + 2

and therefore from (3),

j t 1 (t2(t2-1+2Int-2In2t))
z(t) = Y(t) y- 1(s)b(s) ds = - .

1 4 t(3 - 3t2 + 21n t + 21n2 t)

Thus we have found a particular solution of the inhomogeneous differential
equation with initial value z(l) = O.

IV. Exercise. Show that the real linear system

X' = a(t)x - b(t)y,

Y' = b(t)x + a(t)y

can be reduced to a single complex linear differential equation

Z' = e(t)z

for z(t) = x(t) +iy(t). Derive a linear differential equation for v(t) = z(t)z(t) =
x2(t) + y2(t).
Use this method to solve the system

X' = X cos t - Y sin t,

y' = x sin t + y cos t.
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In particular, determine a fundamental system X(t) with X(O) = I and compute
its Wronskian detX(t). Show that every solution is periodic. What is the
period?
Sketch the orbit z(t) = (x(t), y(t)) of the solution with initial values

(x(O), y(O)) = (1,0) in the xy-plane. Determine v(t) = [z(tW and find two
bounds 0 < a ::::; v(t) ::::; (3 for this solution.

V. Exercise. Determine the general solution of the system

x' = (3t - l)x - (1 - t)y + te t2
,

y' = -(t + 2)x + (t - 2)y _ et2 .

Hint. The homogeneous system has a solution of the form (x(t),y(t))
(¢(t), -¢(t)).

Supplement: L1-Estimation of C-Solutions

We consider solutions in the sense of Caratheodory of the problem

y'=A(t)y+b(t) in J=[T,T+a], y(T)="7 (5)

under the assumption that (all components of) A(t) and b(t) belong to L(J).
According to Theorem 10.XII, there exists a unique C-solution in J, and it is
not difficult to show that the earlier results, in particular Theorems 15.1 and
15.111 for the homogeneous system and the representation formula (4) for the
solution of problem (5), are also valid under these assumptions.
Our aim now is to establish pointwise estimates on y(t) and on the difference

y(t) - z(t), where z(t) satisfies

z' = B(t)z + c(t) in J, z(~) = (, (6)

in terms of integral estimates of the given functions. Note that in the cor
responding Theorem 14.VI pointwise bounds (and not L1 bounds) on these
functions are required.

VI. Estimation Theorem. Assume that A, B, b, c belong to L(J) and
that IA(t)l, IB(t)1 ::::; h(t) E L(J). Then the solutions y(t) of (5) and z(t) of (6)
satisfy

ly(t)le-H(t) ::::; 1"71 + jt e-H(s)lb(s)1 ds, (7)

where H(t) = J: h(s) ds and

Iy(t) - z(t)!e-H(t) (8)

::::; 1"7 - (I + jt e-H(s){!b(s) - c(s)1 + IA(s) - B(s)lly(s)l} ds.
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For the maximum norm Ilflloo = maxJ If(t)1 and the L 1 -norm 11f11L'
I:+a

If(t)1 dt, the estimates

Ily - zlloo < C 1 (111 - 'I + lib - cllL' + IIA - BilL')

hold, where C 1 depends only on 1111, IlhllL' and IlbllL"

Proof. By 10.XVI,

ly(t)I' ~ ly'(t)1 = IA(t)y + b(t)1 ~ h(t)ly(t)1 + Ib(t)l·

(9)

(10)

Hence 1>(t) = ly(t)le-H(t) satisfies 1>'(t) ~ e-H(tJlb(t)l, 1>(T) = 1111, which leads
to (7) after integration.
The difference u = z - y satisfies

u' = Bz + c - Ay - b = Bu + (c - b) + (B - A)y.

The estimate (7), applied to u (with 11 - , instead of 11, B instead of A, and
(c - b) + (B - A)y instead of b) gives (8). •

Our next theorem deals with the linear case of the comparison theorem
10.XII in the context of C-solutions.

VII. Positivity Theorem. Assume that the real matrix A(t) E L( J),
J = [T, T + a], is essentially positive; i. e., aij (t) 2': 0 for i -=I=- j. Then, for
u E AC(J),

u' 2': A(t)u a.e. in J, U(T) 2': 0 implies u(t) 2': 0 in 1.

Moreover', if ui(td > 0, then Ui(t) > 0 for t > t 1 ·

Proof. Let IA(t)1 ~ h(t), where I . I is the maximum norm, and H(t) =I: h(s) ds. Then B(t) = A(t) + h(t)I 2': 0, i.e., bij 2': 0 for all i, j, and IB(t)1 ~
2h(t). The function w(t) = eH(tJu(t) satisfies w'(t) 2': B(t)w, and the function
a = (p, p, ... , p) with p(t) = e2nH(t) also satisfies a' 2': B(t)a; both inequalities
are easily established. Hence We: = W+ Ea satisfies w~ 2': BWe: and we:(O) > O.
As long as we:(t) 2': 0, we have w~(t) 2': 0, and this shows that we:(t) is increasing
and positive in 1. Since E is arbitrary, w(t) is increasing, and both propositions
about u(t) are obtained as a result. •

This theorem can be used to give an alternative proof for the comparison
theorem 1O.XII that is valid for C-solutions. As before, Pu = u' - f(t, u) is the
defect of u.
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VIII. Comparison Theorem. Suppose f(t, y) : J x jRn ----+ jRn is quasi
monotone increasing in y and satisfies a Lipschitz condition in the maximum
norm I· 1with h(t) E L(J),

If(t, y) - f(t, z)1 S h(t)ly - zl for y, z E jRn.

Then, for v, wE AC(J),

V(T) S W(T) and Pv S Pw a.e. in J implies v S W in J.

Froof as an Exercise. Hint: Show that for y, z E jRn, the difference f( t, y)
f(t, z) can be written in the form A(y - x) where A is essentially positive and
bounded in norm by h(t), and apply VII (use a decomposition of the f-difference
as given for n = 2 by g(Y1,Y2) - g(Z1,Z2) = [g(Yl,Y2) - g(Zl,Y2)] + [g(Z1,Y2)
g(Z1' Z2)]).

§ 17. Systems with Constant Coefficients

I. The Exponential Ansatz. Eigenvalues and Eigenvectors. In
this section suppose A = (aij) in the homogeneous linear system

y' =Ay

is a constant complex matrix. Solutions can be obtained using the ansatz

(1)

(2)

where A, Ci are complex constants. Substituting y = c . eAt into equation (1)
leads to

i.e., y(t) is a solution of (1) if and only if

Ac = AC. (3)

A vector C i= 0 that satisfies equation (3) is called an eigenvector of the
matrix A; the number A is called the eigenvalue of A corresponding to c.
We recall a couple of facts from linear algebra. Equation (3), or what

amounts to the same thing,

(A - AI)C = 0, (3')
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is a linear homogeneous system of equations for c. This system has a nontrivial
solution if and only if

all - A a12 aln

a12 a22 - A a2n
det(A - A1) = = 0; (4)

anI an2 ann - A

in other words, the eigenvalues of A are the zeros of the polynomial

Pn(A) = det(A - A1), (5)

called the characteristic polynomial. This polynomial is of degree n, as one can
see, for instance, from the definition (14.1) of a determinant. Thus it has n
(real or complex) zeros, where each zero is counted according to its multiplicity.
An eigenvector c#-O corresponding to a zero A (an eigenvector is #- 0 by
definition) is obtained by solving the system (3'). It is determined only up to
a multiplicative constant. The set a(A) of eigenvalues is called the spectr'um of
A.

II. Theorem (Complex Case). The function (A, c, A complex, c #- 0)

y(t)=c·eAL

is a solution of equation (1) if and only if A is an eigenvalue of the matrix A
and c is a corresponding eigenvector.

The solutions

(i=l, ... ,p)

are linearly independent if and only if the vectors Ci are linearly independent.
In particular, they are linearly independent if all eigenvalues AI, ... , Ap are
distinct.

Thus if A has n linearly independent eigenvectors (this is the case, for ex
ample, if A has n distinct eigenvalues), then the system obtained in this manner
is a fundamental system of solutions.

Proof. By the isomorphism statement proved in Theorem 15.1, the solutions
Yi are linearly independent if and only if their initial values Yi(O) = Ci are lin
early independent. The statement that p eigenvectors corresponding to distinct
eigenvalues are linearly independent is certainly true for p = 1. It is proved in
general by establishing the inductive step from p to p + 1. If the eigenvectors
Cl, ... , cp are linearly independent and if c is an additional eigenvector corre
sponding to the eigenvalue A and A #- Ai (here and in the following equations i
runs through the numbers 1 to p), then, as we will now show, a representation
of the form

C = LCXi,Ci
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is not possible. By applying A to both sides, one would obtain

AC = L QiAiCi,

and because such representations are unique,

AQi = AiQi, i.e., Qi = O.

•
III. Real Systems. Obviously, the theorem also holds for real systems.

In this case, however, one is interested in real solutions. Here one runs into the
difficulty that a real matrix may have complex eigenvalues, which lead in turn
to complex solutions y(t). Now, it is immediately obvious that for real A both
the real part and the imaginary part of a complex solution are real solutions
to (1). Thus from a complex eigenvalue one obtains two real solutions. Note,
however, that if the complex quantities A and c satisfy equation (3), then their
complex conjugates 5. and c do also. Therefore, 5. and c are also an eigenvalue
and eigenvector of A and lead to a solution y = c . e>"t, which is the complex
conjugate to y = C . eAt. The decomposition of the complex conjugate solution
into real and imaginary parts leads to exactly the same two real solutions.

IV. Theorem (Real Case). If A = f.1 + iv (v i= 0) is a complex eigen
value of the real matrix A and C = a + ib is a corr·esponding eigenvector, then
the complex solution y = ceAt pmduces two real solutions:

u(t)= Rey= elLt{acosvt - bsinvt},

v (t) = 1m y = elLt {a sin vt + b cos vt}.

Suppose there are 2p distinct, nonreal eigenvalues

and q distinct real eigenvalues Ai (i = 2p + I, ... , 2p + q). If for the 2p distinct,
nonreal eigenvalues one constructs 2p real solutions

Ui = Re CieA,t, Vi = 1m CieAit (i=l, ... ,p)

m the manner described above and q roeal solutions y i corresponding to the q
distinct real eigenvalues using (2), then the resulting 2p+q solutions are linearly
independent.

A corresponding result also holds if some of the Ai are equal, i.e., if there
are multiple eigenvalues. If the 2p + q corresponding eigenvectors are complex
linearly independent, then the same is true fOT the corresponding 2p + q solu
tions of the form (2), and it Temains true for the 2p + q real solutions obtained
after splitting into real and imaginary parts. In par·ticulaT, if A has n linearly
independent eigenvectors, then one obtains a real fundamental system.
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The independence of these real solutions follows from the fact that the
original solutions Yi = CieAit (i = 1, ... , 2p + q) are linearly independent by
Theorem II and can be represented as linear combinations of the above real
solutions; cf. 15.II.(c).

V. Example.

Y~ = Yl - 2Y2

(:
-2 -}Y; = 2Yl - Y3 A= 0

Y~ =4Yl - 2Y2 - Y3 -2 -1

We have

1 - A -2 0

-A -1 = (1 - A)(A2 + A+ 2).

4 -2 -I-A

The eigenvalues are

The corresponding eigenvectors are solutions to the system (3'). For example,
the equation for Cl = (x,y,z)T is

-2

which has a solution

- (3 . V7 2 4)TCl - 2 + 12 " .

It follows then that C2 = Cl = (~ - i~ , 2, 4) T is also an eigenvector. Another

simple calculation gives C3 = (1,0,2) T. Taking the solution
1 • V7

YI(t) = Cl . e(-2+IT)t

and separating into real and imaginary parts leads to the two real solutions
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which, combined with the solution

constitute a real fundamental system.

VI. Linear Transformations. We consider the results obtained above
from a somewhat different point of view. If C is a nonsingular constant matrix,
then the mapping

y = Cz, z = C-1y (detC -=I- 0) (6)

transforms a solution y(t) of (1) into a solution z(t) of the system

z' = Bz, with B = C- 1AC, (7)

and conversely.
Suppose now that A has n linearly independent eigenvectors C1, ... , Cn' If

one sets

C = (C1, ... , Cn ) ,

then

where

D = diag (AI, ... , An) (i.e., d ii = Ai, d ij = 0 otherwise),

is a diagonal matrix. Thus for this choice of C,

B = C- 1AC = D,

and then (7) reads simply

It is easy to find a fundamental system of solutions for this system, namely

e)'l1 0 0

o e.\2 1 0

(8)

o o
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Going back to y = Cz, we obtain the fundamental system of Theorem II,

(9)

Summary. In the case where there are n distinct eigenvalues and, more gen
erally, in the case of n linearly independent eigenvectors there is a fundamental
system of solutions of the form (2) (the simplest example, A = I with eigen
vectors el, .,., en, shows that it is also possible to have n linearly independent
eigenvectors in the case of multiple zeros of the characteristic polynomial).

VII. Jordan Normal Form of a Matrix. In order to handle the gen
eral case, we make use of a result from matrix theory without proof. It says
that for every real or complex matrix A there exists a nonsingular matrix C (in
general, C will be complex), such that B = C- l AC has the so-called Jordan
normal form

B= (10)

where the Jordan block J i is a square matrix of the form

Ai 1 0 0 0

0 Ai 1 0 0

0 0 Ai 1 0

Ji = (11)

0 0 Ai 1 0

0 0 0 Ai 1

0 0 0 0 Ai

with ri rows and columns; outside of the Jordan blocks, B consists entirely of
zeros. Here rl + " ,+ rk = n, and

Note that the main diagonal of B consists of eigenvalues of A and that each
block is made up of one and the same eigenvalue. However, the same eigenvalue
can appear in more than one block; for example, the matrix I is in Jordan
normal form (k = n, T'i = 1, Ai = 1).
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The system corresponding to a Jordan block 1 with T rows and diagonal
element A is given by

X~ = AXl + X2

x; = AX2 + X3

X' = lx, or

X~_l = AXr-l + X r

x~ = AXr

(12)

and can be easily solved (one begins with the last equation). The matrix

eAt teAt It 2e At _l_r-leAt
2 (r-l)!

0 eAt teAt _l_tr - 2e At
(r-2)!

X(t) = 0 0 eAt _l_r-3e At
(13)(r-3)!

0 0 0 eAt

is a fundamental matrix for equation (12) with X(O) = I.

Proceeding in this way, a fundamental matrix Z (t) for equation (7) can be
constructed if B is a Jordan matrix; one has simply to insert the corresponding
solution (13) into each Jordan block. For example, if

B=

A 1 0

0 A 1

0 0 A

f.L

v 1

0 v
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then the corresponding fundamental matrix Z(t) with Z(O) = I reads

Z(t) =

eAt teAt It2eAt
2

° eAt teAt

° ° eAt

el-'t

evt tevt

° evt

Thus, if B = C- 1AC has Jordan normal form, then each column of Z(t) is a
solution of (7) of the form

z(t) = (o, ... ,o,::eAt, ... ,teAt,eAt,o, ... ,o) T,

where A is an eigenvalue of A (note that a(A) = a(B)). Consequently, y = Cz
is a solution of equation (1) of the form

y(t) = Pm(t)eAt with Pm(t) = (p~(t), ... ,p~(t))T,

where pi(t) is a polynomial of degree::; m.

VIII. Summary. For every k-fold zero A of the characteristic polyno
mial there exist k linearly independent solutions

(14)

in which every component of

(m=O,I, ... ,k-l)

is a polynomial of degree::; m. If carr'ied out for every eigenvalue, this con
struction leads to n solutions, which form a fundamental system.

If A is real, then a real fundamental system is obtained by taking, in case A
is nonreal, two real solutions Ui = Re Yi, Vi = 1m Yi fmm each of the k solutions
Yi of (14) and ignoring the cOT-responding k solutions for the complex conjugate
eigenvalue >-.
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The degree of the polynomials that arise can be determined from the Jordan
normal form. In the previous example, where B is a Jordan matrix with n = 6,
there is a solution y = p(t)e.\t with degree p = 2, but no solution with higher
degree, and this is true even if A = J.L = lJ. If J.L = lJ =J. A, then there exists a
solution y = p(t)evt with degree p = 1, but no solution with degree p = 2, etc.
The following terminology is useful here.

Algebraic and Geometric Multiplicity. If A is a k-fold zero of the
characteristic polynomial of A, then the number m(A) := k is called the algebraic
multiplicity of the eigenvalue, and the dimension m l (A) of the corresponding
eigenspace, that is, the maximal number of its linearly independent eigenvectors,
is called the geometric multiplicity. Here 1 ::; m' (A) ::; m(A) ::; n. If m(A) =

m/(A), the eigenvalue is called semisimple. In this case, the number A appears
m(A) times in the main diagonal of the Jordan normal form, but there is no 1 in
the superdiagonal, and in the corresponding m(A) solutions (14) the Pm(t) are
constant polynomials (namely the eigenvectors). If this is true of all eigenvalues,
then the Jordan matrix corresponding to A is a diagonal matrix, and the matrix
A is said to be diagonalizable.

The calculation of the solutions is easily accomplished once the Jordan nor
mal form B = C- 1AC and the transformation matrix C have been determined.
However, the k = m(A) solutions belonging to the eigenvalue A can also be ob
tained, a step at a time, by first determining the corresponding eigenvectors c
that lead to the solutions y = ceAt. Then, one after another, the ansiitze (a, b,
... EC)

are applied until m(A) solutions have been found. By equating coefficients of
like terms, one sees that the coefficient c of the highest power of t is always an
eigenvector.

IX. Example. n = 2, y(t) = (x(t),y(t))T,

From

Xl =X - Y

yl =4x - 3y
A = (1 -1).

4 -3

det(A - AI) = ,\2 + 2,\ + 1

it follows that A = -1 with algebraic multiplicity m(A) = 2 and

(2-1)A - AI = A + 1= .
4 -2
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The corresponding homogeneous system (3') has only one linearly independent
solution,

Thus we have m'(A) = 1. The corresponding solution is

A second, linearly independent, solution can be obtained using the ansatz

(x) = (a + bt) e-t .

Y c + dt

We have that

(X') = (b-a-bt)e_t=A(a+bt)e_t
y' d - c - dt c + dt

holds if and only if

and

The first equation has the eigenvector c as a solution, i.e., b = 1 , d = 2. The
second equation is satisfied, for example, if a = 0, c = -1. The corresponding
solution

is linearly independent from the first solution.

X. Real Systems for n = 2. We consider the real system for y
(x,y)T

(

allA=
a21

a
12

) ,

a22

(15)

under the assumption D det A -I- O. This implies that A
eigenvalue. The corresponding characteristic polynomial

o is not an

P(A) = det(A - AI) = A2
- 5A + D with 5 = trA= all + a22

has zeros

A= ~ (5 - J 52 - 4D) , J1 = ~ (5 + J 52 - 4D) .
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Real Normal Forms. Our first goal is to show that every real system (15)
can be reduced by means of a real affine transformation (6), (7) to one of the
following normal forms:

R(A,J-L) = (A 0), Ra(A) = (A 1), K(ex,w) = ( ex w).
o J-L 0 A -w ex

Here A, J-L, ex, ware real numbers with J-L =I- 0 and w > O. If S2 > 4D, we
have the real case (R). If 52 < 4D, the complex case (K) occurs, while if
52 = 4D, the case (R) or (Ra) occurs depending on whether A = J-L has two
linearly independent eigenvectors. vVe construct now the affine transformation
C.

Case (R). There are two (real) eigenvectors c, d with Ac = AC, Ad = /ld.
If C = (c, d), then C- 1AC = R(A, /l); d. VI.

Case (Ra ). We have A = /l and only one eigenvector c. However, as is
shown in linear algebra, there is a vector d linearly independent of c such that
(A - AI)d = c. The matrix C = (c,d) again satisfies C-1AC = Ra(A).

Case (K). J-L = '\; hence Ac = Ac and Ac = '\c. The matrix (c, c) transforms
the system to the normal form B = diag (A, ,\). However, we want to find a real
normal form. This can be obtained as follows.
Let c = a + ib, A = ex + iw with w > O. Separating the equation Ac = AC

into real and imaginary parts leads to

Aa = exa - wb } ( ex w)
{o} A(a, b) = (Aa, Ab) = (a, b) .

Ab = exb +wa -w ex

Since c, c are linearly independent and can be representedin terms of a, b,
it follows that a and b are also linearly independent; i.e., the matrix C = (a, b)
is regular and transforms the system to the real form K (ex, w). •

We investigate now each of these cases and construct a phase portrait of
the differential equation, from which the global behavior of the solutions can be
seen. If equations (1) and (7) are coupled by the transformation (6), then their
phase portraits are also coupled by the same affine mapping y = Cz of lR,n,

which transforms straight lines into straight lines, circles into ellipses, ... , but
preserves the characteristic features such as the behavior as t -t 00. In this way
we obtain an insight into the global properties of all systems with det A =I- O.
(a) A = R(A, /l) with A S; /l < O. The solutions of the system x' = AX,

y' = /lY are given by (x(t), y(t)) = (ae At , beJ1.t) (a, b real), their trajectories by

(a, b =I- 0 with x/a, y/b > 0).

The special cases a = 0 or b = 0 are simple. All solutions tend to 0 as t -t 00. In
the case A = /l, the trajectories are half-lines: in the general case, corresponding
power curves. The origin is called a (stable) node.
(b) A = Ra(A) with A< O. From x' = AX + y, y' = y, one obtains

x(t) = aeAt + bteAt,
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y

--_---"*---~- x

y

Stable nodes. A = R()..,)..) with)" < °(left) and A = R().., J-l) with)" < J-l < 0,
AjJ-l = 2 (right)

y

----+:=__+-=*--- x

Stable node for A = Ra ()..) with)" < °

For a = 0 (this means that (x(O), y(O)) = (0, b)), we have x
log(yjb). Thus the trajectories are given by

ty and At

for b f= 0 (with ~ > 0)b .

The positive and negative x-axis are also trajactories. Here, too, all solutions
tend to the origin as t ----> 00, which is again called a (stable) node.

(c) A = R(A,p,) with A < 0 < p,. The solutions and their trajectories are
determined formally as in (a). However, the phase portrait has a completely
different appearance. There are only two trajectories that point toward the
origin (b = 0). All of the other solutions (with (a, b) f= 0) tend to infinity;
x 2(t) + y2 (t) ----> 00 as t ----> 00. The origin is called a saddle point.
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Saddle point. A = R(A, J-l) with A < 0 < J-l, AIJ-l = -2 (left) and A = (~
(affine distortion, right)

-3)
-2

y

----jl--+--+---.-+--+--+---x

y

Center for A = K(O,w) (left) and A = (=~ 1
5
3) (affine distortion, right)

(d) A = K(a,w) with a::; 0. It is easy to check that

(Xl, YI) = eat (coswt, - sinwt),

(X2' Y2) = eat(sinwt, coswt)

are two solutions of (15), from which one can construct a fundamental system
X(t) with X(O) = I. Using complex notation, in which complex numbers are
identified with pairs of real numbers, the above solutions are represented by
Zl(t) = eate-iwt and Z2(t) = izl(t). In this notation, the form of the trajectories
can be read off.

If a = 0, the trajectory is a circle around the origin, which is traced out in
the negative sense with circular frequency w. If a < 0, then an additional factor
eat, is included and the trajectories are spirals that approach the origin. In the
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y

--+----t-++1-1>--l.ht--+-+-- x

Stable vortex for A = K(a,w) with a < 0

case 0: = 0, the origin is called a center, in the case 0: < 0 a (stable) vortex.
(e) Switching from t to -to If (x,y) is a solution of (15), then the pair of

functions (x(t), y(t)) := (x( -t), y( -t)) is a solution of a related equation, in
which A is replaced by -A (and consequently A, p, are replaced by -A, -p,).
The functions (x, y) and (x, y) have the same trajectories, only the direction of
the arrows is reversed. This takes care of all possible cases.
(f) Summary. The following table summarizes the properties of the origin

in each of the various cases. See Exercise XII for the case D = det A = O.

S2 ~ 4D, D > 0, S<O stable node [asymptotically stable]

" " S>O unstable node [unstable]

" D < 0, " saddle point [unstable]

S2 < 4D, " 5<0 stable vortex [asymptotically stable]

" " 5=0 center [stable]

" " 5>0 unstable vortex [unstable]

The entries in brackets are explained in the next section.

XI. Stability. We consider the homogeneous linear system (15.1)

y' = A(t)y in J = [a, (0)

and assume that A(t) is continuous in J. The zero solution y(t) == 0 is called
stable if all solutions are bounded in J, asymptotically stable if every solution
tends to 0 as t --t 0, and unstable if there exists a solution that is unbounded
in J. If the zero solution is stable and if X(t) denotes the fundamental system
with X(a) = I, then there exists K > 0 such that IX(t)1 ::; K for t ~ a. If y
is the solution with initial value y(a) = c, then ly(t)1 = IX(t)cl ::; Klcl. Thus
stability means, roughly speaking, that solutions with small initial values remain
small for all future time. The differential equation y' = A(t)y is also sometimes
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called stable, asymptotically stable, or unstable, when the zero solution is stable,
asymptotically stable, or unstable, respectively.

If the matrix A is constant, then the Summary VIII gives us a complete
description of the stability behavior of the zero solution. The zero solution is

asymptotically stable if ReA < 0 for all A E a(A)

stable if Re :::; 0 for A E a(A) and if ml(A) = m(A)
for all eigenvalues A with Re A = 0

unstable in all other cases, i.e., if there exists a A E
a(A) with Re A > 0 or with Re A = 0 and
ml(A) < m(A)

In the first two cases, there exists a fundamental matrix Y(t) by VIII, which
tends to 0 as t ---t 0 or remains bounded, respectively. The same holds then
for an arbitrary solution, since every solution can be represented in the form
y(t) = Y(t)y- 1 (a)y(a). In the third case, there exists an unbounded solution
y = ce.\t with Re A> 0 or y = p(t)eiwt with real wand degree p :::: 1.

Exercise. Let A(t) be a complex matrix satisfying

Re (A(t)y, y) :::; ,(t)lyl~ for t:::: a and y E en,

where (-,.) is the usual scalar product in en; d. 28.II.(a). Let h(t) = J~ ,(s) ds.
Show that if h(t) is bounded, the zero solution is stable, and asymptotically
stable if h(t) ---t -00 as t ---t 00 (holds also for real matrices).

Hint: Derive the inequality ¢I :::; 2,(t)¢ for ¢(t) = Iyl~.

XII. Exercise. Investigate the two-dimensional linear system (15) in the
case D = detA = O.
(a) Determine the normal forms that arise.
(b) Solve the corresponding systems, determine the critical points, and

sketch their phase portraits.
(c) Solve the system Xl = 2x - 4y, yl = -x + 2y (include a phase portrait).

XIII. Exercises. Determine a real fundamental system of solutions for
the following systems:

(a) Xl = 3x + 6y, (b) Xl = 8x + y,

yl = -2x - 3y. yl = -4x + 4y.

(c) x' = .1: - Y + 2z, (d) Xl = -x + y - z,

y' = -x + Y + 2z, yl = 2x - y + 2z,

Zl = X + y. Zl = 2x + 2y - z.
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§ 18. Matrix Functions. Inhomogeneous
Systems

I. Power Series of Matrices. In this section, the constants and matri
ces can be complex. If B is an n x n matrix and p(s) is the polynomial

p(s) = Co + C1S + ... + cksk,

then p(B) is defined to be the matrix

p(B) = col + c1B + ... + ckBk.

In particular, for B = At (i.e., bij = aijt),

p(At) = col + c1At + ... + ckAktk.

The derivative of this matrix with respect to t is given by

:tp(At) = Ap'(At),

where pi (s) is the derivative of p(s) (note the analogy to the chain rule).
We now consider infinite series of n x n matrices Gk ,

00

(1)

(2)

(3)

Convergence is defined as usual: Sp = Go + ... + Gp ---> G as p ---> 00, i.e.,
ISp - GI ---> 0, where I . I is a compatible matrix norm; cf. 14.II. This is true if
and only if with the notation Gk = (c;7»), each of the n2 series 2:k c;7) converges
to Cij' We say that the matrix series is absolutely convergent if the real series
2: IGkl converges, or, equivalently, if each of the n2 scalar series is absolutely
convergent. This equivalence follows from the fact (lO.III) that for each norm
there are constants Q, f3 > 0 such that

(4)

In particular, every power series

00

(lsi < r) (1')

with radius of convergence r > 0 generates a matrix function
00

f(B) = L ck Bk (absolutely convergent for IBI < r).
k=O

To be precise, if IBI =: s < r, then, since IBGI :':: IBIIGI by (14.2),

IB21:':: IBI 2 = s2, ... , IBkl :':: sk,

(2' )
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and hence L ICkBkl < 00. Thus

f(At) = col + c1At + c2A2t2 + ...

is absolutely convergent for

r
ItI < IAT = to

and uniformly convergent in every compact subinterval of (-to, to). Since the
formally differentiated series is again uniformly convergent, one can differentiate
f(At) term by term and obtain, similar to (3), the formula

~ f(At) = AJ'(At).
dt

II. Example. The Exponential Function. The series

B 2 B 3

eB = I + B + - + - + ...
2! 3'

converges absolutely for all B. Here we have

(eAt)' = AeAt

(3')

(3")

by (3'). This is a really surprising result: We have found a fundamental matrix
for the linear system

y' =Ay

in a second way, independent of §17, namely

X(t) = eAt with X(O) = I.

(5)

(6)

Formally this result agrees completely with the one-dimensional case: The so
lution of x' = ax, x(O) = 1 is x(t) = eat. Additionally, we note that one obtains
the series for X(t) by writing the initial value problem for X(t) as a matrix
integral equation

X(t) = I + it AX(s) ds

and applying the method of successive approximations

X o = I, Xk+l = I + it AXk(s) ds

A simple calculation shows that

(k=O,1,2, ... ).

which is the kth partial sum of the series for eAt.
We are going to derive some properties of the exponential function.



192 IV. Linear Differential Equations

III. Lemma. We have

(a) eB+C = eB . eC if BC = CB;

(b) eC-'BC = C-1eBC ifdetC i- 0;

(c) ediag(A" ... ,An) = diag (eA1 , ... , eAn ),

where D = diag (J-ll, ... , J-ln) means that dii = J-li, and dij = °for i i- j.
Proposition (a) is the addition theorem; it does not hold in general.

Proof. Because of the absolute convergence of the series for eB and eC ,

these series can be multiplied termwise (this actually involves the termwise
multiplication of n2 scalar series), and one obtains

00 (B + c)n 00 n Bkcn-k
eB+C _ ""' _ ""' ""' __--- f='o n! - f='o~k!(n-k)!

00 BP 00 cq
=~_, .~_, =eB·eC

.

p=o p. q=O q.

This proves (a). To prove (b), it can be shown by induction that

(k=0,1,2, ... )

and hence

(n=0,1,2, ... ).

The assertion follows from this relation by taking limits as n --+ 00.

It can also be shown by induction that

The final assertion in the lemma now follows after multiplication by 1/k! and
then forming the infinite series. •

Remark. The addition theorem can also be derived from property (3"). Ac
cording to this property, U(t) := e(B+C)t is a solution of

U' = (B + C)U with U(O) = I. (7)

It follows from the product rule 14.IV that V(t) := eBt . eCt also satisfies (7),

V' = BeBteCt + eBtCeCt = (B + C)V,

since CeBt = eBtC. Hence U = V by uniqueness.

We note some simple consequences of the addition theorem.
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IV. Corollaries. For an arbitrary square matrix A,

(a) (eA ) -1 = e- A ;

(b) eA(sH) = e As . eAt;

(c) eA+A! = eA. eA.

V. Remark. If the matrix A has the form of a Jordan block (17.11),
then the fundamental matrix X(t) with X(O) = I can be explicitly given; cr.
(17.13). It is also given by elt, where J is the r x r matrix from (17.12). The
uniqueness theorem guarantees that e lt actually has the form (17.13); however,
this result can also be explicitly verified without difficulty. We briefly indicate
the necessary steps. If F = (Iij) is the r x r matrix with elements !i,i+1 = 1,
!ij = 0 otherwise, then it is easy to check that

G = F 2 is given by 9i,i+2 = 1, 9ij = 0 otherwise,

H = F 3 is given by hi ,i+3 = 1, hij = 0 otherwise,

In particular, F k = 0 for k 2: r. It follows that

1 t l..t2 _1_r- 1
2! (r-1)!

0 1 _1_ t r-2
(r-2)!

eFt = 0 0 1 _1_ tr-3
(8)(r-3)1

0 0 0 1

hence, if J = >"1 + F, then by IV.(c),

(9)

This is precisely the matrix given in (17.13).

VI. Inhomogeneous Systems. By (16.4), the initial value problem

y' = Ay + b(t), y(r) = 17 (A constant) (10)

(11)

has the solution

y(t) = e A (t-r)17 + jt eA(t-s)b(s) ds.

This is true because X(t) = eA(t-r) is the fundamental matrix with X(r) = I
and, by IV.(a),

(X(t))-l = e-A(t-r). (12)
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VII. Exercise. Power Series. (a) If A is a constant n x n matrix, then
sin A and cos A are defined by the power series

cosA =

00 A2k+1

sin A := "'(_l)k ( )"~ 2k+ 1 .
k=O

Prove the Euler formulas

eiA cos A + i . sin A

1· .
"2 (e1A + e-1A

),

and the addition theorems

00 A 2k

cosA:= L(-l)k (2k)!'
k=O

cos(A + B)

sin(A + B)

cosAcosB - sinAsinB,

sin A cos B + cos A sin B,

under the assumptions that A and B commute (AB = BA).
Show that the functions cos At and sin At can be defined by initial value

problems:

Y" + A2 y = 0, Y(O) = I, Y'(O) = 0 {==} Y(t) = cos At,

Y" + A 2 y = 0, Y(O) = 0, Y'(O) = A {==} Y(t) = sin At.

For n = 1 this reduces to well-known properties of cos at and sin at.
(b) Let f(t) = "L,f;ti , g(t) = "L,giti, and h(t) = "L,hiti (i runs from 0 to

(0) be power series with positive radii of convergence Tj, T 9 , and Th 2: Tj + T 9 .

Assume that f(s)g(t) = h(s + t) for lsi < TI, It I < 7'9' Show that if IAI < TI'
lEI < 7'9' and AE = EA, then f(A)g(E) = h(A + E). Here IAI is an operator
norm generated from an arbitrary vector norm in jRn (or C").

VIII. Exercise. Special Inhomogeneous Systems. In the following
p(t) and q(t) are vector polynomials. Show:
(a) If ex t/. a(A), then the differential equation

y' = Ay + ceat (13)

has exactly one solution of the form y = deat , d E Cn
.

More generally, the differential equation

y' = Ay + p(t)eat

has exactly one solution of the form y = q(t)eat , and degree p = degree q.
In particular, the differential equation

y' = Ay+c

has exactly one constant solution if det A i= o.

(14)
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(b) If A, a, and p(t) are real-valued and if ia rf- a(A), then the equation

y' = Ay + p(t) cos at (15)

has exactly one solution of the form y(t) = ql(t) cos at + q2(t) sin at with real
polynomials ql, q2, and degreep = max{degreeql,degreeq2}.
(c) Also in the case a E a(A) the differential equation (14) has a solution

of the form y = q(t)eot , but we can say only that degreeq:O::; degreep + m(a),
where m(a) is the algebraic multiplicity of the eigenvalue a.

Hint: For (b) consider the equation y' = Ay + p(t)eiot ; for (c) transform
first into Jordan normal form and prove the statement for A = J.

Supplement: Floquet Theory

We deal with linear systems with periodic coefficients. The following theory
goes back to the French mathematician Gaston Floquet (1847-1920). A main
result states that systems with periodic coefficients can be reduced to systems
with constant coefficients (at least in principle).

IX. Homogeneous Systems with Periodic Coefficients. Let w > o.
A function f is called w-periodic if f is defined in JR and satisfies the equation
f(t + w) = f(t). We consider systems with a continuous, w-periodic (real or
complex) coefficient matrix,

y' = A(t)y with A(t + w) = A(t). (16)

In the following, the term solution will always refer to solutions of (16). Every
solution exists in JR.
(a) If y(t) is a solution, then so is z(t) = y(t + w).
(b) If y is a solution and y(w) = AY(O) (A E JR or C), then it follows that

y(t+w) = Ay(t) and more generally y(t+kw) = Aky(t) for all t (k an integer).

The proof of (a) is elementary; (b) follows for k = 1 from the observation
that Ay(t) and y(t + w) both satisfy the same initial condition at t = 0, the
result for k > 1 is obtained by induction and for k < 0 using the change of
independent variable t' = t + kw. •

Let X(t) be the fundamental matrix for (16) with X(O) = I. Then by (a)
and Proposition 15.111, Z(t) = X(t+w) is also a fundamental matrix, and from
15.1I.(h) it follows that

X(t + w) = X(t)C with nonsingular C = X(w). (17)

The transition matrix C will playa decisive role in the following. Its eigenval
ues Ai are called characteristic (or Floquet) multipliers. Since C is nonsingular,
they are nonzero, and there exist numbers JLi E C with Ai = eWPi • The JLi are
called characteristic exponents. They are determined only up to a multiple of
21ri/w (because e21ri = 1). However, ReJLi is uniquely determined.
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Since an arbitrary solution can be represented in the form y(t) = X(t)y(O),
the relation y(w) = Cy(O) holds. Thus the equation y(w) = AY(O) is equivalent
to Cy(O) = Ay(O), and from (b) one obtains the following theorem.

Theorem. There exist nontrival solutions to (16) satisfying y(t + w)
Ay(t) if and only if A is an eigenvalue of C. Every such solution has the form
y = X(t)c, where c is an eigenvector of C corresponding to A. If the matrix
C is diagonalizable, then one obtains a fundamental system of solutions in this
manner.

Therefore, there exist nontrivial w-periodic solutions if and only if A = 1 is
an eigenvalue of C, and periodic solutions with minimal period kw > 0 (k E N)
if and only if C has an eigenvalue A satisfying Ak = 1 and Aj =1= 1 for 1 ::; j < k.

We need a result that will not be proved until 22.VI: For a nonsingular
matrix C, there exists a matrix B with C = ewB (in general, B is complex, even

for real C). Because e2k7ri = 1, the matrix B is not uniquely determined; for
example, one can add (2k7ri/w)I.

X. Theorem of Floquet. The fundamental matrix X(t) of (16) with
X(O) = I has a Floquet representation

X(t) = Q(t)e Bt Floquet representation, (18)

where Q E C1(lR.) is w-periodic and B satisfies the equation C = X(w) = ewB.
Clearly, Q(O) = I, and Q(t) is a nonsingular matrix for all t.

Pr·oof. We define Q by (18), i.e., Q(t) = X(t)e- Bt . Then

X(t+w) = Q(t+w)eB(t+w).

On the other hand, X(Hw) = X(t)C = Q(t)eBtC = Q(t)eB(t+w). The assertion
Q(t) = Q(t + w) follows (after multiplication by e-B(t+w)) by comparing these
two results. •

Our analysis of the Floquet representation uses the following lemma.

Lemma. From the Jordan normal form V of the matrix U one obtains the
Jordan normal form of eU by replacing the diagonal elements Ai of V by eA,
(the corresponding Jordan blocks are thus of the same size). An eigenvalue A of
U has the same algebraic and geometric multiplicity and the same eigenvectors
as the corresponding eigenvalue eA of eU .

Proof. If V = D-1UD (D nonsingular), then by III. (b) , eV = D-1eU D. In
our investigation of the matrix eV we can confine ourselves to a single Jordan
block J = AI + F with r columns (cf. V for the notation). We show that for
x E en,

Jx Ax~Fx=O~x=ael,
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where ej = (1,0, ... ,0). The first line is easily established, and by (8) the
matrix B = eF

- I satisfies bij = °for j $ i, bi,i+j = 1, which leads to the
same result x = aej (the reader should consider, e.g., the case T = 4). The
matrix J has only one eigenvalue A, and the matrix eJ has only one eigenvalue
e\ and both matrices have ej as the only eigenvector. Hence eAr + F is the
Jordan normal form of the matrix eJ . If one observes, in addition, that from a
common eigenvector x of V and ev, a common eigenvector c = Dx of U and
eU is obtained, then all assertions of the lemma are proved. •

We apply the lemma to the matrix U = wB. If fLi are the eigenvalues of B,
then WfLi are the eigenvalues of U and Ai = eW,,"i are the eigenvalues of C = ewB

(i = 1, ... ,n); i.e., the fLi are characteristic exponents.
Suppose both sides of (18) are multiplied on the right by a nonsingular

matrix D. Then the matrix Y(t) = X(t)D on the left is a fundamental matrix
of (16), and the matrix Z(t) = eBt D on the right is a fundamental matrix of
the equation z' = Bz (both with the initial value D at t = 0). The resulting
equation Y(t) = Q(t)Z(t) shows how the fundamental solutions of (16) are
obtained from those of z' = Bz. The summary given in 17.VIII (with B instead
of A) leads then to the following

XI. Summary. An eigenvalue A = eW
"" of C corresponds to an eigenvalue

fL of B, and both have the same algebraic multiplicity k. Moreover, there exist
k linearly independent solutions

(m=O,I, ... ,k-l),

where Pm (t) is a vector polynomial of degree $ m. The function

is a "polynomial with w-periodic coefficients" Cj' This construction, carried out
for all characteristic exponents fLi, leads to a fundamental system of solutions
to equation (16).

Stability. Since there exist positive constants a, (3 with a $ IQ(t)1 $ (3,
the stability analysis from 17.XI carries over to equation (16) with A replaced
by fL. Thus the zero solution of equation (16) is

asymptotically stable if IAI < 1 for all A E O'(C)

stable if 1..\1 $ 1 for all ..\ E O'(C) and the eigenvalues
A with IAI = 1 are semisimple

unstable in all other cases.

Note that the condition 1..\1 < 1 or $ 1 or > 1 for the characteristic exponents
is equivalent to Re fL < 0 or $ 0 or > O.
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The fact that the characteristic exponents are not uniquely determined plays
no role here. From A= eWIl ' it follows that J.1 = J.1' + 2kJri/w (k an integer). If J.1

is replaced by J1/ in ellt , then an w-periodic factor e(2k1ri/w)t appears, which can
be incorporated into the term qm(t).

XII. The Inhomogeneous System. The system

y' = A(t)y + b(t) (19)

is now considered under the assumption that A(t) and b(t) are continuous and
w-periodic. The following theorem clarifies the relationship of (19) with the
system

z' = Bz + c(t) with c(t) = Q-l(t)b(t). (20)

Theorem. The solutions y of equation (19) and z of equation (20) with the
same initial value y(O) = z(O) = 1] are coupled by the relation y(t) = Q(t)z(t)
(equivalently, z(t) = Q(t)-ly(t)).

Proof. From the Floquet representation X
(Q' + QB)eBt = AX = AQeBt , hence

Q' +QB = AQ.

QeBt it follows that X' =

Let y be a solution of (19) and z be defined by y = Qz. Then y' = Q'z + QZI
and y' = Ay + b, from which

Q'Z+ QZI = AQz + b = Q'z + QBz + b

follows because of (*). By multiplication on the left by Q-l one obtains (20).
The reverse direction is proved similarly. •

§ 19. Linear Differential Equations of Order n

A linear differential equation of order n

Lu:= u(n) + an_l(t)u(n-l) + ... + ao(t)u = b(t)

is equivalent to the system

y~ = Y2

Y~-l = Yn

y;, = -(aoYl + ... + an-lYn) + b(t);

cf. ILL This can be written in the form

y' = A(t)y + b(t),

(1)

(2)

(2')
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where

Yl u 0

Y2 U' 0

y= b=

Yn-l u(n-2) 0

Yn U(n-l) b(t)

0 1 0 0 0

0 0 1 0 0

A=
0 0 0 1 0

0 0 0 0 1

-ao -al -a2 -an-2 -an-l

On the basis of Theorem 14.VI, we have the following theorem.

I. Existence and Uniqueness Theorem.
coefficients ai(t), b(t) (i = 1, ... , n, an == 1) are
and if T E J, then the initial value problem

If the real- or complex-valued
continuous in an interval J

n

Lu == L ai(t)u(i)(t) = b(t), U(v)(T) = 7]1" (v = 0,1, ... , n - 1) (3)
i=O

has exactly one solution. The solution exists in all of J and depends continuously
on 7]1', and on ai(t), b(t) in each compact subinterval of J.

II. The Homogeneous Differential Equation Lu = O. If the coef
ficients ai(t) are real (or complex), then the real (complex) solutions of the
homogeneous differential equation form an n-dimensional vector space over the
field of real (complex) numbers.
Each vector (7]0,7]1, ... , 7]n-d E lR.n or en is associated with a solution sat

isfying the initial conditions in (3), and this mapping is again a linear isomor
phism; cf. 15.1. Thus there exist n linearly independent solutions

Ul (t), . .. ,un(t), (4)

and they form a fundamental system. Every solution is a linear combination of
the Ui.
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In going from (1) to (2), a solution u(t) of (1) is associated with the vec
tor y(t) = (u( t), u' (t), ... ,un - 1 (t)) T, which is a solution of the corresponding
system (2). Thus the Wronskian of the n solutions (4) is the determinant

W(t) =

U'1

'u(n-l)
1

U'n

By (15.6), (15.7), the Wronskian satisfies the equation

W' = -an-l W;

hence

J
t

- an-l (s) ds
W(t) = W(T)e T (5)

In §15 we constructed a special fundamental system X(t) with X(t) = I.
Here that system corresponds to a fundamental system Ul, ... , Un of (3), where

LUi = 0,
for j = i-I,

otherwise.

III. The D'Alembert Reduction Method. The reduction method of
§15 is valid for every homogeneous linear system. However, if applied directly
to the system (2), it has the disadvantage that the new system of order n - 1
no longer has the special form of (2), i.e., it cannot be written as a system of
linear differential equations of order n - 1. Therefore, it is expedient to modify
the ansatz as follows:
Suppose v(t) ¢ 0 is a particular solution of Lv = 0 and

U(t) = v(t)w(t).

The function w(t) is to be determined in such a way that U is also a solution.
Applying the differential operator L, we have

Lu = t ai t (i) w(j)v(i-j) = t w(j) t (i) ai(t)v(i- j ).
i=O j=O J j=O i=j J

The term corresponding to j = 0 in the sum on the right equals w . Lv and
hence equals zero; thus we have

n

Lu = L w(j)bj(t)
j=l

with bj(t):= t (i) ai(t)v(i- j )
. . J
'=J



§19. Linear Differential Equations of Order n 201

(note that the sum starts with j = 1). Therefore, Lu = 0 holds if and only if w
satisfies the differential equation

n

L*w = L bj(t)w(j) = o.
j=l

This equation, however, is a differential equation of order n - 1 for w'. Suppose
that n - 1 linearly independent solutions w~, ... , W~_l have been determined
and Wi, ... , W n -l are corresponding antiderivatives. Then the n functions

V, VW1,"" VWn -l

are a fundamental system for the original differential equation Lu = O.
For proof, we consider a linear combination

After division by v and differentiation one obtains

Therefore, Cl = ... = Cn -l = 0 because of the linear independence of the w~.

IV. The Case n = 2. If v(t) is a solution of the equation ul! + al (t)u' +
ao(t)u = 0, then a second solution u = vw is obtained by solving

w' ( al + 2~) + wI! = O.

Example.

ul! - ul cos t + u sin t = O.

A solution is given by

v = esin t.

For w(t), we have

WI! + WI cost = 0, i.e. w'(t) = e- sint .

Thus a second solution is

u(t) = esint it e- sins ds.
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V. The Inhomogeneous Differential Equation. The result that was
proved in 16.1 for systems remains true:
Every solution w(t) of the inhomogeneous differential equation

Lw = b(t)

can be written in the form

w = w* + U,

(6)

where w* is a particular solution of (6) and U is the general solution to the
homogeneous differential equation.
A particular solution w of the differential equation (6) can be obtained by

means of the

VI. Method of Variation of Constants. Let

where UI, ... , Un is a fundamental system and CI, ... , Cn are functions that are
yet to be determined. Instead of recomputing this ansatz, we refer to the result
in §16, in particular (16.3). There it was shown that

z(t) = Y(t) It y-I(s)b(s) ds

is a solution of the inhomogeneous differential equation Zl = A(t)z + b(t). In
order to carry this over to the system (2), we define

z=

Due to the special form of b, the calculation of the expression y-I (t)b(t) = a(t)
is particularly simple. Since a(t) is the solution of the linear system of equations

Y'a=b,

then using Cramer's rule, one obtains the components of a in the form

Vi
ai= W'

with W = det Y and

(

UI

Vi = det :

(n-I)u I

Ui-I

(n-I)
U i - I

o

b(t)
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Expanding Vi in terms of cofactors of the ith column yields

where Wi is the Wronskian determinant (of order n - 1) of the functions UI,
... , Ui-I, Ui+l, ... , Un·
Thus a solution W of the inhomogeneous differential equation reads (w is the

first component of z)

(7)

VII. The Case n = 2. If UI(t), U2(t) is a fundamental system for the
homogeneous differential equation, then

( ) - _ () it b(S)U2(S) d ( )it b(S)UI(S) d
w t - UI t T W(s) S + U2 t T W(s) S

is a solution of the inhomogeneous differential equation.

Example.

wI! - Wi cos t + w sin t = sin t.

(8)

The corresponding homogeneous equation was dealt with in VI. Using the fun

damental system found there, v = esin t, U = ¢v with ¢(t) = it e- sin s ds, we

have

I

esin t esin t¢(t) I .
W(t) = = esmt

esin t cos t 1+ esin t¢(t) cos t '

which also follows from (5). By (8),

w(t) = _esin t it sin r (l r e- sin s dS) dr + esin t¢(t) it sin r dr

is a solution to the given inhomogeneous differential equation. From the rela
tions

it sinr (lr e-SinSdS) dr= it e- sins (it sinrdr) ds

= -it e-sinS(cost - coss) ds

= -¢(t) cos t - e- sin t + 1

it follows that

w(t) = it esint-sins ds + 1 - esint = u(t) + 1 - v(t).

Hence WI (t) == 1 is also a solution.
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§ 20.

Now let

Linear Equations of Order n with
Constant Coefficients

n

Lu = Laiu(i)(t) = 0, ai constant, an = l.
i=O

The characteristic polynomial

(1)

-A 1 0 0 0

0 -A 1 0 0

P(A) =
0 0 0 1 0

0 0 0 -A 1

-ao -al -a2 -an-2 -an-l - A

can be given explicitly. Expanding the determinant in cofactors of the last row,
one obtains

(2)

I. Theorem. If A is a zem of the characteristic polynomial of multiplicity
k, then there are k solutions of the differential eq1wtion (1)

(3)

that correspond to A. In this manner', one obtains n linearly independent so
lutions fmm the n zems of the characteristic polynomial P(A) (each counted
according to its multiplicity), that is, a fundamental system.

If the ai are real and ther'e exist complex zems, then this fundamental system
contains complex solutions. A real fundamental system can be obtained by split
ting the k solutions in (3) corresponding to a complex zem A = M+ iv (v =I=- 0)
into real and imaginary parts,

tqeJl [ cos vt, tqe1tl sin vt (q = 0, 1, ... , k - 1)

(and discarding the solutions corresponding to 5..).

An elementary pmof, which is independent of §17, will be given for this
important theorem, Because of (2), the ansatz u = eAt leads to

(4)
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i.e., U = eAt is a solution of (1) if and only if A is a zero of the characteristic
polynomial. In order to show that for a zero A of multiplicity k the functions
tqe At (0 ::; q < k) are solutions, one makes use of the following trick: Vv'e have

dq
tqe At = _eAt

dAq ,

and hence, because of (4),

L(tqeAt ) = L (~eAt) = d
q

L(eAt ) = (-1)n~(eAtP(A)).
dAq dAq dAq

The interchange of derivatives with respect to t and A is clearly permissible. It
was assumed that P(A) has a zero of multiplicity k at the point A, i.e., that the
derivatives of P(A) up to order k - 1 vanish at the point A. The same is then
also true for the the derivatives of the function eAtP(A) (t fixed; product rule!).
Hence we have L(tqeAt ) = 0 for q = 0,1, ... , k - l.
In order to check that these n solutions are linearly independent, we con

sider an arbitrary linear combination of these solutions (with real or complex
coefficients). It is clearly of the form

m

¢(t) = I>i(t)eAit ,
i=l

where Pi(t) is a polynomial (with complex coefficients, in general) and A1' ... ,
Am (m ::; n) are distinct numbers, namely the zeros of the characteristic poly
nomial (multiple zeros are only counted once).
We must show that ¢(t) vanishes identically only if all Pi (t) vanish. For

m = 1 this is immediately clear. In the induction proof, it will be assumed that
the result is true for m summands (with arbitrary polynomials) and that

m

LPi(t)eAit + p(t)eAt == 0 (A =I Ai).
i=l

Multiplication bye-At gives
m

LPi(t)ei'i t + p(t) == 0, Qi = Ai - A =I O.
i=l

If this equation is repeatedly differentiated until p(t) vanishes, then what re
mains is an expression of the form

m

L qi(t)ei'i t = 0,
i=l

and by the induction hypothesis qi(t) == 0, since the qi are again polynomials.
However, this is possible only if Pi(t) == 0, since differentiation of an expression
r(t)ei't (r a polynomial =I 0, Q =I 0) gives rise to an expression (r' + Qr)ei't =

q(t)ei't, where q(t) is a polynomial of the same degree, hence =I O. •

Procedure for Finding Solutions. By Theorem I, the ansatz u = eAt imme
diately produces the characteristic polynomial and with it all solutions.
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II. Example. u(5) + 4u(4) + 2y'" - 4u" + Su' + 16u = O.
The characteristic polynomial is

-P(A) = A5 + 4A4 + 2A3 - 4A2 + SA + 16

= (A + 2)3(A2 - 2A + 2) = (A + 2)3(A - 1 + i)(A - 1 - i).

A real fundamental system of solutions is given by

III. Second Order Linear Differential Equations. The differential
equation

Lu = U" + 2au' + bu = 0 (5)

arises in physics, for example as the differential equation of damped oscillations

ms+f3s+ks=O for s=s(t). (6)

_ (-a+va2 -b)t _ (-a-va2 - b)t I
Ul - e , U2 - e

In the mechanical interpretation m is the mass, s(t) the displacement from the
equilibrium s = 0, f3 > 0 the coefficient of friction, k > 0 the coefficient of
elasticity, i.e., of the linear restoring force ("spring constant").
The characteristic equation

P(A) = A2 + 2aA + b = 0

has the two roots,

A=-a-~, f.1=-a+~.

If only real coefficients are considered, then the following three cases need
to be distinguished:

(a) la2 >b:

are real solutions. In the case a > 0, b > 0 both solutions tend to zero exponen
tially as t -t 00.
Oscillator equation: f32 > 4km, overdamped motion (nonoscillatory, aperi

odic case).
(b) l-a-2-=-b-:--u-l-=-e---a -t ,-U-2-=-te---a-t-.I

Oscillator equation: f32 = 4km, critically damped motion (nonoscillatory, ape
riodic case).
(c) l----:..a-2-<-b-:--u-l-=-e---a-t-co-s-~-b---a-2-t,-u-2-=-e---a-ts-i-n-~-b---a2-t-.

Oscillator equation: Damped oscillations with frequency

1 ~ 1
1/ = -y b - a2 = --V4km - f32.

27r 47rm
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u'

-----lHt1-+--t-~ u

Damped oscillation curve in the tu-plane (left) and trajectory (right)

If equation (5) is regarded as a plane system for (x, y) = (u, u'), then the
classification introduced in 17.X leads to the following results (here it is assumed
that a > 0, b> 0):
Case (a) (overdamping) corresponds to 17.X.(a) with the normal form R(A, fJ),

where A < II < O. The origin is a stable node.
Case (b) (critical damping) falls under 17.X.(b); the normal form is Ra(-a).

Here again the origin is a stable node.
The case (c) of damped oscillations has the normal form K(-a, Vb - a2 );

cf. 17.X. (d). The origin is a stable vortex. The reader should study the two
figures to get a clear understanding of the connection between the behavior of
the function u(t) and the trajectory in the phase plane.
A detailed discussion of damped oscillations is found in elementary texts.

IV. The Inhomogeneous Equation of the form

Lu = u" + 2au' + bu = c· cosot (a,b,c and 0 =!= 0 real) (7)

can be solved using the technique given in §19. However, one arrives at this
goal more quickly by taking advantage of Exercise 18.VIII. (b). One considers
the complex differential equation

and uses the ansatz u(t) = Ae10d (A complex). It leads to the equation

A(_02 + 2iao + b) = c,

from which A can be calculated (the term in parentheses vanishes only if a = 0
and 0 2 = b). The real part of u is a solution to the original equation (7).

In the case b > 0, the equation (7) describes an oscillatory system (with
damping if a > 0) driven by an external force c· cos ot that acts on the system.
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The solution represents a forced oscillation with the frequency of the external
force.
The special case a = 0, b = a 2 is called the resonance case; equation (7')

has then an unbounded solution

with A = ~
2ai'

The phenomena occurring for a :::::: 0 are discussed in Exercise VIII.

V. Euler's Differential Equation. This name is given to a differential
equation of the form (ai constant)

(8)

for y = y(x). If y(x) is a solution, then so is y( -x); therefore, it is sufficient to
study the case x > O. Using the change of variables

x = et , y(et
) = u(t), y(x) = u(lnx)

we obtain the derivative formulas

, du
xy = dt'

2" d
2
u du

x y = dt2 - dt'

3 ", _ d
3
u _ 3 d2U du

x y - dx3 dx2 + 2 dt '

etc., which lead to a linear differential equation with constant coefficients for
u(t),

dnu dn-1u
Mu=b -+b -l--+···+bou=O.n dtn n dtn-1

This equation can be solved in closed form using the techniques in I. By the
way, ao = bo and an = bn·

Procedure for Calculating the Solutions. The two operators Land Mare
connected through the equation

(Ly)(e t ) = (Mu)(t) with u(t) = y(et
).

In particular, by equation (4),

where P is the characteristic polynomial of M. Therefore, in order to obtain
P, it is not necessary to calculate the operator M; it is sufficient to calculate
L(x A ). Then all of the solutions can be given using the result of Theorem I.
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Coupled pendulums

with a = mgjl

Example.

X
2 y" - 3xy' + 7y = O.

Here

L(x>") = [,\(,\ - 1) - 3'\ + 7]x>" = P('\)x>".

The characteristic equation ,\2 - 4,\ + 7 = 0 has the roots ,\ = 2 ± iV3. Thus
the differential equation M u = 0 reads

d2u du
- -4- +7u=0.
dt2 dt

From the two real linearly independent solutions

Ul (t) = e2t sin v!3t, U2(t) = e2t cos v!3t

one obtains the solutions

of the original differential equation.

VI. Exercises. Determine all real solutions of the differential equations
(a) y" + 4y' + 4y = eX,
(b) y" - 2y' + 5y = eX.

In particular, find the solutions satisfying the initial conditions y(O) 1,
y'(O) = O.

VII. Exercise. Coupled Pendulums. For two coupled pendulums of equal
mass m and equal length l the equations of motion read

mx=-ax-k(x-y),

mjj = -ay - k(y - .r),

(g is the gravitational constant, k is the spring constant). Here the coordinate
systems are chosen in such a way that x = y = 0 corresponds to the equilibrium
point, and it is assumed that the pendulums hang vertically at rest. These are
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linearized equations, which are valid for small oscillations. Give a fundamental
system of solutions (either by transforming to a system of first order and cal
culating the characteristic polynomial or by making two physically suggestive
ansatze). Discuss the course of the motion if one pendulum is given a push at
time t = 0, that is, x(O) = 0, x(O) = 1, y(O) = 0, y(O) = O.

VIII. Exercise. Determine all (real) solutions of the differential equa
tion

u" + 2au' + w2u = c· coswt (c> 0, 0 :s: a < w).

Show that L = limsuplu(t)1 depends only on a, c, w, and calculate L(a,c,w)
t->oo

(a = 0 is a special case).

Remark. The above differential equation represents the simplest mathemat
ical model for a resonance phenomenon in a periodically excited mechanical
system (usually to be avoided in mechanical systems, but sometimes a desirable
property in electrical circuits). In the differential equation for a harmonic os
cillator u" + w2u = 0, the solutions u = ex coswt + psinwt describe a harmonic
oscillation with frequency wj(2Jr). If the system is excited with the same fre
quency (right side = c· coswt), then resonance occurs, and the solutions grow
without bound (in the case a = 0) as t ~ 00. In the case of damping (a > 0)
(which is always present in practice), the solutions remain indeed bounded.
However, the maximum amplitude tends to infinity as a ~ 0+.

Supplement: Linear Differential Equations with Periodic
Coefficients

IX. Second Order Equations with Periodic Coefficents. We con
sider the differential equation

u" + 2a(t)u' + b(t)u = 0 (9)

with real-valued, continuous, and w-periodic coefficients a, b. 'vVe apply the
Floquet theory, developed at the end of §18, to the equivalent system for y =
(u, u')T,

y' = A(t)y with A(t) = (0 1) .
-b -2a

(9')

The transition matrix C = X(w) must be determined first. Thus let (u,v) be a
fundamental system for (9) with initial values u(O) = 1, u'(O) = 0 and v(O) = 0,
v'(O) = 1 and

X(t) = (u
u'

v) (U(W)
==} X(w) = C =

v' u'(w)

V(W))
v'(w)
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Thus we have det(C - AI) = A2 - A . tr C + det C. The last term can be
computed using formula (15.8): detC = exp(JowtrA(s)ds). Thus it remains
only to calculate tr C; then the stability behavior is essentially determined.
Using the notation det C = , > 0, tr C = u(w) + v' (w) = 20', the eigenvalues of
C can be obtained from the equation

A2 -2aA+,=0 as AI,2=a±Va2-,.

From the root theorem of Vieta, we obtain the relations

for the characteristic multipliers Ai and exponents /-li (the latter are determined
by Ai = eW/-'i). Theorem 18.XI yields the following separation into cases. Note
here that the first component of a solution y(t) = q(t)e/-'t of (9') represents a
solution of (9) and that a is real.
(a) 0'2 =!=,. There exist two real or complex conjugate eigenvalues AI, A2

and correspondingly a fundamental system of solutions of the form

UI(t) = PI(t)e lt1t
, U2(t) = p2(t)e lt2t

,

where the Pi are w-periodic functions. Recall that these two solutions satisfy
Ui (t + w) = AiUi (t) (i = 1, 2).
(b) 0'2 = , and the only eigenvalue a is semisimple. In this case C has

two linearly independent eigenvectors and hence, similar to case (a), there is a
fundamental system

where the Pi are again w-periodic and /-l is determined by eWIt = a. Since
every vector y E ]R2 satisfies the equation Cy = ay, we have C = aI, whence
X(t +w) = aX(t). Thus for every solution Uwe have u(t + w) = au(t).
(c) 0'2 = " the eigenvalue a is not semisimple. There exists a fundamental

system of solutions (Pi w-periodic, 0'= eWIt )

In addition, one can assume that PI = P3 here; the basis for this result is the
last sentence in 17.VIII. These solutions may be complex. Real solutions are
obtained by splitting into real and imaginary parts, similarly to 17.IV.

X. Hill's Differential Equation. If a(t) == 0, one obtains from (9)

U" + b(t)u = a (b( t) w-periodic) Hill '8 equation. (10)

Here tr A(t) = 0; hence, = det C = 1. The characteristic multipliers are given
by

Note that a is real. According to 18.XI, there are three cases:
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/a/ > 1: Al > 1, the zero solution is unstable.

lal < 1: Al,2 = a±i;3 (;3 > 0) and thus IAll = IA21 = 1.
The zero solution is stable, but not asymptot-
ically stable.

lal = 1: Al = A2 = 1 or -1. If the eigenvalue is
semisimple, then the zero solution is stable,
otherwise unstable.

If /al = 1 and the eigenvalue is semisimple, then by IX.(b), X(w) = X(O) in
the case a = 1 and X (2w) = X (0) in the case a = -1. In the first (or second)
case every solution of the differential equation is periodic with period w (or 2w).

A Special Case. Let the coefficient b(t) be an even function. Then in the
fundamental system considered above, u(t) = u( -t) and v(t) = -v( -t). From
this observation and from C~1 = X( -w) one deduces that u(w) = v'(w) (exer
cise'). Thus the stability behavior (except for the case a = ± 1) is completely
determined by a single function value a = u(w).
A well-known example with numerous physical applications is

u" + (b + icos2t)u = 0 (w = 1f) Mathieu's equation,

named after the French mathematician Emile-Leonard Mathieu (1835~1900).

The domain of stability, the set of all points h, b) with stable zero solution, can
be represented in a figure in the ib-plane (this is also true for other differential
equations in which b(t) depends on two parameters). Such a representation is
called a stability map. It can be found, among others, in the book by L. Collatz
(1988).
Numerous stability criteria have been established for Hill's equation (10).

Two examples:
(a) If b(t) ::; 0, then the differential equation is unstable.

(b) If b(t) > 0 and l w

b(t) dt ::; 4/w, then the differential equation is stable

(Lyapunov 1839).
(c) Exercise. Carry out the above analysis for the differential equations

u" + lL = 0 and u" = u in terms of w (the calculation of C, a, Ai, /-Li, stability).
The coefficient b = ±1 is w-periodic for every w > O.
The proof of (a) is simple. By (10), u" = -b(t)u :::0: 0 as long as u is positive.

Thus the solution u with u(O) = 1, u'(O) = 1 is convex and :::0: 1+ t. •
The book by L. Cesari (1971) contains additional examples and proofs.



Chapter V
Complex Linear Systems

§ 21. Homogeneous Linear Systems in the
Regular Case

I. Notation. The Space H(G). The subject of this chapter is the
homogeneous linear system

w'(z) = A(z)w(z), (1)

where w(z) = (Wl(Z), ... ,wn(z))T is a complex-valued vector function and
A(z) = (aij(z)) is a complex-valued n x n matrix. We also investigate homo
geneous linear differential equations of higher order. Let Gee be open and
denote by H(G) the complex linear space of functions that are single-valued and
holomorphic on G. We write w(z) E H(G) or A(z) E H(G) if every component
Wi(Z) or aij(z) belongs to H(G). Compatible norms for complex column vectors
and n x n matrices will be denoted by single vertical bars, and the properties
(14.2-3),

IABI ~ IAIIBI and IAwl ~ IAllwl,

are taken for granted. Throughout this chapter, matrices are understood to be
complex n x n matrices.

II. Theorem. If G is simply connected and A(z) E H(G), then the ini
tial value problem

w' = A(z)w, w(zo) = Wo (zo E G, Wo E en) (2)

has exactly one solution w(z) = w(z; zo, wo) E H(G).
The solutions of (1) form an n-dimensional (complex) linear subspace of

H(G). For a fixed zo, the mapping Wo -+ w(z; zo, wo) is a linear isomorphism
between en and this "sol'ution space."

This theorem is in almost complete agreement with the real Theorem 15.1.
It is important to note that if G is simply connected, then every solution can
be extended to all of G.

213
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Proof. Local existence and uniqueness in a disk Iz - zol < ex follow immedi
ately from Theorem 1O.X. If z is an arbitrary point in G, then z can be connected
to Zo by a path lying in G, and the solution w can be extended along this path
from Zo to z by applying the local existence theorem 10.X.

It is easy to give a positive lower bound for the radii of disks appearing in
the individual steps of the extension. Thus by the monodromy theorem the
solution exists in G. The statements about the isomorphism are trivial; cf. 15.1.
Here is another proof that avoids analytic continuation and the monodromy

theorem and at the same time yields an error estimate that will be important
later on.
Let p(z) be a real-valued continuous function defined on G such that

IA(z)1 :::; p(z) in G. (3)

Let C : ( = ((s) (0 :::; s :::; l) be a smooth curve, parametrized by arc length,
connecting the points Zo and z in G. Define

Q(z;C) = !cPdS= 11p(((s))dS

and

P(z) = inf Q(z; C),
c

(4)

(5)

where the infimum is taken over all curves lying in G that connect the points
Zo and z. It is easy to see that P(z) is bounded on every compact subset of G.
Indeed, P is continuous; however, we do not need this fact. The set B(G) of all
vector functions u E H (G) with

Ilull := sup lu(z)[e- 2P
(z) < 00

G

is a Banach space. The completeness of B (G) follows from the fact that con
vergence in the norm implies uniform convergence on compact subsets of G.
We consider the linear operator T defined by

(Tu)(z) = 1: A(()u(() de, u E B(G);

the integral is independent of path. Let C : ( = ((s) (0 :::; s :::; l) be a smooth
curve connecting the points Zo and z and let

q(s) =18

p(((s')) ds', whence q(l) = Q(z; C).

Clearly, q(s) ?: P(((s)), since the function ((s'), 0 :::; s' :::; s, is a path connecting
the points Zo and ((s). Therefore, lu(((s))1 :::; Ilulle2q(s) and

ITu(z)l:::; I p(()lu(()1 ds
C I:::; I,u"l p(((s))e2q(S)ds:::; 11~"e2q(I),
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where the relation (e2q(s))' = 2p(((s))e2q (s) is used to establish the final inequal
ity. Since C is arbitrary, the term q(l) = Q(z; C) on the right can be replaced by
P(z). Multiplying both sides of the resulting inequality by e-2P(z) and taking
the supremum over G leads to

1
IITull::; 211ull. (6)

The initial value problem is equivalent to the operator equation w = wo+Tw =:

Sw, where the operator S satisfies in B(G) a Lipschitz condition IISu - Svll =

IIT(u - v)11 ::; ~llu - vii with Lipschitz constant 1/2. In addition, Wo E B(G).
Therefore, by the fixed point theorem 5.IX, there exists exactly one solution w
in B(G). Since this proof works also in compact subsets 0 1 C G and every
solution v E H(G) belongs to the Banach space B(Gd, we get v = w in G1

and hence in G, i.e., all solutions belong to B(G). •

III. Corollary. The solution of the initial value problem (2) satisfies the
estimate

Iw(z)[ ::; 2Iwole2P(z) in G.

Proof. Because of (6), we have

1
w = Wo +Tw =* Ilwll::; Ilwoll + 211wll,

whence Ilwll ::; 211woll = 2lwol. The assertion follows. •
IV. Fundamental Matrices. By Theorem II, the solutions of (1) form

an n-dimensional complex linear space, and the propositions discussed in 15.11,
III also hold for (1). We recall them briefly. If a "solution matrix" W is
formed with n solutions WI, ... , W n as columns, then W satisfies the differential
equation

W'(z) = A(z)W(z). (7)

In particular, there exist n linearly independent solutions (a fundamental sys
tem) WI, ... , W n from which every solution can be obtained as a linear combi
nation

In this case, the solution matrix W = (WI,"" w n ) is again called a fundamental
matrix. The following four statements are equivalent:

(a) W (z) is a fundamental matrix.

(b) W (zo) is a nonsingular matrix for some Zo E G.

(c) W (zo) is nonsingular for every Zo E G.
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(d) the Wronskian ¢(z) = detW(z) is f 0 in G.

The Wronskian ¢(z) belongs to H (G) and satisfies

¢' = tr(A(z)) . ¢. (8)

Finally, we recall Proposition 15.1I.(h): Given a fundamental matrix W(z),
one can obtain every fundamental matrix in the form

U(z) = W(z)C, C nonsingular.

Exer-cise. Show that every solution of the equation w" = eZw satisfies an
estimate Iw(z) 1+ Iw' (z) 1:s; C . exp {2¢(x)lzl}' z = x + iy, ¢(x) = 1 + (eX - 1)/x.

§ 22. Isolated Singularities

I. Statement of the Problem and Examples. We investigate the
behavior of the solutions to the differential equation

W' = A(z)w (1)

in a neighborhood of an isolated singular point Zo of the matrix A(z). It can be
assumed that Zo = 0 (one introduces the change of variables Z' = z - zo). Thus
A(z) is assumed to be single-valued and holomorphic for 0 < Izi < r- (r- > 0).
An understanding of some elementary properties of the complex logarithm

log z = In Izi + i arg z + 2k7ri (k an integer),

and the generalized power,

zC=ec!ogz (cEC),

is needed in this section. The argument of z is normalized to

-Jr < argz:S; Jr.

The logarithm is an analytic, infinitely many-valued function in the domain
G = C \ {O}. With k = 0 one obtains the principal value of the logarithm.
vVe begin with two examples.
(a) Let n = 1, c E C and consider the differential equation

C
w' = -w.

z

A solution is given by w = ZC (since it is f 0 and n = 1, this solution is a
fundamental system). The function A(z) = c/z is holomorphic in G = C \ {O}.
However, the domain G is not simply connected. Therefore, Theorem 21.11 does
not apply in G, but it does apply on simply connected subsets of G. For real
integers c, the solution is single-valued and holomorphic in G. On the other
hand, for c = 1/2 the solution w = Vi is double-valued, etc.
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The mapping s = log z

(b) Consider the system (n = 2)
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The corresponding matrix A(z) is likewise holomorphic in G = C\{OJ. From the
solution W2 = c of the second equation one obtains WI = clog z. A fundamental
system of solutions is given by

(
log z 1)

W(z) = 1 O'

The first of these solutions is infinitely many-valued in G, the second is
single-valued.
These examples show that the solutions of (1) can be infinitely many-valued

functions in the neighborhood of an isolated singular point of the matrix A(z).
We introduce a transformation that clarifies this situation and shows a way to
avoid some of the associated problems.

II. The Transformation s = log z. The transformation

s = logz, or z = eS ,

maps the punctured disk K~ : 0 < Izl < r in the z-plane into the half-plane
Re s < log r of the s-plane.
Let R a denote the half-plane Re s < 0:. The equation

v(s) := w(eS
)

associates each many-valued analytic function w in K~ with a holomorphic,
single-valued function v in R10g r. Conversely, every v E H (R1og r) gives rise to
a possibly many-valued function w in K~ given by

w(z) := v (log z).
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Here w is single-valued or m-fold many-valued if and only if v( s) is periodic with
period 21ri or periodic with smallest period 21111ri, respectively. If neither of these
cases is present, then w(z) is infinitely many-valued in K~. Some examples are

w(z) = (log z)2 {==} v(s) = s2,

As a first application of this transformation, we investigate

A = (aij) constant.

III. Euler Systems. These systems are of the form

I A
w =-w

z '
(2)

(3)

The function w(z) is a solution of (2) if and only if v(s) := w(eS
) satisfies the

differential equation

dv I
ds = w . eS = Aw(eS

) = Av(s).

We know from 18.II that such a system of differential equations with constant
coefficients has a fundamental matrix of the form

co A k k

V(s) = eAs = L ---B- E H(C);
k=O

d
the proof that - (e As ) = AeAs given in §18 is also valid for s E iC. Hence

ds

co Ak(l ?")k
W(z) = zA with zA := eA log z = '\"' og_

~ k!
k=O

is an analytic, in general infinitely many-valued fundamental matrix for equation
(2) in K O = <c \ {O}.

IV. The Structure of zA. Formula (3) defines the power function zA
Its structure is easily determined from the analysis of eAs carried out in §18. If
A is a Jordan block, A = ),,1 + F (F is defined as in 18.V), then by (18.9),

where eFs is given by (18.8). It follows that

1 log Z ~(logz)2 1 ( )33T log z

0 1 logz ~(logz)2
ZAI+F = ZA.

0 0 1 logz
(4)
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If A is an arbitrary matrix and C a nonsingular matrix with A = C- 1BC, then
by 18.III, eA = C- 1eB C holds, and hence

zA = eA log z = C- 1eB log zC = C- 1 zBc.

If C is chosen such that B has Jordan normal form (17.10), then ZB is obtained
from B by replacing the individual Jordan blocks of B with square blocks of
the form (4).
The main result of this section is the following theorem. It shows that

the examples previously considered in I and III are representative of arbitrary
systems with isolated singularities at z = O. More precisely, it says that the
solutions are products of at most three factors: a holomorphic function, ZA, and
log z. Other kinds of many-valued functions do not occur.

V. Theorem. If A(z) is single-valued and holomorphic in K~ : 0 < Izi <
r, then (1) has a fundamental matrix of the form

W(z) = U(z)zB, (5)

where U(z) is a single-valued holomorphic function in K~ and B is a constant
matTix.

Pmof. If W(z) is a fundamental matrix of (1) and V(s) = W(e S
), then

d
ds V(s) = eS A(es)V(s). (6)

By 21.II, this differential equation has a fundamental matrix V (s) that is holo
morphic in Rlogr . Since eSA(eS

) is periodic with period 27ri, the matrix V(s +
27ri) is also a solution of (6) and indeed is again a fundamental matrix by
21.IV.(b),(c). Hence, by 21.IV,

V(s + 27ri) = V(s)C, C nonsingular.

By a theorem from matrix theory, there exists a matrix B such that C = e27TiB ;
d. Lemma VI below. The function

T(s) := V(s)e- Bs

satisfies the equation

T(s + 27ri) = V(s + 27ri)e- B (s+27Ti) = V(s)e27TiBe-B(s+27Ti) = T(s),

i.e., T(s) is 27ri-periodic. Therefore, U(z) = T(logz) is single-valued in K~, and
W(z) := V(log z) = T(1og z)zB has the form given by (5). •

Remark. Every fundamental matrix has the form (5), since for a nonsingular
matrix C

W(z)C = U(z)CC- 1 zBC = U(z)CzD with D = C- 1BC.
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VI. Lemma. For every nonsingular n x n matrix C, there exists a n x n
matrix X such that

eX = C.

The proof uses matrix versions of some basic facts on infinite series. As in
18.1, matrices are of size n x n, and I . I is a compatible matrix norm.
(a) For a complex double series, we have the theorem

L (L Cij) = L (L Cij) = L ( L Cij) if L (L leij I) < 00.
i j j i k i+j=k i j

This carries immediately over to matrices Cij ; d. 18.1.
We now consider power series f(z) = Lfizi, g(z) = LgiZi, h(z) = Lhizi

(i runs from 0 to 00) with positive radii of convergence rI, rg , rho
(b) Consider the Cauchy product f(z)g(z) = h(z), hi = fOgi + ... + figO' If

IBI < min(rI, rg ), then f(B)g(B) = h(B). This follows from (a).
(c) We consider h(z) = f(g(z)). Let G(z) = Ll'iZi, l'i = Igil, and denote

the power series expansions of the power gk or Gk by L gf zi or L I'fzi, resp.
If G(p) < rI, where 0 < p < rg , then h has a power series expansion

"'i "'kh(z) = f(g(z)) =~ hiz, where hi =~ fkgi'
k

The series is absolutely convergent for Izi ::;; p. This is a classical result that
can be proved by observing that Ig;1 ::;; I'f, If(G(p))1 ::;; Li k Ihll'fpi < 00. It
follows easily that '

f(g(B)) = h(B) if IBI ::;; p.

Taking f(z) = eZ
, g(z) = log(1 + z) = z - ~z2 + ~z3 -"', rg = 1, h(z) = 1+ z,

one obtains

eg(B) = 1+ B if IBI < 1. (7)

\iVe come now to the proof. The equation eX = C holds if and only if

T-1exT = eT- 1xT = T-1CT (T nonsingular).

Therefore, one may assume that C has Jordan normal form. In fact, it can
be assumed that C has the form of a Jordan block, C = >"1 + F; d. 17.VII and
I8.V. If for each Jordan block Jk of C a matrix X k with eX, = Jk has been
found, one simply builds a matrix X by putting X k in the place of Jk. This
matrix X has the desired property eX = C.
Therefore, let C = >"1 + F, where>.. 1= 0, since C is nonsingular. Since F

is nilpotent, F n = 0, we can make IFI as small as we want by an appropriate
choice of the norm; d. D.lV and D.VII in the Appendix. Hence we can use (7)
for B = F/>.. and prove that X = g(F/>..) + flog>.. has the desired property:

eX = >..eg(Fj).,) = >"(1 + F/>..) = >..I + F = C.

•
We conclude this section with a theorem about the
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VII. Growth of Solutions in the neighborhood of a singular point.
Here we will restrict ourselves to the case where A(z) has a pole at z = O. Let
K; be a disk with a cut along the negative real axis; that is, K; is the set of
all z with Izi < r for which Re z ::::; 0 implies 1m z f o.

Theorem. Let A(z) E H(K~) have a pole of order m ::::: 1 at z = O. Ifw(z)
is a solution of (1) that is single-valued and holomorphic in K;, then there exist
positive constants a, b such that

for m = 1,
(8)

Remark. If w(z) is a single-valued solution in K~, then the estimate (8)
holds in K~/2' If w(z) is many-valued, then (8) holds for every branch of w

belonging to H(K;). However, the constants a, b may depend on the chosen
branch.

Proof. By hypothesis, there exists a constant c with

for 0< Izl::::; a,

for m = 1,

a = r /2. We now apply Corollary 21.II1 in G = K; and note that G is simply
connected. We can set p(z) = clzl-m (the values of p(z) for Izl > a play no role
in the following argument). Let Zo = a. If z is a point in K:;2' then we connect
a and z using a path C that goes along the real axis from a to Izl, and then
along a circular arc from [zl to z. Then, in the notation of 21.II, we have

The last term comes from the fact that the circular arc from Izi to z has length
at most 1l'1zl. Thus

{

clog -Ial + 1l'C
P(z) ::::; Z

clzI1-m(m - 1+ 1l') for m> 1.
Now the assertion follows from the estimate of Corollary 21.III,

Iw(z) ::::; 2Iw (a)le2P(z).

•
VIII. Exercise. Determine a fundamental system of solutions for the

system

For which values of a are all solutions rational functions?
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§ 23. Weakly Singular Points. Equations of
Fuchsian Type

I. Definition. Let the matrix A(z) be single-valued and holomorphic for
0< Iz - zol < l' (1' > 0). A point z = Zo is called a weakly singular point of the
differential equation

Wi = A(z)w (1)

if A(z) has a pole of the first order at the point zoo Thus, restricting again to
the case Zo = 0, A(z) can be represented in the form

(2)

where the power series on the right-hand side converges in a disk Izi < l' (1' >
0). Here Ao, AI,- .. are constant matrices. Formula (2) can be interpreted as
matrix notation for n 2 power series for the components aij(z), whose radii of
convergence are all ;:::: r. The condition Ao =I- 0 means that at least one of the
functions aij(z) has a pole at z = o.

If A o = 0, then A(z) is holomorphic at 0, and the point z = 0 is called a
regular point of (1). We dealt with this case in §21. If z = 0 is neither regular
nor weakly singular, then it is called strongly singular. The latter occurs if and
only if at least one of the functions aij (z) has a pole of order ;:::: 2 or an essential
singularity at z = O.
The conclusion of Theorem 22.V can be significantly sharpened for weakly

singular points. In this case the function U(z) that arises there is holomorphic
in the whole disk.

II. Theorem. If A(z) is holomorphic for 0 < Izi < r- and if z = 0 is
a weakly singular point of the differ-ential equation (1), then every fundamental
matrix has the form

W(z) = U(z)zB, (3)

where U(z) is a single-valued, holomorphic function in K r : Izi < rand B is a
constant matrix.

Remark. A representation of the form (3) is not unique. In fact, the relation
eO'! = eO'I for a = k log z (k a whole number) implies that zk! = zk I, and hence
also zk z-k! = I. It follows then from (3) that

(4)

which is again a representation of the form (3).
Therefore, it is sufficient to show that a representation of the form (3) exists

where the function U(z) has, at worst, a pole at the point z = O. If k is the
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order of the pole, then U(z)zk is holomorphic at z = 0, and the representation
(4) has the property required by the theorem.
Theorem II goes back to Sauvage (1886). More detailed historical informa

tion on singular point theory can be found in the book by Hartman (1964),
pages 91-92.

Proof. Let W(z) be a fundamental matrix of (1). By Theorem 22.V (with
remark) W(z) has the form (3), where U(z) is holomorphic in K~. We consider
W(z) in K;, where K; is the disk with a cut along the negative real axis, and
in particular the branch corresponding to the principal value of the logarithm.
On this branch we have the estimate

1
Ilog z I :::; log~ + 1f (izi < 1).

Further, from the series expansion of the exponential function one obtains
leDsl :::; elDllsl, and hence

By 22.VII, the estimate

holds for W(z) in K:i2 with positive constants a, b, and therefore

This implies that U(z) has at most a pole at z = o. •
Remark on Nomenclature. In the literature one finds different names for

a weakly singular point such as simple singularity (Hartman), singularity of
the first kind (Coddington-Levinson), and regular singular point (often in con
nection with second order differential equations). Some authors define a regu
lar singular point by the properties of solutions expressed in Theorem II. The
strongly singular point shares the same fate.

III. Singularities at Infinity. A function j(z) that is holomorphic for
Izi > r is said to have a zero or a pole of order k at z = 00 if the same
statement applies to the function g(z) = j(1/z) at z = O. And j(z) is said to
be holomorphic at the point z = 00 if g(z) is holomorphic at z = O.
We consider now the case where A(z) in (1) is holomorphic for Izl > r. If

w(z) is a solution of (1), then the function v(O = w(1/() satisfies

v'(O = - C;12A (~) v((). (5)
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The point z = 00 is called (i) regular or (ii) weakly singular or (iii) strongly
singular for (1) if the point ( = 0 has this property with respect to equation
(5). This is the case if and only if in the Laurent expansion

(i) all B k with k :S 1 vanish or (ii) all Bk with k :S 0 vanish and B 1 =I- 0 or (iii)
not all Bk with k :S 0 vanish.

IV. Theorem. Let A(z) be holomorphic for Izi > r. The point z = 00 is
weakly singular or regular if and only if A (z) has a zero of first order or higher
order at infinity, respectively, i. e., if A(z) has an expansion of the form

B 1 B z B 3
A(z) = ----;: +~ + -;3 +... ([z[ > r)

with B] =I- 0 or B] = 0, respectively.
Every fundamental matrix of (1) has the form

W(z) = U(z)zB if z = 00 is weakly singular,

W(z) = U(z) if z = 00 is regular,

where U(z) is a single-valued, holomorphic function for [zl > rand z = 00, and
B is a constant matrix.

These statements are essentially proved by the discussion in III. Note that
since (1/z)B = z-B, a fundamental matrix V(() = U(()(B (1([ < l/r) of
equation (5) gives rise to a fundamental matrix W(z) = V(l/z) of equation (1)
of the form given above.

Of particular interest are the

V. Equations of F'uchsian Type. Equation (1) is called a differential
equation of Fuchsian type if it has finitely many weakly singular points and if
every other point of C U {oo} is regular.

Theorem. Equation (1) is a differential equation of Fuchsian type with weak
singularities at the (pairwise distinct) points ZI, ... , Zk E C and possibly also
at 00 if and only if

00 1
A(z) = L --Rj , (6)

j=] z - Zj

k

where R j are constant matrices =I- o. If L R j = 0, then 00 is a regular point;
j=]

if the sum is =I- 0, it is a weakly sing'ular point.
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Proof. The expansion of A(z) about a weakly singular point Zj begins with
A(z) = (z - Zj)-lR j + .... R j i- O. Therefore.

k 1
B(z) = A(z) - L --Rj

j=l z - Zj

is holomorphic in C. Since 00 is either regular or weakly singular, we have
A(oo) = 0 by Theorem IV, and hence also B(oo) = O. Thus B(z) is bounded
and therefore by Liouville's theorem a constant. Then clearly, B(z) == 0, and
(6) follows. By Theorem IV, 00 is regular or weakly singular if and only if the
limit of zA(z) as z ---> 00 is 0 or i- 0, respectively. The assertioll about the point
00 follows from this. •

Remark. The theorem shows that except for the trivial case A(z) == 0, every
differential equation of Fuchsian type has at least two weak singularities.

§ 24. Series Expansion of Solutions

In this section we investigate series expansions of solutions of the differential
equation

W' = A(z)w (1)

in the neighborhood of a weakly singular point zo0 In the process, we obtain not
only an algorithm for the computation of solutions, but we also gain a deeper
insight into the structure of solutions in view of Theorem 23.lI. We again assume
without loss of generality that Zo = O.
First we consider power series, that is, vector-valued holomorphic functions

of the form
00

u(z) = L Uk zk with Uk E en.
k=O

(2)

We use functional analytic methods to deal with the question of convergence
and to this end introduce a new Banach space.

I. The Banach Space H 6. The set of all sequences U = (Uo, Ul, U2, ... ) =
(Uk)O', Uk E en, with finite norm

00

lIuli = L I U kl.5k (.5 > 0 fixed)
k=O

forms a Banach space, which we denote by H 6 .

It is easy to see that H6 is a vector space and II . II a norm. For example, the
triangle inequality follows from
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To prove completeness, let u 1, u 2
, ... with un = (uk )~o be a Cauchy sequence

in H8; that is, Ilum - unll -t 0 as m, n -t 00. Because

there exists Vk E en such that uk -t Vk as n -t 00. Let 2:' denote an arbitrary
finite sum. Then

L'luk' - ukl8k :::; Ilum - unll < E: for m, n > no,
k

and hence

for m > no.

The same then also holds for the sum running from k = 0 to 00; i.e., if we set
v = (vd, then we have IIv - umll :::; E: and, in particular, v - um E H8. Thus it
is also true that v = (v - um) + um E H 8 and um -t v in H 8 .

By formula (2), an element u = (Uk)O' of H8 generates a holomorphic func
tion u(z) on K8 : Izl < 8. Furthermore, the power series (2) is absolutely
convergent for z = 8 and hence absolutely and uniformly convergent in the
closed disk Izl :::; 8. Conversely, if u(z) is a holomorphic function in K 8 whose
power series (2) is absolutely convergent for z = 8, then the sequence of coeffi
cients (Uk)~ belongs to H8. In this sense, elements of H6 can be identified with
the functions u(z) generated by them.

II. Power Series Ansatz. Formal Solution. To obtain a solution of
(1), we make the ansatz

ex)

w(z) = LWkZk, Wk E en.
k=O

If A(z) has the form

1 ex)

A(z) = - L Akzk (0 < Izi < T),
z

k=O

then (1) implies

(3)

00

ZLkwkZk-l =
k=O

Forming the Cauchy product and equating coefficients of like terms, one obtains

k

kWk = L Ak-jwj (k = 0,1,2, ...),
j=O

(4)
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or, when the summand AOWk is brought to the left-hand side,

-Aowo=O,

(4')

A formal solution is by definition a sequence (Wk)O that satisfies (4). If the
formal solution (Wk) belongs to Htj, then the function w(z) = L:wkzk is holo
morphic in Ktj and it is a solution of (1), since term-by-term differentiation is
allowed.

III. Convergence Theorem. Let the series (3) converge for 0 < Izl <
r. Then every formal solution of (1) is a convergent power series for Izl < r
and hence is a holomorphic solution for Izi < r.

The essence of the proof rests on an investigation of the following

IV. Two Operators in Htj. Let two linear operators A and Jm from
Htj into itself be defined by

k

V = Au ¢:=::} Vk = L Ak-juj,
j=O

(5)

{

0 for k < m,
v = Jmu ¢:=::} Vk = Ukk (6)

for k ~ m.

Here the Ak are the matrices appearing in (3). Clearly, (5) is merely a re
statement of the multiplication v(z) = zA(z)u(z) in terms of the sequence of
coefficients. We will prove the following two propositions:

(a) If C:= L IAklbk < 00, then IIAII :'S: C; i.e., IIAul1 :'S: Cllull for u E Htj.
k=O

1
(b) The inequality IPml1 :'S: - holds for m = 1,2, ...

m

Whereas (b) is obvious, proposition (a) requires a short calculation:
00 00 00 k

Cllull= LIAiWLlujlb
j = LbkLIAk-jllujl

i=O j=O k=O j=O
00

~ Lbklvkl = Ilvll·
k=O

•
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V. Proof of the Convergence Theorem. Let W = (Wk) be a formal
solution of (1) and let 8 E (0, r) and m > C, where C is the constant in IV.(a).
We claim that the equation

w = JmAw + (Wo, WI, ... , Wm_I,O,O, 0, ... ) (7)

has exactly one solution in H6. Indeed, JmA is a linear operator, and by IV.(a),
(b),

1 C
IlJmAwll ::; -IIAwll ::; -llwll with

m m

C
- < l.
m

The assertion now follows from the fixed point theorem 5.IX.
The solution w of (7) satisfies the relations

wk = Wk for k = 0,1, ... , m - 1,

since the operator Jm sets the first m terms equal to zero. For k = m, we have

and corresponding results hold for k > m; i.e., w = (Wk) satisfies (4) and is
therefore also a formal solution.
The matrix ),,1 - Ao is singular for at most finitely many).. (the eigenvalues);

thus k1 - Ao is nonsingular for large k, say k 2: ko· This means that for k 2: ko,
the equations (4') can be uniquely solved for Wk, or equivalently, the Wk with
indices k 2: ko are uniquely determined by the Wk with indices k < ko. Thus, if
one chooses m 2: ko, then the relations Wk = Wk for k < m imply that W = Wk

for all k. Therefore, the formal solution W belongs to H6, and the power series
converges for Izl ::; 8. Since 8 can be chosen arbitrarily close to r, proof of the
convergence theorem is complete. •

VI. Discussion of the Results. (a) Suppose).. = 0 is an eigenvalue of
Ao. Then the first equation of (4), Aowo = 0, has a nontrivial solution Wo (the
eigenvector corresponding to the eigenvalue).. = 0). If k1 - Ao is nonsingular for
kEN, i.e., if the numbers 1,2,3, ... are not eigenvalues, then (4) can be solved
uniquely; there exists a formal solution (Wk) and it is a holomorphic solution in

K r ·

(b) If the assumptions in (a) hold and if there exist several, let us say p,

linearly independent eigenvectors corresponding to the eigenvalue).. = 0, then
p solutions can be calculated from the p eigenvectors, and these solutions are
likewise linearly independent, since their values at the point z = 0 are the
linearly independent eigenvectors just mentioned.
(c) ow let).. i= 0 be an eigenvalue of Ao. vVe make the ansatz

w(z) = ZAU(Z)

to obtain a solution of (1). Then the equation

w' = )"ZA-IU(Z) + ZAU'(Z) = A(z)zAu(z)
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holds if and only if

u ' = (A(Z) - ~) u.

In other words:

(8)

u(Z) = z-.xw(z) satisfies the same differential equation as w(z), but with
A o replaced by A o - AI.

(d) Thus if A E e is an eigenvalue of Ao but A+ k is not an eigenvalue of Ao
for any kEN, then there exists a solution of the form

00

w(z) = z.x L Wkzk
k=O

(9)

of (1), where Wo i= 0 is an eigenvector corresponding to A and the Wk can be
uniquely determined from the equations

k-I

((A + k)I - Ao)wk = L Ak_jwj
j=O

(10)

(k = 1,2,3, ... ). If several linearly independent eigenvectors are associated with
A, then the solutions obtained from them are also linearly independent.

VII. Generalized Series Expansions. In order to obtain series ex
pansions of solutions that have logarithmic components and hence are not of
the form (9), we transform the differential equations as in §22 using z = eS

• For
v(s) := w(eS

) we obtain from (1) the differential equation

(11)

Let Pq be the space of all vector polynomials of degree::; q,

p(s) = Po + PIS + ... + PqS
q with Pk E en.

If we make the ansatz

00

v(s) = L vk(s)eks with Vk(S) E Pq ,

k=O

then (11) reads

(12)

00

L(v~ + kVk)eks =
k=O

(13)
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Carrying out the multiplication on the right-hand side and equating "coeffi
cients" of the terms eks

, we obtain the system of equations

k

v~ + kVk = L Ak_jvj (k = 0, 1,2, ... ).
j=O

(14)

In the case q = 0, we get the power series expansion considered earlier, and (14)
reduces to (4).
As in II, we call a sequence v = (Vk)~o with Vk E Pq a formal solution of

(11) if (14) holds. Our next objective is to prove the following

VIII. Convergence Theorem. Let the series (3) for A(z) be conver
gent for °< Iz I < r. Then every formal solution of (11) is a holomorphic
solution in the half-plane Rlog r : Re s < log r.

More precisely: If one constructs a formal solution v(s) from (Vk), then the
resulting series is absolutely convergent in R 10g r and uniformly convergent in
every compact subset of R 1ogr . Moreover, the same holds for the series obtained
by termwise differentiation and for the series expansion of eS A(eS

), and hence
for all the series that appear in (13). It follows then from (14) that v is a
solution of (11) .

The proof that follows is similar to the earlier convergence proof.

IX. The Banach Space H~. We introduce a norm 1·lq in Pq . If p(s) =
Po + ... + PqS

q
, we define

Ip(s)lq := IPol + ... + Ipql·

The space Hi is defined to be the set of all sequences U = (Uk)O', Uk E Pq ,

with finite norm

00

Ilull := L I U klq8k (8) °fixed).
k=O

A polynomial p(s) E Pq can be identified with the n x (q + 1) matrix of its
coefficients (Po, ... , pq). Thus the space Hi is the same as the earlier space H6,
where, however, here the Uk are matrices (or n(q + I)-dimensional vectors). In
particular, by the considerations in I, Hi is a Banach space.

X. The Operators A and J m' The operator A is defined as in (5),

k

V = Au~ Vk = LAk-juj,
j=O
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where, naturally, U E HZ and hence Uk, Vk E Pq . The definition of Jm is altered
as follows

with

for k < m,
(15)

for k:::: m,

p' pI!
DkP = P - k + k 2 - +... (p E Pq ). (16)

The series has at most q + 1 summands that are =I=- o. The significance of the
operator Dk is that it solves a linear differential equation, namely

y(s) := ~DkP =} y' + ky = P, (17)

as is easily verified.
(a) The inequality IIAul1 :::; Cllull holds with the constant Cgiven in IV.(a).

The proof is exactly as in IV.(a). Note that if P E Pq and B is a constant matrix
and if one takes the norm given above for Pq , then

Bp = Bpo + ... + Bpqsq =} IBplq = IBbol + ... + IBpql :::; IBllp/q·

(b) It is easy to see that Ip'lq :::; qlplq; hence there exists a constant C I such
that

It follows immediately that

CIIIJmull:::; -lIull·
m

(c) Convergence Proof. Let v = (Vk) be a formal solution and 0 < 8 < r.
For sufficiently large m, the equation

v = JmAv + (vo, ... ,Vm-l, 0, 0, ... )

has exactly one solution v E HZ. This follows from the fixed point theorem
. ~ C~

5.IX If we choose m > CCI, because IIJmAvl1 :::; -IIAvll :::; --llvll.
m m

We will show that v is likewise a formal solution. First, as before, Vk = vk
holds for k < m. For k :::: m,

1
Vk = kDkP with P = (Avlk-

Therefore, by (17),

k

v~ + kVk = P = (Avh = L Ak_jvj,
j=O
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i.e., v = (Vk) is likewise a formal solution. It follows now from Lemma XI, given
below, that if ill is chosen sufficiently large, then the elements Vk with indices
k 2: ill are uniquely determined by the Vk with indices k < ill (in the lemma
p = Vk and B = kI - Ao; hence B is nonsingular for large k). Thus Vk = Vk
holds for all k, and hence v E HZ.
Now suppose A1 C R\og r is a compact set. Clearly, there exists a constant

CM such that

Further, there exist constants I' {j with 0 < I < {j < r such that M c R]og"!'
Thus, we have

The uniform convergence of the series L kVk (s )eks in M follows from this in
equality. Naturally, then, the series L Vkeks and L v~eks are also uniformly
convergent in M, the latter because Ip'lq ::; qlplq. •

XI. Lemma. Let B be a constant n x n matrix and q(s) a polynomial
vector of degree ill. If B is nonsingular, then the differential equation

p'(s) + Bp(s) = q(s)

has exactly one polynomial solution p(s), and it has degree ill. If B is singular,
then ther'e are several polynomial solutions; all have degree ::; ill + ro, where ro
is the multiplicity of the zero A = 0 of the characteristic polynomial of B.

Proof. Setting p(s) = Tu(s), where T is a nonsingular matrix, one obtains
the differential equation for u

u' + Cu = h with C = T- 1BT, h = T-1q. (18)

Let T be chosen such that C has Jordan normal form. If the first Jordan block
of C is J = AI + F with r rows and columns (notation as in 18.V), then the
corresponding equations read

U~_l + AUr-l = hr - 1 - U r

u~ + AUT' = hr'

(18')

These equations can be solved one by one, starting with the last equation.
If A = 0, then it follows that degree U r = 1+degree hr ::; 1+ ill, degree-ur-l ::;

2 + m, ... , degreeul ::; r + m.
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If A #- 0, then the homogeneous equation y' + Ay = 0 has no polynomial so
lutions, and therefore the nonhomogeneous equation y' + Ay = h (h polynomial)
has exactly one polynomial solution, namely

1 h h' hI!
y=>:.D>-.h=>:.- ),2+ A3-+""

cf. (16), (17), and degreey = degreeh. Applying this result to (18') shows that
(18') has exactly one polynomial solution (Ul, ... , u r ) T and the maximal degree
of the Ui is equal to the maximal degree of the hi.

If B is nonsingular, then all of the Jordan blocks have the form J = AI + F
with A #- 0; if B is singular, then there exists at least one block where A = O.
Using the solutions of (18') for the individual blocks, we construct a solution u
of (18) and then obtain p from the transformation p = Tu. •

XII. Construction of a Fundamental System. As in VI. (c) we get
(a) v(s) is a solution to (11) if and only if u(s) := e->-'sv(s) is a solution to

the corresponding differential equation with Ao - AI in place of Ao.
(b) As a result, the ansatz

00

v(s) = e>-'s LVk(s)eks with Vk E Pq ,

k=O
(19)

for a solution of (11) leads to a system of equations of the form (14) with Ao- AI
instead of Ao, i.e.,

v~+(AI-Ao)vo=O

v~ + ((A + 1)1 - AO)Vl = A1Vo
(20)

The first of these equations holds if and only if the function

y(s) := e>-'svo(s)

is a solution of the differential equation

y'(s) = AoY(s).

(21)

(22)

By 17.VIII, equation (22) has a fundamental system of solutions of the form
(21), where A is an eigenvalue of Ao and vo(s) is a polynomial. For every such
solution y(s), the function vo(s) satisfies the first equation in (20), and the
remaining equations of (20) can be solved using Lemma XI. In this way, one
obtains a formal solution (Vk) of the differential equation with Ao - AI in place
of Ao. By the convergence theorem VII, the formal solution is a solution; i.e.,
the function v(s) given by (19) is a solution of (11).
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(c) The n solutions of (11) obtained in this manneT fOTm a fundamental
system.

To prove the linear independence of these solutions, we first let s = ct with
t real and Rec = -1 and show that every solution v(s) of the form (19) can be
written in the form

v(s) = e.\S(vo(s) + 0(1)) as t ---4 00, where s = ct.

This is true, since there exists to > 1 such that for every p(s) E Pq ,

Thus, because Re c = -1,

with 15 = e- Ln < 1, and hence

(23)

Now let A be an eigenvalue of Ao and yj(s) = e.\Svb(s) , j = 1, ... ,m,
the m corresponding linearly independent solutions of (22). Obviously, the
polynomials vb are also linearly independent. If the corresponding solutions of
(11) are denoted by vj(s), then by (23),

m

L CjVj(s) = e.\S(p(s) + 0(1))
j=1

m

with p(s) = L Cjvb(s).
j=1

(24)

If this linear combination is equal to zero, then p(s) + 0(1) = O. Therefore,
p(s) = 0, and consequently, Cj = 0 for j = 1, ... ,m. This proves the linear
independence of solutions of (11) corresponding to a fixed eigenvalue.
Let A], ... , Ar be the distinct eigenvalues of Ao. A linear combination of all

n solutions of (11) can be written in the form

(25)

where the combination of solutions corresponding to a fixed Ai are summed as
in (24). We assume that this linear combination (25) is identically zero and
have to show that P1(S) = ... = PT(S) = O. It then follows from what was
proved for (24) that all of the coefficients of the linear combination vanish. To
show that the Pj(s) (1 S; s S; T) are zero, it is sufficient to determine C with
Re C = ~ 1 such that the numbers Q.j = Re AjC (j = 1, ... ,T) are all different.
This is certainly possible, since for each j, y = ReAj(-l + ix) is the equation
of a line in the real xy-plane, and these T lines have at most a finite number of
points of intersection. Thus we choose an x that is not the first coordinate of a
point of intersection and set C = -1 + ix. Further, we number the eigenvalues
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such that 001 > 002 > ... > a r . Then le.\Jctl = eQ:jt. Thus, setting s = ct in (25)
and multiplying by e~.\lct, we obtain

PI(Ct) + 0(1) + e('\2-.\Jlct(P2(ct) + 0(1)) + ... = o.

It follows that PI (ct) + 0(1) ~ 0 as t ~ +00, because Re (A2 - Adc = 002 - 001 <
0, ... , and hence PI(S) = O. This same argument gives, one after another,
P2 = ... = Pr = O. This proves the linear independence. •

(d) Suppose v(s) is a solution of (19). Using the inverse transformation
w(z) := v(log z) and rearranging in terms of powers of log z, we get

(26)

where hj(z) are holomorphic functions for Izl < r. If the Jordan normal form
of Ao is known, it is easy to estimate how large the powers of log z are.

As an example, consider

XIII. The case n = 2. Suppose A, J.L are the two zeros of the char
acteristic polynomial det(Ao - AI) and ReA:::; ReJ.L. Further, let h(z), hl(z),
... denote holomorphic functions for Izi < r. Then by VI.(d), there exists a
solution w(z) of the differential equation (1) of the form

w(z) = zi"h(z).

Further, there exists a second solution, linearly independent of the first, of the
form

(27)

If A - J.L is not a whole number, then h2 = O. If A = J.L and there exist two
linearly independent eigenvectors for this eigenvalue, then again h2 = O. This
follows from VI. (d).
Thus a logarithmic part arises only if A is a double zero of the characteristic

polynomial with only one eigenvector or if J.L = A + m with mEN. In the
second case, va is constant in equation (20), namely, va is the eigenvector of Ao
corresponding to A. The solution of (20) gives constant vectors VI, ... , Vm-I'
If (A + m)I - Ao is singular, then in general, the mth equation of (20) is not
satisfied by a constant Vm; i.e., if k 2 m, v k (s) is a linear polynomial (h2(z)
starts with the power zm). In the case of a double zero A = J.L, vo(s) is already
a linear polynomial, and all remaining Vk(S) can be uniquely determined from
(20) as linear functions of s; d. Lemma XI.
The function z.\h2 (z), which multiplies log z in the formula for W, is itself a

solution of (1), hence a multiple of w. Therefore, the second solution whas the
form

w(z)=zAhl(z)+cw(z)logz (cEq. (27')

The proof is left as an exercise: Show that W' - A(z)w = ZA -I (h3 +h 4 log z) = 0
with hi holomorphic, and deduce from this that h 4 = O.
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§ 25. Second Order Linear Equations

As an application of our theory we consider the linear differential equation

u" + a(z)u/ + b(z)u = 0 (1)

for a scalar function u(z). The usual transformation yields an equivalent first
order system

w/ = (0 1) w for w = (Wl) = (u/) ;
-b -a W2 u

(2)

cf. (19.2). It is evident from the equation that if the functions a(z), b(z) have
at most a pole of first order at zo, then the point Zo is either regular or weakly
singular.
However, a more general result is obtained if we transform (1) into a system

for WI := u(z), W2 := (z - zo)u/(z). After a simple calculation, we get

i~oa(z)) w for w = (:J.
z - Zo

(3)

For this system, the point Zo is still a weakly singular point if b( z) has a pole of
second order and a(z) has a pole of at most first order at zoo

I. Classification of Singularities. Let a(z), b(z) be single-valued holo
morphic functions in a punctured neighborhood of Zo E C, say 0 < Iz - zol < r.
The point Zo is called a regular point of (1) if a( z) and b(z) are both holomorphic
at Zo. If Zo is not regular and if a(z) has at most a pole of first order and b(z)
has at most a pole of second order, then Zo is a weakly singular point of (1). If
neither of the previous cases holds, then the point Zo is strongly singular.

If (1) is transformed into a system of the form (3), then the above classifi
cation agrees with the one given in 23.1 for systems.
The classification of (1) at the point Zo = 00 is carried out as in §23 by the

change of variables ( = II z. The result is the differential equation

d
2
v(() dV((){~_~ (~)} ~b(~) ()=O

d(2 + d( ( (2 a ( + (4 (v ( (4)

for v(() = u(llz). As with systems in 23.111, we make the following definitions:
The point z = 00 is called regular or weakly singular or strongly singular for
the differential equation (1) if the point ( = 0 is of the corresponding type for
the differential equation (4).
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II. Theorem. Let a(z), b(z) be holomorphic for Izl > T. The point z =
00 is regular or weakly singular for (1) if and only if a(z) has a zero and b(z)
has a multiple zero at z = 00, i. e., if the e:rpansions

al a2 b2 Z3
a(z) = --; + Z2 + "', b(z) = z2 + z3 +... (izi > r)

hold, or equivalently, if za( z) and z2b(z) have finite limits as z ---> 00. In
particulaT, the regular case holds if and only if

al = 2 and b2 = b3 = O.

This result follows immediately from a classification of the point ( = 0 with
respect to the differential equation (4) with coefficients

III. Examples. (a) Consider the differential equation

(z + 2)z2u" + (z + 2)u' - 4zu = 0;

the coefficients a(z) and b(z) are the functions

1
a(z) = 2'z

4
b(z) = - z(z+2)

The point z = 0 is strongly singular, z = -2 is weakly singular, z = 00 is weakly
singular, all other points of C are regular.
(b) In the equation

(sinz)u" - zu' + (e Z
- l)u = 0

the coefficients are

z
a(z) = --.-,

smz
b(z) = e

z
. - 1 .

smz

Clearly, z = 0 is regular. The points z = k7r with k = ±1, ±2, ... are weakly
singular, since sin z has a simple zero at these points. The point z = 00 is an
accumulation point of singularities. Since it is not an isolated singularity, it
cannot be classified.

IV. Series Expansions. The Indicial Equation. Let z

weakly singular point of (1), i.e., let
o be a

1 00

b(z) = 2 L bkZk (0 < Izi < T).
z

k=O

Then, in the notation of §24, the matrix in (3) is given by

1 ( 0A(z) = -
z -z2b(z) (0 1)Ao =

-bo 1 - ao
(5)
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The characteristic polynomial of Ao is

I P(A) = det(Ao - AI) = A(A + ao - 1) + boo I (6)

The equation P (A) = 0 is called the indicial equation for (1). Its roots AI,
A2 (the eigenvalues of Ao) are called the exponents with respect to equation
(1). Suppose Re A2 ::; Re AI. Then we know from 24.XIII that there exists a
fundamental system of the form

(7)

where h, hi, are holomorphic functions for Izi < r. A logarithmic part arises
only if Al - A2 is an integer.
In the logarithmic case, the factor zA2 h2 (z) that multiplies the logarithm is

itself a solution to (1) and hence is a multiple of 'Ul. Thus one can write (7) in
the form

(7')

in this case; ef. the exercise of 24.XIII.
In calculating the series expansion one can use the recursion formula from

§24. However, it is often more convenient to substitute the corresponding series
into the equation and calculate the coefficients of powers of z directly. We
consider as an example

V. Bessel's Equation

where 0; E C is a parameter with Re 0; 2 0 (the latter is not a restriction, since
0; can be replaced by -0;). The results in I and II imply that the point z = 0
is weakly singular and the point z = 00 is strongly singular. Since ao = 1 and
bo = _0;2, the indicial equation is

The ansatz

00

u(z) = ZA L Ukzk with Uo i- 0
k=O

leads, after the coefficients of like terms are set equal, to the formulas

P",(A + k)Uk + Uk-2 = 0 for k 2 0 (with U-l = U-2 = 0). (8)

The requirement Uo i- 0 leads to the indicial equation P",(A) = O.
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(a) I A = A1 = 0: I If one sets, for instance, Uo = 1, then the equations (8)
are uniquely solvable, since Po: (0: + k) i- 0 for k ~ 1. The conditionu_1 = 0
implies that U1 = U3 = U5 = ... = O. For even k = 2m, (8) reads

(_l)m
4m(1n + 0:)U2m + U2m-2 = 0 ===} U2m = m '( )

4 m. 0: + 1 m

Here we have used the notation

(X)m := x(x + l)(x + 2)··· (x + m - 1), (x)o = 1,

in particular, (l)m = m!. This leads to a solution uo:, defined by

(9)

(10)

(b) A = A2 = -0:, where A1 - A2 = 20: is not an integer This is the "nor

mal case," where no logarithmic part appears. Since Po: (-0: + k) i- 0 for kEN,
(8) is again uniquely solvable. The relation (9) holds with -0: instead of 0:, and
one obtains the solution U-o: (z).

(c) I A = A2 = -0: with 0: = n + ~ (1'1 ~ 0 an integer) IIn this case too, the
series for U-o: = U_n_l is well-defined and represents a solution. Thus (con
trary to expectation) ~o logarithmic part arises. In order to clarify matters,
we consider the recursion formula (8) with A = -0:. For the critical index
k = 20: = 21'1 + 1 we have Po: (A + k) = 0, and hence (8) is given by

o.U2n+1 + U2n-1 = O.

\Vhile this equation is not uniquely solvable for U2n+1, it is nevertheless satisfied,
since all Uk with odd index vanish. For even k, (8) is uniquely solvable, and one
obtains the above mentioned solution U-o:.

(d) I A= A2 = -0: with 0: = n E N I In this case the recursion formula (8)

breaks down for k = 2n, and a logarithmic part appears. To determine the
logarithmic part, we apply the procedure in 24.VII. We consider <':(8) := u(eS

),

where u(z) is a solution of Bessel's equation, and obtain the equation

d2v- + (e28 _ 0:2)v = 0
d8 2

for v(..,). The ansatz

00

V(8) = e AS L vd8)eks

k=O

leads to the recursion formula

(Vk (8) linear)

P~(A + k)v~ + Po: (A + k)Vk + Vk-2 = 0 for k 2: 0, (11)
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where V-1 = V-2 = 0 and P~()") = 2)... Again, it is easily seen that V1 = V3 =
V5 = ... = O. Beginning as before with Vo = 1, we see that (11) has constant
solutions for 0 < k = 2m < 2n. Indeed, equation (11) reads (with a = -).. = n)

(-1)m
4m(m - n)V2m + V2m-2 = 0 ===}- V2m = I( ) (0::; m < n).

4m m. 1- n m

For k = 2n, one obtains

which has the solution

( )
. V2n-2 2

V2n = ao s + (30 w1th ao = --- = '( )'
2n 4nn. n - 1 .

and (30 arbitrary. For k > 2n we write k = 2n + 2m and Vk as

V2n+2m = am(s + (3m) (m;:::: 1).

Since P~(-n + k) = 2(2m + n), Pn(-n + k) = 4m(m + n), (11) shows that

and

2(2m + n)am + 4m(m + n)am(3m + a m-1(3m-1 = O.

If we now replace a m-1 by -4m(m + n)am and divide by this same number,
then

2m + n 1(1 1)
(3m=(3m-1- 2m(m+n)=(3m-1- 2 m+m+n '

and hence

1m (1 1)(3m = (30 - - I: --:- + -. .
2 J n + J

J=l

Denote the partial sums of the harmonic series by

1 1
H m = 1 + - + ... +-

2 m

and set (30 = -~Hn. Then (3m = -~(Hm + Hm+n ). If we set eS = z, we obtain
the following solution of Bessel's equation for the case a = n:

(X) (_1)m z2m+n n-1 (_1)m z2m-n
ao log z ""' + ""' -------':------':-------':-

~o 4mm!(n + l)m ~o 4mm!(1 - n)m
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where 00 is given by (12).

(e) I a = 0 IThe solution that was just constructed is also valid for a = O.
In this case the finite sum disappears. Note that the first equation (11) reads

o. v~ + 0 . va = 0,

while the remaining equations are uniquely solvable. The choice va = 1 gives
uo(z), while the choice va = aos gives uo; d. (a) and (d).

VI. Bessel Functions. Certain linear combinations of the above solu
tions are considered on technical and historical grounds. The solutions

uo(z) 00 (_I)m (Z)2m+o
Jo(z) = 20 f(a + 1) = fa m!r(m + 0+1) 2

(a -=I- -1, -2, ... ) are called Bessel functions of the first kind, and

( )
(n - 1) !2n

_ ( ) In 2 ( )
Yn z - 7f Un Z - 7f2n- 1n! Un Z

n-1
2 z 1 '" (-I)m(n - 1)1 (z)2m-n
-log -In(z) - - L -
7f 2 7f m!(I-n)m 2

m=O

(n = 0,1,2, ... ), are Bessel functions of the second kind. Note that the func
tional equation of the gamma function, zf(z) = r(z + 1), yields r(a +m + 1) =

f(a + 1)(0 + l)m in the series for .10 '

A fundamental system for Bessel's equation in terms of Bessel functions is
given by

Jo(z), J-o(z) if a is not an integer,

In(z), Yn(z) if 0= n is a nonnegative integer.

The linear independence of these solutions follows from 24.XII, but it can also
be verified directly without difficulty.

VII. Differential Equations of Fuchsian Type. As in 23.V, equation
(1) is called a differential equation of Fuchsian type if finitely many points of
C U {oo} are weakly singular and all the remaining points are regular.

Theorem. Equation (1) is a differ'ential equation of Fuchsian type with m
singularities Zl, ... ,Zm E C if and only if

m

L rk
a(z) = --,

z - Zk
k=l

b( z) ~ ~ ( Sk +~)
- ~ (z - zk)2 z - Zk '

(13)
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Tn

The point 00 is regular if and only if

(14)

L(Sk + zktd = L(2zkSk + z~tk) = O.
k=1 k=1

Tn

Lrk = 2 and
k=1

Tn Tn

(15)

Proof. If (1) is of Fuchsian type and Zk is a weakly singular point, we have

where the functions hk, lk are holomorphic at the point Zk. Thus, if we denote
by A(z), B(z) the differences between the left and right sides of (13), then A(z)
and B(z) are holomorphic in C. Further, Theorem II implies that a(z) ---> 0 and
b(z) ---> 0 as z ---> 00, hence also A(z) ---> 0 and B(z) ---> 0 as z ---> 00. Thus, by
Liouville's theorem, the functions A(z), B(z) are constant, in fact, are equal to
zero. This proves (13).
By (13), zb(z) ---> I: tk as z ---> 00; however, we also have zb(z) ---> 0 as

z ---> 00, and hence (14) holds. The equations (15) also follow from Theorem II
if one takes into account the following expansions about the point 00:

1 1 Zk z~--=-+-+-+ ...
z - Zk Z z2 z3

•
VIII. Exercise. Show that every Fuchsian differential equation with at

most one finite singular point Zo E C has the form

r S
u" + --u' + u = 0

Z - Zo (z - zO)2

and give a fundamental system. Find the special cases in which (a) a logarithmic
term appears, (b) there is only one singular point.

IX. The Hypergeometric Equation

z(z - l)u" + {(a + (3 + l)z -')'}u' + a(3u = 0 (a,(3,')' E q

is a differential equation of Fuchsian type with three weak singularities at the
points 0, 1, 00 (compare the exercise for exceptions). The indicial equation
corresponding to the point 0 is given by

A(A + ')' - 1) = 0 ==} Al = 0, A2 = 1 -,.



(r # 0, -1, -2, ... )
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The power series ansatz leads to the hypergeometric junction

~ (o:hU3h k
F(z;o:,{3,,) = ~ k!() z

k=O ' k

as a solution. Here, (xh := x(x + 1)··· (x + k -1). This series converges for
Izi < 1. If, is not an integer, then there exists a second solution of the form
U = zl-'h(z) with h holomorphic at z = O. It is easy to show that

U(z) = Zl-, F(z; 0: -, + 1, (3 -, + 1,2 -,)

is such a solution. If, is an integer, then A1 - A2 is also an integer, i.e., we are
in the exceptional case, which will not be discussed here.

Exercise. For which values of the parameters is 0 or 1 a regular point?

X. The Legendre Equation

(z2 - l)u" + 2zu' - 0:(0: + l)u = 0 (0: E C)

is likewise a differential equation of Fuchsian type. The points +1, -1, 00 are
singular. Thus there exists a series expansion about the point 00 of the form

00

u(z) = L UkSA-k. In this way, one obtains the solution
k=O

(20: # 1,3,5, ... ).

The series converges for 1z 1 > 1.
A second solution is U- Q -1, since only 0:(0: + 1) = (-0: - 1)(-0:) ap

pears in the differential equation, where now it must be assumed that 20: #
-3, -5, -7,.... These two functions form a fundamental system for 20: #
±1, ±3, ±5, ... ; they are, up to a constant factor, the Legendre junctions of
the first and second kind. If 0: = n is a natural number, then the series for
U Q terminates, and one obtains polynomial solutions, the so-called Legendre
polynomials.

XI. The Confluent Hypergeometric Equation

ZU" + ({3 - z)u' - o:u = 0 (o:,{3EC)

has the point 0 as a weak singularity and the point 00 as a strong singularity.
For {3 # 0, -1, -2, ... , the confluent hypergeometric junction (or Kummer's
junction)

~ (o:h k
K(z; 0:, (3) = 6 ({3hk! z



(16)
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is a solution. Together with the function ZI-13 K(z; 0:- (3 + 1,2 - (3) it forms a
fundamental system if (3 is not an integer.
The proof is an exercise.

XII. Exercise. Classify the singularities of the differential equation

z2u " + (3z + l)u
l + u = O.

Use the fact that the left side of the differential equation is a total differential
in order to find a fundamental system of solutions. Show that every solution
can be written in the form u = hI + h2 log z, where the hi are single-valued and
holomorphic in C \ {O} but have an essential singularity at the point z = 0;
cf. in this regard Theorems 22.V and 23.II and the nature of the singularity at
z = O.
Transform the differential equation using the change of variables ( = 1/z,

solve the corresponding differential equation by series expansions, and compare
the two results.

XIII. Exercise. Legendre Polynom'ials. If a = n is a nonnegative inte
ger, then the solution Un of the Legendre differential equation given in X is a
polynomial of degree n. Show that up to a constant factor, this polynomial is
equal to the nth Legendre polynomial

( ) 1 d
n
(2 )nPn z = ---- Z - 1 .

n!2n dzn

(Expand the power using the binomial formula and then differentiate.) Give
Po, ... , P4 explicitly.

XIV. Exercise. Linear Differential Equations of Higher Order. (a) Us-
ing

_ _ I _ 2 " _ n~1 (n-l)
WI - U, W2 - ZU , W3 - Z U , ... , W n - Z U ,

transform the differential equation

Urn) + an_l(Z)u(n-l) + ... + ao(z)u = 0

into a first order system

Wi = A(z)w.

Show that the point z = 0 is regular or weakly singular for this system if and
only if the functions zn-kak(z) are holomorphic in a neighborhood of the origin
(k = 0, ... ,n - 1). If this is the case and if the ai are not all holomorphic in
a neighborhood of the origin, then, in analogy to I, the point z = 0 is called
weakly singular for equation (16).
(b) Give a corresponding definition for regularity or weak singularity at a

point Zo E C
(c) Classify the singularities of (16) at 00 as in I by means of the transfor

mation (= l/z. Formulate the conditions on the coefficients for regularity and
weak singularity at 00 in the special case n = 3.



Chapter VI
Boundary Value and
Eigenvalue Problems

§ 26. Boundary Value Problems

I. General. In a boundary value problem for an nth order differential
equation

(n) _ f( (n-1))u - x,u, ... ,u ,

the n additional conditions that (we expect to) define a solution uniquely are
not prescribed at a single point a, as in the case of the initial value problem, but
at two points a and b that are the endpoints of the interval a ::; x ::; b where the
solution is considered. Boundary value problems for (real) linear second order
equations

U" + a1(x)u' + ao(x)1l = g(x) for a::; x::; b (1)

are particularly important because of numerous applications in science and tech
nology.
Boundary conditions. The three most common types of boundary condi

tions for (1) are the boundary conditions of the

first kind:
second kind:
third kind:

u(a) = Til,
u'(a) = 1'/1,

Q1 u(a) + Q2u'(a) = 1'/1,

u(b) = 1'/2,
u'(b) = 1'/2,

f31 u (b) + f32 u'(b) = 1'/2·

Obviously, the first two conditions are special cases of the third, which is also
called a Sturmian boundary condition. There are also other boundary conditions
such as

u(a) - u(b) = 1'/1, u'(a) - u'(b) = 1'/2.

When 1'/1 = 1'/2 = 0, these are called periodic boundary conditions for the fol
lowing reason: If the coefficients are continuous, periodic functions with period

245
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l = b - a and if u(x) is a solution to (1), then v(x) := u(x + l) is also a solution
of the differential equation (it follows from Theorem 19.1 that every solution
exists in lR). If u satisfies the periodic boundary conditions described above,
then v(a) = u(a) and v/ (a) = u' (a). This implies u == v by the uniqueness
theorem for the initial value problem. In other words, u is a periodic function
with period l.

Nonexistence and Nonuniqueness. In contrast to the initial value
problem, where general existence and uniqueness theorems are available, cases
of nonuniqueness or nonexistence arise in very simple boundary value problems.
Consider the simplest example: u" = O. The solutions are linear functions
u(x) = a + bx. A boundary value problem of first kind is always uniquely
solvable, while one of the second kind has no solution if 1]1 =I- 1]2 and infinitely
many solutions if 1]1 = 1]2·

Exercise. For which values of ai, f3i is the third boundary value problem for
the equation u" = 0 in [0,1] uniquely solvable? In the literature on boundary
value problems it is customary to denote the independent variable by x, since
in most applications it is a spatial variable. Although we will occasionally en
counter complex-valued solutions in the discussion that follows, the independent
variable x is always real.

II. Boundary Value Problems of Sturmian Type. We now consider
the boundary value problem

I Lu:= (p(x)u')' + q(x)u = g(x) in J = [a, b] I

R 1u:= a1 u(a) + a2P(a)u/(a) = 1]1,

R2u:= f31 u (b) + f32P(b)u'(b) = 1]2

under the assumption

(2)

(3)

(8)
pEel (J) and q, gEeD (J) are real-valued functions,

p(x»OinJ and ai+a~>O, f3?+f3~>0.

The corresponding homogeneous boundary value problem is given by

Lu = 0 in J, (4)

Remarks. 1. Self-adjointness. We have written the leading terms in the
differential operator L in the so-called self-adjoint form (pu')' instead of the
form u" + a1 u/ that appears in (1). The reason for this becomes apparent when
one considers the Lagrange identity (5). Using the notation of 28.11, formula
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(6) can be expressed in the form (£Cu, v) = (u, Lv), which is analogous to the
relation (A:r, y) = (x, Ay) for symmetric matrices in lRn. This relation plays a
fundamental role in our treatment of the eigenvalue problem in § 28.
Equation (2) is equivalent to the following first order system for (Yi,Y2),

I / ' h IYi = Y2 p, Y2 = -qYi - g, were Yi = n, Y2 = pn , (2' )

which is also occasionally used.
This form of (2) also explains the appearance of the factors p(a), p(b) in (3).
2. The relationship between equations (1) and (2). Equation (1) can always

be transformed into the self-adjoint form (2) by llluitiplying by the positive
factor p(x) := exp (j adx)dx):

( II , ) ( ')'p u + aiu + aon = pn + paot/,.

Conversely, if p > 0 and pEel, then equation (2) can be written ill the form
(1) by expanding the derivative

(pu')' + qn = pn" + p'n' + qn.

3. Problem (2), (3) is named after Jacques Charles Fran<;ois Sturm (1803
1855), who was born in Geneva and spent most of his life in Paris, where he
was professor at the Ecole Polytechnique. Sturm developed the theory of this
boundary value problem, partly in collaboration with J. Liouville (1809-1882).
The problem also goes under the nallle Stnrm--Liollville bOllndar'y value problem.

The Lagrange Identity. The great French mathematician Joseph Louis
Lagrange (1736-1813) discovered the identity

vLu - aLv = {p(:r)(a'v - v'a)}' Lagrange identity (5)

(a, v E C 2 (J)) that carries his name. An important consequence of (5) is the
relation

(6)(i=1,2).l b

(vLa -aLv) dx = 0 if Ria = Riv = 0

Equation (5) is easily verified, and then (6) follows from (5) and the observation
that (u'v - v'u) vanishes at both endpoints a and b. It is sufficient to consider
the point a. In the case CX2 = 0 one has tL(U) = v(u) = 0; if CX2 # 0, thella'(u) =
bu(a), v'(a) = bv(a), where b = -CXd(cx2P(a)). In either case, (71 l v-nv' )(a) = O.
Note that (6) also holds for the periodic boundary condition u(a) = u(b),

u'(a) = 7l ' (b) if p(a) = p(b) (Exercise l ).

Consequences of Linearity. Since the boundary value problem is linear,
the following simple propositions hold:
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(a) A (finite) linear combination L C(Ui of solutions Ui of the homogeneous
problem (4) is again a solution of that problem.

(b) The difference VI - V2 of two solutions VI, V2 of the inhomogeneous
problem (2), (3) is a solution of the homogeneous problem (4).
(c) If u is a solution of the homogeneous problem (4) and V a solution of

the inhomogeneous problem (2), (3)) then the sum u + v is a solution of the
inhomogeneous problem (2), (3).
(d) Let v* be a fixed solution of the inhomogeneous problem (2), (3). Then

every solution v of the inhomogeneous problem can be written in the form

v = v* + u,

where u runs through all solutions of the homogeneous problem.

III. Theorem. Let UI(X), U2(X) be a fundamental system of solutions
to the homogenemls differential equation Lu = O. The inhomogeneous boundary
value problem (2), (3) is uniquely solvable if and only if the homogeneous problem
(4) has only the zero solution u == O. The latter is true if and only if the
determinant

(7)

It follows that cond'ition (7) is independent of the choice of fundamental system.

Proof. The first part is an immediate consequence of II.(b). For the second
part involving (7) we choose a solution v* of (2). Then the general solution of
this differential equation is given by

The two boundary conditions (3) lead to a system of two linear equations for
CI, C2,

(i = 1,2).

This system is uniquely solvable if and only if (7) holds. •
Theorem III shows that a linear boundary value problem can be easily solved

when a fundamental system for Lu = 0 is known. 'When this is the case, a
solution v* of the inhomogeneous equation can be constructed (see 19.VII) and
the problem then reduces to the solution of a linear system of two algebraic
equations.

Example. (a) u" + 'U = g(x) for 0 :::; x :::; 7l",

Rlu:= u(O) + u'(O) = T}l,
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This problem is uniquely solvable for arbitrary 171, 1]2, g(x) because for the
fundamental system U1 = COSX, U2 = sinx the determinant in (7) has the value

I
R1 (cos x)

R2 (cosx)
R1(SinX)1 11 011 = 1.
R2 (sinx) - -1

(b) In the special case 9(x) = 1 we may choose v* (x) = 1. Then the general
solution of the differential equation is given by

v(x) = 1 + C1 cos x + C2 sinx.

Consider the case where 1]1 = 1]2 = O. It follows from the boundary values

that C1 = 1, C2 = -2. Hence the solution of the boundary value problem is

v(x) = 1 + cos x - 2sinx.

(c) If the boundary condition in (a) is changed to

then the determinant in (7) vanishes. Now the homogeneous boundary value
problem has infinitely many solutions u = c sin x, while the inhomogeneous
problem u" + u = 0, u(O) = 0, u(Jr) = 1 has no solution.

IV. Fundamental Solutions. Let J = [a, b], let Q be the square J x J
in the x~-plane, and let

Q1 be the triangle a:::; ~ :::; x :::; b,

Q2 be the triangle a:::; x :::; ~ :::; b.

Note that both triangles are closed and that the diagonal x = ~ belongs to
both triangles. A function I(:r, 0 defined in Q is called a fundamental solution
of the homogeneous differential equation (2) Lu = 0 if it has the following
properties (recall that p > 0):
(a) l(x,O is continuous in Q.
(b) The partial derivatives lx, IXX exist and are continuous in Q1 and Q2 (on

the diagonal one has to take the one-sided derivatives from the corresponding
triangle).
(c) Let ~ E J be fixed. Then I(x,~), considered as a function of :1:, is a

solution to L , = 0 for x =J ~, x E J.
(d) On the diagonal x = ~ the first derivative makes a jump of magnitude

lip; i.e.,

1
Ix(x+. x) - IX(x-, x) = -() for a < x < b.

px

Here, IX(x+,x) is the right-sided derivative of l(x,O with respect to x at the
point (x,x) (or, equivalently, the limit of Ix when the point (x,x) is approached
from the right); the left-sided derivative IX(x-, .1:) is defined similarly.
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b - - - - t--------/I

a - - - -_--_----4

-+---~--~---~--x

.X b

Lu = 0, 11(~) = 0,

Lemma. Under the assumption (S) a fundamental solution exists, but it is
not unique.

Proof. Letu(.c; 0 be the solution to the initial value problem
I 1

u (e:) = - (~E J).
p(O

Then

{

0
,(.T, e:) =

1L(:r; 0
for a:::; x :::; ~ :::; b,

for a:::; e: :::; .1' :::; b

is a fundamental solution. Properties (a)-(d) arc easily verified.
Now let 9 E C 2 (J) be a solution of Lg = 0, and let h E C°(J). Then the

function '1 (x,~) = ,(x, 0 + g(x )h(c:) is also a fundamental solution. •

Two E:wrnples. Using the notation a+ = max (0, a), one obtains

nil = 0 =? ,(:1:,0 = (:1: - 0+,

1
,(x,O = >:Sill).(X-~)+ (0 i- ). E lR).

Given a fundamental solution, it is easy to construct a solution of the inho
mogeneous differential equation, as the following theorem shows.

V. Theorem. Let (S) from II hold. fr ,(:1:,0 is a fundamental solution,
th.en

j
b

v(x) =. " ,(.T,c:)g(e:) de: (8)

belongs to C 2 (J) and L~ !L sulution of theinhomogeneO'lLS equation Lv = g(:c).
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Proof. If the integral (8) is divided into two parts, an integral from a to
x and an integral from x to b, and each part is then differentiated, then one
obtains

v'(x) 'Y(x, x)g(x) + l x
'Yx(x, ~)g(O d~

- 'Y(x, x)g(x) + lb

'Yx(x, Og(O d~

l b

'Yx(x, ~)g(O d~.
Applying the same procedure to this last integral and taking into account

property IV.(d) of the fundamental solution, one is led to

v"(x) 'Yx(x+, x)g(x) + l x
'Yxx(x, Og(~) d~

- 'Yx(x-, x)g(x) + l b

'Yxx(x, ~)g(O d~

I
b g(x)

a 'Yxx(x, Og(O d~ + p(x)"

Since L'Y = 0 by IV. (c), it follows that

Lv = pv" + p'v' + qv = l b

L'Y(x, ~)g(~) d~ + g(x) = g(x).

•
VI. Green's Function. Green's function f(x, 0 for the Sturmian bound

ary value problem (4) Lu = 0, R l U = R 2u = 0 is defined by the following two
properties:

(a) r(x,O is a fundamental solution of Lu = o.

(b) Rlf = R 2f = 0 for each ~ E JO = (a, b).

It is assumed that the homogeneous problem (4) has only the trivial solution.
Our construction of Green's function is based on determining two solutions

Ul, U2 of the homogeneous equation Lu = 0 satisfying the conditions

(9)

The function Ul can be determined as the solution of Lu = 0 with the initial
values u(a) = ..\, p(a)u'(a) = JL, where (..\, JL) =1= 0 satisfies the equation al..\ +
a2JL = O. Constants ..\, JL with this property are easily found. The function U2

is constructed in a similar manner. If Ul, U2 are linearly dependent, that is, if



(10)
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U1 = ,,/U2, then it follows that U1 also satisfies the second boundary condition
R2U1 = 0 and therefore is a nontrivial solution of the homogeneous problem
(4). This case has been excluded. Therefore, (U1' U2) is a fundamental system
of solutions of Lu = O. By Lagrange's identity, the expression

c = P(U1U; - U~U2) is constant and i= 0,

since the left side of (5) equals 0, and U1U~ -U~U2 is the Wronskian of (U1,U2),
hence i= 0 by the results in 19.II. Green's function can now be determined. It
is given by

1 {U1(OU2(X) in Q1: a::::: ~ ::::: x::::: b,
f(x,O=-'

c U1(X)U2(~) in Q2:a:::::x:::::~:::::b.

The properties (a), (b), (c) of IV are obvious for r. The jump relation (d),
r x(x+, x) - r x(x-, x) = l/p(x), also follows without difficulty from the relations

•
VII. Theorem. Let (S) hold. If the homogeneous boundary value prob

lem (4) has only the trivial solution, i.e., if (7) holds, then Green's function for
(4) exists and is unique. It is explicitly given by (10) and is symmetric,

f(x,O = r(~,x).

The solution of the "semihomogeneous" boundary value problem

(11)

Lv = g(x),

which is unique by Theorem III, is given by

(12)

Proof. Theorem V shows that v satisfies the equation Lv = g. Since r
satisfies the homogeneous boundary conditions, this is also true of v, because
Vi (x) can be obtained by differentiating under the integral sign (see the proof

of V), and therefore R; J: rg d~ = J: R;rg d~ = O.
To prove uniqueness of r, we consider a second Green's function r '. Let

with continuous functions g, h. Since R;v = R;w = 0 (i = 1,2), equation (6)
holds,

l b

(vLw - wLv) dx = O.
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Inserting the expressions for v and wand observing that Lv = g, Lw = h, one
obtains

lib h(x)f(x,~)g(~) dxd~ = lib g(x)f'(x, ~)h(O d~ dx

and then, by interchanging x and ~ in the second integral,

Jk {f(x, 0 - f'(~, x)}g(~)h(x) d~ dx = 0.

Since this relation holds for arbitrary continuous functions g, h, the expression
in curly braces vanishes; i.e., f(x,~) = f'(~, x). Now set f' = f. Then this
relation shows that f is symmetric (this also follows from (10)). But then the
same relation implies that f = f'. •

Example. Consider the problem

Lu = u" = ° in [0,1], R1u = u(o) = 0, R2u = u(l) = 0.

Equations (9) are satisfied by Ul = x, U2 = x-I, for which c = 1. Hence

{

~(x - 1)
f(x,O =

x(~ - 1)

for 0::; ~ ::; x ::; 1,

for 0::; x ::; ~ ::; 1

is Green's function for this boundary value problem. Since all solutions of
Lu = °are linear functions, the homogeneous problem (4) has only the zero
solution.

VIII. Linear and Nonlinear Boundary Value Problems. Theorem
VII gives an explicit formula for the solution to a semihomogeneous boundary
value problem. Green's function for problem (4) can also be used to solve
(a) Inhomogeneous boundary value problems. Given an inhomogeneous prob

lem (2), (3), one looks first for a function <p E C 2 (J) that satisfies the boundary
conditions Ri<P = "Ii (i = 1,2). This is easily accomplished. Then the ansatz
u = v + <P in the inhomogeneous boundary value problem leads to the equations

Lu = L<p + Lv = g, Riu = Ri<P + Riv = "Ii (i = 1,2)

which are satisfied if v is a solution to the semi-homogeneous problem

Lv = h, R1v = R2v = 0, with h = 9 - L<p.

Assuming (7) holds, the solution v can be found using Theorem VII. Then
u = v + <p is the solution of the given problem.
The importance of Green's function goes further yet.
(b) Nonlinear boundary value problems. Consider the boundary value prob

lem

Lu = f(x,u) in J = [a,b] with R1u = R2 u = 0, (13)

where f is continuous in J x 1Ft We can transform this boundary problem into
an integral equation using Green's function, as the following theorem shows.
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Theorem. The function u is of class C 2 (J) and a solution of problem (13)
if and only if u is continuous in J and satisfies the integral equation

u(x) = l b

r(x,~)f(Cu(~)) d~ in J. (14)

The proof follows immediately from Theorem VII using g(x) := f(x, u(x)) .

•
IX. Existence and Uniqueness Theorem. Assume that the function

f(x, y) is continuous in [0,1] x lR and satisfies a Lipschitz condition

If(x, y) - f(x, z)1 ::; LIY - zl with L < 7f2.

Then the boundary value problem

u" = f(x, u) for 0::; x ::; 1, u(O) = u(l) = a

has a unique solution.

The restriction on L in this theorem is sharp, i.e., the theorem becomes
false if L = 7f2. To see this, we consider the examples f (x, u) = -7f2U and
f(x, u) = _7f

2
( U + 1). In the first case, an infinity of solutions u(x) = C sin 7fX

exists; in the second case there is no solution (proof?).

Proof. We consider (14) as a fixed point equation of the form u = Tu, where
T is defined by

(Tu)(x) = 11

[(x, Of(~,u(O) d~.
Green's function r is taken from the example given in VII. We consider this
equation in the Banach space B = C[O, 1] and apply the contraction principle.
If the norm in B is the maximum norm, then T satisfies a Lipschitz condition

with Lipschitz constant L/8, since111f(x,O' dx ::; 1/8. The theorem now

follows from the contraction principle 5.IX for L < 8.
In order to obtain the general result, we consider the space B* of all functions

u E B that satisfy an estimate of the form lu(x)1 ::; Csin7fx (this implies in
particular u(O) = u(l) = 0). In B* we use a weighted maximum norm

Ilull*:= sup 1~(x)1 < 00.
O<x<1 sm 7fX

The proof that (B*, II . II *) is a Banach space is left to the reader as an exercise.
If u, v E B*, then

If(C u(~)) - f(~, v(O)! ::; Llu(~) - v(OI ::; Lllu - vll* sin 7f~.
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Therefore,

I(I'lL - Tv)(x)1 :S Lllu - vll*11 I[(:!"· 01 sin JrE, dE,.

We denote the integral term on the right-hand side by uo(;c). It follows from
r :S 0 and Theorem VII that w" = - sin Jr:C and w(O) = w(l) = 0, and hence
W(T) = (sin Jrx)/Jr2 This implies the estimate

I(Tu-Tv)(x)l:S ~llv-vll*sinJr:c.
Jr-

Dividing by sin Jr.1: leads to the inequality IITa ~ Tvll* < ~ lin - vll*. This
Jr

shows that I' is a contraction for L < Jr2. •

Example. We consider the boundary value problem

u" = g(;c)e" in [0.1]' u(O) = 11(1) = O.

where g E C[O, 1]. and claim that there is one and only one solution if 0 <
g(.1:) :S L < Jr2 in [0,1].

For a proof, we note that u" ::': 0, i.e .. u is convex and therefore u :S o.
If f(x,u) = g(x)e". then f" = g(x)e" :S g(T) :S L < Jr2, since Il :S 0 can be
assumed. Hence f satisfies a Lipschitz condition with constant L < Jr2. •

X. General Linear Boundary Value Problems. The theory devel
oped so far carries over without difficulty to linear differential equations of order
n and, more generally. to linear systems of first order. vVe consider the boundary
value problem

where

Ly = f(x) in J = [a, b], Ry = 1],

Ly := y' - A(:I')Y. Ry:= Cy(a) + Dy(b).

(15 )

(16)

Here, A, C, Dare n x n matrices, and f, 1] are n-vectors: A and f are continuous
in J, while C, D. and 1] are constant. All these entities are allowed to be
complex-valued.

Three e:camples. (a) Letting C = I, D = O. gives the initial value problem
(14.8).
(b) For n = 2, the Sturmian boundary value problem (2), (3) is obtained

when y(:c) is taken to be (u.p(X:)U/)T and

A(x) = ( 0
-q

liP) (0) (0 I 02) (0o ,f(:c) = g . C = 0 0 ,D = (3)

Observe that the system (2'), which is equivalent to (2). ha::; been used here.
(c) The periodic bmmdary condition y(a) = y(b) i::; obtained by putting

C = -D = I, 1] = O.
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XI. Theorem. Let Y(x) = (YI, ... ,Yn) be a fundamental system ofsolu
t'ions of the differential equation Ly = 0, where A(x) E C(J) is complex-valued.
Then the following properties are equivalent:

(a) The homogeneous problem Ly = 0, Ry = 0 has only the trivial solution
y = o.
(b) The matrix R(Y) = CY(a) + DY(b) is nonsingular, detR(Y) i- O.
(c) For given f E CO (J), 'YJ E en, the boundary value problem (15) has a

unique solution.

Proof. The general solution of the inhomogeneous equation Ly = f is

y = Z + CIYI + ... + CnYn = Z + Yc,

where z(x) is a solution of the inhomogeneous equation Ly
(Cl,' .. ,cn )TEen is arbitrary. The boundary condition reads

R(y) = R(z) + R(Y)c = 'YJ.

(17)

f and c =

(18)

Hence problem (15) has a unique solution if and only if equation (18) has a
unique solution. The rest is simple linear algebra; notice that z = 0 in case (a) .

•
XII. Green's Operator and Green's Function. Let Ch be the vector

space of all y E C I (J) satisfying the homogeneous boundary condition Ry = O.
The semihomogeneous problem

Ly = f, Ry = 0 (19)

can be formulated in another way: Look for ayE Ch such that Ly = f.
According to Theorem XI, this problem has a unique solntion if and only if
det R(Y) i- O. Under this assumption,

becomes a bijective linear map between the two spaces, and the inverse map

is likewise linear and bijective. Expressed in terms of the operator G, the
function y := Gf is the unique solution of the semihomogeneous problem (19).
'vVe look for an integral representation of G, i.e., an n x n matrix f(x, () such
that

y(x) = (Gf)(x) = l b

f(x,Of(O dE; for f E C°(J). (20)

The operator G is called Green's operator and r correspondingly Green's func
lion or Green's matri:r for problem (19).
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To find Green's function, we look back to the proof in XI. According to
(16.3),

is a solution of Lz = f, and the boundary operator R is given by

R(z) = Cz(a) + Dz(b) = Dz(b) = D l b

Y(b)y-1(Of(0 d~.

Solving (18) with." = 0 for c leads to a solution y of (19) of the form

y(x) = Gf = z(x) - Y(x)R(y)-l R(z).

If the above expresssions for z(x) and R(z) are inserted into this equation, we
get an integral representation for G. Since the integral for z(:r) runs only from
a to x, we multiply the integrand by

{

I for ~::: x,
c(x,O =

o for ~ > x,

which allows us to integrate from a to b. In this wayan integral representation
(20) is obtained, where Green's function is given by

r(x,~) = c(x, ~)Y(X)y-l(O - Y(x)R(y)-l DY(b)y- 1(0

= Y(x){c(x,O - R(y)-l DY(b)}y-1(0.
(21)

XIII. Theorem. Let Y(x) be a fundamental matrix for' Ly = 0, where
A is continuous in J. If det R(Y) i- 0, then Green's function r(x,O fOT the
boundary value problem (19) is unique and given by (21). It has the following
properties (recall that Ql, Q2 ar'e the closed triangles a ::: ~ ::: x ::: band
a::: x ::: ~ ::: b, resp.):

(a) If r(x, 0 is defined to be r(x+,x), the limit from the interior ofQl on
the diagonal x = ~, then f is continuous on Ql" it is continuous Q2 if it is
defined to be f(x-, x), the limit from the inter'ior of Q2 on the diagonal x =~.

These limits satisfy the jump relation

r(x+, x) - r(x-,x) = I.

(b) For fixed ~ E J, Lf = 0 in J \ {O.
(c) For fixed'; E JO = (a, b), R(r) = Cf(a,';) + Dr(b,~) = O.

The properties (a)-(c) characterize r(x,.;) uniquely.

Proof. The properties in (a) follow immediately from formula (21). The
second summand is continuous in the set Q = J x J, while putting x = .; in the
first gives c(x,x)Y(x)y- 1 (x) = I. Property (b) follows similarly, since in each
of the two triangles Ql, Q2, Green's function has the form f(x,.;) = Y(x)S,
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where the matrix 5 is independent of x; cf. 15.II.(h). To verify (c), we evaluate
R(r(J';, 0),

R(r(x, 0) = R(c(:r, OY(:l:)y-1(~)) - R(Y(x)R(y)-l DY(b)y-1(0)

=DY(b)y-1(~) - R(Y)R(y)-lDY(b)y-1(0 = O.

Hence r satisfies (a)- (c). The proof of the uniqueness of r uses the fact that a
piecewise continuous function h(O that satisfies

bI h(Of(O d~ = 0 for all real-valued f E C°(J)

also vanishes in J (except for the points of discontinuity). This remains true
if h is complex-valued. One can show after a little thought that a piecewise
continuous matrix H(~) satisfying

I
b

a H(Of(O d~ = 0 for all f E C°(J)

again vanishes in J. Now assume that r' is another Green's function. The
function H(O = r(:r,O - r'(x,~), with:E fixed, satisfies (*). Therefore, since
:1: E J is arbitrary, r = r' holds at all points of continuity of both functions. It
remains to show that the function r given by (21) is the only function with the
properties (a)-(c). 1fT' is another function with these properties and if ~ E (a, b)
is fixed, then V(.r) := r(x, ~)-r' (x, 0 is continuous in J (in particular at x = ~).

The equation LV = 0, which holds for x i- ~ by (b), is also true for x = ~ (for a
proof let x ----+ ~ and use Lemma 6.VI). Hence V (that is, each column of V) is
a solution of the homogeneous boundary value problem and therefore vanishes
identically. •

XIV. Remarks. (a) Clearly, the theory developed in X-XIII applies also
to the real case, wbere A(x), C, D, f(x) are real-valued and Land G = L- 1

are bijections between the real spaces Ch and C°(J).
(b) The above theory contains the earlier results obtained for the Sturmian

boundary value problem. To see this, define A(.r), f(x), C, D as in X.(b). Let
Land (r ij ) (i,j = 1. 2) correspond to this matrix problem, while L s , r s denote
the Sturmian operator (2) and its (scalar) Green's function. If y satisfies Ly = f
and '/J := Y1, then Y2 = pu' and Ls'u = g. The solution of the semihomogeneous
problem (19) is given by

which implies
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A comparison with Theorem VII shows that f 12 = f s , f 22 = pafs/ax. Ac
cording to the jump relation XIII.(a), f 12 is continuous in Q, while f 22 makes a
jump of magnitude 1 on the diagonal. This coincides with the properties IV.(a)
and (d) of f s .

XV. Boundary Value Problems with Parameters. Holomorphy
in oX. \Ve consider the operator LA depending on a complex parameter A,

LAY := y' - (A(x) + AB(x)) y,

where A and B are continuous in J, together with the earlier boundary operator
(without parameter)

Ry := Cy(a) + Dy(b).

By Theorem 13.III, the solution y(x, A) to an initial value problem LAY = 0,
y(a) = T/ (T/ independent of A) is an entire holomorphic function of A E C.
If n such initial value problems with linearly independent initial values are
solved, we obtain a fundamental matrix Y(x, A) that for every x E J is an
entire holomorphic function of A. It follows that y- 1(x, A), the Wronskian
det Y(x, A), and the boundary operator

R(Y(x, A)) = CY(a, A) + DY(b, A)

are also entire holomorphic functions of A. Hence either
(a) det R(Y(x, A)) = 0 for all A E C; or
(b) det R(Y(x, A)) =/=- 0 with the possible exception of a finite or countable

set of values A = Ak. In the latter case lim IAkl = 00.
In case (b), Green's function f(X,~,A) exists for A =/=- Ak' and it is a holo

morphic function of A. This can be seen from the representation (21), since
R(Y(x, A))-l is holomorphic for A =/=- Ak.

XVI. Exercise. Prove that Green's function for the boundary value
problem

U" + AU = 0 in [0,1], u(O) = 0, u(l) = 0

is given, for A > 0, A=/=- n 2
7r

2 (n = 1,2,3, ... ), by

1 {sinJ:\~.sinJ:\(:L"-l), 0:S~:Sx:S1,
f(x,~; A) = . .

J:\ sm J:\ sin J:\ x . sin J:\ (~ - 1), O:S x :s ~ :s 1
and that the numbers A = n 2

7r
2 belong to the exceptional case, where (4) has a

nontrivial solution.
00

The function S(z) = L(-1)kzk/(2k+ I)! is holomorphic in C, and sinz =
o

zS(Z2). Show that f can be written as

1 {S(Ae)S(-\(X - 1)2)~(x - 1), O:S ~ :s x :s 1,
f(x (A) = _.

" S(A) S(AX2)S(A(~ - 1)2)x(~ - 1), O:S x :s ~ :s 1,
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and that in this form it represents Green's function for all complex A =!=- n2 Jr2

(n = 1,2, ... ). For A = 0 the example from VII is obtained. Express Green's
function for real A < 0 using the hyperbolic sine.

XVII. Exercise. (a) Solve the inhomogeneous boundary value problem

u"+u=eX in [0,1], u(O) = u(l) = 0;

u(l) = u(2) = O.

(ad using a fundamental system of the homogeneous and a special solution of
the inhomogeneous differential equation; (a2) using Green's function.
(b) Determine Green's function for the boundary value problem

1
u" + -2 U = 0 in [1,2],

4x

Hint: The substitution x = e t helps.
(c) Prove that the boundary value problem

u" = g(x)sinu in [0,1], u(O) = u(l) = 0,

where 9 E C[O, 1] satisfies the inequality Ig(x)1 < Jr
2

, has a unique solution.
(d) Find Green's function for u" = 0 in [0,1], u/(O) = u(l) = O.

Supplement I: Maximum and Minimum Principles

Generally speaking, a maximum or minimum principle is a proposition on
maxima or minima of solutions of a differential equation or inequality. We
consider theorems of this kind for the operator Lu = (puT + quo Instead of
assuming p E Cl, U E C 2

, we make weaker assumptions. If u and put belong
to C1(I), where I is an interval, we write u E Cp(I). As before, J = [a,b] and
JO = (a, b).

XVIII. Strong Minimum Principle. (a) Let p, q E C°(J°) and p > 0,
q :S 0 in J O

• Suppose that u E CO (J) n Cp (JO) satisfies

Lu=(pu')/+qu:SO in J O
, u(a);::::O, u(b);::::O. (22)

Then (i) u == 0 or (ii) u > 0 in J O
•

(b) Suppose the assumptions regarding p, q, and u hold in J rather than in
JO, in particular p > 0 in J. If u > 0 in J O and u(a) = 0 or u(b) = 0, then
u/(a) > 0 or u/(b) < 0, respectively.
(c) Ifu;:::: 0, then (a) and (b) remain true without the assumption q:S O.

Proof. (a) If min u < 0, then there is an interval I = [a,,6] with u(a)
u(,6) = 0 and u < 0 in [0. Since qu;:::: 0 in I, we have (puT :S Lu:S 0, i.e., put
is decreasing in I. On the other hand, there are points in I close to a where
u/, and hence pu/, is negative, and points in I close to ,6 where put is positive.
This is a contradiction; it shows that u ;:::: 0 in J.
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Now assume that u t °is not positive in J O
• Then there is a point a E J O

such that u(a) = °and u > °in an interval to the right or left of a. We
consider only the first case and assume that I = [a, a + c:] C jO, u > °in
1°, and p > 8 > 0, q 2: -K in I. It follows from u(a) = 0, u'(a) = 0, and
(pu')' ::; K u in I that

u(x) = fax u'(~) d~ and (pu')(x)::; fax Ku(t) dt.

Let U(x) = max {u(t) : a::; t::; x}. Then the last inequality yields p(x)u'(x)::;
K(x - a)U(x) and hence u'(x) ::; c(x - a)U(x), with c = K18, and so the
preceding equation leads to

Since there are points x with the property u(x) = U(x) arbitrarily close to a,
we have again arrived at a contradiction.
(b) The above proof applies also at a = a and shows that the assumption

u(a) = u' (a) = °leads to a contradiction.
(c) Let q-(x) = min {q(x),O} ::; °and L-u = (pu')' + q-u. Because of

u 2: 0, we have q-u ::; qu and hence L -u ::; Lu ::; 0. Now apply (a) to L -. •

In the next theorem q(x) is allowed to assume positive values.

XIX. Theorem. Let p, q E CO (J) and p > °in J. A ssume that u E
CpU) satisfies (22) and that an "auxiliary function" h E Cp(J) exists with the
properties

Lh ::; ° in JO and h < ° in jO.

Then (i) u == 0, or (ii) u> °in J O, or (iii) u = -p,h with p, > 0.

Proof. The references to (a), (b), (c) refer to items in the preceding strong
minimum principle. The function d(x) = dist(x,8J) = min {x - a,b - x}
satisfies d'(a) = -d'(b) = 1. If u 2: °then, according to (c), (i) or (ii) holds.
If min u < 0, then the Lipschitz continuity of u together with the inequalities
u(a), u(b) 2: 0 leads to a lower bound u(x) 2: -,d(x) for some, > O. If (b) is
now applied to h, one obtains h(x) 2: 8d(x) with 8 > 0 because h(a) = 0 implies
h'(a) > 0. Both inequalities give u + Ah 2: (-, + A8)d > °for large A. Let

p, = inf {A > 0 : u + Ah 2: ° in J}.

Clearly, p, > 0 and v := u + p,h 2: O. Since Lv ::; 0, (c) and (b) imply v == 0 or
v 2: ,d(x), where, > O. The first case leads to (iii), while the second case is
incompatible with the minimality of p,. •

Example and Remarks. 1. Let u" + q(x)u ::; 0 in (0, Jr), where q(x) ::; 1,
and suppose u(O),u(Jr) 2: O. Then u == 0 or u > 0 in (O,Jr) or u(x) = -,sinx,
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where'Y < O. Here, case (c) with h(x) = sinx applies. ~ ote that u > 0 in (0,7T)
unless we have equality in all four inequalities of the hypotheses.

2. The eigenvalue case. Note that case (iii) in (c) can occur only if all
inequalities reduce to equations, i.e., Lu = Lh = 0 and u(a) = h(a) = u(b) =
h(b) = O. If just one of these equalities is violated, then u == 0 or u > O. The
situation is more clearly described in the terminology of eigenvalues (cf. § 27).
Case (iii) means that Ao = 0 is the first eigenvalue and Uo = h a corresponding
eigenfunction to the eigenvalue problem Lu + AU = 0 in J, u(a) = u(b) = O.
3. Continuity of q(x) is not needed in Theorem XVIII. The proof carries

through if q is locally bounded in part (a) and bounded in part (b).
4. The above theorems have their counterparts for second order elliptic

differential equations. The alternative u == 0 or u > 0 in the interior is known as
the strong minimum principle, while the statement about positivity of normal
derivatives at the boundary, the analogue of XVIII. (b), is called Hopf's lemma.
It was discovered in 1952 by Eberhard Hopf. A version of Theorem XIX under
the stronger assumption that h(x) 2 {) > 0, which excludes case (iii), has been
known for a long time. In the sharper version given here (h > 0 only in the
interior) it goes back to Walter (1990) and has since been extended to elliptic
systems by various authors.

Exercises. (a) Suppose p > 0 and q :::; 0 in JO. Prove that if u E Cp(JO)
satisfies Lu 2 0 in JO and has a positive maximum in JO, then u is constant.
This remains true if u has a negative minimum and Lu :::; 0 in JO.
(b) Prove that the strong minimum principle XVIII remains valid for the

operator Mu = a2(x)u" + aj (x)u' + q(x)u in non-self-adjoint form if a2 has the
properties of p, aj is continuous, and u is of class C2 (in JO or J, resp.).

Hints. (a) Find an interval where pu' is monotone. (b) Use the transforma
tion in Remark 2 of II.

Supplement II: Nonlinear Boundary Value Problems

In IX a nonlinear boundary value problem was solved using the contraction
principle. Here we shall employ Schauder's fixed point theorem and other means
to accomplish the same purpose. Since Schauder's theorem does not exclude the
possibility of several fixed points, new methods for dealing with the uniqueness
problem must be developed. First, we consider the boundary value problem

Lu=f(x,u,u') in J=[a,b], Rju='T/j, R 2u = 'T/2, (23)

where Lu = (pu')' + qu and R j , R 2 are defined as in (2), (3).
In 1935, the Italian mathematician G. Scorza Dragoni proved the following

XX. Existence Theorem. Let f = f(x, z,p) be continuous and bounded
in J x 1R2 , and assume that the homogeneous problem. (4) has only the trivial
solution. Then the boundary value problem (23) has at least one solution.



§26. Boundary Value Problems 263

This result is a special case of the next theorem, which deals with the
general nonlinear boundary value problem

y/(x) = A(x)y + f(x,y) in J = [a,b], Ry = "1. (24)

The corresponding linear problem with f = 0 was treated in Sections X-XIII,
and we use the notation introduced there, in particular Ry = Cy(a) + Dy(b).
As before, y, A, and f are allowed to be complex-valued.

Existence Theorem. If f(x, y) is continuous and bounded in J x en and
det R(Y) i- 0, then the boundary value problem (24) has at least one solution.

Proof. As in VIII. (a), one reduces the problem to the semihomogeneous case
"1 = 0 by writing the solution in the form y = Yo +z, where Yo E C l (J) satisfies
Ryo = "1, and considering the corresponding semihomogeneous problem for z.
According to XII, in particular equation (20), y is a solution of (24) with "1 = 0
if and only if y is a continuous solution of the integral equation

y = Ty with (Ty)(x):= l b

r(x, Of(~, y(O) d~. (25)

Schauder's fixed point theorem is applied in the Banach space B = C(J, en)
with the maximum norm Ilyll = max {ly(x)1 : x E J}. For y E B, f(x,y(x)) is
continuous in J; hence v = Ty, which is a solution of

v/ = A(x)v + f(x, y(x)), (26)

belongs to Ch c B; i.e., T(B) c B.
The functions f, A, and r are bounded, say, If!, IAI, Ifl < c. Therefore,

v = Ty satisfies by (25) and (26):

Iv(x)1 I(Ty)(x)1 :::; c2 (b - a) =: CI,

Iv'(x)1 < CCI + c.

(27)

These two estimates show that T(B) is bounded and equicontinuous and hence
relatively compact in B. It remains to show that T is continuous. Let (yd be a
sequence that converges in B, i.e., uniformly in J, to z E B. Then f(x, Yk(X)) --->

f(x, z(x)) uniformly in J because f is uniformly continuous in bounded subsets
of J x en. Since r is bounded, TYk ---> Tz uniformly in J, which shows that T
is continuous. Now Schauder's theorem can be applied. •

XXI. Upper and Lower Solutions. If the nonlinearity f in the bound
ary value problem (23) is unbounded, but upper and lower solutions exist, then
existence of a solution can be established by reduction to the case where f is
bounded. 'vVe will demonstrate this important method by proving the existence
of a solution to the first boundary value problem

Lu = f(x,u) in J = [a,b], u(a) = 7]1, u(b) = 7]2, (28)
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where Lu = (puT + quo Let v, w E C 2 (J). The function v is a lower solution
and w an upper solution for (28) if

Lv 2 f(x, v),

Lw ~ f(x, w),

v(a) ~ 1]1,

w(a) 21]1,

v(b) ~ 1]2,

w(b) 21]2;

note that in the differential inequality the direction of the inequality is reversed.

Existence Theorem. Assume that p satisfies (8) and that v is a lower
solution and w an upper- solution with v ~ W. If f(x, z) is continuous in the
r-egion K = {(x,z) : a ~ x ~ b, v(x) ~ z ~ w(x)}, then ther-e exists a solution
11 of the boundar-y value pmblem (28) between v and W.

Pmof. We write the differential equation in the form (pu')' = g(x, u), where
g(x, z) = f(x, z) - q(x)z. We then extend 9 as a continuous function to the
strip J x IR in such a way that g(x, z) is constant in z outside K. Let G be the
extension. By Theorem XX, the boundary value problem for (puT = G(x, u)
has a solution, since the homogeneous problem (pu')' = 0, u(a) = u(b) = a has
only the zero solution. We have to show that graph u c K. Assume to the
contrary that, e.g., u is not ~ W. Then rp = w - u is negative in an open interval
1° and vanishes at its endpoints. For x E 1°,

(p'rp')' = (pw')' - (pu')' ~ G(x,w) - G(x,u) = O.

This is a contradiction to Theorem XVIII. Hence u ~ w, and a similar argument
shows that v ~ U. It follows that graph rp c K and therefore g(:r, u(x))
G(x, u(x)); i.e., u is a solution to problem (28). •

Example. (cf. IX). The problem

u" = f(x, u) for a~ x ~ 1, u(O) = 1]1, u(l) = 1]2

has at least one solution if f is continuous in [0,1] x IR and satisfies

If(x, u)1 ~ A + Blul with B < 7f2.

Pmof. Let w = -v = 0: cos l' (x - ~), where B < 1'2 < 7f2 Then

w(x) 2 w(O) =w(l) = 0: cos (/'/2) >0 in [0,1].

Furthermore, w" ~ f(x, w) and v" 2 f(x, v) if

( 1) 2X -"2 - l' w(x) ~ -A - Bw(x).

Choose 0: > a so large that A < (/'2 - B)w(O) and l1]il ~ w(O). •
The following estimate uses a family w,.\(x) of upper solutions that is increas

ing in A E [0:,;3]. It was established by A. McNabb (1961) for elliptic equations
and is related to "8errin's sweeping principle."
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XXII. Estimation Theorem. Ass'ume that f (x, z) is continuous in 1 x
IR and locally Lipschitz continuous in z,. that u E C 2 (1), w).. E C 2 (1) for A E

A = [a, ,6]; and that w).. and w~ ar'e continuous in (x, A) E 1 x A. Suppose
further' that w).. is increasing in A. Let

(a) Lu 2': f(x, u) in 1 and Lw).. ~ f(x, w)..) in J for a ~ A ~ ,6,
(b) u(a) ~ w)..(a) and u(b) ~ w)..(b) for a ~ A ~ ,6,

where we exclude the case that equality holds everywhere in (a) and (b). Then

u(x) ~ w{3(x) in 1 impliesu(x) ~ wo(x) in 1.

Proof. There is a minimal /-i E A such that u(x) ~ wJ.t(x) in 1. Assume that
the assertion is false, i.e., that a < /-i. The function r.p = wJ.t - u satisfies

Lr.p = LwJ.t - Lu ~ f(x, wJ.t) - f(:r, u) = c(x)r.p.

Here c(x) = [j(x, wJ.t) - f(x, u)JI(wJ.t - u) for wJ.t =I- u, and c(x) = °otherwise.
Our assumption on f implies that c is bounded. Using the notation L*r.p =
(pr.p')' + (q - c)r.p, we get

r.p 2': ° and L * r.p ~ ° in 1.

Theorem XVIII.(c) with Remark 3 in XIX implies r.p(x) > °in 1°, since the
case r.p == °is excluded by our assumption in (a), (b). Now we shall derive a
contradiction by showing that /-i is not minimal, more precisely, that there is an
index 1/ E (a,/-i) with

If r.p(a) > 0, r.p(b) > 0, then r.p(x) 2': 10 > °in 1, and (*) is easily established.
Now let r.p(a) = r.p(b) = 0, whence r.p'(a) 2': 8, r.p'(b) ~ -8 by XVIII.(b). The
function ?jJ = wJ.t - W v 2': °satisfies ?jJ(a) = ?jJ(b) = 0. If v is sufficiently close to
/-i, then ?jJ'(a) ~ 8/2, ?jJ'(b) 2': -8/2. Hence ?jJ(x) ~ r.p(x) for a ~ x ~ a + 10 and
b-E: ~ x ~ b (10 > °and small). In the interval [a+E:,b-E:] we have r.p 2': I > 0.
Moving v still closer to /-i if necessary, we may assume that (*) holds in this
interval and hence in all of 1. The cases r.p(a) = °< r.p(b) and r.p(a) > 0= r.p(b)
are treated similarly. This reasoning shows that the inequality (*) holds in all
cases. The theorem follows. •

Remark. The example Lu = u" +u, 1 = [0,7r], f == 0, u = sin x, w).. = Asin x
for °~ A ~ 1 shows that the theorem is false without the provision regarding
equality in (a) and (b).

Example. The stationary Logistic Equation. The parabolic logistic equation
for u = u(t, x), x E IR n

,

Ut=6.u+u(b-cu) in (O,oo)xD,

models the density u of a population that is not evenly distributed in D c
IRn and subject to diffusion. If u depends only on t, the equation reduces to
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the logistic equation (1.16) u' =u(b - cu). If u depends only on x, tilen the
stationary logistic equation .6.u + u(b - cu) = 0 is obtained.
vVe consider the case 'n = 1 and look for pos'itive solutions of the boundary

value problem

vll+u(b-cu) =0 in [0,1], u(O)=u(l)=O,

where band c are positive numbers (or functions of x). If 0 < b ::; 7T 2 , then the
family w>. = Asin TTX (A 2: 0) satisfies

II ( 2W>. + w>.(b - cw>.) = w>. b - 7T - cw>.) ::; O.

A positive solution u satisfies u(x) ::; 1O(3(X) = Osin TTX for some (3 > O. The
above theorem with A = [0,0] shows that l[(X) ::; Wo = O. Hence a positive
solution does not exist. Now let b > 7T2 It is easily seen that v = E sin 7TT (E

small) is a lower solution and w = const. 2: b/c an upper solution. Theorem XXI
shows that there exists a positive solution u between v and w, i.e., E sin TTX ::;

u ::; max b/c. The uniqueness of this solution follows from our next theorem.

XXIII. Uniqueness Theorem. The function f(x, z) is assumed to be
continuo'us and nonnegative in J x [0, ()()), locally Lipschitz continuous in z, and
such that f(.1:, z)/z is strictly decreasing in z > 0 for each x E J. Then the
boundary value problem

u" + f(x, u) = 0 in J, u(a) = 7)1 2: 0, u(b) = 7)2 2: 0

has at most one solution that is positive in J O
•

Proof. Let u, v be two positive solutions and w>. = Au, A 2: 1. We show
that v ::; Ou = w(3 for some 0 > 1. If 7)1 > 0, 7/2 > 0, this is easily established.
If 7)1 = 0, then u'(a) > 0, since u is concave down (f 2: 0). It follows that
v'(a) < Ou'(a) for 0 large. Similarly, 7)2 = 0 implies that Iv'(b)1 < Olu'(b)l.
A moment's reflection shows that v ::; Ou in all of J for large values of O. It
follows from the monotonicity of f(:r, z)/ z that the functions w>. = Au satisfy
the conditions of Theorem XXII for A E A = [1,0]. According to that theorem,
v ::; WI = u. Since the inequality u ::; v can be proved in exactly the same way,
it follows that u = v. •

We close this section with some considerations regarding

XXIV. Boundary Value Problems in the Sense of Caratheodory.
The theory of the general linear boundary value problem developed in X-XV
carries over to solutions in the sense of Caratheodory without change. It is
assumed that the components of A(x), B(x), and f(x) belong to L(J). A
solution z(x) satisfies the differential equation Ly = f(:r) a.e. in J = [a, b].
Theorem 10.XII.(b) guarantees existence and uniqueness for the initial value
problem, in particular extistence of a fundamental matrix Y (:r). The special
case X.(b) leads to the Sturmian problem (2), (3), where the general assumption
(S) is now replaced by the weaker assumption
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(Sc) p is measurable, p(x) > 0 a.e. in J, and q,g, lip E L(J).

A solution u of Lu = g is now a function with the properties that Yl = u and
Y2 = pu' belong to AC(J) and satisfy the system (2') a.e. in J . . ote that we do
not require that p or u' be continuous, only that pu' be absolutely continuous.
In the boundary condition (3), the value p(a)u'(a) is understood to be the value
of Y2 at the point a. Green's function f exists if (4) has only the zero solution;
it can be constructed as in VI.

Example. Lu = (yX u')'. The functions u = 1 and u = yX are solutions of
Lu = 0 for x :::: O. For example, the boundary value problem

Lu = 1 in J = [0,1], (yXu')(O) = 1, u(l) = 1

has the solution u = ~ X
3

/
2 + 2yX - ~. Green's function for the corresponding

homogeneous problem is constructed as in (9), (10) with Ul(X) = 1, U2(X) =
1- yX, c= -1/2:

1 { 1 - yX in Ql: 0::; ~ ::; x ::; 1,
f(x 0 = --
, 2 1 -,jf, in Q2: 0::; x ::; ~ ::; 1.

Exercise. We consider the equation Lu = (xQu')' = 0 in J = [0,1], where
a < 1 (note that for a :::: 1 we have lip ~ L(J)).
(a) Find the solution with boundary values (al) u(O) = 'T)l, u'(l) = 'T)2 and

(a2) (xQu')(O) = 'T)l, u(l) = 'T)2·

(b) Construct Green's function for both cases.
(c) Find the solution of the problem Lu = 1 in J, (xQu')(O) = 1, u'(l) = o.

XXV. Strong Minimum Principle. Let p > 0 and q ::; 0 a. e. zn
J = [a, b]. Suppose the junction u E C°(J) with u, pu' E AC1oc(;o) satisfies

Lu = (pu')' + qu ::; 0 a.e. in J, u(a):::: 0, u(b):::: O.

Then u :::: 0 in J. 1j q E L1oc(J°), then u == 0 or u > 0 in J O
•

The method of proof used in XVIII carries over. If u is negative in an
interval 1°, then pu' is decreasing in 1°, which easily leads to a contradiction.
Hence u :::: o. If u(a) = 0, u > 0 in [a, a + c]' then (pu')(a) = 0, and as
in the proof in XVIII, p(x)u'(x) ::; U(x)Q(x), Q(x) = J: Iq(t)1 dt, and, with
P(x) = J:(1/p) dt, u(x) ::; U(x)Q(x)P(x). A contradiction is obtained as
before, since P(x)Q(x) ~ 0 as x ~ a. •

Remark. The assertion that u == 0 or u > 0 in ;0 is false without further
assumptions on p and q. A simple counterexample is u = x 2 in [-1,1] with
p = 1, q = -2/x2 or with p = x 2 , q = -6. But Theorems XVIII and XIX can
be generalized considerably for C-solutions; cf. 'Walter (1992).
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§ 27. The Sturm-Liouville Eigenvalue Problem

I. Formulation of the Problem. The Sturm-Liouville eigenvalue prob
lem is of the form

LU+Ar(x)u=O in J= [a,b], R l u=R2u=0,

where Land R I , R 2 are the operators defined in (26.2-3)

(1)

Lu (p(x)u/)/ + q(x)u,

(Xl u(a) + (X2P(a)u/(a),

(2)

(3)

This is a homogeneous boundary value problem for the differential equation

(pu/)/ + (q + Ar)u = 0 (4)

depending on a real parameter A (all functions are real-valued). In the eigenvalue
problem one is interested in those cases where (1) is not uniquely solvable, that
is, where not only the trivial solution u == 0, but also a nontrivial solution u(x) -=I

0, exists. This exceptional case does not hold for all A, but only for certain values
of A called the eigenvalues of the problem. Thus an eigenvalue is a number A
for which (1) has a nontrivial solution u; this solution is called an eigenfunction
corresponding to the eigenvalue A. An eigenfunction is determined only up to
a constant factor, since obviously c· u(x) (c -=I- 0) is also an eigenfunction. If (1)
has k, but not k + 1, linearly independent eigenfunctions for a given eigenvalue,
then the eigenvalue is said to have multiplicity k; if k = 1, the eigenvalue is
called simple.

Example.

u" + AU = 0, u(O) = u(7r) = O.

It is easy to see that in the cases A = 0 (general solution u = CI + C2X) and
A = -p? < 0 (general solution u = clej.tx +C2e-j.tX) the boundary value problem
does not have a nontrivial solution. In the case A = /12 > 0 (general solution
u = CI cos /1X + C2 sin /1x) the boundary conditions are satisfied if CI = 0 and
sin /17r = O. Thus we obtain the

eigenvalues

and the corresponding

eigenfunctions

An = n 2 (n = 1,2,3, ... )

un(x) = sin nx.

An arbitrary function 'P E CI(J) with 'P(O)
expansion"

00

'P(x) = L an sin nx.
n=l

'P(7r) has an "eigenfunction
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This follows from a well-known theorem about Fourier series: If <.p is extended
to the interval [-1T,1T] as an odd function, then the Fourier expansion of <.p has
only sine terms. This simple example introduces two fundamental questions in
eigenvalue theory.

Existence of eigenvalues. Under what conditions do eigenvalues exist? Are
there infinitely many eigenvalues? Is there an asymptotic growth law (such as
An .-v n 2 as n -> -oo)?

Eigenfunction expansion. Under what conditions can an arbitrary function
be expanded into a series in terms of the eigenfunctions,

We will develop a theory that gives a satisfactory answer to both questions
under the following "Sturm-Liouville assumption":

(SL)
p(x) E C 1(J); q(x), r(x) E C°(J);

p(x) > 0, r(.r) >° in J; QI + Q~ > 0, (3r + (3~ > 0.

(n=0,1,2, ... ).

II. Existence Theorem. Under the assumption (SL) the eigenvalue
problem (1) has infinitely many simple real eigenvalues

and no other eigenvalues. The eigenfunction Un (x) corresponding to An has
exactly n zeros in the open interval J O = (a, b). Between two successive zeros of
Un and also between a and the first zero and between the last zero and b there
is exactly one zero of Un+l (zeros on the boundary of J, which occur if Q2 = °
or (32 = 0, are not counted).

III. Expansion Theorem. The eigenfunctions can be normalized in
such a way that

l b

r(x)u;,(x) dx = 1

They then form an orthonormal set of functions, i.e., one has additionally that

l b

r(x)um(x)un(x) dx = 0 for m oj n.

Each function <.p( x) E C2 (J) that satisfies the homogeneous boundary conditions
can be expanded in terms of the eigenfunctions in a series

00

<.p(x) = L cnun(x)
n=O
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that converyes absolutely and uniformly in J. This series is called the Fourier
series of'P (with respect to the un). The Fourier coefficients Cn are given by

Cn = 16 r(x)'P(X)Un(X) dx.

There are several methods for proving these theorems. We will first present
a method that goes back to Prufer (1926). In this regard, we note that a
solution y(x) of a nonautonomous system y' = f(x,y) can also be considered
as a parametric representation of a solution curve (or trajectory) in the phase
space ]Rn; this point of view is adopted extensively for autonomous systems. In
the present case of a second order equation, we have n = 2 for the equivalent
system; hence trajectories are curves in the phase plane ]R2. The essence of
Prufer's method is to represent these curves in polar coordinates.

IV. The Priifer Transform. The differential equation

Lu = (pu')' + qu = 0 (5)

can be represented in the form of an equivalent first order system for Yl = U,

Y2 = pu'; cf. (26.2'). It is customary to interchange Yl and Y2 and to look for a
representation of the curve (p(x)u'(x), u(x)) in a ~'T]-plane (the phase plane) in
polar coordinates,

~(x) = p(x)u'(x) = p(x)cos'P(x), 'T](x) = u(x) = p(x)sin'P(x). (6)

If u(xo) = u'(xo) = 0, then by Theorem 19.1, u == 0; therefore, the trajectory of
a nontrivial solution never passes through the origin. The functions ~(x), 'T](x)
belong to C 1 (J), and it is not hard to see that there exist functions p(x) > 0,
'P(x) in C1(J) such that (6) holds. One begins by defining

'T](x) ~(x)
p(x) = Je(x) + 'T]2(x), 'P(x) = arctan ~(x) = arccot 'T](x)'

To construct 'P, we first fix 'P( a), say, by requiring -7r < 'P(a) :::; 7r. When
the solution curve is close to the ~-axis, the arctan formula is used, and near the
'T]-axis, the arccot formula. When changing from one formula to the other, one
must choose a value of the (multivalued) arc function such that 'P is continuous.
The function 'P is uniquely determined up to an additive constant 2k7r (k an
integer). Additional details are given in A.Ill.
In complex notation, ((x) = ~(x)+i'T](x), the representation (6) reads simply

((x) = p(x)ei'P(X J . The function 'P is denoted by 'P(x) = arg((x) and is called
the argument function belonging to the solution u.
From the equations

( = p' cos 'P - pcp' sin 'P, 'T]' = p' sin 'P + pcp' cos 'P

one obtains

7/ cos 'P - ( sin 'P = P'P',
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y

lr-=_~

T

Q

u
o.-----'---+--e-:::-----+...-------J'----- ~ = u'

coswx E wcoswx 2

sinwx

7f

W

The argument function of
u(x) = sinwx

Its geometric construction
(w = 2)

and further, since e = (puT = -qu = -qpsin'P and 1'1' = fjp = pcos'P/p,

'P' = ~ cos2 'P + qsin2 'P = ~ + (q - ~) sin2 'P. (7)
p p p

(8)

A similar argument yields

pi = (~_ q) pcos'Psin'P.

Thus we have arrived~and here lies the significance of the Priifer transform-
at a jir8t order differential equation for 'P. Once 'P is known, then p can be
calculated explicitly by a quadrature.
Let 'P be the argument function of a solution u 1:- O. We make the following

observations concerning ¢ (/,; is always an integer):
(a) u(:ro) = 0 ~ 'P(xo) = kJr and u'(xo) = 0 ~ 'P(xo) = k7r + ~7r.
(b) The function 'PI (x) = 'P(x) + 7r is an argument function for -u.
(c) 'P2(X) = 'P(x) + k7r is also a solution of equation (7).
(d) Example. The function u = sinw:r (w > 0) is a solution of the differential

equation u" +w 2u = O. Its trajectory in the ~7]-plane is an ellipse with semiaxes
wand 1, and its argument function 'P(x) = arctan (w- 1 tanwx) satisfies the
differential equation

'P' = cos2 'P + w2sin2 'P in IR, 'P(O) = O.

This follows from ~ = u' = w coswx, 7] = u = sinwx, (E,/W)2 + 7]2 = 1, and (7).
The relation 'P(.T) = wx holds for wx = ~k7r. Since the functions 'P(x) and

W.T are increasing,

7r
1'P(:r) - wxl <"2 in R
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In the special case w = 1, the trajectory is the unit circle and ip(x) = x.
The right-hand figure shows part of the unit circle U and the trajectory Tin

the ~1]-plane with two points P = (coswx,sinwx) E U and Q = (u'(x),u(x)) E
T. Let 0 = (0,0) and E = (1,0). Then LPOE = wx and LQOE = ¢(x).
(e) Exercise. Show that in the preceding example

¢(x) < wx in (0,7f/2w), ¢(.T) > wx in (7f/2w,7flw)

for w > 1 and that for a< w < 1 these inequalities are reversed. Show also that
the function ¢(.T) - WX is periodic with period 7rIw.

Hint. Since P and Q have the same 1]-coordinate, the first inequality can be
read off the figure. Draw a similar figure for each of the other quadrants and
for the case w < 1.
In the next theorems two operators Land L o with coefficients (p, q) and

(Po, qo) are considered. It is assumed that the conditions in (SL) hold for Land
L o (in particular, p > a and Po > a in J).

V. Lemma. Let Po 2' p, qo -:; q in J = [a, b]. Let u, v be nontrivial
solutions of Lu = 0, Lov = a with the argument functions ip = arg u, ipo = arg v.
Then ipo(a) -:; ip(a) implies ipo -:; ip in J. More pr-ecisely:

(a) ipo(a) < ip(a) implies ipo < ip in J.
(b) ipo(a) = ip(a) and qo 1= q implies ipo(b) < ip(b).

Proof. Equation (7) is of the form ip' = f(x, ip), where f(x, y) and aflay are
continuous. Therefore, f is locally Lipschitz continuous in y, and Theorem 9.IX
applies. The inequality ipo -:; ip and (a) follow directly from 9.IX. Conclusion
(b) also follows easily, since (i) sin2 ip(x) > a if u(x) i- a and (ii) u does not
vanish in any interval. •

VI. The Location of the Zeros. Let J be an arbitrary interval. As
sume that the coefficients p, q of L satisfy a < pEel (J), q E CO (J) and that
the same is true for the coefficients Po, qo of Lo.

(a) A nontrivial solution u of Lu = a has only a finite or- countable number of
zeros, and they ar-e all simple. In the second case, the zeros have no accumulation
point in J. Ifv is another solution and v(xo) = 'u(xo) = 0, then v = const.. u.

Proof. Since u(xo) = u'(xo) = a implies u == aby uniqueness (19.1), it follows
that all zeros of u are simple. Let U(Xk) = a (k = 1,2, ... ) and limxk = ~ E J.
It is easily seen that this implies u(O = u'(O = 0, hence u == a again, which is
a contradiction. The proof of the last assertion is straightforward. •
We derive now two central theorems on the distribution of zeros.

Sturm Separation Theorem. The zeT'OS of two linear-ly independent so
lutions of Lu = a separate each other.

This means that between two consecutive zeros of u there is a zero of v and
vice versa.
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Theorem of Sturm-Picone. Let Po 2': P, qo :0:; q in J. Let v be a nontriv
ial solution of Lov = 0 with v(a) = v(fJ) = 0 (a < fJ)· If qo oJ- q in (a,fJ), then
every solution u of Lu = 0 has a zero in (a, fJ).

Roughly speaking: If q is enlarged or p diminished, then the zeros come
closer together. Consider as an example the equation u" + AU = 0 (A > 0) with
the solutions u = sin J:\ (x + c).

Proof. We may assume that a, fJ are consecutive zeros of v and v > 0
in (a, fJ) (v can be replaced by -v). Then v' (a) > 0, Vi (fJ) < 0, and the
corresponding argument function CPo satisfies CPo (a) = 0, CPo (fJ) = Jr (consider
the location of (Po v' ,v) in the phase plane). In Sturm's theorem we have L = Lo
and u(a) i=- 0, say, u(a) > O. Then the argument function cp of u satisfies
o < cp(a) < Jr, and Lemma V.(a) gives cp(fJ) > Jr. Hence there is Xo E (a, fJ)
with cp(xo) = Jr, i.e. u(xo) = 0; ef. IV.(a). This proves Sturm's theorem.
This proof works also for the Sturm-Picone theorem if u(a) i=- O. If u(a) = °

and, say, u'(a) > 0, then cp(a) = 0, and Lemma V.(b) implies again cp(fJ) > Jr.

Hence u has a zero in (a, fJ). •

Historical remark. In the special case p = Po the Sturm-Picone theorem
was proved by Jacques Charles Fran<;ois Sturm in 1836. The general form goes
back to Mauro Picone (1909). His proof is based on the Picone identity, which
generalizes the Lagrange identity in 26.11.

VII. Preliminaries to the Eigenvalue Problem. We consider the
solution u = u(x, A) of an initial value problem for equation (4),

Lu + Aru = °in J, u(a) = sina, p(a)u'(a) = cos a (0:0:; a < Jr), (9)

under the assumption (SL). The solution is unique and, by Theorem 13.11,
continuous in (x, A) E J x lR (it is even holomorphic in A; cf. 13.111). The
argument function cp(x, A) corresponding to u(x, A) is also continuous in (x, A),
and it satisfies equation (7) with q + AT' in place of q, i.e.,

cp' = t+ (q - t+ AT') sin2 cp

and cp(a, A) = a. The argument function has the following properties:
(a) cp(x, A) is strongly increasing in A E lR for a < x :0:; b.
(b) cp(b, A) ---> 0 as A ---> -00.

(c) There exist positive constants {j, D, AO such that

(10)

(jJ:\ :0:; cp(b, A) :0:; DJ:\ for A 2': AO'

(d) If cp(xo, AO) = kJr (k E Z), then cp'(xo, AO) > O. This means that in the
xv-plane (not in the phase plane) the curve y = cp(.T, AO) crosses the line y = kJr
at most once, and in a strictly increasing manner.
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Proof. (d) follows in an obvious way from (10), since P > O.
(a) Let AO < A. We apply Lemma V with qo, q replaced by q+AOT, q+AT and

Po = p. Since q + AOT < q + AT, the inequality <p(x, AO) < <p(x, A) for a < x :::; b
follows.
(b) To construct an upper bound for <p, we use Theorem 9.IV on upper

solutions. Thus we are looking for a function w with

W' > f(x, w) and w(a) > a,

where f(x, <p) denotes the right-hand side of the differential equation (10).
Let w(x) be the linear function with w(a) = 1r - E, w(b) = E. Here E > 0 is

chosen so small that a < w(a). We have sin2 w ;::: sin2 E, TO := min T(X) > 0,
and hence for A < 0,

f(x, w) :::; t+ (q + t+ ATO) sin2 E ----7 -00 for A ----7 -00.

Since w' is constant, w satisfies the conditions for a supersolution if A :::; A* < O.
Hence <p(x, A) :::; w(x), and in particular, <p(b, A) :::; E for A :::; AO' This proves
(b).
(c) For purposes of comparison, we consider a problem with constant coeffi

cients Po, qo, TO,

POU" + (qO + ATO)U = 0, u(a) = 0, u'(a) > 0,

where Po = maxp(x), qo = minq(x), TO = minT(x) > O. For qo + ATO > 0, the
function uo(x, A) = sinwo(x - a) with Wo = J(qO + ATO)/PO is a solution of this
problem. According to Example IV.(d), with x replaced by :r - a, the argument
function <Po(x, A) satisfies

<Po(b, A) = wo(b - a) + c with lei < 1r/2,

and this implies <Po(b, A) ;::: b(b - a)~ for large A and, e.g., b = jTo/(2po).
Since <po(a, A) = 0 :::; <p(a, A), Lemma V shows that <Po(b, A) :::; <p(b, A), which
establishes the first inequality in (c).
For the proof of the second inequality, we consider again a problem with

constant coefficients PI = minp(x) > 0, ql = maxq(x), Tl = maxT(x). The so
lution Ul(X,A) = sinwl(x-a), WI = j(ql + ATd/Pl, has an argument function
<PI (x, A) that satisfies <Pl(a,A) = 0 and

We again apply Lemma V, but with <p and 'PI in place of 'Po and <po Since the
initial condition <p(a, A) = a :::; <PI (a, A) = 0 is not satisfied in general, we change
over to the argument function <PI (x, A) + 21r and obtain <p( b, A) < 'PI (b, A) + 21r.
This proves the second inequality in (c). •
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VIII. The Eigenvalue Problem. The first boundary condition

has a geometrical interpretation in the phase plane. It says that the vectors
(p(a)u'(a),u(a)) and (0'2,0'r) are perpendicular (their inner product vanishes).
Thus there is one and only one number 0' such that

a] sin 0' + 0'2 cos 0' = 0, 0:::; 0' < 7r. (11)

It is given by 0' = ~ + arctan a] (0' = 0 if 0'2 = 0, otherwise the principal
2 0'2

value of arctan is used). In geometric terms, 0' is the angle between the positive
~-axis and the straight line through 0 perpendicular to the vector (0'2,0'r). If
u(x, A) is the solution of the initial value problem (9) with this value of 0', then
R] u = 0, and every solution of (4) satisfying R] u = 0 is a multiple of u.
Likewise (and with a similar interpretation in the phase plane), there is a

unique number (3 satisfying

(11')

(note that if fh = 0 here, then we use the value (3 = 7r). The solution u(x, A) of
the initial value problem (9) satisfies R2u = 0 if and only if (p(b)u'(b), u(b)) =
const· (cos (3, sin (3) and hence if and only if tp(b,A) = (3 + n7r (n E Z). By
VII. (a)-(c) there is for each n 2: 0 exactly one A = An such that

tp(b, An) = (3 + n7r, n = 0, 1,2, ... ,

while for n < 0 no such A exists (this statement would be false if we had taken
(3 = 0 for the case R2u = u(b) = 0). The numbers An are the eigenvalues we
are seeking, and the functions

are the corresponding eigenfunctions. Property VII. (c) shows that

I? An :::; ((3 + 7rn)2 :::; D 2An.

This inequality implies the following result on
Asymptotic Behavior. There are positive constants c, C such that

cn2 :::; An :::; Cn2 for large n.

This inequality proves and sharpens the first part of Theorem II.

(12)

Distribution of Zeros. By IV.(a), Un has a zero at x if and only if
tp(x, An) = kJr. Now

0:::; tp(a; An) = 0' < 7r and n7r < tp(b; An) = n7r + (3 :::; (n + 1)7r.

This inequality combined with VII. (d) shows that tp(x; An) assumes the values 7r,
27r, ... ,n7r exactly once in JO = (a, b) and no other values of the form k7r. Hence
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Un has exactly n zeros in (a, b), which we label a < Xl < X2 < ... < Xn < b.
The Sturm-Picone theorem tells us that between Xk and Xk+! (k = 1, ... ,n -1)
there is a zero of Un+l. Now, using VII.(a), we get

Therefore, there is a zero of u n + I between a and Xl. Similarly, one shows that
Un+! has a zero in (x n , b). Since there are n + 1 zeros, there must be exactly
one zero OfUn+1 ineachofthen+1 intervals (a,xd, (Xk,Xk+d, (xn,b). This
completes the proof of Theorem II. •

The expansion theorem III will be proved in the next section, §28. There is
also a direct proof, which can be found in Kamke (1945) or Titchmarsh (1962).

IX. Comparison Theorem for Eigenvalues. Consider two eigenvalue
problems with data (po,qo,ro,ao,{3o) and (p,q,r,a,p) satisfying (SL); the num
bers a, ao or p, ,80 determine the boundary conditions at a or b according to
(11) or (11'), resp. If the inequalities

Po 2: p, qo S q, ro S r in J and 0 S ao Sa < 7f, 0 < p S Po S 7f

hold with a strict inequality in at least one place (e.g., ro =I=- r or ao < a), then
the corresponding eigenvalues satisfy

A~ > An for n = 0,1,2, ....

Proof. By Lemma V, we have ipo(b, A) < ip(b, A) for the corresponding ar
gument functions. Since A~ is determined by ipo(b, A~) = Po + n7f and An by
ip(b, An) = P + n7f S Po + n7f = ipo(b, A~) and since ip(b, A) is strictly increasing
in A, the inequality An < A~ follows. •

X. Oscillation. We consider (real-valued) solutions of Lu = (pu')' +
qu = 0 in a noncompact interval J. A solution u is said to be oscillating (in
J) if it is nontrivial and has an infinite number of zeros. The equation Lu = 0
is oscillatory (in J) if it has an oscillating solution, otherwise nonoscillatory. If
the equation Lu = 0 is oscillatory, then by the Sturm separation theorem, every
nontrivial solution oscillates.

Oscillation Theorem. Consider the diff'erential equation Lu = (pu')' +
qu = 0 in J = [a, 00), where p > 0 and q are continuous in J and such that

100

[l/p(x)J dx = 00 and .loo q(x) dx = 00.

(a) If q(x) 2: 0, then the differential equation is oscillatory.

(b) If for some a > 0 the integral100 It -aqIdx < 00, then the differential

equation is oscillatory and all solutions are bounded.
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Proof. (a) We have to prove that 'P(x) = argu(x) --t 00 as x --t 00. Equation
(7) implies that 'P is increasing. Assume that lim'P(x) = c < 00. Then either
sin2 c 2 ~ or cos2 c 2 ~. In the first case there exists Xo such that sin2 'P(x) 2 ~
for x > xo. From equation (7) one obtains 'P' 2 h(x), which together with the
divergence of the integral LOCi q dx shows that lim 'P(x) = 00, contrary to our
assumption. A similar reasoning applies if cos2 c 2 ~.
(b) Ifwe consider, instead of L, the operator (3L with the coefficients p = (3p,

ij = (3q and choose (3 = va, then aq - lip = (3(ij - lip). Thus we may assume
that a = 1 and that the integral of Iq - l/pl is convergent.
The differential equations (7), (8) for 'P and p imply that

'P' = ~ + hl(x),
P

where hI and h2 are integrable over the interval [a, 00). It easily follows that
'P(x) --t 00 as x --t 00 and p(x) remains bounded. •

XI. Amplitude Theorem. Let J be an arbitrary interval, p, q E C I (J),
and p > 0, q > O. Further, let u be a nontrivial solution of Lu = (pu')' +qu = O.
Then every stationary point of u (point where u' vanishes) is an extremal point;
i. e., u has a local maximum or minimum at that point. For two consecutive
extremal points Xk < Xk+l,

IU(Xk)1 2 IU(Xk+dl if pq is weakly increasing

and similarly,

Iu(xdl :::; IU(Xk+dl if pq is weakly decreasing.

In short, the amplitudes are decreasing or increasing, when pq is increasing or
decreasing. If pq is strictly monotone, then the inequalities are strict.

Proof. The assertion about extremal points follows easily from the equation
Lu = 0, taking into account q > O. Consider now the function

y(x) := u 2 + ~(pu')2.
pq

The derivative is

( )' 2 ' ( ') 2, , pq , pu ,U
y = 2uu - __ (pu)2 + -(-qu) = -(pq) -

(pq)2 pq q

Thus, y is decreasing or increasing whenever (pq)' 2 0 or :::; 0, resp. Since
u'(x) = 0 implies y(x) = u2(x) and U'(Xk) = u'(xk+d = 0, the conclusion
follows. •

In the following two sections the Sturm-Picone theorem is used to study
the oscillatory behavior of solutions and the asymptotic distribution of their
zeros. The coefficients p, q of L and Po, qo of L o are assumed to have the
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usual properties (see VI) in an interval J = [a, (0). Solutions are understood
to be nontrivial solutions; the zeros of a solution u of Lu = 0 are denoted by
Xl < X2 < X3 < .. '. An immediate consequence of the Sturm~Picone theorem
is a

XII. Comparison Theorem. Let Po ~ P and qo :::; q in J. If the
equation Lou = 0 is oscillatory in J, then the same is true for the equation
Lu = O. Equivalently: If Lu = 0 is nonoscillatory, then so is Lou = O.

XIII. The Distribution of Zeros. The differential equation

Pov" + qov = 0 (Po> 0, qo > 0 constant) (13)

has the solutions v = asinwo(x + 8), Wo = Jqo/po. The distance do between
consecutive zeros is constant, do = 7rJpo/qo.
For c > 0 we define

Pc(x) = minp(t), Pc(x) = maxp(t), where x:::; t :::; x + c,

and qc(x) and Qc(x) are defined similarly. As before, Lu = (puT + quo

Theorem. (a) Assume that q is positive in J and

.. fPc(x) A f ~
hmm -(-) = < 00 Jar c = 7rY.li + E,

x--->oo qc X

where E > O. Then equation Lu = 0 is oscillatory in [a, (0).
(b) Moreover, if

. Pc(x) . Pc(x) ~
hm -(-) = hm -Q( ) = A < 00 for c = 7ry A + E,

x--->oo qc X x--->oo c X

then lim(xk+l - Xk) = 7rVA for every solution of Lu = O.

(14)

(15)

Proof. (a) There is a sequence (ak) tending to 00 such that Pc(ak)/qc(ak) <
A + E for all k. Let v be a solution of (13) with coefficients Po = Pc(ak),
qo = qc(ak) and initial value v(ak) = O. Then v(ak + dk) = 0, where dk =
7rJpo/qO < C. Since p(x) :::; Po and q(x) 2: qo in Jk = [ak, ak + dk], a solution u
has a zero in Jk by the Sturm~Picone theorem (k = 1,2, ... ).
(b) It follows from (15) that Pc(Xk)/qc(Xk) < A + E (k large), when (Xk) is

the sequence of zeros of a solution U. Now the proof of (a) (with ak = Xk) shows
that Xk+l E Jk and hence Xk+l - Xk < C. If A = 0, then lim (Xk+l - Xk) = 0
follows.
Now let 0 < B < A. It follows from (15) that Pc(Xk)/Qc(Xk) > B. We

shall prove that Xk+l - Xk > 7rv'B (k 2: ko). Assume to the contrary that
Xr+l - Xr :::; 7rv'B < c (r ~ ko). Let Po = Pc(xr), qo = Qc(xr), Then the
difference do of consecutive zeros of a solution v of (13) equals 7rJPo/qO > 7r..fB.
But this is a contradiction to the Sturm-Picone theorem, because Po :::; p(x) and
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qo 2: q(x) in Jr' It shows that Xk+l - Xk > JrVE, as asserted. Since we can
assume that B is arbitrarily close to A and E: > 0 in (15) can be chosen arbitrarily
small, part (b) is proved. •

The class S. The function q belongs to the class S if it is continuous and
positive in an interval [a,oo) and

. Qc(x) c
lim -(-) = 1 lor every c> O.

x->oo qc X

Corollary. If p and q belong to the class Sand

. p(x)
lim -() =A,

x->oo q x
(15')

then (15) holds. It follows that the equation Lu = 0 is oscillatory and that for
every solution, Xk+l - Xk ----+ JrJA as k ----+ 00.

(c) Properties of the class S. (i) If f and 9 belong to S, then oJ (0' > 0)
and fg also belong to S. (ii) If f is continuous and f(x) ----+ 0' > 0 as x ----+ 00,

then f belongs to S. (iii) If f belongs to Sand h = 0(J), i.e., h(x)1 f(x) ----+ 0
as x ----+ 00, then f + h belongs to S.
(d) All functions x a (0' E IR) and all polynomials that are positive for large

x belong to S, but eax does not (0' i- 0).
(e) If for some c > 0, Qc(x)lqc(x) ----+ 1 as x ----+ 00, then q belongs to S.

Exercise. Prove the corollary and (c)~(e).

(f) Consider the equation

Lu = (xau')' + g(x)xau = 0 in [1, (0),

where 0' is any real number and g(x) ----+ {3 > 0 as x ----+ 00. Then p and q belong
to S. Since lim piq = II{3, the equation is oscillatory and Xk+l - Xk ----+ JrI v73
as k ----+ 00.

(g) The Bessel equation

x 2u" + xu' + (x 2 - 0'2)U = 0

is oscillatory in [1,(0). Every solution u satisfies an inequality lu(x)1 :::; ClyfX,
its amplitudes are strictly decreasing, and lim (Xk+l -Xk) = Jr. These properties
hold for all real 0'.

Exercise. Give a proof of (g). Hints: Write the equation in self-adjoint
form and apply (f) and the amplitude theorem. Show that the function z(x) =
yfXu(x) satisfies a differential equation z" +qz = 0 and use Theorem IX.(b) to
prove that z is bounded.

In order to apply the oscillation theorem to general second order equations,
the following transformations are helpful.
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XIV. Transformation Formulas. (a) The differential equation

u" + al(X)U' + aO(x)u = h(x)

is transformed by

v(x) := u(x)eA(x), A(x) = ~ Jal(x) dx

into the following differential equation for v,

(b) The differential equation

(p(x)u')' + q(x)u = h(x)

transforms, after a new independent variable

Jdx
t = t(x):= p(x)

with the inverse function x( t) is introduced, into a differential equation for
v(t) := u(x(t)),

d2v
dt2 +p(x)q(x)v = p(x)h(x) with x = x(t).

The inverse of t(x) exists because p > 0. Proof as an exercise.
(c) Use (a) to transform the differential equation

and then write the equation in self-adjoint form (see 26.II) and transform it
using (b).

XV. Exercise. For which values of 0:,{3" E JR is the differential equa
tion

oscillatory in [0, oo)? Incidentally, the answer shows that Theorem XIII. (b)
does not hold with the weaker assumption (15'). Hint: In the case 0: = {3 the
solutions can be given explicitly.
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XVI. Exercises. (a) Consider the eigenvalue problem

u" + AU = 0 for 0::; x ::::; 1, u(O) = u'(O), u(l) = O.

Determine the eigenvalues and eigenfunctions and show that

~ = ~ +mf +,an (n = 0, 1,2, ... ), where,an 1 0 (n ----+ 00).

Draw a sketch of Uo and Ul.
(b) Determine the eigenvalues and eigenfunctions if the boundary conditions

in (a) are changed to

u(O) = u'(O), u(l) = u'(I).

(c) Solve the eigenvalue problem

(XUI)'+~U=O in [1,K], u'(I) =0, u'(e27r ) =0.
x

Is A = 0 an eigenvalue?
(d) Show that assertion (b) of Lemma V is true if q == qo and p < Po unless

u = v = const.

XVII. Exercise. Determine all solutions of the differential equation

a
u" + -2 U = 0

x
(a E lR)

and all values a for which the differential equation is oscillatory (substitute
x = et ). Using the Sturm-Picone theorem, prove the following

Oscillation Theorem. The differential equation

u" + q(x)u = 0

(q(x) continuous for x 2: a) has the following properties in [a, 00):
(a) It is oscillatory if liminf x 2q(x) > i.

x...-,oo

(b) It is nonoscillatory if limsup x 2 q(x) < i.
x...-,oo

Supplement: Rotation-Symmetric Elliptic Problems

We first investigate radial solutions of

.6.u + AU = 0 in B, u = 0 on BB, (16)

where B is the unit ball in lRn, and then turn to the nonlinear boundary value
problem .6.u = f(u) in B, u = 0 on BB. As in the supplement of §6, we use
the operator La of 6.XII for real a 2: 0 (a = n - 1 gives the radial .6.-operator).
Observe that
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XVIII. The Eigenvalue Problem. Let y be the solution of the initial
value problem

(xay')' + xay = 0, y(O) = 1, y'(O) = 0 (0' ~ 0). (17)

It exists in [0,00), is uniquely determined, and oscillates; cf. Theorem 6.XIII
and Example XIII.(f). The zeros of yare denoted by 0 < ~o < 6 < ~2 < .. '.
According to XIII.(f), ~k+1 - ~k ---> 7r, which implies ~k/(k7r) ---> 1 (k ---> 00).
The eigenvalue problem

(xau')' + AXaU = 0, u'(O) = 0, u(l) = 0 (18)

is easily solved, since u(x) = y((3x) satisfies (xau')' + (32 x au = 0, u' (0) = 0 and
u(l) = y((3). One obtains the

(a) eigenvalues An = ~; with eigenfunctions un(x) = Y(~nx),

(b) asymptotic behavior of eigenvalues, An /7r 2n2 ---> 1 as n ---> 00, and

(c) distribution of zeros of the eigenfunctions as described in Theorem II.

Exercise. Show that there are no other eigenvalues. Hint. Assume that A
and u i'- 0 satisfy (18) and show: (i) u(O) =1= 0, hence one may assume that
u(O) = 1; (ii) if A :S 0, then u > 0 implies u' > 0; if A = (32 > 0, then u = y((3x).

XIX. The Boundary Value Problem. For the linear equation LaY =
f(x) the solution of the boundary value problem

(xau')' = x a f(x) in [0,1], u'(O) = 0, u(l) = 0 (19)

is given by (6.10-12):

y(x) = (1af)(x) - (1af)(I) = 11

f(x,o~a f(O d~.
Since

(1af)(x) = 1x

[h(x) - h(~)l~a f(O d~, where h(x) = jX s-a ds,

Green's function is given by f(x,~) = h(x) for ~ < x and h(O for ~ > x.
The function ~af(x,~) is continuous in the square [0, IF. The three existence
theorems in 26.IX, XX, and XXI now carryover to the present case:

Existence Theorem. (a) If the function f(x, z) is continuous in the strip
5 = [0,1] x IR and satisfies a Lipschitz condition in z with a Lipschitz constant
L < AO = ~5, then the boundary value problem

(.rau')' = x a f(x, u) in [0,1], u'(O) = 0, u(l) = 'TJ (20)

has exactly one solution.
(b) If f is continuous and bounded in 5, then (20) has a solution.
(c) Let v be a subfunction and w a superfunction and v :S w in [0, 1]. If

f(x,z) is continuous in K = {(.r,z) : 0 :S x :S 1, v(x) :S z :S w(x)}, then
problem (20) has a solution between v and w.
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Sub- and superfunctions are defined as in 26.XXI,

(xQw')' < f(x, w), w'(O) = 0, w(l) 2: 71,

(xQv')' > f(x,v), v'(O) = 0, v(l) s:; 1].

Proof. (a) As before, we may assume that 71 = O. In this case, (20) is
equivalent to the fixed point equation

u = Tu, where (Tu)(x) = 11

r(x, ~)Cf(~, u(O) d~. (21)

We consider the operator T in the space X consisting of all functions in eO ([0, 1])
with a finite norm

Ilvll = sup {~o(~j : 0 s:; X s:; I} ;

recall that the eigenfunction Uo is positive in [0,1). For v, wE X the Lipschitz
condition on f implies

The eigenfunction Uo is the solution of (20) with 1] = 0 and f = -Aouo; hence

Since r s:; 0, it follows that

ITw - Tvl(x) s:; qllw - vlluo(x), q = L/Ao < 1.

Hence IITv - Twll s:; qllv - wll, and the contraction principle applies. •

Remarks and Exercises. 1. Prove (b) and (c); the proofs from § 26 carry
over.
2. Replace the second boundary condition in (19) by R2u = 131u(l) +

132u'(I) = 0 and in (20) by R2u = 71 and treat the linear and the nonlinear
boundary value problems in a similar way.
3. It may seem surprising that the eigenvalues in (18) have the same asymp

totic behavior for all a 2: O. But one should be aware that for large values
of x the term au' / x becomes small and the differential equation is essentially
u" + AU = 0, which corresponds to the case a = o.

4· The book Comparison and Oscillation Theory of Linear Differential
Equations by C.A. Swanson (Acad. Press 1968) contains many results on os
cillation of solutions and asymptotic distribution of eigenvalues, together with
historical remarks, mostly for the case p(x) == 1.



284 VI. Boundary Value and Eigenvalue Problems

XX. Exercise. The results of XVIII und XIX extend to more general
equations of the form (1), where p(O) = 0 and r(O) = 0 are permitted. Assume
that p(x) and T(X) are continuous in J = [0, b] and positive in Jo = (0, b]. Let
R(x) = J; r(t) dt and assume that J;[R(t)/p(t)] dt < 00. We consider the
operator Lu = (pu')'. Prove the following:
(a) The initial value problem Ly = r(x)f(x), y(O) = 7], (py')(O) = 0 has for

f E C°(J) the unique solution

r 1 ty=7]+Kf, where (Kf)(x) = Jo p(s)J
o

r(t)f(t)dtds.

(b) The corresponding nonlinear initial value problem, where f(x) is replaced
by f(x, y), has one and only one solution whenever f(x, y) is continuous in
S = J x lR and satisfies a Lipschitz condition with respect to y.
(c) The existence theorem II remains true for the eigenvalue problem

Lu + AT(X)U = 0 in Jo, (pu')(O) = 0, u(b) = 0;

furthermore, the estimation (12) holds and AO > O.
(d) The semihomogeneous boundary value problem

(22)

Lu = r(x)f(x), (pu')'(O) = 0, u(b) = 0 with f E C(J)

has the solution u(x) = (K f)(x) - (K f)(b) = J; r(x, Or(Of(~)d~ and no other
solution. Green's function is defined as in XIX, but with h(x) = - J: p-l(t) dt.
(e) For the corresponding nonlinear boundary value problem with f(x,u) in

place of f (x), the three propositions of the existence theorem XIX remain true.
Hints. Reduce (b) to a fixed point equation y = Ty, using (a). In the space

C°(J) with the maximum norm, T is a contraction if the interval J is small.
The solution can be extended to a larger interval by solving a "normal" initial
value problem.
(c) Consider as in VII the corresponding initial value problem with u(O) = 1,

(pu')(O) = O. The argument function 'P(x, A) of the solution u(x, A) satisfies
'P (0, A) = 7f /2. The propositions VII. (a)-(d) follow as before, since p(x) 2': Po >
oand r(x) 2': TO > 0 in [10, b].
(e) The problem with 7] = 0 is reduced to a fixed point equation that is

similar to (21). It can be treated as before.

XXI. Eigenvalue Problems in the Sense of Caratheodory. The
eigenvalue problem (2), (3) for C-solutions can be studied under the assumption

(8Lc) 1 1/ p, q, r E L(J), p > 0, T> 0 a.e. in J, I

which is significantly weaker than (8L); cf. 26.XXIV for the boundary value
problem. If u(x, A) is a solution of (9), then we have u,pu' E AC(J), which
implies that the argument function 'P(x,.>-) belongs also to AC(J), since the
arctan function satisfies a Lipschitz condition.
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The argument function satisfies (10) and has the properties of VII. For the
proof, Theorem 10.XXI is again crucial. Lemma V and the separation theorems
VI and VII. (a) follow as before, but also VII.(d), because the function 'ljJ(x) = br
is a subfunction for x > Xo and a superfunction for x < xo, which means that
<p(x, AO) is < k7r to the left and> k7r to the right of xo. In VII.(b) and (c) the
proofs require some modification. We sketch a proof of a weaker form of VII. (c),
namely <p(b, A) --+ 00 as A --+ 00.

Let I = [a,,8] C J be an (arbitrarily small) interval and let cPo(x, A) be the
solution of (10) with cPo(a, A) = 0 and cPI (x, A) the solution with cPI ((3, A) = 7L
We show that cPo ((3, A) :::: -rr for large values of A. Let a < ""y < 8 < {3. According
to VII. (d), there exists E > 0 such that

cPo(.T,O) :::: E in [--y,,8] and cPI(X,O):::; -rr - E in [a,8],

and these inequalities hold also for cPO(X,A) and cPI(X,A), A > O. As long as
E :::; cPo :::; -rr - E, we have cP~ :::: (q + Ar) sin2 E. Since the integral of r in the
interval [--y,8] is positive, there is AO > 0 such that cPo(x, AO) assumes the value
-rr - E in [--y,8]. When x moves further to the right, cPo(x, AO) remains above
cPI (x, AO), and cPo(j3, AO) :::: -rr follows.
The rest is simple. We take a partition Xo = a < Xl < ... < xp = b

of J with subintervals h = [Xk-I,Xk] and in each h a solution cPk(X,Ak) of
(10) that vanishes at Xk-l and is :::: -rr at Xk. Then Lemma V shows that the
argument function cP(X,A*) with A* = maxAk satisfies cP(XI,A*):::: cPI(XI,Ar)::::
-rr and, since cP2 + -rr is also a solution of (10), cP(X2, A*) :::: -rr + cP2(X2, A2) ::::
2-rr, ... ,cP(b,A*) ::::p-rr.
Now all prerequisites required for the proof of the existence theorem II in

VIII have been assembled.

XXII. Exercise. Riccati Equations. (a) If u is a nonvanishing solu
tion of equation (5) (p(x)u')' + q(x)u = 0, then the function r(x) = p(x)u' /u
satisfies the equation

r 2

r' + p(x) + q(x) = 0;

it is called the Riccati equation of (5). Conversely, if r(x) is a solution of (23),
then u(x) = exp (J(r/p) dx) is a nonvanishing solution of (5).
(b) The same connection exists between the linear equation (5') u" +g(x)u' +

q(x)u = 0 and its Riccati equation

r' + r2 + g(x)r + q(x) = 0, (23')

where r(x) = u'/u and u(x) =exp(Jrdx).
These relations can be used to derive properties of solutions of equation (5)

from those of equation (23) and vice versa. An example is given in
(c) A blow-up problem. Let Yo. be the solution of the problem

(24)
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It exists to the right in a maximal interval [0, boJ and blows up at be" i.e.,
yO'(bO' ) = 00, and bO' is continuous and strictly decreasing in a E lR with bO' ----> 0
as a ----> 00. The case a = 1 has been studied in g.V.

Hints for (c). We have p(x) = 1 and q(x) = x 2 in (5). Let v or w be the
solution of (5) with (u(O), u'(O)) = (1,0) or (0,1), resp. Then U O' = v - aw is
the solution of (5) with initial values u(O) = 1, u'(O) = -a, and rO' = u~/uO'

satisfies (23), and rO'(O) = -a. Hence yO' = -rO' is the solution of (24). The
first positive zero bO' of U O' has the above properties, and furthermore, bO' tends
to the first positive zero c of w as a ----> -00. Note that uO'(c) = v(c) < 0 by
27.VI and hence bO' < c.

Remark. Strict monotonicity of bO' implies that there is exactly one blow-up
solution in [0, b) for 0 < b < c and no such solution for b :::: c.

§ 28. Compact Self-Adjoint Operators in Hilbert
Space

In this section, we first develop an eigenvalue theory for compact self-adjoint
operators in a Hilbert space. The results are then applied to the Sturm-Liouville
eigenvalue problem.

I. Inner Product. An inner product (scalar product) in a real or com
plex linear space H is a mapping (-,.) of H x H to lR or C, respectively, with
the following properties (I, g, h E H; ..\, IJ E lR or q

(..\f + IJg, h) = ..\(1, h) + lJ(g, h)

(I,g) = (g,f)

(I, f) > 0 for f -I 0

linearity,

symmetry,

definiteness.

In the complex case it follows from the second property, which is called
the Hermite property, that (I, f) is always real and that the inner product is
"antilinear" in the second argument:

(I,..\g + IJh) = >-(l,g) + fl(l, h).

In the real case, the bars are all superfluous, and the inner product is bilinear.
The following statements hold, unless otherwise noted, in both the real and

the complex case. The proofs will be given for the complex case; the arguments
are also valid in the real case.
In the linear space H with inner product, the relation

Ilfll := vTD5
defines a norm. The norm properties follow from 5.I!. The definiteness is im
mediately obvious, and the homogeneity follows from (Af, Af) = A>-(l, f) =
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IA2111f112. To prove the triangle inequality, consider, for arbitrary f,g E H, the
expression

0:::; (I + Ag, f + Ag) = (I, J) + A(g, f) + )'(1, g) + A),(g, g).

Setting A = (I, g)/llgI12, one obtains, after a simple intermediate calculation,

1(1, g)1 :::; Ilfll . Ilgll Schwarz inequality

(it follows from (g,O) = 0 that the inequality is valid for 9 = 0). Therefore,

(I + g, f + g) = (I, J) + (I, g) + (g, J) + (g, g)

:::; (I, J) + 211fll· Ilgll + (g, g) = (Ilfll + Ilgll)2,

and the triangle inequality

Ilf + gil:::; Ilfll + Ilgll
follows. We note two additional simple propositions that can be immediately
verified by a calculation:

Ilf + gl12 + Ilf _ gl12
Ilf + gl12

211fl12+ 211g112 parallelogram identity,

IIfl12+ Ilg11 2, if (I,g) = 0 Pythagorean theorem.

II. Inner Product Space and Hilbert Space. A linear space with
an inner product is called an inner product space or a pre-Hilbert space. It is a
normed space in which the norm is induced by the inner product; d. I. If an
inner product space is complete as a normed space, i.e., a Banach space, then
it is called a Hilbert space. These definitions hold in both the real and complex
cases. Some examples:
(a) The space lRn with the inner product

(a, b) = albl + ... + anbn

is a real Hilbert space. The space en with

is a complex Hilbert space. In each case, the norm is the Euclidean norm.
(b) Let H be the set C(J) of the continuous real-valued functions f(x) on

J : a :::; x ::::: b with the inner product

(I, g) = 1b

f(x)g(x) dx.

In this space, the "distance" between two functions f, 9 is

(1)

(2)
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It is easy to see that the above inner product has the required properties. This
space is not complete and hence is not a Hilbert space. This is because there
exist sequences of functions fn E CU) that are Cauchy sequences in the sense of
the norm (2) but do not have a continuous function as a limit, e.g., the sequence

fn(x) = {max (x, lin)} -1/3

on the interval 0 ::; x ::; 1. The limit in the sense of the norm is the function
x- 1/ 3 , which, however, does not belong to H.
In order to extend this space to make it complete, one must include functions

that are not continuous. This leads to
(c) the real Hilbert space L 2 (J) of measurable functions on J that are square

integrable, which means that the integral

l b
f2(X) dx < 00.

It follows that the integral of f also exists (as long as the interval J is bounded).
The inner product is defined as in (1). We note that measurability and integral
are understood in the sense of Lebesgue.
(d) Correspondingly, the complex-valued continuous or square-integrable

functions in J form a complex inner product space or Hilbert space, respec
tively, if one defines as inner product

(f,g) = l b

f(x)g(x)dx.

We note that our development of the Sturm-Liouville eigenvalue problem is
largely carried out without the notion of the Lebesgue integral, that is, in the
inner product space (b) of continuous functions.
(e) Exercise. Show that the inner product is a continuous function on H x H,

i.e., that fn ---+ f, gn ---+ g implies (fn,gn) ---+ (f,g).

III. Orthonormal Systems and Fourier Series. Let H be a real or
complex inner product space. A sequence (un)O' of elements of H is called a
(countable) orthonormal system or an orthonormal sequence if

for

for

m=n,

m-ln.

If f is an element of H, then

00

L CiUi with Ci:= (f, Ui)

i=O

(3)

is called the Fourier series generated by f, and the Ci are called the Fourier
coefficients of f. The following results deal with questions of the convergence
of this series and its sum.
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If z= denotes a finite sum and d i are arbitrary constants, then

or

(j - L diui, 1- L diui) (j, J) - L dici - L cidi

+ L di dj (Ui, U j )

i,j

Thus z= diui is a best approximation to I if and only if di = Ci· In particular,
the nth partial sum Sn of the Fourier series (3) satisfies

n

III - snl1 2 = 11111 2 - L ICiI 2 .
i=O

(a) Bessel's inequality holds,

00 00

L ICil 2 = L l(j, ui)1 2 :; 11111 2 for IE H.
i=O i=O

(4)

(5)

(b) The partial sums of the Fourier series (3) form a Cauchy sequence. Thus
if H is a Hilbert space, then the Fourier series (3) converges, i.e, its partial sums
converge in the sense of the norm to an element of H.
(c) Equality (in the sense of norm convergence)

00

1= LCiUi
i=O

holds if and only if equality holds in Bessel's inequality (5). If this is true
for every I E H, then (un) is called a complete orthonormal system or an
orthonormal basis.
Propositions (a) and (c) follow immediately from (4), since the left side of

the inequality is 2: O. To prove (b), let Sn be the nth partial sum of the Fourier
series (3). If m < n, we have

n n

Iisn - sml1 2 = L CiCj(Ui,Uj) = L ICiI 2 .
i,j=m+l i=m+l

Thus, because of the convergence of the series (5), (sn) is a Cauchy sequence.
(d) Example. The functions

1
Uo = V27f'

1 .
U2n-l = Vir smnx,

1
U2n = Vir cosnx (n E N)

form an orthonormal system in the space of Example II.(b) or II.(c) with J =
[0, 27r].
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The functions (e inx / V2ii), nEZ, form an orthonormal system in the space
from example II.(d) with J = [0, 27r].
The proof of the following facts is recommended as an exercise.
(e) The partial sums of a series L~o (XiUi form a Cauchy sequence if and

only if L~o l(Xil 2 converges. Thus, in a Hilbert space, this condition is necessary
and sufficient for the convergence of the series.

00

(f) If the series L aiUi converges, say to f E H, then (Xi = (f, Ui); i.e., a
i=O

convergent series is the Fourier series of the function represented by the series.
In particular,

00 00

L (XiUi = L fJiui ==? (Xi = fJi for all i.
i=O i=O

IV. Bounded, Self-Adjoint, and Compact Operators. Let H be a
(real or complex) pre-Hilbert space and T : H ----+ H a linear operator. T is
called bounded if the norm of T,

IITII := sup{IITfll : f E H, Ilfll = I},

is finite. In this case,

IITfl1 ::; IITII ·llfll for all f E H.

If T is linear and bounded and

(Tf, g) = (f,Tg) for f,g E H,

(6)

then T is called self-adjoint or Hermitian.
A linear operator T is called compact if for every bounded sequence (fn)

from H, the sequence (T fn) has a convergent subsequence (with limit in H). It
is easy to see that a compact linear operator is bounded.

(a) If T is a self-adjoint operator T, then (Tf,1) is real for every f E H,
and

IITII = sup{I(Tf, 1)1: f E H, Ilfll = I}.

Proof. Denote the right side of this equation by fJ. Then clearly,

I(Tf, 1)1::; fJllfl1 2 for f E H.

By (6) and the Schwarz inequality we have

I(Tf, 1)1::; IITfl1 ::; IITII for Ilfll = 1, whence fJ::; IITII·

The proof of the reverse inequality follows from the identity

(Tf + Tg,f + g) - (Tf - Tg, f - g) = 2(Tf,g) + 2(Tg, 1).

(7)
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The left side is

by (7) and the parallelogram identity. Using the particular choice f >"h,
9 = Th with>" = IIThll, Ilhll = 1, one then obtains

2(Tf, g) + 2(Tg, 1) = 2>"(Th, Th) + 2>..(T2h, h) = 4>..3,

and hence

Since h with Ilhll = 1 is arbitrary, it follows that IITII < (3; and therefore,
IITII = (3. •

V. Eigenvalues of Compact Self-Adjoint Operators. If the equa
tion

Tu = J.1U with 0 =I- u E H (8)

holds, then J.1 is called an eigenvalue of T and u a corresponding eigenelement.
Let T be a compact self-adjoint operator. To determine an eigenvalue, we

consider, if T =I- 0, a sequence (cPn) from H such that

IlcPn II = 1, I(TcPn, cPn) I -t IITII as n -t 00,

cf. IV.(a). By passing to a subsequence if necessary, we assume further that the
sequence of real numbers (TcPn, cPn) and the sequence (TcPn) both converge (T
is compact!),

Here J.1 is real and 1J.11 = IITII > o. Now we have

0::::: IITcPn - J.1cPn11 2 = IITcPnl12 - 2J.1(TcPn, cPn) + J.12

::::: 2J.12 - 2J.1(TcPn, cPn) -t 0;

that is,

TcPn = J.1cPn + En with En E H, IIEnl1 -t O.

Since TcPn -t J.1U, we have J.1cPn -t J.1u; thus cPn -t u, and therefore TcPn -t Tu.
It follows that equation (8) holds and Ilull = 1.
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VI. Theorem. If T is a compact self-adjoint operator in the inner prod
uct space H, then T has an eigenvalue J.lo E lR with lJ.lo I = IITII. The corre
sponding eigenelement Uo E H with

Tuo = J.loUo, Iluoll = 1

has the property that the expression I(Tu, u)1 assumes its maximum on the unit
ball at the point Uo. Since (8) implies that (Tu,u) = J.llluI1 2 , every eigenvalue J.l
of T is real, and it satisfies 1J.l1 S; IITII·

Proof. This theorem was proved for T =I- 0 in V; for T = 0 it is trivial. •

Consider now the subspace HI of all elements f E H that are orthogonal to
uo:

HI := U E H : (f, uo) = O}.

It is easily seen that HI is a closed subspace of H. Furthermore, T maps HI
into itself because

(Tf,uo) = (f,Tuo) = J.lo(f,uo) = 0 for f E HI,

and T is self-adjoint and compact in HI.
Now Theorem VI can be applied to HI. Thus there is an eigenvalue J.lI and

an eigenelement UI with

Now let H 2 be the subspace of all elements f E H that are orthogonal to Uo
and UI, etc. This procedure terminates only if the subspace H n of elements f
with

H n : (f, Ui) = 0 for i = 0,1, ... ,n - 1

is {O}. That is impossible in an infinite-dimensional space.

VII. Theorem. Let H be an infinite-dimensional inner product space
and T : H -; H be linear, self-adjoint, and compact. Then the eigenvalue
problem (8) has countably many real eigenvalues J.lo, J.lI, ... with

(9)

The corresponding eigenelements Un,

form (with a suitable normalization) an orthonormal system,

{

I for n = m,
(urn, un) =

o for n =I- m.
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If Hn is the space of all f E H such that

(J, Ui) = 0 for i = 0, ... ,n - 1,

then

Iftnl = sup liTfll = sup I(Tf, 1)1 (J E H n , Ilfll = 1) (10)

and (Tun, un) = ftn" i. e., the supremum is assumed for f = Un'
Each element in the image space of T is represented by its Fourier series,

i.e., if f E H, then

ex>

Tf = LdiUi with di = (h,ui) = fti(J,Ui).
i=O

(11)

The proof of this theorem, up to (11) and the limit relation in (9), is
contained in the previous remarks. The sequence (ftn) converges to 0 because
otherwise the sequence 'l/!n = -Lun would be bounded, and then the sequence

I"n

(T'I/!n) = (un) would possess a convergent subsequence, which is impossible,
since lIun - Urn II = 2 for m -j. n.
Finally, in order to prove (11), we consider the function

n-l

gn = L CiUi, Ci = (J, u;).
i=O

Clearly, gn E H n holds; therefore, by (10), (4), and (9),

IITgnll :::; Iftnl . Ilgnll :::; Iftnl·11J1l -> O.

The conclusion now follows from the equation

n-l

Tf - L diui = Tgn·
i=O

•
Addendum. Every eigenvalue ft -j. 0 is equal to some ftn, and the cor

responding eigenspace (that is the set of all U E H that satisfy (8)) has finite
dimension and is spanned by the eigenelements Uk corresponding to ftk = ft.

Proof. If U is a solution of (8) with ft -j. 0, then U lies in the image of T, i.e.,
we have

Because of (8) and III.(f), the relation ftCi = ftiCi holds for all i. If ft -j. fti for
all i, then Ci = 0, and hence U= O. If ft = ftn, then Ci = 0 for all i with fti -j. ft
and U= 2: CkUk, where the sum extends over all k with ftk = ft. •

For T = 0, the theorem is true, but not interesting.
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VIII. Theorem. If H is a Hilbert space and J.L = 0 is not an eigenvalue
ofT, then (un) is an orthonormal basis; i.e., a representation

00

f = L CiUi with Ci = (J, Ui)
i=O

holds for all f E H.
The equation f = I: CiUi also holds in a pre-Hilbert space if J.L = 0 is not an

eigenvalue and the series belongs to H.

PT'Oof. By III. (b), the Fourier series of f is convergent, say to g. Thus, by
III.(f), Ci = (g, Ui)' It follows that Tf and Tg have the same Fourier coefficients
J.LiCi and hence are equal by the conclusion (11) of the theorem. From T(J - g) =
o it follows that f = g, since 0 is not an eigenvalue of T. •

We apply these results now to

IX. The Sturm-Liouville Eigenvalue Problem. We consider the
problem

LU+Aru=O in J= [a,b], R1u=Rzu=0,

where Lu = (pu')' + qu and

Rju = oclu(a) + oczp(a)u'(a),

Rzu = f31u(b) + f3zp(b)u'(b)

(12)

under assumption (SL) of 27.1. Suppose A' is not an eigenvalue and q(x) is re
placed by q'(x) = q(x) + A'r(x). If (An, un) are the eigenvalues and eigenfunc
tions for the original problem, then those for the new problem are (An - A', un).
In particular, 0 is not an eigenvalue for the new problem. Therefore, we will
assume, without loss of generality, that A = 0 is not an eigenvalue.
A solution u of (12) can be interpreted as a solution of the semihomogeneous

Sturmian boundary value problem

Lu = g(x) with g(x) = -Ar(x)u(x),

R1u = Rzu = O. Thus, by (26.12), u satisfies the integral equation

u(x) = -Alb [(x, Or(Ou(~)d~. (13)

Here [(x, 0 is Green's function for the Sturmian boundary value problem (26.4),
whose existence is guaranteed by Theorem 26.VII, since A = 0 is not an eigen
value (Lu = 0, Riu = 0 has only the trivial solution).
The relationship between the original problem and the integral equation is

clarified in the following
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x. Theorem. Let assumption (SL) from 27.1 hold, and suppose that 0
is not an eigenvalue of (12). Then A is an eigenvalue and the function u(x) is
a corresponding eigenfunction if and only if u is continuous in J and ¢. 0 and
satisfies the integral equation (13).

The proof of Theorem X is contained, for the most part, in the above
discussion. Just one small hole needs to be closed. If one wants to show that a
solution u of (13) also represents a solution of (12), then one must first check that
u E C 2 (J), since u is only assumed to be continuous. However, this follows from
Theorem 26.VII, since the integral on the right-hand side has the form (26.12)
with g = -Aru, and as it was proved there, this integral is twice continuously
differentiable for continuous g. •

We have thus transformed the original eigenvalue problem into an analogous
problem for (13). Equation (13) is called a Fredholm integral equation. (Fred
holm integral equations are those with fixed limits of integration; those with
variable limits, such as arise with initial value problems, are called Volterra
integral equations.)
Let the operator T be defined by the relation

(TJ)(x) = -lb

r(x,{)r(Of(~) d{.

Then from Theorem 26.VII we get the equivalence

If both sides of (13) are multiplied by 1/A, then

Tu = p,u with p, = 1/A.

(14)

(15)

(16)

We now consider this equation in the real inner product space H = C(J) of
Example II.(b) and apply the earlier results. The operator T maps C(J) to
itself. From Tf = 0 we conclude, using (15), that f = 0; i.e., p, = 0 is not
an eigenvalue of T. Since A = 0 is not an eigenvalue of (12), there is a one-to
one correspondence between the eigenvalues A of (12) and p, of (16) given by
A = 1/p,.
The discussion can be simplified if one uses a weighted inner product

(j, g)r = I b

r(x)f(x)g(x) dx (17)

in the space C(J) instead of the inner product (j, g) of Example II.(b) (for a
first reading, the reader can take r = 1 without missing any essentials). First of
all, it follows from our general assumptions (8L) in 27.1 that there exist positive
constants a, (3 with

0< a :s: r(x) :s: (3 in J.
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Thus the weighted norm

(
b)1/2

Ilfllr = (f, f)~/2 = 1r(x)f2(x) dx (18)

and the usual one II . II generated by the inner product (f, g) satisfy the relation

allfll ~ Ilfllr ~ ,8flfll;
i.e., the two norms are equivalent; d. 5.Vor lO.III. We denote the space C(J),
equipped with the inner product (f,g)r, by Hr.

The operator T is linear, self-adjoint, and compact. The self-adjointness
follows from the symmetry of r,

(T f, g)r = -lb

r(x)g(x) lb

f(x, Or(~)f(Od~dx = (f, Tg)r.

The compactness of T is contained in the following lemma.

XI. Lemma. If (in) is a sequence in C(J) with Ilfllr < C, then the
sequence

gn(x) = Tfn = -lb

f(x,Or(Ofn(Od~
satisfies the hypotheses of the Ascoli-Arzela theorem 7.IVi i.e., it is equicontin
uous and uniformly bounded,

Ign(x)1 ~ C1 for all x E J, n E N.

Hence the sequence (gn) has a subsequence that converges uniformly in J and
therefore also in H r to a function 9 E C(J).

Proof. Because of the continuity of r(x, 0, for c > 0 there exists a 8 > 0
such that

Ir(x,~)-r(x',~)I<c for Ix-x'I<8.

Therefore, if 9 = T f and Ilfllr ~ C, then by the Schwarz inequality,

Ig(x) - g(x')1 ~lb

Ir(x, 0 - f(x', Olr(~)lf(~)1d~

~ clb

rlfl d~ = c(l, Ifl)r ~ clllllrllflir ~ C"(c

with "( = IIlllr ~ (3,;r;=a,. This proves equicontinuity. The proof of bounded
ness is even simpler. The kernel r is continuous, hence bounded, If(x, ~)I ~ A.
Thus it follows from the Schwarz inequality that

•
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The equation TUi = /-LiUi (/-Li =I 0) can be written using Ai = 1//-Li as Ui =
T(AiUd. By (15), the last equation is equivalent to

LUi + Air(X)Ui = 0, R\Ui = R2Ui = 0 (i = 0, 1,2, ... ).

This is a new proof for part of the existence theorem 27.II.
Ifwe set aside for the moment the question of convergence, then an expansion

of a given function ¢(x) in terms of the eigenfunctions Ui is given by

= lb

¢(x) = 2: diUi(X) with di = (¢, Ui)r = r(x)¢(x)Ui(X) dx. (19)
i=O a

This matches the expansion given in Theorem 27.I1I.
Now let ¢ E C 2 (J), R 1¢ = R2¢ = O. By (26.12),

¢(x) = l b

r(x,~)(L¢)(~)d~ = Tf with f = -L¢/r.

Therefore, Theorem VII applies, and (11) holds for ¢ = Tf, which is (19). This
equation is to be understood in the sense of convergence in the norm (18). We
will now show that in fact, the convergence is uniform in J.
By (11), di = /-LiCi with Ci = (j, Ui)' Further, for fixed Xo, the number

/-LiUi(XO) can be interpreted as the Fourier coefficient of the function -r(xo, ~);
that is,

Consider now a partial sum from i = m to i = n of (19) and apply the Schwarz
inequality:

If the second sum on the right-hand side is extended to 0 and to 00, then by
Bessel's inequality it is ::::: IIr(xo, ')11;. The first sum on the right-hand side is
likewise the partial sum of a convergent series. Thus for any f > 0, there exists
an no such that

This establishes the uniform convergence of (19). Since convergence holds in
H r , Theorem 27.II1 follows for the case where ¢ E C2 (J). We note that the
theorem is also true for ¢ E C\(J). However, the proof is more difficult; d., for
instance, Kamke (1945) or Titchmarsh (1962). •
Our final result is a general theorem about the Fourier expansion of functions

from L 2 (J). The proofrequires results from the theory of the Lebesgue integral.
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XII. Expansion Theorem. Every function ¢ E L2 (J) can be expanded
in a series of eigenfunctions of the Sturm-Liouville problem (12). Equation (19)
holds in the L 2 -norm of Example II.(b),

b( n )21 ¢(x) - ~ diui(x) dx ------> 0 as n ---.. 00.

The proof will be briefly indicated. One considers T as an operator in
the real Hilbert space L 2 (J) with the inner product given by (17). It is easy
to show that T is self-adjoint and compact in L 2 (J). Consequently, Theorem
VII holds in L2 (J). Now let f E L2 (J) and suppose Tf = O. If g E C 2 (J)
and satisfies RIg = R2g = 0, then there is an h E C(J) such that g = Th,
hence (j,g),. = (j, Th),. = (Tf, h),. = O. It follows that f = 0, i.e., 0 is not
an eigenvalue of T. Then by Theorem VII, (Ui) is an orthonormal basis and
the proposed relationship holds, first for the norm II . II,. and then also for the
L 2-norm, because of the equivalence of the two norms. •

Our last theorem deals with the Fourier expansion under conditions that are
weaker than (SL) and apply to the radial .6. operator, among others.

XIII. Coefficients with a Zero on the Boundary. We consider the
eigenvalue problem (27.22) for the operator Lu = (puT using the assumptions
and the notation given in 27.XX. The radial elliptic eigenvalue problem for
.6.u + AU is covered as a special case.

In what follows, H,. is the Hilbert space of measurable functions in J = [0, b]
with a finite norm (18); the inner product is given in (17). Since r(O) = 0 is
permitted, we have only H,. => L2 (J).

Theorem. The sequence (un) of eigenfunctions of the eigenvalue problem
(27.22) is an orthonormal basis in H,.; that is, each element of H,. is represented
by its Fourier series in the sense of convergence in H,..

In the following sketch of the proof, T is the operator defined in (14) (a = 0),

where Green's function is taken from 27.XX.(d) and B = J~ p-l(x)R(x) dx <
00.

Let f E H,. and v = T f; that is, (pv')' + r f = 0, (pv')(O) = v(b) = O. Using
the Cauchy~Schwarz inequality, it follows that

and therefore

Iv'(x)1 ::; Ilfll,. )R(x)jp(x).
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Writing vR./p in the form JR/p· JlfP, one obtains from (*)

I
bib vR. ( b b) 1/2

Iv(x)1 = 1v'dt ::; Ilfllr1 pR dt ::; Ilflir 1~ dt·1 tdt ,

which implies

Iv(x)1 ::; IlfllrJB/ihWT, where h(x) = -lb

~ dt,
x P

and

(reverse the order of integration in the last integral).
Now all necessary estimates are assembled. Let (In) be a bounded sequence

in Hn C = sup Ilflln and Vn = Tfn. The bounds on v(x) and v'(x) show
that the Ascoli-Arzela theorem can be applied in intervals [E, b] with E> O. It
follows in a familiar way that a subsequence of (vn ) converges in Jo = [(0, b]
to a function v E CO(Jo) (one chooses a subsequence (v~) converging in [~,b],
from that subseqence chooses a subsequence (v~J converging in [~,b], ... , and
considers the sequence (v;;:)). Since r(x)v;(x) ::; g(x) = BC2Ih(x)lr(x) E L(J),
the limit v satisfies the same inequality. Hence v E H r and Ilvn - vll r ---> 0 as
n ---> 00 due to the theorem on majorized convergence. This shows that the
operator T is compact; it is also self-adjoint, and 0 is not an eigenvalue of T
because of 27.XX.(c). ow the theorem follows from Theorem VIII. •

Exercise. Replace the boundary condition u(b) = 0 in (27.22) by R 2u =

JJ1 u(b) + JJ2P(b)u' (b) = 0 and prove the corresponding theorem on the complete
ness of (un)'

The eigenvalue problem takes on particular significance in connection with
certain partial differential equations that play an important role in physics.

XIV. Partial Differential Equations. (a) We begin with the parabolic
differential equation for the function ¢ = ¢(t, x),

1
¢t = r(x) [(p(x)¢x)x + q(x)¢] for a < x < b, t > 0,

with the boundary conditions

R1¢:= a1¢(t, a) + a2P(a)¢x(t, a) = 0,

R2¢:= f31¢(t, b) + f32p(b)¢x(t, b) = 0

and the initial condition

¢(O, x) = f(x) for a::; x ::; b.

(21)

(22)
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If p = const, r = const, q = 0, and (X2 = (32 = 0, these equations describe the
temperature distribution in a homogeneous rod of length b - a whose initial
temperature is equal to f(x) and whose ends are held at temperature zero.
A product ansatz (or, as it is also sometimes called, a separation of variables

ansatz) ¢(t, x) = h(t)u(x) for a solution of (20) leads to

, h [')' 1h u = - (pu + qu .
r

If one divides here by the product hu, then the functions to the left of the equal
sign depend only on t and those on the right only on x. This equation can be
valid (after dividing by hu) only if the left- and right-hand sides are constant.
We call this constant -A and obtain the equations

h'+Ah=O for h=h(t),

(pu')' + qu + Aru = 0 for u = u(x).

If in addition, we require that ¢(t, x) = h(t)u(x) satisfy the boundary conditions
(21), then we must have Riu = R2u = O. Thus we obtain the eigenvalue problem
(12) for u. If An is an eigenvalue and Un the corresponding eigenfunction, then
the product

is a solution of (20) that satisfies the boundary conditions (21). The same also
holds for a linear combination of the ¢n and-assuming appropriate convergence
behavior-for the infinite series

00 00

¢(t, x) = L cn¢n(t, x) = L cne-.\ntun(x).
n=O n=O

The initial condition (22) then leads to the equation

00

¢(O, x) = f(x) = L cnun(x),
n=O

(23)

which is just the Fourier series for f with respect to the orthogonal system (un).
We summarize:

The solution to the initial-boundary value problem (20)-(22) is obtained
(at first formally) as an infinite series of the form (23), where the coefficients
Cn are the Four-ier coefficients of the function f with respect to the orthonormal
system of eigenfunctions (un) to the eigenvalue problem (12).

(b) An Example. In the case of the heat equation

¢t = ¢xx for 0 < x < 7l', t > 0
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with the boundary conditions ¢(t, 0) = ¢(t, 7r) = 0 and the initial condition (22),
the procedure described above leads to An = n2, Un = y'2/7r sin nt (n EN) and
hence to the solution

¢(t, x) = ex f ene-n2t
sin nx with Cn = ex1" f(x) sin nx dx,

n=l

where ex = y'2/7r.
A number of conclusions about the behavior of the solution can be obtained

from this representation, for example, the estimate

¢2(t, x) :S ex2I:>; .I>-2n
2
t :s ex21" f2(x) dx· 1 ~-:~2t'

n n

Here we have made use of Cauchy's inequality and Bessel's inequality. Thus

I¢(t, x)1 :S Ce- t. However, if1" f(x) sinxdx = 0, then it follows that I¢(t, x)1 :S

C . e-4t (Proof?).
This is not the place to deal wi th the questions of the convergence of the series

(23) and the existence of ¢h .... Instead, we will consider another example,
(c) The hyperbolic differential equation

1
¢tt = r(x) [(p(x)¢x)x + q(x)¢] for a < x < b, t> 0

with the boundary condition (21) and initial condition

¢(O,x) = f(x) and ¢t(O,x) = g(x) for a:S X:S b.

The product ansatz ¢(t, x) = h(t)u(x) now leads to the equation

h"+Ah=O for h=h(t)

(24)

and the eigenvalue problem (12) for u(x). Corresponding to each eigenvalue An
there are two solutions

¢n = un(x) cos j):;" t, 'l/Jn = un(x) sin j):;" t, provided that An 2: O.

A corresponding series ansatz has the form

00 00

¢(t, x) = L cn¢n + L dnWn,
n=O n=O

which, together with the initial conditions (24), leads to the relations

00

f(x) = L cnun(x),
n=O

00

g(x) = L j):;"dnun(x).
n=O
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Exercise. Determine the formulas for Cn, dn, and ¢ for the equation of the
vibrating string

¢tt = ¢xx for 0 < x < 7f, t > 0

with boundary conditions of the first kind: ¢(t,O) = ¢(t, 7f) = O.

(d) As an example of a partial differential equation in several "space vari
ables," we consider the heat equation

with b.¢ = ¢EtE, + ¢E2t.2 + ... + ¢EnEn' Suppose that rotationally symmetric
initial values are prescribed in the unit ball,

¢(O,~) = f(I~le) for O:S: 1~le :s: 1,
and that the boundary values are given by

¢(t,~)=O for 1~le=l, t>O.

According to 6.XIV,

b.·u(I~le) = u" + n - 1u' = x1-n(xn-1u')', X = 1~le'
x

The ansatz ¢(t,~) = h(t)u(x) leads to the equation h' +Ah = 0 for h(t) and the
equation

(xn-1u')' + AXn-1U = 0 for u(x).

As boundary conditions one has u'(O) = 0 and u(l) = 0; d. Lemma 6.XIV.
Thus we are led to the eigenvalue problem (27.18) with a = n - 1, for which
the existence of eigenvalues was treated in 27.XVIII and the expansion theorem
was proved in XIII. One obtains the solution in the form

co co

¢(t,O = L cne-.\ntun(x) with f(x) = L cnun(x) and x = 1~le.
n=O n=O

In the case n = 2, which corresponds to a = 1, the differential equation in
(27.17) is Bessel's equation of order O. The solution y is the Bessel Function
Jo(x). Its zeros 0 < ~o < ~l < ... lead to the positive eigenvalues An = ~; and
the corresponding eigenfunctions

n = 0,1,2, ....

The normalization factor an is obtained from the relation

given without proof. From the expansion
co

f(x) = L cnanJO(~nx)
n=O
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one obtains the solution of the boundary value problem

00

¢i(t,~) = L cnane-~~t JO(~nx) with x = 1~le.
n=O

(e)Exercise. In example (b) the boundary conditions are changed to

Physically, this means that the ends of the rod are thermally insulated; i.e.,
there is no heat flux from the ends. Solve the boundary value problem.



Chapter VII
Stability and Asymptotic
Behavior

§ 29. Stability

I. Stability Theory. We resume the problems treated in §12. In con
trast to the case investigated there, we now consider solutions defined on infinite
intervals. In this setting, continuous dependence on initial conditions and on the
right side of the differential equation is a significantly more complicated matter
than in §12, where general results were obtained under restricted assumptions.
Even in the simplest examples, new phenomena emerge when the interval is
infinite.

Two Examples. Let y(t) be the solution of

y' = y, y(O) = 7)

and z(t) be a solution with the initial value z(O) = 7) + E. Then
z(t) - y(t) = Ee

t
,

i.e., the difference between two solutions to the same differential equation with
different initial conditions tends to 00 like e t .

On the other hand, if y and z are two solutions of the differential equation

y' =-y

with initial values 7) and 7) + E, then the difference is given by
z(t) - y(t) = Ee- t ,

and hence converges to 0 as t -> 00.

Our goal in the present section is to give criteria that guarantee that solutions
depend continuously on initial conditions in the sense that if the difference
z(O) - y(O) is small, then the function z(t) - y(t) also remains small in the
whole interval t ::::: O. Statements of this kind fall under the heading of "stability
theory" for ordinary differential equations.

305



306 VII. Stability and Asymptotic Behavior

II. Stability, Asymptotic Stability. In the following, t is a real vari
able; the functions f, x, y can have values in either jRn or en.
Let x(t) be a solution of the system

y' = f(t, y) (1)

for 0 :S t < 00. We assume that f( t, y) is defined and continuous at least in
So: : 0 :S t < 00, Iy - x(t)1 < a (a > 0). The solution x(t) is said to be stable
(in the sense of Lyap'Unov) if the following statement is true:

For every E > 0, there exists (j > 0 s'Uch that every solution y(t) with

ly(O) - x(O)1 < (j

exists for all t 2': 0 and satisfies the inequality

Iy(t) - x(t)1 < E for O:S t < 00.

A solution x(t) is called asymptotically stable if it is stable and if there exists
f3 > 0 such that every solution y(t) with ly(O) - x(O)1 < f3 satisfies

lim Iy(t) - x(t)1 = o.
t-.oo

A solution x(t) is called 'Unstable if it is not stable.
More generally, one can consider a fundamental interval [a, (0) and replace

y(O) - x(O) by y(a) - x(a) and 0 :S t < 00 by a :S t < 00. This raises now
a question: Are the stability definitions for the interval [0,(0) equivalent to
the corresponding definitions for [a, oo)? If one assumes additionally that f is
locally Lipschitz continuous in y, then the answer to this question is positive.
The proof will be given in the next section; it can be omitted in a first reading.

Remarks. The norm 1·1 in these definitions is an arbitrary norm in jRn or en.
Using Theorem lO.III, it is easy to show that the definitions are independent of
the choice of norm.

It is customary in stability theory to formulate the theorems for the case
t ----+ +00; results for t ----+ -00 can be reduced to this case.

III. The Poincare Map. The solution to equation (1) with the initial
value y(t) = 1] will be denoted by y(t; T, 1]) (uniqueness of solutions to initial
value problems is assumed). Let t = a and t = b be two fixed points. The
Poincare map P associates an initial value at the point a with the value of the
corresponding solution at the point b; in terms of formulas,

1] ----+ P1] = y(b; a, 1]) Poincar'e map. (2)

From the uniqueness assumption, it follows that P is injective. We will
assume in the following that f has values in jRn; the extension to en is straight
forward. Let f be defined on a set D that is open in the strip S = [a, b] x jRn,
i.e., is the intersection of an open set with S.
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Theorem. Let f : D --+ IRn be continuous and locally Lipschitz continuous
with respect to y. Let the set M of all solutions of (1) that exist in all of
the interval [a, b] be nonempty. Then the sets Ma = {y(a) : y E M} and
M b = {y(b) : y E M} are open, and the Poincare map P : M a --+ M b is a
homeomorphism (i.e., P is bijective, P and p- 1 are continuous).

Proof. Let J = [a, b] and z(t) E M. As in 13.X, we first determine an 0: > 0
with So. = {(t, y) : t E J, [y - z(t)[ So:} c D and extend f to the set J x IRn

while preserving the values in Sa, say, by setting

f*(t,y) = f(t,z(t) + (y - z(t))h(ly - z(t)l))

with h(s) = 1 for 0 < s S 0: and h(s) = o:/s for s > 0:. For any (t,y) E J x IRn
,

the argument of f appearing in the above formula belongs to Sa' i.e., f* is
defined in all of J x IRn

. Further, f = f* in So., and f* is Lipschitz continuous
with respect to y in J x IRn

.

Applying Theorem 13.11 with k = f*, -\ = "7, g(x, -\) = "7, 0:(-\) = a leads
to the conclusion that the solution y* (t; a, "7) of (1) depends continuously on
(t; a, "7). In particular, there exists fJ > 0 such that if 1"7 - z(a)[ < fJ, then
Iy*(t; a, "7) - z(t)[ < 0: in J. Therefore, if "7 is in this range, then y*(t; a, "7) =
y(t; a, "7) E M and P"7 = y(b; a, "7) is continuous. Since z(t) E M is arbitrary,
it follows that M a is open and P is continuous in M a . The continuity of p- 1

and the openness of M b follow in a corresponding manner. •

The question raised in II is now easily answered

Corollary. Let the function f satisfy the assumptions for (1) and be locally
Lipschitz continuous with respect to y. A solution x( t) defined in [0,00) is stable
relative to t = 0 if and only if it is stable relative to an arbitrary point t = b,
b> O.

Corresponding statements hold with respect to asymptotic stability and in
stability.

Proof. Suppose x(t) is stable relative to t = b. Then for any E > 0, there
exists a neighborhood U of x(b) such that if y(b) E U, then Iy(t) - x(t)1 < E

for t 2 b. We apply the theorem with a = O. Since the set M is not empty
(x(t) belongs to M), it follows that V = Un M b is a neighborhood of x(b)
and W := p-1(V) is a neighborhood of x(O). Making W smaller as needed,
one obtains that the inequality [y(t) - x(t)[ < E holds in [0, b] (Theorem 13.11).
However, because P(W) c U, the inequality holds in the whole interval [0,00);
i.e., x(t) is stable relative to t = O. The proof of the converse is simpler and will
be left to the reader. •

IV. Linear Systems. In the (real or complex) linear system

y' = A(t)y + b(t) (3)
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let A(t) and b(t) be continuous in the interval J = [0,00). Then every solution
exists in J (Theorem 14.VI). Let X(t) be the fundamental system for the ho
mogeneous equation with the initial value X(O) = I. We begin by clarifying the
relation between the current definition of stability and the one given earlier.

(a) The definition of stability for the zero solution of the homogeneous equa
tion given in 17.XI agrees with the definition given in II.

Proof. If the zero solution is stable in the sence of 17.XI, then there exists
a K > 0 with IX(t)1 ::; K in J. If y is an arbitrary solution, then the estimate
ly(t)1 ::; Kly(O)1 follows from the representation y(t) = X(t)y(O); hence ly(t)1 ::;
f in J if ly(O)1 ::; fj := f/K. Therefore, the zero solution is stable according to
Definition II. The converse is proved in a similar manner. The proofs for the
two remaining cases are left to the reader. •

Theorem. If the zero solution of the homogeneous equation y' = A(t)y is
stable, then every solution of the nonhomogeneous equation (3) is also stable. A
corresponding theorem holds for asymptotic stability and instability.

Since the definition of stability deals with the difference z(t) = y(t) - x(t)
of two solutions to (3) and since this difference is a solution to the corresponding
homogeneous equation, the conclusion follows at once. •

Thus when dealing with stability questions for linear systems, it is sufficient
to study the stability of the zero solution of the homogeneous equation.
Because of its importance, we reformulate the result obtained in 17.XI for

the equation with constant coefficients:

y' = Ay (A a real or complex n x n matrix). (4)

Stability Theorem. Let'"Y = max{ReA : A E O"(A)}. The stability of the
trivial solution x( t) == 0 of (4) is determined as follows:

'"Y < 0 =;. x(t) is asymptotically stable;

'"Y > 0 =;. x(t) is unstable; and

'"Y = 0 =? x( t) is not asymptotically stable, and is stable if and only
if m'(.\) = m(.\) for all eigenvalues .\ with Re.\ = 0 (see
17.VIII).

This determines the stability behavior for linear systems with constant co
efficients completely. The following result gives a bound on X (t) = eAt.

V. Theorem. If the eigenvalues .\i of the constant (real or complex)
matrix A satisfy the inequality

ReAi<a, (5)
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then

leAt I :S ceQt for t ~ °
for some positive constant c.

(6)

The proof follows from the fact that by 17.VIII, the differential equation
(4) has n linearly independent solutions of the form

(7)

where A is an eigenvalue of A and p(t) = (Pl(t), ... ,Pn(t))T is a polynomial of
degree :S n.

If (t - Re A = c > °here, then certainly Ip;(t)1 :S c;ec:t holds, and hence

le.\tp;(t)1 :S e(E+Re.\)t ci = Ci eQt .

If Y (t) denotes the fundamental system consisting of n solutions of the form
(7), then each of the n 2 components of Y can be estimated by an expression of
the form const . eQt . The same estimate also holds then for Y (t), and since eAt
is likewise a principal system and can be represented in the form eAt = Y(t)C,
it holds for eAt as well. •

A norm generated by a scalar product (cf. 28.1) will be called a Hilbert norm.
In the following we show that there exists a Hilbert norm in en such that (6)
holds with c = 1 and, in addition, that a corresponding lower estimate holds;
such a result has useful applications. The expression (.,.) denotes the classical
scalar product, I . I denotes the Euclidean norm; cf. 28.II(a). The conclusions
hold for real A in jRn.

Corollary. Let the eigenvalues of the matrix A satisfy

13 < Re Ai < (t.

Then there exists a Hilbert norm II . II in en such that the estimates

e,Btllell :S IleAtel1 :S eQtllel1 for t ~ 0, eE en
hold. From here one obtains that

e,Bt :S IleAt II :S eQt for t ~ 0,

where IleAt II is the operator norm of eAt corresponding to II . II.

Proof. We assume first that IReA;1 < fJ and consider the scalar product

(e,dj:= I: e-26Itl(eAte,eAtd)dt

(5')

(6')

Let c > °be chosen such that IRe Ail < fJ - c. Then it follows from (6) that
l(eAtc,eAtd)1 :S [eAt l2 lelldl :S const· e2(6-E)t for t ~ 0; therefore, the integral
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over [0,(0) is convergent. The integral over (-00,0] can be transformed into an
integral over [0, (0) using the change of variables t ' = - t, where A is replaced by
- A. This integral is likewise convergent, since the eigenvalues of - A satisfy the
same estimates. Therefore, the scalar product is well-defined, and the properties
28.1 are satisfied. Let Ilell := J(C,C). If one chooses e= d = eAsa, then

IIe Asal1 2 = 1:e-26ItlleA(SH)aI2dt = 1: e-26It-slleAlaI2dt.

For s 2': 0, we have It I - s S It - sl S It I+ s, and hence

It follows, taking into account the definition of Iiall, that

We now consider the general case and set, = (0: + (3)/2, 8 0: - , =
, - 13· The eigenvalues JLi of the matrix A' = A - ,I can be obtained from
the eigenvalues Ai of the matrix A by setting JLi = Ai - ,; in particular, they
are < 8 in magnitude. We define the above scalar product with A' in place of
A. Taking square roots and using the relation eA's = e-l'seAs , we obtain an
estimate corresponding to (*):

Since, - 8 = 13 and, + 8 = 0:, the inequalities (6' ) are proved.

We now turn to nonlinear problems. An important tool for this study is

•

VI. Gronwall's Lemma (1918). Let the r-eal Junction ¢(t) be contin
uous in J : 0 S t S a, and let

¢(t) So: + f31t ¢(T) dT in J with 13 > o.

Then

¢(t) :::; o:e/3t in J.

Proof. Denote the right side of the inequality in the assumption by 1jJ(t).
Then 1jJ' = f3¢, and since ¢ S 1jJ, we have

1jJ' S /31jJ, or equivalently, (e-/311jJ(t))' SO.

Hence e-/311jJ(t) is decreasing, which implies

and we obtain ¢(t) S 1jJ(t) S o:e/3t, as was claimed. •
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The following two theorems constitute classical results of stability theory.
They have to do with a differential equation with "linear principal part,"

y' = Ay + g(t, y), (8)

(9)

which means that g(t, y) is small relative to y for small y. Under this assump
tion, which will be made precise in (9), stability properties of the linear equation
(4) carryover to the nonlinear equation (8).

VII. Stability Theorem. Let the function g(t, z) be defined and con
tinuous for t 2 0, Izi ~ 0: (0: > 0), and let

lim Ig(lt',z)1 = 0 uniformly for 0 ~ t < 00;
Izl---O z

thus, in particular, g(t,O) = O. Let A be a constant matrix, and suppose

for all eigenvalues '\ of A.
Then the zero solution x(t) == 0 of the nonlinear equation (8) is asymptoti

cally stable.

Proof. The assumptions together with Theorem III imply that there exist
two constants c > 0 and (3 > 0 such that Re Ai < -(3 and

leAtl ~ c· e-(3t for t 2 O.

Moreover, by (9), there exists a 6, 0 < 6 < 0:, such that

Ig(t, z)1 ~ ~ Izi for Izi ~ 6, t 2 O.

The theorem is proved if we can show that

6
[y(O)' ~ E < 2c implies ly(t)1 ~ cEe-(3t/2 for t 2 O.

(10)

We know from 18.VI that every solution of the nonhomogeneous equation

y' = Ay + b(t)

can be represented in the form

y(t) = eAtYo + it eA(t-sJb(s) ds, where Yo:= y(O).

Now, if y( t) is a solution of (8), then accordingly, it satisfies the integral equation



(11)
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Using (10), the inequality

1
t 6

ly(t)1 ::; (Yolce-l'It + ce-l'I(t-s) -'--ly(s)1 ds
o 2c

follows, at least as long as (10) can be applied, i.e., as long as Iyl ::; 8. Now let
y(t) be a solution of (8) with IYol < f and ¢(t) = ly(t)lel'lt. From (11) it follows
(as long as Iyl ::; 8) that

(3 t
¢(t) ::; Cf + "2 Jo ¢(s) ds,

and therefore by Gronwall's lemma,

1
or ly(t)l::; cfe-I'It/2 < "28. (12)

This inequality implies that ly(t)1 cannot take on the value 8 for any positive
t and hence that the inequality (12), and consequently (*) holds for all t 2: O.
Note that y(t) can be extended to the boundary of the domain of g, hence
because of (12) to the whole interval 0 ::; t < 00. •

VIII. Instability Theorem. Assume that g(t, z) satisfies the assump
tions of Theorem VII. Further', let A be a constant matrix and suppose

ReA> 0

for at least one eigenvalue A of A. Then the solution x(t) == 0 of the nonlinear
differential equation (8) is unstable.

Proof. We first transform the differential equation (8), using a linear trans
formation, into a form that is better suited for our purposes. Let A1, ... , An be
the zeros of the characteristic polynomial of A (counting multiplicities). Let A
be transformed into the Jordan normal form B by the matrix C:

with

Further, let H be the diagonal matrix

H = diag (1], 172, ... , 1]n) (17 > 0).

It is easy to check that H- 1 = diag (17- 1 ,17-2, ... ,1]-n) and that

D = H- 1BH {o} dij = bij 1]j-i,

i.e.,

dii = Ai, di ,i+1 = 0 or 1], dij = 0 otherwise. (13)
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If we now set y(t) = CHz(t), then the differential equation transforms into

z' = H~lC-ly' = H-1C-1{ACHz + g(t, CHz)} ,

or

with

z' = Dz + f(t, z)

f(t, z) = H-1C-1g(t, CHz) and D = H-1C-1ACH.

(14)

If g satisfies assumption (9), then so does f, since from Igi :::: Eizi for Izl :::: 8 it
follows that

If(t,z)l:::: IH-1C-11·ICHIElzl for Izl:::: 8/ICHI·

Instead of (14) one can also write

z~ = AiZi{ + 7)zi+d + fi(t, z) (i=I, ... ,n). (14')

The term in braces appears only if the index i corresponds to a Jordan block
with more than one row and does not correspond to the last row in this Jordan
block.
We denote by j or k those indices for which

Re Aj > 0 or Re Ak :::: 0, respectively,

and by ¢, 'I/; the real-valued functions

¢(t) = L IZj(t)1 2
,

j

'I/;(t) = L IZk(t)1 2
,

k

where z(t) is a solution of (14'). Now let 7) > 0 be chosen so small that

o< 67) < Re Aj for all j,

and choose 8 > 0 so small that

If(t, z)le < 7)lzle for Izle:::: 8.

If z(t) is a solution of (14') with

Iz(Ole < 8, '1/;(0) < ¢(O),

then as long as Iz(t)le :::: 8 and 'I/;(t) :::: ¢(t), we have

¢' = 2L:j Re zjZj

= 2 L:j(ReAjZjZj{ + 7)Rezj+lZj} + Rezjjj(t, z)),

and further, by the Schwarz inequality (j + 1 is an index of type j),

IL:Rezj+lzJI :::: L:IZjZj+ll :::: VL:lzJI2L:lz,i12 = ¢

(15)

(16)
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and

as well as Re L: Ajzjzj > 67]4> and

Hence

1 ,
"24> > 67]4> - 7]4> - 27]4> = 37]4>.

An equation analogous to (16) holds for 'I/J(t) (one simply replaces j by k). Thus,
because Re Ak :::; 0, it follows, using the same estimates, that

1 ,
"2 'I/J :::; 7]'I/J + 27]4>.

Therefore, as long as 'I/J(t) :::; 4>(t), we have

~(4)' - 'I/J') > 37]4> - (7]'I/J + 27]4» = 7](4) - 'I/J) ;::: 0,

i.e., the difference 4> - 'I/J is increasing as long as it is positive. This shows that
as long as [z(t)[ :::; D, the inequalities 'I/J(t) < 4>(t) and ¢/ > 67]¢ are satisfied, and
hence ¢(t) ;::: ¢(0)e6

'7
t (Lemma 9.1); i.e., for every solution z(t) satisfying (15)

there exists a to with Iz(to)[ = D. But this signifies that the solution x(t) == 0 is
not stable. •

IX. Autonomous Systems. Linearization. Autonomous systems are
systems of the form

y' = f(y). (17)

The right-hand side of such equations does not depend explicitly on t; conse
quently, if y( t) is a solution, then so is y( t +to). Other properties of autonomous
systems were already discussed in 10.XI.
Let us assume that f E C1(D), where D c lRn is neighborhood of 0, and

that 0 is a critical point of f, i.e., f(O) = O. The equation y' = Ay, where A is
now the Jacobian f'(O), is called the linearized equation at the point 0, and the
transition from the nonlinear equation (17) to the linear equation y' = f' (O)y
is denoted as linearization. If equation (17) is written in the form

y' = Ay + g(y),

then

g(y) = f(y) - f'(O)y,

and hence

lim g(y) = °
y--->O Iy[

(18)
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by the definition of differentiability. This shows that the function g(y) satisfies
the main assumption (9) of the two preceding theorems.

By the stability theorem VII, the "equilibrium state" x == 0 of the nonlinear
equation (17) is asymptotically stable if the same is true of the linearized equation
(4). By Theorem VIII, it is certainly unstable if Re,\ > °holds for some
eigenvalue of A.
We have already seen several types of unstable linear systems in the case

n = 2 with completely different phase portraits, for instance, the saddle point
and unstable nodes and vortex points. This raises the question whether the
structural similarity between the linear system (4) and the "perturbed" equa
tion (18) (with g(y) = o(lyJ)) reaches still deeper and also includes the phase
portraits. The answer is sometimes, but not always, positive; it requires a new
notion.
The origin is called a hyperbolic critical point of f if f(O) = 0 and the

Jacobian matrix A = f' (0) has only eigenvalues with Re,\ =I- 0. For such points
D. Grobman (1959) and Ph. Hartman (1963) proved the following

Linearization Theorem. (Grobman-Hartman). Let D be a neighbor'
hood of the origin and f E C1(D). If the point 0 is a hyper'bolic critical point
of f, then there exist neighborhoods U, V of the origin and a homeomorphism
h : U --> V (a bijection that is continuous in both directions) that transforms
the trajectories of the linear equation (4) (as long as they belong to U) into
trajectories of the nonlinear equat-ion (17), preserving the sense of direction.

(a) The above conclusions carry immediately over to the case where another
point a, instead of 0, is a critical point of f. This is because the difference
z(t) = y(t) - a, which is the concern of stability questions, satisfies the equation
Zl = h(z) with h(z) = f(a + z) whenever y is a solution of (17). Here we have
h(O) = f(a) = 0 and A = h/(O) = f(a). The critical point a is called hyperbolic
whenever Re,\ =I- °for ,\ E o-(A). In the linearization theorem, which remains
valid, V is now a neighborhood of a.

Examples. 1. The real linear systems for n = 2 with det A =I- °discussed
in 17.X have the origin as the only critical point. It is hyperbolic in all cases
with one exception, the center (in 17.X.(d), it is denoted by K(O,w)).
2. The equation of the mathematical pendulum

Ull + sinu= °<===} (x) I ( ~ )

y - Sill X

has critical points (0,0) and (7l', 0). Corresponding linearizations are

A=r(O,O)= (_~ ~) and A=t(7l',O) = (~ ~).
For the first of these, the linear part is the equation for the harmonic oscillator
Ull + u = 0. The trajectories are circles around the origin, and the phase
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portrait of the mathematical pendulum shows closed, approximately circular
Jordan curves near (0,0). The linearization theorem, however, does not lead to
any conclusion in this case (Re A = 0), and for good reason. The differential
equation

u" + u2 u' + sin u = 0

has the same linearization at the origin. Nevertheless, this equation is asymp
totically stable at the origin (this follows from 30.X. (e)), while the harmonic
oscillator has a center there.
By contrast, in the second case det(A - AI) = A2 - 1, whence A = ±1, and

one has a saddle point. By the linearization theorem the phase portrait of the
mathematical pendulum likewise has a saddle point structure in a neighborhood
of the point (n, 0). Compare the corresponding pictures in 11.X.(d) and 17.X.(c).
3. Let n = 1 and consider the equation

y' = oy + ,8y3 (0,/3 E IR).

The linearized equation is y' = oy. The following table describes the stability
behavior of the solution y == 0:

linearized equation nonlinear equation

0<0 asymptotically stable asymptotically stable

0>0 unstable unstable

{ "'ymptoti,ally ,table if /3<0

0=0 stable stable if /3=0

unstable if /3>0

The conclusions for 0 =I- 0 follow from VII and VIII; the proof for the case
o = 0 is suggested as an exercise. The point y = 0 is hyperbolic for 0 =I- 0 only;
for 0 = 0 the nonlinear equation changes its behavior with /3.
Linearization is an excellent tool for the study of nonlinear autonomous

systems in a neighborhood of its critical points. This viewpoint gives the classi
fication of plane linear systems a deeper significance. However, the connection
disappears if the linear system has eigenvalues with vanishing real part.
Proofs of the linearization theorem are found in the books by Amann (1983)

and Hartman (1964); they are not simple. The books by Jordan and Smith
(1988) and Drazin (1992) are well suited for obtaining a deeper understanding
of the global behavior of nonlinear systems. More advanced are the treatises of
Hale-Koc;ak (1991) and Wiggins (1988).
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X. The Generalized Lemma of Gronwall. Let the real-valued func
tion ¢( t) be continuous in J = [0, a]' and let

¢(t) ~ a + it h(s)¢(s) ds in J,

where a E IR and h(t) is nonnegative and continuous (sufficient: Lebesgue inte
grable) in J. Then

¢(t) ~ aeH(t) with H(t) = it h(s) ds.

The proof from VI carries over (Exercise!).

XI. Exercise. (a) In the (real or complex) system of differential equa
tions

y'=Ay+g(t,y)

let A be a constant matrix and Re A < a for every eigenvalue A of A. Further,
let g(t, y) be continuous for t 2: 0, Y E IRn or en, and

Ig(t, y)1 ~ h(t)IYI,

where h(t) is a continuous (sufficient: locally integrable) function for t > 0.
Show that every solution y(t) satisfies an estimate

ly(t)1 ~ Kly(O)leQt+KH(t) with H(t) = it h(s)ds

for some constant K > °that is independent of y.
Hint. Derive an integral equation for ¢(t) = e~Qtly(t)1 and use the general

ized lemma of Gronwall.
From (a) conclude the following:
(b) If h(t) is integrable over °~ t < :)G and if all eigenvalues of A have

negative real part, then the solution y == 0 is asymptotically stable and all
solutions tend to zero as t ---t 00.
(c) In the linear system

y' = (A + B(t))y,

let B(t) be a continuous matrix for t 2: 0, and let

1= IB(t)1 dt < :)G.

If all eigenvalues of A have negative real part, then the solution y 0 is
asymptotically stable.
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XII. Exercise. Let n = 3, y = (x, y, z), and

x'= -x-y+z+rl(x,y,Z)x,

y' =X - 2y+2z+r2(x,y,Z)y,

z' =X + 2y + z + r3(x,y, z)z,

where ri(x,y,Z) is continuous and ri(O,O,O) = °(i = 1,2,3). Show that the
zero solution is unstable.

§ 30. The Method of Lyapunov

The Russian mathematician and engineer A.M. Lyapunov (1857-1918) in
troduced in his dissertation of 1892 two methods for dealing with stability ques
tions. While the first method is of a special nature, his second, or direct, method
has developed into an extraordinarily useful tool. The method is based on a
real-valued Lyapunov function V, which can be viewed as a generalized distance
from the origin.
We consider real autonomous systems

y' = fey), (1)

where f is continuous in the open set D c ~n, 0 E D, and f(O) = O. The zero
solution x(t) == 0 of (1) is also called the rest state or equilibrium state. Our
theorems deal with this case. The extension to an equilibrium state x(t) == a in
the case where f(a) = 0 is elementary; d. 29.IX.(a).
Notation. The functions, vectors, and matrices that appear have (unless

otherwise noted) real-valued components. The expressions (x, y), lxi, and Br

denote respectively the scalar product, the Euclidean norm and the open ball
Ixl < r in ~n. In many results in this section it is assumed that f is locaJly
Lipschitz continuous in D. When this is the case, the solution yet) of (1) with
initial condition yeO) = 11 is uniquely determined and will be denoted by yet; 11).
Expositions of the Lyapunov method are found in the books cited at the end

of 29.IX and in the monographs by Cesari (1971) and Hahn (1967).

I. Lyapunov Functions. We first introduce an additional concept of
stability. The equilibrium state is said to be exponentially stable if there exist
positive constants (3, 'Y, c such that for every solution yet) of (1)

ly(O)1 < (3 implies ly(t)1 < ce-'Yt for t > 0;

in particular, it is required that these solutions exist in [0,00).

(a) If f is locally Lipschitz continuous, then exponential stability implies
asymptotic stability.
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Proof. For every E > 0 there exists an a ~ 0 such that ce- a, < E. Thus if
1171 < (3, then Iy(t; 17)1 < Ee-,(t-a) in [a, (0). By Theorem 13.II, there exists a
positive 6 < (3 such that 1171 < 6 implies that Iy( t; 17) I < E in [0, a]. Therefore,
the last inequality holds in [0, (0) if 1171 < 6, i.e., the equilibrium state is stable
and, in fact, is asymptotically stable. •

Given a real-valued function V E C 1 (D), we define

V := (grad V(x), f(x» = h (x) . VX1 (x) + ... + fn(x) . VXn (x). (2)

It is easy to recognize that V is the directional derivative of V in the (not
normalized) direction of f:

. 1
V(x) = lim - [V(x + tf(x» - V(x)] .

t~O t
(2')

Because of the following property, V is also called the derivative of V along
trajectories.

(b) Ify(t) is a solution to (1), then, by the chain rule and (1),

d .
dt V(y(t» = V(y(t).

This formula can be used to obtain information about the behavior of V
along a trajectory without prior knowledge of the solution. In the "direct
method", this idea is exploited. A Lyapunov function for (1) is a function
V E C 1 (D) that satisfies the relations

V(O) = 0, V(x) > 0 for x =I- 0 and V(x):::: 0 m D.

II. Stability Theorem (Lyapunov). Let f E C(D) with f(O) = 0 and
let there exist a Lyapunov function V for f. Then
(a) V :::: 0 in D ===? the zero solution of (1) is stable.
(b) V < 0 in D \ {O} ===? the zero solution of (1) is asymptotically stable.
(c) V :::: -aV and V(x) ~ blxl$ in D (a, (3, b > 0) ===? the zero solution is

exponentially stable.

Proof. (a) Let E > 0 be chosen so small that the closed ball BE lies in D.
We choose a positive, such that V(x) > , holds for Ixl = E, and then choose
a 6 with 0 < 6 < E such that V(x) < , for Ixl < 6. If y is a solution of (1) with
ly(O)1 < 6, then by L(b), the derivative of the function ¢(t) = V(y(t» satisfies
¢'(t) :::; 0, and hence we have ¢(t) :::; ¢(O) < ,. Since V(x) only takes on values
~ , on the sphere Ixl = E, it follows that ly(t)1 remains < E for t > O. Both
the existence of the solution in the whole interval J = [0,(0) and the estimate
ly(t)1 < E in J follow from here.
(b) If y(t) is a solution as defined in (a) and ¢(t) = V(y( t», then lim ¢(t) =

t~oo

(3 < ,. We first show that (3 = O. Let us assume that this is not the case. Then
the set M = {x E BE : (3 :::; V(x) :::; ,} is a compact subset of BE \ {O} and
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max{V(x) : x E M} = -a < O. Since the solution y stays in M, we would have
¢/(t) ::; -a, which leads to a contradiction. Thus lim¢(t) = O.
The limit relation y(t) -> 0 (t -> 00) follows from here. For a positive e' < e,

the function V has a positive minimum 8 on the set e' ::; Ixl ::; to. Therefore,
ly(t)1 < e' as soon as ¢(t) < 8, i.e., for all large t.
(c) The hypotheses imply that bly(t)l13 ::; V(y(t)) = ¢(t) and ¢' ::; -a¢, and

hence ¢(t) ::; ¢(O)e-Qt
• It follows that ly(t)1 ::; ce-'Y t with I = a/{3 > O. •

III. Instability Theorem (Lyapunov). Suppose that V E C1(D),
V(O) = 0, and V(Xk) > 0 for some sequence (xd in D \ {O} with Xk -> O.
If V > 0 for x i- 0 or V ::::: ,Xv in D with ,X > 0, then the zero solution is
unstable. In particular, it is unstable if V(x) > 0 and V(x) > 0 for x i- O.

Proof. Let y be a solution of (1) with y(O) = Xk i- OJ it follows that ¢(O) =
a > 0, where once again ¢(t) = V (y(t)). We consider the first case and choose
e> 0 such that V < a in BE' Since ¢' ::::: 0, and hence a = ¢(O) ::; ¢(t), we have
ly(t)1 > e. Now let Br be a closed ball contained in D (r > e). If e ::; Ixl ::; r,
then V(x) ::::: {3 > 0, and hence ¢' ::::: {3 and ¢(t) ::::: a + (3t, as long as y(t) E B r ·

Since V is bounded in Br , the solution y(t) must leave the ball Br in finite time.
In the second case we have ¢' (t) ::::: ,X¢( t), whence it follows that ¢( t) ::::: aeAt

.

Here, too, y(t) > r for large t. Therefore, because Xk -> 0, there exist solutions
with arbitrarily small initial values that leave the ball Br . •

IV. Examples. There is no general recipe for constructing Lyapunov
functions. In specific cases one may rely on experience and examples; some
imagination is also helpful. For many problems, the scalar product V(x) =
(x, x) = Ixl 2 works. More generally, we consider an arbitrary scalar product
(x, y) in IRn and compute the derivative V associated with the function V(x) =

(x, x) using (2'):

V(x + tf(x)) - V(x) = 2t(x, f(x)) +t2 (f(x), f(x)).

After dividing by t, one obtains, as t -> 0,
(a) V(x) = (x, x) satisfies V(x) = 2(x, f(x)) and V(x) > 0 for x i- O.
(b) In the differential equation

y' = Ay + 'ljJ(y)By + g(y),

assume that 'ljJ : D -> IR and g : D -> IRn with g(O) = 0 are continuous and
B = -BT is a skew-symmetric matrix. Then it follows from the result in (a)
that the derivative of V(x) = (x, x) = Ixl 2 is given by

V(x) = 2(x, Ax) + 2(x, g(x)).

By the skew-symmetry of B, we have (x, Bx) = OJ therefore, the term 'ljJ(y)By
in the differential equation has absolutely no effect on V. We consider three
cases.
(i) If (x,Ax)::; 0 and (x,g(x))::; 0 in D, then the rest state is stable.
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Now suppose g(x) = o(lxl) as x --+ O. Then the rest state is
(ii) exponentially stable if (x, Ax) ::; -oolxl2 with 00 > O.
(iii) unstable if (x, Ax) 2: oolxl 2 with 00 > 0 holds.

Proposition (i) follows from Theorem 1I.(a). To prove (ii) and (iii), let r > 0
be determined such that B r C D and Ig(x)1 < ~oolxl in Br . It follows that
I(x, g(x))1 < ~oolxI2, and hence V ::; -00 or V 2: ooV in Br . Then (ii) follows
from Theorem II. (c) and (iii) from Theorem III, applied on Br . •

(c) Linear Systems. Consider the linear system y' = Ay and suppose Re>' <
o for all >. E a(A). We use the scalar product

(x, y) = 1= (eAtx, eAty) dt

(the convergence of the integral is proved as in 29.V). If V(x)
y(t) = eAtx, y'(t) = AeAtx, then

V(x) = 2(x, Ax) = 1= 2(y(t),y'(dt))dt = ly(t)121~ = -lxI2.

By Theorem II. (b), the zero solution is asymptotically stable, something we
have known all along (17.XI). However, the approach used here gives additional
information.
(d) "Lightning proof" of the Stability Theorem 29.VII in the Autonomous

Case. If Re>' < 0 holds for>. E a(A) and if g(x) = o(lxl) as x --+ 0, then the
zero solution of the equation

y' = Ay + g(y)

is exponentially stable.

Proof. The function V introduced in (c) satisfies (with IIxll = j(x,x))

V(x) ::; -lxl2+ 2(x,g(x)) ::; -lxl2 + 21Ixllllg(x)ll.

There exists c > 0 such that II xii ::; clxl; cf. Lemma 10.III. Let r' > 0 be such
that B r C D and Ig(x)1 ::; (1/(4c2))lxl in Br . Then

V(x) ::; -lxl2+ 2c2Ixllg(x)1 ::; _~lxI2 ::; - 2~2 V(x) in B r ·

The conclusion now follows from Theorem II. (c).

(e) Nonlinear Oscillations without Friction. For the equation

u" + h(u) = 0 {=} x' = y, y' = -h(x)

with xh(x) > 0 for x =I 0, studied in l1.X, an obvious choice for a Lyapunov
function is the energy function

E(x, y) = ~y2 + H(x) with H(x) =1x

h(s) ds.
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Here E(x, y) > 0 for (x, y) f= (0,0) and E(x, y) == O. Therefore, the zero solution
is stable.
(f) Nonlinear Oscillations with Friction. We consider an equation with a

linear friction term cu' (€ > 0)

u" + cu' + h(u) = 0 ¢:} x' = y, y' = -h(x) - €y.

As a Lyapunov function we take again the energy function E(x, y) from (e); it
has now the derivative

Thus the energy decreases, as might be expected. By Theorem II.(a), the rest
state is stable. On physical grounds, one would guess that it is, in fact, asymp
totically stable. This, however, does not follow from Theorem II.(b), since the
inequality V < 0 is violated when y = O. In the next section we will derive a
more general stability theorem that implies, among other things, the asymptotic
stability in this example.

V. Limit Points and Limit Sets. Invariant Sets. In the autonomous
differential equation

y' = f(y) (1)

let f be locally Lipschitz continuous on the open set D C IRn
. The solution

y(t) with y(O) = 11 E D will be denoted by y(t; 11). This solution exists in a
maximal interval J = (t-, t+) with -00 S; t- < 0 < t+ S; 00 and generates an
orbit "I = y(J). The sets "1+ = y([O, t+)) and "1- = y((c, OJ) are called the
positive semiorbit and negative semiorbit, respectively. A point a E IRn is called
a positive limit point or w-limit point if t+ = 00 and if there exists a sequence
(tk) tending to 00 such that limy(tk) = a. The set L+ of all w-limit points
is called the w-limit set. Correspondingly, an a-limit point a is defined by the
conditions t- = -00, limtk = -00, and limy(tk) = a, and the a-limit set L
as the set of all a-limit points. In order to emphasize the dependence on the
initial value y(O) = 11, one writes t+(11), "1+(11), L+(11), .... For a set A c D,
L+(A) denotes the union of the sets L+(a) for a E A. Since z(t) = y(t+to) is a
solution whenever y(t) is, and since both solutions clearly have the same limit
sets, it follows that L+(11) = L+("I(11)) and L-(11) = L-("I(11))·
A set M c D is called positively invariant or negatively invariant or invariant

with respect to the differential equation (1) if 11 E M implies that "1+(11) C M
or "1- (11) c M or "I(11) eM, respectively. The following simple propositions
will be stated for positive invariance; corresponding statements also hold for
negative invariance and invariance.
(a) If y(t) is a periodic solution, then "I = ,+ = "1- = L+("I) = L-("I).
(b) Any union of positively invariant sets is positively invariant. Thus every

subset of D contains a largest positively invariant subset (it could be empty).
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(c) If y(t) is a solution with maximal interval of existence J and if 0, s, s+t E
J, then

y(s + t) = y(t;y(s)).

(d) Every positive semiorbit is positively invariant, every orbit is invariant.
(e) Let y be a solution in (r, (0) with r < O. Then ,+ n L+ -I 0 implies,+ C L+.
(f) If M c D is positively invariant, then so is Ub+ (1]) : 1] E M}.

The reader is invited to provide the details of the proofs as initiation into
the new concepts. The statement (c) says simply that z(t) := y(t + s) is the
unique solution with z(O) = y(s). In (e), let a be a point in the intersection; then
on the one hand, a = y(r) with r ;:::: 0; on the other hand, a = limy(tk), where
limtk = 00. Thus for arbitrary s ;:::: -r, the limit y(s + tk) = Y(S;y(tk)) ----+

y(s; a) = y(s + r) holds because of the continuous dependence of the solution
on initial values. •

In the following, dist (x, A) = inf{lx - al : a E A} is the distance between
a point and a set, and dist (A, B) = inf{la - bl : a E A, bE B} is the distance
between two sets. The next theorem is crucial for later considerations.

Theorem. Let y( t) be a solution of (1) in a maximal interval J with 0 E J.
If ,+ c K, where K is a compact subset of D, then t+ = 00 and the limit set
L + C K is nonempty, compact, connected, and (two-sided) invariant, and

lim dist (y(t), L+) = O.
[-"Xl

In particltlar, all solutions y( t; 1]) with 1] E L+ exist in lR.

Proof. Since y(t) lies in K on its maximal interval of existence to the right,
it follows that the solution exists for all t > O. Therefore, by the Bolzano
Weierstrass theorem, every sequence of the form (y(tk)) has a convergent sub
sequence, so L+ is a nonempty subset of K.

L+ is closed. To show: If b is an accumulation point of L+, then for arbitrary
E > 0 and T > 0 there exists at> T such that Iy(t) - bl < E. To prove this,
one takes a point a E L+ with la --- bl < E/2 and a t = tk > T such that
Iy(t) - al < E/2; then it follows that Iy(t) - bl < E.

L+ is connected. Suppose that L+ is not connected, i.e., that there ex
ist nonempty, disjoint, compact sets K 1 and K 2 with L + = K 1 U K 2 and
dist (K1, K 2 ) = 2p > O. Let di(t) := dist (y(t), Kd, i = 1,2. For each k
(= 1,2, ... ) there exist points tk, t~ > k such that

d1(tk) < p and d2 (tD < p.

Since d 1(t) + d2 (t) ;:::: 2p and since these two functions are continuous, there is a
point tk, lying between tk and t~, such that
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The sequence (y(tk» lies in the compact set K, and it has an accumulation point
a in K. On the other hand, dist (a, Kd ~ p, i = 1,2, which is a contradiction.

Invariance. Let a E £+ and limy(tk) = a, where tk ---+ 00. The solution
y(tj a) exists in a maximal interval J1. We fix t E h and choose a compact
interval I C J1 containing 0 and t. According to Theorem 13.X, the solution
with initial value y(tk) exists at least in I for k large. Now (c) implies

Therefore, since t E J1 is arbitrary, ,(a) C £+ C K, and consequently, £+
is invariant. Furthermore, since K is a compact subset of D, it follows that
J1 =R

The limit relation. Let c > 0 be chosen so small that the c-neighborhood
L~ of £+ is contained in D. If a sequence (tk) exists such that tk ---+ 00 and
y(tk) rt- £~, then the sequence (y(tk» has an accumulation point outside of £+.
With this contradiction, the final assertion dist (y(t); £+) ---+ 0 is also proved.•

VI. Attractor and Domain of Attraction. Again f is assumed to be
locally Lipschitz continuous in D. If f(O) = 0 and if the equilibrium solution
x(t) == 0 is asymptotically stable, then the set of all", E D with the property
that y( t; ",) ---+ 0 as t ---+ 00 is a neighborhood of the origin. This set is called the
domain of attraction of 0 and is denoted by A(O). More generally, ifMe D is
a positively invariant set, we define the domain of attraction A(M) of M to be
the set of all points", E D such that dist (y(t;",), M) ---+ 0 as t ---+ 00. If A(M)
is a neighborhood of M (superset of an c-neighborhood), then M is called an
attractor. If D = lRn and A(M) = lRn

, then M is called a global attractor. In
particular, a singleton M = {a} with f(a) = 0 is an attractor if the solution
x(t) == a is asymptotically stable.

Lemma. Let G C D be open, V E C 1(G), and V :::; 0 in G. Suppose that
the set Ga. = {x E G : V(x) :::; Q} is compact for some Q E V(G). Then the
following hold:

(a) Every solution y(t;",) with", E Ga. exists for all t > O.
(b) Ga. is positively invariant.
(c) If", E Ga., then L+(",) eGa. is nonempty and V = 0 on £+(",).

Proof. We write y(t) for y(t;",) and ¢(t) = V(y(t». If", E Ga., then
¢(O) :::; Q. As long as y(t) remains in G, the inequality ¢'(t) :::; 0 holds; hence
¢(t) :::; Q, or, what amounts to the same thing, y(t) E Ga.. Since the distance
from Ga. to the boundary of G is positive, one arrives at a familiar conclusion,
namely, that the solution exists for all t > 0 and remains in Ga.. This proves
(a) and (b).
By Theorem V, £ +(",) =: £ + is nonempty and contained in Ga.. Assume that

V(a) < 0 for some a E L+. Then V(x) :::; -, < 0 holds in a ball B: Ix-al :::; 2c.
There exists a sequence (tk) tending to 00 such that Iy(tk) -al < c and a number
c> 0, independent of k, such that Iy(t) - al < 2c for t E Jk = (tk - C, tk + c)
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and k = 1,2,3, ... (this follows from the boundedness of ly/(t)1 in [0, (0)). Thus
in every interval Jk , ¢/ :::; -"",/, and therefore ¢(t) -* -00 as t -* 00. This
contradiction shows that V(a) = O. •

Determining, or at least estimating, the domain of attraction is a problem
of great practical importance. The following theorem shows how Lyapunov
functions can be used in this context.

VII. Theorem. Let G c D be open. Let the function V E C 1 (G) satisfy
V :::; 0 in G and have the property that for every a E V (G)! the set Go: = {x E

G : V(x) :::; a} is compact. Let M be the largest invariant subset of the set
N := {x E G : V(x) = OJ. Then G is contained in the domain of attraction of
M; i.e., for '1] E G, dist (y(t; '1]), M) tends to 0 as t -* 00.

The essential steps in the proof have already been dealt with in the lemma.
A point '1] E G belongs to Go: for a = V('1]). By VI.(c), L+ = L+('1]) c N,
and by Theorem V, L+ is invariant. Hence L+ C 111 and, again by Theorem V,
0:::; dist(y(t;'1]),M):::; dist(y(t;'1]),L+) -* 0 as t -* 00. •

With this we have tools needed to derive sharper theorems on asymptotic
stability and instability. The main idea of the stability theorem goes back to
LaSalle (1968). The instability theorem was proved by Cetaev with the stronger
assumption V > 0 in (b) as early as 1934 and later generalized by Krasovsky.

VIII. Stability Theorem (LaSalle). Let the function f with f(O) = 0
be locally Lipschitz continuous in D, and let V E C1 (D) be a Lyapunov function
for f. If M = {OJ is the largest invariant subset of N = {x ED: V(x) = OJ,
then the rest state is asymptotically stable.

Proo]. Let Br C D and V(x) > ""'/ > 0 for Ixl = r (r > 0). Then the set
G = {x E B r : V (x) < ""'/} satisfies the hypotheses of the previous theorem, and
this theorem gives the conclusion. •

IX. Instability Theorem (Cetaev-Krasovsky). Let f sat'isfy the hy
potheses of Theorem VIII and let G be an open subset of D with 0 E aG. Let
the function V E C1 (G) n C(G) satisfy the conditions

(a) V > 0 in G, V = 0 on aG n D;
(b) V 2': 0 in G.

If the empty set is the only invariant subset of the set N = {x E G : V(x) = OJ,
then the equilibrium state is unstable.

Proo]. We choose r > 0 such that Br lies in D. Let '1] be an arbitrary
point from G n B r and y(t) := y(t; '1]). We will derive a contradiction from the
assumption that y(t) remains in B r for all t > O. To do this, let ¢(t) = V(y(t)),
¢(O) = V('1]) = a> 0, and Go: = {x E GnBr : V(x) 2': a}. Since V vanishes on
aGnBr, Go: is a compact subset of G. As long as y(t) remains in G, ¢/(t) 2': 0,
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which implies that ¢(t) :2: a and hence y(t) E Go. From here it follows in the
usual way that y(t) E GO' for all t > O. Thus the trajectory ,+(7]) is contained
in the compact set Go, and L+ = L+(7]) is nonempty and invariant by Theorem
V. It follows that ¢(t) is also bounded. One shows exactly as in Lemma VI that
the assumptions 7] E L+, V(7]) > 0 imply the relation lim¢(t) = 00. Thus
we have V(7]) = 0 and hence L+ C N. Since L+ is invariant, this gives a
contradiction. It shows that each solution that begins in G leaves the ball B r ;

since 0 EGG, the conclusion follows. •

We now apply these two theorems to a class of second order equations, which
describe nonlinear oscillations with friction. The case of frictionless oscillations
was discussed in detail in 11.X.

x. Nonlinear Oscillations with Friction. We consider a differential
equation

X" + r(x, x') = 0 (3)

for x = x(t). The corresponding autonomous system for (x,xl) = (x,y) is given
by

Xl =y, y' = -r(x, y). (3 /)

We assume that r E C1(D), where D is open and (0,0) E D, r(O,O) = 0, and
r(x,O) =J 0 for x =J O. This condition means that f(x, y) = (y, -r(x, y)) has no
critical points besides the origin. As a Lyapunov function we choose

V(x, y) = ~y2 + R(x) with R(x) = l x

r(s, 0) ds. (4)

In the frictionless case, where r = r(x), this is precisely the energy function
from l1.X. One obtains, using the mean value theorem,

V(x, y) = -y[r(x, y) - r(x, 0)] = _y2ry (X, By) with 0 < f) < 1. (5)

The following propositions deal with the stability of the equilibrium state
x(t) == O.
(a) xr(x,O) > 0 for x =J 0, ry(x, y) :2: 0 ===> the equilibrium state is stable.
(b) xr(x, 0) > 0 for x =J 0, ry(x, y) > 0 for xy =J 0 ===> the equilibrium state

is asymptotically stable.
(c) ry(x,y) < 0 for xy =J 0 ===> the equilibrium state is unstable.

Proof. If xr(x,O) > 0, then it follows that R(x) > 0 (x =J 0); hence 0 =
V(O,O) < V(x, y) for (x, y) =J O. Therefore, in case (a), V ~ 0, and the stability
theorem I1.(a) applies.
In case (b), V < 0 in D \ N, N = {(x, y) ED: xy = OJ. Let ~ =J 0

and", =J O. The solution with initial value (~,O) satisfies yl(O) = -r(~,O) =J 0,
and the solution with initial value (0,,,,) satisfies x'(O) =J o. Therefore, these
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solutions do not remain in the set N; i.e., M = {O} is the largest invariant
subset of N. Case (b) now follows from Theorem VIII.
In case (c), there are four cases to be distinguished depending on whether

r(x,O) is positive or negative for x > °or x < 0. Suppose, for instance, that
r(x,O) < °for x > °and x < 0, which implies that R(x) < °for :r > °and
R(x) > °for x < 0. In this case, the set G consists of all points (x, y) E D
with x < °and those points with x 2': °for which [yl > j2IR(.T)I. On the set
G we have V > 0; on the two curves y = ±j2IR(x)[, x 2': 0, which belong to
the boundary, V = 0; finally, V > °in G, except for the set N = {(x, y) E G :
xy = O}, where V vanishes. Every solution that starts on N leaves N, as we
have seen in case (b) above, i.e., N does not contain an invariant subset. The
conclusion now follows from Theorem IX.
In the case where xr(x,O) > °for x oF 0, one can choose G = G\ {(O,O)}.

The two remaining cases are left to the reader as an exercise. •

(d) Propositions (a) through (c) remain valid if the continuous differentia
bility condition for r is replaced with local Lipschitz continuity. The hypotheses
on r y must then be replaced by corresponding monotonicity conditions, for in
stance, ry < °by "r is strongly monotone decreasing in y." It is easy to see that
even less is sufficient, namely a corresponding sign condition for the difference
r(x, y) - r(x, 0). Incidentally, in the rubber-band example 11.X.(c) the force
term r does not belong to C 1

.

(e) The Lienard Equation

x" + g(x)x' + h(x) = °
describes an oscillation, where g(x)x' represents a friction term that is linear in
the velocity and h(x) describes a restoring force. We will assume that 9 and h
are locally Lipschitz continuous. In addition, it will be assumed that g(x) > °
(the friction force acts opposite to the velocity vector).
Here r(x, y) = g(x)y + h(x), and since r(x,O) = h(x), R(x) in (4) is the

function H(x) = fax h(s) ds introduced in 1l.X and V is the corresponding

energy function E. The derivative of this function along trajectories is given by
V(x,y) = _g(x)y2. Since r y = g(x), (a), (b), (c) lead to the following

Theorem. Suppose xh(x) > °for x oF 0. Then the equilibrium state of
the Lienard equation is stable if g(x) 2': 0, asymptotically stable if g(x) > °for
x oF 0, and unstable if g(x) < °for x oF 0.

To study the behavior of solutions as t ---> -00, one introduces the function
z(t) = x( -t). It satisfies the differential equation Zll - g(z)z' + h(z) = 0, that
is, the original differential equation with -g(x) in place of g(x). The stability
properties can then be read off from the theorem.
(f) The

Van der Pol Equation
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is a special case of the Lienard equation. If c > 0, the zero solution is un
stable, for c < 0 (this corresponds to c > 0 in the direction t -+ -00), it is
asymptotically stable.
Exercises. (g) Global Attractor. In the Lienard equation, let 9 and h be

locally Lipschitz continuous. Let xh(x) > 0 and g(x) > 0 for x 1:- 0 and suppose
H(x) = l x

h(s) ds tends to 00 as x -+ ±oo. Show: The zero solution is a global

attractor.
(h) Nonlinear Friction Force. Extend the theorem in (e) and the conclusion

(g) concerning the Lienard equation to the case of the differential equation

x" + g(x)'ljJ(x') + h(x) = 0,

where 'ljJ(y) with 'ljJ(0) = 0 is locally Lipschitz continuous and strongly monotone
increasing. An important example is the quadratic resistance law 'ljJ(y) = y2sgn y
that is used to describe air resistance in high-velocity motion.
(i) Domain of Attraction. Let 9 and h be locally Lipschitz continuous in

J = (a,b) with a < 0 < b, and let xh(x) > 0 and g(x) > 0 in J \ {O}. Denote

the limiting values of H(x) = l x

h(s) ds as x -+ a and x -+ b by H(a) and

H(b), respectively. Show that in the case of the Licnard equation and, more
generally, the equation considered in (h), the set

G = {(x, y) E J x lR. : ~y2 + H(x) < min(H(a), H(b))}

is contained in the domain of attraction of the attractor M = {(O, O)}.
(j) Sharpen the result of the Theorem in (e) by showing: If xh(x) > 0 for x 1:

oand g(x) ~ 0, then the zero solution of the Lienard equation is asymptotically
stable if and only if there exists a null sequence (Xk) with g(Xk) > O.

Remarks. The Dutch physicist and radio engineer Balthasar van der Pol
(1889-1959) came upon equation (f) in 1926 in describing an electrical circuit
with a triode valve. Soon thereafter, A. Lienard investigated the general equa
tion of type (e). The results about the more general equation (3) go back to W.
Leighton. Numerous additional results about individual differential equations
of second order, in particular, results dealing with the occurrence of periodic
solutions, are described in the book by Reissig-Sansone-Conti (1963).

XI. Additional Examples and Remarks. (a) Gradient Systems. This
is the name given to systems in which £ has a potential function 9 E C1(D) such
that £(y) = -gradg(y) (the minus sign is used in physics). For the equation

y' = -gradg(y) (6)

a natural choice of a Lyapunov function is the function V(x) = g(x). We have
then

v = -lgradg(x)j2.
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Thus, if g has a local minimum at the point a E D and if there exists a neigh
borhood IV of a such that g(x) > g(a) and gradg(x) #- 0 in IV \ {a}, then the
equilibrium state x(t) == a is asymptotically stable. This follows from Theorem
II.(b).
The following example is important from both a theoretical and a historical

standpoint.
(b) Motion in a Conser-vative Force Field. Let a conservative force field k

be defined on an open set D 1 C jRn, i.e., let there exist a potential U C C1 (Dd
with k(x) = -grad U(x). The equation of motion x" = k(x) then reads

x" = -grad U(x) ¢} x' = y, y' = -grad U(x). (7)

Thus we are dealing with a system of 2n equations in the set D = D 1 X jRn C jR2n.
As a Lyapunov function, we take the energy function

1
V(x, y) = U(x) + 21Yl2

(the sum of the potential and kinetic energy). A simple calculation shows that
V(x, y) == O. Therefore, V is constant along trajectories of solutions; this is the
theorem of conservation of energy.
The equation grad V(x, y) = (grad U(x), y) = (0,0) is satisfied if and only

if grad U(x) = 0 and y = o. From this observation we obtain the following:
(bd Let grad U (a) = 0, where a E D 1 . If the potential U has a strong

minimum at a, then the constant solution x(t) == a, that is, the solution
(x(t),y(t)) == (a,O), is stable. This follows again from Theorem II. Inciden
tally, the scalar equation x" + h(x) = 0 with U(x) = H(x) is a special case.
(c) Motion in a For-ce Field with Friction. As a rule, the frictional force has

the direction of -x'. We allow a general term of the form -'l/J(x, x')A x' with
(Ay, y) 2: oolyl2 (a > 0) and nonnegative 'I/J; this implies that the angle between
-x' and the frictional force is smaller that 7r /2. The resulting equation has the
form

X" + 'I/J(x, xl)Ax' + grad U(x) = o.

We use the energy function V from (b) and obtain

V(x, y) = -'l/J(x, y)(Ay, y) :::; -oo'I/J(x, y)lyI2.

(cd Let 'I/J and a, with (Ay, y) 2: oo1Y12, be positive and let U have a strong
minimum at o. Then the equilibrium state x(t) == 0 is asymptotically stable.
This result follows from Theorem VIII using a setup that is similar to the

one-dimensional case in X.(b).
(d) Hamiltonian Systems. Let the real-valued function H(x,y), x,y E jRn,

belong to C 2 (D), where D C jR2n is open. An autonomous system of 2n differ
ential equations of the form

X' = Hy(x, y), y' = -Hx(x, y) (8)

is called a Hamiltonian system, and the function H is called a Hamiltonian
function. The Hamiltonian function can be used as a Lyapunov function; indeed,
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v = H satisfies V == °in D, as one easily sees. It follows then from Theorem
II that
(dd A strong minimum of the Hamiltonian function is a stable equilibrium

state for equation (8).
A Hamiltonian system for n = 1 was already treated in 3.V. The potential

function F is a Hamiltonian function for the differential equation (3.13). Also,
the equation of motion treated in (b) is of type (8), where the total energy
function is the Hamiltonian function.
As an outlook on more recent developments, we consider a three-dimensional

autonomous system that despite its simplicity, exhibits exceptionally rich and
complicated dynamics. The equations were proposed by the meteorologist and
mathematician E. N. Lorenz as a very crude model of a convective (predomi
nantly vertical) flow realized by a fluid that is warmed from below and cooled
from above. The example has attracted great attention, and its stimulating
effect persists in the recent research on chaotic motion.

XII. The Lorenz Equations. These equations read

x'=a(y-x),

y' =rx - y - xz,

z' =xy - bz,

(9)

where a, r, and b are positive constants.
We formulate some properties of the solutions to this system as exercises,

with hints for the proof.
(a) Symmetry. If (x(t), yet), z(t)) is a solution, then so is (-x(t), -yet), z(t)).
(b) The positive and negative z-axes are invariant sets.
(c) The origin is a critical point for all parameter values. If °< r < 1, the

origin is a global attractor and the zero solution is asymptotically stable.
(d) If r > 1, then the zero solution is unstable.
(e) Every solution has a maximal interval of existence of the form J =

(t-,oo). There exists a compact, positively invariant set E C ]R3 (depending
on a, r, b) that every solution enters at some time and thereafter never again
leaves.

Hints for the proofs. (c) Use the Lyapllnov function Vex, y, z) = x2+ ay2 +
az2 and show that the hypotheses of Theorem II.(b) and Theorem VII with
G = ]R3 are satisfied.
(d) Calculate the matrix A of the linearized system and show that A has

three real eigenvalues, two negative and one positive.
(e) Consider the Lyapunov function V = rx2 + ay2 + a(z - 2r)2, calculate

the derivative V, and show that the set A = {(x,y,z) E]R3: V(x,y,z) ~ -8}
is compact (8 > 0). Let M be the maximum of V on A and let E be the set
of all points with V(x,y,z) ~ K (E is an ellipsoid with center (0,0,2r)). If
vet) = (x(t),y(t),z(t)) is a solution and ¢(t) = V(v(t)), then show that (*)
¢( t) ~ K implies ¢'(t) ~ -8, and derive the conclusion from (*).
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These properties lie on the surface. Anyone interested in digging deeper
can consult the book The Lorenz Equations: Bifurcations, Chaos, and Strange
Attractors by C. Sparrow (Springer Verlag 1982).



Appendix

In this appendix, concepts and theorems from topology, real, and complex
analysis and functional analysis that are used in the text are formulated. In
most cases the theorems are given with proofs or at least with sketches of the
proofs. At some points the theory is deepened.

A. Topology

In this section we present some basic facts about paths and curves for use
in the investigation of differential equations. We begin with some definitions
and elementary results, followed by a discussion of the polar-coordinate repre
sentation of curves that is needed for the Priifer transformation in § 27.IV. We
then introduce the winding number and give a statement of the Jordan curve
theorem without proof. Next, theorems on level curves that are used to check
for the existence of periodic solutions are presented. The section concludes with
some theorems on autonomous systems of differential equations for n = 2 that
in essence spell out that a solution that starts on a level curve traces it out
entirely. The proofs for these theorems are independent of the previous results.
There is no consensus in the textbook literature about the concept of a curve.

In some branches of mathematics the emphasis is on the curve as a set-a one
dimensional manifold; in others (particularly in mechanics) it is important to
know how the curve is traced out, which is accomplished by introducing a time
dependent path function. Both aspects come forward here.

I. Paths and Curves. A continuous function ¢ : I = [a, b] ---7 jRn is
called a path in jRn, and the image set C = ¢(I) is called a curve with the
parametric representation ¢; we will also use the notation ¢Il when we wish to
call attention to the interval I. The point ¢(a) is called the initial point of the
path, the point ¢(b) the terminal point. The path ¢ is called a Jordan path if
the mapping ¢ is injective, and a closed Jordan path if ¢(a) = ¢(b) and ¢ is
injective on [a, b). If ¢ E Cl(I) and ¢'(t) i 0, then ¢ is called a smooth path.
The same terminology is used for the curve generated by ¢. Thus, for in

stance, the set C C jRn is called a closed Jordan curve if there exists a closed
Jordan path ¢\1 with ¢(I) = C.

333
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(a) Smooth Closed Paths and Curves. Of a smooth closed path we demand
that besides being smooth and closed, it satisfy (i) ¢'(a) = A¢'(b) with A > O.
The relation (i) is equivalent to the condition that the curve ¢(I) have a tangent
at the point ¢(a) = ¢(b) (there is a peak at ¢(a) if (i) holds with A < 0). If
(i) holds, then there is a change of parameter of the form ¢I(t) = ¢(h(t)) with
h(I) = I such that ¢I satisfies (i) with A = 1 and generates the same curve C
(for example, one can take h(t) = a + a(t - a) + (3(t - a)2 with a = 2/(1 + A),
(3 = (1 - a)/(b - a)). This ¢I can be extended as a periodic CI-function of
period p = b - a to all of lR, and each of the closed paths ¢Il [c,c+p] (c arbitrary)
generate the same curve C. In particular, any point of C can be taken as the
initial point.
(b) Splicing Paths. Paths can be joined together: If ¢II and ¢IJ are paths

with I = [a, b] and J = [b, c] and if ¢(b) = ¢(b), then we denote by w = ¢ EEl ¢
the path in the interval I U J defined by wi [ = ¢, wi J = ¢. This construction
can also be carried out when J does not connect to I. For example, if J = [a, (3]
and, of course, the relation ¢(b) = ¢(a) holds, then one introduces a change of
parameter in ¢ (t' = t + b - a) and then proceeds as above.
(c) Reversing Orientation. From the path ¢I lone obtains, by reversing the

orientation, the path ¢-II, defined by ¢-(t) = ¢(a + b - t). The path is traced
out in the reverse direction with initial and terminal points exchanged. However,
¢ and ¢- generate the same curve.
More results concerning paths and curves, including the definition of the

path length L, the formula

and the corresponding formula for the arclength, can be found 111 standard
analysis textbooks.

II. Connectedness. An open set G c lRn is called connected (or, more
exactly, path-connected) if every pair of points from G can be connected by a
path in G, that is, given x, y E G, there exists ¢JI with ¢(a) = x, ¢(b) = y, and
¢(I) c G. A nonempty open connected set will be called a domain. vVe note
that in topological spaces a different definition of connectedness is used; the two
notions are equivalent for open sets in lRn

.

Now let G be an arbitrary nonempty open set and x, y E G. If x and y can
be connected in G, then we write x ~ y. This relation is an equivalence relation,
and the corresponding equivalence classes are pairwise disjoint open connected
subsets of G whose union is G. These subsets are called components of G. The
set G is a domain if it has only one component, namely G. It is easy to prove

(a) If G, H are domains with G n H -10, then G U H is also a domain.

III. Plane Curves. Polar Coordinate Representation. A point
(x, y) in the plaue can be represented as a complex number z = (x, y), also
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written as z = x + iy. In the second notation, x stands for (x,O) and i for (0,1),
and the definition of multiplication in C leads to iy = (0, y). The function

ell = (cos t, sin t) = cos t + i sin t

is 2r.-periodic, and leitl = l.
Every point z =1= 0 has a polar coordinate representation

here r = Izl = )1;2 + y2 is the modulus of z. The argument ¢ = argz is
uniquely determined up to a multiple of 2r.. For z, z' =1= 0, we have the relations

1
arg - = - arg z, arg zz' = arg z + arg z' (mod 27r).

z

Using the principal value of the arc functions, the relations

(1)

{

arctan(y/x)
argz =

arccot (x/y)

for x> 0

for y > 0

[+r. for x < 0],

[+7r for y < 0]
(2)

determine one value of the argument. All other values are obtained from here
adding 2kr. (k an integer). The principal value of the argument is denoted by
Arg z; it is defined by the inequalities -r. < Arg z :::; 7r.
The following results apply to paths in the plane (( t) = (~(t), TJ( t)) : I ---> ne.

We first show that such a path has a polar coordinate representation

((t) = r(t)ei'!'(t) (with continuous argument function ¢(t)). (3)

This result requires a simple fact that follows from the intermediate value the
orem.

(a) Suppose that for a function f E C(I) there exists a 8 > 0 such that at
each point tEl, either f(t) = 0 or If(t)1 2': 8. Then if f vanishes at a point of
I, f (t) == 0 in I.

Theorem. A path (I [ with (( t) =1= 0 has a representation (3) with an argu
ment function ¢ that is continuous in I. This representation is unique modulo
2r.,. i. e., every other continuous argument function is of the form ¢( t) + 2k7r,
where k is an integer.

If ( E Ck(I). then the junctions r(t) = 1((t)1 and ¢(t) aTe also in Ck(I).

Proof. Let ((t) = (t;(t), '1](t)) E Ck(I) (k 2': 0). Suppose, to consider a
specific case, that at t = T. ~(T) > O. Then in a neighborhood J T of Tone
obtains an argument function in Ck(JT ) by setting dY(t) := arctanTJ(t)/t;(t).
Proceeding in a similar manner at each point tEl and using the appropriate
choice of the two possibilities given in (2), one obtains a corresponding interval
neighborhood J t and a function ¢ = arg ( E C k (Jt ). By the Borel covering
theorem. finitely many of these interval neighborhoods. say J 1 , ... , Jp , are
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a cover for I. Let these neighborhoods be numbered such that J1 = [a, td,
t 1 E J2 = (S2, t2), t2 E h = (S3' t3), ... , tp- 1 E Jp = (sp, b], and let ¢j be
the argument function that corresponds to Jj . We begin the construction of an
argument function ¢ E Ck(I) by setting ¢(t) := ¢l(t) in J1 . Then a point t in
J1 n J2 is chosen, and one determines an m such that ¢l(t) = ¢2(t) + 2m7r. By
(a), ¢1 == ¢2 +2m7r holds in J1 nh, and hence the definition ¢(t) := ¢2(t) + 2m7r
in h gives a function in C k (Jl U h). Proceeding in this manner one eventually
obtains ¢ = arg ( E C k (1).
The uniqueness of ¢ modulo 27r follows immediately from (a). •

Corollary. Let (I I and (* II be two paths that do not contain the ongm
and s'uppose Re ((*(t)j((t)) > 0. If the argument function ¢(t) = arg((t) is
continuous, then

¢*(t) := ¢(t) + Arg ~*(~~)

defines a continuous argument function ¢* (t) = arg (* (t).

By (1) ¢* = arg(*, and since Re((*j() > 0, the arctan formula applies in
all of I. Hence ¢* is continuous. •

IV. The Winding Number. Let I = [a, b] and (II be a closed path
that does not pass through the origin. Making use of the (continuous) polar

coordinate representation ((t) = r(t)ei.p(t) , we define the winding number of (
(with respect to 0) by

1
U(z) := 27r {¢(b) - ¢(a)} winding number.

Since ((a) = ((b), the winding number U is an integer, and by Theorem III,
it is independent of the choice of the argument function ¢. The name winding
number points to the fact that U(() is the number of times the path ( winds
around the origin in the positive (counterclockwise) sense. The winding number
is also called index of (.

Example. For ((t) = eikt (k =1= °an integer) on I = [0,27r] we have U(eikt ) =
k.

The winding number U(z; () of a closed path (II about a point z ~ ((1)
is defined in an entirely analogous manner. First a representation ((t) = z +
r(t)ei</>(t), i.e., a representation (3) of ((t) - z, is constructed, and then one sets

1
U(z; () = -{¢(b) - ¢(a)}.

27r

The earlier statements about U also hold in this case.
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Theorem. Let C = ((1). The winding number U(z;() is constant on each
component of the open set G = ]R2 \ C.

Proof. It is sufficient to show that the function U(z) := U(z; () is continuous
in G. To see that this is the case, let Zl, Z2 E G and 7iJ1[o,l] be a path connecting
Zl and Z2 in G. If U is continuous, then so is the function h(t) := U(7iJ(t)).
Since h(t) is integer-valued, it follows from III(a) that h is constant on [0,1] and
hence that U(zd = U(Z2)'
To prove the continuity of U at a point z E G, we consider points z* such

that Iz - z*1 < p:= dist (z,C). Then Iz - z*1 < I((t) - zl, and hence

((t) - z* ( z - z* )
Re ((t) _ z = Re 1+ ((t) _ z > O.

By Corollary III the function

* ((t)-z*
¢ (t) = ¢(t) +Arg ((t) _ z '

where ¢(t) = arg(((t) - z), is a continuous argument function. Clearly, ¢*(t) --+

¢(t) and with it U(z*) --+ U(z) as z* --+ z. •

\Ve come now to the Jordan curve theorem. This is one of those theorems
that appear obvious on the surface but are difficult to prove. A proof can be
found in textbooks on topology or complex analysis, e.g., R.B. Burckel (1979).

V. Jordan Curve Theorem. A closed Jordan curve C separates the
plane into two connected parts. More precisely: The open set ]R2 \ C consists
of two components, a bounded component Int(C), the inside, and an unbounded
component Ext(C), the outside ofC, and C is the boundary of each component.

If C is generated by the closed Jordan path (, then the winding number
U(z; () is +1 or -1 in Int(C) and zero in Ext(C).

Positive and Negative Orientation. One says that the path ( is positively
oriented if the winding number is +1 in Int(C) and is negatively oriented if it is
-1 there. Intuitively, positive orientation means that the interior lies to the left
if one proceeds on C in the direction of the path. The unit circle is positively
oriented in the conventional representation z = eit , 0 :::; t :::; 27l'.

VI. Simply Connected Domains. A domain G C ]R2 is called simply
connected if the inside of every closed Jordan curve lying in G also belongs
to G. This property means that G does not have any holes. The notion of
a simply connected domain arises in 3.111 and in the existence theorem 21.11,
among others.

Exercise. A plane domain G said to be convex if the line segment Zl Z2 con
necting two arbitrary points Zl, Z2 from G also lies in G; it is called starlike
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with respect to a point a E G if for every z E G, az c G. Prove: Every con
vex domain is starlike, and every starlike domain is simply connected. Give an
example of a nonconvex starlike domain.

VII. Level Curves. For a continuously differentiable function F : G c
JR2 ~ JR (G open), we consider the level sets

M n = {z E G : F(z) = a} = F- 1 (a).

A point z where grad F( z) = a is called a critical (or stationary) point of F.
The following theorem gives a criterion for level sets to be closed Jordan curves.
It plays an important role in the investigation of periodic solutions to differential
equations.

Theorem. Let G C JR.2 be open and F E C 1(G, JR.). If Mn = F- 1(a) is a
nonempty compact subset of G that does not contain any critical points, then
Mn consists of finitely many smooth closed Jordan curves.

Proof. The implicit function theorem implies that in a neighborhood of a
point Zo E M n the equation F(x, y) = a can be resolved either in the form (i)
y = f(x) or (ii) x = g(y). More specifically, there exists an open neighborhood
R = I x J of Zo with I = (a, b), J = (c, d) and in the case (i) a function
f E c1 (I) such that F(x,f(x)) = a in I and F(x,y) -=I- a for all (x,y) from R
with y -=I- f(.r). This means that

Rn M n = graphfll =: C, Rn M n = graphfl! =: Co.

Here C is a Jordan curve with the parametric representation z = ((t) = (t, f(t)),
tEl, and C = CO U{Zl, z"}, Zl = ((a), z" = ((b). In the case (ii) the statement
is similar with ((t) = (g(t), t), C = ((J), z' = ((c), ....
Every point of M n is associated with such a rectangular neighborhood. By

the Borel covering theorem, a finite number of these neighborhoods, say R 1 ,

... , R p , that already cover iV/n can be chosen from this collection. We modify
the above notation,

Zk E Rk = h x Jk, h = (ak, bd, Jk = (Ck' dk),

CZ =RknMn, Ck=RknMn=CZU{zk'z~},

and associate the corresponding parametric representation (k!Lk with Lk =
[ak' bk], where L~ = h in case (i) and L~ = Jk in case (ii).
We assume further that no unnecessary rectangles appear, i.e., that from

Ck C Cl it follows that k = I. We start with R1 and assume that case (i) is
present. We have R1 n M n = C1 = (1(L 1). The path (11L1 has an orientation
(from left to right), the endpoint zi' = (l(bi) does not lie in R 1 . Thus there
exists a rectangle, say R2 , with zi' E R2 . An end piece C; = C1 n R 2 of C1 is
simultaneously a starting piece of C2 . We carry the orientation of Clover to C2

in that we reorient (2 if necessary (however, we retain the notation (2 as well
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as z&, z~ for the initial and terminal points); cf I. (c). Again z~ = (2 (b;) ~ R2·
There exists a rectangle R 3 that contains z~ and in which C3 = cg U {z~, zn
lies. By assumption C2 is not a subset of C3 ; hence z~ E cg. We proceed in this
manner. Since !VIa is covered by a finite number of rectangles R k , the following
case arises at, say, the mth step: We have z~ := (m(b~) ~ Rm, but Zm E Rk
for some k < m, and hence z~ E CZ· Since R := R 1 U ... U Rm is open and
all points of C 1 U ... UCm with the exception of zi are interior points of R, the
path (m can enter R only at the point zi. With this we have essentially shown,
that C = C1 U ... U Cm is a closed Jordan curve.
In order to obtain a unified representation (I L for C from the separate para

metric representations (kiLk of the individual curve segments Ck , one must first
decrease the size of the Lk such that the curve segments no longer overlap
but rather connect to one another. On the new intervals Lk = [aJ.;,;3kl that
arise in this process we have (1 (;3d = (2 (a2)' However, only (~(;3d = A(& (a2)
with A > O. In order to get A = 1, one replaces the parameter t in (2 by It
and L 2 by ~ L 2 , using a suitable I > O. Proceeding in this way successively
with (3,"" (m-1, (m, one obtains new representations of the Ck, for which
(d;3k) = (k+1(ak+d and (£(;3kl = (£+1(ak+d (with the understanding that
(n+1 = (d· By coupling the parametric representations (cf., I.(b)) one eventu
ally obtains a smooth closed Jordan path for C satisfying the conditions I.(a) .

•
As a simple consequence, one obtains the following useful theorem.

Theorem. Let C be a simply connected domain and S11ppose F E C1 (C)
has a global maximum at the point Zo and no other critical points in C. Let
F(zo) =: B and let there exist an A < B (A = -00 -is allowed) such that
for every sequence (zn) in C with lim Zn E DC or lim IZn I = 00 the relation
limsupF(zn) ~ A holds.

Then for every a E (A, B), the level set Co: = F- 1(a) is a closed smooth
Jor'dan curve and F(z) > ain Int(Co:) and F(z) < a in Ext(Cc,).

It follows immediately that Zo E Int(Co:) and Cn C Int(C;3) for A < ;3 <
a < B.

Proof. Let A < a < B. Since C is connected, (A, B) c F(C), and hence
!VIo: = F- 1 (a) is not empty. Assume that Mo. is not a compact subset of C.
Then there exists a sequence (zn) in !VIa with lim Zn E DC or lim IZn I = 00,

which leads to a contradiction to the assumptions because F(zn) = a > A.
Hence Mo: is compact, and by the previous theorem there exists a closed Jordan
curve Co: C Mo:. We write 10. for Int(Ca ) and E a for Ext(Ca ). Since Zo is the
only critical point, F has no local minimum in 10 and we have F(z) > a in I a .

Let A < ;3 < a and M = {z E C : 13 ~ F(z)}. Using a similar argument,
one sees that M is a compact subset of C. The set N = !VI \ Ia is likewise
compact. Let I = max F(N) = F(zIl with Z1 E N. From I > a it follows that
Z1 E Eo, but since Ea does not contain any critical points, this case is ruled
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out. Therefore, we have r = a. A point Zl E En with F(zd = a would also be
critical, and therefore F(z) < a in En. •

VIII. Autonomous Differential Equations in the Plane. We now
give some important results on autonomous differential equations in the plane.
The results in this subsection do not make use of the previous theorems.
First some preliminary results. Here I = [a, /3] and J = [a, b] are compact

intervals.
(a) Let the function h : J -7 lR be continuous and locally injective (i.e., for

every t E J there exists a neighborhood U such that the restriction hl unJ is
injective). Then h is injective in J and hence strongly monotone increasing or
decreasing.
(b) Let (II be a Jordan path, C = ((1), and zlJ a smooth path with z(J) c

C. Then z is a Jordan path, and there exists a uniquely determined continuous
and strongly monotone function h: J -7 I with z(t) = ((h(t)) for t E J.

Proof. The proof of (a) is elementary. First, h is injective in an interval
[a, a + E] and hence, for example, strongly increasing. If c = sup{ t E J :
h is strongly increasing in [a, t]}, then the assumption c < b leads to a contra
diction.
(b) Because of the compactness of I and the bijectivity of ( : I -7 C, the

inverse function (-1 is continuous and injective, and hence h = (-1 0 z : ) -7 I
is continuous. From z' (t) = (x' (t), y' (t)) i- 0 it follows, to take a specific case,
that x' (t) i- O. Therefore, x is strongly monotone in a neighborhood U of t,
and therefore z and also h are injective in U. By part (a), h is injective in J.
Clearly, h is uniquely determined by z = (0 h {=::} h = C 1 0 Z. •

In the example of the mathematical pendulum (ll.X.(d)), three kinds of
level curves arise: closed Jordan curves, separatices, and infinite curves. We
can now give an answer in general to the question whether a solution of an
autonomous system

x= f(x,y), y= g(x,y) (4)

that begins on such a curve traces out the entire curve. We assume that f and
9 are locally Lipschitz continuous in a plane domain G and refer to the results
from lO.xI.

Theorem on Periodic Solutions. Let C c G be a closed Jordan curve
and (j, g) i- 0 on C. Let the solution z(t) = (x(t), y(t)) of (4) with the maximal
interval of existence )0 = (a,b) (00 ::::: a < b ::::: (0) run along C; i.e., let
z(JO) c C hold. Then z(JO) = C, J O = lR, and the solution z(t) is periodic.

Remark. The significance of this theorem comes from the fact that in impor
tant cases the trajectories are determined as level curves of a potential function
F(x, y) as described in 3.V. Examples of this type were presented in 3.VI-VII,
11.XI and elsewhere.
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Proof. By 10.XI.(a) jO = R We may assume that C = ((1) with 1 = [a,;3],
((a) = ((;3) = z(O); cf. I.(a). Let c = sup{t E JO : z([O,t]) =I- C}. Clearly,
0< c ::; 00. For arbitrary c' < c, z([O, c/]) is contained in a (not closed!) Jordan
curve C' =I- C, c' c C. By (b) we have (i) z(t) = ((h(t)) for °::; t ::; c' ,
where h is injective. We assume that h is strongly monotone increasing (if not,
the path ( is reoriented). Thus since c' is arbitrary, equation (i) holds in the
half-open interval [0, c). Here h(O) = a, and we set "Y = limt~c- h(t). By (i),
z(t) --+ (("f) E C as t --+ c. If c = 00, then by 10.XI.(h), (("f) would be a critical
point of the system (4), in contradiction to the assumptions. Therefore, c < 00.
We set h(c) = T Then h is continuous in [0, c], strongly monotone increasing,
and (i) holds in [0, c].
The assumption "Y < ;3 contradicts the maximality of c, since then the curve

z([O, cD is disjoint from the curve segment ((("f, ;3)) and thus z([O, C+E]) =I- C for
small positive E. Therefore, we have "Y =;3, i.e., z(c) = z(O), and it follows from
1O.XI.(b) that z(t) = z(t + c) in R Finally, from (i) we have that z([O, c]) = C
and c is the smallest positive period of z(t). •

(c) Open Curves. Let the function ( : fO = (a,;3) --+ G (-00 ::; a < ;3 ::; 00)
be continuous and injective, let Co = ((fO), and assume that the inverse function
(-1 : Co --+ fO is continuous. Then we say that ( is an open Jordan path and
Co is an open Jordan curve.

Remark. If the domain of ( is not compact, then the inverse function is not
continuous in general. However, (-1 is continuous if one requires, in addition,
that there not exist a sequence (tk) in JO with the properties lim tk = a or ;3
and lim((tk) E Co. This assumption is, by the way, necessary and sufficient for
the continuity of (-1.

Corollary. Let (1/0 be an open Jordan cur"ve, Co = ((f0) c G, and (f, g) =I°in Co. Let the solution z(t) = (x(t), y(t)) of system (4), with the maximal
interval of existence J O= (a, b), satisfy z(jO) C CO. Then z(.]O) = Co. Further,
z = ( 0 h, where h : jO --+ fO is continuous and bijective.

Proof. If J' C J O is a compact interval, then C' = Z(jl) is compact; it
follows that (-l(C') is compact and hence is contained in a compact interval
l' c fO. Because (f,g) =I- 0, zll' is a smooth path. Applying (b) to l' and j',

we have z(t) = ((h(t)) in j', where h : j' --+ l' is continuous and (say) strongly
monotone increasing. Since h is uniquely determined and J' is arbitrary, one
obtains z(t) = ((h(t)) in J Owith h: JO --+ 1° continuous, strongly increasing.

It remains to show that h(JO) = JO = (a, ;3); the remaining statements of
the corollary follow then without difficulty. \¥e confine ourselves to the proof
of limhb h(t) =;3. Suppose limt~b h(t) = "Y < ;3. From this it follows first that
limt~bz(t) = (("f) E Co. The assumption b < 00 contradicts the maximality
of b. From b = 00 it follows as above that (("f) is a critical point of (4). This
contradiction shows that "Y = b. One shows correspondingly that h(t) --+ a as
t--+a. •
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Remarks. 1. This result can be applied to the case where (1[<>,13] is a
path connecting two stationary points of (1, g) that does not contain any other
stationary points. As t -> 0: or (3, the solution tends toward the corresponding
stationary endpoint. The behavior is similar if 1((t)1 tends to 00 as t -> 0: or
(3. In this case the solution z(t) also traces out the whole curve Co. Both cases
occur in connection with the mathematical pendulum in nX.(d).
2. The above theorem and its corollary answer the question raised in 3.V.(d),

while the question 3.V.(c) about the nature of level curves has already been
answered by Theorems VII and VIII.
3. The theorem and corollary remain true for autonomous systems in IRn

;

the proofs carryover as well.

B. Real Analysis

We first prove some theorems on Dini derivatives and convex functions as
they relate to differential inequalities and as a particular example obtain some
important norm estimates. Then we give a proof of the Brouwer fixed point
theorem. This fundamental theorem is used in D.XII to derive the Schauder
fixed point theorem.
In this section, I . 1 denotes the Euclidean norm in IRn

, and points in IRn will
not be represented in boldface type.

I. Dini Derivatives. For a function u : J -> IR (J an interval) the upper
and lower right-sided Dini derivatives are defined by

D+u(t) = lim sup Q(s, t), D+(t) = liminfQ(s, i),
s~t+ s~t+

where Q(s, i) = [u(s) - u(i)]j(s - i) = Q(i, s) is the difference quotient of u.
For the corresponding left-sided Dini derivatives D-, D_, the limit s -> i+ is
replaced with s -> t-. These definitions also appear in the text in 9.1.
In the following,D E {D+,D+,D-,D_} represents an arbitrarily chosen

Dini derivative. However, within a single theorem or formula, D is fixed.

(a) A righi-sided Dini derivaiive satisfies D(u + v)(i) = Du(t) + v~(t),
provided that the right-sided derivative of v exists (with finite value). A corre
sponding statement holds for the left-sided derivatives.

The proof of this result follows immediately from the formula

limsup(an + bn ) = lim sup an + limbn

and a corresponding formula for lim inf, where (bn ) is a convergent sequence.

A differentiable function with a nonnegative derivative is increasing; this is
an immediate consequence of the mean value theorem. The following important
theorem gives a far-reaching generalization of this statment.



B. Real Analysis 343

Theorem. If u E C(J) and Du 2: 0 in J \ N, where N is at most countable,
then u is monotone increasing in J.

The proof prodeeds in two steps. In the first step we assume strict inequal
ities, Du > 0 in J \ N, and show that u is increasing. If not, then there are
points a < b in J with u(a) > u(b). We choose a number 0: with the proper
ties u(a) > 0: > u(b) and 0: <t u(N) (this is possible because the set u(N) is
countable). Let c E (a, b) be the largest point with u(t) = 0:, i.e., u(c) = 0: and
u(t) < 0: in (c, b]. Since the difference quotients Q(c, t) are negative for t > c,
we obtain D+u(c) :::; O. On the other hand, c <t N, and therefore Du(c) > O.
This is a contradiction if D is D+ or D+. If D is a left-sided derivative, one
takes c as the smallest point with u(t) = 0: and considers quotients Q(c, t) with
t < c. Hence u is increasing in all cases.
In the second step, we have the assumption of the theorem Du 2: 0 in J \ N

and consider the functions uE(t) = u(t) + d (E > 0). It follows from (a) that
DUE 2: E > 0 in J \ N and hence from the first part that U E is increasing. The
theorem is now obtained by taking the limit as E ----. O. •

As a simple consequence, one obtains the following

Generalized Mean Value Theorem. Let I, J be inter-vals, N c J count
able, and u E C(J). Then

Du(t) E I for t E J \ N ===} Q(s, t) E I for- s, t E J, s i- t.

Hint for the proof: Apply the theorem to ±u(t) + A.
Vie draw another consequence, which allows a surprising application.

II. Theorem. Let the functions u, h E C(J) satisfy D*u(t) 2: h(t) m
J \ N, wher-e D* denotes a Dini der-ivative and N an at most countable set.
Then Du(t) 2: h(t) for- ever-y t E J and ever-y Dini der-ivative.

Pmof. Let H be an antiderivative of h, that is, H' = h in J. The function
v(t) = u(t) - H(t) satisfies D*v(t) = D*u(t) - h(t) 2: 0 in J \ N by I.(a). By
Theorem I, v is monotone increasing; hence Dv(t) 2: 0 for all t E J and every
D. This inequality is, again by I.(a), equivalent to the conclusion. •

Application. If u has one-sided derivatives and if u~ :::; f(t, u) in J, where
f is continuous, then by Theorem II, u'- :::; f(t, u) in J. The formulation of
many theorems found in the literature indicates that this result is not generally
known.

III. Convex Functions. The function u : J ----. lR is called convex if

u(Aa + (1 - A)b) :::; Au(a) + (1 - A)u(b) for 0 < A < 1 (1)

and a, b E J. Elementary properties of convex functions, in particular, the
existence of the one-sided derivatives and the inequalities u'- (s) :::; u~ (s) :::;
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u'--(t) ~ u~(t) for s < t, from which the differentiability of u in J \ N (N
countable) follows, can be found in standard reference works in analysis.

Lemma. Let X be a Banach space with the norm II . II and x, y E X. Then
the function p(t) = Ilx + tyll is convex and

-Ilyll ~ p'-(t) ~ p~(t) ~ Ilyll for t E JR.

To prove the convexity, we apply the triangle inequality and obtain, with
the notation J-L = 1 - A,

p(Aa + J-Lb) = II.T + (Aa + Ilb)yll

= IIA(x + ay) + J-L(x + by)11 ~ Ap(a) + J-Lp(b) ,

hence (1). In a similar manner the triangle inequality yields the estimate

Ip(t + h) - p(t)1 ~ Ilhyll,

from which the second assertion follows after dividing by h and passing to the
limit (the existence of one-sided derivatives is guaranteed by convexity). •

In going from a smooth vector function u( t) to its norm lu(t) I, one generally
loses differentiability. However the following theorem shows that one-sided dif
ferentiability is retained and that this is true even in the general case of functions
with values in a Banach space. Here the derivative of a function u : J ---> X (X a
Banach space) is defined as in the classical case: u' (t) = lim [u( t +h) - u(t)1/h E

h--.O

X (the limit is taken with respect to the norm of X).

IV. Theorem. Let X be a Banach space with the norm 11·11. If u : J ---> X
is a continuous function, then the function ¢(t) := Ilu(t) II is also continuous.
Moreover', if u has a right-sided derivative at the point t, then the same holds
for ¢, and the inequality

holds; a corresponding result is true for left-sided derivatives. In particular, if
u is differentiable at the point t, then

-llu'(t)11 ~ ¢'-(t) ~ ¢+(t) ~ lIu'(t)ll·

Proof. From the triangle inequality we get I¢(s) - ¢(t)1 ~ Ilu(s) - u(t)11 and
from here the continuity of ¢. Now let u be differentiable to the right at t, that
is,

u(t + h) = u(t) + hu~(t) + he(h) with lim Ile(h) II = o.
h--.O+

It follows from the triangle inequality in the form (5.2) that

I¢(t + h) -llu(t) + hu~(t)111 ~ hlle(h)11
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and hence

¢(t + h) = Ilu(t) + hu~(t)11 + M(h) with lim 8(h) = O.
h~O+

Using the notation x = u(t), y = u~(t), p(h) = Ilx + hyll, we have

¢(t + h) - ¢(t) = p(h) - p(O) + M(h).

The conclusion now follows from Lemma III after dividing by h. •
We come now to the fixed point theorem discovered in 1912 by the Dutch

mathematician Luitzen Egbertus Jan Brouwer (1881-1966).

V. Brouwer's Fixed Point Theorem. Let B be the closed unit ball in
IR n and f : B -7 B continuous. Then f has at least one fixed point.

Note that since en is norm-isomorphic to IR2n , the theorem also holds for
the closed unit ball in en.

Proof. First a preliminary remark. By applying the Weierstrass approxima
tion theorem to each of the n components of f, one can show that for every
10 > 0 there exists a (vector) polynomial P with Ilf - PII < E.

Here and in the results that follow the maximum norm in B, Ilfll = max{lf(x)1 :
x E B} is used. Then IIPII ::::; 1 + 10; hence Q(x) = P(x)/(1 + E) is a smooth
mapping of B into B. It is easy to show that Ilf - QII < 2E. Now assume that
x is a fixed point of Q. Then it follows that it is an "approximate fixed point"
of f satisfying Ix - f(x)1 = IQ(x) - f(x)1 < 2c:. Thus by Theorem 7.X, f has a
fixed point if every smooth mapping of B into B has a fixed point.
Vie now prove the theorem in a sequence of steps under the assumption that

f E C1 (B).
(a) Let

P()..,) = a)..,2 + 2b)'" + c with a> 0

be a real quadratic polynomial with the property P(O) ::::; 1, P(I) ::::; 1. Since P
is convex, there are exactly two values )..,1 and )..,2 such that P()..,d = P()..,2) = 1;
moreover,

)..,1 ::::; 0 < 1 ::::;)..,2 and P()..,) < 1 for )..,1 < ).., < )..,2·

Thus )..,1,2 = A ± VC with A = -bfa, C = (b/a)2 + (1 - c)/a 2: 1/4, the latter
because )..,2 - )..,1 2: 1.
(b) Suppose f does not have a fixed point. Then the continuous function

If(x) -xl is positive. Since B is compact, there exists a ,> 0 with lJ(x) -xl 2: I
in B. For every x E B, the quadratic polynomial

P()..,) = Ix + )..,(J(x) - x)1 2
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satisfies the properties from (a): P(O) = c = Ixl 2 :S 1, P(I) = If(xW :S 1,
a = If(x) - xl 2 2': --?, and b = (x, f(x) - x). The function A1 = A1 (x) is :S 0 and
belongs to C1(B), as one can read from the representation A1 = A - VC in (a).
(c) We define C 1-functions g(x) := A1 (x)(f(x) - x) and

h(t,x) = x + tg(x) for O:S t:S 1

and consider the integral

V() 1d 8h(t,x) d 1d (1 89 (X))t = et 8 x = et +t-
8

- dx.
B x B X

Here 8hj8x and 8gj8x are the n x n Jacobian matrices of hand g.
The proof of the theorem by contradiction proceeds as follows. We show, in

order, that (i) V(O) = IBI = f2n (volume of the unit ball), (ii) V(I) = 0, and
(iii) V(t) = const.
Assertion (i) follows immediately from the definition of V. To prove (ii) one

first notes that Ih(l,xW = Ix + A1(X)(f(X) - xW = P(Ad = 1. Therefore
h(l, .) maps B onto 8B. Hence for x E BO the matrix 8h(l, x)j8x is singular,
since otherwise a neighborhood of x would be mapped bijectively by h(l, .) onto
a neighborhood of h(l, x) by the Inverse function theorem. Thus for x E BO,
det 8h(l, x)j8x = 0, from which (ii) follows.
The proof of (iii) begins with the observation that the C1-function 9 satisfies

a Lipschitz condition

Ig(x) - g(xl)1 :S Llx - xII in B.

Further, g(x) = 0 for x E 8B, since in this case P(O) Ixl 2
A1 (x) = O. Let Q denote the projection onto the unit ball

1 and hence

for Ixl > 1.Qx = x for
x

Ixl :S 1 and Qx = r;:I

It is easy to show IQx - Qxll :S Ix - xl Therefore, the function g(x) := g(Qx)
satisfies a Lipschitz condition in jRn with the same constant L (g is simply the
extension of 9 to jRn by 0 outside B). We show:
(d) For O:S t < IjL, the mapping h(t,') is a bijection of B onto B.
To prove this, let h(t, x) = x + tg(x) and let a E jRn be arbitrary. The

equation h(t, .J:) = a is equivalent to

x=a-tg(x).

Since the right side of this equation is a contraction with Lipschitz constant
tL < 1, there exists exactly one x = Xa with h(t, xa) = a. Thus the function
h(t,.) maps jRn bijectively onto itself. Now, however, h(t,.) is the identity
mapping on jRn \ B and equal to h(t, .) on B. Therefore, h(t, .) is a bijection of
B onto B.
(e) From the substitution rule for n-dimensional integrals it follows that

V(t) = const = f2 n , at least as long as h(t,') is a bijection B ----+ Band
det8h(t,x)j8x > O. Hence there is an interval 0 :S t :S E < IjL where V(t)
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is constant. However, since V(t) is a polynomial in t of degree ~ n, it follows
that V (t) == nn for 0 ~ t ~ 1. This completes the proof by contradiction of the
Brouwer fixed point theorem. •

In the following corollaries we make use of some abbreviated terminology.
We say that a subset A of a Banach space has the fixed pO'int property if every
continuous mapping of A into A has a fixed point. The Brouwer fixed point
theorem can then be rephrased: The closed unit ball in IRn has the fixed point
property.
Let X, Y be Banach spaces or more general topological spaces. Two sets

A c X and BeY are said to be homeomorphic if there exists a homeomorphism
h: A --> B (a bijective mapping that, along with its inverse, is continuous).

Corollary 1. If the sets A and B are homeomorphic and 'if A has the fixed
point property, then B also has the fixed point property.

The proof is very simple. Let h : A --> B be a homeomorphism and f
B --> B a continuous mapping. Then F = h- 1

0 f 0 h is a continuous mapping
of A to itself. If x is a fixed point of F, then the image point ~ = h(x) is a fixed
point of f, as one easily verifies. •

Corollary 2. Let the set A c IRn be compact, and let there exist a contin
uous mapping P : IRn

--> A with PIA = idA, i.e., P(x) = x for x E A. Then A
has the fixed point property.

For the proof let B => A be a closed ball and f : A --> A continuous. Then
F = foP is a continuous mapping of B into itself. By the Brouwer fixed point
theorem, F has a fixed point ~, and because F(B) C A, this fixed point belongs
to A, whence ~ = f(~), i.e., ~ is a fixed point of f. •

Corollary 3. A nonempty, convex, and compact set A C IRn has the fixed
point property.

Proof. For every x E IRn there exists, since A is convex and compact, exactly
one "closest point" y = P.T E A with dist (x, A) = Ix - yl. The mapping P,
also called the (metric) projection on A, is continuous, and the assertion follows
from Corollary 2. •

Remark. A property of sets that is carried over to the image set by a home
omorphism is also called a topological property. For example, openness and
compactness are topological properties. Corollary 1 shows that the fixed point
property is also a topological property.
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C. Complex Analysis

Here we give some tools from complex analysis that are used when working
with ordinary differential equations in the complex domain. We are dealing pri
marily with the Banach space of holomorphic functions introduced in Example
5.IIl.(d) and with the properties of holomorphic functions described in 8.1. In
the following, G is a region in the complex plane.

I. Holomorphic Functions. A function f : G ----; C is called holomor
phic in G, written f E H(G) (21.1), if f is continuously differentiable (in the
complex sense) in G. In most textbooks on complex analysis, only differentia
bility is required; the continuity of the derivative then follows as a theorem.
The next two theorems form the foundation of the Cauchy function theory. We
formulate them only in the generality that is necessary for our purposes.

II. Cauchy's Integral Theorem. If G is simply connected, f E H (G),
and (I I is a piecewise continuously differentiable closed path in G with I = [a, b]'
then

j f(z) dz = l b

f((t))('(t) dt = O.

The integral (zo EGis fixed)

F(z) = /2 f(zl) dz'
Zo

is independent of path (i.e., for each path (II in G with «(a) = Zo, «(b) = z, the
integral has the same value), and F is an antiderivative of f. The latter means
that F E H(G) and F' = f in G.

III. Cauchy's Integral Formula for the Disk. If the disk B : Iz 
Zo I < r, together' with its boundary 8B, lies in G, then for f E H (G),

f(z) = ~ r f() d( for z E B.
2m JaB (- z

Here the boundary of the disk 8B is oriented in the positive direction.

Proofs for these two theorems can be found in any textbook on complex
analysis.

IV. Applications of the Cauchy Integral Formula. We begin by
expanding the factor 1/( - z) that appears in (1) in a geometric series,

1 ~ (z - zo)n
(-z=L..,,((_zo)n+l for Iz-zol<I(-zol=r.

n=O
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This series is uniformly convergent in every concentric disk Iz - zol :; p :; r.
Therefore, (1) can be integrated termwise and one obtains in this manner the
following propositions.

(a) Under the assumptions from III, f has a power series expansion
00

f(z) = L cn(z - zo)n for Iz - zol < r.
n=O

(2)

(b) Let (in) be a sequence from H(G) that converges locally uniformly in G.
Then the limit function f (z) = lim f n(z) belongs to H (G) .

The hypothesis means that the sequence is uniformly convergent in every
closed disk E c G. Thus the limit function is continuous in G. If fn is written
in the form (1), then the limit as n -+ 00 can be taken under the integral sign,
i.e., the limit function f also satisfies equation (1). By (a), f can be expanded
in a power series of the form (2). Therefore, f is holomorphic in B. Since B is
arbitrary, f is holomorphic in all of G.
The next theorem is a simple consequence of (a).

V. Theorem. If f E H(G) and if the disk B : Iz- zol < r lies in G, then
f has a expansion (2) that is valid at least in B, which implies that the radius
of convergence of this power series is :::: ro = dist (zo, aG) (ro = 00 if G = C).

VI. Theorem. Let the function p : G -+ IR be continuous and positive.
Then the set Hp(G) of all functions f E H(G) such that supp(z)lf(z)1 < 00

G
with the norm defined by

Ilfil = sup{p(z)lf(z)1 : z E G}

is a Banach space.

Proof. We refer to 5.111 for the proof that H (G) is a normed space. To
prove completeness of this space, we note first that for each disk B with E c G
there exist positive constants 0, {3 such that 0 < a :; p(z) :; {3 in E. Thus
the inequalities If(z)1 :; Ilfll/p(z) :; Ilfll/a hold in E. From this it follows
that a Cauchy sequence (in) with respect to the norm II . II converges uniformly
in E, hence converges locally uniformly in G. The limit function f is then
holomorphic in G by IV.(b). A Cauchy sequence is bounded, say, Ilfnll :; C for
all n. Since p(z)lfn(z)1 :; C in G, the limit p(z)lf(z)1 is also bounded by C,
which implies that f E Hp(G). From the inequality Ilfn - fn+kll < E for n :::: no,
k:::: 1 we obtain Ilfn - fll .:::; E by letting k -+ 00. Thus lim Ilfn - fll = o. •

One sees from the proof that the continuity of p is not important. What is
needed is an estimate of the form 0 < a :; p(z) :; {3 in each closed disk E c G
(0, {3 depend on B).
Theorem V is used, in particular, in the proof of Theorem D.VI. Banach

spaces of holomorphic functions of the kind described in Theorem VI arise in
the existence theorems in 8.11, 10.x, and 21.11.
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D. Functional Analysis

Vole bring together here some ideas and theorems from functional analysis
that playa role in the subject matter of this text. The topics in this section
are selected to convey a deeper insight into functional-analytic methods of proof
related to the contraction principle. The section concludes with a proof of the
Schauder fixed point theorem.
In the following. X generally stands for a real or complex Banach space with

the norm II . II·

I. Convergence of Series. The convergence of a series L: x" with x" E

X is defined in 5.IV. Such a series is said to be absolutely convergent if L: Ilx,,11 <
00. As in the real case, the following hold:
(a) If L: x" is absolutely convergent, then L: .T" is convergent and II L: x" II :::;

L: Ilx"ll·
The comparison criterion remains valid. It states that Ilx" II :::; a", where

L: a" < 00 implies that the series L: x" is absolutely convergent. The classical
proof for x" E lR carries over. Comparison with the geometric series leads to
the
(b) Root Criterion. The series is absolutely convergent if Ilx"ll l

/" :::; q < 1
for n sufficiently large and divergent if Ilx"ll l

/" 2: 1 for infinitely many n.

II. Equivalent and Monotone Norms. Two norms II . II, II . II' in a
vector space X are called equivalent if there exist positive constants a, ,8 such
that

Ilxll
a:::; Ilxll' :::; (3 for x -=I- O. (1)

In this case we write II . II '" II . II'· This relation is an equivalence relation in
the set of all norms defined in X; i.e., it is reflexive (II . II '" II· II), symmetric
(II . II '" II . II' implies II . II' '" II· II) and transitive (II . II '" II . II' and II· II' '" II . 11"
implies II . II '" II . 11").
Let X be a normed space of functions f : D ----+ Y, where D is a nonempty

set and Y is the space lR" or en (or some other Banach space) with the norm
I . I· The norm II . II in X is called monotone if for f, g E X

If(x)1 :::; Ig(x)1 for xED implies that Ilfll :::; Ilgll·
All of the norms that appear in the examples from 5.111 are monotone.

III. Bounded Linear Operators. The set L(X) of all linear mappings
A: X ----+ X with finite,

operator norm IIAII:= 2:)IIAxll : Ilxll = I} = sup {III~~III : x -=I- O}
is itself a Banach space. The mapping A is Lipschitz continuous, IIAx - Ayll :::;
Lily - xii, and IIAII is the smallest Lipschitz constant for A.
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(a) For A,B E £(X) we have tIABII:::; IIAIIIIBII, in particular IIAnl1 :::; IIAlln.
(b) If two norms II . II, II . II' in X are equivalent, then the corresponding

operator norms are equivalent in L(X). It follows from (1) that

~ <~ <!!.- for A --I- o.
13 - IIAll' - a r

(2)

IV. The Spectral Radius. The spectral radius r(A) of A E L(X) is
defined by

r(A):= lim IIAnlll/n = inf IIAnll l /n.
n~oo n>O

The existence of the limit and the equality of the two expressions are proved
by first using III.(a) to establish the inequality a m+n :::; aman for an = IIAnll,
from which if f3n = In an, the inequality (*) f3m+n :::; 13m + f3n follows. Then
one applies the following theorem from real analysis: From (*) it follows that
lim f3n/n = inf f3n/n. A proof for this can be found in P6lya-Szego (1970, Chap.
I. Problem 98).
The operator A is called nilpotent if AP = 0 for some power p and quasinilpo

tent if r(A) = o.
From II.(b), we obtain in a simple manner the following:
(a) For two equivalent norms, the spectral radius has the same value. In

other words, the spectral radius does not change when the norm is changed to
an equivalent norm.

00

V. Power Series. Let f(s) = L cnsn be a real or complex power series
o

with positive radius of convergence r. For A E £(X), f(A) is defined to be the
00

series L CnAn. Here A 0 = I, the identity mapping.
o

Theorem. If the series for f has the radius of convergence l' > 0, then the
senes

00

f(a) = L cnAn with A E L(X)
n=O

is absolutely convergent ifr(A) < l' and divergent ifr(A) > r.

The prooffollows immediately from the root criterion I.(b). Let r(A) < s <
r. For large n we have IIAnlll/n ::; s; hence IlenAnl1 ::; cnsn and L Icnlsn < 00.
On the other hand, it follows from l' < S < r(A) that IIAnlll/n > sand

Icnlsn 2: 1 for infinitely many n (Cauchy-Hadamard formula for the radius of
convergence of a power series); hence IcnlllAnl1 2: 1 for these n. •
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(a) The series obtained, when this process is applied to the geometric series
(1 - S)-l = L: sn with A E £(X), is called the Neumann series. If r(A) < 1,
then

00

(I - A)-1 = LAn E £(X).
n=O

(3)

The theorem guarantees the absolute convergence of the series, and we have
(I - A) L: An = L: An - L: An+l = I, which shows that L: An is indeed the
inverse of I - A (the index n runs from 0 to 00).
As a first application of the Neumann series we show that the spectral radius

is the radius of the smallest circle about the origin that contains the spectrum
(this is the property that gives it its name). We confine ourselves here to the
case X = Cn.

VI. Spectrum and Spectral Radius in the Finite Dimensional
Case. Let A be a complex n x n matrix, which we identify with the linear
mapping in Cn generated by A. The spectrum CT(A) of A is the set of eigenvalues
of A, that is, the set of all A E C with the property that det(A - AI) = O.

Theorem. For A E £(Cn), r(A) = max{IA/ : A E CT(A)}.

Proof. Let p = max{IAI : A E CT(A)}, let A be an eigenvalue with IAI = p, and
let x be a corresponding eigenvector. From Ax = AX it follows that Anx = AnX
and hence IIAnl1 2: lAin = pn. This proves the inequality p S r(A).
The matrix A - AI is invertible for IAI > p. Thus the matrix R(z) =

(zA-I)-1 exists for Izi < l/p (if p = 0, this is true for all z E C). By Cramer's
rule R(z) is a rational function of the form Q(z)/Pn(z) (Pn, Q polynomials),
where Pn(z) = det(zA - 1), which has no zeros in the disk Izi < 1/p. By
Theorem V, the Neumann series

00

R(z) = (zA - I)-I = - L znAn

n=O

diverges for r(zA) = Izlr(A) > 1, and thus its radius of convergence is S l/r(A).
On the other hand, R(z) is a holomorphic function for Izi < 1/p, and from
Theorem C.V it follows that the radius of convergence of the series (we are
dealing here with n 2 scalar series) is 2: 1/p. Thus the reverse inequality p 2: T(A)
holds. •

The next theorem is of fundamental importance for the application of the
contraction principle.

VII. Theorem. Let A E £(X) and r(A) < ix. Then there exists an
equivalent norm II . II' (in a Hilbert space, an equivalent Hilbert norm II '11') with
the following properties:
(a) flAil's ix.

(b) If B commutes with A (AB = BA), then IIBII' S IIBII.
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Proof. We choose an n such that IIAnlll/n < a and define

Ilxll' = Ilxll + IIAxl1 + IIA
2
xli + ... + IIAn-Ixll. (4)

a a 2 a n - l

Clearly, II . II is a norm and Ilxll ::; Ilxll' ::; Kllxll for a suitable 1<. Moreover we
have

IIArll' IIAxl1 IIAn-Ixll IIAnxl1--=--+ ... + +--.
a a a n - l an

Under our assumptions, IIAnxl1 ::; anll.TII, and therefore IIAxll' ::; allxll', which
implies (a).
In the case of a Hilbert space with inner product (-,'), one uses the inner

product

( )
' _ (. ) (A.T, Ay) ... (An-Ix, An-I y )

x, y - x, y + 2 + + 2 2 .a a n-
(5)

The proof of (a) then runs along similar lines. Part (b) follows from the estimate
IIAk Bxll ::; IIBllllAkxl1 without difficulty. •

We draw some additional conclusions.

(c) The spectral radius r(A) is the infimum of IIAII', where all norms II . II'
on X that are equivalent to II . II are admitted.

(d) If A and B commute and if r(A) < a, r(B) < (3, then there exists an
equivalent norm II . II' with IIAII' ::; a and IIBII' ::; (3.

To prove this result one applies (4) twice obtaining first IIAII' ::; a and then,
beginning again with 11'11', a norm II· II" such that IIBII" ::; (3. Now (b) shows
that IIAII" ::; IIAII' ::; a. •

(e) If A and B commute, then r(A + B) ::; r(A) + r(B) and r(AB) ::;
r(A)r(B).

(f) The spectral radius is an upper semicontinuous function; i.e., for A E

L:(X) and c > 0, there exists a 15 > 0 such that r(A + B) ::; r(A) + c for all
BE L:(X) with IIBII < 15.

Both theorems follow immediately from (c) and (d). Thus, for example,
r(A + B) ::; IIA + BII' ::; IIAII' + IIBII' from which one obtains the first inequality
in (e) as well as (f). •

In conclusion, let it be noted that in place of (4) and (5) one could also use
a change of norm of the form

00 00

Ilxll' = L IIA"xlla- n , or (.T, y)' = L(Anx, A ny)a-2n , (4')
n=O n=O

respectively. The series are convergent because r(Aja) < 1. Again (a) and (b)
hold (Exercise!). Part (a) of the theorem was proved in a similar form for a
Banach space by R.B. Holmes (1968).
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VIII. A Fixed Point Theorem. Let A E £(X) with r(A) < 1 and
b EX. Then the fixed point equation

x = Ax + b (6)

has exactly one solution x = (1 - A)-lb. The fixed point depends continuously
on A and b, i.e., for every E > °there exists a 8 > °such that for the solution
of a nearby equation y = By + ewith IIA - BII < 8, lib - ell < 8 the estimate
IIx - yll < E holds.

Proo]. Clearly, it is sufficient to prove the continuous dependence with re
spect to an equivalent norm. We choose positive numbers p, a, 8 and a norm
II . II' such that II A II' .:s; p - 8 < p < 1 and IIbll' .:s; a - 8. Then for B, e
with IIA - BII' < 8, lib - ell' < 8 we have IIBII' < p, llell' < a, and from
Ilyll' .:s; IIByll' + Ilell' .:s; pllyll' + a it follows that Ilyll' .:s; a/(1- p) =: (3. From
the identity

x - y = A(x - y) + (A - B)y + b - e,

one obtains the following estimate for the difference z = x - y:

Ilzll' .:s; pllzll' + 8{3 + 8 ===;. Ilzll' .:s; 8~1 + (3).
-p

One can now make 8 smaller in order to get the inequality Ilzll' < E. •

IX. The Integration Operator. Let X be the space of continuous
functions u : J -+ Y, where J = [a, b], Y = jRn or C, and let K : X -+ X be the
integration operator

(Ku)(x) = IX u(s) ds.

It has the operator norm IIKII = b- a with respect to the maximum norm in X
(exercise!). However, if one uses the equivalent norm

Ilull o := max{lu(x)le-OX
: x E J} with 0: > 0,

then IIKllo < 1/0:. Both statements are contained implicitly in the proof of the
existence theorem 6.1. For the record:

Theorem. The integration operator is quasinilpotent in the space C (J); that
is, r(K) = O.

Incidentally, this theorem also follows from the well-known representation of
Kn ,

1 IX(Knu)(x) = ( _ )1 (x - s)n-lu(s) ds,
n 1. a

that appears in the remainder term of Taylor's theorem.

Exercise. Calculate the norm of K in the space Ll (a, b). Estimate the norm

of K relative to the weighted Ll-norm lIuli o := J: e-otlu(t)/ dt and show that
K is quasinilpotent in Ll(a,b).
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X. The Initial Value Problem. "Ve consider the initial value problem
(6.1) (or (10.1-2))

y' = f(x, y), y(~) = T)~ y(x) = T) +l x

f(t, y(t)) dt

in the interval J = [~, ~ + aJ. Here we take X = C(J).
Using the Nemytskii operator F : X ----> X, defined by

(Fu)(x) := f(.1:, u(x)),

we can write the initial value problem in the abbreviated form

y = rJ + K Fy =: Ty.

(8)

(7')

Now, if f satisfies a Lipschitz condition If(x, y) - f(x, z)1 ::; Lly - zl, then
I(Fu)(x) - (Fv)(x)1 ::; Llu(x) - v(x)1 clearly holds. Because of the monotonicity
of the norm Ii . Ila, it follows that IlFu - Fvlla ::; Lllu - vila. After these
preliminary observations, the proof of the existence-uniqueness theorem 10.VI
takes only one line

L
IITu - Tvll a = II/(Fu - Fv)lla ::; 1lKiiail Fu - Fvll a ::; -Ilu - vila, (9)

0'

in particular, ::; ~ Ilu - vila if 0' = 2L.

Remark. An estimation theorem similar to that in 12.V can be obtained
from this result together with Theorem VIII.

Our next topic is the fixed point theorem discovered in 1930 by the Polish
mathematician Juliusz Pavel Schauder (1899-1943). We derive it using the
Brouwer fixed point theorem; cf. B.V. First some preliminaries.

XI. Convex and Compact Sets. Let X be a Banach space with the
norm 11·11. A set A c X is called convex if for arbitrary a, bE A, the connecting
segment ab = {Aa + (1 - A)b : 0 ::; A ::; I} belongs to A. The convex hull conv A
of A is the intersection of all convex supersets of A, hence the smallest convex
superset of A.
(a) For a finite set F = {Xl, ... , x p } eX.

conv F = {AlXl + ... + ApXp : Ai ~ 0, Al + ... + ApXp = I}.

Compactness and relative compactness of sets were defined in 7.X. For com
pact sets the following result is true.
(b) Borel Covering Theorem. From a covering of a compact set A by open

sets, it is possible to choose finitely many sets that cover A.
Let U C X be a finite dimensional subspace of X of dimension p and

{el' ... , ep } a basis for U. The elements of U have a unique representation
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as linear combinations of the basis elements, which defines a bijective linear
mapping L from U onto jRP: The image of x E U with the representation

x = ~lXl + ... + ~pxp is L(x) = ~ = (6, ... ,~p). E jRP

If ~ = L(x), then I~II := Ilxll defines a norm on jRP, and L is a norm isomorphism
of U to (jRP, I . II). Since L is linear and all norms in jRP are equivalent, a set
A c U is closed, compact, or convex if and only if the image L(A) has these
properties.
(c) A closed, bounded subset of a subspace U c X with dimU < 00 is

compact. In particular, the convex hull of a finite set F c X is compact.
These statements also hold for complex Banach spaces (where then ~ E CP).

Finally,we recall a definition from 7.X: A mapping T : D c X ----+ X is called
compact if the image T(D) is relatively compact.

XII. The Schauder Fixed Point Theorem. A continuous, compact
mapping T of a convex, closed set D c X into D has at least one fixed point
(X is a Banach space).

Proof. By the fixed point theorem 7.X, it is sufficient to find, for every E > 0,
a point xED with Ilx-Txll < E. Thus let E > 0 be given. The set B = T(D) is
compact by hypothesis. From the set of all balls Bc(b) with b E B we can select,
by the Borel covering theorem XI.(b), a finite number Bc(bi ) (i = 1, ... ,p) that
cover B. Let F = {b1 , ... , bp } c Band C = conv F. By XI. (c) and the
convexity of D, the set C is a compact, convex subset of D. Now we define a
continuous mapping ¢ : B ----+ C by setting (all sums run from i = 1 to i = p)

¢(x) = L Ai(X)bi with Ai(X) = ~g!.

Here fJi(X) = (E - Ilx - bill)+; that is,

fJi(X) = 0 if Ilx - bill ~ E, fJi(X) = E - Ilx - b;iI if Ilxi - bll < E,

and fJ(x) = LfJi(X). Since for every x E B there exists a bk with IIx - bkll < E,

we have fJ( x) > 0 for x E B, and therefore ¢ is continuous. Clearly, Ai (x) ~ 0
and L Ai(X) = 1; hence ¢(B) c C by XI.(a). Further, because x = L Ai(X)X,

11¢(x) - xii = IlL Ai (x)(bi - x)11 :::; L Ai(X)llbi - xii < E

for x E B, since here only summands with Ilbi - xii < E appear (if Ilbi - xii ~ E,

then Ai = 0). The mapping S = ¢ 0 T maps D into C; its restriction to C is
thus a continuous mapping of C into itself. Since C is convex and compact,
there exists, by Corollary 1 and Corollary 3 to the Brouwer fixed point theorem
in B.V., a fixed point Xo = S(xo) = ¢(Txo) E C. From (*) one now obtains

Ilxo - Txoll = 1I¢(Txo) - Txoll < E,

i.e., Xo is the desired E-fixed point of T. •



Solutions and Hints for
Selected Exercises

Exercises in § 1

XII. (a) y = (x - e)3 for x ~ e, = 0 for e < x < d, = (x - d)3 for x 2' d,
assuming e ~ d. The cases e = -00, d = 00 are also allowed.
(b) y = 0 for .1: < e, = (:1: - e)3 or -(:r: - e)3 for x 2' e (-00 < e ~ (0).
(c) y = ~(1 - cosh(x - e)) for x ~ e, = 0 for e < x < d, = ~(1 - cos(x - d))

for d ~ x ~ d + n, = 1 for x > n + d (-00 ~ e ~ d ~ (0).
(d) For z = y2 one obtains z' = 2e- z /(2x + x 2), z(2) = 0 and hence z(x) =

In(1 + In(2x/(x + 2))), y = ±/Z for x> 2 (since z 2' 0). Here (and occasionally
elsewhere) it turns out that f is not defined at the point (~, f)).
(e) y = exp(e· sinx/(1 + cos x)), 0 < x < n.
(f) V = ~¢-I (1 + ~n + 4sinx) for n - a < x < 2n + a, where a =

arctan (~n-±) ;:::; 0.1432 and ¢-I is the function inverse to ¢(s) = s+sins. Note
that ¢ is strictly increasing in lR, but ¢'((2k+ l)n) = 0, i.e., (¢-I )'((2k+ l)n) =
00 for kEN. The function y is continuous in lR, and the solution exists in lR, if
we agree to allow the value y' = 00 at the points where V = ~n.
(g) y = :r + 2, Y = :r' + 4. Y = :1: + 3 - tanh(x - e), y = x + 3 - coth(x - e)

(e E lR).
(h) JdV(2 - y)/(y(y - 1)) = 2Jdx/x implies 10g(ly - II/y2) = logCx2

By direct calculation one sees that for any solution y(x) the functions y(-x)
and v(ax) (a > 0) are also solutions. We choose, e.g., C = 1/2 and get
Iy - II/y2 = x 2/2. These are two quadratic equations for y, and each has two
solutions. Obviously. y = O. y = 1, and y = 2 are critical values. One obtains
with a = V2/2,

VI = (1 + VI - 2x2)/x2 for O<x<a (YI > 2),

Y2 = (1 - VI - 2x2)/x2 for O<:r: < a (1 < V2 < 2),

Y3 = -(1 - VI + 2.r:2)/x2 for x>O (0 < Y3 < 1),

Y4 = -(1 + VI + 2x2)/x2 for x>O (Y4 < 0).

357
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In addition, there are solutions y == 0 and y == 1. By Theorems VII and
VIII, exactly one solution goes through each point (E;, TJ) with E; I- 0, TJ I- 2. On
the other hand, from the solutions given above (with x replaced by ±ax) we
can find a solution through the point (~, TJ), which shows that all solutions are
found.

(i) y = x sinh (In Glxl) (x I- 0) with G > O.

(j) y' = 2y/x.

(k) y' = 2:r;y/(x2 + 1).
,-------,,-----,-.,..----,-

(I) y' = x3 (sgn y)( Jl + 41yl/x4 - 1).

Exercises in § 2

V. (a) The solution y = x exists in 1Ft All other solutions

exist in intervals that are bounded on one side.
(b) y = ceCOSX + 2(cosx + 1) and y = (c + sinx - ~ sin3 x)/ cos3 x (c E lR).

(c) y = [(1 + 1/1]3)e-3X5
/5 -1t 1/ 3 for TJ I- 0, y == 0 for TJ = O. Here 8 = C 1/ 3

is defined as the inverse function of t = 8-3 , i.e., t- 1/ 3 := (sgn t)/ \![t1.

VI. Let F(x) = J: f(t) dt. A necessary and sufficient condition for (a) is
F(x) ----> 00 as x ----> 0+ and for (b) is F(x) + log x ----> 00 as x ----> 0+.
The general (positive) solution for the second equation is y = exp(ceF(x));

since y(l) ::; l/e, only c ::; -1 is permitted. Part (a) holds for F(x) ----> 00, while
eF(x) + log x ----> 00 as x ----> 0+ is sufficient for (b).

VII. The equation u" - 2u' + 5u = 0 has u = aex cos 2(x - c) as its general
solution, and from

u' = eXyu = aeX(cos2(x - c) - 2sin2(x - c))

it follows that y = e- X(I- 2 tan 2(x - c)). The initial value y(O) = TJ is obtained
when c = ~ arctan(TJ - 1)/2.

Exercises in § 3

VIII. (a) F(.T,y) = sin(x+y2)+3xy = G. Since Fx(O,O) = 1 and Fy(O, O) =
0, for G = 0 there exists a solution of the form x = ¢(y) in U(O, 0), and ¢' (0) = 0
as well as ¢"(O) = -2. (Differentiate F(¢(y),y) == 0 twice.) Since F(O,y) > 0
for 0 < Iyl < ,jir, the solution remains in the half-plane x < 0 for these values
of y.
Incidentally, the inequality _y2 < ¢(y) < 0 (y > 0 small) is obtained merely

by noting that sgn sin(x + y2) = 1, since sgn xy = -1 in the second quadrant.
Moreover, from sin(x + y2) + 3xy :::::: x + y2 + 3xy = 0 the approximation ¢(y) ::::::
_y2/(1 + 3y) follows for y close to O.
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Let Sk denote the set k7r < x + y2 < (k + 1)1f (k EN). Then the points
(x, y) E Sk with xy > 0 (k even) and the points (x, y) E Sk with xy < 0 (k odd)
are forbidden as well as all points with Ixyl > 1/3 (sketch!). The solution curve
for y > 0 can be represented graphically in the form x = ¢(y) with ¢(V"kii) = 0,
¢ -> 0 for y -> 00, and it oscillates around the positive y-axis. Similarly, it
oscillates around the negative x-axis for x -> -00.

1
(b) F(x, y) == ~X2 - xy - - = C. In the form (2c) one gets y' = y2(y -

Y
x)/(1 - xy2) with the additional solution y == o.
(c) y = 2x/(C - x2) and y == o.

Exercises in § 4

VIII. (d) x(p) = (1 ~ p)2 (C - ~ -ln p), y(p) = p2 X(p) + 2lnp (p > 0) as

well as y = x.

Exercises in § 5

XII. (a) IITllo = ~a2, IITlh = 1 - (1 - e-
a2

)ja2, IITI12 = ~(1 - e- a
\

(c) One must find a sequence (In) of functions fn E C1(J), uniformly con
vergent in J, but with limfn(x) = f(x) (j. C1(J); for instance fn(x) = Ixll+ 1

/
n

if 0 E JO.

Exercises in § 6

IX. If the assertion is false, then there exist two points (xn,Yn), (xn, y~) E A
for each n with

A subsequence of ((xn,Yn)), denoted again by ((xn,Yn)), converges; thus
lim(xn,Yn) = (x,y) E A. If If I :s K in A, it follows from (*) that 2K >
nlYn - y~l, and thus lim(xn,y~) = (x,y). The function f(x,y) satisfies a Lips
chitz condition with respect to y in a neighborhood U of (x, y). On the other
hand, (xn,Yn) and (xn, y~) are in U for n large, which contradicts inequality (*).

Exercises in § 7

IX. (a) ¢(a) = 1 - va+, Q = ~(3 - J5) = 0.382.
(b) 'l/J({3) = 1 + y'7f;, {3 = ~(3 + J5) = 2.618. Since z' 2 2x, one has

z 2 x2; hence z' 2 2x + 2H = 4x, i.e., z 2 2x2. Similarly, one obtains
Z2(X) 2 2x2 independent of zoo In the differential equation, z+ can therefore
be replaced by max {z, 2x2

}, and thus one obtains the condition of Rosenblatt
with k = 1/V2.
XV. ak = l/k!. For a = 0, the series reduces to ,£xk/k! = eX, and this is

also the solution to the initial value problem. In a bounded interval 0 :s x :s a
the limit as a -> 0 is uniform for each summand (why?), hence also for each finite
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partial sum. Because of {(x - ka)+}k :::; ak, the remainders become uniformly
small in a.

Exercises in § 8

IV. (a) y = x + x 2 + ~x3 - /2X4 + . ". For x, y E C, one has lexi :::; elxl and
Icosyf :::; cosh fyi, as seen from the power series. For the cylinder Z : Ixl :::; a,
Iy I :::; b it follows that If I :::; ea +a cosh b =: M. For example, the choice a = 1/2,
b = 2 yields b/M = 0.57 and a = min(a,b/M) = 1/2. Setting a = 0.53 and
b = 2, one gets a = 0.53; therefore, the convergence radius of the series is > 1/2.

Remark. A better result is obtained with the aid of Theorem 8.V. In the
present case, it leads to the estimation ly(x)1 :::; ¢(Ixl) (x E C), where ¢ is the
solution of ¢'(t) = eL + tcosh¢, ¢(O) = O. Using the Lohner algorithm, which
gives exact bounds for the solution of an initial value problem, one obtains
¢(0.8228 ... ) < 28.06. Hence the power series converges at least for Izi :::; 0.8228.
Details on the Lohner algorithm are described in 9.XVI.

(b) y = 1 + x + ~ x2 + ~ x 3 + 3; x 4 + .. '. The formulae for calculating the
coefficients immediately give 0 :::; bk :::; ak. From u(x) = 1/)1 - 2x it follows
that a :::; 1/2.

Exercises in § 9

XI. y = 1] + x 2 for 1] > 0, Y = 1] - x 2 for 1] < 0 (both unique), y = cx2 with
lei:::; 1 for 1] = 0; hence y* = x 2

, y* = _x2
.

XII. (a) In Exercise 8.IV.(b) it was shown that u = 1/)1 - 2x is a lower
solution, and since u' = u3 < x 3+ u3, this also follows from Theorem VIII. The
ansatz w = 1/)1 - bx (with b > 2) for an upper solution gives the following
condition:

bIb 3
---~ > x 3 + <===? - - 1 > x 3 )1 - bx
2vT=bX3

)1 - bx
3

2

1
(0:::; x < /)-

The maximum of x 2 (I-bx) is attained for bx = ~ and equals 4/(27b2
). Therefore

the condition is equivalent to

b 1 (2) 2 81 3 (b )- - 1 > - - . or - V3 b - - 1 > 1.
2 3V3 3b . 8 2

It is satisfied for b = 2.015. Hence
1 1

----=== < y(x) < with b = 2.015,
)1- 2x )1- bx

and l/b = 0.4963 :::; a :::; 0.5.
These surprisingly good bounds were easily obtained. One gets a much more

precise estimation by the algorithm by Lohner, mentioned in Exercise XV, which
gives exact bounds for the initial value problem. One calculates the solution at
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some point c where the value of the function is already large, say, y(c) E [U,;i/].
One then determines for x > c a lower solution v and an upper solution w, and
their asymptotes a I and ao. The latter yield ao S a Sal' In the present case
we use the ansatz

v(c) = U' Vi = v3

w(c) = y, Wi = aw3

===? al - c = 1/2U2
,

===? ao - c = 1/2ay2.

Here a = 1 + (ady)3, and thus aw3 ;::: al + w3 ;::: x3 + w3. Information
concerning the accuracy of the estimation is given by

al - ao = _1 1_ + _1_ (1 _ ..!-) ~ y - U.
2U2 2y2 2y2 a y(c)3

All calculations have to be done by interval arithmetic and intermediate results
rounded on the safe side.
One gets, e.g., for c = 0.4982904344 79713 the following reliable bounds:

y(c) E 3.40056~ . 104
, hence a E 0.49829 04349 1216§'

(Here c = 0.49829 04344 79713 is the decimal representation of a binary number;
the program uses the binary system.)
(b) Obviouly, y > 1 for x > O. By use of the estimate

y < J1+Y2 < y + a for y > 7] with a =~ - 7] < 1/21]

one obtains for 7] = 1 a lower solution v and an upper solution w from the linear
problems

Vi = X + v, v(O) = 1 and Wi = X + J2 - 1 + w, w(O) = 1.

The linear differential equation u' = x + a + u has the solutions u = "e - x 
(1 + a); hence

v = 2ex
- x-I < y < w = (1 + J2)e X

- x - J2 for x> O.

For a better estimation of the order of magnitude of y one calculates the solution
y at some c, as in (a). For c = 10 one gets

y(10) E [U' y] = 48180.4~i·

The equations Vi = X + v, v(10) = y give a lower solution v = ~ex - x -1, where
~ satisfies ~elO - 11 = JL. Analogo~sly with Wi = x + a + w, a = 1/20, one gets
the lower solution w = 5.ex - x - 21/20; again 5. is obtained by using the initial
condition w(10) = y. Therefore,

,,= lim e-Xy(x) E [~, 5.] =2.19242~~.
X-CX)
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Exercises in § 11

IX. (b) D = 58.469. (c) L = 205.237. (d) L = 2.371 m.

XI. (b) (i) periodic; (ii) x(t) ----; -00 for t ----; ±oo; (iii) x(t) ----; ±oo for
t ----; ±oo ifT] > 0 and x(t) ----; =f00 for t ----; ±oo ifT] < O.

(c) For A = B.

(h) For h(x) = xC> one has V(r) = ,r(3 with (3 = 1 - ~(O' + 1).
( .) 1 9
J al = 4"' a2 = 64'

Exercise in § 15

VI. Y' = AY implies (y*y = (Y')* = Y* A* = -y* A, since (AB)* = B* A*.
Hence for Z(t) = Y(t)Y*(t) one gets

Z' = Y'Y* + Y(Y*)' = AZ - ZA, Z(T) = I.

This is a homogeneous linear system of n 2 differential equations for n2 functions
Zij(t). Since Z(t) = I is a solution and the solution is unique, Z(t) == I in J.

Exercises in § 16

IV. One has c(t) = a(t) + ib(t); for v = ZZ it follows that Vi = 2at. In the

example we have c = eit , therefore ZI = eit Z with the solutions z = c·exp( -ieit ).
In particular, the solution with Z(O) = 1 is

z(t) = exp(i - ieit ) = esint(cos(l_ cost) + isin(l- cost)).

For this solution v( t) = e2sin t, hence e-2 ::; v( t) ::; e2. If z is written as a column

vector (~), then X(t) = (z, iz) is a fundamental system with X(O) = I and

detX(t) = e2sint

VI. Since A is periodic, Y(t + p) is also a solution, in fact, a fundamental
system (Corollary 15.III). By 15.II.(h) one has Y(t + p) = Y(t)C, and t = 0
yields C = Y(O)-ly(p). Hence Y(t+2p) = Y(t+p)C = Y(t)C2, Y(t+3p) = ....
(c) follows from a simple calculation. For the proof of (d), let c i- 0 be an

eigenvector of C for the eigenvalue A, thus Cc = AC. Then it is easily seen that
the solution y(t) = Y(t)c satisfies y(t + p) = Ay(t).

Exercises in § 20

VII. The ansatz x = y = ¢ (the pendulums swing in phase) and the ansatz
x = -y = 1j; (the pendulums swing 1800 in opposite phase) lead to

m¢ = -0'0 und m?f; = -0'1/J - 2k1j;,

from which we get four linearly independent solutions,

(x) = (cos (3t, sin (3t,
y cos(3t, sin(3t,

cos"Yt ,
- cos"Yt ,

sir~ "Yt )
- Sll1 "Y t
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with {3 = )o:jm, "I = )(0: + 2k)/m. The solution for the pushed pendulum
reads

(x) = ({3' sin (3t + "I' sin "It) with {3' = 1/2{3, "I' = 1/2T
y {3' sin (3t - "I' sin "It

Exercises in § 22

VIII. For W = W1 one gets w" = o:w/ z2 It follows from the ansatz W = ZC

and an additional consideration of the case 0: = -1/4 that

W = ZCI and W = ZC2 with C1,2 = ~ ± /0: + ~ for 0: i=- -~,

W = zl/2 and w = zl/210gz for 0: = -~.

For 0: = n(n - 1) (n = 1,2,3, ... ) all solutions are rational functions.

Exercises in § 25

XII. z2 u"+(3z+1)u'+u = (z2 u'+(z+1)u)' = O. The point z = 0 is strongly
singular; the point z = 00 weakly singular. The equation z2u' + (z + l)u = c =
const is to be solved. A solution of the homogeneous equation with c = 0 is
Ul(t) = (1/z)e1/ 2 , and a solution of an inhomogeneous equation with c = 1 is

U2 (z) = U1(z) J 2 1( ) dz.
Z U1 Z

Term-by- term integration of the integrand (1/z)e -1/ z

gives

00

L(-1)n/(n!zn+1)
o

(compare (24.19))

00 (_1)n+1
U2(Z) = U1(Z)(lOgz + h(z)) with h(z) = "" I'L n.n.zn

n=l

The functions U1, U2 are a fundamental system of solutions of the original equa
tion.
The transformation (= l/z, w(() = u(1/0 leads to

(2 W " - ((( + l)w' + w = 0, index equation P(A) = (A - 1)2 = O.

For indices A1 = A2 = 1, A1 - A2 is an integer; hence a log term may occur
00

(24.XIII). The power-series ansatz w = L Wk(k+1 leads to k2Wk - kWk-1 = 0
o

(k 2: 0) with W-1 = O. The choice Wo = 1 yields Wk = l/k!. The result is the
above solution W = (e( = u1(1/().
The second solution is obtained by the transformation v(s) = w(eS

) (24.VII),
by which the differential equation becomes v" - (2 + eS)v' + v = O. The ansatz

v(s) = ~ ak + bk S e(k+1)s
L k!
1.:=0
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leads to the recursion formulae

k 2bk - k2bk_ 1 = ° and k2ak - k2ak_l + 2kbk - kbk - 1 = °
(k =2: 0, a-I = b_ 1 = 0), With bo = -1 and ao = °one gets bk = -1 for all k

1 1
and ak = 1+ - + ' ,,+ -, Hence

2 k
00

w(() = -(e( log (+ L ~~ (k+l,
k=1

1 1
ak = 1 + "2 + ' ,,+ k'

\Ve chose bo, ao such that w(l/z) = U2(Z); the log-free term in U2 starts with
1/z2 An independent proof that 'Ul ' h equals the above sum leads to the
following interesting relation, which can be proved by induction:

Exercises in § 26

XVII. (ad From the general solution u = acosx + bsinx + ~e one easily
obtains

1 cos 1 - e 1
u = - - cos x + sin x + _ex

2 2 sin 1 2

(a2) Using Green's function from Exercise XVI one gets

(sin l)u(:c) = sin(x - 1) J~x e~ sin~ d~ + sin:r J: e~ sin(~ - 1) d~,

With 2 Je~ sin(~ - a) d~ = e~(sin(~ - a) - cos(~ - a)) it follows that

2(sin l)u(x) = sin(x - 1)[eX(sin.r - cosx) + 1]
- sinx[eX(sin(x - 1) - cos(x - 1)) - e].

Since sin.r' cos(:t -1) - cos x . sin(x -1) = sinl, we get

()
1 J' sin (x - 1) esinx

u x = -e + - --.
2 2sin 1 2sin 1

The addition theorem for the sine gives the solution in the form (al),
(b) For v(t) = u(et ) one gets 4ii - 4v = 0, whence v = e t

/
2 and v = tet / 2 ,

i.e., u = Vi and u = Vi log x. In the construction given in V, we can choose
Ur = Vi logx, U2 = Vi log(x/2) to get c = log 2,

(log 21f(x, 0 ~ { IE, log~· Vi log ~ for 1 :::; ~:::; x:::; 2,

JX log x . y( log ~ for 1 :::; x :::; ~ :::; 2.
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(c) Ul = 1, U2 = 1 - x, C = -1.
(d) Use Theorem IX.

XXIV. (b) Formula (10) with Ul = xl-a, 112

U2 = 1 - Xl-a, C = a - 1.
1, c = a-lor Ul

365
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Exercises in § 27

XV. For I > a 2 /4 in the case a = (3 and for ,> 0 in the case a < (3.
XVI. (a) u(l) = 0 yields U = c· sin 1:\ (x - 1), and u(O) = u'(O) yields

- sin 1:\ = 1:\ cos 1:\ or 1:\ = - tan 1:\. For the equation -5 = tan 5, the
set of positive solutions 50,51 .... with (11 + t)7f < 5 n < (11 + 1)7f and 8 n 

(n + ~) 7f "" 0 is countable, as seen from a sket~h of the tangent function. From
the equivalent fixed-point equation 8 = - arctan 8 + ('II + 1)7f the number 8 n is
obtained by iteration [contraction principle 5.IX; note that the map 8 ----> arctan 8
is contracting in the interval (~, DO)]. Therefore. the nth eigenvalue and the nth
eigenfunction are given by

An = S;, Un = sinsn(x ~ 1) (11 = 0,1,2, ... ).

You should convince yourself that there are no eigenvalues for A :S O.
(b) u(O) = u' (0) is satisfied by U = sin( I:\:r: + a) with a = arctan 1:\, and

the corresponding condition at 1; = 1 leads to the equation tan a = tan(1:\+a).
Hence 1:\ = n7f, and accordingly

An = n
2

7f2 and Un = sin(n7fx + an) with an = arctan 117f ('II = 1,2, ... ).

The function Ul = sin(7fx + arctan 7f) has a zero at (0,1): thus the numbering
of the An matches that in Theorem II. However, AO anduo are still missing. As
is easily seen, Uo = eX satisfies the boundary conditions and yields AO = -1.
Additional eigenvalues A :S 0 do not occur.
(c) For v(t) = u(et ) the eigenvalue problem is ii + AV = 0, v(O) = v(27f) = 0

with the solution vn(t) = cos ~nt, An = in2 for 'II = 0,1,2, .... Hence

1 2 ('II)An = :t1. and un(x) = cos "2logx (11 = 0.1,2, ... ).

In particular, AO = 0 and Uo (x) == 1.

Exercise in § 28

XIV. (c) The problem of the vibrating string is

¢tt ¢xx for 0 < x < 7f, t > 0,

¢(t,O)

It has the solution

¢(t,7f) = 0, ¢(O, x) = f(x), ¢t(O, x) = g(x).

oc

¢(t, x) = L (cn cos 'lIt + dn sin 'lIt) sin nx
n=1

with

21"Cn = - f (x) sin nx dx,
7f 0

2 1"dn = - g(x)sinnxdx.
117f 0
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Notation

Sets. Vlie denote by N = {I, 2. 3....} the set of positive integers. by Z the
set of all integers. by lR the set of real nlUllbers. and by e the set of complex
numbers. The symbol lR" stands for the set of all 'II-tuples of real llllmbers
(n-dimensional Euclidean space) and e" for the set of all n-tuples of complex
nlllnbers (n-dimensional COlllpleX or unitary space): d. 5.III.(a), (b).
The boundary of a set A is denoted by GA. the interior by AO. and the

closure by if = GA u AO.
Intervals. As usuaL illtervals of real lllllllbers are delloted by [0. oJ. (il. h).

[a, 0), (a. h]. All interval without further specifieatioll can be opell, closed. half
open. bounded, or unbounded. Thus lR and [a.:XJ) = {.I: E lR : .!' ~ (L} are also
intervals.
Functions. The graph of a functioll f : D ---* E is clcllotecl by graph f.

Thus graphf is the set of all pairs (.r,fe,)) E D x E with.1 E D. If A c D.
then 9 = flA is the restriction of f to A. Thus Domy = A alld y(.I:) = f(.c) for
:r E A. Any function h : B ---* E with B ~ D alld hiD = f is called an extension
of f. The image of A under f is

f(A) := {y E E: there is an .r E A with y = f(.I)}.

Classes of Functions. For !II c lR" the class of continuous functions 011

111 is denoted by C(1I1). Depending on context, the hmctiolls in C(1I1) are
real-valued, complex-valued. or vector-valued. The symbol C"'(J) represents
the class of functions that are k-tillles differentiable on the interval J with the
convention that C°(J) = C(J). If G is an open set in lR". thell C"'(G) is the
class of functions that together with all partial derivatives of order ~ k are
contilluous in G. vVe set CO (G) = C (G). Further classes arc listed IInder the
abbreviations below: they are explained in the text.
Trajectories. Some trajectories are marked with dots that cOITespolld to

equidistant t-valucs; cf. 3.V. VI.
Abbreviations

AC(J)
Br

C"'(G)
D_, D-

(absolutely continuous 011 J) 121
(ball in lR" or in a Banach space)
(continuously differentiable ill 0) 153
(Dini derivative) 89.3-12
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~

~p
dist(x,A)
dist (A, B)

Ext(C)
(H)
H(G)
Ho(G)
Ho
Hq

o
Hr

I
I a

Int(C)

K"
K~
K-

"L o

L(J)
L 2 (J)
Lloc(J)
Pq

Ro

5
(5)
(5L)
o-(A)
tr A
(U)
Ixl e
11·11"
(X)m
(., .)
(., .)r

(Laplace operator) 71
(p-Laplacian) 141
(distance from the point x to the set A) 117, 323
(distance between the sets A and B) 323
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